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mass and the ordinate being the required damping in the tank.
It is assumed that 16 percent of the spacecraft’s mass is sloshing
at the location of the slosh mass. Values v; above the curve
indicate the stable region. It can be seen that bending increases
the danger zone and requires larger damping of the propellant.
Furthermore, the effect of angle-of-attack meter and accelerom-
eter control with g» = 1/g is clearly expressed in the respective
curves.

The potential hazard in control due to propellant sloshing in
space vehicles can be eliminated by proper choice of tank form
(slosh mass ratio decrease and slosh frequency increase), proper
selection of type, location, and gain values of control sensors,
and—as a last resort—by baffles.
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To FACILITATE the estimating of stagnation-region plasma and
electron, neutral-particle collision frequencies, a plot of alti-
tude versus velocity with equilibrium plasma and collision fre-
quencies indicated parametrically was developed. Since the gas
in the stagnation region is relatively dense and only weakly
ionized, a so-called critical frequency is introduced to account for
the influence of these elastic collisions. Alteration of the plasma
frequency, when collisions are considered, is indicated on the
above-mentioned plot.

The term ‘“‘plasma,” as used here, refers to an electrically
neutral, ionized gas consisting of equal populations of electrons
and ions, and neutral particles also. The assumption of elec-
trical neutrality implies that the effects of space-charge forces,
namely internally generated electric fields, are not important at
distances comparable to the shortest length of interest. In the
case of electromagnetic radiation, this length is the wavelength
of the radiation considered. It is well known that a character-
istic frequency, called the plasma frequency, w,, is associated
with each plasma, namely,

wp? = ne?/me (D)

where # is the electron number density, e is the charge of an elec-
tron, m is its mass and e is the dielectric constant of free space.
Physically, w, can be thought of as the frequency at which elec-
trons will oscillate about their equilibrium positions after being
displaced by an external force. Upon being displaced, the elec-
trons are subjected to a restoring force due to the electric field
between them and the ions, which move very little because of their
greater mass. This restoring force will tend to return the elec-
trons to their equilibrium positions and will cause them to oscil-
late, in an undamped manner, about these positions, in the ah-
sence of a magnetic field. It can be shown that the influence of
free electrons is always to reduce the dielectric constant below
the free-space value, namely,

€ = e[l = (wp/w)?] (2)

where €’ is the effective dielectric constant of the plasmay and
is the frequency of an incident electromagnetic wave.
Determination of electron density in the stagnation region of
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the shock layer during re-entry requires reference to some model
atmosphere.! In addition, real-gas effects must be considered
in the evaluation of properties? and electronic states® of the air
in that region. In Ref. 2 the Rankine-Hugoniot shock-wave
equations are solved with dissociation and ionization included.
Using these shock-wave results and the data in Ref. 3, the equi-
librium electron density as a function of velocity and altitude can
be computed easily. Using the relationship

fo =897 Vn (3)

where f, = w,/27 is the plasma frequency in cps and # is the
number of electrons per cubic meter, loci of constant plasma fre-
quency are drawn on the altitude-velocity plot shown in Fig. 1.
Superposition of any altitude-velocity trajectory on this plot will
indicate the plasma frequency in the stagnation region at points
along the path of the re-entry body.

In general, a plasma will reflect electromagnetic energy which
is radiated at frequencies less than f, and it will absorb this energy
when the radiating frequency is equal to or greater than f,. At
frequencies only slightly greater than f,, attenuation of the inci-
dent electromagnetic wave is quite large; however, as the propa-
gation frequency becomes increasingly greater than f, the effect
of the free electrons becomes less pronounced and conditions
approach those of free space. This can be readily seen by re-
ferring to Eq. (2), which shows that e is approached as propaga-
tion frequencies become greater than f.

The above would be true in a collision-free gas. In the shock
layer however, the gas density is of such magnitude that free-
electron, neutral-particle collisions must be considered during at
least part of the re-entry flight. Collisions between free elec-
trons and positive ions can be disregarded, however, because
of the degree of ionization is usually small—of the order of several
percent. Hence, the above discussion of the propagation of elec-
tromagnetic waves in the stagnation region must be modified
when the electron, neutral-particle collision frequency, », begins
to approach f,. When this happens, the classical definition of
plasma frequency [Eq. (1)] will remain unchanged, although
its physical significance becomes doubtful. In other words the
ordered motion of the electrons tends to be made random by the
clectron, neutral-particle collision processes and this, in turn, in-
fluences the electromagnetic properties of the plasma.

Referring to Whitmer,* we see that ¢ of a plasma in which
collisions are considered is

, "Jp2 .“’P2(”/w)
€ =e|:l—v2+w2+z R

where » is collisions per second. The inclusion of » has resulted

(4)

ALTITUDE - feet x 103

=500, |
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VELOCITY - feet per second x 103

Frc. 1. Plasma, collision, and critical frequencies present in
the stagnation region of the shock layer of a re-entry vehicle.
(2 7 fp)? = (ne*/me);

v = 3.6 X 10 py/pg (T2/1,000)2, f2 = f? [1 — (v/wp)?]

Typical trajectories® of several types of missiles are also shown.
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in a complex value of ¢/, thereby indicating that the plasma now
has some additional loss properties which further attenuate any
propagating electromagnetic wave. In addition, it can be shown
that the electron velocity is no longer 90° out of phase with the
electric field of the incident electromagnetic wave as it was in the
collision-free case. This means that the free electrons can now
absorb energy from the incident electric field, thereby increasing
the degree of ionization of the gas because of the occurrence of
higher-energy interactions during electron, neutral-particle
collisions.

Eq. (2) shows that in the collision-free case the critical fre-
quency of the gas (that frequency at which absorption is maxi-
mum) is equal to w,. When collisions are considered, Eq. (4)
indicates that the critical frequency of the gas is dependent upon
both w, and ». This is seen readily by setting the real part of
Eq. (4) equal to zero, namely,

Wt = wp2[1 - (V/‘*’p)zl (5)

where w, is the critical frequency of the gas with collisions. We
see that when » is small compared with w,, Eq. (5) yields results
for the collision-free case.

Eq. (5) has been evaluated in the shock layer and the results
are shown in Fig. 1, where f. = w./27. Collision frequency was
determined from the relationship

v = 3.6 X 10 py/py(T2/1,000)V2 (6)

where p, and T are stagnation-region values of density and tem-
perature, respectively, and p, is standard sea-level density. It
should be noted that when » is less than 10 percent of f,, the propa-
gation conditions of a collision-free gas may be assumed for all
practical purposes. On the other hand for greater values of
v, the f. of the gas decreases with increasing », thereby permitting
additional frequencies, namely wp, > @ > w,, to propagate through
the gas. In the limit, when » = w,, at least in principle, all fre-
quencies propagate through the gas with some degree of attenua-
tion.
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L1ST OF SYMBOLS

A = drag reference area, ft2

b = reference length, ft

Cp = drag coefficient

C1(3) = rolling-moment coefficient caused by ailerons
Cip = damping-in-roll coefficient, 9C1/3(«wb/2V)

y = moment of inertia in roll, slug-ft?

ko = drag parameter defined by Eq. (5)

K = damping parameter defined by Eq. (7)

m = mass of re-entry vehicle, slugs

S = rolling-moment reference area, ft?

time, sec
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velocity, ft/sec

Vg = velocity at start of re-entry, ft/sec

¥ = altitude above surface of the earth, ft

B8 = exponential altitude parameter defined by Eq. (3), = 22,000 ft -1
or = angle between local horizontal and re-entry velocity, positive

downward

atmospheric density, slug-ft3

nominal low-altitude density defined by Eq. (3). = 0.0034 slug-
fts

roll rate, rad/sec

equilibrium roll rate, rad/sec

©
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€
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ALLISTIC re-entry bodies may require an angular velocity
about the longitudinal axis to minimize dispersion caused by
inadequate static stability and nonzero trimmed lift coefficient.
A rolling velocity can be imparted either by aileron surfaces
affixed to the body, which produce a roll rate which increases
during re-entry, or by reaction jets, which may be heavier and
less reliable than fixed aileron surfaces but which can produce
the desired roll rate prior to re-entry. In order to evaluate these
two methods, an analytical expression is required for the variation
of roll rate with altitude for ballistic re-entry bodies which utilize
aileron-induced roll. Such a relation is derived herein from
analytical studies of ballistic re-entry trajectories.
The angular acceleration in roll, dw/d¢, is determined by the
equation

Lo(dw/dt) = Ci(8)(p/2)V2Sb + Ci(p/2)V2Sb(wb/2V) (1)

where C;(8) is the rolling-moment coefficient due to control-panel
deflection and Ci, is the damping-in-roll coefficient. The tra-
jectory of a typical nonlifting ballistic re-entry body is essen-
tially linear at the altitudes at which roll is developed, and the
re-entry trajectory analysis given in Ref. 1 can be utilized.
Thus, the rate of change of altitude with time can be approxi-
mated by

dy/dt = —V sin 8g 2)

and the variation of atmospheric density with altitude can be
approximated by

p = pe B 3)
From Eq. (13) of Ref. 1
_ko,—8y
V= "Vge 2 4)
where ks = (po/B sin 85)(CpA /m) (5)
Eq. (1) can then be rearranged as
dw Sb koVE n —lf_"e_ﬁy
———— + Ke o = Ci(8) — —— 7B 2
a(—8y) + Ke ™o = C( )Ixa: 2 ot e (6)
where
K = —Ci1,(Sb?/I.:)(po/48 sin 6g) Q)

The aerodynamic coefficients are assumed constant and the roll
rate is assumed equal to zero prior to re-entry. Eq. (6) can then

be integrated to give
Sb n ko ( __{ioe—ﬁy>
= C08) — Vg —— ———— \e—Ke™ By _ 2 8
©= Gl Ve e+ 2k T ¢ ®)

in rad/sec, which reduces to

ke, =B
w = Cz(s)(sb/IxZ)VE(m/CDA)(l - ¢ z ) (9)

if the damping-in-roll coefficient, Ci,, is assumed equal to zero.
The calculated variation of roll rate with altitude is tabulated
below for a representative ICBM re-entry body which has an
average roll control moment per unit dynamic pressure, C;(8).S5,
of 1 in.%. This value of roll control moment includes a large
loss of control effectiveness caused by immersion of the panels
within the boundary layer. The tabulated values of roll are
based on a moment of inertia, I,., of 15 slug-ft2?, a ballistic coeffi-
cient, mg/CpA, of 1,000 psf, a minimum-energy 5,500 nm tra-
jectory, and damping in roll such that K /k, is equal to zero (no
damping in roll) and 0.1. For this case, the roll rate increases



