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Abstract

We study the Cauchy initial-value problem for the Benjamin-Ono equation in
the zero-dispersion limit, and we establish the existence of this limit in a certain
weak sense by developing an appropriate analogue of the method invented by
Lax and Levermore to analyze the corresponding limit for the Korteweg—de Vries
equation. © 2010 Wiley Periodicals, Inc.
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1 Introduction

The Benjamin-Ono (BO) equation
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FIGURE 1.1. The evolution of a pulse under the BO equation. Top row:
& = 0.04. Bottom row: ¢ = 0.02. In both cases the initial condition is
the same: ug(x) = 2(1 + x2)~L.

where ¢ > 0 is a constant and H is the Hilbert transform operator defined by the
Cauchy principal value integral

(1.2) W) = L IO

T) y—x
R

dy

is a model for weakly nonlinear dispersive waves on the interface between two ideal
immiscible fluids, one of which may be considered to be infinitely deep. Applica-
tions include the modeling of internal waves in deep water [1, 4, 7, 29], and also the
modeling of atmospheric waves like the dramatic “morning glory” phenomenon of
northeastern Australia [30]. The relevant Cauchy problem is to determine the solu-
tion ug(x, ) of (1.1) subject to a suitable initial condition uz(x,0) = ug(x) given
for all x € R.

The parameter ¢ > 0 is a measure of the relative strength of the dispersive and
nonlinear effects in the system. In many applications one thinks of ¢ as a small
parameter in part because numerical experiments show that in this situation the
finite-time formation of a shock wave (gradient catastrophe) in the formal limiting
equation (obtained simply by setting ¢ = 0 in (1.1)) is dispersively regularized by
the generation of a smoothly modulated train of approximately periodic traveling
waves, which correspond to so-called undular bores, frequently observed in the
evolution of physical internal waves. Snapshots from the solution of a Cauchy
problem for (1.1) illustrating the averted shock and onset of an undular bore are
shown in Figure 1.1. These figures clearly show that the mathematical description
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of the undular bore consists of waves of amplitude independent of & and wavelength
approximately proportional to &. We refer to the asymptotic analysis of the solution
of the Cauchy problem with e-independent initial data u¢(x) in the limit ¢ | 0 as
the zero-dispersion limit.

1.1 A Related Problem and Its History

A more famous nonlinear dispersive wave equation is the Korteweg—de Vries
(KdV) equation
dv dvg 1 , 93,

1.3 oy, 2 4 =
(1-3) o TV T38 9as

a model for long surface waves on shallow water among a wide variety of other
physical phenomena. When ¢ > 0 is small, this equation displays qualitatively
similar behavior to that just illustrated for the BO equation: the dispersive term
arrests the shock in the ¢ = 0 equation with the formation of a train of waves of
amplitude approximately independent of ¢ and wavelength proportional to .

The modeling of the zero-dispersion limit for the KdV equation has a long his-
tory going back to the work of Whitham [32], who used the method of averaging
to propose a nonlinear hyperbolic system of three partial differential equations to
describe the modulational variables (e.g., slowly varying amplitude, mean, and
wavelength of the wavetrain). Whitham noted that the system of modulation equa-
tions he obtained had the nongeneric property that by choosing special dependent
variables v, v2, and v3, it could be written in so-called Riemann invariant form,
in which the three equations are only coupled through the characteristic velocities:

1 ]

(1.4) ai+c"(v1,v2,u3)ai =0, i=1,2,3.

ot ox
Later, Gurevich and Pitaevskii [14] considered the problem of patching together
solutions of Whitham’s modulational system with solutions of the formal limiting
equation (obtained by setting ¢ = 0 in (1.3)) at two moving boundary points that
delineate the oscillation zone; their goal was to provide a reasonable global approx-
imation scheme for the solution of the initial value problem for the KdV equation
(1.3) in the zero-dispersion limit subject to given initial data v.(x,0) = vo(x)
independent of e.

In the meantime, the KdV equation was discovered to be a completely inte-
grable system possessing a compatible structure now called a Lax pair and a co-
incident solution procedure for addressing the Cauchy (initial value) problem: the
inverse scattering transform. This development suggested that the methodology
invented by Whitham could perhaps be placed on a completely rigorous math-
ematical footing. After the exact periodic (and quasi-periodic) solutions of the
KdV equation (1.3) were given a spectral interpretation by Its and Matveev [15]
and Dubrovin, Matveev, and Novikov [11], the Whitham modulation equations
themselves were reinterpreted within the framework of integrability by Flaschka,
Forest, and McLaughlin [12]. (In particular, this work made clear why Whitham’s

=0, xeR, t>0,
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equations could be placed in Riemann invariant form; it is a consequence of inte-
grability.)

The task that remained in the use of integrable machinery to study the zero-
dispersion limit of the KdV equation was to rigorously analyze the Cauchy prob-
lem using the inverse scattering transform. The first step in this program was taken
by Lax and Levermore [20], who considered positive initial data vg(x) rapidly
decaying to O for large |x|. They used Wentzel-Kramer-Brillouin (WKB) meth-
ods to argue that the Schrodinger operator with potential —vg(x) that arises in the
scattering theory is approximately reflectionless in the limit € | 0. On an ad hoc
basis they replaced the true scattering data by its WKB analogue, retaining only
contributions from a set of N(¢) ~ ¢! discrete eigenvalues. These eigenvalues
are approximated by a Bohr-Sommerfeld quantization rule, which amounts to re-
placing the solution vg(x, ¢) of the Cauchy problem with another solution v.(x, )
of (1.3) having e-dependent initial data close to vg. In this situation, the inverse
scattering procedure reduces to finite-dimensional (of dimension N(¢)) linear al-
gebra, and in fact the solution obtained by Cramer’s rule can be reduced to the
determinantal formula

2
(1.5) Ue(x, 1) = 262 ai_z log(t(x,1)), t(x,t) = det(I + G(x,1)),

where G(x,?) is a positive-definite real symmetric matrix of dimension N(g) x
N(e). Lax and Levermore then established the existence of the limit, uniform
on compact subsets of the (x,¢)-plane, of 2s2 log(t(x,)) as ¢ | 0. This yields
weak convergence of vg(x,?) by differentiation of the limit function with respect
to x. The Lax-Levermore method is to expand the determinant t(x, ¢) in principal
minors indexed by subsets of the set of eigenvalues; noting that each term is posi-
tive, they showed that the sum of terms is asymptotically dominated by its largest
term, and they further approximated this discrete optimization problem with an
e-independent (limiting) convex variational problem, explicitly parametrized by x
and ¢, for measures. The weak zero-dispersion limit of the Cauchy problem for
the KdV equation is therefore encoded implicitly in the solution of this variational
problem. The Lax-Levermore method reproduces the specified initial data vg(x)
att = 0 as ¢ | 0, which establishes validity, in a certain sense, of the WKB-based
spectral approximation procedure in the first step.

Later, Venakides [31] was able to extend the method of Lax and Levermore to
higher order, capturing the form of the oscillations that are averaged out in the weak
limit. This work at last made clear that the solution of the Cauchy problem for the
KdV equation with smooth, e-independent initial data vy(x) really does generate
after some fixed breaking time a train of high-frequency waves of exactly the kind
originally considered without complete justification by Whitham. More recently
the powerful steepest-descent method for matrix Riemann-Hilbert problems de-
veloped by Deift and Zhou was used to analyze the zero-dispersion limit for the
KdV equation [8]. This technique is best viewed as a tool for converting weak
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asymptotics (the solution of the Lax-Levermore variational problem) into strong
asymptotics (an improvement of the Venakides asymptotics in which the phase of
the waveform is accurate to very high order).

1.2 Zero-Dispersion Limit of the Benjamin-Ono Equation

It turns out that the BO equation (1.1) is also an integrable equation in the sense
that it has a representation as the compatibility condition of an overdetermined Lax
pair of linear problems [2]. In fact, both BO and KdV equations may be viewed
as limiting cases (as depth of a fluid layer tends to infinity and zero, respectively)
of the so-called intermediate long-wave equation [18], itself an integrable system
for arbitrary layer depth. However, the integrable structure of the BO equation is
markedly different from that of the KdV equation. In particular, the nonlocality in
the equation due to the presence of the Hilbert transform is mirrored in a certain
nonlocality of the scattering and inverse scattering problems. In place of the spec-
tral theory of the self-adjoint Schrédinger (Sturm-Liouville) differential operator,
one has to work with the spectral theory of the nonlocal operator

0
1.6) L:=—ie— —Cqrouz0oCq, Cyq[f](x):=lim— J) — dy.
0x §402mi ) y—x—ié
R

Here the operator C is the self-adjoint orthogonal projection from L?(RR) onto the
Hardy space of the upper half-plane, the Hilbert space on which L is self-adjoint,
and u, denotes the operator of multiplication by u.(-, ).

Certainly a key step forward in the theory of the zero-dispersion limit was taken
by Dobrokhotov and Krichever [9], who noted that the second (time evolution)
equation in the Lax pair for the BO equation (see (2.2) below) is simply a time-
dependent Schrodinger equation whose potential is a function with an analytic
continuation from the real x-axis into the upper half-plane; they were able to adapt
a pre-existing construction of “integrable” potentials for this equation to the appro-
priate Hardy-space setting. This allowed them to construct, from the Lax pair, a
large family of periodic traveling wave solutions of the BO equation (1.1), along
with quasi-periodic generalizations. Remarkably, unlike the corresponding exact
solutions of the KdV equation (1.3), which are highly transcendental objects con-
structed from Riemann theta functions of hyperelliptic curves of arbitrary genus,
the periodic and quasi-periodic solutions of the BO equation turn out to be simple
rational functions of P exponential phases ¢! %jX—@j0)/e

In the same paper, Dobrokhotov and Krichever also carried out for the BO equa-
tion the analogue of the calculation of Flaschka, Forest, and McLaughlin [12], de-
riving by multiphase averaging a system of equations governing the modulational
variables for a slowly varying train of P-phase waves. Here we arrive at a sec-
ond remarkable fact: not only can the modulation equations be written in Riemann
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invariant form, they are completely diagonal:

ou' ; ol .
—+2u' — =0, i=12,...,2P +1
ot dx

(the case of P = 1 corresponds to simple traveling waves). This again should
be contrasted with the situation for the KdV equation in which the characteristic
velocities not only provide coupling among the fields but also are transcendental
functions of the fields written in terms of ratios of complete hyperelliptic integrals.

The analogue for the BO equation of the matching procedure developed by
Gurevich and Pitaevskii [14] to describe the evolution of a dispersive shock was
independently described by Matsuno [25, 26] and by Jorge, Minzoni, and Smyth
[16]. This matching procedure provides a reasonable approach to the Cauchy prob-
lem for the Benjamin-Ono equation (1.1) with fixed initial data u.(x,0) = ugp(x)
when ¢ < 1, but it is based on formal asymptotics. In [25, p. 7939], Matsuno
writes:

1.7

From a rigorously mathematical point of view, however, the var-
ious results presented in this paper should be justified on the ba-
sis of an exact method of solution such as [the inverse scattering
transform], or an analog of the Lax-Levermore theory for the KdV
equation.

It is our intention in this paper to provide exactly such a justification, by devel-
oping a new method that does for the BO Cauchy problem exactly what the Lax-
Levermore method does for the KdV Cauchy problem.

The main result of our analysis is remarkably easy to state, but first we need
to recall some basic facts concerning the equation obtained from (1.1) simply
by setting ¢ = 0. Recall that while for general sufficiently smooth initial data
uB(x,0) = up(x) the inviscid Burgers equation

ou® duB

1.8 — 4+22uB— =0
(1.8) ar T oy

does not have a global solution as a function due to gradient catastrophe (shock for-
mation) in finite time, it does have a global solution as a real multisheeted surface
over the (x, t)-plane; indeed, this is the construction of the method of character-
istics. The sheets of this surface are obtained as the real solutions of the implicit
equation

(1.9) uB = uo(x — 2u®r),

and by implicit differentiation it is easy to verify that away from singularities each
sheet of the surface is a function u® = u®B(x, r) that satisfies (1.8). A simple con-
sequence of the implicit function theorem is that for sufficiently small |¢| there is a
unique solution of (1.9) for all x € R. New sheets of the multivalued solution are
born from breaking points in the (x, t)-plane that are in one-to-one correspondence
with generic inflection points £ of ug for which ug(§) # Obutug(§) = 0. If £ e R
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FIGURE 1.2. Except along the caustic curves x = xg(t) and x =
x; (1), the number of solutions of (1.9) is of the form 2P + 1, and these
solutions are simple roots. For this figure, ug(x) := 2(1 + x2)~L.

is such a point, then the corresponding breaking point is given by

wo®) 1 )
ug(€)” 2ug(§)

Each such breaking point is the location of a pitchfork bifurcation for u® with
respect to ¢ holding x —2u¢(§)t = £ fixed, with two new branches emerging as |z|

increases. Thus, assuming that u;, is a bounded function of total integral zero, the
solution of the Cauchy problem for (1.8) is classical for

1 1
- <t <= =:
2 maxyeRr Ug(x) 2 minyer Ug(x)

(1.10) (xg.tg) == (E -

(1.11) T_ = Ty.

Note that under our assumptions on up we have 7_ < 0 < Ty. Also, 7_ is the
supremum of all 7z < 0 while 77 is the infimum of all 7z > 0. When we consider
the Cauchy problem for ¢ > 0, we will refer to T := T4+ as the breaking time.

For t/tg > 1 there are caustic curves xs_(t) < x; (t) with limiting values
ast — g given by xg(tg) = x; (te) = xg that bound the triple-folded region
emerging from (xg,#g). The caustic curves correspond to double roots of (1.9),
and crossing one of them at a generic point results in a change in the number of
sheets by exactly 2. Except along the union of the caustic curves and the breaking
points from which they emerge, the number of solutions of (1.9) is always odd, and
all are simple roots. See Figure 1.2.

For the initial data uo(x) = 2(1 + x2)~! used in Figure 1.1, the breaking time
before which there is a unique solution for all x € R and after which there is an
expanding interval in which there are three solutions, is exactly T = 2+/3/9 ~
0.3849. Snapshots of the evolution of the multivalued solution of (1.8) for this
initial data are shown in Figure 1.3. Our result is then the following:
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FIGURE 1.3. The multivalued solution (black) of (1.8) and the signed
sum of branches (red) corresponding to ug(x) = 2(1 + x2)~!. Left:
t = 0. Middle: + = 1. Right: # = 2. Before the breaking time as well as
afterwards but outside the oscillation interval there is only one solution
branch and hence no difference between the red and black curves.

THEOREM 1.1 LetuB(x,r) <uf(x,1) <--- < ”BP(x 1y (x. 1) be the branches of
the multivalued (method of characteristics) solution of the inviscid Burgers equa-
tion (1.8) subject to an admissible initial condition u®(x,0) = ug(x). Then the
weak L?(R) (in x) limit of ig(x, t) is given by

2P(x,t)
(1.12) we—limie(x.0) = > (=D"ub(x.1),
&y0 n=0

uniformly for t in arbitrary bounded intervals. Note that the right-hand side ex-
tends by continuity to the caustic curves.

The signed sum of branches that is the weak limit is illustrated with red curves
in Figure 1.3 for the same initial data as in Figure 1.1. Of course, convergence in
the weak L2(R) (in x) topology means that for every v € L?(R), we have

lsi%/ﬂg(x,t)v(x)dx = /|:
R R

with the limit being uniform with respect to ¢ in arbitrary bounded intervals. Thus
the weak limit essentially smooths out the rapid oscillations seen in Figure 1.1 and
(if we think of v as the indicator function of a mesoscale interval) represents a kind
of local average in x. What it means for an initial condition to be admissible will
be explained later (see Definition 3.1). Here #.(x, t) is not exactly the solution of
the Cauchy problem for the BO equation (1.1) with fixed initial data uq(x), but it
is for every ¢ > 0 an exact solution of (1.1) that satisfies an e-dependent initial
condition that converges (in the strong L? sense; see Corollary 1.2 below) to u¢(-)
as ¢ | 0. See Definition 3.3 for more details. This modification of the initial data
is an analogue of the replacement of the true scattering data by its reflectionless
WKB approximation in the Lax-Levermore theory.

2P(x,t)

(1.13) > (—1)"u§(x,z)]v(x)dx
n=0
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For ¢t before the breaking time 7" for Burgers’ equation, the weak limit guaran-
teed by Theorem 1.1 may be strengthened as follows.

COROLLARY 1.2 Suppose that 0 <t < T so that P(x,t) = 0 forall x € R
(that is, the solution u® = ug(x, t) of Burgers’ equation with initial data uo(x) is
classical). Then

(1.14) limig(x, 1) = ud(x,1)
el0

with the limit being in the (strong) L?(Ry) topology.

It should be pointed out that the weak limit formula (1.12) is much more explicit
than the corresponding formula found by Lax and Levermore [20] for the weak
zero-dispersion limit of the Cauchy problem for the KdV equation. Indeed, the
latter requires the solution, for each x and ¢, of a constrained functional variational
problem, which can be solved in closed form only for the simplest initial data.
As we will now see, there are several classical wave propagation problems whose
asymptotic behavior can be reduced to the multivalued solution of Burgers’ equa-
tion; however, even these simple problems involve more complicated schemes for
combining the solution branches than that exhibited in the simple formula (1.12).

After we introduce the necessary framework for our study (the inverse scattering
transform for the BO equation) in Section 2, we will analyze the direct scattering
map in the zero-dispersion limit in Section 3. Then we will prove Theorem 1.1
and Corollary 1.2 in Section 4 by carrying out a detailed analysis of the inverse
scattering map applied to the asymptotic formulae for scattering data obtained in
Section 3. In Section 5 we will illustrate our results with numerical calculations and
address the relation between iz (x, ¢) and the true solution u.(x, t) of the Cauchy
problem for the BO equation with initial data 9. We compare the zero-dispersion
asymptotics of the BO equation with some elementary examples from linear and
nonlinear wave theory in Section 6, and some comments about our continuing work
can be found in the conclusion, Section 7.

2 Relevant Aspects of the Inverse Scattering Transform
for the BO Cauchy Problem

2.1 The Lax Pair for the BO Equation and Its Basic Properties

The Lax pair [2], whose compatibility condition is the BO equation (1.1), con-
sists of the two equations

Jwt
@.1) ie ;)” Fawt —w) = —uew,
X
dw* dw* Pw* d
22) e e 4222 i | 2o luwt =0,
dx dx2 dx
where A € C is a spectral parameter, u, = u.(x,t) is a solution of (1.1), and

wt = wi(x, t; A) are functions that are required to be, for each fixed ¢ and A,
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the boundary values on the real x-axis of functions analytic in the upper (+) and
lower (—) half complex x-plane. Also, =C+ = %]I F %i?—[ are the orthogonal and
complementary (C+ — C— = I, the Plemelj formula) projections from L?(R) onto
its upper and lower Hardy subspaces H* (R). From the point of view of the inverse
scattering transform, i.e., using the Lax pair as a tool to solve the Cauchy problem,
equation (2.1) may be considered for fixed time ¢ and defines the scattering data
associated with u.(x,t) at time ¢. The function w™ may be viewed as a kind of La-
grange multiplier present to satisfy the constraint that w™ be an “upper” function.
In fact, if w* € H*(R), then by applying C4+ to (2.1) and using the projective
identities C4 [w™] = w™ and C4[w™] = 0, (2.1) can be written in the form of an
eigenvalue problem

(2.3) Lwt = wt, wT e HTR),

where L is the nonlocal self-adjoint operator (1.6). Equation (2.2) determines the
(trivial, as we will recall) time dependence of the scattering data.

2.2 Scattering Data

The theory of the inverse scattering transform solution of the Cauchy problem
for the BO equation was first developed by Fokas and Ablowitz [13]. Certain an-
alytical details of the theory were clarified by Coifman and Wickerhauser [6], and
more recently Kaup and Matsuno [17] found conditions on the scattering data con-
sistent with real-valued solutions of (1.1). As an operator on H* (R), the essential
spectrum of L is the positive real A-axis (for suitable u,, £ is a relatively compact
perturbation of the “free” operator corresponding to u, = 0). For each fixed ¢ and
each real A > 0, there exists a unique solution wt = M of (2.1) with the property
that (remarkably, despite the nonlocal nature of the problem) it is determined by
its asymptotic behavior as x — —oo on the real line: M(x,t;1) = 1 + o(1) as
x — —o00. As the problem is nonlocal, M cannot be characterized by a Volterra-
type integral equation, but Fokas and Ablowitz [13] gave a Fredholm-type equation
whose unique solution is M. The reflection coefficient for the problem is then de-
fined for positive real A by the formula [13, 17]

2.4) ﬂuJy=i/Q4mgMuJﬁy4“ﬁdn 1> 0.
&
R

For each fixed x and ¢ the function M(x, ¢; 1) can be shown to be the boundary
value taken on the positive half-line A € R from the upper half A-plane of a func-
tion W(x, t; A) that is meromorphic in the complex A-plane with R (a branch cut)
deleted. Fokas and Ablowitz refer to the boundary value taken by W(x, ¢; 1) on the
positive half-line from the lower half-plane as N (x,t; A). The poles of W(x, ;1)
are all on the negative real A-axis (by self-adjointness of £) and correspond to the
point spectrum of L. It turns out that one of the consequences of the Lax pair equa-
tion (2.2) is that the point spectrum is independent of time . In [13] it is shown
that in the generic case when A, < 0 is a simple pole of W, the first two terms in
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the Laurent expansion of W at A = A, are both proportional to the same function
®,(-,t) € HT(R), which is an eigenfunction of £ with eigenvalue A = A,,. The
ratio of these two terms is in fact linear in x:

D, (x,t)
A=Ay
Kaup and Matsuno [17] showed that for real u., the complex-valued phase shift

oy, () may be written in the form

(2.5) W(x,t; 1) = —ie F(x+a,(1)Pp(x, 1)+ O0A—Ay), A — A,

26) (1) = ya(t) = 5= yal0) € R,

The set of scattering data corresponding to the potential u.( -, ¢) then consists of
o the reflection coefficient S(A,t) for A > 0 (we write B(A) for (A, 0)),
e the negative discrete eigenvalues {’\n};]j:p AM <Ay <---<Apny <0, and
e the real phase constants {yn (f)}f,v:l (we write y,, for y,(0)).

2.3 Time Dependence of Scattering Data
and the Inverse Scattering Transform

As time varies, one may expect the scattering data to vary, but the time depen-
dence as implied by (2.2) turns out to be very simple. As pointed out above, the
discrete eigenvalues {14, },11\’:1 are constants of the motion, and Fokas and Ablowitz
[13] showed that

2.7) B(A.1) = B e A >0,
and
(2.8) Yu(t) = yn + 2Ant, n=12,...,N.

The inverse scattering procedure for solving the Cauchy problem for the BO
equation with suitable real initial data u(x) is then to calculate the scattering data
at time ¢+ = 0 from ug, evolve the scattering data forward in time ¢ by the ex-
plicit formulae (2.7) and (2.8), and then solve the inverse problem of constructing
ugz(-,t) from the scattering data at time ¢. Generally, this requires solving a scalar
Riemann-Hilbert problem for W(x, ¢; A) in the complex A-plane. This Riemann-
Hilbert problem is quite interesting as it involves a jump condition across the con-
tinuous spectrum A > 0 in which the boundary value from above, W = M(x,t; 1),
is proportional to an integral from A’ = 0to A’ = A of the boundary value from be-
low, W = N (x,t;1’). Thus the jump condition is nonlocal, a fact that makes the
inverse problem almost completely analogous to the direct problem (2.1), which
after integration becomes a nonlocal Riemann-Hilbert problem of exactly the same
type in the complex x-plane. This fact should perhaps be contrasted with the situa-
tion for the KdV equation, where the direct and inverse problems are of quite differ-
ent natures. This remarkable symmetry between the forward and inverse problems
for the BO equation is a theme that will be touched upon again in this paper in
some detail.
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2.4 Reflectionless Inverse Scattering Transform

If B(A) = 0 (i.e., the problem is reflectionless), then the boundary values taken
by W(x, t; A) on the positive half-line agree, so W(x, ¢; 1) is a meromorphic func-
tion on the whole complex A-plane with simple poles at the negative real eigen-
values. Condition (2.5) and the normalization condition that W(x,#;1) — 1 as
A — oo then provides sufficient information to reconstruct W(x,¢; A1) from the
discrete data {4, },Ilv=1 and {y, }flv=1. Via a partial fractions ansatz for W(x,t; 1),
this amounts to a solving a linear algebra problem in dimension N. Once W is
determined in this way, one obtains C4 [u. (-, t)] by the formula

(2.9) Cilue(-.Dl(x) = Alglgo Al =W(x,1:4)).

Since u, is real, one then has
(2.10) ug(x, 1) = 2Re{Cq [ue(-, 1)](x)}.

This procedure clearly leads to a determinantal formula for u¢(x, ) in the reflec-
tionless case. It turns out to be the same (multisoliton) formula that Matsuno [21]
had obtained, before the relevant inverse scattering transform was discovered, by
applying Hirota’s bilinear method to the BO equation:

d

(2.11) Ug(x,t) = 2¢ PP Im{log(t:(x,?))},
by

with the “tau function”

(2.12) Te(x, 1) := det(I +ie'Ay),

where A, = A (x,?) is an N x N Hermitian matrix with constant off-diagonal
elements

_ 2ieNAnhm

(2.13) Apm : T A, n#m,
and diagonal elements depending explicitly on x and ¢,
(2.14) Apn = =2An(x + 2Aut + ¥n).

In (2.13) we mean the positive square root of the positive product A,A,,. For the
purposes of this paper, we will only require this reflectionless version of the inverse
scattering transform.

In his paper [21], Matsuno noted that regardless of the value of N, the com-
plex determinant 7. (x, t) satisfies the real equation (Hirota bilinear form of the BO
equation)

_ ot 927 ootk 02*
(2.15) (188—; + 262 Bx;)T: + (—l8 8; + 262 8x§ )rg =

d ( 0t at)t
85(88_;1:4_8 8; rg).
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The terms on the left-hand side should be compared with the linear Schrodinger
equation (this connection is explored further in Section 6.2). If one makes a formal
WKB ansatz of the form 7,(x,7) = A(x,1)e!S®/¢ then the terms on the right-
hand side of (2.15) are formally small compared with those on the left-hand side,
and to leading order in ¢ (2.15) simply reduces to the inviscid Burgers equation
(1.8) with uB = 295 /dx (as is consistent with (2.11)).

2.5 Conservation Laws and Trace Formulae

As with the KdV equation, the time evolution of the BO equation preserves
an infinite number of functionals of u.. These were first found by Nakamura [28].
The equivalent representation of these functionals in terms of the time-independent
portion of the scattering data, i.e., the eigenvalues {1, },]lv=1 and the modulus of the
reflection coefficient |8(1)|? for A > 0, was obtained by Kaup and Matsuno [17].
These identities amount to a hierarchy of trace formulae for the operator L.

The conservation laws take the form d I /dt = 0, k = 1,2,3,.... The inte-
grals I may be generated by the following recursive procedure: first set p; := 1
and then define

9
(2.16) prai(x.1) = C+[u5(-,t)pk(-,t)](x)—i—ie%(x,t), k=1,2,3,....

Then, the integrals of motion are

2.17) I (t) := /ug(x,t)pk(x,t)dx, k=1,2,3,....
R
The equivalent spectral representation given in [17] is

N
Ie(t) = 2me Y (=2)<"!
(2.18) n=1
(—=D¥e
2

In view of the results presented in Section 2.3, the latter representation makes clear
the fact that d [, /dt = 0.

The first two conserved quantities are quite simple, and in fact they are the only
ones in the hierarchy having local densities:

1
(2.19) I = /ug(x,t)dx and [, := E/Ltg(x,t)2 dx.
R R

+o0
+ / IBO)PA2dN, k=1,2,3,....
0

3 Scattering Data in the Zero-Dispersion Limit

In this section we consider the following problem. Given a suitable function
uo(x) representing the initial condition for the BO equation, we wish to determine
an asymptotic approximation, valid when ¢ > 0 is small, to the scattering data
{BL), {An },]1\’:1, {¥n },]lv:l} corresponding to ug. Even though u is held fixed as
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¢ tends to zero, the scattering data will depend on ¢ as this parameter appears in
equation (2.1). As the operator £ is nonlocal, we cannot rely on the WKB method
as is so useful for analysis of differential operators (for example, the analysis of Lax
and Levermore [20] was based on the WKB analysis of the Schrodinger operator
that arises in the scattering theory for the KdV equation).

3.1 Admissible Initial Conditions

The type of initial data for the BO equation (1.1) that we will consider for the
rest of this paper is the following. Many of these conditions are imposed for our
convenience; we make no claim that they are necessary.

DEFINITION 3.1 A function ug : R — R will be called an admissible initial
condition if it has the following properties:
e Smoothness: ug € C3(R).
e Positivity: ug(x) > 0 for all x € R.
e Fxistence of a unique critical point: There is a unique point x9 € R for
which u(x9) = 0. Moreover,

(3.1) ug(xo) <0,
making xo the global, nondegenerate maximizer of uy.
o Tuil behavior: limy_s 1 o0 Ug(x) = 0 and

(3.2) lim |x|?t'up(x) = C+  for some g > 1,
x—>%o00

where C4 < 0 and C_ > 0 are constants. These two conditions together
imply that an admissible initial condition u¢ also satisfies

C
(3.3) lim  |x|9uo(x) = F—=.
x—>*o0 q

e Inflection points: In each bounded interval there exist at most finitely many
points x = £ at which u(£) = 0, and each is a simple inflection point:

ug' (§) # 0.

Corresponding to an admissible initial condition u#y we define a positive con-
stant L by

3.4 L := maxug(x),
xeR
and we let the mass M be defined by

3.5) M = L/uo(x)dx.
2w
R

Note that the mass is guaranteed to be finite according to (3.3) since ug is bounded.
Also, if ug is an admissible initial condition, we can define turning points x+ :
[-L,0) — R that are two monotone branches of the inverse function of ug:
up(x+(A)) = —Aand x_(1) < x¢o < x4(A) for —L < A < 0. See Figure 3.1.
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y=1L

"oV w0 as(h)

FIGURE 3.1. The graph of an admissible initial condition and the turn-
ing points x4 (1).

3.2 Matsuno’s Method

In two papers [22, 23], Matsuno proposed a remarkable method to approximate,
in the limit ¢ | 0, the time-independent components of the scattering data for
suitable uy. His method was based on the conservation laws for the quantities
(2.17). With the use of the more recently obtained trace formulae equating /; as
given by (2.17) with the equivalent formulae (2.18) [17], several heuristic aspects
of the original method given in [22, 23] can be placed on more rigorous footing.

The first key observation made in [22, 23] is that if u¢ is a smooth function
independent of ¢, then by evaluating the integrals I (¢) at time ¢ = 0, one sees that
they have limiting values as ¢ | 0. These limits may be obtained simply by solving
the recurrence relation (2.16) with ¢ = 0:

lim [} = /MO(X)C+[M0C+[M0C+[‘"MOC+[M0]"']]](X)dX,
36 0

k=1,2,3,...,

where the Cauchy projector C4 occurs k — 1 times in the integrand. With the use
of an identity valid for reasonable complex-valued functions u¢(-) and suggested
by comparing the conserved quantities generated from the Kaup-Matsuno iteration
scheme (2.16) with those generated via the older scheme of Nakamura [28], one
sees that the right-hand side of (3.6) can be equivalently written in the simple form

1
(3.7) 1m@=—fwu%m,k=Lzam.
el0 k
R
A direct proof of the equivalence of (3.6) and (3.7) is given in the Appendix. On

the basis of heuristic physical arguments, in [22, 23] Matsuno supposed that for



220 P.D. MILLER AND Z. XU

smooth positive initial data ug, all moments of the reflection coefficient remain
bounded as ¢ | 0. Adopting this hypothesis, a comparison of (3.7) with (2.18)
then shows that

N
1
3.8 lime ) " (—A k—lz—/ kdx, k=1,2,3,....
(3.8) 8%8,1:1( n) anR uo(x)" dx

In particular, taking k = 1 one obtains

3.9 limeN = M,
el 0

where the mass M is defined by (3.5), so the number of eigenvalues is asymptoti-
cally proportional to 1/e.

These calculations suggest that the normalized counting measure of eigenvalues
may have a limit in a certain sense as ¢ | 0, perhaps as an absolutely continuous
measure with density F(1). Matsuno calculated this density by replacing the left-
hand side of (3.8) with an integral against the unknown density F'(1):

0 1
(3.10) / (=D TFQ)dA = —/uo(x)k dx, k=1,2,3,....
oo 2rk
R

The problem that remains is then the classical one of constructing the density F(A)
from its moments, which are known if the initial condition ug is given.

Matsuno showed that, remarkably, this moment problem can be solved explic-
itly. He introduced the characteristic function (Fourier transform) of F',

0
(3.11) F(§) ;:[ F(L\)e ¥4 qa,

in terms of which the moment relations (3.10) become

dk—li;'\ ik_l

210 = 7k
R

(3.12) uo(x)*dx, k=1,273,....

Recalling the constants L and M defined by (3.4) and (3.5) respectively, it is easy
to obtain the estimate

MLk—l
k!

1 dk-'F
(k —1)! dgk—1

(3.13) ‘ (0>‘ <
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from which it follows that £ (&) is an entire function and hence is equal to its Taylor
series about £ = 0:

1 dk—lF (lé)k_l
Fe = Z(k i g 6 Z o [wototas
R

3.14)

1 Z [l §uo(x )]
2m§ Okl

=1R
The combined sum and integral is absolutely convergent for all £ € C, so the order
of operations may be reversed:

5oy éuo(X)]
o e ()

= — / elEuo(x)/2 sin(— Euo(x)) dx
& 2
R

(3.15)

By Fourier inversion,

+R
FA) = — hm / F(&)e'tt de
(3.16) +R/ o EG+uo(x)/2)

li
RlTnolo 2wt

1
s1n(§ Suo(x))dx d§.
Applying Fubini’s theorem to reverse the order of integration and then passing
to the limit R 1 oo, we can evaluate the integral over £ as the indicator function of
an interval:

1
(3.17) F(A) = /X[ uo(x),01(A)dx.
R

This formula shows that F(A) = 0 for A > 0 or A < —L. By a “layer cake”
argument we may simplify this formula for A € (—L,0) as

1
(3.18) FQA) = o / dx, —L<Ai<0O.
b4
{xeR, ug(x)>—A}

This is Matsuno’s remarkable result. We have presented Matsuno’s method in
some detail because it turns out that a key calculation in our analysis of the inverse
problem in the zero-dispersion limit reduces to almost the same steps, as we will
see shortly. This is worth emphasizing because it provides further evidence that for
the BO equation, scattering and inverse scattering are mathematically very similar
operations.



222 P.D. MILLER AND Z. XU

Matsuno’s formula (3.18) could perhaps be compared with the Weyl formula
that gives the density of eigenvalues of the self-adjoint Schrodinger operator in the
zero-dispersion theory of the KAV equation [20]; aside from a constant factor the
Weyl formula replaces the unit integrand in (3.18) with the positive square root
Vuo(x) + A. So, if ug is an admissible initial condition with tail decay parameter
q > 2, then the Weyl density is finite at A = —L and A = 0 while the Matsuno
density vanishes at A = —L and blows up as A 1 0. This suggests that a typical
initial condition will generate a much larger number of broad, low-amplitude, and
slowly moving solitons under the BO equation than under the KdV equation when
the dispersion is small.

While quite severe hypotheses on u are required for all of the arguments to go
through, formula (3.18) makes sense under much weaker conditions. In particular,
we may interpret (3.18) for an admissible initial condition, in which case we may
express F(A) directly in terms of the turning points x4 (A):

(3.19) F(A) := %m(k) —x_(1), —L<2x<0.

We take (3.19) as a definition valid for admissible initial conditions 1. Note that

0
(3.20) / F(A)dA = M,
L

where the mass M is defined by (3.5).

3.3 Formula for Phase Constants

The WKB methods applied by Lax and Levermore [20] to the analysis of the
Schrodinger equation in the forward problem for the zero-dispersion limit of the
KdV equation were sufficiently powerful to provide asymptotic formulae for both
the discrete spectrum (via Bohr-Sommerfeld quantization of the Weyl formula that
is the analogue in the KdV theory of the function F (1) obtained by Matsuno) and
also for the “norming constants” that in the KdV theory are the analogues of the
phase constants {y, },IIV=1 in the BO theory. However, we have not found a way
to apply these methods to the nonlocal operator £, and unfortunately Matsuno’s
method does not provide approximations of the phase constants {y, },]lv=1 since
they do not enter into the trace formulae.

Our contribution to the theory of the spectral analysis of the nonlocal operator
L in the zero-dispersion limit is to provide a new asymptotic formula for the phase
constants. It is difficult to motivate the formula as it arises from the analysis of
the inverse problem that we will describe in the next section, but it is nonetheless
quite easy to present. If A < 0 is an eigenvalue of £ with potential u given by an
admissible initial condition u¢, then our approximation to the corresponding phase
constant is given in terms of the turning points x4 (1) as follows:

(3.21) y~y(A) = —%(XJF(A) +x_(1), —L<A<O.
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Remark 3.2. Our choice of y(A) in terms of ug is specifically designed to ensure
the convergence of ii.(x,?) (to be defined precisely in Definition 3.3 below) at
t = 0 to the given e-independent initial condition u¢.

3.4 Modification of the Cauchy Data

Based on the above considerations, we may now make very precise definitions
of formal (not rigorously justified) approximations of the scattering data corre-
sponding to an admissible condition 1. The first approximation is to neglect the
reflection coefficient by setting

(3.22) B(A):=0, A>0.

Next we define the exact number of approximate eigenvalues (hopefully also the
approximate number of exact eigenvalues) by setting

M
(3.23) N(e) := L—J
€
which in particular implies that
(3.24) limeN(e) = M.
el0

Then we define approximations to the eigenvalues themselves as an ordered set
of numbers {/\n}i\]:(sl) C (—L,0) obtained by quantizing the Matsuno eigenvalue

density given by (3.19):

An
(3.25) / F(A)dlzs(n—l), n=12,...,N(e).
1 2

Finally, we define approximations to the corresponding phase constants as numbers
Vn },11\;(81) given precisely by

(3.26) Jni=y(An), n=12 .. N().

where y(-) is defined by (3.21).

Now in our analysis of the Cauchy problem for the BO equation with admissible
initial data ug we take a sideways step that is not a priori justified: we simply
replace the true solution u.(x,?) of the Cauchy problem with a family i (x,?)
of exact solutions of the BO equation (1.1) with the property that for each ¢ > 0
the scattering data for . (x, t) at time ¢t = 0 is exactly the approximate scattering
data just defined. This step was also an important part of the method of Lax and
Levermore [20]. We formalize this modification of the initial data in the following
definition.

DEFINITION 3.3 Let uo be an admissible initial condition. Then, by . (x, ) we
mean the exact solution of the BO equation (1.1) given for each ¢ > 0 by the
reflectionless inverse scattering formula

(3.27) Ue(x,t) :=2¢ % Im{log(7:(x,1))},
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where
(3.28) To(x,1) = det(I +ic 'Ay)

and where A, = A,(x, ) is an N(g) x N(¢) Hermitian matrix with elements

- 21'5\/)1 A
(3.29) Apm 1= =" ntm,
An—Am

and

(3.30) Apn = =24 (X 4 2Ant + 7n) = =220 (x + 24, + y(An)).

Here the number N(g) is defined by (3.23), and the components of the scattering
data {)L,,}N(S) and {)7,,}N(8) are given explicitly by (3.25) and (3.26), respectively.

n=1 n=1

While it is not the case that 7i:(x,0) = ug(x) in general, the relevance of this
definition in connection with the Cauchy problem with initial condition ug is a
consequence of Corollary 1.2, which guarantees convergence in the mean square
sense of t1,(-,0) toug(-) ase | 0.

The proof of Theorem 1.1 will be given below in Section 4. Before embarking
on that we note that Definition 3.1 implies a number of properties of the functions
F and y that will be useful later, so we take the opportunity to record these here.
Note that F' and y will frequently occur in the context of the following functions:

(3.31) D(A;x,t) ;= =2A(x +2At + y(X)), —L <A <0,
and
(3.32) o(A) := V=AF(), —L <A<0O.

LEMMA 3.4 Let ug be an admissible initial condition with decay exponent ¢ > 1,
and let F : [-L,0) — R be defined by (3.19) and y : [-L,0) — R be defined
by (3.21). Then F and y both belong to C'(—L,0), and F and F’ are strictly
positive on this open interval. Also, there exists a sufficiently small constant § > 0
and positive constants C_p and Cy such that

1
(3.33) FC-LVL+2 < FQ) < CoLVL +2

and

(3.34) %% <F' () < % %
both hold for —L < A < —L + 6, while

(3.35) %co(—x)—l/q < F(A) < Co(—A)"V/4
and

(3.36) %%(—A)—W—l <F'(Q) < %(—x)—l/‘l—l
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both hold for —§ < A < 0. Also,
(337 ly(A) + x| <xFA) and |y (V)| <nF'(QV), —-L<1<0,

inequalities that when combined with (3.33)—(3.36) imply obvious upper bounds
for ly(X) + xo| and |y'(D)|.

In particular, these estimates show that F(A) is integrable, ¢(1) and D(A; x,t)
(and hence also Ax+(A)) are bounded, and ¢(-) is Holder-continuous with expo-
nent % with o = min(%, 1 — %) € (0,1), while D(-;x,t) is Holder-continuous
with exponent o uniformly for (x,t) in compact sets on (—L,0).

PROOF: The turning points x (1) are clearly of class C ! (—L, 0); by definition
we have x4 (A) > x¢ > x_(A) on this open interval, and moreover x4 (1) is strictly
increasing while x_(A) is strictly decreasing on (—L, 0). These facts immediately
imply the desired basic smoothness properties of F' and y, and the positivity and
monotonicity of F, as well as the inequalities (3.37).

Since ug(xo) = L and ug(x9) = 0, the C 2(R) function u satisfies
up(x)

= ug(xo).

_ L 1
(3.38) fim oW =L oo
x—=x0 (x — x0)2 2 X—=>Xx0 X — Xq

Using (3.38) together with the inequality ug(xo) < 0, we see from the definition
of x+(A) as branches of the inverse functlon of ug that

oy T —xo) 2
M-L L FA —M()'(xo)’

(3.39)
hm +x,(M)VL+ A
(Xo)

Using these relations in (3.19) and (3.21) establishes the existence of the limits

CFQ) 1 2

,u LVIEr —ug(xo)’
11m FFMVL+A=— 2

_uo(x )

(3.40)

which prove the two-sided estimates (3.33) and (3.34).
Next, note that the decay conditions (3.2) and (3.3) for u¢ and its derivative
together imply that

1/q
lim x. (A)(—2)1/7 = i(xﬁ) ,
110 q

1(_Cy\'1
lim x/, (—A)V/4H! = :I:—(JF—i) :
1o a\ q

(3.41)
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where FC are the positive constants in (3.2) and (3.3). It follows from (3.19) that

1/q 1/q
(3.42) lim F(A)(—)1/4 = i[(_ci) . (&) }
A10 2w q q

which proves (3.35) and

) 1/q 1/q
G43)  lim F')(nat! = L[(_C:) N (&) }
A10 27Tq q q

which proves (3.36). Il

4 Inverse Scattering Problem in the Zero-Dispersion Limit

In this section, we provide the proofs of Theorem 1.1 and of Corollary 1.2.

4.1 Basic Strategy: Outline of Proof of Theorem 1.1

According to Definition 3.3, 1. (x, t) is expressed in terms of the determinant 7,
as follows:
U,
ox
As the logarithm of a complex-valued quantity is involved, Us(x,1)is only defined
modulo 47 ¢ for each (x, ¢), and naturally one should choose the appropriate branch
for each (x, t) to achieve continuity. We do this concretely in equation (4.3) below.

At this very early point our analysis must take a very different path than that
followed by Lax and Levermore [20] in their study of the zero-dispersion limit for
the KdV equation. Indeed, the expansion of 7, in principal minors that is at the
heart of the Lax-Levermore method would be a poor choice in this situation. One
reason for this is simply that the principal-minors expansion of 7, (x, ¢) consists of
complex-valued terms of indefinite phase, so the sum cannot be easily estimated
by its largest term. But a more important reason is that formula (4.1) for Us(x,1)
involves not log(7¢) but rather Im{log(7;)}; that is, we require an estimate of the
phase of the determinant and are not interested in its magnitude.

So instead of expanding the determinant as a sum, we write it as a product. Let

4.1) Ug(x,t) = (x,1), Us(x,t) =2¢ Im{log(7:(x,1))}.

{an },7:(81) be t~he real eigenvalues of A, (x,t). Then the corresponding eigenvalues
of I +ie"'Ag(x,1) are of course {1 + is_lan},]:fl),
product over eigenvalues in the form

N(e)

4.2) txe.) =[] +ie  an).

n=1

so we may expand T as a

This yields a suggestive formula for Us (x, ¢) in terms of the eigenvalues of A,:
N(e)
4.3) Ug(x,t):=¢ Z Zarctan(e_lozn).

n=1
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FIGURE 4.1. Histograms of eigenvalues of A, corresponding to the ini-
tial condition uo(x) := 2(1 + x2)~!, x = 5, and ¢t = 2, normalized

to have total area M = 1, compared with the density G(«; x, ) of the
limiting absolutely continuous measure (.

Here —n/2 < arctan(-) < /2, so in particular by this definition we have made
an unambiguous choice of the branch of the logarithm. This formula seems at first
not to be of much use because, unlike the principal minor determinants in the Lax-
Levermore method, which can be written explicitly in terms of the matrix elements,
the eigenvalues of A, are only implicitly known. However, numerical experiments
suggest that some structure emerges in the limit ¢ | 0. Indeed, the plots shown
in Figure 4.1 provide good evidence that the normalized (to mass M) counting
measures (L given for € > 0 by

N(e)

M ) -
NG ,;1 80, {an }ivfl) eigenvalues of A,

(4.4) e =

might converge in some sense to a measure y having a density G(«; x,¢). This
convergence suggests further that formula (4.3) could be interpreted as a Riemann
sum for the integral of 7 sgn(a) (the pointwise limit as & | 0 of the summand)
against the limiting measure . We will prove that indeed Ug(x, t) converges,
uniformly with respect to x and 7 in compact sets, to a limit function U(x, t) given
by such an integral in the limit ¢ | 0.

To obtain an effective formula for U(x,t), we need to analyze the asymptotic
behavior of the measures p.. This part of our analysis is modeled after the work
of Wigner [33, 34] on the statistical distribution of eigenvalues of random Hermit-
ian matrices with independent and identically distributed matrix elements. Like
Wigner, we use the method of moments because while the measures themselves
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are not easy to express in terms of the matrix elements, their moments are. Indeed,
the moments are expressed in terms of traces of powers of A; in the following way:

N(g)

(4.5) /ozp dug(a) = M a? =

= tAI , =0,1,2,....
N(e) " N(e) A, p
R n=1

We prove the existence of the limit of the right-hand side in equation (4.5) as ¢ | 0
for every p using the fact that for small ¢ the matrix A, concentrates near the
diagonal, where it can be approximated by the product of a diagonal matrix and
the Toeplitz matrix corresponding to the symbol f(0) :=i(w —0),0 < 0 < 2xn
(of singular Fisher-Hartwig type due to jump discontinuities). The result of this
asymptotic analysis of moments is the following proposition, the proof of which
will be given in Section 4.2.

PROPOSITION 4.1 For each nonnegative integer p,

(4.6) limfap dpe(a) = Qp,
el0
R
with the limit being uniform with respect to (x, t) in any compact set where

= 1 ’ 221 APt
0= gy | [0+ e

— (x 42t — x4 (AP (=20)P d A

4.7)

Given these limiting moments, the next task is to establish the existence of a
corresponding limiting measure @ with these moments and to prove the existence
of the limit Uy(x,7) — U(x,1). A remarkable feature of this analysis is that the
solution of the moment problem for u is carried out by virtually the same procedure
as Matsuno used to obtain the function F (1) from ug (see Section 3.2). Our result
is the following proposition, which will be proved in all details in Section 4.3.

PROPOSITION 4.2 Uniformly for (x,t) in compact sets,

(4.8) 1153 Us(x,1) = U(x, 1),

where

4.9 U(x,t):= [nsgn(cx)du(a)
R

and . is an absolutely continuous measure of mass M with density G(«; x, t) given
by

1 [0 d\
4.10) G(a;x,t) := 1 /_L X[—zx(x+zm—x+(A)),—zx(x+zm—x_(x))](06)7-

Here )[4.p](2) denotes the indicator function of the interval [a, b].
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FIGURE 4.2. The region of integration —2A(x 4+ 2At — x4 (1)) < a <
—2A(x + 2At — x_(A)) for ug(x) = 2(1 + x2)~! witht = 0.7. Left:
x = 2 (to the left of the oscillatory region for u.(x, t)). Center: x = 2.5
(within the oscillatory region for u.(x,?)). Right: x = 3 (to the right
of the oscillatory region for u.(x,t)). The line @« = 0 of discontinuity
of the integrand is superimposed, and the intersections of the boundary
with this line are indicated with arrows.

The limiting measure p is the closest analogue in the zero-dispersion theory
of the BO equation of the equilibrium (or extremal) measure arising in the Lax-
Levermore theory of the KdV equation. But a significant difference is that in this
case the measure p is specified explicitly rather than implicitly as the solution of a
variational problem.

The region of integration in the double integral obtained by combining (4.10)
with (4.9) is illustrated for three different values of (x, ¢) in Figure 4.2. The points
where the boundary curves of this region intersect the line « = 0 (where the inte-
grand is discontinuous) obviously will play an important role in the differentiation
of U(x, t) with respect to x. Moreover, these intersection points correspond (sim-
ply by changing the sign) to the branches of the multivalued solution of Burgers’
equation with initial data ug. This explains their appearance in the formula for the
weak limit of u.(x,?). All details of this calculation will be given in Section 4.4,
which will complete the proof of Theorem 1.1. Ingredients from this calculation
will also set the stage for the proof of Corollary 1.2, which will be given in Sec-
tion 4.5.

4.2 Asymptotics of Traces of Powers of Ag: Proof of Proposition 4.1
Definition (3.25) implies that where F(A) is bounded and bounded away from

zero, the numbers {in },11\]:(81) are locally nearly equally spaced, but they are more

dilute near the “soft edge” of the spectrum A = —L and denser near the “hard
edge” of the spectrum A = 0. Taking into account the soft edge behavior, we may
obtain a uniform estimate:

LEMMA 4.3 There is a constant C), > 0 independent of ¢ such that
(4.11) n = Am| < C36¥3n —m|?/3
holds for all n and m between 1 and N (¢).

PROOF: Since F is a monotone increasing function with F(—L) = 0, it is
bounded away from zero except in a right neighborhood of A = —L. Using the
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lower bound given in (3.33) from Lemma 3.4, we obtain a lower bound F(1) >
C /L + A valid uniformly for —L < A < 0 with0 < C < C_p /2. Then, using
definition (3.25), we have (assuming n > m without loss of generality)

Tn An
s|n—m|=/~ FMdr>C | VL+xrdx
(4.12) Am Am

1An—Aml 20 - -
ZC/ \/Ed%-:Tl/\n—/\mP/z,
0
so the desired inequality follows with C; := (2C/3)™2/3. O
We decompose the matrix A, into a sum A, = D + H of its diagonal part
(4.13) D := diag(D1, D2, ..., Dn()s Dy i= D(Ax;x,1),

where D(A; x,t) is defined by (3.31), and its off-diagonal part H whose matrix
elements are given by

21'8\/)1,,1,,,
(4.14) Hyy = ———— forn # mand Hy,, = 0.
An = Am

We also will soon need the quantities {¢y, },]1\7:(81) defined by
(4.15) On = 9(n), n=12,...N(),
where ¢(A) is given by (3.32).

LEMMA 4.4 There is a constant Cy, > 0 and for each R > 0 there is a constant
Cp.Rr > 0 such that

(4.16) lgn| < Cy

and

4.17) sup  |Dy| < Cp,g;
x2412<R2

both hold for all ¢ > 0 and all n between 1 and N (¢). Also,

(4.18) (@n — om| < Coe”3n —m|°"?

and

(4.19) sup |Dy — Dy, SCD’R80/3|I’I—WL|G/3;
X2+t2§R2

both hold for all ¢ > 0 and for all n and m between 1 and N(g). Here o is the
positive Holder exponent of Lemma 3.4.
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PROOF: This is an easy consequence of the Holder continuity of ¢(-) and
D(-;x,t) guaranteed by Lemma 3.4, and of the spacing estimate for the approx-
imate eigenvalues {Ak} P glven in Lemma 4.3. In fact, since D is Holder-
continuous with exponent 0 while ¢ has exponent o/2, the most natural bound
for | D, — Dy, is proportional to £2°/3|n — m|2°/3, and to obtain (4.19) we use
the fact that e|ln — m| < 2eN(e) is uniformly bounded to reduce the exponent

too/3. O
LEMMA 4.5 There is a constant Cg > 0 such that

(4.20) |(n —m)Hpm| < Cu

and

(421) |01 = m) Hum = 2i onom| < Cre™In —m|°

both hold for all ¢ > 0 and all n # m between 1 and N(g). Again, ¢ > 0 is the
Holder exponent of Lemma 3.4.

PROOF: Suppose without loss of generality that n > m, implying that Am <

Xn < 0. Then
—i(n —m)Hum = 2\/:\/7 en _m)
4.22) < ([_;\n] + [_ - &:(n_—/{n)
e(n —m)
- B An =~ .
=e(n—m)—2 -

Now, recalling definition (3.25) of the numbers {)1 k};?’fl) and applying the mean
value theorem, we may write the latter difference quotient as F'(§) for some § with
Am < & < Ay, and since F is increasing we have F(§) < F(Ay), so

(423)  —i(n—m)Hpm < 2e(n —m) — 24, F(An) = 2&(n —m) + 2¢2,

where we have also replaced e(n — m) with 2e(n — m).
On the other hand, we may write

\/ ~dn\|=Am + Am ~ &(n—m)
424y —in—m)Hyym =2e(n—m — 2 —=.
(1= m) Hyp = 2( — o

Again the difference quotient may be replaced by F¢)=>F ()Lm), and since

(4.25) = = — > —1,

we obtain
(426) —i(n—m)Hym > —26(n —m) —2Am F(Am) = —2e(n — m) + 2¢2,.
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Combining (4.23) and (4.26) gives

(4.27) |(n —m)Hym — 2i0n@m| < 2e|n —m| + 2 max{gn, Om}|on — Oml,

and then applying Lemma 4.4 we obtain
(4.28) |(n —m)Hpm — 2ionom| < 2¢ln —m| + 2C(§s"/3|n —m|°/3.

Now, 0 < g|ln—m| < 2eN(e), and this upper bound has alimitas ¢ |, 0, so g|n—m|
is nonnegative and bounded. Since o < 3 we have therefore proved (4.21). Since
©n@m and e|n — m| are bounded, (4.20) then follows from (4.21). g

For any nonnegative integer power p, the p™ moment of the measure j1, can be
written in terms of D and H with the use of (4.5):

p
(4.29) [ o dieter =3 2.
R j=0

where Zj; contains the contribution to the trace coming from products of matrices
involving exactly j factors of H:

M
(4.30) Zpj = 0 Z (DY HM DR ... DY HDs),
di+dz+-+ds=p—j
hitha+-+hs=j

and where di > O and Ay > 0, while d > Ofor2 < k < sand hy > 0
for 1 <k < s — 1. Since p is a fixed number, it will suffice to compute the limit
of Zpjase | Ofor j =0,1,..., p. Actually, it will be enough to consider even
values of j as the following result shows.

LEMMA 4.6 If j is an odd number, then Z,; = 0.

PROOF: Since tr(M) = tr(M") for all square matrices A,

@Z,,- = > (DY H" ... DEH)T)
M di+da+-+ds=p—j
431) hi+ho+-+hs=]
= (1)’ > wr(H D% ... HM1 D)

di+da++ds=p—j
hi+hy+-+hg=j

where in the second line we have used the facts that DT = D and H' = —H. By
relabeling the terms in the sum we therefore obtain

N N
(4.32) % Zpj = (=1 1\(48) Zpj -

Since N(g) > 0 and M < oo, the desired result follows. a
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An important role will be played below by the Toeplitz (discrete convolution)
operator 7y : (%(Z) — (*(Z) defined by

(4.33) (Trn =Y fa-mCm: {cmimez € (2),

mez

where { f,}nez € £2(Z) is the sequence

-1
n—, n#0,
39 In go, n=0.
LEMMA 4.7 For any even positive integer j, we have
(HT)J
(435) Z f n2|:l_[ fng ng+1j|fnj =
..... n;€l

where the (j — 1)-fold infinite sum converges absolutely.

PROOF: Note that since { f,nez € €*(Z), {gninez € €*(Z) as well, where
gn = | fu| for all n € Z. The corresponding Fourier series converge in the mean
square sense to functions f(-) and g(-) in L2(0, 27):

(4.36) f(0):=>" fue'™ =i(r—6), 0<06<2m

nez
and
4.37) g(0) := Z gne'™ = —log(2(1 —cos(9))), 0<6 <2nm.
nez

First we establish the absolute convergence of the series on the left-hand side of
(4.35). Using (4.33), observe that

j—1
(4.38) > el T remnen Uyl = (T3 0o
£=2

ny,n3,...n; €L

where 7 is the Toeplitz operator associated with the sequence {g5 },ez. Now, g(-)
has a logarithmic singularity at 6 = 0 (mod 2), but this is sufficiently mild that
g()™ e L?(0,27) C L'(0,2x) for any positive integer power m. Now for any
function k(-) € L?(0,2x), the corresponding Fourier coefficients are

1 2w
(4.39) kp = — k(0)e™"? 40,

:2n

so in particular we see that (T] g)o is the average value of the function whose
Fourier coefficients are {(7"g g) ninez. But by the convolution theorem

(4.40) Wp = D UnomUm = w(B) =u®)v(H),

mez
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so it follows that
. 1 27w .
(441) 0= 5 [ e0) o
21 0
which is finite because g(-)/ € L]0, 2x].

Now we find the exact value of the (j — 1)-fold infinite sum by the same rea-
soning:

Jj—1 2r
. 1 .
@4 Y fena| [T e | oy =T 0= 5 | 1(6) ab,
no,.,n;€L =2 0

and by direct calculation using (4.36),

1 (2" : 12" ; (im)/
4.43 — 0) do = — i(m —60)) df = ——
@) oo [ rerae = [Ciiee—o a0 = T4
for j even (the integral vanishes by symmetry for j odd). O

Now we consider separately each of the terms in Z,; for j even.

LEMMA 4.8 If j is an even number and h1 + hy + -+ + hy = j while dy + dp +
coo4dy = p—J, then

M
(4.44) lim (DU HM ... DEHD) =
&

1o N(e)
(2n)’
Jj+1
with the limit being uniform with respect to (x,t) in any compact set.

0
/ DA x, )P T oM F(A) dA,
—L

PROOF: Recalling the matrix elements D, and H,,, of D and H, respectively,
we have

N(e) J j—1
445 eV H" . .DEH) = Y []_[ D;'jf][]_[ Hamm]Hajal,
ai,az,....aj=1 i=1 =1
where the exponents m1,m2, ..., m; are given by
di, i =1,
(446) m; = qdpy1, i =14+hi+hy+---+hpforsome0 <b <s,
0, otherwise.

Note thatmy +mp + -+ mj =di+dr +---+ds =p—j.

Now, the matrix element H,,, is relatively small unless n &~ m, and this sug-
gests that the j-fold sum in (4.45) should concentrate near the diagonal, where
ay = aj for all k. Making this precise, given any r > 0 we will first show that

(4.47) lim Zop(e) = 0,
&0
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where
M N(e)

(4-48) ZOD(S) = N_ Z [1_[ Dml][l_[ Hazaz+1:| ajai»
(8) ap,az,..,a;=1 i=1

Ak:lag—ay|>e"

with the limit being uniform for (x, t) in compact sets. Indeed, if x> 4+ 2 < R?,
then using (4.17) from Lemma 4.4 and (4.20) from Lemma 4.5, we obtain

p— IC] N(e)

MCDR H
Zon(e)| =~ YD [1‘[|ﬁuz | [F
ai,az,....a;j=1 (=1

dk:lax—ay|>e™"

MCP JCJ N(e) N(e)
(4.49) = TNe =3 X []_[ | far-aess ]| fay—ar|

3k:lax a1|>s r

MCP ]C] N(e)
<

-1
TNe) D3 > [Jl_[ | far—agis I]Ifaj—all.

a1=1 aj,as,. aJEZ =1
3k:|ak—a1|>s_’

With the inner sum extended over Z/~! in this way, it becomes independent of
the outer sum index @; as can be seen by the substitution ny = a; — aq fork =
2,3,...,j. Thus

ji—1
450 1Zop@| = MCEICh Y feml[ [T 1 nenea ] 1 o
no,n3,..., n; eZ =2
Jk:|ng|>e"
and the latter upper bound is of course independent of (x,?) with x% + 2 < R?

and tends to zero for r > 0 by Lemma 4.7.
It follows from (4.47) that

4.51) lim
el0

M
(D H" ... DY H") = lim Zp(e)
) £l0

where the diagonally concentrated terms are

M N(e) J Jj—1
(4.52) Zp(e) == NE) Z [1_[ DZZZ][H Hazae+1]Haja1-
€ ai,az,...a;=1 i=1 =1

Vk:lap—ai|<e "

We will analyze Zp(¢) under the additional assumption that r < 1.

The first step is show that if r < 1 each occurrence of Hy;, in (4.52) may be
replaced by 2i ¢, ¢m fn—m without affecting the limiting value of Zp(¢) as ¢ | 0.
Indeed, suppose we make this substitution j times in succession, each time keeping
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track of the error using Lemma 4.5 along with the estimates (4.16) and (4.17) from
Lemma 4.4. Then defining Kg > 0 by

J
(4.53) Kg = Cl’)’_R’ Z(zcg)k—lcl{]—k-l-l’
k=1
we see that, for all j-tuples of integers a1, as,...,a; between 1 and N(e) satisfy-

ing |arp —ay| < &7 for all k, the following inequality holds true:

nes ][l_[ Hagarsr | Haya

i=1

(4.54) ~ i) [ﬁ D wal][l_[ Jaracsr | fay=ay

i=1

< KRE(I—r)U/3|:l_[ |fa4—ag+1|]|fa_i_al .

{=1
Therefore, if we define a modification of Zp(¢) by

eiym W g
@59 Zhe) = s ) [H D202 || TT fac-acss | faj-ar-
ai,as,..,.a;=1 1i=1 =1
Vk:|lax—ai|<e™"
we have

1 Zp(e) — Zp(8)]
N(e)

MKRg(l—r)o/?,
T Z I:l—[|faé ae+1|]|fa,—a1|
(456) a,an,..., a; _l

%:)0/3 NZ(E:)< Z [ﬁ|fae—ae+1|]|fa/‘—all>'

a1=1 az,as,....a;€Z {=1

By the substitution ny = ay — a; one sees that the inner sum is independent of a1,
and it is finite by Lemma 4.7. Since o > 0 and r < 1, we therefore have

4.57 lim Zp(e) = lim Z,(e
(4.57) fim (&) Lim p(&)
uniformly for x? + t2 < R2.
The second step is to show that if r < 1 we may replace DZ" g (pa with Dy ¢2 )

for each i in (4.55) without changing the limiting value of Z} p(€). Indeed, applying
Lemma 4.4 and defining a constant K p L > 0by

(4.58) K= (p+ )CHRCH.
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we see that for all j-tuples of integers ay, az, ..., a; between 1 and N(¢) satisfying

lap —ay] < &7 " for all k,

(4.59) < KhLe(=ro/3,

1_[ Daz q)at Dp ](pal
i=1

Hence, defining a subsequent modification of Z! p(€) by

(4.60) 7k (8)
N N(¢) N(e) Jj—1
(i) M .
N(g) Z Dé’l J@g{ Z [1_[ fag—ag+]]faj—al’
a;=1 as,as,..., a;j=1 (=1
Vk:lax—ai|<e™"
we see that

1Z1(e) = Zp (&)
2jMK}Q8(1_r)U/3 N(e) N(e)

S~ > [1‘[ | far-aeil ] fay-ar)

(461) 1=1 az,as,...,a;j=1 (=1

Vklay—ai|<e™"

2]MKI 8(1—r)0’/3 N(e) Jj—1
R ( Z |:l_[ |fa£—a£+1|]|faj—a1|)v

<
N(s) a1=1 az,as,....a;€Z (=1

and so exactly as before

4.62 lim ZL (¢) = lim Z1
( ) ;ﬁ} p(&) glﬁ)l p(&)

uniformly for x? + t? < R2.

The third step is to show that if r < 1 one may neglect a small fraction of the
terms in the outer sum corresponding to a; < 1 + & and a; > N(g) — ™"
without changing the limiting value of ZII)I (¢). Indeed, defining the index set

(4.63) Se:={neZ:1+e" <n<N()—e "},

and then setting

4.64) Zbl(e) :=
N(g) j—1

(i) M .
N(e) Z Dé}l 1903{ Z [1_[ faz—ae+1]faj—a1a

a1€S;e asz,as,...aj=1 =1
Vk:lay—ai|<e™"
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we easily obtain from (4.16) and (4.17) in Lemma 4.4 that
1Zp(e) — Zp' (e)]
2J Mcp IC2] N(e) N(e)

=< T Z Z [l_[ | fao— —ag41 ]|fa,—a1|

a1=1 az,as,..,aj=1 (=1
(4.65) a1¥Se Vk:|lag—a|<e™"

2imchicy N

-1
= T Ne) Z Z [Jl_[ |fag—ag+1|]|faj—a1|-

a1=1 as,as,....a;€Z {=1

But the inner sum is independent of a; and is convergent by Lemma 4.7, and the
outer sum has O(s™") terms while N(g) is proportional to =1, so with r < 1 we
have

4.66 lim Z{ (e) = lim Zp' (e
(4:66) lim Z§(e) = lim Z!(¢)
uniformly for x? + 1% < R2.
The next step in analyzing Zp(e) is to deal with the inner sum in definition

(4.64) of ZII)H (e). Taking into account the conditions on @ in the outer sum, it is
obvious that the conditions 1 < a; < N(¢) are superfluous in the inner sum:

4.67) Zhl(e) =

i)/ M j—1
NG Z Dl’ f(pﬁ{ Z [l_[ fag—ae_,_l]faj_al.

a1€S;e a»,as,...,a;€Z (=1
Vk:|lay—ai|<e™"

By introducing the differences ny = ay — a; it now becomes clear that the inner
sum is independent of a;:

4.68) Zpl(e) =

. / J_l
o (Z o) % sl ewa]s)
(=2

a1 €S;e no,n3,...n; €L
Vk:|ng|<e™"

Now, according to Lemma 4.7, the latter sum has the limit (i)’ /(j + 1) ase | 0
with r > 0, so

(4.69) hin Z(e) = hmZ Vo),
uniformly for x? + t? < R?, where

v . (27[) M —Jj 2
(4.70) ZN (e) 1= 1 NG > DIl

a1€Se
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The final step in the analysis of Zp(¢) is simply to evaluate the limit on the
right-hand side of (4.69) by recognizing the sum as a Riemann sum for an integral:

27) [0 . .
@.71) lim Zp(e) = lim ZY (¢) = (, %) / D(A;x, )P~ (M) F(A)dA.
£l0 £l0 j+1J-L
Note that since the summand D2 - J (pﬁ{ is polynomial in x and ¢, the convergence
of the Riemann sum is uniform for (x,7) in compact sets. Comparing with (4.51)
we see that the proof is complete. U

Now we may complete the proof of Proposition 4.1. Lemma 4.8 shows that each
of the terms in formula (4.30) for Z,; has the same limit as ¢ |, 0. Therefore, for
all even j,

_ (27,)1' 0 . Y
lim Z,; = > : 1/ DA x,0)P T oMY F(\)d A
240 di+d>-+-tds=p—j 7 Tl
4.72) hi+hy+-+hsg=j
27) 9 . .
= (17) ﬂ[ DA x, )P T oM)* F(L)dA.
J)j+1J-L

Combining this result with Lemma 4.6 and formula (4.29) for the p" moment, we
obtain

= li Pq
» ;fg/a e (o)
R

(4.73)
= LPZ/ZJ A== / D07 )™ P
= 2k )2k +1 J_ T ’
uniformly for (x, 7) in compact sets. Now we apply the identity
Lp/2]
1 b p+1 _ (p _ )P+
(4.74) Z P\, 2kpp—2k _ (b +a) (b—a) ’
= 2k + 1\ 2k 2a(1 + p)

which holds for any integer p > 0 and real numbers a and ». (This identity
can be most easily obtained by expanding the binomials on the right-hand side.)
Recalling definitions (3.31) and (3.32) of D(A;x,t) and ¢(A) and using the fact
that x4 (A) = £ F (L) — y (1) then completes the proof of Proposition 4.1.

4.3 Convergence of Measures and Locally Uniform Convergence of U,:
Proof of Proposition 4.2

Recall the measures u. defined by (4.4).
LEMMA 4.9 For each nonnegative integer p,

(4.75) liil(}/ap dug(a) = /ozp du(a)
’ R R
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where [ is the absolutely continuous (with respect to Lebesgue measure on R)
measure defined by du(a) = G(o;x,t)do, and the compactly supported inte-
grable density function G(a; x,t) is given by (4.10). The limit is uniform with
respect to (x,t) in compact sets. Also, like each [Lg, | is a measure with mass M.

PROOF: Recalling Proposition 4.1, we first show that the given measure p sat-
isfies

(4.76) / af du(e) = Qp,
R

where Q) is given by (4.7) for all nonnegative p € Z. Equivalently, we may con-
struct a measure with the desired moments as follows: the characteristic function
of the measure w is the Fourier transform

4.77) @(S;x,t) :=/G(oz;x,t)e_i“5 do,
R

and this function necessarily has the desired moments {Q };°=0 as its derivatives
até =0:

dPG
(4.78) W(O;x,t) = (—=i)? Qp.
So G(E; X, 1) has the Taylor series
(4.79) GExn=)" f,) Q.
p=0

Now from the obvious inequality |x +2A¢t —x1+ ()| < |x — x| +2L|t| + 27 F (L),
we obtain

1 0
1991 = — s /_ (b = ol +2Llt| + 2w F ()7 (=22)7 dA

(4.80) _ 1

0
- 2L|x — xo| + 4L2%|t| — 4 F(\)P
—n(p+1)/_L( % — xo| + 4L2]t] — 4xAF(A)

-(|Jx = xo| +2L|t| + 27 F(A))dA.

Also, from Lemma 3.4, there is a constant K > 0 such that 0 < —AF (1) < K, so
for (x — xo)% + t?> < R?,

(LR + 4L?*R + 47 K)P

|0pl =
m(p+1)
4.81) _ LR+ 2L2R + 27 M)
- m(p+1)

1
—(LR+2L%R 4 2nM)(2LR + 4L?*R + 4nK)?,
T

0
/ (Ix — xo| + 2L|t| + 27 F(A))d A
—L

(2LR + 4L?R + 47K)?

IA
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where in the last step we used (3.20). This inequality implies that the Taylor series
(4.79) converges for all £ € C to an entire function of exponential type.

Now we will sum the Taylor series (4.79) in closed form by substituting from
formula (4.7) and exchanging the order of summation and integration. Indeed,
since

X (—iEYP (=2))P Al — 21))2+1
s Z(f,) _(2)<x+§+r1xi( Nt

p21EA X +2A—xL (V] _ |
2iEA ’

we obtain the formula

R 0 p2iEA[x+2At—x—(D)] _ ,2iEA[x+2A1t—x1 ()]

4.83 G x,t) = dA.
@) GErn= [ e
Computing the inverse Fourier transform

1 ~ .
(4.84) G(a;x,t) = 2—/(;(5;16,06”"S dg

14

R

by exchanging the order of integration leads directly to the claimed formula (4.10).
It is obvious that G(«; x, t) is a nonnegative function, and since by Lemma 3.4
inf  —2A(x 4+ 2At — x4+ (1)) > —o0,

—L<A<0
sup  —2A(x 4+ 2At —x_(1)) < 400,

—L<A<0

for every (x,1), it is clear that G(«; x, t) has compact support. It is also straight-

forward to verify that u has mass M:

/du(a) = /G(oe;x,t)doe

R R

(4.85)

: ’ i
= _E L X[_2)L(x+2At_x+(A))a_zll(X-i-ZAl—x_(/l))] (a)T do
R

1

01
(4.86) e By / X220 (e +2A1—x 4 (1)), —2A(x+2At—x_ ()] (@) do d A
' TR

| [0 | p2MaH2Ai—x_(1)
- | = / dad
4 Jop A Jan+2ar—x1 ()

= / OL F()dA

=M,

according to (3.20). Therefore p is indeed an absolutely continuous, compactly
supported (nonnegative) measure of mass M. U
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Note that the reconstruction of the measure p from its moments is virtually the
same calculation as took place on the direct scattering side in our discussion of
Matsuno’s method in Section 3.2.

LEMMA 4.10 There is a compact interval 2 C R containing the support of all
of the measures {jLc}e>0 as well as that of the measure 1, and Q2 may be chosen
independent of (x,t) in any given compact set.

PROOF: Since u has compact support certainly contained within the interval

4.87)  inf [2Axy(A)]—2L|x| —4L%1| <o <
L<A<0

sup  [2Ax—(A)] + 2L |x| + 4L?[t|
—L<A<0

that is clearly bounded uniformly for (x, #) in any compact set, it is enough to show
that the support of 1, is uniformly bounded as ¢ | 0. But by definition of i, this is
equivalent to showing that the eigenvalue of A, with the largest magnitude remains
uniformly bounded as ¢ | 0.

Since the matrix Ag is Hermitian, we have
(4.88) lAellz = max ],

1<j=<N(e)

s0 to prove that the eigenvalue of A, with the largest magnitude remains uniformly
bounded, it is completely equivalent to prove that the £2 (induced) matrix norm of
A, is uniformly bounded as ¢ |, 0 independent of (x, ¢) in any given compact set.

Recalling the decomposition A = D + H from the proof of Proposition 4.1
given in Section 4.2, the triangle inequality gives ||[A¢ll> < |D|l2 + |[H||2, and
since D is diagonal,

D2 = max [22,(x + 2Ant + y(An))|

1<n<N(¢)
< sup [2A(x +2At 4+ y(Q))|
(4.89) —L<A<0
< sup [2Ay(A)|+2L|x| + 4L2|t|,
—L<A<0

so since Ay(A) is bounded according to Lemma 3.4, and H is independent of x
and ¢, it is sufficient to show that ||H||, remains bounded as ¢ | O.
To estimate ||H]||,, we write H in the following form: H = BTB + E where

490) B= diag(ei”/4,/—2)~nF()~Ll), el \/—2I\N(8)F(1N(8))),

and T is the N(g) x N(¢g) Toeplitz matrix with elements Ty, = fn—m, Where the
sequence { f, }nez is defined by (4.34). Of course E := H — BTB. Therefore
[H|2 < |B||Z | T|l2 + | E|2. Because B is diagonal,

(4.91) IBI3 < max [-20,F(An)] < sup [-2AF()].
1<n=<N(e) —L<A<0
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which is finite by Lemma 3.4. The Toeplitz matrix T can be written as T = P7;P,
where P is the orthogonal projection from £2(Z) onto CV viewed as a subset
of ¢%(Z) associated with components having indices {1,2,..., N(¢)} C Z, and
where 77 : €2(Z) — (?(Z) is the Toeplitz operator defined by (4.33) from Sec-
tion 4.2. The £2(Z) operator norm of P is clearly equal to one, and since

(4.92) Y fie"? =i —-6)., 0<6<2m,
leZ

the Pythagorean theorem in L2(0, 27r) gives

1 2 0 2
> (Tl = 2—[ > (Te)ne'™®| ao
nez T Jo nez
1 (%" o2
=5 Z Z Jon—meme'™| db
T Jo neZ mez
1 2n . . 2
= — Z Cei™® Z fn_mez[n—m]e‘ 40
(4.93) T Jo meZ nez
2 . 2
= | - 9)2‘ 3 cme’me( 6
T

meZ

1 [2r 2
<7’ — ‘Z cme’m0| do
2 0
meZ

= ‘7T2 Z |Cm|2,

meZ

so the £2(Z) operator norm of Ty is bounded by 7. It follows that |[Hl|> < 7 +
||IE||2, so it suffices to show that ||E||» remains bounded as ¢ | 0.

So far, we have exploited the special structure of the dominant parts of the matrix
A, and applied correspondingly specialized norm estimates to these terms. The
error term E has less structure, but it is smaller; to estimate its norm it will be
sufficient to use the rather crude inequality ||E|2 < ||E|gs and work with the
Hilbert-Schmidt norm

N(e) N(e)

(4.94) IElfs =D > |Enml®,

n=1m=1
where the elements of E are explicitly given by
E =9 8\/Xn/~\m \/inF(in)imF(;\m)
(4.95) L n—m
forn # m and E,, = 0.
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If we introduce continuous variables a := (n — %)8 and b := (m — %)8, then it
is easy to see that the square of the Hilbert-Schmidt norm of E is a Riemann sum
approximation of a certain double integral:

(4.96) 16% |E|&s = // eo(a,b)da db,
[0.M]?
provided the double integral exists, where
vm~(a)m~1(b)
m~(a) —m=1(b)
_ \/m‘l(a)F(M‘l(a))m‘l(b)F(m‘l(b))}2

eola,b) .= 4|:
(4.97)

a—2>b

and where m 1 (-) denotes the inverse function to the monotone function m(-) given
by

A
(4.98) m) = [ F(A)d) .
L

By changing variables to k = m~1 (a) and A = m~1 (b),

(4.99) // eo(a,b)dadb = // e(k,A)dkdA,

[0,M]? [-L,0]2

where

@100) ek, ) ;:4[%3_ F()AF (1)
K—A m(k) —m(A)

Note that since F > 0 by Lemma 3.4, e(x,A) > 0 for (k,A) € [-L,0]>. To
complete the proof of the lemma, it is enough to show that the double integral on
the right-hand side of (4.99) is finite.

In order to estimate the double integral, we divide the square [—L,0
polygonal regions as follows (see Figure 4.3):

2
] F()F(M).

]2 into

e The square [~L,—L + §]? contains those ordered pairs (k,A) for which
both k and A are near the “soft edge” of the eigenvalue spectrum at —L.
We divide this square into diagonal and off-diagonal parts according to
whether (k + L)/2 < A + L < 2(k 4+ L) (the diagonal part, Sp) or not
(the off-diagonal parts, Sop).

e The square [—§,0]? contains those ordered pairs («,A) for which both «
and A are near the “hard edge” of the eigenvalue spectrum at zero. We di-
vide this square into diagonal and off-diagonal parts according to whether
2k < A < k/2 (the diagonal part, Hp) or not (the off-diagonal parts Hop).
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P
0
(0,0)
Hop
Bop Hp 0
Hop
Bp
Sop
Sp
5 Bop
Sop
—L,—L
(L1
—

FIGURE 4.3. The square [—L, 0]? in the (k, A)-plane is covered by the
six regions SD’ SOD: BD’ BOD7 I‘ID7 and HOD~

e The remaining part of [—L,0]? contains those ordered pairs (k,A) for
which at least one of the coordinates lies in the “bulk” of the eigenvalue
spectrum, bounded away from both edges. This is divided into a diagonal
part Bp and two off-diagonal parts Bop along two straight line segments

parallel to the diagonal as indicated in Figure 4.3.

Here the constant 6 > 0 is as specified in Lemma 3.4. As e(k,A) = e(A,k) it
will be enough to show integrability of e over the part of [—L, 0]? with k < A, an
inequality that we will assume tacitly below.

First we consider integrating e(x, A) over the “off-diagonal” shaded regions
Sop, Bop, and Hop shown in Figure 4.3. An upper bound for e(x, A) useful in
these regions is easily obtained from the inequality (a — b)? < 2a? + 2b?:

F()F()) ]

(kK =21)2  (m(k) —m(d))?
(k,A) € (=L, 0)>.

@100 e(k, 1) < 8KF(K)/\F(A)|:

Applying the mean value theorem to this estimate yields

(4.102) e(.2) < FFWAER) [1 F(K)Fm]’

(k = 2)? F(§)?
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where ¥k < & < A. Finally, we obtain

8k F(k)AF(A) |:1 n F(A)]
(k —2)? F(k)
_ BkF(K)AF(X)  8kAF(A)
B e E
since F is monotone increasing according to Lemma 3.4.
Now, for (k, A) € Bop, we have that « — A is bounded away from zero while by
Lemma 3.4 x F (k) and AF (1) are bounded (and of course |«| < L) while F (1) is
integrable. Hence we easily conclude that e(k, 1) is integrable on Bop.
If (k, A) € Hop with k < A, then we have the inequality

2 2
(4.104) (K —A)? = ([A - ﬂ + [—%D > %,

and also since both —§ < ¥ < 0 and —6 < A < 0, we may use the upper bound
for F given in (3.35) from Lemma 3.4 to replace (4.103) with

(4.105)  e(k,A) < 32C¢(—k) "1V (=)' V4 43202 (—k) 1 (=1) 1 2/e,

where Cy > 0 and ¢ > 1 are the constants in (3.35). This estimate is easily seen
to be integrable on the component of Hop with k < A by direct calculation of the
iterated integrals.

If (k, A) € Sop with ¥ < A, then we have the inequality

A+ L A+ L 2 (A+1L)?
(4.106) (kK —A)?* = * + L (k+L) > g
2 2 4
and also since both —L < x < =L +§and —L < A < —L + § we may use
the upper bound for F given in (3.33) from Lemma 3.4 along with the inequalities

|«| < L and |A| < L to replace (4.103) with
(4.107) e(k,A) <32L2C%, (k + L)Y2(A + L)% +3202C%, (A + L)~

This upper bound is obviously integrable on the component of Sop with k < A.

Now we consider integrating e(«, A) over the “diagonal” unshaded regions Sp,
Bp, and Hp shown in Figure 4.3. By the mean value theorem and the monotonicity
of F guaranteed by Lemma 3.4, we obtain an upper bound more useful when
K~ A

e(k, L) <
(4.103)

F(V)

F(k) — F(A)
m(i) —m(d)
Again using the mean value theorem and monotonicity of F' we may make the
upper bound larger for k < A:

2
(4.108) e(K,A)54KF(K)AF(A)[ } (k,A) € (—L,0)2.

(4.109) e(k, 1) < w

where k < & < .
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For (k,A) € Bp with k < A, both k¥ and A are bounded away from the soft and
hard edges of the eigenvalue spectrum, so Lemma 3.4 guarantees that F and F’
are bounded, and F' is also bounded away from zero by strict monotonicity and the
boundary condition F(—L) = 0. It follows from (4.109) that e(k, A) is bounded
and hence integrable on Bp.

If (k, A) € Hp then we may use estimates (3.35) and (3.36) from Lemma 3.4 to
replace (4.109) with

8C02 1+1/q 1-1/q —2/q—2
e(k, 1) < q_2(_K) (=1) (—$§)
4.110
( ) 8C()2 1+1/q —1-3/q

The double integral of this upper bound over the region Hp with k¥ < A is easily
computed by iterated integration and is clearly finite as a consequence of the fact
that g > 1.

Finally, if (k, A) € Sp with k < A, then we may use estimates (3.33) and (3.34)
from Lemma 3.4 together with the inequalities || < L and |A| < L to replace

(4.109) with
@i e(ic, X)) <2L2C2, (k + L) V2(A + L)YV2(E + L)7!
' <2L°C2 (e + )70+ 1)V,

an upper bound that is clearly integrable over the part of Sp with k < A. U

LEMMA 4.11 The measure |Lg converges in the weak-x sense to |1, uniformly
for (x,t) in compact sets. That is, for each continuous function f : R — C,

@.112) im / Fl@)dpe(@) = / F@)du(e).
R R

with the limit being uniform with respect to (x, t) in compact sets.

PROOF: According to Lemma 4.9, for each polynomial p(«) we have the fol-
lowing limit, uniform for (x, ¢) in compact sets:

@113) tim [ p@dpe@) = [ pedu
R R
But by Lemma 4.10 we can equivalently integrate over the compact interval €2

(independent of (x, ¢) in any given compact set) with the same result. Now by the
Weierstrass approximation theorem, given any continuous function f : R — C

and any p > 0 there is a polynomial p{; () for which

(4.114) —pl) <2,
fgglf(a) Py ()] ’
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so for any measure v of mass M with support in 2 (like u, and w),

@.115) f @ — pf @]dv(e)
R

< [ 1f@ - pf @ldvi@ <.
Q

Let @ > 0 be an arbitrarily small positive number. Then if we write

(4.116) v[g] :=[g(oz)dv(ot),
Q

we have

‘ / Fl)dpe(@) - / Fl@)du()
R R
= |nelf1— ul 11|
(4.117) = ‘[Ns[ch:/s] - N[Pcf/s]] +us f - Paj:/s] —ulf - p£/3]‘

< |ue[p) )= el 51| + el f = 22| + |ulf = 225l

2
< |us[p] ;3] = ulp) 5]l + 5 o,

with the last inequality following from (4.115). But with @ > 0 fixed, (4.113)
implies that ¢ > 0 may be chosen sufficiently small, independently of (x, ¢) in any
given compact set, that

1

(“.118) melpdys] —ulpl )l < 5o
which implies
@.119) [ r@ine - [ radn| <o
R R
thereby completing the proof. U

Now we are in a position to complete the proof of Proposition 4.2. We begin
by writing Ug(x,t) as defined by (4.3) in terms of the normalized (to mass M)
counting measure jig:
eN(e)

M

(4.120) Us(x,1) = |: }/Zarctan(s_loz)dus(oe).
R

Define the continuous functions

4.121) ay(a):=7x +4H(—a)arctan(«), a—(a) := —a+(—a), o €R,
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FIGURE 4.4. The graphs of a_(«) < a4 () (black) and several graphs
of 2 arctan(e o) for & < 1 (gray).

where H(-) denotes the Heaviside step function. It is then easy to check (see Fig-
ure 4.4) that for any £ > 0,

(4122) 0<e<E = a_(E'a)<2arctan(¢'a)<ai(E'a), aeR.

Therefore, forany £ > Oand all0 < ¢ < E,

/a_(E_la)d,ug(a) < /Zarctan(s_la)d,ug(a)
R R

< / a4 (E7 a)dpue ().

R

(4.123)

Using Lemma 4.11 we may pass to the limit ¢ | 0 in the lower and upper bounds
to obtain

4.124) lirriinf/2arctan(8_loz)du£(a) > /a_(E_loz)d;L(a)
0
’ R R
and also
(4.125) limsup/2arctan(s_loz)dus(oe) < /a+(E_loz)d;L(oz).
&0
R

In these statements, £ > 0 is an arbitrary parameter, and the limits are uniform
for (x,t) in compact sets. But a(E~'a) are uniformly bounded functions that
both tend pointwise for & # 0 to the same limit function w sgn(X) as £ | O,
while p is a fixed measure that is absolutely continuous with respect to Lebesgue
measure on R, so by the Lebesgue dominated convergence theorem,

(4.126) ll‘jirﬁ)/ai(E_la)d/L(a) = /nsgn(a)du(a).
R R
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By letting E | 0, it then follows from (4.124) and (4.125) that

(4.127) 11&} f 2arctan(e " a)d g (o) = f 7 sgn(e)dp (o)
R R

with the limit being uniform for (x, ) in any given compact set. Finally, according
to (3.24), we have (independent of x and 7)

. eN(e)
4.128 1 =1,
( ) =

so combining this result with (4.127) and noting that du () = G(«; x, t)do com-
pletes the proof of Proposition 4.2.

4.4 Differentiation of U,: Burgers’ Equation, Weak Convergence of #., and
Completion of Proof of Theorem 1.1

Let ¢ € Z(R) be a test function. Then by integration by parts and the uniform
convergence of Ug(x,t) to U(x,t) on compact sets in the (x, ¢)-plane guaranteed
by Proposition 4.2,

lim/ﬁg(x,t)qﬁ(x)dx = lim/
&0 &l 0
R R

(4.129) = —lim / Us(x,1)¢p' (x)dx
R

9Ue (x, )¢ (x)dx
dx

= —/U(x,t)qﬁ’(x)dx.
R

LEMMA 4.12 The limit function U(x, t) is continuously differentiable with respect
to x, and if (x,t) is a point for which there are 2P (x,t) + 1 solutions ulg(x, 1) <
u]i)‘(x, 1) <--< ugp(x t)(x, t) of the implicit equation (4.134),

U 2P(x,t)
_ B
(4.130) a(x,:) = n; (—D)"uB(x, 1),

and the above formula is extended to nongeneric (x,t) by continuity.

PRrROOF: Exchanging the order of integration in the double-integral formula
for U(x, t) obtained by substituting du (o) = G(w; x, t)da with G given by (4.10)
into (4.9), we obtain

0
(4.131) U(x,t):f J(A;x,0)d X,
-L
where
1 —2A(x+2At—x—_(R))
(4.132) JA;x,t)i=—— sgn(a)do.
AX J2a(xt2At—x4 (M)
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Note that for A € [—L, 0] the upper limit of integration is greater than or equal to
the lower limit. Moreover, the integral in J(A; x, t) is easily evaluated; for —L <
A <0,

—nF(4), x +2At —x_(1) <O,
(4.133) J(A;x,t) = 3x + 24t + y(A), x +2xt —x4+(A) <0 <x 4+ 21t —x_(}),
7 F(A), X +2At —x4(A) > 0.

It follows from the relations x4 (A1) = £xF(A) — y(A) that for an admissible
initial condition ug, J is a continuous function of x for each fixed ¢, uniformly with
respect to A € [—L, 0], and hence also from (4.131) that U( -, ¢) is continuous on R
for each ¢. To prove that U(-,t) is continuously differentiable, it will therefore
suffice to establish continuous differentiability on the complement of a finite set of
points and that the resulting piecewise formula for dU/dx extends continuously to
the whole real line.

To use formula (4.133) in the representation (4.131), we therefore need to know
those points A € (—L, 0) at which one of the two quantities x 4+ 24t — x4 (1) <
x + 2At — x_(A) changes sign. Under the variable substitution A = —u®, the
definition of the turning points x4 (1) as branches of the inverse function of uq
implies that the union of solutions of the two equations x + 2A¢ — x+ (1) = 0 is
exactly the totality of solutions of the implicit equation

(4.134) uB = ug(x — 2uPr).
In other words, the transitional points A for formula (4.133) correspond under the
sign change u® = —A to the branches of the multivalued solution of Burgers’
equation
(4.135) 0 m
. — U’ — =
ot 0x

subject to the admissible initial condition u®(x, 0) = ug(x).

Note that admissibility of u¢ implies (see Definition 3.1) that given any t € R
there exist only a finite number of breaking points (x¢, fg) with ¢ in the closed in-
terval between 0 and . Indeed, the breaking points correspond to values of £ € R
for which u(£) = Obutuy'(€§) # 0, and the breaking times are 7; = (—2ug(§))™;
since u(£) decays to zero for large &, bounded breaking times #¢ correspond to
bounded &, and there are only finitely many of these by hypothesis. Moreover,
each breaking point (xg, 7¢) generates a new fold in the solution surface lying be-
tween two caustic curves emerging in the direction of increasing |¢| from (xg, f),
and because u””’(£) # 0 there are exactly two more sheets of the multivalued so-
lution of Burgers’ equation born within the fold as a result of a simple pitchfork
bifurcation. Therefore, the union of caustic curves and breaking points meets any
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line of constant # in the (x, )-plane in a finite set of points {x}?ri‘(t)}, and on every
connected component of the set S; := {(x,7) : x € R\ {xj?rit(t)}}, there is a finite,
odd, and constant (with respect to x) number 2P (x,?) + 1 of roots of equation
(4.134), and all roots are simple (and hence differentiable with respect to x).

Ift > 0, then by admissibility of ug the quantity b_(A; x, ) := x+2At—x_(1)
is strictly increasing as a function of A on the interval (—L,0), and therefore in
this interval there can exist at most one root of b_(A; x, t), regardless of the value
of x € R. Moreover, b_(A;x,t) — +ooas A 1 0, so there will be exactly one
root in (—L,0) if b_(—L;x,t) = x — xo — 2Lt < 0 and no root in (—L,0)
if x —x9 —2Lt > 0. Since b4 (A;x,t) := x + 24t — x4+ (A) < b_(A;x,1)
for—L < A <0,if x —x9 — 2Lt < 0, all roots of b4 (A; x,t) in (—L, 0) must lie
to the right of the root of b_(A; x,t). Thus, for x € S; \ {xo + 2Lt}, we either
have

0

Ux,t) = B(x + 24t + y(A)dA
—uB
P(x,t) —uB —uB
2p—2 2p—1
(4.136) + > [n / F(A)dA + / (x 4211 + y(k))dl}
p=1 _ugp—l _ugp

_ugP(x,t)
—i—n/ FA)dA, xe8;, x>x9+2Lt,
—L

in which case

B B B
ug(x,t) <uj(x,t) <--- < uzP(x,t)(x,t)

are all roots of b4 (—u®; x, 1), or

0

Ux,t) = (x + 2At + y(A))d A
—u(B)
P(x,t) —uB —uB
2p—2 2p—1
(4.137) + > [n / F(Mdx + / (x +2At + y()u))d/\}
p=1 _ugp—l _ugp

_ugP(x,t)
—n/ FA)dA, xe€8;, x<xo+2Lt,
—L

in which case
B B B
ug(x,t) <uj(x,t) <--- < uZP(x,t)_l(x,t)

are roots of b (—u®; x, t) while the top branch u]23P(x o (x. 1) with ”]23P(x (1) >

uEP(X’t)_l(x, t) is a root of b_(—u®; x,¢). In both cases, the condition x € S,
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guarantees that all roots are differentiable with respect to x, so we may calculate
dU/dx by Leibniz’ rule:

ou B
a—U(x t) = by (—uSp(x,1);x,1) 2P
2P—1

4.138) + Y (=D"by(—up (x,1): x, z) (x 1)

n=0

(x.1)

+ Z(—l)"ug(x,t), x € 8¢, x > xo+ 2Lt,

or
8—(x 1) = b_(—ubp(x,0); x, t) iP(x 1)
2P—1
(4.139) + ) (=)"by(—up(x.1):x, z) (x 1)
n=0
2P

+ Z(—l)”ug(x,t), X €S8, x <xo+2Lt,

where in both cases P = P(x,t) is a constant nonnegative integer on each con-
nected component of S;. The terms on the first line in each of these formulae arise
from differentiating the limits of integration and using x1 (1) = 7 F (1) — y (1),
while the terms on the second line arise from the explicit partial differentiation of
the integrand x + 2A7 + y(4) with respect to x. It follows from our division of the
solutions of (4.134) among the roots of b4 and H_ that in both cases the terms on
the first line vanish identically, with the result that

2P(x,t)

(4.140) —(x D= Y (=D"ub(x.0), xeS8\{xo+2Lt}.
n=0

This expression is clearly continuous in x on each connected component of S; \
{xo 4+ 2Lt}. Moreover, it extends continuously to the finite complement in R
(at fixed t > 0) because at caustic curves pairs of solution branches entering into
(4.140) with opposite signs simply coalesce. Therefore U(-,¢) is indeed contin-
uously differentiable for # > 0 and its derivative is given by the desired simple
formula (4.130). Virtually the same argument applies to ¢ < 0 with the roles
of b (4; x, t) reversed, and the resulting formula for dU/dx is the same. O

It follows from this result that we may integrate by parts in (4.129) and obtain

(4.141) leif&/fls()c,l)tb(x)dx :/%—Z(x,tw(x)dx
R

R
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for every test function ¢ € Z(R). Now let v € L?(R). Since Z(R) is dense in
L?(R), for each o > 0 there exists a test function ¢, € Z(R) such that

(4.142) lpo — v|3 := / |6 (x) — v(x)|* dx < 0.
R

Then,

/|:ﬁs(x, t)— a—U(x, t)}v(x)dx
ax
R

— /[ag(x,z) — a—U(x,t)]qba(X)dx
0x
(4.143) R
U
+ / S Do (x) — v(0)ldx
R

- / e (6. 1) (x) — v(x)]dox.
R

Observe that, according to the definition (see Definition 3.3) of i (x, ¢) in terms
of the modified scattering data, it follows from (2.19) and (2.18) that

N(e)

(4.144) /ﬁs(x, 1)?dx = —4me Y Ay
R n=1
This Riemann sum converges as ¢ | O:
0
(4.145) liin/ﬁg(x,t)z dx = —47r/ AF(A)dA = /uo(x)2 dx,
el0 L
R R

where the second equality follows from the identities (3.10), which essentially de-
fine F'(A) in terms of the admissible initial condition ug. Therefore, ||tig(-, )] is
bounded for sufficiently small ¢, independently of .

Also, dU/dx is independent of & and from formula (4.130) it is easy to check
that it is positive and bounded above by the constant L for all (x, t). Therefore

3_U 2

4.146
(4.146) e

(-,1) EL/%—Z(x,t)dx.

2

By formula (4.130), the latter integral is equal to the area between the graph of the
multivalued solution curve for Burgers’ equation and the x-axis. Since points on
the graph at the same height move with the same speed, this area is independent of
time ¢, and hence we have

2

<2nLM,
2

1%

(4.147) “ o (+,1)
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where the mass M is defined in terms of the initial condition ug by (3.5). In fact,
for0 <t < T, where T is the breaking time, it follows from the fact that dU /dx
as given by (4.130) reduces to the classical solution ulg(x, t) of Burgers’ equation
with initial data uo, which conserves exactly the L?(R) norm, that

2
(4.148) HB—U(,Z)
dax

:mﬁcjmnguﬂm%u,05z<f
2

We will use this fact below in Section 4.5 when we prove Corollary 1.2. In any
case, these considerations show that for all ¢ > 0O sufficiently small there exists a
constant K > 0 independent of ¢ such that

U

8x(.’t)

(4.149) H

+ |lte (-, D)2 < K
2

holds for all ¢ > 0.
Now, by Cauchy-Schwarz it follows that

d
[ 0t~ o0l
(4.150) ®
- [ e a0~ voldx]| < Klgo v

R

Given w > 0 arbitrarily small, we then choose ¢ = w/(2M) and then (4.143)
implies that

=

4.151) '/[ﬁg(x,t) — é2)—if()€,t)}v(x)a’x
R

+

SRS

- oU
‘/[us(x’t) - g(x,l)]%/(zm(x)dx
R

Finally, since ¢, /2p) is a test function independent of &, we may use (4.141) to
choose ¢ > 0 so small that the first term on the right-hand side is less than w /2.
This proves that

aU
(4.152) wy—limig(x,t) = —(x,1)
£l0 0x

(weak L2-convergence) uniformly for ¢ in bounded intervals. Combining (4.130)
with (4.152) completes the proof of Theorem 1.1.
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4.5 Strong Convergence before Breaking: Proof of Corollary 1.2

To prove Corollary 1.2 we follow closely Lax and Levermore (see theorem 4.5
in part II of [20]). Starting from the identity

liie(-.0) —uB (- )3 = [ﬁs(x,r)zdx+/u‘3(x,r)2dx

R R

-2 / te(x, t)ug(x, t)dx,

R

(4.153)

we note that for 0 < ¢t < T, where T is the breaking time, (4.145) and (4.148)
imply that

(4.154)  Lim |[ig(-.1) —uB(-, 0% =
el 0

Z/uo(x)2 dx —2li£[ag(x,z)u13(x,t)dx.
&
R R

But ug( -,1) € L%(R) is independent of &, so by Theorem 1.1,

(4.155) liin/ﬁs(x,t)ug(x,t)dx = /ulg(x,t)2 dx = /uo(x)2 dx,
&0
R R R

with the second equality following from (4.148) for 0 < ¢ < T'. Therefore

(4.156) lim || (-, 1) —ug(-.1)[l2 =0
el0

as desired, and the proof is complete.

5 Numerical Verification

To illustrate the weak convergence of ¢ (x, t) as guaranteed by Theorem 1.1 and
to attempt to empirically quantify the rate of convergence, we have directly used
the exact formula (4.3) for U, (x,t), having first chosen the modified scattering
data corresponding to the admissible initial condition ug(x) = 2(1 + x?)~! as
specified in Definition 3.3, and compared the result for several different values of ¢
with the limiting formula (4.9) for U(x, ?).

Our results are shown in Figure 5.1. These plots clearly display the locally
uniform convergence specified in Proposition 4.2. An interesting feature is the
apparent regular “staircase” form of the graph of Us(x, t) as a function of x; that
the steps have nearly equal height is a consequence of the fact that near the leading
edge of the oscillation zone for u, (which lies approximately in the range 4 < x <
16 in these plots) the undular bore wavetrain that is generated from the smooth
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-0 -5 0 5 0 15 20 -10 -5 0 5 10 15 20

FIGURE 5.1. Left: plots of U, (x, 1) (black) and its locally uniform limit
U(x,1) (red) at ¢ = 4 for various values of ¢. For these plots, ug(x) :=
2(1 4+ x?)~L. Right: corresponding plots of the error U(x,t) — Uys(x, t).

initial data resolves into a train of solitons of the BO equation, each of which has a
fixed mass proportional to & (independent of amplitude and velocity).

To the eye, the size of the error between U, (x,¢) and U(x, ) appears to scale
with . To confirm this more quantitatively, we collected numerical data from
several experiments, each performed with a different value of ¢ at the fixed time
t = 4. The supremum norm, calculated over the interval —10 < x < 20, of the
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log ([ Error||o)

logy(€)

FIGURE 5.2. Circles: log,o(|Us(-.4) — U(-.4)||o0) for ¢ = 1/25,
1/30, 1/35, 1/40, 1/45, 1/50, and 1/100, as a function of log;,(&).
In red: The least squares linear fit.

error resulting from each of these experiments is plotted in Figure 5.2. On this plot
with logarithmic axes, the data points appear to lie along a straight line, and we
calculated the least squares linear fit to the data to be given by

(5.1 log o (|Us(-.4) — U(+,4)]lo0) = 0.98810g,,(e) + 0.523

where the slope and intercept are given to three significant digits. This strongly
suggests a linear rate of convergence in which the error is asymptotically propor-
tionaltogas ¢ | 0.

The initial data ug(x) = 2(1 + x2)~! was chosen for these experiments be-
cause it is the only initial condition (up to a constant multiple) for which the exact
scattering data is known for a sequence of values of ¢ tending to zero. This is the
result of a calculation of Kodama, Ablowitz, and Satsuma [18], who showed that
if up(x) = 2(1 4+ x?)~1, then the reflection coefficient (1) vanishes identically
if e = 1/N for any positive integer N. Moreover, there are in this case exactly N
eigenvalues A1 < Ay < --- < Ay of the operator £ defined by (1.6), and they are
given implicitly by the equation

(5.2) Ly (—zi”) = Ly(=2N1,) =0,
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where L y is the Laguerre polynomial of degree N.! The corresponding phase con-
stants y, all vanish exactly. The approximate eigenvalues determined from the ini-
tial condition u¢ via formula (3.25) do not agree exactly with the scaled roots of the
Laguerre polynomial of degree N (although the approximate phase constants agree
exactly with the true phase constants), so it is a worthwhile exercise to compare the
function iz (x,t) as specified by Definition 3.3 with the true solution u¢(x,t) of
the Cauchy problem for the BO equation with initial data uo(x) = 2(1 + x2)~L.
Of course, Corollary 1.2 guarantees strong convergence in L2 at t = 0 (that is,
iig(-,0) is L%-close to ug(-)), but this alone does not guarantee that 7i,(x, ) ap-
proximates u.(x, t) in any sense for ¢t > 0. We made the comparison for several
values of ¢ > 0 corresponding to a reflectionless exact solution of the Cauchy prob-
lem constructed” from the determinantal formula (2.11) at the time = 4, which is
well beyond the breaking time.

Our results are shown in Figure 5.3. These plots show that the modification
of the scattering data used to construct ii.(x,¢) results in a phase shift relative
to ug(x,t) that is proportional to &, the approximate wavelength of the oscilla-
tions in the undular bore structure. In particular, #.(x,¢) does not remain close
to ug(x, t) after the breaking time in any strong sense, although it appears highly
likely that convergence is restored in the weak topology.

6 Comparison with Elementary Examples

The key role played in the zero-dispersion limit of the BO Cauchy problem by
the multivalued solution of equation (1.8) with the same initial data is reminiscent
of two basic example problems from the theory of linear and nonlinear waves.

6.1 Zero-Viscosity Limit of the Viscous Burgers Equation
The Burgers equation with viscosity € > 0 is the nonlinear wave equation
owg owg 02w,

(61) T‘i‘zweW—S axz

=0, xeR, t>0,

! The asymptotic (N — oo) density of zeros of the scaled Laguerre polynomial L (—2NA) is

well-known:
1 /2+A
Foy=— /222 Hcaco
T A

a distribution also known in random matrix theory as the Marchenko-Pastur law. This asymptotic
formula agrees exactly with Matsuno’s formula for F(1) in the case when ug(x) = 2(1 4+ x2)~1,
which gives some independent justification for its validity.

2 In fact, this is the numerical method we used to create the plots in Figure 1.1. This has a tremen-
dous advantage over taking a more traditional numerical approach to the Cauchy problem for the BO
equation (that is, one involving time stepping) since the calculations necessary to find the solution
for any two given values of ¢ are completely independent, so errors do not propagate (and to find
the solution for any given time ¢ it is not necessary to perform any calculations at all for intervening
times from the initial instant). The only source of error in the use of the determinantal formula (2.11),
at least if the differentiation is carried out explicitly resulting in a sum of N determinants, is due to
roundoff.
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FIGURE 5.3. Left:

and we take fixed initial data wg(x,0) = uo(x). As is well-known, this Cauchy
problem is solved by the Cole-Hopf transformation, leading to the exact solution

formula

(6.2)

we(x,t) =

plots of #g(x,t) (black) shown together with
ug(x, t) (red) for the initial data ug(x) = 2(1 + x2)~! shown for several
values of ¢ at ¢ = 4. Right: the error u.(x, 1) — i (x, ).

1 g eREXD/e(x —£)dE

2t

fR eREx.0/e ¢

t >0,
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where the exponent function is defined as

& _£\2
63) REx0 == [ uotnan— ST
0 t

One examines the asymptotic behavior in the limit ¢ | 0 by using Laplace’s
method to analyze the integrals (see [27, sec. 3.6]). The dominant contributions
to the integrals come from neighborhoods of points § = £(x,¢) € R at which
R(&; x,t) achieves its maximum value. The critical points of R satisfy § = x —
2uo(£)t. Writing uB = uo(£) and applying ug to both sides gives equation (1.9),
so the critical points correspond to the sheets of the multivalued solution of the
(inviscid) Burgers equation (1.8) with initial data ug. It is easy to check that if x
and 7 are such that there is just one sheet, then the unique critical point is the global
maximizer of R, and Laplace’s method gives the result that w.(x,?) converges
(strongly, pointwise in x and #) to u®(x, 7).

On the other hand, if there are 2P + 1 > 1 sheets, then for generic (x,?) ex-
actly one of them corresponds to the global maximum of R, and Laplace’s method
predicts that w.(x, ¢) will converge to the maximizing sheet. Shocks appear in the
small viscosity limit as curves in the (x, t)-plane along which there are jump dis-
continuities of the pointwise limit corresponding to sudden changes in the choice
of sheet that maximizes the exponent R.

To summarize, we have the formula

lsiﬁ)l we(x,t) = u,]z‘(x, 1),

6.4
©4 n= argmax R(x — 2u§1(x, 1)t;x,t),
m=0,1,...,2P(x,t)+1

for (x, t) not on a shock.

Thus, one sees that for the zero-viscosity limit of the viscous Burgers equation,
different sheets of the multivalued solution of the formal limiting Cauchy prob-
lem (set ¢ = 0) provide the strong limit of w,(x,t) for different x and . How-
ever, the choice of sheet requires the solution of a discrete maximization problem
parametrized by x and ¢, making the limiting behavior harder to calculate than the
weak zero-dispersion limit of the BO equation.

6.2 Semiclassical Limit of the Free Linear Schrodinger Equation

In this problem, one considers the equation

Ve 5 02V
2
o T 2

for small ¢ > 0, subject to initial data of WKB form

(6.5) ie

=0, xeR, t>0,

(6.6) Ve(x,0) = A(x)eiS(x)/e
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with A and S real-valued and independent of ¢. For suitable A and S, the solution
to this problem can be written as an integral

Vel(x,1) = ﬂ/e”(s;x’t)/sA(é)df,
©67) /8met 2
2
1> 0, IE:x.1) = SE) + %

The dominant contributions to the solution are calculated via the method of sta-
tionary phase (see [27, sec. 5.6]), and these come from small neighborhoods of
points & satisfying I’(§;x,7) = 0, that is, solutions & of the implicit equation
€ = x — 4S8’(§)t. Evaluating the function 2S’(-) on both sides of this equation
and making the substitution u® = 2.5'(£), one arrives at the equivalent form (1.9)
where ug(x) := 2S’(x). Thus, the branches of the multivalued solution of Burg-
ers’ equation (1.8) with initial condition uq correspond to stationary phase points &
that yield the leading term of the solution ¥¢(x, ¢) in the semiclassical limit ¢ | O.
Unlike in the analysis of Laplace-type integrals, where only the critical points cor-
responding to maxima matter in the limit, for oscillatory integrals all stationary
phase points contribute to the leading-order behavior, and therefore we have an
asymptotic representation of ¥, (x, ) as a sum over branches u3(x, 7) of the mul-
tivalued solution of Burgers’ equation with initial data u¢:

2P(x,t) .
(6.8) Ye(x.t) = Y Mp(x.0)e'%%59) 4 0(), 1> 0,

n=0

where M, (x, t) are slowly varying positive amplitudes given by

B
(6.9) My (x,1) == A(x — zu?,(x,z)t)\/‘l Y a”” (x, r)‘,
X
and 0, (x,t; ) are rapidly varying real phases given by
1 oub
(6.10) b (x. 1:8) = — I(x=2uf}(x. 1)t x. 1)+ % (sgn(l Yy 8”; (x, z)) — 1)

forn =0,1,...,2P(x,t).
A more explicit connection with the multivalued solution of Burgers’ equation
may be obtained by introducing the quantity

(6.11) we(x,t) 1= 2¢ % Im{log(¥:(x,1))},

which is the fluid velocity in Madelung’s interpretation of the wave function ¥,
as describing a quantum-corrected fluid motion. Under the condition that the er-
ror term in (6.8) becomes O(1) after differentiation with respect to x, some easy
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calculations show that (6.8) implies

ZZP(x,t) u;lf (x, )My (x, t)eien(x,t;s)

n=0

ZZP(XJ) M, (x, [)eien(x,t;s)

n=0

(6.12) we(x,1) = Re + O(g).

It is then easy to see that if P(x,?) = 0, we(x,?) converges strongly pointwise
to ug (x, ), the unique solution (for this x and ¢, anyway) of Burgers’ equation.
On the other hand, if P(x,¢) > 0, then there are interference effects among the
terms in the sums, and these lead to rapid oscillations with the effect that w,(x, t)
no longer converges in the pointwise sense as ¢ |, 0.

However, it does converge in the weak topology. The weak limit may be com-
puted by multiphase averaging, which we illustrate in the case P(x,f) = 1. The
procedure is to average the leading term in wg(x,?) over an interval in x centered
at the point of interest of radius, say, ¢ for some p € (0, 1), and then pass to
the limit ¢ | 0. This produces the desired local average over rapid oscillations of
wavelength or period proportional to €. Under an ergodic hypothesis that is valid
on a set of full measure in the (x, z)-plane, this procedure is equivalent to holding
uB and M, fixed and averaging (with uniform measure) over the torus of relative
angles ¢; := 61 — g and ¢ := 6, — By. The double integrals can be evaluated
explicitly, with the result that

2
(6.13) wy—limwg(x,t) = Z cn(x, t)uS(x, 1),
&0 n=0
where ¢, (x,t), n = 0,1,2, are nonnegative weights having the property that

co(x,t) +c1(x,t) + ca(x,t) = 1.

Specifically, the coefficients only depend on x and ¢ through Mo (x, 1), M1(x, 1),
and M,(x,t). If any of these, say M, exceeds the sum of the other two, then
c¢n = 1 and the two other coefficients vanish. Thus the weak limit produces in
this case exactly the branch u f (xx, ) through multiphase averaging.® On the other
hand, if none of the M,, exceeds the sum of the other two, then My, M1, and M>»

3 The strict inequality Mo(x,t) > M1(x,t) + Ma(x,t) or a permutation thereof, defining this
situation, is an open condition on (x,¢) € R2, and therefore (depending on initial conditions) there
can exist open domains in the (x, ¢)-plane on which the weak limit of wg(x, ¢) is given by a single
branch of the solution of the inviscid Burgers equation while wg (x, ) itself exhibits wild oscillations.

Interestingly, this is precisely the conjecture made by von Neumann regarding grid-scale oscilla-
tions observed in the numerical solution of Burgers’ equation via a finite-difference scheme (which
may be viewed as a dispersive regularization of the equation). While many model equations for finite-
difference schemes (the KdV equation is one example) do not yield such a simple interpretation of
the weak limit [19], it would seem that von Neumann’s conjecture can hold true if the Schrodinger
equation is viewed as a dispersive correction to Burgers’ equation.
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are the side lengths of a triangle, and the weak limit is a genuine weighted average
of the three branches, with weights proportional to the opposite angles:

1 (M12+M22—M02)
cp = — arccos )
/g

2MiM>
1 M2+ M? - M?
(6.14) c] = — arccos 0 2 ! ,
T 2MOM2
1 MZ + M} — M}
Cp = — arccos .
T 2M()M1

The most significant aspect of this analysis is that the weak limit depends on in-
formation other than just the initial condition u¢ for Burgers’ equation since the
functions My, (x, t) also involve the initial wave function amplitude A. This makes
the evaluation of the weak limit a more complicated procedure than in the case of
the BO equation.

A further connection between the BO equation (1.1) and the linear Schrodinger
equation (6.5) in the zero-dispersion limit has already been pointed out in Sec-
tion 2.4.

7 Conclusion

In this paper, we have obtained the first rigorous results regarding the zero-
dispersion limit of the Cauchy problem for the BO equation. As suggested by the
formal multiphase averaging of modulated N -phase wavetrain solutions carried
out by Dobrokhotov and Krichever [9], the scalar inviscid Burgers’ equation and
its multivalued solution after wave breaking characterize the limit.

To analyze the BO Cauchy problem, we used a remarkable formula of Matsuno
[22, 23] for the density of eigenvalues of the nonlocal operator £ appearing in the
scattering theory, and we have proposed a new asymptotic formula (3.21) for the
corresponding phase constants necessary to set up the inverse scattering problem.
We then developed an analogue of the Lax-Levermore method [20] to study the in-
verse scattering problem, and we obtained an explicit formula (4.10) for a measure
1 with density G(«a; x, t) that is the BO equivalent of the extremal measure in Lax-
Levermore theory. By contrast with the KdV case, the formula we obtain for the
weak limit from this measure is remarkably simple and explicit, writing the weak
limit as a signed sum of branches of the multivalued solution of Burgers’ equation.

A useful generalization of the weak limit given in this paper is to consider the
weak limits of all of the variational derivatives

51
(7.1) K, = —

=—, n=23,4,5,...,
du
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where the I,, is the n'" conserved quantity given by (2.17). These functional gradi-
ents generate the Benjamin-Ono hierarchy as Hamiltonian equations of the form

oty ox

See [3] for more details.

It is a consequence of some concrete calculations that can be found in [24] that
at least for the first several values of n, the quantities K, corresponding to the
solution #¢(x, ) can be written in the determinantal form

(7.2) =0, n=12,3,....

(7.3) Kyio = %Ug(x,ll,lz,...,ln)
In

where after the differentiation #; is set equal to ¢ and all ¢, for k > 1 are set to zero
(to consider the evolution of K7 as 1, varies according to the first BO equation,
(7.2) withn = 1). Here Ug (x t1,t2,...,ty) is given by (4.3) with each occurrence
of 2¢ in the expression 2)Lk (x + 2)~kkt) in the dlagonal matrix elements of A,
replaced by 2¢; — 3)th2 + 4/\2t3 — 5)&314 + o+ (=D + 1)/\" L, Ttis
a reasonable conjecture that (7 3)in fact holds for all n > 1. Formulae for these
higher weak limits can also be obtained within the framework of our method and
will be published in a subsequent paper.

We are also currently investigating prospects for strengthening the limit after
wave breaking occurs. The goal here is to rigorously establish an asymptotic for-
mula for #i¢(x, t) that is valid pointwise for (x,t) in the oscillation zone. Such a
formula should accurately resolve the microscopic (wavelength proportional to €)
oscillations, including finding the phase up to error terms that are bounded by a
vanishingly small fraction of the wavelength. One expects the asymptotic form of
the wavetrain to be given by the rational-exponential formulae found by Dobrokho-
tov and Krichever [9]. For the KdV equation such pointwise asymptotics have been
obtained [8] using the Deift-Zhou steepest-descent technique for matrix-valued
Riemann-Hilbert problems. We are working to extend this kind of methodology
to the context of scalar Riemann-Hilbert problems with nonlocal jump conditions,
as occurs in the inverse scattering transform (generally with nonvanishing reflec-
tion coefficient) for the BO equation.

It has been recently conjectured by Dubrovin [10] that near the earliest breaking
point (xg,¢) the solution of the Cauchy problem for quite general weakly dis-
persive Hamiltonian perturbations of Burgers’ equation should exhibit a universal
form expressed in terms of Painlevé transcendents. This conjecture has been con-
firmed for general initial data for the KAV equation (as a particular case of a pertur-
bation considered by Dubrovin) by Claeys and Grava [5]. It would be interesting
to determine by direct calculation of the solution near the breaking point (xg, Z¢)
whether the BO equation should be considered to fall within the universality class
of equations conjectured by Dubrovin or whether the BO equation represents a new
universality class.
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Appendix: Proof of a Cauchy Integral Identity
Here we prove that whenever f € L1(R) N L (R), the identity

b [ eeilsetseik e wdr = ¢ [ fekax
R R

holds forallk = 1,2, 3, ..., where the Cauchy projector C4+ defined in (1.6) occurs
k — 1 times in the integrand on the left-hand side.
Let Hj. denote the left-hand side of (A.1). We write H, in the form

(A.2) Hk=ff(x)1,j(x)dx, k=1,203,...,
R

where the function J k+ (x) is given by the following recurrence relation:
(A.3) Jr) =1 JI, ) =Ch[fJ1x). k=1.23,....

Clearly, J k+ (x) is an element of the Hardy space H* (R) of the upper half-plane
for k > 1. A corresponding sequence of functions belonging to the Hardy space
H™ (R) of the lower half-plane for k > 1 is generated by the following recurrence:

(A4) Jrx) =1, J ,(x)=C[fJ]x), k=1273,...,
where the operator C_ is defined by
.1 f)
A5 C— =1 dy.
(A 7)) ﬁréznz’/y—xﬂ& Y
R
Therefore, we may equivalently express Hj in the form
(A.6) Hy = / Jr ) f) I (x)dx, k=1,2.3,....
R

The Plemelj formula C4+ — C— = 1 yields that for any u, v € L?(R),

(A7) /u(x)C+[v](x)dx +/C_[u](x)v(x)dx =
R

R

/ C ] (¥)Cp [0] (¥) dx — [ C_[u](0)C—[v] (x)dx.
R R

and the latter two integrals vanish by deformation of the contours to infinity in the
respective half-planes of analyticity where the integrands are O(1/x2). Therefore,
forl <s<k-1,

(A.8) / Iy () f) I (0dx = — [ T () f(x) I (x)dx.

R R
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Comparing this equation with (A.6), we infer that for any s in the range 1 < s < k,
Hj;. may also be written in the form

(A.9) Hy = (—1)*7! / T () f0) I ()dx.
R

Averaging over s then gives

(A.10) H, = %/f(x)Sk(x)dx
R
where S} denotes the sum
k
(A.11) Si(x) := Y (=D I T ().
j=1

We will now give an inductive proof that Sy = f*! fork = 1,2,3,...
(from now on since we are no longer dealing with integrals, we suppress all x
dependence). It is obvious that S; = 1, and it follows directly from the Plemelj
formula that S, = f. We let k > 2 and invoke the inductive hypothesis that
Sm = f™ Y form = 1,2,... k. Extracting the last term in the sum and using
the recursion relation (A.4), we write Sk in the form

k
k1 = A D (DI e,
(A.12) ":1
= T+ Y0 e [ fr 1
j=1

We will now write the term Jk+ L asa certain sum. Let 1 < s < k — 1. Then by

the Plemelj formula applied to fJ;,

C+ [fJS_J/:_+1—s] =Ct [C+ [fJS_]Jk—:l—s] - C+[C—[f*]s_]‘]]:_+1_s]
= C+[C+1f IV — Co T T )

where in the second line we have recalled the recursion relation (A.4). Now,
C+ [st_]Jk’LH_S e H*(R), on which the projection C4 acts as the identity, so
(A.13) becomes

Colf I T ) = Co LI s — Co s ]
= Cy[fITN Ly — Co T G LAl
= —C+ [T I | + C+ IS 1
— C [Js 1 C-1F TN,

(A.13)

(A.14)
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where in the second line we have replaced J k+ 41— i the second term according
to the recursion relation (A.3), and in the third line we have applied the Plemelj
formula to ka+_S. Now Js__HC_[kats] € H™(R), the kernel of the projection
—C4+, s0 (A.14) yields the recursion identity

(A.15) CrlfIs T o) = —Chlf g T + Co LA
Recalling (A.3) and (A.4),

(A.16) CrlfI T =T, ifs=1

and

(A.17) ColfIgrdi ) =CelfI 1T ifs=k—1.

From the recursion (A.15) and the boundary conditions (A.16)—(A.17), we obtain
the identity
k
(A.18) T =) DT I
s=1
Changing the index of summation by j = k + 1 — s and substituting into (A.12)
yields

k
Sir1 = Y (DT Colf i) = CUf i DI
j=1
(A.19) k .
_ —j g+ -
=/ 2 DT
ji=1
= fSk
where in the second and third lines, respectively, we have used the Plemelj formula
and recalled definition (A.11) of S;. Since by the inductive hypothesis S, =
F™ 1 for 1 <m < k, we have proved that S; = f*~1forallk > 1.
Substitution of Sg(x) = f(x)*~1 into (A.10) then completes the proof of the
identity (A.1).

Acknowledgment. This work was supported by the National Science Founda-
tion Grant DMS-0807653. We thank David Barrett for useful discussions regarding
the identity proved in the Appendix.

Bibliography

[1] Benjamin, T. B. Internal waves of permanent form in fluids of great depth. J. Fluid Mech. 29
(1967), part 3, 559-592.

[2] Bock, T. L.; Kruskal, M. D. A two-parameter Miura transformation of the Benjamin-Ono equa-
tion. Phys. Lett. 74 (1979), no. 3-4, 173-176.

[3] Case, K. M. Benjamin-Ono-related equations and their solutions. Proc. Nat. Acad. Sci. U.S.A.
76 (1979), no. 1, 1-3.



ZERO-DISPERSION LIMIT FOR BENJAMIN-ONO 269

[4] Choi, W.; Camassa, R. Weakly nonlinear internal waves in a two-fluid system. J. Fluid. Mech.
313 (1996), 83-103.

[5] Claeys, T.; Grava, T. Universality of the break-up profile for the KdV equation in the small
dispersion limit using the Riemann-Hilbert approach. Comm. Math. Phys. 286 (2009), no. 3,
979-1009.

[6] Coifman, R. R.; Wickerhauser, M. V. The scattering transform for the Benjamin-Ono equation.
Inverse Problems 6 (1990), no. 5, 825-861.

[7] Davis, R. E.; Acrivos, A. Solitary internal waves in deep water. J. Fluid Mech. 29 (1967), part 3,
593-607.

[8] Deift, P.; Venakides, S.; Zhou, X. New results in small dispersion KdV by an extension of
the steepest descent method for Riemann-Hilbert problems. Internat. Math. Res. Notices 1997
(1997), no. 6, 286-299.

[9] Dobrokhotov, S. Yu.; Krichever, I. M. Multi-phase solutions of the Benjamin-Ono equation and
their averaging. Mat. Zametki 49 (1991), no. 6, 42-58; English translation in Math. Notes 49
(1991), no. 6, 583-594.

[10] Dubrovin, B. A. On universality of critical behaviour in Hamiltonian PDEs. Geometry, topol-
ogy, and mathematical physics, 59-109. American Mathematical Society Translations, Se-
ries 2, 224. American Mathematical Society, Providence, R.I., 2008,

[11] Dubrovin, B. A.; Matveev, V. B.; Novikov, S. P. Non-linear equations of Korteweg—de Vries
type, finite-zone linear operators, and Abelian varieties. Russ. Math. Surv. 31 (1976), no. 1,
59-146.

[12] Flaschka, H.; Forest, M. G.; McLaughlin, D. W. Multiphase averaging and the inverse spectral
solution of the Korteweg—de Vries equation. Comm. Pure Appl. Math. 33 (1980), no. 6, 739—
784.

[13] Fokas, A. S.; Ablowitz, M. J. The inverse scattering transform for the Benjamin-Ono equation—
a pivot to multidimensional problems. Stud. Appl. Math. 68 (1983), no. 1, 1-10.

[14] Gurevich, A. V.; Pitaevskii, L. P. Nonstationary structure of a collisionless shock wave. Zh.
Eksper. Teoret. Fiz. 65 (1973), 590-604; English translation in Sov. Phys. JETP 38 (1974),
291-297.

[15] Its, A. R.; Matveev, V. B. Hill operators with a finite number of lacunae. Funkcional. Anal. i
PriloZen. 9 (1975), no. 1, 69-70; English translation: Functional Anal. Appl. 9 (1975), no. 1,
65-66.

[16] Jorge, M. C.; Minzoni, A. A.; Smyth, N. F. Modulation solutions for the Benjamin-Ono equa-
tion. Phys. D 132 (1999), no. 1-2, 1-18.

[17] Kaup, D.J.; Matsuno, Y. The inverse scattering transform for the Benjamin-Ono equation. Stud.
Appl. Math. 101 (1998), no. 1, 73-98.

[18] Kodama, Y.; Ablowitz, M. J.; Satsuma, J. Direct and inverse scattering problems of the nonlin-
ear intermediate long wave equation. J. Math. Phys. 23 (1982), no. 4, 564-576.

[19] Lax, P. D. On dispersive difference schemes. Solitons and coherent structures (Santa Barbara,
Calif., 1985). Phys. D 18 (1986), no. 1-3, 250-254.

[20] Lax, P. D.; Levermore, C. D. The small dispersion limit of the Korteweg—de Vries equation. I.
II. TIT. Comm. Pure Appl. Math. 36 (1983), no. 3, 253-290; no. 5, 571-593; no. 6, 809-929.

[21] Matsuno, Y. Exact multi-soliton solution of the Benjamin-Ono equation. J. Phys. A: Math. Gen.
12 (1979), 619-621.

[22] Matsuno, Y. Number density function of Benjamin-Ono solitons. Phys. Lett. A 87 (1981/82),
no. 1-2, 15-17.

[23] Matsuno, Y. Asymptotic properties of the Benjamin-Ono equation. J. Phys. Soc. Japan 51
(1982), 667-674.

[24] Matsuno, Y. Bilinear transformation method. Mathematics in Science and Engineering, 174.
Academic, Orlando, Fla., 1984.



270

[25]
[26]
[27]
[28]
[29]
[30]
[31]

[32]
[33]

[34]

P.D. MILLER AND Z. XU

Matsuno, Y. Nonlinear modulation of periodic waves in the small dispersion limit of the
Benjamin-Ono equation. Phys. Rev. E (3) 58 (1998), no. 6, part B, 7934-7940.

Matsuno, Y. The small dispersion limit of the Benjamin-Ono equation and the evolution of a
step initial condition. J. Phys. Soc. Japan 67 (1998), no. 6, 1814-1817.

Miller, P. D. Applied asymptotic analysis. Graduate Studies in Mathematics, 75. American
Mathematical Society, Providence, R.I., 2006.

Nakamura, A. Bicklund transform and conservation laws of the Benjamin-Ono equation.
J. Phys. Soc. Japan 47 (1979), no. 4, 1335-1340.

Ono, H. Algebraic solitary waves in stratified fluids. J. Phys. Soc. Japan 39 (1975), no. 4,
1082-1091.

Porter, A.; Smyth, N. F. Modelling the morning glory of the Gulf of Carpentaria. J. Fluid Mech.
454 (2002), 1-20.

Venakides, S. The Korteweg—de Vries equation with small dispersion: higher order Lax-
Levermore theory. Comm. Pure Appl. Math. 43 (1990), no. 3, 335-361.

Whitham, G. B. Non-linear dispersive waves. Proc. Roy. Soc. Ser. A 283 (1965), 238-261.
Wigner, E. Characteristic vectors of bordered matrices with infinite dimensions. Ann. of
Math. (2) 62 (1955), 548-564.

Wigner, E. P. On the distribution of the roots of certain symmetric matrices. Ann. of Math. (2)
67 (1958), 325-327.

PETER D. MILLER ZHENGIJIE XU

University of Michigan University of Michigan
Department of Mathematics Department of Mathematics
East Hall East Hall

530 Church Street 530 Church Street

Ann Arbor, MI 48109 Ann Arbor, MI 48109

E-mail: millerpd@umich.edu E-mail: zhengjxu@umich.edu

Received March 2010.



