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ABSTRACT

Engineering the quantitative PCR assay for decreased cost and complexity

by

Gregory J. Boggy

Co-Chairs: Peter J. Woolf and Xiaoxia Lin

The quantitative polymerase chain reaction (qPCR) is an assay of target nucleic acid

concentration. Clinical applications of quantitative PCR include measurement of

HIV viral load, measurement of bacterial infection, and cancer diagnosis and prog-

nosis. Widespread usage of qPCR, however, is restricted by limited experimental

throughput, assay-to-assay variability, and methods of interpreting data that are ei-

ther cumbersome or lack robustness.

This thesis introduces two advances that simplify both the analysis and design of

qPCR assays. The first advance, a two-parameter mass action kinetic model of PCR

(MAK2) was developed for fitting qPCR data in order to quantify target concentration

using a single qPCR assay. MAK2-fitting was experimentally validated on three

independently generated qPCR datasets and found to quantify data as accurately as

the gold-standard method, quantification cycle (Cq) standard curve quantification.

These results indicate that MAK2-fitting may be used to accurately quantify qPCR

data without the use of a standard curve.

The second advance presented, multiplex-MAK2 analysis of monochrome multi-

plex qPCR (MMQPCR) data, was developed for automated quantification of both

xii



targets in duplex qPCR assays without target-specific DNA probes. The MMQPCR

assay and multiplex-MAK2-fitting were tested experimentally on a two-dimensional

dilution series with known amounts of two synthetic DNA targets. Results indicate

that the two-target MMQPCR assay can accurately measure both targets when the

target concentration ratio is at least 10:1, and that multiplex-MAK2 quantifies data

with similar accuracy to quantification by Cq standard curve. Results obtained from

experimental validation using two genetic DNA targets from a microbial coculture

further support these conclusions. The results of these experiments suggest that du-

plex qPCR assays can be performed that are as simple, inexpensive, and accurate as

monoplex qPCR assays, yet provide twice as much information.

Overall, this work demonstrates the benefits of using biophysics-based qPCR

methods. This thesis first provides an overview of the biophysical framework from

which current qPCR methods are analyzed. Next, there is an in depth discussion

of the analysis methods currently used to analyze qPCR data. The MAK2 model

is then derived from first principles and experimentally validated. Multiplex-MAK2-

fitting of qPCR data is described and experimentally validated. The thesis concludes

with applications of the developed technologies and possible directions for further

development of biophysics-based qPCR methods.
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CHAPTER I

Introduction

The quantitative polymerase chain reaction (qPCR) is a widely-applicable assay

of target nucleic acid concentration in a biological sample. Clinical applications of

quantitative PCR include measurement of HIV viral load (Sizmann et al., 2010),

measurement of bacterial infection (Fujimori et al., 2010), and cancer diagnosis and

prognosis by gene expression profiling (Mourah et al., 2009). Quantitative PCR is a

proven research tool that is often applied to validation of results obtained by gene

expression microarray (VanGuilder et al., 2008). Although newer nucleic acid mea-

surement technologies, such as next generation sequencing, are higher throughput

and suitable for discovery science, I believe that qPCR will always have a place in re-

search and diagnostics because it is a relatively simple, rapid, and inexpensive assay,

that provides accurate measurement of a target nucleic acid for over seven orders of

magnitude in concentration (Rutledge, 2004). Widespread usage of qPCR, however, is

limited by methods of interpreting data that are either costly or lack accuracy (Cikos

and Koppel , 2009), and limited ability to accurately measure the concentration of

multiple DNA targets in a multiplex qPCR assay (Markoulatos et al., 2002).

In this work, I will show how properties of the polymerase chain reaction can be

exploited to reduce cost and complexity of the quantitative PCR assay. This thesis

takes a two-pronged approach to optimizing the qPCR assay:
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1. Decrease the cost of accurate qPCR quantification

2. Decrease the cost and complexity of multiplex qPCR

Currently, choosing a method for analyzing qPCR data involves a tradeoff between

cost and accuracy of quantification; I will show that it is possible to achieve both low

cost and high accuracy quantification of qPCR data by fitting data with a mechanistic

model of PCR. Most multiplex qPCR assays rely on expensive sequence-specific DNA

probes that are difficult to use; I will show that mechanistic quantification can be used

to achieve reliably accurate quantification of a recently developed monochrome mul-

tiplex qPCR assay that uses nonspecific detection, thus reducing cost and complexity

associated with multiplex qPCR; I further explore the limitations of monochrome

multiplex qPCR.

This chapter provides a brief introduction to the topics that will be explored in

further depth throughout the remainder of the thesis. Chapter 2 reviews impor-

tant biophysical properties of the polymerase chain reaction. Chapter 3 reviews the

underlying assumptions of methods currently used in quantifying qPCR data. In

chapter 4, a novel mechanistic model of PCR is developed and experimentally val-

idated on qPCR data. In chapter 5, the limitations of the monochrome multiplex

qPCR monochrome multiplex quantitative PCR (MMQPCR) assay are explored and

quantification of two targets in an MMQPCR assay using mechanistic model-fitting

is experimentally validated. The content of chapter 4 is largely from Boggy and Woolf

(2010) and the content of chapter 5 is largely from Boggy et al. (2011).

1.1 Decreasing the cost of accurate qPCR quantification

One of the greatest challenges facing the quantitative PCR community is the de-

velopment of efficient and reliable methods for quantifying qPCR data. Quantitative

PCR (qPCR) is a variation of the polymerase chain reaction polymerase chain reac-

2



tion (PCR) that involves amplifying DNA by PCR in the presence of a fluorescent

indicator of target DNA concentration. DNA amplification is useful for measuring

DNA concentration because DNA in biological samples is not present in sufficient

quantity that it can be easily measured directly. Collection of fluorescence data fol-

lowing each cycle of quantitative PCR results in a qPCR growth curve that must

then be quantified by applying a mathematical model, in order to obtain an estimate

of initial DNA concentration in the sample. A schematic representation of a cycle of

qPCR and the qPCR growth curve obtained following 40 cycles of qPCR are shown

in figure 1.1. The process for quantifying qPCR data has not been standardized

and various qPCR quantification methods have been developed, each with its own

advantages and limitations.

POL
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Figure 1.1: Schematic of a qPCR cycle and a typical qPCR growth curve. Double-
stranded DNA in the schematic is detected with a double-stranded DNA
binding dye such as SYBR Green. DNA polymerase in the schematic is
labeled as POL.

As indicated by the dates of development for various quantification methods in

figure 1.2, the trend in qPCR quantification is toward fully automated assay quan-

tification based on data from single assays (methods with lower experimental cost).

However, automated methods developed to date largely depend on assumptions that
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are at odds with the mechanism of the polymerase chain reaction, resulting in com-

promised quantification accuracy. Figure 1.2 shows the relative experimental cost for

analyzing data with a given quantification method vs. the reliability of that method.

Datapoint size in figure 1.2 indicates the current popularity of the corresponding

method.1 Experimental cost, in this context, includes financial cost of reagents and

instrumentation, as well as experimenter time and labor. Accuracy is determined

by the ability of a quantification method to obtain estimates of initial target DNA

concentration that are in agreement with actual target concentration. The trendline

in figure 1.2 demonstrates that there is currently a tradeoff between the reliability

and the experimental cost of a qPCR quantification method. Thus when choosing

a quantification strategy, qPCR users must evaluate whether accuracy or low-cost is

the more important determinant. The ideal qPCR quantification method would not

follow this trend, but would instead be low on the experimental cost scale and high

on the accuracy scale.

1.1.1 Hypothesis: Biophysics-based qPCR quantification enables high ac-

curacy quantification at low cost

I have hypothesized that highly accurate quantification of qPCR data can be

achieved at low experimental cost by fitting data, from single assays, with a biophysics-

based model of PCR derived from first principles. Currently used methods for quanti-

fying qPCR data involve a tradeoff between experimental cost and reliability of qPCR

quantification. As evidenced by continuous improvements in model-fitting quantifi-

cation methods (Rutledge, 2004; Rutledge and Stewart , 2008a; A. Spiess , 2008) there

1The datapoints for relative quantification and Cq standard curve quantification are equivalent in
size, and larger than the datapoint for curve fitting methods, indicating that relative quantification
and Cq standard curve quantification methods are more commonly used than curve fitting methods.
The relative popularity of these methods was determined based on 813 citations of Higuchi et al.
(1993), 3119 citations of Pfaffl (2001), 213 citations of Liu and Saint (2002b), and 134 citations of
Liu and Saint (2002a) being found on ISI Web of Science on 01/24/2011. These papers describe
Cq standard curve quantification, the Pfaffl relative curve quantification method, exponential curve
fitting, and sigmoidal curve fitting, respectively.
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Figure 1.2: Experimental cost versus reliability for methods used in quantifying quan-
titative PCR data. Datapoint size indicates the current popularity of the
corresponding method. The arrow indicates the current trend for devel-
opment of qPCR quantification methods. The asterisk indicates where
an ideal quantification would be placed on this chart.

is a strong desire in the qPCR community for reliable data quantification methods

with low experimental cost. In chapter IV of this thesis, I develop a novel two-

parameter mass action kinetic model of PCR, MAK2, that achieves both the accu-

racy of quantification cycle (Cq) standard curve quantification and the throughput of

model-fitting-based quantification.

1.2 Decreasing cost and complexity of multiplex qPCR

In addition to the limited experimental throughput imposed by current qPCR

quantification methods, another issue that limits qPCR throughput is the limited abil-

ity to measure the concentration of several targets in a single assay (i.e., multiplex).

Multiplexing allows qPCR users to reduce consumption of sample and reagents, and

reduces well-to-well variation that affects multi-target comparisons. Although some

experimental methods for measuring nucleic acid concentrations, such as the gene
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expression microarray, were designed specifically for large-scale multiplexed measure-

ments, quantitative PCR is best suited to measuring the concentration of individual

targets because current qPCR multiplexing technologies significantly increase the cost

and complexity of performing qPCR.

1.2.1 Quantitative PCR detection chemistries

The multiplex qPCR methods currently used largely rely on specific detection, re-

ferring to the use of sequence-specific probes that only provide fluorescent signal upon

hybridization to their intended target. The use of specific probes in multiplex qPCR

enables researchers to use a different wavelength fluorophore for each target being

measured, thus multiple targets can be measured in the same reaction tube. Specific

detection is distinguished from nonspecific detection, commonly used in monoplex

qPCR, in that nonspecific detection refers to optical detection that involves double-

stranded DNA (dsDNA) binding dyes that exhibit enhanced fluorescence when bound

to any dsDNA.

Specific qPCR probes consist of an oligonucleotide sequence, complementary to

the probe’s intended target, flanked by a fluorophore on one end and a quencher

molecule on the other. When unbound and illuminated by the fluorophore’s excitation

wavelength, the probe’s fluorescence is quenched through fluorescence resonant energy

transfer (FRET)—a process that is limited to a distance of about 10 nm; when the

probe is bound to target and excited, the fluorophore and quencher become sufficiently

separated that fluorophore fluorescence is emitted. The most popular type of specific

probe is the TaqMan probe2 that has its fluorophore quenched when free in solution

or when initially binding to its target, but is enzymatically cleaved through the 5’-

nuclease activity of Taq polymerase as it elongates bound primer into a new strand

2Popularity is determined based on number of citations of the original article describing the
probe. 3176 citations for Heid et al. (1996), 1684 citations for Tyagi and Kramer (1996), and 320
citations for Whitcombe et al. (1999) were found on ISI Web of Science on 01/24/2011. These papers
describe TaqMan probes, molecular beacons, and Scorpion probes respectively.
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of DNA (Heid et al., 1996). The cleavage of the TaqMan probe separates fluorophore

from its quencher and allows fluorescence detection. The enzymatic hydrolysis of

the TaqMan probe is dependent on use of a DNA polymerase with 5’-3’ exonuclease

activity, such as Taq polymerase.

1.2.2 Cost of specific qPCR detection

Although the use of specific DNA probes enables multiplexed measurement of

DNA targets, multiplex qPCR is currently less widely practiced than monoplex qPCR

primarily because the use of specific probes significantly increases the cost and com-

plexity of performing qPCR. In some scenarios, for example in diagnostic detection

of disease, it makes sense to use sequence specific probes in order to eliminate false-

positive detection that could occur with nonspecific detection. Additionally, because

the diagnostic assay is repeatedly performed on many samples, the initial cost of or-

dering a probe specific to the disease target is justified by its great utility. On the

other hand, when many targets are to be measured with few replicates, for example

when validating results obtained by gene expression microarray, it makes little sense

to order a sequence specific probe for each target because the limited use of each probe

would not justify the probes’ expense or the time and effort involved in optimizing

reaction conditions to ensure proper probe hybridization.

Quantitative PCR assays conducted with DNA probes are significantly more ex-

pensive than assays conducted with nonspecific double-stranded DNA (dsDNA) dyes,

such as SYBR Green. In searching for prices of dsDNA dyes and specific probes, I

have found that TaqMan probes on the GeneLink website3, range from as little as

$79 per 10 nmol to as high as $510 per 8 nmol. At this rate, TaqMan probe detection

costs at least 171 times as much as SYBR Green detection4 (without considering the

3http://www.genelink.com/newsite/products/MBPricelist.asp, accessed 01/01/2011
4Probes are used at about 100 nM concentration in an assay (Heid et al., 1996), so 10 nmol would

last for about 2,000 50 µL reactions. In comparison, 1 mL of 10,000X concentration SYBR Green
costs $462 on the Invitrogen website and lasts for about 2 million 50 µL reactions.
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other components of qPCR which are added in both detection systems). Naturally,

the cost of performing multiplex qPCR with TaqMan probes (or other specific DNA

probes) increases with the number of targets to be measured. Additionally, to per-

form probe-based multiplex qPCR, the qPCR machine used must be equipped with

multi-channel optical detection, which significantly increases the cost of the machine.

1.2.3 Complexity of specific qPCR detection

DNA probes are also difficult to use relative to dsDNA dyes. DNA probes must

be designed to bind to their intended target and also not bind to unintended targets.

The qPCR assay conditions, such as temperature and salt concentration, must often

be optimized to ensure proper probe hybridization. Additionally, the assay condi-

tions that work for one probe may not work for another, so multiplexing individually

optimized assays can be very difficult. The best way to design multiplex qPCR assays

using DNA probes involves the use of sophisticated nucleic acid thermodynamic soft-

ware for design of probes and primers (SantaLucia and Hicks , 2004) to ensure that

probes and primers work properly under the same experimental conditions. Alter-

natively, one could avoid the problems associated with DNA probes by multiplexing

using the monochrome multiplex qPCR assay recently developed by Cawthon (2009).

This method offers several advantages over traditional multiplexing, especially low-

ered cost and complexity, as further discussed in chapter V. Figure 1.3 summarizes the

relative experimental cost vs. the complexity of the various qPCR detection methods.

1.2.4 Quantitative limitations of multiplex qPCR

Finally, commonly used multiplex qPCR methods are not quantitatively reliable.

When multiple targets are amplified simultaneously, the targets compete for DNA

polymerase. If one target amplifies more efficiently than other targets or is in much

greater concentration, it may outcompete the other targets so that they will not be

8



Complexity

Ex
pe

rim
en

ta
l C

os
t

qPCR Detection Methods

dsDNA Dye Monoplex

FRET Probe Monoplex

FRET Probe Multiplex

monochrome multiplex qPCR

Common

Less common

Uncommon

Figure 1.3: Experimental cost vs. complexity for qPCR detection methods. The
FRET probes shown are molecular beacons which have a secondary struc-
ture when unbound to target, such that FRET occurs, but fluoresce when
bound to target. The size of the datapoint indicates popularity of the
method.

amplified as efficiently as in a monoplex reaction, and thus will be inaccurately mea-

sured. This biased amplification is a known problem with multiplex PCR (Hartshorn

et al., 2007), which is why multiplex qPCR is most often used for detection in geno-

typing assays, where genes are at nearly the same concentration, rather than for

quantification of target concentration.

1.2.5 Hypothesis: Monochrome multiplex qPCR and mechanistic quan-

tification enables simple and accurate multiplex measurement of

DNA targets at low cost

I have hypothesized that multiplex qPCR with a dsDNA dye can be used to mea-

sure the concentration of multiple DNA targets and that the resulting data can be

accurately quantified by fitting with MAK2, the mechanistic model I develop in chap-

ter IV. By melting individual targets, the overall fluorescence signal from multiplex

qPCR can be decoupled to individual target contributions and the decoupled signals
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can be quantified by MAK2-fitting. In chapter V, I experimentally validate this con-

cept on a two-dimensional dilution series of two targets and explore the limitations

of this approach.

1.3 Thesis Overview

Since the commercial development of the quantitative polymerase chain reaction

(qPCR) in 1996 (Heid et al., 1996), biological researchers have sought more efficient

and accurate ways to use qPCR for measurement of DNA concentration in a sam-

ple. Biologists have developed quantification techniques that are less experimentally

involved than Cq standard curve quantification, but also much less accurate. Simul-

taneously, theorists have developed models of PCR that are increasingly detailed,

abstract, and inaccessible to the community of PCR users. This thesis is an attempt

to use what is known about the biophysics of PCR to optimize qPCR practices. In

this introductory chapter, I have outlined two challenges facing the community of

qPCR users—automated and accurate quantification of qPCR data, and the develop-

ment of cheaper and simpler multiplex assays. The remainder of this thesis proceeds

as follows:

In chapter II, I review the biophysics of the polymerase chain reaction. After

reviewing the thermodynamics of DNA hybridization and the enzyme kinetics for

DNA polymerase extension of PCR primers, I will develop a model of PCR that will

be revisited in chapter IV. The causes of the plateau phase of qPCR are then briefly

explored. The chapter concludes with a case study on LATE-PCR, a technology that

demonstrates how biophysical knowledge can be utilized to optimize qPCR.

In chapter III, I review methods currently used to quantify qPCR data and their

underlying assumptions. The validity of the underlying assumptions is then analyzed

in depth. This chapter demonstrates the need for the technology I develop in chapter

IV.
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In chapter IV, I develop MAK2, a new mechanistic model of PCR that can be

used to fit qPCR data in order to quantify it. The model is derived from the mass

action kinetics of PCR and contains only two parameters that fully describe the early

cycles of PCR. Experimental validation of MAK2 on three independently generated

datasets demonstrates that MAK2 quantifies data as accurately as Cq standard curve

quantification, the gold-standard method for quantifying qPCR data.

In chapter V, I develop an automated analysis pipeline for the monochrome mul-

tiplex qPCR assay. This pipeline consists of measurement of multiple target con-

centrations with MMQPCR, followed by mechanistic quantification using MAK2.

Experimental validation of the analysis pipeline shows that it can be used to measure

both targets in a duplex assay when the lower melting temperature target is at least

ten times as abundant as the target with a higher melting temperature.

Finally, in chapter VI I conclude the thesis with a discussion of potential appli-

cations of the technologies developed in chapters IV and V, and potential directions

for future development of biophysically–inspired methods for optimizing qPCR.
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CHAPTER II

Biophysics of PCR

2.1 Introduction

This chapter provides an in-depth look at the biophysics of PCR and quantitative

PCR. This biophysics review provides a foundation from which we: critically analyze

current quantification methods in chapter III, develop a simplified model of PCR for

fitting qPCR data in chapter IV, and explore the limitations of the monochrome mul-

tiplex qPCR assay in chapter V. The chapter begins with a brief description of the

PCR process. Next the biophysics of DNA hybridization is explored, followed by an

exploration of the kinetics of DNA synthesis by DNA polymerase. The biophysical

descriptions of DNA hybridization and of polymerase activity are then synthesized to

formulate a unified model of PCR. The chapter concludes with a case study on how

LATE-PCR, a novel qPCR method developed by Lawrence Wangh and colleagues

(Sanchez et al., 2004), exploits the biophysics of PCR to achieve enhanced perfor-

mance.

2.2 Overview of the polymerase chain reaction

Before exploring PCR mechanics in depth, it is worthwhile to briefly review the

PCR process. PCR involves cycling temperature of a reaction mixture so that pro-
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cesses carried out at the different temperatures can occur. A cycle of PCR typically

consists of three temperatures optimized for primer annealing, primer extension by

DNA polymerase activity, and DNA melting. Due to the sequence of reactions that

take place during a PCR cycle, target DNA is theoretically doubled at every cycle.

What follows is an overview of the reactions that occur at each step of a PCR cycle.

2.2.1 Melting

During the melting step of PCR, the reaction temperature is raised above the

melting temperature of all DNA sequences in the reaction, so that all dsDNA becomes

single-stranded DNA (ssDNA).

2.2.2 Annealing

During the annealing step of PCR the temperature in the reaction vessel is at its

lowest (usually around 60◦C). At this temperature, DNA hybridization (or anneal-

ing) occurs. Following the melting step of PCR, all of the DNA is in single-stranded

form. Oligonucleotides about 20 nucleotides in length, known as PCR primers, bind to

their ssDNA targets and simultaneously, single-strands of target DNA find their com-

plements to reanneal to complete dsDNA. DNA polymerase indiscriminately binds

double-stranded regions of hybridized DNA as it forms, either as primer-strand com-

plex or complete dsDNA (Kainz et al., 2000). Polymerase bound to complete dsDNA

is not involved in DNA synthesis, but polymerase bound to primer-strand complex

synthesizes a new DNA strand by extending the primer.

2.2.3 Extension

During the extension step of PCR the temperature is raised to the optimal tem-

perature for polymerase activity. Although the temperature is usually raised above

the melting temperature of the primer-strand complex (to a temperature of about
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72◦C), complexes do not melt because polymerase has extended primers somewhat

during the previous step, thus raising the melting temperature of the growing DNA

strand. Raising the reaction temperature during the extension step enables DNA to

complete strand synthesis efficiently.

2.3 The biophysics of DNA hybridization

PCR assays can be rationally engineered, through the use of appropriate tech-

nologies that aid primer design, so that the chances of performing a successful PCR

assay without trial-and-error optimization can be dramatically increased. In order

to design a good PCR assay, one should be familiar with the biophysics of DNA

hybridization (i.e., DNA hybridization thermodynamics), because optimal hybridiza-

tion of DNA primers is essential for performing a successful PCR assay. The field

of DNA hybridization thermodynamics has been well developed by John SantaLu-

cia and colleagues. One of Dr. SantaLucia’s major contributions to this field was

the introduction of a unified set of nearest-neighbor thermodynamic parameters for

Watson-Crick base pairing, developed by finding consensus between several sets of

disparate data published in the scientific literature (SantaLucia, 1998). Most de-

velopments in the field since the unified nearest-neighbor parameters were published

have built upon this foundation. This section mainly summarizes content from two

of Dr. SantaLucia’s review articles (SantaLucia and Hicks , 2004; SantaLucia, 2007),

but provides a critical foundation for optimal engineering of PCR. A review of PCR

biophysics would be incomplete without a discussion of Dr. SantaLucia’s work.

2.3.1 Prediction of amount of primer bound to target

We will now briefly review equilibrium thermodynamics as it pertains to primer

annealing to target DNA. Through this review, we will see how knowing the value of

the equilibrium constant for primer hybridization enables prediction of the amount
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of primer bound to target at equilibrium. This review is a brief summary of the

treatment found in SantaLucia (2007).

Hybridization of short oligonucleotides such as primer can often be described as

a two-state transition:

S + P
K−⇀↽− PS (2.1)

where S and P represent a DNA target strand and its corresponding primer, respec-

tively, and K is the equilibrium constant for this reaction. The two states are the

bound and unbound state for primer. The equilibrium constant K is defined as the

ratio of product concentration to the product of reactant concentrations as follows:

K =
[PS]

[P ][S]
(2.2)

Of course, there is a conserved amount of primer, equivalent to the sum of free-

primer and bound-primer. There is also a conserved amount of strand, equivalent to

the sum of free-strand and unbound strand. These constraints can be mathematically

represented as follows:

[P ]total = [P ] + [PS] (2.3)

[S]total = [S] + [PS] (2.4)

Thus, K can be written in terms of [PS], [P ]total, and [S]total as follows:

K =
[PS]

([P ]total − [PS])([S]total − [PS])
(2.5)

Equation (2.7) can then be put in the form of a quadratic equation:

0 = K[PS]2 − (K[P ]total +K[S]total + 1)[PS] +K[P ]total[S]total (2.6)

If K is known (K is a property of the primer sequence and reaction conditions, which
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we will discuss shortly), then the concentration of product [PS] can be calculated by

solving the quadratic equation:

[PS] =
−(K[P ]total +K[S]total + 1)±

√
(K[P ]total +K[S]total + 1)2 − 4K2[P ]total[S]total

2K
(2.7)

Thus, knowledge of the primer hybridization equilibrium constant, K, allows one to

calculate the equilibrium concentration of primer-strand complex [PS], or the amount

of primer bound to its target DNA strand.

2.3.2 The nearest-neighbor model of DNA hybridization

In the previous section, we have explored how the equilibrium constant for hy-

bridization can be used to calculate the amount of primer-binding at equilibrium.

This section is devoted to exploring how the equilibrium constant can be predicted

from the sequence of a PCR primer.

The nearest-neighbor model for predicting nucleic acid hybridization thermody-

namics has proven to be the most effective way to predict nucleic acid thermodynamic

behavior. Use of the nearest-neighbor model for modeling nucleic acid hybridization

was pioneered by Zim (Crothers and Zimm, 1964) and Tinoco and colleagues (Devoe

and Tinoco, 1962; Gray and Tinoco, 1970; Tinoco et al., 1973; Uhlenbec et al., 1973;

Borer et al., 1974). John SantaLucia developed the nearest-neighbor thermodynamic

parameters now most often in use for modeling nucleic acid hybridization, by show-

ing that several disparate sets of thermodynamic data from the literature were all

in agreement when analyzed using a common framework (SantaLucia, 1998). These

parameters are shown in table 2.1.

The sequence notation in table 2.1 indicates two consecutive bases with the

slash separating strands in antiparallel orientation (e.g., GT/CA indicates 5’-GT-

3’ Watson-Crick base-paired with 3’-CA-5’). ∆G◦T , the standard free energy change
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Sequence
∆H◦ ∆S◦ ∆G◦37

kcal/mol cal/(K·mol) kcal/mol
AA/TT –7.6 –21.3 –1.00
AT/TA –7.2 –20.4 –0.88
TA/AT –7.2 –21.3 –0.58
CA/GT –8.5 –22.7 –1.45
GT/CA –8.4 –22.4 –1.44
CT/GA –7.8 –21.0 –1.28
GA/CT –8.2 –22.2 –1.30
CG/GC –10.6 -27.2 –2.17
GC/CG –9.8 –24.4 –2.24
GG/CC –8.0 –19.9 –1.84
Initiation +0.2 –5.7 +1.96
Terminal AT penalty +2.2 +6.9 +0.05
Symmetry correction 0.0 –1.4 +0.43

Table 2.1: Unified nearest-neighbor parameters for DNA in 1M NaCl. Data compiled
from SantaLucia and Hicks (2004).

for a nearest-neighbor pair at a given temperature, T, is calculated using the relation:

∆G◦T = ∆H◦ − T∆S◦

1000
(2.8)

where the 1000 term in the denominator of the right-most term converts the units of

this term to kcal/mol to be compatible with the units of ∆H◦. For an oligonucleotide,

the total ∆G◦37 is calculated by the following formula:

∆G◦37(total) = ∆G◦37 initiation + ∆G◦37 symmetry + Σ∆G◦37 stack + ∆G◦AT terminal (2.9)

An example calculation of ∆G◦37 for the duplex CGATGA/GCTACT is:

∆G◦37(total) =∆G◦37 initiation + ∆G◦37 symmetry+

CG/GC + GA/CT + AT/TA + TG/AC + GA/CT + ATterminal

∆G◦37(predicted) =1.96 + 0− 2.17− 1.30− 0.88− 1.45− 1.30 + 0.05

=− 5.09 kcal/mol
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Note that because the sequence is not symmetric, no symmetry correction is applied.

The nearest-neighbor parameters in table 2.1 are at 1M NaCl, which is much higher

than the 50 mM monovalent salt concentration typically used during PCR, so an

empirically determined salt-correction is applied as described in SantaLucia (1998):

∆G◦37([Na+]) = ∆G◦37(1M NaCl)− 0.175 ln[Na+]− 0.20 (2.10)

where all terms have units of kcal/mol. We can now finally obtain the equilibrium

constant K, by remembering that:

∆G◦T = −RT lnK (2.11)

where R is the ideal gas constant (1.9872 cal/mol K). By combining equations (2.11)

and (2.8), we can write an equation for temperature T in terms of ∆H◦, ∆S◦, and

K:

T =
∆H◦ × 1000

∆S◦ −R ln(K)
(2.12)

From (2.12), we can find the melting temperature (Tm) for an oligonucleotide, the

temperature at which half of the strand in lower concentration is in duplex and half is

in the random-coil state. If we have primer (P ) and strand (S) strands that hybridize,

with P in higher concentration, then:

P + S 
 PS (2.13)

Ptot = [P ] + [PS] (2.14)

Stot = [S] + [PS] (2.15)

[S] = 0.5× Stot = [PS] (2.16)

K =
[PS]

[P ][S]
=

0.5× Stot

(Ptot − 0.5× Stot)(0.5× Stot)
=

1

Ptot − Stot

2

(2.17)
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Thus, applying the result of 2.17 to equation 2.12 we obtain the following expression

for the melting temperature of PS:

Tm(◦C) =
∆H◦ × 1000

∆S◦ +R ln(Ptot − Stot

2
)
− 273.15 (2.18)

Now we have derived how Tm and the equilibrium constant for a short oligonucleotide

can be calculated from the primer sequence at any temperature and monovalent cation

concentration. Many users of PCR use the Tm values of their primers to make sure

that their primers are appropriate for the reaction temperature they use in their

assay. For this purpose, it is much more informative to simulate primer hybridization

as a function of temperature as shown in figure 2.1. This simulation is enabled by

calculation of the equilibrium constant K.

PS
P

S

Figure 2.1: Simulation of hybridization in a two-state transition. The percent bound
can be calculated at any temperature. Image modified from SantaLucia
(2007).

Thus far, our treatment of nearest-neighbor hybridization thermodynamics has
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only included nearest-neighbor predictions of Watson–Crick base-paired duplexes.

In recent years, John SantaLucia and colleagues have extended the nearest-neighbor

model beyond Watson-Crick base pairs to include terminal dangling ends internal, ter-

minal mismatches, loops and bulges (SantaLucia and Hicks , 2004). To my knowledge,

these effects have only been implemented in the Oligonucleotide Modeling Platform,

the engine that runs software offered by John SantaLucia’s company DNA Software of

Ann Arbor, MI. Additionally, the effects of magnesium, glycerol, and other buffer ad-

ditives have been included in the nearest-neighbor implemented in the Oligonucleotide

Modeling Platform. The addition of such effects to the nearest-neighbor model extends

the nearest-neighbor model’s capabilities to accurate modeling of complex hybridiza-

tion interactions in complex buffer compositions.

2.3.3 Multi-state coupled equilibria

In addition to extending the capabilities of the nearest-neighbor model for two-

state transitions, the addition of parameters for DNA structural motifs to the nearest-

neighbor database enables modeling of DNA hybridization beyond two-state transi-

tions. The simulation results of figure 2.1 and the formulae for Tm and K derived

above apply only to a simple two-state transition. In many cases, duplex forma-

tion may not follow a two-state transition because of competing interactions, such as

hairpin formation in either of the DNA strands or off-target hybridization. In such

situations, application of the more realistic multi-state coupled equilibria calculations

would more accurately model hybridization.

Let us now consider primer–strand hybridization in the context of other possible

interactions that these DNA strands can undergo. In addition to the desired formation

of primer-strand complex, all of the interactions shown in figure 2.2 compete with each

other, so that PS formation does not occur to the extent that would be predicted by

the two-state model.
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P   +   S

SFPF

KPF KSF

PS

P2

KP2

Figure 2.2: Five-state model for hybridization (PS formation) with competing equi-
libria for homoduplex formation (P2) of primer and unimolecular folding
(PF and SF ).

The concentration of each of the species shown in figure 2.2 can be calculated by

generalizing the approach taken for the two-state case. Thus, we can calculate the

equilibrium constants for each of these species as follows:

KPS =
[PS]

[P ][S]
(2.19)

KPF =
[PF ]

[P ]
(2.20)

KSF =
[SF ]

[S]
(2.21)

KP2 =
[P2]

[P ]2
(2.22)

[Ptot] = [P ] + [PF ] + 2[P2] + [PS] (2.23)

[Stot] = [S] + [SF ] + [PS] (2.24)

Equations 2.19–2.24 give us six equations with six unknowns (P , S, PS, PF , SF ,

and P2). These unkowns can thus be solved for numerically by using equilibrium

constant (K) values obtained using the nearest-neighbor model. An effective ∆G◦

that accounts for all of the multi-state coupled equilibria, ∆G◦(effective) can be cal-

culated by summing the ∆G◦ values of all species involved in hybridization, weighted

by their concentration. This procedure is equivalent to a partition function approach

(SantaLucia, 2007). The ∆G◦(effective) will always be more positive (i.e., less ener-
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getically favorable) than ∆G◦ obtained by the two-state approach and represents a

more realistic model than the näıve two-state model.

We have now thoroughly discussed the biophysics of DNA hybridization, the pre-

cursor step for the synthesis of new DNA during PCR. We have seen that hybridiza-

tion thermodynamics for DNA are a function of sequence composition, temperature,

and PCR buffer composition. In chapter V, I will show how hybridization thermo-

dynamics can be exploited to perform the recently developed monochrome multiplex

qPCR (MMQPCR) assay (Cawthon, 2009). In addition to exploiting hybridization

thermodynamics, the MMQPCR assay exploits the behavior of DNA polymerase. We

will now explore the behavior of DNA polymerase, and specifically the mechanism by

which DNA polymerase synthesizes new DNA during PCR.

2.4 Biophysics of DNA synthesis by DNA polymerase

DNA polymerase is the enzyme that catalyzes the incorporation of mononu-

cleotides into a growing strand of DNA during PCR. It performs this function by

using an existing DNA template strand to guide each incorporation event at the 3’ end

of the growing DNA strand. The steps involved in adding a nucleotide are shown in

figure 2.3. Briefly, DNA polymerase binds indiscriminately to dsDNA (step 1), binds

a nucleotide (step 2), undergoes a conformational shift to position the nucleotide for

base-pairing with the template strand (step 3), catalyzes phosphoryl transfer from

the dNTP (step 4), reverses the conformational change of step 3 (step 5), releases

pyrophosphate (step 6), and is free to either incorporate another nucleotide (step 7)

or disassociate from the DNA (step 8).

2.4.1 Stochastic modeling of DNA polymerase

DNA polymerase catalyzed elongation of DNA can most accurately be described as

a stochastic process. At any time, a dsDNA-bound polymerase can either incorporate
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E + DNAn

E : DNAn E’ : DNAn : dNTPE : DNAn : dNTP

E’ : DNAn : PPiE : DNAn : PPiE : DNAn+1

dNTP

PPi

Step 1

Step 2 Step 3

Step 4

Step 5Step 6
Step 7

Step 1

Figure 2.3: Mechanism of nucleotide incorporation into DNA by DNA polymerase.

another nucleotide to a growing DNA strand, pause, or dissociate. Detailed stochastic

models of DNA synthesis by DNA polymerase have been developed to study aspects of

the DNA synthesis process, primarily by Viljoen and colleagues, following stochastic

enzyme modeling methods originally reported by Van Slyke and Cullen (1914) and

more fully developed by Ninio (1987). A model of the process shown in figure 2.3

has been developed and extended to polymerase processing of a whole DNA strand

(Viljoen et al., 2005) using the approach developed by Ninio (1987). This model has

been extended for studying the rate of misincorporation of nucleotides Griep et al.

(2006a) and errors resulting from thermal damage and other sources during PCR

(Pienaar et al., 2006). A stochastic model of DNA polymerase kinetics was developed

by Griep et al. (2006b) and a model of overall efficiency of PCR was developed by

Booth et al. (2010).

Although stochastic models have their place for understanding how microscopic

behavior can influence macroscopic observations, they are usually far too detailed

to be useful to the average user of PCR. Each of the interactions involved in the

formulation of these models is largely treated identically, so that it is often unclear

which interactions are insignificant and which have a profound effect on PCR (in

some instances this distinction appears to be intentionally blurred, e.g. in Pienaar

et al. (2006)). Thus, it is not too surprising that many PCR users lack a mechanistic

understanding of PCR. This lack of mechanistic understanding is evidenced by the

widespread belief, in the biological community, that PCR proceeds with a constant
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amplification efficiency at all cycles below the onset of the plateau-phase (Cikos and

Koppel , 2009). Many of the methods used for analyzing quantitative PCR data have

been developed based on this assumption, yet as I will show, this assumption is

inconsistent with the mechanism of PCR.

2.4.2 Mass action kinetic modeling of DNA polymerase

In contrast to stochastic modeling methods for polymerase kinetics, mass action

kinetics provides enough detail to account for the most salient features of polymerase

activity during PCR, without being overwhelmingly detailed. The mass-action reac-

tions that describe DNA polymerase activity are:

E + PS
kE−−⇀↽−−
k−E

PSE
kext−−→ E +D (2.25)

E +D
kE−−⇀↽−−
k−E

DE (2.26)

where E is polymerase (enzyme), PS is the primer-strand complex, PSE is the

primer-strand-enzyme complex, D is double-stranded DNA, kE is the rate of polymerase-

binding to dsDNA, k−E is the rate of polymerase dissociation from dsDNA, and kext

is the rate of synthesis of new DNA strands (the catalyzed reaction).

At this point, it is worth discussing the assumptions made in describing polymerase

activity as in (2.25) and (2.26). These assumptions are:

• DNA synthesis can be treated as a single step

• DNA polymerase binds dsDNA indiscriminately

It is valid to treat DNA synthesis as a single step if it can be assumed that any

primer that begins the process of primer extension becomes a full-length strand of

target DNA. This would occur if the DNA polymerase is extremely processive (i.e., it

completes synthesis of a new target DNA strand before dissociating from the dsDNA)
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or if DNA polymerase is in such high concentration, relative to DNA, that there

is enough free polymerase in the reaction to synthesize new DNA with maximum

reaction velocity (i.e., there is no saturation of polymerase). Let us now analyze each

of these cases.

2.4.2.1 Processive DNA polymerase

If we assume that the DNA polymerase used is processive, we have the following

set of equations:

d[PSE]

dt
= kE[E][PS]− (k−E + kext)[PSE] (2.27)

d[D]

dt
= kext[PSE] (2.28)

[DE] = KED[D][E] (2.29)

[E]0 = [E] + [PSE] + [DE] (2.30)

where KED is the equilibrium constant for DNA polymerase binding to full-length

dsDNA. If we apply the quasi-steady state assumption to [PSE], then d[PSE]
dt

= 0 and

we obtain for reaction velocity v0:

v0 = kext[PSE] =
kext[E]0[PS]

KM(1 +KED[D]) + [PS]
(2.31)

where KM = k−E+kext

kE
is the Michaelis-Menten constant. This is the Michaelis-

Menten-type equation (Michaelis and Menten, 1913) for the synthesis of new DNA

by DNA polymerase. It is worth noting that the KED[D] term in the denomina-

tor provides represents competitive inhibition of DNA polymerase by the product,

D. From (2.31), we can see that saturation of DNA polymerase will occur as DNA

concentration builds up during PCR.
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2.4.2.2 High DNA polymerase concentration

If we assume high DNA polymerase concentration relative to DNA concentration

([E]0 >> [D] + [S]), then we can neglect any saturation effects by D and by PS so

that the (2.31) becomes:

v0 =
kext

KM

[E]0[PS] (2.32)

It is worth noting, that although the assumption of high DNA polymerase concen-

tration relative to DNA concentration is more general than the assumption of high

processivity, it is only valid for very early cycles of PCR, before DNA concentration

has built up significantly. If high processivity is assumed, this would be valid at all

cycles of PCR. We will revisit the assumption of high DNA polymerase concentration

again in chapter IV, but for the remainder of this chapter, we will operate under the

assumption of high polymerase processivity.

2.5 Putting it all together: Biophysics of PCR

Given the hybridization thermodynamics and DNA polymerization kinetics de-

scribed above, I next describe how this knowledge can be synthesized into a model of

PCR. To simplify our analysis, we will assume that both PCR primers can be treated

equivalently as can both strands of amplicon DNA. Let us begin with an analysis

of the anneal step of PCR. Because polymerase is active at the anneal step, we will

combine the anneal step and extension step of PCR for the sake of simplicity.

At the anneal step all DNA is single stranded and primer annealing and DNA

reannealing are competing processes. Simultaneously, DNA polymerase binds to

primer-strand complex and begins synthesizing new DNA. It also reversibly binds
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to complete dsDNA, D :

S + P
kPS−−−⇀↽−−−
k−PS

PS (2.33)

PS + E
kE−−⇀↽−−
k−E

PSE
kext−−→ D (2.34)

S + S
kD−→ D (2.35)

D + E
KED−−−⇀↽−−− DE (2.36)

Note that in (2.34), primer-strand complexation is reversible but in (2.35), DNA

reannealing is not. In reality, DNA is reversible as well, but strand reannealing is

so energetically favored over DNA dissociation, at the anneal temperature, that the

rate of DNA dissociation can be treated as 0. The reactions in (2.33)–(2.35) are the

identical reactions for the PCR model developed by Gevertz et al. (2005). The (2.36)

reaction is added to these because DNA polymerase binds indiscriminately to dsDNA,

which affects its saturation behavior.

From these reactions at the anneal/extension step, we have the following system

of coupled ordinary differential equations (ODEs):

d[S]

dt
= −kPS[P ][S] + k−PS[PS]− kD[S]2 (2.37)

d[P ]

dt
= −kPS[P ][S] + k−PS[PS] (2.38)

d[PS]

dt
= kPS[P ][S]− k−PS[PS]− kE[PS][E] + k−E[PSE] (2.39)

d[PSE]

dt
= kE[PS][E]− k−E[PSE]− kext[PSE] (2.40)

d[D]

dt
= kext[PSE] +

1

2
kD[S]2 (2.41)
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with initial conditions:

[D]t=0 = [PS]t=0 = [PSE]t=0 = 0 (2.42)

[S]t=0 = [S]0 (2.43)

[E]t=0 = [E]0 (2.44)

and conservation of polymerase equation:

[E]0 = [E] + [PSE] +KED[D][E] (2.45)

There is no analytical solution to this set of equations, however, they can be solved

numerically, on a cycle-by-cycle basis, to simulate PCR. If we allow all ssDNA to

become dsDNA at the end of the cycle, and we assume that all double-stranded DNA

at the end of the anneal step becomes single stranded during next the melt step, then

we have an initial condition for each cycle:

[S]t=0,n+1 = 2[D]t=end,n (2.46)

2.5.1 Polymerase saturation leads to the qPCR plateau–phase

Lee et al. (2006) carried out a series of experiments that shed light on the cause

of the plateau–phase of qPCR. To explore the causes of the plateau–phase of qPCR,

they performed qPCR for 23 cycles and added either primers, polymerase, or dNTPs

(free nucleotide monomers) to see which of these components limited the creation of

new DNA in the plateau–phase. If the limiting component was added to the reaction,

the amount of DNA produced should increase in subsequent cycles. The authors

observed that addition of DNA polymerase caused the most dramatic increase in

product formation, however, product formation still reached a plateau. Addition of

primer had a modest effect on the amount of product formed in the cycles following
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primer addition, and addition of dNTPs did not affect product formation.

These experiments provide evidence that saturation of DNA polymerase by ds-

DNA leads to the plateau–phase of qPCR. Thermal inactivation of polymerase can

be ruled out as a cause of the plateau because a plateau was still observed after

new polymerase was added to the reaction and this polymerase was not exposed to

enough heat to become thermally inactivated in the cycles following polymerase ad-

dition. Primers do not limit product formation in the plateau–phase, although they

are significantly consumed at this stage, because their addition did not significantly

increase product formation in subsequent cycles.

In chapter IV, I show how assuming non-limiting concentrations of primer and

polymerase, prior to the plateau–phase of qPCR, enables simplification of (2.37)–

(2.41) so that an analytical solution for DNA amount at the end of a cycle can be

obtained. The result is MAK2, a new model of PCR, that can be used for quantifica-

tion of qPCR data. MAK2 and the MMQPCR assay, further described in chapter V,

represent two ways in which qPCR can be optimized using the biophysics of PCR. We

will now take a look at another method that has been developed that exploits the bio-

physics of PCR to achieve enhanced qPCR performance, linear-after-the-exponential

PCR (LATE-PCR).

2.6 LATE-PCR: a case study on exploiting biophysics for

enhanced PCR performance

LATE-PCR is a form of asymmetric PCR that was developed by Lawrence Wangh

and colleagues (Sanchez et al., 2004) for increasing amplification efficiency of asym-

metric PCR. Asymmetric PCR is PCR performed with one primer in limiting concen-

tration and the other in excess. Its use can circumvent the effects of strand reannealing

by producing predominately single-stranded DNA. However, conventional asymmet-
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ric PCR is inefficient because limiting the concentration of one of the primers drops

the primer’s melting temperature below the annealing temperature of the reaction,

so that primer binding is unfavorable. This can be seen by referring to (2.18):

Tm(◦C) =
∆H◦ × 1000

∆S◦ +R ln(Ptot − Stot

2
)
− 273.15 (2.18)

We can neglect Stot, since it is very small relative to Ptot during the early cycles of

PCR. We see that if Ptot is reduced, the R term becomes smaller, thus increasing the

magnitude of the negative denominator and decreasing the resulting value of Tm.

By increasing the free energy of hybridization for the limiting primer (either by

increasing length or GC content), the melting temperature of the limiting primer

can be raised above the annealing temperature and hybridization of the limiting

primer would no longer limit amplification efficiency during the exponential phase of

PCR. Linear-after-the-exponential PCR gets its name from the fact that the limiting

primer is eventually consumed during exponential amplification so that amplification

then proceeds linearly, with predictable kinetics due to lack of reannealing, based on

elongation of the excess primer.

LATE-PCR is highly sensitive and specific for the desired target. Because only one

primer is in appreciable concentration, the potential for amplifying unintended targets

is greatly reduced. LATE-PCR also relies on sequence-specific probes that indicate

the concentration of the single-stranded DNA as it builds up. The use of a probe also

makes the fluorescent readout specific, so that signal-to-noise ratio with LATE-PCR

is favorable, and the method can be used to detect targets at low concentration (down

to single copies (Pierce et al., 2003)).

It has also been shown that LATE-PCR can be used to achieve quantitative mul-

tiplexing in qPCR for targets at low levels (Hartshorn et al., 2007). DNA polymerase

does not saturate during LATE-PCR because most DNA in the reaction is single-
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stranded. Thus DNA polymerase is free to extend all targets, and all targets can be

accurately quantified.

Due to its extreme sensitivity and specificity, LATE-PCR is an appropriate method

for accurate quantification of target DNA at low concentrations. The only significant

drawbacks to the method are that it relies on sequence-specific probes that can be

costly, and the reaction must be carefully designed. Regardless of these limitations,

LATE-PCR is a prime example of how the biophysics of PCR can be exploited to

achieve enhanced qPCR performance.
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CHAPTER III

Quantification of qPCR data

3.1 Introduction

Estimating DNA concentration from quantitative PCR data, or quantifying the

data, is one of the most challenging aspects of qPCR experimentation. In chapter

IV, I introduce a new model that can be used for qPCR quantification called MAK2.

However, as background, in this chapter I will describe the approaches that others

have taken in approaching this problem. In doing so, I will uncover the often unstated

assumptions that provide the foundation for methods currently used in qPCR quan-

tification. The chapter concludes with an analysis of the validity of these assumptions

and how assumption validity affects accuracy of qPCR quantification.

3.2 The quantitative PCR growth curve

The early cycles of quantitative PCR amplify DNA so that the logarithm of the

qPCR fluorescence from early cycles (after the signal increases above the level of

noise) appears linear. This first phase of PCR, termed the log–linear phase, is where

amplification is usually assumed to occur exponentially. After this initial phase, a

second phase arises where amplification efficiency declines until the amount of PCR

product plateaus, believed to occur due to decline of polymerase activity or depletion

32



of primers (Swillens et al., 2008). The presence of these two successive PCR phases

results in a qPCR growth curve whose shape resembles that of a sigmoidal curve.

The assumption that is inherent in all qPCR methods used, is that fluorescence is

linearly correlated with DNA concentration. A typical qPCR growth curve is shown

in figure 3.1.
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Figure 3.1: Anatomy of a qPCR Curve. Fluorescence intensity, associated with DNA
concentration, is on the y-axis and PCR cycle number is on the x-axis.

3.3 Quantification cycle-based quantification

Methods used for the quantification of qPCR data fall broadly into two categories,

those that use Cq for estimating target DNA concentration and those that base quan-

tification on the shape of the qPCR growth curve. The quantification cycle is the

fractional cycle at which the background-adjusted qPCR growth curve crosses a user-

defined fluorescence threshold, generally chosen to separate fluorescence signal from

noise. Cq-based quantification is inherently a comparative method where the Cq value

for target at unknown concentration is compared to other Cq values. Shape-based

quantification does not rely on comparisons and quantifies an assay based on data

from only that assay. Because they are the most commonly used, we will first focus

on analyzing Cq-based methods.
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3.3.1 Absolute quantification with the Cq standard curve

Cq standard curve quantification was the method first used for estimating target

DNA concentration from qPCR data (Higuchi et al., 1993). This method involves

interpolating the absolute initial target DNA amount, D0, from a Cq standard curve,

based on the Cq value for a target at unknown concentration. Typically, a Cq stan-

dard curve is constructed from qPCR assays conducted on a 10-fold dilution series

that spans the range of possible target DNA concentrations in unknown samples.

Constructing a Cq standard curve for quantification involves performing qPCR on a

dilution series with known amounts of target DNA as shown in figure 3.2A, plotting

Cq vs. Log(target concentration) as shown in figure 3.2B, and interpolating using the

resulting curve to quantify target DNA from the Cq of an unknown sample. Quanti-

fying qPCR data using a Cq standard curve results in an absolute estimate of DNA

target concentration.
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Figure 3.2: Creation of the Cq standard curve. (A) Quantitative PCR data from as-
says performed in duplicate on 10-fold serial dilutions of a target with
copy number ranging from 5x108 (far left) to 5x103 (far right). (B) The
quantification cycles (Cq) for these assays are plotted vs. Log(copy num-
ber) on a Cq standard curve.

It was shown by Rasmussen (2001) and further detailed by Rutledge and Cote

(2003) that the value for amplification efficiency can be obtained from the Cq stan-

dard curve. Amplification efficiency here is assumed to be a constant value, E, that
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determines the rate at which the target DNA is amplified. The relationship between

DNA concentration at cycle n, Dn, and E is given as:

Dn = D0(1 + E)n (3.1)

By taking the logarithm of (3.1), we obtain the following formula:

log(Dn) = log(D0) + n log(E + 1) (3.2)

Setting n to the threshold cycle, Cq, we obtain:

log(DCq) = log(D0) + Cq log(E + 1) (3.3)

The Cq standard curve plots log(D0) vs. Cq. By putting (3.3) into the familiar form

of a linear equation (y = mx+ b), where x = Cq and y = log(D0), we obtain:

log(D0) = −Cq log(E + 1) + log(DCq) (3.4)

where the slope is − log(E + 1). Amplification efficiency can thus be expressed as:

E = 10−slope − 1 (3.5)

It is important to note that the mathematical formulae just presented assume that

amplification efficiency is constant throughout the “exponential amplification” phase

of PCR. This is a widespread belief in the biological community and this assumption

underlies many methods used for quantification of qPCR data (Cikos and Koppel ,

2009). It is also important to note that Cq standard curve quantification does not rely

on the assumption of constant amplification efficiency, although assuming constant

amplification efficiency allows (3.1)–(3.5) to be used to analyze Cq standard curves.
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The only assumption that Cq standard curve quantification relies on is that the shape

of the qPCR growth curve is identical until the threshold such that changes in initial

DNA concentration only shift this curve to the left or right.

3.3.2 Relative quantification

In order to avoid the laborious construction of a Cq standard curve, relative quan-

tification methods have been developed that allow researchers to analyze gene expres-

sion of a target-gene relative to the expression of a so-called housekeeping gene. These

methods involve measuring both target gene expression and reference gene expression

in both an experimental sample (sample) and a control sample (control), for a total

of four conditions. To analyze such data, a ratio of relative expression is calculated

based on differences in the quantification cycle. The first quantification method for

analyzing relative gene expression data was developed by Applied Biosystems and is

based on the following formula:

Ratio = 2−(∆Cqsample
−∆Cqcontrol

) = 2−∆∆Cq (3.6)

where the first term in the exponential represents the difference between Cq values for

target and reference genes in the experimental sample, and the second term represents

this difference in the control sample. Amplification efficiency for both target and

reference genes is assumed to be 1 throughout PCR, for perfect doubling of DNA at

every cycle. This method is called the ∆∆Cq method.

The ∆∆Cq method method was later refined by Pfaffl (2001) to account for

differences in amplification efficiency between target and reference genes as follows:

Ratio =
(1 + Etarget)

∆Cqtarget (control−sample)

(1 + Eref )∆Cqref
(control−sample)

(3.7)

where both target and reference genes have constant, but different, amplification
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efficiencies. Note that if there is no difference in Cq values for the reference gene, the

denominator is equal to 1.

The relative quantification methods described in (3.6) and (3.7) depend on the

assumption of constant amplification efficiency. The value for amplification efficiency

used in these formulae can be obtained from a Cq standard curve using the relationship

in (3.5) or by fitting an exponential model with constant amplification efficiency, as

in (3.1), to qPCR growth curves as proposed by Tichopad et al. (2003).

3.4 Absolute quantification by model-fitting

Now that we have reviewed Cq-based quantification methods, which are the most

widely used quantification methods in the biological community, we will analyze the

more recently developed shape-based quantification methods. Curve-fitting methods

for quantification of qPCR data were first introduced by Weihong Liu and David

Saint. In 2002, they introduced both exponential-fitting (Liu and Saint , 2002b) and

sigmoidal curve-fitting (Liu and Saint , 2002a). These two classes of models are still

the most widely for qPCR quantification by curve-fitting, however, models derived

from the molecular events occurring during qPCR (i.e., mechanistic models) have

been recently used for quantifying qPCR data (Smith et al., 2007; Boggy and Woolf ,

2010). We will now explore the assumptions that underly fitting qPCR data with

each of these types of models.

3.4.1 Exponential model-fitting

The exponential model is often the model of choice for qPCR data fitting because

Cq standard curves suggest an exponential amplification mechanism for PCR. Expo-

nential models used for qPCR quantification assume that amplification efficiency, E,

is constant at every qPCR cycle, so that in order to calculate the amount of target

DNA at cycle n, one would multiply the DNA at cycle (n− 1) by the multiplicative
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factor (E + 1). The formula for calculating the amount of DNA at cycle n is given

by (3.1):

Dn = D0(1 + E)n (3.1)

Because fluorescence is linearly correlated with DNA concentration fluorescence as a

function of cycle is given as:

Fn = F0(1 + E)n + Fb (3.8)

where Fb is a background fluorescence in the reaction. This is the model that is fit to

qPCR data in order to obtain values for the parameters F0, E, and Fb. An example

fit of an exponential to qPCR data is shown in figure 3.3.
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Figure 3.3: Example fit of an exponential to qPCR data.

Amplification efficiency is not truly constant throughout PCR, because if it were

there would be no plateau phase. It is therefore crucial, when fitting qPCR data with

an exponential model, to choose an appropriate cutoff value at which to truncate

the data to be fitted. Tichopad et al. (2003) proposed that the maximum of the

growth curve second derivative represents the end of exponential amplification. This

is a reasonable approach because the exponential model predicts that the second

derivative monotonically increases with increasing cycle number, so when a maximum
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value of the second derivative is reached, the behavior of the data is not consistent

with the model.

The exponential model is a reasonable approximation of qPCR behavior in the

so-called “exponential” region, under the assumption that amplification efficiency is

constant. We will analyze the validity of this assumption in the discussion section.

We now turn our attention to another type of model used for fitting qPCR data—the

sigmoidal model.

3.4.2 Sigmoidal model-fitting

The sigmoidal model is an empirical model that simulates the entire qPCR growth

curve, though there are potential drawbacks to this. The rationale for using the

sigmoidal model is that it correctly predicts declining amplification efficiency after

the initial log–linear phase of PCR and may thus be a more accurate model of PCR

than the exponential model. The sigmoidal function is an empirical model of qPCR,

however, and although it simulates the shape of the second phase of the qPCR growth

curve, it is possible that it does not describe qPCR behavior in the initial phase of

qPCR. This is especially true for the four-parameter sigmoidal model that was first

used for fitting qPCR data (Liu and Saint , 2002a; Rutledge, 2004), because this model

assumes that data are symmetric about the cycle with half-maximum fluorescence,

when this is rarely the case in reality (Swillens et al., 2008). The model proposed by

Liu and Saint (2002a) is:

F =
Fmax

1 + e
−(n−n1/2)

k

(3.9)

An example of this model fit to data is shown in figure 3.4

There have been two distinct approaches taken to improve the fit of the sigmoidal

model to asymmetric qPCR data. Rutledge and Stewart have developed a method

termed “linear regression of efficiency” (LRE) that excludes early and late cycle data

from the data to be fitted, to ensure a good fit of the data (Rutledge and Stewart ,
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Figure 3.4: Example fit of the Liu and Saint (2002a) sigmoidal model to qPCR data.

2008a,b). The other approach for improving the fit of the sigmoidal model to qPCR

data has been to introduce a fifth parameter to account for asymmetry in qPCR data

(A. Spiess , 2008). Although these increasingly sophisticated sigmoidal model–fitting

methods most often result in better fits of qPCR data, they do not necessarily result

in more accurate quantification of qPCR data, because these empirical methods do

not necessarily simulate qPCR behavior before the qPCR signal increases above noise

(Boggy and Woolf , 2010).

3.4.3 Mechanistic model-fitting

An alternative model–fitting quantification method to empirical model–fitting in-

volves the use of a mechanistic model of qPCR for fitting qPCR data. Rather than

fitting qPCR data with a mathematical function that empirically fits qPCR data,

mechanistic model–fitting aims to quantify qPCR data by using a model that ac-

counts for the underlying molecular events that occur during qPCR. The rationale

for using a mechanistic model for quantifying qPCR data is that in addition to fitting

later cycle data, an appropriate mechanistic qPCR model will more accurately model

qPCR in the cycles before qPCR signal increases above the level of noise.

Until the development of MAK2 (Boggy and Woolf , 2010), which will be further
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discussed in chapter IV, there has been only one report of a mechanistic model be-

ing applied to fitting qPCR data in order to quantify it (Smith et al., 2007). The

mechanistic model developed by Smith et al. (2007) is applicable to quantifying data

collected from TaqMan qPCR assays. This model is heretofore referred to as the

TaqMan model.

The TaqMan model assumes:

• Primer binding and DNA strand reannealing compete during the anneal step

• Polymerase binding and DNA synthesis occur concurrently with these processes

• DNA synthesis by polymerase can be treated as a single step

• DNA melts completely at the melt step of PCR

• DNA polymerase concentration is non-limiting throughout qPCR

• All DNA is double-stranded at the end of the anneal/extension step

3.5 Discussion

Quantification of qPCR data depends on assumptions about the underlying be-

havior of qPCR. We have just explored the assumptions underlying different qPCR

quantification methods. These assumptions are summarized in table 3.1. We now

turn our attention to analyzing the validity of these assumptions.

Quantification Method Assumptions
Cq standard curve Conserved shape of growth curve until threshold
Relative quantification Constant amplification efficiency until threshold
Exponential curve–fitting Constant amplification efficiency in log–linear phase
Sigmoidal curve–fitting Sigmoidal amplification throughout qPCR
TaqMan model–fitting Non-limiting polymerase throughout qPCR

Table 3.1: Underlying assumptions for various qPCR quantification methods.
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3.5.1 Analysis of the assumption of conserved growth curve shape until

threshold, independent of starting target concentration

This assumption is most often valid, which is why the Cq standard curve is the

most accurate method for quantifying qPCR data. There are, however, cases where

this assumption is not valid. For example, dilutions of samples obtained in the pres-

ence of PCR inhibitors may not exhibit an identical shape for the qPCR growth curve

because the inhibitors would be diluted along with the target DNA (Rutledge and

Stewart , 2008b). In such cases, quantification by model–fitting with an appropriate

model may outperform quantification by Cq standard curve, in terms of quantification

accuracy.

3.5.2 Analysis of the assumption of constant amplification efficiency

This assumption follows from the linearity of the Cq standard curve. Because

plotting Cq vs. the logarithm of initial target concentration appears linear, it is

reasonable to assume that amplification follows the exponential relationship (3.1).

The linearity of the Cq standard curve, however, is misleading. Analysis of the mass

action kinetics of the log–linear phase of PCR reveals that the polymerase chain

reaction does not achieve perfect doubling of target DNA at every cycle because

DNA synthesis by DNA polymerase competes with reannealing of target DNA strands

(Boggy and Woolf , 2010). Strand reannealing occurs to a greater extent as target

concentration builds up, so that amplification efficiency of PCR is in constant decline.

The amplification efficiency that can be obtained from a Cq standard curve as shown

in (3.4) is actually an “effective” amplification efficiency.

To analyze the relationship between the effective amplification efficiency, and the

varying amplification efficiency, we first define the relationship between the target
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DNA concentration at cycle n, Dn and at cycle n-1, Dn−1:

Dn = (En + 1)Dn−1 (3.10)

The relationship between Dn and D0 is then:

Dn = D0

n∏
i=1

(Ei + 1) (3.11)

Relating this equation for Dn to Dn in (3.1), we have:

D0(E + 1)n = D0

n∏
i=1

(Ei + 1) (3.12)

where E is the effective amplification efficiency and Ei is the amplification efficiency

for cycle i. Thus, amplification is nearly exponential, but amplification efficiency

varies slightly from cycle to cycle. However, the effective amplification efficiency

obtained from a Cq standard curve is often a good approximation. On the other hand,

amplification efficiency values obtained by fitting qPCR data with an exponential

curve will be most influenced by later qPCR cycles, and thus provide an artificially

low value for early amplification efficiency.

3.5.3 Analysis of the assumption of sigmoidal amplification

The assumption that DNA amplification is sigmoidal neglects the molecular be-

havior that leads to the sigmoidal shape of the qPCR growth curve. The plateau

phase of qPCR occurs due to saturation of DNA polymerase and thus, data collected

during this stage is much less informative than data collected during the log–linear

phase of qPCR. The most important region to describe well is the region where signal

is dominated by noise. Sigmoidal curve–fitting, however, often fits later cycle data

better than data collected during the log–linear phase of qPCR so that qPCR be-
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havior in the noise–dominated region would not be simulated well by the “best-fit”

sigmoidal model. The only reasonable approach to accurately describe the region of

the qPCR curve dominated by noise is to use an appropriate mechanistic model of

PCR.

3.5.4 Analysis of the assumption of non-limiting polymerase

The assumption of non-limiting polymerase concentration significantly simplifies

the mechanistic model of PCR so that primer elongation to a new complete strand of

DNA can be treated as a single-step. Without this assumption, fitting a mechanistic

model to qPCR data would be extremely difficult because the kinetics of DNA poly-

merase would have to be explicitly modeled, thus introducing more parameters to

optimize over. Following the non-limiting polymerase assumption, it can be assumed

that any ternary complex (i.e. DNA polymerase complexed with primer–template

hybrid) that forms ultimately results in a new strand of DNA being synthesized. The

non-limiting polymerase assumption thus depends on low levels of DNA being present

in the reaction so that polymerase does not saturate.

Smith et al. applied the TaqMan model to fitting qPCR data throughout qPCR,

so that the TaqMan model was fitted to data in regions where the model is not valid.

Although the TaqMan model is an improvement relative to empirical models because

there is some theoretical justification to their methods, the assumption of non-limiting

polymerase throughout qPCR is problematic and leads to some invalid conclusions.

In this model, consumption of probe or primer (rather than enzyme saturation) leads

to the saturation behavior of qPCR, so that the amount of initial target DNA can be

estimated from the height of the plateau.

Smith et al. noticed that calculated values for starting target concentration were

most often underestimated by their model. This is probably because the TaqMan

model assumes completion of DNA synthesis at every step, while this is not the
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case in reality, due to saturation of enzyme. The faulty assumption of non-limiting

polymerase in later cycles of qPCR leads to an artificially high calculated amplification

efficiency, so that estimated target abundance would be calculated to be artificially

low. Although there are clearly limitations to the TaqMan model, the model most

often predicted target abundances within an order of magnitude of the known starting

concentration, thus validating the use of a mechanistic model for qPCR quantification.

3.6 Conclusion

In this chapter, I have examined the assumptions that underly various methods

of quantifying qPCR data, and the validity of these assumptions. The most com-

mon assumption about qPCR is that amplification efficiency is constant until the

quantification cycle is reached. Although this assumption is invalid, the effective am-

plification efficiency obtained from a Cq standard curve often approximates qPCR

behavior fairly well. The assumption of sigmoidal amplification is problematic be-

cause fitting qPCR data with a sigmoid assigns importance to the least meaningful

data in the plateau phase. Finally, the assumption of non-limiting polymerase con-

centration is useful when fitting qPCR data with a mechanistic model, however, the

limitations of this approach must be recognized for predictions to be quantitatively

accurate.
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CHAPTER IV

Accurate quantification of qPCR data using a

mechanistic model of PCR

4.1 Introduction

Chapter III provided a critical review of the various methods used for quantifying

qPCR data. As has been suggested by others, the shape of a single qPCR ampli-

fication curve should be sufficient to uniquely determine initial DNA concentration

in a sample (Liu and Saint , 2002b,a; Rutledge, 2004; Smith et al., 2007; Rutledge

and Stewart , 2008a). In practice, however, the available single-assay qPCR analysis

techniques have been less accurate than the gold standard technique of Cq standard

curve calibration (Cikos and Koppel , 2009).

In this chapter, I show that a 2-parameter mechanistic model of PCR, called

MAK2 (for Mass Action Kinetic model with 2 parameters), quantifies DNA samples

from a single qPCR assay as accurately as Cq standard curve calibration, which

requires multiple assays for quantification. Because MAK2 is a mechanistic model

rather than an empirical model, quantifying qPCR data with MAK2 requires no

assumptions about the amplification effiency of a qPCR assay. Furthermore, whereas

Cq quantification uses a single datapoint in the qPCR curve for quantification, MAK2

is fit to measurements across many amplification cycles, thereby reducing the influence
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of detection noise on estimates of DNA concentration.

4.2 MAK2 is derived from the mass action kinetics of PCR

Assuming that both primers and both target DNA strands can be treated identi-

cally, PCR can be described by the reactions (2.33)–(2.36):

S + P
kPS−−−⇀↽−−−
k−PS

PS (2.33)

PS + E
kE−−⇀↽−−
k−E

PSE
kcat−−→ D (2.34)

S + S
kD−→ D (2.35)

D + E
KED−−−⇀↽−−− DE (2.36)

Assuming that all double-stranded DNA melts apart during the melt step of PCR,

these reactions can be translated to the coupled system of equations, (2.37)–(2.45):

d[S]

dt
= −kPS[P ][S] + k−PS[PS]− kD[S]2 (2.37)

d[P ]

dt
= −kPS[P ][S] + k−PS[PS] (2.38)

d[PS]

dt
= kPS[P ][S]− k−PS[PS]− kE[PS][E] + k−E[PSE] (2.39)

d[PSE]

dt
= kE[PS][E]− k−E[PSE]− kext[PSE] (2.40)

d[D]

dt
= kext[PSE] +

1

2
kD[S]2 (2.41)

[D]t=0 = [PS]t=0 = [PSE]t=0 = 0 (2.42)

[S]t=0 = [S]0 (2.43)

[E]t=0 = [E]0 (2.44)

[E]0 = [E] + [PSE] +KED[D][E] (2.45)
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The initial condition (2.46), that links consecutive cycles, also applies:

[S]t=0,n+1 = 2[D]t=end,n (2.46)

These equations fully describe PCR, with the following assumptions:

1. Errors occurring during PCR can be neglected

2. The complementary DNA strands S1 and S2 can be treated identically as S

3. Primers for S1 and S2, P1 and P2 respectively, can be treated identically as P

4. Off-target effects of PCR primers can be neglected

5. Thermally-induced degradation of DNA polymerase can be neglected

6. Strand elongation is considered as a single step, rather than as a series of single

nucleotide additions

7. Reactions occurring during the anneal/elongation phases go to completion

8. All double-stranded DNA melts at the high temperature step of PCR

There is no analytical solution to (2.37)–(2.45), and simulation of qPCR involves

numerically integrating the ODEs (2.37)–(2.41). Unfortunately there are too many

parameters in these equations to optimize over when fitting qPCR data, so that

attempting to fit qPCR data with (2.41) results in overfitting of the data so that non-

unique solutions are obtained for key parameters such as D0, the amount of target

DNA before PCR is performed.

To find a mechanistic model of PCR that could be applied to fitting to qPCR data,

I applied the assumption that primers and polymerase are in non-limiting concentra-

tions (heretofore referred to as the non-limiting assumption). Under this assumption
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we can neglect the reverse reactions in (2.33) and (2.34), by Le Châtelier’s princi-

ple, because the excess primer and polymerase result in the forward reactions being

favored. Additionally, the non-limiting assumption allows the dynamic behavior of

primer and polymerase to be neglected. Thus, the reactions (2.33)–(2.36) are simpli-

fied to:

S
ka−→ PSE

kext−−→ D (4.1)

S + S
kb−→ D (4.2)

If it is now assumed that elongation is the rate–limiting step, it follows that PSE

formation competes with reannealing and any PSE that forms is converted to dsDNA

by the action of DNA polymerase. Thus reactions (4.1) and (4.2) can be further

simplified to:

S
ka−→ D (4.3)

S + S
kb−→ D (4.2)

where equations (4.3) and (4.2) describe the competition between a first-order reaction

for strand synthesis and a second-order reaction for rehybridization, respectively.

From these reactions, performing the mathematical analysis carried out in appendix

A results in the derivation of MAK2:

Dn = Dn−1 + k ln(1 +
Dn−1

k
) (4.4)

where Dn represents the amount of double-stranded DNA following cycle n. In equa-

tion (4.4), Dn is recursively dependent on Dn−1, the amount of D from the previous

cycle. The characteristic PCR constant k determines the rate of DNA accumulation

during PCR. D0, and k are the only two adjustable parameters that determine Dn
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values at every PCR cycle. These parameters have distinct effects on the shape of the

MAK2 curve; changing the value of D0 shifts the curve right or left while changing

the value of k changes the slope of the curve, as shown in Fig. 4.1.
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Figure 4.1: Simulated MAK2 curves with varying D0 and k values. Curves are labeled
with parameter values. Increasing D0 shifts the MAK2 curve to the left,
while increasing k increases the slope of the MAK2 curve.

4.3 Analysis of assumptions applied in the derivation of MAK2

Following the development of any theoretical model of a process, the validity of

the assumptions made in formulating that model must be analyzed in order to ensure

that the foundation of the model is on solid ground. Here, we justify each assumption

made in deriving MAK2, beginning with the non-limiting assumption which asserts

that primers and polymerase are in excess and do not limit the rate of reaction.

The non-limiting assumption is valid for early cycles of PCR before target DNA

concentrations rise to concentrations comparable to those of polymerase and primers.

When DNA concentrations rise to the level of polymerase, the enzyme becomes satu-

rated and cannot efficiently process new strands of DNA. When DNA concentrations

rise to the level of primers, the forward process in equation (2.33) is no longer fa-
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vored over the reverse process and the effects of changing primer concentration must

be considered. A much more complex model is necessary for modeling PCR when

primers and polymerase are limiting, because reaction kinetics change dynamically

in response to changes in primer and polymerase concentration. The limiting effects

of primers and polymerase contribute to late-cycle PCR behavior, such as the onset

of the plateau phase of PCR where very little new DNA is generated. MAK2 is

therefore only applicable to early cycles of PCR where limiting effects of primers and

polymerase can be neglected.

As will become evident, the non-limiting assumption provides critical justification

for all other assumptions made in the derivation of MAK2 except assumptions 1 and

8. While the validity of assumptions 2-7 coincides with validity of the non-limiting

assumption, assumptions 1 and 8 are valid for all cycles of PCR.

Assumption 1: Errors occurring during PCR can be neglected

This assumption is valid when using a non-error prone polymerase. Most commercially-

available DNA polymerases used for quantitative PCR have low rates of introducing

wrong bases (errors) into DNA product. Error prone polymerases that introduce er-

rors to DNA product (useful in methods such as directed evolution) should not be

used for quantitative PCR.

Assumptions 2 and 3: PCR primers and target strands can be treated

identically

These assumptions follow from the assumption that both primers are in excess

(thus favoring PS formation over PS dissociation by Le Châtelier’s principle) and the

assumption that the forward rate for primer-substrate hybridization is independent

of sequence (see references Gevertz et al. (2005); Mehra and Hu (2005)).

Secondary structure in target strands and primers may affect the dynamics of
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primer hybridization differently for each target strand, so that target strands act dif-

ferently during the course of the reaction. Although secondary structure can hinder

primer hybridization, the excess amount of primer will still drive primer and strand

toward PS formation by Le Châtelier’s principle. Given the assumption that all

reactions go to completion (assumption 7, which follows from the non-limiting as-

sumption), all single-stranded DNA will end up as double-stranded DNA at the end

of the cycle, and both target strands can therefore be treated identically at the end

of each cycle, which is the time-point modeled by MAK2.

Assumptions 4 and 5: Primer off-target effects and polymerase degrada-

tion can be neglected

These assumptions follow from the non-limiting assumption. If primers are in

excess, removal of free primer by off-target hybridization will not have a noticeable

effect on the reaction dynamics. Likewise, if polymerase is in excess, a small amount of

thermally-induced degradation will not have a noticeable effect on reaction dynamics.

Assumption 6: Strand elongation can be considered as a single step

This assumption follows from the assumption that all reactions go to completion

(assumption 7, which follows from the non-limiting assumption). If the elongation

process goes to completion, there are no partially elongated strands remaining at the

end of the elongation step of PCR. Therefore, it is unnecessary to treat elongation

as the series of single nucleotide additions that it is in reality, and elongation can be

approximated as a single step.
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Assumption 7: Reactions occuring in the anneal/elongation phases go to

completion

This assumption follows from the non-limiting assumption because when primers

are in excess, any single-stranded DNA that does not reanneal to form dsDNA will

form PS through primer hybridization (PS formation is favored over PS dissociation

by Le Châtelier’s principle); and because the polymerase is not saturated with PS

substrate, it is able to complete the elongation reaction during the elongation phase

of PCR. Because the elongation reaction is the rate-limiting step in the production

of a new strand of DNA, all other reactions can be assumed to go to completion.

Assumption 8: All double-stranded DNA melts at the high temperature

step of PCR

This assumption allows the starting amount of ssDNA for cycle n to be related

to the amount of dsDNA after cycle n-1, providing the link between consecutive

cycles. This assumption is valid when the high temperature step of PCR incubates

the reaction at a temperature much higher than the melting temperature of the target

DNA for a sufficient amount of time. Using the protocol for the high temperature

step suggested by the polymerase manufacturer is likely sufficient for this assumption

to be valid.

Practical implications of the non-limiting assumption for PCR analysis

One consequence of the non-limiting assumption is that the actual concentrations

of primer and polymerase are irrelevant to quantification by MAK2. This attribute

of MAK2 is beneficial because enzyme manufacturers typically provide polymerase

concentrations in terms of arbitrary units instead of SI units, so that modeling con-

centration dependent behavior of polymerase can be difficult.

Another consequence of the non-limiting assumption is that MAK2 is applicable to
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fitting a limited amount of qPCR data. The slope of a qPCR curve initially increases

with each cycle until an inflection point is reached, at which point the slope gradually

decreases until it is flat. MAK2, on the other hand, predicts that the slope of the

qPCR curve increases constantly. This can be seen if equation (4.4) is rewritten as:

Dn −Dn−1 = k ln(1 +
Dn−1

k
) (4.5)

to obtain the first-derivative of D with respect to cycle. The expression on the right-

hand side increases monotonically with increasing values of Dn−1. Because MAK2

does not predict an inflection point in the qPCR curve, it is no longer an accurate

model when the inflection point is reached in qPCR data. Analysis of qPCR data

reveals that the inflection point is reached soon after the maximum slope increase

occurs. Thus, the cycle with the maximum slope increase, relative to the previous

cycle, is used as the cutoff point for MAK2-fitting. Experimenting with various cutoff

cycles has indicated that setting the cutoff one or two cycles above or below this cycle

does not significantly affect MAK2 concentration predictions.

4.4 MAK2 models the exponential growth phase of PCR

MAK2 can be used for fitting qPCR fluorescence data when Dn in equation (4.4)

represents the fluorescence associated with dsDNA at cycle n. There is often a back-

ground fluorescence in qPCR data that is independent of signal associated with target.

This background fluorescence is due to fluorescence produced by the reaction system

itself, either by plastics or reagents (Cikos and Koppel , 2009). In model-fitting ap-

proaches to quantifying qPCR data, the fluorescence is typically assumed to be com-

posed of signal and a background fluorescence (Liu and Saint , 2002a; Rutledge, 2004;

Rutledge and Stewart , 2008a; Tichopad et al., 2003; A. Spiess , 2008). Similarly, for

MAK2-fitting of qPCR data, fluorescence is background adjusted by the parameter,
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Fb as follows:

Fn = Dn + Fb (4.6)

where Fb represents constant background fluorescence and Fn is the MAK2-predicted

fluorescence at cycle n, the variable used for fitting qPCR fluorescence data.

Due to assumptions made in deriving MAK2, the model is applicable only to

qPCR data obtained before primer depletion and enzyme saturation are significant

effects. Therefore, in my use of MAK2, I have truncated the data to the cycle with

the maximum slope increase, relative to the previous cycle. Truncation of the data to

be fitted is justified (indeed necessary) based on mechanistic considerations and not

based on statistical classification of outliers as in some qPCR model-fitting methods

(Rutledge, 2004; Rutledge and Stewart , 2008a; Tichopad et al., 2003). The region of

data over which MAK2 is applicable is often referred to as the exponential growth

phase of PCR. An example of an optimized fit of MAK2 to qPCR data is shown in

Fig. 4.2.
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Figure 4.2: Optimized fit of MAK2 (solid line) to data (points). The gray inset
depicts the full data range with the MAK2 fit overlaid. The large curve
is a blown up view of the white box in the inset.
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4.5 MAK2 predicts declining amplification efficiency

PCR amplification efficiency is often used as a parameter for quantifying target

DNA amount from qPCR data. Amplification efficiency is defined on a cycle-by-cycle

basis (Liu and Saint , 2002a) as:

En =
Dn −Dn−1

Dn−1

(4.7)

where D is fluorescence due to dsDNA. Applying the MAK2 expression (4.4) to the

amplification efficiency expression (4.7) yields:

En =
k ln(1 + Dn−1

k
)

Dn−1

(4.8)

From this expression, amplification efficiency is dependent on DNA concentration,

though not linearly as has been previously proposed (Rutledge and Stewart , 2008a).

Furthermore, amplification efficiency monotonically decreases as DNA concentration

increases, in contrast with the assumption that amplification efficiency is constant be-

low the quantification threshold. This assumption of constant amplification efficiency

has been the foundation for the development of Cq quantification methods such as

the relative quantification method developed by Pfaffl (2001).

4.6 MAK2 fitting quantifies qPCR data as accurately as Cq

standard curve calibration

To determine how accurately MAK2 fitting performs relative to other qPCR quan-

tification methods, I analyzed three independently generated qPCR dilution series

by MAK2 fitting, Cq standard curve calibration, exponential curve fitting (Liu and

Saint , 2002b), and sigmoidal curve fitting with 4 and 5 parameter log-logistic func-

tions (A. Spiess , 2008). The resulting log-log plots of estimated vs. known target
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amount are shown in the panels of figure 4.3. I generated the first of the three datasets,

shown in figure 4.3A, as described in appendix B. The other two datasets used for

demonstrating MAK2 were chosen from datasets freely available to researchers in the

R package qpcR (Ritz and Spiess , 2008). These datasets were assumed to be repre-

sentative of standard qPCR data because they are included as example datasets in

the qpcR package for the purpose of demonstrating various model-fitting procedures

for quantification of qPCR data.

Fitting accuracy was evaluated using the R2 coefficient of determination for linear

models that represents the proportion of the variability in the dependent variable that

can be explained by the regression equation. R2 is a metric of the goodness of fit of the

best fit line, with a value of 1 indicating perfect correlation and a value of 0 indicating

no correlation. By analysis of R2 values, the plots in Fig. 4.3 demonstrate the

equivalent performance of MAK2 quantification and Cq standard curve quantification,

and the superior performance of these two methods relative to other model-fitting

quantification methods. The third most accurate quantification method was different

for each dilution set, indicating how variable the predictions made by these methods

can be.

The R2 values for MAK2 and Cq were very similar for the datasets analyzed, so

it was hypothesized that these quantification methods are statistically equivalent. In

order to test this hypothesis, these methods were compared using the Bland-Altman

method for comparing two different methods for measuring the same thing (Altman

and Bland , 1983). This method is used in medicine to determine whether a new

measurement method can be reasonably used to replace the current standard mea-

surement method. Briefly, the Bland-Altman method enables one to assess systematic

biases between two measurement methods by analyzing the differences between two

measurements as a function of the mean of these measurements. Performing linear

regression on these variables enables one to test the null hypothesis. For replicated
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data, this analysis can be performed on the mean of the replicates.

Prior to performing the Bland-Altman analysis to compare MAK2 quantification

and Cq standard curve quantification of the same data, copy number values pre-

dicted by MAK2 and by Cq standard curve, for a given known target copy number,

were averaged. Performing the Bland-Altman analysis resulted in P-values greater

than 0.95 for every data set, providing strong indication that MAK2 quantification

and Cq standard curve quantification can be considered equivalent. Based upon this

finding, it was decided that it is acceptable to report only three significant figures

when reporting the R2 values shown in figure 4.3 although four would be necessary to

highlight the differences between MAK2 quantification and Cq standard curve quan-

tification. Three significant figures are necessary to highlight differences between

these two methods and other quantification methods shown in figure 4.3. Note that

quantification by the Cq standard curve requires the entire dilution series, while esti-

mates made by the other four quantification methods are based on single qPCR runs

at each dilution.

4.7 Discussion

I have demonstrated that fitting qPCR data with a 2-parameter mechanistic model

of PCR, MAK2, quantifies single qPCR assays as reliably as Cq standard curve cal-

ibration for a variety of target sequences and a wide range of concentrations. In

contrast, quantification by fitting qPCR data with an empirical model, such as an

exponential curve or a sigmoidal curve, is not as reliable and accurate quantification

is strongly dependent on PCR conditions used.

Empirical model-fitting methods, such as sigmoidal or exponential curve-fitting,

fail to reliably quantify qPCR data because they are unable to accurately describe

amplification efficiency in early cycles of qPCR where the fluorescence signal is dom-

inated by noise. The model-predicted behavior in these early cycles depends on as-
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sumptions about amplification efficiency implicit in the model. For example, fitting

qPCR data with an exponential curve implies that amplification efficiency observed

in the log-linear region of the qPCR curve is constant through all early PCR cycles

while fitting with a sigmoidal curve implies that early cycle amplification efficiency

follows a sigmoidal trend. Because these assumptions are not consistent with the

mechanism of PCR, empirical model predictions are less reliable than predictions

made by mechanistic models such as MAK2.

The two parameters in MAK2, D0 and k, are sufficient to accurately describe com-

plex PCR behavior for early cycles of qPCR, where effects such as primer depletion or

polymerase saturation can be neglected. The initial target DNA concentration, D0,

determines where the fluorescence signal rises above noise. The parameter k, repre-

sents the ratio of primer binding and DNA reannealing rate constants and dictates

how amplification efficiency changes at every cycle with increasing DNA concentra-

tion. While k should theoretically remain constant for a given amplicon sequence and

primer set, fitting with MAK2 revealed that this is not always the case (see figure

C.2). The observed variation in k may indicate the presence of unexplained qPCR

effects, but further study is needed to determine its significance.

MAK2 is the first mechanistic model of PCR suitable for quantifying qPCR data

generated with either nonspecific dyes or specific probes. A mechanistic model of

specific probe binding has been developed and used for quantifying qPCR data gen-

erated by hydrolysis probes (Smith et al., 2007). Detailed mechanistic models of PCR

have also been developed and used in simulating PCR (Mehra and Hu, 2005; Gevertz

et al., 2005), however, these models contain many more parameters than MAK2 and

attempting to use these models for fitting qPCR data results in data overfitting and

non-unique solutions for key parameters such as D0. The three parameters used for

fitting MAK2 to qPCR data (k; D0; and background fluorescence, Fb) each affect

the simulated MAK2 curve in orthogonal ways, so that fitting with MAK2 ensures a
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unique solution for the optimal parameter set.

The approach used in this work reflects a broader trend in systems biology of

trading assay complexity for software complexity. As a well-known example, shotgun

sequencing enables sequencing of large DNA segments using simplified experimental

methods by shifting complexity to sequence reconstruction software. Similarly, the

MAK2 approach enables accurate DNA quantification using significantly less complex

experimental methods by carrying out a more complex, mechanistic software analysis.

As a result, MAK2 provides a robust single assay method for DNA quantification.
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CHAPTER V

Simplified multiplex qPCR with monochrome

multiplex qPCR and mechanistic data analysis

5.1 Introduction

In chapter II, I discussed the biophysics of quantitative PCR and discussed causes

of the plateau–phase of PCR. The plateau–phase behavior of PCR negatively affects

the quantitativeness of multiplex qPCR, often causing DNA amplification to be biased

toward individual targets in multiplex reactions (Kanagawa, 2003). Consequently,

current approaches for multiplexing qPCR are most applicable to target detection

rather than target quantification because DNA amplification is often biased toward

individual targets in multiplex reactions (Kanagawa, 2003). Furthermore, multiplex

qPCR assays have generally relied on sequence-specific FRET-based probes that re-

quire optimization of reaction conditions to ensure proper target hybridization.

The trial-and-error design and optimization of reaction conditions that is typi-

cally required for multiplex qPCR can be avoided by using sophisticated nucleic acid

software design and simulation tools. These tools aid multiplex probe and primer

design by performing accurate calculations of the thermodynamics associated with

target hybridization, secondary structure formation, and off-target hybridization un-

der assay buffer conditions(SantaLucia and Hicks , 2004). Such tools are useful for
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designing single target qPCR assays, but become essential for avoiding problematic

DNA interactions as assay complexity increases with more target, probe, and primer

sequences in multiplex reactions.

Although appropriate software tools address much of the complexity associated

with multiplex qPCR assays, they cannot address inherent properties of PCR such

as the DNA concentration-dependent depletion of unbound DNA polymerase. The

depletion of free polymerase in PCR assays leads to the “plateau phase” observed in

the later cycles of qPCR data (Lee et al., 2006). In multiplex reactions, this depletion

also leads to amplification biased toward more abundant DNA targets. Addressing

amplification bias due to polymerase depletion requires a novel approach to multiplex

qPCR.

One such novel approach to multiplex qPCR, the monochrome multiplex qPCR

(MMQPCR) assay, was recently developed by Cawthon (2009). This assay employs

the unique melting behavior of individual target sequences to measure abundance of

two targets using a double-stranded DNA (dsDNA) dye such as SYBR R© Green. An

additional high temperature incubation step during the PCR cycle causes one target

to melt, thus freeing bound DNA polymerase to process less abundant DNA targets,

resulting in the elimination of amplification bias. In theory, the MMQPCR assay

enables researchers to reliably quantify multiple target DNA sequences for nearly the

same cost and effort associated with quantifying a single target in a qPCR assay

using a dsDNA dye. Thus far, however, the method has been demonstrated for only

a limited number of cases where the concentration ratio between targets with low and

high melting temperature (Tm) has been relatively constant. Additionally, MMQPCR

assay throughput is currently limited by quantification cycle (Cq) standard curve

quantification which requires construction of a Cq standard curve to quantify assays

of samples with unknown concentrations. Quantifying MMQPCR data by fitting

with a mechanistic PCR model, such as the MAK2 model I described in chapter
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IV, eliminates the need for a standard curve and can thus increase experimental

throughput without sacrificing accuracy.

I have performed studies of the MMQPCR assay with two DNA targets at varied

concentrations both to explore the limitations of the MMQPCR assay and to assess

the applicability of the MAK2 model of PCR to reliably quantify multiple targets

from MMQPCR data. In this chapter, I demonstrate that a modified version of the

MAK2 model, called MAK3, can be used to accurately quantify both targets in a

duplex MMQPCR assay, without the use of a standard curve, when the lower Tm

target is at least ten times more abundant than the higher Tm target. Combining the

MMQPCR assay with MAK3 quantification simplifies multiplex qPCR because the

combination enables parallel DNA quantification with a single dye and single color

detection equipment without the use of standard quantification curves.

5.2 Three-dimensional data facilitates optimal MMQPCR data

analysis

In order to explore the limitations of MMQPCR measurement of DNA target

concentrations, I have performed a systematic study using MMQPCR to measure

concentrations of two synthetic DNA targets, A and B, in a range of concentration

combinations. The MMQPCR assay I have performed is a slightly modified version

of the MMQPCR assay performed by Cawthon; rather than obtaining fluorescence

data at two temperatures, I have obtained fluorescence data at many temperatures

following each cycle of PCR after cycle 10. These data were not collected during

the first ten cycles in order to limit early nonspecific amplification that can occur

during extended periods at temperatures favorable to DNA polymerase activity. For

each assay, the data collected after cycle 10 formed a three-dimensional dataset which

could be sliced into real-time melt curves obtained at a given cycle or into individual
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qPCR growth curves obtained at a given temperature, as shown in figure 5.1.

The three-dimensional dataset shown in figure 5.1a is sliced at cycle 19 to yield

the melt curve shown in figure 5.1b. The trough between temperature derivative

peaks shown reveals that between 81.4 and 82.0◦C, the lower Tm sequence (sequence

A) has melted nearly completely and the higher Tm sequence (sequence B) has not

melted significantly, an observation that was further supported by analysis of multiple

melt curves from various assays. Based upon this observation, 81.4◦C was chosen as

the observation temperature for sequence B. When the three-dimensional dataset

in figure 5.1a is sliced at this temperature, the growth curve shown in figure 5.1c

is obtained. Obtaining detailed three-dimensional data enables analysis of growth

curve data obtained at the optimal temperature for the higher Tm sequence, without

knowing a priori what the optimal temperature is.

Copy numbers for sequences A and B were estimated by fitting a modified version

of the MAK2 model (Boggy and Woolf , 2010), called MAK3, to cycle-dependent fluo-

rescence data obtained at the 64◦C and 81.4◦C incubation temperatures, respectively.

Fitting the 64◦C data resulted in a estimated D0 value for the low Tm sequence A

and fitting the 81.4◦C data resulted in estimated D0 values for the high Tm sequence

B. MAK3 uses an additional parameter, relative to the original implementation of

MAK2, to adjust for sloping background in the data (see appendix D for details).

5.3 MMQPCR is limited by relative abundance of the high

Tm target

To analyze the limitations of the MMQPCR assay, I compared concentration

estimates for targets in MMQPCR assays to concentration estimates for targets, at

identical concentrations, in monoplex qPCR assays. Table 5.1 shows values calculated

for the ratio of MMQPCR-predicted concentration to monoplex qPCR-predicted con-
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centration ([Target]multi : [Target]mono) for both target sequences A and B. This ratio

has an expected value of 1, indicating agreement between monoplex and multiplex

predictions. Significant deviation from a value of 1 for this ratio indicates that the

target in the multiplex reaction cannot be correctly quantified. Analysis of table 1

reveals that sequence B was always quantified correctly regardless of the concentra-

tion of sequence A, but the concentration of sequence A was only quantified correctly

when it was more abundant than sequence B. Deviation from the expected behavior

for the 5x103 copy number condition for sequence B is due to high levels of noise at

this concentration, as observed in figure 5.3. When target concentrations were equal,

the ratio calculated for sequence A was roughly 2, indicating that both sequences are

being accounted for in the estimated D0 value for sequence A. When sequence B was

more abundant than sequence A, on the other hand, the ratio reflects the ([B] : [A])

concentration ratio, indicating that only sequence B concentration is accounted for

in the estimate. The limitations of MMQPCR are further illustrated in figure 5.2.

Figure 5.2a shows representative growth curves for target sequences A and B when

sequence B is at 5x107 copies per well and the copy number of sequence A is at the

specified ratio relative to sequence A (this corresponds to the bottom row of table

1). As expected, the growth curves for sequence B are indistinguishable, regardless of

sequence A concentration, leading to correct estimates of sequence B concentration.

When the ratio ([A] : [B]) is 1:100 or 1:10, the sequence A growth curves cannot be

distinguished. When ([A] : [B]) is 1:1, the growth curve for sequence A is only slightly

distinguishable from the growth curves obtained for ([A] : [B]) ratios of 1:100 and 1:10.

When ([A] : [B]) is 10:1, the sequence A growth curve is clearly distinguishable from

the other sequence A growth curves and there is sufficient data before the sequence

B signal rises to quantify sequence A independently of sequence B.

The trends for the sequence A growth curves closely follow the trends in sequence

B growth curves when the ([A] : [B]) ratio is 1:100, 1:10, or 1:1. This is apparent in
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Table 5.1: Ratios of MMQPCR-predicted concentration to monoplex qPCR-predicted
concentration for synthetic DNA sequences A and B

[A]multi : [A]mono
Copies of Sequence A (low Tm)
5x105 5x106 5x107 5x108

5x103 0.88 0.91
Copies of (5x103) 0.99 0.95 1.0 0.99
Sequence B 5x104 1.0 1.0 0.94
(high Tm) (5x105) 1.8 0.97 0.97 1.0

5x106 8.9 2.0 1.2 1.1
5x107 69 8.4 2.1 1.1

[B]multi : [B]mono
Copies of Sequence A (low Tm)
5x105 5x106 5x107 5x108

5x103 0.09∗ 0.13∗

Copies of (5x103) 0.11∗ 0.11∗ 0.15∗ 0.23∗

Sequence B 5x104 0.52 0.58 0.61
(high Tm) (5x105) 1.5∗ 1.2 1.4 1.5

5x106 0.82 1.0 1.1 1.0
5x107 0.8 1.0 0.97 0.92

The ratio of MMQPCR-predicted concentration to monoplex qPCR-predicted
concentration was calculated for sequences A and B with the copy number
combinations shown. The cell color provides a visual representation of this ratio,
with white background indicating a ratio lower than 2, gray background indicating a
ratio between 2 and 10, and black background with white text indicating a ratio
greater than 10. Each assay was performed in duplicate. The parentheses around
some copy numbers for sequence B indicate that these samples are unknowns that
are estimated to be near this concentration based on quantification results, as shown
in figure 5.3. Asterisks (*) indicate standard error above 25%.
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Figure 5.2: Effect of varying the ratio of sequence A concentration to sequence B
concentration ([A]:[B]). (a) qPCR growth curves obtained at 64◦C are
labeled with the concentration ratio of [A]:[B] ([low Tm sequence]:[high
Tm sequence]) in the assay, with [B] at 5x107 copies per reaction. Growth
curves obtained at 81.4◦C (four curves at the bottom right) are indistin-
guishable. (b) The growth curve derivatives for the data in (a) are shown.
The dashed line indicates the cycle with the maximum derivative value
for the 81.4◦C curves and the 64◦C curves with [A]:[B] ratios of 1:100,
1:10, and 1:1.

the peaks of the growth curve derivative plots shown in figure 5.2b. The sequence A

and sequence B derivative peaks have maximum derivative values at the same cycle

in these cases. This indicates that signal due to sequence B is being observed at both

temperatures because sequence B outcompetes sequence A during amplification. The

derivative peak for sequence A is shifted about three cycles to the left relative to the

peak for sequence B when the ([A] : [B]) is 10:1, indicating that there is sufficient

sequence A signal without significant contribution from sequence B to estimate the

sequence A concentration independently of sequence B.

5.4 MAK3 fitting quantifies MMQPCR data as accurately

as Cq standard curve calibration

To analyze the validity of MAK3 quantification, I compared the accuracy of

MAK3-generated concentration estimates to the accuracy of concentration estimates
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generated by Cq standard curve quantification. To ensure that MAK3-generated re-

sults for sequence A reflected the actual concentration of sequence A, the derivatives

of the qPCR growth curves obtained at 64◦C and 81.4◦C were analyzed and data with

derivative maxima separated by less than two cycles were not included in the analysis.

Figure 5.3 shows that for both sequences A and B, MAK3 quantification performed

at least as well as Cq standard curve quantification. Because MAK3 quantification

enables estimation of concentration based upon a single assay, MAK3 quantification

increases MMQPCR throughput relative to experiments quantified with a Cq stan-

dard curve.

Based on the Bland-Altman analysis performed in chapter IV, it was concluded

that MAK2 quantification and Cq standard curve quantification could be considered

equivalent methods for quantification of qPCR data. Based on this result, it was

decided that the R2 values shown in figure 5.3 do not need to highlight differences

between MAK3 quantification and Cq standard curve quantification for low Tm target.

To do so would require at least four significant figures. Two significant figures are

enough to highlight differences between MAK3 quantification and Cq standard curve

quantification for the high Tm sequence, so only two significant figures are reported for

R2 values in figure 5.3. The differences between these methods for high temperature

data are likely due to the decrease in signal-noise ratio due to melting of dsDNA.

5.5 Validation of MMQPCR and MAK3 fitting on assays of

a biological system

The results discussed thus far have been generated on a system of synthetic DNA

sequences. To demonstrate the utility of MMQPCR with mechanistic data analysis

in real biological systems, I developed a duplex MMQPCR assay that allows for di-

rect and accurate quantification of cell densities for the fungus, Trichoderma reesei
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Figure 5.3: Accuracy of MAK3-fitting vs. Cq standard curve quantification. The
plots show estimated D0 vs. actual D0 on a log-log scale for data obtained
at 64◦C and at 81.4◦C. The line at 45◦ in each plot represents the line of
agreement between the estimation and known amount. Assays with an
unknown concentration for sequence B are indicated by arrows.

and the bacterium Escherichia coli in a T. reesei—E. coli consortium. E. coli—T.

reesei consortia are currently being investigated for use in cellulosic biofuel produc-

tion (Minty, unpublished results). Quantitative PCR measurement of species-specific

gene targets offers a direct, accurate, and sensitive method for quantifying species

composition in a microbial consortium (Smith and Osborn, 2009). By multiplexing

different species-specific qPCR reactions, assay throughput can be increased allowing

for significant cost savings and increases in laboratory productivity.

Prior studies of the T. reesei—E. coli consortium suggest that E. coli cells out-

number T. reesei cells under most growth conditions (Minty, unpublished results),

motivating selection of a low Tm PCR target for E. coli and high Tm PCR target

for T. reesei. For the E. coli target, I chose a sequence conserved amongst all seven

16S rRNA genes in E. coli, while I arbitrarily chose a single-copy gene with high GC

content for the T. reesei target. The choice of a multicopy target in E. coli and

single copy target in T. reesei further ensures a high ratio of low Tm target to high

Tm target.

In order to test if my observations would hold for a biological system, I performed

qPCR assays on mixtures of diluted genomic DNA that was extracted and purified
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from E. coli and T. reesei monocultures. The two targets had nearly a 10◦C difference

in melting temperature as demonstrated by the representative endpoint melt curves,

from monoplex assays, shown in figure 5.4a. Based on the observed melting profiles, a

temperature of 78◦C was chosen for analyzing the T. reesei target. The targets were

each diluted into three concentrations as shown in figure 5.4b. Each of these dilutions,

for each target, was assayed in monoplex and in duplex with each dilution from the

opposite target. Thus, in addition to monoplex assays, a 9x9 grid of multiplex assays

was performed. This grid was analyzed for agreement between monoplex predictions

and multiplex predictions, as shown in table 5.2. The D0 values for the E. coli target

corresponding to the cells that are not shaded in table 5.2 are plotted in 5.4b, along

with the D0 values predicted from monoplex assays. All D0 values obtained for the

T. reesei target are plotted in figure 5.4b. The data shown in figure 5.4b and in table

5.2 confirm that MMQPCR and MAK3 fitting can be used to quantify both targets

in a duplex reaction when the lower Tm target is ten times as abundant as the higher

Tm target.

Table 5.2: Ratios of MMQPCR-predicted concentration to monoplex qPCR-predicted
concentration for the microbial consortium

[E]multi : [E]mono
E. coli DNA (low Tm)

Low Medium High
T. reesei DNA Low 2.0 1.4 1.8∗

(high Tm) Medium 14 1.2∗ 1.1∗

High 140 2.9∗ 0.90∗

[T]multi : [T]mono
E. coli DNA (low Tm)

Low Medium High
T. reesei DNA Low 1.4∗ 1.1 0.84
(high Tm) Medium 1.1 0.70 0.75

High 1.2∗ 0.73∗ 0.55

The ratio of MMQPCR-predicted concentration to monoplex qPCR-predicted
concentration was calculated for qPCR assays performed on dilutions of the E. coli
(E) and T. reesei (T) targets in the combinations shown. The cell color provides a
visual representation of this ratio, with white background indicating a ratio lower
than 2, gray background indicating a ratio between 2 and 10, and black background
with white text indicating a ratio greater than 10. Each assay was performed in
duplicate. An asterisk (*) indicates standard error above 25%.
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targets. All of the data obtained on the T. reesei target is plotted, while
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obtained at 72◦C.

5.6 Discussion

We have shown that the mechanistic model of PCR, MAK3, can be fitted to data

from an MMQPCR assay with two targets to accurately quantify both targets. The

concentration for the high Tm target sequence in an MMQPCR assay can always

be estimated, regardless of low Tm target abundance, but the low Tm target can be

accurately quantified only when it is more abundant and the high Tm target signal

does not contribute significantly to the data used for low Tm target quantification. I

have found that in order to accurately quantify the low Tm target, the concentration

ratio between low Tm and high Tm targets must be greater than some threshold

value that lies between 1 and 10. Although the low Tm target concentration cannot

be quantitatively estimated when the high Tm target is too abundant, qualitative

information about low Tm target concentration can be obtained by analysis of growth

curve derivative data. Thus, although a numerical concentration estimate for low
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Tm sequence cannot always be obtained, MMQPCR data provides, at minimum, an

upper bound for the possible range of low Tm target concentration.

Because the MMQPCR assay eliminates amplification bias toward abundant tar-

gets, it may be possible to use this method in applications previously inaccessible to

multiplex qPCR, such as measurement of gene expression. For example, a possible

clinical application of the duplex MMQPCR assay is the simultaneous measurement

of the expression of both genes in a two-transcript gene expression classifier for the

diagnosis and prognosis of human disease (Edelman et al., 2009). More commonly,

the assay may be used for measuring the expression of a gene relative to the expres-

sion of a housekeeping gene. Theoretically, elimination of amplification bias enables

the MMQPCR assay to be scaled up to measuring more target sequences in a single

assay, however, the restrictions on relative target concentrations for quantification

of all targets makes MMQPCR somewhat impractical for more than two targets.

Nevertheless, the quantitatively accurate single-lable multiplexing capability of the

MMQPCR assay, offers advantages in terms of cost, accuracy, and simplicity, relative

to commonly used multiplex qPCR methods.

The methods introduced here expand the applicability of the MAK2 model of PCR

to quantifying data from a multiplex qPCR assay, resulting in higher throughput

and lower cost multiplex quantitative PCR. Fitting MMQPCR data with a slope-

adjusted version of MAK2, called MAK3, increases MMQPCR throughput while

decreasing reagent cost by eliminating the necessity of a Cq standard curve for reliable

quantification of MMQPCR data. I anticipate that the MMQPCR assay combined

with MAK3 fitting will make the benefits of multiplex quantitative PCR more widely

accessible to researchers.
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CHAPTER VI

Conclusions, Applications, and Future Directions

In this thesis, I used knowledge of the biophysics of PCR to optimize qPCR meth-

ods to minimize cost and complexity of qPCR. By applying simplifying assumptions

to the mass action kinetic model of PCR, I have obtained a simple mathematical

formula, called MAK2, that well describes the exponential phase of qPCR. I have

further applied MAK2–based quantification to data obtained with the monochrome

multiplex qPCR assay, which uses the melting behavior of double-stranded DNA to

perform quantitatively accurate multiplex qPCR. This chapter concludes this thesis

with applications of the methods I have developed and future directions for further

development of biophysics–inspired qPCR technologies.

6.1 Conclusions

In chapter IV, I developed a new mechanistic model for PCR that can be fit to

qPCR data from the exponential phase in order to quantify the qPCR data. The

model relies on the assumption that primers and polymerase are both in excess and

do not limit the rates of reaction. The model, MAK2, is thus applicable to qPCR

data obtained during the exponential phase. Because MAK2 fitting relies on only

two parameters to describe qPCR data (additional parameters adjust for background

signal), there is little risk of over-fitting data and optimal estimated values of initial
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target concentration are unique. Experimental validation on three-independently

generated datasets showed that MAK2–quantification performed equivalently to Cq

standard curve quantification and superiorly to other model–fitting methods.

In chapter V, the capability of MAK2 quantification was extended to data ob-

tained with the monochrome multiplex qPCR assay, using a slope–adjusted version

of MAK2 called MAK3. This automated analysis of MMQPCR data further in-

creases the throughput of the MMQPCR assay. Because the MMQPCR assay relies

on a single target dominating the signal at a given temperature, however, the ability

of MMQPCR to quantify both targets in an assay is limited to assays where the target

with the lower melting temperature is at least ten times as abundant as the target

with the higher melting temperature. The higher Tm target can always be quantified,

however, and MMQPCR followed by MAK3 quantification provides at least an upper

bound on the concentration of the lower Tm target.

6.2 Applications of MAK2 and automated analysis of MMQPCR

6.2.1 Applications of MAK2

The mass action kinetic model of PCR with two-parameters (MAK2) is a model

of PCR that can be applied to quantify any qPCR data. Possible clinical applications

include, but are not limited to, monitoring the progress of infectious diseases by mea-

suring the concentration of viral or bacterial genes and monitoring cancer treatment

by measuring biomarker levels associated with disease. Because MAK2 can be applied

to any qPCR data, the applications of the model are as diverse as the applications

of qPCR itself. MAK2 enables qPCR quantification that is as accurate as quantifica-

tion using a Cq standard curve without the extra experiments that construction of a

standard curve necessitates. In the future, MAK2 may enable accurate quantification

of qPCR assays performed in resource poor settings using handheld qPCR machines,
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where construction of a standard curve would not be possible.

6.2.2 Applications of automated analysis of MMQPCR

Automated analysis of MMQPCR data can be used to efficiently measure the

concentration of two targets when one target is known to be more abundant than

another. An obvious application of this technology is the measurement of the expres-

sion of a gene of interest relative to expression of a housekeeping gene. With such a

method, tiling of gene expression assays can be performed so that strong correlations

between several genes of interest can be obtained because the expression of each gene

would be normalized to a common reference gene.

One promising clinical application of this technology is the use of two-transcript

gene expression classifiers for the diagnosis and prognosis of human disease (Edelman

et al., 2009). MMQPCR and automated MMQPCR analysis may prove to be the

inexpensive, robust, and reliable molecular diagnostic technologies that become the

standard for clinical molecular diagnostic practices.

6.3 Future Directions

6.3.1 Exploring the ability of MAK2 to accurately quantify difficult qPCR

To date, MAK2 has been applied to a limited number of datasets that are repre-

sentative of well–behaved qPCR data. It is as yet unknown under what conditions

MAK2 would fail, and it would be interesting to explore the limitations of MAK2 for

quantification of non-ideal qPCR data. MAK2 should theoretically work in situations

where other quantification methods fail, such as when PCR inhibitors are present;

however this has not yet been shown. A well designed study comparing Cq standard

curve quantification to MAK2 quantification of qPCR data obtained from samples

with PCR inhibitors present, may reveal that MAK2 is as vulnerable as other quan-
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tification methods to PCR inhibitors, or it may reveal that MAK2 is superior even to

Cq standard curve quantification. Additionally, it would be interesting to analyze the

effectiveness of MAK2 quantification on qPCR performed on systems where primers

or target contain secondary structure that compete with hybridization kinetics. Such

studies would reveal the strengths and weaknesses of MAK2 quantification.

6.3.2 Exploring application of MAK2 to quantify LATE-PCR data

A major limitation of MMQPCR is that it is only applicable to analysis of targets

that have at least a ten-fold difference in concentration. This limitation of MMQPCR

provides a practical limit of the assay to measuring only two targets. LATE-PCR

is a qPCR technology that is applicable to multiplex qPCR and does not suffer

from this limitation. As discussed in greater detail in chapter II, LATE-PCR is a

specialized asymmetric qPCR assay in which target DNA is amplified exponentially

until the limiting primer is depleted, and amplification proceeds linearly thereafter.

The ssDNA that is formed during linear amplification is detected by a target-specific

probe. Because there is very limited buildup of dsDNA, DNA polymerase does not

saturate during the reaction and competition effects do not affect the quantitativeness

of the assay.

Modeling LATE-PCR with a mechanistic model, such as MAK2, is a logical next

step for further development of models useful for fitting qPCR data. While the MAK2

assumption of excess polymerase holds throughout the assay, the assumption of excess

primer would not, so that this deviation from MAK2 would have to be accounted

for. Nevertheless MAK2, or a modified form of MAK2, may be applicable to fitting

multiplex LATE-PCR data. Development of this model-fitting method would enable

automated quantification of qPCR assays with a higher degree of multiplexing. Such a

method may find clinical application for measuring the expression of genes associated

with a disease gene expression signature.
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6.4 Overall Impact

The methods I have developed are likely to have a profound impact on best prac-

tices in the performance of quantitative PCR assays. These methods provide a re-

liable means of increasing qPCR throughput and may find use in clinical molecular

diagnostics. At minimum, I predict that the development of MAK2 will steer the sci-

entific discussion around qPCR quantification away from improved empirical model

fitting methods, where the literature has remained stuck for nearly ten years, toward

development of mechanistic qPCR quantification methods.
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APPENDIX A

Derivation of MAK2 from the deterministic model

of PCR mass action kinetics

Chemical equations of PCR

The Polymerase Chain Reaction (PCR) is a commonly used method in biotech-

nology for amplifying DNA using a thermostable DNA polymerase. Quantitative

PCR (qPCR) is merely PCR performed with a dye that indicates the concentration

of DNA in real-time. The typical three-step PCR cycle is shown in figure A.1.

The mechanistic model we have developed for fitting qPCR data is derived from

the chemical kinetics involved in the production of double-stranded DNA during

the annealing and elongation steps of a PCR protocol. These steps of facilitate all

reactions involved in the production of double-stranded DNA from single-stranded

DNA, as shown below:

S1 + P1

k11
GGGGGGBFGGGGGG

k−11

PS1 S2 + P2

k12
GGGGGGGGBFGGGGGGGG

k−12

PS2 (A.1)

PS1 + E
k2

GGGGGBFGGGGG

k−2

PSE1

kext

GGGGGGGAD + E PS1 + E
k2

GGGGGGGBFGGGGGGG

k−2

PSE1

kext

GGGGGGGAD + E (A.2)
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POL

POL

POL

POL

Melting Annealing Elongation

D

S1

S2

PS1

PSE1

PS2

PSE2

Figure A.1: The PCR cycle. During the melting step, double-stranded DNA (D)
melts to single strands S1 and S2. During the annealing step, primers P1

and P2 anneal to S1 and S2 to form primer-strand complexes PS1 and
PS2. DNA polymerase (POL) also complexes with PS1 and PS2 during
the annealing step to form primer-strand-enzyme complexes PSE1 and
PSE2. During elongation, DNA polymerase extends primers into a new
DNA strand, using the long strand as a template.

S1 + S2

kb

GGGGGAD (A.3)

where S1 and S2 are the two single-strands of DNA, P1 and P2 are their associated

primers, E is DNA polymerase, PS1 and PS2 are primer-strand complexes, PSE1

and PSE2 are primer-strand-enzyme complexes, and D is double-stranded DNA.

The model depicted above is a simplified version of previously proposed mechanistic

models of PCR Mehra and Hu (2005); Gevertz et al. (2005). Simulating many cycles

of this model, (with complete melting of double-stranded DNA at each cycle), results

in a curve with the characteristic sigmoidal shape of qPCR data. In such simulations,

reaction-efficiency steadily declines due to the competition of the reannealing reaction

(A.3) with the primer hybridization reaction (A.1), and the plateau-phase is brought

on by depletion of primer. Attempting to fit qPCR data with this model, however,

results in overfitting the data because the model contains too many kinetic rate

constants to be fitted. Thus, it has been very difficult to meaningfully fit qPCR data

with a mechanistic model of PCR.

We have employed many simplifying assumptions to arrive at a simple model that

captures the essential dynamics of PCR. The first simplifying assumption used is that

the two primers and the two complementary DNA strands can be treated identically.
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The reaction thus simplifies to:

S + P
k1

GGGGGBFGGGGG

k−1

PS (A.4)

PS + E
k2

GGGGGBFGGGGG

k−2

PSE
kext

GGGGGGGAD + E (A.5)

S + S
kb

GGGGGAD (A.6)

Here, a limitation is imposed on the model that qPCR data to be fitted is re-

stricted to data obtained before DNA concentration builds up to the level of primer

concentration. This restriction justifies the assumption that primer and enzyme are

in great excess and that changes in their concentration are minimal and do not af-

fect the dynamics of the reaction during a cycle. Thus, concentration of enzyme and

primer do not need to be considered in the production of the PSE complex and this

process can be treated as first-order in strand concentration, resulting in:

S
ka

GGGGGGAPSE
kext

GGGGGGGAD (A.7)

S + S
kb

GGGGGAD (A.8)

The kinetics of the elongation step are slow relative to the kinetics of PSE com-

plex formation and of reannealing. It can therefore be assumed that PSE complex

formation competes with strand reannealing, but that any PSE complex that forms

is converted to DNA by the slow action of DNA polymerase. The final form of the

reaction is thus:

S
ka

GGGGGGAD (A.9)
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S + S
kb

GGGGGAD (A.10)

Mathematical derivation of MAK2

By simplifying the model of PCR to one with only two species, S and D, the

mathematical representation of the model contains only two differential equations

that can be solved analytically:

S ′ =
dS

dt
= −kaS − kbS

2, S(0) = S0 (A.11)

D′ =
dD

dt
= kaS +

1

2
kbS

2, D(0) = 0 (A.12)

Solving for S(t), we obtain:

S(t) =
kaS0e

−kat

ka + kbS0 − kbS0e−kat
(A.13)

Solving for D(t) yields:

D(t) =
ka

2kb

ln(
ka + kbS0 − kbS0e

−kat

ka

)− 1

2
(S(t)− S0) (A.14)

The equations up to this point have been for following the changes in concentration

of single- and double-stranded DNA during a single cycle. Assuming that reactions

(A.9) and (A.10) go to completion, an expression is obtained for double-stranded

DNA at the end of any cycle, n:

Dn = lim
t→∞

D(t) =
1

2
(S0 +

ka ln(1 + kbS0

ka
)

kb

) (A.15)

Assuming that all double-stranded DNA melts to single-stranded DNA during the

high-temperature step of PCR, S0 can be set to 2Dn−1, resulting in:

84



Dn = Dn−1 +
ka ln(1 + 2kbDn−1

ka
)

2kb

(A.16)

The final expression for the model is obtained by substituting a constant, k, for

the ratio ka

2kb
to obtain:

Dn = Dn−1 + k ln(1 +
Dn−1

k
) (A.17)

The final expression, (A.17), is a recursive model in which the concentration of

double-stranded DNA at the end of any cycle is dependent only on the amount of

double-stranded DNA at the end of the previous cycle and the value of the constant

k, a parameter that characterizes the dynamics of the PCR reaction. This is the

model, MAK2, used to model PCR.
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APPENDIX B

Materials and methods used in experimental

validation of MAK2

Quantitative PCR data

qPCR assays.

Quantitative PCR assays shown in Fig. 4.3A were performed by the authors in 25

µL samples on an MJ Research (BioRad) Chromo4 thermal cycler. Reaction buffer

was composed of 0.1 units/µL HotStart Paq5000 DNA Polymerase (Stratagene, La

Jolla, CA) in the supplied reaction buffer, 0.2 mM of each dNTP (Promega, Madison,

WI), 2 µM of the dsDNA dye SYTO-13 (Invitrogen, Carlsbad, CA) and 400 nM

of each primer. The inital DNA concentration used in these qPCR dilution series

experiments ranged from 5*103 to 5*108 copies per well in 10-fold increments. Assays

for each concentration were run in duplicate.

The thermal cycling protocol contained a two-minute incubation period at 95.0◦C

followed by forty cycles with a 20s incubation at 95.0◦C and a 60s incubation at

64.0◦C with 4 plate reads obtained at 15s intervals. A melt profile was obtained after

the 11th cycle and again after every third cycle thereafter (for a total of 10 melt
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profiles). The melt profile consisted of plate reads obtained after a 5s incubation at

temperatures ranging from 79.0 to 83.8◦C in 0.2◦C increments, and reads at 84.0,

84.5, and 85.0◦C obtained after a 10s incubation.

The target DNA was a synthetic sequence designed by generating a random se-

quence and minimizing secondary structure and off-target primer binding by modify-

ing the sequence. Secondary structure and off-target primer binding were identified

and their thermodynamic properties were calculated using Visual OMP software from

DNA Software (Ann Arbor, MI). Primer and target DNA were obtained from Inte-

grated DNA Technologies (Coralville, IA).

The target sequence amplified was:

GACAGGTTTACATGGAACGCCACGAGGATAATCACAATGGCAATCCAGTG-

TATTTGAACGATTATGAAGTGTAGTAACTCGCATTGATCAAGCAAGCCAG-

CCACGAAGGATAGACAGAAACAGGATTCC

The sense primer was: GGAATCCTGTTTCTGTCTATCC

The antisense primer was: GACAGGTTTACATGGAACGC

Independent qPCR dilution data sets.

In addition to the dataset generated as described above, two additional data sets

were used in the comparison of quantification methods shown in Fig. 4.3. These

datasets were obtained from the rutledge (row B in Fig. 4.3) and reps (row C in Fig.

4.3) datasets in the R package qpcR (Ritz and Spiess , 2008). The rutledge dataset

is from Supplemental Data 1 of (Rutledge, 2004) and contains data from six 10-fold

dilutions of a 102-bp sequence generated in five independent experiments with four

replicates each.

The reps dataset is an unpublished dataset that contains seven 10-fold dilutions

of an S27a housekeeping gene target, with four replicates each. Quantification of

the most dilute condition of the reps dataset was not used for comparison because
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inclusion significantly affected R2 values obtained for the three methods that most

accurately quantified this data. The values plotted in Fig. 4.3 for the rutledge and

reps datasets are relative values, scaled for comparison to our data, generated as

described above.

Quantification of qPCR data

The quantification plots in Fig. 4.3 depict the accuracy of quantification by the

various methods. To generate these plots, quantification metrics D0 or Cq were gener-

ated as described in the sections below. Next, the best fit linear relationship between

log(D0) and log(N0) (where N0 is the initial amount of target DNA) or between Cq

and log(N0) was found by linear model-fitting (function LinearModelFit) in Mathe-

matica. Finally, the trend equation was then used to calculate an estimated N0 for

each known N0. The plots in Fig. 4.3 are log-log plots of estimated vs. known N0.

MAK2 model-fitting.

The parameters in the MAK2 model were fit using custom developed algorithm

implemented in Mathematica. The D0 values obtained using this algorithm were used

in generating plots for MAK2 quantification shown in Fig. 4.3. The algorithm used

the sum of squared residuals as a cost function for optimization. Each iteration of

optimization tested values for parameters D0, k, and Fb by performing a simulation

of MAK2 with these values, over all qPCR cycles, and calculating the associated cost

function value. Parameter values resulting in the minimum cost function value found

in 5000 iterations of Nelder-Mead optimization were considered the correct parameter

set. Additional optimization iterations yielded no significant improvement in data fit.

The data included for optimization was truncated to the cycle with the maximum

slope increase, relative to the previous cycle. Values for slope (equivalent to the first

derivative with respect to cycle) were obtained by subtracting fluorescence at the
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previous cycle from the current fluorescence. Values for slope increase (equivalent to

the second derivative with respect to cycle) were obtained by subtracting the previous

cycle’s slope value from the current cycle’s slope value.

Quantification cycle (Cq) determination.

To generate Cq values, first a quantification threshold was chosen that represented

about 10% of the maximum signal achieved in a dataset (0.1 for our data, 0.05 for

rutledge data and 1 for reps data). Background intensity was determined as described

above for determining data to include in MAK2 model-fitting. The Cq was calculated

as the fractional cycle (linearly interpolated) where (intensity - background intensity)

was equal to the quantification threshold. Calculation of Cq values was performed

using an algorithm developed in Mathematica.

Exponential model-fitting.

The exponential function for fitting qPCR data is:

Fn = D0 ∗ En + Fb (B.1)

where Fn is the fluorescence intensity at cycle n, Fb is background fluorescence, E is

the constant amplification efficiency of the reaction, and D0 is the initial fluorescence.

Data were fit with equation (B.1) using nonlinear model-fitting (NonlinearMod-

elFit function) in Mathematica. The data used for fitting was the minimum amount

of data (beginning with cycle 1) that resulted in a nonlinear fit of the data.
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Fitting with log-logistic models.

The equation for the five-parameter log-logistic function is:

Fn = Fb +
Fmax − Fb

(1 + eq∗(log(n)−log(r)))s
(B.2)

where Fn, Fb, and Fmax are the fluorescence at cycle n, background fluorescence, and

maximum fluorescence, respectively; and parameters q, r, and s adjust the shape of

the curve. The logistic model is identical to the log-logistic model in equation (B.2)

except the (log(n)−log(r)) term is replaced by (n−r). Parameter s in equation (B.2)

accounts for asymmetry in qPCR data and the four-parameter model is a special case

of the five-parameter model, where s = 1. The first reported sigmoidal model for

quantifying qPCR data (Liu and Saint , 2002a) was a 4-parameter logistic model.

Spiess et al. found that log-logistic models often perform better at data-fitting than

logistic models (A. Spiess , 2008), so 4 and 5-parameter log-logistic functions were

used in our comparison of quantification methods.

Fitting data with four and five-parameter log-logistic functions was performed in

the R package qpcR. The function pcrbatch was used for batch fitting an entire dataset

and the value for sig.init2 was used for estimating the initial fluorescence for each run.

This estimate is generated by fitting qPCR data with the log-logistic model and then

fitting the log-logistic model with the exponential model in (B.1) to find D0.
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APPENDIX C

Data from experimental validation of MAK2

Raw qPCR data

The data obtained by the experiments described in appendix B are represented

graphically in figure C.1 and in tabular form in table C.1
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Figure C.1: Quantitative PCR growth curves, from dataset S1 in chapter IV, obtained
in the experimental validation of MAK2.
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Data obtained on the MAK2 parameter k

Trends for k seemed to be different for each dataset analyzed. The significance of

the parameter k is not yet understood.
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Figure C.2: Dependence of k on D0. The plots show k vs. log(D0), for the three
different datasets, following optimization of MAK2 to the data.
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APPENDIX D

Materials and methods used in experimental

validation of MAK3 fitting to MMQPCR data

Materials and Methods

MMQPCR Assays on synthetic DNA

Two synthetic template DNA sequences (sequences A and B) were designed by

generating random sequences and minimizing secondary structure and off-target primer

binding through editing. The sequences were designed to have a difference in melting

temperature of 2◦C. Secondary structure and off-target primer binding were identified

and their thermodynamic properties were calculated using Visual OMP software from

DNA Software (Ann Arbor, MI). Melting behavior was predicted using the Poland

server for thermal denaturation of nucleic acids (Steger , 1994). Primer and target

DNA were obtained from Integrated DNA Technologies (Coralville, IA).

The target sequence A was:

GACAGGTTTACATGGAACGCCACGAGGATAATCACAATGGCAATCCAGTG-

TATTTGAACGATTATGAAGTGTAGTAACTCGCATTGATCAAGCAAGCCAG-

CCACGAAGGATAGACAGAAACAGGATTCC
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The sense primer for sequence A was: GGAATCCTGTTTCTGTCTATCC

The antisense primer for sequence A was: GACAGGTTTACATGGAACGC

The target sequence B was:

GTCACGCAGATCTATAGAGTCCAACGAACTAGGTATCGGCGACCATTTGT-

GTGGTACTGGGGACTACGGTGCCGCTAACAACCTCTCGCTGACGTTTGTA-

GTCTAGTCTCATTATGTCGTACAGCTATTCAGAGTGTGACTGATACCGGA-

AGACATCTC

The sense primer for sequence B was: GAGATGTCTTCCGGTATCAGT

The antisense primer for sequence B was: GTCACGCAGATCTATAGAGTCC

Quantitative PCR assays were performed in 25 µL samples on an MJ Research

(BioRad) Chromo4 thermal cycler. Reaction buffer was composed of 0.1 units/µL

HotStart Paq5000 DNA Polymerase (Stratagene, La Jolla, CA) in the supplied reac-

tion buffer, 0.2 mM of each dNTP (Promega, Madison, WI), 2 µM of the dsDNA dye

SYTO-13 (Invitrogen, Carlsbad, CA) and 400 nM of each primer.

The thermal cycling protocol contained a two-minute incubation period at 95.0◦C

followed by forty cycles with a 20s incubation at 95.0◦C and a 60s incubation at

64.0◦C with 4 plate reads obtained at 15s intervals. A melt profile was obtained after

the 11th cycle and for every cycle thereafter (for a total of 30 melt profiles). The

melt profile consisted of plate reads obtained after a 5s incubation at temperatures

ranging from 79.0 to 83.8◦C in 0.2◦C increments, and reads at 84.0, 84.5, and 85.0◦C

obtained after a 10s incubation.

Quantitative PCR assays were performed in both singleplex reactions and MMQPCR

reactions with sequences A and B. The initial template DNA concentrations used in

the qPCR assays ranged from 5*103 to 5*107 copies per well in 10-fold increments of

the higher Tm sequence (B), with the exception of 5*105. Additionally, two samples

of B at unknown concentration were analyzed. The initial template DNA concentra-

tions for sequence A, the lower Tm sequence, ranged from 5*103 to 5*108 copies per
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well in 10-fold increments. For monoplex assays of sequence A at 5*103 and 5*104

copies per well, contamination due to sequence B dominated the fluorescence signal

(every well contained primers for both targets). Data for sequence A at 5*103 and at

5*104 copies per well were thus not included in data analysis.

Multiplex qPCR assays were performed for mixtures with a difference in target

concentration of 1000-fold or less as shown in Table 5.1. Assays for each condition

were run in duplicate.

MMQPCR Assays on genomic DNA from the microbial consortium

DNA Isolation

1 mL culture samples were centrifuged at 14,000 rpm for 5 minutes. After dis-

carding supernatant, residual liquid was wicked off cell pellets with a kimwipe. A cell

pellet equivalent volume of 425-600 µm acid washed glass beads was added to each

sample. Samples were wetted with buffer AP1 (Qiagen, Germantown, MD, USA)

supplemented 1:100 with RNase (Qiagen) and then pulverized for one minute using

a clean mortar and pestle. Pulverized samples were resuspended in 400 µL buffer

AP1 (Qiagen) and 4 µL of RNase (Qiagen) and then processed with a DNeasy Plant

Kit (Qiagen) as per the manufacturers protocol, using 50 µL buffer AE for the final

elution step.

Primer Design

Primers were designed using Visual OMP software (DNA Software, Ann Arbor,

MI). Primers for the E. coli target were designed to have a melting temperature of

65◦C and primers for the T. reesei target were designed to have a melting temperature

of 70◦C. Primers were confirmed to be specific for their targets through simulation us-

ing Visual OMP. Primers were also scanned against the E. coli and T. reesei genomes

using ThermoBLAST (DNA Software, Ann Arbor, MI) to confirm that no false am-
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plicons would be generated using the selected primers at the assay conditions used.

Primers were obtained from Integrated DNA Technologies (Coralville, IA).Primers

for the E.coli target were:

• ACCGGTATTCCTCCAGATCTC

• GGGGTAGAATTCCAGGTGTAGC

Primers for the T. reesei target were:

• AGGGGAAAGATGGGCAACGTAGA

• GGGAGCTTCTTCGTCCGATCAGC

MMQPCR Assay Protocol

Quantitative PCR assays were performed in 25 µL samples on an MJ Research

(BioRad) Chromo4 thermal cycler. Reactions were carried out in 1X Quantitect

qPCR mix containing SYBR Green (Qiagen, Germantown, MD, USA). Each assay

contained 600 nM of all primers.

The thermal cycling protocol contained a fifteen-minute incubation period at

95.0◦C followed by forty cycles with a 15s incubation at 94.0◦C, a 15s incubation

at 60.0◦C, a 60s incubation at 65.0◦C with 4 plate reads obtained at 15s intervals,

and a 60s incubation at 72.0◦C with 4 plate reads obtained at 15s intervals. A melt

profile was obtained after the 11th cycle and for every cycle thereafter (for a total

of 30 melt profiles). The melt profile consisted of plate reads obtained after a 45s

incubation at 73, 74, and 75◦C, and reads at temperatures ranging from 76 to 85◦C

in 1◦C increments, obtained after a 15s incubation. At the end of this protocol, an

endpoint melt curve was obtained with reads taken at 0.5◦C increments following 10s

incubations. Assays for each condition were run in duplicate.
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Data Processing

Real-time melt curves

Real-time melt curves were generated from three-dimensional MMQPCR data by

slicing the data at an individual cycle. The derivative of the intensity with respect

to temperature was calculated as:

dF

dT
(T + ∆T ) =

F (T + ∆T )− F (T )

∆T
(D.1)

where F(T) is fluorescence intensity at temperature T. The temperature at the trough

between derivative peaks was used as the temperature for measuring signal due to

the high Tm sequence.

qPCR growth curves

qPCR growth curves were generated from three-dimensional MMQPCR data by

slicing the data at an individual temperature. The derivative of the intensity with

respect to cycle was calculated as:

dF

dn
(n+ 1) = F (n+ 1)− F (n) (D.2)

where F(n) is fluorescence intensity at cycle n. The cycle with maximum value of

the derivative was used for analyzing the contribution of the high Tm sequence to the

data obtained at low temperature.

MAK3-fitting of MMQPCR Data

MAK3 is a version of the mechanistic model MAK2 that uses an additional pa-

rameter, m in (D.4), to adjust for sloping background in qPCR data. A prototype

version of MAK3 (provided in appendix E) has been developed for use with the qpcR

package for the programming language R (Ritz and Spiess , 2008). The slope ad-
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justment of MAK3 was necessary for fitting growth curve data obtained at 81.4◦C,

but also results in a better fit for qPCR data in general (AN Spiess, unpublished

observations). The MAK3 model used for fitting data is expressed as:

Dn = Dn−1 + k ln(1 +
Dn−1

k
) (D.3)

Fn = Dn + (m ∗ n+ Fb) (D.4)

where Dn represents fluorescence due to DNA at cycle n, Fb represents initial back-

ground fluorescence, m represents the slope of background fluorescence, Fn is the

total fluorescence at cycle n, and k is the characteristic PCR constant. The back-

ground fluorescence is thus accounted for by the terms in parentheses in equation

(D.4). Note that when m is 0, the MAK3 model is equivalent to MAK2 (Boggy and

Woolf , 2010). The prototype version of the algorithm used in this study truncated

qPCR data at the cycle where a fitted 4-parameter sigmoid has a maximum value for

the second derivative. An additional two cycles beyond this cutoff were used for data

quantification by setting the correction factor “correct” to a value of 2.

Cq Standard Curve Quantification

The quantification cycle (Cq) is the fractional cycle at which the growth curve

crosses some threshold intensity above background fluorescence.

Cq calculation for low temperature data

The first step involved in calculating Cq for MMQPCR data collected at 64◦C

was to find the value for background fluorescence. This was accomplished by finding

the last cycle where fluorescence is less than the previous cycle. The background

fluorescence was calculated as the average value of fluorescence intensity prior to and

including this cycle. Next, the quantification cycle was calculated by interpolating
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the fractional cycle at which the growth curve crossed the threshold value above

the background fluorescence. The threshold value used for comparing Cq standard

curve quantification to MAK3 quantification was the value that produced the best

correlation between estimated and known DNA amount.

Cq calculation for high temperature data

Because the background fluorescence sloped upward at 81.4◦C, the procedure for

calculating Cq differed slightly from the procedure used for calculating Cq for data

collected at 64 ◦C. The background fluorescence trend line was determined by find-

ing the best-fit line to the first four datapoints. The quantification cycle was then

calculated by interpolating the fractional cycle at which the growth curve crossed the

threshold value above the background fluorescence trend line. The threshold value

used for comparing Cq standard curve quantification to MAK3 quantification was the

value that produced the best correlation between estimated and known DNA amount.

Data Analysis

Calculation of the ratio of MMQPCR-predicted concentration to monoplex

qPCR-predicted concentration ([Target]multi : [Target]mono)

The ratio of MMQPCR-predicted concentration to monoplex qPCR-predicted con-

centration was calculated by dividing the D0 value obtained by MAK3-fitting of

MMQPCR by the D0 value obtained by MAK3-fitting of monoplex data.

Assessment of Quantification Accuracy

The quantification plots in figure 5.3 depict the accuracy of quantification of the

two target sequences by MAK3 and by Cq standard curve quantification. To gen-

erate these plots, quantification metrics D0 or Cq were first generated as described

above. Next, the best fit linear relationship between log(D0) and log(N0) (where N0
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is the initial amount of target DNA) or between Cq and log(N0) was found by linear

model-fitting (function LinearModelFit) of data obtained on known concentrations, in

Mathematica. The mean D0 or Cq value for unknowns was used to calculate “known”

concentrations for including this data in the analysis. The trend equation was then

used to calculate an estimated N0 for each known N0. Finally, a linear model is fit to

this data to obtain an R2 value. The plots in figure 5.3 are log-log plots of estimated

vs. known N0.

Comparison of D0 values for E. coli and T. reesei targets

D0 values for the T. reesei target were calculated based on 30 cycles of data col-

lected after the initial 10 cycles of qPCR. In order to compare D0 values calculated for

E. coli and T. reesei targets in figure 5.4b, the D0 values for the T. reesei target were

divided by 210, to account for amplification occurring during the first 10 cycles. This

assumes a perfect doubling at each cycle, however, this is a reasonable assumption

for the initial cycles of PCR.
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APPENDIX E

Implementation of MAK3 in R

The following code for MAK3 was developed by Andrej-Nikolai Spiess as a result

of a collaborative effort to implement MAK2, and the slope adjusted MAK2 model

MAK3, into the programming language R. It was used for fitting all data from chapter

V.

mechFit <- function(fluo,

method = c("LM", "optim"),

correct = 0)

{

method <- match.arg(method)

FLUO <- fluo[!is.na(fluo)]

### set 0 to small value

FLUO[FLUO == 0] <- 1E-6

### initial parameters
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# sigmoidal fit for second deriv max point

sigDAT <- cbind(Cycles = 1:length(FLUO), FLUO)

m <- pcrfit(sigDAT, 1, 2, l4)

cpD2 <- efficiency(m, plot = FALSE)$cpD2 + correct

# cut off all cycles beyond...

sigDAT <- sigDAT[1:floor(cpD2), ]

FLUO <- FLUO[1:floor(cpD2)]

# exponential fit for Fb and D0 start estimates

m2 <- pcrfit(sigDAT, 1, 2, expGrowth)

# make grid of start estimates

D0.start <- coef(m2)[1] * 10^(-4:1)

k.start <- seq(0.1, 3, by = 0.3)

Fb.start <- coef(m2)[3]

slope.start <- coef(lm(FLUO[1:5] ~ I(1:5)))[2]

### create grid of initial parameter values

### to optimize over

START <- expand.grid(D0.start, k.start, Fb.start, slope.start)

### objective function definition for MAK2 method

### cost function is residual sum-of-squares

MAK2 <- function(init, y, opt = TRUE) {

d0 <- init[1]

k <- init[2]

Fb <- init[3]

slope <- init[4]

Fn <- vector(mode = "numeric", length = length(y))
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for (i in 1:length(y)) {

if (i == 1) Fn[i] <- d0 else Fn[i] <- Fn[i-1]

+ k * log(1 + (Fn[i-1]/k))

}

Fn <- Fn + (slope * (1:length(Fn)) + Fb)

if (method == "LM") res <- y - Fn else res <- sum(y - Fn)^2

if (opt) return(res) else return(Fn)

}

### initialize parameter matrix

parMAT <- matrix(nrow = nrow(START), ncol = 5)

colnames(parMAT) <- c("D0", "k", "Fb", "slope", "RSS")

### nonlinear fitting

for (i in 1:nrow(START)) {

PAR <- as.numeric(START[i, ])

if (method == "LM") OUT <- try(nls.lm(PAR, MAK2, y = FLUO,

control = nls.lm.control(maxiter = 10000),

opt = TRUE), silent = TRUE)

else OUT <- try(optim(PAR, MAK2, y = FLUO,

method = "Nelder-Mead", control = list(maxit = 10000),

opt = TRUE), silent = TRUE)

if (inherits(OUT, "try-error")) next

RSS <- if(method == "LM") sum(OUT$fvec^2) else OUT$value

parMAT[i, ] <- c(OUT$par, RSS)

qpcR:::counter(i)

}
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cat("\n")

### function for best value fit

yFIT <- function(y, D0, k, Fb, slope, opt = FALSE)

MAK2(c(D0, k, Fb, slope), y = y, opt = opt)

### function for R-square

RSQ.mak2 <- function(y, yfit) {

TSS <- sum((y - mean(y))^2)

RSS <- sum((y - yfit)^2)

1 - (RSS/TSS)

}

### function for AIC

AIC.mak2 <- function(y, yfit) {

RESID <- y - yfit

N <- length(RESID)

w <- rep(1, N)

val <- -N * (log(2 * pi) + 1 - log(N) - sum(log(w))

+ log(sum(w * RESID^2)))/2

attr(val, "df") <- 1L + length(OUT$par)

attr(val, "nobs") <- attr(val, "nall") <- N

class(val) <- "logLik"

aic <- AIC(val)

k <- length(OUT$par) + 1

aic + ((2 * k * (k + 1))/(N - k - 1))
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}

yFITS <- apply(parMAT[, 1:4], 1, function(x)

yFIT(FLUO, x[1], x[2], x[3], x[4], opt = FALSE))

yFITS <- t(yFITS)

RSQS <- apply(yFITS, 1, function(x) RSQ.mak2(FLUO, x))

AICS <- apply(yFITS, 1, function(x) AIC.mak2(FLUO, x))

parMAT <- cbind.na(parMAT, Rsq = RSQS, AIC = AICS)

ORDER <- order(parMAT[, 5])

parMAT <- parMAT[ORDER, ]

yFITS <- yFITS[ORDER, ]

plot(1:length(fluo), fluo, main =

paste("Rsq:", round(RSQ.mak2(FLUO, yFITS[1, ]), 5)))

lines(yFITS[1, ], col = 2, lwd = 2)

OUT <- parMAT[1, 1]

#OUT <- yFITS[1, ] - parMAT[1, 3]

### return parameters

return(OUT)

}
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##########

library(qpcR)

### unmark here for testing the different datasets!

DATA <- reps[, 1:25]; GL <- gl(6, 4)

#DATA <- rutledge ; GL <- gl(6, 20)

#DATA <- boggy ; GL <- gl(6, 2)

#DATA <- guescini1 ; GL <- gl(7, 12)

#DATA <- batsch1 ; GL <- gl(5, 3)

#DATA <- sisti1 ; GL <- gl(6, 12)

DATA <- DATA[, -1, drop = F]

## do fitting on datasets

res <- apply(DATA, 2, function(x)

mechFit(x, method = "LM", correct = 0))

LM <- lm(log10(res) ~ rev(as.numeric(GL)))

summary(LM)

stripchart(log10(res) ~ rev(GL), main =

paste("R^2:", round(Rsq(LM), 5)), vertical = TRUE, pch = 16)

abline(LM, col = "red", lwd = 2)
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