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CHAPTER I

Introduction

Many illnesses show heterogeneous response to treatment. For example, a study
on schizophrenia (Ishigooka et al., 2001) found that patients who take the same
antipsychotic (olanzapine) may have very different responses. Some may have to
discontinue the treatment due to serious adverse events and/or acutely worsened
symptoms, while others may experience few if any adverse events and have improved
clinical outcomes. These types of results have motivated researchers to advocate
the individualization of treatment to each patient (Lesko, 2007; Piquette-Miller and
Grant, 2007; Insel, 2009). One step in this direction is to estimate each patient’s risk
level and then match treatment to risk category (Cai et al., 2008a,b). However, this
approach is best used to decide whether to treat; otherwise it assumes the knowledge
of the best treatment for each risk category. Alternatively, one can directly estimate
a decision rule that recommends treatment according to individual characteristics.
Such a decision rule is sometimes called an individualized treatment rule. In this
dissertation, we consider the latter approach. Our goal is to develop a high quality
individualized treatment rule using data from a randomized trial. We investigate
model selection and penalization techniques aiming to improve the quality of the

estimated individualized treatment rule.



1.1 Individualized treatment rules

We use upper case letters to denote random variables and lower case letters to
denote values of the random variables. Consider data from a randomized trial. On
each subject we have the pretreatment variables X € X, treatment A taking values in
a finite, discrete treatment space A, and a real-valued primary outcome Y (assuming
large values are desirable). An individualized treatment rule d is a deterministic
decision rule from space X into the treatment space A.

Denote the distribution of (X, A,Y") by P. This is the distribution of the clinical
trial data; in particular, denote the known randomization distribution of A given X
by p(-|X). The likelihood of (X, A,Y") under P is then fo(x)p(a|z)fi(y|z,a), where
fo is the unknown density of X and f; is the unknown density of Y conditional on
(X, A). Denote the expectations with respect to the distribution P by an F. For any
individualized treatment rule d : X — A, let P¢ denote the distribution of (X, A4,Y)
in which d is used to assign treatments. Then the likelihood of (X, A,Y") under P¢ is
fo(@)lazd(z) f1(y|z, a). Denote expectations with respect to the distribution P? by an
E?. The Value of d is defined as V(d) = EXY). An optimal individualized treatment

rule is a rule that has the maximal Value, i.e.
dP € arg max V(d),

where the argmax is over all possible treatment rules. The Value of d°?*, V (d°P'), is
the optimal Value.

Assume Pp(a|X) > 0] =1 for all a € A (i.e. all treatments in A are possible
for all values of X a.s.). Then P? is absolutely continuous with respect to P and a

version of the Radon-Nikodym derivative is dP?/dP = 1,_q(,)/p(a|z). Thus the Value



of d satisfies

dpd [1A—d(X)

V(d) = EYY) = /ded = /Y—dP =F (AL

e Y]. (1.1)

Our goal is to estimate d°?, i.e. the individualized treatment rule that maximizes

(1.1) using data from distribution P.

1.2 Comparison with classification

The decision making problem stated in the previous section is similar to a weighted
classification problem. In binary classification, the goal is to estimate the classifier 7 :
X — {—1,1} that minimizes the classification error E[lyr(x)], where Y € {—1,1}
is the correct label of X. In the decision making problem, the goal is to estimate
the decision rule d : X — A that maximizes (1.1). One can think of d as a classifier
which, given the observation X = x as input, predicts the optimal treatment. Notice
that V'(d) can be written as

Lazacx Y Y
V(d) = E[p(A—T(X;Y} - E[m} - E[mu;ﬁd(x)} (1.2)
The first term on the RHS of (1.2) is a fixed number and the second term can be
viewed as a weighted classification error. Consequently, from an algorithmic view
point, estimating the optimal individualized treatment rule is similar to learning the
classifier with the minimal weighted classification error.

Thus ideas in classification can be used to estimate the optimal individualized
treatment rule. When X is low dimensional and the best rule within a simple class
of treatment rules is desired, empirical versions of the Value can be used to construct
estimators (Murphy et al., 2001; Robins et al., 2008). However if the best rule within

a larger class of treatment rules is of interest, these approaches are no longer feasible



due to the non-smoothness and non-concavity of 14—40x). In this dissertation, we
consider a surrogate convex minimization method to regularize the non-concavity

problem.

1.3 Estimating optimal rules based on convex minimization

Denote QP (X, A) := E(Y|X,A) (here notation “Q” stands for “quality” since
Q°P'(x,a) measures the quality of treatment a at observation X = ). It follows from

(1.1) that for any individualized treatment rule d,

[1A—d(X)Qopt( ] [Z Lix)—a QP (X, a)| = B[Q7 (X, d(X))].

VD =El G 2

Thus V (d?") = E[Q7 (X, dP'(X))] < E[maxae4 Q" (X,a)]. On the other hand, by

the definition of dPt,

V(dP") > max V(d) = E[maXQ"pt(X a)]

d: d(X)€arg max,c 4 Q°Pt(X,a) acA

Hence an optimal individualized treatment rule satisfies d°?*(X) € arg max,e 4 Q' (X, a)
a.s.

This suggests that we may estimate the conditional mean function Q°? first and
then estimate d°?! by maximizing the estimated Q" over A. We propose to estimate
Q°P! based on minimization of the quadratic loss (Y —Q)? over a function class for Q°P*.
In particular, if the function class is linear in the parameter space, then we have a
convex minimization problem. Compared with directly maximizing a Value estimator,
this approach reduces the computational difficulty and allows the consideration of a

large space of individualized treatment rules.



1.4 Contribution and Outline of the dissertation

In the present Chapter, we have formulated the decision making problem and
compared it with classification. This comparison has motivated us to estimate the
conditional mean function Q°" first over a function class and then estimate the treat-
ment rule by maximizing the estimated Q°*. For clarity, we include in Table 1.1
symbols used throughout the dissertation, and in Tables 1.2 and 1.3 extra symbols
used in Chapter III and Chapter IV, respectively.

In Chapter II, we relate the Value of an individualized treatment rule d to the
prediction quality of ) for any square integrable function @@ on X x A such that
d(X) € argmax,c4 Q(X,a). This relationship implies that the estimated individual-
ized treatment rule will be of high quality if Q" is well estimated. We also demon-
strate that although the convex minimization approach reduces the computational
difficulty, it may however deviate from the goal of estimating the best treatment rule
if the approximation space for Q° is poor. This will motivate us to improve the
performance of the convex minimization approach by using penalization and model
selection techniques.

In Chapter III, we consider a sufficiently rich linear approximation space for Q°".
[y penalty is employed to regularize possible overfitting problem and produce a simple
individualized treatment rule. To justify this approach, we provide a finite sample
upper bound on the difference between the Value of the estimated individualized
treatment rule and the Value of the optimal individualized treatment rule. In practical
implementation, we consider a data dependent criterion for selecting tuning parameter
involved in the [; penalty that is targeted for Value maximization. This method is
evaluated using simulation studies and illustrated with data from the Nefazodone-
CBASP trial (Keller et al., 2000)

In Chapter IV, we use model selection techniques to deal with possible deviation of



the convex minimization method from the goal of maximizing the Value. We consider
a sequence of models for Q°P*. Within each model, an individualized treatment rule
is estimated by minimizing the quadratic loss (Y —@Q)?. And the rule that maximizes
a penalized Value estimator is selected. This approach is also justified by a finite
sample upper bound on difference between the Value of the estimated individualized
treatment rule and the Value of the optimal individualized treatment rule.

In Chapter V, we discuss possible extensions and future work. This includes the
extension of current one-stage decision making problem to sequential decisions and
issues related to efficient estimation.

In Chapter VI, we list mathematical tools that are useful in deriving theorems

presented in Chapters IIT and IV.



patient pretreatment variables (X € X)

treatment (A € A, where A is a finite space)

a one-dimensional summary of primary outcome (larger is better)
particular instances of random variables (X, A,Y")

real line

randomization distribution of A given X in the clinical trial data
distribution of (X, A,Y’) where A is assigned according to p(A|X)
expectation with respect to the distribution P

sample size of the clinical trial data

data collected from the ¢-th patient

empirical expectation with respect to the clinical trial data

an individualized treatment rule (mapping from X" to A)
distribution of (X, A,Y") where A is assigned according to rule d
expectation with respect to the distribution P?

the Value of d, V(d) = E[1a—qx)Y/p(A|X)]

an optimal individualized treatment rule, d°P* € arg maxy V' (d)
the conditional mean function, Q%" (X, A) = E(Y|X, A)

a square integrable function on X x A

prediction error of Q, L(Q) = E[Y — Q(X, A))?

approximation space for Q!

margin parameter defined in the Margin condition (2.2)
probability with respect to all random variables

expectation with respect to all random variables

Table 1.1: List of symbols used throughout the dissertation.



a row vector of basis functions on X x A

dimension of ® (or ®,,)

the j-th component of ® (or ®,,)

a J (or J,) by 1 parameter vector, @ = (0y,...,0;)"
set of prediction error minimizers in the linear model
l1 penalized least squares estimator of @

tuning parameter used in the [;-PLS

the Ly norm of basis ¢;, 0; = (E¢]2)1/2

the Iy norm of basis ¢;, 0; = (Enquz)l/z

the estimated [;-PLS individualized treatment rule

the index set of nonzero components in 8, My(0@) = {j =1,...J:
0; # 0}

the smallest index set of “large” components in 6 (defined in Section
3.4.1)

cardinality of the index set M
set of parameters with controlled prediction error (define in (3.4))
a subset of ©% with controlled sparsity (define in (3.5))

the interaction term in Q% TP (X, A) = Q7 (X,A) —
E[Q7(X, A)|X]

all components in ® (or ®,) that do not contain A, &) =

(@1, dsm)
dimension of @1 (or (IDS))

all components in ® (or ®,,) that contain A, @2 = (¢,0)4,...,¢)

parameter vector corresponding to ®1), 81 = (01, ...,0;0)T for a
given 6 € R’

parameter vector corresponding to ®®, 8@ = (0,0,,, o )7 for a
given 6 € R’

the index set of nonzero components in (64,...,60 ;1))

the index set of nonzero components in (0;a0),4,...,0;)

the smallest index set of “large” components in (61, ...,60;0))

the smallest index set of “large” components in (0;0),4,...,0)

Table 1.2: List of extra symbols used in Chapter III.
8



o
Qnm

v(n,m)

f(d)
fm

number of models for Q"
the m-th model for Q"

the least square estimator of Q°?! in the m-th model
prediction error minimizer in the m-th model

class of individualized treatment rules associated with Q,,, D,, =
{d(X) € argmax, Q(X,a) : Q € Q,,}

the treatment rule associated with Qn,m, cznm(X ) €
arg max, Qnm (X, a)
the treatment rule associated with @7,

the best treatment rule in D,,, d,, € arg maxgep,, V(d)

~

the model that has the maximal Value V' (d, )

model selection by maximizing the penalized empirical Value (de-
fined in (4.3))

a quantity that increases as the model complexity increases and de-
creases to zero as the sample size n — oo

a function of (X, A,Y) and treatment rule d, f(d) = %Y

class of functions f(d) for d € D,,

N(e,G, Li(Pn)) the e-covering number of G relative to the Ly (P,) norm for any func-

1,05 8n

tion class G on X x A xR

u,(G) = Elog[N(1/n,G, Li(P,)) + 1] /n for any function class G on
AxAxR

i.i.d. Rademacher random variables, & = 1 or —1 with probability
1/2 each

Table 1.3: List of extra symbols used in Chapter IV.



CHAPTER II

Quadratic loss minimization

In this chapter, we relate the Value of an individualized treatment rule d to the
prediction quality of the associated square integrable function ) on X x A. We also
demonstrate possible deviation of the quadratic loss minimization method from the

goal of estimating the best rule in the class of treatment rules under consideration.

2.1 Relating Value to quadratic loss

For any square integrable function @ : X x A — R, let L(Q) denote the prediction
error of @ (i.e. the expected quadratic loss, L(Q) := E[Y — Q(X, A)]?) and d be an
individualized treatment rule associated with @ (i.e. d(X) € argmax,cq Q(X,a)
a.s.). In this section, we provide an upper bound on the excess Value of d, V (d?") —
V(d), in terms of the excess prediction error of @, L(Q) — L(Q").

Suppose there exists a positive constant S such that p(alz) > S™! for all (z,a)

pairs. Murphy (2005) showed that

1/2

V(d™) = V(d) < 28'?[L(Q) — L(Q"™)] (2.1)

Intuitively, this bound tells us that if the excess prediction error of () is small, then

the Value of the associated individualized treatment rule will be close to the optimal

10



Value. Furthermore, the exponent 1/2 on the right hand side of (2.1) implicitly gives
a rate of convergence. For example, suppose we approximate the conditional mean
function Q" by a linear model and we estimate it by least squares. In addition,
suppose Q°? is in the linear model. Then the excess prediction error of the estimated
Q-function will converge to zero at rate 1/n. This bound implies that the Value of the
estimated individualized treatment rule will converge to the optimal Value at rate at
least 1/4/n. To guarantee a fast rate of convergence, an upper bound with exponent
greater than 1/2 is needed. Such an improved bound can be obtained under a margin
condition as follows.

Margin condition. There exists some constants C > 0 and o > 0 such that

P(O < max Q7 (X, a) — max Q7 (X,a) < 6) < Ce* (2.2)
ac

ac€A\arg maxqec 4 Q°Pt(X,a)

for all positive € satisfying Ce® < 1.

The above condition is similar to the margin condition in classification (Polonik,
1995; Mammen and Tsybakov, 1999; Tsybakov, 2004); in classification this assump-
tion is often used to obtain sharp upper bounds on the excess 0—1 risk in terms of other
surrogate risks (Bartlett et al., 2006). Here maxqec 4 Q% (, @) —MaX,e 4\arg maxqc 4 Qo (z,a)
Q°P'(z,a) can be viewed as the “margin” of Q°?" at observation X = z. It measures
the difference in mean outcomes between the optimal treatment(s) and the best sub-
optimal treatment(s) at x.

Note that the margin condition (2.2) always holds with C' = 1, = 0. In addition,
the margin condition does not exclude multiple optimal treatments for any observa-
tion x. However, when a > 0, it does exclude suboptimal treatments that yield a
conditional mean outcome very close to the optimal conditional mean outcome for a

set of & with nonzero probability.

Theorem II.1. Suppose p(alz) > S~ for a positive constant S for all (x,a) pairs.

11



Assume the margin condition (2.2) holds with some C > 0 and oo > 0. Then for any
individualized treatment rule d : X — A and square integrable function @ : X x A — R

such that d(X) € argmax,e4 Q(X,a) a.s., we have
V(d™) = V(d) < O [L(Q) — L(Q™)] (2.3)

where Oy = (2232 51+ C+a) - Fyrthermore, for any decomposition of QP(X, A)

into WPHX) + TP (X, A) and Q(X, A) into W(X) + T (X, A),

V(@™) = V(d) < Cy |B(T(X, A) - T(X, 4))°] e (2.4)

The proof of Theorem II.1 is in Section 2.3.

Remarks:

1. Inequality (2.3) is adaptive in the sense that if the margin condition (2.2) holds
with some a > 0, the exponent on the RHS (right hand side) of (2.3) is larger
than 1/2; otherwise (2.3) is equivalent to (2.1) (since C' = 252 when C =1

and o = 0).

2. T°P'(X, A) in the inequality (2.4) need only contain terms in Q" that involve
A. The consequence is that the quality of an estimated individualized treatment
rule only depends on how well we estimate T°*. In some cases, the estimation
of T°P* will not be effected by the estimation of W, See Chapter III for further

discussion.

3. The exponent on the RHS of (2.3) and (2.4) approaches 1 as & — oo. In this case,
the margin condition requires that the LHS of (2.2) equals 0 for all € € (0,1),

which is unlikely to be true. However, the following holds.

12



Suppose p(alx) > S~ for all (x,a) pairs. Assume there is an € > 0, such that

IP(O < mzﬁ(QOPt(X, a) — max Q7 (X,a) < e) = 0.
ac

a€A\arg max,c 4 Q°Pt(X,a)

Then V(d°P') — V(d) < 4S[L(Q) — L(Q"")]/e and
V(doPt) — V(d) < ASE(T — T°P")? Je.

The proof is essentially the same as that of Theorem II.1 and is omitted.

Theorem II.1 implies that estimation based on minimization of the quadratic loss
will yield a high quality individualized treatment rule if the associated estimator of
Q°P" has prediction error close to L(Q°") (or more precisely, the part in Q°"* involving
A is well estimated). In particular, if the excess prediction error converges to zero at
a certain rate, then the estimated rule will have Value converges to the optimal Value

at this rate to a power no smaller than 1/2.

2.2 Possible deviation from the goal

Recall that the non-concavity of the indicator function 14—4(x) has motivated us
to use quadratic loss minimization method instead of directly maximizing an esti-
mate of the Value. Below we demonstrate that although the convex minimization
approach reduces the computational difficulty, it may, however, deviate from the goal
of estimating the best individualized treatment rule.

In the previous section, we provided a quantitative relationship between the Value
of an individualized treatment rule and the prediction error of the associated Q-
function. This relationship is built through the optimal treatment rule d°?* and the
true conditional mean function Q°*. In practical implementation, we propose to es-
timate Q°P' over a function class, say Q. The approximation space Q together with

the definition of the estimated individualized treatment rule as the argmax of the

13



estimated QP! places an implicit restriction on the space of decision rules that will be
considered. In effect the space of decision rules is Dg = {d(X) € argmax, Q(X,a) :
@ € Q}. Thus it appears that the goal is to find the treatment rule in Dg that max-
imizes the Value. However, asymptotically the quadratic loss minimization method
tries to estimate d*(X) € arg max, Q*(X, a), where Q* = argmingeo L(Q). As one
can see in the following example, d* may not be the treatment rule in Dg when
Q7' ¢ 0.
A toy example

Suppose X is uniformly distributed in [—1,1], A is binary {—1,1} with proba-
bility 1/2 each and is independent of X, and Y is normally distributed with mean
QP'(X,A) = (X —1/3)?A and variance 1. It is easy to see that the optimal individ-
ualized treatment rule satisfies dP*(X) = 1 a.s. and V(d?") = 4/9. Now we consider
model Q@ = {Q(X,A;0) = (1,X,A,XA)0 : § € R*} for Q°?*. Thus the space of
decision rules under consideration is Do = {d(X) = sign(fs + 0,X) : 03,60, € R}.
Note that d?* € Dg since d°’'(X) can be written as sign(f3 + 6,X) for any 63 > 0
and 64 = 0. d°P" is the best treatment rule in Dg. However, minimizing the prediction
error over Q yields the individualized treatment rule d*(X) = sign(2/3 — X), which

has lower Value than d* (V (d*) = 29/81 < V (d°"")). O

From this toy example we see that, if the approximation space for Q%" is poor,
estimation based on quadratic loss minimization may not (even asymptotically) reach
the goal of maximizing the Value. In the rest of the dissertation, we consider two
approaches to deal with this deviation. In the first approach, we consider a rich
linear model for Q°P!, and we use [; penalization to avoid possible overfitting problem
and produce a simple treatment rule. In the second approach, we consider a set of
different models for Q°*. An individualized treatment rule is estimated from each

model using the quadratic loss minimization based method. The final rule will be

14



chosen by maximizing a penalized Value estimator.

2.3 Proof of Theorem II.1

For any decision rule d : X — A, denote AQy := max,e4 QP (X, a)—QP (X, d(X)).
Following the arguments in Section 1.3, we have V(d?") — V(d) = E(AQy).

If V(d?*") — V(d) = 0, then (2.3) and (2.4) automatically hold. Otherwise,
E(AQq)? > (EAQg)? > 0. In this case, for any € > 0, define the event

0 = {0 < max Q7(X, a) - QX 0) < e}

max
acA\arg maxgec 4 QP (X,a

Then on the event QY AQg = 0 or AQy > €, which implies AQq < (AQy)?/e. Thus

—_

V<dopt) —V(d) = E(lﬂgAQd) + E(lQEAQd) < E[lQ?(AQd)2] + E(lgeﬂQd).

€
Since AQq < (AQq)?*/e + €/4, we have

V(™) — V(d) < %E[lgg(AQd)z} +E|:1Q€((A?d)2 +§L>] .

E[(AQd)Q} + %GHO‘,

N | =

where the second inequality follows from the margin condition (2.2). Choosing e =

(4E(AQq)?/0) Y249 46 minimize the above upper bound yields
V<dopt) . V(d) < 204/(2+a)01/(2+a) [E<AQd)2] (1+a)/(2+a)' (25)

Next, for any d and @ such that d(X) € max,c4 Q(X, a),

E(AQa)”
—F [<%1£i{ Qopt(X, a) — I,?gi( Q(X,a)+ Q(X,d(X)) — QOPt(X, d(X)))?

<2 (max Q¥ (X, a) ~ maxQ(X,a)) + (Q7(X.d(X)) - Q(X.d(X)) |
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4B | max (Q7(X,0) - Q(X.0))’ .

where the last inequality follows from the fact that neither | max,cq Q' (X, a) —
maxae4 Q(X, a)| nor |Q(X,d(X))—Q% (X, d(X))| is larger than max,e 4 |QP (X, a)—

Q(X,a)|. Since p(alz) > S~ for all (x,a) pairs, we have

E(AQq)? <4SE| " (Q7(X,a) - Q(X,a))" p(alX)| = 4S[L(Q)~L(@Q™)]. (26)

acA

Inequality (2.3) follows by substituting (2.6) into (2.5).

In addition, note that AQy = max,e4 TP (X, a) — TP (X, d(X)) for any decom-
position of Q%' (X, A) into W' (X) + T°"" (X, A). Following the same procedure, we
have that

B(AQy)? < 4E[max (T(X,a) — TP(X, a))2] < 4SE[T(X, A) — T(X, A)]?

acA

for any decomposition of Q(X,A) into W(X) 4+ T(X,A). Inequality (2.4) follows

immediately. 0
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CHAPTER III

Least squares with [, penalization

In this chapter, we consider an estimation procedure based on [; penalized least
squares. And we provide a performance guarantee for the quality of the estimated

individualized treatment rule.

3.1 [} penalized least squares

Let {(X;, A;, Y:)}, represent i.i.d. observations on n subjects in a trial. For
convenience, we use F, to denote the associated empirical expectation (i.e. E,f =
Yoy f(Xi, A Y;) /n for any real-valued function f on X x A xR). From the previous
chapter, we see that if the interaction term (i.e. term involving A) in an estimated
Q"pt is a high quality estimator of the interaction term in Q°, then the individualized
treatment rule, cin(X ) = arg maxqe4 QOpt(X ,a), will have Value near optimal Value.
Thus we focus on the estimation of Q.

We estimate Q°P' via [;-PLS (I; penalized least squares, Tibshirani 1996) over
a linear approximation space Q for Q°?'. Because this is a convex optimization
problem, the computational difficulty is reduced as compared to directly maximizing
an empirical version of the Value.

We use penalization for two reasons. The first reason is that the use of least

squares, while reducing computational difficulty, may, however, deviate from the goal
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of estimating an optimal individualized treatment rule if the interaction term in Q"
is poorly modeled. As a result we consider complex models for Q°*. The second
reason is to deal with over-fitting due to the potentially large number of pretreatment
variables (and/or complex approximation space for Q7). To illustrate this issue,
consider the setting in which we know the form of Q°* is linear in the { X, A} variables
and suppose that most coefficients are nonzero (some may be quite small). Then
the least squares estimator using the correct linear model (i.e. the model that only
contains variables with true nonzero coefficients) may result in decision rules with
poor Value as well as estimated Q"pt with large prediction error. Intuitively this
occurs when the dimension of {X, A} is too large for the size of the data set. This
is similar to the case of stepwise model selection; a solution is to select the model
that balances the approximation error with the estimation error instead of keeping
all nonzero coefficients (Massart, 2005). Indeed we will see in Theorem I11.3 that the
[1-PLS method estimates a parameter with balanced prediction error and sparsity.
As a result, the individualized treatment rule produced by [;-PLS will more reliably
have higher Value than the rule produced by the least squares estimator constructed
when the correct model is known but is too complex relative to the size of the data
set.

We selected [, penalization as this penalty does some variable selection and as
a result will help us to construct individualized treatment rules that are cheaper to
implement (fewer variables to collect per patient) and easier to interpret. See Section
3.3 for the discussion of other potential penalization methods.

Let Q := {Q(X,A4;0) = ®(X,A)0,0 € R’} be the approximation space for
QP where ®(X, A) = (¢1(X, A),...,05(X,A))is a1l by J vector composed of basis
functions on X x A, @ is a J by 1 parameter vector, and J is the number of basis

functions (for clarity here J will be fixed in n, see Section 3.4.1 for results with J
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increasing as n increases). The [;-PLS estimator of 0 is

~

J
0, :argérel]gl] {ER[Y—@(X,A)9}2+An;6j|9j|}, (3.1)
where 6; = [Engzﬁj (X, A)Q} 1/2, 0; is the j component of § and A, is a tuning param-
eter that controls the amount of penalization. The weights ¢;’s are used to balance
the scale of different basis functions; these weights were used in Bunea et al. (2007Db)
and van de Geer (2008). In some situations, it is natural to penalize only a subset
of coefficients and/or use different weights in the penalty; see Section 3.4.3 for mod-
ifications of @, to this case. The resulting estimated individualized treatment rule
satisfies

A A~

d,(X) € argmziui{q)(X, a)6,. (3.2)
ae

3.1.1 Performance guarantees for the [;-PLS

In this section we prove that the Value of the individualized treatment rule pro-
duced by the [;-PLS method is larger than the optimal Value minus a quantity with
high probability. As the sample size goes to infinity, this quantity converges to a con-
stant which will be small if the interaction term in Q°" is approximated sufficiently
well. Even though we hope to have a good approximation model, the results below
do not require this condition to hold.

Define My(@) = {j = 1,...,J : 6; # 0}. For a set M, let Ny denote the
cardinality of M.

Let 8* € R’ be the prediction error minimizer in the linear model, i.e.

0* € arg min L(®0) = arg min E(Y — ®9)*. (3.3)

OcRJ OcR’
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Note that the minimizer of L(®8) may not be unique. In that case, we use [07] to
denote the equivalence class of 8 that contains all @s having the same prediction
error as 6%, Let || f|lcc = SUD,cx qea |f(7,a)| for any bounded function f on X x A.

For any v € [0,1/2), n; > 0, t > 0 and tuning parameter \,, > 0, define the sets

00 = {0 eR’:30°€c[0]s.t. |B(O— 0] <m

and jmax ’E[Qﬁj@g —6)] ‘ < 7)\71} (3.4)
B o (1—27)%3 1 n 1
On = {9 € O Nano) = 55 <\/§ T o3I+ 1) 1 4] §> } (35)

where o; = (E¢?)"/2, and 3 and U are positive constants that will be defined in The-
orem III.1. For small 7; and ~, ©% contains @s that are close to the elements in [0”]
(note that v controls the closeness between 8 € ©2 and [0*] via first order derivatives
of the prediction errors since | E[¢; ®(8 — 6°)]/o;| = |0L(96)/08; — OL(96°) /063 /20;).
©° is non-empty. ©,, contains all @ € ©2 that have the required sparsity (note that
O, is always non-empty for large n since Ny 9y < J). In the following, we fist provide

an upper bound for the Value of d,, in terms of the prediction error.

Theorem II1.1. Suppose p(al|z) > S~ for a positive constant S for all (z,a) pairs
and the margin condition (2.2) holds for some C > 0, a > 0 and all positive €
satisfying Ce* < 1. Assume

1. the error terms e; = Y;— QP (X;, A;),i = 1,...,n, are i.i.d. with E(g;|X;, A;) =

0 and E[|&;|'] < 57202 for some c¢,0? > 0 for all 1 > 2; and

2. there exist constants 0 < U < oo and 0 < 1 < oo such that maxj—;

¢jlloc/0j < U and SUPge|6*] QP — 0 < 1.

For anymp > 0,0 < v < 1/2 and t > 0, consider the estimated individualized
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treatment rule d,, defined by (3.2) with tuning parameter

1 /1
/\nzkmax{ 0g6J+t7 og6J+t}’ (3.6)
n n

where k = (8 max{3c, 2(n, + o) YU + 12v2max{o, m +12})/(1 — 27). Let ©° be the

set of parameters defined in (3.4). Assume

3. there exists a constant § > 0 such that, for all @ € ©°\ {0} and 6 € {R7 :
~ _ 2
B[00 = 0)Nuo) = B( Y. oilf; —6i])
JEMo ()
Let ©,, be the set of parameters defined in (3.5). Then for any n > (27U% — 10y —
22)log 2.J/[2(1 — 27)?] and for which ©,, is non-empty, we have, with probability at

least 1 — exp (— k'n) — exp(—t), that

) (14a)/(24a)
V(™) = V(d) < Cr | guin (L(96) + K Nuyo\2/5) |

where k' = 13(1 —27)?/[6(27U% — 10y —22)], K = 50(2y+5)(47*+ 116y +13)/[9(1 —
27)(2v + 19)%] and C, is defined in Theorem II.1.

The result follows from Theorem II.1 and Theorem II1.3 in Section 3.1.2. Similar
results for J increasing in n can be obtained by combining Theorem II.1 with Theorem

II1.4 in Section 3.4.1

Remarks
Assumptions 1-3 in Theorem III.1 are employed to derive the finite sample pre-
diction error bound for the [;-PLS estimator 6, defined in (3.1). Below we briefly

discuss those assumptions.
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1. Assumption 1 implicitly implies that the error terms do not have heavy tails.
It is easy to verify that this assumption holds if each ¢; is bounded. Moreover,
it also holds for some commonly used error distributions that have unbounded
support, such as the normal or double exponential. This condition is often
assumed to show that the sample mean of a variable is concentrated around its

true mean with a high probability.

2. Assumption 2 implies that Q" and all basis functions are bounded. Note that
we do not assume Q to be a good approximation space for Q°?*. However, if ®0*
approximates Q% well, 1, will be small, which will result in a smaller upper
bound in (3.8). This assumption is also used to show the concentration of the
sample mean around the true mean. It is possible to replace the boundedness

condition by conditions on moments similar to those in Assumption 1.

3. Assumption 3 employed to avoid collinearity. It is easy to verify that when
El¢;jor/(0;01)jkeq1,....sy is positive definite, this condition trivially holds with
 to be the smallest eigenvalue of E[¢;¢r/(0;0k)]jkeq1,....s3- Similar conditions
have been used in van de Geer (2008), where the minimum is taken over all
0 ¢ R’. Assumption 3 is also similar to the restricted eigenvalue assumptions
in Bickel et al. (2009)) in which E is replaced by E,, and a fixed design matrix
is considered. It is satisfied if the “mutual coherence” assumption in Bunea
et al. (2007b) (Nag(9) max sk jenmoo) | EQjdr|/(0;0k) < a small constant) holds
for all @ € ©2 (similar results in the fixed design setting have been proved in
Bickel et al. (2009)). See Bickel et al. (2009) for other sufficient conditions for

Assumption 3.

Define T°P(X, A) := QP (X, A) — E[Q°"(X, A)|X]. Then T is the interaction
term in Q°P'. In particular, the vector of basis functions can be written as ®(X, A) =

(@W(X), d? (X, A)), where @) = (¢1(X),..., ¢, (X)) is composed of all compo-
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nents in ® that do not contain A and @@ = (¢, (X, A), ..., ¢;(X, A)) is composed
of all components in ¢ that contain A. Since A takes only finite values and the ran-
domization distribution p(a|x) is known, we can code A so that E[®® (X, A)T|X] =0
a.s. (see Section 3.2.1 for examples). For any 8 = (0y,...,0,)7 € R’ denote
oY = (01,...,0;0))" and 0% = (05011, --.,0,)". Then WM approximates
E(Q™(X, A)|X) and @8 approximates T°. Define M"(0) = {j =1,...,J0 :
0; # 0} and MP(0) = {j=JU +1,...,J:6; #£0}

In the following we relate the Value of d, to the estimator T°!. Note that the
conclusion of Theorem III.1 and the following theorem hold for all choices of A\, that
satisfy (3.6). Suppose )\, = o(1). The following theorem implies that if 7% can be
well approximated by a sparse representation (i.e. E(®®0® — To1)2 and N M ()
are small for some 0 € ©,,), then d,, will have Value close to the optimal Value.
Theorem II1.2. Suppose p(a|z) > S~ for a positive constant S for all (z,a) pairs
and the margin condition (2.2) holds for some C' > 0, a > 0 and all positive €
satisfying Ce* < 1. Suppose E[®? (X, A)T|X] =0 a.s. and Assumptions 1 and 2 in
Theorem III.1 hold. For any 0 <~y < 1/2, m >0 and t > 0, let 8, be the ,-PLS
estimator defined in (3.1) with A, satisfying condition (3.6) and ©° be defined in
(3.4). Assume

4. there ezists a constant § > 0, such that for all @ € ©° \ {0} and 0 c {RY :

-----

~(1) ~ 2
E[@oM@e — 9(1))]2NM§,”(0) > ﬁ( Z o;l0; — 0j|> (3.7)

jeM (o)

~(2) 5 2

jeM§?(®)
Let ©,, be defined in (3.5). Then for anyn > (27U2 —10y—22) log 2J/[2(1—27)?] and
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for which ©,, is non-empty, we have, with probability at least 1 —exp (—/{:'n)—exp(—t),

that

1+

V(@) V(d,) < O min (E@P00 — 1) 4 KN, 00 22/0)] 7. (85)

where K' = 20y(2y + 5)/[7(1 — 27)] + 200(2y + 5)%/[9(2y + 19)?], C, is defined in
Theorem II.1, and k' is defined in Theorem III.1.

The result follows from Theorem II.1 and Corollary III.1 in Section 3.1.2.
Remark
Assumption 4 is a sufficient condition for Assumption 3 in Theorem III.1. We

need (3.7) to show that the cross product term En[(q)(l)é;l) — <I>(1)0S))(<I>(2)0A(2) —

d@92)] converging to 0 at the desired rate. We may use a really poor model for
B(QP(X,A)|X) (e.g. ®Y =1, and (3.7) holds with 3 = 1). When the sample size

is large (so that A, is small), the estimated treatment rule will be of high quality as

long as T°P" is well approximated.

3.1.2 Prediction error bound for the [;-PLS estimator

l1-penalization in regression has been extensively studied in recent years. Much lit-
erature focused on variable selection/parameter estimation accuracy (see Meinshausen
and Buhlmann 2006; Zhao and Yu 2006; Zhang and Huang 2008; Meinshausen and
Buhlmann 2009; Zhang 2009 for examples). Others studied the behavior of the pre-
diction loss (see Greenshtein 2006; Bunea et al. 2007a,b; van de Geer 2008; Bickel
et al. 2009; Koltchinskii 2009 for examples). We are mainly interested in the latter.

In this section we provide a finite sample upper bound for the prediction error of
the [;-PLS estimator 8,,. We present the result here for the following two reasons.

First, the result is needed to prove Theorem III.1. Second, the result itself strengthens
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existing literature on [;-PLS method in prediction in the following way. Finite sample
prediction error bounds for the [;-PLS estimator in the random design setting have
been provided in Bunea et al. (2007b) for quadratic loss, van de Geer (2008) mainly
for general Lipschitz loss functions and Koltchinskii (2009) for loss functions satisfying
some conditions. With the quadratic loss, and permitting J to increase with n (so ®
depends on n as well), both Bunea et al. (2007b) and van de Geer (2008) assumed
the existence of some sparse 8 € R’ such that E(®0 — Q°P')? is upper bounded by
a quantity that decreases to 0 at a certain rate as n — oo; while Koltchinskii (2009)
requires the primary outcome Y to be bounded. We improve the results in the sense
that we do not make any of these assumptions (see Section 3.4.1 for results when ®,
J are indexed by n and J diverges).

In this section we consider the case where the sparsity of @ is measured by the
number of nonzero components (see Section 3.4.1 for proofs with a laxer definition of
sparsity). The [;-PLS estimator 0., estimates a parameter with balanced prediction
error and sparsity. This target parameter lies in ©,, defined in (3.5). By definition,
elements in ©,, have prediction error close to 8 and have the required sparsity. When
O,, is non-empty, we define

0" (u) = arg (?e%n [L(®6) + uNay )] (3.9)

for any v > 0. Note that 8" (u) is at least as sparse as 8" since by (3.3), L(90) +
uN0) > L(P,0%) + ulNpy o) for any @ such that Nyge) > Nagyer). Thus the
individualized treatment rule produced by 6**(u) could be simpler than the rule
produced by 6*. The [;-PLS estimator 0, estimates 0™ (u,) for a particular “u,”
that gives a balanced prediction error and sparsity. Under appropriate conditions,
u, — 0 as n — oo (see remark 1 after Theorem III.3); in this case the prediction

error of 8™ (u,,) converges to L(®6*) as n — oo (since Ny < J).
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In the following theorem, we show that L(®8,) < L(®0™(u,)) + unNas (0 (un))
with high probability. That is, up to the w, Ny (u,)) term, 6,, will have prediction

error roughly as if the sparseness of 0™ (u,,) were known.

Theorem II1.3. Suppose Assumptions 1 and 2 in Theorem III.1 hold. For any
0<~y<1/2,m >0 andt >0, let én be the l1-PLS estimator defined in (3.1) with
An satisfying condition (3.6) and ©° be defined in (3.4). Suppose Assumption 3 in
Theorem III.1 holds. Let ©, and 0" (u) be defined in (3.5) and (3.9), respectively.
Then for anyn > (27U%—10v—22) log 2J/[2(1—27)?] and for which ©,, is non-empty,

we have, with probability at least 1 — exp ( — k'n) — exp(—t), that

L(®6,) < min (L(cbe) + unNMO(g)) = L(DO" (un)) + tn Natyo--(unyyy  (3.10)

6cO,

where u, = KA\2/3, k' and K are defined in Theorem III 1.

The results follow directly from Theorem III.4 in Section 3.4.1 with p = 0.

Remarks:

1. The conclusion of Theorem III.3 holds for all choices of A, that satisfy (3.6).
Suppose A, = o(1), then L(®0™(u,)) — L(PO") — 0 as n — oo (since Ny o)
is bounded). Then Theorem II1.3 implies that L(®8,,) — L(®O*) — 0 in prob-
ability. To achieve the best rate of convergence, equal sign should be taken in

(3.6).

2. Note that 0™ (u,) defined by (3.9) is the parameter in ©, that minimizes
L(®0) — L(Q") 4+ u, Nagy(g). Intuitively, the minimum of L(®0) — L(Q*") +
unNy(9) can be viewed as the approximation error plus a “tight” upper bound
of the estimation error of an “oracle” in the stepwise model selection framework
(when “=" is taken in (3.6)). Here “tight” means the convergence rate in the

bound is the best known rate, and “oracle” is defined as follows.
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Let m denote a non-empty subset of the index set {1, ..., J}. Then each m repre-
sents a model which uses a non-empty subset of {¢1, ..., ¢} as basis functions.
Define énm = arg Min{ecr.9,—0,j¢m} En (Y—-®6)% and 0, = arg MiN{ger7:9;—0,j¢m)
E(Y —®6)2. In this setting, an ideal model selection criterion will pick model m*
such that L(@én,m*) = inf,, L(Cbémm). énym* is referred as an “oracle” in Mas-
sart (2005). Note that the excess prediction error of each énm can be written

L((Dén,m) - L(Qopt) = [L(CI)0;1> - L(Qopt)} + [L(q)émm) - L(@@;)L

where the first term is called the approximation error of model m and the
second term is the estimation error. It can be shown that (Bartlett, 2008) for

each model m and z,, > 0, with probability at least 1 — exp(—z,,),

T + N, log(n/Nm)>

L(®0,,,,) — L(D6,) < constant x (
n

under appropriate technical conditions, where N,, is the cardinality of the index
set m. To our knowledge this is the best rate known so far. Taking z,, =
logn+ N,, log J and using the union bound argument, we have with probability

at least 1 — O(1/n),

L<(I)nén,m* ) - L(Qopt)

—min ([L(@@;;) — L(Q™)] + L(®6,,,,) — L(@B;))
. . N,,(log J + logn)
< min <[L((I>0m) — L(Q")] + constant x - )
= mein <[L(q)0) — L(Q™")] + constant x NMO(O)(IOgnJ log n)> (3.11)

On the other hand, take ¢ = log(n/6) in (11) and select A, so that condition

(3.6) holds with “=". We have \,, = constant x /(log J + log n)/n for large n.
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(3.10) implies that, with probability at least 1 — O(1/n),

~

L(0,)-L(Q™) < pin <[L(CIDH)—L(Q"pt)]+constcmt><

Ny (6 (log J 4 log n) )
n Y

which is essentially (3.11) with the constraint of @ € ©,,. (The “constant” in the
above inequalities may take different values.) Since the minimum is achieved at

0 = 6" (u,), we refer to 8" (u,) as an oracle.

3. Note that 6, minimizes E,(R — ®8)2 plus an [, penalty whereas 8™ (u,,) min-
imizes the prediction error L(®6) plus an [y penalty. We provide an intuitive
connection between these two quantities. First note that F, (Y —®8)? estimates

L(®0) and &, estimates o;. We use “~” to denote this relationship. Thus

J
E,(Y —®0)” + A\, > 65005 (3.12)

Jj=1

J
~L(D0) + A\ > o]0

j=1

J J
SL((I)O) + )\n Z O-j’én,j - 6)]| + )\n Zgj|én,j|7
=1 j=1
where éw- is the j"" component of 6,,. In Section 3.4.1 we show that for any 0 €
On, A Z}]:1 0;16,,.; — ;] is upper bounded by Nuye)A2 /B up to a constant with
a high probability. Thus ,, minimizes (3.12) and 6" (u,,) roughly minimizes an

upper bound of (3.12).

4. The constants involved in the theorem can be improved; we focused on a read-

able result rather than providing best constants.

Following Theorem III.3 and Theorem III.4 in Section 3.4.1, we obtain a finite
sample upper bound on the mean square difference between T°P and its estimator.

This upper bound implies that [;-PLS estimator of T is of high quality as long as
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TPt can be approximated sufficiently well by a sparse linear representation in the

approximation model.

Corollary IIIL.1. Suppose E[®® (X, A)T|X] = 0 a.s. and Assumptions 1 and 2 in
Theorem III.1 hold. For any 0 < v < 1/2, m; > 0 and t > 0, let 6, be the I,-
PLS estimator defined in (3.1) with X\, satisfying condition (3.6) and ©9 be defined
in (3.4). Suppose Assumption 4 in Theorem III.1 holds. Let ©,, be defined in (3.5).
Then for anyn > (27U2 —10y—22) log 2J/[2(1—27)?] and for which ©,, is non-empty,

we have, with probability at least 1 — exp ( — k'n) — exp(—t), we have

4(2)

E(@®®8,” — T < min (E(q><2>9<2> —T")? 4 K’NM<2>(9)AZ/6>, (3.13)
0

T 0eco,

where k' and K' are defined in Theorem III.1.

3.2 Numerical Studies

The proof of the theorems in the previous section requires a non-stochastic tuning
parameter. However in practical implementation, it is more realistic to use data-
dependent methods to select \,. Since our primary goal is to maximize the Value,
we select \,, to maximize the cross-validated Value. For any individualized treatment
rule d, it is easy to verify that E[l4—4x)/p(A|X)] = 1. Thus an unbiased estimator
of V(d) is Ep[lazax)Y/p(A|X)]/Ep[la=ax)/p(A|X)] (Murphy et al., 2001). We split
the data into 10 roughly equal-sized parts; then we apply the [;-PLS based method
on each 9 parts of the data to obtain a treatment rule, and estimate the Value of
this rule using the remaining part (i.e. the average of 14—4x)Y/p(A|X) divided
by the average of 14—q(x)/p(A|X) over the remaining part); this method will select
A, that maximizes the average of the 10 estimated Values. Since the Value of an

individualized treatment rule is noncontinuous in the parameters, the resulting A, is
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usually non-unique. If necessary, we select the A, that produces the simplest decision
rule (the rule using the least number of variables), from the set of A,,’s that maximize
the average estimated Value. In the simulation below this second criterion effectively
reduced the number of candidate A, around 25% of the time, and multiple A, still
remained around 90% of the time. This is not surprising since the Value of a decision
rule only depends on the relative magnitudes of parameters in the decision rule. In
this case, we select the one among the remaining A, that minimizes the 10-fold cross
validated prediction error estimator; that is, minimization of the prediction error is
used as a final tie breaker.

In Section 3.2.1, we evaluate the [;-PLS based method. In Section 3.2.2, we use
data collected from the Nefazodone-CBASP trial (Keller et al., 2000) to illustrate the

application of the [;-PLS based method.

3.2.1 Simulations

In this section we evaluate the [;-PLS based method by comparing it with treat-
ment assignment via separate prognosis prediction for each treatment.

Prognosis prediction is the prediction of the outcome of a disease following a treat-
ment. Usually this method is used on multiple data sets, each of which involves one
active treatment. A natural approach to individualizing treatment is then to compare
the predicted prognosis of a patient for each treatment and recommend the treatment
that is associated with the best predicted prognosis (Kent et al., 2002). As a compari-
son to the [;-PLS method, we estimate the prognosis F(Y'|X, A = a) via least squares
with [; penalization separately for each treatment a € A. We call this method the
“prognosis prediction” approach. In this approach the individualized treatment rule
results in the treatment that yields the best predicted prognosis (i.e. the estimated

individualized treatment rule satisfies dpp(X) € argmaxeeq E(Y|X, A = a)). The
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tuning parameters involved in this approach will be selected by minimizing the 10-fold
cross-validated prediction error estimator. In the following examples, the approxima-
tion model we use for prognosis prediction under each treatment is consistent with
the model we use in [;-PLS (e.g. if Q" is approximated by (1, X, A, X A)0 in [;-PLS,
then we approximate E(Y|X, A = a) by (1, X)0pp for each treatment group in the
prognosis prediction approach). The intercept is penalized in neither method.

We consider 9 examples. In all the examples, treatment A is generated from
{—1,1} independent of X with probability 1/2 each, and the outcome Y given X and
A is normally distributed with mean Q°P. In examples 1-3, we consider X € R® and
three simple examples for Q. In example 4, we consider X ~ U[0, 1] and a complex
Q°P*, which mimics the blocks function used in Donoho and Johnstone (Donoho and
Johnstone, 1994). To make the simulations more realistic, examples 5-9 are based
on data from the Nefazodone-CBASP trial (Keller et al. (2000), see Section 3.2.2 for
description of the trial). We consider 50 pretreatment variables collected from the
trial (i.e. X € R%) and five examples for Q'. Detailed simulation design for the
examples are presented in Section 3.4.2.

For example 4, we approximate Q° by Haar wavelets. The number of basis func-
tions may increase as n increases (we index J, ® and 8" by n in this case). Example
plots for Q?P'(X, A) and the associated best wavelet fits ®,,(X, A)0; are provided in
Figure 3.1. For all other examples, we approximate Q" by (1, X, A, X A)6.

In examples 1, 2, 5 and 6, the interaction term T (= Q%' — E(Q"|X)) is
contained in the analysis model. In particular, there is no treatment effect in example
1 and 5 (i.e. T = 0). In other examples, the analysis model does not contain 7.
However, in example 4 the Haar wavelets approximate Q7" (and thus T°P") sufficiently
well when J,, is large.

For each of the examples 1 - 4, we simulate data sets of sizes n between 40 and

1000. For each of the examples 5 - 9, we simulate data sets of size n = 500. 500
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Q" (X, A) Q" (X, A) and ®,05 (J, =8) Q7 (X, A) and ®,0% (J, = 128)

-2

Qopf, (X, 1)

Figure 3.1: Plots for: the conditional mean function Q' (X, A) (left), Q°P*(X, A) and
the associated best wavelet fit when J,, = 8 (middle), and Q*(X, A) and
the associated best wavelet fit when J,, = 128 (right) (example 4).

data sets are generated for each sample size. We apply the [;-PLS based method

(denoted by [;-PLS) and the method based on separate prognosis prediction for each

treatment (denoted by PP) on each data set. The Value of each estimated decision

rule is evaluated via Monte Carlo using a test set of size 10, 000.

Simulation results are presented in Figure 3.2 and Table 3.1. When the approxi-
mation model for the interaction term in Q°" is of high quality, both methods produce
decision rules with similar Value. However, when the approximation model for the
interaction term in Q" is poor (example 4 for small J,, and examples 3, 7, 8 and 9),
the 1;-PLS method generally produces higher Value than PP (see examples 3, 8 and
9). Note that in example 3 the Value of the decision rule produced by [;-PLS method
has larger median absolute deviation (MAD) than that from PP when the sample size
is small. One possible reason is that the Value estimator used in cross-validation is
a non-smooth function of the data. Nonetheless, the {;-PLS method is still preferred
after taking the variation into account (/;-PLS produces treatment rules with higher
Value than PP 59.4%, 64.4%, 70.2% and 79.4% of the times when n = 40, 64, 101
and 160). Furthermore, in general the [;-PLS method uses much fewer variables for

treatment assignment than PP. This is expected since many variables may be useful
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in predicting the primary outcome under each treatment but only a few of them are

helpful in selecting the best treatment.

Value of the decision rules
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Figure 3.2: Comparison of the [;-PLS based method with separate prognosis pre-
diction for each treatment (examples 1 - 4): Plots for medians and
median absolute deviations (MAD) of the Value of the estimated de-
cision rules (top panels) and the number of variables (terms) needed
for treatment assignment (including the main treatment effect term,
bottom panels) over 500 samples versus sample size on the log scale
(n = 40,64, 101, 160, 253,401,633, 1000. The corresponding numbers of
basis functions in example 4 are J,, = 8,16, 16, 32, 32, 64, 64, 128).
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Median and MAD (in the parentheses) for

Method Value of the # of variables needed
decision rules for treatment assignment
Example 5
[,-PLS 28.8515 (0.0947) 4 (4)
PP 28.8300 (0.1659) 49 (1)
Example 6
[1-PLS 30.0865 (0.0239) 10.5 (6.5)
PP(CV) 30.0011 (0.0404) 50 (1)
Example 7
[1-PLS 30.0798 (0.0007) 6 (6)
PP 29.8959 (0.0533) 49 (1)
Example 8
[1-PLS 32.1382 (0.3611) 4 (2)
PP 31.3168 (0.2512) 42 (3)
Example 9
[,-PLS 30.1579 (0.0064) 7 (5)
PP 29.9262 (0.0592) 50 (1)

Table 3.1: Comparison of the [;-PLS based method with separate prognosis prediction
based method: Medians and MAD (in the parentheses) of the Value of
each estimated decision rule (left) and the number of variables needed for
treatment assignment (including the main treatment effect term, right)
based on 500 replications (examples 5 - 9) (n = 500).

3.2.2 Nefazodone-CBASP trial example

The Nefazodone-CBASP trial was conducted to compare the efficacy of several
alternate treatments for patients with chronic depression. The study randomized
681 patients with non-psychotic chronic major depressive disorder (MDD) to either
Nefazodone, cognitive behavioral-analysis system of psychotherapy (CBASP) or the
combination of the two treatments. Various assessments were taken throughout the
study, among which the score on the 24-item Hamilton Rating Scale for Depression
(HRSD) was the primary outcome. Low HRSD scores are desirable. See Keller et al.

(2000) for more details of the study design and the primary analysis.
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In the data analysis, we use a subset of the Nefazodone-CBASP data consisting of
656 patients for whom the outcome HRSD score was observed. Pairwise comparisons
show that the combination treatment resulted in significantly lower HRSD scores than
either of the single treatments, and there was no overall difference between the single
treatments.

We use [;-PLS to develop an individualized treatment rule. In the analysis HRSD
score is reverse coded so that higher is better. There are 50 pretreatment variables
X =(X1,...,X50). Treatments are coded using contrast coding of dummy variables
A = (A, Ay), where A} = 2 if the combination treatment is assigned and —1 otherwise
and A; = 1 if CBASP is assigned, —1 if nefazodone and 0 otherwise. The vector of
basis functions, ®(X, A), is of the form (1, X, A1, XAy, Ay, X Ay). So the number of
basis functions is J = 153. As a contrast, we also consider treatment assignment via
separate prognosis prediction for each treatment (PP). The vector of basis functions
used in PP is (1, X) for each treatment group. Neither the intercept term nor the
main treatment effect terms in these methods will be penalized (see Section 3.4.3 for
the modification of the weights 6;’s used in (3.1)).

The individualized treatment rule given by the [;-PLS method recommends the
combination treatment to all (so none of the pretreatment variables enter the rule).
On the other hand, the PP method produces a treatment rule that uses 29 variables.
If the individualized treatment rule produced by PP were used to assign treatment
for the 656 patients in the trial, it would recommend the combination treatment for
614 patients and nefazodone for the other 42 patients.

We have found that, in general, if one treatment is overwhelmingly better than the
other treatments, the treatment rules produced by both methods are likely to recom-
mend the same treatments for most patients; however as the difference in treatments
decreases these two treatment rules will recommend different treatments for more and

more patients. To see this, we consider the following 5 examples. The first example
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uses the original data, in which the combination treatment is overwhelmingly better.
Cohen’s f effect size index is around 0.25 (Cohen’s f index is the square root of the
between-group variance divided by the square root of the within-group variance; 0.25
is considered as a medium effect size; Cohen 1988). In each of the examples 2 to
5, we subtract a constant from the reverse coded HRSD scores for the combination
treatment group so that the Cohen’s f index is around 0.2, 0.15, 0.1 and 0.05, re-
spectively. Both methods are used on each example. The [;-PLS method produces
treatment rules that use 0,0,0,30 and 23 variables and the PP method produces
treatment rules that always use 29 variables for treatment assignment for examples
1 to 5, respectively. If the treatment rules produced by the two methods were used
to assign treatment for the 656 patients in the trial, they would recommend different

treatments on 42, 81, 132, 264 and 331 patients for examples 1 to 5, respectively.

3.3 Discussion

Our goal is to construct an individualized treatment rule that can be employed
to benefit future patients. In this chapter, we considered [;-PLS based estimation
method and provided a finite sample upper bound for V(d*?*) — V(d,), the excess
Value of the estimated treatment rule.

The use of an [; penalty allows us to consider a large model for the conditional
mean function Q%! yet permits a sparse estimated individualized treatment rule.
In fact, many other penalization methods such as SCAD (Fan and Li, 2001) and
[ penalty with adaptive weights (adaptive Lasso; Zou 2006) also have this property.
We choose the non-adaptive [; penalty to represent these methods. Interested readers
may justify other PLS methods using similar proof techniques.

An important issue is how to select the sequence of basis functions so that the mean

square error mingee,, E(®®0® — T2 converges to 0 as n — oo, where T°" is the
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term in Q%" containing A and ®@0?® approximates T?". Although our theoretical
result does not require this condition, if this condition does hold then our result
implies that V(d,,) converges to the optimal Value. We refer to Barron et al. (1999)
for general results on the construction of approximation spaces that guarantee this
condition. In addition, note that the obtained high probability bound (3.8) cannot
be used to construct a prediction interval for V(d°P*) — V(d,,) due to the unknown
quantities in the upper bound. How to develop a high probability computable upper
bound to assess the quality of d,, is an open question.

We used cross validation with Value maximization to select the tuning parameter
involved in the [1-PLS method. As compared to treatment assignment via separate
prognosis prediction, this method yields individualized treatment rules that use less
variables. However, since only the Value is used to select the tuning parameter, this
method may produce a complex individualized treatment rule for which the Value
is only slightly higher than that of a much simpler treatment rule. In that case,
the simple treatment rule may be preferred due to the interpretability and cost of
collecting the variables. Investigation of a tuning parameter selection criterion that

trades off the Value with the number of variables in an individualized treatment rule

is needed.

3.4 Appendices

3.4.1 Generalization of Theorem III1.3

In this section, we present a generalization of Theorem II1.3 where J may depend
on n and the sparsity of any 8 € R” is measured by the number of “large” components

in @ as described in Zhang and Huang (2008). In this case, J, ® and the prediction

*
n’

error minimizer 6" from (3.3) are denoted as J,, ®,, and 0}, respectively. We allow

some constants used in ©° defined in (3.4), ©,, defined in (3.5) and Assumptions 1-3
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used in Theorem III.3 to depend on n. Those sets and assumptions are re-stated
below.
Let Nj; denote the cardinality of any index set M C {1,...,J,}. For any 6 € R’

and constant p > 0, define

min
{MC{L, o dn} X seqa, . un i\ 93105 | SPNA AR}

Then M,y, (0) is the smallest index set that contains only “large” components in 6.
It is easy to see that when p = 0, My(0) is the index set of nonzero components in 6.
Moreover, M), (0) is an empty set if and only if 8 = 0.

When E(®'P (X, A)T|X) =0 as. (B is defined in Section 3.1.1), we define

Méil(@) € arg " min Ny
MEAL o InFE L )y g, 73105 1<PN M AR
and M[fil(e) € arg min Ny

(M 41,0 Jn ) oj10;1<pNarAn}

Assumption III.1. The error terms €;,i = 1,...,n, are independently distributed

with E(g;|X;, A;) = 0 and Ee;]'] < 87202 for some ¢, 02 > 0 for all | > 2.

Assumption II1.2. For alln > 1,
(a) there exists an 0 < U, < oo such that maxj—y,_j, ||¢jllec/0; < U,, where

o = (EgH)'2.

(b) there exists an 0 < 1y, < 00, such that supgegr) |QP" — @pO|loo < N2n-

For any 0 < v < 1/2, positive number 7, , (which may depend on n) and tuning

parameter \,, define

0° = {0 ER 3 0° € [07] st [|Pn(0 — 0°)]|co < N1

and max
=Ly

E[@n(e . 90)%} ‘ < mn}.
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Assumption I11.3. For any n > 1, there exists a 3, > 0 such that

2
E[®,(0 — 0)]2NMMn(9) > 3, [( Z ajyéj — ej\) — p2N]%/[p>\n(9)>\i] (3.14)
(6)

JEM,x,,

.....

0il + PN, 8)An)-

When E(CD%Q)(X ,A)T|X) = 0 a.s., we consider the following assumption instead

of Assumption III.3.

Assumption III.4. For any n > 1, there exists a (3, > 0 such that

Elo®@"

- 2 -
— 0PNy (g = Fa ( Y. oild - 9j|> — PNy gt
)

P/\n
jeM'y) (o

— 2 -
=)
and  E[@(07 — 0PNy o o > fn ( > ol - |> PNye gt

P n
jeM'3) (8)

for all @ € ©2\ {0}, 6 € R™ and 3

0i + PN, @) n)-

N 2745 n
Jell st \Mya, 0 93103 ] < T3 (e, 00 105 —

Without loss of generality, we can assume pg3, < 1.

For any ¢t > 0, define

(1-29)%8, [ 1 1

o,=l6cer: N < QT2 (1 .

{ € P M, (0) = T, 9 " 20 log(37, (J Y1) 44 3
(3.15)

Note that we allow Uy, 015,72, and (3,1 to increase as n increases. However, if

those quantities are small, the upper bound in (3.18) will be tighter.

Theorem II1.4. Suppose Assumptions II1.1 and II1.2 hold. For any given 0 < vy <

1/2, mu >0, p>0andt >0, let 0, be the 1,-PLS estimator defined in (3.1) with
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tuning parameter

> 8 max{3c, 2(n1» + N2.n) }Un(log 6.J,, + 1) n 12max{o, (Mmn +n2.)} [2(log6J, + 1)

- (I =29)n (1—=27) n
(3.16)

Suppose Assumption I11.3 holds with pf, < 1. Let ©,, be the set defined in (3.15) and

assume ©,, is non-empty. If

92
log2.J, < 2(1 —27)

3.17
n = 27U%2 — 10y — 22’ (3:17)
then with probability at least 1 — exp(—kl,n) — exp(—t), we have
5 . Nit,n,(6) 1o
L(®,0,) < min |L($,0) + K,—%>—\? |, (3.18)

0c6, O

where k!, = 13(1 — 27)?/[6(27U% — 10y — 22)] and K,, = [40v(128,p + 2y + 5)]/[(1 —
29)(2y 4+ 19)] + 130(128,p + 2v + 5)?/[9(2y + 19)?].

Furthermore, suppose E(®P (X, A)T|X) = 0 a.s. Let T := Q" — E(Q°|X).
Instead of Assumption II1.3, suppose Assumption III.4 holds with pB3, < 1. Then
with probability at least 1 — exp(—k!n) — exp(—t), we have

(2)

n

Ny ()
— T7)? < min |E(®P0 — T + K, — 22— )2 | .

24
E(®?6 min 2

where K, = 20(126np + 27 + 5){7/[(1 = 29)(7 = 68,p)] + [3(1 — 27)Bnp + 10(27 +
5)|/19(2y +19)%]}.
Remark

Note that K, is upper bounded by a constant under the assumption G,p < 1.
In the asymptotic setting when n — oo and J, — oo, (3.18) implies that with
probability tending to 1, L(®,0,) — L(®,0%) — 0 if (i) Nty 05020/ B = o(1), (i)
U?log J,/n < k; and N My, (65) < kgﬁn\/m for some sufficiently small
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positive constants ky and ko, and (iii) A, > ksy/logJ,/n when 1y, + 12, = O(1)

or Ay, > k3(nin + n2.n)/log J,,/n when (11, + 72.,) "' = o(1) for a sufficiently large
constant ks (take t = log J,).

Proof. For any 0 € O,,, define the events

Jn

2(1 + . 2(2 — ~
0 = ﬂ{ ( 3 7)Uj <0; < ( 3 7)‘73} (where &; = (E,¢7)'?),
j=1
P (1 —27)*6n
Q = EF-F <
2(0) {j7kr_n?d,}i o ( n>(ajak>‘ - 120NMPM(9) ’

E, [(Y o 9)¢J]

03

< 4y +1 /\n} |
- 6
Then there exists a 8° € [0;,] such that

L(®,0,) =L(,0) + 2E[($,0° — ©,0),(0 — 8,,)] + E[®,(6,, — )]
fo0 -0 2| ( S~ 01) + 20,0, -0

Jn

J=1

<L(®,0) +2 max

Jj=1,.., JIn

where the first equality follows from the fact that E[(Y — ©,0°)¢;] = 0 for any
0° € 10;] for j =1,...,J, and the last inequality follows from the definition of ©°.

Based on Lemma III.1 below, we have that on the event ; N Q4(0) N Q3(0),

) N
L(®,0,) < L(®,0) + KnMé—*"(e)Ai.

Similarly, by Lemma II1.2, we have that on the event 2y N 2(6) N Q3(8),

E@28§%

n

_ Topt)2
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Jn

SE(@%Q)Q(Q) _ TPy 4 27)\n< Z gj|én’j _ 9j|> i E[<I>$3)(éff) B 9(2))]2
j=JV 41
N
<E<(I)(2)0(2) _ Topt)2 + K’ M,Si)n(g) )\2.
- g,

The conclusion of the theorem follows from the union probability bounds of the

events (), 25(0) and Q3(0) provided in Lemmas I11.3, 111.4 and II1.5. O

Lemma III.1. Suppose Assumption II1.3 holds with pB, < 1. Then for any @ € ©,,,

on the event 1 N Qy(0) N Q3(0), we have

J,

= 20(128,p + 27 +5)
Z Jj|0n,j - 0]| S NMpA,L (0))\71 (319)
7=1

(1 =29)(19 + 27)6,

130(12p0, + 27 + 5)?

A 2
and  E|®u(0n = 0)]" < 550~ 5 75,

Ny, @A (3.20)

Remark

This lemma implies that 8, is close to each @ € ©,, on the event Q;NQ,(0)N25(0).
The intuition is as follows. Since 6,, minimizes (3.1), the first order conditions imply
that max; |E,(Y — ®,0,)¢;/6;] < A\,/2. Similar property holds for  on the event
Q; N Q3(0). Assumption II1.3 together with event 2,(€) ensures that there is no
collinearity in the n x J,, design matrix (@n(Xi, Ai))?zl. These two aspects guarantee

the closeness of én to 6.

Proof. First note that 8, (defined in (3.1)) satisfies the following first order condition:
—2E, (Y — ®,0,))¢; + \ndysgn(f,;) =0 for j=1,...,J,,

where sgn(f;) = 11if §; > 0, sgn(d;) = —1 if 6; < 0 and sgn(6;) € [—1,1] if ; = 0 for
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any 0; € R. This implies

J’IL
2B, [(Y = ©,0,)0,0] + A, Y _ 65520(0,,5)6; =0

Jj=1

for any @ € R7*. In particular, —2E,[(Y — CIDnén @nén + A\ ‘.]Z 0 én | =0.
J 1 J 5J

Therefore, for any 8 € R’*, we have
In A In A
0=2E,[(Y — ©,0,)0,(6, — 0)] + X\ > _ G880(0n)0; — A > 6001
Tn Tn )
<2E,[(Y = ©,0,)@0(0, — 0)] + Xy Y 651051 — A > 650n. (3.21)
=1 =1
Fix n. If @ = 0, on the event Q; N Q3(0), we have

0 <2E,[(Y — ©,0)0,0,] — 2E,(9,6,) — A, Z 6516 51

J,

2(1 4+~ = A
<2j:I{1ax En[(Y ,0) } <ZO']|97”|> E,(®, )2_%)\,”20']"0”7‘”
7777 n le

2y -1, - -
<= ;aﬂen,ﬂ —2E,(9,6,)* <0.

This implies 6, = 0. Thus (3.19) and 3.20) hold.
Otherwise, for any fixed 8 € ©, \ {0}, the index set M,y (@) is non-empty.

Following (3.21), on the event ©; N Q3(0), we have

0<2 max |E, [(Y ®,0 ¢J] (Zajyew 0, y) —2E,[®,(0, — 0))?
j=1,..., n
A D 10— 05+ Yo 550851 = 10a4])
jeMPAn(g) je{l 7777 Jn}\MPAn(e)
4y +1 ~ .
e U RTINS SN
JEMpx, (6) JE{L,. ., In \ M, (9)
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2(2 — .
+ u)\n( Z 0;lbn; — 0] + PNM,;M(B))‘H)
jeMPAn(e)
2(1 4+~ A A
2NN S - 2B,@,(0, - 6)]
JE{1,....Jn \Mp»,, (8)

2y 4+ 5 .
= )\n< Z JJ\HW- —9]" +pNMp)\n(6))\n>

3
jEMPAn (0)

1—2y A N
— > 05100 — 2E,[®, (8, — )]

je{l 7777 Jn}\MP/\n(o)

This implies

IN

A 27+ 5 A
> ojlfnsl < T > < > ojlbn; -6+ PNM,W(m)\n)

je{l """ Jn}\MPAn (0) jeMP)\n (9)

R 2~ + 5 .
and En[q)n<0n — 9)]2 S ’Yg_ An( Z O'j‘en,j - HJ\ + pNMpAn(e))\n> . (322)
jeMp)\n(e)

Define the sets

©,(0) = {é € R : Z o;16;]

FE{Ls s Tn \M,, (6)

2v+5 .
31_ ( Z Uj|9j_9j|+pNMp,\n(0))\n)}7

J€Mpr, (6)
5 ; [10(2y +5) 4 3(21 = 29) 8Pl Nas,,, (0) A
@2(9)2 {OERJ" : Z Uj|9j—9j| > PAn 7
1 2

JEM,»,, (6) 3(19 +27) 8,
0 ~ 1ONM 0 )\n

j ’ Bﬁn

JGMPAn(B)

Note that 8, € ©1(0) on the event Q; N Q3(0). In addition, on the event Q; N

2(0) N 25(0),

Jn J’n
sup {2En[(Y — ©,0)2,(0 = 0)] + X\ > 55103 — A Y a—j|0j|}
j=1 i=1

0cO,(0)NO2(0)
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27+ 5 =
< sup { 3 An( > aj!9j—9jI+PNMm<e>An)
06c01(0)NO42(0) JEMpa, (6)

Jn

(£ — Ed(%)’(ZUﬂéj - 9j|>2

— 2E[®,(6 — 0)]* +2 max

j=1,....Jn

1—2y =
-5 > Uj|0j|}
(9)

Je{l,, Jn \Mpx,,

00k

2y +5 5
< _ sup { 3 >\n< § 0j|0j - 0]' + pNMMn (9))\”>
0c0,(0)nNO2(6) JEMpx, (6)

28 . 2
2600 N, 08 — (3 ailfs = 0y)
+ /8 IO MP)\n(e) n NMpAn(e) O-J| J .7|

jGMP)\n(e)
J,
(1 B 27)2571 ~ n ~
+ E ajlﬁj—ﬁj\—l—pNMpAn(g))\n)( E aj\ﬁj—9j|>
60N, 0) N -
JGMPATL (0) -]_1

+ 1_327[;1);[;22:(%%"9} —93'0 —An}( > Uj\éj!)}

j=1 JE{1,...dn \Mpx,, (0)
2y +5 ~
< sup { 3 )\n< > oilo; -0+ PNM,JAn(eV\n)
0c01(0)NO2(6) JEMpx,, ()
2/671 n 2
+ 25np2NMMn(0))‘i - N—< Z ol — 0j|>
Mﬂ/\n (9) jEMp,\n (9)
(1 B 27)671 n 2
PU20h (S )
MP)\n (9) jGMp,\n (9)
1-2 303, ~
+ 3 7[101\] ( Z ijj _QJ| +pNMp>\n(9)/\n> _)\n]
Mp)m (9) jEMp)\n (g)

(X (e)o—j|éj|)}

FE{L T \M .,

< sup { (D2 ol =6l + oM @)
6€01(0)N©2(0)NO3(6)° | " jenm,, (0)
29 + 5 21 — 2y 19 + 279)8, 5
(B0, BB, - W20 s )
Mpx,, (6) JEMpx, (0)
+ sup { Z Uj|9~j —0;| + PNMpAn(G)/\n>
6€61(0)NO2(6)NO3(0) JEM,x,, (6)
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13 7065 ~
X (gﬁnﬂ/\n 5Ny ) > ol - 9j|>}

jGMPAn (9)

<0,

where the second inequality follows from Assumption I11.3 and the definition of 25(8),
the third inequality follows from the definition of ©;(8), the fourth equality follows
from the definition of ©3(0) and simple algebra and the last inequality follows from
the definition of ©5(0), ©3(0) and the assumption that pS, < 1.

Since 0, satisfies inequality (3.21), we have 8, € ©1(8) N ©,(8)C on the event
Q1 N Q(0) NQ3(0). Algebra suffices to show (3.19).

Following (3.22) and the fact that 6, € ©,(8)C, we have
: 5(12p8, + 27+ 5)(27 + 5)

E,[®0(6, — 0)]" < 9(19 + 27) 5,

NMP/\n (0) )\i :

on the event € NQ,(8) NQs(0). Suppose (3.20) does not hold, i.e. E[®, (8, —0)] >

130(12pB3n+27+45)?
01912728, VM,

(@25 Then

2
P
1 - 27)%83, ( i1 03|0n; — 9j|>
20N, () E[®,(6, — 0))?

(E B En)[q)n(én — 0)]2
E[®,(8, — 0))?

3
13’

< !
~1

IN

where the first inequality follows from the definition of Q5(8) and the second inequality

follows from (3.19). This implies

N , 13 N 5 _ 13(12pB, + 27+ 5)(2y +5)

NMp/\n (6) )‘7217
which contradicts the condition. Thus (3.20) holds on the event 2,1Q2(6)N23(0). O

Lemma IIL.2. Suppose E[(I)g) (X, A)T|X] =0 a.s. and Assumption 1I1.4 holds with
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pBn < 1. Then for any 6 € ©,,, on the event 1 N Q2(0) N Q3(0), we have

J
- ) (12ﬁnp + 27+ 5)
10 . — 0. < ) .
2 il =S G e, e (3:29)
j=a+1
and
2) (3 vz — 20(12p8, + 27+ 5)[3(1 — 29)B,p + 10(2y + 5)] 2
E[#7(9, -6 < 9(2y + 19)23, Ny @
(3.24)

Proof. Consider fixed n and fixed 8 € O,. Since E(@T(lz)\X) = 0 a.s., we have
E(¢jp;) = 0 for any j € {1,...,J7sl)} and j' € {J,(Ll) +1,...,J,}. On the event
Ql N QQ(G) N 93(0), we have

2)

E,[(®.0 — ©,0,)(®?8," — o2 0@)]

B30 | 2
< max ‘ ( Al >’ o0, — 0 010, — 05|
€1 Ti 3 (I 1 T} ;0 Z 7 Z e

-----

b In . 2 A(2) 2
4+ max ’(E-E@(A)]( DRI —E[cb;2>(9n —0@))]

57 €{IV 41, Tt o0

j=J+1
J,
(1 —2v)(128,p + 2y +5) - A Y CIPCNE
< A 10,6, —E[qﬂe —0<>],
< 6(2y + 19) ; UJ‘ J J‘ n ( n )

where the second inequality follows from the definition of €25(6) and Lemma III.1
(note that Assumption I11.4 implies Assumption I11.3).
Next, note that (3.21) holds for (8, 0 ) Thus on the event £; NQ(0) NQ23(8),

we have
@) - =
0 <2E,[(Y — 2,6,)00(8, —0D)] + X, > 5i00;| = X0 Y 5(0n]
j=JM+1 j=JM+1
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_ o
J=Jdn '+1,...,J, J ]_J(1)+1 jeMp(liL(e)
. A N ~(2)
+ A\ > 53 (105 — 10n4]) — 2B, [(®,0 — ©,0)(2?0," — oo
Je{I+1, T \M ) (6)
27 +5 ~
< 3 )\n< Z (Tj|9n,j —9j| +pNM,§§)n(9))\”>
jeMy) (0)
1—2y

3 M > (%1

G +1, I \NMD ()

PAn
J,
(1 —=2v)(128,p + 27y + 5) - A 9, A(2) )01 2
+ )\n( o—~9n,—94)—2E 229 — g
3(2y + 19) | % 716n,; — 051 [ ( )}
Jj=Jn ' +1
12(1 — 29)Bup + 20(2y +5) A
- )\n< 10, — 6, + pN )\n)
3(2y + 19) 22: 0j10n; — 03] +p M) (8)
jeM'3) (8)
2(1 — 29)(7 — A R
SALEANEESI S gl - 26[e0) - 6%

3(2y + 19
(2v ) JELIY 1 T\ M) ()

This implies

1—29)(7 — 63, ) .
MO0 gl B[a0E - 6]
3(27 + 19) :
Je{I 1, T M) (6)
6(1 — 27)B,p +10(2y +5) ;
= 3(2y + 19) A”( 2 ol =il +p N2 @ A")
jeMS) (0)

Using similar argument as that in lemma III.1, we obtain

10(128,p + 2y + 5)

An.
3(2y + 19)5, M3,(6)

> ojlfn; =61+ PN (ghn <
jeM'y) (6)

Algebra suffices to show (3.23) and (3.24).

Lemma II1.3. Suppose Assumption II1.2(a) and inequality (3.17) hold. Then

P(OC) < exp (_ 13(1 = 29)%n > |

6(27U2 — 107 — 22)
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Proof. For each j =1,...,J,, we apply Lemma VI.8(a) with O; = (¢;(X;, A;)* /07 —
1)/(U2—1) and t = (7 — 27)(1 — 2y)n/9(U? — 1). By Assumption I11.2(a), we have
O;<1land Y !, FEO?*<n/(U?-1). Thus

(7—29)*(1 —27)*n
3 “j> = exp ( T U2 1)[R1+3(T—29)(1 — 2@])
25(1 — 27)*n
6(270U2 — 10y — 22))'

Sexp(—

Similarly, applying Lemma VI.8(a) with —0O;, we have

(5 +27)%(1 — 29)%n
) <o (- 627(U2 — 1) + (5 + 27)(1 - m])

25(1 — 27v)*n
< — .
=P < 6(27U2 — 10y — 22))

Using union bound argument and condition (3.17), we have

25(1 — 27)*n 13(1 —2v)%n )

P(Q%) < 27, (— (—
() < 2 exp 6(27U§—107—22)>_6Xp 6(27U2 — 107 — 22)

]

Lemma II1.4. Suppose Assumption I11.2(a) holds. Then for any 6 € ©,, and t > 0,

P({Q22(0)}) < exp(—t)/3.

Proof. Note that ||¢;¢r/(cj0k) — E|o;01/(00)||lec < 2U2 and Elp;¢r/(cj01)]* < U?
for all j, k. Applying Lemma VI.8(a) with O; = =£[¢;(X;, Ai)ow(Xi, Ai)/(oj0k) —
E(¢;jor)/(0j0)]/U; and t = (1 — 27)*8,n/[120Ny,, (9)U7] and using union bound

argument, we obtain

(1—27)"Ban )

P({Q:(0)}¢) < 1 —

< exp(—t),

Wl
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where the second inequality follows from the definition of ©,, in (3.15). [

Lemma II1.5. Suppose Assumptions II11.1 and II1.2 hold. For any t > 0 and 1y, >
0, take N\, so that it satisfies condition (3.16). Then for any 8 € ©,, we have
P({€23(0)}7) < 2exp(—t)/3.

Proof. For any 6 € ©,,, there is a 6° € [@;] such that max; |E[®,(0° — 0)¢;/0;]| <

YAn. Since 6° minimizes E(Y —®,,0)?, we have E [(Y—cpne‘))qu} =0forj=1,...,J,.
Thus

max ’E[(Y . @ne)%} < Y.

J

= max ‘E [(Cbneo — @ne)f—j]

J

This implies

]

0j

max ’En [(Y—@ne)

; < max ’(EH—E) [8%}

+max|(B,-B) (@7 -2,0)%]

gj

|

By Assumptions III.1 and II1.2(a), we have E(g;¢;(X;, A;)/0;) = 0 and

+YAn-

S El(gi0( X5, Ai) Joj)k] < %naQ(cUn)Z_Q for all integers [ > 2. Applying lemma
VI.8(b) yields

1—2y (1 —27)%\2n
) <2em - )
T = 2P\ T 98807 4 24¢(1 — 29)Up N,

P(|(E. - B) [e%}

Similarly, the definition of ©¢ together with Assumption III.2 implies that, for any 8 €

Opandj=1,..., Jn, [|(Q7' = 2u0)¢;/0; = E((Q7"=®u0);/ ;) || . < 2(hm1+7m2)Un
and E[(Q" — <I>n0)¢j/aj}2 < (M1 + Mn2)?. Applying Lemma VI.8(a) yields

(8- Bl - 002 > 15 20)

(1—29)*X3n )
28811, + M2,n)2 + 16(1 — 279) (1,0 + M2,0)UnAn /-

<2exp ( —

The result follows from the union bounds argument and condition (3.16). ]
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3.4.2 Design of simulations in section 3.2.1

In this section, we present the detailed simulation design of the examples used in
Section 3.2.1.

In examples 1 - 3, we generate X = (Xj,...,X5), where Xj,..., X5 are mutu-
ally independent and each Xj,j = 1,...,5, is uniformly distributed on [—1,1]. The
treatment A is then generated independently of X from {—1,1} with probability
1/2 each. Given X and A, the outcome Y is generated from a normal distribution
with mean Q% (X, A) = 1+ 2X; + X5 + 0.5X3 + T"(X, A) and variance 1 (recall
that TP (X, A) := QP(X, A) — E[Q"" (X, A)|X]). We consider the following three

examples for T,
1. TP"(X,A) =0 (i.e. there is no treatment effect).
2. ToP(X, A) = 0.4190(1 — X;)A.
3. TPY(X, A) = 0.4464sign(X1)(1 — X,)%A.

We approximate Q" by Q = {(1,X,A4,XA)0 : § € R"}. Thus in example 2 the
correct model is contained in the approximation space, while in example 3 the correct
model is not in the approximation space.

The effect sizes in examples 2 and 3 are medium according to Cohen’s d index.
When there are two treatments, the Cohen’s d effect size index is defined as the
standardized difference in mean outcomes between two treatment groups. Cohen
(1988) tentatively defined the effect size as “small” if the Cohen’s d index is 0.2,
“medium” if the index is 0.5 and “large” if the index is 0.8.

In example 4, we consider a complex Q. We generate X from U|0, 1]. Treat-
ment A is generated independently of X from {—1,1} with probability 1/2 each.
The outcome R is generated from a normal distribution with mean Q" (X, A) =

Z?Zl Vo)1 x<ue,; + [Z?Zl 19(1),]-1)(@(1)’].]14 and variance 1, where ¥ ; and u;

o1



(e [0,1]) for s = 0,1,j = 1,...,5 are parameters specified in (3.25). The effect

size is medium.

Dioy1 = —0.4260, 9(0)2 = 2.8856, gy 5 = —1.6010, 90y = —0.9513, 0) 5 = 1.2680;
Days = 2.0822,0(1y.2 = —0.7318, 915 = 0.7559, U1y 4 = 0.3185, 91 5 = —2.9579;
o)1 = 0.1408, u(g) 5 = 0.9902, (05 = 0.2807, ()4 = 0.4929, u(g) 5 = 0.4651;
uy1 = 0.9934, ug1y s = 0.1191, ugry 5 = 0.2509, ()4 = 0.7541, gy 5 = 0.6660.

(3.25)

We approximate QP! by Haar wavelets

Q= { y.0ho(X +29 akha (X ( y1ho(X —I—ZQ whu (X >A 0.. ER}

where ho(z) = Lyepo,1] and Ay () = 22 (Loipeprrjonin) — Lotweprriyg) forl =0,..., 1,
We choose [, = |3logyn/4] — 2. For a given [ and sample (X;, A;, ;)™ ,, k takes
integer values from |2/ min; X;| to [2' max; X;] — 1. Then J, = 23leg2n/4] < p3/4,
Examples 5-9 are based on data from the Nefazodone-CBASP trial (Keller et al.,
2000). In the simulation study, we consider 50 pretreatment variables collected from
the trial. Each variable is standardized using the sample mean and standard de-
viation. The Nefazodone-CBASP data provides an empirical distribution for the
standardized pretreatment variables. This is the distribution we use to generate X.
Treatment A is generated independently of X from {—1, 1} with probability 1/2 each.
To generate Y, the outcome HRSD score is reverse coded so that higher scores are
desirable. We regress the reverse coded HRSD score on (1, X) and denote the esti-
mated regression coefficients by Y. Then the outcome R is generated from a normal
distribution with mean Q°*(X, A) = (1, X)9"" + T (X, A) and variance 9. We con-
sider 5 examples for T°P*. There is no treatment effect in example 5. The covariates

and parameters involved in examples 6 - 9 produce a medium effect size.
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5. ToP(X, A) = 0.

6. Topt(XaA) - (17)2:)19(2)A7 where )A(: = (X387X27aX227X217X6) and 0(2) =
(—1.2223, 0.6141, —0.7756, —0.0079, 0.4163, —0.5676)T. Note that the analysis

model contains the the correct model for TP,

7. TP(X,A) = (1, X)9P]A4, where X = (X0, Xs, Xug, Xo, X29) and 9@ =
(—0.8745, 0.3439, —0.2885, —0.4241, 0.1214, 1.0515). In this case, treatment

1 is always better than —1.

8. T(X,A) = sign((1, X)9P?)|(1, X)9P?|A, where X = (Xu, Xi7, Xan,
X35, Xi6), X, contains the first 3 covariates in )?, 9t = (—0.8410, 0.7471,
0.1411, 0.2981)7 and 9?2 = (—3.1364, 0.7930, —5.2663, —1.7865, —0.2682,
2.3239)T. Note that the analysis model does not contain the correct model for

Topt

9. Same as example 8, but with a different set of covariates and parameters.
X = (Xo7, X30, X12, X50, X32), Xsub contains the first 3 covariates in )Z, 91 =
(—1.7428,—0.0478,1.6312, —0.1969)T and 9*? = (—0.3859, 0.5457, 0.7019,
0.6935, 1.0135, —1.1039)7.

We approximate QP by model Q = {(1, X, A, X A)0 : 0 € R1?}.

3.4.3 Some modifications of the [;-PLS estimator

As demonstrated in van de Geer (2008), sometimes it is natural not to penalize a
subset of coefficients (e.g. coefficients corresponding to the constant term and/or to
variables that are considered as definitely relevant). In this section, we discuss several

~

modifications of the [;-PLS estimator @,, in this case.
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Suppose one decides not to penalize coefficients indexed by S C {1,...,J,}. A

general modification is to exclude those terms from the penalty, i.e.

0, = argmin B, (Y — @,(X, A)0)* + A, > 65104,
Fe{lysJn NS
where 7; = (Engb?)l/z. It is easy to see that with this modification, an analog of
inequality (3.18) can be obtained after only slight adjustments in the proof.

Now suppose there are only two treatments A = {1,—1}. A simple vector of
basis functions that one may consider is ®,(X, A) = (1, X, A, X A), where X is a row
vector of pretreatment variables. One may choose to leave the intercept term not
penalized. Furthermore, if one believes that the main treatment effect exists, then
the coefficient of A should not be penalized either (see the Nefazodone-CBASP data
example in Section 3.2.2). In both cases, one might want to change the weights &;’s
used in the penalty. In the following, we discuss these two special cases in a general

framework.

1. When there is a constant term ¢; = 1 and one decides not to penalize 6, it is
natural to modify 6; to 6; := [E,¢? — (En¢;)?]"/? (so 61 = 0). In this case, each
E¢, is estimated by E,,¢;. van de Geer (2008) pointed out that “this additional
source of randomness is in a sense of smaller order” and “the modification does
not bring in new theoretical complications”. The modified assumptions and
outline of the proof for obtaining an analog of inequality (3.18) is provided

below.

2. When ®,, contains the main treatment effect terms and one decides not to penal-
ize those terms, one may modify 6; to an estimate of (Y, 4 var(¢;(X, A)|A =

a)ElA:a)1/2 (i.e. pooled standard deviation).

For example, suppose Q%' (X, a) is modeled by ¥,(X)8, for each a € A, where
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the first term of each ¥, is 9,1 = 1. Then the vector of basis functions is
D, (X, A) = (Vo(X)1azn)aca and {¢y11a—, : @ € A} is the set of main treat-
ment effect terms. Denote the index set of the main treatment effect terms
in @, by S. If we use weights 6; := (Y, var(¢;(X, A)|A = a)EnlA:a)l/z,
where var(¢;(X, A)JA = a) is the sample variance of ¢, over the sub-sample
that assigned treatment a, then 6; = 0 for all j € S. One can verify that
choosing 6 € R’ to minimize E,(Y — ©,0)* + A, Zj;l ;10;| is equivalent to
choosing 0;,7 € {1,...,J,} \' S, to minimize E, (Y’ — Zje{l,..,,Jn}\S 9j¢;‘)2 +
where R' = R — 3 i(Enla—aR)1a=a/Enla=q (so E,R' = 0) and each ¢} is a
variation of ¢; (so that E,¢; = 0 and E,[(¢})?] = 63). This implies that the

modification of ¢; is appropriate.

To obtain an analog of (3.18), we need to show the concentration of sample
means (of quantities such as R and ¢;) around the true means within each
treatment group and make some assumptions about the randomization proba-
bility p(a|X). As we have discussed, these modifications only bring in further

trivial technical complications rather than theoretical innovations.

In the rest of the section, we present modified assumptions and outline of the
proof for obtaining an analog of (3.18) when ¢; = 1 and 6, is not penalized.

In this case, 6; and o; are modified to 6; := [E,¢? — (E,¢;)*]"? and 0; :=
[E¢; — (E¢;)4Y?, respectively, for j =1,...,J,.

For any 0 <~ < 1/2 and n,, > 0, ©2 is modified to

n

oy ={6 cR" 367 (6] st [9,(0 — 6] <

E[®,(6 - 90)35} ‘} <}

0j

and max{|91 — 07|, max
Je€{2,..,dn}

95



For any @ € R’ and p > 0, let

M 0 / € ar mln N :
o (0) g{Mg{2 ..... In}: Y g nr 031051 <p(Nar+1)An} "

Assumption I11.2(a) is modified to
Assumption A.2(a) There exists some U, > 0 such that max;—s ;. |¢jllec/0; <
Up.

Assumption III.3 is modified to

Assumption A.3 There exists a positive number (3, such that

E[®(0 — 0)]*(Ny,,, oy + 1)

20, [(B-0l+1 Y oldi—0) — PN o #1722  (3.20)

jGMP/\n (9)/

for all 6 and 0 satisfying conditions similar to those in Assumption II1.35.

For any fixed 6 € ©,,, define the events

Q) =Mz, {(1 = 81)o; <65 < (1+2)05}

02(0) = E-E)2|<p7y—"
2( ) {J:Ig»a)::n ( )O'j _TlNMp)\n(g)/—l—l
OO ) B
F-FE)—)<Hq—
and JJfr:%,aX, n ( n)(O'jO'k> - TlNMpAn(g)/ + 1}’
219 + 00 + 1
%(0) = {|B.[(Y - 2,000 < =2,
9,
- Tl <
and Jmax E, [(R @nG)U‘] _TgAn}.

J

Using the same arguments as those in the proof of Theorem A.1, an analog of
(3.18) can be obtained on the event ) N Qy(0) N Q3(0) with appropriate choices of
01,02, 71 and 7.

Next one can show that Q5(0)" and 3(6)" occur with high probabilities under
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similar conditions as those in Lemmas [I1.4 and IIL.5. To show €} occurs with high

probability, we define

%, =072 {10 — 1B < |Bugs| < 10,1 + vy /B2 }

0, = mJnQ{(l — k1)E¢; < Eods < (14 k2)E¢r}

for some 14, 9, k1 and ko to be chosen later. Under similar conditions as those in
Lemma II1.3, it is easy to see that (2] ; and € , hold with high probabilities. In below
we show that () C ] ; N, with appropriate choices of 11, 15, k1 and k.

Note that Assumption A.2(a)’” implies E¢7 > (1 + co)(E¢;)* for j =2,...,J, for

some cg > 0. Thus on the event Q) ; N ,,
2
72 = Bad? — (Buti)? = (1= 1) EG? = (|Byl + vy B6?)
2
> (1—01)%07 + (26 — 67 — K1) EQ) + (1 — 61)*(E¢;)* — <]Equ! + vay /E¢§>

> (1-— (51)20]2- + [00(2(51 —87) — (14 co)r1 — 21 + oy — (1 + CO)VQ] (E(bj)

Z (1 - (51)20']2-

for j =2,...,J, for some small enough 15 and k; depending on ¢y and 9;.
On the other hand, for any j = 2,...,J, and ky < 83 + 209, if (E¢;)* < (65 +
2(52 — KQ)E¢3/(1 + 52)2, then

57 = End} — (Endy)” < (1+ 12) EQ;

S (]_ -+ (52)20'?- + (Iig — 2(52 — 6§)E¢§ + (]. + 62)2(E¢j>2 S (1 + 52)20'2

Otherwise, for any 0 < vy < /83 + 205 — ko /(1 + d3), we have

2
2 = B — (Faty)? < (14 w) B2 — (1Bs] -\ [ES)
< (L4 6203 + (a — 202 — B3) 562 + (14 82)*(B0,)? — (186, — 11/BG2)
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(1 + 52)2

2 2
§(1+52)0j+ m

2V1 + (]_ + Co)lig — Co(ég + 252) (E¢J)2

S (1 -+ 52)20'?

for some small enough v; and ko depending on ¢y and ds.
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CHAPTER IV

Model Selection

From the toy example in Section 2.2, we see that by using the quadratic loss
minimization based method, we may deviate from the goal of estimating the best
individualized treatment rule under consideration if the conditional mean function
Q°P! is poorly approximated. In fact, it is also easy to verify that asymptotically the
treatment rule estimated from a poor model for Q°?* may have higher Value than
that from a better but still wrong model for Q" (e.g. in the toy example in Section
2.2, the rule estimated from the constant space Q = {6; + 0 A : 61,60 € R} would be
better than the rule estimated from the linear space). In this chapter, we propose to
deal with the deviation using step-wise model selection techniques. We will consider
different models for Q°?'. For each model, we estimate an individualized treatment
rule by minimizing the empirical quadratic loss. Model selection techniques will then
be used to select a treatment rule with the highest Value.

Throughout this chapter, we will always assume suprema of empirical processes
(i.e. quantities of the form sup,.s(E, — E)g) are measurable. In other words, we
assume that the class G and the distribution P satisfy appropriate (mild) conditions
for measurability of this supremum (see Pollard (1984) and Massart (2003) for the

conditions).
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4.1 Model selection procedure

We still use {(X;, A;,Y;)}, to represent i.i.d. observations on n subjects in a
trial. Let {Q,, : m =1..., M,} be a collection of models for Q°, where the number
of models M,, may increase as n increases. For each model m € {1,..., M,}, we

estimate QP! using least squares,
Qn,m = arg nglerln EH[Y - Q(X7 A)]2

And the estimated individualized treatment rule is

~

dnm(X) € arg max Qnm (X, a).
ac

Now with the M, candidate treatment rules {cznm :m=1,...,M,}, we want to

~

select the one that gives the highest Value V' (d,, ). Hence, the oracle selector satisfies

m* € arg meg?aXM }V(dn,m). (4.1)

Note that m* is a random variable since the estimated treatment rules cZn,m’s vary
from data sets to data sets.

For any individualized treatment rule d, denote

La—acx)

(4.2)

Then V(d) = Ef(d) and E,f(d) is an unbiased estimator of V(d) for any fixed d
(see Section 1.1). However, E, f(d,.n) may not be a good estimator of V(d,,.) since
we use the same data set to estimate and evaluate (jn,m- There might be over-fitting

effect. We propose to conduct model selection via penalization to compensate for the

possible over-fitting effect.
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Our model selection criterion is

m=arg  max [Enf (dn.m) — penn(m)]7 (4.3)

where pen,(m) is the penalty, which depends on the sample size n, the model com-
plexity and possibly the data.

We will discuss possible methods for constructing the penalty in Section 4.4. In
the following section, we give a literature review on step-wise model selection with

penalization.

4.2 Literature review

The vast majority of penalty based model selection literatures focuses on predic-
tion (e.g. regression or classification). Despite the differences between prediction and
decision making, much insight could be gained by investigating penalization methods
developed for prediction.

In regression or classification, one observes i.i.d. copies {(X;,Y;) : i =1,...,n},
where each X; takes values in a measurable space X and Y] is real-valued (Y; € {—1,1}
in classification). Define ¢*(z) = E(Y|X = x) for every € X. In the regression case,
one is interested in the estimation of ¢*, and the most commonly used method is to
minimize the empirical quadratic risk F, (Y —(X))? over a function class ¥. While in
the classification case, one wants to estimate the Bayes classifier 7°(z) = sign(¢*(x)),
and one approach is to minimize the empirical classification error E,ly () over a
class of classifiers II. This is the so called empirical risk minimization (ERM) principle
(Vapnik, 1999). On one hand, one may choose a sufficiently large ¥ or II so as to
approximate well any function, but then the estimator get from the ERM principle

may fit the data too well and cannot be generalized. This is the so called over-fitting
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problem. On the other hand, using a small ¥ or II would make it hard to approximate
the truth well. Therefore, selecting the right model ¥ or II is the key to success.

For this reason, various penalty based model selection methods have been pro-
posed. Basically, one considers a sequence of models with different complexities. For
each model, the ERM principle is used to get an estimator. And one then chooses
the estimator with minimal penalized empirical risk. Since the empirical risk of the
estimators consistently decreases with model complexity, it is natural to incorporate
model complexity into the penalty to compensate for possible overfitting effect.

Historically, penalty based model selection began with the work of Mallows (1973)
(C,) and Akaike (1974) (AIC) in the context of linear regression. Schwarz (1978)
introduced the BIC criterion under Bayesian considerations. Rissanen (1978, 1983)
proposed MDL criterion. Those classical methods are motivated by asymptotic (large-
sample) properties of the linear estimators. For practical situations where the sample
size is finite, they suffer from large variability of finite data and are often not optimal
(Cherkassky et al., 1992). Another disadvantage is that all of the above penalties
depend on the number of parameters in each model. This works well with linear
model, but for models nonlinear in parameters, the number of parameters is not a
good measurement of model complexity.

To deal with the above difficulties, Vapnik and Chervonenkis (1974) and Vapnik
(1982, 1995) proposed the structural risk minimization (SRM) approach to model se-
lection with finite sample sizes. In this approach, one considers a hierarchy of model
classes with increasing complexities measured by VC-indices (defined in Chapter VI).
For each model, the empirical risk minimizer is selected. One then chooses the es-
timator whose sum of empirical risk and VC confidence is minimal. According to
the SRM principle, the hierarchy of model classes is defined before the training data
appear (Vapnik, 1995). An extension of SRM in the case of classification can be found

in Shawe-Taylor et al. (1998). They proved that one can get better risk bounds if the
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hierarchy of models is chosen according to data.

In literature of late 1990’s on nonparametric inference, a general approach quite
similar to SRM was developed by Barron et al. (1999) and Birgé and Massart (1997,
1998). They used sieve theory to define a sequence of nested models characterized
by some dimensions, where the dimension of the model grows as the sample size
increases. In particular, they pioneered the construction of penalties based on the
upper bounds of the maximal deviation between the empirical risk and true risk in
each model, and obtaining some oracle inequalities. In the context of classification,
the oracle inequalities are of the form

Elly 4z, mx) — lyzm(x)) < K inf (ﬂgﬁf Elly4rx)y = Lysmo(x)) +7(n, m))v (4.4)

where {II,, : m = 1,2,...} is a collection of classes of classifiers, 7, is the empirical
0 — 1 risk minimizer in the m-th model, K is a constant that is at least as large as
1, and y(n,m) is a quantity that increases with model complexity and decreases to
zero as n — oo. Here, concentration inequalities for empirical processes (van der
Vaart and Wellner, 1996; Massart, 2000, 2003) play an important role in bounding
the maximal deviation. This approach has become a popular way to prove optimality
in nonparametric estimation. Illustration of this method in regression can be found
in Baraud (2000).

So far, all penalization methods mentioned above are based on dimension of the
competing models. That is, they choose models by balancing the empirical risk
with dimensionality. These approaches work well in situations where they apply.
However, the dimension of each model is often hard to compute in some situations.
Even if the dimension is computable, the obtained estimator may not work well
for all distributions since the penalties are chosen independently of the data. Indeed,

Kearns et al. (1995) compared (hold-out) cross-validation with some data-independent
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penalization methods (Rissanen’s MDL and Vapnik’s SRM). Their overall analysis
showed that cross-validation is favored in most common circumstances. This has
motivated people to investigate data-dependent penalties (Lugosi and Nobel, 1999).

Using symmetrization techniques in empirical processes (van der Vaart and Well-
ner, 1996), Koltchinskii (2001) and Bartlett et al. (2002) suggested penalties based
on Rademacher averages. For a given function class G, the Rademacher average of
G is defined as E¢sup,cq = > i &9(X;, Vi), where &, ..., &, are i.i.d binary {—1,1}
random variables with probability 1/2 each, and the expectation is taken over the
distribution of &;’s. Note that this quantity measures the model complexity since a
large function class is associated with a large Rademacher average. Lozano (2000)
gave experimental evidence that the Rademacher penalization outperforms Vapnik’s
SRM and cross-validation for the interval selection problem in classification. Fromont
(2007) further related Rademacher penalization to other resampling techniques. She
proposed a penalty based on i.i.d. weighted bootstrap samples of the data (Efron,
1979, 1982), and proved that the Rademacher averages are actually special examples
of bootstrap type penalties.

The above SRM and Rademacher penalization methods are based on upper bounds
of the maximal deviation between the empirical risk and risk in the entire function
class (e.g. supyen, (E — En)lyq(x) in classification), and ignore the fact that the
empirical risk minimizer will likely have small risk and thus only a small subset of
each function class should be used. For example, Bartlett (2008) showed that for a
nontrivial class II, the expectation of the maximal deviation would converge to zero
at rate no faster than 1/y/n. Thus these penalties may lead to an oracle inequality
of the form (4.4) with ~(n,m) converging to 0 at rate no faster than 1/4/n for each
m. It is possible to get a faster rate of convergence if the penalty only measures the
complexity of a small subset in each function class. This approach was first proposed

by Massart (2000, 2003) in the general prediction setting, where the penalty is a
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data-independent upper bound on the deviation between the empirical excess risk
and the excess risk in a subset of functions with small risk in each model. Bartlett
et al. (2005) extended Massart’s idea by considering local Rademacher complexities.
Their work can be used to construct a data dependent computable penalty with a
fast rate of convergence if the risk function satisfies some conditions (e.g. bounded
regression). In the classification case, Lugosi and Wegkamp (2004) constructed a local
Rademacher penalty, which will give a fast rate if the minimal risk is zero. Koltchinskii
(2006) and Arlot and Bartlett (2008) further investigated the use of local Rademacher
complexities in classification and proposed some sharp data-dependent penalties.
The key condition that allows one to obtain a fast rate of convergence in classi-
fication is the fact that the variance of the the excess loss is upper bounded by the

power (< 1) of the expectation of the excess loss up to a constant. That is,

Var(ly—zx) — ly—mx)) < Co(E[ly—n(x) — ly—m(x)))’ (4.5)

for any 7 € II for some Cy > 0 and § € (0,1]. Intuitively, (4.5) implies that
the variance of ly_r(x) — ly—ge(x) decreases as m approaches 7®. So the risk of
the empirical risk minimizer converges to the minimal risk more quickly than the
uniform convergence results (Boucheron et al., 2005; Bartlett et al., 2006). Thus
penalties based on local complexity measurement should be sharper than those based
on maximal deviation within the entire function class.

In fact, since our goal is to minimize the risk, it is obvious that an ideal penalty
measures the deviation between the risk and the empirical risk of the empirical risk
minimizer (in classification, an ideal penalty is (£ — E,)1y+z, ,,). While almost all of
the above methods considered upper bounds of the ideal penalty. In a recent paper by
Arlot (2009), he provided a bootstrap estimator of the ideal penalty in the histogram

selection case. This is a regression setting with indicator predictors and orthogonal
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design matrix. Thus the ideal penalty has a close form and the bootstrapped version
can be shown to concentrate around the truth with high probability. How to obtain

such a penalty in general regression and/or classification is still a challenge.

4.3 Oracle inequalities

As demonstrated in the previous section, in the decision making problem, an ideal
penalty is peng(m) = (E, — E)f(X,A,Y;d,,,). This penalty will guarantee that

V(dP) = V(dys) < inf  [V(dP) = V(dym)],

’ B m=1,...,Mn

which is known as the benevolent oracle. However, this penalty depends on the
unknown distribution P. There is no hope to perfectly mimic the behavior of the
benevolent oracle. It is more realistic to incorporate a factor K and an additive term
of the form 7(n,m) in the oracle inequality, so that

V() — V(dym) < inf {K[V(dopt)—v(dn,m)]+7(n,m>}7 (4.6)

’ — m=1,...My,,

where the constant K is at least as large as 1 and ~y(n,m) is increasing in model
complexity and decreasing to 0 as n — oo.

However, since the RHS of (4.6) involves V(cin,m), which is random and the asymp-
totic behavior is unclear, (4.6) is not appropriate to serve as an oracle inequality.
Below we briefly discuss model selection in classification and propose a reasonable
oracle inequality.

Existing theoretical model selection literature for classification can be classified
into the following two categories. The first category is empirical risk minimization

(ERM): choosing the classifier that minimizes the empirical 0 — 1 risk within each

model, and then selecting the model with minimal penalized empirical 0 —1 risk. The
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second category is empirical surrogate risk minimization: choosing the classifier that
minimizes an empirical surrogate risk (e.g. hinge loss), and then selecting the model
with minimal penalized empirical surrogate risk. In both cases, people estimate the
classifiers and perform model selection based on the same loss function. In the context

of the decision making problem, this is similar to the following two scenarios.

1. Estimate dnm by maximizing E, f(d) over a class of rules D,,, and then select the
model that maximizes the penalized Value (4.3). In this case, V(d") =V (dy, )
can be decomposed into [V (d) — V(dy,)] + [V (d) — V(dpm)], Where dyy is
the individualized treatment rule in D,, that maximizes the Value. Note that
[V(d?") — V(d,,)] is the approximation error (irreducible) of model m, and
V(dy) — V(dym)] is the estimation error (V(dy) — Vidym) < SUPgep, (B —

E)[f(dn) — f(d)], which converges to 0 as n — oo under regular conditions).

Thus a desirable oracle inequality is that, with a high probability,
V(d™) = V() < inf {K[V(@*) = V(dp)] +y(n,m) }, - (47)

where K is at least as large as 1 and y(n,m) converges to 0 at the same rate

as [V(dp) — V(dnm)].

2. Estimate Qnm by minimizing E,(Y — Q)? over Q,, and then select the model
7 that minimizes the penalized empirical quadratic risk E,[Y — Qpm(X, A)]? +
pen,(m). The final estimated treatment rule a?n,m chooses the treatment that
maximizes Qnm(X ,a). In this approach, one usually relates the Value to the
prediction error first (see Theorem I1.1), and then constructs a high probability

upper bound for the excess prediction error:

~

L(Qnm) — L(Q™) < KL[(Qy,) — L(Q™) + y(n,m).
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where L(Q) = E(Y — Q)?, Qi, = argmingeo,, L(Q), K is at least as large as
1, and 7, converges to 0 at the same rate as L(Qy. ) — L(Q,). This together

with Theorem II.1 implies an oracle inequality of the form

V(d") = V{dum) < K'inf {BIY = Q;,)2 = (V = Q7)) +(n,m)} /.
(4.8)

Now let us go back to our problem. For each model m = 1,..., M,,, define

%1a%£& (Q)

and d;, € arg max Q. (X, a).
ac

In this chapter, we use the quadratic loss minimization based method to estimate

A

dy,.m and choose model by maximizing the penalized empirical Value (4.3). Ideally,

we would hope the “estimation error” part V(d},) — V(d,.,) converges to 0 for every

m. And an oracle inequality similar to (4.7) is of the form

~

V(@) = V(dup) < _inf {KV@) = V(d)] +amm) ) (49)

m=1,..., My,

However, under certain circumstances, V(d*,) — V (d,.») may not converge to 0. Con-

sider the following example.

Example IV.1. Suppose there are two treatments A = {—1, 1} and the randomiza-
tion probability p(a|x) is 1/2 for all (z,a) combinations. We consider linear models

for Q°F!, i.e. for each model m,
Q= {<I>1,m<X )0 + Ay (X)bs : 6, € RT™1m) 9, € Rdim@w},

where ®,,, and ®,,, are row vectors of basis functions on X. Then d} (X) =
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sign(Pom(X)05,,) (define sign(0) = 1), where (67

1,m>

05,,) = argming, g, E(Y —
CIDLm(X)Hl — A‘I)Zm(X)QQ)Q. If 9§7m = 0, then

V(d:,) =2E[1anY] = E[Q™(X,1)].
However in this case, it is easy to verify that

V(dn,m) =F 1<I>2,m(X)\/ﬁ(éQ,m—egym)ZOQopt(X’ ].) + 1<I>2,m(X)\/ﬁ(é2,m—93m)<0Qopt(X’ _1)] .

Asn — oo, \/ﬁ(ég,m—%’m) converges to a normal random vector. Thus @y, (X ) /7 (02, —
05 ,,) may be positive or negative. If an optimal rule d”* is indecisive (i.e. Q% (z, 1) =
Q! (x,—1) for all x € X), then V(d,) = V(d%,). Otherwise V (d,,,,) may not con-
verge to V(d})).

Thus in order to obtain (4.9), we need to assume that either 05, # 0 for all m
(i.e. all d¥ are decisive) or d°" is indecisive. This condition is strong in the sense
that it depends on both the unknown system dynamics and all the models under

consideration. O

To avoid making assumptions stated in the previous example, we adopt oracle
inequality of the form (4.8). Note that by the weighted AM-GM inequality, (4.8) is

equivalent to
V<dopt) B V(dmm) < inf {K[L(Q* ) . L(QOpt)} (1+a)/(2+a) + ’7(77/, m)}, (4.10)

where K is a constant and (n, m) converges to 0 as n — oo for every m.
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4.4 Penalization methods

In this section, we will discuss penalization methods that give us oracle inequality

of form (4.10) with high probability.

4.4.1 Penalty based on maximal deviation

Note that by the definition of m,

V(d?) = V(dn)

V(@) = V()| + Ef (dugn) = Ef (dn )

~ A~

[V(dopt) - V((jn,M)] + (E - En)f(dn,m) +p€nn(m> + (En - E)f(dn,m) - penn(m)'

VAN

By Theorem II.1, we have that V(d") — V (dpm) < C1[L(Qpm) — L(Q)] 1)/ (2Fe)
under the margin condition (2.2), which can be further upper bounded by K (L(Q:,)—
L(Qort))(1+a)/(2+e) 4 ~(n m) under appropriate conditions. Thus to achieve an oracle
inequality of form (4.10), it is sufficient to choose the penalty as a nontrivial upper
bound on the maximal deviation supycp (E,—FE)f(d) (the upper bound is nontrivial
in the sense that it converges to 0 as n — o0). Such an upper bound can be obtained
by using concentration inequalities in the theory of empirical processes (Bartlett et al.,
2002; Massart, 2000, 2003; Bartlett, 2008; Fromont, 2007). This upper bound could
be either distribution-free, such as quantities depending on the dimension of the
parameter space in each model class (Barron et al., 1999), or data-dependent, such as
quantities based on Rademacher averages (Koltchinskii, 2001; Bartlett et al., 2002)
or bootstrap estimators (Fromont, 2007).

As we have discussed in Section 4.2, penalties based on the upper bound of the
maximal deviation in the entire function class measures the complexity of the entire

function class and the resulting 7(n, m) in (4.10) may approach 0 at a rate no faster
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than 1/4/n. This makes us think of penalties that estimate the maximal deviation in
a small ball around Jnm In the following section, we will consider such a penalization

based on local Rademacher complexities.

4.4.2 Margin adaptive model selection

In this section, we propose a penalization method so that ¥(n,m) in (4.10) con-

verges to zero at a rate adapting to the Margin condition (2.2). First note that if

A

QP (X, A) is constant in A, then V(d°?") — V(d,, ) = 0. The oracle inequality (4.10)
trivially holds. In the following, we consider the case where (Q°! is not a constant

function in A. We start with the following assumptions.

Assumption IV.1. There exist some constants S > 1 and b > 0 such that
(a) p(alz) > S~ for all combinations of (z,a);
(b) Y] <b; and

(¢) supgeu,.0, [Qlle <b.

This assumption requires that all relevant quantities are bounded. Later we will
see that it is directly relevant to Assumption IV.3 below. In addition, this technical
condition is often employed in concentration inequalities for empirical processes. It
is possible to replace Assumption IV.1(b) with a moment assumption on error terms

and a boundedness assumption on Q°.
Assumption IV.2. Each approrimation space Q,, is convex form=1,..., M.

This assumption has two functionalities. First, this together with assumption
IV.1(b) and (c) implies a bernstein condition on the quadratic loss function (see
Lemma IV.9), which is the key to obtain a fast rate of convergence in prediction error
within each model (Bartlett and Mendelson, 2006). Second, this condition ensures

that the class Q,, is star-shaped (see Definition VI.4), which allows us to construct
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a data-dependent penalty with fast rate of convergence. It is easy to verify that this

condition holds if each function class Q,, is linear.

Assumption IV.3. For any optimal individualized treatment rule d°P* such that
dP'(X) € argmax,eq QP (X, a), square integrable function @ on X x A and in-
dividualized treatment rule d such that d(X) € argmax,c4 Q(X, a), there ezist some
C1,Cy > 0 and o > 0 such that

(a) V(@) = V(d) < GIL(Q) — L(Q™)](+)/+); ang

(b) E[f(d7) — f(d)? < Co[Ef(d?) — Ef(d)]*/+, where f(d) is defined in
(4.2).

This assumption is the key to show a rate of convergence faster than 1/4/n when
a > 0. Note that this assumption always holds with & = 0 under Assumption IV.1(a)
and (b). When a > 0, condition (a) implies a tighter upper bound between the
excess Value and the excess prediction error, and condition (b) implies the variance
of f(d°P*) — f(d) is upper bounded by its expectation to a power between 0 and 1.
Thus the variance of f(d°?") — f(d) is small if the Value of d is close to the optimal
Value, which gives a fast rate of convergence.

In fact, Assumption IV.3 is closely related to the margin condition (2.2). In
Chapter II, we have showed that Assumption IV.3(a) holds if Assumption IV.1(a) and
the margin condition hold (see Theorem II.1). The following proposition explains the

origin of Assumption IV.3(b) and its relation to the margin condition when « > 0.

Proposition IV.1. Assume the margin condition (2.2) holds with some C > 1 and
a > 0. Suppose Assumptions 1V.1(a), (b) hold and arg max,c4 QP (X, a) is unique
a.s. Then for any square integrable function QQ on X x A and individualized treatment

rule d such that d(X) € argmax,c4 Q(X, a), we have

E[f(d) = f(d)]* < Co[Ef(d™) — Ef(d))*/ ), (4.11)
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where Cy = 2b2S(1 + o) CV/(1Fe) g =a/(+a),

The proof is given in Section 4.6.1.
Remark

The exponent on the RHS of (4.11) approaches 1 as & — oo. In this case, the
margin condition requires that the LHS of (2.2) equals 0 for all ¢ € (0,1), which
is unlikely to be true. However, we can replace the margin condition (2.2) by the
following condition. There exists an € > 0 such that

]P’(O < max Q7 (X,a) — max Q7 (X,a) < e) =0.
ae

a€A\arg max,c 4 Q°Pt(X,a)

Then (4.11) holds with Cy = 2b%S/e and a = cc.

After the list of assumptions, below we provide a sufficient condition for the
penalty term to attain margin adaptivity.

For any function class G on X x A x R, let N(e,G, L1(P,)) denote the e-covering
number of G relative to the L;(P,) norm and denote u,,(G) = Elog[N(1/n,G, L1(P,))+
1]/n.

For each model m = 1,..., M,, and any t > 0, define the sets of functions

Do, z{d(X) € argmax Q(X,a) : Q € Qm},

La=a(x)

P(AX)"

Fm ={f(d):d € D,}, where f(d) =

Theorem IV.1. Suppose Assumptions IV.1(a),(b) and IV.3(b) hold. For anyt >0
and 0 < 6 < 1, assume there exists a positive constant ¢ such that the penalty term

satisfies

penn(m) + 5 2 [(1= ) = Bl (F(d5,) = f(duom)) (112
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Let m be the selected model defined in (4.3). Then with probability at least 1 —exp(—t),

we have

(1 =) [V(d?) = V(dnn)]

< inf n{(1+5) [V(dopw—v@n,m)] + penn(m)

m=1,...,

K, [un(fm)(l—l-a)/@—i-a) n (M)“*O‘)/(“‘” N M}}

n n

for a sufficiently large constant Ky depending on b, S, o, Cy,6 and c.

The proof is given in Section 4.6.2.

Note that V(d!) =V (d,,.) is bounded above by C1[L(Qnm) — L(QoP!)](1+e)/(2+e)
under Assumptions IV.1(a) and IV.3(a). It also can be shown that with a high
probability L(Qp.m — L(Q*,) < O(tn(Qpm)) under Assumptions IV.1(b), (c) and IV.2
(Bartlett et al., 2005). This, together with the weighted AM-GM inequality, will give
an oracle inequality of form (4.10) with the desired rate of convergence as long as the
penalty is of the right order.

The above theorem applies to any penalization procedure that satisfies condi-
tion (4.12). Now we propose a data-dependent penalty based on local Rademacher
complexities. Below we define precisely these complexities.

For any s > 0, define the set of individualized treatment rules
By(s) = {d(X) € argmax Q(X,a) : E[(Y = Q)* = (V = Qum)!] < 5.Q € Qu}.

Let &,...,&, be i.i.d. Rademacher random variables (i.e. P(§; = 1) =P(§ = —1) =

1/2). For any ¢t > 0, r > 0, define

4 1 6ot
Ao () =2560° (gEg sup =3 QXL A + —) . (413)
QEQmb? Bn(Q—Qum)?<170r T "
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where the expectation E; is taken with respect to (&, ...,§,) and can be empirically
approximated by repeatedly sampling (&1, ...,&,).

By Lemmas VI.11 and VI.12 in Section 4.6.3, 7,,(r) has a unique positive fixed
point under Assumption IV.2. Let 7,,, denote the positive fixed point of 7,,(r).
Define

. 132 53000°t

Sn,m = Frn,m + n . (414)

We have the following theorem.

Theorem IV.2. Suppose Assumptions IV.1, IV.2 and IV.3 hold. For any givent > 0

and § € (0,1), let i be the model selected according to (4.3) with

peny(m) =4 sup En[f(dy) — f(d2)]

dl 7d2€Bm (§n,m)

1 n
+10(1+6)Ee  sup EZfi[f(XiyAiaY;§dl) — f(Xi, A, Yi; o))

d17d2eém(§n,m) =1

. (4.15)

S|

fa(1+ 5>\/ wp  EBlf(dy) — ()P

dldeGBm(gn,m)

Then with probability at least 1 — exp(—t),

V(dP) =V (dy )
<k it {[L(Q) = LQ] I o (F) + g ()
t+ 10g(15Mn)>(1+a)/(2+a) N t + log(15M,,) }

4 Q) 1)/ 2 Ha) ( .

n

for a sufficiently large constant Ko depending on b, S, a, Cy, Cy and §.

The proof is given in Section 4.6.3.
Note that penalty (4.15) is a data-dependent penalty. It measures the deviation

in the ball Em(énm) If the models are nested, then the ball is large for large models.

5



Thus the penalty reflects the model complexity. The rate of convergence in the
final result depends on the margin parameter o. To better illustrate the rate of

convergence, we give the following corollary.

Corollary IV.1. Suppose there are only two treatments A = {—1,1}. Assume As-
sumptions 1V.1, IV.2 and IV.3 hold. For any givent > 0 and ¢ € (0,1), let m be the
model selected according to (4.3) with penalty satisfying (4.15). If each model Q,, is

a VC-class, then with probability at least 1 — exp(—t),

V(d?) = V(dn)

<Ky b {[E(@n) — D@7 T 4 (M

m=1,..., n n
ve(Qy) logn t +log(15M,,)\ (+a)/(2+e) ¢ + log(15M,,
EC n) g +< g( )) N g( )}

) (1+a)/(2+0a)

n n

for a sufficiently large constant K3 depending on b, S, a, Cy,Cy and 0§, where ve(Q,y,)

1s the VC-index of the set of subgraphs of functions in Q,,.

The result follows from Lemma VI.4 (which provides a connection between the
covering number and VC-index) and the preservation properties of VC class (Lemma
VI.5). And the proof is omitted.

Note that if each model Q,, is a convex subset of a [,,-dimensional vector space,
then ve(Q,,) < I, + 2. For example, suppose each model class is of the form Q,, =
{®,,0 : |6| < b}, where ®,, is a 1 x [, vector of basis functions, and the sup-norm
of each component in &, is bounded above by 1. Then it is easy to verify that
Assumptions IV.1(c) and IV.2 hold and Q,, is a subset of a finite dimensional vector
space. In general, one can take ¢ = logn. Intuitively, this oracle inequality means
that if there is a simple model that approximates Q7" sufficiently well (so that both
ve(Q) and L(Q%) — L(Q")) are small, then the estimated individualized treatment

rule will have Value close to the optimal Value.
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4.5 Discussion

In this chapter, we considered a step-wise model selection procedure to improve
the ability of the quadratic loss minimization based method. Unlike other theoretical
model selection work, this approach is novel in the sense that the estimation and
model selection are based on different loss functions. We justified this approach by
providing a high probability upper bound on the quality of the estimated individual-
ized treatment rule.

Although the proposed penalization method gives us a theoretical margin adaptive
rate of convergence, it is practically hard to implement. First, the upper bound b in
Assumption IV.1 is required in order to compute the penalty. In addition, we need to
compute the fixed point of every 7, (defined in (4.13)), take sup over each sequence
of sampled Rademacher variables &;’s and then average over sampled sequence of
Rademacher variables. A possible future direction is to develop an easy-to-compute
penalty with a fast rate of convergence.

As discussed in Section 4.2, an ideal penalty is (E, — E)f(d,n). In the simple
histogram selection setting, Arlot (2009) provided a bootstrap penalty, which is con-
centrated around the idea penalty with high probability. This is a regression setting
with piecewise constant predictors and orthogonal design matrix. Thus the ideal
penalty has a closed form. How to obtain such a penalty in other general settings is
an open problem.

In this chapter, we provided an oracle inequality in which the RHS contains a
measure of approximation error E[(Y — Q%)% — (Y — Q°"")?]. This oracle inequality
implies that the estimated rule d,, ,; is of high quality if inf,,—y ., (E[(Y —Q%,)2—(Y —
Q°P*)?]) is small and the sample size is large. However, this oracle inequality is still not
ideal since V (d?") — V (d,, ) could be small and E[(Y — Q%)% — (Y — Q")?] could be

very large when all models are poor. Further exploration of an ideal oracle inequality
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that could better justify the quality of the estimated individualized treatment rule is

needed.

4.6 Appendices

4.6.1 Proof of Proposition IV.1

First note that for any d?*(X) € arg max,c4 Q7" (X, a) and individualized treat-

ment rule d,

E[f(dOpt) B f(d)]Q :E[IA:dOPt(X) - 1A:d(X) Y:|2

p(A[X)
(Lazgert(x) — 1A:d(X))2:|
§§SE{
p(A]X)
:b25E[Z(1dom(X>=a - 1d<X)=a)2}
a€eA
<26% S Elg(x)pdort (x)

This together with the assumption that arg max,c4 Q" (X,a) is unique a.s. implies

Ef(d") — f(d)]* < 20> SE1i(x)eA\arg maxye 4 Qo7 (X.0)- (4.16)

For any € > 0, define the event

Q. = {O < mea;lcQOpt(X, a) — max Q7(X,a) < 6}.

acA\arg maxge 4 Q°P*(X,a)

If the margin condition (2.2) holds with some a > 0, then following the arguments in

Section 1.3, we have

E[f(d) = f(d)] =F | (max Q™ (X, @) — Q7(X,d(X))) Ligx)cA\srg masaca @i (X2
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>E ( rc{leaﬁ( Qopt (Xa a) - Qopt (Xa d(X))) 1d(X)€.A\arg maxgc 4 QoP(X,a) 1950

€ [Eld(X)E.A\arg maxge 4 QOPH(X,a) — ElQJ

ZeEld(X)G.A\arg maxee 4 QPH(X,a) — CE(X—H )

1/

Choosing € = (E La(x)eA\arg maxqc 4 Qort(X,a)/ [(1+a)0]) to maximize the above lower

bound yields
E[f<d0pt) - f(d>] Zc_l/aa<1 + a)—(1+a)/a (Eld(X)G.A\argmaxagA QOPt(X,a))(1+a)/a~

The result follows by combining the above result with inequality (4.16). 0

4.6.2 Proof of Theorem IV.1

Fix an optimal individualized treatment rule d°?'. For each model m = 1,..., M,,,

define the quantity

(En = E)[f(d") — f(d)]
[E(f(dot) = f(d))]*/OF) + h |

where iy, = k(, (Fn ) CTO[1V 1, (Fp) YT (/) CF [TV (¢ /n) Y CH)]) | K is

a large enough constant depending on b, S and C5 (see Lemma IV.1); and the events

U ={ Hyn < n(F) ) ( ) 2+a>}
<

RE[E) P | 2ty

n 3n

0 ~{(B = BIF@) = a3 </

By the definition of 7, E,f(dym) — penn(m) < Enf(dpm) — peny (). Thus for

79



any m = 1,..., M,, on the event ) ,,,

V(dP) = V(dnm)

it 1/(2+a)
a0 (4]

+ penn(m) + (E = E,)[f(d) = f(dnn)] — peny(in)

<(1+8)[V(d™) - V(a?nm)} 4 h, [un<_;:m)1/(2+a) n (%)1/(%&)}

1 ey /(eey (1Y) (Fe)/(240)
T [ () }
+pena(m) + (B = B (@) = [(dnn)] — pena(i) (1.17)

where the last inequality follows from the weighted AM-GM inequality and the fact
that a/(1 +a) < 1.

Next by Assumption IV.3(b), we have on the event s,

(E - E)[f(d™) - f(d,)]
3 WOQ B — Jd )P0 | 2bst

- n 3n
1 ) a/(2+a) (202t>(1+a /(2+a) N 2bSt

20 BRI

<OV (@) = V(d)] + (o

n

Thus on the event N, ,,

(B — En)[f(d™) = f(dnn
B e

<S[V (d°rt) —
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1 \o/@+a) 205t (14+a)/2+e)  2bSt
%) ( ) T
+((1=0)E — B)[f(ds) — f(dum))- (4.18)

<OV (dP) — V(dm)] + (

n

Substituting (4.18) into (4.17) and using the penalty condition (4.12), we obtain

(L= V(™) = V(dy) < it {(14+8)[V(d™) = V(dym) | + pena(m)

m=1,..., My,

t\ +a)/(2+a) ¢
+ L [un(E) ) () 2}

on the event Ny, (21, N2, ), where K is a sufficiently large constant depending on
b,S,a,Cs,0 and c.
Taking t = t+1log(2M,,), the result follows from Lemmas IV.1, IV.2 and the union

bound argument.

Lemma IV.1. Assume assumptions 1V.1(a),(b) and IV.3(b) hold. Then P(§,,) >

1 —exp(—t) for a sufficiently large constant k depending on b, S and Cs.

Proof. Under Assumptions IV.1(a), (b) and IV.3(b), for any d € D,,

L= S~ Pl )y 25

(BTF@) = FNTTT by oo = T

Var (U7~ 1)~ Elftdn) — Sy __ELdm) — f@P G
(E[f(dort) = f(d))o/OF) 4 by, ) = Ay (B[f(d¥t) — f(d)])2/0+e) = 4h,,"

By Lemma V1.9, we have with probability at least 1 — exp(—t),

1 Con 4bSn 2bSt O 8bSt
< - T2n | TR < .
Hop < B + n\/2t<4hm T EH’”) t o S 2R o g
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Let G, = {g = f(d°?") — f(d) : d € D,,,}. Then

(En - E)g
H, =
g0 | (Bg)*/0+) 1y,

It is easy to verify that w,(G,,) = w,(Fn).
Let Ginpo be a 2/n-net in Ly(P,) over G,,. The cardinality of G,, o can be chosen
equal to N(1/n,Gpn, L1(P,)). Then by symmetrization inequality and the definition

of G0, for any r > 0, we have

E sup |[(E, — E)g|| <2E sup Z@ i A Y:)
9E€Gm:Eg?<r | 9€Gm:Eg2<r 1TV
[ 4
<2E| sup Za (X0, A Y3) || + =
_gEQm,OiEQQST ; n
In addition, note that
E ! ig (X, A, Y))
sup - ig\ Ay Ay Ly
gegm,oiEQQST n i=1
L g ig (X, A, ;)
sup ig\ A, Ay Iy
log 2n 9€Gm0:Bg?<r | =7 "
(by the definition of Orlicz norm)
10 1 n gm,L +1 su i XZ,AZ,Y; :|
e U AR > %A
(by Maximal inequality)
[\/log (1/n,Gm, L1(P,)) +1)  sup \/GnEngQ}
n log 2 9E€Gm 0:Eg2<r

(by Hoeffding’s inequality)

4
< V3 \/un(gm)IE sup  E,¢> (by Cauchy-Schwarz inequality)

“log2 9EGm,0:Eg?<r
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<4\/§

“log2

|

(by assumption IV.1(a), (b) and lemma VI.16),

1 n

wn(Gu) [+ 4SE sup |~ " €ig(Xi, A1, Y))
9€Gm 0:Eg?<r 'V

which implies

192bSu, (Gm) 44/ 3un(Gm)r
(log 2)? log 2 .

1 n
E sup _Zglg(XzaAMYL) S
=1

9EGm,0:Eg?<r | T
Since Uy, (Gm) = un(Fn), we have for any r > 0,

384bSu,(Frn) 84/ 3un(Fm)r 4

E su E,—F < =
yeGmiEt<r I )9 (log 2)? log 2
(384bS + 4log 2)u, (Frn) . 8v/3un(F)r
(log 2)? log 2

where the second inequality follows from the fact that w,(F,,) > log2/n.

By simple algebra, for any r > (96bS/ log 2+1)%u,, (F;, )% @) [1vu,, (F,, )/ C+9] /12,

16\/_\/un Fo)r[LV uy (jc'm)l/(Q—i-a)]‘

E
~ log2

sup  |(E, — E)g|

9€Gm:Eg?<r

For any s > 1, let j' be the smallest integer such that s2U+tYh,, > 5252, Then

under Assumption IV.3(b),

H,, < sup —‘ sup —‘
9E€Gm:Eg*<hm Eg? + Coh 0 9EGm: 8 hm <Eg2<s2(+h,, Eg? + Cah
1
<—  sup (B, — E)g]
m g€EGm:Eg?<hm

J
+Zo 523+C'2 B |(Bn = E)g
=

M gEGm 529 hy, <Eg2<s2+Dh,,
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If by, > (960S/ log 2 + 1), (Fn) Y CFO(1V u, (Fn) Y 3+9] /12, then

]’ .
Cost 116V3  [un(Fn)[1 V wn(Fp) /2]
<
B [1 + Z (s% + CQ)] log 2 P,

) 16\/§<1 FAC) [un(Fa) 1V s (F) V@)
- log 2 R,

by taking s = 2.

By the definition of h,,, for any k > (96bS/log2 + 1)?/12, we have w.p. >

1- exp(—t),
32f 3(1+4Cs) \/(240) Cy | 8bS 1/(2+a)
B, v (G, 85ty
Vklog?2 2k 3k
which is no larger than w, (F;,)"?*®) + (t/n)"/+) if k is sufficiently large. O

Lemma IV.2. Assume assumption 1V.1(a),(b) holds. Then P(2y,,) > 1 —exp(—t).

This directly follows from the bernstein inequality (Lemma VI.8). O

4.6.3 Proof of Theorem IV.2

We first define some quantities and events that will be used in the proof.

For any class of individualized treatment rules B, define the quantities

I,(B) =0 sup E[f(d)— f(d2)]+2E sup (E— E,)[f(d)— f(do)]

dy,d2€B di,d2€B
2t 8bSt
+ su \/E di) — f(d + -,
dl,dQI;B (f(d1) — f(d2))*— n 3n

~

I,(B)= 4§ sup E,[f(d1)— f(d2)]

dy,d2€B

+10(1 + 6)E¢ sup —Z@ (X, Ay, Risdy) — (X4, Aiy Ry dy)]

dy,doeB TV
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+2(1+ 5)\/d S;EB Eu[f(dy) — f(d2)]? % W,

(8 =[201+ 0y 2 44 sup Bl () = f(d)

+(42+ 440)E sup [(En = E)[f(dr) = f(d)]

4+ 56]\/d sup B(f(dy) = f(d)? L (2 SHOP5E

and the events

Q3(B) :{ dS:llIe)B(E — E,)(f(dy) — f(d2)) <2E sup (£ — E,)(f(d1) — f(d2))

d1 d2€B

+ \/d sup E(f(d1) — f(d2))*— ! T &St}’

1,d2€B n 3”

u(B)={ E sw —Z@ (X, Ai, Yisdh) = F(Xi, Ay, Vi d)

d1d2€Bn
2bS't
<2 sup — > &[f(Xi, Ay, Y d Xi, A Yid +—}
gdldgngf D — )+ =

Q5(B) :{ ) S;EB(E — E2)(f(dy) = f(d2))* < 2E sup (E — E,)(f(di) — f(d2))”

dy,d2€B

T \/ sup B(f(h) - eyt + 25

dy1,d2€B n 3n

Q6(B) :{ sup (E, — E)(f(dy) — f(d2)) <2E sup (£, — E)(f(d1) — f(d2))

di,d2€B di,d2€B
2t 8bSt

E - =

+\/dls;-121;B (fldr) = flda))?— + = }

0(B)={ B¢ sup —Z& (Xi, Ap Yish) = F(X0, Ay, Yis )]

d1 dQEB
505t
< 2E su - [ XUA?,?K;d X7,7Al71/l7d + _}7
0 dQI;B n 25 1) — [ 2)] 6n

0(B) ={ sup (B~ E)(f(dh) ~ f())* < 2E sup (B, — E)(f(ch) — f(d))?

di,d2€B d1,d2€B
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- \/ sup B(f(dr) — f(dy)) > + 8b252t}'

d1,doeB n an

For each model m = 1,..., M, and any s > 0 and r > 0, define the set of

individualized treatment rules

Bn(s) ={d(X) € argmax Q(X, a) : L(Q) = L(Q;,)] < 5,Q € Qm}

and the quantities

1 & 106t
N (1) =2560° (E sup — ) &GQ(X;, 4) + —>,
( ) QEQ"L:161)2E(Q—Q%)2ST n 12:; ( ) 3”
5 1 <& 20t
T (1) =256b (—E sup =) &GR(X:, A) + —>
( ) 3 QGQm:b2E(Q_Q¢n)2S265OT n ’LZI ( ) gn

By Assumption IV.2, lemma VI.11 and lemma VI1.12, each of n,, and 7,,,(r) has unique
positive fixed point. Let r} , and 7, be the positive fixed points of 7,,,(r) and 7,,(r),

respectively. Denote

*
nm b_an,m

44 1752b%t B 308 _ 12352b%t
= and s, ,, = b—grmm _—

S

n n

Define the events

Qo ={ sup ([L(Q) = L(@)] = 2E[(Y = Q) = (¥ = Q3,)?))

QEQ’!YL
M, 17521;275}
= 2 mm n

Do ={ sup (Bal(Y = Q) = (¥ = 3,7] - 21(Q) - (@)
€ m
L2, 92Ob2t}
= 2 nm n
1 n
Qn,m(?”) :{E sup — Z iQ(XiaAi)

QEQm16V2E(Q—Qy,)?<r TV 1
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4 1 n bt
< -E¢ sup — GQ(Xy, Ay) + _}
3 QEQm:16V2E(Q—Q;,)2<r TV ] 3n
1 n
0O m(r :{E sup — §Q(Xi, A
12m{r) erQm:bQE(Qan)QS%WTn; ( )
_ g sup =3 EQXLA) o b
4 Qegm:bQE(Q—Q:n)Q<26507"”; ( ) 3n
rt 52b%t
O m?":{ sup En—E Q_Q;anS\/_+
13,m(7) Qegm:wb?E(Q—Q:n)?gr( ) ) m 3n
5 1 .
+ 2K sup =3 EQX A) — Q(X 40))*}
QEQm: 1602 E(Q-Qy)2<r T 1
5 1< rt  52b*
Qram(r :{ sup (E—E )N <-E sup —» &LUX;, ALY+ 4/ —+ }7
14,m(7) lezzm(r)( ) 2 eLnr) M 121 ( ) 2n an
r - * \2

where [rm<7”) = {l - maX{1662E(Q - Q;JZ’ T}

Now we start the proof. First note that form =1,..., M,

A 83(1 + §)bSt
pen,(m) = L,(Bm(Snm)) — %

Since E,[(Y — Qum)? — (Y — Q%)% < 0, we have d,, ,, € By (s}, ,,,) on the event

Qg,m- In addition, by the definition of dy,, d, € B,,(s}, ). Thus

(1= 8)E — E,](f(d},) = f(dnm))

< sup [(1-0)E — E,](f(d1) — f(d2))

d1,d2€ B (5% 1)

(E—E,)(f(d) — f(dg)) +6 sup E(f(dy) — f(d2)),

< sup
dldeGBm(StL,m)

d1,d2€Bm, (S:‘L’m)

which is no larger than I,,(B,(s;,,,)) on the event Q3 ,,(s;, ,,)-
) < Fa(Bn(55)) < Fu(Bnm)

By lemmas IV.3 and IV.6, we have I,,(B.(s;,
on the event Q3( By, (s}, ,,,)) N2 ( B (), 1)) N5 (Brn (87,.1)) N0, N210,m N 211, (75, 1,) 1
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Qg (T m) N Q13.,((1408 + %)r;m). This implies

83(1 + 6)bSt

S 2 (1= ) = E(/(d;,) = f(dum):

penn(m)

Following the proof of Theorem IV.1, there exists a positive constant K; depending

on b, S, a, Cy, § such that

(A= OV (@™) = V(dup) < _inf {0+ 6)[V(@™) = V)] + penn(m)

m=1,...,

t\ (1Ha)/(2+a) t
+ K, [unu_—m)um)/(zm) I (ﬁ) 4 ]}

on the event ﬂ%;l(lemﬂQg,mﬂQg(Bm(s;7m)) NQ( B (55,,,)) N Q5 (B (85,,,)) N2, N
Qo N Qi (1) N Qg n (7 ) N Q3o (1408 + BD)pr ).

Next, note that {f(d) : d € B, (Snm)} C Fm- By Lemmas IV.4, IV.6 and IV.5,
we have that, on the event Qg(B(Snm)) N Q7(Bim(Snm)) N Qs(Bm(Snm)) N Qg N

Q10,m N Q2 (Trm) N Qi34 ((1408 + %)r;‘%m) N Qam (Trm),

pen,(m)
. . 83(1+6)bSt _ - _ 83(1 + 8)bSt
<I.(B - - < T (B _
<1, (B (5nm)) ™ < 1,(B(5n.m)) ™
46c + 51lad + 20 \/T
< 22(1 4+ 6)y/ = E[f(d"") — f(d
<| i TR0+ | oS Bl = (@)
768(21 + 220)bSu,(F) (21 + 226)(2 + ) (76802un(7-"m)>(1+a)/(2+a)
(log 2)? 1+a (log 2)?
4 +55)(2 4C5Ht\ (1+a)/(2+a) 73 4+ 826)bSt 16(21 + 220
(4+30)(2-+ ) 4Cat L (T8Nt 1614220 o
2(1+ «) n 3n n

By Assumption IV.3(a), the definition of s, ,, and Lemma IV.7, there exists a constant
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K, depending on b such that

sup  [V(d™) — V(d)]

d€Bm (gn,m)

<c, sup L(Q) - LQ™)]

QEQm:L(Q)—L(QF,)<5n,m

<Cy|L(Q3)" = LQ™) + Sun

(1+a)/(2+0)

] (1+a)/(2+a)

t+1 >] (14a)/(24a)

<C, [L(Q;) — Q) + K, (un(Qm) +— (4.21)

In addition, note that (1+0)[V (d?") =V (dym)] < (146) SUD g B, (5.0) [V (A7) =V (d)]
on the event Qg ,,,. Substituting (4.20) and (4.21) into (4.19) and using Lemma VI.2,

we have

t\(+a)/(2+e) 41
F U (Fr) 4 wn (Fp) TV EF) 0 (Q,) + (—) + —}

n n

for a sufficiently large constant K5 depending on b, S, a,Cy,Cy and 6 on the event
Nzt (Qn N Q2 N (B8, 1)) N (B (85,1)) N Q(Bin (87, 1)) N Q6 (Bin(Bm)) N
Q7 (B (8n,m)) N Q8 (B (8nm)) N 09,0 N 210,m N 1,m (755 1) N 212, (Fraim) NV Q13,0 (75, ) O
Q13,m((1408 + %)Tz,m)) N Ql4,m(77n,m>-

Taking t = t + log(15M,,), the conclusion follows from Lemma IV.8 and the union

bound argument. O

Lemma IV.3. Suppose Assumption IV.1(a), (b) hold. Then for any class of indi-

vidualized treatment rules B, I,(B) < I,(B) on the event Q3(B) N Qy(B) N Q5(B).
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Proof. First note that on the event 3(B),

sup E[f(dl) - f(dZ)]

dy,d2€B
< sup En[f(dl) - f(d2)] + sup (E - En)[f(dl) - f(dz)]
dy,do€B di,d2€B
< sup Eu[f(di) — f(d2)] +2E sup (E — E,)(f(d1) — f(d2))
di,d2€B d1,d2€B
n \/ sup B(f(h) — fla)2 2+
d1,d2€B n n

Thus

I,(B) <6 sup En[f(d1) - f(dz)] +2(1+9)E sup (E— En)[f(d1> - f(d2)]

dl,dQEB dl,dQEB
2t 8(140)bSt
+<1+5>\/ sup B(f(dy) — f(do))22t + SLEODSE (4.22)
d1,d2€B n 3n
In addition, on the event Q4(B), we have
E sup (E— E,)[f(d1) — f(d)]
dy,d2€B

<2E su - i X’HAZ?Y;ad Xqu)Y;ad
0 dQIéBan 1) = Jf( 2)]

<4E, sup —Z@ (X, Ay, Risdy) — (X4, Aiy Ry dy)] + Ab5t (4.23)
dl d2€B n ) Y ? ) Y ) n )

where the first inequality follows from the symmetrization inequality (6.3).

Furthermore, on the event Q5(B)

sup E[f(di) — f(da)]?

dyi,d2€B

< sup Ey[f(di) — f(d2)]2 + sup (E— E,)[f(d1) — f(dz)]2
di,d2€B d1,d2€B

< sup E,[f(d) = f(do)]? +2E sup (B — E,)[f(d) — f(do)]?
di,d2€B di,d2€B
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d1 ,d2eB n an

+\/ sup E[f(dy) — fldp) 2t 4 35

< sup Ey[f(d) = f(d2)]* +2E sup (E — E,)[f(dy) — f(d2)]?

di,d2€B d1,d2€B
1 116%2S5%t

+5 sup Elf(d) — f(d)) + 5 (4.24)
di,do€B n

where the last inequality follows from the fact that E[f(dy)— f(do)]* < ¥®S?E[f(d;)—
f(d2)]* (by assumption IV.1(a) and (b)). By symmetrization inequality (6.3) and

contraction inequality (6.1), we have on the event 4(B),

B sup (5~ B,)[f(d) — f(d))

<2E sup —Z@ (X, Ai, Yisdy) — f(Xi, A Y do))?

dy,docB TV

<4bSE sup —Z& F(Xi, A Yirdy) — (X, Ay, Vi do))]

dy,d2€B T

8b? 52t
<8bSE§ sup _Zgz XZ7AZJ}/Z)d1) f(XhAM}/l)dQ)] + .

dy,doeB T n

This together with (4.24) implies that

sup E[f(di) — f(d2)]?

dy,d2€B
<2 sup E,[f(d) — f(do)]?
dy,d2€B
118v%S%¢
+32bSE§ sup —Zé'z Xz,AuYZadl) f(XHAwYZ)dQ)] e
dy,dy€B M 3n

By Lemma V1.2, we have on the event Q4(B) N Q5(B),

\/ sup B[f(dh) = F(do))2

dy1,d2€B

S|+

§2\/ sup B, [f(d1) — f(d2)]?

dy,d2€B
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17bSt

+2E; sup Z GLF(Xa, As, Yo dy) — f( X, Ay, Vi dy)] + (4.25)
di,d2€B T n
The result follows by substituting (4.23) and (4.25) into (4.22). O

Lemma IV.4. Suppose Assumption IV.1(a), (b) holds. Then for any class of indi-

vidualized treatment rules B, I(B) < I(B) on the event Q4(B) N Q7(B) N Qs(B).

Proof. First on the event (4(B),

sup E,[f(dy) — f(d2)]

d1,d2€B
< sup E[f(di) — f(d2)] + sup (E, — E)[f(d1) — f(d2)]
dy,d2€B d1,d2€B

< sup E[f(di) — f(d2)] +2E sup (E,— E)(f(di)— f(d2))

d1,d2€B d1,d2€B

+ \/d sup E(f(dy) — f(dQ))z% + &St

1,d2€B n 3n

(4.26)
In addition, on the event Q7(B),

Ee sup —Z@ (X3, Ay, Ris dy) — (X3, Ay, Ry; dy)]

d1d2€Bn
5bSt
<2]E - 7 szAuY;ad szAu}/Zad + —
dfi‘éanf 1) — f( 2)] +

<2E sup — ZEZ F(X5, A Yo dy) — f(XG, A Y5 do) — E(f(dy) — f(da))]

di,decB T
5bSt
+2E dls;lQ}zB — Z SE — f(da)] + on_
<4E sup [(E, — E)(f(d1) — f(d2))]|
dy1,d2€B
565
+ 2]E‘ Zfl ds;l[;B |E[f(d1) — f(do)]| + 6_nt
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<4E sup KE%—-EXth)—;ﬂdﬁﬂ\+2V[§ sup B[S (dr) — F(d)] + o,

di,d2€B T dy,d2€B 6n

(4.27)

where the third inequality follows from the desymmetrization inequality (6.2) and
the last inequality follows from the fact that IE| >y fz/n| < []E(Z?Zl gi/n)ﬂ 12 _
(1/n)"2.

By assumption IV.1(a) and (b), |(f(d1) — f(d2))?| < b2S?. Thus on the event
Qs(B)

dy,d2€B
< sup E[f(di) — f(do)] + sup (B, — E)[f(d1) — f(d2)]”
di,d2€B di,d2€B
< sup E[f(d1) - f(dz)]2 +2E sup (E, — E)(f(d1) - f(d2))2
di,d2€B di,dy€B
2 8h?5?
+¢ﬂQFU@w¢mmg+3nt

Sg sup E[f(d)) — f(d)]* +2E sup (E, — E)(f(d) — f(d2))* + 3b25%t

di,d2€B dy,d2€B n

5 3252t
<- sup E[f(dy) — f(do)]* +
dy1,d2€B n
1 n
+8bSE sup — > &[f(Xi, Ai, Rirdy) — f(Xi, Ai, Rizdy)]

di,d2€B T

2 Q2
< sup Elf(dy) — f(da) + 22

d1,d2€B n

+16bSE sup [(E, — E)[f(d1) — f(d2)]| + 855\/I sup E[f(di) — f(d2)],

di,d2€B N dy,d2€B

where the last two inequalities follows from the desymmetrization-symmetrization

inequality (6.2), (6.3) and the contraction inequality (6.1). This implies that

S|+

\/d S;EB E,[f(d1) — f(do)]?
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<E sup [(E,—E)[f(di)— f(d2)]] + \/ sup E[f(d1) — f(dQ)]225_t
dy,d2€B di,d2€B n
+ \/I sup E[f(dy) — f(da)] + (6+—\/§)bSt (4.28)
N dy,d2eB n
The result follows by substituting (4.26), (4.27) and (4.28) into I,,(B). O

Lemma IV.5. Suppose Assumptions IV.1(a), (b) and IV.3(b) hold. For any non-

stochastic class of individualized treatment rules B, let F = {f(d) : d € B}. Then

1(B) <[ 02 ot gy M sup Bl - sta

@) nd daeB
768(21 + 226)bSu,(F) (214 220)(2+ «) <76802un(f)>(1+a)/(2+a)
(log2)? l1+a (log2)?
(44 50)(2 + ) /4Cot\ (+0)/@+a) (52 + 556)bSt  16(21 + 226)
(=*) T T .
2(1+ ) n n n

Proof. Define the function class G(B) = {g = f(d1) — f(da) : dy,d> € B}. Let Go(B)
be a 4/n-net in L,(P,) over G(B). The cardinality of Gy(B) can be chosen equal to
N(2/n,G(B), L1(F,)). Then by symmetrization inequality (6.3) and the definition of
Gm.0,

B sup (5~ B,)[/(%) ~ f(@)]] <2 sup. —Za (X, A, )

dy,d2€B gegG(B

<IE sup \—Za (Xi A Y)

g€Go(B

+o (4.29)

Next, we can verify that N(2/n,G(B), L1(P,)) = N(1/n,F, L1(P,)). Thus
Elog[N(2/n,G(B), L1(P,)) + 1]/n = u,(F). Following the same argument as that in

the proof of Lemma IV.1, we have

E sup ‘_ZSZ XzaAwY; =

un(F) sup Eg?.
9€Go(B)

9€Go(B)

_ 192bSu,(F) N 44/3
(log 2)? log 2 \/
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This together with 4.29 implies that

E sup [(E— En)[f(d1) — f(d2)]]

dy,d2€B

384bSu,(F) 83 \/
<

(log 2)? log 2

S:384{>Sun(f) N 16v/3 \/

wnlF) sup BIF(d) — f(do) +

dy,d2€B

Cotun (F) sup B[ (d) — f(d)}o/0+) 4

(log2)? log 2 deB n
Q@ 384bSu, (F)
<— E[f(d®) — f(d)] + —————~
St a) [f(d") — f(d)] (log2)?
N 2+a (76802un(.7-")>(1+a)/(2+a) 8
2(1+«) (log2)? n
Furthermore,

S|

d1,d2€ B (s)

\/ sup  E(f(dy) — f(dy))?

sup B[/ (™) = fd)] + g (F2) T

< -
T2(1+ @) deBn(s) 2(1 + « n

The result follows by substituting the above two inequalities into I,,(B). ]

Lemma IV.6. Suppose assumptions IV.1(b), (¢) and IV.2 hold. Then d,, , € B (8y,.m) C
Em(énym) C E’m(gn,m) on the event Qg,mﬂQm’mﬁQH,m(r;,m)ﬂQu,m(fﬂ,m)ﬂng,m(r;‘;m)ﬂ

Ql3,m((]—408 + %)T:’m) N Ql4,m(fn,m)-

A

Proof. First, by the definition of B,,(s) and s}, .., dnm € B (s},,,) on the event Qg ;.
Next, suppose 7}, ,, < Tom < Tnm-
For any d € B, (s}, ,,), there is a Q € Q,, such that d(X) € argmax, Q(X, a) and

E[(Y —Q)* = (Y = @;,)%] < spn- On the event Qg N Qy,4n, We have

E,[(Y = Q) = (Y = Qu)?]

=E[(Y = Q) = (Y = Qp)°] + Eu[(Y = Q},)* = (Y = Q)]
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2207 920B2%  22r%,.  STGH
Q2E[(Y - Q) — (Y = Q)| + —3™ + —

b2 n b? n
132, 53006
- b2 n,m n

§ §n,m-

Thus By (85 ,) C Bu(Sam) i 7750 < P
Similarly, for any d € By, (8, ), thereisa Q € Q,, such that d(X) € arg max, Q(X, a)
and E[(Y — Q)% = (Y — Qm)? < 8pm. On the event Qg,, N Qg,m, we have

. . 44ry . 17520%t

E[(Y Q) = (Y = Q)] 2E.[(Y = Q) = (Y = Q)1+ —5—= + —

44ry o 17520%t
=+

b2 n

§2<§n,m + S gn,m

<

*
To show 7} .,

{Q € Qu : 16V*E(Q — Q1) <75} C{Q € Quy : B E(Q — Q) < 17075, 1,
(4.30)

then on the event Q1. (775 ,,,),

Tn,m =Tm (T:L,m)

325663<—E sup — §Q(Xs, Ag) + —>
3 E QEan:l6b2E(Q_Q:n)2ST:L,m n zzl ( ) n

Sﬁmoﬂ;,m)

By Lemmas VI.11 and VI.12, we have r;, ,, < 7, .

Similarly, if

{Q € Qm . bZEn<Q - Qn,m>2 < 170fn,m} C{Q € Qm : b2E<Q - Q:n> < 265077717”1}7
(4.31)
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then on the event Q9 (Tpm),

4 1 6bt
ﬁm(fn,m) :256b3 (g]Eg sup — Z &Q(XZ, Az) + —)
QEQmibQEn(Q_Qm)leﬂ)fn,m n i=1 n
4 1 & 6bt
<2565" (5 E =3 EQ(Xi, A) + )
<256 7 Ee sup Zf Q( )+ "

QEQm:b? E(Q—Q5,)2<26507 m 1V ]

Sﬁm (Fn,m) = Tn,m

By Lemmas VI.11 and VI.12, we have 7, , < Ty .
In the following, we show that (4.30) and (4.31) hold on the event Qg ,,, Q13 (77, ,, )N
Ql3,m((]—408 + %)T’Z’m) N Ql4,m<fn,m)-

Since 7,,,(r) is a sub-root function (Lemma VI.12) and r}, , is the positive fixed

m

*
n,m’

point of 7,,,(r), 7 > N, (r) if and only if 7 > 7 . Thus, for any r > 7, on the event

Qi3.m(r), we have

sup En(Q - Q:n)z
QEQum: 162 E(Q—Qy, )2 <r
< sup E(Q—QL)+ sup (E. — E)(Q—- Q)
QEQm:16b2E(Q—Q%,)2<r QEQm:16b2E(Q—Q;,)2<r
r 5 1 — rt 523t
<—+-E sup = G(QXs, A) = Qr(Xi, A))* 44 5= +
16b2 2 QGQmilﬁsz(Q—an)QS’f n ZZI ( ( ) ( )) 2n STL
r 1 — r 1000%t
<—— + 10bE = QXL A
ST60 T o e 0s yr 1 ;f QU )+ g + 3,
r
<_7
~ 6402

where the third inequality follows from the contraction inequality (6.1) and the as-
sumption that supgeg, [|Qlloo < b.

In addition, following the argument in the proof of lemma IV.9, on the event )y ,,,
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we have

1602 E(Qum — Q1) <320°[E(Y — Qum)? — E(Y — Q)]

4
<1d08r7,, + 20T < (1408 + @)

n 10

we

n,m?

This implies that on the event g, N ng,m((l408 + %7) ), for any r > r*

have

(154 4599>b

. ) 7 657
En(Onm — Q52 < - (1408 + —) —

64 10 b2

Thus for any » > and Q € Q,, such that 160*E(Q — Q};,)* <7

2
EQ = Qunl? < (VEIQ= G+ Ea(@i— Qunl?) < T

Setting r = 7} . in the above argument shows that (4.30) holds on the event Qg ,,, N
Q3 (17 1) N Q3 (1408 + E7)

Thm)-

Next, for any r > r;  and Q € Q,, such that v*E,(Q — Qm)? < 170r, on the

m

event Qg N Q3 ((1408 + &7

nm)

2
BAQ- QP < (VEAQ -+ VEQn - @) = 5

Let L£,,(r) be the class of functions defined in the event §2y4,,(r). For each [y €

L,,(r), there is a Qy € Q,,, such that [y = max{lé"é?@g(_gfjg* T If 160°E(Qo— QF,)* <

r, then [y = (Qo — Q7,)?. Otherwise,

lo = ), (Qo — Q)% = [g,Qo + (1 — ag,)Qs, — Q] = (Q1 — Q)

where ag, = /r/[162E(Qo — Q%,)?] and Q1 = ag,Qo + (1 — ag,)Q},. Since Q,, is
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convex, Q1 € Q,,. It is also easy to verify that 160°E(Q; — Q%,)* < r.

Thus

1 n
E sup — gll(le Ai7 }/:L)
1€Lm(r) T zz_;
1 « .
QEQm:1602 E(Q—Qy,)2<r TV T
1 n
<AbE sup — Z&Q(Xi, AYr),
1

QEQm:16b2E(Q—Qy,)2<r TV —

<E sup

where the last inequality follows from the contraction inequality (6.1) and the sym-

metry of the Rademacher random variables.

ES
n,m?

Hence, for any r > r on the event (14, (),

_ * \2
max{16b2E(Q — Q,)%,r}
I t 52b%
<100E sup “3 QXL ALY o +
QEQm 162 E(Q-Qy,)2<r TV 15 2n 3n

r N 50 (1)
—128hH2 128b2
< 3r
~ 6462

For any Q € Q,, such that b2E, (Q — Q)2 < 170r, if 16b2E(Q — Q%)% > r, the above

inequality implies that

Q- Q) <1B,(@Q- Q) < 5

*
n,m:*

Since 7y, (1) < G (r) for any r > 0, 7y > 7 Setting r = 7, ,, in the above

argument shows that (4.31) holds on the event g, N Qy3,,((1408 + S)rr ) N

Ql4,m (Fn,m) .

This completes the proof. n
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Lemma IV.7. Assume assumptions IV.1(c) and IV.2 hold. Then there exists a

positive constant K, depending on b, such that

Snm < K4 (un(Qm) + %)

Proof. Let Q,,¢ be a 2/n-net in Ly(F,) over Q,,. The cardinality of Q,,o can be
chosen equal to N(1/n, Q,,, L1(F,)). Then

1 n
E sup - §iQ(X, A;
QEQm b2 E(Q-Qy,)2<2650r T ; ( )
1 & i}
—E sup = G[QXG Ay — Qr (X, A

QEQmb2E(Q-Q},)2<2650r 1 7

! 2
=Y §1Q(X5, A) — QF(Xi, A; ‘+_'
QEQm 0:b2E(Q—Q3,)2<2650r | T ; [ ( ) ( )} -

n

<E sup

Following the same argument as that in the proof of Lemma IV.1, we can show that

1O 200/318un( Q)7 | 384bu,(Qp) 2
E sup —ZfiQ(Xz‘,Ai) < (Sn) + (Q2 ) +—.
QEQumb2E(Q—Q3,)2<2650r TV “— (log 2)b (log 2) n

Thus,

log 2 (log 2)? n 3n

512 <500b2 V318U, (D) P N 960b*u, (Q,,)  5b° N 41b4t>

fn,m - flm (fn,m) S

The result follows by solving the above inequality for 7, ,,, and from the definition of

Snm- 0

Lemma IV.8. Suppose Assumptions IV.1 and IV.2 hold. Then for any nonstochastic

class of individualized treatment rules B and nonstochastic positive quantity r,

P(Q;(B)) > 1 —exp(—t) forj=3,...,8, (4.32)

P(QQ,m) Z 1 - eXp(_t)7 HD(Qlo,m) Z 1- eXp(_t)v (433)
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and P(Q;,(r) > 1—exp(—t) forj=11,...,14. (4.34)

Proof. (4.32) and (4.34) follow directly from Lemmas V1.9, VI.10 and the symmetriza-
tion inequality (6.3).

Now we prove (4.33). First by Lemma IV.9,

E((Y = Q)" = (Y = @) < 320°E[(Y — Q)" = (Y = @,)")-

In addition note that [(Y — Q1) + (Y — Q2)| < 4b for any @Q1,Q2 € Q,,. By lemma
IV.9 and lemma VI.14,

n

1

391°E sup =S [ - QXL A — (Vi — Qou(Xi A
QEQmB2E(Y ~Q)2 (Y —Q;)2)<r T =T
1 n
—32b% sup — Z &Y — Q(Xi, 4))?
QEQmB?E[(Y Q)2 (Y —Q5,)%<r T T
1 n
<320°E sup — Z &(Yi — Q(X5, Ay))°
QEQm:16b2 E(Q—Qy,)2<r TV T
1 n
<128V°E sup — Z &EQ(Xi, A))
QEQm:16b2E(Q-Qy,)2<r TV 1
<1 (1)
Since 1,,(r) is a subroot function, (4.33) follows from Lemma VI.13. O

Lemma IV.9. Suppose Assumptions IV.1(b), (¢) and IV.2 hold. Then

Bl(Y = Q)* = (Y = Q)" < 320°E[(Y — Q)* — (Y — Q)] (4.35)

for any Q € Q,,.

(4.35) is also known as the bernstein condition. Similar to (4.11), this condition

is the key to show that L(Q,.) — L(Q,) converges to 0 at rate faster than 1/y/7.
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Proof. On one hand, by assumption IV.1(b) and (c), we have
E(Y -Q) = (Y = Q)" = E[(2Y - Q - Q,)*(Q — Q,)"] < 160°E(Q — @y,)*.

On the other hand, assumption IV.2 implies that (Q +Q,)/2 € Q,, for any Q € Q,,,.

Thus

Q+ Q2 1 :
=)+ 3BQ - Q)

22B(Y - Q3 + 3 E@Q - Q3

E(Y —Q?+E(Y — Q)* =2E (y _

which implies £(Q—Q7,)* < 2E[(Y —Q)*— (Y —Q7,)?]. This completes the proof. [
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CHAPTER V

Future Work

This dissertation investigates /; penalization and model selection for decision mak-
ing. In this chapter we briefly discuss several problems that worth further exploration

in future.

5.1 Extension to multi-stage decision

So far we have investigated a one stage decision problem. However, it is evident
that some diseases may require time-varying treatments. For example, individuals
with a chronic disease often experience a waxing and waning course of illness. In
these settings the goal is to construct a sequence of individualized treatment rules
that tailor the type and dosage of treatment through time according to an individual’s
changing status. There is an abundance of statistical literature in this area (Thall
et al., 2000, 2002; Murphy, 2003, 2005; Robins, 2004; Lunceford et al., 2002; Wahed
and Tsiatis, 2006; van de Laan et al., 2005). In the following we briefly introduce the
multistage decision problem.

Consider data from a sequentially randomized trial. The longitudinal data on
each subject is of the form {X;, Ay,..., X7, A7, Y}, where T is the number of stages,

X; € A, includes patient’s variables observed prior to the treatment at stage t, A; € A;
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is the treatment at stage ¢t for ¢t = 1,...,7T, and Y is a one-dimensional primary
outcome. Denote X; = (Xy,...,X;) and A, = (Ay,...,A4;) for t = 1,...,T. At
stage t, an individualized treatment rule d; will take patient’s history prior to stage
t treatment (i.e. (X, A;_1)) as input and output a treatment A,. The sequence of
rules, d = (dy,...,dr), is called a dynamic treatment regime (Murphy, 2003).

We still use E to denote the expectations with respect to the distribution of
(X1, A1,..., X7, Ar,Y), where the stage t treatment is assigned according to ran-
domization probability p(-|X;, A;_1) for t = 1,...,T. In addition, we use E< to
denote the distribution of (X, Ay, ..., X7, Ap,Y) where the sequence of treatments
is assigned according to rule d. The Value of d, V(d), is the expected primary out-
come that would have been observed if the dynamic treatment regime d were used to
recommend treatment sequence for the entire study population. It is easy to verify
that

V(d)=FEYY)=FE

T o
H At:dt(_Xt,I‘lt—l) y
=1 pe(Ae| Xo, A1)
Our goal is to construct a dynamic treatment regime that maximizes the Value. Such

a regime is called an optimal dynamic treatment regime and is denoted by d/.

Define the conditional mean functions

(X, Ap) =E(Y | X1, A7),

?pt(Xn At) :E[Ig?f Q?ﬁ(XtH, At, at+1)|Xt7 At] fort=T-1,...,1

Using backwards induction (Murphy, 2003), an optimal dynamic treatment regime

satisfies

d?pt(Xt, At—l) < arg max Q?pt(Xt, At)

fort=1,...,T.

Based on the above argument, an intuitive approach is to estimate the conditional
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mean functions backwards (the stage ¢t dependent variable is max,, , Quis1(Xip1, Aryr)

where thﬂ is the estimator of Qfﬁtl), and then estimate the decision rules by max-

imizing the estimated Q?"’s. This approach is known as Q-learning and has been
extensively studied in computer science literature (Watkins, 1989; Sutton and Barto,
1998; Ormoneit and Sen, 2002; Lagoudakis and Parr, 2003; Ernst et al., 2005; Murphy;,
2005).

To justify the Q-learning approach, an inequality similar to (2.1), which measures
the closeness between the excess Value and the associated excess prediction error,
has been provided in Murphy (2005). More precisely, suppose there is some S >
1 such that p;(a|Zs,a;_1) > S~ for all (74, a;) pairs for t = 1,...,T. For any
dynamic treatment regime d = (di,...,dr) and any functions {Q1,...,Qr} such

that dy(X;, A;_1) € argmax,, Q;(X;, A;_1, a;), Murphy (2005) showed that

T
V@) —vid) < 3 28" 2\/ max Q7 — Qi)° — B(max Q7 — Q"))

where Q7 =Y.
Following the same arguments as those in Chapter II, we can further improve the

upper bound under a margin type condition.

Theorem V.1. Suppose there is some S > 1 such that pi(a|Zs, a;—1) > S~ for all
(Zy,ar) pairs for t = 1,...,T. Assume there are some constants C > 0 and o > 0

such that for any positive € satisfying Ce* < 1,

P(Hdt_l e Ay sit.

mafopt()_(t,dt_l,at) — max Opt(Xt,at 1,a) < e) < Ce*

at as¢arg maxq, Q;’pt()?t,&t_l,at)

fort =1,...,T. Then for any dynamic treatment regime d = (dy,...,dr) and any
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functions {Q., . ..,Qr} such that d,(X,;, A;_1) € argmaxg, Qy(X;, Ai_1, ay),

(1+a)/(2+a)

T
V(d™) - Z [ max QY — Qt)2 —B( hax Q- topt)2 ,

where Cy; = [22T32 50+ 01/ (2+e) gpq ng’il =Y.

The proof is similar to that of Theorem II.1 and thus is omitted.

To extend the [;-PLS based method described in Chapter III to the multi-stage
setting, we can approximate each conditional mean function Q" by a linear model,
and then estimate Q" using least squares with an [; penalty. We can obtain a high
probability bound for the excess prediction error at the last stage using the same
techniques as that in the one-stage decision problem. However, the performance of
the [;-PLS at stages prior to the last stage is not clear and worth further investigation.

Now we consider the extension of the step-wise model selection as described in
Chapter IV to the multi-stage setting. To develop a penalty with margin adaptive
rate of convergence, we need to show that the difference between the prediction error
of the empirical quadratic risk minimizer and the prediction error of the quadratic
risk minimizer is upper bounded by a quantity which converges to zero at the desired
rate of convergence at each stage. However, since the dependent variable at each stage
prior to the last is estimated from the whole training set, existing methods can not
be directly applied to construct such an upper bound. An interesting future research
direction is to develop new techniques so as to obtain a fast rate of convergence of

the prediction error in this setting.

5.2 Efficient estimation

In the previous chapters, we considered the use of model selection and penaliza-

tion techniques to improve the quality of the estimated individualized treatment rule
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(dynamic treatment regime). In fact, those methods could be further improved by
considering efficient estimation. In this section, we will discuss issues about improving

estimation efficiency. We will illustrate this problem in the multi-stage setting.

5.2.1 An efficient estimator of Value

For any dynamic treatment regime d = (dy, ..., dr), define the weights

t

S Lay—dy (%o, 4. 1)
Wt(Xt,At;d): = = fOI'tzl,...,T.
81211 po(A Xy Ay )

It is easy to see that B, [Wy(Xr, Ar; d)Y] is an unbiased estimator of V(d). However,
this estimator is not efficient. To achieve the goal of estimating the optimal dynamic
treatment regime, we wish to use a more efficient estimator of V(d) in the future.

A doubly robust estimator of V' (d) has been provided in Murphy et al. (2001) by

solving the following estimating equation for .

En[WT<Y u) XT: WX, &) (2(Xiy &) — )

=1

+Z Z pt at|XtaAt I)Wt(XtaAt 1,at) (Zt(XtuAt 176%) H)] (5-1)

t=1 a1 €A

where z7(Xr, Ar) = E[Y| X7, Ar] and
2 (X, Ay) = E[ZaHleAHl 1at+1:dt+l()gt+17gt)zt+1()_(Hl,flt,atﬂ)p?t,flt} fort =T —
1,..., 1.

Note that z;’s are unknown functions and need to estimated. One can parameterize
{z: : t=1,...,T} with vector parameter v and set

aZT(XTa Ar; ) I szl 8Zt(Xt7 Ay; v)
0y 0y

E, [(Y — 2p(Xp, A 7))

t=1
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X ( Z 1at+1:dt+1()’<t+1,gt)zt+1(Xt+17Ataatﬂ;7) —Zt(XuAt%’Y)ﬂ

at+1€A 41

to 0 to get 4.

The use of (5.1) leads to a consistent estimator of V(d) even if models for z;’s are
incorrect. This property holds because the randomization probabilities py, ..., pr are
known. In addition, the resulting estimator is also efficient if z,’s are parameterized

correctly.

5.2.2 Efficient regression

In this dissertation, we estimated the entire conditional mean functions Q3" b,

however, it turns out that only part of each condition mean function is relevant to

the construction of decision rules. To see this point, define the time-t advantage
Ut(Xta At) = ,:Opt()_(n At) - HZaX Q?pt()_(t, At—l; at)-

Then
?pt(Xu At) = Ut(Xt; At) + H}I?X Q?pt(Xt, At—la Clt)7

where only the first term v; contains A;. Thus we only need to model the advantage
functions v;’s instead of modeling Q""’s.

This approach was first proposed in Murphy (2003), where an estimation proce-
dure based on the least square characterization of the advantage functions is provided.
Robins (2004) gave a refined estimation equation to gain efficiency. This is the so-

called efficient A-learning in Almirall et al. (August, 2005). In the following, we will

describe the efficient estimation procedure.

We parameterize {v,t = 1,...,T} with vector parameter § and denote the

parameterization by {v,(X;, A;;0),t = 1,...,T}. Define H,(Xr,Ar,Y) = Y —
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Zz:t vs(Xy, Ay) for t =1,...,T. Assume that
Var(Hy| X, A;) = Var(H;| X, Ai_1) denoted as o,(X;, A;_1)

fort=1,...,T.

A doubly robust estimator of # can be found by solving the following estimating

equations

0= En<z [Hy(0) — E(H(0)| X1, Ar1)] 04(Ky, Apy) ™!

t=1

x [E(VoHy(0)| X, A)) — E(VoH,(0)| Xy, A,1)] )

Again, this estimator is efficient if E(H(0)|X;, Ai_1)’s, E(VoH(0)|X;, A;)’s and

o¢(X;, A;_1)’s are modeled correctly.
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CHAPTER VI

Tools

This chapter contains a collection of results that is needed in the proofs in Chapters
IIT and IV.

We start with several basic inequalities.

Lemma VI.1. (Weighted AM-GM inequality)

For any x,y > 0 and p,q > 0 such that p+q =1,
aPyt < pr+ qy.
Lemma VI.2. For any x,y >0 and 8 € [1/2,1],
217 (2 4+ y)f <2 4y <2z +y)?

and for any a > 0,

2/xy < ax + g
o

Lemma VI.3. (Cauchy-Schwarz inequality)

For random variables X and Y,

[E(XY))* < E(X*)E(Y?).
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Let O € O be a random variable distributed according to P (O = (X, A,Y) in
the main body of the dissertation). Let O, ..., O, be independent copies of O and
P, be the empirical measure supported on (Oy,...,0,). We use E and E,, to denote
the expectation with respect to P and P, respectively.

Let (F,|| - ||) be a subset of a normed space of real-valued functions on O. In the
following we will always assume suprema of empirical processes (i.e. quantities of the
form sup ;. z(E, — F)f) are measurable. In other words, we assume that the class F
and the distribution P satisfy appropriate (mild) conditions for measurability of this

supremum (see Pollard (1984) and Massart (2003) for the conditions).

Definition VI.1. (Covering number; van der Vaart and Wellner 1996)
The e-covering number of (F,| - ||), denoted by N(e,F,|| - ||), is the minimal
number of balls {f : || f — fo|| < €} of radius € needed to cover the set F. The centers

of the balls need not belong to F, but they should have finite norms.

Let C a collection of subsets of O. For any collection of points {0y, ...,0,} in a set
O, we say that C picks out a certain subset of {01, ..., 0, } if this subset can be formed
as C'N{oy,...,0,} for a C' € C. The collection C is said to shatter {o1, ..., 0,} if all of
the 2" possible subsets of {01, ..., 0,} can be picked out in this manner. The VC-index
of the class C, ve(C), is the smallest n for which no set of size n is shattered by C. C
is called a VC-class if its index is finite.

The subgraph of a function f : O — R is the subset of O x R given by

{(0,) -t < f(0)}.

A collection F of measurable real-valued functions on the sample space O is called
a VC-subgraph class or V(-class, if the collection of all subgraphs of functions in F
forms a VC-class of sets in O x R. We use vc(F) to denote the VC-index of the set

of subgraphs of functions in F.
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A connection between covering numbers and VC-index is given in the following

lemma.

Lemma VI.4. (Haussler, 1992)
Let F be a VC-class of functions on O with ||f|lee < b for all f € F for some

b> 0. Then for any e > 0,

2€b> 2(ve(F)—1)
. .

N(e, F, La(P) < 2(

Lemma VL.5. (Preservation properties of VC-class; Kosorok 2008)

Let F and G be VC classes of functions on O with VC-indices ve(F) and ve(G),
respectively. Let g : O — R, ¢ : R — R be fized functions. Then

(a) FNG={fNg:feF,geG}isa VC class with index < ve(F) +ve(G) —1;

(b) FV G isa VC class with index < ve(F) +ve(G) — 1;

(c) {F>0y={{f>0}:f€F} isa VC-class of sets with index vc(F);

(d) —=F is a VC class with index ve(F);

(e) F+g={f+g:feF}isa VC class with index ve(F);

(f) F-g={f-g:f€F}isa VC class with index < 2vc(F) — 1;

(9) poF={pof:fe€F}isa VC class with index < ve(F) for monotone ¢.

Definition VI.2. (Orlicz norm; van der Vaart and Wellner 1996)
Let ¢ be a nondecreasing, convex function with ¢(0) = 0. Then the Orlicz norm
10|y is defined as
101l = inf{c > 0: Ey(|O]/c) < 1}.

Let 1,(0) = exp(o?) — 1 for p > 1. Then

EIOF < p|[Olly,,
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10l < [0y, (log2)/471P for p<gq.

Lemma VI.6. (Maximal inequality; van der Vaart and Wellner 1996)
For any random wvariables Oq, ..., O,,, there exists a constant K depending only
on ¥, such that

-1
| max Oilly, < K4, (m) max ||Xil]y,.

Lemma VL1.7. (Hoeffding’s inequality; van der Vaart and Wellner 1996)

Letay,...,a, be constants and &1, . . ., &, be independent Rademacher random vari-

1
P( > t> < 2exp (—Etz/llaIIQ) ,

for the Euclidean norm || - || for any t > 0. Consequently, || >_1 &ailly, < V6|l

ables. Then

Z i

i=1

Lemma VI.8. (Bernstein’s inequalities; Massart 2003)

Let Oy,...,0, be independent and square integrable random wvariables such that
E[O;] =0 foralli=1,...,n.

(a) Assume there exist some positive numbers b and v such that ¢; < b almost

surely for alli=1,...,n and > | EO? <wv. Then for any t > 0,
P(3 0> cen ()
; Y T bt/3)>

(b) Assume there exist some positive numbers b and v such that Y r_ E[(0})4] <

%ubl_2 for all integers | > 2. Then for any t > 0,
P30, ) <o~ )
; = &P 2(v + bt)

Lemma VI.9. (Concentration inequality; Bartlett et al. 2005)
Consider n independent random variables Oq, ..., O, with values in some mea-

surable space O. Let F be a class of real valued functions on O. Assume that all
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functions f in F satisfy Ef =0 and || f|lec < b for some b > 0. Let

Z =sup ) Zf(OZ) or Z = supi(Oi).

rer o ferio

Let o be a positive constant such that 0 > sup ez [Z?:l Var(f(Oi))]. Then for any

t > 0, with probability at least 1 — exp(—t),

bt
7 <EZ 4 +/2t(no? + 20EZ) + 3

Lemma VI.10. (Bartlett et al. 2005)
Let F be a class of real-valued functions on O such that sup;cr || flloo < b for a

positive constant b. Let

Z =E; supZ&f(Oi).

fer 4

Then for any t > 0,
bt
P(Z > EZ + V2UIEZ + §> < exp(—t)

and

P(Z <EZ — V2btEZ) < exp(—t).

Definition VI.3. (Sub-root function; Bartlett et al. 2005)
A function 7 : [0,00) — [0, 00) is sub-root if it is nonnegative, nondecreasing and

if r — n(r)/+/r is nonincreasing for r > 0.

Lemma VI.11. (Bartlett et al. 2005)
If n:[0,00) — [0,00) is a nontrivial sub-root function (i.e. n is not the constant
zero function), then it is continuous on [0,00) and the equation n(r) = r has a unique

positive solution. Moreover, if we denote the solution by r*, then for all r > 0,
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r > n(r) if and only if r > r*.

Definition VI.4. (Star-shape; Bartlett et al. 2005)
A class of functions F is star-shaped around fy if fo+a(f— fo) € F forall f € F
and a € [0,1].

Lemma VI.12. (Bartlett et al. 2005)
If the class F s star-shaped around f (which may depend on the data), and T :
F — R is a ( possibly random) function that satisfies T(af) < o?T(f) for any

f € F and any o € |0, 1], then the (random) function n defined for r >0 by r

W) =B sp 3 6f(0)

FEFT(f-f<r
is sub-root and r — En(r) is also sub-root.

Lemma VI.13. (Bartlett et al. 2005)

Let F be a class of functions with ranges in [by,bs] and assume that there are
some functional T : F — RT some constant B such that for every f € F , Var[f] <
T(f) < BEf. Assume there is a sub-root function n such that

n

1
n(r)=2BE sup — > &f(O;
( ) feFT(f)<r T ; ( )

for any r > r*, where r* s the fixed point of n. Then, with c; = 704 and cy = 26, for

any K > 1 and every t > 0, with probability at least 1 — exp(—t),

K

K (11(b2 _b1)+CQBK)t
K -1 '

&
Enf + =1+

<
VieF, FEf< 5 -

Also, with probability at least 1 — exp(—t),

K—|—1 ClK *+ (11(b2—b1)+C23K)t
r .

VfeF, E,f< Ef+
B n
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Lemma VI.14. (Contraction inequality; Bartlett et al. 2005)
Let I(+) be a contraction, that is, |l(x) — (y)| < |x — y|. Then, for every class F,

E sup &l o f(O;) <E sup 51 0;) 6.1
€ 1

feF s

Lemma VI.15. (Desymmetrization - Symmetrization inequality; Koltchin-
skii 2006)

For any class of functions F,

§Eff£ " Z& 0;) — Ef(0;)] < max <]E ?clelg):(E — E”)f’Efng(E” — E)f) (6.2)
max <]E ?clelg(E —E./f, E?EE(ETL - E)f> <2E ?161]9_ - Z §if(O:) (6.3)

The lower bound is often referred to as a desymmetrization inequality and the

upper bound as a symmetrization inequality.

Lemma VI.16. Suppose ||f|loc < b for all f € F. Then

E[?ngEan(O) <§1€1£Ef2+4bE[?1€1£ Zfz z]

Proof. By the symmetrization inequality (6.3), we have

E[sup B, [(0)| <sup Bf*(0) + E|sup(E, - E)f(0)]
feF feF feF

<sup Ef*(O )+2E[sup Z@fQ ]

feF fern

<sup Ef*(O )+4bE[sup Zé} z:|7

fer ferm

where the second inequality follows from the contraction inequality (6.1). O
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