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ABSTRACT

Correlation Functions in Two-Dimensional Critical Systems with Conformal
Symmetry

by

Steven Miguel Flores

Co-Chairs: Charles R. Doering and Peter Kleban

This thesis presents a study of certain conformal field theory (CFT) correlation func-
tions that describe physical observables in conformally invariant two-dimensional
critical systems. These are typically continuum limits of critical lattice models in
a domain within the complex plane and with a boundary. Certain clusters, called
boundary clusters, anchor to the boundary of the domain, and many of their features
are governed by a conformally invariant probability measure. For example, percola-
tion is an example of a critical lattice model, and when it is confined to a domain
with a boundary, clusters of connected, activated bonds that touch that boundary
are the boundary clusters. This thesis is concerned with how the boundary clusters
interact with each other according to that measure. One question that it considers
are “how likely are these clusters to repel each other or to connect with one another in
a certain topological configuration?” Chapter one non-rigorously derives an already
well-known elliptic system of partial differential equations (PDE) closely tied to this
matter by using standard techniques of CF'T, chapters two and three rigorously infer

certain properties concerning the solution space of this system, and chapter four uses
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some of those results to predict an answer to this question. This thesis also considers
local variations of this question such as “what regions of the domain do the perime-
ters of the boundary clusters explore,” and “how often will several boundary clusters
connect at just a single, specified point in the domain?” Chapter five predicts precise
answers to these questions. All of these answers are quantitative predictions that we
verify via high-precision computer simulation. Chapters four and five also present
these simulation results. Further material that supplements chapter one is included
in two appendices.

This thesis is a blend of research in mathematics and physics, and although math-
ematics is the language of physics, these two areas of study adhere to different stan-
dards of proof. Mathematics is inductive and based on rigorous proof while physics
is deductive and based on agreement between prediction and observation. To empha-
size this distinction, I have attempted to confine these two approaches to different
chapters, although there is mixing in chapter three. Chapter one provides back-
ground material and context for the application of CFT to critical phenomena in
two-dimensions, and it obviously belongs to the realm of physics. On the other hand,
chapters two and three belong to the realm of mathematics as they rigorously prove
certain theorems concerning a system of PDEs that arises in chapter one. Chapter
four combines the results of the first three chapters to calculate observables called
crossing probabilities, and chapter five, somewhat separate from all but chapter one,
calculates other observables called pinch-point densities. Because these last two chap-
ters rely on the results of chapter one, their results are predictive rather than rigorous.
Thus, they belong to the realm of physics. To differentiate between these two ap-
proaches, definitions, lemmas, and theorems are typeset apart from the regular text
in the mathematics sections, while definitions and predictive results are contained
within the text of the physics sections. Also, I have reserved the word “conjecture”

for a precise mathematical conjecture, and I have reserved the word “supposition”
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for a more ambiguous guess that is not precisely defined in mathematical terms yet

whose main idea is apparent.
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CHAPTER I

Introduction

Two-dimensional lattice models are an important class of models in statistical
mechanics used to describe two-dimensional crystals, ferromagnets, polymers, and
more. Such models are typically defined on the lattice aZ? with a the (very small)
lattice spacing and with some collection of variables associated with each lattice
site. These lattice variables interact via a Hamiltonian particular to the model, and
the ensemble of possible system configurations is Boltzman-weighted. Often, these
systems are simple enough for their quantitative properties to be exactly known and
complicated enough to exhibit the macroscopic behavior of the real-world phenomena
that they model. Many different lattice models are studied in the physics literature.
Among them are the @-state Potts model [1], the O(n) model [2], ice-type models,
six-vertex and eight-vertex models, and more [3, 4, 5].

We suppose that the underlying lattice of the model under consideration has
infinite size. In this situation, many lattice models, including all of those mentioned
above, exhibit a (second-order) phase transition at a critical temperature (or critical
point) T., and these models are of particular interest to this thesis. This critical
point is often characterized by the divergence of the correlation length & measuring
the average size of the largest cluster within a sample of the model [3]. A cluster

is a collection of (usually) nearest-neighbor lattice sites that share some common



feature (such as an equal lattice variable). Above the critical point, large clusters
are suppressed and £ is finite. At the critical point, the size of every cluster is finite
typically (this is proven true for percolation [6] and more recently for certain Ising
model clusters [7]), but the supremum of the cluster size, and therefore &, is infinite.
Below the critical point, an infinite-sized cluster exists, and £ is redefined to be on the
order of the largest finite cluster. This redefined ¢ is finite. (These statements are true
almost surely.) The distinctive behavior of the system is found at the critical point,
which is loosely defined as the temperature for which ¢ is infinite. The phenomenon
of an infinite correlation length has meaning only for a model defined on an infinite
lattice such as aZ?, and we typically call this the thermodynamic limit of the same
model defined on a finite lattice.

Most lattice models of interest are defined via local interactions between lattice
sites. As such, they are isotropic, so their observables must be invariant under trans-
lations and rotations. At the critical point, the infinite correlation length signals
the vanishing of a length-scale, so these lattice models must also be invariant under
dilations. However, there is another length scale, the lattice spacing a, that must
be removed in order for this to be completely true. This is done by considering the
continuum limit of the model. Though often difficult to capture mathematically, this
limit has an intuitive definition: the continuum limit of a lattice with lattice spacing
a is a process in which two simultaneous events transpire. First, the lattice spacing
a is sent to zero, and second, new sites are constantly added to the lattice during
this contraction so that the lattice does not eventually vanish but continues to fill
the original domain D C C that it occupied. The continuum limit is (conceptually)
achieved when every point z € D marks a lattice site of the resulting continuum
model. Sometimes, the continuum model can be studied through a suitable limit of
the observables of the corresponding discrete model [8, 9]. Also, the continuum limit

may be viewed as an appropriate thermodynamic limit for a model contained within



a bounded domain since the number of lattice sites increases without bound.

Many critical continuum lattice models are supposed to exhibit an even stronger
invariance property: conformal invariance [3, 9]. That is, the statistics of the system
do not change when the system domain D is conformally mapped onto another domain
D’ in the complex plane. Conformal transformations are compositions of translations,
rotations, dilations, all of which were mentioned above, and inversions, which are new.
Taken together, the full conformal symmetry yields a powerful set of computational
techniques that lead to many interesting exact results concerning scaling behavior
and correlation functions of lattice variables at (or near) the critical point.

Several different methods have been used to calculate these quantities in two-
dimensional critical models. One method, invented by physicists, is called confor-
mal field theory (CFT) [10, 11]. CFT is essentially a quantum field theory in two-
dimensional Euclidean space-time (R? = C with a Euclidean metric) governed by
a massless Lagrangian that endows the theory with conformal symmetry. CFT is
not a rigorously developed mathematical theory, though representation-theoretic el-
ements of it are rigorous and approaches to its axiomatization have been explored
with success [12, 13]. Nonetheless, it provides many exact results with relatively lit-
tle computation. (The price to pay is a serious detour into its formalism in order to
understand it.) Furthermore, only certain CFTs, usually the minimal models, have
been observed to possess the right structure to describe a critical lattice models. Be-
cause these theories are relatively few, models with the same macroscopic properties
but different microscopic properties are presumed to have identical continuum limits
in order to correspond with the same CFT. Physicists call this phenomenon univer-
sality and call a collection of models with identical continuum limits a universality
class. For example, bond percolation and site percolation on the square lattice are
different percolation models with different critical activation probabilities. Yet at

their respective critical probabilities, their common observables are either proven or



observed through simulation to be equal in the continuum limit, so they belong to
the same universality class.

A second and relatively new method called Schramm-Léwner evolution (SLE)
has been used with recent success to prove many outstanding conjectures concerning
various critical lattice models in their continuum limits. A subject of probability
theory, SLE is a two-dimensional random growth process that generates planar curves
with conformally invariant probability measures in a domain with a boundary [14,
15]. In many lattice models with conformally invariant continuum limits, cluster
perimeters are conjectured, and in some cases proven, to have the statistics of SLE
curves [8, 16]. In this thesis, we will primarily work within the CFT setting, frequently
re-examining our results from the SLE point of view.

In this introduction, we present a survey of some critical lattice models that will
be frequently mentioned in this work, and we present a brief introduction to the CF'T,
SLE, and Coulomb gas techniques that will give context to the research presented in

this thesis.

1.1 Three critical lattice models

In this section, we briefly survey some classic lattice models with thermodynamic
limits that exhibit a conformally invariant critical point. We will study the Ising model
and two of its generalizations: the @-state Potts model and the O(n) model. The
observations that we make concerning these models will be essential to understanding

many of the results in this thesis.

1.1.1 The Ising model

The two-dimensional Ising model approximates certain two-dimensional lattice
models with short-range interactions. To define it, consider an N x N square lattice

with lattice spacing a and with each site exhibiting one of two states: up (+) or



down (—). These states may be envisaged as the two spin states in a model for the
magnetic moment of an atom. At the i-th lattice site, we represent these states by a
spin variable o; that assumes one of two values:

” = +1 if spin up (L.1)

—1 if spin down.

Two sites ¢ and j are nearest neighbors if site i is either immediately right, left,
above, or below site j, and their pairing is denoted by (ij). When two sites ¢ and j are
nearest neighbors, their proximity allows their spins to interact, introducing an energy
E;; = —Jo;0;/2 into the system. Here, J is a coupling constant, and the interaction is
called ferromagnetic when J > 0. (We assume ferromagnetic interactions throughout
this thesis.) If an external magnetic field H is applied perpendicular to the lattice,
then each spin couples to the field too, introducing an additional energy F; = —Ho;
into the system. If {0} = {o,}Y is a particular spin configuration, then the total

energy of configuration {o} is

E[{o}] = __ZO’UJ HZO’Z,

(i7)

where the sum is taken over all nearest-neighbor pairs. The different spin configu-
rations are weighted by the Boltzman distribution, so the probability of observing

configuration {¢} is given by

e~ BE[{a}]
P{o} = ——— = Z e PP, (1.2)
{0}
where § = 1/kT, T is the temperature of the system, k is Boltzman’s constant, and

Z is the partition function for the system. The statistics implied by (1.2) define the

two-dimensional Ising model on the N x N lattice. We note that the Boltzman distri-



bution favors configurations in which spins align with the magnetic field (i.e., H > 0
implies more + spins than — spins) and with their neighbors when the interactions
are ferromagnetic (i.e., J > 0).

The Ising model may be defined on any lattice as long as the nearest neighbors
of each site are clearly specified. For example, we will also consider the Ising model
on the triangular lattice or on its dual, the honeycomb lattice. On either lattice, the
nearest neighbors of a site are defined as the collection of sites closest to that particular
site. Hence, each site of the triangular (resp. honeycomb) lattice (excluding boundary
sites) has six (resp. three) nearest neighbors.

Also, we will need to specify a boundary condition (BC) for Ising models defined
in domains with boundaries. If no BC is specified, then no conditioning is imposed
on the spins of the boundary sites, and the boundary is said to be free. We may also
condition a sequence of adjacent boundary sites to exhibit a particular spin state,
and the segment of the boundary with this constraint is called wired or fized. Other
BCs are possible. For example, for a periodic BC, we topologically identify certain
boundary segments with other boundary segments, thereby requiring the identified
lattice sites to exhibit the same state.

Now we investigate the critical behavior of the thermodynamic limit of the Ising
model. Critical points manifest themselves as singularities of thermodynamic ob-
servables, which are typically derivatives of the partition function. For example, we
consider the average M(T,H) of the mean spin-per-lattice-site & over all possible

configurations:

1 1 0 1
M(T,H) := ﬁ—ZZ(?e_ﬂE[{“H = ———logZ, o:= —Zai. (1.3)
{o} i

M(T, H) is called the average magnetization per site. If H > 0, then samples with

more + spins than — spins are favored, and M > 0. Next, we wish to know how



M (T, H) behaves in the limit H | 0. To answer, we note that when H = 0, each
configuration {o} and its opposite configuration, generated by flipping all of the spins
in {0}, have the same weight but opposite mean spin. Thus M (7T,0) = 0, and because
M(T, H) is continuous when N is finite, we find that M (T, H) | 0 as H | 0. That
is, no residual abundance of + spins remains as H | 0, and the system forgets its
original 4 spin bias. The same is true with — spins if H starts out negative.

Now we take the thermodynamic limit N — oco. One can show that for each
fixed pair (T, H) with T" > 0, the limit of M (T, H) as N — oo exists, and we may
study its behavior as H vanishes. This second limit follows the thermodynamic limit,
and the two limits do not commute. With N infinite, we cannot suppose that the
thermodynamic limit of M (7, H) is continuous and conclude that it vanishes just as
the magnetization of the finite system vanishes as H approaches zero. In fact, this
will happen only if T" is greater than a certain critical temperature T,. If T is less

than T,, the system can remember its original spin bias:

0 itT >1T,
lim lim M(T,H)= ., where My(T) > 0. (1.4)

H—0+ N—oo
LMy(T) T <T,

In the thermodynamic limit, the magnetization exhibits a jump discontinuity at H =
0 when the temperature is below the critical temperature [3]. Consequently, the
system always (resp.never) remembers its spin up bias as H is decreased to zero
when T' < T, (resp. T > T.). This phenomenon is called spontaneous magnetization.
The discontinuity divides the system into two phases, positive H and negative H,
and the discontinuous behavior of the magnetization as the strength of the magnetic
field passes through zero when T' < T, is called a first order phase transition. At
the critical point T = T, the discontinuity vanishes, and the passage between these
phases is called a second order phase transition. When T' > T.., the magnetization is a

continuous function of the magnetic field, so we do not witness a phase transition. The
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Figure 1.1: The thermodynamic limit of the ferromagnetic Ising model. Black (resp. white)
disks represent sites in the + (resp. —) state. Below the critical temperature, samples with
more + (resp. —) states scale away to a sea of + (resp.—) spin states. Above the critical
temperature, samples scale away to a sea of uncorrelated + and — spin states with the
appearance of white noise. At the critical temperature, finite clusters of either + or — spin
states and of all sizes prevail.
passage from the lack of spontaneous magnetization to the exhibition of spontaneous
magnetization indicates a phase transition within the zero-field (i.e. H = 0) Ising
model at the critical point T,.. The first published derivation of these claims is given
in [17]. They are also proven by relating the zeros of the partition function (1.2) as a
function of a complex magnetic field with the magnetization [5]. These zeros, called
Yang-Lee zeros, are determined in [18].

It is helpful to characterize this critical point in a way that does not initially require

the magnetic field to be nonzero since we will generalize only the zero-field Ising model

to other models below, and we want our understanding of the critical point to carry



over to these generalizations. This can be done in terms of the correlation length &.
To define the correlation length, we first define the spin cluster of the i-th lattice site
to be the set of lattice sites generated through the following recursion. We begin by
including the ¢-th lattice site in the set, and presently, the set contains only this lattice
site. Next, we add to the set those nearest neighbors of the i-th site that exhibit the
same spin state as the i-th site. Next, we add to the set those nearest neighbors of
any site in the set that exhibit the same spin state as that site, and so on. With spin
clusters defined, we next define the correlation length £ to be the average size of the
largest finite-sized spin cluster. Now, we suppose that the magnetic field is zero. If
the temperature is above the critical point, then the diameters of the spin clusters
are finite, the magnetization is zero, and the correlation length is finite. On the other
hand, if the temperature is at the critical point, then spin clusters of all finite sizes
and spin types emerge, the magnetization is still zero, but the correlation length is
infinite. Finally, if the temperature is below the critical point, then an infinite-size
cluster exists and covers most of the system in each sample, the magnetization is
nonzero, and the correlation length, now measuring the size of the largest finite-size
cluster, is finite (figure 1.1). (These statements are true almost surely.)

The thermodynamic limit of the zero-field Ising partition function was calculated
exactly in a landmark article by L. Onsager [19], and this result originally led to the
discovery of the Ising model critical point in the thermodynamic limit. The article
derives an expansion for the free energy per lattice site of the Ising model on a
square lattice in a rectangle with doubly-periodic BCs (left /right sides identified and

top/bottom sides identified). The expansion is [5]

B logZ 4 9
f_ngnooNQﬁ_ﬁ(K_Kc) log | K — K|+ ..., (1.5)

where K := 3.J, K. = log(v/2 + 1), and the ellipsis stand for terms that are regular



in the limit K — K.. Although this quantity is continuous at K = K_, the specific
heat C' := 0% f(K) is singular there, so K, is a critical point. From knowing the
thermodynamic limit partition function exactly, we further observe that the Ising
model has a unique critical point, so K, = J/kT,. where T, is the critical temperature
for the spontaneous magnetization.

These characterizations of the critical point are supposed to be true for the Ising
model on the triangular lattice and on the honeycomb lattice. Indeed, all of these
models are supposed to belong to the same universality class. The critical points of

the square, triangular, and honeycomb lattices are calculated in [20], and they are
K —log(v3+1), K% =logv3, K =log[(v3+1)/(V3-1). (16)

Many different observables characterize the physical attributes of the Ising model.

For example, the two-point function of the spin variables
(00j) = E[o;0,] (1.7)

measures the correlation of the spins between the lattice sites ¢ and j. Also, the

energy ¢; from interactions of the i-th lattice site with its neighbors,

1
)

defines another lattice variable that quantifies energy distribution in the system. The
two variables € and o are the fundamental lattice variables that characterize local
properties of the Ising model. Together with a so-called “identity” 1, the collection
of these three fields constitute a closed operator algebra in their corresponding CFT

[3, 11]. We will delve deeper into the meaning of this statement in section 1.2.7.
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1.1.2 The O(n) model

The two-dimensional O(n) model is a natural extension of the Ising model [2].
To define it, we promote each spin variable o; of the Ising model to an n-component
vector &; with Euclidean norm one, and we replace the product o;0; in the nearest
neighbor interaction with the dot product &; - &; (hence an obvious O(n) symmetry).

The new partition function defines the O(n) model:

ZO(n) = / / eﬂjz<ij>5i.5j/2 dUl...dO'NQ. (19)

The O(1) model is clearly the Ising model, and in this special case, the integrations
in (1.9) are replaced by sums over the two possible spin states. In this special case,
one may exactly represent each term in the O(1) partition function by a collection
of non-crossing loops consisting of bonds between nearest-neighbor lattice sites [5].
To uncover this expansion, we insert e = cosh(x) 4 o sinh(z) for ¢ = +1 into the

partition function (1.9) with n = 1 and perform some elementary algebra to find

Zoqy = cosh™" (K/2) Y~ J](1 + tanh(K/2)0;0), (1.10)

{o} (i)
where K := (3.J, and we expand the product out into 22V* terms, where 2N? is the
number of nearest neighbor pairs when we impose doubly periodic BCs on the sides
of the N x N lattice. Each term has the form tanh™(K/2)(o,0:,) ... (04, .04, ) for
some positive integer m, where sites ¢; and 75 are nearest neighbors, sites i3 and iy4
are nearest neighbors, etc. Therefore, each pair of factors can be represented by a set

of bonds f3; ;.. , between nearest-neighbor sites 7;,7;,1, with j odd, on the lattice.
Jli+1 & Jr v+ J
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Figure 1.2: Illustration of loops (red) formed from bonds on the honeycomb lattice (left)
and on the square lattice (right).

Next, we compute the the spin configuration sum over each term, and we find

2N* if {3} consists of only loops
Z(Ui1ai2)(0i30i4> s (0-7:2m710-’i2m) = (1'11>

{0} 0 otherwise

for the following reason. If the bonds in {#} do not form only loops, then the sum
will have the same number of +1 terms as —1 terms as a result of the 4+ symmetry, so
it equals zero. However, if the bonds in {#} form a loop (figure 1.2), then the indices
of the spins may be arranged so that o;, = 04,0, = 0;,, etc., and o,,,, = 0;,. With
this rearrangement, we see that each term in the sum is one, so with [{o}| = 2V
terms, we arrive with (1.11). Similar reasoning leads to the same result when the
collection of bonds {3} consists of several non-crossing loops. Therefore we can write

the partition function as

Zowy(K) = 2% cosh™ (K /2) Y "a’, = tanh(K/2), (1.12)
{1}
where {~} is the collection of non-crossing loops, ¢ is the total number of bonds that
comprise the loops of {7}, and the sum is taken over all collections of non-crossing
loops. This is the high-temperature expansion of the Ising model, so called because it
is a power series in = centered at zero, or equivalently, in the temperature centered
at infinity.

We momentarily digress to exploit the self-duality of the square lattice in order

12



to compute the unique critical point of the Ising model on the square lattice. (The
calculation supposes doubly-periodic BCs, but the critical point is the same regardless
of our choice of BC.) This technique was originally used in [21] to locate the critical
point of the Ising model, assuming its existence and uniqueness, before Onsager’s
solution. By representing each spin configuration as a collection {7*} of non-crossing
loops surrounding the + spin clusters and formed from the bonds of the dual lattice
(i.e., the lattice constituting the corners of square plaquettes that lie one-to-one on

top of the original lattice sites and tesselate the plane), we find that

Zo () = 2657 37 ¢ Ke (1.13)
o}

where ¢* is the total number of bonds that comprise the loops of {7*} and the sum is

taken over all collections {~*} of such non-crossing loops. This is the low-temperature

K centered

expansion of the Ising model, so called because it is a power series in e~
at zero, or equivalently, in the temperature centered at zero. Now, we define the dual

temperature K* relative to K through the relation
e " = tanh K/2. (1.14)
Then because the rectangular lattice is self-dual, the sum in (1.12) is identical to the

sum in (1.13) upon replacing K with K™ in the latter. Therefore, we have

fonlt) oo a1
IN? cosh?V* (K /2) P '

so if K is a critical point, then K™ is also a critical point. But because the Ising
model has a unique critical point K., we must have K = K. Plugging this relation
into (1.14) gives K. = log(v/2 + 1).

Now we return to the O(n) model. When n # 1, such models do not have the

13



exact loop expansion (1.12) unless we modify the partition function (1.9) slightly to

|g1|=1 |EN2|:1 (i5)

This modified partition function is found by expanding the exponential in (1.9) and
dropping terms past first order. Although these two partition functions are only
approximately equal in the high-temperature limit, the continuum limits of their
respective models are supposed to belong to the same universality class [11], so we
may identify them. Now, (1.16) has the following loop ezpansion that generalizes the

expansion (1.12) for the case n = 1:

Zo(n) < Zmanl, x = tanh(K/2). (1.17)
i}
Here, {7}, ¢, and the sum are defined identically to those in (1.12), and N is the
number of loops in the particular collection {} [22]. The proportionality constant is
an irrelevant, lattice-dependent factor.

Equation (1.17) shows that the O(n) model furnishes an example of a more general
lattice model called a loop gas. A loop gas is a lattice model for which each sample
is a collection of non-crossing loops that visit the various lattice sites. The weight
of each sample equals a product of fugacity factors, one for each loop, multiplying a
“temperature” x raised to the power of the total length of the loops in the collection.
Equation (1.17) shows that the O(n) model (1.16) is equivalent to a loop gas in which
all loops have fugacity n. Because a loop fugacity does not necessarily have to be an
integer, the expansion (1.17) extends the O(n) model to n € Z*.

A continuum limit description of the O(n) model with n € [—2,2] may be for-
mulated through its loop gas representation. This continuum limit is realized non-

rigorously by shrinking the lattice and coarse-graining the loops in the sum (1.17) via
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a renormalization group scheme. The renormalization is done in terms of the Coulomb
gas in [22]. We find that the renormalization group flow has two fixed points in the
positive temperature space with conformally invariant continuum limits, z.(n) and
Ze(n) > x.(n). The former (resp. latter) fixed point is unstable (resp. stable, allowing
us to identify the range (x.(n),o0) with a common continuum limit). These fixed

points are conjectured for the honeycomb lattice to be [22, 9]

ze(n)=[2+V2—n]"Y2 i (n)=[2-V2—n]V (1.18)

These two fixed points correspond to two phases. A nice physical description
of these phases is given in [23], and it goes as follows. First, if we start with a
low temperature x € (0,z.), the z will decrease under the renormalization group
flow, suppressing long loops and encouraging short loops of finite length. Only the
short loops survive almost surely, and they contract to points in the continuum limit,
rendering the model trivial.

On the other hand, if we start with the critical temperature x = x., then = will
not change under the renormalization group flow. Very long loops are encouraged,
and in the continuum limit they become non-self-intersecting fractal loops almost
surely. This nontrivial limit is called the dilute phase of the O(n) model (or of the
loop gas). Because the diameters of the loops span all length scales, this limit exhibits
dilation invariance, a prerequisite for conformal invariance. Since Ising spin cluster
perimeters on the triangular lattice do not self-intersect almost surely, we identify the
Ising model with the n = 1 dilute phase of the O(n) model. Using (1.18), we check
that the Ising model critical point on the honeycomb lattice agrees with the critical

temperature z.(1) of the dilute O(1) model:

z = tanh(K""/2) = 1/v/3 = z.(1). (1.19)
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Finally, if we start with a high temperature = € (z., c0), then x will approach the
fixed point . under the renormalization group flow. Configurations with every site
visited by very long loops dominate with high probability, and in the continuum limit
they become self-intersecting (but still non-crossing) fractal loops almost surely. This
nontrivial limit is called the dense phase of the O(n) model (or of the loop gas). In

the dense phase, n € [0,2] , and in the dilute phase, n € [—2,2].

1.1.3 The @-state Potts model

The two-dimensional @Q-state Potts model [1] exemplifies another natural extension
of the Ising model with a loop gas representation. In the Potts model, the spin variable
of each lattice site can assume any one of () values, sometimes called colors, among

the @ roots of unity:

o; € {exp(2mif/Q) : 0 € {0,1,...Q — 1}}. (1.20)

Only interactions between nearest-neighbor sites, say ¢ and j, contribute an energy
Eiyj = —J0s,5; to the system, and we again only consider ferromagnetic systems
(J > 0). The total energy of a spin configuration is found by summing over all
nearest-neighbor energies, and the Potts model is given by Boltzman-weighting the
ensemble of all spin configurations. Thus, its partition function Zg is given by (1.2)
with Fj; as defined above. We recover the Ising model partition function to within a
factor when @) = 2.

The Potts model may also be viewed as a generalization of bond percolation [1].
Letting {3} be a collection of activated bonds connecting nearest-neighbor sites of
the lattice, we say that spin configuration {o} and bond configuration {3} agree if
all activated bonds join sites of like spin (figure 1.3), and we write {o} ~ {#}. Then

by expanding the partition function in a manner similar to that of the O(n) model
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Figure 1.3: Two possible bond configurations that agree with a given spin configuration
on a square lattice. Sites exhibit either the + (blue) or the — (orange) state. Bonds
are activated (solid) only between nearest-neighbor sites of the same spin with probability
p=1—e

in (1.10), one can show that to within a factor, the partition function is given by

Zor) = (-9 Y (2] o) ~ ()
{8} {o}

= > PV —p)NNeQY with e =1/(1-p), (1.21)
{8}

where K := 3J, 1 is the indicator function, N, is the number of bonds on the lattice,
and Ng and NN, are the number of activated bonds and bond clusters in configuration
{3} respectively. A bond cluster is a connected graph comprised of activated bonds,
and N, includes clusters of size zero, or lattice sites that do not touch activated
bonds. If the system is confined to a domain with a boundary and a segment of the
boundary is wired, then (1.21) sums exclusively over bond configurations in which all
bonds between nearest-neighboring sites of that segment are activated.

The partition function (1.21) is identical to that of bond percolation with bond
activation probability p, except with @) different colors uniformly distributed among
the bond clusters (figure 1.4). This generalization of bond percolation is called the
random cluster model, and the colored bond clusters are called Fortuin-Kasteleyn
(FK) clusters [24]. When Q = 1, we recover percolation, and when ¢ = 2, the
partition function (1.21) furnishes another representation of the Ising model. One
can show that the correlation between two spins o; and o, defined below, equals the

probability that the two lattice sites ¢ and j belong to a common FK cluster, which
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Figure 1.4: A sample bond configuration in the ) = 4 random cluster model. The four
available colors are distributed with uniform probability across the bond clusters.
we write as z; < z;:

E[O’Z’O'; + O':O'j] = ]P){ZZ — Zj}. (122)

(The star denotes the complex conjugate throughout this thesis unless stated other-
wise in a particular instance.) Thus, we can compute spin correlation in the Potts
model by calculating FK-cluster-connection probabilities in the corresponding ran-
dom cluster model.

The absence of an exact solution for the ()-state Potts model with ) > 2 prevents
us from rigorously establishing the existence of a unique critical point. However,
strong numerical evidence suggests that a unique critical point does exist [1]. By cou-
pling the Potts model to an external field and looking for spontaneous magnetization,
one can show that such a critical point is first order for () > 4 and second order for
Q <4 [25]. The @ < 4 zero-field critical Potts models is supposed to be conformally
invariant, so we focus our attention on these models.

In spite of the lack of an exact solution, the critical point of the () < 4 Potts model
can be calculated exactly in certain cases by exploiting the symmetries of the lattice

on which it is defined. In particular, we may exploit the self-duality of the square
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lattice to compute the critical point [26] in a manner similar to the Ising model [21].
To begin, we consider a specific bond configuration {3} together with the collection
{6} of dual bonds (bonds between nearest-neighbor dual sites) that do not cross the
bonds of {#}. Now, the regular (resp.dual) bonds form N, (resp. N;) loops around
the isolated dual (resp.regular) lattice sites. We let N be the number of dual bond

clusters, and let N3 be the number of activated dual bonds. We therefore have
Ne=N;+1, N:=N;+1, Ny=Nz+ Nj. (1.23)
We let N be the number of sites. Then the Euler relation for planar graphs says that
Ny = Ng+ N, — Nj. (1.24)

We may use these relations to write the partition function (1.21) as

de=%1—mm(aagzﬁy%QMAEZ(QQ;jﬁy%Qm, (1.25)

5 p

Now we define the dual activation probability p* relative to p through the relation

1 —p* j%

Because the square lattice is self-dual, we may reuse the reasoning that led to (1.15)
to conclude from (1.21, 1.25) that Zg(p) is proportional to Zg(p*), and therefore
the unique critical point must satisfy p; = p.. Together with the requirement that
0 < p. < 1, this constraint gives the bond activation probability for the random

cluster representation of the Potts model on the square lattice:

sqr __ \/Q
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We note that when @) = 2, K39 agrees with the critical point of the Ising model on
the square lattice (1.6), and when @ = 1, p3* = 1/2 is the bond-activation probability
for critical bond percolation on the square lattice. A more complicated method using
the “star-triangle transformation” [4] is used in [20] to calculate the critical bond
activation probability for the random cluster model on the triangular lattice and on

the honeycomb lattice. They are respectively

) 1 u
tri hcb
= — . = —, 1.28
Pe 14+ Qu P w+1 ( )

- 2 Cos (1 arctan 4 1) (1.29)
pooi= 70 3 ”Q : :

Their respective critical temperatures K, are given by the relation efc = 1/(1 — p,.).
We note that K™ and K agree with (1.6) when @ = 2, as they must.

The random cluster representation of the Potts model on the square lattice has a
loop gas representation [27]. An example of the loop configuration that corresponds
with a particular bond configuration {8} U {#}* is shown in figure 1.5. The figure
shows that each cluster of activated regular bonds or dual bonds is surrounded by
a loop which may be generated through a hull-walk [28]. The hull-walk takes place
on the medial lattice, another square lattice at angle 7/4 to the original and formed
from the midpoints of the regular and dual bonds of the original lattice. Starting at
a specified medial lattice site, we walk along the bonds of the medial lattice so that
our walk never steps backward or crosses an activated regular (resp.dual) bond of
the regular (resp. dual) lattice, and our walk eventually returns to its starting point
to form a loop. Each loop either traces the outer perimeter of a cluster of activated
regular bonds (including clusters of size zero) or fills a hole within such a cluster. In a
given bond configuration, there are respectively N, and N, of each type, where N, and
N, are defined above, and the total number of loops N, equals N,+ N.. Exploiting the

Euler relation (1.24), we find that the partition function (1.21) at the critical point
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Figure 1.5: The loop configuration corresponding to a particular regular/dual bond con-
figuration. The loops are generated through a hull-walk on the medial lattice. (The steps
of the walk have been rounded into quarter-circles in the figure.)

P& can be written as

Zo(p™) = (1= )My (VM. (1.30)
{8}

Each bond configuration {3} corresponds one-to-one with a unique loop configuration
in which each side of an activated regular or dual bond is touched by a loop, so (1.30)
is really a sum over all such loop configurations. At the critical point, the presence
of clusters of all sizes implies loops of all lengths. Because every lattice site is visited
by a loop, this partition function is supposed to flow onto a renormalized dense-
phase loop gas with each loop enjoying a fugacity of n = /Q. We therefore call
the random cluster representation of the Potts model the dense phase of the Potts
model. Interestingly, this supposition provides a direct link between the continuum
limits of the Potts model and the O(n) model. Such a relation is surprising since

these generalizations of the Ising model initially appear to be quite different.
We have shown that the statistics of the Ising spin cluster perimeters have n =1
dilute-phase loop gas descriptions thanks to (1.12) while the statistics of the Ising

FK cluster perimeters have n = /2 dense-phase loop gas descriptions thanks to
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(1.30). We might posit a similar dilute-versus-dense phase description for the spin-
cluster versus FK-cluster perimeters respectively for 2 < @) < 4. In particular, the
loops for the dilute phase description of the 2 < ) < 4 Potts model should be
interfaces between clusters in which all spins exhibit some specific state, say, a, and
clusters in which all spins exhibit any spin but a. The dense phase description is
conveyed in (1.30), but the other, called the dilute phase of the Potts model has, to
my knowledge, not been explicitly established by working with the discrete model.
However, the relation between spin-cluster perimeters and FK-cluster perimeters is
conjectured more easily by exploiting duality in SLE. We will describe this relation
in more detail in section 1.2.8.

The terminology “dilute phase” and “dense phase” applied to the critical ()-state
Potts model may seem odd. Indeed, the @-state Potts model already has a high-
temperature and a low-temperature phase separated by a unique critical point K..
Now our terminology suggests that at the critical point, the ()-state Potts model
itself has two different phases, dense and dilute, yet this assertion cannot be true
since there is no adjustable parameter with its own critical point separating these
so-called phases. Rather, the dense phase and the dilute phase are simply names for
two different representations of the Potts model. The first is synonymous with the
spin-cluster representation, that is, the original definition of the Potts model, and the
second is synonymous with the random cluster representation. This terminology will

become more natural when we introduce SLE in section 1.2.8.

1.1.4 Common features among lattice models

The Ising model and its generalizations that we have discussed have continuum
limits that exhibit common special features at their critical points. The first feature is
the emergence of conformally invariant observables at the critical point, which endows

these models with CF'T descriptions. The second is a connection to loop gases with
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conformally invariant probability measures. The latter feature leads to an explicit
construction of the minimal CFTs via the Coulomb gas formalism and, separately,
the rigorous SLE/ conformal loop ensemble (CLE) approach [29, 30].

We first investigate the emergence of conformal invariance in these models as we
approach the critical point. Our treatment is similar to that in [3, 31]. We consider a
Potts model on the infinite lattice aZ? with small lattice spacing a. To measure the

covariance of two spins, one at site ¢ and the other at site j, we study the observable
Covloj, 0] := (oi0;) — (0:)(0;)- (1.31)

Here, (...) denotes averaging with respect to the Boltzman distribution. The one-
point function (o;) is zero by the Sg symmetry of the Potts model, so Cov{o;,o;]
equals the two-point correlation function (o;0;). Because spins may be averaged over
clusters of size on the order of the correlation length £, the correlation length sets a
length-scale in the model that governs the long-distance decay of (o;0;). When the
distance r between sites ¢ and j is much greater than a, we typically find

20,
(0i0;) ~ C2 (g) e ar (1.32)

Here, A, > 0 is called the scaling weight of the spin variable ¢, and it is one of several
temperature-dependent critical exponents used to characterize a lattice model. Also,
C, is a constant that depends on microscopic details of the model such as the lattice
type. The two-point function (1.32) is clearly translation/rotation-invariant as it
must be since the system is isotropic, but off of the critical point, the finite correlation
length spoils dilation invariance. Also, we expect that correlation between sites i and
j will vanish in the continuum limit (¢ — 0, r fixed) since these sites grow more
isolated from each other as more sites are added to the lattice, and equation (1.32)

exhibits this presumption.
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Now we examine the continuum limit. We let z be the location of the i-th lattice
site in the complex plane, and we consider the spin density o(z), or the average of

the spin variables at lattice sites in an e-ball centered at z, in the limit a — 0:

6/& > o — — a(2). (1.33)

l[j—il<e

The sum on the left side contains O(a™?) terms, so it is reasonable to suppose that
this limit exists. Next, we let z; and 29 be the respective locations of sites 7; and i

in the complex plane, and we define the averaged two-point function

o) =lin—s 3 3 (9 ) (130

l71—i1|<e |ja—ia|<e

Then as a — 0, the correlation length vanishes, so the original two-point function
(0j,05,), and therefore the averaged two-point function, vanishes exponentially fast.
But at the critical point, the correlation length is infinite, so (o (z1)0(22)) does not
vanish. Instead, it behaves just as (1.32) with a — € and £ — 0o when € < |29 — 2z1]:

<O'(Zl>0'(22)> ~ C§E2AJT(21,ZQ), T(Zl,ZQ) = |ZQ — 21|72AU. (135)

e—0

Four important features of (1.35) are worth noting. First, the two-point function is
dilation-invariant at the critical point. That is, it is invariant under the replacements
|29 — 21| = A|zo — 21|, and € — Ae.

Second, T is now a power law in the distance |23 — 21| between the lattice sites
with exponent —2A,. Power law decay, as opposed to exponential decay, typifies the
behavior of correlation functions at the critical point.

Third, the asymptotic behavior of (0(z1)o(22)) factors into one nonuniversal con-
stant C, for each point times one scaling factor €2 for each point times a universal

function Y. In a given lattice model with a unique critical point, it is therefore natu-
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ral to posit that for some set of lattice N not-necessarily-distinct variables {a, ..., (}

with respective universal scaling weights {A,, ..., A¢}, the N-point function

(a(21)...C(2n)) := lim !

lim

m oY (%)A“...(%)A‘<%...gm>, (1.36)

lj1—i1l<er liv—in|<en
with o; the value of the ¢ lattice variable at the i-th site located at z; € C (here, o
is a symbol for a generic lattice variable), exhibits the same factorized behavior as
61,...,6N—>01

(a(21)...C(2n)) ~ Ca...Cceie ... T (21, .., 2w). (1.37)

€;—

Again, T is some universal function which we typically write as a correlation function

of local fields ¢,(z) defined in terms of the densities o(z) thus:
o(z) ~ Cre® ¢g(2). (1.38)

The field ¢, and its scaling weight are universal, or the same for all models within a
universality class. On the other hand, the constant C, is monuniversal, or depends
on the microscopic details of the model such as the lattice type. For notational

convenience, we write the universal function T as a correlation function of the fields,

T(z1,...,28) = (Pa(21) ... Pc(2N)), (1.39)

to remind us of its relation to the true N-point function (1.37).
Fourth, (1.35) reveals more than dilation invariance. It also reveals (global) con-
formal invariance. Before we elaborate on this point, we state a few definitions. We

let C = CU {o0} be the one-point compactification of the complex plane with the
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extra point oo called “infinity,” and we bijectively map C onto the Riemann sphere
S? via a stereographic projection s so that infinity maps to the north pole. We let
D be a connected subset of C, and we let f:D— C. Then s lifts f to the map
F:5% - S?2given by ' =50 fos ! Given z € D, we let v; and 7, be any two
smooth curves in s(D) C S? that intersect at s(z), and we let F(y;) and F(v2) be the
images of y; and 7, respectively. These image curves necessarily intersect at F'(s(z)).
Furthermore, we let 6 and 0" be the intersection angle of v, with ~, and of F'(v;) with
F(v2) respectively. Then we say that f is conformal at z if 6 = ¢'. If f is conformal
at a point z € D, then f is necessarily conformal in a neighborhood of that point, and
we call f a local conformal transformation. If f is conformal at every point z € D,
then we say that f is conformal in D.

The stereographic map itself preserves angles between intersecting curves except
when the intersection occurs at infinity, in which case the intersection angle is not
defined. Therefore, if z € D and f(z) are finite, then we can streamline our definition
to one that does not invoke the Riemann sphere as follows. We let v; and 5 be
any two smooth curves in C that intersect at z, and we let f(71) and f(v2) be their
respective images under f which necessarily intersect at f(z). We also let 6 and
0" be the angle of intersection of v; with v, and of f(y;) with f(7y2) respectively.
Then we say that f is conformal at z if 6 = ¢’. This is the more conventional
definition of conformality [32]. If z and f(z) are finite, then it follows that f is
conformal at z if and only if f is complex-differentiable (i.e., analytic or holomorphic
as discussed in section A of the appendix) at z and the magnitude of its derivative
at z is finite and nonzero. For instance, the maps f(z) = z~' and f(z) = 2~ /2 are
not conformal at zero according to the latter definition. However (resp. Moreover),
the map f(z) = 27! (resp. f(z) = 27%/2) is (resp.is not) conformal at zero according
to the former definition that invokes the Riemann sphere. We will use the former

definition throughout this thesis because it gives a more elegant statement of the

26



following important fact.

A global conformal transformation is bijective map f : C — C that is conformal on
C. A famous theorem from complex analysis [32] states that every global conformal
transformation is a Mdbius transformation, or a transformation of the form

_az+b

f(z)= ot d a,b,c,d € C with ad — bc =1, (1.40)

and vice versa. It is straightforward to show that the set of all global conformal
transformations forms a group, called the global conformal group, under composition
that is isomorphic to SLy(C)/Z,.

These definitions set the stage for the following important observation. If f is a
global conformal transformation and z; = f(z;), then under f, the right side of the

two-point function (1.35) transforms into

C2Jef (21)|27 e f ()| X (2], ). (L.41)

|—2A

On the other hand, we also observe that Y (21, 22) = |22 —21|~*27 satisfies the following

functional equation:
T(21, 25) = [0f (21) 2|0 f (22)| 727 Y (21, 22). (1.42)

After inserting (1.42) into the transformed two-point function (1.41), we find the
original two-point function that preceded the transformation. We therefore conclude
that the two-point function (1.35) is invariant under global conformal transformations,
and we say that the two-point function is conformally invariant.

This observation leads us to posit that the N-point functions are also conformally
invariant. According to the preceding discussion, if an N-point function of N lattice

variables at respective sites z1, ..., zy and with respective scaling weights Ay,... Ay
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exhibits this symmetry, then its universal function Y(zy, ..., zy) will satisfy the func-

tional equation

Y(2,...,2%) = |0f ()72 0f (2n)| AN (21, - - 2n) (1.43)

for any global conformal transformation f. A function T satisfying property (1.43) is
said to be conformally covariant at z; with scaling weight A; for each ¢ € {1,..., N}.
Conformal invariance of N-point functions has been observed in many critical lattice
models [3], and when it is observed, it lays the foundation for nearly all continuum
limit mathematical descriptions of these models.

The second common feature among the models discussed so far is the existence
of their loop gas representations, which is useful for understanding their continuum
limits. The continuum limit of a lattice model can be very elusive to capture directly.
Some renormalization methods attempt to characterize it through coarse-graining
the system and supposing that, with suitable modifications, the lattice variables flow
onto a Gaussian free field (see [23, 33] and references therein), but these methods
are non-rigorous, only give approximate results, and do not present a clear picture
of the continuum limit. A more rigorous picture can be found not by studying the
individual lattice variables but by studying the perimeters of their clusters which
go to non-crossing fractal loops with conformally invariant probability measures in
the continuum limit. These measures are conjectured, and in some cases proven, to
be those of SLE/CLE [14, 15, 29, 30], and the loop gas representation of a model
can often be used to identify a critical lattice model with one of these measures.
Therefore, this second feature is very useful for developing rigorous constructions of
the continuum limits of some of these critical systems, though proving the existence
of the continuum limit and that this construction is indeed the correct description for

it is technically very difficult. We will not pursue these matters in this thesis.
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1.2 A Survey of conformal field theory

This section present a brief survey of the essential ingredients of conformal field
theory (CFT), first proposed in [10]. Our treatment is similar to that in [3, 11, 34].
Our immediate goal is to develop a CFT description of the critical lattice models
explored in the previous sections in bounded domains. Some basic familiarity with
quantum field theory is assumed.

The philosophy behind our approach can be summarized as follows. In physics, one
constructs a mathematical model of observed phenomena in order to predict further
unobserved phenomena that can be verified in an experiment. For this reason, the
development of the model proceeds heuristically rather than rigorously, and in spite
of this, it often has compelling, unstudied mathematical structure. During or after
the construction of the model, one may begin a new program to construct a rigorous
mathematical theory that exhibits the same structure, giving the model rigorous
footing and possibly even extending it. This description captures the evolution of
CFT, which is loosely understood to be any mathematical structure with certain
specific ingredients specified by its initial use in string theory, critical phenomena,
and other topics. In this exposition, we will follow the more heuristic approach of
CFT’s early development. A more rigorous treatment can be found in [12] and the

many references therein.

1.2.1 The continuum limit: from lattice variables to fields

One approach to constructing a continuum representation of a lattice model is
to represent each lattice variable density o(z) at site z with a local field ¢,(2) as in
(1.38). The field ¢,(z) is universal in the sense that it corresponds to a particular
lattice variable density o(z) common to all models within a universality class. We
will refer to a generic field as ¢.

In a rigorous setting, the field ¢ is really a field operator which is a kind of
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operator-valued distribution mapping a suitable space of test functions onto a set
of self-adjoint operators acting on a Hilbert space of “states.” This point of view is
taken by some rigorous treatments of CFT. For now, we ignore these technicalities
and suppose that ¢ is either a smooth function of C (as treated in the path integral
approach to quantum field theory) or an operator acting on some state space (as
treated in the operator approach to quantum field theory), depending on which point
of view is more convenient.

In section 1.1.4, we observed that correlation functions of fields are conformally

covariant (1.43). We generalize (1.43) slightly to

(6121, 2) - Oely, 2he = O () MO (z) ™.

X . Of(an)"™OF (2n) "V (b1 (21, 7). b (2w, En))e, (144)

for any global conformal mapping f : C — C. Again, z! := f(z;). For notational
convenience, we treat z and z as independent holomorphic and antiholomorphic vari-
ables and f and f as independent holomorphic and antiholomorphic maps instead
of complex conjugates. We discuss this point of view further in section A of the
appendix. In (1.44), the numbers h and h are respectively called the holomorphic
conformal weight and antiholomorphic conformal weight of the field ¢, and they are
not complex conjugates of each other. Rather, they are distinct numbers.

The primes on the fields on the left side of (1.44) indicate that the fields transform
under the global conformal map too, and the nature of this transformation is discussed
further in section B of the appendix. However, because the angled brackets ( ... )a
denote a thermal averaging over all possible fields with the common domain C and
weighted against a (globally) conformally invariant measure, the correlation function
on the left side of (1.44) must equal the correlation function on the right side with

z! replacing z; for each i € {1,..., N}. In other words, if we use the notation of the
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previous section and define the N-point function

T(Zl, 21, ey RN, EN) = <¢1(21, 21) . ¢N(ZN, 2N)>C7 (145)

then (1.44) amounts to the functional relation

N —

T(Ziv Zia s 7Z§V7 2?\7) = Haf(zz)_hzgﬁ(gl)_hl’r(zh 217 <.+, 2N, 2N>' (146)

i=1

We will explore the consequences of this equation further in the next section. Also,
we will drop the subscript C from the angled brackets for concision from now on.

We define the scaling weight and the spin of the field ¢ in terms of its conformal
weights respectively as

A=h+h, s=h—h, (1.47)

and if a field is spinless, that is s = 0, then the rule (1.44) reduces to the previous
rule (1.43) when we set z = 2* and f = f*. All of the fields that we will encounter in
this thesis are spinless.

Motivated by the transformation rule (1.44), we suppose that a field ¢ transforms

according to the conformal covariance law

6(2,2) = ¢/(,2) = 0f(2) "0 (2) (2, 2) (1.48)

when f is a global conformal mapping. (We motivate this transformation rule in
section B of the appendix.) We call such a field a quasi-primary field. The rule (1.48)
is completely local, so to extend it to a local conformal transformation is natural. To
this end, we call a field ¢ that transforms according to (1.48) for any transformation
f: C — C and at any z € C where f is conformal a primary field. More informally,
we say that a primary field transforms according to (1.48) under a local conformal

transformation while a quasi-primary field transforms according to (1.48) under a
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global conformal transformation. Clearly, a primary field is quasi-primary, but the
converse is not necessarily true.

An N-point function Y of quasi-primary (or primary) fields will obviously satisfy
relation (1.46) for a global conformal mapping f. If all of the fields in the N-point
function are primary, then we expect this constraint to strengthen since the trans-
formation law (1.48) of a primary field holds for more than just global conformal
transformations. However, to suppose that (1.46) is true for local conformal transfor-
mations which are conformal at zi,..., zy is incorrect. Indeed, the measure against
which the N-point function averages the product of N fields is only invariant under
global conformal transformations. So if f is conformal at z;,...,zy but is not a
global conformal transformation, then the measure will change, and the correlation
function on the left side of (1.44) will not equal that on the right side with 2/ replac-
ing z;. Instead, we find a prescription for calculating the new correlation function
with the image measure. This is easiest to understand if f maps C onto a region D
that is a proper subset of C. In this case, the new correlation function Y7 is com-
pletely different from the original Y. For one, they have different domains D"V and

cN respectively. However, they are related through the transformation rule

N
T,D(Zia 217 s 7ZEV7 2;\[) = Haf(zz)_hlgﬁ(gz)_th(zla Zlyev -y 2N, ZN)' (149)

i=1

For example, the map f(z) = (L/27)log z sends the complex plane onto the infinite
strip (—o0, 00) X [—L/2, L/2] with its top and bottom sides identified, or equivalently
onto an infinite cylinder with circumference L. According to (1.49), the two-point

function (1.35) of two spinless fields with scaling weight A transforms into

—A

2\ 24 (2] — 25)
(D(21, 21)P(25, Z5) ) ey, = (f) [4 sinth2 xce.| (1.50)

where we have set Z = z* and z’ = f(z)* and “c.c” stands for the complex conjugate
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of the collection of factors that it multiplies. If the distance r := |z} — z}| between

the image points is much less than L, then the cylinder locally looks Euclidean, and
we recover the original two-point function 7~22 on the plane. On the other hand,
if 7 is much greater than L, then the image two-point function (1.50) behaves as
(27 /L)* exp(—Re(r)/€) with a correlation length ¢ = L/2wA. The phenomenon of
a finite correlation length occurs as a consequence of the finite length-scale intrinsic
to the cylinder, namely its circumference.

A typical CFT consists of an infinite collection of fields organized into a hierarchy,
and the top of this hierarchy By comprises of a set of primary fields {¢q }aep,. If a CFT
characterizes a critical lattice model, then these fields usually correspond with the
fundamental lattice variables of the model, such as spin or energy density in the Ising
model. The rest of the hierarchy B; consists of secondary fields, or fields {¢4}acn,
that are not primary but may be quasi-primary. Each secondary field depends on a
primary field in some way, so the transformation law of a secondary field under a local
conformal transformation, while not (1.48), is determined both by this law and the
relation of the secondary field to its “parent” primary field. Usually, this law is (1.48)
with correction terms added to it. These details will be discussed a little further in

section 1.2.4.

1.2.2 Correlation functions in conformal field theory

Correlation functions serve as the principal observables of a critical lattice model.
For this reason, the goal of a CF'T is to calculate the correlation functions of all of
its fields. These correlation functions are sometimes computed by using the operator
formalism, in which the fields are promoted to quantum field operators that act on
the sample space of the system. We let |2) denote the configuration of lowest energy,

called the vacuum state. Then we suppose that the CFT correlation function and its

33



quantum version are equivalent:

(91(21,21) ... dn(2n, 2n)) = (Qon(z,21) - di(an, Zv) Q). (1.51)

The fields shown in the correlation function on the right side are operators, and
they must typically be radially ordered, that is |z;] < ... < |zn/|, in order for the
correlation function on the right side to be well-defined. This detail is an artifact
inherited from the time-ordering prescription of quantum field theory, and it usually
does not concern us because the formulas for the N-point functions often can be
analytically continued to the domain in CV with z; # z; for all indices i # j. We will
survey a useful operator method called the Coulomb gas formalism in section 1.2.9.
To begin our study of correlation functions in CF'T, we investigate how equation
(1.46) restricts the form of an N-point function of quasi-primary operators. We let f
be a global conformal transformation that is infinitesimal in a large disk D which is
centered at some ( € C and contains the points 21, ..., zy. Such a transformation is

necessarily of the form

(14+06/2)(z—=C) +a

1) = oF1-2

z,(eD (1.52)

with a,b,c € C sufficiently small, and has the following expansion to first order in

a,b, and c:

f)=z+ez), ez)=a+bz—)+eclz—0)>*+.... (1.53)

The first term in €(z) signifies translation, the second term signifies rotation and di-
lation, and the third term signifies an special conformal transformation (SCT), which
is essentially an inversion followed by a translation followed by another inversion.

The infinitesimal versions of these three transformations constitute the infinitesimal
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generators of the global conformal group. We break €(z) into its three constituent
pieces €(z) = a, b(z — (), or c(z — ¢)?, substitute each piece in (1.46), and expand to

lowest order in these parameters to find the conformal Ward identities:

N N N

=1 =1 =1

By repeating these steps for the antiholomorphic sector with €(z) = a,b(z — ), and
¢(z — ()2, we recover an identical set of partial differential equation (PDE)s in the
antiholomorphic coordinates z; and the conformal weights h;. When N = 1,2, 3, we

can solve the Ward identities to find explicit formulas for the one-point, two-point,

and the three-point functions of quasi-primary operators:

T(z1,%4) =0, (1.55)
T(Zl, 21, 22, 22) = Clg(shthéhleQ (ZQ — 21)72}“ X c.C., (156)
Y (21, 21, 22, %2, 23, Z3) = Choz| (29 — 2) 12 ths (1.57)

X(Z3 — 22)7h27h3+h1 (Zl — 23)7h37h1+h2 X C.C.|.

(13 b

Here “c.c.” stands for the antiholomorphic contribution which is identical to the
holomorphic part except with antiholomorphic coordinates and conformal weights re-
placing their holomorphic counterparts. The normalization of the two-point function
is arbitrary, but the normalization of the three-point function depends on that of the
two-point function. We will briefly investigate this dependence later.

When N > 4, the conformal Ward identities may also be solved via the method
of characteristics. We find that an N-point function of quasi-primary operators must

always exhibit the ansatz
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T(Zl,zl, ey RN, EN)

3 N — 3 independent cross-ratios
— H 29 @G x c.c., (1.58)

1<i<j<N formed from {z;}¥,

where z;; := z; — 2, where G is an unspecified function with its -th partial derivative
existing everywhere except possibly when z; = z; for some j # 4, and where p;; is

subject to the constraint

> pig=—2h; forallie{l,...,N}. (1.59)
J#
A cross-ratio is a function f(z;, 2, 2k, 21) = 2ij2/ziz With 4,5, k and [ as distinct
indices, and it is invariant under a global conformal transformation. The ansatz (1.58)
explicitly exhibits the conformally covariant transformation law (1.46).

While an N-point function of quasi-primary operators must assume the form
(1.58), the form of an N-point function of primary operators is even further con-
strained. We will examine these constraints later in section 1.2.5.

Typically, an additional condition is imposed on the N-point functions of primary
operators. We require that when N = 2, 3,4, such an N-point function T is invariant
under the monodromy transformation induced by letting z; (resp. Z;) wind counter-
clockwise (resp. clockwise) around z; (resp. z;) for all j # i. When N = 23,4, this
condition is satisfied if the spin of each field in the correlation function is an integer
[3]. With this condition imposed, we can use (1.46) with f(z) = 1—z and f(z) =1/z

to uncover the crossing relations

Gij:k:l(n; T_]) = ijzl(l -1, 1 - 77)7 Gij:kl(na 7_7) = 7]72hjﬁ72ﬁj Gl]kl(l/n7 1/7_])7 (160>
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where Gj..(n, 1) is defined by
Gij:kl(na ﬁ) = lim Z?hlélﬂ”T(zl, 21y 24, 24), (161)

with “lim” standing for the limit (z;, z;, 2, 21) — (0,m,1,00) and (%, Z;, 2k, Z1) —
(0,7, 1, 00), and with the indices {1, j, k, [} in one-to-one correspondence with {1, 2,3, 4}.
The crossing relations are used to fix the coefficient of the three point function (1.57)

and in some cases the explicit form of the four-point function.

1.2.3 The stress tensor and conformal families

In the next few sections, we investigate the extra constraints that local conformal
invariance imposes on correlation functions of primary operators. These constraints
are embodied in a special field called the stress tensor. In a quantum field theory, this
is the conserved current associated with the translation invariance of the action. From
this association, the stress tensor appears naturally in CFTs modeled by quantum
field theories. In CFT, the stress tensor is always divergence-free, and it can be
adjusted to be symmetric and traceless in space-time coordinates by exploiting the
conformal symmetry of the theory. In holomorphic/antiholomorphic coordinates,
the stress tensor is diagonal, and its 00 (resp.11) component is holomorphic (resp.
antiholomorphic). We call this component (modulo a conventional factor of —2m)

T(z) (resp. T(2)). The two-point functions of these components are

(Zlc_/—222)4, <T(21)T(22)>=C/—2, (T(21)T(%)) =0, (1.62)

(T(21)T(22)) = (Z1 — 22)*

with the central charge ¢ some constant whose physical meaning we will discuss later.
Now we investigate how the stress tensor determines the variation d¢ := ¢’ — ¢ of

the field ¢ under an infinitesimal transformation f(z) = z + €(z) that is conformal at
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z. By using Néther’s theorem, one may show that this variation is given by [11]

dp(z,2) = —L dw e(w)T (w)P(z, Z) + c.c.. (1.63)

z

This formula follows from the radial quantization scheme of CFT. The contour used
for the integral is a simple loop of very small radius winding counterclockwise around
the point z once. Letting X stand for a product of fields ¢;(21,21) ... on (25, 2ZN),
the leading order contribution to the variation 6(X) of (X) under the infinitesimal

transformation f is given by

M{X) = L L aw e(w){(T(w)X) + L,jgdu‘) e(w)(T(w)X), (1.64)

21 Jr 2mi

where I' (resp.T') is a contour that winds counterclockwise (resp.clockwise) around
each point among zi,...,zy (resp.zi,...,zy) once. This identity indicates that the
holomorphic and antiholomorphic sectors of the theory are decoupled. Therefore,
results pertaining to the antiholomorphic sector will be identical to those of the holo-
morphic sector except with anitholomorphic variables and conformal weights replacing
their holomorphic counterparts. So for concision, we will only show the holomorphic
sector in our calculations for now.

Now, if we suppose that any correlation function of the form (T'(w)p(z)X), where
X is a product of fields, has a Laurent series expansion Y, Ax(z — w)¥ for 2 near w,

then upon inserting this expansion into (1.64), we find

(56(2)X) = ——— b dwe(w) S Az — w)". (1.65)

o
? k=—00

If ¢ is quasi-primary and €(z) = (z — ¢)? for z sufficiently close to ¢, then the left side
equals —[(z — ()20, + 2(z — ¢)h](¢X) to lowest order in z — (. This follows from the

transformation rule (1.48). On the right side, we may evaluate the integral by the
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method of residues, and after matching the result with the left side, we find two of

the coefficients in the series expansion:
Ay =he(2)X), A= (06(2)X). (1.66)

Here, h is the holomorphic weight of ¢. Furthermore, if ¢ is primary, then we may
repeat this calculation for €(z) = (z — ()P with p > 2 to find that A; = 0 for all

k < —2. Therefore, the correlation function (T'(w)¢(z)X) has the expansion

(rw)o)x) = T ¢ L)

+ terms regular as w — z, (1.67)

when ¢ is primary. When ¢ is quasi-primary, the series is the same except that its
singular part does not terminate with an order-two pole unless ¢ is primary too.

Of course, the variation of a correlation function of quasi-primary fields must
vanish under an infinitesimal global conformal transformation such as f(z) = z +
(z — ¢)? with 2z very close to (. The Ward identities (1.54) already guarantee this

symmetry. By expanding

N

6(X) = _Z[(Zi—o26i+2<zi—<>hz’]<X>a (1.68)

=1

collecting like powers of ¢, and using the Ward identities, we find that §(X) = 0.
And also, by inserting (1.67) (including the higher order poles) and €(z) = (2 — ()?
into (1.64) and evaluating the integral by the method of residues, we again find that
d(X) =0, so our theory is consistent.

Because (1.67) is true for any string of fields X, we may drop these fields and
write this relation in terms of just the stress tensor 7" and the primary field ¢:

ho() , 96(2)

e Tw—E w2 ¢ primary. (1.69)

T(w)¢(z)
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This is an example of an operator product expansion (OPE). An OPE is a kind of
multiplication of two fields that equals the singular behavior of their composition
within a correlation function as their respective points approach each other. Because
the observables of CFT are the correlation functions, the OPE product and the com-
position product cannot be distinguished by any observable, so we denote both by
T(w)p(2). A similar OPE exists for T(w)¢(z) as w — Z.

In explicit quantum-field-theoretic examples of CFT, the OPE of the stress tensor

with itself has the following form that implies its two-point function (1.62):

W) ~ ¢ C_/i)4 + <ji(fu))2 + fT_(’Z . (1.70)

Examples include the massless free boson (¢ = 1) and the massless free fermion
(¢ = 1/2). The OPE (1.70) indicates that the holomorphic part of the stress tensor
is quasi-primary with holomorphic weight two. (The antiholomorphic weight is zero
since T = 0.) By inserting this OPE into (1.63) and integrating, we can calculate the
variation of the holomorphic part of the stress tensor under an infinitesimal mapping

that is conformal at z. This leads to the transformation rule

T'() = 0f ()72 (T(2) = 5 {wiz}). (1.71)

where f is a map that is conformal at z. Here, 2/ = f(z), and {w; z} is the Schwarzian
derivative [32]. This transformation law is perturbed from the transformation law
of a primary field by a term proportional to the central charge. Because {w;z}
vanishes only if f is a global conformal transformation, we explicitly see that the
holomorphic part of the stress tensor is quasi-primary with holomorphic weight two
and antiholomorphic weight zero.

Now we suppose that the holomorphic part of the stress tensor admits a Laurent
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Figure 1.6: Illustration of the evaluation of the commutator appearing in (1.73).

expansion about a point { in the complex plane:

[e.o]

TE)= Y -0 e L0 = 5 f e =0T, (17

k=—o00

We call Li(C) the k-th mode of the holomorphic part of the stress tensor. The k-th
mode is analogous to the generator ¢ of the Witt algebra (B.30), presented in section
B of the appendix, in that if we assume the point-of-view that ¢ is a quantum field
operator acting on a Hilbert space of states, then the k-th mode is the infinitesimal
generator of the transformation on these states under the map f(2) = z + (2 — )F*L.

A commutator may defined through the radial ordering prescription [11], men-
tioned at the beginning of section 1.2.2, so that the commutator —[L;(¢), #(z)] equals
the field variation d¢ when the map f(z) = 2z + (2 — ¢)¥*! is conformal (i.e., when

k > —1). For any integer k, this commutator is given by

L(0).6()] = 27”[ f - f|amw-otwen o

= dw(w Q)T (w)g(2). (1.74)

27rz

Here, the contour of the first integral in (1.73) encircles ¢ and z once while the contour
of the second integral encircles ( but not z once (figure 1.6). By substituting the OPE

for the product T'(w)¢(z) and integrating, we find that the commutator is given by

[Lr(0), d(2)] = h(k + 1)(2 = )" (2) + (2 — ()1 0e(2). (1.75)
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After inserting f(z) = z + (z — ¢)* with k > —1 into (1.48) and expanding to low
order in (z — (), we find that the right side of (1.75) indeed equals —d¢.

In the same manner, we can compute the commutator between two stress-tensor
modes located at the same point (. Because these modes serve a role analogous to the
generators of the Witt algebra (B.30) for scalar fields, we expect their commutators

to be the same. Again, the radial ordering prescription gives

20 O = s | et f = fun f

X (wz = €)™ (wy — Q)" T (ws) T (wn). (1.76)

Again, the subscripts on the integral sign indicate the variables encircled by the inte-
gration contours. The integration variable w; (resp.ws) serves as w in the definition
of L, (¢) (resp. L,(¢)) in (1.72). The difference of integrals may be rewritten as an
integration of wy around w; followed by an integration of w; around ¢ (figure 1.7). Af-
ter substituting the OPE (1.70) into the integrand, the integration may be explicitly

performed to reveal

[Ln(oa Lm(C)} = (n - m>Ln+m(C) + 1%”(” + 1)(” - 1)5n,fm:
[La(C), Lin(Q)] = (n=m)Lpyn(C) + F5n(n +1)(n — 1)0n, -, (1.77)
[Ln(C)a Em(C)} = 0

(Now we are including the antiholomorphic sector.) That is, the holomorphic and
anitholomorphic modes generate independent copies of the Virasoro algebra, an infinite-
dimensional Lie algebra whose commutation relations are given by the top line of
(1.77). The commutation relations (1.77) differ from those of the Witt algebra (B.30)
by the addition of the second conformal anomaly term containing the central charge.
If the central charge is nonzero, then the set of generators {L_1, Lo, L1} for the

global conformal group spans the only subalgebra of the Virasoro algebra for which
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w2

wy %

Figure 1.7: Illustration of the evaluation of the the stress-tensor-mode commutator in
(1.73).

the conformal anomaly term vanishes. This indicates that while the global conformal
symmetry (expressed through the covariance of correlation functions of quasi-primary
fields under infinitesimal global conformal transformations) is preserved, the local con-
formal symmetry (expressed through the covariance of these same correlation func-
tions under infinitesimal local conformal transformations) is broken. For example, if
we map our CFT onto a cylinder of circumference L via f(z) = (L/27)log z, then
the one-point function (or vacuum expectation value in the quantum-field-theoretic
picture) of the stress tensor no longer vanishes as it does in the plane, but is propor-
tional to —em?/6L?, as can be verified from (1.71). This value is nonzero only when
the central charge is nonzero and the conformal anomaly term of the Virasoro algebra

is therefore present.

1.2.4 Verma modules

In this section, we investigate the representation theory of the Virasoro algebra
from the physicist’s point-of-view as a means to construct secondary fields from the
primary fields of a CFT. A more mathematically rigorous account of the representa-
tion theory of the Virasoro algebra is given in [35].

The stress-tensor modes introduced in the previous section may be used to gener-
ate secondary fields from a parent primary field ¢. In particular, we have from (1.75)

with £ = —1,0 that

[Lo(C), 0(2)] = ho(2),  [L-1(C), ¢(2)] = Op(2). (1.78)
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The left commutator indicates that, in the adjoint representation, ¢(z) is an eigenvec-
tor of Lo(¢) with eigenvalue h. The right commutator produces a completely new field
that is the derivative of the original primary field. After acting on it with ad Ly((),

we find via the Jacobi identity that the new field satisfies

[Lo(€), 06(2)] = [L_1(C), [Lo(C), #(2)]] + [[Lo(C), L-1(O)]d(2)]  (1.79)
= (h+1)0¢(2). (1.80)

We thus conclude that d¢(z) = [L_1((), #(z)] is another eigenvector of Ly(¢) but with
eigenvalue h + 1 instead of h. We therefore interpret L_;(() as a lowering operator.
The field 0¢(z) is an example of a descendant field of ¢(z).

In imitation of the quantum theory of angular momentum, we generate a repre-
sentation of the Virasoro algebra through repeated application of raising (k > 0) and
lowering (k < 0) operators ad Li({) to a primary field ¢(z) of conformal weight h.
The representation Li(() +— ad Li(() together with the infinite-dimensional vector
space V' (¢, h) on which it acts is called a Verma module. Here, V (¢, h) is spanned by
the primary field and the descendent fields spawned by repeated application of the
Virasoro generators to these fields, and ¢ is the central charge of the theory. (In an
abuse of terminology, we often call V (¢, h) the Verma module.) The descendent fields
of the parent primary field are [Ly((), ¢(2)] for some k € Z, and it is natural to send

¢ — z so that the descendent fields are local. Letting ¢ — z in (1.75), we find

[Li(2),¢(2)] =0, k=1 (1.81)

Thus a primary field is a highest-weight vector in a Verma module, and all other
nonzero descendant fields in V'(¢, h) are generated by applying lowering operators to
it. Next, when k£ = 0, —1, [Lg((), ¢(2)] is independent of ¢ and is given by (1.78).

Finally, when k£ < —1, the limit ( — z diverges, but morally, it should equal (1.74)
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Figure 1.8: Illustration of the normal ordering prescription in (1.82). The point z is placed
inside of the integration contour for the stress contour mode before sending z — (.

with the replacement ¢ +— z. This direct replacement drops the divergent contribution
that arises in the limit and in this sense can be viewed as a generalization of the
normal ordering prescription in quantum field theory (figure 1.8). We define this
normal ordering by
1
Q0] (Lad)(e) = 5 pduw(w— P Tw)o(z).  (182)
Repeated application of the lowering operators {Lj}r<o to the primary field ¢(z)

generates all of its descendants which span V(c, h). Starting from (1.82), they may

be defined recursively by

Gkt k) () = (L, Lo Lo 6)(2) (1.83)
1

= 5 4 dw (w — 2) T (w) Rtk () (1.84)
We call such a field a level | descendant of the primary field ¢(z), where | :=
k, + ...+ k1. The collection of a primary field ¢(z) and its descendants is called
a conformal family, and it is denoted by [¢]. The conformal family constitutes a basis
for the infinite dimensional vector space V(c, h), and the subspace V/(c, h) of level
[ descendants is spanned by the set of ¢(~Fn—kn-1:=k1) with | = k, + ... + k; and
1 <k, <...< k. Thus, the dimension of V;(c, h) equals the number of integer

partitions of [.

We pause to introduce an alternative notation used by physicists. From the per-
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spective of quantum field theory, the field is thought to act on a collection of elements
in a Hilbert space containing the states of the system under study. In our application,
these states are continuum limits of lattice model configurations. This state space is
supposed to have a unique vacuum state |€2) that physically represents the state of
lowest energy, and other states are generated by allowing the field operators of the
theory to act on this state. In particular, a primary field ¢(z) of conformal weight h

acts on |2) to produce a “state” |h) := ¢(2)|Q2). Furthermore, we write

{k:i}:h) == L_j L_p ... L_p|h) = ¢(Thnhn-tmk) ()| Q). (1.85)

In this notation, (1.81) becomes Li|h) = 0 for kK > —1. We require that the vacuum
state is invariant under global conformal transformations, implying that the infinites-
imal generators of these transformations, L_, Ly, and L, annihilate it. Using the

commutation relations (1.77), we can show that this implies the more general rule

L) =0, k> -1 (1.86)

This condition guarantees that the stress tensor one-point function vanishes, indicat-
ing that the energy of the vacuum state is zero, as desired.

We briefly describe the transformation properties of the descendant fields. Some
descendant fields are quasi-primary, and because they transform identically to their
parent primary field under global conformal transformations, ad L; must annihilate
them according to (1.81). This operator maps the subspace Vi(c, h) of level I states
in V(c,h) onto the subspace Vi_i(c, h) of level | — 1 states. Using (1.77), one can
show that L; will not annihilate those pre-image states L_yj, ... L_g |h) in Vi(c, h)
with k, = 1, and there are exactly enough of these states for their images under L,
to span Vi_i(c, h). Thus, we can choose a basis for Vj(c, h) consisting of these states

and those states annihilated by Ly, the latter being quasi-primary. For example, at
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the second level of a Verma module generated by the primary field ¢(z), we find the

quasi-primary operator

¢ (2) = (L-29)(2) — L_\L_1)(2). (1.87)

TETESIL

Under a stronger restriction, this operator will play a central role in the work pre-
sented in this thesis. Now, a straightforward calculation using (1.77) shows that each

descendant |{k;}; h) of the highest-weight state |h) is an eigenvector of L:
Lol{ki};h) = (h+ ki + ... + k) [{ki}; h). (1.88)

If the descendant field is quasi-primary, then the eigenvalue h + ki + ... + k,, is its
conformal weight. If a descendant field is not primary, then its transformation law
under global conformal transformations is usually the holomorphic part of (1.48) with
holomorphic weight h + k; + ... + k,, plus additional correction terms.

Next, we endow the Verma module V' (¢, h) with an inner product. The subspace
Vi(e, h) of level I states is spanned by [{k;};h) with ky + ...+ k, =l and 1 < k, <

... < ky. For example (figure 1.9),

Vi(c,h) =span{L_i|h)}, Va(c,h) =span{L?,|h), L_»|h)} (1.59)
Va(c, h) = span{L® |h), L_1L_5|h), L_3|h)}

If we can define an appropriate Hermitian conjugate for the stress tensor modes, then

a Verma module has a natural inner product given by
(i {it{ki}shy = (RILY, .. LY. Loy .. Ly |h). (1.90)

Now, we wish for the spectrum of L to be real since it consists of conformal weights

of primary operators, and this is guaranteed if L(T) = Ly. For this and other physical
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reasons, it is natural to define L,TC := L_j. Using this definition and the commutators
(1.77), we can compute the Gram matrix of the basis for V' (¢, h) consisting of |h) and
its descendent states by pushing all of the positive-index modes in (1.90) from left
to right so that they annihilate the vacuum on the right side. We find that states
at different levels of V(c, h) are orthogonal to one another, so the Gram matrix is
block-diagonal with each block corresponding to a different level subspace Vj(c, h).
A Verma module is called unitary if it contains no negative-norm states. It has

been shown that a Verma module with ¢ > 1, h > 0 or with

- 1 Z+ 1.91
Is m<m I 1), m & 5 ( )
1 o 2
ho= h. [(m + 1)r — ms)] ,  1<r<m, 1<s<r,  (192)
4m(m+ 1)

is unitary while all others are not [36]. In fact, the h,. ; are the zeros of the determinant
of the Gram matrix, called the Kac determinant. We will see that many of the critical
lattice models surveyed in (1.1) are described by a CFT with a central charge among
(1.91) and that their essential lattice variables are described by primary fields with
conformal weights among (1.92).

There exists a simple relationship between a correlation function of primary fields
¢1(21), ..., 0n(2n) and the same correlation function with one primary field ¢;(z1)

replaced by its descendant field ¢§"“)(z1). The relation is

(@ (21)d2(20) .. O (2w)) = Lo{dr(21)da(2) . .. n(2n)) (1.93)

with £_; the differential operator

e[ = DRy 0;
L= [(Zi T G| k> 1. (1.94)

=2

This identity is found by replacing the descendent field ¢(=*)(z;) on the left side of
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(1.93) with its integral representation (1.82) and using the OPE (1.67) to perform

the integration by the method of residues. This identity generalize further to

(O T () Bo(20) - o (2w)) =

‘C—k’l Ce ,C_kn<§b1<21)¢2(22) Ce ¢N(ZN)>, ]{5@ Z 1, (195)

where ¢9(22),...,¢n(2n) are either primary fields or descendants of primary fields.
Consequently, if we have an explicit formula for an N-point function of primary
fields, then we effectively have an explicit formula for all N-point functions of the
descendants of those primary fields too.

By invoking that the spectrum of Lj is bounded from below, one can argue that a
CF'T consists of a collection of primary fields and their respective conformal families,
and these families consist of quasi-primary fields and derivatives of primary and quasi-
primary fields. Then a CFT is essentially a direct sum of the product of Verma
modules V(c,h) ® V(e,h) over all primary fields ¢y in the theory. The second
Verma module V (¢, h) in the tensor product pertains to the antiholomorphic sector.

Because the stress tensor is not primary, it must be the descendant of a primary
field. Upon examining (1.82), it is apparent that 7" must be the ¢(~? descendant of a
nonlocal (i.e. independent of z) primary identity field 1 with the property 1|Q) = |Q).
Such a field necessarily has conformal weight zero and is nonlocal in the sense that

its derivative vanishes everywhere.

1.2.5 Operator product expansions of primary fields

An OPE of two fields ¢1(z1) and ¢a(22) is a formal series that, when inserted into
any correlation function, gives a series representation of the correlation function in
powers of the distance between the points for those fields. We have already seen two

important examples of OPEs, (1.62) and (1.67).
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The requirement of conformal covariance restricts the OPE of two primary fields

to the general form (we now include the antiholomorphic sector)

_ _ —h1—ha+ha+l =—h1—ha+ha+l
qbl(zl, Zl)ng(ZQ, 22) 22:/21 Z CiXQ Z Za1 1—h2+ha+ Z 1—ho+ha+

a€By LI>0
x 3 a0 (¢ 0), - (1.96)
{kidi {ki}r

where the first sum is formally over all primary fields in the theory under consid-
eration, the second sum is over all descendant levels, and the third sum is over all
partitions {k;}; of the positive integer . The a index that appears of the first sum is
sometimes called a fusion channel, and it has both holomorphic and antiholomorphic
entries. Also, 291 is the difference zo — 27 of the points, { = tz; + (1 — t)zy for some
t € [0,1], and the unspecified coefficients 3%, depend on ¢t. We usually take ¢ = 0 or
1/2 or 1. Again, variables with bars over them simply pertain to the antiholomorphic
sector and are not complex conjugates of the corresponding unbarred variables.

If we insert the OPE (1.96) into a two-point function, then the existence of a
identity field among the primary fields appearing in the OPE ensures that the result
does not vanish but gives the right side of (1.56). If we insert the OPE (1.96) into
a three-point function and use (1.95), then because the conformal weights of two
primary fields must be equal in order for their two-point function to not vanish, only
one field in the first sum in (1.96) contributes to this series (if we identify all fields
with equal conformal weights, which is a common practice but can have some pitfalls
in logarithmic CET). We thus find a series representation for the three-point function
in terms of the two-point function. We can also find a similar series representation
through straightforward algebra, which imposes a relatively weak constraint on the
beta coefficients.

The observations of the previous paragraph illustrate the utility of the OPE. Its

insertion into an N-point function of primary fields reduces that correlation function
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to a series in derivatives of (N — 1)-point functions. Repeating this process until
a series in derivatives of two-point functions is reached, we find an explicit series
representation of the original N-point function. If we do this for all N-point functions
of primary fields and use (1.93), then we find series representations for all of the
correlation functions in the CFT under consideration. Although this procedure works
in principle, it is clearly impractical for large N from a computational point of view.
Nonetheless, the OPE allows us to relate primary operators in a new way that will
be necessary to describe the reducible structure of the unitary Verma modules in the
next section.

In order for this method to be useful, the requirement of conformal invariance
must be strong enough to determine the coefficients C¢, and A5 and in fact,
this is true. Demanding that both sides of (1.96) transform identically under the
conformal transformation f(z) = z+ e, (2 — )**! that is infinitesimal at 2; and 2, for
each integer £ > —1 determines a system of p(l) equations in the unkowns 5;”5{’“”}1

for each level [, where p(l) is the integer partition function. If ¢t = 1 and the system

is invertible, then the first few (¢, are given by

B = (e = )5 ) /2, (L.97)
a{1,1} _ _ ap2y petio} _
B = (= 12ha + Bhaha — 6R2)BE + (c(1+ b —hatha)  (1.98)
-1
 8(ha + hiha = haho + h2))85M ) (2(c + 2(c = 5)ha + 1682))
(2 (zha(—hQ + By — 2hohg + 202 + 2k (1 4 2hy)) 351 (1.99)

-1
— 6ha(1+ hy — ha + hy) ;g“}> (c +2(c — 5)ha + 16h§) .

The antiholomoprhic coefficients B?Q{E} are the same as their holomorphic counter-
parts after replacing the holomorphic weights with antiholomorphic weights. We note
that the first coefficient 8%} is not fixed by this method, but all other coefficients

are multiples of it, so it can be absorbed into Cf,. All of the systems of equations for
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these coefficients are invertible whenever the Kac determinant is nonzero.

By inserting the OPE (1.96) into the three-point function (1.57), we immediately
see that the OPE coefficient C3, is simply the coefficient Cio3 of the three-point
function. C%, is usually computed by exploiting the so-called crossing symmetry of
the four-point function. That is, within the four-point function, we let zo — z; and
24 — 23, and we substitute the OPE (1.96) for both limits to find (showing only the

holomorphic sector for now)

(01(21)P2(22) P3(23) Pa(24))

S D OB T T Gu(21)0p(28) + . (1.100)

z24—23 o, BE€By

The structure of the two-point function (1.56) shows that only terms with o = 3
contribute to the expansion. This expansion prompts us to suppose that we may
decompose G4, defined in (1.61), into a sum of products of conformal blocks F.., (1)

and F2,,(77) as follows:

Gijra(n Z HCaF i )E(;:kl(ﬁ)' (1.101)

a€By

Here, Fg..(n) (vesp. F2,, (7)) is the holomorphic (resp. antiholomorphic) part of the
series in the OPE of ¢,(0)¢,(n) pertaining to the a conformal family. In this context,

the crossing relations (1.60) become

Z GOnFoam(Fium) = Z CriCit Frzan (1 = ) Feu (1 = 10) (1.102)
a€By a€cBy
= n_2hjﬁ_2hj Z Olojéolgz lj: kl(l/n)ﬁj kz(l/n) (1103)
aEBy

(The sums are only formal, as they make sense only when By is finite. Such theories,

called minimal models, will be examined in the next section.) These two conditions,

52



when considered over arbitrary choices of primary fields ¢, j, k,l € By are supposed
to completely fix the three-point function coefficient Cy.

Later, we will loosely refer to (the holomorphic or antiholomorphic part of) a 2/N-
point function of primary fields in which these fields are collected into pairs whose

respective OPEs pass through exactly one channel as a “conformal block.”

1.2.6 Null states, fusion rules, and minimal models

Suppose that the Verma module V(¢, h) has a descendant field at level [ that is
primary. Such a descendant, called a null-state, is the highest-weight state of its own
Verma submodule V(¢,h + 1) C V(c, h) consisting of its own descendants. Because
this submodule is invariant under the action of the stress tensor modes, its presence
inside V' (¢, h) deems the larger module reducible. A null-state earns its name from
the fact that it has zero norm and a zero inner product with all other elements of
V (e, h). In this section, we investigate the reducibility of the Verma modules that
contain null-states, and we will observe how the presence of null-states within a Verma
module leads to new PDEs that govern certain correlation functions.

Because it is primary, a null-state |h+{) must be annihilated by the modes { Ly }x>1,
and we can show that this property follows if Ly|h 4 [) = La|h + 1) = 0 by using the
commutation relations of the Virasoro algebra (1.77). These two conditions restrict
h to particular values, and they lead to explicit expressions for the null-states. For
example, in order for |h + 1) = L_;|h) to be a level one null-state, we must have
Li|h + 1) = Lylh + 1) = 0. By using (1.77), we can show that the conformal weight
h of the highest-weight state |h) must be zero. We call this conformal weight Ay ;.

Next, we construct a level two null-state, which necessarily has the form |h+2) =
(aL?, — L_5)|h) for a € C. The condition that L;|h + 2) = 0 makes this state quasi-
primary and fixes a = 3/2(2h + 1) as in (1.87). The condition that Ls|h +2) = 0

makes this state primary and fixes h to one of the following two functions of the
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central charge:

h=his =1 [5—c+ \/(c—l)(c—25)}

h=hyy = [5—(;— V- 1)((:—25)}

(1.104)

Thus, the Verma modules V (¢, hy ) and V(c, ha 1) each contain a level two null-state.
We let ¢; 2 denote a primary field of conformal weight h, 5. Because its level two
null-state is necessarily orthogonal to the other elements of its parent Verma module

V(c, h12), any N-point function that contains it must vanish. We therefore have

< [2(2}“?’2 - 1)¢§;1,—1)(21) - ¢§;2)(zl) Pa(22) ... ¢N(ZN)> = 0. (1.105)

Using (1.93), we factor the stress tensor modes out into differential operators acting
on the N-point function. In so doing, (1.105) becomes the following semi-elliptic PDE

governing the correlation function (¢12(21)¢2(22) ... on(2n)):

362 Yo, h;
Ty (50 )| st ostend =
(1.106)
Here, we have used translation invariance to write £L_1 = —0y — ... — Oy = 0;. This
PDE is central to the work presented in this thesis. It will prove essential in studying
interfaces between boundary clusters in lattice models. A similar PDE may be inferred
from the level-two null-state in V(c, ha 1) by replacing (hi 2, ¢12) — (hoq, ¢2,1).
Equation (1.106) does not place new restrictions on the two-point function (1.56)
with hy = hy o or hy;. However, (1.106) restricts the conformal weight hj of the pri-
mary operator ¢s(zs) in the three-point function (¢1(z1)p2(22)p3(23)) with hy = hy o

or hy; to one of two values depending on hy:
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hl = h172, — h3 - hl,? + hg + Aitg(hz, C), (1107)

hi =ha1, = hy=hay+ho+ Ayi(ha,c). (1.108)

Here, AT, and A3, are given by

Aty(hc) = 2—14[c—l—l—\/(1—0)(25—0):|:|\/25—c—\/1—c|\/1—c—|—24h},
Af (he) = 2—14[c—1—¢(1—c)(25—c)i|\/25—c+\/1—c|\/1—c+24h}.

If the third conformal weight h3 does not equal either of the two allowed values that
are shown above, then the three-point function is necessarily zero. We note that
AIQ(h, c) is the famous KPZ formula from Liouville quantum gravity [37].

The rule (1.107, 1.108) is expressed more clearly if we define the variables

\/1—c:i:\/25—c c—1
: — 1.109
Ot \/ﬂ y X0 24 ( )

and parameterize the conformal weight A in terms of a variable y as

X2
h(x) = 7+ Xo- (1.110)

level-two null-state

Figure 1.9: The graded structure of a generic Verma module (left), and the level-two
null-state of either Verma module V} 2 or V2 and its submodule (right).
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(In section 1.2.9, ap will serve as the background charge of the Coulomb gas.) Then
the above results imply that in a three-point function (¢;(21)d9(22)P3(z3)) with hy =

hy o or hgq, either the weights hy = h(x3) and hy = h(x2) are related by

X2 +a_or xa—a_ hy=hy
h3 - h(X3)7 X3 = ) (1111)

X2+ oy or xo—ay hy=hy;

or else the three-point function is zero. This selection rule limits the number of
channels that can appear in the OPE (1.96) of the primary fields ¢, 2 or ¢ with ¢o
to two possibilities. Letting ¢1 2, @21, and ¢, stand for fields with weights h; o, ka1,

and h(x) respectively, we express this rule as

(P12 X [bx] = [Px—a_] + [Pxta_]

. (1.112)
[P2,1] X [0x] = [Dx—as] + [Oxra.]

This abuse of notation requires explanation. The x sign on the left side indicates a
type of multiplication between conformal families called fusion. Meanwhile, the +
sign on the right side indicates not a literal sum but a statement of what conformal
families appear in the OPE of ¢ 9 or ¢o; with ¢,.

If we continue this analysis, then we ultimately find that a Verma module V (¢, h,. 5)

with highest-weight vector ¢, ; with conformal weight

1

hys = Z(ra++sa,)2—ag, rs €L, (1.113)
1 25 ’
- % <r+s+(r—s) 1:;) —4], (1.114)

called a Kac weight, has a null-state at level rs. This is a consequence of the fact
that the conformal weights of (1.113) exhaust the zeros of the Kac determinant. The

primary field ¢, ; of conformal weight h, , is called a Kac operator. Equation (1.112)
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generalizes further to [11]

k=r—1 l=s—1
[¢r,s] X [¢x] = Z [¢x+ka++lo¢_]- (1.115)
k=1—r =1-s

k+r=1(mod2) l+s=1 (mod2)

(The summation index increments by two.) We note that ¢ ; serves as the identity
field in this fusion rule, with conformal weight h, ; = 0.

By exploiting the commutativity of the fusion operation, one can argue that the
product of two Kac operators will exclusively contain Kac operators and consist of
fewer fields than indicated in (1.115), a phenomenon called truncation. The new rule

is

k=ri+ro—1 l=81+s2—1
[Brio] X [braa) = D ST bl (1.116)
k=1+4|r1—ra| I=1+]|s1—s2|

k4r1+r2=1(mod2) I+s1+s2=1(mod2)
and it exemplifies a CF'T whose primary field content comprises of only a countable
collection of Kac operators.

We might further speculate on the existence of a CFT comprised of a finite col-
lection By of conformal families of Kac operators. In such a theory, the other Kac
operators in (1.116) that arise in the OPEs of the elements in B, appear as descen-
dants of the other Kac operators in By. Indeed, this phenomenon is observed in CFT's
with a central charge such that pa_ + p’ay = 0 for p,p’ coprime. After isolating the
central charge from this relation, we find that

(p—p)?

c=1-6 ’
pp

, P, p coprime, (1.117)

and if we order the indices so that p’ < p, then the Kac weights are

(pr —p's)* = (p—p)*

hr s —
dpp’

)

(1.118)

Such a theory is called a (p, p") minimal model, and it is generated through fusions of
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Kac operators among the finite set By = {¢,s : 1 <r <p',1<s < p}.
Now we verify the claims of the previous paragraph. To start, we divide the

Z* x Z* lattice, called the conformal grid, into the boxes

{(r,s) €eZ" xZT : (m—=1)p' <r<mp,(n—1)p<s<mnp}, mmneZ’ (1.119)

Figure 1.11 shows part of the conformal grid divided into boxes for the (4, 3) minimal
model. Each box contains (p — 1)(p’ — 1) = 6 lattice points, and each Kac weight
h, s is represented by a colored disk at the lattice point (r,s), possibly with a slash
passing through it. A disk of a particular color and with its slash (if it has one)
pointing in a particular direction identifies a conformal weight that is unique within

that box. From (1.118), we immediately see that

hr’s - hr+p’,s+p7 hr,s - hp/fy-ypfs. (1120)

The first property identifies all boxes that live on the same 7 /4 radian diagonal, and
figure 1.11 indicates this property by using identical illustrations for these boxes. The
figure also shows that Kac operators with either the r index equaling a multiple of p’ or
the s-index equaling a multiple of p are excluded from the theory since these operators
are equivalent to Kac operators in the zeroth row or column. These operators lie
outside of the conformal grid and thus outside of the theory. Consequently, the entire
operator content of the theory belongs to the boxes in (1.119). The second property
of (1.120) indicates that half of the conformal grid is redundant, and this redundancy
is illustrated in figure 1.11 as follows. Two disks of the same color, with their slashes
pointing in the same direction (if they both have a slash), and belonging to boxes
with the same background shade of gray have equal conformal weights.

We call the bottom-left box in figure 1.11 the Kac table. Half of the Kac table is

redundant as each point (r,s) on one side of the line connecting (0,0) with (p,p’) is
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Figure 1.10: The conformal grid for the (4,3) minimal model. The bottom-left box is the
Kac table. Boxes with the same shade of gray are identified with one another.

identified with another point (p' — 7,p — s) on the other side of the diagonal thanks
to the reflection property h, s = hy_,,—s of (1.120). The disks corresponding to these
two points in the Kac table are identified with each other in figure 1.11 by having
both the same color and no slash passing through them. This reflection property also
indicates that, in addition to its level rs null-state, the module V; 5 := V(¢pp, hrs),
will harbor a null-state at level (p’ — r)(p — s). These two null-states have respective

conformal weights

@ h,«’s +rs = hp’—r,p+s = hp’—i—r,p—s, (1121)
(o) hrs+ (0 —7)(p—5) = hygp—s = hop—rs. (1.122)

Remarkably, these conformal weights are Kac weights of the box immediately above
or right of the Kac table. This is indicated by the gray background color of the
plaquettes on the right side of (1.121-1.122). Therefore, these two null-states are also

Kac operators which in turn generate their own Verma modules Vi, pis = Vg p—s
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and V,.9p—s = Vo, 5, each with their own two null-states. The null-states of V_; 1

are

Py —rpts + (' —7r)p+s)= Bropts = Rapr—rp—s» (1.123)
Py —rprs + (0 +7) (0= 8) = hy—r3p—s = hopirs, (1.124)

while the null-states of V.9, are

hr,Qp—s + 7“(2]) - S) = h’p’—T,3p—5 = h?p’—i—r,& (1125)

() (o)

Brop—s + (20" = 1)s = hyopis = N3y —rps- (1.126)

The fact that weight (1.123) equals weight (1.126) (resp. weight (1.124) equals weight
(1.125)) indicates that the corresponding null-states are identical and belong to the
same box along the bottom or left side of the conformal grid. Therefore, the two null-
states ¢p_rpis and @pry, s generate the same two null-states ¢, 0,15 and @p_r3p—s
which live in the intersection Vy_; p4s NV, 9,—s. These null-states in turn spawn their
own Verma modules Vo, = Vs, o and Vpy_p 3,5 = Vopy, s which share two

null-states (also with Kac weights) in their intersection, and so on. This pattern

[Fors)

Figure 1.11: The infinite sequence of nested Verma submodules within the parent module
V;,s in the (p,p’) minimal model. The yellow and red submodules are Vy_y s = Viygrp—s
and Vygp s = Vo, respectively, and the blue and green submodules are Vg, =
Vap—pp—s and Viy_, 3, o = Voo, o Tespectively.
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repeats indefinitely, and we find that V, ; contains a single infinite tower of pairs of
Verma submodules with each of their intersections nesting yet another pair of Verma
submodules. Each Verma module is generated by a null-state whose Kac weight
belongs to a box along the bottom or left side of the conformal grid (figure 1.11). In
fact, one can show that any Kac operator belonging to one of these boxes is a null-state
descendant of a Kac operator in the Kac table. After identifying these boxes with
their diagonals thanks to the left equation of (1.120), we see that each Kac operator
generated by the OPE of two members of the conformal grid is a descendant of another
member of the Kac table. In other words, the (p,p’) minimal model comprises of a
finite number of conformal families, namely those that belong to the Kac table.

Minimal models apparently exhibit very rich structure. With this structure now
essentially understood, we can consider how to combine the holomorphic and anti-
holomorphic minimal models into one theory. This question is typically answered
by requiring this combination to be invariant under modular transformations [3, 11].
One possibility that achieves this goal is for all operators to be spinless. Such a theory
is called a diagonal minimal model and is denoted by M(p,p’). Modular invariant
non-diagonal theories may be constructed too, and some of them give more authentic
representations of continuum lattice models than any diagonal theory. However, we
will not investigate such theories in this thesis.

The minimal model M(p,p’) is unitary if each of its Verma modules V, , with
1 <r<p,1<s<p,are unitary. Because h must be positive in order for V(c, h) to
be unitary, a unitary minimal model contains no negative Kac weights. This condition
is physically reasonable as it implies that all two-point functions decay with distance.
An argument invoking Bezout’s lemma indicates that only the M(p,p — 1) minimal
models are unitary [11], and upon letting p = m + 1,p’ = m in (1.117) and (1.118),

we indeed recover the ¢ < 1 unitary Verma modules of (1.91, 1.92).
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1.2.7 Diagonal unitary minimal models and critical lattice models

The diagonal unitary minimal models M(m + 1,m) describe many important
critical lattice models, including many of those surveyed in section 1.1. In this section,
we examine some of these descriptions.

The first diagonal unitary minimal model M(3,2) (¢ = 0) describes the contin-
uum limit of critical bond percolation via the FK bonds of a ) = 1 Potts model.
This minimal model consists of a single field ¢12 = ¢;1, the identity field, so this
description is trivial in the same sense that a single-state Potts model is trivial. In
reality, critical percolation is very rich with interesting observables that stem from
fields that are not present in M(3,2) but are present in minimal model representa-
tions of ()-state Potts model with ) > 1, and they are studied through a suitable
@ — 1 limit. We will study some of these observables later.

The smallest nontrivial diagonal unitary minimal model M(4,3) (¢ = 1/2) de-
scribes the continuum limit of the Ising model [10]. It contains three conformal
families, one corresponding with a spin density field o, another corresponding with

an energy density field ¢, and a final corresponding with an identity field 1.

P11 = P23 = 1 Identity, (1.127)
P12 = P2 = o Spin Density, (1.128)
P13 = o2 = € Energy Density. (1.129)
The fusion table follows from (1.116):
o] x [o] = [1]+ [e], o] x[e] =o], [g] x [e] =[1]. (1.130)

The identification of M(4,3) with the critical Ising model is made by comparing the

scaling weights of the former with those calculated in the exact solution of the latter.
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The result is

1
(0(2i)o(z))) o PR = hy=0,/2=1/16 = hy >,
i T R

<5(Zi)5(zj)> X m — ha = Aa/Q = ]_/2 = h173,
i j

(1.131)

which leads to the identification (1.127-1.129) above. With this identification, we find
the three-point functions of these fields via (1.57). We can also calculate four-point
functions of these fields by solving the ¢ and ¢9; null-state PDEs, which reduce
to hypergeometric ODEs in the unknown function G when the ansatz (1.58) is used.
Certain details concerning how to join the holomorphic and antiholomorphic sectors
must be addressed too, but we will not consider them here.

The next nontrivial diagonal unitary minimal model M(5,4) (¢ = 7/10) describes
the tricritical Ising model [38], which may be realized as a generalization of the Ising
model that allows site vacancies. This model contains a second “spin” variable 7;,
equaling zero (resp. one) if site i is vacant (resp. occupied) and that complements the
usual spin variable o; which exists only for occupied sites. The energy of a spin

configuration {(o,7)} is defined to be
E{(o,7)} ==Y 77000, +J) — 11> _ i (1.132)
(i) i

The first sum assigns energy J + 1 (resp.J) to each pair of equal (resp.unequal)
nearest-neighbor spins, and the second sum controls the number of vacancies via a
chemical potential p. Similar to the regular Ising model, one can associate an energy
density with each of the three terms in (1.132). The identity, two spin densities,
and three energy densities correspond one-to-one with the six conformal families of

M(5,4). The correspondence is

brs = P55, 1<s5<2 = Identity, (1.133)
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P25 = Pa5s, 1<5<3 = Spin Density, (1.134)

G35 = 0155, 1<s5<4 — Energy Density, (1.135)

and their respective weights and fusion rules given by (1.118) and (1.116) respectively.

The next unitary model M(6,5) (¢ = 4/5) comprises of ten conformal families
with a sub-algebra of six families that closes under fusion. This sub-algebra describes
the three-state Potts model [39], and it contains an identity field 1, a spin field o,
an energy field e, and three additional fields X and Y related to the energy density
and Z related to the spin density. However, it does not capture the entire three-state
Potts model because it is not symmetric under the parity transformation (o, 7) —
(—o,—Z). A better description of this model is furnished by a modular-invariant
non-diagonal minimal model [11].

For @ € {1,2, 3,4}, the relation between m and @ is given by [3]

Q = 4 cos” (L> : (1.136)

m+1

(The case @@ = 4 corresponds with m — o00.) The spin density field and energy

density field are respectively identified with the Kac operators

o= ¢ +1 m—1 & (b +1’mT+l &= ¢1/270, e ¢271 &= ¢m71,m717 (1137)

through their scaling exponents, which are computed in [40] using renormalization
group methods.

All of the M(m+1, m) models represent a lattice model of some kind, for example
the restricted solid-on-solid model when m > 3 [11]. In many of these examples, other
operators outside of the Kac table have a physical interpretation in these theories, as
can be seen in (1.137). We will describe some of these additional operators and the

roles that they play in the next section.
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1.2.8 Boundary conformal field theory and Schramm-Lowner evolution

The CFTs presented so far reside on the extended complex plane. It is also useful
to formulate CFT in a simply connected domain D C C with a (for now) smooth
boundary 0D such as the upper half-plane H. In this section, we will investigate how
to construct such a theory.

As usual, we suppose that the critical system under study is conformally invari-
ant. By this, we now mean the following. Consider a conformal bijection taking a
simply connected domain onto another simply connected domain, and suppose that
a critical lattice model lives in the first domain. (For now, we assume that the BC is
free.) Then in the continuum limit, the likelihood of any event of the image model in
the second domain equals that of the original model in the first domain. This conjec-
ture was originally supported by strong numerical evidence [41, 42] (resp.[43]) and
subsequently proven for percolation and the Ising model in [16] and [44] respectively.

To be specific, we suppose that the first domain is the upper half-plane H, and
we let f be a conformal bijection taking H onto a simply connected domain D. (Such
a mapping always exists thanks to the Riemann mapping theorem.) Then conformal
invariance implies the usual covariant transformation rule (1.49) relating an N-point

function Y? of primary fields with domain D to one T with domain H. This is
N —
T,D(zL 2{7 T 7Z§V7 2?\/) = H af(zi)_hiaf(zi)_hiTH(zla 21y .5 2N, EN)' (1138)
i=1

Thus, calculating an N-point function TP of primary fields amounts to computing
its half-plane version TH and transforming it to D using (1.138). (To simplify our
notation, we will suppress the superscript H on all half-plane N-point functions from
now on.) We presently think of the antiholomorphic section as a completely inde-
pendent copy of the holomorphic sector, but later, we will set Z = 2* and f = f*.

If f is a global conformal bijection taking the upper half-plane onto itself (that is, a
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Mobius transformation (1.40) with a, b, ¢, and d real), then we recover the functional
equation (1.46). The usual conformal Ward identities (2.2) follow by considering
the infinitesimal global conformal transformations €(z) = a, bz, or cz? that carry
the half-plane onto itself (i.e., a,b,c are real and infinitesimal), and they restrict the
half-plane N-point function T to the usual ansatz (1.58). Again, transformation law

(1.138) motivates us to suppose that the transformation law for the primary fields is
$i(2,7) = 0f(2) "0 f(2) " (2, 2). (1.139)

Now we motivate a method, similar to the method of images in electrostatics, for

computing the half-plane N-point function

T (21, 20,5 28, 2N) = (Pny iy (21 21) - By iy (20, 28) e (1.140)

This method was originally proposed by J.Cardy in [45]. Because the holomor-
phic and antiholomorphic coordinates live in different half-planes, and because we
ultimately wish to set z; = 2], it is convenient to position zi,..., 2y in the upper
half-plane H and Zz, ..., Zy in the lower half-plane H*. We let D be a large, bounded
domain containing 21, ..., 2N, Z1, ..., 2y, and we let €(z) (resp.€(2)) be a conformal
transformation of H (resp. H*) that is infinitesimal in D. The variation law (1.64) is
still true as long as the contour surrounding the holomorphic (resp. antiholomorphic)
coordinates is in H (resp. H*). Because the contour surrounding the antiholomorphic
coordinates is in the lower half-plane, its orientation is now counterclockwise. Next,
we suppose that €(z) and €(Z) are real-valued and equal on R ND. Then in D N H*,
€ must be the Schwarz-reflection of ¢ in D N H. We further require that the stress
tensor satisfy T'(z) = T'(x) for z € R, which may be interpreted as the condition that
energy does not cross the system boundary (the real axis). Thus, the integrands of

the two integrals of the variation law (1.64) are identical, and their contours may be
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Figure 1.12: The method of images combines the N degrees of freedom of the holomorphic
sector and the N degrees of freedom of the antiholomorphic sector of a boundary CFT in
the upper half-plane into the holomorphic sector of a CFT over the complex plane and with
2N degrees of freedom.

fused into a single contour I' winding around all of the points zq,...,2n,21,..., 2N

once to give the variation rule

SIX) = ——— ¢ dw e(w)(T(w)X). (1.141)

21 Jp

This happens to also be the variation law for a correlation function with 2/N holo-
morphic variables z1, ..., 2y, Z1, . . ., Zy of holomorphic weights hy, ..., Ay, h1,..., Ay
and no antiholomorphic sector. With this interpretation, we posit that the half-plane

correlation function (1.140) equals the whole-plane correlation function,

(np(21,21) - Dpp(zn, 2n)m = (Pro(21)Pro(21) - - Pro(zn)Pro(Zn))e,  (1.142)

with 2N holomorphic variables z1, ..., 2y, Z1, . . ., Zy of holomorphic weights hy, ..., hy,
hi,...,hy and no antiholomorphic sector. This supposition has been used to suc-
cessfully calculate many observables of systems in domains with boundary, including
those presented in this thesis.

The introduction of a boundary invites the consideration of BCs. This possibility

is realized when we consider the one-point function in the half-plane

(@(2))i = (dn(2)on(2))e = Clz — 2) 7" (1.143)
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The one-point function over H vanishes only when C' = 0. If ¢ is, for example, a
spin-variable in a Potts model, then a one-point function averages over all possible
spins that can occur at that point. A one-point function that vanishes regardless of
proximity to the boundary indicates that the spin variables of the boundary sites in
the real axis are free, or not constrained. But if C' # 0, then the one-point function
blows up since A > 0, indicating that these boundary sites are fized to the same state.
These BCs were previously considered for the Potts model in section 1.1.3. Other
BCs may be considered with the condition that they be conformally invariant [46].

The BC of a system in the upper half-plane does not have to be homogeneous but
may change at a point ¢y € R, and this change is induced by a boundary condition
change (BCC) operator ¢(xy). BCC operators are examples of boundary operators,
or boundary fields with the real axis as their domains. They are created by letting
a bulk operator, that is, a field in the bulk (i.e. interior, in this case the upper half-
plane), approach a boundary point in the real axis. In so doing, the bulk operator
approaches its image in the lower half-plane and fuses with it to create a boundary
operator. This process is called bulk-image fusion.

We suppose that the conformal bijection f : H — I extends continuously to the
real axis and is real on an interval I C R so that its Schwarz reflection f analytically
continues f to the lower half-plane. Now we let a spinless bulk field ¢ at z € H
approach xz € I and fuse with its image to create a boundary field ¢p, (). Then in

this limit, then the law (1.139) may be expanded into

F(2) = F@) 2+ (') + ..

= 10f ()| ]z — 2", () + ... (1.144)

After isolating the boundary field ¢j, (2') on the right side and sending z,z — x, we
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find a conformal covariance law for the boundary field:

S, (2') = [0f ()| 7" 6, (). (1.145)

If we suppose that transformation law (1.145) is true even when the bulk point 2z
approaches a point in the real axis not in I, then an (N + M)-point function T of N

bulk operators and M boundary operators will obey the transformation law

Dy =t It /
To(2, 20 2N 2N BNt - - > Tyng) = H@f (z) O fi( Z)

X H |8f($N+i)|hN+iTH(zl, 51, sy N, EN;[L'N_H, Ce 7$N+M)- (1146)
i=1

Again, this rule reduces to a functional equation that restricts this (N + M )-point
function to the ansatz (1.58) when D = H. Also, the OPE structure (1.96) is supposed
to exist between a pair of boundary fields or a bulk field and a boundary field, but
with only one sector instead of two. Typically, the OPE coefficients differ between
bulk-bulk, bulk-boundary, and boundary-boundary fusion scenarios, but they are
interrelated because boundary operators are appropriate limits of bulk operators.

The conformal weights of the BCC operators are inferred from a variety of heuristic
arguments [47, 11]. Here, we quote the results in the case of the Q-state Potts model.
We consider the fixed-to-free (resp. free-to-fixed) BCC first. A BCC at x( from the
fized to state a BC for o < zg (resp.x > x) to free for x > ¢ (resp.x < xg) is
induced by the ¢ 2(x¢) Kac operator, and we denote it by gzﬁ‘ll];(xo) (resp. gb{az(xo)) If
we fuse gbf”;(:z:l) with (b{g(xg) by sending xs — x1, then the fusion rule (1.116) shows
that the OPE contains the identity family and the ¢, 3 family. In our application,
this is

¢?{;($1)¢{,b2(x2) . ~ (5ab1aa + ¢1 3(1'1) (1147)

22—
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with the following physical interpretation. If a # b, then in this limit, the two BCCs
join into one BCC that takes us from fixed state a to fixed state b at z; as we pass
rightward, and this fixed-to-fixed BCC is implemented by the boundary operator

4% (z1). If @ = b, then the lack of a BCC at x; is captured by the identity term in
the OPE. The second term on the right side of (1.147) includes all configurations
with an infinitesimal free segment (x1,x2) that abuts a fixed segment on either end
so that the FK boundary cluster anchored to the left fixed segment is disconnected
from that anchored to the right fixed segment. These configurations are also counted
in the identity term. Of course, the order of the BCC may be switched so that we
fuse ¢{‘12(x1) with qﬁ?é(aﬁz) Here, we need both BCC operators to involve the same
fixed BC for physical consistency. We find a similar fusion rule:

o4 (x1)oth(x2) ~ V4ol (21). (1.148)

To—XT1

Now, the second boundary operator gb{%f (1) on the right side conditions the existence
of an infinitesimal segment at z; fixed to state a, and this forces a spin a FK boundary
cluster to anchor to this infinitesimal segment.

In either of these cases, we may continue this fusion process an arbitrary number
of times to create an arbitrary number of BCCs proximal to x;. From (1.116), we

have the fusion rule

P1,2(21)P1,541(2) e P1,5(21) + D1, 512(21), (1.149)

with the superscripts indicating the BCCs suppressed. In this rule ¢y ;11(22) stands
for s distinct BCCs clumped very near xo, and fusing ¢q (1) with ¢q 441(22) either
annihilates one of these BCCs or adds a new one. This explains product on the right
side of (1.149).

Now we consider another BCC. The BCC from fixed to state a for x < =z
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Figure 1.13: A boundary loop (red) surrounding an FK boundary cluster. If all sites
inside (resp. outside) of the red curve are (resp. are not) in spin state a, then the green loop
of activated dual bonds is a boundary loop surrounding a spin boundary cluster.

(resp.x > mg) to free but excluding state a for x > xy (resp.z < xg) is induced
by the ¢91(zo) Kac operator, and we denote it by ¢g% (xg) (resp. qﬁgi(xo)). By free
but excluding a, we mean that boundary sites exhibit any spin state except a with
uniform probability. If we fuse qbg(ﬁ(:cl) with ¢g”‘1 (x2) by sending xo — 1, then the
rule (1.116) shows that the OPE contains the identity family and the ¢5; family. In
our application, this is

O3 (21) 55 (22) ~ 1%+ ¢35 (2y). (1.150)

To—T1

The interpretation of (1.150) is basically identical to that of (1.147) (except that
gﬁ“(xl) will now separate two disjoint boundary spin clusters with an infinitesimal
free segment).

From now on, we will typically refer to the BCC at xy induced by either ¢y o(z0)
or ¢91(xo) as “fixed-to-free” or “free-to-fixed,” even though this description is not
completely accurate for ¢, (o).

The BCC operator ¢, o(zo) bears a second interpretation as a boundary arc opera-
tor. In the loop gas representation of the Potts model, a single loop, called a boundary
loop, surrounds the FK boundary cluster anchored to the fixed segment at the side of

xo and passes through zg (figure 1.13). The portion of the boundary loop in the upper

half-plane, called a boundary arc, tightly wraps around the cluster’s perimeter. Thus,
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$1.2(0) earns its second name by conditioning a single boundary arc (resp. boundary
loop) to anchor to (resp.pass through) xzo. The ¢o1(x¢) BCC operator earns this
name too by conditioning a boundary arc, the interface between a spin a boundary
cluster and an adjacent boundary cluster that excludes spin a, to anchor to xz.

Now we consider a four-point function (¢ (z;)y*(x;) (zy )1 (z;)) of BCC op-
erators with z; < z; < x), < z;. Here, ¥ is a BCC operator taking us from BC a
to BC b as we move rightwards along the real axis. Because the relative locations of
the four points are constrained by their ordering on the real axis, only the functions
Gijr and Gy, of (1.61) are well-defined, and they satisfy the crossing relation (in

just the variable 7 as there is only one sector)
Gijia(n) = Grja(l —n). (1.151)

As is true with bulk correlation functions, the G;j;.1; may be decomposed into confor-

mal blocks F%,(n), so the crossing relation (1.151) becomes

> Cola,eb)Crle, a; d) Fy(n) = Y Ci(b,d; )Cli (b, ds a) Fyoy (1 = ). (1.152)

a€Bg a€By

Our notation indicates that the boundary OPE coefficients may depend on the BCs.
Some of these coefficients are computed in [48].

A rigorous mathematical theory called SLE captures the statistics of the boundary
arcs described above. We give a brief description of SLE, and more information about
it can be found in [14, 15, 49]. In the standard SLE setup, we condition our critical
system in the upper half-plane to exhibit a free-to-fixed (resp.fixed-to-free) BCC
at some o € R and a fixed-to-free (resp.free-to-fixed) BCC at infinity. Then a
single boundary arc connects o € R with infinity and fluctuates in H with the law
of SLE, for which we now give a brief description. SLE is a conformally invariant

stochastic process driven by Brownian motion that grows a fractal curve in H from a
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Figure 1.14: Density plot of Re[g;(z)] with the deterministic driving function & =
3vVI—2t —2 and t(0) = 5 (1 —cos*¥) at = m/4,7/2,37/4, 7. The semi-circular dis-
continuity {¢?® : 0 < ¢ < 6} is the curve [0,#(#)]. All points in the unit disk intersected
with H are swallowed, or mapped to —2, at their common swallowing time 7 = 1/2 (6 = 7).
specified boundary point zy € R. The curve explores H without crossing itself or the
real axis as the Brownian motion evolves, and in the long time limit, the tip of the
curve approaches infinity. (By “conformally invariant,” we mean that the probability
measure is invariant under dilation about xg and the statistics of the completed SLE
curve are invariant under the inversion z — —1/(z — xy).)

We assign a parameterization 7 : [0, 00) — H to the SLE curve (i.e., boundary arc)
so that 7(0) = x¢ and y(t) — oo as t — oo. Then the curve is completely described
by a random sequence of bijections {g; }+>o that conformally send the domain H \ H,;
onto H, where H; is the connected component of H \ 7(0, ] containing infinity. If 7 is
a simple curve, then we may think of g; as a “slit-mapping.” Informally speaking, this
slit-mapping cuts into the upper half-plane along v from z, up to v(t) with scissors,
conformally maps the part of the upper half-plane not touched by the scissors onto the
upper half-plane, and in so doing melts the left and right “sides” of the curve [0, ],

now infinitesimally separated by the cut made by the scissors, into adjacent segments
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of the real axis that touch at the image of the tip of the curve & := ¢;(7(t)) € R.
The random real-valued stochastic process & is called the driving function, and a
particular & specified for all s € [0,¢] completely specifies the portion 7[0,¢] of the
boundary arc. The maps {g:}+>o are uniquely determined when they are required to
satisfy the hydrodynamic normalization at infinity,

g(z) ~ z+ b®) + 0 ( ! ) , (1.153)

z—00 z 22

where the differentiable function b(t), called the half-plane capacity of Hy, is deter-
mined by our parameterization of . Conventionally, we use the parameterization
that leads to b(t) = 2¢t. With this choice, one can show that g;(z) obeys the Léwner

differential equation,

0gi(2) = ﬁ, go(2) =2, zeH. (1.154)

Now, in order for v to have the statistics of the lone boundary arc in the system
described above, O.Schramm argues [14] that the driving function & must be a one-
dimensional Brownian motion with speed x and starting at xy. That the driving
function should be a Brownian motion in order to capture the law of a boundary
arc is fixed by two special properties of SLE, conformal invariance, or the invariance
of the probability measure under the scaling transformation f : H — H given by
f(2) = Mz —1z9) +z for some A > 0, and the “domain Markov property” [49, 15, 14].

As k increases from zero, the roughness of the curves (i.e., their Hausdorff dimen-
sion, equaling 1 + /8 [50]) increases, and there is a phase change at k = 4. In the
dilute phase k € [0, 4], the SLE curve (0, co) does not intersect itself or the real axis,
and in the dense phase k > 4, ~ intersects but does not cross itself and the real axis
on all length scales. When k > 8, 7 is a space-filling curve in H. (These statements

are true almost surely.) The results of this thesis will not extend to the k > 8 regime.
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Random walk or critical lattice model K c Current status

The loop-erased random walk [51] 2 -2 proven [52]
The self-avoiding random walk [53] 8/3 0 conjectured [54]
() = 2 Potts spin cluster perimeters [1] 3 1/2 proven [44]

@) = 3 Potts spin cluster perimeters [1] 10/3 4/5 conjectured [9]
@ = 4 Potts spin/FK cluster perimeters [1, 24] 4 1 conjectured [9]
The level line of a Gaussian free field [55] 4 1 proven [55]
The harmonic explorer [55] 4 1 proven [55]

@ = 3 Potts FK cluster perimeters [24] 24/5 4/5 conjectured [9]
@ = 2 Potts FK cluster perimeters [24] 16/3 1/2 proven [44]
Percolation and smart-kinetic walks [6, 56] 6 0 proven [16]
Uniform spanning trees [52] 8 -2 proven [52]

Table 1.1: Models conjectured or proven to have conformally invariant continuum limits
with SLE descriptions.

For each z € H, ¢;(z) is determined up to the swallowing time 7, when g, (2) = &,
and the Lowner differential equation (1.154) is no longer well-defined. Since g;((t)) =
&, the swallowing time may be the time when the boundary arc first touches the point
z € H, an event with zero probability. This is always true in the dilute phase where
T, = 00 almost surely since « is simple. But in the dense phase, ¥ may lasso z and
cut it off from infinity with an intersection with itself or the real-axis. At the moment
of a self-intersection ¢y, all points z enclosed by the loop 7[to, t1], where ¢y < t; is the
biggest time such that v(ty) = v(t1), are swallowed, or mapped to &, and 7, = t;. A
similar statement can be made when v intersects the real axis. In the dense phase, all
points are eventually swallowed this way (as opposed to touching ), and Hy, defined
above, is the half-plane complement of the set of point swallowed before or at time t.
In the dilute phase, H, = v(0,t]. Again, these statements are true almost surely.

SLE accounts for a BCC induced by the insertion of a ¢y 5 or ¢, operator at xo,
but it does not specify which side of xg is free and which side is fixed, as the growth
of v is symmetric about the x = xy axis. It also does not specify the precise state of
the fixed side as this statement only has meaning in an appropriate lattice model.

Because boundary arcs are part of the boundary loops from the loop gas repre-
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Figure 1.15: The O(n) loop fugacity (red) (1.155) and the central charge (1.170) (blue)
as a function of k over the range x € (2,8). We note that n € [-2,0] corresponds with just
the dilute phase (gray) while n € [0, 2] corresponds with both a dilute and dense x value.

sentation of the O(n) model, we anticipate a relation between the parameters x and

n. This relationship is conjectured to be [9]
n(k) = —2cos(4dn/k), k€ [2,8], (1.155)

and it matches the dilute and dense phases of both models (figure 1.15). In particular,
perimeters of boundary FK clusters in the ()-state Potts model must be SLE curves
with their speed related to @) via Q = m . An argument in the next paragraph
will show that k > 4 too.

Both FK and spin boundary cluster perimeters are conjectured, and in some cases
proven, to approach SLE curves in the continuum limit, and the speeds of these two
SLE curves are related through a property known as duality. By definition, each FK
cluster sits within a spin cluster, and perimeters of either cluster are the same except
that the FK-cluster perimeter will have fjords that cut into the spin cluster, making
it rougher than the spin-cluster perimeter (figure 1.13). If these fjords are filled, then
we recover the less-rough perimeter of the parent spin cluster. In the continuum limit,

the fjords are the regions of the upper half-plane lassoed by a dense-phase SLE curve
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as described above, and if we erase these fjords, then we should recover another SLE
curve for some other speed # in the dilute phase. Duality in SLE states that this is
true with # = 16/k, and we say that & and k are dual to each other.

With duality in mind, we collect the boundary arc operators ¢; 2 and ¢, ; under

a common name, boundary one-leg operators, and a common notation t):

¢1,2(x0)7 k>4 h172, k>4
1 (zo) = with weight 6 := . (1.156)

P21(z0), K <4 hop, k<4

The conformal weight 6, is sometimes called the boundary one-leg weight or SLE
scaling exponent. In this thesis, we adopt the convention that the boundary one-leg
operator 1 (zg) sums over all possible BCCs that it may induce at z( after we commit
the segment to its left to fixed and the segment to its right to free or vice versa. Also,

we normalize its two-point function to

T (21, 22) = (i (21)n(2)) = CFy s — 2|7, O =, (1.157)

where n is the fugacity of the single boundary loop. (This two-point function cor-
responds to a modified SLE that starts at z; and ends at a second BCC located at
x9 instead of infinity.) This boundary loop surrounds the single boundary cluster
anchored to either (z1,x9) or (z9, ).

We may generalize the definition of a boundary one-leg operator ¢; with boundary
one-leg weight ¢, to a definition of a boundary s-leg operator s with boundary s-leg

weight 61. These are given by

¢1,s+1(x0) k>4 ) . h17s+1 K >4
Ys(xo) = with weight 6, := ) (1.158)

¢s+1,1(x0> R S 4 hs+1,1 K S 4
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and they are so called because s distinct boundary arcs emanate from the BCC at z,.
Again, 1(zo) sums over all possible BCCs that it may induce at xy after we commit
the segment to its left to fixed and the segment to its right to free or vice versa. From
(1.116), we have the fusion rules

Vi(z)vs(e)  ~  dsa(@n) + Psa(2), (1.159)

Tr2—T1

Oorr = O+ 0,4+ A7 (0, 5) (1.160)

where A := Afz when x > 4 and A = Ail when k£ < 4. Here, the KPZ formula

[37] AT (1.109) is written in terms of the SLE speed:

k—44+/(k—4)2 + 16Kh

A (h, ) = —

(1.161)

This rule may be interpreted as follows. If the boundary arc anchored to x; connects
with the leftmost of the boundary arcs anchored to o > x1, then this boundary arc
contracts to a point almost surely as zo — 1, leaving s — 1 boundary arcs emanating

from x;. This explains the first term in (1.159). On the other hand, if these adjacent

. 11
Vs

!

+
lewQ — L + m

V1

Figure 1.16: The fusion rule ¢; x 13 = 91 +13. Each s-leg operator sums over all possible
spin types of all boundary clusters anchored to it. Our use of different colors for the left
versus right boundary cluster merely indicates this fact, and it does not indicate that these
two clusters must exhibit different spins. However, the ¢; fusion channel is observed only
for those samples in which both of these boundary clusters do exhibit the same spin state.
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1 1— 1y P2

Figure 1.17: The fusion rule 91 X 1)1 = 1+1)9. The identity family imposes no conditioning
on the mutual connectivity of the two boundary arcs, and the two-leg family conditions the
two boundary arcs to not mutually connect.

boundary arcs do not connect, then we find s 4+ 1 distinct boundary arcs emanating
from 5 as 9 — x1. This explains the second term in (1.159). The case s = 1 is
exceptional. On the right side of (1.159), we have a zero-leg operator (i.e., the identity)
and a two-leg operator. The two boundary arcs of a pair of one-leg operators whose
fusion contains only the identity (resp. two-leg) family are not (resp. are) conditioned
to mutually connect.

Now we show how BCC operators are used to condition the BC of a system through
an example. For an Ising model in the upper half-plane, we let the bulk spin field
0 = @12 approach the real axis and fuse with its image to create a boundary spin field
¢1,3. According to (1.22), the correlation of the boundary spin field at z; € R with the
boundary spin field at o € R equals the probability that x; and x5 are connected by
a boundary FK cluster. In the latter situation, the part of the boundary R\ {z1, 2}
is free with infinitesimal wired segments at x; and x5. This exactly describes the BC
induced by inserting boundary two-leg operators at x; and x5, which invites us to
reinterpret the boundary spin field as a (dense-phase) two-leg operator: 1y = ¢ 3
(figure 1.18). The probability of observing this BC event is therefore

P(BC) ~ 26292 €202 (4 (1)1 (12)). (1.162)

€;—
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o (x1) 1#22962)

Figure 1.18: The bulk-image fusion of two bulk-spin operators (left) into two boundary-
spin operators, or equivalently two (dense-phase) boundary two-leg operators (right). The
shaded blue region is an FK cluster, and the red boundary in the right figure is a boundary
loop.
This result requires some explanation. The BC event described above is really the
collection of samples in which the i-th free-fixed-free BCC happens within a small
distance ¢; from x;. Also, ¢y is a nonuniversal constant that arises from the scaling
limit of the boundary spin field.

Now we generalize (1.162). We posit that the probability that a system exhibits

the particular BC event ¢ characterized by an s;-leg BCC within distance €; from z,

an so-leg BCC within distance ey from x,, etc., is given by

205, 20,

P(S) ~ o .nCsy€y by N (s (21) .. sy (TN)), (1.163)

e;—0

where ¢, is the nonuniversal scaling constant associated with 1 through (1.38). Fur-

thermore, the expectation value of a product «(z1)...((zy) of lattice variable densi-
ties with z1,..., 2y € H and conditioned on the BC event ¢ is given by [57]

Qha 2h<

E[B(z1)...C(zn) | <] g Con e 6Ty

Sl Ceaba(e) - Vo@n ) (g e

(s, (1) -+ Ysn (28))m

With this understanding, we can infer a relationship between the SLE speed and

the conformal weight of the one-leg operator. We follow the method used in [58]. We
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let N =2, 21 =0, and 25 = o0 in (1.164), we allow an SLE to evolve up to time ¢,

and we define the random variable

Xi(21,. .., 20) 1= (a(z1) ... Clzar) i (y(t))11(00)) _ agt(zl)hlégt(gl)ﬁl N

(a(gi(21)) -+ - C(ge(zp0) )1 (&)1 (00) )m
(U1 (&)1 (00))r , (1.165)

x ... 0g,(za1)" 0y (Z0r) "™

where g; is the Schwarz reflection of g, into the lower half-plane. X, averages over all
realizations of the SLE curve v connecting zero to infinity conditioned on the event
that the bottom segment ~(0,t] is the particular curve determined by the specified
sequence of conformal maps {gs}o<s<:- By averaging X; over all realizations of the
bottom segment, we should recover Xy, so X; must be a martingale. Thus, the drift

term of its It6 derivative, which is proportional to

koo 1 (). o) () (00
b ‘2}( (01 (€)91(00)) > (1.166)

with the differential operators

Lovi=Og, Looi= i ( d S B c.c.> (1.167)
; i1 (9:(2i) = &)* glz) — & ’

must vanish. The differential operator acting on the ratio of correlation functions in
(1.166) is reminiscent of the differential operator in (1.106) that annihilates this ratio.

They are matched by identifying the coefficients of their second derivative. We find

3
K _ ) e 7 e =(0-K)/2 k> (1.168)
! 2(2h31+1) = ho1=(6—r)/2k, k<4
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and this leads to an explicit formula for the boundary one-leg weight in terms of «:

06—k
0, = . 1.169
! 2K ( )

Using (1.104), (1.114), and (1.169), we can use (1.169) to derive formulas for the

central charge ¢ and Kac weights A, , in terms of &:

(6 —k)(3k — 8) 1 (kr —4s)? — (K —4)*, k>4
"7 16k

Q
—~
X
~—
I
=

(1.170)
(ks —4r)? — (k —4)?, k<4

The boundary s-leg weight will be of particular use in this thesis, and now we see

that in terms of x it is given by

_ 5(25+4— k)
0, = — (1.171)

The result (1.170) is consistent with previously made claims. Except for the global
maximum c¢(4) = 1 over K > 0, exactly two positive x values correspond with each
value of c. If one value is k, then the other is the dual speed & = 16/k. Dual speeds
must have the same central charge since they must correspond with the same critical
system, so it is reassuring to see that this requirement is met by (1.170).

In this thesis, we study critical lattice models in simply connected domains and
with a free/fixed side-alternating boundary condition (FFBC). This BC is comprised
of an even number of free-to-fixed or fixed-to-free BCCs on the real axis, with the
1-th BCC occurring within some small distance ¢; from a specified point z; on the
real axis, and with 1 < 29 < ... < x9n_1 < Ton. Thus, the BC alternates from fixed
to free to fixed, etc., or vice-versa, as we move rightward along the real axis (figure
1.19). Moreover, we can condition a pair of fixed sides to be independently wired, or

not constrained to exhibit the same state, or we can condition them to be mutually
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ﬁ%m

1/)1(332 Y1 (w3) T Y1(zg)  tpr(ws) w1 z6) ... ¥1(ran_1) %/11 TonN)

Figure 1.19: An illustration of the side-alternating free/fixed boundary condition.

fixed (wired)

wired, or constrained to exhibit the same state. Many different FFBC events can be
considered by mutually wiring different collections of fixed segments with each other.

The likelihood of a observing a system configuration in the upper half-plane
that exhibits the specified FFBC event ¢ is given by (1.163) with N +— 2N and

S1,...,89y = 1. This is

I[D(g) ~ C%NE%QI ...63}9\}TC, Tg(xl,...,ng) = <w1<.’1§‘1)w1($2]\[)> (1172)

We call T the universal partition function of the FFBC event .

In addition to the three Ward identities (1.54), Y. must obey the null-state PDE
(1.106) with the replacements z; — x; € R, N — 2N, hy5 — 61, and h; — 6.
Because each BCC hosts a boundary one-leg operator, this 2 N-point function must
also obey the 2N — 1 distinct PDEs generated by cyclically permuting the indices
{1,...,2N}. Overall, this system is

T<<I1,...,$2N):O, ze{l,,QN}

2N
K oo 9; b
e (2 - )

(1.173)
(This system is also derived from a multiple-SLE process modeling the same phenom-
ena in [59, 60].) Remarkably, many classical solutions of the system (1.173) that also

solve the Ward identities can be explicitly constructed through a method known as
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the Coulomb gas formalism which we will survey in the next section. The primary
goal of chapter two is to show that all classical solutions of (1.173) are given by this

method.

1.2.9 The Coulomb gas formalism

To directly solve the composite system of null-state PDEs (1.173) and Ward iden-
tities (1.54) is very difficult. Another approach to finding solutions is to construct
an explicit theory and use the computational techniques native to it to calculate the
correlation functions. Though potentially simpler, this approach will only generate
solutions of physical relevance in that particular theory. It could be that observables
in other yet unknown theories solve the same system, implying the existence of an-
other class of physically relevant solutions. So this approach does not address the
extent to which known solutions that are particular to a theory fill out the complete
solution space of the system. These issues will be addressed in the next chapter.

The explicit CFT that we will employ is called the Coulomb gas or Liouville field
theory, and the methods born from it are called the Coulomb gas formalism. These
methods were first presented in [61, 62]. Textbook treatments can be found in [3, 11].

To construct the Coulomb gas (non-rigorously), we begin with a massless bosonic
free field ¢(z, z) over the complex plane. There is a rigorous mathematical theory
called the Gaussian free field that captures many of the essential features of the
bosonic free field [63]. Here, we will pursue the non-rigorous treatment used in the

physics literature. The massless free boson has the conformally invariant action

Sole] = %/@d%@gp(z,z)@gp(z,z). (1.174)

In the operator formalism, ¢ is quantized in terms of ladder operators that raise

or lower the energy of the system. It may be broken into a sum of a holomorphic
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component and an antiholomorphic component ¢(z, Z) = p(2) + @(Z) with respective

two-point functions

(Pa)p(a)) = —3log o, (P(2)6(2)) = —3logm,  (p(a)p(2)) = 0, (1175

where zo; := 29 — 21 (resp. Za1 1= 22 — z1) and |za| > |21] (vesp. |z2| > |Z1]). Thus, the
complete two-point function (p(z1, z1)p(22, 22)) equals log |z12| which is the Coulomb
potential in two-dimensional electrostatics. This justifies the name “Coulomb gas.”
The stress-tensor (i.e., the conserved current that follows from translation invariance

of the theory) is

T(z) = —% L 0p(2)0p(2) :, T(2) = —= : 93(2)0p(Z) : (1.176)

«, B

where indicates a normal-ordering of the ladder operators in the ladder
operator expansion of O and d¢ [11]. By using Wick’s theorem to compute the OPE
of T' with itself and comparing with (1.70), we discover that the central charge of the
theory is one.

We define a holomorphic (resp. antiholomorphic) field called a chiral operator of

charge o (resp. @) by
Vo(z) i= 1 V2090) . (3) = V2P0 (1.177)

By investigating their OPE with the stress tensor and comparing with (1.69), we
find that V, (resp. V) is a primary field with conformal weights h = o? and h = 0
(resp.h = 0 and h = a?). Using the ladder-operator expansion of ¢ and @, we can

compute an N-point function of chiral operators, finding

<Va1 (Zl) s VOtN<ZN)> = 5a1+...+o<N,0 H Z?ﬁiaj, (1178)

i<j
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with a similar result for the antiholomorphic sector. The Kronecker delta shows that
the total charge of the N-point function must be zero in order for the N-point function
to be nonzero. This condition, called the neutrality condition, emerges naturally in
the calculation, and it also emerges as a consequence of requiring the N-point function
to satisfy the conformal Ward identities.

To broaden the scope of this theory to theories with central charge less than one,
we add to the free action (1.174) a term that couples the free boson to the scalar
curvature R of the Riemann sphere on which the theory is defined. (Now we are

working with the one-point compactification of C.) The action is now

S[e] = Sole] + %[cd% o(z,2)R. (1.179)

This additional term modifies the stress tensor to
1
T(z)= —5 0p(2)0p(2) : +~v0%p(2) (1.180)

(with a similar modification to the antiholomorphic component), and by taking the

OPE of T'(z) with itself, we find that the central charge of the theory has shifted to
c=1+12v (1.181)

We wish for ¢ to be less than one since this range includes the minimal models and
corresponds with SLE. Thus, we write 7 = iagyv/2 with o > 0 so that ¢ = 1 — 2403.
By computing the OPE of a chiral operator V,(z) with the modified stress tensor, we

discover that the conformal weight of V,(z) is shifted from h = a? to

h(a) = a(a — 2ayp). (1.182)
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We say that the charges a and 2ay — « are conjugate because the conformal weights
of the chiral operators V,, and V5,,_, are equal.

Thanks to the Gauss-Bonnet theorem, the total scalar curvature % [ xR of
the Riemann sphere is a topological invariant equaling one. Thus, we may distribute
its scalar curvature R anywhere across the Riemann sphere without altering this
quantity. To concentrate the curvature at infinity is the most natural choice, for
then (1.179) reduces to (1.174) for almost all of C and we can compute correlation
functions with this latter action. If we formally insert R = 87d(z — oo) into (1.179),

then the action reduces to
S[e] = Solee] + iv/2(200)p(0). (1.183)

A chiral N-point function equals an average over all possible field configurations ¢

weighted by the exponentiated action e~5¥!. In our case, this weight factors into
exp(—S[p] ) = e VA2009(%) oxp(— Sy ] ). (1.184)

Thus, an N-point function in the Coulomb gas model with the modified action (1.179)
equals an N-point function in the original Coulomb gas model (1.174) with a chiral
operator of background charge —2ay placed at infinity. At an infinite distance from
the other points zq,...,zy, this chiral operator does not interact with any of the
other chiral operators. Its presence simply shifts the neutrality condition in (1.178)
to a; + ...+ ay = 2aqg. Therefore, an N-point function in this modified theory is

given by

20 1 —C
<Va1 (21) e VaN (ZN)> = 5a1+...+aN,2ao H Zij , gy = 24 .

1<j

(1.185)

Having extended our original ¢ = 1 Coulomb gas theory to the ¢ < 1 regime, we
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seek a means to relax the neutrality condition in order to calculate some correlation
functions that are not a-priori neutral. We begin by searching for chiral operators
with conformal weight one. According to (1.182), these operators necessarily have
charge a., where the screening charge a. is one of the two roots of the equation

ax(ay — 20) = 1. Solving for these roots and using (1.170), we find

(VE/2)F k>4

: (1.186)
(VE/2)T r <4

OéiI:i:

and because these charges are obviously conjugate to each other, we have 2ay =
oy +a_. Next, we construct a screening operator from the chiral operator V=*(u) :=

Vs (u), by integrating u along a closed contour I' in the complex u-plane:

Q* = ﬁVi(u) du. (1.187)

Screening operators are non-local and have weight zero, so their insertion into a
correlation function will not alter the latter’s conformal properties. Consequently, if
a correlation function has an —ma, — na_ charge deficit with m,n € Z*, we may
insert m copies of QT and n copies of ()~ into the correlation function to neutralize
it. Finally, we must determine an appropriate closed contour I' for each screening
charge, and these choices will depend on the specific fusion rules that we wish for the
chiral operators in the correlation function to exhibit.

Now we apply these methods, i.e., the Coulomb gas formalism, to calculate a holo-
morphic four-point function with all four primary fields sharing the same conformal
weight h. In this formalism, each field may be represented by either the chiral oper-

ator V,, or the chiral operator Va,,_q, both with conformal weight h = a(a — 2ay).

88



We thus find five candidate correlation functions,

(VaVaVaVa),  (VaVaVaVaag-a),  (VaVaVaag—aV2ae-a); (1.188)

<Vo¢‘/2a0—o¢‘/2ag—a‘/2oco—a>7 <‘/2040—a‘/20¢0—a‘/20¢0—a‘/2a0—a>7 (1189)

none of which can be made neutral by inserting screening operators Q% unless 2« is
an integer combination of oy and a_. Therefore, we need o to assume one of the

following values called Kac charges:

1+ 1+
a:fs—( 2T)a++( 28)04, r,s € L. (1.190)

We note that o, and of, are conjugate, and by using (1.182) and (1.113), we can
show that the conformal weight of the chiral operator Vris = V_+_is simply the Kac
weight h, s defined in (1.113):
1
hag,) = Z(rour +sa_ ) —ai, 1,5s€Z" =h,,. (1.191)
Thus, we can use this method to compute the four-point function (¢,pnendn) only if
h = h, s for some r,s € Z. It is interesting to witness the natural appearance of Kac
operators in the Coulomb gas formalism.
As an example, we use this theory to calculate the holomorphic four-point function

consisting of boundary one-leg operators:

Y(z1, ..., 24) := (P1(21)01(22)01 (23)Y1 (24))- (1.192)

In the dense phase (k > 4), the chiral representation of this four-point function that

requires the fewest screening operators is
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3
(Via(2)Via(2)Via () Vi ()@ ) = [[ (1 — )

i<j
3

3
X l_I(zz - 24)2“;2‘”{2 }{ H(u — z;)?20 (y — 2'4)20‘1+»2CL du. (1.193)
I =1

=1

Explicit formulas for the exponents appearing in (1.193) in terms of x are found from

(1.186, 1.190), and they are

2 6 4 12

=

By replacing Vli2 — V;E1 and @~ — Q7 in this example, we obtain the dilute phase
(k < 4) version of this four-point function. But since none of the powers in (1.194)
change as a result of this switch, the formula (1.193) is the same function in either
phase. This is true for any N-point function of boundary s-leg operators, so we will
always use notation consistent with the dense phase.

The closed contour I' must wind around the branch points of the integrand in order
for the integral in (1.193) to be nonzero, and in so doing, I will cross the branch cuts
of the integrand and pass onto different Riemann sheets. Because the powers (1.194)
are usually irrational, the winding number of I' around each branch point must be
zero in order to guarantee its closure. The simplest path that achieves this goal is a
Pochhammer contour & (21, 22) that entwines two of the branch points {z;, z; } (figure
1.20). There are (3) = 6 possible contours, but as we will see in chapter two, at most
two choices are linearly independent. In our present example, we choose I' to be
either P (21, z2) or P(z3,24).

If the respective exponents 3; and f; of (z; —u) and (z; —u) in the integrand are
greater than negative one, the Pochhammer contour &?(z1, z2) can be replaced by a
simple curve that starts at z; and ends at z;. By contracting #(z;, z;) so that it hugs

the line segment [z;, z;] and including the phases that the integrand accumulates with
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Figure 1.20: The Pochhammer contour & (z1,x2). If the numbers 4; and [a2, where e
and e2™2 are the monodromy factors associated with z; and xo respectively, are greater
than negative one, then a Pochhammer contour may be replaced with the simple contour
shown on the right.

2mif1

each wind around these branch points, one can show that

7{ (zi —v)% (v —2)% ... dv
P(z1,22)
= dexpmi(f; — B;) sin7f3; sin ﬂﬁj/ ](zi — )i (v —2)% .. dv. (1.195)

i

If 3; or B; is less than or equal to negative one, then the integral on the right side
diverges, and this equality no longer holds. (The equality would hold if we kept the
divergent endcap contributions that come from integrating around the tight loops of
I" that surround z; and z;, but the identity that would follow is not useful.) Equation
(1.194) shows that we may replace the contours &?(zi,29) and PP(z3,z4) for the
integral in (1.193) with [z1, 22] and [z3, z4) respectively only in the dense phase.

The selection of integration contours affects some of the fusion rules of the chi-
ral operators in a correlation function. The OPE of two chiral operators (1.177)
of respective charges «; and as contains only the conformal family of a chiral op-
erator with charge oy + ay. This is in direct analogy with the usual algebra rule
¢V2pciV20mp — giv2entaz)e  To within a fusion constant, the leading term of the
OPE is then

Val (2’1)‘/042 (Zg) ~ (ZQ — Zl)QQIQQVal_i_aQ (Zl) + ... (1196)

22—z1

We note that the exponent 2a;as equals —h(aq) — h(ag) + h(a + ag) as it must in
order for (1.196) to have the structure of an OPE of primary fields.

Now we look at how our choice of integration contours can change the fusion rule
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Figure 1.21: Fusion rules for pairs of boundary one-leg chiral operators both entwined
and not entwined by a Pochhammer contour along which a screening charge is integrated.

(1.196) in example (1.193). The total charge of the chiral operators at the pairs of

points {z1, 2o} (resp.{z3,24}) is
Qg+ apy = g, (resp. Qg+ af2 = ail), (1.197)

which is that of a two-leg operator (resp.identity operator), so only the conformal
family of this operator appears in the fusion of Vi,(z1) with V5(22) (vesp. Vi ,(23)
with V% (24)). Now we suppose that I' = (21, 2) (resp.I' = Z?(z3,2)). Then
because I' is entwined with the two points, the screening charge «_ is pulled in with

the fusion and adds to the total charge of the product. The new total charge is
iy F o, +a =apy,  (resp.aj, +of, +a- =afy). (1.198)

The total charge has changed from that of a two-leg operator (resp. identity operator)
to that of an identity operator (resp.two-leg operator) (figure 1.21).

So far, our calculations have pertained to only the isolated holomorphic or an-
tiholomorphic sector. If ¥4 (z) (resp.;(2)) is a holomorphic (resp. antiholomorphic)
component of a spinless bulk field v, (z, Z) with conformal weights h = h = 6}, then
we must sew the holomorphic and antiholomorphic sectors together to obtain the

complete four-point function

Y(z1, 215520, 24) = (121, 20) 01 (22, 22) 1 (23, Z3)01 (24, Za))  (1.199)
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— 22—1291 z4—3291 7,’291 22—1201 2 201 201 G12 34<n 77) (1200)

with G12.34, defined in (1.61), equaling a linear combination of the products of the

conformal blocks pertaining to the holomorphic and antiholomorphic sectors:

Gi2:34(n, 1) Z C mm) 12:31 (1) F12:34(1)- (1.201)
m,m=0,2

We note that Cl(jm ) = C,Snm) for all 4, j, k, and [ since all of the fields are 1), and to
reflect this, we write the OPE coefficient as C’I(Tm). The fusion coefficient C{Tﬁ‘) is
chosen so that G12.34(n, ) is single-valued for all (,77) € C2. In particular, G12.34(n, 7))
must be invariant as 17 and 7 wind counterclockwise and clockwise respectively around
the branch points zero, one, and infinity of F/7;,. This condition requires m = m and
fixes the ratio (C%/CY;)?, the denominator of which is simply the coefficient of the

bulk two-point function (¢4 (z, 2)Y1(z, 2)).
In this thesis, we will almost exclusively work with boundary operators, the cor-
relation functions of which exhibit just one sector. Thus, the methods described in
the previous paragraph cannot be used to calculate the boundary OPE coefficients,

though other methods are available [48].

1.3 Summary

In this chapter, we have introduced several examples of lattice models with critical
behavior and explained their relation with CF'T. We have also proposed a method for
studying these critical lattice models confined to domains with boundary and with a
specified FFBC event, a setting in which we will work for the rest of this thesis. Using
CFT, we argued that the universal partition function for such a system is governed
by the system of differential equations (1.54, 1.173).

The remainder of this thesis investigates certain observables associated with the
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critical systems and governed by the systems of PDEs described above. In chapter
two, we begin this effort by seeking a complete description of the solution space of
the system (1.54, 1.173). In chapter three, we reexamine special cases for which
the solution space exhibits exceptional properties that are noted in chapter two. In
chapter four, we apply the results of chapter two to calculate a fundamental set of
observables called crossing probabilities for these critical systems. In chapter five, we
use the techniques presented in chapter one to calculate another set of observables

for these critical systems called pinch-point densities.
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CHAPTER II

A solution space for a system of null-state

differential equations

The goal of this chapter is to rigorously characterize the solution space of the
system of PDEs that governs a 2N-point function of boundary one-leg operators
(¥1(z1) ... Y1 (x2n)). We achieve this goal modulo the proofs of two conjectures to be
stated later. The first, conjecture 11.7, seems to be a minor, technical detail, but the
second, conejcture I1.16, supports a major step in the proof of the results presented
in this chapter. We propose an incomplete proof for the latter conjecture.

As we observed in chapter one, the system governing the 2N-point function

(1(z1) ... Y1 (xon)) consists of the collection of 2V null-state PDEs (1.173),

Koy e[ 0 0
o2 J_ 1
[48@ +Z(%—$i (xj—l'i)2)

J#i

F(zy,...max) =0, i€{l,2,...,2N} (2.1)

(01 := (6 — k) /2k is the conformal weight (1.169) of the one-leg operator 1 (z;)), and

the three conformal Ward identities,

(

S (2,0, 4 0 F (21, ay) =0 (2.2)

\21251(1'1282 + 2911‘,’)F(ZE1, Ce ZL‘QN) =0
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We call the i-th null-state PDE among (2.1) the null-state PDE centered on x;. This
system is defined for xk # 0, and we will focus our attention on x € (0, 8).

The subsystem of 2N null-state PDEs (2.1) is undefined on the locus of diagonal
points, or points (z1,...,xsx) with at least two of its coordinates equal. We let
be the complement of the locus of diagonal points in R?". Then the diagonal points
make up the boundary 02, and together they divide 2 into connected components,

each of the form
Qg = {w SVE To1) < To(2) < ... < To(2N-1) < .TU(QN)} (23)

for some permutation o € Syy. We will write @ for the tuple (z1,...,2on) € Q. In
this chapter and up through section 2.3, we will refer to & as a point and each z; as
a coordinate of that point, but in the rest of this thesis, we will refer to z; as a point.
By symmetry, it suffices to restrict the domain of our solutions to the component 2
corresponding to the identity permutation.

Indeed, the subsystem (2.1) is elliptic, so all of its solutions exhibit strong regu-
larity. After summing over the 2N null-state PDEs, we find that any solution obeys
a linear, homogeneous, strictly elliptic PDE whose coefficients are analytic in . (In
fact, the principal part of this PDE is simply the Laplacian.) It follows from the
theorem of Hans Lewy [64] that all of its solutions are analytic in €.

As we mentioned earlier, the Ward identities (1.54) can be solved by the method
of characteristics. It follows that any solution F' of these identities must have the

form
N

F(x) =G, ..., mn-3) H |23 — T (p)) " (2.4)

i=1
where ¢ is a pairing (i.e., a permutation ¢ € Syy with 0 = o71) of the indices
{1,...,2N}, where {m,...,mon_3} is any set of 2N — 3 independent cross-ratios that

can be formed from zi,...,zon, and where G(ny,...,men_3) is an analytic function
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of & on Q. The absolute value signs around the differences in (2.4) are included so
that F' is real. Without it, F' would have a constant phase on €y. The ansatz (2.4)

implies that F' satisfies the usual covariant transformation rule

F(a) = 0 ()| ... |0f (e2x)| " F (), (2.5)

where f is a Mdbius transformation taking the upper half-plane onto itself, z :=
f(z;), and o' := f(x) := (2} ..., 25y). (Actually, such transformations are composi-
tions of translation by a € R, multiplication by b > 0, and the inversion = — —1/z,
all of which have positive derivatives. Thus the absolute value signs in (2.5) are not
necessary.) Some of these transformations may send €2y, the domain of F, onto an-
other connected component of €. Transformation (2.108) gives such an example. In
this case, F'(x') is given by the right side of (2.4) with z; — «} and the cross-ratios un-
changed since they are invariant under f. This function F' over the different domain
clearly solves the system (2.1-2.2) in the primed coordinates (), ..., 25y).

Before we begin our analysis, we state a prediction of the rank (i.e., dimension
of the solution space) of the system (2.1-2.2) that is motivated by the discussion
surrounding equation (1.173). The 2N boundary one-leg operators inserted at the
points xy, ..., xon introduce N noncrossing boundary arcs into the critical system in
the upper half-plane that anchor to and connect these 2N points pairwise. These
boundary arcs fluctuate in the upper half-plane according to the law of multiple-SLE
[59, 60]. Similar to SLE, multiple-SLE is a stochastic process that evolves 2N curves in
the upper half-plane from 2N origin-points x1, ..., zsy on the real axis until they join
pairwise to form N distinct boundary arcs. But unlike regular SLE (or 2N multiple-
SLE with N = 1), the law of 2N multiple-SLE with N > 1 is not uniquely determined
by conformal invariance alone since the multiple-SLE curves of the latter process may

be conditioned to join pairwise in more than one connectivity. Indeed, we must also
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specify a function, called a “partition function” in [59], to drive the multiple-SLE
process. [59, 60] argues that the partition function must solve the system (2.1-2.2)
and that any solution of this system can serve as the partition function. Ref. [59, 60]
also argue that our choice of partition function biases the boundary arcs to join
pairwise in a certain boundary arc connectivity (BAC) and suppose the existence of a
basis for the solution space of the system (2.1-2.2) in which each element conditions
the boundary arcs to join in a particular BAC almost surely.

There are Cy possible BACs, where Cy is the N-th Catalan number. To prove
this claim, we let C'y simply be the number of possible boundary arc connectivities
for now. In each connectivity, an arc will connect z; with some other point x; (where
4 is necessarily even) and divide H into two simply connected domains. One domain
will contain (j — 2)/2 boundary arcs connecting the points xs,...,x;_1 in one of
Cj/2-1 connectivities, and the other will contain N — j/2 boundary arcs connecting
Tjy1, ..., 2oy in one of Cy_; o connectivities. Summing over all even j from j = 2 to

2N, we find a recursive relation among the Cy, with the initial condition C; = 1.

2N

Cv= Y CipiCn_jp, Ci=1 (2.6)

Jj=2,even
This is the recursion relation of the Catalan numbers, and it may be solved with a
generating function to find the explicit formula

(2N)!

COn = NI(N + 1)

(2.7)

Thus, [60] predicts that the rank of the system (2.1-2.2) is Cy. A major goal of this

chapter is to prove this statement.
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2.1 The Coulomb gas solutions

Remarkably, many exact solutions of the system (2.1-2.2) are known, and they are
constructed by using the Coulomb gas formalism outlined in section 1.2.9. We endow
all but one coordinate x. of & € €}y with the standard charge a; 5, we endow x, with
the conjugate charge af’2, and we use N — 1 screening operators. (When working
with chiral operators, we will always use notation consistent with the dense phase of
SLE for convenience, keeping in mind that the formulas are the same in both phases.)

These choices give a neutral 2N-point function of chiral operators,

(Vig(@n) . Vig(@e) Vi (@) Vip(Terr) - Vip(en)Qr - @y ), (28)

that should satisfy the system (2.1-2.2). Using the results of section 1.2.9 and (2.132),

we may write an explicit formula for (2.8). The formula is

({Fm} |33) H (xj _ x2)2/n H<$C _ xi>1—6/n
i<j i7#c
i,jF#cC

—4/k, k#c 8
XIn-1 | B = 3 Ypq =
12/k =2, k=c

{Fm N:l

m=1

x |, (29

where ¢ € {1,...,2N}, Z)y with M € Z* is the M-fold Coulomb-gas integral

Im {Bkl} {'qu} | {Fm}m 1 | X1,.. x?N) =

/ / / <ﬁﬁ Tp — W 5’”) <ﬁ(up — uq)m> duyy ... duyduy, (2.10)

k=11=1 p<q

and {I',,} is a collection of closed contours in C. Throughout this thesis, we will use
the branch of the logarithm such that arg(z) € [—m,m) for z € C. This determines

the orientations of the branch cuts of the integrand for Z,,.
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Definition II.1. A linear combination of the functions given in (2.9) is called a

Coulomb gas solution.

The Coulomb gas formalism is non-rigorous, so we must prove that the candidate
solution (2.9) indeed solves the system (2.1-2.2). This proof was originally given in

[60], and we give the same proof here with a slightly different presentation.
Theorem I1.2. Every Coulomb gas solution solves the system (2.1-2.2).

Proof. In the proof, we will use the notation xoyy := ux and from (1.186, 1.190),

ay =vVK/2, a_=-2/Vk, 2a9=a;+a_, (2.11)

o, =—a_/2=1/Vk, ofy=a,;+3a_/2=(k—0)/2Vk. (2.12)

These are the dense-phase values of the Kac and screening charges to be used in this
proof.
We begin with a different construction of the Coulomb gas solution (2.9) that

suggests how it will solve the null-state PDEs (2.1). For a collection of real “charges”

{a;}N™  we define the function
2N+ M
D(z1, ..., TaNr) = H (zj — x;)?*, (2.13)
i<

In the Coulomb gas formalism, «; is the charge associated with chiral operator lo-
cated at the coordinate x;. Our strategy is to choose the «; such that for each

ie{l,...,2N}, we have

2N 2N+M

oo 0, 6-n/2\] 4

AP (mj_xi )| S Al ), (2.14)
j#i k=2N+1

[14 7

where stands for some analytic function. Once done, we integrate the coordi-

nates Toni1,---,Tansy on both sides of (2.14) around closed, nonintersecting con-
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Figure 2.1: The integration of u; along a contour I'; that crosses the contour I'y of us.
The integrand for the u; integration restricted to I'y x I's is not a continuous function of
ug since whether or not I'y crosses the us branch cut depends on the location of wus.
tours {I'y, ..., 'y} (such as non-intersecting Pochhammer contours). Because either
side of (2.14) is absolutely integrable on each path, we can perform these integrations
in any order. Integrating the right side of (2.14) will therefore give zero. Finally,
because the contours do not intersect (figure 2.1), we have sufficient continuity to use
the Leibniz rule of integration to exchange the order of differentiation and integration
on the left side of (2.14). We therefore find that F' := § ® solves the null-state PDEs
(2.1). We note that M counts the number of screening charges to be used in the
Coulomb gas construction (2.8).

With some algebra, we find that for any collection of real “conformal weights”

{h;}, “charges” {a;}, a positive integer M, and each i € {1,2,...,2N + M},

K 2N+M a h
K g2 i N
o 2 (%‘—m (fﬁj—xiV)] ?

)

JF
2N+M 2N+ M
B Z ajag(ka? — 1) Z o (kaya; — k)24 2) — hyj & (2.15)
= | 2 - e o) (55— ) ' |
G VIR T i o

i#k

If hj = (6—r)/2k for 1 < j <2N and h; =1 for j > 2N (the conformal weight of a
boundary one-leg operator and screening operator respectively), then for 1 <7 < 2N,

(2.15) can be written as

8 e B a ()

i k=2N+1
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ajag(kal — 1) iy (koo — K2 +2) — h
d. (2.16
' J%;i (25 — @) (T8 — 74) " Z (z; — 2;)? ( )

ik

JF

We recognize the differential operator of the null-state PDE centered on x; (2.1) on
the left side of (2.16). Now we choose a particular i # 2N. One way to obtain the

form (2.14) for this particular ¢ is by choosing the «; and {«;}, such that

a;=ar,=1/VE, o =agE\/ad+hj, jFi (2.17)

so that the term in brackets on the right side of (2.16) vanishes. Note that for
je{l,...,i—1i41,...,2N}, h; = (6 — £)/2x implies o = ay,, and for j > 2N,
h; = 1 implies osz = a4. If we choose the — sign for all a;, then the bracketed term

will vanish again for the other 2N — 1 null state PDEs, and for 1 <7 < 2N we find

S Gl ) Salat) e

k=2N+1

As previously discussed, the function F' = § ® is annihilated by the differential oper-
ator on the left for all 1 < i < 2N provided that none of the M integration contours
intersect.

However, the function F' as prescribed above does not obey the Ward identities
(2.2), so we cannot use this choice of signs for (2.17). The Ward identities dictate

that F' must have the form (2.4). This is equivalent to requiring that the function

2N
G(l‘l,...,ZEQN) = H (xj—i-l —iL'j)QelF(l'l,...,ZEQN)
7=1, odd
2N
= H ('rj—I—l —.Ij)fj/n_lf % @(xl,...,x2N+M) d(L’gN_H... d.TQN+M (219)
j=1, odd I Y

is invariant under Mobius transformations, or equivalently, depends on only a set of
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2N — 3 independent cross-ratios that can be formed from {xy,...,zon}. We choose

these cross-ratios to be

($ - Il)(bN - $2N—1)
($2N—1 - $1)(I2N - $)7

m = f(xz;) with f(z):= (2.20)

so that m = 0< Mo < M3 < ... < Many—g < f(,IQN_l) =1< f($2N) = oo. Then this

condition amounts to requiring that G satisfy

G(l’h T2, X3y ..., LTaN-2, LIN—-1, 9521\/) = G(O, N1, M2, -+ M2N—3, 1, OO)- (2-21)

Now we seek sign choices for (2.17) that may lead to this identity. Because the right
side is necessarily finite, we momentarily ignore its infinite factors. Using (2.19), we

see that the k-th integral on the right side of (2.21) has the form

2N—-2 2N+M

/nﬁl(l—nk)ﬁ”“ I i=m)® 11 (5 —m)™ dig (2.22)
i=2 j:2;é\/+1
j#£k

while the k-th integral on the left side of (2.21) has the form

2N 2N+ M
/1_[(95'Z — )% H (z; — 1) day,. (2.23)
i=1 j=2N+1
J#k

We note that the integrand of (2.23) contains an extra factor that was dropped in
(2.22) when xoy was sent to infinity. The simplest condition that achieves the equality
in (2.21) is for the integrals (2.22) and (2.23) to be the same up to algebraic prefactors.

After the change of variables n; = f(z;), the first integral (2.22) transforms into

2N—-1 T z B; 2N+M x T Bj da
i Yk J Lk k
IL‘l, ..., LN / H ( ) H ( ) (gj'QN _ :L‘k,)z’ (224)

ToN — X ToN — T
2N T Tk /) gy \T2N T Tk

J#k
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where P(xq,...,x9y) is an algebraic prefactor whose explicit formula is presently

unimportant. To match the integral in (2.24) with that in (2.23), we must have

Pon= Y Bi—2 (2.25)

j#k,2N
In other words, the sum of the powers in the integrand of each integral (2.23) ap-
pearing in ¢ ® must equal negative two. (We note that this is achieved if all of the
a; in (5.119) sum to the background charge 2aqy. This is the Coulomb gas neutrality

condition discussed in section 1.2.9:

—2 = Zﬁj = 2qy, Zozj = 20y, <Z aj — ozk> =204 (Z a; — oci> (2.26)

7k itk
<~ Zaj = 2qy. (227)
J
To arrive with (2.27), we use the identities oy + a— = 20 and oy = —1.)
Let o), be the sum of the powers of the k-th integral in § ®. The results of the

previous paragraph suggest that we should choose the signs in (2.17) so that o, = —2
for all k € {2N +1,...,2N + M}. If we choose

j=af,, je{p+1,...,2N}

, (2.28)
aj=a_, je{2N+1,...,2N +gq}
aj=o04, jE{2N+q+1,...,2N+ M}
and let p’ := 2N — p and ¢ := M — ¢, then the condition o, = —2 for all k €
{2N +1,...,2N + M} becomes
or = [2pai, +2p 0, +2(q — 1a- +2¢'ay o (2.29)
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= -2, ke{2N+1,....2N+q} ifq#0, (2.30)
o = [2pais+2p'af, +2qa- +2(¢ — Day]ay (2.31)

= -2, ke{2N+q+1,....2N+ M} ifq #0. (2.32)

Equation (2.31) implies that p’ + ¢ — 1 = 0, which is impossible for p’, ¢’ € Z*. Thus,

¢ =0, ¢ = M, and requirement (2.31) vanishes. Equation (2.29) gives

=1 p=2N-1, M=N-1. (2.33)

To satisfy these requirements, we choose the — (resp. +) sign in (2.17) for the a; with
Jj # 2N (resp.j = 2N).

With the charges and number of integrals set, we see that (2.18) is true for M =
N —1 and ¢ < 2N. Now we must also show that when ¢ = 2N the term in brackets

on the right side of (2.16) with M = N — 1 is a sum of derivatives with respect to

Toni1,---,Z3n—1. This amounts to tedious algebra that is explicitly done in [60] with
the result
5. 6_ 9 3N—1
Ea§N+Z( i ( /‘9)/5) Z (9k< >
4 jzan NP3 T 2N (a: — T2n) k=2N-+1 Lk = L2N
3N—1 8k 2N_1 o BNZL N2
D D Pl I ) I (u) ol (234)
2 o e = Lan o PeN Tl SNy N TR T Im

m#k

Thus, § ® solves the null-state PDEs (2.1).

To finish, we need to prove that § ® solves the Ward identities (2.2) too. This
is equivalent to showing that G, as defined in (2.19), satisfies the condition (2.21).
We can prove this condition by changing integration variables on the right side of
(2.21) from x; to n; via f (2.20) as described above, and doing some straightforward

but tedious algebra. We omit the details. This proves that linear combinations of
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the functions (2.9) with ¢ = 2N solve the system (2.1-2.2). Because the system is
invariant under permutation of the coordinates, we see that (2.9) with ¢ equaling any

index among {1,...,2N — 1} solves this system too. O

As we discussed in section 1.2.9, all of the integration contours must wind non-
trivially around some of the branch points of the integrand in order for the solution to
not be zero, and the winding number of each contour around each branch point must
zero in order for the contour to close. Finally, the contours must not intersect for the
reason mentioned in the proof (figure 2.1). For large N, there are many choices of
contours that satisfy these criteria, and by carefully choosing the correct contours, we
may construct different solutions with important physical interpretations in various

critical lattice models of interest. These choices will be explored in chapter four.

2.2 Some low dimensional cases

Before considering the system (2.1-2.2) for general N, we examine the cases N =
1,2, and 3 with x = 6 for which the solution space is known exactly. In each case,
the solution space is finite dimensional with dimension equaling the N-th Catalan
number Cy (2.7).

We begin with the case N = 1. The first Ward identity of (2.2) implies that any
solution is only a function of the difference o — x;. Using this ansatz, the two null-
state PDEs (2.1) become the same Euler differential equation, the general solution of
which has two characteristic powers: 1 — 6/x and 2/k. The second and third Ward
identities exclude the second power. Thus, the solution space has dimension C} = 1

and is spanned by

I (z) = (29 — 1) 79" (2.35)

This is the familiar two-point function of CFT for two boundary one-leg operators

with identity fusion coefficient C?, chosen to equal one.
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Next, we consider the case N = 2. The Ward identities demand that our solutions

have the form (2.4). We write

F(x) = a3 057" G (n), (2.36)

where z;; 1= x; —x; and 1 = 21743/ T31742. By substituting (2.36) into any one of the
null-state PDEs, we find that [(1—n)]~2/*G(n) solves a second order hypergeometric
differential equation. Upon solving it, we find that the solution space has dimension

Cy = 2 and is spanned by

Hk(w) = 1;((182//,5);(81}1;(f/1ﬁ)) <x42x31)176/nGk(77)7 k= 17 27 (237>
where
Gl = Galt =) =P = an (=52 ) )

with o F} the Gauss hypergeometric function. The solutions (2.37) may also be found

by using the Coulomb gas formalism. We define

T(T |2y, .., 24) := B(—4/k, —4/K)

/N zy — u) V(@ — )T (25 — u) "V @y — w)H 2 du, (2.39)

where (3 is the Euler beta function, I' is a line segment with endpoints at branch
points of the integrand, and N orders the differences in the integrand so that Z; is

real. Then one can show that

H1(il3) = n($21$31$32)2m($413U42$43)1_6/H11([IES, I4] | 33)7 (2-40)

Ih(z) = n(x21$31x32)2/5(5341!B425U43)1_6/H11([:L'4, x| @), (2.41)

where n is the loop fugacity (1.155) of the O(n) model. By integrating along [z1, xs]
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and [xq, 23] instead, we find another pair of linearly independent solutions,

Fl(fﬁ) = n2($21$31$32)2/ﬁ(!E41$42$43)1_6/H11([$2;$3]|$)a (2-42)

Fg(m) = n2($21I31I32)2/H(ZE41$4Q!E43)1_6/511([l‘l, CL’Q] | ZL‘) (243)
These solutions are related as follows:
Fl = TL2H1 + nHQ, F2 = 7’LH1 + n2H2. (244)

Both the I, the Fj, and their interrelation (2.44) will bear important physical in-
terpretations in chapter four, and the Fj will serve a useful purpose later in this
chapter.

Although the integration in (2.39) converges only for x > 4, Z; may be analytically
continued to k < 4 by replacing the contour I' with a Pochhammer contour that
entwines the endpoints of I'. The relation between these latter contours and the
simple contours used above is captured by (1.195).

Finally, we consider the case N = 3. These solutions are easily constructed

through the Coulomb gas formalism. We define

oDy, Ty | &) = B(—4/k, —4/K) 72 /F /FQN{(W —up)¥"

5 2
. X (%6 — U1)12/ﬂ72($6 — U2)12/H72 H H(.T,L — Uj)4/ﬂ1 du1 d’UQ, (245)

i=1j=1

where I['; and 'y are line segments with endpoints at the branch points of the integrand
and N orders the differences of the integrand so that Z, is real. Then the linearly

independent set of five functions

Fl(.’L‘) = TL3P(£B) IQ([ZEl,I‘Q], [ZL’g, ZE4] | :13), (246)
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FQ(QB) = TL3 P(QZ) IQ([ZL‘Q, ZL’3], [1'4, ZL‘5] | 13), (247)

Fg(iL‘) = n377(m)12([x1,x2], [1'4,1‘5] |m), (248)
F4(.’L‘) = 71373(33)1'2([1171,1‘4], [ZL’Q,ZEg] |$), (249)
Fs(x) = n’P(x)La([s, x5, [v3, 24] | T), (2.50)
with the prefactor
P(w) = (35613362376337649565)1_6“(3?215173151041$51$32$42$52$43$53$54)Q/H, (2-51)

solve the system (2.1-2.2) with N = 3. If these solutions are linearly independent, then
the dimension is at least C's = 5. Later, we will see that these five solutions are indeed
linearly independent for most values of k. The dimension can be shown to equal five
exactly when x = 6 by converting the system (2.1-2.2) into a hypergeometric system
whose solution space is spanned by four Lauricella functions F)p [60]. We believe that
this process can be repeated for x # 6 too, which would prove that the dimension of
the solution space is indeed C5 = 5.

Computing the dimension of the solution space clearly becomes very difficult for
N > 3. For this reason, we will rely on a different approach to be developed in the

next section.

2.3 A solution space Sy for the system (2.1-2.2)

To glean a deeper understanding of the system (2.1-2.2), we investigate the behav-
ior of solutions near 0€)y. This approach is motivated by interpreting the solutions
of the system as 2N-point functions of boundary one-leg operators. We choose an
ie€{l,...,2N — 1} and send z;41 — x; so that operators ¢ (z;) and ¥ (z;41) fuse
into some combination of an identity operator 1y(x;) (which is actually independent

of x; necessarily) and a boundary two-leg operator at ¢o(z;). Inserting their OPE
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into the 2N-point function, we find

(1(@1) . hr (@)1 (Tiga) - - Ur(22n))
= C?l(xi-i—l — LL'Z‘)_QQH_GO <’QZ)1(I‘1) Ce 1#0(@)@/)1(@”) N ’QZ)QN(I'QN)) —+ ... (252)

+ 0121(113“_1 — l‘i)_291+92 <’17D1(l‘1) e 1/]2(1'1')’@[)1(&72'4_2) e ’QZ)QN(ZL'QN» 4+ ..., (253)

Equations (2.52) and (2.53) correspond to the identity and two-leg fusion channel
respectively, and for our present purposes, CY; and C? are arbitrary real constants.
We recall that 6 is the conformal weight (1.171) of the boundary s-leg operator.
Motivated by this fact from CFT, we might suppose that a generic solution F' of
the system (2.1-2.2) has a Frobenius series expansion in (z;41 — ;) as x;41 — x; with

one of two indicial powers. If we suppose this to be true, then for x;,; near x;, we

may write
F(ZL‘h e ,l’QN) = (xz‘—l—l — fL’Z‘)pF[)(I’l, e, Iy, I’H_Q, e ,l’QN)
+ (I'H_l —$i)p+1F1(l‘1,...,ZEZ‘,LL'Z‘+2,...,ZL‘2N)
+ (xi—l—l _xi)p+2FQ(x1,...7.r7;,x2‘+2,...,l‘2]\/')+.... (254)

Plugging this expansion into null-state PDEs centered on x; and x;,; and collecting

the leading order contributions, we find from either equation that

6 —k
2K

K
Zp(p —1)+p-— Fy = 0. (2.55)

Solving this equation for p, we find the two exponents p; = —260; + 6y = 1 — 6/x and
pe = —20; + 05 = 2/k that appear in (2.52) and (2.53) respectively. At next order,
the null-state PDEs centered on x; and x;; respectively imply that

6—k
2K

—kpd;Fy + Z(p+1)p+(p+1)— FL o= 0 (2.56)
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K 6— kK

—920,F, 1 1) —
0+ 4(p+ w+(p+1) o

F o= 0. (2.57)

Taking their difference when p = 1—6/x gives 9;,Fy = 0, so F; = 0. In the language of
CFT, the condition 0;Fy = 0 is equivalent to the identity operator being nonlocal, and
the condition that F} = 0 is equivalent to the vanishing of the level-one descendant
of the identity operator. After comparing (2.54) with (2.52), we interpret Fy as a
(2N —2)-point function of boundary one-leg operators. If this supposition is true, then
Fy must solve the system (2.1-2.2) in the coordinates {x;},.; ;41 and with N — N —1.
When p = 2/k, the equations (2.56) and (2.57) are identical, and 0; F' is typically not
zZero.

These heuristic calculations suggest that we investigate the behavior of solutions
F of (2.1-2.2) near 0L2. To this end, we let a point & € €y approach 92y along a path
in €y such that only two adjacent coordinates x; and z;,, approach each other, while
the other coordinates remain bounded away from each other and from z; and x; 1. As
this happens, we also require that the sign of F' does not change infinitely often as we
follow this path. This condition rules out behavior that would otherwise be physically
inconsistent with the applications that we have in mind. We will investigate these

applications in chapter four.

Lemma I1.3. Let F': Q) — R solve the system (2.1-2.2), and let k € (0,8). Suppose
that for every xy € 0§2y with only two coordinates equal, say x; = x;11, there exists a

region V' C Qg of the form

Vo= {ZB € QO P < Ty < T+ 5} N U, (258)
with U = () {z€Q : (x0); — 6 < a; < (x0); + 0}, (2.59)
JFi+1

for some small 6(xg) > 0 such that F restricted to V' is nonpositive or nonnegative.
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(Here, (x); is the j-th coordinate of xy.) Then (with 6, := (6 — Kk)/2k), we have

F(x) = O((zig1 — z:)*")
as Tiy1 — T4
0;F(x) = O((wip1 — x:)7*") (2.60)
forall j,k #i,1+ 1,
0,00 (@) = O((ws11 — 7))

forallx € V.

Proof. Let ®y = (x1,...,Ti_1,Ti, Ti, Tivo, ..., Ton) With the i-th and (i + 1)-th coor-
dinates being the only two coordinates that are equal. We let € := ;11 — z; < d(xp),
we let x := x;, we relabel the variables {z;};4i11 as {&, &, ..., &n_s, Eon_2} in

ascending order, and we let & := (&;,...,&n_2). For (€,z,¢) € V, we define

F(&,lL‘,G) = F(§17 e ,fi_l,m,x + E,&‘, e ,52]\[_2). (261)

In these variables, we must prove that for fixed & and =, F(&, T, €), @F({; x,€) and
;0L F(€&; 2, ¢) are O(e'~%%) as ¢ | 0.

Using the first Ward identity (2.2), we write the null-state PDE centered on x; as
L[F] = M[F], where

(6 —kK)/2k (& —2)0; K. O (6—K)/2K
— L:=-0 — — —F. (2,62
M= Z( & —z—€)? €& —x—¢€))’ 1%t €2 (262)
Thinking of € as a time variable propagating backwards from an initial condition at
some b € (0,0) to zero, we can invert the Euler differential operator £ with a Green

function that solves the adjoint problem

LGl en) = |50; - % RpLA ’?7/22“ —L Glen) = ot —e) (2.63)

with € > 0 a parameter. We choose the initial conditions G(e,0) = 9,G(€,0) = 0.

Also, G must be continuous at 1 = €, and 9,,G must have a jump discontinuity of 4/«
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(&)

Figure 2.2: The setup for the inversion of the Euler operator £ in (2.62). The integration
variable propagates from its initial condition at b > € to € > 0. The Green function is zero
outside of the gray region.

at 7 = € in order to solve the adjoint equation (2.63). The unique solution to this

initial value problem is

Gle,n) = %@(n _ o) [(E)l_ﬁ/ﬁ _ (5)2/1 C0<en<b. (2.64)

The Heaviside function © enforces causality (G(e,n) = 0 when n < €). Using the

usual Green identity [65]

/0 CIF)(&: 2. 0)Gle.n) — F(& ) L*[G) (e m)] di

= % [Glen) 0B (& 2.m) — 0,Gle P& w0)] + Gl EE )], (269

we find that for all b € (0,4), F solves the integral equation

b
F(&x,e) = /G F|(&x,n)dn

(e v Fle ). (2.66)

[G €,0) OF (& x,b) — 0,G (e, b)ﬁ(f;x,b)] b

»-lkl?t

All of the terms on the right side except the integral are manifestly O(e'=9/%), so we
only need to bound the integral. After estimating the coefficients in the integrand

and estimating G for k < 8, we find
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~ ] b c 1-6/k g
|F(& x,¢)| < 8—/@/6 (5) Z]: ngb @J—‘ |0, F(&; %, )]
n(6 —k)/2x 1-6/k
e e IF(&2,n)|| dn+ O(5%). (2.67)

It is natural to define H(&; z,€) := ¥/~1F(€; x, €) so that proving the lemma amounts
to showing that H(&; x,€),0;H(&; x,¢€), and 0,0, H (§; x, €) are bounded as € | 0. Then

for sufficiently small €, there are positive functions ¢q(&, x, ) and ¢; (€, =, b) such that

€

b
|H(& x,e)| < i+ 00/ (|H(£;w7n)| + Z IajH(E;rc,n)l) dn. (2.68)

Next, we bound terms in (2.68) that contain derivatives of H. For j # i,i + 1, the

null-state PDE centered on x; becomes

2 Ok (6 —kK)/2k 0 €.
[ v Z(gk_gj (5’“_51)2>+x—5j (= &)@ +e—§)
(6-r)/28  (6—K)/2K 6/k — 1 )
(x—=¢&)?  (v+e—¢&)? (x—fj)(ere—fj)]H 0, (2.69)

now for j € {1,...,2N — 2}, while that centered on x; becomes

K 5 O (6—k) (6 —kK)/2k B
[z@x—@ Tt *Z(sk T )]H‘O (270

and that centered on z;,; becomes

K.y (0z—0) (6 —k)/2K
—07 — — E H=0. (2.71
[486 € _l— k_x—ﬁ (gk_x_6)2 0 ( 7)
Also, the three Ward identities (2.2) are (again with 0; := (6 — k)/2k)

Zk wH + 0,H =0 (2.72)
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(&xOk + 01)H + 20, H + eO.-H = 0 (2.73)
k

Zk(g,zak +20,6,)H + 220, H + €*0.H + 22¢d.H = 0. (2.74)

Summing over (2.69) and using (2.72-2.73), we find that H(&; x, €) obeys a uniformly

elliptic linear PDE in the coordinates of £ and with x and e as parameters:

> 15

J

6—rK)/2kY Ok
Z(fk—fg (fk—fj)Q) zk:-f—fj
o (.CE — fk)ak (N — 1)(6//{ — 1)
) 3 [ CE s Ry ey
_(6=r)/26  (6—K)/2k 6/k—1

(z —§)? _($+€—€j)2+(l’—§j)(m+e—§j) H =0

(2.75)

Now let B = (51 — b, él +b) x... % (EQN,Q — b, EQN,Q +b). We may use the Schauder

interior estimates [66] to find that for all j,k € {1,...,2N — 2} and £ € B,

dist(&, 0B)[0;H (&; w, €)] < C'sup [H(¢p;z, €], (2.76)
PpeB
dist(&, 0B)[0;0pH (&; w,€)| < C'sup [H(v; 2, €)], (2.77)
PeB

where the positive function C(§, z, €) depends on € implicitly through the supremums
of the coefficients of (2.75) over B. Because these supremums are bounded as € | 0,
it follows that C' is bounded by a function C” independent of € for all € € (0,b), and

we may replace C' by C” in (2.76-2.77). Thus, (2.68) becomes

b
H(&2,6)] < e+ ¢ / sup [ H(4p.1)| (2.78)
€ €

where ¢; = co(1 + C'(N — 2)/dist(&,0B)). Because F is nonpositive or nonnegative
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on V which contains B, the elliptic PDE (2.75) implies the Harnack inequality [66]

sup |H(vy;x,n)] < cinf |H(¢;z,7)|
PpeB YeB

< clH(&zm)l, ne(00) (2.79)

where the positive function ¢(€, z,n,d,b) depends on 7 only through the supremums
of the coefficients in (2.75) over V', which are bounded as 7 | 0 since the coordinate
of £ are bounded away from each other. Thus, this function may be replaced by a
function c3(&, z,d,b) independent of 7 in (2.79), and (2.68) with ¢t = 1/e,s = 1/n
becomes

HE A< e [ IHE R 15 ds (2.80)
1

Using the Gronwall inequality, we conclude from (2.80) that |H(&;x, €)] < ¢jec2es(b=¢)
and is thus bounded as € — 0. From (2.76-2.77) and the boundedness of H, we also
conclude that all 0;H(&;x,€),0;0,H(&; x,€) are bounded as € | 0 too. ]

A main step in our proof of lemma I1.3 involves bounding the magnitudes of the
derivatives 0,F (x) and 0;0,F (x) with j,k # i, + 1 by C|F(x)| when z,41 — x,
where C' does not depend on z;,1. Our approach involves summing over the null-state
PDEs centered on z; with j # ¢,7 + 1 to obtain a strictly elliptic PDE and using the
interior Schauder estimates and the Harnack inequality. This step holds only if F'(x)
does not change sign infinitely often as x;.1 — x; in some V' C €y whose boundary
contains the boundary point of interest with only the two coordinates x;,; and z;
equal. This requirement on F(x) is physically reasonable, but we currently do not
know how to prove it.

Now, we expect F'(x) to be comparable with its derivatives with respect to z;
with j #i,i+ 1 as z;41 — x; because we anticipate that F'(x) behaves like a product
of powers of the differences of pairs of the coordinates of . And we anticipate this

latter property by noting the resemblance of the null-state PDE centered on x; (2.1)
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to a second order Euler differential equation in the j-th coordinate. But by summing
over the null-state PDEs in our proof, we discard this important information. This
effect suggests that elliptic PDE theory is not sufficient to prove lemma I1.3 with the
positivity condition on V' omitted.

We will encounter a similar situation when we state conjecture I1.16. Elliptic PDE
theory will suggest an obvious proof, but the proof is incomplete without supposing
another seemingly reasonable but less apparent condition to be true. We will propose
a different partial proof of this conjecture that bypasses these shortcomings by working
with the individual null-state PDEs. This latter proof seems to be the better avenue

for proving this conjecture (I1.16), to be stated later.

Lemma I1.4. Let F : Qy — R solve the system (2.1-2.2), let k € (0,8), and suppose
that I satisfies (2.60) for all ¢ € Qy. Then for alli € {1,...,2N — 1}, the limit

Fl(x) = lim (2 — )" F(x) (2.81)

mi+1—>xi

exists for all points in ' € 9 = {r(x) € R*N"1 . x € Qo} where 7 projects away
the (i + 1)-th coordinate (that is, 9 is the part of 0y with only the two coordinates
x; and x;41 equal). Furthermore, F'(x') solves the system (2.1-2.2) with N — N — 1
in the coordinates {x;}; i1 and does not depend on x;. Lastly, (z;11 — x;)*" F ()

extends continuously to 9.

Proof. We let H, &, x, and € be defined as in the proof of lemma I1.3. First, we show
that H(&; x,€) has a limit as € | 0. Since H(&;x,¢€) is bounded as € | 0, it suffices to
show that its superior limit and inferior limit are equal. From (2.66), we have that

for any b € (0,& — ) and € € (0,b) that

H(& .0 = Hgin.) - ST 00H(E ) + [ JenMEE ) dr, (252
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where M[H](&; x,n) is given in (2.62), and where J is the modified Green function

g 8/k—1
Jen) = 84_—’7ﬁ@(n ) [1 _ (5) ] C 0<en<b (2.83)

The bracketed factor in J(e,7n) is bounded by two since x < 8, and nM[H|(&;z,n) is
a bounded function of 1 over (0,b) according to previous arguments. Thus, we may

replace the lower limit of integration in (2.82) with zero and take the supremum of

both sides over € € (0,b) to find

4
2n ]b@GH(E;x,b)|+£C4(b), (2.84)

sup ‘H(E,l‘,ﬁ) - H(E,Qj‘,b)l §
0<e<b 8 — kK

where ¢4(§, z,b) 1= supg, o, [PM[H](&; 2, 1)|. Next, we show that bd.H (§; z,b) van-
ishes as b | 0. We can differentiate (2.82) with respect to € to find a similar integral

equation governing ed.H (&;x,€). We find

€

1 b c 8/k—1
(g = () baHE ) - / (5> PMH)(E 2,m) dy. (2.85)

Reusing the same argument that justified the second term on the right side of (2.84),

it follows from (2.85) that

o0l < (£)" o)

2c4(€,7,0) 68//471“)278//@

P — ¥R 0 asel0 (2.86)

since k < 8. Because ¢4(&,x,b) is obviously nonincreasing as b | 0, we find from
(2.84) that
lim sup [H(&2,¢) — H(&,b)] =0, (2.87)

bl0 p<e<h
and we conclude that the inferior and superior limits of H(&;z,€) as € | 0 are equal.

Furthermore, we can show that the limit of H(&;x,€) as ¢ | 0 is approached
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uniformly over any sufficiently small neighborhood U C &. By replacing € with zero

and then b with € in (2.82) and taking a supremum over all (§,z) € U, we find

K

sup [H(&;x,¢) — H(&;2,0)] < sup [e0-H (&; 2, €
U U

€

4
+ g sup [pM[H&; x,n)|dn.  (2.88)

— K

After taking the supremum of both sides of (2.86) over all (§,z) € U, we see that
supy |€0.H (&; z, €)| vanishes as € | 0. Furthermore, the integrand in (2.88) is bounded
as ) | 0 according to previous arguments, so the integral vanishes in this limit. Thus,
the supremum on the left side of (2.88) vanishes as € | 0, so the convergence is uniform
over U. From this, we infer that the limit of H(&;x,€) as € | 0 is continuous on Z,
and furthermore, that H(&;x, €) extends continuously to Qo U Z.

We can recycle these arguments to show that 0;H(&;x,€) and 07H(&; z,€) uni-
formly approach limits as € | 0 for all j € {1,...,2N —2}. By taking the j-th partial
derivative of (2.82) (because H(&; z, €) is analytic in €y, we can exchange the order of
integration and differentiation), we find an equation similar to (2.82) but with a few
changes. First, the integrand, though slightly changed from that of (2.82), will still
be a bounded function of  on (0, b) since each of the first two derivatives of H(§; x, €)
is bounded in the coordinates of €. Second, €0 H(; x,€) in the first term of (2.82)
will be replaced with €0.0;H(§; x,€). By taking the j-th partial derivative of (2.85)
and following the reasoning that led to (2.86), we find that €0.0;H (§; x,€) vanishes
as € | 0. Thus, we may reuse all of the reasoning presented above to show that
0;H (&; x, €) approaches a limit as € | 0 uniformly in sufficiently small neighborhoods
of 2. It follows immediately from (2.69) that each 8]2H (&; x, €) approaches a limit as
€ | 0 uniformly in sufficiently small neighborhoods of Z too.

Now we show that this limit of H(&;x,¢€) solves the system (2.1-2.2) in the co-

ordinates of & and with N — N — 1. We prove this by showing that (2.69, 2.72-
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2.74) approaches this system as € | 0. Upon inspection, it is evident that we need
€0 H(&;x,€) and 0, H(; x,€) to vanish as € | 0. Having proven the former statement
n (2.86), we now prove the latter. Upon subtracting (2.71) from (2.70), we find the

following PDE:

_a:r: — S Ve
4 2 2¢

e+ 200 = )16 = R)/26] o
‘53[ et Gl e e 289

{“ i S_K}@H@wm)

We choose an a > 0 less than min{x — &;_1, (b—¢€)/2}, and we let Z(t) :== 0, H(&;x —
t,e + 2t) for t € [0,a]. Upon evaluating (2.89) at (§;x,¢) — (&, —t,e + 2t) and

multiplying both sides by —4(e + 2t)1=%/% /. we find
9;
& —x+t)(§—x—€e—1)

[ +2(z = §)](6 — #)/2r) S
<£j—x+t>2(5j—x—e_t)2]H<fv te+2t). (2.90)

K

J

% [(e+2t)'8/"Z(t)] = —é(e +2t)> Y [

Integrating both sides with respect to ¢ from 0 to a, we have

8/k—1
H(&x,¢e) = (e—:Qa) 0. H(&x — a,e+ 2a)

+ 268/”‘1 /a dt (e +2t)>75/% Y
e +2(z = §)](6 — K)/2K)
(& =2+ —z—e—1)?

9;
(& —z+t)(§—x—e—t)

(2.91)

]H({;x—t,e—i—?t).

Because the sum inside of the integrand is a function of ¢ bounded over (0, a) uniformly

in € € (0,b), we have that for some positive function c5(&, x, a)

8/k—1
I@H@wxﬂé( ) O, H (& — a,e + 2a)]

€+ 2a
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+ c568/*’~—1/ dt (e + 2t)278/%. (2.92)
0
We therefore have
H(€&xz,e) = 0" ) +0(?) -0 asel0. (2.93)

So by sending € | 0 in (2.69) and (2.72-2.74), we find equations almost identical to

the (2N — 2) null-state PDEs and the three Ward identities in the coordinates of &:

(6 r)/2% >

—hm@ H + ( limd;H — ~—~—-1imH | =0 2.94

k ; k €l0 (gj — é'k)Q el0 ( )

11%18 H=0 (2.95)
;o

Zgj lim 0;H + 01 lim H = 0 (2.96)

j
27 . .
y g lim 6; H + 26:4; lim H = 0. (2.97)

J
Because the limit of each derivative is approached uniformly in a sufficiently small
neighborhood of 2, we may commute the limit with each differentiation in (2.94-2.97)
to find that H solves the (2N — 2) null-state PDEs and the three Ward identities in
the coordinates of &.

Equation (2.72) shows that we may also commute the limit ¢ | 0 with a single
derivative with respect to z. Because 0,H(&;x,€) vanishes as € | 0, it therefore
immediately follows that the limit of H(€;z,€) does not depend on .

O

We note some facts that are implied by the proof of lemma II.4. First, this proof

leads to some interesting integral equations that H(&; x, €) and F(&; z, €) must satisfy.
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After replacing € with zero and replacing b with € in (2.82), we find

K

H(E 2.0 = H(E2,0)+ 30 H (0.0 - g0 [ nMUElgnmdn. (299)

This integral equation is interesting because it integrates over all n € (0, €) instead of
over all 7 > € up to some positive cutoff b. By moving the middle term on the right
side to the left side, rewriting the left side as a derivative, and integrating up to some

cutoff b (sufficiently small so that the integral is not improper), we further find that

€ €

o= ()" g+ {1 - (5)8/”_1} H(g 7,0)

48

/r—1 b 3
/ /0 57 MIH) (& ,m) dndf. (2.99)

K

In terms of F/(&;x,€), this is

F(&x,e) = (g)z/“ﬁ(g;x,m + l(g)l_ﬁ/” - (g)q b8 H (€2, 0)

462/5 b B 8/n 6/ B
“pb/E MIE)(€: 2, n) dndB. (2.100
/6 /0 %" [F)(&;2,m) dndB. ( )

K

We will use these integral equations later.
Second, because the limit F’(2') in (2.81) does not depend on z;, we may take

the trivial limit z; — x;_; after sending x; 1 — x; so that the domain of F” is
IN—2
96 = {(Il, ey Tim1, T2y - - ,QZQN) eR T < < T < Ty < L. < SL’QN}.

Definition IL.5. We call F': j — R in lemma II.4 a limit solution.

Definition I1.6. Let x € (0,8). Define S; be the one-dimensional vector space
spanned by the solution (2.35) for the system (2.1-2.2) when N = 1. Let Sy be the

subspace of solutions for the system (2.1-2.2) that satisfy the conditions (2.60) for all
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x € (g, the equivalent condition at infinity,

F(-t,l’g, ey TON—1, t) = O(t7291)
ajF(—t, Xo,...,TaN_1, t) = O(t_291> ast — oo (2101)

8j8kF(—t, X9, ..., LaN—1, t) = O(t_291)

for all zo < 3 < ... <wony_o < won_71 and all j,k € {2,...,2N — 1}, and have all of

their limit solutions in Sy_;.

The new condition at infinity will be used below. The space Sy is defined recur-
sively, which is somewhat awkward. The low-dimensional examples of section 2.2 and

the discussion following lemma I1.3 suggest the following conjecture.

Conjecture I1.7. Let k € (0,8). Then Sy constitutes the entire solution space of

the system (2.1-2.2).

We can prove the conjecture if we can prove lemma I1.3 with the condition that
the solution not change sign infinitely often as x;,; — x; dropped, since this gives
(2.60). The condition at infinity is then proven by mapping —t and ¢ to adjacent
points f(—t) and zero via the mapping (2.108), to be used below, and using the
proven lemma I1.3. Further details are presented in the discussion following (2.108).

The discussion preceding (2.7) suggests that the dimension of Sy equals the N-
th Catalan number Cy. Next, we show that dim Sy < Cy if a certain conjecture,
conjecture II.16, is true. We obtain this upper bound by studying the dual space Sy
for which lemma II.4 suggests a construction. We start with an element of Sy, take
the limit shown in (2.81), and arrive with an element of Sy_;. Then we repeat this
process N — 1 more times until we arrive with an element of §; = R. Because it is a
linear map of Sy into the real numbers, this sequence of limits is an element of Sy,.

This leads us to the notion of a consistently ordered sequences of limits.
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Definition II.8. Let M < N, and let S = {z;,...,zs,,,} C {z1,..., 228} be a

subset of coordinates such that for all j,k € {1,..., M},
® Tiy;_y < iy,
o if wyy,, | < iy, < Ty, then x;,, | <wy, | <y, < Ty,
o if wy,, | <y, < Ty, then x;,, | <y, | < Xy, < Ty,

e theset {z1,...,7on}\S is in either in the interval (z;,;_,, ¥;,,) or is in the interval

(Tig; Tig, ;) = (=00, Tyy;, ;) U (74,,00) with the two infinities identified.

Let the symbols Ej and £; stand for the limits

g_j = {xizj - xin—1}7 Ej = {Ii2j — OO, Ty — _00}7

and let ¢; stand for either. Let .Z be the ordered collection {¢;,...,¢y}. Then .Z is
said to be a consistently ordered sequence of limits involving the coordinates in S if

the following are true for all j, k € {1,..., M}:
e Either /; € . or ¢; € Z, but not both.
e If M < N, then which of either ¢; or ¢ ;18 in 2 is determined as follows:

{1’1, e ,LCQN} \ S C (.Z'in,l'inil) - gj € g, (2102)

{21, oo\ S C (2, 14y,) = L€ 2. (2.103)

o Ifwy, | <y, | <y, <, then we say that ¢; nests (}, and

lie = e, and k<j (2.104)

e = (e, and j<k (2.105)
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o If vy, | < Ty, < iy < Tiy, OF Ty, | < Ty, < Tyy, | < T4y, then we say that

¢; does not nest {j, and

l.e ¥ = (e and k<j (2.106)

If M = N, then the above rules may not determine which of 57]- or £; is in Z. If this
is true, then either ¢; or £; may be in Z. We call M the length of Z. Now let F

be some function of z;,, , and x;,;. We promote the symbols !73- and ﬁj to transforms

1

that act on F' by

JF = lim (2, — 2y, ) F (20, 2y),  GF = lim (20)*" F(—t,t), (2.107)

:Ein —>zi2j_1 t—o0

provided that these limits exist, and we say that Zj (resp. ﬁj) collapses the interval
(Tig;_1» Tiy;) (vesp. (Tiy;, Tip,_,)). We define the action of £ = {f1,..., 0y} on F :

Qg — Ras LF =/lyly—q ... 001 F when this limit exists.

According to theorem I1.4, the limit /F with / = {x;,; — ;} exists and is in
Sy_q for all F € Sy and all ¢ € {1,...,2N — 1} when x € (0,8). This definition
tackles the issue of how to take several of these limits in sequence in a way that is
well-defined. For example, if 1 < x5 < 23 < x4, then the limit x4, — z; must follow
the limit x3 — x5. Definition I1.8 prescribes the necessary conditions to ensure that
this happens.

Next, we show that the limit ¢F exists for £ = {xony — 00,21 — —oo} and is
in Sy_; for all F € Sy and all i € {1,...,2N — 1} when « € (0,8). We also call
this limit a limit solution of F', naturally extending definition II.5. To show that ¢F

exists, we employ the Mobius transformation

f(x) _ (IzN—1 - $2N—2)($ - I2N) (2.1()8)

($2N - 1’2N72)(l’ - 372N71>7
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and we write ' = f(z) in the computations that follow. A straightforward calculation
shows that f cyclically permutes the coordinates rightward along the real axis so that

thy =0<z) <azh<...<azhy_,=1<uazly ;=00 From (2.5), we find

(2t)291F<—t, Loy, LIN_1, t)

e 0f ()| .. |Of (zan_1)|P 2P F (2, ... 2hy). (2.109)

We note that the point @' := (z,...,2}y) is not in Qg since x4y < i, yet if we
write F'(x) in the form (2.4) with o(1) = 2N, then F (') is defined by the right side
of (2.4) and solves the system (2.1-2.2) in the primed coordinates. Moreover, the
condition at infinity (2.101) implies that F'(x’) satisfies the condition (2.60) in the
primed coordinates with ¢ — 2N and 7 4+ 1 — 1. The limit ¢ — oo is equivalent to

x) — xhy, so if we let £ = {z} — al\}, then we have

EF(J}Q, e 7ZL'QN_1) = |8f($2)|01 e |af(ZE2N_1>|61EF<CL’/2, e 7ZL',2N_1). (2110)

According to lemma II.4, the limit on the right side exists and, upon transforming
back to the unprimed coordinates (which eliminates the derivative prefactors), solves
the system (2.1-2.2) in the unprimed coordinates xo, ..., zon. It is therefore in Sy_;.
Thus, an “underbar” limit £ is essentially equivalent to an “overbar limit” ¢. This

result together with lemma I1.4 proves the following lemma.

Lemma II.9. Let k € (0,8), and let £ = {{1,...,0y} be a consistently ordered
sequence of limits of length M. Then the limit LF exists for all FF € Sy and is in

Sn_n- In particular, if M = N, then the limit is a real number.

Proof. We let Sy = {xiy,..., %, } C {x1,...,22n}, and we let & = Ly =
{l1,0s, ..., Ly} be a consistently ordered sequence of limits involving the coordinates

in Sy;. If the first element of %y is {1 = {z;, — x;, }, then according to definition II.8,
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{1 cannot nest any other element of %}, and no coordinate among {1, ..., zan}\ S
is in (x;,,x;,). It follows that x;, = z; and z;, = ;41 for some ¢ € {1,...,2N — 1}.
According to lemma II.4, the limit ¢, F exists and is in Sy_y. Or, if the first element
of Ly is ¢y = {z;, — 00,z;; — —0o0}, then according to definition I1.8, no other
element of £, can nest ¢;, and all coordinates among {x1,...,zon} \ Sy must be
in (z;,,;,). It follows that z;, = z; and z;, = zoy. According to the calculation
presented before lemma I1.9, the limit £, F exists and is in Sy_1. We are now left with
showing that the limit £y 10 F with £y = {ls, ..., ly} exists. It is straightfor-
ward to check that £, 1 is a consistently ordered sequence of limits involving the
coordinates in Sy;_1 = {xy, ..., %y, } as a subset of {xy,...,zon} \ {2, zs,}. But
because {1 F € Sy_1, we can repeat the reasoning presented above to conclude that
U301 F exists and is in Sy_o. We may repeat this reasoning M — 2 more times until

we find that ¢, ... 01 F exists and is in Sy_j;. O

The set of consistently ordered sequences of limits forms a vector space with a

natural partition into equivalence classes given by the following definition.

Definition I1.10. We say that two consistently ordered sequences of limits . =
{l1,..., 0y} and &' = {¢},...,0),} involving the same coordinates {z1,...,xon}

are equivalent if at least one of the following are true.

e There exists a permutation o € Sopy on {1,..., M} such that U, = s for all

jed{l,...,M}.
e For any j € {1,..., M}, {; (resp.£;) in & is replaced by (; (resp.¢;) in .Z".

This defines an equivalence relation on the set of all consistently ordered sequences
of limits of length M, and we let [£] stand for the equivalence class containing .Z.
When M = N, we let By = {[-Z1], %], ...} be the set of all equivalence classes.

Lemma I1.11. The cardinality of A5 equals the N-th Catalan number Cy .
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(L] = (L] = (Lrs] =

Figure 2.3: Polygon diagrams for three different equivalence classes of consistently ordered
sequences of limits of length NV = 4. The other Cy — 3 = 11 diagrams are found by rotating
one of these three.

Proof. To each [Z] of length M, we associate a unique interior arc connectivity
diagram via the following recipe. If {z;,, — i, ,} € [£], then we connect z;,; to
Ti,;_, With an interior arc in the upper half-plane. We do this for each limit ¢; in
[Z], taking care to ensure that the arcs do not intersect (which is possible if and only
if the sequences of limits are consistently ordered). Thus, each [.Z] corresponds to a
unique arc connectivity diagram, and vice versa. But in the discussion surrounding

(2.7), we proved that the number of such diagrams equals the M-th Catalan number.
Now set M = N. O

Definition I1.12. We define the half-plane diagram of [Z] to be the diagram de-
scribed in the proof of lemma I1.11. We define the polygon diagram of [Z] to be the
image of the half-plane diagram under the conformal map sending the coordinates
x1,...,xon and the upper half-plane to the vertices and interior of a 2/N-sided poly-
gon respectively (figure 2.3). Often, we will refer to both of these diagrams simply as
the diagram of [£], or more generally, as interior arc connectivity diagrams. When
M = N, we call the interior arc connectivity exhibited by the diagram for [.Z}] the

k-th arc connectivity.

Lemma I1.13. Let F' € Sy, let k € (0,8), and let [£] be an equivalence class of

consistently ordered sequences of limits of length M < N. Then [ Z|F is well-defined.

Proof. We let F' € Sy, and we let [.Z] be an equivalence class of consistently ordered

sequences of limits of length M < N. The proof of the lemma is by induction on M.
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To begin, we suppose that [Z] has length two. If the arcs for ¢; and /5 in the half-
plane diagram of [.#] are un-nested, we let ¢; = {z;,1 — x;} and {y = {zj11 — z;}.

We must show that 10, F = (50, F, or

lim lim (I‘i_._l — .TZ‘)291 (Ij+1 — LL’j>2€1F(w)
Tip1—Ti Tjp1 T

= lim lim (Ii+1 — J]Z‘)zel ($j+1 — (L’j)QﬁlF(Qﬁ). (2111)

Tj41—Tj Tit1 T4

If the arc for f5 nests the arc for ¢, then by transforming (2.111) via (2.110), we will
have proven the equivalent statement /10, F = {0, F.

We let z := z;,2" = xj,€ = x4 — 2,€ = xj4 —x; with j # @ — 1,4,i +
1, we relabel the other 2N — 4 coordinates {xj}rziit1,jj+1 in ascending order by
{&, ..., &n—4}, and we let & = (§1,&, ..., &an—5,n—4). (This definition of & is not
the same as that in the proof of lemma I1.3). We restrict to € € (0,b], ¢ € (0, V'] where
b and b’ are small enough to ensure that ;4 and x;;, are respectively less than z;;-

and ;9. We let 1(€;2',¢;2,¢€) equal €?1¢** F. Now for all € € (0,V], (2.82) gives

I(&2 x,e)=1(&2,¢;2,b) — ZJ((—:, 0)OI(&; 7' €5 2,b)

b
T / HemN(E o, aom)dn, (2.112)

where J(e,n) is defined in (2.83) and where we have

&E 8l (6—/{)/2/1 ) 85,;/ —85/
Ni=—=— — —
1l g(&—w—n G—z—n3?) 2—x—n
O N (6 —K)/2K N (6 —K)/2K
e —z—n (—x—n)2 (2+€—x—n)2

(2.113)

Now we fix &€, z, and 2’ to different values, and we let I : [0,0] — R be such that
I(€) = I(&a',€;x,¢€) for € € (0,0] and I.(0) equals the limit of I.(¢') as € | 0

(which is guaranteed to exist when x € (0, 8) thanks to lemma I1.3) so that each I,
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is continuous on [0,¥]. By taking the supremum over all € € [0,¥], we find

sup |I(€') — 1(0)] < sup €0 (€')

e'ef0,b] — K ¢efop]

+ ! /O€ sup [npN[L](€)|dn. (2.114)

8—K €' €[0,v]

It is evident from (2.113) and previous arguments in the proof of lemma I1.3 that the
integrand is bounded over [0,b] x [0,0], so the integral vanishes in the limit € | 0.
Furthermore, we can use this former fact and (2.86) to show that sup,¢p ) |€0:1(€')]
vanishes as € | 0. Thus, the right side of (2.114) vanishes as ¢ | 0, I.(¢') approaches
its limit Jo(¢’) uniformly over [0,d], and we may exchange the order of the limits
as demonstrated in (2.111). Consequently, we have shown that [Z]F is well-defined
when the length of [Z] is two.

Now we suppose that for all ' € Sy and all [.Z”] of length less than M, [Z']F is
well-defined. We choose an F' € Sy and an [.Z] = {¢1,...,{y}. (Unlike in definition
I1.8, this set is not ordered. It becomes ordered when we specify an element £ € [.Z],
and in this proof, the subscript of ¢, does not indicate this ordering. Rather the
subscript labels the arcs in the diagram for [£].) Each element of [.£] equals ¢,,,-%,,
for some m € {1,..., M} and some %, € [£,] = {lk}rzm of length M — 1. We
let A be the set of all indices m for which there is an element of [£] that ends
with ¢,,. For fixed m € A, all elements of [.Z] of the form ¢,,.%,, are equivalent by
definition, and we represent their equivalence sub-class by ¢,,[-Z,,]. By the induction
hypothesis, [.%,]F' is well-defined for all m € A, so to finish the proof, we must show
that £,,[ L] F = 0,[.Z,] F for each pair (m,n) € A x A.

If we suppose that M < N, then the condition that m,n € A and m # n places
constraints on the arc connectivities in the half-plane diagram of [.Z]. In this diagram,
the arc for 4, (resp. £,,) connects the coordinates z;, _, and z;, (resp.x;, , and z;, ).

We let S := {x;,,..., 24, } be the set of coordinates involved in [£] (or the set of
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::m::m::ﬁﬁ;\::m::

Ligm—_1 Ligp_1 Ligy Ligm

Figure 2.4: A possibile interior arc connectivity for an [.Z] that can be decomposed as
L] and £,[%4,]. The arcs for ¢, and ¢, are shown while the other M — 2 arcs, not
shown, are in the gray regions. The tick marks locate the coordinates in {z1,...,zon}\ S.
coordinates connected together by arcs in the diagram for [.Z]), and we suppose that
the arc for ¢,, nests the arc for ¢,,. We recall that m € A if there is an element of

[-Z] in which the limit ¢, is taken last. Then if m,n € A, one can show that since

M < N,

1. all coordinates in {z1,...,zon} \ S must be in (x4, |, %, ;) U (Tiy,, Tiy,, ), OF

else it will not be possible to collapse either £, or ¢, last (a contradiction), and

2. no arc in the half-plane diagram of [.Z] may connect an z; € (x,,, |, Tiy, ;)
with an z; € (x,,, %, ), or else it will not be possible to collapse either ¢, or

¢, last (a contradiction).

The last restriction follows from the first restriction. Figure 2.4 gives an example
diagram for such an [.Z]. As a consequence of these two restrictions, the coordinates
Tigy, 1+Tig, 1 sTin,, a0d x;, divide the M — 2 arcs in the half-plane diagram for [Z]
not associated with ¢, or ¢,, into four “bins.” The first bin contains arcs whose two

endpoints are in (—oo,x;,, ) U (2, ,00), the second in (z,, ,,%i,, ), the third
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in (2, ,,%, ), and the fourth in (x;, ,x;, ). Because these arcs are isolated into
bins, there exists a consistently ordered sequence of limits %, ,, that collapses all of
the intervals of these arcs, leaving only the arc for ¢,, and the arc for ¢,,. Because,
Lnn C L, lemma I1.9 implies that ., ,F' € Sn_pr42. We have already proven that
boln L F = Ul Lo B in (2.111). But also, £, L n € [Ln] and £, L € [ L],
so this equality and the induction hypothesis imply that £ [Z,|F = (,[Z,]F for
m,n € A. Thus, [Z]|F is well-defined when M < N. The proof for the case where
the arcs for ¢,,, ¢, are un-nested proceeds similarly.

When N = M, the two constraints mentioned above no longer apply. First, the set
{z1,...,2on}\ S is empty, and second (supposing again that the arc for £, nests the
arc for ¢,,), an arc may connect an x; € (4, ,, Ty, ,) With an x; € (z4,,, 2, ). If the
latter possibility is not exhibited, then the argument of the previous paragraph proves
that [Z]F is well-defined when M = N. If it is exhibited, then we let ¢y, ..., ¢, label
the [ arcs connecting an z; € (24, ,, Ty, ,) With an z; € (2, , T, ) from outermost
at ly, to innermost at {5, When M = N, it is easy to see that all elements of [.Z] are
in A. Thus, we may use the previous result to conclude that £, [Z,|F = ., [ %, | F,
then (because {x1,...,zan}\ S is empty) €, [ L |F = li,[ %) F, ete., until we reach
0, [ L F = 0| L)F. Thus, 0,[4,)F = (,[£)F, so [Z]F is well-defined when
M = N. The proof for the case where the arcs for ¢, and ¢, are un-nested proceeds

similarly. O]

Now we define an identity interval, a two-leg interval, and a mixed interval, and
these definitions will clearly be motivated by CFT considerations. Namely, if each
endpoint of an interval (z;, x;11) host a one-leg operator, then upon sending z;; — z;,
these operators will fuse into a combination of an identity operator and a two-leg
operator. As previously discussed, these two fusion channels are observed in the
Frobenius series expansions of the correlation function in x;,; about x;. A series with

indicial power p = —26, + 60y = 1 —6/k (resp.p = —20, — 03 = 2/K) corresponds with
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the identity (resp.two-leg) family of the OPE. Lemma II1.4 allows us to capture this

phenomenon in a slightly more general way that applies to any element of Sy.

Definition II.14. Let F' € Sy, let k € (0,8),let i € {1,...,2N —1}, and let & € €.

We call the open interval (x;, ;1)
e a two-leg interval if lim,, | ., (ziy1 — 2;)* F(z) = 0,

e an identity interval if limy,,, ., (¥, — 2;)* F(z) # 0 and (2,41 — 2;)*" F(x)

(continuously extended to Qy U Z) is analytic at z;.; = x; for all k € (0,8),

e a mized interval if lim,,, . (v, — 2;)*" F(z) # 0 and (v;41 — 2;)*" F(x)

(continuously extended to 0U2) is not analytic at z; ;1 = x; for some & € (0, 8).

In fact, the Green function (2.64) that we used in the proof of lemma II.3 gives the
power law for the rate of decay of the limit in the two-leg interval definition. This is

simply the two-leg exponent 2/x = —26; + 05, as we expect.

Lemma I1.15. Let F € Sy, let k € (0,8), and let 2 be as defined in lemma I1.4. If
(24, m441) is a two-leg interval, then F(x) = O((w41 — x;) 21492 as ;1 — a; for all
x' € P, where Oy :=8/Kk — 1 is the conformal weight (1.171) of the boundary two-leg
operator. Furthermore, the limit

Fy(x') = lim (244 — 2;)*" 2 F(x) (2.115)

zi+1—>xi

exists for all k € (0,8) and all points ' € P and is not zero if F' is not zero. Finally,
for each j € {1,...;i —1,i+2,...,2N}, Fy(x') solves the modified null-state PDE

centered on x;,

2N
K o 0; o 0; 0, ,
R 92 _ _ F _
105+ > ( ) R y(x') =0,

_ — )2
ktgiit1 Nk T CE)
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and the modified Ward identities

52, 0, Fa(e!) =0

[Z?Zi(:vjaj +0))+ 0+ 92] Fy(2') =0 . (2.117)

\

Proof. Because F' € Sy, the integrand for the n integration in (2.100) is bounded
as 1 | 0. Thus, the complete term in (2.100) with the double integral is O(e?=/%).
Furthermore, H(&;z,0) = 0 since (z;, z;41) is a two-leg interval, so F/(€;z,€) = O(e?)
for p = min{2/k,2—6/k}. If p =2 —6/k, then we insert this result back into (2.100)
and repeat these steps to find that F(&;z,€) = O(e?) for p = min{2/r,3 — 6/k}. We
continue this process until we have p = 2/k = —26; + 0.

Now we show that the limit (2.115) exists and is approached uniformly over
small neighborhoods of . The reasoning follows the proof of lemma I1.4. We let
K(& x,€):= e ?"F(&; x,€). Then (2.100) shows that

b Jé; 8/k—1
K(E;%G)—K(E;x,b)z—%/ %/0 (%) nMIK|(&; 2, m)dndB.  (2.118)

According to previous arguments, the integrand of the n integral is bounded for all

n € (0,b). Thus, the integral vanishes as €,b | 0, we have

lim sup |K(&;2,¢) — K(&x,b)| =0, (2.119)

bl0 0<e<b

and the limit F5(&; ) of K(&;2,¢) as € | 0 exists. Letting b = 0 in (2.118) and letting

U be a sufficiently small neighborhood of (£, x) in &, we have

4 € B
sup (€)= K (€0 < - [ 5 [ suplnMIKY sl dnds

—0 asel0. (2.120)
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The limit follows because the supremum of the integrand of the 7 integral is bounded
for all n € (0,b). Hence, the limit F»(&;x) is approached uniformly in U and is
therefore continuous. The same is shown to be true of its first and second derivatives
with respect to the coordinates of & by following the same procedure.

Next, we show that the limit Fy(&;x) = K(&;x,0) is not zero. To the contrary,
we suppose that K (&;x,0) is zero while F' is not zero. Letting b = 0 in (2.118) and
recalling that |[nM[K](&; z,n)|, |n0;M[K|(&; z,n)] < Co(§;x) for all n € (0,€) and
some positive function Cy(€; ), we find that there is a positive function C'(&;x) such
that

K (& w,e)| < Co(&:2)C(&; w)e. (2.121)

A similar O(e) bound exists for the first partial derivatives of K (&;z,€) with respect
to the coordinates of &, and we may choose the function C'(§;x) to be the same for
all of them. By inserting this estimate back into (2.118) and iterating this process
p — 1 times, we find that

C(& )P ,

|K(&x,¢)] < Co(&2)—="¢" forallpeZ*. (2.122)
p!

Letting p — oo, we conclude that the left side is zero, implying that F(£; z, €) is zero,
a contradiction.

To show that Fy(&; z) solves (2.116-2.117), we insert F(&;x,€) = e 2102 K (&; z, ¢)
into the null-state PDEs centered on z; with j # 4,7 + 1 and into the three Ward

200=%2 and send e | 0. That this limit is uniform

identities, multiply through by €
in sufficiently small neighborhoods of Z allows us to commute the limit with the
derivatives appearing in these PDEs. Thus, we recover the PDEs (2.116-2.117). The

details are identical to those for the similar task presented at the end of the proof of

lemma I11.4. O

In the language of CFT, Fy is, to within a factor, a (2N — 1)-point function
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with a boundary two-leg operator at z; and a boundary one-leg operator at each
T1yeoy Ti1, Tiga, --.,Tan. This (2N — 1)-point function follows from the OPE of
the boundary one-leg operators ¥;(x;) and ¥y (x;11). Because (z;,x;11) is a two-leg

interval, this OPE leads with a boundary two-leg operator:

F

A

~

(W1 (1) .. 1 (@im)r (@)1 (2i41) V1 (Tig2) - - -1 (3721\7);
~ (T — ) 0t 9121 (1(@1) .. hr(@im1)e() 1 (wig2) - 1 (@an) -

Ti+1—7Tq

-~

I

(2.123)

CFT therefore implies that F; solves the null-state PDEs (2.116) associated with the
2N — 2 boundary one-leg operators on the right side of (2.123). Because x; now
hosts a boundary two-leg operator whose conformal weight is 6, rather than 6;, the
original null-state PDEs (2.1) centered on xz; with j # 4,7+ 1 are modified to (2.116)
to account for this change.

With this understanding, we anticipate an adaptation of lemmas 11.3, I1.4, and
I1.15 into lemmas concerning the limiting behavior of F, as x;12 — z;. For example,

by studying the null-state PDE (2.116) with j = i 4+ 2, we can show that

Fg(l'l,...,ZCi,Z’i+2,...,I2N) = O((:Ci+2 —xi)791792+91), as Tijyo — Xj. (2124)

The proof is identical to the proof of lemma I1.3. Again, we assume that F, does not
change sign infinitely often as x;,5 — x;, a condition that we believe is ultimately
unnecessary although we currently do not how to prove this. Furthermore, we can
also prove that the limit of (x;;o — mi)61+02—01 Fy as x; 19 — x; exists, and if it is zero,
then the limit F3 of (x;40 — xi)91+92*93Fg as T; o — x; exists and is not zero. Here,
05 := 3(10 — k)/2k is the weight of the boundary three-leg operator. The proof of

these two claims are respectively identical to the proofs of lemmas I1.4 and 11.15, and
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the latter situation is consistent with an OPE of 9(z;) with ¢ (z;42) that leads with

the boundary three-leg operator:
F)
Ch{n (@) . r (@i )Pa (@)t (o)1 (Tis) - . 1 (an))

~ (@i — 2) T O OG (W () - (i ) () (i) - ()

Ti4+2 T4

g

F3

(2.125)

We mention that F solves another PDE not included among (2.116-2.117). This
is the null-state PDE associated with the boundary two-leg operator s (z;), and it
is given by the Benoit-Saint-Aubin formula [67]. This PDE is not used to prove any
of the claims made in the previous paragraph, so we do not show it. (In fact, the
null-state PDE centered on z; is only used to prove that the limit solution (2.81)
does not depend on x; in the original situation of lemma II.4. This is obviously not
a feature of F3.)

We can continue this generalization further. We let F; be the (2N — s+ 1)-point

function

S
k
Fy(xy, ..., Tiggy .., Ton) = H Cr11
k=2

X (P1(1) - o1 (i1)s (@)1 (Tigs) - 1 (wan)). (2.126)

Here, ijl is the OPE coefficient of the fusion ¢s x 1y = 1,.1. CFT says that Fj

must solve the system of (2N — s) null-state PDEs

2N
R 4o 0]- 91 81 95
Py _ _ =
O 2 (xk -z (ak— fﬂj)z) Tnma w—np| v

k#j,i,....i+s—1
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with j € {1,...,i—1,i+s,...,2N}, and the modified Ward identities

/

Z?i@',...i—%s—l ast =0
[zjﬁi,,,m,l(mjaj +0y) + 2:0; + 95] F,=0 : (2.128)

[Z?%P‘_Hs_l(x?@j + 2011]j) + x?@l + 285.T1i| Fs =0

\

Here, 6, is the conformal weight of the s-leg operator (1.171)

_ 5(25s+4—k)
b, = == —". (2.129)

This system of PDEs implies the growth condition

_91_934‘0571 )

FS(ZEI,...,.Tl‘,fl,’z'_,_s,...,l’gj\/) = O((IH_S —IZ) s as Tijrs — Tj. (2130)

The proof is identical to the proof of lemma I1.3, with a few slight alterations. After

letting € := x;1, — z; and relabeling the variables {z,};4;  i+s as {&,...,&N_s—1} In

.....

ascending order, we find that the differential operator £, of (2.62) is now

LY (2.131)

4 € € €2’

while M does not change (except that the number of coordinates for & decreases to

2N — s —1). The characteristic exponents of L are
pp=—0—0,+0,1=1-2(s+2)/k, py=—01—0,+01=2s/k, (2.132)

and the Green function (2.64) is altered to

477 c —01 054051 c —01—0s+0s11
Gs(e,n) = O(n—e¢ - — | - . (2.133
(&) F(0sp1 — 0s—1) (1=¢) (n) (n) (2.133)
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Again, to prove (2.130), we assume that Fy does not change sign infinitely often
as T;1s — i, a condition that we believe is ultimately unnecessary although we
currently do not know how to prove it. Furthermore, we may also prove that the
limit of (2, — x;) 0701 F, as x;,, — z; exists, and if it is zero, then the limit
Foyq of (245 — xi)01+05—05+1ps as r;y s — x; exists, is not zero, and solves the system
(2.127-2.136) with s — s+ 1. The proof of these two claims are respectively identical
to the proofs of lemmas I1.4 and I1.15, and the latter situation is consistent with an

OPE of ¢(x;) with ¢ (z;1) that leads with the boundary (s + 1)-leg operator:

Fs

A\

0121 o 055—1,1@1 (1) - Y1 (io)s (@)1 (i )01 (Tigsyr) - P ('TQN);

~ <x2+s _ xi)*91*95+93+1

M_; 1 (2.134)
X gn cee Cjii- (W1(x1) - Y1 @i—1) Vs (23) V1 (Tigsgr) - - - U1 (9521\7)2-
Fsyq

The case s = 1 reproduces lemmas 1.3, I1.4, and I1.15 with F; := F € Sy.

These observations serve as a significant part of the proof that dim Sy < Cy for
the following reasons. First, it is reasonable to suppose that the two possibly different
power laws that F' € Sy exhibits as x;.1 — x;41 or ;19 — ;11 determines which of
the two power laws among (2.132) that F, will exhibit as ;19 — z;. For instance, we
suppose that the adjacent intervals (z;,x;11), and (x;11, z;42) are two-leg intervals.
In chapter one, we noted that boundary arcs anchored to the endpoints of a two-leg
interval are conditioned to not mutually connect. Therefore, none of x;, x;,1, and z;,
may be connected by a common boundary arc, and the limit z;,; — x; followed by the
limit x;,o — x; should produce a boundary three-leg operator at x;. Consequently,
we expect that we can prove that if (z;, x;.1), and (2,41, z;12) are two-leg intervals,
then Fy(x1, ..., 2, Tigo, .., Tan) = O((x440 — ;) 01702103,

Next, we suppose that each of (z;, xi11), ..., (Tirs—1,Tirs) 18 a two-leg interval.
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SEEERk .

i(x1)  Pi(z2)  i(ws) o r(ran—1) Yi(zon) Pan—1(z1) 1(wan)

Figure 2.5: The existence of a solution with all intervals among (z1, z2), ..., (zan—_1, TaN)
as two-leg intervals implies the existence of a nonzero two-point function of a boundary
(2N — 1)-leg operator and a boundary one-leg operator, an impossibility.

Again, this implies that none of x;, . .., ;. s may be connected by a common boundary
arc, for otherwise a pair z;, ;41 among them must be mutually connected through

a boundary arc, contradicting that (z;,x;41) is a two-leg interval. Then the same

argument of the previous paragraph suggests that
Fo(21, ..., 2, Tigs, .., Tan) = O((iqs — a5) 7070 H 0551y, (2.135)

Again, we expect that we can prove (2.135) and that the proof will be a straightfor-
ward generalization of the proof for the case s = 2.

Finally, we choose an F' € Sy not equal to zero, we let ¢ = 1, and we suppose
that each of (x1,23),...,(zan_1,%2n) is a two-leg interval. Then according to the
preceding arguments, Fyy_1 is not zero and solves the three modified Ward identities

(2.117) with s = 2N — 1. This system is

p

(01 + Oon ] Fon—1(x1, 22n) =0

(2101 + 2onOan + Oon—1 + 01| Fon—1(z1, won) = 0 . (2.136)

(2101 + 235 O0an + 2210081 + 229501 Fon—1(71, Tony) = 0

\

It is straightforward to show that only zero solves this system. This implies that

Fon_1 is zero, a contradiction. (Or in terms of CFT, Fyy_; is a two-point function
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with a boundary (2N — 1)-leg operator and a boundary one-leg operator (figure 2.5),
and because these operators have different conformal weights, this two-point function

is zero.) Thus, we have motivated the following conjecture.

Conjecture I1.16. Let F' € Sy, and let k € (0,8). If each of (x1,x2),. .., (xan_1,Tan)

are two-leg intervals, then F' s zero.

We expect that the proof of this conjecture follows from the preceding discussion
and is most straightforwardly completed by proving (2.135) for all s € {1,...,2N —2}
(and by proving, or finding a way to drop, the supposition that the sign of F; does not
change infinitely often as we send x;, s — z; for all s € {1,...,2N — 1}, a condition
that we strongly suspect is true anyway).

It is interesting to note that conjecture I1.16 is not true if we omit the Ward
identities (2.2) and only consider the 2N null-state PDEs (2.1). Then (as long as the
notion of a “two-leg interval” is well-defined for a solution of this reduced system),

the conjecture is false, as the following counterexample shows:

2N
F(x) = [ [ (& — =)~ (2.137)
i<j
This function, for which each of the intervals (z1,xs),. .., (Xan_1,22n) are two-leg

intervals, solves the 2N null-state PDEs and the first Ward identity, but it does not
solve the other two Ward identities.

The weak maximum principle might seem to lend a more straightforward proof
of conjecture I1.16, but this approach encounters technical difficulties. Such a proof

would proceed as follows. We fix x1 = a, oy = b with a < b, we let F' € Sy, we let

Qa,b = {(l’g, ... ,33'2]\[,1) € R2V-2 . a4 < To<...<Ton-1< b}, (2138)

and we let Fr : Q. — R be given by Fg(za,...,zon-1) = F(a,za,...,zon-1,).
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After using the first two Ward identities of (2.2) to eliminate all derivatives in z1, zay,

the null-state PDE centered on z; with j € {2,...,2N — 1} becomes

K o O  (6—K)/28\ (xx — )0k
i 2 (-Tk —x; (zk — ;) ) 2 (b — ;) (z; —a)

k#j,1,2N k#1,2N
%  N@B/k-1)  (6-kr)/26 (6—K)/2k _
+,€7§N rj—a (b—gz;)(x;—a) (x;—a)? b=, Fr=0. (2.139)

If we sum (2.139) over j € {2,...,2N — 1}, then we find a strictly elliptic PDE
with a nonpositive constant term if x € (0,6]. Because all of its intervals are two-
leg intervals, Fr continuously extends to and equals zero on 0, \ E, according to
lemma I1.4, where F is the set of points (a,zs,...,zan_1,b) € 0y with three or
more coordinates equal. If we show that Fr continuously extends to and equals zero
on F too, then we can invoke the weak maximum principle to prove conjecture I1.16
for k € (0,6]. However, we have not found a way to justify this claim, nor have
we found bounds on the growth of Fr near E for which we could use a Phragmén-
Lindelof maximum principle to skirt this issue. Furthermore, such a principle would
be difficult to apply since the coefficients of (2.139) are not bounded as the points in
E are approached.

Supposing that conjecture I1.16 is true, the proof that dimSy < Cy follows

immediately.

Lemma I1.17. Let F € Sy, let k € (0,8), and suppose that conjecture I11.16 is true.
Let v : Sy — REN be the map with the k-th coordinate of v(F) equaling [Z,|F for

(%] € By. Then v is a linear injection, so dimSy < Cy.

Proof. The map v is clearly linear. To show that it is injective, we argue that its
kernel is trivial. Suppose that F' is not zero. We construct a consistently ordered
sequence of limits .Z such that ZF # 0 as follows. By conjecture I1.16, F' has at

least one mixed interval or identity interval (z;,,7:,) = (z;, 75.1). We let £; collapse
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this interval. Then according to lemma II.3, (LF € Sy_y. Also, (1 F is not zero since
(x;,,T;,) is not a two-leg interval, so it must have at least one identity interval or
mixed interval (z;,,x;,). Repeating this process N — 1 times leaves us with a nonzero
number £F, where & = {{1,0s,...,¢n}. Thus, v(F) # 0, and kerv = {0}. The

dimension theorem of linear algebra then implies that dim Sy < Cl. O

In the next section, we will show that dim Sy = C}, assuming conjecture I1.16.
Before we do this, we state a corollary that justifies our exclusive consideration of the
system (2.1-2.2) with an even number of independent variables. Up until now, the
results of this section have not required this number to be even, so they hold even
when it is odd (though M should always be even in definition I1.8). We therefore let
Sn+1/2 be defined exactly as Sy for the system (2.1-2.2) with 2N + 1 independent

variables.

Corollary IL.18. Let F' € Snyyi/2, and suppose that conjecture I1.16 is true. If
K€ (0,6) U (6,8), then SN—H/Z = {0}

Proof. We suppose that F' € Syii/2 is not zero. Then as noted in the proof of
lemma I1.17, there exists a consistently ordered sequence of limits . of length N
such that F’ := ZF is not zero. Lemma I1.3 shows that F” is a function of only one

xp € {x1,...,Tans1} and solves the system
g(‘),fF’ = 0, 8}€F, = 0, [ZEk@k + Ql]F, = 0, [l‘zak + 25(]1€91]F, = 0. (2.140)

If kK # 6, then 0; # 0 and F” is zero, a contradiction.

]

We conjecture a similar corollary for the case k = 6, for which #; = 0, and we
propose a proof of this conjecture that is similar to the proposed proof of conjecture

I1.16.
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Conjecture I1.19. Let F' € Syy1/2. If K =6, then Syy1/2 = R.

We expect the proof of this conjecture to ultimately proceed as follows. If we
differentiate the three conformal Ward identities and the null-state PDEs centered on
X1, ..., %oy With respect to wony1 and let G = Oyno1F, then we find the system of

2N null-state PDEs,

. 2N g 1
—0? R Gz, ..., =0, i€{l,...,2N},
1% T %ﬁ; zj—x;  (Tang1 — ;)2 (@1, Tova) ied J
(2.141)
together with the system of three conformal Ward identities:
(
Z?ivl+l @G(xl, c. $2N+1) =0
Z?ﬁqﬂ $iaiG($1,...$2N+1) +G(ZL‘17...ZE2N+1) =0 . (2142>
Z?ivl—H x?@ZG(.Tl, e $2N+1> + 2$2N+1G(Q31, e .CCQNJrl) = O
\
We note that relative to G, the coordinates z1, ..., xon have conformal weight zero

while the anomalous coordinate xoy 1 has weight one. Now we argue that if G is not
zero, then at least one of the intervals among (x1, z3), ..., (zan_1, Zax) is nOt a two-leg
interval by reusing the proposed proof for conjecture I1.16. We describe the general
idea using CF'T and omit further details. If we assume the contrary, then it should be
possible to fuse the boundary one-leg operators at the coordinates x1,..., oy into a
single boundary 2N-leg operator, leaving us with a two-point function of a boundary
2N-leg operator and a derivative of a boundary one-leg operator. The conformal
weights of these operators are different, so this two-point function vanishes, implying
that G is zero. This is a contradiction.

We continue to assume that G is not zero. Having established the existence
of an interval (x;,x;41) among (x1,22),..., (zan_1,22n) that is not a two-leg in-

terval, we collapse it to find a nonzero limit. Then the arguments of the pre-
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vious paragraph can be reused to prove the existence of another interval among
(x1,22), ., (i1, 2;), (T, Tiva), -« ., (Tan—_1, T2y ) that is not a two-leg interval, and
we collapse that interval too. We repeat the process indefinitely until all intervals
among (x1,x2),...,(Tan_1,Ton) have been collapsed. The limit of this sequence of
interval collapses is a function not equal to zero and also a conformally covariant
function of just xon,1 with conformal weight one there. However, the only function
with this latter property is trivially zero, a contradiction. We therefore conclude that
G is indeed zero.

The conclusion of the previous paragraph that G := Oy 1 F = 0 may be inserted

into the null-state PDE for F' centered on x5y, to find

2N
Z(JZQN_H - mj)_lf)jF(ml, N ,CCQN) = 0. (2143)
j=1

We fix the coordinates x1, . . ., xon to arbitrary values, and we fix xon11 to 2N distinct

arbitrary values greater than xoy to create an invertible system of 2N equations in
the unknowns 0, F(x1,...,2Zan),...,0onF(x1,...,22x5). The one unique solution of
this system is the zero solution, so all of the unknowns equal zero. Finally, because
Z1,...,Tay were chosen arbitrarily, we conclude that O, F,...,donF' are zero too.

Thus F' must be a constant. This concludes our proposed proof of conjecture 11.19.

2.4 A basis By for Sy and the meander matrix

Having found an upper bound on the dimension of Sy in lemma II.17 (under the
assumption of conjecture I1.16), we next prove that dim Sy = Cy (again, assuming
this conjecture) by selecting a certain subset By C Sy of cardinality Cy and showing
that this set is linearly independent. Such a set By therefore serves as a basis for Sy
which proves the claim. In this section and in the rest of this thesis, we will refer to

the coordinates x1,...,xon of x as “points.”
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Definition I1.20. For k£ € {1,...,Cyn}, let Fj be the Coulomb gas solution (2.9),
with ¢ = 2N, times

n(k)NB(—4/k, —4, k)N, (2.144)

where n(k) is the O(n) loop fugacity (1.155), where 3(a,b) is the Euler beta function,
and with the integration contours {I',} chosen as follows. Each pair of points {z;, z,}
linked by an arc in the half-plane diagram for [.%}] is connected by a simple contour
among {I';,} and starting and ending at z; and z; respectively, except for the pair
with the point zon. Each contour resides in H, and they bend in H so that no two
integration contours intersect. Furthermore, we order the differences in the factors of
the integrand for each F} so that each is real. (This is always possible, as we show
in the discussion following the proof of lemma I1.22 below.) Let By = {Fi ..., Fo, }.
Let the polygon (resp. half-plane) diagram of Fy, be the diagram of [.Z}] except with
exterior arcs drawn on the outside of the 2/N-sided polygon (resp.drawn inside the

lower half-plane). We call either diagram an exterior arc connectivity diagram.

The calculations that we present below make evident the fact that By C Sy. In
particular, we indirectly prove that Fj(z) = O((z;11 — z;)~2%) by directly showing
that limit of (2,41 —2;)*" Fy.(x) as x4, — x; exists. We can also prove this statement
for first and second partial derivatives of Fj, € By not with respect to x; or z;;1 by
differentiating the explicit formula for Fj, and this proves (2.60). Moreover, we will
show that the limit of (z;11 — xi)291 Fy as z;,1 — x; is a multiple of an element in
By _1, so it follows that Fj € Sy. (The condition (2.101) at infinity can be proven
similarly by using transformation rule (2.5) with the mapping (2.108).)

If kK < 4, then the integrations prescribed in this definition will diverge. Conver-
gence is restored by replacing each integration contour connecting the pair of points
x; and x; with the Pochhammer contour &(z;, x;), taking care to ensure that no two

such contours intersect. To keep the same normalization as used for when x > 4, we
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divide by one factor of 4sin®(47/k) for each contour. Thus, when x < 4, we use the

prefactor

n(k)™ [4 sin? (%) B(—4/k, —4, %)} - (2.145)

instead of the original prefactor (2.144). The arguments that follow presume the
integration contours to be simple curves described in definition I1.20, but they hold
for either type of contour for reasons that will be given below.

We will prove that By is linearly independent (assuming conjecture 11.16) for all

but the following SLE speeds and is linearly dependent otherwise.

Definition I1.21. An SLE speed is called an exceptional speed if it equals any of
Kog = 44/d;  Foamgry, mELT, (2.146)

where (q,¢') are a pair of coprime integers with 1 < ¢’ < g.

To prove the linear independence of By, we will show that the set v(By) := {v(F)}5,
is linearly independent and invoke lemma II.17. To calculate the vectors in v(By),
we must compute [Z;]Fy for all Fjy € By and all [£;] € %y. As each computa-
tion involves taking N somewhat complicated limits, this task might seem tedious.
However, it can be simplified by using the diagrams for [.%;] and Fj.

We start with a sample calculation. We choose an Fy, € By, an [£;] € %Ay, and an
arc in the diagram for [.%;] linking a pair of adjacent points x; and x;,;. Topological
considerations show that at least one such arc with neither endpoint being xoy exists,
and we choose this arc to represent the first limit ¢, = {z,,; — z;} taken in [.%].
Now the value of ¢ F}, depends on how the integration contours interact with the

interval (z;,7;,1) to be collapsed. The limit ¢, Fj is

Zle/ = lim (xiJrl — LEZ')201F]€/
i1
= lim (21 — )" (k)N B(—4/k, —4/k)N (2.147)
i1
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X ((xiJrl — iL'Z'>2/H Ce / du1 (I’iJrl — u1)74/“(u1 — 1’1)74/N c. ) . (2148)
r

The ellipses stand for the additional factors and integrations in Fjs that appear in
(2.9). Some of these factors contain x; and z;;; and are therefore affected by the
limit. But none of them have zero or infinite limits, so they do not matter in the
present calculation. Now we suppose that no contour among {I',,,} has its endpoints
at z; or ;1. (This is actually not possible, but we consider this case anyway because
it will come up as a consequence of deforming the integration contours later.) Then
the limit of the integrand approaches a finite value uniformly in w;, the limit of the
integral is finite, and 0 Fy =0if k < 8. Evidently, (z;, z;11) is a two-leg interval.

Now we suppose that I'; = [z;, z;41]". (The plus sign indicates that the contour
bends up into the upper half-plane with endpoints still at x; and x;41.) In this case,
the limit of the integrand is not approached uniformly in u; € I';. The substitution
u(t) = (1 — t)x; + tx;,q factors the (z;47 — x;)-dependence out of the integral, and
we find that the limit ¢, F}y is not zero. In fact, the limit is F), but with factors
containing x;, x;.1, and u; dropped, the integration along I'; dropped, and a factor
of 3(—4/k,—4/k)~1 dropped. To within an extra factor of n, this limit is clearly in
By_1, and (2, z;11) is evidently an identity interval.

In addition, I'y may have just one of its endpoints equal x; or z;,1, and in this
case (z;,x;41) is a mixed interval as a more careful calculation in section 2.5 will
show. These observations point to a certain fact: by touching x; and/or z;; (or
crossing (x;,z;11)), an integration contour converts a two-leg interval (z;,z;41) into

an identity interval or a mixed interval.

Lemma I1.22. Let k € (0,8), and suppose that conjecture I1.16 is true. If k is
not (resp.is) an exceptional speed with ¢ < N + 1, then By is linearly independent

(resp. linearly dependent).

Proof. To prove the lemma, we will show that {v(Fy),...,v(Fe,)} is linearly inde-
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pendent when k is not an exceptional speed with ¢ < N + 1 by computing [-Z}]|F)
for all Fy, € By. In the calculation, we make sure to never collapse an interval that
has z9n for an endpoint so that the conjugate charge remains upon taking the limit.
This is always possible since any diagram for any consistently ordered sequence of
limits has at least two distinct arcs connecting either a pair of adjacent points or
with zapn.

We choose a first limit /1 = {z;,1 — 2;} in [%]. As we noted earlier, when we
collapse an interval in the domain of Fj, € By, the outcome depends on whether the
endpoints of that interval are endpoints of an integration contour. There are four
different cases to consider (figure 2.6). The explicit computations that pertain to
each are deferred to section 2.5. We simply summarize the results.

In the first case, neither x; nor x;,; is an endpoint of a contour, (x;,x;11) is a
two-leg interval, and the limit ¢, F}, is zero (2.147).

In the second case, both x; and x;,1 are endpoints of the same contour I'y, (z;, x;11)
is an identity interval, and the limit ¢, Fjy is nF, v, with FY, € By_1 as described above.

In the third case, only one of the endpoints among {z;, x;11} is the endpoint of
a contour I'y. This situation requires more care. We suppose that one endpoint of

I'y is at z; but the other endpoint is not at x;;;. We break I'; into a contour I'}

Case 1: —0—0—0—0— — 0 X —0—0—

Iy
Case 2: ﬂ#’— — 1 x —0—=0—
I
Case 3 l,_._., > 0! x —o—e—
Iy Ty Tr

/_)_\
Case 4: M —> n! x —o—e—

Figure 2.6: The four cases of interval collapse. The dashed curve connects the endpoints
of the intervals to be collapsed, and the solid curves indicate the integration contours. (Case
four is shown in more detail in figure 2.7.)
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that terminates at x; _; and another along [z; 1, z;]". Now we must take the limit of
(2301 — 24)%/%71 times

2N—-1

o= T1 = oo —an) ™ [ o duyy
{Fm>1}

m<j
(m,j)#(4,i+1)

< | T (k= ) ™" (g — aa) 2/ ( IT (- uz)g/“>

m>1 1<k<l
k>1
X | (@ig1 — 2)*" </ +/ du1> (H(Uk —Ul)g/ﬁ>
L Iy Ti—1 k>1
2N—-1
x (uy — 2on)" 2 T (wa —xm)_4/“] (2.149)
m=1

as z;+1 — ;. (Although we have not explicitly done this here, the differences in the
integrand of (2.149) should be ordered so that Fy is real. Below, we argue that this
is always possible.) In the bracketed factor spanning the last two lines of (2.149), the
u; integral along I"] falls under the first case and vanishes in the limit, and the wu;
integral along (x;_1, ;) is identical to that in (2.167) with §; = ;41 = —7/2 = —4/k.
The asymptotic behavior of this integral is given in (2.172) in section 2.5.3, so this
limit equals that of the second case multiplied by an extra factor of n~! accumulated
from deforming I';. Therefore, in the third case, the limit ¢, F, = F}, is an element
of By_1. Also, (x;,z;41) is a mixed interval.

In the fourth and most complicated case, z; is an endpoint of Iy and x;,; is
an endpoint of a different contour I's. Similar to case three, we separate the u
and uy integrals from the other N — 3 integrals, and we break I'; (resp.IT's) into a
contour I"} (resp.T’) that terminates at z;_1 (resp. x;12) and another along [z;_1, z;|"
(resp. [Tiq1, Tite]T) (figure 2.7). This results in four terms. The first integrates u,
and ug along I'} and I, respectively, and because neither of these contours terminates

at x; or w;yq, we are in the first case. The limit is thus zero. The second term
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Iy I's Iy Iy

I's I's

T I - ~ 7
1 2 + —Q—.—.d { —> n ! x

I=T"g+0{ 4T3

Figure 2.7: The decomposition of the fourth case into the first three cases. The top and
middle terms fall in the first and third cases respectively.

integrates u; along [z;_1,x;]" and uy along I'y. This term falls under the third case,
and its limit is the element of By_; with contours {I'y,I's, ..., I'y_1}. The third term
integrates u; along I'} and wuy along [, 1, z;10]". It also falls under the third case,
and its limit is the element of By_; with contours {I'},T's,...,I'y_1}. The fourth
and most complicated term integrates u; along [x;_1, ;] and uy along [z;41, T;40]T.
Its asymptotic behavior as x;;.1 — x; is computed in section 2.5.4, and the result
is (2.188). Its limit is the element of By_; with contours {I'j, I's,...,y_1}, where
[l = [zi—1, Tite]T. Summing all four terms gives the element of By_; with contours
{I,Ts, ..., I'n_1}, where I' := T') +I"} + I} is the contour generated by the joining of
I'y with T’y induced by pinching their respective endpoints x; and x;; together.

These calculations are facilitated by a diagrammatic method. We draw the poly-

[Xk] = Fk' = [fk]Fkl = = n2

Figure 2.8: A example of the diagram for an [.%}] € %}, the diagram for an Fj, € By,
and the diagram for their product [Z]Fy = n?.
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gon diagram for [.Z}] and that for Fi, on the same polygon (figure 2.8) and call this
the diagram for [-%;]Fy,. The interior and exterior arcs respectively represent the lim-
its of [Z;] to be taken and the integration contours of Fys (except for the exterior arc
with an endpoint at x9y, which has no associated integration contour). These arcs
join to form loops that dodge in and out of the 2/N-sided polygon through its vertices.
We suppose that vertices z; and z;,1, neither of which are xoy, are connected by an
interior arc, so we can take the limit z;,; — x; first. Topological considerations show
that at least one such interior arc exists in the diagram of each [.Z}]. Then either one
of two cases may occur. First, x; and z;,1; may also be connected through an exterior
arc that joins with the interior arc to form a loop intersecting the polygon at just
x; and x;41. This limit falls under the second case. Collapsing the interval (x;, z;11)
amounts to deleting this side and the loop that surrounds it from the polygon, cre-
ating a (2N — 2)-gon (after dropping the leftover vertex z; since the limit does not
depend on it), and the limit is n times the element of By_; whose diagram is given
by the remaining interior and exterior arcs. Or second, x; and x;,1 are not connected
by a single exterior arc. This limit falls under the third or fourth case. Collapsing the
interval (z;,z;11) amounts to deleting this interval and its interior arc while joining
the two exterior arcs into one, and the limit is the element of By_; whose diagram is
given by the remaining interior and exterior arcs. We perform this process N times
so that each loop is eventually contracted away and leaves a factor of n in its wake.
If the number of loops in the diagram for [.Z}]|Fy (with the polygon deleted) is Iy s,
then we have

(L] Fr = nlsw (2.150)

This result establishes a natural inner product on the space of diagrams for the
elements of #} identical to the inner product on Temperley-Lieb algebras studied in
[68]:

([, (L) =[] Fr = n'sw (2.151)
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The Gram matrix My(x) of this inner product is called the meander matriz [68],
and it is clearly symmetric. In our application, the rows (or columns) of this matrix
are {v(F1),...,v(Fc,)}. Assuming that conjecture I1.16 is true, we conclude from
lemma I1.17 that By is linearly independent if and only if det My (k) # 0.

The determinant of the meander matrix is computed in [68], and it is

N
det My(r) = []Uq(n(s))" ™ (2.152)
q=1
/
= H (n(k) — nge)* ™Y ng = —2cos (ﬂ) , (2.153)
1<g'<q<N+1 q

where U, is the ¢-th Chebychev polynomial of the second kind, and the power a(N, q)

is given by

a(N,q):(N2]jq>—2<N_2];[_1)+(N_2];[_2). (2.154)

Because (2.153) only depends on the ratio ¢'/q, we adopt the convention that the pair
(q,q') labeling n, , is coprime. Table 2.1 shows a list of the first few n,,. Because
K' = Kqq O Kgamgty for any positive integer m are the only SLE speeds such that
n(k') = ngqy, and n(kgamgrq) = Ngq, the lemma follows. (All of the other zeros of
det My (k) are kg g and Kgamgry With m a negative integer. They are negative and

therefore cannot be SLE speeds, so we do not consider them.) [

It is always possible to order the differences of the factors that are outside and
inside of the integrand of each F} € By so that F} is real. The correct ordering of the
differences of the factors that are outside of the integrand is obvious, and we assume
that this is ordering is already used. The correct ordering of the differences of the
factors that are inside of the integrand may be found by considering the action of
%] on F. Topological considerations show that there exists at least one interval

(x;,2;41) of Fj, whose endpoints are connected by an integration contour I'y. Then
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0y = {xiy1 — x;} is a limit of [.%;] which we may choose to take first. Furthermore, it
is always possible to deform all of the contours that arc over (x;,z;11) so that they do
not pass over this interval but pass over infinity instead. We let u,, be the integration
variable for the contour T',,, and recalling that all contours are in H, we flatten the
contours so that each is arbitrarily close to the real axis. Then u,, with m > 1 couples

with x;, x;11, and u; only through the product of factors
(U — i) " (U — 23) ™Y (U, — uq ¥/, (2.155)

As long as we order the differences in the factors as in (2.155), this product is real
for all u,, € 'y, with m > 1. This statement is true even if I',, arcs over (x;, ;1)
since, after deforming I',, so that it passes over infinity instead of (z;, x;11), either
U, < Tj, Tiv1, U OF Uy > Ti, Tivq, wy for all u,, € '), and m > 1. Consequently, we
can order the differences in the factors of the integrand for the u; integration so that
this integration is real for all z; < x;.1 and w,, € ', with m > 1. Next, we take
the limit /1 F, which equals n times an element of By_1, and we repeat the previous
step. The integration variable, previously u;, is now labeled us. Performing the
second step determines how to order the differences in the factors of the integrand for
the uy integration in (1 F}, so that this integration is real for all u,, € '), with m > 2.
We repeat this process until we reach [.%,]F}, = n®. Altogether, these steps determine
an ordering of the differences in all of the factors in the complete integrand of Fj.
Because [.Z}]F}, is real and because none of the limits alter the phase, we conclude
that Fj,, with this ordering imposed on the integrand, is real. We let “N” be the
operator that orders the differences in the factors of the integrand this way, and we
indicate that this ordering is done by placing the integrand within the brackets of
fFl..'fFN—lN[ o] duy . duy .

Lemma I1.17 establishes an interesting corollary. We choose an Fy, € By and
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c € {l,...,2N — 1}, and we let F,c(c) be the Coulomb gas solution (2.9) with the
same normalization and integration contours as Fj, except that the contour with an
endpoint at x. is omitted and a contour with endpoints at xon and the coordinate
x; connected to xon in the half-plane diagram for Fj is included. As usual, the new
contour is simple, is in H, does not intersect the other contours, and if k < 4, is
replaced by a Pochhammer contour that entwines x; with zoy. Clearly, F,§2N) = F;.
Also, when ¢ # 2N, we still order the differences in the factors of the integrand of
F, k(c) so that F,gc) is real by following the recipe prescribed in the previous paragraph.
If we follow this procedure, then because ¢ # 2N, at one of the steps the interval
to be collapsed might not be of the form (x;,z;41) for some i € {1,...,2N — 1} but
rather may be (zay, 1), so the limit £ = {z;,;, — 2;} is replaced with { = {z; —
—00, Toy — 00}. We represent Fk(c) with the same diagram as that for Fj, € By.
The proof of lemma I1.22 shows that [.,iﬂk]Fk(,c) = [Z|Fp forall k, k' € {1,...,Cn}.

Therefore, lemma I1.17 implies the following corollary.

Corollary 11.23. Let k € (0,8), let Fk(c) be defined relative to F}, € By as described
above, and suppose that conjecture I1.16 is true. Then Fk(c) = F,ECI) for all ¢,d €
{1,...,2N}.

This corollary may be explained in terms of CFT as follows. We may think of F} as a
2N-point conformal block in the sense that only the identity fusion channel propagates
between each pair of operators 4 (x;) and 1y (x;) whose coordinates z; and z; are
connected by an arc in the diagram for Fy. For good reasons (related to a physical
interpretation for the elements of By to be presented in chapter four), we expect these
conformal blocks to correspond one-to-one with the C arc connectivity diagrams.
On the other hand, the Coulomb gas formalism gives seemingly different formulas for
conformal blocks, F}j, and F k(c), with the same diagram. These formulas differ only by
the placement of their conjugate charge. Corollary I1.23 shows that they are all equal

(if we assume that conjecture I1.16 is true). Therefore, the correspondence between
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the conformal blocks and the Cy arc connectivity diagrams is indeed one-to-one.
The proof of lemma I1.22 establishes another useful corollary that we will use in

chapter three.

Corollary 11.24. Let k € (0,8), and suppose that conjecture I1.16 is true. Then the

rank of By equals the rank of the meander matric My (k).

In [69], the nullity of the meander matrix is shown to equal the multiplicity dy(q, ¢’)
of the root n,, in its determinant formula (2.153), so by the dimension theorem, we

have

rank My (k)

Cy, K# Kggq O Kgomgtey | 1<q¢<q <N +1,
= o e . (2.156)

/ _ / : +
Cn —dn(q.q), K=FKqy O Kgomgrqy | ¢,¢ coprime, m € Z

In [68], the following summation formula for the rank of My(k), is computed and

shown to equal an integer, a fact that is not immediately apparent from the formula:

q—1

1 l 2 l 2N
mmmww:mmmmmw:ZZ@m%)@m%>.@ﬁw
=1

We use lemma I1.22 to prove most of the following theorem. This is the main

result of this chapter.

Theorem 11.25. Let k € (0,8), and suppose that conjecture 11.16 is true. Then
dim Sy = Cy, and Sy is spanned by the Coulomb gas solutions (2.9). If k is not an

exceptional speed with ¢ < N + 1, then By is a basis for Sy.

Proof. The theorem follows immediately from lemma I1.22 when « is not an excep-
tional speed. To prove the theorem when s is an exceptional speed, we will construct
a linearly independent set By of cardinality Cy from the linearly dependent set By

by perturbing x away from the exceptional speed.
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Let &' be an exceptional speed corresponding to the root n,, of det My. We see
from (2.156) that By has rank Cny — dn(q,¢’). Therefore, the solutions in By will

satisfy exactly | = dy(q,q’) different linear dependences, which we write as

Zk a;kFr(k) =0, je{l,....1}, (2.158)

where the vectors a; := (a;1,...,a;c,) are linearly independent and span the kernel
of My(r').

Next, we construct a new linearly independent set B, of cardinality Cy. We let
A be any Cy x Cy invertible matrix whose first & rows are a;, and for arbitrary &,

we consider the set of solutions

{ Zk aLka(/ﬁ)), ey Zk alkuk(H),
Zk CLH_Lka(Ii), ceey Zk aCN,ka(Ii)} . (2159)

For k # K/, this new set is also linearly independent since det A # 0, but when k = ¥/,
the first [ entries are zero while the others form a linearly independent set. Because
each Fi(k) is analytic at «/, the j-th entry vanishes at rate O((k — k')™) as k — K/
for each j € {1,...,{}, with m; a positive integer. So we adjust the set (2.159) so

that all of its entries are O(1) as k — K:

By = {(“ —K)™ Zk arpFi(k), ... (k= &)™ Zk a i Fi.(k),
Zk CLH_Lka(H), ceey Zk CLCN’ka(Ii)} . (2160)

We let A;(x) be the j-th element of B}, as they are ordered in (2.160). To show that

By is linearly independent when x = «/, we check that the determinant of the matrix

157



My (k) whose j-th column is v(A;) is not zero. This determinant equals

det My (k) = (k— &)™ "™ det Adet My(r)

= O((k — &/)tl@d)=m=mm) (2.161)

Now, det M (+') is finite since all of its entries are finite, and dn(q,q') =1 [69]. So
because all of the exponents m; are positive integers, each must equal one. Thus,

det M (k) = O(1) as Kk — K. O

We look more closely at the exceptional speeds £’ corresponding to n(k') = ngy =
0. In this case, By exhibits | = dy(2,1) = Cy distinct linear dependences. That
is, each of its elements equals zero when k = x’. In the proof of theorem II.25,
we therefore have a;; = §;5. The proof shows that each element is O(k — &) as
k — K, and it prescribes that we multiply each by (k — £’)~! before sending x —
to construct a linearly independent set By that spans Sy.

This observation invites us to look more closely at the normalization of the el-
ements of By. We begin with the exceptional speeds k' € (0,8) corresponding to
ne1 = 0, all of which equal 8/m for some odd positive integer m > 1 according to

(2.146). Since x’ < 4 in each case, each Fj, € By will bear the full prefactor (2.145):

n(k)0(2 — 8/k) Nt
4sin?(4n /k)D(1 — 4/k)?

n(k) (2.162)

The bracketed factor and the integral that it multiplies to give Fj(k) are O(1) as
xk — k. If we include the leftmost factor of n(k) = O(k — ') in (2.162), then Fy(k)
is O(k — K'), but if we drop it, then Fj (k) is O(1). This is just the renormalization of
By described in the previous paragraph. Also, dropping the factor of n(x) amounts
to dividing det My (k) by n(x)“~, and because n(x’) = 0 is a zero of det My (k') with

multiplicity Cly, this division adjusts the determinant so it is O(1).
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The previous paragraph covers half of the singularities of the prefactor (2.162).
All of the other singularities occur at £ = 8/m for some even positive integer m.
These speeds are not exceptional, and because each is less than or equal to four, each
Fiy(k) € By is again endowed with the full prefactor in (2.162) when x = x'. For
these cases, one can check that (2.162) is O((k — x’)!™") as k — x’. But also, the set
{k'=8/m : m >0, even} is exactly the set of speeds for which the points entwined
by the Pochhammer contours of the N — 1 integrals in Fj (k') are poles rather than
branch points. In this event, each Pochhammer contour & (x;, x;) in each Fj € By
decomposes into four loops. Two loops encircle z; in opposite directions, two loops
encircle z; in opposite directions, so the integration around & (x;, z;) is zero. Further,
one can check that each of the N — 1 integrals in Fy(k) is O(k — k') as Kk — K. So
when multiplied by the prefactor (2.162), we have that Fy(x) is O(1) as k — K’ as
needed.

The composite set {x' = 8/m : m € Z* \ {1}} combining the cases of the
previous two paragraphs covers all cases in which the prefactor (2.162) for Fi(k)
may vanish or blow up and in which branch points of the integrals in Fj(x) become
poles. Interestingly, these are exactly the SLE speeds for which the two characteristic
powers 2/k and 1 — 6/k of the Euler differential operator £ in (2.62) differ by a
positive integer. Now we explore the consequences of this observation.

It is easy to show that each element of By as a function of z;,; with ¢ €
{1,...,2N — 1} equals a linear combination of two Frobenius series centered on z;,
each with coefficients that depend on z; with j # ¢+ 1. With theorem II.25, this fact

leads to the following corollary.

Corollary I1.26. Let F € Sy, let k € (0,8) not be an exceptional speed with q <
N+1, and leti € {1,...,2N — 1}. Then F as a function of x;11 equals a linear
combination of at most two distinct Frobenius series centered at x;, with coefficients

depending on x; with j # i+ 1, and with respective indicial powers 1 —6/k and 2/k.
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We anticipated this corollary earlier in the discussion surrounding (2.54), and we note
that the indicial powers stated in the corollary agree with the powers (2.55) predicted
in this discussion. If x = k' is an exceptional speed with ¢ < N + 1, then By is
linearly dependent, and in the proof of theorem I1.25 we find a new basis for Sy by
expanding the linear combinations of By that vanish to first order in x near s and
keeping only the first order contribution with k = x’. Because k appears only in the
powers of the elements of By, this first order term will have factors of logarithms
in the distances between the points. This invites the consideration of logarithmic
conformal field theory [70].

Now when « is in the set {x" = 8/m : m € Z* \ {1}}, the two indicial powers
1—6/k and 2/k differ by a positive integer, and the two Frobenius series coalesce into
one. If m is even, then k' is not an exceptional speed, By is linearly independent,
and corollary I1.26 is true. But if m is odd, then «’ is an exceptional speed with
qg = 2 < N + 1, By is linearly dependent, and some solutions in Sy will equal
logarithms multiplying Frobenius series expansions. This is reminiscent of similar
phenomena in the Frobenius theory of second order, linear, homogeneous differential
equations. Near a regular singular point zg, solutions of such differential equations
typically equal linear combinations of two Frobenius series centered at xy and with
different indicial powers. But if these two powers differ by an integer, then just
one of the two linearly independent solutions may not have such a Frobenius series
expansion. Instead, that second solution equals a logarithm of the distance to xq
multiplying a Frobenius series plus another Frobenius series. Interestingly, when
Kk = 8/m with m > 1 an odd integer, the elements of Sy seem to generalize this
phenomenon.

Corollary I1.26 allows us to reinterpret the definition 11.14 of “identity,” “two-
leg,” and “mixed” intervals in a way that is more native to CF'T. Namely, an interval

(x;,x;41) of F € Sy is a mixed interval if F' equals a linear combination of two
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Frobenius series in x;;1 centered on x; with respective indicial powers 1 — 6/k and
2/k, an identity interval if it equals just one such Frobenius series with indicial power
1 —6/k, and a two-leg interval if it equals just one such Frobenius series with indicial
power 2/k or if F' is zero. In CFT, these three cases respectively imply that the
OPE of ¢y (x;) with ¢;(z;11) has both the identity and the two-leg fusion channel,
the identity fusion channel exclusively, and the two-leg channel exclusively (if F' is
not zero in this last case).

We end our discussion about exceptional speeds with some remarks on the special
O(n) loop fugacities n,, of (2.153) and the minimal models. The correspondence
between the O(n) model and SLE captured by (1.155) holds only for £ > 2. When

ngqe > 0, two exceptional speeds correspond with n,,, and they are

Ko =40/q  Koogq = 44/(2 — ), (2.163)

in the dense and dilute phases of SLE and the O(n) model respectively. We note that
these two speeds are not dual to one another. When n,, < 0, one exceptional speed
Kq2q—q corresponds with n, . Some well known examples are ny; = 0 corresponding
to ko1 = 8 (the uniform spanning tree) and ko3 = 8/3 (the self-avoiding walk), and
ns2 = 1 corresponding to k3o = 6 (percolation cluster perimeters) and k34 = 3 (Ising
spin cluster perimeters). More generally, we can show from (1.170) that c(k,) is
the central charge ¢, =1 —6(q — ¢')?/qq of the (¢,¢’) minimal model in CFT. We
explore the connection between exceptional speeds and minimal models further in
chapter three.

We end this section with a result that completes our understanding of the dual

space Sy.

Lemma I1.27. Let k € (0,8), and suppose that conjecture 11.16 is true. Then Ay

is a basis for Sy.
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P q 1 2 3 4 5 6
1 5
1 X 0 -1 -2 — +2f -3
2 x x 1 0 15 -1
2
—1++5
3 X X X 2 0
V2 5
4 X X X X 1+v5 1
2
5 X X X X X V3

Table 2.1: The first few zeros n, , of the meander determinant. From left to right, the
superdiagonal harbors the dense phase O(n) loop fugacities of the uniform spanning tree,
percolation, the Ising model, the tri-critical Ising model, and the three-state Potts model
respectively.

Proof. If conjecture I1.16 is true, then lemma II.17 shows that dimSy < oo, so
dim Sy = dim Sy = Cy. We let M = {[Z4]}L, be a maximal linearly independent,
subset of #A3. We will prove the lemma by showing that M = Cly.

First, we show that M is nonempty. If If n(k) # 0, then no [ %] can be the
zero-functional since [ Fy = n(k)"» # 0. If n(k) = 0 = ny,1, then the discussion
following theorem I1.25 shows that we must drop a factor of n(k) from each element
of By so that the meander determinant is not zero after this adjustment. This implies
the existence of at least one Fj € By for each [£;] € £y such that [Z|F) # 0. So
when n(k) = 0, no [%;] is the zero-functional either. Thus, M is nonempty.

Now suppose that M < Cy. Then Sy has a finite basis for which M can serve as

a proper subset. We let

By = {4, [Zul, farsa, - foy )

BN — {H17...HM,HM+17"'7HCN}

be dual bases for Sy and Sy respectively. Then we have [Z ]Il = 0 for all k& < M
and all £ > M. Moreover, the elements {[ZLyi1], ..., [ Loy} of %y that are not

in M must be linear combinations of those in M since M is maximal, so they also
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annihilate Il for all £ > M. Then v(Ily) = 0, so Il is zero for all ¥ > M,
according to lemma I1.17. But this contradicts the fact that each II;, is an element

of a basis. We therefore conclude that M = Cy. O

This lemma allows us to define a basis %y for Sy that is dual to %5. In chapter
four, we present a physical interpretation for the elements of Ay in terms of cluster

crossing probabilities in a 2/N-sided polygon with a specified FFBC.

2.5 Asymptotic behavior of Coulomb-gas integrals under in-

terval collapse

The purpose of this section is to calculate the asymptotic behavior of the Coulomb
gas integral Z; (2.10) when the interval (x;,x;41) is collapsed, under certain condi-
tions placed on the powers 3 and 7,, that are consistent with the application in
this chapter. The results of this calculation were used to prove lemma I1.22. There,
we alluded to these results, but we postponed their justification to this section. In
what follows, we will assume that the collection {I',,,} of nonintersecting contours con-
necting the various branch points of the integrand of 7, pairwise are simple curves.
The results remain true when these simple curves are replaced by nonintersecting
Pochhammer contours entwining the endpoints of those curves, and we will explain
why below.

There are four different cases to consider (figure 2.9). In the first case, no contour
among {I';,} ends at either x; or x;41. In the second case, one contour I'y follows
along and just above (x;, z;,1) with endpoints at z; and x;;1. In the third case, one
contour I'y will end at one, but not both, of x; and x;,;, and no contour will end at
the other point. In the fourth case, a contour I'y terminates at x;, and a different
contour I'y terminates at x;;1.

In order to compute the asymptotic behavior of Zj; in each of these cases, we will
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typically need to deform one or two of the integration contours. In order to do this
correctly, we must specify a choice of branch for the logarithm function. We choose
the branch so that arg z € [—m, ) for all z € C. Thus the integrand of (2.10), viewed
as a function of the integration variable u;, has several branch cuts with each starting
at a branch point, following along the real axis, and terminating at xon. (These
statements are not quite true and need refinement when k is an exceptional speed.
We will consider these special cases in the next chapter.) With this convention set,
we have the following identitiy which will prove useful later. Suppose that x,u, 3 € R

with x < u. Then for positive € < u, we have
(x — (u=ie))’ = TP (u £ ie — 2)P. (2.164)

2.5.1 The first case

In the first case, no contour among {I',,} in Zy; ends at either x; or z;;;. In this
case, the result is trivial. The integrand approaches a limit as x;,; — x; uniformly

in the integration variables, and the limit is found by simply setting x; .1 = x; in Z,.

2.5.2 The second case

In the second case, the contour I'; in Z,; follows just above (z;,x;11) with its
endpoints at z; and x;,1. The factors of the integrand of Z,; approach a limit as
Tiy1 — x; uniformly in uy, except for (u; — ;)% and (u; — x441)%+ which must

be treated with care since u; is drawn in with the limit. Therefore, we only need

Iy

Case I: —@—@—@—@— Chse 3: _ﬁ—.—.—

Iy Iy

Iy
Chase 2: —.—Q—.— Case 4: —M

Figure 2.9: The four cases of interval collapse. The dashed curves connect the endpoints
of the interval to be collapsed, and the solid curves indicate the integration contours.
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to study the integration with respect to w;. This integral has the form of Z; with
arguments {z;};ii+1 U {ug }x>1, where each wuy, is fixed to some value in I';, (which
we may take to be real by forcing I'y to touch the real axis there). If we relabel
the variables z1, ..., Ton, Ug, ..., uy in ascending order as xq, s, ... (and adjust the
values of i — 1,4, and 7 + 1 so that they are still the indices of the original points
x;_1,x; and x;41 respectively before the relabeling), then the integration with respect

to u; is
({0}l o) = [N [H““ - xm] dus. (2.165)

The operator N orders the differences in the integrand so that they are positive.
By using the substitution u(t) = (1 — ¢)x; + tx;11 and factoring the dependence on
x;11 — x; out of the integral, we find the asymptotic behavior of Z; under the interval
collapse z;11 — x;:
1
4 ripr (@31 — @) HPmTIN [H(ffiﬂ - %‘)ﬁj] /0 (1 —t)+ dt
J#

L8+ DI (Bis1 + 1)
LB + Biy1 +2)

(xi—&—l - xi)@i+’6i+1+lj\/ [H([EZ‘+1 - ZL‘j)’Bj] . (2166)
J#

If 3; < —1 or B;41 < —1, then the integral diverges. In this case, we analytically

continue the result by replacing I'y with the Pochhammer contour & (x;, x;41) (figure

1.20) and dividing by 4emBi=Bit1) gin 1 3; sin 7341 so that Z; exists.

2.5.3 The third case

In the third case, one contour I'y of Z); ends at either one, but not both, of z; and
Zi11, and no contour ends at the other point. Without loss of generality, we suppose
that the endpoint of I'y is z;, and we assume that I'; follows just above (z;_1, ;) with

its other endpoint at x;_;. This assumption is accommodated by the proof of lemma
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I1.22. The factors of the integrand of Z,; approach a limit as x;;; — =; uniformly in
uy, except for (u; — x4, 1)%+1. Therefore, we only need to study the integration with
respect to uy. If we relabel the K = 2N + M — 1 variables x1,...,Zon, U2, ..., Ups
in ascending order as xy,zs,... (and adjust the values of i — 1,7 and i + 1 so that
they are still the indices of the original points x; 1, x;, and x;1 respectively before

the relabeling), then the integration with respect to w; is

L =Ti({Bi}H [wimr, @] [ 21, . 2k) = / N [H(Ul - xj)ﬁj] duy . (2.167)

Ti—1 j
We require the sum ) ; B; to equal an integer so that infinity is not a branch point.
We also require the sum to be less than negative one so that the integral converges

if one of its bounds is infinite. This is consistent with our application in section 2.4.

There, the exponents f3;, Bi1+1,7, and 3; with j # ¢,7 + 1 satisfy

Zj Bj=-2, Bi= iy =—4/k,

B;=—4/k or 8/k or 12/k—2 forj#i,i+1and«k € (0,8). (2.168)

If ;.1 < —1or §; < —1, then the integral diverges, and we analytically continue it
by replacing I'y with & (z;_1, x;) and dividing by 4e™ %1% sin 7 3;_, sin 73;.

To calculate the asymptotic behavior of I; as x;,; — x;, we rewrite it as a linear
combination of the {Ij}x.i—1,1+1, with I; defined as in (2.167) except with its limits of

integration at x;_; and z,. An integration along a large semicircle of radius R with

i—1 i i+l £+l v—1 1 e+ ko k+L

Figure 2.10: The third case. The dashed curve connects the endpoints of the interval
to be collapsed. The integration contour is pushed from [z;_1,x;] onto any interval except

[$i+1, 93z'+2]-
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counterclockwise (resp.clockwise) orientation in the upper (resp.lower) half-plane
with its base on the real axis gives zero according to Cauchy’s theorem. As R — oo,
the integration along the circular part of the semi-circle vanishes as R~2%%1 and we
find (with the — (resp.+) sign corresponding with the upper (resp.lower) half-plane

setting) p
Z RS R A} (2.169)

k=1
(Here, we identify xx.; with z1.) Now, we can solve for I; (2.167) in terms of Iy,

with k # ¢ + 1 (figure 2.10). The solution is

k+1

i—2
Z sint St B Ik: o Z sinm Yy Z+25l
— sinm(B; + Bit1) * sinm(B; + Bit1)
sin 7041
sinm(6; + Biv1)

L. (2.170)

(If any of these integrals diverge, then we analytically continue it as prescribed above,
and (2.170) is still true for the analytic continuation.) The integral I, with k #
i (resp.k = 1) falls under the first (resp.second) case, so we find the asymptotic

behavior

i—2 i+1 Th+1
sin
Lz / N [(u - xi)ﬁﬁﬁ”l | I (ug — xj)ﬂj] duy

sin(8; + Bix1) i i1
S‘mﬂ Zl:i+2 B /mk-H N | (u— xi)ﬁiJﬁ@iJrl H (uy — xj)ﬂj duy
, sin T(Bi + Bit1) Juy i+l

_ sin 701 L(8i + DI (Bipq + 1)
sinm (8 + Bir1)L(Bi + Biv1 + 2)

X (I‘i+1 — $i>ﬁi+ﬁi+1+lj\/’ [ H ($i+1 — l’j)ﬁj] . (2171)

j£i,i+1

371-!—1_)371

M- M

k

If 3; 4+ Bix1 > —1, then all terms are finite and I; has a limit. If 3; + 5,11 < —1, then

the last term will blow up while the others remain finite, and we have
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o sin7fin UG + DI'(Bia + 1)
vipi—zi sinw(B; + Biy )T (B + Bira +2)

X (@1 — ﬂfi>ﬁi+ﬂi+1+1N [' H (Tit1 — 37j)ﬁj] ;o Bt B < —1. (2172)

j£i,i+1

I;

This latter case is consistent with our application (2.168). We note that (2.172) is
identical to (2.166) except for the ratio of sine functions and factor of negative one
multiplying the former. This ratio equals the negative reciprocal of the O(n) fugacity
factor (1.155) in our application (2.168).

It is straightforward to check that the asymptotic behavior of I;, 4 is also given by

the right side of (2.172). Both of these situations exhaust the third case.

2.5.4 The fourth case

In the fourth case, one contour I'y of Z,; ends at z;, and a different contour I'y
ends at x;;1. The factors of the integrand of Z,, approach a limit as z;,; — x;
uniformly in (up,uy) € I'y x I'y, except for the factors (u; — x4, )%+, and (uy — ;)7
Therefore, we only need to study the integrals with respect to u; and wy. This
double integral has the form of Z,, and without loss of generality, we suppose that I'y
(resp.['y) follows just above (z;_1,x;) (resp. (x;i1,Tir2)) with its other endpoint at
x;_1 (resp.xiyo)). This assumption is accommodated by the proof of lemma I1.22. If

we relabel the K = 2N + M — 2 variables z1, ..., xon, us, ..., up in ascending order

P m  m+1 1—1 1 141 K k+1
m#1+1

Figure 2.11: The fourth case. The dashed curve connects the endpoints of the inter-
val to be collapsed. The left (resp.right) integration contour is pushed from [z;_1,x;]
(resp. [xi41, iy2]) onto any interval except [zi41,Tit+2] (resp. [Ti—1,z;]).
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as xy,Ta,...,rx (and adjust the values of i — 1,4,7 + 1, and i + 2 so that they are
still the indices of the original points x;_1,x;, T;11, and ;.o respectively before the

relabeling), then the integration with respect to u; and uy is

Ii,i+2 IQ {5] 7’ Ti— 1,%] [$z+1,l‘z+2] \$1,~-)

Tit2
/ / |: u1 - l'j)ﬁj (UQ — xj)ﬂj ('LL2 — u1)7 d'LL2 dul. (2173)
LTi41 ;

Here, we assume that the sum ) i B; + v is an integer less than negative one so
that infinity is not a branch point and so that integrating from end to end of and
just above or below the real axis gives zero. In our application in section 2.4, the

exponents (3;, 81,7, and §3; with j # 4,7 + 1 satisty

DBty =-2 fi=Pfa=—4/5 y=8/x

Bj=-4/k or 8/k or 12/k—2 forj#i,i+1and k€ (0,8). (2.174)

Again, if 3,1 < —1 or 3; < —1 (resp. Bix1 < —1 or (4o < —1), then the integral
diverges, and we analytically continue it by replacing I'y (resp.T's) with Z(x;_1,z;)
(resp. (w11, Tiyo)) and dividing by 4e™Bi-1=0) sin 73;_; sin 7 3; (vesp. 4e™ Br1=Fit2)
sin 0,41 sin wf;102). As in the third scenario, this replacement analytically continues
all of the linear dependences that we will derive below to these cases.

To calculate the asymptotic behavior of I; ;12, we pursue the strategy used in the
third case. We rewrite I; ;.2 as a linear combination of the elements of {I; s }; i i+2
where [, is defined as in (2.173) except with its u; (resp. us) limits of integration at
xj_1 and x; (resp.zy_y and xy). All integrals in the linear combination will fall under
the first or second case, so their asymptotic behavior is already understood.

Now a subtlety arises that we must address. Due to the factor (uy—wu,)? appearing

in the integrand of [;y, it is impossible to arrange the integrand of any I;; so that
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the double integral is real. This issue can be corrected by noting that

/ ] / N|:H('LL1 - Q?j)ﬁj (UQ - .I'j)ﬁj (Ul - U2)7:| dU2 du1
Zj Zj J
= / " / o N{H(ul - l'j)ﬁj (Ug - x]’)ﬁj (Ug — U1)7:| dUQ dul. (2175)
x; 75 j

Because these integrals are real, we redefine I ; to be either of them.

We now repeat the steps of case three, and the work that follows is straightforward
but tedious. Because the complete result is complicated and unnecessary for our
purposes, we will specialize to cases with certain conditions imposed on {3;,7} that
are consistent with (2.174). By integrating uy just along the top and bottom of the

real axis and using Cauchy’s theorem, we find

T.
V]

GETTIAAL |y ARSI O] 4 e

£
Il
—

K
n Z eiﬂ_i(Zf:lﬁl+’Y)[i,k+1 =0. (2.176)
k=i

(Here, we identify zx .1 with x1.) We solve this system of equations for /; ;15 in terms

of I; j+1 with k # i — 1. The result is (figure 2.11)

§ sin W(Zé;iﬂ B +7/2) I sin7(8; +v/2)

Iiiyo = - i -
s sinm(B; + Biv1 +7/2) M Sin (6 + Biv1 +7/2)

3,54+1
k=1
_ Z sin 7 Zl lﬁl—i-")//Q)

sin 7 ﬁz + 6@+1 + 7/2

L (2.177)

Now, if the asymptotic behavior of [; ;1 for general {3;,7} with 3, 8; 4+~ an integer
less than negative one is desired, one must isloate the remaining /; ;41 in terms of
I k41 with j # ¢ + 2 using the same method. This task is very difficult to do in

complete generality. If §; + ;41 < —1, as it is in our application (2.174), then the
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I; ;11 term will give many terms that blow up as (41 — a:i)ﬁﬁﬂi““ while each of
the other terms will only give one such term. To avoid this complication, we assume

Bi +v/2 = 0 so that this term vanishes. Overall, we have assumed the conditions

D2 By eZT\{-1} Bi+q/2=0 (2.178)

which are consistent with our application (2.174). To address the other terms in

(2.177), we integrate u; just along the top and bottom of the real axis to find that

k—1
. m 3 k i
e L= B”[m+1,k+1 + T 0= ﬂ"(l + eiﬁw)[k+1,k+1
m=1
K
. Z eini(Z?zlﬁnJrv)[erLkH =0. (2.179)
m=k-+1

Now we isolate each I; ;41 with & # ¢ — 1,4, + 1 in terms of all I,41 41 with
m # i+1 and substitute the result into (2.177). This process, though straightforward,

is tedious. However, if we add a third condition 5; + G;11 < —1 to (2.178),

DB eZ {1}, Bit/2=0, Bit i <L, (2.180)

then we see from (2.172) that I, k11 will dominate over all I, 41 j+1 with m # i+1, so
we only concern ourself with the former integral. Condiditons (2.180) are consistent

with our application (2.174). Thus we find

sin 341
~
Tiy1—x;  SID W(ﬁz + ﬁi+1>

I g1 Tiv1 g1 (2.181)

The asymptotic behavior of the integral from x; to x;;; inside of I; 1 k41 as ;41 — ;
falls under the second case and can be computed using the results of section 2.5.2.

Under the assumptions of (2.180), substituting (2.181) into (2.177) gives
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) Z s (S h+7/2) | XKZ sin (35, B+ /2)
ii+2 - : '
A2 s — sin (B + Bit1 +7/2) S, sin (B + Bis1 +7/2)

Te+1
w / N | (uy — xi)ﬁﬁﬂmﬂ H (ug — :L»j)ﬁj dus
Tk G#ii+1

sin(wB;41)0(6; + D)I'(Big1 + 1) o — )
sin (B + Bir) T (B + Biga + 2) i+1 i

x N [ I - xi)ﬁj] . (2.182)

Ziyit1

Bi+1+B8i+1

This is the asymptotic behavior of I; ;15 as x;41 — x; under the conditions (2.180).
Equation (2.182) can be simplified considerably if we introduce a fourth condition

that is consistent with our application (2.174). First, we consider the integral
Tiy2
I, = / N H (ug — ;)% | duy. (2.183)
Ti-1 j#4,i+1

The prime signifies that the points z; with j # 7,7+ 1 are in the domain of I],, while
x; and x;,1 are not. If we add the condition ;117 = f; to (2.180) so that we have

assumed overall that

ZjﬁjﬂweZ*\{—l}, Bi+7/2=0, Bi+fin<—1, Bi=p01, (2.184)

then the sum of the powers in (2.183) >, ., 3; is an integer less than negative one.

So by integrating u just across the top and bottom of the real axis, we find

K
At — Z’ L) () (2.185)
k=1

where the prime indicates summation over indices except k,l = i,7 4+ 1. Conditions

(2.184) are consistent with our application (2.174). Now after isolating I/, , from the
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linear combination

At e 1S B mi(BitBiaa+1/2) _ - i S5 B~ mi(BitBisa+7/2) 0, (2.186)

we find

iZ_Q: sin W(Zg;iﬂ B — Bi — Bix1 —7/2)

sin (B + Biv1 +7/2)
/ Y L I (s —xj)ﬁf] duy. (2.187)

i1

i+2 =
k=1

B Z sin zl Bi+7/2)
sin (8 + Biy1 +7/2)

k=i+2

With the condition that 8;1; = [; in (2.184), the right side of (2.187) equals the
product of the first bracketed factor with the integral on the right side of (2.182). We

can use this fact to write (2.182) is a simpler form. Overall, we find

o sin(@Bi ) (G + DI (B +1)
ripi—ai - sinw(B; + Bip)D(Bi + Bira +2)

x N [ H (z; — xi)ﬁj] /%M)N [ H (ug — xj)ﬁj] duy. (2.188)

i£4,i+1 4,041

)ﬁz+1+ﬁz+1

Liito ($z+1 Z;

Remarkably, under the conditions (2.184), the interval collapse z;;1 — z; appears
to have joined contours I'; and 'y of (2.173) into a single contour T connecting the
leftmost endpoint x;_; of I'; with the rightmost endpoint z;,o of I';. The points z;
and x;.1 do not participate in the remaining integral. We note that the ratio of the
sine functions equals the negative reciprocal of the O(n) fugacity factor (1.155) in our
application (2.174).

A summary of the nontrivial asymptotic behaviors of the integrals studied in cases

two, three, and four are presented in figure 2.12.
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Figure 2.12: A summary of the asymptotic behaviors of the Coulomb gas integrals studied
in this section under the interval collapse of cases two, three, and four. The dashed curve
connects the endpoints of the interval to be collapsed.

2.6 Summary

We summarize the main results of this chapter and suggest extensions of this
research. The principal result is theorem I1.25, which says that, if conjecture 11.16 is
true, then the solution space Sy (definition I1.6) for the system (2.1-2.2) of 2N null-
state PDEs and three Ward identities has dimension Cy, with Cy the N-th Catalan
number (2.7). Still assuming this conjecture, By of definition I1.20 serves as a basis
for Sy when & is not an exceptional speed (2.146) with ¢ < N+1. This latter fact was
proven by establishing an isomorphism between the elements of By and the columns
of the meander matrix My (k) whose k, k'-th entry is given by (2.150) with n(x) given
by (1.155). When & is an exceptional speed with ¢ < N + 1, the determinant of the
meander matrix is zero, so By is linearly dependent. In this case, an “adjusted” set
By, whose construction from By is given in the proof of theorem II1.25, serves as a
basis for Sy.

The principal goal of proving that the solution space of the system (2.1-2.2) has
dimension Cy and is spanned by the Coulomb gas solutions is still unfinished, al-

though most of the work towards this end is done in this chapter. Conjecturers I1.7
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and I1.16 must be proven in order to achieve this ultimate goal, and we have devoted
some discussion about how this might be done. We feel that these two matters are
technical rather than monumental and that a complete proof can be formed from the
work presented in this chapter.

Another extension of this work is to extend these results to systems of PDEs
that govern correlation functions of an arbitrary number of boundary multiple-leg
operators (or any correlation function of fields belonging exclusively to either the
first row or the first column, but not both, of the conformal grid). These PDEs are
explicitly given by the Benoit-Saint-Aubin formula [67]. We recall from chapter one
that a boundary s-leg operator is created by fusing together s distinct boundary one-
leg operators. Thus, the correlation functions studied in this chapter are building
blocks for these more complicated correlation functions in that we can, in principal,
study the latter as a suitable limit of the former. As such, it should be possible to

glean information about them by looking at the results of this chapter in this limit.
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CHAPTER III

Exceptional SLE speeds and CFT minimal models

We recall that the Verma module V' (¢, h) is reducible when the conformal weight
h is that of a Kac operator ¢, due to the existence of a level rs null-state. CFT
translates this reducibility into a differential equation that governs any correlation
function containing this Kac operator. For example, a correlation function including
the Kac operator ¢;. satisfies the differential equation (1.106). Now, the (p,p)
minimal model, or a CFT with central charge

6(p —p')?
/

, p <p coprime, (3.1)
bp

Cppr =1 —

has additional structure described in section 1.2.6. The operator content of the theory
is comprised of the conformal families of the Kac operators ¢, s with 1 <r < p’ and
1 < s <p. The Verma module V, ; with ¢, s as its highest-weight vector has not just
one null-state at level rs, but an infinite tower of null-states at levels (p’ — r)(p —
s),rs+ (' —=7r)(p+s),rs+ (p) + r)(p — s), etc., which implies that a correlation
function containing ¢, ; must satisfy an infinite system of null-state PDEs, including
the original null-state PDE that follows from the level rs null-state.

In chapter two, we focused our attention on 2/N-point functions with all fields
either ¢4 or ¢o1. Such correlation functions are governed by the system of 2N ¢ o

null-state PDEs (2.1) and three Ward identities (2.2). In chapter two, we observed
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that the set By of particular Coulomb gas solutions is linearly independent, and thus
serves as a basis for the solution space Sy for this system, only when s is not an
exceptional speed (2.146) with ¢ < N + 1 and is linearly dependent otherwise (if we
assume conjecture I11.16). As this linear dependence may be indicative of additional
constraints imposed on the 2/N-point functions, we speculate that this phenomena and
that of the previous paragraphs are related, so the additional constraints are these
extra PDEs that complement the original system. This speculation is supported by
the fact that each exceptional speed corresponds with the central charge of a minimal

model. From (1.114) and (1.117), we have

6(¢ — ¢
(Kgq) =1- 0 = Cpyp p = max{q,q'} (3.2)
(pr—p's)> —(p—p)* " S ' '
hys(Kgq) = o p = min{q, ¢'}

That is, ¢(kg) is the central charge of the (p,p’) minimal model with p = max{q, ¢'}
and p’ = min{q, ¢'}.

In this chapter, we will use the explicit form of the Coulomb gas solutions (2.9) to
investigate why By is linearly dependent and how these linear dependences appear
only when x is an exceptional speed with ¢ < N + 1. By answering these questions,
we will witness how the elements of By exhibit the truncation of the first row/column
of the conformal grid to the Kac table in a minimal model. Moreover, we will con-
jecture that if x is an exceptional speed with ¢ < N + 1, then By is a basis for the
solution space of the infinite tower of null-state PDEs governing the 2/ N-point func-
tion (¢1(x1)...9¥1(zan)) in the corresponding minimal model. If this is true, then
the dimension of the solution space of this infinite system is immediately given by
the rank of By (2.157).

Throughout this chapter, we will assume that conjecture I1.16 is true, and the
term “solution” will mean an element of Sy. This semantic matter is irrelevant if

conjecture I1.7 is true. Also, we will use the Coulomb gas notation consistent with
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the dense phase (k > 4).

3.1 Linear dependences of s-leg solutions

In this section, we study a collection of solutions called s-leg solutions which arise
through a natural selection of integration contours. These solutions will provide a
framework for most of the results of this chapter.

The s-leg solutions are found among a relatively simple choice of integration con-
tours {I',,,} for the Coulomb-gas integral Zy_; defined in (2.10). As mentioned in
chapter two, each contour must wind around the branch points, its winding number
around each branch point must be zero, and different contours may not intersect each
other. With no other contours specified, we choose the contour I'y first. The simplest
choice that satisfies the necessary criteria is a Pochhammer contour &(z;, x;) (figure
1.20) entwining the pair of branch points z; and x;. Because the next contour I'y
cannot cross I'y, we identify the closure of the interior of I'y with a point p and let
I'y be a Pochhammer contour entwining any pair of points in the set {p} U {zy }rzi ;-
By repeating this process N — 3 more times, we generate a collection {I",,} of N —1
nonintersecting, nested, closed contours that wind around the branch points and each

other. We call such a collection a simple configuration.

Definition III.1. A simple configuration is a collection of Pochhammer contours
{T';»} in C such that both loops of each Pochhammer contour nest either one branch
point among x1,...,Toy or one sequence of nested Pochhammer contours in {I';,}.
A Coulomb gas solution of the form (2.9) is called a simple solution if its set of

integration contours {I',,} is a simple configuration.

Of course, not all solutions are simple since a loop of a Pochhammer contour may
encircle more than one branch point or other closed contour and since a contour can

be something more complicated than a Pochhammer contour. However, if conjecture
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I1.16 is true, then all solutions are linear combinations of simple solutions, namely
those in By . This is a consequence of lemma I1.22 and theorem I1.25.

In this chapter, we use identity (1.195) to replace some of the Pochhammer con-
tours & (z;, z;) with integration along the arc [z;, z;]* as long as this latter integral
does not diverge. The arc [z;, z;]" is formed by bending [z;,z;] into the upper half
plane while keeping the endpoints fixed at x;,z;. If x is such that the integration
along [z;, z;]1 does diverge (k < 4), then this replacement is not possible, but we can
use an analytic continuation in x (as demonstrated in section 2.5.3) to show that the
results of this chapter extend to such k in spite of this.

For many choices of simple configurations, Zy_1 is zero as a result of a special

property involving a charge-neutral-pair.

Definition ITI.2. A charge-neutral pair is a pair of adjacent points x; and x;,; among
T1,..., 7oy, each with charge a7, (as defined by the Coulomb gas construction that
gives the solutions (2.9)), and a Pochhammer contour &(z;, z;41) (or a bent contour

[2;, z;41]T replacing it when k > 4).

The term “charge-neutral pair” originates from the fact that, in the Coulomb gas
formalism, the total charge of such a configuration is 2a;, + a~ = 0, where the
screening charge «_ is the charge of the integration variable.

Now we suppose that Zy_; with N > 2 has a charge-neutral pair at, say, x; and x5,

and one of its contours I" is a simple loop that winds once around the charge-neutral

Figure 3.1: The integration of a screening charge around a simple loop surrounding a
charge-neutral pair equals zero.
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pair. (We note that I' closes in this special case.) Then Zx_; is zero since

]g fi ]+<u1 . £L'1>74/K(1'2 . u1)74/;~c(u2 . 513'1)74/1{
1,22
X (1'2 — UQ)_4/H('U/2 — U,l)s/’{ e dUQ dU1 = 0. (33)

(The ellipsis stands for the other factors that appear in the integrand of Zy_;.) This
identity is verified as follows. After fixing us to a specific value in [zq,xs], we de-
compose the portion of T above (resp. below) [z, z5] into the segments [z1, us]™ and

[ug, 221 (resp. [x1,us]™ and [ug, z5]7). Then the total integration around T' gives
]1 (UQ) + 6_87@/5]2(U2) - ]Q(U,Q) — G_SM/Hll (Ug), (34)
where we have defined

I(ug) := / (g — 1) ™" (@0 — ug) " (uy — uy)¥" ... duy, (3.5)

1

I(ug) = / (uy — xl)_4/“(x2 — ul)_4/“(u1 — ug)g/N ... duy, (3.6)

u2

with the ellipsis standing for the same omitted factors as in (3.3). Upon multiplying
both sides of (3.4) by (uy — x1)~**(29 — up)~%*, integrating u, from x; to x5, and
using identity (2.175), we prove (3.3).

Identity (3.3) restricts the number of nonzero simple solutions. In particular, we
see that if any charge-neutral pair is nested by a Pochhammer contour, then (3.3)
implies that Zy_; is zero. However, if one of the two points z; and z; entwined
by P(x;,x;) bears the conjugate charge ai,, then &(x;,2;) can be nested within
another Pochhammer contour to give a nonzero simple solution (as long as the other
loop of the outer Pochhammer contour does not nest a charge-neutral pair). In

our Coulomb gas solutions (2.9), we have chosen z. to bear the conjugate charge.
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Figure 3.2: Various nestings allowed in a simple configuration. If a Pochhammer contour
surrounds a charge-neutral pair, then integration around such a contour gives zero. (In the
figures of chapters three and four, a blue (resp.orange, resp.red) circle marks a point of
charge o 5 (resp. ozfQ, resp. o) in the dense phase.)

Therefore, the set of contours for a nonzero simple solution consists of a set of s —1 <
N — 1 nested Pochhammer contours encircling a collection of s points z;,, ..., z;,,
with x. one of the two most deeply nested points, and N — s un-nested Pochhammer

contours, each entwining its own unique pair of points among w;_,,,..., %, into a

charge-neutral pair (figure 3.3). This observation leads to the following definition.

Definition III.3. Let 1 < s < N. A simple solution other than zero is an s-leg
solution if its unique sequence of nested Pochhammer contours consists of s — 1
contours entwining s adjacent points and the most deeply nested contour encircles
the point that bears the conjugate charge. (The points xon and x; are considered
to be adjacent in the sense that they are adjacent to each other when the real axis
is mapped onto a circle.) If a simple solution other than zero has no Pochhammer
contour that entwines the point bearing the conjugate charge with another point,
then it is called a zero-leg solution. If an s-leg solution F'(k) goes to zero as k — K/
for some £’ then F (k) = O((k — /)P) for some p € Z* since F is analytic at ', and

in this case, we define the s-leg solution to be the limit of (k — k') PF (k) as Kk — K’

We note that every element of By is a zero-leg solution by definition and that, ac-

cording to corollary I1.23, every zero-leg solution is an element of By too.
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Figure 3.3: A simple configuration with s — 1 nested contours corresponding to an s-leg
solution. The ellipses denote additional points not shown in the picture. We note that the
charge-neutral pair entwining xo with z3 can be un-nested from the contour that surrounds
it by using identity (3.3).

The term “s-leg solution” derives from terminology used in CFT. The total charge

of the collection of s points entwined by the sequence of s — 1 nested contours is

(s —1)ag, + ozf2 +(s—1a_ = aisﬂ, (3.7)

which is the charge of a chiral operator with the conformal weight 6, of an s-leg
operator (1.171). So if all of these nested points are brought together, then all of
the s — 1 screening charges are drawn in, and the fusion product will contain just
the conformal family of the s-leg operator. (A process in which we bring more than
two points together at a time is not well-defined in the sense of an OPE. It may
still be achieved in a certain sense by pulling the two points nested by the deepest
contour together, say xony — xon_1, and omitting the descendant terms and the
factor of (zon — zon_1) 2917% on the leading term. In the leading term, which is now
equivalent to a (2N — 1)-point function with a two-leg operator at xon_1, the point
ZTon_1 is entwined with the next point, say zon_2, by what was the second most deeply
nested contour in the original s-leg solution. This contour is now the most deeply
nested contour. We repeat this process s — 2 times until all s — 1 nested contours are
contracted away and we are left with an s-leg operator.)

We suppose that x is not an exceptional speed with ¢ < N + 1. Because By spans
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Sy (if we assume conjecture I1.16), the s-leg solutions are linear combinations of the
zero-leg solutions. Now we demonstrate how to uncover these linear dependences from
the explicit forms of the s-leg solutions. This is a first step towards our ultimate goal
of understanding why By becomes linearly dependent when x equals an exceptional
speed with ¢ < N + 1. We will specialize to the arrangement illustrated in figure
3.3 where the points xon_s11,..., 2oy are entwined by the sequence of s — 1 nested
contours and where x5y bears the conjugate charge.

Starting with N = 2, we decompose a two-leg solution into a linear combination
of the zero-leg solutions. We let F/(I") be the Coulomb gas solution (2.9) with N = 2,
¢ = 4, and integration contour I'. Next, we choose I' to be a clockwise-oriented,
simple, closed curve that tightly wraps around [z, 4], and for j = 1,23, we let
[z, xj41]" (resp. [zj,xj41]7) be the part of T' just above (resp.below) [z, z;41].
Because the branch points xy, 22, and z3 have a monodromy factor of exp(—8mi/k),
the integrand Iy of 7; restricted to [z}, z;41]" differs by a factor of exp(—8wij/k) from
I restricted to [z, xj41]” (figure 3.4), and they combine into a real-valued integral

along [z, 2;41]" times 2isin(47j/k). By Cauchy’s theorem, §.I; = 0, so by using

Bi—1 B Binn  Bixe Bi—1 B; Binv  Biw
—® ®— o« —sma(fit...+0) —@ o—
( . 4w
Sl — ' o_
K

7

. 8m
0 = @ @ O o < + sin — —@ ./.\\.
T D) xs T4 K
127
fon T g @0

Figure 3.4: The decomposition of a two-leg solution into a linear combination of two
zero-leg solutions when N = 2. The illustration at the top illustrates the combination of
integrations above and below an interval into a single integration above that interval. The
monodromy factor of a point with 3; marked above it is exp(27i/3;).
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(2.164), we have

sin () 1 1,0+ sin () 1l )
127

= —sin (2 [Pl )] (39

(The absolute value sign merely eliminates a constant phase that is already accounted
for in the factors with the sine function.) Equation (3.8) has the linear relation we
sought since the left side is a linear combination of zero-leg solutions while the right
side is just a two-leg solution. This decomposition is illustrated in figure 3.4. With
small modifications, it is equivalent to the crossing relation (1.152). In general, linear
dependences among simple solutions with NV > 2 may be interpreted as generalizations
of crossing relations.

Next with N = 3, we decompose a three-leg solution into a linear combination of
two-leg solutions, and then we decompose each of those two-leg solutions into a linear
combination of the zero-leg solutions. We let F'(I';,['3) be a Coulomb gas solution
(2.9) with N = 3,¢ = 6, and integration contours I'y and T'y with T'y = [z5, x6]T,
and we let I' be a clockwise-oriented, simple, closed curve that tightly wraps around
[x1, z6]. By pinching the top and bottom halves of I' together at z4, we divide I' into
two clockwise-oriented loops anchored to z4. The left loop I'; surrounds [x7, z4], and
the right loop I', surrounds I'y (figure 3.5). I'; can be decomposed similarly to the

N = 2 case, and we have

20 sin (41) \F([z1, 2], [15, 2] )| + 20 sin (8%) | F([2, 25]* [5, 76] )|

K

+ 2i sin (12%) |F([z3, 4], [5, 26] )| + F(Ty, [25,76)7) = 0. (3.9)

The right contour I', is not closed since the integrand I, of Z, acquires a mon-

odromy factor of exp(—32mi/k) as it is traced clockwise. To close I';, we add
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Figure 3.5: The decomposition of a three-leg solution into three two-leg solutions when
N =3.

three-leg

—exp(—327i/k)F (T, [x5, 26]7) to F (L), [x5,26]"). In this combination, two copies of
I, live on different Riemann sheets of I, are oriented in opposite directions, and join
to form the Pochhammer contour I'y = &(xy,['s) that entwines x4 with 'y (figure

3.5). We find that

2sin (4—”> F([z1, 2], 5, 2] )| + 2in (%”) P[22, 23]", [5, 76]))

K

+ 2sin (12%) |F([xs, 24] T, (25, 26) )| = i(1 — 32" LE (D, 5, 2] 7). (3.10)

This is the linear dependence that we seek since the left side is a linear combination
of two-leg solutions while the right side is just a three-leg solution.

Next, we decompose each of the two-leg solutions appearing on the left side of
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(3.10) into a linear combination of the zero-leg solutions. We explicitly show how
to do this for the two-leg solution F([xs,x3]", [x5, 26]T), and the procedure may be
used with the other two-leg solutions. The procedure is identical to that used for
the N = 2 case except for one subtlety. If we replace [x5,x6]T in the two-leg solu-
tion F'([z2, 23]T, [x5,26]") by a clockwise-oriented, simple, closed curve I' that tightly
wraps around [z, 2] and decompose I' into smaller contours along the segments
[z, ;41], then some of these contours risk touching the other contour [z, x3]T at
its endpoints. (We recall from the proof of theorem I1.2 that F'(I';,I';) is a solution
of the system (2.1-2.2) if the contours I'; and I'y do not touch.) Using identity (3.3),
we avoid this issue by letting the bottom half of I' cross [z7, 23] to above the real
axis, pass above the contour [z, z3]", and cross [r3, z4] to below the real axis as we
move from left to right (figure 3.6). The entire section on the lower half of I" that now
passes above the real axis differs from the corresponding section on the upper half of
I by only the monodromy factor of ;. Thus, we find a linear dependence between

zero-leg solutions in B3 and a two-leg solution:

s (4 [F({loa, o e D] = sin (2 ) 1F (ol on, )

K K
127

= sin (T) |F({[wa, 23] T, [w5, 26] T})|. (3.11)
We can find similar linear dependences for the other two two-leg solutions on the left
side of (3.10), and when all of these relations are combined, we have decomposed the
three leg solution into a linear combination of zero-leg solutions.

The “invisibility” of a charge neutral pair to this mitotic process indicates a useful

@@ © © O —@(‘% © © O

Figure 3.6: The deformation of an integration contour around a charge-neutral pair.
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fact. We suppose that we have some linear relation between a collection of s-leg
solutions in Sy. Then by splicing a common collection of M charge-neutral pairs
into each solution that appears in the linear relation, we promote this relation to one
between s-leg solutions in Sy ;. This fact might seem obvious from the Coulomb
gas point-of-view. In this case, we add a charge-neutral pair by multiplying the
collection of chiral operators on both sides of the linear relation by the three chiral
operators that comprise the pair. But when correlations of these chiral operators are
taken, those belonging to the charge-neutral pair become entwined with the other
chiral operators in the formulas that follow, and this “multiplication” interpretation
of their insertion is obfuscated.

When « is not an exceptional speed with ¢ < N + 1, this process can be repeated
for arbitrarily large N and 1 < s < N. We start by replacing the outermost contour
of the s — 1 nested contours in an s-leg solution F' by a clockwise-oriented, simple,
closed curve that tightly wraps around [z1, xox|. This leads to a linear dependence of
F on several (s— 1)-leg solutions. Next, we replace the outermost contour of the s —2
nested contours in each of these (s — 1)-leg solutions by a clockwise-oriented, simple,
closed curve that tightly wraps around [zq,x9y]. This leads to a linear dependence
of each (s — 1)-leg solution on several (s — 2)-leg solutions. We repeat this process
until we reach the zero-leg solutions, thereby finding a direct (though tedious) way
to express any s-leg solution as a linear combination of the zero-leg solutions.

As previously mentioned, the conclusion of the previous paragraph is false only
when « is an exceptional speed £’ (2.146) with ¢ < N +1, in which case By is linearly
dependent. To understand the failure of the method in these cases, we consider an
s-leg solution Fy(k) with s = ¢ — 1 and ¢ the larger index of the exceptional speed «'.
We replace the outermost nested contour of Fy(k) with a clockwise-oriented, simple,
closed curve I' that wraps around [z7,zox] and the other s — 2 nested contours. As

usual, the integration around I' gives zero. Next, we pinch the upper and lower halves
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of T together along [ := [xon_s11, Tan_st2], and we perform the integration around

I' before any of the other s — 2 integrations. The integrand changes by a phase of

exp[2mi(2N — 8v+ 1)(—4/k) + 2mi(N 15)(8/%;)] = exp|—8mi(s + 1)/k] (3.12)

1. 2.

as we move from the part of I' just above I to the part just below I. The first term of
the exponential arises from the 2N —s+1 points ; to the left of /, and the second term
arises from the N — s screening charges to the left of /. When x = ' and s = ¢ — 1,
this phase equals one, so the integrations along the part of I' just above and below
I sum to zero. Consequently, I' splits into a left, clockwise-oriented, closed contour

I'; that wraps around [z1, xay_s41] and a right, clockwise-oriented, closed contour T,

&

Figure 3.7: The linear dependency involving three-leg solutions when N = 4 and xk = K5 4.
In the top line, the integration along the upper purple segment cancels that of the lower
purple segment because there is no branch cut along [zs5,x¢]. This breaks the integration
along the outer loop into integration along I'; and I',.. Integration around the latter, and
therefore also the former, contour equals zero.
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that is totally separated from T'; and that wraps around both [xon_s12, Zon] and the
other N —2 nested contours. The sum of the integration around I'; and the integration
around I',. equals zero. Figure 3.7 illustrates an example with s = N =4 and ¢ = 5.
Now we argue that the integration around I', equals zero. Earlier, we observed
that for generic x, the integration around I', is proportional to the s-leg solution
Fy(k) (figure 3.5). However, when x = ', the lack of a branch cut along I allows
[, to cross this interval and close into a simple loop that separates [Ton_si2, Ton]
from [x1, zan—s+1]. Consequently, the integration around I',. delivers a solution to the
system (2.1-2.2). If this integration gives an s-leg solution in Sy, then eliminating
the charge-neutral pairs with a sequence of limits must leave an s-leg solution II in
S;. However, after taking this sequence of limits, all s intervals to the left of I are
two-leg intervals of II. Each diagram of every element of #? has an arc that mutually
connects the endpoint of one of these intervals, so every element of % annihilates II.
Lemma II.17 implies that II is thus zero, so the integration around I, is zero too.
The integration along I'; can be decomposed into a linear combination of (s —
1)-leg solutions, then (s — 2)-leg solutions, etc., by following the process described
above. Next, we argue that this process indeed can be continued until we reach a
linear combination of the zero-leg solutions. At each step, we encounter several s'-leg
solutions for some s’ < s = ¢ — 1. Such a solution consists of s’ — 1 nested contours,
entwining the points xon_g41,. .., oy together, and N —s’ charge-neutral pairs. Now
we consider the integration around I' ﬁ/, the outermost of the s’ — 1 nested contours,
before all other integrations in this s’-leg solution. Its integrand will change by the
phase (3.12) with s — §" as we cross the interval Iy := [Ton_g41, Ton_g12]. Because
s’ < s = ¢ — 1, this phase never equals one, so F;f/ does not close into a simple loop
that crosses I,. Rather, F;?/ entwines Ton_ 41 with the other s’ —2 nested contours of
the s’-leg solution in the usual way shown in figure 3.5. Therefore, we can decompose

each s'-leg solution that arises into a linear combination of (s’ — 1)-leg solutions when
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s €{3,...,s—1}. And when we reach s’ = 2, we can decompose each two-leg solution
that arises in this penultimate step into a linear combination of zero-leg solutions.
Consequently, the integration along I'; delivers an ultimate linear combination of the
zero-leg solutions.

That the integration around I', gives zero immediately implies that integration
around I'; gives zero too. Because the latter integration equals a linear combination
of the zero-leg solutions, we have constructed a sought linear dependence of By.

Above, we noted that the integration around I', delivers an s-leg solution when
k # k' and zero when k = k’. According to the proof of theorem I1.25, the s-

leg solution Fy(k) is recovered in this latter case as the limit of (k — &')"1Fy(k) as

k — k'. Thus, we have proven the following theorem.

Theorem I11.4. Let k € (0,8), and suppose that conjecture 11.16 is true. If k is not
an exceptional speed with 2 < ¢ < N +1, then each s-leg solution with s € {3,..., N}
equals a linear combination of (s — 1)-leg solutions, and each two-leg solution equals
a linear combination of zero-leg solutions. If k is an exceptional speed (2.146) with
2 < q < N+1, then each s-leg solution with s € {q, ..., N} equals a linear combination
of (s — 1)-leg solutions, each s-leg solution with s € {3,...,q — 2} equals a linear
combination of (s — 1)-leg solutions if ¢ > 4, and each two-leg solution equals a linear

combination of zero-leg solutions if ¢ > 3.

When k # £/, the s-leg solution Fy(k) with s > ¢ — 1 equals a linear combination of
the elements of By. If we multiply both sides of this equation by (k — x’)~! before
sending K — &/, then the coefficients of the linear combination will blow up in the
limit, spoiling the decomposition. This observation suggests the s > ¢ — 1 solutions

are “cut off” from the s < g — 1 solutions, as we state in the following theorem.

Theorem IIL.5. Let k € (0,8), and suppose that conjecture I1.16 is true. If k is an
exceptional speed (2.146) with q > 2, then no s-leg solution with s > q — 1 equals a

linear combination of elements of By .

190



Proof. We let k' be an exceptional speed (2.146), and we let Fy(k) be an s-leg solution
with s > ¢ — 1. First, we prove this theorem for the case where s = N and the points
TN41,---, 2oy are entwined by the sequence of N — 1 nested Pochhammer contours.

According to [69], there is a subset %%)* C Ay with the following three properties:
1. The cardinality of e%’](\?)* equals the rank of the meander matrix My (x).

2. ,%’](\?)* does not contain the element [.Z},] whose diagram is the “rainbow dia-

gram” [68] shown in figure 3.8.

3. The determinant of the Gram matrix A(x) for %’5\?)*, a minor of the meander

matrix, is nonzero when k = k'.

We let %’J(\?)* ={[%.], -, [%,,]}, and we let Bg\?) = {Fk,..., Iy, }- Then because
det A(k') # 0, lemma I1.17 implies that 15’1(3) is a linearly independent subset of By
when k = k’. Also because ¢ < s+ 1 and s = N, lemma I1.22 implies that By is
linearly dependent with rank M, so BE\?) is maximal.

If we assume that the theorem is false, then because Bg\?) is a maximal linearly

T T2 x3 Xy Ts Te x7 Tg

Figure 3.8: The N = 4 rainbow diagram.
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independent subset of By, there will exist nonzero constants ¢, such that

Fo(h)= > aBux). (3.13)
ke{ki,....kar}

Now, the intervals (xy,x2),...,(zn_1,2x) are two-leg intervals of Fy(k). Conse-
quently, every element of % whose diagram connects a pair of adjacent points among
x1,...,xy annihilates Fy(k). The only diagram that does not meet this criterion is
(%%, ], which is not in %53)*. Therefore, if we act on both sides of (3.13) with the
elements of %](\?)*, then we find the matrix equation A(x')c = 0, where ¢ is an M-
dimensional vector whose coordinates are the coefficients ¢,. Because det A(k') # 0,
each ¢, must equal zero, a contradiction. This proves the theorem in the case where
s = N and the points xy1,..., 2oy are entwined by the sequence of N — 1 nested
Pochhammer contours.

Next, suppose that the points z;, ..., x;. y_1 are entwined by the sequence of N —1
nested contours with ¢ # N + 1 (or i # 1, as the proof presented above holds for this
case t00). In this situation, [Z},] will not annihilate Fy(k). But as we reasoned
earlier, all but one element [£},] of %} will annihilate Fy(x), and it is apparent that
the polygon diagram for [.Z},] will be some rotation of that for [.%},]. If we apply this
rotation to the polygon diagram of every element of the set %](\?)*, then we generate
a new set 5?](\?)* C Ay that satisfies the three conditions listed above. From here, the
proof proceeds as before.

Finally, suppose that s < N. Then Fy(x) will harbor N — s charge-neutral pairs
that may be eliminated through a sequence of N —s limits in which each limit contracts
one of the pairs away. If Fy(x') equals a linear combination of the elements of By,
then upon taking the sequence of limits, this equality becomes an equality between
an s-leg solution in S; and a linear combination of elements of B,. This contradicts

the theorem for the proven case s = N. O
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Theorem II1.4 implies an important property of the minimal models: the confine-
ment of their operator content to the Kac table. For example, suppose that s equals
the exceptional speed k,, for ¢,q¢ coprime and 1 < ¢’ < ¢ < N + 1. These excep-
tional speeds belong to the dense phase, and their corresponding minimal models have
central charge ¢(kqy) = ¢4y- This includes all minimal models (p,p’) with p = ¢.
These minimal model are generated by the primary fields ¢, 41 with 1 <r < ¢ and
0 < s < g¢—1. In the dense phase, the s-leg operator is ¢; 541, so the theory contains
all s-leg operators with s < ¢ — 1, but it does not contain the (¢ — 1)-leg operator.
On the other hand, the likelihood of an s-leg event in which s distinct boundary
arcs anchor to a point on the real axis is found from an s-leg solution essentially by
fusing all s adjacent points within that solution’s sequence of s — 1 nested contours.
Thus, the construction of an s-leg solution from the zero-leg solutions is equivalent to
building linear combinations of the elements in By that isolate the s-leg channel from
the fusion of s adjacent one-leg operators 11 = ¢ 2. The result is an s-leg solution.
If the s-leg operator is (resp.is not) present in the theory, then this construction is
(resp.is not) possible. This is precisely what we have observed for the exceptional
speed kg4 in theorem III.4.

We can extend this observation to all of the other exceptional speeds kg 2mg+qy With
m € Z*. These exceptional speeds belong to the dilute phase, and their corresponding
minimal models have central charge ¢(ky2mgtq’) = Comgrq'q- Lhis includes all minimal
models (p,p') with p’ = ¢. These minimal model are generated by the primary fields
Gri1s With 0 <7 < g—1and 1 < s < 2mg £+ ¢. In the dilute phase, the r-leg
operator is ¢, 1, and because the maximum 7-index is ¢ — 2, the theory contains all
r-leg operators with r» < ¢ — 1, but it does not contain a (¢ — 1)-leg operator. The
connection between this fact and the linear dependence of By is argued exactly as in
the previous paragraph.

Lemma I1.22 shows that By is linearly dependent for all N > ¢ — 1 and is linearly
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independent for all N < ¢ — 1, when k is an exceptional speed. Now we intuitively
understand why this should be true. When N < ¢ — 1, we lack a sufficient number of
points to construct an (¢ — 1)-leg solution that decouples from the rest of the simple
solutions. We need at least 2(q¢ — 1) points, but only 2V are available.

We close this section with an interesting fact about s-leg solutions. To prove the
following theorem by direct computation would be very difficult. This gives evidence

of the power of lemma I1.17.

Theorem III.6. Let k € (0,8), and suppose that conjecture I1.16 is true. Then
two s-leg solutions with identical charge-neutral pairs and whose sequence of nested
Pochhammer contours entwine the same s points are proportional to each other, and
any interval (x;,x;+1) whose two endpoints are among these s entwined points is a

two-leg interval.

Proof. We prove this lemma for the case s = N first. Without loss of generality,
we consider N-leg solutions with their nested Pochhammer contours entwining the
points xni1,...,Ton. At first, there seem to be many. For one, we may endow any
one point x, among xrn_1, ..., sy With the conjugate charge. And second, depending
on which of these points is ., there may be more than one way to entwine the points
TN41,---,Ton together as described in definition I11.3. However, all of these N-leg
solutions share a common feature. For each, the intervals (zq,x2), ..., (zy_1,2y) are
two-leg intervals, so each is annihilated by every element of A} except that element
(%%, ] whose half-plane diagram is the rainbow diagram in figure 3.8. Therefore, their
images under the map v defined in lemma II.17 are proportional to each other, so by
the same lemma, they are proportional to each other.

In fact, in the special case s = N, we can conclude something slightly stronger.
Suppose that we “reflect” the arrangement of the previous paragraph across a verti-
cal axis so that each N-leg solution is sent to another N-leg solution with its nested

Pochhammer contours entwining the points z1,...,zy. The same arguments show
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that these new N-leg solutions are annihilated by every element of &% except [Z,]
too. Consequently, all of these N-leg solutions and all of those in the previous para-
graph are proportional to each other, so the intervals (xyy1,Zni2),- .., (Tan_1, T2n)
are two-leg intervals for the latter.

Finally, if s < N, we suppose that two s-leg solutions with identical charge-
neutral pairs and whose sequence of nested contours entwine the same s points are
not proportional to each other. That is, any arbitrary linear combination of these
two solutions must equal another nonzero solution. Now we take the sequence of
N — s limits on both sides of this equality that eliminates the common charge-neutral
pairs on the left side. As this sequence of limits only collapses identity intervals, the
right side of this equality will go to something nonzero. The left side of this equality
will go to a linear combination of two s-leg solutions in §s whose sequence of nested
Pochhammer contours entwine the same s points. We thus conclude that any linear
combination of the two s-leg solutions under consideration and in Ss must not equal

zero, but this contradicts the proven case s = N.

3.2 Exceptional speeds and the extended system

In this section, we exploit the connection between exceptional speeds and mini-
mal models to predict the dimension of the solution space Ry of the complete infinite
system of null-state PDEs and the Ward identities (2.2). We also examine the con-
sequences of this prediction for certain specific models. Throughout this section, we
will implicitly assume that conjecture I1.16 is true.

Recall that, in the (p,p’) minimal model, the Verma modules V;, and V5, each
harbor an infinite tower of null-states in addition to their generic null-state at level
two (section 1.2.6), and each null-state determines a set of 2N null-state PDEs that

govern the 2N-point function (11 (z1)... 91 (z2n)). We call the infinite collection of

195



all of these PDEs together with the Ward identities the extended system, and we
define Ry to be the subset of Sy that solves the extended system.

Because of its explicit CF'T construction via the Coulomb gas formalism, we expect
that the elements of By will solve the extended system of the (p,p’) minimal model,
and even stronger, we posit that Ry = spanBy. This supposition is motivated by
the following reasoning.

First, we strengthen the discussion in the introduction of this chapter to show that
¢(k) is a minimal model central charge if and only if x is an exceptional speed (2.146).
In the introduction, we proved the “if” statement of this claim, so now we prove the
“only if” statement. Simple algebra shows that x,,;, = 4p/p’ and ky, = 4p'/p are
the speeds corresponding with the central charge ¢, , (3.2) of a minimal model. As
usual, we take 1 < p’ < p and p and p’ coprime. Then first, £,, is in the dense
phase and is therefore an exceptional speed of the form r,, with 1 < ¢’ < ¢ and
q and ¢’ coprime, so ¢ = p and ¢’ = p’. Or second, K, is in the dilute phase and
is therefore an exceptional speed of the form K, omery With 1 < ¢ < ¢, ¢ and ¢
coprime, and m € Z*. This implies that ¢ and 2mq = ¢’ are coprime, so ¢ = p’. Also,
¢ < p' must be the unique positive integer such that pF ¢’ is a positive multiple 2mp’
of 2p' in either (p — p',p — 1] or [p+ 1,p + p'). Because p and p’ are coprime and
(p—p',p+7’) has length 2p’, this interval contains a unique multiple of 2p’ in it that is
not p. Therefore, this unique integer must be in (p—p/,p—1]U[p+1,p+p’), and this
uniquely determines ¢/, the sign, and thus m in the relation 2m = (p ¥ ¢’)/p’. So in
conclusion, each exceptional speed corresponds with a minimal model central charge,
and each minimal model central charge corresponds with two exceptional speeds.

Next, if By solves the extended system, then because the extended system is
contains the original system (2.1-2.2), we anticipate that the extended system imposes
additional constraints on By, causing it to perhaps exhibit some special property

that would vanish when the central charge is perturbed from c¢,,/. In the previous
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paragraph, we observed that the central charge is that of a minimal model (3.2) if
and only if k is an exceptional speed, so by lemma II.22; this linear dependence is
likely the special property that we anticipate.

If our supposition that Ry = span By is true, then according to corollary I1.24,
the dimension of R is immediately given by the rank of the meander matrix (2.157).
As we have shown above, there are two possible exceptional speeds that will go with
cpp- Oneis K4y in the dense phase and with ¢ = p, and the other is kg 2/mg+q in the
dilute phase and with ¢ = p’. In the first (resp. second) case, Ry is the solution space
of the extended system for the 2N-point function of ¢y (resp. ¢21) operators, and
if it is spanned by By, then its dimension is found by letting ¢ = p (resp.¢ = p’) in
(2.157). In general, the dimensions of these two cases are different, and remarkably,
neither depends on ¢'.

A direct proof of our supposition appears to be difficult. Not all of the null-state
PDEs of the extended system are explicitly known, although they may be calculated
by fusing Verma modules in a very tedious process described in [71]. Therefore, in lieu
of a proof, we study a few explicit examples. Below, we let x’ denote the exceptional
speed under consideration.

First, we examine cases with N = 2. The elements of By are given in (2.42-2.43).
For generic k, they are linearly independent, and suitable linear combinations give
the two-leg solutions (2.40-2.41). The exceptional speeds are given by the roots of
the meander matrix det My(x) (2.153), which are &’ such that n(x’) = ng1,n3,, or

nso (table 2.1). The meander matrix is

My (k) = : (3.14)

When n = ny; = 0, Ma(k') is the zero matrix and By = {0}, but both may be restored

to rank two by dividing (2.42-2.43) by n before sending k — k'. If n = ng; = —1,
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then one element of B, is the opposite of the other, and if n = n3s = 1, then both
elements of By are equal. We examine the last scenario more closely.

First, we choose n(x’) = nzo = 1 and K = k32 = 6 so that (p,p’) = (3,2).
In section 1.2.7, we identified this case with critical percolation. Because we are in
the dense phase, 11 = ¢; 9, so the four-point function (¢1(x1)...¢1(z4)) obeys the
¢1,2 null-state PDEs (2.1) with N = 2. But also when «" = 6, hyy = hy1; = 0, so
Vi2 = Vi also has a level-one null-state ¢§j2” = (L_1¢12) = (L_1¢11). Therefore,
<¢§j21)(mi)¢172(.Tj)¢]_72(xk)¢]_72(xl)> = 0 for any one-to-one correspondence of indices
1,7, k, and [ with 1,2,3, and 4. By factoring out the L_; stress tensor mode via

(1.93), we find that the four-point function must satisfy the ¢, ; null-state PDEs
0, F =0, 0,F=0, 0,F=0 0,F=0, (3.15)

and therefore be a constant. The level-one null-state tops an infinite tower of null-
states in V) 5, each a linear combination of stress tensor modes acting on ¢; ». Because
hy 2 = 0, the constant term of each factored-out mode in (1.94) is zero, so the constant
solution will solve the extended system. Thus R, = R. Knowing that By has rank
one, we see that By = {1} by inspecting the original system (2.1-2.2) with x = 6.
Thus, Re = span Bs, confirming our supposition for this case.

In order to recover Sy from Ro, we might “complete” By by adding a non-constant
solution of the original system (2.1-2.2) to it, restoring its rank to two. This amounts
to ignoring the PDEs of the extended system that are not in the original system
(2.1-2.2). For example, we can include either of the two-leg solutions II; or Il in
(2.40-2.41). By including II;, we directly add the two-leg family to the OPEs of
¢12(x1) with ¢y 2(x2) and ¢q2(xs3) with ¢y 2(x4) since (21, 22) and (x5, x4) are two-leg
intervals of II;. And since II, = 1 — II;, we indirectly add the two-leg family to the

OPEs of ¢12(x1) with ¢12(x4) and ¢ 2(z2) with ¢y 2(23) as well. This amounts to
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directly inserting the two-leg operator ¢, 3 that is missing from the (3,2) minimal
model into it, and the result is a logarithmic CFT [72].

Next, we choose n(k’) = nzs = 1 and &' = k34 = 3 so that (p,p’) = (4,3). In
section 1.2.7, we identified this case with the Ising model. Because we are in the dilute
phase, ¢, = ¢21, so the four-point function (11 (z1) ... ¢1(z4)) will obey the ¢o ;1 null-
state PDEs (2.1) with N = 2. But also when &' = 3, hoy = hy3, so Vo1 = Vj3.

Because the V) 3 Verma module harbors the level-three null-state [10]

1

m(L?i1¢1,3)7 (3.16)

(h1s+2)(L_3p13) —2(L_1L_2¢13) +

the four-point function must also obey the four ¢; 3 null-state PDEs (with hy3 =

k/2 —1 when k <4 (1.170)). For generic &, these PDEs are

4
2 3 0, k/2—1
2934+ 9 J .

i 5= @)

G352 wi)

JFi

F=0, i=1,...,4. (3.17)

One can verify that the elements of By (2.42-2.43) satisfy (3.17) when ' = k34 = 3,
but the functions II; and Il of (2.40-2.41) do not. The exclusion of the two-leg
solutions from R, implies that this solution space is at most one-dimensional, while
B, is exactly one-dimensional. In order for R, to be one-dimensional, the two equal
elements of By must solve the rest of the extended system. To show this directly
is very difficult for the reasons that were mentioned above. But because the four-
point function represents a nontrivial observable (to be argued in chapter four), we
expect Ry to be one-dimensional when k' = k33, so span By = R,, confirming our
supposition again.

As we have just observed in the case k' = 6, the linear dependence that emerges

in the x’ = 3 case is linked to the absence of the two-leg channel ¢3; from the (4, 3)
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minimal model. The two-leg channel may be restored to all pairs of adjacent operators
by ignoring the null-state PDEs of the extended system that are not in the original
system (2.1-2.2). Similar conclusions can be made for the other exceptional speeds
K3,.6mtq With m € Z*, which correspond with the O(n) loop fugacity n = nsy =
(=1)7 with ¢’ = 1,2.

Next, we survey some cases with N > 2. From (2.157), we can show that when

n(k') =nsy (50 K = K3y O K3 gmey With m € Z7T) for ¢/ = 1,2,
rank By = Cy —dn(3,¢) =1 forall N € Z". (3.18)

When n(k') = n3 1 = —1, the k-th column of the meander matrix is (—1)P+* times the
K'-th column, where py » = Iy — L i is the difference in the number of loops in the
diagram for [.Z,]F} and in that for [.Z,]Fy. (Interestingly, this difference does not
depend on m.) Thus, Fy = (—1)P»¥ F}, for all Fy, Fiy € By. When n(x') = nso = 1,
all of the entries of the meander matrix equal one, so all of the elements of By
equal the same function F'. Earlier, we argued that this function is a constant when
k' = k3o = 6 and N = 2. This argument also shows that F' is a constant when
k' =6 and N > 2 too, and because [Z}|F = 1, we conclude that this constant is one.
Consideration of the explicit formula for F' given by the product of (2.9) with the

prefactor (2.144) leads to the indirect evaluation of the following Cy definite integrals:

‘ /F1 o /FN_1 (Zﬁl ]ﬁl(xk - Ul)_2/3> (jﬁl(up — uq)4/3> dun_1 ... duy

k=1 =1 p<q
I(1/3)2N-2 221
= T L - nl (319)

1<j

Here, {I',,} is one of Cy possible collections of nonintersecting simple contours in H,
where both endpoints of each contour are at different points among xi, ..., zon_1,

and one endpoint of each contour carries an even index while the other carries an odd
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index. (Exactly one point among xy, ..., xsy_; is not the endpoint of a contour.) The
absolute value sign in (3.19) merely eliminates a constant phase that could otherwise
be eliminated by a prudent ordering of the differences in the factors of the integrand,
as was noted in the discussion following the proof of lemma I1.22. To prove (3.19) by
working directly with the integral expression is very difficult if not impossible. This
demonstrates the power of using the meander determinant in this special situation.

When £’ = 6, none of the PDEs in the extended system have a constant term since
hi2 = 0, so we explicitly see that Ry = span By. This appears to be the only case
where we can directly prove our supposition. In all of the other cases with n(x') = ns 4
and k' < 8, &’ has the form K3 gmney and is in the dilute phase where the boundary
one-leg operator is ¢9 ;. Here, the second null-state in the Verma module V5 ; has Kac
weight hq gm44—1 Which belongs to the first row of the conformal grid. The null-state
PDEs that follow from this null-state are explicitly given by the Benoit-Saint-Aubin
formula [67], so it is possible (in principle) to directly check that only multiples of
the one element of By among those solutions in Sy = span ), (as constructed in
the proof of theorem I1.25) solve these additional PDEs. Thus, Ry is at most one-
dimensional. Moreover, we expect Ry to not be {0} since the 2N-point function in
it represents a nontrivial observable (to be argued in chapter four). If both of these
statements are true, then we would have span By = Ry.

Finally, we examine n(x') = nyy14 with ¢ € {1,...,N}. These £’ are roots
of det My (') with multiplicity dy(N + 1,¢") = 1 (2.157), so rank By = Cy — 1.
The roots of n(k') = nyi1, are the dense phase speed v’ = kyi1y with ¢ <
N + 1, corresponding to minimal model (N + 1,¢') and the dilute phase speeds
KN+1,2m(N+1)+¢» With ¢ < N 4+ 1 and m € Z7", corresponding to minimal models
(2m(N +1) £ ¢,N +1). In all cases, the first column or row of the Kac table
truncates at the (N — 1)-leg operator. According to theorem II1.5, an N-leg solution

cannot equal a linear combination of the elements of By. There are N such N-leg
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Figure 3.9: An s-leg solution with s = N = 6 is annihilated by all but one element [.Z}]
of #5. In the polygon diagram for [.Z}], the interior arcs must connect antipodal vertices
so that the diagram is some rotation of the twelve-gon shown here.

solutions {IIy, ..., Iy}, and the polygon diagram for the unique [%;] that does not
annihilate IT; will connect antipodal vertices of the 2/N-sided polygon. By ignoring
the null-state PDEs of the extended system that are not in the original system (2.1-
2.2) and introducing a single N-leg solution into By, we restore the rank of By to
Cy. The inclusion of one of these solutions, say II;, in By will introduce the N-leg
fusion channel to the two antipodal collections of N adjacent vertices connected by
the arcs in the diagram for [.Z}]. Apparently, this inclusion also introduces the N-leg
fusion channel to all other N — 1 collections of N adjacent vertices. Interestingly, we
do not need to insert Ils,...,IIy into By as well in order to introduce this channel
into the other N — 1 antipodal collections of N adjacent vertices that go around the

polygon since By will have full rank after the first insertion.

3.3 Summary

We summarize the main results of this chapter. The exceptional speeds are in
two-to-one correspondence with the central charges of the minimal models. In the
(p,p’) minimal model, the Kac operator fusion rules close under a finite set {¢, s :

1 <r<p,1<s<p} In particular, the dense (resp.dilute) (p — 1)-leg operator
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®1, (resp. (p) — 1)-leg operator ¢, ;) is absent from the (p,p’) minimal model. This
absence is closely tied to the linear dependence of By when « is an exceptional speed
with ¢ < N + 1. In particular, theorem I11.4 states that a (¢ — 1)-leg solution cannot
equal a linear combination of elements of By when « is an exceptional speed of the
form k., in the dense phase (resp. £gamgey in the dilute phase). The central charge
corresponding to this exceptional speed is that of a (p, p’) minimal model with p = ¢
(resp.p’ = q). Because a CFT description of a (¢ — 1)-leg, or now a (p — 1)-leg
(resp. (p) — 1)-leg), solution requires a (p — 1)-leg (resp. (p' — 1)-leg) operator, we
have established the connection between the linear dependence of By when k is an
exceptional speed with ¢ < N +1 and the first row (resp. column) operator truncation
of the minimal models. We propose that the linear dependence of By is the result
of By solving an extended system of null-state PDEs that arises as a special feature
of the minimal models, and we give some examples of this phenomenon. We further
suppose that By spans the solution space Ry of this extended system, and we use

the meander determinant to thus compute the rank of R under this supposition.

203



CHAPTER IV

Partition functions and crossing formulas for

critical systems in polygons

We consider a 2N-sided polygon P whose interior harbors the continuum limit of a
critical lattice model, in particular a Q-state Potts model with an FFBC. A boundary
cluster anchors to each wired side of P, and each boundary cluster may cross the
interior of P and connect with other wired sides, forming a crossing configuration
of at most N distinct boundary clusters that traverse the interior of P. A crossing
formula gives the probability that these boundary clusters will connect the wired
sides of P in a certain topological crossing cofiguration.

Crossing formulas are simple examples of nonlocal observables that capture critical
behavior. On a discrete, infinite lattice and below the critical point (for example, the
critical FK bond activation probability for the Q-state Potts model), cluster diameters
do not grow larger than a certain correlation length, while above the critical point,
a cluster of infinite size will exist. By confining the continuum limit of the model to
the interior of P, we see that no boundary cluster may connect two different wired
sides when the system temperature is below the critical point, but a single boundary
cluster will connect all wired sides when the temperature is above the critical point.
At the critical point, cluster sizes will saturate all length scales on a discrete, infinite

lattice, so in the continuum limit, boundary clusters can connect the wired sides of P
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Figure 4.1: Crossing probability x as a function of bond activation probability for perco-
lation on a square lattice in a 10 x 10, 25 x 25, 50 x 50, and 100 x 100 square. We observe
that x approaches a step function that jumps at the critical probability p. = 0.5 as the
system size increases. This indicates the existence of a phase transition at p = p. in the
thermodynamic limit of the system.
in many nontrivial crossing configurations (figures 4.1, 4.2). (All of these statements
are true almost surely.) Thus, a crossing formula characterizes a (presumably unique)
critical point of the system. Off of the critical point, the crossing formulas are trivial,
but at the critical point, they are given by nontrivial, conformally invariant formulas
that depend on the shape of P.

The simplest critical lattice model that illustrates these points is percolation. The

probability that a percolation cluster connects the left /right wired sides of a rectangle

R as a function of the aspect ratio R is given by Cardy’s formula [41]

(

0 P <Pe
left /right 3T(2/3 124
= 9 %/ég)(l—m)l/%ﬂ gug;g l—m| p=p., (41)
crossing (1/3)
1 D > Pe
\

where p, is the critical activation probability (which depends on microscopic details
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Figure 4.2: Typical configurations for bond percolation on a large square lattice with the
bond activation probability p slightly below, at, and slightly above the critical probability
pe. = 0.5. Bonds belonging to the largest cluster are colored red.

such as the lattice type, the type (site-versus-bond) of percolation, etc.), and where m
is related to the aspect ratio R (length divided by height) of the rectangle through R =
K(m)/K(1—m) with K(m) the elliptic function of the first kind. We observe a phase
transition at the critical point p = p.. We note that when m goes to zero (resp. one),
the aspect ratio goes to zero (resp. infinity), and the likelihood of a left /right crossing
goes to one (resp.zero). Because our wiring scheme does not affect the statistics of
the interior system in percolation, this crossing probability is actually the same for
any choice of BC. This fact is not true in other models such as the Potts model,
where the presence of a wired boundary affects the statistics of the bulk system. Nor
is it true for critical percolation in polygons with more than two wired sides, as two
wired sides may connect indirectly if their boundary clusters, while not touching in
P, touch a common third wired side.

Crossing formulas have other interpretations. For instance, we may interpret them
as the probability that the boundary arcs, or the perimeters of the boundary clusters,
connect the vertices of P pairwise in any one of the Cy possible BACs exemplified
by the polygon diagrams for the elements of 5. This BAC interpretation of a
crossing formula was proposed via multiple-SLE in [59], and we will frequently use it

in this chapter. (BACs were defined in the discussion preceding (2.7), and %5 and
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its polygon diagrams were defined in definitions I1.10 and I1.12.) In this chapter and
in chapter five, we let A denote a specified BAC, and in an abuse of notation, we also
let A denote the event of the specified BAC. We define the polygon diagram and the
half-plane diagram for A to be that of the element of %} whose interior arcs connect
the vertices of P as in the BAC event A, and we let ACy be the set of all C'y possible
BAC events. In this chapter we index the elements of %% so that [£\] € %y and
A € ACy have identical diagrams.

Because they are among the simplest observables that capture critical behavior,
crossing probabilities have interested researchers for some time. Crossing probabilities
were shown to be the same for critical site and bond percolation on various lattices
via computer simulation [73], supporting the assumption that these models belong to
the same universality class. Shortly after, J. Cardy used CFT to predict the crossing
formula (4.1) in [41] and showed that his prediction agrees with the measurements of
previous computer simulations in [73]. The conformal invariance and other features
of the crossing formula were further discussed in [42]. A rigorous proof of Cardy’s
formula for site percolation on the triangular lattice was discovered by S. Smirnov [16].
Critical Ising spin and FK cluster crossings for the rectangle with wired left /right sides
were also computed by D. Bauer, M. Bernard, and K. Kytola [59]. Moreover, critical
percolation crossing formulas for a hexagon with an FFBC and alternating short/long
sides were computed by J. Dubédat in [60], and more recently, this computation was
extended to multiple-SLE curve connectivities for a hexagon of arbitrary shape and
(almost) arbitrary x by J. Simmons [74].

In this chapter, we use the results of chapters one and two to calculate crossing
probabilities in an 2/N-sided polygon P with a specified FFBC. The derivation con-
sists of several steps. In section 4.1, we construct partition functions and crossing
formulas for a system with a specified FFBC among a set of C'y possibilities. These

partition functions are linear combinations of crossing weights, which are essentially
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un-normalized crossing probabilities. In section 4.2, we calculate the crossing weights
in terms of the elements of By (definition I1.20). In section 4.3, we uncover a relation
between the partition functions that we construct in section 4.1 and the elements of
By that further simplifies our crossing formulas. Finally in section 4.5, we confor-
mally transform these formulas into functions of 2N — 3 variables that determine the
shape of P. (Actually, this transformation is trivial since crossing formulas are con-
formally invariant. Nonetheless, the universal partition functions that go into them
are conformally covariant, so we include the details for completeness. This section is
not completely necessary to understand the results of this chapter, but it will be help-
ful in the next chapter.) In section 4.6, we compare our crossing formula predictions
for Q = 1,2,3 FK boundary clusters connecting the independently wired sides of a
hexagon against high-precision computer simulation, finding excellent agreement.
The crossing formulas that we will derive, though explicit and exact for arbitrary
N, have shortcomings. First, they are very complicated. Second, they are singular
when the SLE speed « is an exceptional speed (2.146), and their finite value as k
approaches an exceptional speed relies on the cancellation of many infinite quantities.
Unfortunately, the most commonly studied models have SLE descriptions with x an
exceptional speed. However, more prudent choices of integration contours can often
fix both of these problems, and we give examples of these better choices for the

rectangle, the hexagon, and the octagon in section 4.4.

4.1 Partition functions for polygons with side-alternating

free/fixed boundary conditions

We begin by deriving a loop representation for the random cluster partition func-
tion of a ()-state Potts model in a domain with a specified FFBC. Because of univer-

sality, the continuum limit of these partition functions are supposed to be independent
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of the lattice we use, so we choose the infinite square lattice aZ? intersecting H with
a small lattice spacing a. The points x,...,xox in the real axis host the free-to-
fixed or fixed-to-free BCCs. In the discussion that follows, we describe our critical
Potts model as residing in a 2N-sided polygon P whose i-th vertex is the image of
x; under a conformal map taking the upper half-plane onto P. For now, our system
really resides in the upper half plane, but because these two domains are conformally
equivalent, this detail is not relevant to the arguments that follow. Later in section
4.5, we will transform our results into results for a Potts model in P.

In this chapter and in chapter five, we let ¢ denote a specified FFBC, and in an
abuse of notation, we also let ¢ denote the event of the specified FFBC. Now we
suppose that our system exhibits the specified FFBC event ¢, and we recall equation
(1.172) which gives the probability of observing the FFBC event ¢ with the i-th BCC

occurring within distance ¢; from x;:

P) = Z/% (4.2)

C%NE%QI . 63?\}1}, Tg = <’l/}1(l'1> . w1<l’2N)> (43)

€;—0

As indicated, we interpret this probability as the ratio of two partition functions
Z. and Z;. The partition function Z. (resp. Zy) sums exclusively over samples in ¢
(resp. sums over all samples), and in the continuum limit, Z. and Z; are infinite while
their ratio is finite. We recall from chapter one that we call T a “universal partition
function.”

In the discrete setting, Z. is a finite sum over FK-bond configurations {3} ex-
hibiting the FFBC event ¢. At the critical point (1.27), the partition function (1.21)

becomes (after dropping irrelevant factors)

Zg — Z QNc,c"FNﬁ/Q’ (44)
{8}
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where N, is the number of bond clusters in {3} after we identify all boundary clusters
that are mutually wired with each other in accordance with the FFBC event ¢. (This
identification ensures that, for example, we attribute a factor of @Q instead of Q? to
a pair of disjoint boundary clusters that are anchored to different sides of P that are
mutually wired.)

We may also consider a partition function Z () that sums exclusively over samples

in the FFBC event ¢ and the BAC event A. We have

Ziag = 3 QY 21({B} € N), (4.5)
{6}

where 1({#} € \) is the indicator function on the event that {3} € A, and in the

continuum setting, (4.5) becomes

P()\ ﬂ§) = Z(,\‘g)/Zf
e-:O C%Nﬁfel c. E%%T(Mg) (.271, ce ,LEQN) (46)

for some universal partition function Y.

We can decompose T () into the product of a factor that depends on ¢ and A
and a factor that only depends on A by constructing a loop representation for (4.5),
and this construction is possible for a certain collection of FFBC events. We define

BCy to be the collection of all FFBC events with the following two properties:

1. Either the index of the left endpoint of each wired interval (x;, z;11) is even for

all ¢ € BCy, or this index is odd for all ¢ € BCy.

2. There exists a crossing configuration that connects each collection of mutually
wired sides and does not connect any pair of independently wired sides. This
crossing configuration is unique for each element of BCy, so we can represent

each with a polygon diagram created by reflecting the boundary arcs of its
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crossing configuration into the exterior of P.

Each polygon diagram of an element in BCy matches that of an element in By, and
because this correspondence is one-to-one, the cardinality of BCy is Cy. In this
chapter, we index the elements of By so that F. € By and ¢ € BCy have identical
diagrams.

The sets BCy and BCj3 contain all possible FFBC events for the rectangle and
hexagon, but BC, does not contain all possible FFBC events for the octagon. For
example, the FFBC with just the antipodal fixed sides of the octagon mutually wired
does not have a crossing configuration that respects it. That is, there is no crossing
configuration in the octagon that contains two disjoint boundary clusters with one
connecting the top and bottom wired sides and the other connecting the left and right
wired sides.

Now we construct a loop representation for (4.6). If ¢ is the unique FFBC event
with all fixed sides wired independently of each other, then N.. = N, where N, is
the total number of clusters in bond configuration {4}, and a loop representation
is given by (1.30). If any of the fixed sides are mutually wired with other fixed
sides, then N does not necessarily equal N, since boundary clusters anchored to
distinct but mutually wired sides should not be treated as distinct. A natural way
to incorporate this effect is by reinterpreting the N exterior arcs of the diagram for
¢ as activated bonds inserted into the FK bond configuration of every event in ¢
[75]. These extra activated bonds connect the mutually wired sides so that they are
constrained to exhibit the same state (figure 4.4). Let {/3;<} stand for this augmented
bond configuration, or the bond configuration {3} with these N extra activated bonds.

Then the partition function (4.5) becomes

Zig = QNN QNNa21({B) € N), (4.7)
{B;s}
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where the N3 (resp. N.) is the number of bonds (resp. clusters) in the augmented bond
configuration {3 ; <}, and where the factor of Q~¥/? omits the superfluous factors that
arise from the NV exterior activated bonds. Now we can write a loop representation for
this partition function similar to (1.30). The loops are closed medial lattice walks that
trace the interior and exterior perimeter of every FK cluster (including the exterior
perimeters of size-zero clusters, which are isolated lattice sites), and the Euler formula
for planar graphs reads N; + Ny = 2N, + N3, where N, the total number of lattice
sites and NN; is the total number of loops. Dropping a constant factor of n™¥s, we find

the loop representation

Zog=nN Y nM1({BreN), n=Q (4.8)
{B;¢}

Under renormalization, (4.9) is supposed to flow onto the loop representation of a
dense phase O(n)-model partition function with loop fugacity n. The loops in each
term of the sum are either bulk loops that surround interior FK clusters or boundary
loops that trace the perimeters of the boundary clusters (figures 4.3). We may decom-
pose N; into a sum Nj, + Ny where Ny (resp. Ny ) equals the number of boundary
loops (resp. bulk loops). The number of boundary loops is the same for any bond

configuration {3;¢} € A, so (4.9) becomes

Zing ="y n™M1({B} € N), mae =N, — N, (4.9)

{8}
Because the fugacity factors for the boundary loops are factored out of the sum,
the right side of (4.9) reverts back to a sum over bond configurations without the
exterior activated bonds. Also, the sum may be viewed as a partition function for the
system with boundary loops having fugacity one. Such a partition function clearly
does not depend on our choice of FFBC event ¢ € BCy, but it does depend on our

choice of BAC event A\ € ACy. We let II, be the continuum limit version of this
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¢

o
Figure 4.3: Bulk loops and boundary loops trace the inner faces and outer perimeters of
the bond clusters. In the figure, boundary loops are red while bulk loops are any color but
red.
partition function, we call it the type-A (half-plane) crossing weight, and we define
its polygon or half-plane diagram to be that of A\ € ACy. (Below, we will discover a

more precise definition for a crossing weight that uses the formalism of chapter two.)

The continuum limit version of (4.9) is then
T(>\|§) = nm)"gl_b\, (410)

which may be inserted into (4.6). Summing over BACs gives a decomposition of Y.

into a linear combination of the crossing weights,

Yo=Y nm™eI, (4.11)

AEACHN

which may be inserted into (4.2). The probability of the crossing event A given the

FFBC event ¢ is therefore

X (@1, -+ an) = P(A<) (4.12)

(4.13)
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Thus, the calculation of a crossing probability reduces to the calculation of the cross-
ing weights II, and the exponents my.. A more convenient version of this formula
will be presented later.

A more formal definition of a crossing weight to be given below will show that
each crossing weight solves the system (2.1-2.2) and therefore has the ansatz (2.4).

Thus, the crossing formula depends only on the cross-ratios 7y, ..., 72n_3, defined by

(33 - 301)(3321\/ - $2N71)

Mot = flz;), ie{l,....2N =3}, f(z)= (Tan—1 — 71) (ay — )

(4.14)

and is therefore conformally invariant. (We note that 0 <y < 1o < ... < Moy_4 <

nen—3 < 1.) So by replacing x — f(z), we find

X(Als) (xh v 7‘7;2]\[) - X()\|§)(07 Mmy---,12N-3, 17 OO) (415)

We will write the right side of (4.15) as Xx(xj¢)(71, - - -, 72n—3) When it is clear from
context that we have dropped the three other variables at zero, one, and infinity.
The constant my . can be calculated from a certain graph that follows from the
polygon diagram for [£,\]F.. To begin, we color the regions bounded by the boundary
arcs and the wired (resp. free) sides of P black (resp. white), so that the boundary arcs
divide the interior of P into adjacent black regions and white regions, and we identify
each black region with a point to find a new planar graph G, (figure 4.7). This
graph is the same for all augmented bond configurations {3;¢} € A\. The 2N edges
of G, correspond to the exterior activated bonds, and the vertices of Gy ¢ correspond
to the black regions. To each internal face (resp.component) of G, ., we associate
a loop that traces that face’s interior (resp.that component’s exterior) perimeter.
This collection of loops corresponds one-to-one with the collection boundary loops of

each configuration {#;<} € A\. We let Z, . and C,. be the set of internal faces and
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Figure 4.4: Boundary loops for a bond configuration in a rectangle without exterior
bonds (top), with two horizontal exterior bonds (middle), and with two vertical exterior
bonds (bottom). With the two exterior horizontal (resp. vertical bonds) included, the fixed
left /right sides are always mutually (resp.independently) wired. The boundary arcs of all
three rectangles connect the vertices horizontally in pairs. Thus, the top (resp.middle,
resp. bottom) rectangle has one (resp. three, resp. three) boundary loop(s).
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components of G, ¢ respectively. Then N, = |Z, (| + |Cs¢|, and from (4.9) we have

mac = [Dae +1Cosl — N. (4.16)

4.2 Crossing weights in polygons

In the discussion preceding (2.7) in chapter two, we predicted the dimension of the
solution space of the system (2.1-2.2) by supposing that the space was spanned by a
basis of Cy “partition functions,” [59] where each function conditions the boundary
arcs of the underlying multiple-SLE process to connect the vertices of P in a certain
connectivity. Because Y. solves this system, its decomposition (4.11) into a linear
combination of the crossing weights suggests that the crossing weights are these par-
tition functions. Therefore, we should be able to isolate the crossing weights in terms
of the elements of By.

We begin to isolate the crossing weights this way by using the following boundary
condition argument. We recall from section 1.2.8 that (z;,z;11) is a two-leg interval
if the boundary arcs anchored to x; and x;,; are conditioned to not mutually connect
and (z;,z;11) is an identity interval if the mutual connectivity of the boundary arcs
anchored to z; and x4 is not conditioned (figure 1.17). By subtracting the two-leg
family from the identity family (after correctly weighting these two families relative to
each other), we condition these boundary arcs to mutually connect. In this situation,
we call the mixed interval (x;,z;41) a zero-leg interval, and we can use the crossing
relation (1.152) to show that the boundary one-leg operators located at its endpoints
exhibit the OPE

Di(x)i(ze) ~ Oy —20) (1) — CFy (o — 1) 22 0(21)  (4.17)

To—T1

under its collapse, where CY; (resp.C%) is the boundary one-leg-one-leg-to-identity
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(resp. one-leg-one-leg-to-two-leg) OPE coefficient.

The definition of a crossing weight implies that we know the type of each interval
corresponding to a side of P for a given A € ACy. Each is either a two-leg interval
or zero-leg interval. We also recall from chapter two that when a two-leg interval is
collapsed, the crossing weight goes to zero, and when a zero-leg interval is collapsed,
the boundary arc connecting its endpoints becomes a loop that lassos a region in the
upper half-plane and anchors to the real axis at a single point. In the latter case, the
area of the lassoed region is zero almost surely. Thus, the boundary arc contracts to
a point as its zero-leg interval is collapsed, and the crossing weight for a 2/N-sided
polygon goes to a crossing weight for a (2N — 2)-sided polygon.

The ratio C% /CY, of the OPE coefficients appearing in (4.17) is fixed by the
crossing relation (1.152) between the conformal blocks (summed over all possible
free-to-fixed or fixed-to-free BCCs that can happen at each vertex of P in the event

¢ € BCy). (We note the double use of “crossing” in this section.) It is given by [4§]

Ch _ | T2k = DI —8/x) _ |T(12/s — YI(4/r)
Ch \/ ) I'(8/k)I(1 —4/k) \/F(8/;<;)F(1 —4/r) (4.18)

Because boundary loops have fugacity one in each sample contributing to a crossing

weight, we must set C?, = 1, in contrast with the convention in (1.157). We therefore
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have the behavior for zero-leg and two-leg intervals (z1, z3),

( )
I'(12/k — 1)T'(4/k)
I'(8/k)I(1 —4/k) two-leg
X (1y — m1) 2025, o(2, ..., 7o)
H)\(l‘l,...,ZEQN)x:’x < 09 ) )
i (xg — 21) " Exo(x1, . .., Ton)
B r(12/k — 1D)I'(4/K) sero-log
/I —4/k)
X (1y — 1) 2025, o(21,. .., 7o)
\
(4.19)
where =, and =, are analytic at xo = x1, and where Z¢(z2, 22,23, ...,Toy) 18

independent of z, and equals the crossing weight for the (2N — 2)-sided polygon
whose half-plane diagram is identical to that for II, but with x; and x5 and the
interior arc connecting them removed.

When N is sufficiently small, one can isolate the crossing weights in terms of
elements of By by using (4.19) as boundary conditions. For example, we consider
the case of the rectangle R. Here, N = 2. The two crossing weights 11, := II,, and
I, := II,, sum exclusively over all samples with BAC event \; = {x] < x4, 29 < x3}
and Ao = {1 < x9,x3 <> x4} respectively. (The notation “a < b” indicates that
vertices a and b of R are mutually connected by a boundary arc.) The intervals (1, z2)
and (x3,r4) must be two-leg intervals of II; (resp.zero-leg intervals of IIy) while
(9, 23) and (x4, 1) must be zero-leg intervals of II; (resp.two-leg intervals of Ily).
By expanding the two elements of By (2.42, 2.43) in the limit that the length of these
intervals go to zero and taking suitable linear combinations, we straightforwardly find
the expressions (2.40, 2.41) for these crossing weights.

Unfortunately, the boundary conditions (4.19) are not sufficient to specify a partic-

ular BAC and isolate its crossing weight when N is sufficiently large. The sixteen-gon
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Figure 4.5: Two different BACs in a sixteen-gon with each side of the same interval type
(zero-leg or two-leg).

in figure 4.5 shows that we need to specify these conditions for intervals correspond-
ing to not just one side of P but to multiple adjacent sides too. Fortunately, the
formalism of chapter two can be used to do this efficiently. We consider the action
of some [Z\] on the crossing weight II,,. If A # X, then the interior arcs in the
half-plane diagrams for [Z)] and II; do not exhibit the same arc connectivity, [-£]
eventually collapses a two-leg interval of some limit solution of IIy, and [A]II, is
therefore zero. But if A = )\, then these diagrams do exhibit the same arc connec-
tivity, [Z)\] only ever collapses zero-leg intervals of limit solutions of ITy, and [“A\ |11,
is therefore nonzero. Every zero-leg-interval collapse generates a crossing weight of
a polygon with two fewer sides until we eventually reach the N = 1 crossing weight
I = (2o — x1)" 2" (2.35) of the two-gon. Because (x5 — 21)?' 11} — 1 as zy — 4,
we have [AIly = 0,, and because %y spans Si according to lemma I1.27, we

conclude that the set of crossing weights is dual to Ay .

Definition IV.1. Suppose that k£ € (0,8) and that conjecture I1.16 is true. Let Xy
be the basis for Sy dual to the basis # for Sy. We call the element of #y dual to

[LA\] the type-\ crossing weight, and we denote it by IT,.

By exploiting the dual relationship between %y and %y, it is easy to show that
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the crossing weights are related to the solutions in By by

Fo= Z ([XA]Fg)HA: Z nlx’gﬂz\ (4'20)

AeACHN AeACHN

where [, ¢ is the number of loops in the polygon diagram for [Z3|F; (with P deleted

from the diagram). In terms of the meander matrix, this is

F1 Hl

With the elements of By explicitly defined in definition I1.20, we must simply invert
(4.21) to find all Cy crossing weights.

While this method works for arbitrarily large N, it does have drawbacks. First,
we cannot invert My (k) when k equals any of the exceptional speeds £’ in (2.146)
with ¢ < N+1 since det My(x') is zero. This is unfortunate since most lattice models
correspond with one of these speeds. We can circumvent this issue by inverting (4.21)
at k = k' + € and sending € — 0. This limit exists and is not zero since II, is always
an element of a basis for Sy. Unfortunately, computing this limit directly is very
awkward as we must rely on the cancellation of infinite quantities in order to arrive
with a finite crossing weight. Second, we have expressed our crossing weights as
linear combinations of all Cy solutions in B, each solution containing a complicated
(N —1)-fold integral. Although By is the simplest basis to use for proving the results
in chapter two, it does not give the simplest expressions for the crossing weights.

Often, we can find simpler expressions for the crossing weights through a careful

selection of integration contours. For example, when N = 2, the method outlined
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above gives

11, 1 n® -n F
=< , (4.22)
I, n?(n? —1) 2

where F, Fy € By are given in (2.42, 2.43). But II; and II, are also given by (2.40) and
(2.41) respectively. (We can show that both formulas are the same by using Cauchy’s
theorem.) The latter choice is better because it does not accrue canceling infinite
quantities when x — x' with n(x’) = £1. (We recall that the limit of Fy/n and Fy/n
as k — k' with n(x") = 0 is finite. Thus, the n = 0 case does not raise concern.) Also,
with a single integral expression, the latter choice is simpler than (4.22) which includes
a linear combination of two integrals. This advantage becomes significant when N
is large and the numerical evaluation of many (N — 1)-fold Coulomb-gas integrals
becomes very time consuming. We will show how to construct simpler formulas for

crossing weights when N = 2,3, and 4 in section 4.4.

4.3 The polygon crossing formula

Having devised a method for calculating explicit formulas for all crossing weights
in Ay, the probability of observing the crossing event A € ACy conditioned on
the FFBC event ¢ € BCy can be computed from formula (4.12). This formula is
inconvenient because of the need to calculate the exponents mj ¢ and all Cy crossing
weights ITy, which is tedious when N is large. Both of these tasks are dramatically
simplified after we observe a special relation between Y. and F..

To anticipate the forthcoming result, we consider the rectangle R (N = 2) with
wired left/right sides. We let A\; (resp. A2) be the BAC event {z; < x4,z < x3}
(resp.{z1 < xg,x3 <> x4}), we let ¢ (resp.sy) be the FFBC event in which the left
side (x4, z1) and right side (x2, z3) of R are independently (resp. mutually) wired, and

we let Tk =7 Fk = F,

Sk

and I :=II,,. From (4.11) and (4.16), we immediately

Sk
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find that

Tl = n2H1+nH2, (423)

TQ = H1 + TLHQ. (424)

We see that these decompositions are correct for the following reasons. In the BAC
event \i, the two distinct boundary clusters, one anchored to the left side of R and
the other anchored to the right side, are each surrounded by a loop that is counted
with fugacity one in II;. To restore the fugacity of both loops to n, we must multiply
II; by n?. In the BAC event )y, one crossing boundary cluster connecting the left
and right sides is surrounded by a single loop that is counted with fugacity one in
IT,. To restore its fugacity to n, we must multiply I by n. This justifies (4.23). In
(4.24), the coefficients are argued in the same way except for one modification. In the
BAC event \;, n?II; sums exclusively over events in which the disjoint left and right
boundary clusters independently exhibit any one of the ) spin states for Q? possible
combinations. But if these sides were mutually wired, then this term should include
only events in which the disjoint left and right boundary clusters exhibit the same
state for () possibilities. To reconcile this difference, we must divide n?II; by Q = n?.
In the BAC event \,, this modification is not necessary since a crossing boundary
cluster always connects the left and right sides. This justifies (4.24).

In chapter two, we noted a similar decomposition of the elements of B, in terms

of the crossing weights. It is (2.44)

Fy = n’II; + nll,, Fy = nll; + n’Il,. (4.25)

Comparing (2.44) with (4.25), we find

Fl = Tl, F2 = TLTQ. (426)
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That is, the elements of By equal the universal partition functions modulo a factor
that depends on the FFBC event. If this is true for all N > 2, then we may replace T
with F; in the denominator of the crossing formula (4.12). To do this poses a major
advantage since a single element F of By is much easier to calculate than is the
universal partition function Y., the latter being a linear combination of all crossing
weights which are in turn linear combinations of the elements of By. We will show

that this supposition is true, and more precisely that

F. =nlos7I7 (4.27)

where ¢ € ACy is the particular BAC event with the two endpoints of every free
interval mutually connected by a boundary arc, and where [, ¢ is again the number
of loops in the polygon diagram for [A\|F, (with P deleted from the diagram). In
an abuse of terminology, we will call these loops boundary loops. This definition of a
boundary loop is different from that given in section 4.1. (In the earlier definition,
the number of boundary loops equaled my .+ N (4.16), and in the current definition,
the number of boundary loops equals [, .)

Now we prove (4.27). Comparing (4.11) with (4.20), we see that I, and Y. are

proportional only if the difference of the exponents

d)\’g = l)\7< — My = l>\,§ — (|Z,\,§ —+ ’C>\£’ — N) (428)

is a number d. independent of A\, so F. = n%Y.. To show that this is true, we
use this following fact. We can pass from any interior arc connectivity in P to any
other interior arc connectivity in P by exchanging a finite number of pairs of interior
arcs in a suitable progression. By ezchanging, we mean the following process. We
consider the k-th interior arc connectivity diagram, corresponding with the BAC

event \y € ACy. If the interior arcs 7, and 72 connect the vertices {a, b} and {c,d}
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Figure 4.6: An illustration of the sequence of arc exchanges that take us from the kg-th
arc connectivity to the arc connectivity of the top right octagon. Upward (resp. downward)
pointing arrows indicate an arc exchange (deletion), and the last upward pointing arrow
indicates that we have restored all deleted arcs to arrive with our target arc connectivity.

of P respectively and are not separated by other arcs, then they may be replaced
with non-intersecting interior arcs 7} and ~4 that connect either vertices {a,d} and
{b, ¢} respectively or vertices {a, ¢} and {b, d} respectively, (Only one of these choices
will allow 1 and ~5 to not intersect.) This replacement takes us from the k-th arc
connectivity to some other, say the £’-th, arc connectivity, and we say that the arcs
v and 7, have exchanged to form arcs 7] and ~5.

To prove the claim of the previous paragraph, it suffices to show that we can go
from the ky-th arc connectivity, corresponding to the BAC event 1 € ACy, to any
other, say the k-th, arc connectivity through a sequence of exchanges since such a
process is reversible. (We recall that in the ky-th arc connectivity, the endpoints of
each free side of P are joined by a common interior arc.) We begin by deleting all
M interior arcs common to both the ky-th and the k-th arc connectivity to arrive
with the ky-th and the ko-th arc connectivities respectively in the 2(N — M)-gon Py.
Next, we exchange an adjacent pair of arcs in the ky-th connectivity of Py to create
two new arcs, one of which v mutually connects two endpoints of a side of Py in the
ko-th arc connectivity of Py. (Topological considerations show that such a v always
exists.) Then we delete the shared arc v from both connectivities to arrive with the
kg-th and the k;-th arc connectivities respectively in the 2(N — M — 1)-gon P;. We

repeat this process of exchanging followed by deleting until all arcs have been deleted.
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Figure 4.7: The three topologically distinct BACs (boundaries of black regions) in an
octagon with diagonal sides wired. The same FFBC (1.e., exterior arcs) is shown for all three
octagons, and the corresponding graph G, ¢ appears beneath each octagon. Boundary arcs
are exchanged through white (resp. black) regions as we move leftwards (resp. rightwards).
In each column, the difference between the number of boundary loops in the top row minus
the sum of the number of internal faces and components in the graph in the bottom row is
always negative two.

Now if we restore all of the deleted arcs to the (now trivial) ky-th arc connectivity in
the zero-gon, then we find the k-th arc connectivity in the original 2/ N-sided polygon
P, as desired. An illustration of this process is presented in figure 4.6.

Now we return to proving that d, . is independent of A\. By the results of the
previous paragraphs, it suffices to check that d ;. does not change when two boundary
arcs are exchanged. To this end, we consider the diagram for [.Z)\|F., which contains
lr boundary loops. The exchanging of two boundary arcs changes their respective
boundary loops in one of two ways. First, if the boundary arcs belong to different
boundary loops, then this exchange will join two distinct boundary loops into one,
decreasing [, by one (figure 4.7). This exchange will also alter the graph G, _,

defined in the discussion preceding (4.16). If the two original boundary arcs are

separated by a black region (resp.white region), then the number of internal faces
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|Z)¢| (resp. components |Cy |) of Gy will decrease by one. Thus, dj ¢ does not change
(figure 4.7). Second, if the boundary arcs belong to the same boundary loop, then this
exchange will split the boundary loop into two boundary loops with one nested inside
of the other, increasing [, by one (figure 4.7). Again, this exchange will also alter
Grc. If the two original boundary arcs are separated by a black region (resp. white
region), then the number of components |Cy | (resp.internal faces |Z.|) of Gy will
increase by one. Thus, d, . does not change (figure 4.7). We conclude that d, is a
number d. independent of A.

The most straightforward way to calculate d. is by examining the graph Gy..
Again, in the BAC event 1, the endpoints of each free side of P are mutually connected
by a boundary arc. We let & and V)¢ be the set of edges and the set of vertices of
G respectively. It is easy to see that Gy is comprised of |Cy | = 1 component,
Vo] =1 vertex, and |E| = N edges. (The right column of figure 4.7 illustrates Gy
for a particular ¢ and with N = 4.) Then by Euler’s formula for planar graphs, which
says that

Cocl + 1| = |To.| + Vosl, (4.29)

it follows that Gy has |Zy | = N internal faces. From (4.28) we therefore have

Fo= ndCTm d, = dﬁ,c = lﬂ,c - (‘1-195’ + |Ci9,<| - N) (4'3())

= Iy — 1. (4.31)

This proves (4.27).

We may use this result to simplify the crossing formula (4.12). By multiplying the
numerator and denominator of this formula by n'?<~!, we find that the probability of
the crossing event A € ACy conditioned on the FFBC event ¢ € BCy is

nb“H)\
X0 =~ (4.32)
S
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where the functions and variables that appear in this formula are given as follows.

e The BAC event A € ACy (defined in the introduction of this chapter) is rep-
resented by a diagram of N non-intersecting interior arcs inscribed in P that
join its vertices pairwise in the same connectivity as the boundary arcs of any

sample in \.

e The FFBC event ¢ € BCy (defined in section 4.1) is represented by a diagram
of N non-intersecting exterior arcs that connect the vertices of P pairwise.
There exists a unique crossing event \' € ACy that connects each collection
of mutually wired sides of ¢ and does not connect any pair of independently
wired sides. The exterior arcs are created by reflecting the boundary arcs of the

diagram for )\ into the exterior of P.

e [, is the number of loops formed by joining the interior arcs in the diagram for
A with the exterior arcs in the diagram for ¢ at the vertices of P and deleting

P from the diagram that results.

e n is the loop fugacity of the O(n) model, given by n(k) = —2cos(4n/k), with
x the SLE speed.

e The partition function F is given by (2.9)

F§({Fm} | X1y .- ,xQN) =

2—8/;1 )N 2N-1 2N-1
n(k)N T /) H i — ;)" H (2o — a;)175/"
1<j i=1
—4/kK 1 # 2N 8
XIN-1| B = Ypg = — | {Tm} |21, -, 2on |,
12/k —2 i=2N R

(4.33)
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where Zy;, M € Z" is the M-fold complex-contour integral

M ({Br}s {vwa ) | {Fm}m Xy, Tan) =

/F1 /FM (ﬁ ﬁ(f’% - UZ)B”) (ﬁ(up - uq)m> dups ... duy. (4.34)

k=11=1 p<ql

Here, x; is the pre-image of the i-th vertex of P under a conformal map taking
the upper half-plane onto P, and z; < z; when ¢ < j. Also, the collection
{I';n} of integration contours consists of N — 1 non-intersecting simple curves
that connect the points x; pairwise just as their images as vertices of P are
connected in the diagram for ¢. There is one exception to this statement. No
integration contour connects the point x9x with the point to which it is joined

by an arc in the diagram for <.

e The crossing weight is given by Il = [M]QI]MFQ, where the A, ¢-th entry of the
Cy x Oy “meander matrix” My equals s [68]. My"' does not exist when &
is an exceptional speed (2.146). However, the limit of II) as x approaches an

exceptional speed exists, and we use this limit in this case.

To finish, we technically must conformally map the upper half-plane onto the
interior of P in order to obtain the true crossing formulas X& 9 for P. We call the
map that accomplishes this task f. But because the partition functions Z(y¢) and Z
are conformally invariant, the crossing formula must also be conformally invariant.

That is, we must have

Xa\g) (wh s 7w2N) = X()\|§)<x17 v 7x2N>’ (435)

where w; = f(z;) is the i-th vertex of P. There are some subtleties that we have
overlooked related to the failure of f to be conformal at the vertices of P where the

BCCs reside. Ultimately, these details will not spoil conformal invariance, and (4.35)
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remains true. We will examine these details further in section 4.5.

We can extend our results beyond FK cluster connectivities to probabilities of
multiple-SLE arc connectivities, as we noted in the introduction of chapter two. We
recall that a multiple-SLE process is driven in part by a “partition function” Z, which
is any solution of the system (2.1-2.2). Assuming that conjecture I1.16 is true, the
results of chapter two imply that we may decompose Z into a sum over crossing

weights:

Z= Y ol (4.36)

As previously argued, we expect that the curves of a multiple-SLE process in P driven
by the solution Il will join pairwise as in the BAC event A\. Now, conjecturing the
existence of Cy such crossing weights II,, [59] argues that if we drive the multiple-
SLE process by the partition function (4.36), then the probability that the boundary

arcs connect as in the BAC event A is

exlly

ZXGAC N exlly

P(A[{ex faeacy) (4.37)

The authors of [59] pose the question of calculating all of the C'y crossing weights IT.
In this chapter, we propose an answer by giving explicit formulas for all of them.

The connection with multiple-SLE extends into the dilute phase. Because x < 4
in this phase, we must replace each integration contour of F. € By connecting two
points, say z; and z;, with the Pochhammer contour #(x;,x;) so that all of the
integrals in the crossing formula (4.32) converge.

Because the crossing formula extends into the dilute phase, (4.32) gives crossing
probabilities for Potts model spin clusters too. In the dilute phase, the one-leg oper-
ator ¢9 induces a BCC from fixed to, say, spin a, to free but excluding spin a, and
then it sums over all () possible spins. In this case, the wired sides are automatically

constrained to be mutually wired, so the only admissible FFBC event is 9 € BCy,
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Figure 4.8: The one topologically distinct BAC in the rectangle and its corresponding
integration contour choice. The bottom-left vertex of the rectangle is sent to the leftmost
point on the real axis, and moving counterclockwise around the rectangle corresponds to
moving rightwards along the real axis.

where the endpoints of every free side are connected by an exterior arc. Another way
to see this fact is by immersing the system in P in a sea of spin a sites if a is the
state of the wired sides. The partition function for the immersed system equals that
of the original system to within an irrelevant constant, and the boundary arcs of the
immersed system are the perimeters of the spin a boundary clusters. These boundary
arcs close into boundary loops through external arcs that pass just outside the free
sides. This external arc connectivity is exactly that of 9, so all of our samples must

lie in the FFBC event 9.

4.4 Crossing weights in rectangles, hexagons, and octagons

In this section, we derive alternative formulas for the crossing weights of the
rectangle, the hexagon, and the octagon that are simpler than those prescribed by
(4.21) and are typically not singular when k equals an exceptional speed (2.146)
with ¢ < N + 1. Each crossing weight necessarily has the form (2.9), so for each
BAC event A € ACy, we must simply select the integration contours and normalize
the result so that [£ ]Iy = 1. The hexagon crossing formulas of this section were
originally discovered by J.Simmons in presently unpublished work [74]. Throughout

this section, we let Il := II,, for some indexed BAC event A, € ACy.
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4.4.1 Crossing weights in rectangles

There are Cy = 2 possible BACs in a rectangle R. Both connectivities are topo-
logically identical, so we only compute the weight II; for the vertical connectivity A
(figure 4.8). The other can be found by rotating R.

The vertices of R in figure 4.8 are sent to real numbers so that moving counter-
clockwise around R corresponds to moving rightward along the real axis, and the
bottom-left vertex is sent to x;. From the figure, we see that II; is a two-leg solution.
According to section 3.1, we must therefore entwine x3 and x4 with a Pochhammer
contour I'y = #(x3,x4), and according to (1.195), the Pochhammer contour may be
replaced by an integration along [x3, x4 when k > 4. With the proper normalization,
the result is (2.40). The weight II, for the horizontal BAC event Aq is given in (2.41).

Earlier, we wrote I, in terms of a hypergeometric function (2.37-2.38), and now
we note that this formula reduces to Cardy’s formula (4.1) when x = 6, as it must
since this speed captures critical percolation. (The cross-ratio n = xo1243/T31240 18

equivalent to the modular parameter m in Cardy’s formula.)

4.4.2 Crossing weights in hexagons

There are C3 = 5 possible BACs in a hexagon H, and they can be grouped into
the two topologically distinct classes shown in figure 4.9. We compute one weight per
class as the others can be found by rotating H.

The vertices of ‘H in figure 4.9 are sent to real numbers so that moving counter-
clockwise around H corresponds to moving rightward along the real axis, and the
bottom-left vertex is sent to x;. From the top hexagon in the figure, we see that Il
is a three-leg solution. According to section 3.1, we must entwine x5 and xg with a
Pochhammer contour I'y = & (x5, x6), and we must entwine I'; and x4 with a second
Pochhammer contour I's to arrive with I1;.

When x > 4, we can decompose the double integral in II; into a linear combination
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Figure 4.9: The two topologically distinct BACs in the hexagon and their corresponding
integration contour choices. The bottom-left vertex of the hexagon is sent to the leftmost
point on the real axis, and moving counterclockwise around the hexagon corresponds to
moving rightwards along the real axis.

of double integrals that integrate along the individual sides of H. The result is simplest

if we place the one conjugate charge at x5. For i,j € {1,...,6} with i # j, we let

—4/k m # 5 8 | [rie1,zi)
]ij = IQ 6mn: ;’qu:— T1y...,Tg N
12/k—2 m=25 P, )

(4.38)
where the Coulomb gas integral Z), is defined in (2.10). The absolute value sign
eliminates a phase that is independent of zq,...,26. We note that I;; = I;; by
Fubini’s theorem. Now if we momentarily suppose that u; is frozen at a specific

location in (x5, xg), then the integration along I'y decomposes into (figure 4.10)

Ami/k JT5 —87mi/k U1 —167i/k e _ ,—287mi/k Jos _ —167i/k qui _ —8mi/Kk 6

e Joo+e Jol +e S —e Joo—e e —€ Sy
—367i/Kk TT5 —247i/Kk TuL —167i/k e _ ,—4mi/k yrs _ —167i/k qui _ —247i/Kk Jz6
+e S +e Jo +e Jo—e S —e o —e Syl

(4.39)

Here, J? is the magnitude of the integrand of I;; with u; frozen at a location in (z5, z4)
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Figure 4.10: A summary of the phase factors accrued as an integration contour winds
either £ or 2 radians around a branch point with monodromy factor e,

and with us integrated from a to b. This may also be written as

4 ) ) ) )
2i sin (%) (1 — e 32mi/m) Joo 4 (e 8T/ — e~ 16/mi/n  =2Ami/my(Jut — J76)  (4.40)

Now, the integrations of Jpt and J;¢ with respect to uy from x5 to xg are equal. Thus,

by integrating u; along [x5, 26|, we find that (figure 4.11)

IQ(F17F2) X 156' (441)

The correct normalization is found by multiplying the right side by (z4 — z3)%/% 1,

sending x4 — x3, and requiring that we recover the rectangle crossing weight I1; with

T3 — x5 and x4 — T in the limit. We thus find

6 6
My =nIse [ log— 2" [ [ |5 — il /. (4.42)
i<j i#£5
1,J#b

Next, we calculate the crossing weight I, for the BAC event A\,. We rely on
techniques explained in section 1.2.9 to determine the appropriate contours. The
bottom hexagon in figure 4.9 illustrates Ao, and we see that (z1,zs), (23, 24) and
(x5, z6) must be two-leg intervals. Before we introduce any contours, we also see that
x5 is the endpoint of two adjacent identity intervals since it bears the conjugate charge.

To convert (zs5,x¢) into a two-leg interval, we entwine x5 and z¢ with a Pochhammer
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Figure 4.11: Integration around the nested pair of Pochhammer contours shown on the
left is proportional to performing the first integration along the right interval and the second
integration along the left interval.
contour I'y. On the other hand, (z1,z3) and (z3,x4) are already two-leg intervals
since neither of their endpoints bear the conjugate charge. To preserve this feature,
we require 'y to not cross these intervals. Next, (zg, 1), (72, z3) and (x4, z5) must be
zero-leg intervals. Prior to choosing I'y, (z9,x3) is a two-leg interval, and to convert
it into a zero-leg interval, we let I'y cross (z2,x3). The simplest way to satisfy these
requirements is by entwining (x,z5) and (z3,z4) with a Pochhammer contour I's.
This choice is consistent with the requirement that we find a two-leg operator when
we send 9, ...,x4 — x; since the net charge of this fusion is —4a_/2 4+ a_ = Qg3
When k > 4, we can decompose II, into a linear combination of the I;;. As we
observed earlier, I'y can be replaced by an integration over [zj,xg|. If we make
this replacement and decompose the integration along I'; into integrations along

(1, 3], [, 23], and [z3, 4], then we find

1'2(1—\1’ FQ) x 647Ti//€[25 + 687ri/ff[35 + el?ﬂi//i[45 . 6207ri//§125 . 62471'2'/&]35 . 6207”'1{[45

+ 6127ri/rij2 + 687ri/n[35 + e47rin[45 . 6—47ri/n[25 . 6—87ri/5135 . 6—47ri/n145’ (443)
which may also be written as (figure 4.12)
IQ(Fl,FQ) x (€4Tri/ﬁ . eZOm’//{ + 6127”'/5 . 6747ri/n)[[26 + I46 . njgﬁ]. (444)

The correct normalization is found by multiplying the right side by (z3 — x5)%/%~1,
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Figure 4.12: The decomposition of the integration along the left Pochhammer contour for
the hexagon crossing weight IIy (figure 4.9).

sending r3 — x9, and requiring that we recover the rectangle crossing weight II; with

To > Xy, T3 — T5, and x4 — g in the limit. We thus find

2 6 6
i —6/kK
HQZ n2_2[n136—_[26—]46] H |I]_xz|2/fiH|x5_l,Z|l 6/ ) (445)
1<J 1#£5
1,J#5

4.4.3 Crossing weights in octagons

There are Cy = 14 possible BACs in an octagon O, and they can be grouped into
the three topologically distinct class shown in figure 4.13. We compute one weight
per class as the others can be found by rotating O.

The vertices of O in figure 4.9 are sent to real numbers so that moving counter-
clockwise around O corresponds to moving rightward along the real axis, and the
bottom-left vertex is sent to z;. From the top octagon in the figure, we see that
I1; is a four-leg solution. According to section 3.1, we must entwine z; and xg with
a Pochhammer contour I';, we must entwine I'y and zg with a second Pochhammer
contour I'y, and we must entwine I'y and x5 with a third Pochhammer contour I's to
arrive with II;.

When k > 4, we can decompose the triple integral in II; into a linear combination

triple integrals along the individual sides of . For this purpose, we will use the
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Figure 4.13: The three topologically distinct BACs in the octagon and their corresponding
integration contour choices. The bottom-left vertex of the octagon is sent to the leftmost
point on the real axis, and moving counterclockwise around the octagon corresponds to
moving rightwards along the real axis.

integral
4/ 7& . [$i—1, sz]
—4/k m 8
‘[7'.7]‘3 = Ig ﬁmn = 3 Vpg = — [:L‘j717 x]] T1y...,T8 5
12/k—2 m=717 :
[l"k—l, l"k]

(4.46)
defined for 4,7,k € {1,...,8}, i # j # k. Again, the absolute value sign elimi-
nates a phase that is independent of xi,...,x3. We note that I;;, is invariant under

permutation of its indices by Fubini’s theorem. We will also use I, defined by

Lk = |I3([$i717uz], [%71,3&']7 [Skal, xk])l, (447)
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where uy is the integration variable that is integrated along [x; 1, z;]. As we observed
in the case of the hexagon, the double integration over the nested pair I's x I'; can be
replaced by a double integration along [z, z7] X [x7,2g]. If we momentarily suppose
that u; and uy are frozen at specific locations in (z7,xg) and (zg,z7) respectively,

then the integration along I's decomposes into

—|—€4M/HJ§56 + eSTI’i/I{J;LGQ + J;Z + 6712#1'/%@7;;71 + 67207ri/nt]1:flg (448)
_efgem/njgg . 6740m/nJ;¢62 B 67327@/”{]527 . 6—20ni/nJ;71 _ 6712“/%{]518 (4.49)
+€7447ri/nj‘;p§ + 67487ri/nJ562 + 67407Ti/HJ$27 + 6*287T1/HJ;L71 + 67207@/”&]3? (450)

_ 4w/ Jxe _ qu2 _ ,—8mi/k yx7 _ ,—20mi/k qui _ ,—28mi/Kk Jx3
e e S —e o —e Tt

(4.51)

where Jfl’ is the magnitude of the integrand of I;;;, with w; and us frozen at locations
in (x7,25) and (zg, x7) respectively and with ug integrated from a to b. This can also

be written as

2 sin (_ﬂ-) [(1 . 6740#1/N)J;§ + (1 . 67407rz/n>(€47r1//~t + 674/71-1/%)“]3?62
K

+ (6—47ri/n . 6—36/Wi/n)(J527 . J;f;) + (e—lﬁm/n . 6—24/7ri//f)(t];171 . Jqff)] (452)

Now, the integrations of Ji'* and J3® (reps. J;7 and J;2) with respect to u; (resp. us)
from z7 to zg (resp. xg to x7) are equal. Thus, by integrating u; and uy along [x7, 23]

and [xg, 27| respectively, we find that (figure 4.14)

I3(I'y, T, T'3) o Is([xe, 27], [x7, 28], ['3) (4.53)

X 1678 — TLI778. (454)

The correct normalization is found by multiplying the right side by (x5 — x4)%/% 71,

sending x5 — x4, and requiring that we recover the hexagon crossing weight II; with
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Figure 4.14: Integration around the three nested Pochhammer contours shown on the left
is proportional to the difference of the two integrations shown on the right.

Ty v Tg, Ty — X7, Te — xg in the limit. We thus find

8 8
Hl = n3(1678 — nI778) H ‘ZC]' — ZL‘Z'|2/H H ’.T7 — $i’1_6/ﬁ. (455)
1<J 1£T

The second crossing weight is more complicated. From figure 4.13, we see that
(1, 2), (T2, x3), (T4, x5), (Ts,7), and (x7,z3) must be two-leg intervals. Prior to
choosing contours, (s, 27) and (x7,xg) start as identity intervals in (2.9), and in
order to convert them into two-leg intervals, we choose I'y and I'y as in II;. Next,
(1, x2), (x2,x3) and (x4, x5) start as two-leg intervals, and to preserve this, I's must
not cross any of them. On the other hand, (z3,x4) and (x5,x6) must be zero-leg
intervals of II,. Because they start as two-leg intervals, a contour must cross them
in order to convert them into zero-leg intervals. In particular, I's must cross (x3, z4).
The simplest way to satisfy these requirements is by entwining [zq,z3] and [x4, 5]
with a Pochhammer contour I';. This choice is consistent with the requirement that
we find a three-leg operator when we send s, ... x5 — 1 since the net charge of this
fusion is —bSa_ /2 +a_ = aj,.

When k > 4, we can decompose Il into a linear combination of the I;j;. As we
observed earlier, the integration over I'; X I'y can be replaced by a double integration

over [zrg,x7] X [x7,28]. If we decompose the integration along I's into integrations
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along [z1,xs], ..., 24, x5], then we find

Z3(I', Iy, I3) N [yrg + €5TR [y + €25 [z + €275 [z (4.56)
_62[)7r@‘/n]278 . 6247ri/n]378 . eQSﬂi/HI478 . 62471'7;//@[578 (457)
12T [ g 4 8T [ 4+ 3R [1ng + Isrg (4.58)

_6—47ri/ri1278 . 6_87”'/'%]378 . 6_127ri/HI478 . 6_87”;/"{[578. (459)

8mi/k

After factoring out a common phase of e , we can rewrite this as

I;;(Fl, FQ, Fg) X eSWi/”(n2 — 4) [TL([278 — n[378) —+ (TLZ — 1)(77,[478 — [578)]' (460)

The correct normalization is found by multiplying the right side by (x4 — x3)%/%~1,

sending x4 — x3, and requiring that we recover the hexagon crossing weight 1I; with

T3 Ty, Ty — Tg, Ty — T7, and xg — xg in the limit. We thus find

3
n
I, = m[”(lws — nl3zs) + (n® — 1) (nlyrs — Iszs)]
8 8
< Ty = i [T s = =0 a.61)
i<j (a
i J AT

The third crossing weight is the most complicated. To begin, we choose I'; as
in IT; and IIy to convert (x7,zg) into a two-leg interval. Next, (z1,x2), (x3,24), and
(x5, z6) must be two-leg intervals, and because they start off as such in (2.9), neither
[y nor I's can cross these intervals. Moreover, (xg, 1), (72, x3), (24, 25) and (xg, 27)
must be zero-leg intervals, but because they start as two-leg intervals, an integration
contour must cross each of them to convert them into two-leg intervals. In particular,
[y or I's must cross (xq,x3) and (z4,x5). To satisfy these requirements, we entwine
(1, 9] and [z3,x4] with a Pochhammer contour I'y, and we entwine [x5, zg] and 'y

with a Pochhammer contour I'5. This choice is consistent with the requirement that
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Figure 4.15: We decompose the nested Pochhammer contour for the octagon crossing
weight II3 into three integrations, one of which is shown on the left. Using identity (3.3),
we may deform the outer Pochhammer contour so that it does not contain any of these
three integrations, as shown on the right.

we find a two-leg operator when we send s, ..., r¢ — 1 since the net charge of this
fusion is —6a_/2 + 2a_ = a; 3. We also note a second option to entwine [r3, 4]
and [x5, zg] with a Pochhammer contour I'y and entwine [z, x2] and I'y with another
Pochhammer contour I's. Using lemma I1.17, we can show that both options are the
same to within a constant.

Now we decompose II3 into a linear combination of the I;;;. The decomposition
for I'y was done in (4.44), and we found three terms (figure 4.12). The first term
integrates along [z1, xs], the second integrates along [xs, 23], and the last integrates
along [x3, x4]. Using identity (3.3), we can deform I'y around each of these integrations
so that 'y entwines [x5, 2] with [z3, z4], with 21 and x4, and with [z, z5] in the first,
second, and third terms respectively (figure 4.15). Thus I'; can be decomposed in the
same way as ['s in each term, giving nine terms total. Using the identity shown in

figure 4.16, we find the decomposition

f 22 o
m = { —n» —o o—=o

¥+—00/.$\c/.*&

Figure 4.16: The pair of nested integration contours shown on the left decomposes into
the sum of integrations shown on the right.
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Z3(T1, T2, T3) o Ligs — nluss + n’Lug — 2nl3s + 2Ioss

— nlzgs + NIz + nI335 — nlyzg + Ipes — nloss. (4.62)

The correct normalization is found by multiplying the right side by (x5 — z4)%/% 1,

sending x3 — x5, and requiring that we recover the hexagon crossing weight II; with

To = Ty, ..., Te — xg in the limit. We thus find
8 8
H3 = H |./L'] _ xi|2/I€H |',L,7 _ xi|1—6/l-€
1<J i£T
5,377
n3 )
X (n2 — 2)2 [Ly6s — nlyss + n°Iyas — 2nd3zss + 21248

— nlzes + nI3s8 + n° I35 — nlazg + Ires — nloss). (4.63)

Occasionally, simpler expressions can be found by working with collections of so-
lutions in which the conjugate charge not always located at the same vertex. Also,
we could consider special cases with extra symmetry, such as regular polygons, that
require many of these integrals to be equal. These strategies may simplify the crossing-
weight formulas that we have encountered, but beyond the octagon where these cal-
culations become extremely cumbersome, they give limited help. For this reason, we

will not pursue them here.

4.5 Transforming the universal partition functions

In this section, we transform our crossing partition functions into partition func-
tions for the appropriate 2N-sided polygon, but before we address polygons, we con-
sider more general simply connected domains. The Riemann mapping theorem guar-
antees the existence of a conformal bijection f from the upper half-plane onto a simply

connected domain D # C. We further suppose that f extends to and bijectively sends
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the extended real axis onto 9D and is conformal at each BCC (in the sense of sending
infinitesimal half-disks onto infinitesimal half-disks). If D = H., then for a given BAC
event A € ACy and FFBC event ¢ € BCy, we have (4.6)

ZialZs ~ Ve T, (4.64)

where z; marks the center of the disk of radius ¢; that contains the i-th BCC along
the real axis. If D is some other domain and f is as described above, then under this
mapping, € — 0;(w;) = |0f(x;)|e; where w; = f(x;). To compensate this change,

T (5 transforms covariantly (1.146),

T(D/\k)(wl, Ce ,ng) = |8f(231)|_91 Ce |8f(2§'2N)|_01T()\|§)(£E1, Ce ,QTQN), (465)

so that Z(y) is invariant under the transformation:

Z3o (i, wan) [ Z = Zing (@1, - w2n) [ 2 (4.66)

For the domain D, we now have

Z8|§)/Zf 5-(1;\-3_)0 C%Nél (w1)91 c. 52N(w2N)01T8|g). (467)
The free partition function Zy does not depend on 1, ..., zon as its BC is free, so it

does not transform.

The partition function Z& ¢ Is unnatural because the radii d;(w;) are not constant
but depend on the centers of their respective disks. A more natural partition function
to use is (4.67) with each 6;(w;) replaced by a fixed, small number d; so that we can

confine each BCC to a uniformly small segment in 9D. This modifies Z&g) to a new
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partition function Z& o given by

ZR19/%5 o~ R IEIING S F (4.68)

i—0

The partition function ng follows from a similar modification of ng and is found by
summing Z& o over all BAC events A € ACy.

Now we may propose the following more natural definition of a crossing probability
for D:

X€\|<) = Z(Zilc)/z?' (4.69)

We see that, with this definition, the crossing probability is indeed conformally in-

variant:

zZPb 7
D . T _ “Ns)
X(>\|C) T ZD - Zc = X(\¢)- (470)
<

More generally, we have X(D/\lk) = ngg) for any two simply connected domains D; and
D, that are images of respective conformal bijections f; : H — D; and fo : H — D,
that satisfy the requirements described above. Apparently, the adjustment of Z(I/)\‘g) to
Z(DAI 9 does not affect our crossing formula. However, this adjustment will be relevant
to the calculation of pinch-point densities in the next chapter. For this reason, we
mention it here.

Now we suppose that f does not does not conformally extend to the BCCs on
the real axis but that it does conformally extend to a deleted neighborhood of each
BCC. We have in mind that D is simply connected and its boundary is smooth
except at a finite number of corner points, and if w; is located at a corner point, then
|0f ()| is infinite or zero. In this event, the radius ¢;(w;) is infinite or zero, and the
asymptotic statement J;(w;) — 0in (4.67) has no meaning. The replacement §;(w;) —
§; would seem to remedy this fact. However, the product d;(w;)? ... dan (won )% T& 9

is already finite and nonzero, a quality that such a replacement would spoil. Instead,

we remedy this problem by proposing an appropriate redefinition of the universal
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partition function.

Before we propose the redefinition, we note that the crossing formula (4.32) is not
affected by the situation in which some or all BCCs occur at corner points. Indeed,
(4.70) remains true as we let w; approach a corner point due to the cancellation of
the identical derivative factors appearing in the numerator and denominator. For
this reason, what follows may seem superfluous, and if we simply wish to prove the
invariance of the crossing formula, then this is true. But because universal partition
functions are physically relevant in their own, we propose a good redefinition of them
for these cases anyway. This is the main point of this section.

Now we propose a redefinition of the universal partition functions to accommodate
the cases where the BCCs occur at corner points. We specialize to the situation where
D is a 2N-sided polygon P with w; the i-th vertex. In this situation, f is the Schwarz-

Christoffel transformation [32]

f(z) = a/z(:vl — Q)T (o — Q)N HAC b, (4.71)

1

where ¢; is the interior angle of P at the i-th vertex, x; is the preimage of w;, and a and
b are unspecified complex constants that determine the position, size, and orientation
of P in the complex plane. The failure of f to be conformal at x; is manifested by
the behavior of its derivative as a point x; > z; approaches x;. We can express this
behavior as a function of the difference w] — w;, where w, = f(z!) is slightly shifted

away from w; along the side [w;, w;41] of P. That is,

w; —w; = €;expi (arg(a) + Z(TF — gbj)) : (4.72)

for some very small €; > 0. Now, w/ is given by

!

W= f(2) = wit+a / @ QP (- PTG, (4.73)
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and by introducing the substitution ((t) = (1 — t)x; + x}t, we immediately find the

asymptotic behavior

W= ) oot =) [ e (a7)
JFi

After isolating z; — z; in terms of w; — w;, we can use (4.74) to write |0f(z})| to

leading order in ;. We have

la|T /o i 1-7/0, i | s
of(z))] ~ | — —c; : | Pl i 4.75
sl ~, el T ey — (1.75)

g;—0 ¢Z j;ﬁz

As we expect, the derivative blows up or vanishes as ¢; — 0 when ¢; # 7.
Now we use (4.75) to give a proper redefinition of T& o- The product on the right

side of (4.64) evaluated at x7, ..., 2,y may be written as
01 (wll)el EE 52N(w/2N)01TZD)\|g) (Wh, -+ Why), (4.76)

where, as usual, we have used the covariant transformation rule (4.65) and also

0i(w)) = €|0f(x})|. Next, we make the replacement

() = ofeole — w) = sl (T4 ) @)

and we also make the replacement
T&g)(wl, Ce 7w2N) = faf(xl)rel e ]@f(ng)ralT(Mg) (I,El, e ,sz)

e;—0

61
- Tﬁm@m~wwm>=“m(§%T”%) G s

(b —TT 91 _
.”(5ggwa OF ()| Y e (& ). (A78)
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Thus, §; and T& o are both finite and nonzero as €; — 0, and furthermore

6115% 51 (wh)™ 52N(w2N)91T8|§)(w’1, e Why)

= (51(101) ce SQN(wQN)T,(,))\lg)(wl, e ,ng). (479)

(In the limit, we are sending all ¢; to zero simultaneously.) Now we replace the
right side of (4.67) with the right side of (4.79), and because each d;(w;) is finite and
nonzero, we may replace each with a number J; to obtain the regularized version of

(4.68) in the limit ¢; — 0:
/\\c /Zf ~ CIN501 5g}VT()\|§ (48())

The regularized universal partition function T& o may also be expressed in terms
of corner operators [45, 76]. For a polygon P with a vertex at the boundary point w,
we define the corner operator ¢¢ (w) associated with the boundary primary operator

¢n(w) of conformal weight h by

—0 \ 7

5 1) = limy <¢ - w/¢>> bn(w + &), (4.81)

Then the replacement in (4.78) is equivalent to replacing all boundary one-leg oper-

ators ¢, with corner one-leg operators 1§ in the correlation function for T& "

Y0 = Wr(wr) . r(wan))p — Ty = (@5(w) . o5 (wan))p.  (4.82)

Using (4.78), we write an explicit expression for the regularized universal partition

function when all 2V interior angles of P equal ¢ = (N —1)7/N. We typically choose
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the parameters for the map (4.71)

a= £x1_¢/”e_i(”_¢), b=0, =0, z3=mqy, ... (4.83)
e

.oy XaN—2 =MaN_3, Ton—_1 =1, Tony =T — 00, (4-84)

where ¢ is some unspecified real constant. With these choices, the interior of P resides
in the upper half-plane, x; is sent to zero, and the bottom side [wy, ws] of P sits flush

against the real axis. From (4.73), we find that as we send &; — 0,

¥~ ()T my Y, (4.85)
J
o~ miy 4 ()N T Imy — VYD, i=2,. 2N — 2, (4.86)
J#i
Thyoy ~ 1 (cean )V (1 = my) VD, (4.87)
J
oy~ (cean) TN, (4.88)

Because xon has been sent to infinity, the last point x5 < 0 is not found from (4.73).
Instead, by substituting ((t) = x4/t into the map (4.71) with parameter choices
(4.83-4.84), we find (4.88). By direct substitution into 0f(z), we also find that

0 ()|~ NN/ (N (96;@””), 6= (N—1)r/N.  (489)
T

eon—0

If we synthesize these results together in (4.78), then we arrive at the following expres-

sion for the regularized universal partition function T( Ajs) in the equiangular 2N-sided

polygon:

(1-6/x)/(N-1)

T&O(ml, R ,mgN_3) = ]i[?’)’lZ H(m] — m,) H(l - mz)

1<J %

x NU=6/R)/(N=1) iy 336/”*1'1“(,\@(0, mi,...,maon—3,1,2). (4.90)

r—00
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It is evident from the ansatz (2.4) that the limit in (4.90) exists. We may also define a
regularized crossing weight ﬂf related to its half-plane version ITj as in (4.90) so that
(4.10) becomes T& o= n™ <117, Finally, we can sum over all BAC events A € ACy
to find that the adjusted universal partition function TZ’ is related to its half-plane
version YT through (4.90) too.

Now we can propose the following more natural definition of a crossing probability
for the 2N-sided polygon P:

zF 17,

Do _ 9 (4.91)
2 1

X&g)(wl, cWeN ) =

We immediately observe that this new crossing formula equals its half-plane version,

as we predicted:

Y7, (m m )
A 15+, 12N -3
X6|§)(w17"'7w2]\7) = ~(7‘;) (492)
Tc (mlv"'um2N73)
Tro(0,my, ... ,mon_3,1,00
_ (o) ( 1 2N-3 ) (4.93)
Tg(O,ml,...,mQN_g),l,oo)
= X (0,m1, ..., man—3,1,00). (4.94)
Because 7 = 0,29 = mq,...,Ton_9 = Man—_3,Tan_1 = 1,xony = 00, the cross-

ratio n;, defined in (4.14), equals the parameter m;. The set of 2N — 3 numbers
{mq,...,man_3} control the relative side-lengths of P, but they do not control the
location, size, or orientation of P in the complex plane. Thus, the crossing formula is
unchanged when we translate, rotate, or dilate P, a fact that must be true in order

for it to be conformally invariant.

4.6 Simulation results for crossings in hexagons

In this section, we present computer simulation measurements of the crossing

probabilities for an equiangular hexagon harboring a critical @)-state Potts model
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(zy) — (z+y/2,yV3/2) L

Figure 4.17: The transformation from a square lattice to a triangular lattice. Dotted lines
connect the centermost site with its nearest neighbors.

on a triangular lattice with @ = 1,2,3. We create the triangular lattice from a
square lattice as shown in figure 4.17. Our simulations sampled thirty-three hexagons
with their bottom and top-left/right (resp.top and bottom-left/right) sides wired
(resp. free) and with their side-lengths alternating between two lengths ¢ and ¢'. In
each hexagon, we generated 3,276,800 samples.

We generate a hexagon H with the properties described above as the image of
the upper half-plane under the conformal mapping (4.71, 4.83-4.84) with ¢ = 1. This

map is (figure 4.18)

FE) =5 [ € = 0 ma = ) e = (1= QA (495)

with 0 < m; < mg < m3 <1 < oo the preimages of the vertices wy, ..., wg of P. We

further have
m3 Mo
ms

(4.96)

ml =
1 —mg+m3

Tl —mat+m?
so that the side-length alternates between two values. We number the vertices of H
starting with the bottom-left endpoint as vertex one and proceeding counterclockwise,

so that the first vertex is wy = f(0) = 0, the second vertex is wy = f(my) > 0,

b} 4
——O0—0—@ @ @) —_—> 6 3
0 mi Mo Mms 1 o0
1 2

Figure 4.18: The transformation of the upper half-plane to the interior of the rectangle
and the hexagon and our enumeration of the vertices of either shape.
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the third vertex is ws = f(ma) € H, etc. Thus, the length of the bottom side is
¢ = wy > 0, and the equation f(mq) = ¢ puts all £ € (0,00) in one-to-one relation
with all m; € (0,1). We plot our crossing-probability measurements as a function of
the ratio

Rt Jm) (4.97)

4 | f(mz2) — f(mi)]

We enumerate three of the possible crossing configurations in figure 4.19 so that

the k-th configuration corresponds with the BAC event \,. In general there are
five distinct crossing configurations. However, when the side-length of the hexagon
alternates, the probabilities of the three configurations that are some rotation of
the k£ = 1 arc connectivity are equal by symmetry. This leaves the three crossing
configurations shown in figure 4.19.

In our simulations, we independently wired the bottom and top-left /right sides of
each hexagon. The exterior arc connectivity for this FFBC is created from the third
hexagon in figure 4.19 by reflecting the boundary arcs from the inside to the outside.
So according to our labeling scheme, we are conditioning on the FFBC event ¢s.

Throughout this section, we write X () := X(rle,,) for some indexed BAC event
A € ACy and some indexed FFBC event v € BCy. The probabilities Xg\?)) and
Xzél?’) of the first two configurations are given by (4.32, 4.94), with the crossing weights
given by (4.42) and (4.45) respectively. The probability Xg\i%) of the third configu-
ration is found by rotating the crossing weight IIy (i.e., replacing z; 1 — x;, where

x7 = 7). Altogether, we have

2 4
H . n Hl . n I56
A A (4.98)
3
H TLHQ n (n]36 — 126 — I46)
= = 4.99
X(2/3) Fs (n? — 2)1ns ) ( )
3 5 ! ! /
H nly  n2(nly — Iy — Iy)
= = ) 4.100
X(3\3) F3 (TL2 N 2)]24 ( )
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(k,k") = (1,3) 2,3) (3.3)

Figure 4.19: The BACs of the three crossing configurations in a hexagon with alternating
side-length. The exterior arc connectivities indicate that the bottom and top-left /right sides
are wired in each hexagon.

Here, the I;; and [j; are given by

1 o]
]56: / / duldu2
m3 J1
136 = / / du1 dUQ
mi 1

mi ms3
s ]24 = ‘/ / e du1 dUQ s (4101)
0 mo
y 126 = ‘ / / .. du1 dUQ y (4102)
0 1

ms 00 ms3 0
-[46 = / Ce du1 dUQ y Ié/ll == ’ / / ce du1 dU2 y (4103)
mo 1 ma2 —o0
mo 0 1 0
]i,ﬂ = / Ce du1 dUQ s ]él = ‘ / / e du1 dUQ s (4104)
mi —00 m3 —o0

with the integrand of the I;; being

3
(uy — up)¥" H ui_A‘/H(ui — 1)12/r2 I_I(UZ —my) V" (4.105)
j=1

=12
and with the integrand of the Ij; being

3

(ug — up)®/" H w; M (g — 1)V H(ul —my) YR (4.106)

i=1,2 j=1
In the Q-state Potts model with @ € {1,2,3,4}, the function X@im equals the
probability that the FK boundary clusters connect the independently wired sides
of the hexagon as in the k-th crossing configuration (or BAC) shown in figure 4.19
conditioned on the independent wiring FFBC event. We tested this prediction by

sampling FK clusters of the @) = 1, 2,3 Potts models on the triangular lattice, which
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corresponded with the dense phase SLE speeds k = 6,16/3, and 24/5 respectively
(table 1.1), and tracking the frequency of each crossing configuration. We found very
good agreement with our measurements. (Actually, we only sampled percolation
hull-walks in the case () = 1 since this case corresponds with percolation. Details are
presented in the following section.)

In addition, the function X% 9 equals the probability that the Potts model spin
boundary clusters connect the wired sides of the hexagon as in the k-th crossing
configuration shown in figure 4.19. Here, ¢ must be the mutual-wiring boundary
condition event, as explained in the last paragraph of section 4.3, and this is the FFBC
event ¢ according to figure 4.19. Furthermore, the SLE speeds of the spin cluster
interfaces belong to the dilute phase (table 1.1), so the integrals in (4.101-4.104)
diverge. We can remedy this problem by replacing the simple integration contours
with Pochhammer contours, but because the integrals that follow are difficult to

evaluate numerically, we did not test these cases.

4.6.1 Ceritical percolation

The FK clusters of the () = 1 Potts model are bond percolation clusters. Because
site percolation and bond percolation belong to the same universality class, probabil-
ities of like crossing configurations for either model should be equal. Assuming this
fact, we sampled site percolation clusters on the triangular lattice instead of bond
percolation clusters since the former is easier to simulate.

In site percolation on the triangular lattice, each lattice site is activated or deacti-
vated with critical probability p. = 1/2. Because nearest-neighbor sites do not inter-
act, it is sufficient for our simulations to only sample the boundary cluster perimeters
(boundary arcs) in order to measure the probability of each crossing event.

We describe the generation of each sample. It starts with the state of each site in

‘H or the boundary of H undecided, except for the states of the sites in the wired sides
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of 'H, which start as activated. This is the independent-wiring boundary condition.
Then a walk, called a site-percolation hull-walk, is performed to create a boundary
cluster perimeter in H. Each step of the hull-walk takes us from a site z in ‘H to
a nearest neighbor of z in ‘H. We perform two hull-walks in each sample. The first
walk begins at the left endpoint w; of the bottom wired side and considers a first step
in the v direction pointing into the adjacent free side. Before taking that step, the
neighboring site onto which it would step is activated or deactivated with probability
pe or 1 — p,. respectively. If it is activated, then the walk steps onto that site. If it is
deactivated, then the walk rotates its direction by —m /3 radians, considers a first step
in that new direction, and the process repeats. Because the bottom side is wired, a
first step is eventually taken. Now, after the (i —1)-th step, the walk considers an i-th
step in the ©; direction rotated 7 /3 radians from the ¢;_; direction of its previous step.
The nearest-neighboring site in the o; direction was either activated or deactivated
by this process earlier, or is activated or deactivated now with probability p. or 1 —p,
respectively. If it is activated, then the walk takes its i-th step onto this site. If it
is deactivated, then the walk rotates its direction by —m/3 radians and considers a
next step in this new direction. The walk follows the same process to determine if it
will step in this new direction or turn —=/3 radians again, and the process repeats
until a next step is taken. Ultimately, the walk will take an i-th step, although this
step may cause the walk to backtrack on its path. To keep the walk from leaving the
system, we surround the boundary of H with a ring of deactivated sites off of which
the hull-walk reflects.

We note three important facts concerning the hull-walk described in the previous
paragraph. First, the walk never becomes trapped with no possible next step. Second,
the walk never forms a loop that it traces an infinite number of times. Third, a
hull-walk starting at an odd (resp.even) vertex of H will eventually reach an even

(resp. odd) vertex. This is a feature of a hexagon with a FFBC.
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Figure 4.20: A hull-walk starting from the first vertex of the hexagon and deciding
its twelfth step (left hexagon), and a complete sample exhibiting the & = 1 BAC. Black
(resp. white, resp. gray) sites are activated (resp. deactivated, resp. undecided).

The first hull-walk starts at the first vertex w; of the hexagon, so it eventually
touches an even vertex. When it reaches this vertex, we end the first hull-walk, we
begin a second hull-walk from vertex five (top-left), and we end the second hull-walk
when it touches an even vertex that is necessarily not the end of the first hull-walk.
When the second hull-walk ends, we have two boundary arcs, and each connects an
odd vertex with an even vertex. Because the third hull-walk would necessarily connect
the remaining two vertices, we know the BAC, and thus the crossing configuration,
of the sample without performing the third walk. By tallying the number of each
type of BAC that we observe and dividing by the total number of samples, we find
the measured probability of each BAC for a specified side-length ratio R.

We chose the side-lengths of each hexagon so that a long side and a short side are
comprised of about 2048 lattice sites altogether. (In our simulations, side-length was
defined to be the total number of lattice points within that side excluding the right
endpoint, which was considered to be a member of the adjacent side.) We considered
thirty-three different side-lengths, with the length of the wired sides in the i-th choice

equaling

2048 ¢ (8192 2048
bi=|—+—=|——— — ) ceey 32 4.1
P ()| e o
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Figure 4.21: Crossing probabilities versus log R, with R the ratio of the wired side-length
to the free side-length, for critical site percolation on the triangular lattice in a hexagon.
Note that x(gj3) and x(3j3) are reflections of each other about log(R?) = 0 and that x(y3) is
symmetric about this same axis.

and the length of the free sides equaling 2048 — ¢; ~ (35_;. With this choice, the ¢;
were approximately uniformly distributed between ¢y and ¢35, and Ry ~ 1/4, Ris = 1,
and Rgss ~ 4 where R; := {;/(2048 — ¢;) is the ratio of the side-lengths.

In figure 4.21, we plot the three crossing formulas Xgli%)’ X&g), and Xg‘?)) Versus
log(R) (solid curves) with our measurements of the probability of these crossing events
(points). The figure shows excellent agreement with our predictions. The log(R)-
values of the data points increase from log(Ry) ~ — log(4) on the far left to log(Rs2) ~
log(4) on the far right. The double integrals in these crossing formulas were evaluated
by using the “NIntegrate” function in Mathematica (version 8) with the “Method”
option set to “MultiPeriodic.” Table 5.3 presents the average error and the standard
deviation of the error from this average.

Figure 4.21 suggests that X?'ém and Xg\g) are reflections of each other about the
(log(R) = 0)-axis (i.e., X {35 (1) = X{§j3(1/R)), and that x{f is an even function of

log(R) (i.e., Xﬁl3)(R) = X%S)(l/R)). To explain this symmetry, we consider lining
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the free sides of H with a collection of deactivated sites just outside of H. (In a
very large system, this has a negligible affect on the shape of H.) If we do this, then
the statistics of the activated sites in H with side-length ratio R are the same as
the statistics of the deactivated sites with side-length ratio 1/R. This explains the
identity.

The simulation results presented in the following section will show that these
symmetries are unique to percolation among the random cluster models. Because
the addition of any collection of conditioned sites placed behind a free side of H will
interact with that free side and affect the statistics of the model when ) # 1, the
argument of the preceding paragraph cannot be used in these cases. We therefore do
not expect our () # 1 Potts model simulation results to exhibit these identities for

FK clusters, and indeed our data, presented in figure 4.23 below, does not.

Avg. error ‘ X(1]3) X(2[3) X(3[3)
FKQ=1 ] 142x10° 667 x10° 892x 107
FKQ =2 | —4.411 x 107* 1.9984 x 1073 3.2274 x 1073
FKQ =3 | =7.924 x 107* 3.9962 x 1073 1.9474 x 1073

Std.dev. | xqp X@l3) X@313)

FKQ=1| 413x 107> 2591 x10™* 4.273 x 10~*
FKQ=2| 622x107° 4.5270 x 107® 5.0539 x 10~?
FKQ =3 | 1.326 x 107 6.7855 x 10~®  4.0168 x 10~?

Table 4.1: The error (theory minus simulation) averaged over log(R), and the standard
deviation of the error from that average, of the data displayed in figures 4.21, 4.23, and
4.24.

4.6.2 Critical ()-state Potts model: ) =2.3

We used the Swendsen-Wang (SW) algorithm [77] to sample FK clusters in the
critical ()-state Potts models. This algorithm is born from the random cluster repre-
sentation of the Potts model (1.21). Beginning with a random collection of spins on

the lattice, we update to a new sample by activating or deactivating the bonds be-
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Figure 4.22: Hull-walks along the outer perimeter of a boundary Ising FK cluster. Spin
+ (resp. —) sites and the FK bonds between them are colored blue (resp. black). The left
figure shows the partially complete first hull-walk, with each step marked by an orange
“x,” and the right figure shows the complete first (resp.second) hull-walk, with each step
marked with an orange (resp. green) “x.” Each step common to both hull-walks is marked
by a yellow “x.”
tween nearest-neighbor sites of like spin. Each bond is activated (resp. deactivated)
with critical probability p™ (1.28) (resp.1 — pM), except for those bonds within a
wired boundary which are always activated to maintain the fixed BC on that side.
Each cluster of activated bonds is an FK cluster by definition. After each bond is
activated or deactivated, we choose an FK cluster and a spin oy from among the @)
possibilities with uniform probability, and we update the spin of each site in the FK
cluster to op. We repeat this process for each FK cluster (including those of size zero)
so that all spins are updated. Thus, we generate a new sample from the original.
After repeating this update procedure many times, the simulation eventually starts
to sample spin configurations according to the Boltzman distribution.

After each update, we checked the BAC of the new sample to determine the
crossing configuration that it exhibits. We took the boundary arcs to be the activated
bonds that comprise the perimeter of an FK boundary cluster. To determine how

they connect the vertices of ‘H pairwise in a given sample, we performed two hull-

walks. The first hull-walk started at the center of the activated bond in the bottom
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Figure 4.23: Crossing probabilities versus log R, with R the ratio of the wired side-length
to the free side-length, for critical () = 2 FK clusters on the triangular lattice in a hexagon.
wired side and with the left endpoint at the first vertex of H, and it stepped along
the midpoints of the activated bonds that form the perimeter of the FK boundary
cluster anchored to the bottom wired side (figure 4.22). The walk eventually stepped
onto the midpoint of an activated bond in a wired side and with an endpoint at an
even vertex of H, and when this happened, we ended the walk. Then we started a
second walk from the midpoint of the activated bond in the top-left wired side of H
with an endpoint at vertex five, and we ended the walk when it stepped onto the
midpoint of an activated bond in a wired side and with an endpoint at an even vertex
of H. Knowing the endpoints of these two hull-walks was sufficient to determine the
BAC, and thus the crossing configuration, of the sample without performing the third
walk. By tallying the number of each type of BAC that was observed and dividing
by the total number of samples, we found the measured probability of each BAC for
a specified ratio R.

We chose the side-lengths of each hexagon so that a long side and a short side

comprised of about 2048 lattice sites altogether. Actually, only every other lattice
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Figure 4.24: Crossing probabilities versus log R, with R the ratio of the wired side-length
to the free side-length, for critical () = 3 FK clusters on the triangular lattice in a hexagon.
site was physical in the sense that it harbored a Potts model spin variable. All of
the other lattice sites fell on the midpoints of the FK bonds connecting the physical
lattice sites, and each harbored a variable that equaled zero (resp.one) if its FK
bond was deactivated (resp.activated). Thus, our lattice size and side-lengths were
effectively half of those used for percolation. In order to create this setup, we needed
all side-lengths of H to be even. Thirty-three different side-lengths were considered.
The length of the wired sides in the ¢-th choice was

1/2048 i (8192 2048 .
éi_2b<T+§<T_T>)J’ ie{o,...,32}. (4.108)

and the length of the free sides was 2048 — ¢; ~ (35_;. With this choice, the ¢; were
approximately uniformly distributed between ¢y and /35, and Ry ~ 1/4, Rig = 1, and
R3y =~ 4 where R; := (;/(2048 — {;) is the ratio of the side-lengths.

In figure 4.23 (resp.figure 4.24), we plot the three @ = 2 (resp.Q) = 3) FK
cluster crossing formulas er{m, X(T5|3>’ and Xg\:«z) versus log(R) (solid curves) with our

measurements of the probability of these crossing events (points), and we observe
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excellent agreement with our predictions. The explanation of this figure is the same
as for figure 4.21. Table 5.3 presents the average error and the standard deviation
of the error from this average. We note from figure 4.23 (resp. figure 4.24) that the
difference between the prediction for x{§) (resp. x{§5) and the simulation results is
larger when R is large (resp.small), but we do not offer an explanation since it is not
clear if this is a finite-size effect or a consequence of the numerical evaluation of the

double integral in the crossing formulas.

4.7 Summary

We summarize the main results of this chapter. The elements of the basis By
(definition II.20) are interpreted as universal partition functions for a continuum
limit critical lattice model in a 2/N-sided polygon with a certain FFBC among those
in the collection BCy (defined in section 4.1). In particular, F, € By is the universal
partition function summing exclusively over samples in the FFBC event ¢. Universal
partition functions summing exclusively over the intersection of the FFBC event ¢ and
the BAC event A are given by n*<II,, where [y . equals the number of loops created
by fusing the exterior arcs of the diagram for F, with the interior arcs of the diagram
for [Z)\], with n given by (1.155), and where the type-A crossing weight 11, is the
element of Sy dual to [£\] € 3. Thus, the probability of observing the BAC event
A conditioned on the FFBC event ¢ is given by the crossing formula n'*<II,/F.. This
result is predictive rather than rigorous, and we confirm this prediction via computer
simulation for the case of an equiangular hexagon with independently wired sides
and with a side-length that alternates between two possibilities as we move around
it. Our simulations sampled FK clusters in the @ = 1,2, 3 Potts model (k = 6, 16/3,
and 24/5 respectively), and our measurements show very good agreement with our

predictions.
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CHAPTER V

Cluster pinch-point densities for critical systems in

polygons

We consider critical bond percolation on a very fine square lattice inside of a rect-
angle R with wired left and right sides. Of intrinsic interest to the system are bonds
whose activation or deactivation will respectively join or disconnect the percolation
boundary cluster anchored to the left side of R from that anchored to the right side.
Such a bond that connects them is an example of a red bond [78]. Red bonds in-
herit their name from the following scenario. If we suppose that only activated bonds
conduct electricity and the wired left and right sides are attached to opposite leads
of a battery, then an activated red bond carries the total current, and its deactiva-
tion stops the flow of current. Red bonds carry similar significance in other physical
scenarios modeled by percolation. Many of their properties have been studied be-
fore, first in context with cluster ramification [79]. The average number of red bonds
weighted by cluster size was measured in [78|, and the fractal dimension of the set
of red bonds is predicted in [27, 80], and measured in [81]. Further fragmentation
properties of percolation clusters are considered in [82]. In this chapter, we calculate
the density (i.e., frequency of occurrence) of red bonds at a given bulk point w € R
and some generalizations which we now explore.

In percolation, red bonds are marked by pinch points, or bulk points where distinct
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Figure 5.1: A percolation configuration with the red bonds, or two-pinch-points (colored
red) and the boundary arcs connecting the vertices of the rectangle pairwise (colored green
and blue). The left illustration is a sample in the discrete setting while the right figure only
shows the (filled) boundary clusters of a sample in the continuum limit.

percolation clusters touch. We consider the two boundary arcs of the percolating
system in R. At the center w of a red bond, the two boundary arcs pass very close to
each other, separated there by only the red bond (figure 5.1). In the continuum limit,
four distinct boundary arcs appear to emanate from w, each ending at a different
vertex of R. In reality, these four curves are not distinct but join pairwise at (or pass
very close to) w to form two boundary arcs. Each boundary cluster is pinched into
a narrow channel between an adjacent pair of boundary arcs, and they touch each
other at (or pass very close to) w where the tips of these channels meet (or almost
meet). Thus, we call w a pinch point [83] (figure 5.1). The detail of whether or not
the red bond at w is activated is lost in the continuum limit where, formally speaking,
bonds do not exist but their clusters do. But the location of the red bond remains.
It is marked by the pinch point at w. Thus, the continuum limit of the density of red
bonds in R equals the density of pinch points between the left and right boundary
clusters in R.

The connection between red bonds and pinch points generalizes the problem of
computing the red bond density in R to computing the pinch-point density involving

s boundary clusters in a 2N-sided polygon P. In particular, we suppose that P
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harbors critical percolation in its interior and exhibits a specified FFBC. We define
an s-pinch point to be a bulk point w € P where s distinct boundary clusters touch.
In the continuum limit, 2s boundary arcs emanate from w, each ending at a different
vertex of P (figure 5.1). Clearly, we must have 1 < s < N since at most N distinct
boundary clusters can anchor to the wired sides of P. When s = 1 we define a one-
pinch point to be a bulk point touched by just one of the boundary arcs. As the
continuum limit is approached, the density of pinch-point events decays as a power
law of the shrinking lattice spacing (section 5.2.2). This power, with other scaling
exponents, is determined in [27, 83]. (For 2N-sided polygons with N > 2, the density
of red bonds is still dominated by pinch points involving two clusters in the large
system limit, since s-pinch points with s > 2 occur much less often, as discussed in
section 5.3.)

We obtain another generalization by considering the statistics of the boundary
arcs, which, as mentioned in the introduction of chapter two, fluctuate in P with the
law of multiple-SLE. In these terms, an s-pinch point is a bulk point w € P where
s distinct multiple-SLE curves touch (or pass very near each other). In particular, a
one-pinch point is a bulk point on (or very near) one of these curves (figure 5.2), and
the problem of calculating its density generalizes the same problem for when there
is one SLE curve. The latter was originally solved in [50]. In our generalization,
the regions that a boundary arc can explore in P are influenced by the presence
of the other boundary arcs, so a one-pinch point can be interpreted as measuring
the repulsion between the various boundary arcs. In the case of percolation, this
“repulsion” is not felt until the boundary arcs actually collide due to the locality
property of SLE with x = 6 [15].

As we have observed, the range € (0,8) describes boundary arcs in many inter-
esting critical lattice models, including those of the )-state Potts model for ) < 4.

As in percolation, an s-pinch point is still a bulk point where s distinct boundary
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clusters touch in the )-state Potts model, but now there are two different types of
clusters to consider: FK clusters and spin clusters. In section 1.2.8, we saw that
boundary arcs of the former type are multiple-SLE curves with speed x in the dense

phase and related to @ through [§]
Q = n(k)? = 4cos’(47/k), k€ (4,8), (5.1)

while boundary arcs of the latter type are multiple-SLE curves with the dual speed
k = 16/k in the dilute phase and « related to @ through (5.1). Scaling exponents and
fractal dimensions associated with pinch points are found in [80]. The generalization
of red bonds from percolation to other models is also considered in [81].

In this chapter, we calculate various continuum limit pinch-point densities in the
rectangle R and in the hexagon H (and for s = N in any 2N-sided polygon) with
a specified FFBC and for arbitrary x € (0,8), but before we begin, we refine our
definition of a pinch point. We let the event A contain all samples in which exactly
s distinct boundary arcs, each with both endpoints among 2s specified vertices of P,
pass within a small distance ¢ from a specified point w € P and the other boundary
arcs join the remaining vertices of P in some particular connectivity. Then for a
specified FFBC event ¢ € BCy, the type-A s-pinch-point density pz\‘g) (w) is the
probability of the pinch-point event A conditioned on the FFBC event ¢, and it equals
the ratio of the (continuum limit) partition function Z~(72| ¢ summing exclusively over
samples in A N ¢ divided by the partition function Z,;ZD summing exclusively over
samples in <.

Our goal is to study the asymptotic behavior of p& o(w) as d — 0. The asymptotic

behavior of the partition functions ZN& 9 is supposed to be a natural generalization
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Figure 5.2: An illustration of one-pinch-point events on the perimeters of the boundary
clusters (orange and purple) in the discrete (left) and continuum (right) settings.

of that of égf\l o in (4.80) with A a specified BAC event. This generalization is

ANV o~ ANG o TP (5.3)

where Z; is the free partition function, where the functions T&g) and TZ’ are uni-
versal partition functions given by (2N + 2)-point and 2/N-point correlation functions
respectively, where 6; is the boundary one-leg weight (1.169), and where O, is the
bulk 2s-leg weight, a new scaling exponent to be explicitly given below and associated
with the s-pinch-point event. Also, ¢; is the nonuniversal scaling coefficient associ-
ated with the boundary one-leg operator ¢, Cs is a nonuniversal scaling coefficient
associated with the s-pinch-point event, and the -th BCC occurs within distance ¢;

from the i-th vertex w; of P. Then the density pa‘ 9 behaves as

P = Zho/Zl (5.4)

The function TZD was determined in chapter four for any FFBC event ¢ € BCy. Thus,

determining the behavior of p& o) to within a constant amounts to determining T& o
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The organization of this chapter is as follows. In section 5.1, we equate the
universal partition function T&g) with a bulk-boundary CFT correlation function
of certain primary operators, and we find a formula for it using the Coulomb gas
formalism. Also in this section, we calculate the N-pinch-point weight (defined below)
of a 2N-sided polygon, and we find that it is completely algebraic. In section 5.2, we
compute various s-pinch-point densities in the rectangle (N = 2) and in the hexagon
(N = 3). We find that the formulas for the (N — 1)-pinch-point densities are given by
algebraic factors times Lauricella functions of cross-ratios of (the half-plane conformal
images of) the bulk point w and the vertices w; of P. In section 5.3, we compare
some of our predictions with high-precision simulations of percolation and Ising FK
clusters inside of a rectangle and a regular hexagon and find very good agreement.

The research presented in this chapter is also presented in our preprint [84].

5.1 Conformal field theory description

In the continuum limit, T& 9 is a correlation function of appropriate CF'T primary
operators that are chosen as follows. To alternate the BC on the sides of P from free
to fixed, we insert a corner one-leg operator ¢§(w;) at each vertex w; of P into the
correlation function. Corner operators are defined in (4.81). The collection of 2N

corner one-leg operators introduces N non-crossing boundary arcs that connect the

Figure 5.3: An s-pinch-point event is induced by the insertion of a bulk 2s-leg operator.
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vertices wy, ..., wsn pairwise in one of Cy possible connectivities (figure 4.9), with
Cy the N-th Catalan number and given by (2.7). Now to generate an s-pinch point at
w € P, we require s of these arcs to touch at (or come very close to) this point. One
may view this as the event in which 2s distinct boundary arcs emanate from w, which
is conditioned by the insertion of a spinless bulk 2s-leg operator V,(w,w) into the
correlation function [23, 83| (figure 5.3). Hence, T&g) is given by the (2N + 2)-point
function

TE\\g) = (i (w)Yi(w2) . . . 7 (wan—1)P] (wan) Vs (w, w))p. (5.6)

The half-plane version of this correlation function is

Ty = (Wi(x)i(xe) .. Y1(xan—1)V1(z2n)Vs(2, 2))m (5.7)
= (Ui(x)r(z2) .. 1 (Tan—1)r (an) Vs (2) Vs (2))c, (5.8)

where we have used Cardy’s method of images, discussed in section 1.2.8, to rewrite
the half-plane correlation function on the right side of (5.7) as the whole-plane cor-
relation function (5.8). First, we will focus on calculating T4, and later in section
5.2.3, we will transform T, to Tﬁ\lg)'

In the multiple-SLE picture, the bulk 2s-leg operator conditions 2s of the 2N
available multiple-SLE curves to grow from their respective origin points at the ver-
tices of P towards the common bulk point w € P until they join pairwise very near w
in any one of Cs possible connectivities, where Cj is the s-th Catalan number (2.7).
The s-pinch-point event A, defined above, contains all samples exhibiting any one of
these Cs connectivities near the pinch-point. Each is equally likely, and the i-th con-
nectivity will imply a certain number p; of boundary loops in the system that depends

on the specified FFBC event ¢. By factoring out the fugacity factors associated with
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the boundary loops, we may write T, in the form
T(Ak) = (np1 +...+anS)HA. (59)

Here, I1, is called the (half-plane) type-A pinch-point weight, and it bears the same
partition function interpretation as Y (4|, but with the boundary loops having fu-
gacity one. This interpretation is analogous with that of the type-A crossing weight
in chapter four.

The bulk 2s-leg and boundary s-leg operators W, and v, are primary operators of
a boundary CFT in the upper half-plane. The highest-weight vector of their Verma
modules respectively belongs to the (0,s) and (1,s 4 1) (resp.(s,0) and (s + 1,1))
positions of the Kac table in the dense phase (resp. dilute phase) of SLE [23]. Their
respective conformal weights ©; (for both holomorphic and antiholomorphic sector of

;) and 6, in terms of the SLE speed k therefore follow from (1.170) and are

2 (e 4)2 _
_ 16s (k—4) 9323(28+4 li)' (5.10)

16K ’ 2K

O,

As demonstrated in section 1.2.6, CFT translates the reducibility of the V; o (resp. Va 1)
Verma module associated with each boundary one-leg operator into the following
semi-elliptic system of 2N PDEs that govern the correlation function (5.7), or equiv-

alently, the pinch-point weight I1,:

az @s 82 @S B ‘
+Z—$i B (Z—:L‘Z-)2 T zZ—z; B (2_$i)2:| HA - 07 1€ {1,,2N} (511)

The domain of II, is

Qo :={(z1,...,2an,2,2) 1 1 < ... < xan,2 € H, Z € H"}, (5.12)

268



and we always set Z = z* at the end of our calculations. In addition, the three Ward
identities (1.54) ensure that IT, is conformally covariant such that each x; has scaling

weight #; and z and Z have respective holomorphic and antiholomorphic weight ©:

2N
0:+0:+ Y 0, |Ta =0 (5.13)
L =1
B 2N

20. + 20: + 20, + Y (2,05, + 61)

=1

I, =0 (5.14)

2N
20, + 2°0: +20,(z + 2) + Y (270, + 2012;)

=1

I, = 0. (5.15)

The Ward identities restrict Iy to a conformally covariant ansatz which may be

chosen as

N
HA<£C1, .o, TN 2, 2) = ’Z — 5‘7295 H(l’zl — $2i,1)7291G(n2, ey MaN—2; W, I/) (516)

=1

with
x; — x1)(Tany — Ton_ .
n; _ D)2y — Zan 1), i=2,...,2N —2, (5.17)
($2N71 - $1)($2N — ;)
(2= 21)(mon — w2n—1) (2= 21)(won — w2n—1)
= , U= — (5.18)
($2N—1 - $1)($2N - Z) ($2N—1 - $1)($2N - Z)
where {ns,...,mon_2, i, v} is a maximal set of independent cross-ratios that can be
formed from the points x1,..., 22N, 2,2 and G is an analytic function of x1, ..., zon

thanks to the analyticity theorem for elliptic PDEs [64]. This ansatz reduces the
number of variables in the problem from 2N + 2 to 2N — 1. A standard approach
that takes advantage of this reduction is to transform (5.11) into a system of PDEs

governing w2211, and take the limit

{1)1,1'2, e 'xZN—vaQN—laxQNazvz} - {077727 <oy 2N -2, 1; o, W, V}' (519)

This gives a system of 2N PDEs governing the unknown function G from which we
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can glean information, ideally exact solutions. Because we mainly consider the cases

N = 1,2 and 3 in this chapter, we use the following notation throughout:

n:i=Ts2, T =13, 0 =T4. (520)

We can explicitly solve (5.11-5.15) in the case s = N = 1 (i.e., the two-gon).
In this one-pinch-point event, a boundary arc vy connecting x; with x5 passes some
very small distance € from the specified point z € H. We denote the corresponding

pinch-point weight by Il;5. Substituting the ansatz

H12(£U1,$2; Z,Z) _ ’Z o Z|72@1 (1‘2 — xl)*%lG(U), V= Eii : ;;Eiz : j; (521)

(slightly modified from (5.16)) into (5.11) yields a second-order, linear, homogeneous

differential equation in GG. The general solution is

(1.2 _ x1)7291+92|z _ 2|72@1+92

|21 — 2[8/51|zy — 2[8/5—1

4 8
X |:Cl+02ﬁ(—,1——

K K

F(xy,29;2,2) =

(21— 2) (w2 — 5))} . (5.22)

(21 — 2)(z2 — 2)

where (3 is the incomplete beta function, ¢; and ¢, are arbitrary real constants, and
the weights 0y, 65, and O are given in (5.10). We argue that ¢, = 0 in our application
by letting z — = € R\ {x1, z2}. Because the boundary arc  is conditioned to touch z,

~ will touch the real axis at x in this limit, and two boundary arcs will emanate from

x1 X2

Figure 5.4: The one-pinch-point configuration in the upper half-plane. Note that the
limits o — 21 and z — & € R\ {x1,x2} each generate a boundary two-leg operator.
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x. Thus, the bulk operator W, (z) must fuse with its image W;(Z) to create a boundary
two-leg operator ¢s(z) to leading order. Or instead suppose that xs approaches ;.
Then in this limit, the two endpoints of v touch at x;, and the boundary operators
1 (x1) and ¢y (z2) fuse to create ¥y(x;) to leading order as well (figure 5.4). In both
cases, v — 1. Because

Bla,blv) ~ b1 —v)’ ifb<0, (5.23)

’U—)l

and because b = —0, < 0 for k < 8 (5.10), we see that

—201+062 ’Z _ Z‘ —201+02

o (332 - 551)
F(Ilyl@v Z,Z) uzl |$1 _ Z|8/n71‘x2 — Z|8/H71

@) e

To ensure that the bulk-image or boundary-boundary fusion has the two-leg channel

at leading order, the second term in the brackets must be absent. Thus, ¢; = 0, and

we find the one-pinch-point weight for an SLE connecting the real points x; and x5:

(IZ _ xl)z/“|z _ 2|(8—n)2/8n

ng(x1,$2;2,2) - |CC'1 —Z|8/H_1|LU2 _Z|8/H_1 . (525)
If we put z; = 0 and x5 = 0o as in the usual setup for SLE, then we have
lim 2210,5(0,29,2,2) = |z — 2|*/* Lsinarg(z)¥** (5.26)

T2—00

= P{Ble,2) Ny # 0}, re(0,8), (527

where P{B(e, z) Ny # (0} is the probability that ~ intersects a ball B(e, z) centered at
z of small radius e. Equation (5.27) is rigorously proven in [50]. This rigorous result

is supposed to be stronger by the formalism presented in this thesis. Namely, it is
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expected to be
P{B(e,z) Ny # 0} ~ €201)z — z|"/5 L gin arg(z)¥/~ L. (5.28)

This is equivalent to the prediction (5.2) when N = 1. Note that ©; > 0 for k < 8,
so this probability goes to zero as ¢ — 0 as it must. Below, we will compute this
pinch-point weight with another method.

As we have observed this example, it is generally true that the set of pinch-point
densities span a proper subspace of the solution space of the system (5.11-5.15). This
follows from the result (5.128) in the appendix 5.4.

The system (5.11-5.15) is very difficult to solve directly when N > 1, but fortu-
nately the Coulomb gas formalism (section 1.2.9) provides a tractable approach to
finding solutions. To this end, we write a chiral operator representation for (5.8).
Adopting dense phase notation conventions, we represent v (x;) by the chiral oper-
ator Vi ,(x;), and we represent W,(z,2) by the vertex operator Vy',(z)Vy,(2). The

correlation function now has total charge
2Nag, + 2046; =2a+ (s — N)a_, (5.29)

which equals 2a only if N = s.
We momentarily restrict our attention to the case s = N, where the correlation
function is neutral. Here, (1.178) gives an explicit, algebraic formula for the upper

half-plane N-pinch-point weight in a 2/N-sided polygon:

N -pinch point (1, - - ., Tan; 2, 2) = |2 — 5|(4N+4_H)2/8'{
2N 2N
< [T — =) ] 1z = 2 O/ (5.30)
i<j i=1

The bulk point z is connected to all boundary points x; hosting the BCCs via the NV
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boundary arcs that touch at z. We note that (5.30) is identical to (5.25) when N =1,
as it must be.

Next, we consider the cases with s < N. In order for the total charge (5.29) of
the correlation function to equal 2, we must insert N — s (J_ screening operators,

leading to the following modified (2N + 2)-point function:

ﬁ . ]{ Via(@1) . Vi@ Vi)V (Vo (wr) . Ve (uy—)) dus - .. duys.

o (5.31)
What remains is to determine a collection of closed, non-intersecting integration con-
tours {T',,}N =% appropriate for a particular type-A pinch-point event. The simplest
closed contour along which an integration is nonzero is a closed Pochhammer contour
entwining only a pair among the branch points zi,...,zon, 2, and Z of the inte-
grand, as shown figure 1.20. Throughout this chapter, we take each I',, to be such a
Pochhammer contour. We may use (1.178) to write out the integrand of (5.31). After

including a useful prefactor, we find that (5.31) is

I n(m)0(2 ~ 8/
(711 4 exp Ti(Brm — Pom) sin 701, sin w3, I'(1 — 4/,@2)

2N
% ‘Z . 2|(n74sf4)2/8n (H(I — 2//@) (H |Z _ xz|(n 4s—4)/ )

1<J

ON Nos (5.32)
xjgj{ (HH Ty — u) 4/“><H( —uq)8/”>
Iy PN-s \g=1 1=1 p<g<
N-—s
X (H (z — um)(48+4_“)/”(2 - um)(45+4_“)/”) duy ...dun_s.
m=1

Here, e*™1m and e?™%2m are the monodromy factors (relative to u,,) of the two branch
points entwined by the m-th contour, n(x) is the O(n) model loop fugacity (1.155),
and we choose the branch of the logarithm with argz € [—m, 7) for all z € C so that

each branch cut is parallel to the real axis. Every pinch-point weight 1, will be some
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linear combination of functions of the form (5.32), with each term using a different
set of contours {I';,}. A proof that (5.32) solves the system (5.11-5.15) is given in
section 5.4.

Now we explain convenience of the prefactor in (5.32). A first reason involves the
limit ;41 — x; that sends the 2/N-sided polygon to a (2N —2)-sided polygon. In most
of our formulas, each Pochhammer contour will entwine a pair of the points among
T1,...,Toy. After multiplying the half-plane weight Iy by (7,41 — ;)% and taking
this limit, this product goes to either zero or an s-pinch-point density in a (2N — 2)-
gon. Meanwhile, one can show that (5.32) goes to either zero or the same expression
except with all factors containing x;, x;11, and uy_, omitted, the uy_, integration
omitted, a factor of 3(—4/k, —4/k)™ =T(2—8/k)/T(1 —4/k)? and [4sin®(47/k)]
omitted (with 3(a,b) the Euler beta function), and possibly a fugacity factor n(x)
omitted. So to within a factor of n(k), we retain the same normalization as in the
2N-sided polygon with N +— N — 1. A second reason is to ensure that (5.32) is finite
and nonzero when k = 8/m for some even, positive integer m, and a third reason
involves replacing each Pochhammer contour with a simple curve (figure 1.20) in the

dense phase. Both matters were considered in the discussion surrounding (2.162).

5.2 Pinch-point densities

In this section, we calculate the explicit formula for the type-A s-pinch-point
density pa‘ 9 conditioned on the FFBC event ¢ for various A and 1 < s < N in either
a rectangle R (N = 2) or a hexagon H (N = 3). We proceed in four steps. First
we compute the half-plane pinch-point weight I1,. Second, we construct from IT, the
universal partition function T, that sums exclusively over the event ¢ N A. Third,
we transform T (4| into the universal partition function T&g) with the appropriate
polygon P for its domain. Fourth, we divide TE\' 9 by the universal partition function

Tf that sums exclusively over the FFBC event ¢ to obtain formulas for pinch-point
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densities in R or H.

5.2.1 Half-plane pinch-point weights

N=2,s=2 and N=3, s=3: First, we consider the two-pinch-point weight 11 534
for N = 2 and the three-pinch-point weight I1;9345¢ for N = 3. The subscripts on each
weight indicates the indices of the points x; that are connected to the pinch point.
The weights are given by (5.30) with N = 2 and N = 3 respectively, and both may
be expressed in the covariant form (5.16) which we will find convenient later. We find

that the (s = N = 2)-pinch-point density is

H1234($1, P YR 2) = [(l’g — $1)(I4 — I3>]176/H|Z — 2|R/876/571

/L= m) = P (n = ) (n = ) (1= ) (1= w)]2 0 (5.33)

and the (s = N = 3)-pinch-point density is

Myogas6(21, - - -, X632, 2) = [(2 — x1) (24 — x3) (26 — 5175)]1_6/”|z _ 5'/6/8—16//@—1
<o = Do (e ) m) (1L~ (1~ 7L~ o) — ]

x [uv(n — p)(n — v)(r — p)(r = v)(o — p)(o — v)(1 — p)(1 — v)]V/278",

(5.34)

where the cross-ratios 0, 7, 0, i, v are defined in (5.17, 5.20). The correct normaliza-
tion of these pinch-point weights depends on bulk-boundary fusion coefficients, but
because it is not needed for our purposes, we ignore it in this chapter.

Before we calculate s-pinch-point weights for s < N, we comment on the normal-
izations of these weights too. When s < N, almost all samples in the s-pinch-point
event A will have at least one interval (z;,x;.;) with its endpoints mutually con-
nected by a boundary arc that does not pass near the pinch-point. The fugacity of

this boundary arc is one since we are working with pinch-point weights, so when we
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collapse this interval, we must recover an s-pinch-point weight in a system with BCCs
at the remaining 2(IN — 1) points on the real axis. Continuing this process until no
such intervals remain, we eventually reach an s-pinch-point weight in a system with
BCCs at the remaining 2s points on the real axis. The weight of this event is given by
(5.30) with N = s. Therefore, the s-pinch-point weights with s < N are normalized
so that they equal the s-pinch-point weight with N = s when all of the intervals
whose touching boundary arcs do not pass near the pinch-point are collapsed.

N=2, s=1: Next, we consider one-pinch-point events with N = 2 boundary arcs.
Here, one boundary arc 7; connects the points x; and z; with a bulk point w € H
while the other 7, connects the remaining points x; and x;. The weight II;;.; of this
event is given by (5.32) with N =2 and s = 1.

The formula for II;;.,; has a single contour integral, and the contour I';;.4; is chosen
so that the chiral operators exhibit specific fusion rules that depend on which vertices
are connected to z through ;. For example, we consider Ils3.4; (figure 5.5). If we
let z approach a point z in the segment (x1,z3), then 7 must touch (z1,z5) at z in
this limit, which is equivalent to placing a boundary two-leg operator 1y(x) there.
Therefore the bulk operator W;(z) must fuse with its image ¥;(Z) to give 1q(z) to
leading order. Now, when the two chiral operators Vi (z) and V{f,(2) fuse, their
product is a boundary chiral operator with charge 20{{7 ;= af3 which carries the
weight 0 of a boundary two-leg operator as required (5.10). The same is true of the

intervals (xq,z3) and (x3,z4).

S Sl 2

x1 T2 x3 T4 z X2 3 Ty

Figure 5.5: The configuration Ilss.4;. The left (resp.right) figure shows that a
boundary two-leg (resp.four-leg) operator is generated when z approaches the intervals
(z1,x2), (x2,x3), and (x3,xz4) (resp. the interval (x4, x1)).
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Next, we let z and Z approach a point z in the interval (x4, ;). Because s links
x1 with x4, topological considerations show that both v, and v, must touch (z4, ;) at
x in this limit (figure 5.5). Therefore the leading operator of the ensuing bulk-image
fusion must be a boundary four-leg operator. Above, we saw that the total charge of
the bulk-image pair equals that of a boundary two-leg operator. But if we add the
screening charge a_, this total charge becomes 2a8“’ 1 ta_ = ozf5, which is that of a
chiral operator with the desired boundary four-leg weight 64 (5.10). The screening
charge is pulled in with the bulk-image fusion only if I'y3.4; contracts to a point in
the process. Thus, I'93.41 must be a simple curve starting at z and ending at z.

In order for Ily3.41 to be a continuous function of z and z, each point of I'y3.41
must reside on the same Riemann sheet of the integrand, so I's3.41 can only cross the
real axis through a specific segment (x;,x;,1). (Here, x5 := x1.) This segment must
be (z4,21) in order to ensure that I's3.4; contracts to a point when we let z and Zz
approach a point in (z4,21). This choice creates another desired effect. In the event
of a bulk-image fusion over (zq,x4) \ {x2, 23}, 2341 does not contract to a point,
the screening charge is not drawn in, and an undesired boundary four-leg operator
in (x1,24), which would contradict the assertions of the previous paragraph, is not
produced.

By cyclically permuting the indices, we find four one-pinch-point weights:

{I12:34, Ma3.41, 34012, Tan.03 }- (5.35)

Each weight is given by (5.32) with N = 2, s = 1, and [';;,;; a simple curve connecting
z with Z and crossing the real axis only through (xj,z;). In the formula for each
weight, we order the differences in the factors of the integrand so that the branch cuts
do not intersect I';;.;; and the integrand restricted to I'j;.; is therefore a continuous

function of x1,..., 24, 2, 2, and u := u;.
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It is useful to decompose these one-pinch-point weights (5.35) into a linear com-
bination of the integrals (with x5 := z and 24 := 2)

4

I; = ﬁ(_4//€, —4/;1)—1 /% du N [H<Iﬂ _ u>—4/n

. =1

X (x5 —u)¥ " (zg — u)S/”ll , 1€{l,...,6}, (5.36)

for the purpose of explicitly showing that these weights are real (or at least share
a common phase) as they must be for physical reasons and for expressing them in
terms of Lauricella functions. Just as in chapter two, the operator “N” orders the
differences in the factors of the integrand so that I; is real. (I3 is a sum of integrations
from xy := x¢ to co and from —oo to z1.) Because arg(z) € [—m, ) for z € C, the
integrand has a branch cut that starts at each x; with j < ¢ (resp.j > i) and points
leftward (resp. rightward) along the real axis. For simplicity, we momentarily suppose
that x5 and x4 are real as we decompose each one-pinch-point weight into a linear
combination of the various I; times algebraic factors. For example, we can use figure

5.6 to find the decomposition

4 .
934 = A {22’ sin <—7T> Is + 647”/”.76] (x5 — $6>”/8+8/R—2
K
4 4
X H(CCJ — xi)2/n H(x5 . xi)1/274/n<x6 . xi)1/274/n. (537)
1<j i=1

The proportionality constant A will be determined below. Now, to show that the one-
pinch-point weights are real, we seek a basis of integrals for the span of {Iy,..., I}
that are real when x5 = 2z and x4 = z. Integrating the screening charge along a

contour parallel to and immediately above (resp.below) the real axis gives the —
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Figure 5.6: The contour used for the one-pinch-point weight Il19.34. To facilitate calcu-
lation, we at times place z and Z at adjacent locations x5, x¢ respectfully on the real axis
as in the right figure. (In each figure of this chapter, a blue (resp.orange, resp.red) circle
marks a point of charge a; 5 (resp. aar’ > resp.a_) in the dense phase.)

(resp. +) branch of the linear relation
Il + e:t47ri/512 + e:l:8m'/f$]3 + 6:&:12#1’/&[4 + e:l:lGﬂ'i/riLL_) . e:l:Sﬂ'i/H[ﬁ _ O, (538)

which allows us to write I5 and I in terms of I;,...,I;. Then because the integral

T, = B(—4/k,—4/k)7! /I1 du N[(z ) AR T

T4

(u — ;)"

1

= I, — &I+ I (5.39)

4
X

J

is real when z5 = z and x¢ = z, we find a real basis {Z,Zy := I, 73 := 13,7, := 14}
for the span of {I;}Y_,. We anticipate that the coefficients found from decomposing
the 1I;;.,; over this basis will share a common phase.

However, it is more useful for our purposes (of calculating one-pinch point weights
for the hexagon later) to compute this decomposition via a different approach in
which the four integrals Z; arise naturally as conformal blocks. We consider the one-
pinch-point weight Il;5(x1, z9; 2, 2), given by (¢ (21) 19191 (22) V1 (2)qV1(2)). Here, the
bracketed subscript between a pair of operators indicates the unique fusion channel
propagating between that pair, so [s] indicates the s-leg channel for s > 0 and the
identity channel for s = 0. To increase N form one to two, we insert the charge-

neutral collection fz? du Vi 5(w3)Vi5(24)V_(u) with x5 < r3 < x4 into the chiral
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Figure 5.7: The decomposition of (5.40) into a linear combination of the weights
H12;34,H41;23, and H23;41 as given in (542)

operator representation of this four-point function. We find

(1 (1)1 (22) 1 (23) 10101 (24) V1 (2) [ V1 (Z))

=nJ(xy,...x452,2) L4(x1, ... 452, 2), (5.40)
where the function J is given by (5.32) with N =2 and s = 1:

4 4
J(xy, ... w42, 2) = |z — B|/8+8/n2 H(:cj S A H |z — x| 8/". (5.41)
i<j i=1
The new pair of boundary one-leg operators at x3 and x4 fuse through only the identity
channel because the screening charge is integrated along a simple curve connecting x3
with x4. The original boundary one-leg operators at x; and x5 still fuse through only
the two-leg channel. Three of the four one-pinch-point events (ij:kl) are consistent
with these fusion rules, (12:34), (41:23), and (23:41), so (5.40) must be a linear
combination of the pinch-point weights I115.34, I141.93, and Il53.4; with the coefficients

shown below (figure 5.7):
y1i03 + nlligizy + ogar = nJ (w1, ... 2452, 2) Ty(21, . .. 745 2, Z). (5.42)

As usual, n is the loop fugacity (1.155) of the O(n) model.

The coefficients of the linear combination on the left side of (5.42) are found in the
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following way. First, to find the coefficient of I1y5.34, we send x4 — x3 on both sides
of (5.42). (We always implicitly multiply by (z; — x,;)%/%~! before sending z; — z; so
that the limit exists. This is the usual convention for collapsing intervals that we used
in chapters two, three, and four.) Then T141.23, [T93.41 — 0 while IIj9.34 — TI12 (5.25),
and nJ x I, — nlljs. This justifies the coefficient of n that dresses I1;5.34 in (5.42).
Next, to find the coefficient of Il;.03, we send x3 — x3. On the left side of (5.42),
I119.34, 123,41 — O while Il41.03 — Il14, or really Il;5 with x5 — z4. On the right side,
we use (5.38) to write nJ x Z, as a linear combination of nJ x I,nJ x I3, nJ x I,
and nJ x Is. (These are the four nJ x I; that have either both or neither bounds of
integration among {xs,x3}. Again, x5 = z and x¢ = Z as usual.) All of the integrals
in this combination except nJ x I3 vanish in this limit, while nJ x I3 goes to nll,.
Because nJ x I3 carries a coefficient of n~! in this linear combination, the right side
of (5.42) becomes Il;5 with x5 — x4. This justifies the coefficient of one that dresses
I112.34 in (5.42). The same reasoning gives the coefficient of one for Iloz.41 in (5.42).

Cyclically permuting the indices in (5.42) gives three more equations relating the
four one-pinch-point weights (5.35) to the four integrals Z;. Upon inverting these
equations to isolate the weights, we find

27, + (n* —2)T, —nZ;, — nIy
n?—4

Wi = J (5.43)

For each index i, we can multiply J x Z; by (x5 —21)%* (24 — 23)5/% 2z — 2|'=*/% to
arrive with a function G; that depends only on cross-ratios 7, u, and v, according to

(5.16). After making the replacement (x1, zs, x3, 24, 2, 2) — (0,7, 1, 00, u, V), we find

(| — v (1 — n)/=

Giln i v) = (uv(n — p)(n — v)(1 — p)(1 — v))4/=1/2 (5.44)
_ (| — v[2)VE=12 (1 — )2
Cal¥) = = )= (1= )12 (5.45)
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X FD<1_é;é>1_§71_§72_§ 777Q7Q)7
K K K K K W
(P (L= ) (A = v)|p = v[P) Y2
GS(”’/”’? V) = ( ) 4’/’€_1/2 G/H—l (546)
(nv(n —p)(n —v)) (1—n)
X FD(l_é;é>1_§71_§72_§ 1_7771_—7771_n>7
K K K K K l—p 1—-v
—y 8/k—1 1 — 2/k
Ga(n,p,v) = Crlp = V)" (1 1) (5.47)

(v (n — 1) (n — v)(1 = p)(1 = v))/==1/2
FD(l_é?évl—gl—%;?—%‘n,u,u).

R K K

X

We have expressed each G; in terms of the Lauricella function Fp, defined as [85]

I'(a)
L(c)I'(c—a)

Fp(a,by,....bp,clz,. ... 2pn) =

1
% / N = )T N = wt) T (1= apt) 0 dt, (5.48)
0

by writing the integration variable u of Z; as the following Mobius transformation of

the integration variable ¢ in (5.48):

i=1: u=—, (5.49)
i=2: u=nt, (5.50)
i=3: u=1-—(1-n)t, (5.51)
i=4: u:%. (5.52)

These transformations are chosen so that each F)p has m = 3 arguments with the first
argument between zero and one and the last two arguments being complex conjugates
of each other. This choice ensures that each Fp is real. Thus, the II;;.;, expressed in

the covariant form (5.16), are
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W1, .. 2452, 2) = (29 — 21) (24 — 23)]75/F|2 — 2)/871

% QG] + (n2 - Q)Gl - 7’LGZ — nGk
n?—4

(1, p1,v), (5.53)

with n, i, v, and n defined in (5.17, 5.18, 5.20, 1.155) respectively. We note that our
normalization in (5.53) ensures that (x; — xy,)?' 1Ly — IL;; (5.25) as 2; — x5. Now,
if we let xk approach 4/m with m € Z* so that n — +£2, then II;; remains finite.
Thus (5.53) must be finite when n = 42, though showing this explicitly appears to
be difficult. Comparing (5.53) with (5.37), we find that A = —in/\/4 — n2.

N=3,s=2: Next, we consider two-pinch-point events with N = 3 boundary
arcs. Here, two boundary arcs «; and 72, with endpoints respectively at z;, z; € R
and zp,x; € R, touch at a bulk point z, and the remaining boundary arc 3 has
endpoints at x,, and x,,. We note that this setup restricts the allowed BACs to those
in which 3 does not separate v, from ~s, so x,, and x,, must be adjacent. The weight
I, ji:mn of this event is given by (5.32) with N = 3 and s = 2. By cyclically permuting
the indices, we find six such two-pinch-point configurations.

The formula for II;jx.m, contains a single contour integral I';jz.my, that is deter-
mined via the same reasoning that was used for the case N = 2 and s = 1 above. We
summarize the argument. The two-pinch-point event is conditioned by the insertion
of a bulk four-leg operator Wy(z). Topological considerations (as can be understood
upon examining figure 5.8) show that fusing this operator with its image across any
interval (x,, ) with (a,b) # (m,n) (resp. (a,b) = (m,n)) must, to leading order, give
rise to a boundary four-leg (resp. six-leg) operator 14 (resp. ). Because 205, = aj,
is the charge of a chiral operator with the boundary four-leg weight 6,4, this require-
ment is already satisfied when (a,b) # (m,n). If I'jjxims, is a simple curve with end-
points at z and z and crossing the real axis only through (z,,, x,), then the screening
charge is drawn into a bulk-image fusion across this interval, shifting the product to

a chiral operator with net charge 2045{7 g o = ozfj. This operator has the desired
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boundary six-leg weight 65 (5.10).
To express the two-pinch-point weights in terms of Lauricella functions, we write

them as linear combinations of the six real integrals

K; = B(—4/k, —4/&)_1/ i du]\/[(z — u)trT (g — )12/l

i—

(u—a;)™%, i=1,...,6. (5.54)
1

6
X

J

(As before, the operator “N” orders the differences in the factors of the integrand so
that the integrand is real, and XC; is integrated from z( := 24 to oo and then from
—o0 to z1.) To proceed, we consider the two-pinch-point weight I1j934. Inserting the
charge-neutral collection ffj du Vi 5(25)V) 5(w6)V_(u) into the chiral representation of
its six-point function (Y1 (x1) Y1 (w2)¥1(3) Y1 (24) V1(2) g W1 (2)) with 24 < 25 < 24

gives the conformal block

(1 (1) 01 (22) 101 (w3) 01 (24) 101 (@5) [0 Y01 (26) W1 (2) a1 (2))
=nl(xy,..., 26 2,2) Ke(x1,...,76;2,2), (5.55)

Figure 5.8: The decomposition of (5.55) into a linear combination of the weights
He123:45, 1234:56, and Ilas45.61, as given in (5.57).
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where the pre-factor L is given by (5.32) with N =3 and s = 2:

6 6
L(xy,. .., 2 2, %) i= |z — z|/8T18/x=3 H(x] —z)¥" H |z — ;|11 (5.56)
i=1

1<J

After following the reasoning that led to (5.42), we find (figure 5.8)
H6123;45 + nH1234;56 + H2345;61 = nL(xl, .o, Tey 2, 2) ICG(ZL'l, .o, Ty 2y 2). (557)

Another five equations relating the six weights with the six integrals ; may be found
by cyclically permuting the indices in (5.57). These equations may be simultaneously
solved to give

(2—=n?)(Ki+ Kyn) +n(K; + K) — 2K + (n® — 3n)K,
(n? —4)(n? —1)

Hijkl:mn =nL (558)

(We note the double use of n as an index and the loop fugacity of the O(n) model.)
To finish, we seek a form for the weights that expresses the IC; in terms of Lauricella
functions and exhibits the conformally covariant ansatz of (5.16). To this end, we

define the function

Hi(xy, .o w6;2,2) o= [(wg — 1) (g — 3) (w6 — 25)*" |2 = 22 L x K (5.59)

= [(272 — [L’1)(ZL‘4 — $3)]6/H_1|Z — 2|1+6/H_H/8L/ X IC;, (560)

with L and K; adjusted to respective quantities L’ and I} that are finite in the limit

Tg — OO

L(xy,... 06272 = (v6— 252" 'L, (5.61)

Ki(z1,. .. 26;2,2) = (z6—x5)""K;. (5.62)
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According to (5.16), H; is strictly a function of the cross-ratios 7, 7, o, u, and v. After

making the replacement (x1, x9, x3, 4, Ts5, Tg, 2, Z)

<O7 777p7 0-7 17 oo?l'[’7 V)’ we ﬁnd

Hi(777 7,0, W, V) = ,Cg(na T,0, W, V)
x (o =) Hro(r = n)(o =)L = )1 = 7)1 = o) *|u— v/
(5.63)
X [uv(p—n)(v—n)(p—7)v—7)(p—0)(v—0o)(u—1)(r— 1)]/>%"

with each KC.(n, 7,0, u,v) := Ki(0,n,7,0,1,00; u,v) finite and equaling a Lauricella

function Fp times algebraic prefactors:

Ki(n, 70,1, v)

’CIQ(T]’ 7-7 0-7 M) V)

’Cg(n’ 7-7 O-? /JH V)

Ki(n, 7,0, u1,v)

Ki(n, 7,0, u1,v)

’Clﬁ(na 7,0, M, V)

FD({Xj} l-nl—71-0 ) (5.64)
1-8/r —4/k s =4k 12/k—1 12/K~1 ﬁ Q nn
n { Fp ({Xg}‘ it V>, (5.65)
SIS () (g — ) (L ) (5.66)
_)2/R=1(, _ py12/R-1 _ Q ‘7<7' 1)
(= =2ty (1= 2222
T—n pur—mn) vir 77))
T(L=n) 7(p—mn) 7(v—mn)
7_74//{(7_ . 77)178/n<0, . 77)4/%71 (567)
(O’ . 7_)178//«»(1 . 7')74/'{(# . T)lQ/nfl(V 7_)12/1471
Ao—Tmnle—1) L-—n)(c—7)
A= = =)
(k—n)(oc—7) (V-??)(U-T))
(p=1)o=n) (v=T)(c—mn))
(1 . 77)—4/;-;(1 i 7_)—4//-;(1 . M)12/n—1(1 . V)12/n—1 (568)
1-8/k l—-c1l—0c 1—0 1—0
(1_0-> /FD({X]}‘l Ual_nal_T’l_Mal_V)
FD<{Xj} 7777—70-’/“'L’V)'

Again, we have expressed each K. in terms of F)p by writing its integration variable
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u as the following Mdbius transformation of the integration variable ¢ in (5.48):

i=1: u:%, (5.69)

i=2: u=nt, (5.70)
— 3. u= nT

=3 Py i (5.71)
. (o — 1)t —7(0 —n)

i=4: P T (5.72)

i=5: u=1-(1—o)t, (5.73)

i=6: u:%. (5.74)

The transformations are chosen so that the first three arguments of each Fp is between
zero and one and the last two arguments are complex conjugates. This choice ensures

that each Fp is real. Each Fp uses the same set of seven parameters:

4 4
- (5.75)

4 12 12 8
{ 37‘:1 = {1 - p ; }

K K K

Combining (5.58) and (5.59), we find that each weight is given by the conformally

covariant formula

Wiktmn (21, - ., 263 2, 2) = (n2 — 4)_1(712 — 1)_1
X [(x2 — 1) (24 — w3) (g — w5)]' 0" |z — 2[5O/
x [n(2 —n*)(H; + Hy) + n*(H; + H))
—2nHy, +n*(n® — 3)H,|(n,7,0,p,v), (5.76)
with each H; explicitly given among (5.63-5.69), n, 7, o, i, and v given by (5.17, 5.20),
and n given by (1.155). We note that our normalization in (5.58) ensures that (z,, —

T2 Wisktomn — Wijm (5.33) as z, — x,,,. Upon letting k approach the zeros 4/m

and 12/(3m £ 1), with m € Z*, of the denominator of (5.76) in this relation, IT;;x
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remains finite, so (5.76) must be finite when n = 42, +1, although this seems to be
very difficult to prove directly.

N=3, s=1: Last, we consider one-pinch-point events with N = 3 boundary arcs.
Here, a boundary arc v; connects z;,x; and z, another v, connects 3 and z;, and
the last ~3 connects z,, and z,. We denote the half-plane weight of this event by
IL;j.kt:mn, and it is given by (5.32) with N = 3 and s = 1. This formula contains a
double contour integral, and the contours must not intersect in order to guarantee a
solution of the system of null-state PDEs (figure 2.1). According to the discussion
preceding (2.7), there are Cs5 = 5 possible BACs, and in each, z may touch any one
of the three boundary arcs to give a total of fifteen possible one-pinch-point events.

Now we associate certain choices of integration contours with particular linear
combinations of these configurations. In the previously considered cases with one
screening charge, we noted that a half-plane pinch-point weight with a simple contour
connecting z with Z by crossing a specified interval (x,, x;) corresponds to a specified
pinch-point event, and now we investigate to what extent this remains true in our
present situation with two screening charges. We suppose that +; connects z1, x5, and
z. Then x3, ..., x¢ are connected pairwise by the two remaining boundary arcs in one
of two possible ways. In both cases, topological considerations show that fusion of the

bulk two-leg operator W;(z) with its image across intervals (x3,z4) or (zs,xg) must

Figure 5.9: The decomposition of the integral in (5.77) into a linear combination of the
weights I112.34.56 and Il19.36.45. The contour I'1s connecting z with z in the top-left figure
can be deformed into the contour that is a vertical reflection of I'1o plus the dashed contour
in the top-right figure. According to (3.3), integration along the dashed contour gives zero.
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give rise to a boundary four-leg operator to leading order. Hence, we choose the first
contour I'15 to be a simple curve connecting z and z and crossing the real axis only
through (z3,24). A natural choice for the second contour would be the same as for
the first but crossing (z5,z6) instead, yet this is not allowed because the contours
would then intersect at z and z. Suppose that the second contour is [z4, x5 instead.
Identity (3.3) allows us to deform I'y5 into a simple curve crossing the real axis only
through (x5, x¢), so a bulk-image fusion across (x5, z) will produce a boundary four-
leg operator there as well (figure 5.9). The formula that follows from these contour
choices sum over both possible boundary arc connectivities between x3, ..., xg. Their
relative coefficients can be found in the usual way. Thus, we have from (5.32) with

N =3 and s = 1 that

an _ 2|n/8+8/n72

i6(—4/k, —4/Kk)*v/4 — n?
6 6 5
X H(xj—xi)2/“H|z—xi|1_8/”A12 /14 duldu2N[ ] (5.77)

1<j

IT19.34:56 + nlli2:36.45 =

The normalization follows form requiring the we recover the two-pinch-point weight
I1y9.34 with xg — x4 upon sending x5 — x4. The ellipsis stands for the rest of the
integrand in (5.32). Although this density is a natural observable, the left side is not
a single one-pinch-point configuration. Cyclic permutation of the indices generates
only five more equations involving just twelve of the fifteen possible weights. One of
the missing weights is Il14.03.56, and the other two missing weights are generated by
rotating the hexagon.

In order to isolate all fifteen weights, we pursue our usual second strategy of
splicing charge-neutral pairs into simpler correlation functions. We begin the one-
pinch-point weight Ilis(z;, 253 2, 2), given by (¢ ()1 (2;)¥1(2)2¥1(2)). We in-
sert into its chiral representation a first charge-neutral collection f;}j Via(@n)Vig(z)

V_(uy) duy, chosen so that x; and z; are not separated within the real axis by x; and
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‘ M x /C12;34 M x /C12;45 M x IC12;56 M x /C12;63

e N s N

0 0 0 0
P e N < N <

0 n n? n
o>

n? n 0 n

n n 1
%% > o 0 1 n 1
%> n 1 0 1
e |, . . X
Db =SSN , . 0 .
DN 0 . ; .
o> 0 0 0 0
== n n2 n 0
P D = n 0 n n2

Table 5.1: The M X KCkimpn (columns) may be decomposed into linear combinations of
the fifteen one-pinch-point densities (rows). (Relative) coefficients for four of the fifteen
decompositions are shown in this table.

xj, and then a second collection f;: V(@) Vio(2) V- (uz) dus, chosen so that x,,
and z,, are not separated within the real axis by x;, x;, x), or ;. We find fifteen dis-
tinct conformal blocks, each with n = m+1 and k = [+1 (i.e., the inserted boundary
arcs are not nested) or k = [ 4 3 (i.e., the inserted boundary arcs are nested) (The

case n = 7 or k = 7,8,9 is identified with n = 1 or k = 1,2, 3 respectively). Each
block has the form
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(1 (i) 121901 (25) 1 (k) (001 (%) 1 (T) (001 (20) W1 (2) 12 W1 (2))

=n?M(x1,...,%6; 2 2) Kitann (1, - - -, 63 2, 2),  (5.78)

where K.y 1s the real-valued integral

Kitimn = 3(—4/k, —4/K) / / " duy duy N [(m — 2)" g — 2)¥ !
6

x (g — 2)%" (ug — 2)%" (up — )Y [ [ (wr — @) ™" (ug — i) ™* |, (5.79)

i=1
and where M follows from (5.32):

6 6
M(zy,... 26,2, Z) i= |z — z|8/8+8/n=2 H(mj —z;)Y" H |z — a; |18 (5.80)
i<j i=1
The Kimn can be decomposed into linear combinations of the fifteen crossing weights
in the usual way. This decomposition is shown for four of the Ky, in the top row of
table 5.1, and the other eleven are found by cyclically permuting the indices. We thus
find an invertible system of fifteen equations with the fifteen weights as unkowns. The

formulas that follow from this inversion are complicated, and we leave their further

investigation to the interested reader.

5.2.2 Half-plane universal partition functions

In this section, we construct half-plane universal partition functions T, from
the weights computed in section 5.2.3. We complete these calculations only for the
cases N = 2 and 3. However, the method is clearly generalizable to polygons with
more sides.

For simplicity, our language will suggest that we have conformally mapped the
upper half-plane onto the interior of a 2N-sided polygon P so that the vertices are

numbered counterclockwise in ascending order starting with the bottom-left vertex,
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the i-th vertex w; is the image of z;, and P will have a bottom side [wy, wy] sitting
flush against the real axis (figure 5.13). However, we will postpone the actual im-
plementation of this mapping to the next subsection because of subtleties that arise
with the use of corner one-leg operators.

Also, we enumerate the five possible BACs as in figure 5.10 for N = 2 and 3, and
we enumerate the five possible exterior arc connectivities, or FFBCs, identically to
the BACs after reflecting the interior arcs into exterior arcs that are outside of P.

In order to write a formula for T4, we need to know the number of boundary
loops present in the system. Throughout this section, we use the second definition
of “boundary loops” given in chapter four. These are the boundary loops formed
by joining the exterior arcs in the diagram for the FFBC event ¢ € BCy with the
interior arcs in the diagram for the BAC event A € ACy. The number of boundary
loops is denoted by .. We recall that these boundary loops are not the same as
the physical boundary loops induced by, for example, treating those exterior arcs
as fictional bonds in the @-state Potts model. The difference d. in the number of

boundary loops between the second and first definitions is given by (4.30) and does

WA

Figure 5.10: An illustration of the labeling that we will use for the boundary arc connec-
tivities of R and H.
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Figure 5.11: The four boundary loop configurations for R. Each boundary loop con-
tributes a factor of n.

not depend on A. Thus, the universal partition functions T, is given by

T =n""% Y nb<Ily. (5.81)

AEACY
ANA£D

The extra factor of n~% will have no bearing since it appears in the numerator and
denominator of (5.5) and thus cancels with itself. But to be technically correct, we
include it anyway. This factor is given in (4.30).

First, we sum (5.81) for pinch-point events in the rectangle R with the left/right
sides wired. With NV = 2, there are two possible FFBC events, and they are enumer-
ated according to figure 5.10. Thus, ¢; is the independent wiring event and ¢, is the
mutual wiring event. Both FFBC events are possible in the dense phase while only
the latter is possible in the dilute phase. If A is a specified one-pinch-point event,
then the boundary arcs connect in exactly one way, so there is only one term in the

sum (5.81). From figure 5.11, we find (with dj, :=d.,)

\
Tazaany = n T sy Yaaaop) = n M a0 independently (5.82)
Tarogny = n 0 Tiogarny = =" 1hsa ) wired,

\
T (12:3402) = (U V EPY T (34:122) = n= 2200 mutually (5.83)
Tarogz) = n P M s Tiogarey = n= P M laga ) wired,

with the one-pinch-point half-plane weight 1I,;.,; and the loop fugacity n given in
(5.53) and (1.155) respectively. Also d. is given by (4.30), so d; = 0 and dy = 1. If

A is the two-pinch-point event, then the tips of the four multiple-SLE curves, each
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Figure 5.12: Three possible exterior arc connectivities (equivalently three FFBCs) of H

out of five possibilities. Left to right, there are two, two, and three boundary loops, giving

rise to fugacity factors n?, n?, n> respectively.

anchored to a different corner of R, are conditioned to evolve towards a common
specified bulk point w € R. As these tips approach w, they are equally likely to
connect vertically or horizontally, so there are two terms in the sum (5.81). For the

mutual wiring and independent wiring events, we respectively find

T(1j1234) = n~ " (n + n?)gz, T (21234) = n~%(n + )Tz, (5.84)

with the two-pinch-point half-plane weight Il534 and the loop fugacity n given in
(5.33) and (1.155) respectively. Again, d; = 0 and dy = 1.

Next, we sum (5.81) for pinch-point events in the hexagon H with the bottom
and top left/right sides wired. When N = 3, there are five possible FFBCs. They
are enumerated according to figure 5.10, so ¢3 is the independent wiring event, ¢
is the mutual wiring event, and ¢ (resp.gy, resp.¢s) is the event with the bottom
and top-left (resp.bottom and top-right, resp. top-left and top-right) sides mutually
wired and the remaining fixed side independently wired. We call <1, ¢4, and ¢5 a mized
FFBC. As usual, only the mutual wiring event is possible in the dilute phase. If A
is a specified one-pinch-point event, then there is only one term in the sum (5.81)
since the exterior arcs connect with the boundary arcs to form the same number

p € {1,2,3} of boundary loops for each sample A (figure 5.12). Therefore,

T(ij:lcl:m’nk) = n_d<+pHij:kl:mn (585)
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with the loop fugacity n and d. given in (1.155) and (4.30) respectively, and the half-
plane weight I1;;.51.mn given by inverting the system of equations that is partly shown
in table 5.1. If A is a specified two-pinch-point event, then there are two terms in
the sum (5.81) since the two boundary arcs touching at the two-pinch-point can be
separated into two nonintersecting boundary arcs in two ways. The first and second
way will have p; and p, boundary loops respectively, with {py, po} = {1,2} or {2,3}.
Therefore,

T(ijkl:mn\g) = n_dc (’)’Lpl + npz)Hijkl:mna (586)

with the two-pinch-point half-plane weight I1;;1.mn, the loop fugacity n, and d. given
in (5.76, 1.155, 4.30) respectively. If A is the three-pinch-point event, then there are
five terms in the sum (5.81) since the three boundary arcs touching at the three-pinch-
point can be separated into any of the five possible BACs shown in figure (5.10). We

therefore find

¢ the independently wired
Tazsise) = 1 “(n+3n* 4+ n®)issse, (5.87)
or the mutually wired FFBC,

Y (123456/) = n~% (2n + 2n% + n3)193456, ¢ a mixed FFBC, (5.88)

with the three-pinch-point half-plane weight 1193456, the loop fugacity n, and d. given
in (5.34, 1.155, 4.30) respectively.

There are many possible combinations of pinch-point configurations A and FFBCs
events ¢ € BCy for the hexagon. We give explicit formulas for type-A pinch-point
densities for a few different A and with the independent wiring event ¢3. (The ex-
ponent ds is zero.) Except for the three-pinch-point density, which is too rare to
accurately measure, these results are verified via simulation in section 5.3. First, the

following combination sums exclusively over samples with a specified one-pinch-point
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w on a boundary arc connecting vertex one with vertex two:
T(12:34:56|3) + n2T(12:36:45|3) =n’ [H12z34:56 + TLH12:36:45]- (5-89)

The linear combination on the left side is chosen so that the right side is given by
(5.77). Next, the universal partition function for a two-pinch point between two
boundary arcs that connect vertices wg, wy, w9, and ws of the hexagon is given by
(5.86). We find

Y 6123:453) = (1 + n*)g123.45, (5.90)

with n and Ig123.45 given in (1.155) and (5.105) respectfully. Finally, the three-pinch-

point partition function Y 1934563y is already given in (5.87).

5.2.3 Transforming the universal partition functions

In this section, we transform the universal partition functions to functions with
the appropriate 2N-sided polygons for their domains. Most of the main points and
calculations are done in section 4.5, and we use those results here. The FFBC events
of BCy are labeled as in the previous section (see figure 5.10).

Let ZE

(Alo) be the partition function for the system in a simply connected domain

D with a smooth boundary and with the invariance relation
Z(lf)\lc)@’h C Wy W) = Z(A|<)(961> TN ), (5.91)

where f is a conformal bijection taking the upper half-plane onto D, w; = f(z;) € D
and w = f(x). As the upper half-plane partition function Z,;) has the asymptotic
behavior

Z(A\g)/Zf . ;\J_)O CgC%NE? Co. 63%62®ST(A|§), (592)
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Z(Zl)\\ 9 will have the asymptotic behavior

Z(?\k)/Zf 5 :SV—>O C%N(Sl (wl)el e 62N(w2N)615(w)295T8\|g), (593)

with 0; = €|0f ()|, = €|0f(x)], and with
Tl = 10f (@)™ 10 f (wan) 7" [Of (2)[ 7O L (afe)- (5.94)

In section 4.5, we argued that, although conformally invariant, the pinch-point density
given by Z{,/Z2 is unnatural because the disk size §(w) (resp. d;(w;)) containing
the pinch-point (resp.i-th BCC) varies with its location w in D (resp.w; in 0D).
Indeed, when we measured some of the pinch-point densities via computer simulation
(see section 5.3), we naturally counted a sample as an s-pinch-point event at w € D
if s distinct boundary arcs passed within zero or one lattice spacings of w (depending
on the lattice) regardless of the location of w in D. To this end, it is natural to replace

Zhw — 2R 5, AANo LSNP TR (5.95)

with 0 and each ¢; independent of w and w; respectively.

Now we suppose that the boundary of D is smooth except at a finite number of
corner points wy, ..., wsy € 0D. We have in mind the case that D is an equiangular
2N-sided polygon P with vertices wy, ..., wsy, near which the 2N BCCs occur. Then
to replace d(w) with § as prescribed above is valid as long as w is sufficiently far from
the vertices, but to replace the other §;(w;) with §; is not valid since the derivative of
f is either infinite or zero at the vertices. According to section 4.5, we must instead
replace

Zhiy — Zho 5, AV oT LSNP TR ), (5.96)

where TE\‘ 9 is the correlation function (5.6) using corner one-leg operators at the
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vertices of P.

First, we transform the N = 2 half-plane universal partition functions into func-
tions with the rectangle R for their domains (figure 5.13). The rectangle will have
aspect ratio R and vertices w; = 0,wy = R, w3 = R + i, and wy = ¢. The interior

angles are ¢ = 7/2, so (4.78) gives

Tﬁ\g) = (VT (0 (R)VS(R + )¢5 (i) Vy(2, 2))r = lim (16e160384) "

€j—0

X <’Q/11(€1)’¢J1(R + i52)¢1(R + 71— 53)’401(2. — i64)\I/S(Z, 2)>R (597)

We use the Schwarz-Christoffel map f of (4.71) with parameters (4.83-4.84), m := my,
and ¢ = K'(m) := K(1 —m) where K is the elliptic function of the first kind. This
map sends (x1, za,x3,24) — (0,m,1,00). Here, m is the modular parameter of the

transformation, related to the aspect ratio R (length divided by height) of R through

e~mRY\ !
R=K(m)/K'(m), m= (%) ) (5.98)

where 3 and 9, are the Jacobi theta functions of the third and fourth kinds respec-

tively. Using the covariance rule (5.94), we have

4 3
@ O Q@ O —_—
0 m 1 o0
1 2
5 4
—@—O—0—@ Q@ @ _—> 6 3
0 mi Mo M3 1 o0
1 2

Figure 5.13: The transformation of the upper half-plane to the interior of the rectangle
and the hexagon and our enumeration of the vertices of either shape.
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Yo (ms 2, 2) = |0 (2)| 7> 1v11f110(1651’3253€4)_(91

4
< [T 107 I T o ah, . 2. 2), - (5.99)
j=1

with o, ..., 2} given in (4.85-4.88). Using the inverse of the transformation f, given

by z = f~1(w) = msn(w K’ |m)? with “sn” the Jacobi sine function, we find

TZ\‘C) (m;w) = 2mK'sn(wK' | m)en(wK' | m)dn(wK’ | m)|165°——4%/8x

x 0% m(1 —m)|/ KA im 28570 016(0,m, 1, w52, 2). (5.100)

r—00

We note that n — m as ¢1,...,e4 — 0.
The expression for the universal partition function :f? in the rectangle was com-
puted in section 4.5, and it is given by (4.90) with N = 2. Using the Euler integral

definition of the hypergeometric function, we find that they are given by

N 12 4 8

TR(m) = n 2K (m)*/*4,F (2 - = 1-=2-=|1- m> , (5.101)
K K K

N 12 4 8

TR(m) = n~BP2K'(m)*/4, R (2 -l =2 m> : (5.102)

In accordance with our conventions, TR (resp. T%) corresponds to a rectangle with
independently (resp. mutually) wired sides. We recall that d; = 0 while dy = 1.

Next we transform the N = 3 half-plane universal partition functions into func-
tions with their domain the hexagon ‘H with vertices w; = 0,wy > 0, ws,...,ws in

the upper half-plane, and interior angles ¢ = 27/3 (figure 5.13). Equation (4.78) says

TT o) = (W5 (w1 )95 (wa )05 (w3 )05 (a )05 (ws )5 (we) W (w, @) ) 3¢
— lim (729¢m)’“< > . (5.103)

= [T ¢ (wj + ;9= 73) W (w, w)

j=1
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We use the Schwarz-Christoffel map f given by (4.71) with parameters (4.83-4.84)
and ¢ = 1. (The parameter c sets the length of the side [wy, ws].) Using the covariance

rule (5.94), we have

- (729#515263548556) 61

Tk (ma, ma, ms; w) = |0f (2)] >0 81]11_11)0 -

6
x [0 @I T e (2, wh, 2y, i, w; 2, 2), - (5.104)
=1
with #, ...,z given in (4.85-4.88). This becomes (with z = f~!(w))

Tzf\k) (my, ma, ma;w) = n"%|272(my — 2)(my — 2)(mg — 2)(1 — z)/8|[1652_(“_4)21/24”

X [(my —ma)(ms — my)(ms — ma) (1 —my)(1 — ma) (1 — my)] ¢/
(5.105)
X [m1m2m3](6_“)/2” lim xﬁ/“_lT(Ak)(O,ml,mg,mg, 1,2;2,2).
We note that (n,7,0) — (my, me, m3) as e1,...,6 — 0.

The expression for the universal partition function TZ{ in the hexagon was com-
puted in section 4.5, and it is given by (4.90) with N = 3. There are five half-plane
universal partition functions T, and each is proportional to an element of B3 (4.27).
We will only consider the function Y3 with the sides (z1,x2), (z3,24), and (x5, z¢)

independently wired. In this case, d3 = 0, so T3 = F;. We therefore have

T?(mh ma, m3) = n36<_4/ﬁl, —4/I€)72 [”[77,1771277)/3](107“)/2"‘C

_ m1)(m3 - m1)(mz), — mg)(l — ml)(l — m2)(1 _ mg)}(lo—n)/%;

x [(mo
) /om1 /m?BN[iljlui(l — u;) ﬁ(mj - ui)} 4/,{(“2 — u1)¥" duy duy.

Jj=1

(5.106)
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5.2.4 Pinch-point densities in polygons

In this section, we give the general formula for pinch-point densities and explicit
expressions for some of these densities in the rectangle R (N = 2) and in the hexagon
H (N = 3). The type-A pinch-point event is defined in the introduction of this
chapter, and the FFBC event ¢ € BCy is defined in section 4.1. The type-A pinch-

point density pl,, , in the polygon P with the FFBC event ¢ € BCy behaves as
(Als)

o) = Z06/27 (5.107)
o~ GO0 /T, (5.108)

with the bulk s-leg exponent ©; given by (5.10) and with the universal partition
functions T& 9 and Tg computed in section 5.2.3 for the rectangle and the hexagon.
Also, 1 < s < N necessarily.

Now we examine some particular pinch-point density formulas for the rectangle
and the hexagon. First, we summarize some details pertaining to the case N = 2.
The rectangle R is generated by conformally mapping the upper half-plane onto the
domain

R={weC:0<Re(w) <R, 0<Im(w) <1} (5.109)

via the Schwarz-Christoffel f transformation sending (0,m,1,00) to the vertices

(0,R,R +1,i) of R,

2 _ b ‘ 2(m— )V (1= ¢)" V24 5.110
f(z) QK,OC (m—=¢)*(1 =) ¢, ( )

where K'(m) = K(1 —m) with K (m) the complete elliptic function of the first kind,
and where the aspect ratio R equals K (m)/K’'(m). The vertices of R are labeled one
through four starting with the bottom-left vertex and proceeding counterclockwise.

By convention, we wire the left and right sides of R, and the set BCy contains two
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FFBC events, the independent wiring event ¢; and the mutual wiring event ¢,.
Next, we summarize the details pertaining to the case N = 3. The upper half-

plane is mapped onto the hexagon H via the following Schwarz-Christoffel transfor-

mation sending (0, mq,mg, m3, 1,00) to the vertices (w3 = 0,wy > 0,ws, ..., wg) of

H:

¢
f(z) = g/@ By — O P (me — O B (my — OV =) VRd¢e. (5.111)

The vertices of H are labeled one through six starting with the bottom-left vertex and
proceeding counterclockwise. By convention, we wire the bottom, the top-left, and
the top-right sides of H, and the set BCy contains five FFBC events, the independent
wiring event ¢3, the mutual wiring event ¢;, and the three mixed wiring events ¢, ¢,
and ;.

Explicit formulas for pinch-point densities in R and H with independently wired

sides are presented on the following pages.
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1 2

Figure 5.14: Illustration of the type-(12 : 34) pinch-point configuration in the rectangle.
The boundary cluster is shaded gray.

The density of type-(12 : 34) one-pinch-points in the rectangle R with the left /right

sides independently wired is

1— m)ﬁ/l{*l
R . ~ (O251-K/8 (
Aipsan(miw) o, O | T
[ Im[sn(w K’ | m)?] r/“
K'lsn(wK’ | m)en(wK' |m)dn(wK' | m)| (5.112)
2G2 + (n2 — 2)G4 — nG1 — nG3 _
X (m,z,Z2).
n(n? —4)

The G; are given in (5.44-5.47), and n is given in (1.155). The density pg|12:34)

with the left/right sides mutually wired is found by replacing the argument of the

hypergeometric function with 1 —m in (5.112) and multiplying by n.

Figure 5.15: Contour plot of Ising FK cluster one-pinch-point density pﬁ|12:3 ne
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1 2

Figure 5.16: Illustration of the two-pinch-point configuration in the rectangle. Boundary
clusters are shaded gray.

The density of two-pinch-points in the rectangle R with the left /right sides inde-

pendently wired is

224/&—2K16/n—n/8+1(n—1 + 1)[m(1 _ m)]S/n—l
2F1(2—1—,371—%§ —%|1—m) }
y Im [sn(wK’ | m)?] /8 118/r 3
lsn(wK' | m)en(wK' | m)dn(wK’ | m)|

pgl1234) (m;w) o 02256/'€—n/8+1 [

(5.113)

The density pg|12:34) with the left/right sides mutually wired is found by replacing

the argument of the hypergeometric function with 1 —m in (5.113).

Figure 5.17: Contour plot of Ising FK cluster two-pinch-point density pg|123 e
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Figure 5.18: Illustration of the type-(12 : 34 : 56) one-pinch-point configuration plus n?
times the (12 : 36 : 45) one-pinch-point configuration in the hexagon. Boundary clusters
are shaded gray.

Equation (5.89) is a combination of one-pinch-point densities in the hexagon H

with the bottom and top-left /right sides independently wired (figure 5.18). We have

[Pg2:34:56|3) + n2pﬁz;36;45|3>](m1, Mg, M3; W) 0 Cfél_m/sn(4 - n2)_1/2|z - 5|H/8+8/R_2

(mlam27m3;z72)|

I
272(my — = (1= 2yl 5.114
 273(0m = 2)(ima — 2)(my — 2)(1 - 2)/8 e ECREE)
Here, I is
1
Li(my, ma, msy; 2, 2) = / / N H (u; — 2)8/%1(%‘ - 5)8/571
I Jmg i=1,2
3
X (g — uy)¥" H ui_4/'i(1 — ) YE H(mj — ui)_4/“] duy duy  (5.115)
i=1,2 j=1

with the contour I" starting at z, crossing the real axis through either (ms, ms) or

(1,00), and ending at z. One can show that I; is purely imaginary. Also, I is

Iy g, 1) = /OW /msj\/'[ TT o= u) = T (m, - w)‘4/n}

ma i=1,2 §=1,2,3

X (UQ — ’LLl)S/H dUQ dul. (5116)
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Figure 5.19: Illustration of the type-(6123 : 45) two-pinch-point configuration in the
hexagon. Boundary clusters are shaded gray.

The density of two-pinch-points in the hexagon H with the top and bottom-

left /right sides independently wired is

H )
P(6123:45(3) (mq, mg, mg;w) ~
§—0

C30%/m =3 (0™ 4 1) B(—4/k, —4/K)?|z — 25" Ly (my, my, mg) ™!

[ma(ms — mo)]'%%|272(my — 2)(my — 2)(mg — 2)(1 — 2) /8|3 r/2442/x

[mymams(mg — my)(ms — my)(ms — ma)(1 — mq)(1 — ma)(1 — mg)]?/»

(2 —n?)(He + Hy) + nH, — 2Hy + nHjz + n(n? — 3)H;
(n?2—4)(n2—-1)

(mb ma,m3; z, 2)7

(5.117)

where I, is given in (5.116) and the H; are given in (5.63, 5.64-5.69).

Figure 5.20: Contour plot of Ising FK cluster two-pinch-point density pgwu& 15)
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Figure 5.21: Illustration of the three-pinch-point configuration in the hexagon. Boundary
clusters are shaded gray.

The density of three-pinch-points in the hexagon H with the top and bottom-
left /right sides independently wired is

0%123;45|3) (ml, Mo, M3; w) 6,:0 Cgélﬁ/n—n/&i-l(27/8)16/3m—n/24—1/3(n_2 4 31 n 1)
X |z(my — 2)(mg — 2)(ms — 2)(1 — z)|¥/3r/24=32/3x
(5.118)

X |z — 2[/SRIAB (4 )k, —4 ) k) Ty (my, M, mg) T,

where I, is given in (5.116).
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Figure 5.22: Contour plot of Ising FK cluster two-pinch-point density pgu% 456).
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5.3 Simulation results

In this section, we present simulation results that verify our predicted pinch-
point densities pﬁ2:34|1) and /)5234|1> (5.112, 5.113) for the rectangle and ,032:34:5&3) +
02 Pt gs6easiz) AN Plerogassy (5:114, 5.117) for the hexagon. We simulated critical
bond percolation on a 2000x 1000 square lattice (aspect ratio R = 2) in a rectangle R
and critical site percolation on a triangular lattice in a regular hexagon H inscribed
in a 2000x2000 rhombus. Using the SW algorithm [77], we also sampled critical
Ising FK clusters on the same lattices in R and H. We independently wired the
left /right sides of R and independently wired the bottom and top left/right sides of
'H, leaving all other sides free. Our simulation results show good agreement with our
predictions. We used Mathematica (version 8) to evaluate all Coulomb gas integrals
that appear in our analytic predictions, and we used the Schwarz-Christoffel toolbox
[86] for MATLAB to numerically perform the transformation from the upper half-
plane to the interior of H.

To approximate the continuum limit of these critical models, we used very large
lattices in our simulations. This suppressed the frequency of each s-pinch-point event
at every lattice site, so we generated many samples in order to compensate this effect.
Overall, about sixteen months of computer time (with about a 2 GHz processor) were
used to sample percolation clusters in R and H and Ising FK clusters in R. Over
thirty-two months of computer time were used to sample Ising FK clusters in H.

As usual, we number the vertices of R and H counterclockwise, starting with the
left vertex of the bottom side of either polygon as vertex one. In this section, we also

shift the hexagon so that its center coincides with the origin.

5.3.1 The rectangle

To measure the density of percolation pinch points (k = 6), we simulated criti-

cal bond percolation on the square lattice in R. One-pinch points are bonds inside
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Figure 5.23: Typical percolation (left) and Ising FK (right) cluster and hull-walk samples
in R generated by our simulations. Two-pinch points are colored red. We note that for
percolation (left), our simulation only generates bonds that comprise the boundary clusters’
perimeters.

R and on the perimeter of a boundary cluster, and two-pinch points are red bonds
whose activation or deactivation respectively connects or disconnects the left and right
boundary clusters. Because pinch points occur only on a boundary cluster perime-
ters, our simulations only sampled these perimeters via percolation hull-walks on the
medial lattice [28]. They did not generate entire percolation bond configurations.
We performed two hull-walks to generate the two boundary cluster perimeters in
R (figure 5.23). Hull-walks were defined in section 1.1.3. The first (resp.second)
walk starts at the medial lattice site a/2 units below vertex one (resp.above vertex
three), where a is the lattice spacing. One walk ends at the medial lattice site a/2
units below vertex two, and the other ends at a/2 units above vertex four. Each
step of the walk is located at the midpoint of a bond, and at each step we decide to
activate or deactivate that bond with critical bond activation probability pi® = 1/2.
If the bond is activated, then the walk turns right. Otherwise it turns left. Each
site that is visited by either hull-walk is a one-pinch point, and each site that is
visited by both hull-walks is a two-pinch point, or red bond. (Actually, one-pinch-
point events and two-pinch-point events at z € R are mutually exclusive according

to our definitions. However, our method counts a two-pinch point as a one-pinch
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point of both hull walks too. This miscounting is insignificant though because the
ratio of the two-pinch-point density to any one-pinch-point density vanishes as the
system size increases, or equivalently, as the lattice spacing a goes to zero with power
a2(©2-01) = /% )

When all of the hull-walks finish, we note how they connect the vertices of R
and bin one-pinch-point events accordingly. If they connect vertex one with vertex
two and vertex three with vertex four (resp.vertex one with vertex four and vertex
two with vertex three) to create a horizontal (resp. vertical) crossing, then one-pinch-
point events on the first and second hull-walks contribute to p52:34|1) and pg4:12\1)
(resp. pﬁl:23|1) and pg& 41|1)) respectively. Two-pinch-point events did not need to be
sorted this way, although it is interesting to note that the red bonds are activated
(resp. deactivated) in the event of a horizontal (resp. vertical) crossing. After gener-
ating about 2 x 10® samples, we tallied the number of each kind of pinch-point event
at each site in an array and divide the total by the corresponding array value at the
center of R to eliminate the nonuniversal constant and scaling factor appearing in
(5.112, 5.113). With this normalization scheme, our measured densities always equal
one at the center of R.

Our percolation pinch-point simulation results are compared with our theory pre-
dictions for pg2:34\1) and p5234|1) (respectively (5.112) and (5.113) with x = 6) in
figure 5.24. In the figure, R has been centered at (1,0.5) and rescaled to have length
two and height one, and we have fixed y to 0.1,0.2,0.3,0.4, and 0.5. The top plot
shows the density p22:34\1) of points touched by the hull-walk connecting vertices one
and two. The left/right peaks of the top curve in the figure show that these events
are most likely to occur near vertices one and two, and this is expected because these
vertices are connected by the hull-walk. The bottom plot shows the density pﬁ%m)
of two-pinch points, or red bonds. Our results show that these events are most likely

to occur near the center of R, and this is expected because there is more room in the
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Figure 5.24: Density of percolation one-pinch-points pi2.34 (top) and two-pinch-points
p1234 (bottom) versus x in a 2000x1000 rectangle rescaled to 2 x 1. Both densities are
normalized to equal one at the center of R.

311



p,(lfé:

25

20

34 1)

15

1.0 .O.I.'.......'.... ........"0""'00-.. 7y:04
0o o O ) e 000000000000 7y205

05 =06

0.0

0.0 05 10 15 0 7T
p5234|1) y=0.6
10 /

0.8

0.6]

0.4

0.2]

00

Figure 5.25: Density of Ising FK one-pinch points p(1|12:34) (top) and two-pinch-points
p(11234) (bottom) versus x in a 2000x 1000 rectangle rescaled to 2 x 1. Both densities are
normalized to equal one at the center of R.
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center of R for the hull-walks to collide. Errors averaged over z and the standard
deviation from this average are shown in table 5.2.

To measure the density of Ising FK pinch points (k = 16/3), we generated
about 4 x 10% samples of critical Ising FK clusters on the square lattice in R via
the SW algorithm, described in section 4.6, with critical bond activation probability
pe = V2/(1 ++/2) (1.27). In each sample, the left/right sides of R were indepen-
dently wired. That is, all FK bonds of either side were activated and necessarily the
same color as the other bonds in its boundary cluster, but the bond color of the left
boundary cluster was allowed to differ from that of the right. The perimeters of the
boundary clusters anchored to these wired sides were explored via the hull-walk used
for percolation to detect the pinch points (without ever activating or deactivating FK
bonds during the walk) (figure 5.23). One-pinch-point events and two-pinch-point
events were detected by the hull-walk in the same way as in bond percolation. How-
ever, we note that the “red bond definition” of a two-pinch point in percolation does
not have a perfect analog with FK clusters. If two boundary FK clusters of different
colors are separated by a single unactivated bond, we cannot activate this bond and
join the clusters, so such a bond is not “red” according to the definition of a “spin
red bond” in [81]. (Although, the fractal properties of the set of spin red bonds and
the set of two-pinch-point bonds is the same since the @) colors of the ()-state Potts
model are distributed uniformly across the FK clusters.)

Our Ising pinch-point simulation results are compared with our theory predictions
for p52:34|1) and p5234|1) (respectively (5.112) and (5.113) with £ = 16/3) in figure 5.25.
Explanations and noteable features of these two plots are the same as in figure 5.24,
except that y is fixed to 0.1, 0.3, 0.4, 0.5, and 0.6. In addition, we note that our
measurements of the one-pinch-point density consistently exceeded our predictions
by a small amount that increased as y decreased. We suspect that this is a finite-size

effect that may be reduced by sampling from a larger system. A similar effect was
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observed for the simulations in [75].

Avg.error | y=01 y=02 y=03 y=04 y=05 y=06
Perc.s =1 —0.004 0.023 —0.003 0.012 —0.002 -
Perc.s =2 | 0.010 0.012 0.014 0.014 0.014 —
Ising s =1 | —0.080 - —0.062  —0.048  —0.036  —0.346
Ising s =2 | 0.008 - 0.009 0.012 0.014 0.046
Std.dev. | y=01 y=02 y=03 y=04 y=05 y=06
Perc.s =1 0.002 0.026 0.002 0.025 0.000

Perc.s =2 | 0.003 0.003 0.003 0.005 0.004 -
Ising s =1 | 0.008 —~ 0.006 0.013 0.006 0.042
Ising s =2 | 0.004 - 0.006 0.005 0.007 0.034

Table 5.2: The error (theory minus simulation) averaged over z, and the standard deviation
of the error from that average, of the data displayed in figures 5.24 and 5.25.

5.3.2 The hexagon

To measure the density of percolation pinch points, we generated about 6.56 X
10® samples of critical site percolation (site activation probability p. = 1/2) on the
triangular lattice in H. Again, because pinch-point events occur on the perimeters of
the three boundary clusters, our simulations sampled only these perimeters via three
distinct site-percolation hull-walks on the triangular lattice (left picture in figure 5.26).
These hull-walks are described in section 4.6. The first, second, and third hull-walks
respectively started at vertices one, three, and five and in the direction pointing into
the adjacent free side of H. Each hull-walk ended at an even vertex, and no two
hull-walks could end at the same vertex. The finished hull-walk actually consists of
two juxtaposed paths of neighboring activated and deactivated sites. We will call the
former (resp. latter) path the inner (resp. outer) boundary arc of the boundary cluster
(figure 5.26). A path, called a smart kinetic walk, passes between these juxtaposed
paths with each step on the dual (honeycomb) lattice [56].

Pinch-point events were counted in almost the same way as with the simulations

for the rectangle. Each point on the inner boundary arc is a one-pinch point, activated
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Figure 5.26: Typical percolation (left) and Ising FK (right) cluster samples H generated by
our simulations. In the left illustration, black, red, blue, and green (resp. gray, yellow, pink,
light blue, resp. white) sites are activated (resp.deactivated, resp.undecided), black paths
are smart kinetic walks, red, blue, and green (resp.gray) sites form the inner (resp.outer)
boundary arc of a boundary cluster, and yellow, pink, and light blue sites are two-pinch
points. In the right illustration, red sites and centers of red bonds are two-pinch points.
(resp. deactivated) sites shared between two inner or outer boundary arcs are two-
pinch points, and activated (resp.deactivated) sites shared between three inner or
outer hulls are three-pinch points. Again, although one-pinch-point, two-pinch-point,
and three-pinch-point events are technically mutually exclusive, we also counted three-
pinch-point events as two-pinch-point events and two-pinch-point events as one-pinch-
point events in our simulations, knowing that this over-counting has a negligible effect
on our results.

Our percolation pinch-point simulation results are compared with our theory pre-
dictions for p32:34:56|3) + p32:36:45|3) and pg123245|3) (respectively (5.114) and (5.117)
with k = 6) in figure 5.27. (Three-pinch-point events were so rare that we could not
generate enough samples to verify our three-pinch-point density prediction (5.118).)
In the figure, H has been centered at the origin, rescaled to have side-length one, and
oriented as in figure 5.26, and we have fixed y to —0.69, —0.52, —0.31, and —0.03.

H H

The top plot shows the density P(12:34:56/3) T P(12:36:453) of one-pinch points touched by

the hull-walk connecting vertices one and two. (This density includes all such events
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Figure 5.27: Density of percolation one-pinch points (top) and two-pinch points (bottom)
versus x in a regular hexagon inscribed in 2000x2000 rhombus and adjusted to have side-

length 1 and center at the origin. Both densities are normalized to one at the center of
H.
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without regard to how the other two walks connect vertices three through six.) As
expected, this density is greatest near vertices one and two which are connected by
the hull-walk. The right plot shows the density pg123:45|3) of two-pinch points, or
sites touched by a hull-walk connecting vertices one and two and another hull walk
connecting vertices three and six. This density grows at first as we move from the
bottom side of ‘H towards its center, as expected, and then it diminishes as the center
is approached. This diminishing is also expected since ,0%123: 15/3) is greatest below the
center of the rectangle conformally equivalent to H with vertices one, two, three, and
six, and the image of this point in H is below the origin and on the y-axis.

To measure the density of Ising FK pinch points, we generated 5.68 x 10® samples
of critical Ising FK clusters on the triangular lattice in ‘H via the SW algorithm. The
critical probability of FK bond activation on the triangular lattice is p, = (v/3 —
1)/v/3 =~ 0.42265 (1.28). In each sample, the perimeters of the three FK boundary
clusters were explored via the same hull-walk used in section 4.6 to detect FK cluster
crossing events in the hexagon. The steps of this walk constitute the inner boundary
arc. We also tracked the activated dual bonds that form the outer boundary arc
that traces the inner boundary arc. The s-pinch-point events were identified with
intersections between s distinct inner or outer boundary arcs in the same way as with
percolation (figure 5.26).

Our Ising FK cluster pinch-point simulation results are compared with our theory
predictions for pg2:34:56|3)+29?1(2;36:45|3) and p%123:45‘3) (respectively (5.114) and (5.117)
with k = 16/3) in figure 5.28. (Again, three-pinch-point events were so rare that we
could not generate enough samples to reasonably verify our three-pinch-point density
prediction (5.118).) Explanations and noticeable features of these two plots are the
same as in figure 5.27. The top plot shows the density p37{2134156|3) + 2p37{2:36:45|3) of one-
pinch points touched by the hull-walk connecting vertices one and two. The factor

of two arises from the factor of n? in (5.114) and because n = v/2 when x = 16/3.
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Figure 5.28: Density of Ising FK one-pinch points (top) and two-pinch points (bottom)
versus x in a regular hexagon inscribed in 2000x2000 rhombus and adjusted to have side-
length one and center at the origin. Both densities are normalized to one at the center of

H.
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This factor may seem unnatural, but omitting it considerably worsens the agreement
of prediction and simulation. Thus, the agreement we find a non-trivial verification
of our prediction for the relative coefficients between the two densities in (5.114).
We note that this one-pinch-point density deviates from our prediction by much less
than that in the rectangle. The deviations of our two-pinch-point simulation results
from our prediction (5.117) with k = 16/3 are larger than those for percolation. This
may be understood as follows. The two-pinch-point density scales as a?®? as the
lattice spacing a goes to zero. For percolation (k = 6), the power is 5/4, but for
Ising FK clusters (k = 16/3), the power increases to 35/24. Thus on a very large
lattice, the frequency of Ising FK two-pinch-point events are suppressed even more
than the percolation two-pinch-point events. Indeed, this is what have observed. We
expect that more samples would lessen the deviation. However, such simulations

would require very considerable computer resources.

Avg. error ‘ y=-069 y=-052 y=-031 y=-0.03

Perc.s =1 —0.005 —0.004 —0.003 —0.002
Perc.s =2 —0.017 —0.024 —0.024 —0.013
Ising s =1 0.006 0.001 —0.000 —0.000
Ising s = 2 0.140 —0.002 0.005 0.068

Std.dev. | y=-069 y=-052 y=-031 y=-0.03

Perc.s =1 0.004 0.004 0.003 0.002
Perc.s = 2 0.011 0.015 0.013 0.006
Ising s =1 0.006 0.006 0.004 0.002
Ising s =2 0.052 0.114 0.107 0.045

Table 5.3: The error (theory minus simulation) averaged over x, and the standard deviation
of the error from that average, of the data displayed in figures 5.27 and 5.28.

5.4 A solution space of the system (5.11-5.15)

We demonstrate that the Coulomb gas solution (5.32) solves the null-state PDEs

(5.11) and the Ward identities (5.13-5.15). This calculation closely resembles the proof
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of lemma II.2. Throughout this section, we use the dense phase conventions for our
Kac charge and screening charge notations (1.190), we modify the notation of (5.32)
by letting xon11 = 2, xonio = Z, and xon 1214 := u;, and we assume that s < N. When
s = N, (5.32) reduces to (5.30), and because this formula is purely algebraic, it is easy
to directly verify that it solves the system. As usual, 11 < 29 < ... < Toy_1 < Ton.

To begin, we consider the function
2N+2+M
O(w1,. .y Tantopm) = H () — ;). (5.119)

i<j

Our strategy is to choose the «; (i.e., the charges of the chiral operators) such that

for 1 <i <2N,
2N
{Eaf + Z ( 0 _ 2 2> 4 Oon+1
4 i NP T (zj — i) ToN41 — T
Don2 O o, 2N+2+M
N - d = ou( ... 5.120
Tonyz — T (Tang1 — 23)* (Tanio — 23)? Z k() )

k=2N-+3

where we recognize the differential operator of the null-state PDE centered on x;

on the left side of (5.120), and then integrate xonys,...,ZToni2+rm On both sides
of (5.120) around nonintersecting closed contours I'y,..., [y such as Pochhammer
contours entwining pairs of the points z1,...,xenio (figure 1.20). Integration on

the right side gives zero. On the left side, the integrand is a smooth function of
X1, ..., Tan+ Mo because the contours do not intersect. Thus, we may commute each
differentiation with each integration to find that the M-fold integral ¢ ® solves the
system (5.11).

With some algebra, we find that for any choice of {h;},{a;}, M € Z*, and
1 <i<2N,
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K 2N+24+M ) b
—82 J o J P
T 2 (f’?j - (- xi)2)]

J#
2N+24+M IN2+M
B Z ajag(ra? — 1) Z iaj(kaioy — K/2+2) — hy ®. (5.121)
- (25— 20)(on —7) () = wi)? o
g T LTk T L i T

%k
If we set hj =6, for 1 < j < 2N, h; = O, for j = 2N +1,2N + 2, and h; = 1 for

j > 2N + 2 (the conformal weight of the V. chiral operators that generate screening

operators (1.187)), then for 1 <1i < 2N, we can write (5.121) as

K al 0 0
52 ;i 1
[461 > (%‘—%‘ (%—%‘)2>

J#1
G, ) o o
L %Nn o OeNy2 : . 2] o
Tont1 — T Tongz — T (Tont1 — 2)? (Tang2 — 24)
B szM ajak(/{&? - 1) 2N+ZQ+M aiaj(/‘flaiaj — /@/2 + 2) _ hj o
g W mw)me— ) o (z; — x;)?

J7#k

2N+24+M q)
O | — . (5.122
S k( xk—%) (5.122)

k=2N-+3

Next, we choose a particular ¢ € {1,...,2N}. If we set
Oéi:OéiQ = 1/\/%, Q; :Oé():l: Oéo+hj, j%@, (5123)

then the term in brackets on the right side of (5.122) vanishes, giving the desired form

(5.120). In order to satisfy (5.123) for all 1 <i < 2N, we need

aj =g, 1<j<2N, (5.124)
a; = ag, 2N +1<j<2N +2, (5.125)
a; = oy 2N +3<j<2N+2+ M. (5.126)
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Explicit formulas for (5.124-5.126) are given by (1.190). If we make this choice, then
$ @ solves the 2N null-state equations.

To finish, we choose M and the signs of the square roots in (5.125,5.126) so
that the total charge > ; @ equals 2 and § @ therefore solves the Ward identities.
We suppose that m, (resp.m_) of the screening charges equal o, (resp.a_) with

my + m_ = M necessarily. Then the total charge is

- + +
2000 = E aj =2Naj,+ a5, + a5, +myay +m_oa-
J

=—Na_+a,+1*xs)a/2+(1Ls)a_/24+miar +m_a_

(

(mye+ Doy +(=N+s+m_+1a_ ++
(5.127)

=9(mi+Day+(-N—-s+m_+1a. ——-

(my+ Doy + (=N +m_ +1)a_ +—

\

The ++ (resp. ——) case corresponds to using the + (resp. —) sign for both g 4, and
the +— case corresponds to using the + sign for one of the a4 and the — sign for
the other. In order for these expressions to equal 2ag, we need the coefficients of a
and a_ in (5.127) to equal one. Therefore, m, = 0 and m_ = M, so all M screening

charges use the — sign. The number of screening charges is thus given by

(
N—s ++

M = N+s ——- (5.128)
N +-—

\

The ++ case is used exclusively in this chapter since it apparently contains all of the
pinch-point densities when N = 1,2, and 3. We anticipate that the ++ case contains

all pinch-point densities for all N € Z*. Moreover, we see that these solutions span
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a subspace of a larger solution space containing all cases in (5.128) (among possibly

more solutions).

5.5 Summary

We summarize the main results of this chapter. The half-plane weight 11, of the
type-A s-pinch-point configuration is given by (5.53, 5.33) for the cases N = 2 and
s =1 and 2 and is given by (5.77, 5.76, 5.34) for the cases N = 3 and s = 1,2, and 3
also for various pinch-point events A. After specifying a particular FFBC event ¢, we
construct the universal partition function T () that sums exclusively over the event
A N¢, and we transform it into a universal partition function with the rectangle R
or the hexagon H for its domain. The results are (5.100) and (5.105) respectively.
Then to within nonuniversal factors, the type-A pinch-point density p&g) is found
by dividing the transformed universal partition function by the partition function Tg
of chapter four. This prediction agrees well with measurements by simulation that
sampled one-pinch-point and two-pinch-point events between critical percolation and
Ising FK boundary clusters in rectangles and hexagons with independently wired

sides.
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APPENDIX A

Holomorphic and antiholomorphic coordinates

This section of the appendix supplements chapter one of this thesis. Its purpose is
to give a more complete explanation of holomorphic versus antiholomorphic complex
coordinates and of the treatment of Z not as the complex conjugate of z (this is
denoted by z* in this thesis) but as a number independent of z. These matters are
important to much of the material presented in chapter one where we witnessed the
“decoupling” of the holomorphic and antiholomorphic sectors of a CFT defined on
the complex plane. This phenomenon follows from properties of holomorphic and

antiholomorphic functions on C2.

A.1 Holomorphic and antiholomorphic coordinates

Let f : D — C be a function of one complex variable z = x + iy defined on
a domain D C C. We can write f(z) = u(z,y) + iv(z,y) with u : R?> — R and
v : R? — R. Necessary and sufficient conditions for the differentiability of f are for

first partial derivatives of u and v to exist and satisfy the Cauchy-Riemann equations:

Oyu = 0yv  Oyu = —0,0. (A.1)
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If f satisfies these conditions at z, then the derivative of f at z is defined and equals

D.f(2) = 0 f(2) = =10, f (2). (A-2)

In this situation, we say that f is complez-differentiable at z. A major theorem
in the theory of functions of one complex variable is that a function f is complex-
differentiable at z if and only if it is analytic at z, and typically the term “analytic”
is used in place of “complex-differentiable.” If f is complex-differentiable at every
z € C, then we say that f is complex-differentiable.

There is an interesting interpretation of complex-differentiability that introduces
the idea of holomorphic and antiholomorphic coordinates. Let Z := x — iy be the

complex conjugate of z (for now), so that

r=x4+1y, Z=x—1y <= T= (A.3)

If we momentarily think of z and Zz as independent variables, then the chain rule gives

0.1(:) = 310.(2) —i0,0(2)) = D.J(2) (A4)

0:-1(2) = S[0.7(2) +i0,(2)] = 0. (A5)

The last identity is proven by inserting f = u + v and using the Cauchy-Riemann
equations (A.1). To say that f depends on z but does not depend on Z is a natural
interpretation of (A.4-A.5), but such an interpretation is meaningless since z and 2z
depend on each other.

We can give certain meaning to this interpretation by promoting x and y to
complex variables ¢ and 1 so that the variables z := & 4+ 1) and z := & — 1) are

independent. This construction is inspired by the following fact. If g : R — R is such
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that the principal value of the integrals

wloy) = = [ o2 s (A.6)

T J o (x—8)%+9?2

1 [ T —s
= — —d AT
w@y) = - [ a= s (A7)
exist for all (z,y) € R? then the function f = wu; + iuy is the unique complex-

differentiable function whose real part equals g on the real axis. We can verify this
by checking that u := u; and v := wuy satisfy the Cauchy-Riemann equations (A.1).
(To match our previous notation, we set v := u; and v := uy. We will find both
of these notations useful below.) Thus, we extend the real function g to a complex-
differentiable function f = u + .

Now we repeat this extension a second time. We promote the functions u = u,
and v = uy to functions with domain C x R by promoting x to a complex variable

¢ :=x +i2’, and we suppose that the principal values of the integrals

1 [~ x

uji (v, 2'5y) = ;/ Uj(syy)m ds, (A.8)
1 [ T —s

UjQ(ZL"l‘,;y> = ;/ UJ(S,y)m dS, (Ag)

exist. By construction u’ and v" are each complex-differentiable functions of £. Let

f" be f but with u; — (u;; + iuj2). We write

u’ = U + iulg, U/ = U9y + iUQQ (AlO)

so that «' and ¢/, with y fixed, are complex-valued extensions of the original functions

w and v and

f(z,2"sy) = W(x,2";y) +(x; 2, y) (A.11)
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= [upr — ugg + i(ug2 + ugy)](z, 2’5 y). (A.12)

Then we can use the Cauchy-Riemann equations (A.1) to verify that the function
f'(x,2';y) is a complex-differentiable function of x 4 iy and &.

Now we repeat this extension a last time. We promote the functions v’ and v" to
functions with domain C x C by promoting y to a complex variable ¢ := y + iy, and

we suppose that the principal values of the integrals

1 [ Y
/. / _ /.
Ujm(:C,LL‘ u,Y) = = /_OO Ujk(x,x ; S)(y—S)—2+y’2 ds, (A.13)
1 [ y—S
/. / _ /.
’LijQ(LU,J? 7y7y) - ; /_OO Ujk(l',x ; 3)@_8)—2_’_?/2 dS, <A14)

exist. By construction, u” and v” are each complex-differentiable functions of £ and

Y. Let f” be f' but with wjx — (ujk1 + tujke). We write

U” = (U111 + iu112) + i(ulgl + z'u122), U” = <U211 + z'u212) + i(Ule + iUQQQ) (A15)

so that «” and v”, with x and 2’ fixed, are complex extensions of u’ and v" and

"

[ (@2 y,y) =u"(z,2'5y,y) + " (z,2';y,y)

= [(Uln — U — Upoy — Ugie) + 1(Ur12 — Usgg + Ut9y + U211)]($, z'sy, ?/)- (A-16)

Then we can use the Cauchy-Riemann equations (A.1) to verify that the function
f"=u" +1iv" is a complex-differentiable function of x + iy and & and .

We have promoted the complex-differentiable function f of one variable z = x +iy
to a function f” : C* — C of two complex variables ¢ and 1. We have also shown that
f" is a complex-differentiable function of z+iy, and it is apparent that f”(z,0;y,0) =
f(z,y) (e, f(z) with z = = + iy).

By construction, v” and v” and therefore f” are complex-differentiable functions
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of £ and 1), so we can differentiate f” with respect to the coordinates z = £ + 42 and

z = & =i1p. By using the relation

(A.17)

(2,2) = (E+ i, E i) > (f,zm:(””“)

2 72

with € := x+i2’,9 = y+iy and z,2’,y, and ¢/ € R and writing 9 := 9, and 0 := 0,

we find
o = (0 —id,)f" (A18)
= %(&cu +i0,v) — %(Gyu +i0,v), (A.19)
off = %(ag +i0y) [ (A.20)
= L@t i) + (@t i0yn). (A.21)

Because f” is also a complex-differentiable function of z + iy, we can use the Cauchy-

Riemann equations (A.1) to conclude that

of" Opu + 10,0 = O, [ = —i0y f", (A.22)

of' = 0. (A.23)

The first line shows that a derivative with respect to z is equivalent to a derivative
with respect to x or 7y.

If a complex function f”: C* — C satisfies (A.22-A.23) at the point (z,z) € C?,
then we say that f” is holomorphic at (z,%), and we call z (resp. z) the holomorphic
(resp. antiholomorphic) coordinate. The coordinate representation (z,z) of a point
in C? may be replaced by the representation (£,1) defined through (A.17). These
coordinates, sometimes called space-time coordinates, may be written as & = x + i’

and ¢ = y + iy for x,y,2’,y € R. In either set of coordinates, we may define the
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real surface

S={(2,2) €eC*: z=2}={(&,¥) € C : ' =9 =0} (A.24)

Here and in the rest of this appendix, z* denotes the complex conjugate of z.

Our construction shows that if f is complex-differentiable at z € C, then under
appropriate conditions, there exists a function f” : C* — C holomorphic at (z, z) € C?
whose restriction to the real surface equals f. In an abuse of terminology, we say that
f is holomorphic at z if it is complex-differentiable at z. When we restrict to the
real surface, equations (A.22-A.23) become (A.2, A.5), and this gives meaning to the
interpretation of f as independent of Z (in a neighborhood of z).

Also in chapter one, we sometimes invoke the function f” = u — v with «” and
v" defined in (A.15). This function is not the complex conjugate of f” since u” and

v” may be complex. Repeating the calculations that led to (A.22-A.23), we find

af" = 0 (A.25)

of" = Opu—i0w = 0, f" = —id, f". (A.26)

If a function f” : C? — C satisfy (A.25-A.26) at the point (z,2) € C?, we say that f”
is antiholomorphic at (z,z) € C?. We note that when restricted to the real surface,

f is the complex conjugate of the function f used above.

A.2 Holomorphic tensors and space-time tensors

In this section, we briefly describe the transformation of space-time coordinates
to holomorphic coordinates for vectors and tensors. We let x € C? with space-

0

time coordinates 2° = £, 2! = 1 and holomorphic coordinates 2° = z and 2! = Z.

Throughout this section, we use the Greek labels u, v for space-time indices and «, 8
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for holomorphic indices. We can use the relation (A.17) to convert between these

indices, and we have the contravariant rule

= h*, 2", =2t = (b, 2, (A.27)
with h the tensor
N 1 7 . 1 11
h u= NE (h=)H, = 3 I (A.28)
1 — —1 1

The conversion rule (A.27) may be generalized in the usual way for multiple tensor

indices. For example, if ¢®? is a tensor, then
00 = g, g = () () (A20)

In particular, if g*” is the metric tensor for the Euclidean metric, that is g = 0",

then we have the following metric tensor in holomorphic indices:

0 2 0o 1
= (9 Nap = “ . (A.30)
2 0 5 0

So far, we have given rules for conversion between two types of contravariant indices.

To convert a holomorphic index from covariant to contravariant, we use the usual rule

T = gaﬁa:g, Ty = (g_l)agxﬁ, (A.31)

which leads to the relation % = 2x3.,. This is the holomorphic version of the trivial

rule 2# = x,. Finally, we can use these relations to uncover the covariant version of
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conversion rule (A.27):

x, =1 = (R 1y o> = (h_l)“a g’ g = (k:_l)l/}xg, (A.32)

kF == . , (k=< R E (A.33)

Thus, we have the conversion rule
To =k, < x,= K", 2, (A.34)

Using these identities, we can transform usual space-time (i.e., cartesian) covariant
and contravariant transformation rules for tensor components to rules that work with
holomorphic/antiholomorphic coordinates. For example, one can now show that if ¢
is the component of a tensor with covariant indices « = 0,4 =1 ora =1, =10
component of a tensor, then under a holomorphic/antiholomorphic pair of maps f, f,

it will transform as

$(2,2) = ¢/, 2) = 0f(2)0f (2)¢(=, 2). (A.35)

In the next section, we will derive a generalization of this rule.

These conversion rules will be used in the next section of the appendix. There, we
will contrast the phenomenon of conformal invariance in more-than-two dimensions
to that in two-dimensions. In so doing, we will work with space-time indices in more-
than-two dimensions, and we will work with holomorphic indices in two dimensions
to exploit their notational convenience. The identities presented in this section will

allow us to convert between these two settings.
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APPENDIX B

A motivation of the conformal covariance

transformation law

This section of the appendix supplements chapter one of this thesis, and its pur-
pose is to motivate the transformation rule (1.48) for quasi-primary fields in CFT.
Throughout this section, we let ¢ be a smooth field (i.e., scalar, spinor, vector) on
R?, we let f be a smooth, invertible transformation taking a subdomain of R? into
R?, and we let 2’ = f(x). Then f induces a transformation on ¢, sending it to a new

field ¢’ for which 2’ is its argument. The transformation rule is written as

o ¢, @) = Flel(z) = Flgl o f (). (B.1)

The transformation F accounts for orientation change and other effects on the field ¢
induced by f, and it depends on the point x in general. The field ¢ is called a scalar
field if F is the identity for any smooth f. In this case, (B.1) reads ¢/(z') = ¢(x).
Suppose that the transformation f is infinitesimal within some subdomain 2 C R
and determined by a set of infinitesimal parameters {w,} there. For example, if
f : R® — R3 is a rotation, then this set consists of three infinitesimal Euler angles,
and 2 is a ball of sufficiently small radius centered at the origin. If we expand (B.1)

to first order in the infinitesimal parameters near zero, then we find that f has the
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following infinitesimal effect at x € Q:

et = ot 4 e (x), '(z) = wagzz, (B.2)
J

srd = goftrorlof,  oF =T (B

= ¢— €00+ F[9]. (B.4)

The generator G, of the infinitesimal transformation is defined in terms of the vari-

ation of the field d¢ = ¢’ — ¢:

_45:1:“

Guld) = 50,0+ 122

au¢ + Z.5—u)a7 - —iwaGa[qﬁ] = 0¢. (B5)

A transformation f : R? — R? is conformal at z is it preserves the metric tensor
there to within a local scale factor and is conformal in Q C RY if it is conformal
at every point in 2. (In two dimensions, this definition reduces to the definition
for conformality that is given in section 1.1.4.) One can show that when d > 2, a
transformation z — f(z) = = + €(x) that is infinitesimal and conformal in € has the

following expansion to first order in its infinitesimal parameters:

e (x) = a' +wh, (7 — )+ b(at — M)+ [2(aH — M e—cHr—€)?], x,6 € Q. (B.6)

Here, the infinitesimal real parameters are a*, b, w",, ¢,, and & is some reference point
in 2. The first, second, and third term signifies a translation, rotation about &, and
dilation about £ respectively, and the last term signifies a SCT, which is in inversion
about ¢ followed by an translation followed by another inversion about £. The rotation

tensor w"” in two dimensions is given in terms of the rotation angle 6 by
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It is evident from (B.6) that a transformation that is infinitesimal in © cannot be
infinitesimal over all of R? unless b, w",,, and ¢, are all zero. In the following discussion,
we assume that the infinitesimal parameters are so small that zero is in €2 and we can
choose ¢ = 0.

The generator corresponding with each of these four transformations may be com-
puted for a scalar field (6F[¢] = 0) via (B.5). These generators, which we generically
label as G,, are given in table B.1. Their commutation relations generate the confor-

mal Lie algebra:

[D,P,) = iP, (B.8)
D, K] = —iky (B.9)
Ku.P)] = 2i(nuD— L) (B.10)
Ko, L] = il — 1K) (B.11)
[Pos L] = i(NpuPy = 0o Py) (B.12)
(Lo Losl = i(MupLyo + MuoLve = MupLve — TvoLyp)- (B.13)

Here, the metric tensor 7, is the identity matrix d,,. Furthermore, we can use the

Hausdorff lemma,

e Bet = B+ B, Al + %[[B,A], A+, (B.14)
0F[p] =0 ‘ w, €'(x) G,
translation | a*  a* P, = —i0,
rotation w2 (P —ntar) 3L (x) = (2,0, — 2,0,)
dilation b b D(x) = —iz¥0,
SCT o 2x,bat — bt K.(z) = —i(2z,2"0, — |z|*0,)

Table B.1: The infinitesimal parameters, the infinitesimal coordinate variation, and the
generator for a scalar field corresponding to each of the four types of infinitesimal conformal
transformations in more than two dimensions.

335



to show that each generator may be mapped from zero to some x € €2 via conjugation

by the translation operator exp(iz’P,):

Ga(z) = ™2 G, (0)e " Pr. (B.15)

To show this, we keep only terms with first derivatives in the series (B.14) and take
care to evaluate the commutators before setting the argument of G, to zero on the
right side of (B.15).

We let the elements of S = {P,, L., D, K,} respectively be, from left to right,

s
the generators of infinitesimal translations, rotations, dilations, and SCTs of a field
¢ where §F[¢] may be nonzero except for translations, and we let G, be a generic
label for an element of S. Because S must also generate the conformal Lie algebra,
it elements will obey the commutation relations (B.8-B.13) with G, — G, for each
generator. If we further suppose that each G, may be translated via conjugation
(B.15), then we can use (B.14) to calculate each generator G,(x) in terms of G,(x)
and G, (0). Furthermore, we can use this result to calculate the field variation, which
equals dF = —iw, (G, — G,) according to (B.5). The results are given in table B.2.

We can use (B.8-B.10) and the Jacobi identity to show that [D(0), L,,(0)]= 0. If
we employ an irreducible representation of the sub-algebra generated by the collection
{L,,(0)}, then this commutation relation and Schur’s lemma imply that D(0) must
be a multiple of the identity matrix. We take D(0) = —iA (supposing that A is
real), and we call A the scaling weight of the field ¢. The commutation relation (B.9)
evaluated at zero then implies that K,,(0) = 0.

From (B.6), we observe that an infinitesimal conformal transformation in d > 2
dimensions has a finite number of degrees of freedom. However, we find considerably

less restriction in two dimensions. Indeed, one can show that if a transformation

z — f(2) = z + €(2) is infinitesimal and conformal on 2 C C , then € is analytic on
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| Ga(x) OF(x)
B

translation =P, 0

rotation L,(z) =L, (0)+ L, (x) —twh L, (0)

dilation D(xz) = D(0) + D(x) —ibD(0)

SCT K, (z) = K,(0) 4+ 2z,D(0) —ic'[K,(0) 4+ 2x,D(0)
—a" Ly (0) + Ky () —22" Ly (0)]

Table B.2: The generator and the field variation of a non-scalar field that accompany the
four types of infinitesimal conformal transformations.

Q. Thus €(z) has a power series expansion at each ¢ € €2, so

ez)=a+Ob+i0)(z—) +ec(z—)*+..., 2(€Q, (B.16)

where a,c € C and 0,0 € R are infinitesimal. Also, the antiholomorphic version
Zes f(2) =z +&>2)is

éz)=a+0b—i0)(z—() +e(z—()*+..., 2. (B.17)

Such an infinitesimal transformation has an infinite number of degrees of freedom cap-
tured by the coefficients of the terms in the series. We note that in two dimensions,
the first three terms of (B.16, B.17) agree with (B.6) when written in space-time coor-
dinates with (¢, () — & with the barred coordinates equaling the complex conjugates
of the corresponding unbarred coordinates. We also note that this transformation is
infinitesimal on all of C only if all but the zeroth order term are present. This is
an example of Liouville’s theorem. (Because the holomorphic and antiholomorphic
sectors are essentially the same, we will omit explicit reference to the latter for now.)

If we further require that f is a global conformal transformation that is infinites-

imal in €2, that is, of the form

(14+0/2)(z—¢) +d
—d(z—=Q)+1-b/2’

f(z) = 2, €0 (B.18)
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with @', ¥/, ¢ € C infinitesimal, then the expansion (B.16) terminates at second order,
just as it did in d > 2 dimensions for any transformation that is conformal and

infinitesimal in €):
€(2)=f(2) —zm~d +V(z- )+ (z—0)? =z (B.19)

We will focus on this special case for now. As usual, the zeroth and second order
terms capture translation and SCTs respectively, while the first order term captures
both rotation and dilation by virtue of the fact that &’ is complex.

Next, we derive a useful identity for the variation of the field ¢ under a global
conformal transformation that is infinitesimal in Q. (We suppose that zero is in €,
and we set ( = 0.) Because L,g(0) is antisymmetric, we may write L,3(0) = —£,35,
where S is a spin operator acting on some space of states in analogy with quantum
mechanics. We suppose that ¢ is an eignevector of the spin operator, with eigenvalue
s called the spin of the field ¢, and e,4 is the antisymmetric tensor in complex

coordinates:

0 1 i 0 1
e = 2 . Eap == : (B.20)

1 0 2\ 1 0

By summing the contribution of each type of conformal transformation to the to-
tal variation 0F(z) (the right columns of table (B.2)) and substituting L,z(0) =

s€ap, D(0) = —iA, K,(0) = 0, we find

18

IF[p)(z) = gwaﬁeaﬁ — DA — 2¢*(Az, +1i527e05) | ¢ (B.21)

for the infinitesimal variation of the field ¢ in response to the global conformal trans-

formation (B.6) that is infinitesimal at z. In holomorphic coordinates and with £ = 0,
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this transformation is
€ (2) = a® + w27 + b2 + (22°2Pcs — *2P25), 2z € Q. (B.22)
By exploiting the fact that 1,5 and w,s are respectively symmetric and antisymmetric,

we can rewrite the transformation law (B.21) as
0F[¢] = =20 $p3pea = —hopde — hgpde (B.23)

(now we are showing the antiholomorphic contribution too), where h? is the tensor

0 A —s
(B.24)

(n“ﬁA — igo‘ﬂs) =
A+s 0

hd =

N | —

and h := h'% (resp. h := h%) is called the holomorphic (resp. antiholomorphic)
conformal weight of the field ¢. From (B.4), we thus find the total variation in the

field under a global conformal transformation that is infinitesimal in €:

(B.25)

(2, 2) = ¢(2,2) —¢(2,2), z€Q.

—€dd(2,2) — €(2)0¢(2,2) — ho(z, 2)0e(2) — hd(z,2)0e(z).  (B.26)

If the field has zero holomorphic and antiholomorphic weights, then F is the iden-

tity, and ¢'(2/, 2') = ¢(z, 2). In this case, (B.26) reduces to the generic transformation
law found by expanding d¢(z) = ¢(z' — €) — ¢(2) to first order in €:

§¢ = —edp — €D (B.27)

In the more general case where € (resp. €) has a Laurent expansion €(z) = ), €x(z —
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O)FF! (resp. €(z) =Y., &(z — O)F+1), we may write (B.27) as

0¢(2,2) = Y (enln(Q)(2, 2) + Enln(0) (2, 2)), (B.28)

n

where

Q) ==(z=Q)""9, £u(Q) =—(z=)""0. (B.29)

The generators £, /,, obey the Witt algebra:
[l lm] = (0 — M) lngms [lny ) = (0 — M) lpim,  [ln, ] = 0. (B.30)

The sub-aglebra generated by {¢_1, ¢y, ¢1} (and its antiholomorphic counterpart) are
generators of infinitesimal global conformal transformations. ¢_1,¢_; and ¢;, ¢, gen-
erate translations and SCTs respectively, while the combinations ¢, + £, and i(lo— 670)
generate dilations and rotations.

Now we use (B.26) to motivate a transformation rule for ¢ under a non-infinitesimal

global conformal map. It is easy to show that the rule

¢(,2) = 0f(2)"0f (2) (2, 2), (B.31)

is equivalent to (B.26) to first order in €,de. If a field transforms as in (B.31),
then we say that ¢ is conformally covariant at z (resp.zZ) with holomorphic weight h
(resp. antiholomorphic weight h).

We argue heuristically that for global conformal f, (B.31) is the unique trans-
formation rule that reduces to (B.26) if f is infinitesimal. Suppose that we divide
f into a composition of M uniformly (in some sense) infinitesimal global conformal
transformations f1,..., fay so that f = fyyo...0 f1. Let z,, = fo0...0 fi(2) and

!/

2" = fu(zym-1) = f(2). Then be repeatedly applying the transformation law (B.31),
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we find that to leading order

¢'(2,2) = Ofu(zara) ™. 0f1(2) "0 fu(Za 1) " 0f1(2) "o(2,2)  (B.32)

— Of(=)"Of(2) (=, 2). (B.33)

By increasing M, we decrease the error in (B.32) that arises from lower order terms
until we have the exact result (B.31). A field that transforms according to (B.31)
under a global conformal transformation is called a quasi-primary field, while a field
that transforms as in (B.31) at an point z where f is just conformal is called a primary
field. By definition, a primary field is quasi-primary, but a quasi-primary field may
not be primary. The transformation rule (B.33) can be understood as a generalization
of the conventional covariant tensor transformation rule (A.35). The former reduces

to the latter in the case that ¢ is a spinless field with scaling weight two.
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