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For a basic aircraft weight of 14,000 lbs., Mr. Rutowski’s
derivation gives the numerical results

ARJAW = —(20,940/W) = —(20,940/14,000) = — 1.5 ft. per Ib.
AV/AW = 0

for altitudes above 35,000 ft. and all speeds. His formula was
derived on the assumption that Eq. (1) can be rebalanced after
a change in weight by an appropriate change in p. He neglected
the fact that any changes in p will act to unbalance Eq. (2) and
that both Egs. (1) and (2) must be satisfied for equilibrium dur-
ing flight.
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RS. BIRMAN claims that the subject paper! neglects the
thrust-drag equilibrium requirement in deriving a formula
relating the change in gross weight of a jet-powered aircraft to
the change in altitude during the cruise portion of the flight.
Her claim, however, is not justified in that the thrust-drag
equilibrium requirement is implicitly satisfied for a turbojet-
powered aircraft flying at a constant attitude and at a constant
Mach Number if the thrust is assumed to be directly proportional
to the atmospheric density. This frequently made assumption,
which was implicit in the derivation in the subject paper, is rea-
sonably good for a turbojet at altitudes above 35,000 ft. in the
isothermal layer since the turbojet is essentially a temperature-
limited device. The engine characteristics used by Mrs. Birman
apparently do not fit this assumption well, and hence her results
differ from those in the subject paper.

If Mrs. Birman had chosen an engine with the characteristic
of having a thrust directly proportional to the atmospheric den-
sity at a constant Mach Number above 35,000 ft., her results
and those in the subject paper would have coincided. This may
be seen by evaluating Mrs. Birman’s Egs. (8) and (9) for the case
when T = Kp.

Then, since

3T /dp =T/p
Eq. (8) reduces to
Ap/AW = /W
and Eq. (9) reduces to
AV/AW =0

These equations now are equivalent to those in the subject
paper and are therefore not the result of neglecting the thrust-
drag equilibrium requirement as claimed by Mrs. Birman but
rather the result of an implicit assumption for the thrust varia-
tion of a turbojet above 35,000 ft. Furthermore, despite Mrs.
Birman’s having demonstrated one example where it is not strictly
valid, this approximation still has justification in my mind for
the purposes of the analysis in the paper.
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N A PREVIOUS report the authors considered the general prob-
lem of forced convection in several systems when the wall tem-
perature is nonuniform.! Table 1 summarizes the results of that
report and is reproduced here because several new entries have
been made in the table and a number of typographical errors
have been discovered in reference 1. In all cases, if the wall
temperature is given, the heat flux is to be calculated from

X
o = f.7 e waraC (1)
where
q(x) = heat flux from the wall, B.t.u./hr. ft.2
(g, x) = an integrating kernel (see Table 1), B.t.u./hr. ft.2
°F.

T.(x) = walltemperature, °F.
X = distance along the wall, ft.
£ = dummy variable, ft.

and if the heat flux is given, the wall temperature is calculated
from

X
ruw) = To = [7ate v a (@)
where
To = reference temperature of fluid, °F.
g(&, x) = integrating kernel (see Table 1), °F./(B.t.u./hr.

ft.?) ft.
Integral 1 is interpreted in the Stieltjes sense.

In this note we give explicit directions for using the fourth
entry of Table 1 to compute convection from an arbitrary sur-
face. The fluid properties are constant.** Aerodynamic heat-
ing is zero.

The method consists of first solving the momentum equation
by using the velocity distributions of Hartree? and the “patch-
ing” technique of Eckert.® The energy equation is then solved
using the method of Lighthill.* The shear stresses obtained from
the momentum equation are modified according to the method of
Tifford® before being used in the Lighthill integrating kernel (line
4, Table 1). The results of two typical calculations are shown in
Figs. 1 and 2, where the experimental results of Giedt® and Drake?
are given. We refer to the method as the H.E.L.T. method
(Hartree, Eckert, Lighthill, Tifford). A study of five references!—
will provide the background for following these instructions for
making the calculations such as are demonstrated in Figs. 1 and 2.
For a given surface it is presumed the pressure distribution is
known and either the heat flux or wall temperature are prescribed
along the surface, with the unprescribed quantity to be deter-
mined.

(1) From the pressure distribution a calculation is made and a
graph prepared showing #(x) and du/dx, where u(x) = velocity
just outside the boundary layer in feet per second, and x = dis-
tance along the surface in feet.

* This work was done as a part of the Icing Research Program of the Engi-
neering Research Institute at the University of Michigan and was sponsored
by the Aeronautical Research Laboratory of the Wright Aeronautical De-
velopment Center.

t Associate Professor of Engineering.

I Research Assistant.

** See reference 18 for extension to air with variable properties.
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TABLE I
INTEGRATING KERNELS FOR  NONISOTHERMAL CONVEGTION
X
atx) fn(e,x)dTw(e) W0 -To=[9(€. 0 a()d¢
AUTHOR REF. SYSTEM ME HOD OF SOLUTION h(g,x) * alg,x)
Laminar flow over a flat plate. Velocity and temperature profiles
Zero pressure gradient. Fluid postulated linear in y. Thermal n"‘%‘k V3 i/2 3/4]-1/3 \ 3 _-12 ya]-za
RUBESIN 8 properties constant. boundary layer thickness proportional Fr ['_é) ] WAz o3cak P Rex ['_(é')
to momentum thickness. (Integral)
Laminar flow over a flat plate. | Velocity and temperature profiles postu-
Zero pressure gradient. Fluid lated as a cubiciny. Integral method || o33k V3 V2 3/4]-1/3 ~1/3 n/z[ 3/4]-2/3
ECKERT 9 | properties constant. of solution. X ProRey ['_(é’ ] 7o ok Rex - (ﬁ) ]
Laminor flow over o flat plate. | Velocity profile taken as u=cy, not v3
Shear at the wall postulated endent upon x. Term vaT/dy _lgj_ /3 3 ~1/3 3, -2/3)
LEVEQUE 10 constant. Fluid properties thereby drops out of energy equation 3(;/3)-(P/9F) [(du/dy)y.o] (x-¢7 *zzan T (p/om) [(d\l/d\!)y:u] (x-¢)
constant. ond resutting equation is soived.
Laminar flow over a surface with | Velocity profile taken as u-qf!y y X . o2 s —2/3
known variation in surface shear | where v(x)= wall shear. kW3 V3 [_ () B 2
LIGHTHILL 4 stress. Constant fluid properties| Resulting differential equations (l/a)!Pr (o) 10 { v(z)dz 9{2/3)1k (pPr) fm) dz
solved.
" " . . . . | /3, 112 el
'Wedge~flows. Fluid properties | Velocity near wall taken as linear in y. (l_+2mj’ils_ ' F?‘e'x E"(g’] Jut'sy y
BOND H constant. (Velocity over wedge| Resulting differential equation solved Pr o 2¢ 2 qu/s R»»/z 1\ xC_§C -2/3
given by us=cx™) for two cases: (a) Step function in p b= f'(0) =_“'"‘) + tobulated /30K (""“) (() ¢¢
tempera function i (o)usudmaiesvelocﬂygmdm late
ture. 1) Step on inheat flux gs a function of m in reference 2.
Laminar flow .over a surface. Ve|ocny protile taken as v
MODIFIED Fluid properties constant. y. dr/dx small enough _;Jg_Pya[s / z{l'“ ng ?
LEVEQUE I | de/dx small. to Eake vaT/3y negligible. || wanPr 5P L
v(x)=wall shear.
Turbulent flow over a flat velocity and temperature V3 /3 3% ig
plate. Fluid properties con— profiles taken as following oozask l/3 08[ 39/40T {28/195) Pr -08 08, 30 .30,
RUBESIN 12 stant. 1/7 power law. Integral method. (£ [32/30) (739 00288K Rex X (=€ )ig
Turbulent flow over a flat Velocity profile taken as 1/7 power o
SEBAN 13 plate. Gonstant fluid prop- | of y. Temperature profile taken as | oozesk pl/9p os[ (g)s/lo]—tls _(8/90) Pr " - po08 os(fé_ l%
erties. linear in y near the wall, 1/7 power X e X {e/a(/9N100289k X
of y outside the laminar sub-layer.
Experimental measurements on | Empirical equation "best-tit" to
MAISEL AND |4 | @ mass transfer apparatus. data. (Translated to air heat MRQ-PL_(Q’;""]“’“
SHERWOOD transfer system by present X X X
author)
Laminar flow in a tube. Para~ | Differential equation solved by ﬂ{ ¢ ¢ GiBx=€) i o2 3 %Zc;eﬁ"ﬁ(x—“
GRAETZ bolic velocity distribution. separation of variables. Only d a3 ! @ TH3 4449 1138
15 | Gonstant fluid properties. first three eigen values known. ok ¢, o748 0538 04 cp: aloo ou w_aoz
B= wCp ,;:‘- 000 2564 8462
Turbulent flow of a liquid metal | Thermal conductivity of metal L[R Pr]"Z(P”)w pj‘ Bn
POPPENDIEK 16 in o tube. Velocity profile postuloted large enough to S |3(p+)). Z ¢ +2 ——(x-E)
established. Constant fluid render eddy heat transport neg- (P+3), & '23"5 Gonstants ¢ and
i i i il =] n
properties. ligible. Velocity profile follows. u B(%f 8, 'abulato d inreference 12,
POPPENDIEK Turbulent flow of a liquid metal | Thermal conductivity of metal posy FL . —p-l—z _gﬁ
MODIFICATION| I7 in a tube. Velocity profile tulated large enough to render I _k | B (x- E)Pm (P+3)(P+i B x=€) 2
established. Constant fluid eddy heat transport neqllglblo (m,, (P+2)2 sPa (p,sz(gﬂ)l (p,z)zqu
‘. OF LEVEQUE properties. Velocity profile follows. usB(J)P° || P*2" P2
L2
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from a uniformly heated circular cylinder in cross flow.®

from a uniformly heated elliptical cylinder in cross flow.
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F1c. 3. Function to be used in calculating with Eq. (2).

(2) Starting from the stagnation point, it will be found that
for a certain distance the graph of «(x) versus x is a straight line.
In this region the momentum thickness ¢, in feet, is given by:
9 = 0.2921x (Re,)~"* where the Reynolds modulus, Re,, is
formed from the local velocity, #(x), and the distance x from the
stagnation point. In this region the ““wedge parameter,” m =
1 (see reference 2).

(3) Downstream of this region it is necessary to solve the fol-
lowing equations (see reference 3):

di? 1l —m 9 du 1)
dc  m u  dx
92(du/dx) 2m
AR 2% R 2 2
” i m[ (m)] (2)
v = kinematic viscosity in feet per second. F(m) = function

obtained from references 2 and 3. Thus, when the velocity is
no longer linear in x, we use the known values of 8?2, du/dx, to
calculate F(m) and from the graph, Fig. 3, we find m. From
Eq. (1) then, a new value of 9% is computed for a position Ax
downstream. In this way a tabular set of values of 9(x), m(x),
F(m), etc., is prepared. Eckert® suggests the isocline method
of solution.

(4) The wall shear stress is calculated from the equation

7o = p(du/dy)y=0 = pu(x) F(m)f"(0, m)/9(x)

Fig. 4 gives a graph of f(0, m).

(5) Before substituting this shear stress in the Lighthill inte-
grating kernels (line 4, Table 1), the correction of Tifford is
applied, which may be written:

4 2m (Fm)
effective) = To (Hartree) | 1 — ~— ———— — Pr=s
TO (effective) 0 (Hart )l: 3 1+mf”(0,m)
Pr = Prandtl modulus of the fluid, dimensionless.

This is a quasi-empirical correction to Lighthill’s approxima-
tion for the more complicated velocity distribution in the bound-
ary layer.

The Functions F(m) and f”(0, m)

m [F(m)]® (0, m)
0.0 0.4696 0.470
0.1 0.410 0.674
0.2 0.379 0.805
0.3 0.357 0.900
0.4 0.340 0.977
0.5 0.327 1.040
0.6 0.3175 1.095
0.7 0.309 1.134
0.8 0.302 1.17
0.9 0.297 1.20
1.0 0.292 1.23
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(6) Values of 7 (effective) are then substituted into the inte-
grating kernels of Table 1, line 4, and the integrations performed
graphically. Table 2 gives numerical values for F(m), f'(0, m).
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F16. 4. The Hartree calculated dimensionless wall shear stress
for wedge-type flows.





