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Chapter 1

Introduction

Over the past two decades, there has been a renewal of interest in a family of real
numbers called multiple zeta values. Multiple zeta values are a generalization of the
values the Riemann zeta function takes at positive integers. This thesis concerns the
arithmetic of a family of rational numbers called multiple harmonic sums, which are
finite analogs of multiple zeta values. There are many similarities between the two

families. The theory of multiple zeta values is further developed, so we begin there.
1.1 Multiple zeta values

The Riemann zeta function, defined by the series

G)=3
n>1
has a long history. Although it bears the name of the 19th century German mathe-
matician Bernhard Riemann (who considered it as a function of a complex variable
and provided an analytic continuation), study of this function predates Riemann by
200 years. Of particular interest prior to Riemann’s work were the values of the zeta
function at positive integers.

In 1735 Euler [9] computed ¢(2) = %2, solving what was then known as the Basel
problem, first posed in 1644 by Pietro Mengoli. Euler’s computation actually works
for all even positive integers, and we have
(27m)*"(=1)"*"' By,

2(2n)! ’

¢(2n) =



where B,, are the Bernoulli numbers, defined by the power series

T B, .,
ex—lzzﬁw'

The Bernoulli numbers are rational, so for each positive integer n, ((2n) is a rational

multiple of 72,

Surprisingly little is known about ¢(n) for n odd. For example, none of these values
are known to be transcendental, although it is conjectured that they are algebraically
independent over Q(m). Apéry [1] provided a first step by proving in 1976 that ((3)
is irrational. A result of Rivoal [29] from 2000 shows that for any e > 0, there exists
an integer Ay > 0 such that for all odd integers a > Ay, the dimension of the Q
vector space spanned by ((3),((5),...,((a) is at least Hllo—igE(Z) log(a). This implies
that infinitely many odd zeta values are irrational. In 2004 Zudilin [42] proved that
at least one of the four numbers ((5), ¢(7), ¢(9), or ¢(11) is irrational.

The multiple zeta function generalizes ((s) to a function of more than one variable.
For k a positive integer, the multiple zeta function of depth k is the function of k

complex variables defined by the series

C(Sl,...,Sk): Z %

n1>..>n>1 1 k

This series converges provided that Re(s;) > 1 and Re(s;) > 0 for i = 2,3,...,k
(see [15]). In depth 1 this is just the ordinary Riemann zeta function. A value
of the multiple zeta function at integer arguments is called a multiple zeta value.
Many interesting algebraic relations among multiple zeta values are known. As a
particularly simple example, Euler knew that {(2,1) = {(3).

Recall that a composition is a finite ordered list of positive integers. If s =
(s1,...,8) is a composition, we define the weight and depth of s to be w(s) =
s1+ ...+ sp and £(s) = k, respectively. We can think of ¢ as a function that
takes as input a composition s = (sy,...,s;) and returns the multiple zeta value
¢(s) :=C(s1,---,8k)

Kontsevich [38] noted that multiple zeta values could be represented as iterated
integrals of rational functions. This iterated integral is known as the Drinfeld integral,
as it was studied earlier by Drinfeld [8] in connection with the absolute Galois group

of Q. The integral representation means that multiple zeta values are examples of



periods. Loosely speaking, a period is a complex number that arises from integrating
a rational function with rational coefficients over a rationally defined domain. The
set of periods forms a ring that contains all algebraic numbers. We will discuss the

specific iterated integral construction in the next section.
1.1.1 Hoffman’s algebra

In order to study multiple zeta values, Hoffman [15] considered the following non-

commutative rings:

Definition 1.1.1. Set $g := Q(z,y), the non-commutative polynomial algebra in
two variables, and the two subalgebras 5’)@ = Q4+ Hov, 539@ = Q4+ zH9y.

A basis for 5’)6 consists of words in the non-commuting symbols zq, 25, ..., where
2p = 2" ly. A basis for ﬁ% consists of those words zg, ...z, with s; > 2. There
is a Q-linear “evaluation map” ( : .6(% — R, taking the word z,, ...z, € 539@ to the
multiple zeta value ((sq,...,s%) € R.

Hoffman also defined a commutative product, called the stuffle product, on f)(b.

The stuffle product * is defined recursively. First we set
lxa=axl =«
for every a € Sﬁb. Next, if k1, ko € Z~o and aq, an € ﬁb, then

(Zlﬁa/l) * (Zk2a2) = Rk (041 * (Zk2a2)) + Zkz((zklal) * aQ) T 2k ks (al * aQ)'

The multiplication * restricts to give a commutative multiplication on ﬁ%. The
stuffle product is constructed to reflect multiplication of nested sums over integers,

and we have
(a1 * az) = ((a1)((a2)
for all ay, s € 53(?2.

The utility of using words in the symbols z and y (as opposed to the symbols
21, 22,...) comes from Kontsevich’s representation of a multiple zeta value as an
iterated integral. Let o = uy...uy € 559@ be a word, with u; € {z,y}. We have an
equality

(o) = / / s () (t2) - -, (1) dbadts . . iy,

1>t1>...>t,>0



where w,(t) = 1, wy(t) = 1. To reflect this iterated integral expression, we define a
second commutative product, called the shuffle product, on $g. The shuffle product

m is defined recursively. First we set
lma = aml = «
for every a € . Next, if t1,19 € {x,y} and ay, as € Hg, then
(tron)m(tean) = ty(cqm(taas)) + to((tion )mas).

The multiplication mr restricts to give commutative multiplications on ,ﬁ% and .6(1@.
The shuffle product is constructed to reflect multiplication of iterated integrals, and

we have
((aqmag) = ((a1)((az)

for all ay, a; € HY.
1.1.2 Relations among multiple zeta values

A major goal of the theory of multiple zeta values is classifying the algebraic
relations over Q among multiple zeta values. We have already seen that ((2n) is
a rational multiple of 72" for each positive integer n. This means that ((2n) is a
rational multiple of ((2)" for all n, so we have, e.g., the relation 5((4) = 2¢(2)%
Lindemann’s theorem of 1882 shows that m is a transcendental number, so we have a
complete understanding of the algebraic structure of the field Q(¢(2),¢(4),...): it is
a purely transcendental extension of Q of transcendence degree 1, generated by 2.
This means we completely understand the stucture of algebraic relations among the
values ((2),¢(4),. ...

Our first example of a relation involving a multiple zeta value of depth 2 was the

equality ((2,1) = ¢(3). A more exotic relation is

66¢(13,3) + 375¢(11,5) + 686((9,7) + 675((7,9) + 396 (5, 11) = %16774(16),

which was discovered by Gangl, Kaneko, and Zagier [10] in their investigation of
modular forms.
In view of either of the product representations given in the previous section,

it will suffice to consider linear equations over Q satisfied by multiple zeta values.



Using the framework of the evaluation map ( : 55% — R, the problem of classifying
algebraic relations among multiple zeta values reduces to describing the kernel of (.
There are several known methods of producing elements of ker(¢). We describe a
few of these methods below.

The stuffle and shuffle products give us two different ways to express a product of
multiple zeta values as a Z-linear combination of multiple zeta values. This implies
that for all aq, as € Sﬁ%, aq * g — iy € ker(¢). This is known as the double shuffle
relation (see the work of Thara, Kaneko, and Zagier [17] for an introduction). The
double shuffle relation can be generalized to allow aq, oy € 53(1@, using a regularization
process. Regularization leads to the so-called extended double shuffle relations.

Another method of producing linear relations among multiple zeta values is the
Duality Theorem, conjectured by Hoffman [14] and proven by Kontsevich [38]. We
first define an anti-automorphism 7 : )9 — $Hgo which interchanges x and y. The
map 7 restricts to an anti-automorphism of ﬁ%. The Duality Theorem for multiple

zeta values is the statement that
0
((a) = ((7(a)) for all a € Hg.

In other words, 7(a) — a € ker(().

There is a map D : g — $Hg, determined by D(z) = 0, D(y) = xy, and the
condition that D is a Q-derivation. The derivation D restricts to a derivation on the
subalgebra 55?@. If we set D := 7D7 (where 7 is the anti-involution defined above),

then a result of Hoffman [14] implies that
D(a) — D(a) € ker(¢) for all a € $j.

This was later generalized by Ohno [26]. A further generalization was given by Thara,
Kaneko, and Zagier [17].

The kernel of ¢ is conjectured to be a homogeneous ideal. Indeed, all known
relations among multiple zeta values can be decomposed into homogeneous relations
(that is, relations involving compositions of fixed weight). Define d,, to be the Q-
dimension of the image of the n-th graded piece of .6?@ under (. In other words, d,
is the number of linearly independent multiple zeta values of weight n. Using known

methods for constructing relations among multiple zeta values, the conjectural values



of d,, for n < 10 are given in the following table:

n|2/3[4(5/6/7[8]|9]10
d,|111]1]2]|2/34|5]|7

Numerology suggests that d, = A,, where A, is defined to be the sequence
satisfying the linear recurrence relation A, = A,,_» + A,,_3, with initial values Ay =
Az = Ay = 1. This was conjectured by Zagier [38] in 1994, and the upper bound
d, < A, was proven by Terasoma [32] in 2002. Zagier’s conjecture led Hoffman
[15] to conjecture in 1997 that multiple zeta values of the form ((sy,...,s) with
s; € {2,3} form a basis for the space of multiple zeta values (it can be checked that
the number a,, of compositions s = (s1, ..., s;) with s; € {2,3} and w(s) = n satisfies
the conjectured recurrence, and has the same initial values). Brown [6] showed in
2012 that multiple zeta values ((s1, . .., s;) with s; € {2, 3} span the space of multiple

zeta values, proving one part of Hoffman’s conjecture.
1.2 Multiple harmonic sums

The work of this thesis is on multiple harmonic sums, which are values of a finite

truncation of the multiple zeta function.

Definition 1.2.1. Let s = (s1, S9, . . ., Sx) be a composition, n a non-negative integer.

The multiple harmonic sum is given by

Hp(s) = Hu(s1,. .., 8) == Z TR

1o Ty
n>ny>ng>...>ngp>1
We will denote by {si,...,sx}* the composition
(S1yevySkySlyensSkyenvyStynenySk),
TV TV

consisting of a concatenated copies of (sy,...,sk).

Unlike what is conjectured to be the case for multiple zeta values, multiple har-
monic sums are rational numbers, and we are interested in their arithmetic properties.
We will take n = p — 1, p a prime, and study p-adic congruence properties of the

multiple harmonic sums H,_;(s) for various compositions s.



1.2.1 Modulo p multiple harmonic sums

Hoffman [16] and Zhao [40] independently studied the residues of the multiple
harmonic sums H,_;(s) modulo p, p a prime. Multiple harmonic sums satisfy many
congruences modulo powers of p, the most familiar of which is probably Wolsten-
holme’s theorem, stating that H,_1(1) =0 mod p? for all primes p > 5.

Congruences modulo p for multiple harmonic sums fail to hold for certain small

primes. One way to account for this is to consider the ring
A= (H Z/pZ) / <@ Z/pZ) .
p p

An element of A is a tuple (a,) with a, € Z/pZ, where we identify (a,) and (a;,)
if a, = a;, for all but finitely many primes p. The ring A is a Q-algebra. This
formulation is discussed in [30], building upon an idea in [19]. In the theory of
modulo p multiple harmonic sums, the analog of the the numbers d,, (which count
the number of linearly independent multiple zeta values of weight n) is the dimension

(over Q) of the span of the elements
(Hp-1(s)) € A,

where s runs over compositions of weight n. For example, there is only one compo-
sition of weight 1, and Wolstenholme’s theorem says that this sum is divisible by p
(in fact, p?) for sufficiently large primes p, so ¢; = 0. Likewise, there are two sums

of weight two, and it is known that
H, (2)=H, 1(1,1)=0 (mod p) for p > 5,
so that co = 0. In weight 3, there are four sums to consider. It is known [16, 40] that
H,(1,1,1)=H,41(3) =0

H, 1(2,1) = —-H, 4(1,2) mod p,

so that c3 = 1.
The structure of modulo p multiple harmonic sums has been studied by several

other authors. Tauraso [31] studied a modulo p analog of Apéry’s series’ for ((2)



and ((3). Pilehrood and Pilehrood [27] extended this to series for ((4) and ((5).
Pilehrood, Pilehrood, and Tauraso [28] computed a modulo p analog of Zagier’s
computation [39] of {(2,...,2,3,2...,3). Very recent work of Saito and Wakabayashi
[30] establishes a modulo p analog of a theorem of Bowman and Bradley [4] on
relations between multiple zeta values of a certain shape.

The best known upper bounds for ¢, (which are conjectured to be the true values)

are given in [28]:

n|1(2|3[/4]5(6|7[8]9
c, |0]0]1]0 (111|222

No formula for ¢, has been conjectured.
1.2.2 Congruences modulo higher powers of p

Our departure from the theory of modulo p multiple harmonic sums begins by
considering congruences modulo higher powers of p. As a motivating example, we

have the congruence
2H, 1(1) = pH, 1(2) mod p® for p > 7,

extending Wolstenholme’s theorem. Unlike the congruences arising from the study of
multiple harmonic sums modulo p, our congruence involves multiple harmonic sums
of two different weights. We also have a factor of p appearing as the coefficient of

H, 1(2). It will turn out to be more convenient if we multiply through by p to obtain
(1.1) 2pH, 1(1) = p*H,_1(2) mod p".

This congruence involves terms of the form p®(®) H,_1(s), where s is a composition
and p is a prime. We refer to these terms as weighted multiple harmonic sums. The
coefficients of the weighted sums will be rational numbers independent of p.

The congruence (1.1) can be extended. If N > 2 is an integer, we have the

congruence

N mod pNt2 if 2| N
2pH, 1 (1) =) (=1)"p"Hy1(n)
N+1 :
n=2 mod pN T if 24 N.



Letting N — oo, we get the identity

o

(1.2) 2pH, (1) = Z(_l)npn p—1(n),

n=2
where the sum is p-adically convergent for all primes p. We call equation (1.2)

an asymptotic relation among weighted multiple harmonic sums, or an asymptotic

relation for short.
1.3 Statement of results

This section summarizes the main results of the thesis. Our results involve mul-
tiple harmonic sums H,_;(s), where p is a prime and s a composition. More specif-
ically, we study linear congruences involving the weighted multiple harmonic sums

p”‘“(s)Hp,l(S), whose coefficients are rational numbers independent of p.
1.3.1 Binomial coefficient congruences

Wolstenholme’s theorem, stated above, is the congruence H, 1(1) =0 (mod p?),
holding for all primes p > 5. In Chapter 2 we consider generalizations of Wolsten-
holme’s theorem in two directions.

In the first direction, we observe that an equivalent form of Wolstenholme’s the-
orem involves binomial coefficients, and gives the congruence (2;’:11) =1 (mod p?)
for all p > 5. The two forms of Wolstenholme’s theorem can be combined in the

congruence

2p—1
(pp_ 1) =1-2pH, 1(1) (mod p°),

due to van Hamme [34], which holds for p > 7. A stronger congruence was recently
given by Mestrovié¢ [22], who showed that

2p—1\ _ 2 7

bo1)= 1+ 2pH, (1) —4p°H,1(1,1) (mod p")
holds for p > 11. Our result involves the elementary symmetric multiple harmonic
sums H,_1({1}").

In the second direction, we generalize the binomial coefficient that appears. An

example of this kind of generalization was given by Glaisher [12], who showed that

(47) =1 ot

p—1
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holds for all primes p > 5 and all positive integers k. Our result is a common
generalization of the preceding results. The coefficients in our congruences are given

by polynomials in k. We make the following definition.

Definition 1.3.1. For integers 0 < j < n, let b;,,(T") € Q[T] be the unique polyno-

mial of degree at most 2n + 1 satisfying
e b;,(T)=(T—1) mod (T —1)"
© b ,(T) = (—1)T7 mod T+
The polynomials b;,,(1") are called extremal polynomials.

Now we can state our general family of congruences for (’;pjll) in terms of multiple

harmonic sums.

Theorem 1.3.2 (Optimized Binomial Congruences). Fiz a non-negative integer n.
The polynomials b; ,(T") have integer coefficients for j = 0,1,...,n, and the following
hold:

1. For every prime p > 2n + 5 and every integer k:
kp -1 ; j 2n+3
(1.3) ijn P’ Hp1({1})  (mod p ).

2. If p = 2n + 3 s prime, then for every integer k, the above congruence holds

modulo p*"*2.

3. For every prime 3 < p < 2n+ 1 and every integer k, the above congruence is

an equality:

(’“p‘ 1) me Vo H, ({11,

Theorem 1.3.2 has four important features:

1. The coefficients b, (k) appearing in the congruence (1.3) are independent of the

prime p.

2. There are a large number of congruences for (kpjll) holding modulo p?**3, which
p

involve the multiple harmonic sums H, 1({1}7) for 1 < j < 2n (see Theorem

2.3.3). The congruences (1.3) are extremal among these in only containing the

terms H, 1({1}7) for 1 < j <n.
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3. The restriction of the theorem to exclude certain small primes, depending on
n, is necessary. The congruences may fail to hold modulo p***3 for p = 2n + 3

(when 2n + 3 is prime), and generally also fail for p = 2.

4. The extremal polynomials b;,,(7') depend on n, and for fixed j their values at
integers b;,,(k) (which are the coefficients in the congruences) do not stabilize
as n — oo (with the exception of by, (k); see the tables in 2.1.2). However they
do satisfy many interesting congruences as n varies, which we address in Section

2.6.

We also provide a classification of those triples (n,p, k) for which the extremal

congruence (1.3) holds modulo an extra power of p.

Theorem 1.3.3 (Exceptional Congruences). Let the polynomials b; (1) be as in the
statement of Theorem 1.5.2.

1. For every prime p > 2n + 5 and every integer k > 1, the congruence
kp—1 . A
< , ) Zban P H,1({1}7)  (mod p*™*%)

holds if and only if either k = 0,1 mod p or p divides the numerator of the

Bernoulli number By_oy,_3.

2. If p=2n+ 3 is prime and k is any integer, then the congruence

e me PH, (1) (mod p?+9)

holds if and only if k = 0,1 mod p.

To prove these theorems, we make use of the following family of asymptotic rela-

tions among the elementary symmetric multiple harmonic sums.

Theorem 1.3.4 (Asymptotic Relations for Elementary Symmetric Sums). Let n be
a non-negative integer. For all odd primes p, we have
Hpa (1) + X0 (D) 13 =0
i>n
This identity follows from Proposition 2.2.1 in Chapter 2. The summation above
is finite, as H,_1({1}7) = 0 for j > p — 1, but the length of the sum depends on p.
We further investigate this family of asymptotic relations in Chapter 5.
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Uniqueness of binomial congruences

We believe that our congruences are the only ones of shape (1.3). Although we
cannot prove this unconditionally, we can show that it follows from the following

conjecture.

Conjecture 1.3.5 (Linear Bernoulli Nondegeneracy Conjecture). Fiz an odd integer
k > 3. There are infinitely many primes p for which p does not divide the numerator

of the Bernoulli number B,_.
Our uniqueness statement has the following form:

Theorem 1.3.6 (Uniqueness of Optimized Congruences). Assume the truth of the
Linear Bernoulli Nondegeneracy Conjecture. Let n, k be integers with n > 0, and

suppose by, . .., b, € Q are such that the congruence
kp—1\ _ - j j 2n+3
1) = 2 b Hya (1) (mod )
5=0

holds for all sufficiently large primes p. Then we have b; = b; ,(k), where b; ,(T) are

the extremal polynomials defined in the statement of Theorem 1.5.2.

A similar uniqueness statment for L-value congruences is given as Theorem 1.3.11,

which also depends on the Linear Bernoulli Nondegeneracy Conjecture.
1.3.2 Congruences for p-adic L-function values

In Chapter 3, we study congruences for values L, (k,w'™*) of the Kubota-Leopold
p-adic L-function, where k is a positive integer. We begin with a brief introduction
to p-adic L-functions.

The Riemann zeta function takes rational values at the negative integers. More
generally, if x is any Dirichlet character, the values of the Dirichlet L-function L(s, x)
at negative integers are algebraic numbers, and in fact lie in the number field gener-
ated by the values of y. These algebraic numbers can be written explicitly in terms
of generalized Bernoulli numbers.

Let p be a prime, y a primitive Dirichlet character. Fix, once and for all, em-
beddings of Q into C and C,. We will identify elements of C algebraic over Q with

elements of C,. In 1851 Kummer showed that the generalized Bernoulli numbers
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satisfy certain congruence properties modulo powers of p, which imply that the re-
striction of L(s, x) to the negative integers in a fixed residue class modulo p — 1 is
p-adically continuous. Kubota and Leopoldt [20] used Kummer’s congruences to de-
fine a p-adic L-function L,. For any Dirichlet character y # 1, the Kubota-Leopoldt
p-adic L-function L,(s,x) is the unique continuous function Z, — C, whose values
agree with the Dirichlet L-function L(s,y) when s is a negative integer congruent
to 1 modulo p — 1. When x = 1, L,(s, x) has a simple pole at s = 1. Kubota and
Leopoldt go further, showing that L, (s, x) is analytic, not just continuous.

The Teichmiiller character w = w,, is the Dirichlet character of conductor p taking
a positive integer n not divisible by p to the unique (p — 1)-th root of unity in C,
that is congruent to n modulo p (remember that we are identifying Q C C with
Q c C,). We consider the values L,(k,w' %) where k > 3 is an odd integer (this
function vanishes when k& > 2 is even). These values are p-adic analogs of values of
the Riemann zeta function, and some authors write (,(k) for L,(k,w!™").

Washington [36] gave expressions for the modified harmonic sums

oo
= 3+
— ]
J
(j,p:l
with r a positive integer, in terms of these p-adic L-function values. Note that

HZ(,p ) (r) = H,—1(r). This generalizes a result of Boyd [5], but a special case appeared

in earlier work of Morita [24, 25]. The precise expression is given here:

Proposition 1.3.7 (Modified Harmonic Sum Values). Let r, n be positive integers,

p an odd prime. Then:
> —r . . .
HP(r) == ( i )Lp(rﬂ,wl ) (pn)’,
j=1

where the infinite sum s p-adically convergent.

1714:)

We use this to derive the following expression for the values Ly, (k, w in terms

of the power sum multiple harmonic sums.

Theorem 1.3.8 (p-adic L-values and Multiple Harmonic Sums). Let k > 2 be an
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negative integer, and p an odd prime. Then

pkLp(k?,wl_k> — Z

n>k—1

-1 n+k+1 n
L (k - 1) Bkt anp—l(n).

n

where the right side is p-adically convergent.

This is proven in Chapter 3 as Theorem 3.2.5. Our main theorem is a congruence

for the values L,(k,w'™") in terms of multiple harmonic sums.

Theorem 1.3.9 (Extremal p-adic L-value Congruences). Let k > 3 be an odd in-
teger, n a non-negative integer. There exist explicitly computable rational constants
bj(k,n), j=0,1,..., such that the congruence

n

(1.4) pLy(k,wy ™) =Y bj(k,n)p Hyer (k=14 ) (mod p**)

=0
holds for all sufficiently large primes p.

This is proven in Chapter 3 as Theorem 3.4.1. The proof makes use of the following

family of asymptotic relations among the power sum multiple harmonic sums.

Theorem 1.3.10 (Asymptotic Relations for Power Sums). Let n be a non-negative

integer. For all primes p, we have
(=)™ H, 1(n+ 1) + ; (:L>pi+1Hp_1<i +1) =0,
where the above sum converges in Q, for every n.
This is proven as Proposition 3.3.1. Note that the sum above is actually infinite.
We further investigate this family of asymptotic relations in Chapter 5.
Uniqueness of L-value congruences
As was the case with Theorem 1.3.2, we can establish uniqueness of our congru-

ences for L-values if we assume the Linear Bernoulli Nondegeneracy Conjecture.

Theorem 1.3.11 (Uniqueness of Optimized L-value Congruences). Assume the
truth of the Linear Bernoulli Nondegeneracy Congecture. Then the constants b;(k,n)
appearing in the statement of Theorem 1.53.9 are uniquely determined by the condition

that the congruence (1.4) holds for all sufficiently large primes p.

This is proven as Corollary 3.5.3.
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1.3.3 Asymptotic relations

In Chapter 4, we examine a family of identities related to the identity

[e.e]

2pH,1(1) = ) (=1)"p"Hy1(n)
n=2
given previously, which is an example of an asymptotic relation. To study asymptotic
relations, we will use a completion of the graded ring .6(1@ defined by Hoffman. For

technical reasons', we work over Z[%] instead of over Q.

Definition 1.3.12. Let $1; := Z[5](x,y), the polynomial algebra over Z[1] in non-

commuting variables z and y, and two subalgebras ﬁé[%} = Z[] + Nz111Y5 ﬁ%[%] =

Z[3] + x$z1y- Let 52[%1 be the completion of the ring £1) with respect to the

grading given by degree. If we set z, := 2" 'y for n > 0, an element of 9 a

1 .

is
Z[}]
formal infinite sum

(1.5) a= g OsZsy - - - Zsp s
s=(s1,...,5k)
where the summation is taken over all compositions s, and the coefficients oy are in

Z[%] The topology on 52[ has a neighborhood basis consisting of the sets

2l
L, := {Zaszsl...zsk : s = 0 when 31+...—|—sk<n}.
S
The stuffle product * gives a (continuous) commutative multiplication on Eé[l]‘
2
For each non-negative integer n, 5%[11 /1, is free and finitely-generatedl as a module
2

z[3]
ring with the stuffle product. The ring (532[1], %) is isomorphic to the completion of
2

over Z[3]. We denote by (5%[1}’ x) the set H! . viewed as a commutative topological
2 ~

the ring of quasi-symmetric functions over Z[1]; see [16] for a discussion of quasi-
symmetric functions and the proof of this fact.

The element « given by (1.5) represents the (infinite) formal sum

(1.6) > agp" H,y(s)

I Another possibility is discussed in the Appendix
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of weighted multiple harmonic sums, with p an unspecified prime. Elements of I,
represent sums of the form (1.6) that are formally divisibly by p™.

The following formalism is new.

Definition 1.3.13.

~

e For each prime p > 3, define ¢, : (.6%[11, %) — ZLp,
2

Z OsZsy - 25, | Z aspw(s)Hp,l(sl, ey SE)-

$=(51,.,5k) s=(51,-,5%)
It is a continuous ring homomorphism.

o We let ¢ : (A%H,
2

the universal evaluation map.

%) — szg Z, be the product of the maps ¢,, and we call ¢

e For each non-negative integer n, we define

J, ={a€ 5%[ | : p"|¢p() for all sufficiently large primes p}.

The closed ideal ker(¢) plays the same role for us that ker(¢) C f)% plays in the
study of multiple zeta values. Unlike what is conjectured to be the case for ker(¢),
the ideal ker(¢) is not homogeneous. Particularly, the identity (1.2) shows that the
non-homogeneous element 2y — xy + 2%y — ... =y + (1 + )"y is in ker(¢), and its
degree one homogeneous component 2y is not.

We have the containment ker(¢)+1,, C J,,, which is the statement that an asymp-
totic relation can be truncated to give a congruence holding for all but finitely many
primes. In many known examples, a converse holds: if we have a congruence for
weighted multiple harmonic sums, we can find an asymptotic relation with the con-

gruence as a truncation. We make the following conjecture.

Conjecture 1.3.14. Let n be a positive integer, and suppose o € J,,. Then there

exists an integer r > 0 such that ra € ker(¢) +1,,.

The statement of this conjecture can we simplified if adopt the asymptotic eval-

uation map described in the Appendix.
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Remark 1.3.15. A complete undertstanding of the ideals J,, would suffice to determine
the structure modulo p of the multiple harmonic sums of a given weight n. The set
of formal Z[3]-linear combinations of multiple harmonic sums of weight n is I, /T4,

and the number of linearly independent sums in this weight is rankz1 (I / (Jn10L)).

There is an anti-automorphism of 5/’_\)%[% which squares to the identity, namely
2

taking zg, ...z, to

k

Zsy -+ Bs = Zsp o+ Zsy -

This can also be viewed as an involution on the set of compositions, where we set
(S1,...,8k) = Sk ...s1. Hoffman ([16], Theorem 4.5) shows that for every composition

s, we have the congruence
Hy 1(s) = (~1)"© H, 1(5) (mod p)

for all primes p. The following is an asymptotic extension of this congruence.

Theorem 1.3.16 (Asymptotic Reflection Theorem). Let s = (sq,...,sk) be a com-

position. For all primes p we have a convergent p-adic series equality

k
w(s s;+by =1\ 4 ) _
H, 1(s) = (—1) (s) § | | ( J _Jl )pb +otb H, 1(5+b),

where s +b = (s1 +b1,..., Sk + bg).

We can state the Asymptotic Reflection Theorem in terms of the derivation d

defined by Thara, Kaneko, and Zagier ([17], Table 2):

Theorem 1.3.17 (Asymptotic Reflection Theorem, short form). Let d be the deriva-
tion on 52[%] given by v — 22, y — xy, and let R : 5%2[1] — 5%[1] be the anti-
2 _ Ala

involution sending zs, ... zs, to (—=1)%TTskzo .z, . Then exp(d) is an automor-
phism of 52[11, and for any a € fj%l},
2 2
exp (d) (@) — R() € Jw.
In [16] Hoffman also proves a duality theorem (Theorem 4.6). To state this the-

orem, we need a definition. For n a non-negative integer and s = (sq,...,5) a

Sus) = Y ;nk

ni' ...
n2n12nz2..2ng>1

composition, we let



18

This sum can be expressed in terms of multiple harmonic sums:

Sn(s) = Z H,(t),

t<s

where t < s means the composition t can be obtained from s by combining some of
its parts.
Compositions s = (s,...,8;) of weight n are in bijection with subsets of

{1,2,...,n — 1} by the map
(1.7) ©:(s1,.o.y8k) = {s1,81+ S2,...,81 +So+ ...+ Sp_1}.

The dual s* is the composition corresponding under (1.7) to the complement of ((s).
The operation s — s* squares to the identity. Hoffman’s result states that for all

compositions s, the congruence
Sp-1(s) + Sp-1(s*) =0 (mod p)

holds for all primes p. This was later extended by Zhao, who showed that for all odd

primes p,
Sp—1(s) + Sp—1(s™) +p (Z H, ;((1)u t)) =0 (mod p?),
t=<s
where (1) U (t1,...,t) = (1,t1,...,tx). These congruences can be expressed in a

different way. Define a continuous involution ) : J%Z[%] — 52[%}7 T THY, Y= =Y.

This restricts to a map ”%;A[l] — ﬁé[l], which we also denote 1. Hoffman [16] shows
2 2

that the duality theorem is equivalent to the congruence

H, 1(¢¥(s)) — Hy—1(s) =0 (mod p).

Our asymptotic extension of the above congruences is stated in terms of two
automorphism of 52[%}: 1) (described by Hoffman in [16]) and ®(_,) (described by
Ihara, Kaneko, and Zagier in [17]).

Theorem 1.3.18 (Asymptotic Duality Theorem). Let 1 : 5%2[%] — S?JZ[%] be the

automorphism & — v +y, y — —y, and P, : Aé[l] — :V)\%[ | the automorphism
2

1
2
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a— (1+vy) (ﬁ * a). Then 1) restricts to an automorphism of 52[;17 and for all
2

a € ﬁé[l], we have
2
(I)(_y)(Oé) - w(Oé) € Joo-
Proofs of the Asymptotic Reflection Theorem and the Asymptotic Duality Theo-

rem are given in Chapter 4.
1.3.4 Asymptotic relations for symmetrized multiple harmonic sums

Chapter 5 concerns symmetrized multiple harmonic sums, which we now define.
Suppose 8 = (s1,...,8%), t = (t1,...,t,) are two compositions of equal length. We

write s ~ t if there exists a permutation o € Sy, such that s; = ¢, fori =1,2,... k.

Definition 1.3.19. Let s be a partition of length k, N a positive integer. We define

the symmetrized multiple harmonic sum by

Hi(s) = Hy(t).
t~s
We have the special cases 4 ({1}*) = Hy({1}*) and 5 (k) = Hx(k), k,n € N.
If s ~ t, then Sy (s) = y(t), so that we may restrict our attention to the case
that s is a partition (i.e., s = (s1,...,8,) with s1 > ... > s¢).
To study asymptotic relation involving symmetrized multiple harmonic sums, we

use a completion of the ring of symmetric functions over Z[1], which has the form

Agy = @Dler e ),

where e, is the n-th elementary symmetric function. We think of e,, as representing
the expression p".74,_1({1}"), with p an unspecified odd prime. We identify AZ[%]
with the closed Z[1/2]-subalgebra of (ﬁ%[%], %) generated by the elements z1, 2, . . .,
identifying e,, € ZA\Z[%] with y" € 5%[%}.

For each odd prime p, there is a continuous ring homomorphism

(pp : AZ[ ] —>Zp,

1
2

taking e, to p"7%,_1({1}"). We denote by ¢ : /A\Z[%] — [1,3%, the product of

these maps. This map ¢ is just the restriction of the universal evaluation map
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~ ~

o : (5%[%1, *) = [1z3 Zp to Mgy C (17)2[%}, ). For n € Z~o, we get an ideal
I ={a€ AZ[%] : pp(a) € p"Z, for all sufficiently large primes p}.

Our first result is a description of the ideals ker(¢) and _#, for n = 0,1,2,....
The following definition is used in our description of _Z,.
Definition 1.3.20. We define a non-Archimedean valuation v on AZ[%] to be trivial
on Z [%], and given by
o(en) = n+1 if n even,

n+2 if n odd,

extended multiplicatively to monomials. Denote by .#, the ideal consisting of those
o€ AZ[%] for which v(«) > n. The ideals .#, form a neighborhood basis of 0 for the

topology on AZ[%].

The valuation v is motivated by congruences for multiple harmonic sums (given
below as Proposition 2.3.1), which imply that for n > 0, v,(p"({1}")) > v(e,)
holds for all sufficiently large primes p.

We can now describe a large class of elements in the ideals ker(¢) and _#Z,.

Theorem 1.3.21. Forn =0,1,2,..., let
= e, + E (—1)k+! b en € Mgy
n (3]

Then «,, € ker(y), and we have
ker(y) D (ap, a1, .. .).

For alln > 0, we have
I D (g, aq,...) + .

This is proven as Theorem 5.2.2. The elements «, come from the asymptotic

relations given by Theorem 1.3.4, for n > 0 and p > 3:

Pt (1)) + 17 () (1)) =0

jzn
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Conditionally upon a conjecture of Zhao [41] concerning Bernoulli numbers, the
containments of ideals Theorem 1.3.21 are actualy equalities. We state Zhao’s con-

jecture here.

Conjecture 1.3.22 (Nonlinear Bernoulli Nondegeneracy Conjecture). Let
f(x1,. .. 2p) € Zlxq, ..., Ty

be a homogenous polynomial, where we set deg(x;) = 2i + 1. If f is non-zero, then

there exist infinitely many primes p such that p does not divide the numerator of
f(Bpf?n Bp757 cee 7Bp72n71)-

We show the following:

Theorem 1.3.23. The Nonlinear Bernoulli Nondegeneracy Conjecture is true if and

only if for all n > 0, the second containment is equality:
I = (0, a1,...)+ F, foralln > 0.

These conditions imply that ker(p) = (ag, aq, - . .).

This is proven as Theorem 5.2.4. The generators «,, of ker(¢) come from certain
asymptotic relations among the elementary symmetric multiple harmonic sums. The
Asymptotic Reflection Theorem 1.3.17 implies a similar family of p-adic identities
among the power sum multiple harmonmic sums. Particularly, for n a non-negative
integer, setting o = 2™y gives the identity

k
()" A (n+ 1)+ ( >p’<f+1,%§,1(k +1) =0,
k>n n
which holds for all primes p (these identities were given above as Theorem 1.3.10). To

write down the corresponding elements of ker(y), we make the following definition.

Definition 1.3.24. Let s = (sy,. .., s;,) be a composition. The elementary symmet-
ric functions generate the ring of symmetric functions, and we define 65(t4, ... ,t,) €

Z[ty, ..., t,] to be the unique polynomial such that

> ( > x) = O(e1(x), .- . en(x)),

(t15e-ti)~s 1> >0
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where e, (x) is the n-th the elementary symmetric function in x = (z1,x2,...). We

set

~

h(s> = 65(61, . ,en) c AZ[%]

Now, Theorem 1.3.17 implies that the elements

By = (—1)"h(n + 1 +Z() (k+1)

are in ker(p) for n =0,1,....

The next result of Chapter 5, which is combinatorial in nature, says that the
elements «,, € ker(y) (and by Theorem 1.3.21, all of ker(¢)) can be obtained, in an
appropriate sense, from the elements 3,,. In particular, this implies that the relations

given by the Asymptotic Reflection Theorem 1.3.17 are sufficient to generate the ideal
ker(p) = ker(¢) N /AXZ[%].

To make this assertion precise, we give the following definition.

Definition 1.3.25. An ideal I C AZ[%] is called absolutely closed if I is closed, and
for all r € Z<g and o € AZ[%], we haverae I = ac . If I C AZ[%] is any ideal, we
define I to be the intersection of all absolutely closed ideals containing I, and call I

the absolute closure of I. It is an asbolutely closed ideal.
We can now state our result.

Theorem 1.3.26. Forn=0,1,..., let ay,, B, € /A\Z[%} be given by

e g (e
Bp=(—1)"h(n+1 +Z() (k+1).

Let J,, Jz C /A\Z[%] be the ideals generated by the o, and f3,, respectively. Then we
have

Jo =T

This is proven as Theorem 5.2.7. This Theorem implies that a,, € j; for all n,
and assuming the truth of the Nonlinear Bernoulli Nondegeneracy Conjecture, that

ker(p) = /J; (as ker(¢y) is absolutely closed).



Chapter 2

Elementary Symmetric Sums and Wolstenholme’s Theorem

In this chapter, we give a family a congruences for the binomial coefficient (’;pjll),
with £ an integer and p a prime. Our congruences involve multiple harmonic sums,
and hold modulo arbitrary large powers of p. The general congruence in our family,
which depends a parameter n, involves n elementary symmetric multiple harmonic
sums, and holds modulo p?"*3. These congruences are actually part of a much larger
collection of congruences for (];pjll) in terms of the elementary symmetric multiple
harmonic sums. Congruences in our family have been optimized, in that they involve
the fewest multiple harmonic sums among those congruences holding modulo the

same power of p. The coefficients in our congruences are given by polynomials in k.

2.1 Introduction

In 1862 Wolstenhome [37] noted the congruence that for all primes p > 5,
2p — 1
<;_ 1) =1 (mod p?®).
This result is now known as Wolstenholme’s theorem. I was later found that the

related congruence on harmonic numbers H,, := > 1 stating that for all primes

J=1g7
p =5,
H, ;=0 (mod p*),
which was discovered earlier (by E. Waring [35] in 1782 and again by C. Babbage [2]
in 1819), is in fact equivalent to Wolstenholme’s result.
In the following 150 years, Wolstenholme’s congruence has been generalized in
many directions (see Mestrovié¢ [23] for a survey). In this chapter we consider gen-

eralizations in two directions. The first direction treats a larger set of binomial

23
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coefficients, replacing 2p — 1 with kp — 1. In 1900 Glaisher [12] showed that for all

cm_l)z (mod p?)

integers k > 2,

holds for all p > 5.
The second direction obtains congruences modulo higher powers of p, by adding
extra terms to the right hand side of Wolstenholme’s congruence. In 2000 van Hamme

[34] proved a result implying that for all primes p > 7,
op—1 =
(2.1) <p—1) Z:: (mod p°),

where H,, = Z;‘:l% are the harmonic numbers. Recently Mestrovié¢ [22] showed

that for any prime p > 11,

(2.2) (2p—1>51_2pi%+4p2 T 1 (mod 1)

—1 1
p j=1 1<i<g<p—1

This congruence involves the additional expression

1
E )
= 1)
1<i<j<p—1

which is an example of a multiple harmonic sum, defined below.

The main result of this chapter is a simultaneous generalization and unification

kp—1

of these results, giving congruences for (;;-1) to arbitrary powers of p.

2.1.1 Main result

A composition is a finite ordered list (sq, ..., sx) of positive integers. For ease of

notation, we will denote by {si,...,s;}* the composition

(S1yveySkySTyvySkyenvrSlye-ySk)
—— —— ——

consisting of a concatenated copies of (sq,. .., Sg).

Definition 2.1.1. For s = (sy,...,S;) a composition and n a positive integer, we

define the multiple harmonic sum

Hy(s):= Y ;

n>ni>..>n>1 1 k
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By convention, we set H,(s) = 0 if & > n.

It has long been known (see e.g. [21]) that the binomial coefficient (**7') (for & an
p—1
integer) can be written as a linear combination of ‘elementary symmetric’ multiple

harmonic sums H, 1 ({1}9):

(Zp—_ll) N 2(% = /P Hy ({11).

For a fixed non-negative integer n, we may truncate this equation after the 2n-th
term and use known results on the p-adic valuation of the multiple harmonic sums

H, 1({1}) to obtain the congruence

23 ("77)) = S - 1w (1)) (mod )

which holds for all primes p > 2n + 5.

In Section 2 we derive a family of identities involving the multiple harmonic sums
H, 1({1}7). We use these identities to cancel terms appearing in (2.3). Our main
result, like equation (2.3), gives for each non-negative integer n a congruence for the

2n+3

) mod p , involving multiple harmonic sums. However,

binomial coefficient (];pjl

1
our congruence uses only n elementary symmetric multiple harmonic sums, instead
of the 2n used in equation (2.3).

The coefficients in our congruences are polynomials in k. We make the following

definition.

Definition 2.1.2. Let 0 < j < n be integers. The extremal polynomial b;,(T) €
Q[T is the unique polynomial of degree at most 2n + 1 satisfying:

(C1) bjn(T) = (T — 1) mod (T — 1)+
(C2) bj,(T) = (=1yT7 mod T

A table of the extremal polynomials b;,(7) for 0 < j < n < 3 can be found in

Section 2.1.2. Now we can state our main result:

Theorem 2.1.3. (Optimized Congruences) Let n > 0 be a fized integer. The ex-

tremal polynomials b ,(T) (0 < j < n) have integer coefficients, and for every prime
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p > 2n+5 and every integer k > 1:
k:p -1 j 2n+3
(2.4) me )P Hy 1 ({1F)  (mod p**%).

This congruence holds mod p** ™2 for p = 2n+ 3, and is equality for 3 < p < 2n+5.

Wolstenholme’s congruence is the case n = 0, k = 2 of Theorem 2.1.3. As another
example, taking n = k = 3 gives the congruence
3p—1\ _ 2 3 9
)= 1+ 402pH,_1(1) —396p~H,_1(1,1) + 216p°H,_1(1,1,1) mod p’.
p J—
Theorem 2.1.3 has four important features:

1. The coefficients b;, (k) in the congruence (2.4) are independent of the prime p.

2. There are a large number of congruences for (k;l ') holding mod p**3, which
involve the multiple harmonic sums H, ;({1}7) for 1 < j < 2n (see Theorem
2.3.3). The congruences (2.4) are optimized among these in only containing the

terms H, 1({1}7) for 1 < j <n.

3. The congruences may fail to hold (mod p?"*3) for p = 2n + 3 (when 2n + 3 is
prime), and also fail to hold for p = 2.

4. The extremal polynomials b;,(7") depend on n, and for fixed j their values at
integers b, ,,(k), which are the coeflicients in the congruences, do not stabilize

as n — oo (with the exception of by, (k); see the tables in Section 2.1.2).

One may ask whether the coefficients b;,,(k) appearing in the extremal congru-
ences (2.4) are uniquely characterized by (2.4) holding for all sufficiently large primes
p; we discuss this in Section 2.1.3, where we show that an affirmative answer would
follow from the conjecture that there exist infinitely many regular primes.

An exceptional congruence will be a triple (k,n,p) such that the corresponding
congruence given in Theorem 2.1.3 holds modulo an extra power of p. We characterize

exceptional congruences for primes p > 2n + 3 as follows.

Theorem 2.1.4. (Exceptional Congruences) Let n be a non-negative integer, p >

2n + 5 a prime. For all k € Z, the exceptional congruence

(’”"1) me W H, 1({1F)  (mod p+)
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holds if and only if either k = 0,1 (mod p) or p divides the numerator of the

Bernoulli number B),_o,_3.

We obtain Theorem 2.1.3 as a special case of a much more general family Fy ; of
generalized Wolstenholme congruences, given in Theorem 2.3.3, and with the Fy
specified in Definition 2.3.4. The general congruence in the family Fy (which will
hold for all sufficiently large primes p) is of the form

(Zp—_ 11) =Y by Hya (1Y) (mod p¥e+)

where € € {1,2} is chosen so that e = N (mod 2), and the coefficients b; are rational
numbers. Each congruence in this general family is derived from (2.3), using linear
combinations of identities among multiple harmonic sums (these identities are stated
as Theorem 2.2.2). The optimized congruence (2.4) is distinguished as the unique

congruence in the family F5, j satisfying b,41 = bpyo = ... = bay, = 0.
2.1.2 The extremal polynomials b; ,,(7T")

In Section 2.6 we prove some interesting properties of the extremal polynomials

bjn(T). Below we present data on these polynomials for small j, n.

Table 2.1: Extremal polynomials b; ,,(T)

[n\j [| 0] 1 \ 2 \ 3
0 1
1 1 T2 -7
2 1] =T*4+27° =T T 273+ 712
3 1275 —6T° +5T* | —2T% +6T° —5T* | T — 3T° + 3T+
-T+1 +77? —T3

This table illustrates that by, (7") = 1 for all n (this will be established in Section
2.6). While the definition of b, (T") given earlier shows that it has degree at most
2n + 1, in fact its degree is at most 2n (see Theorem 2.4.6).

We next consider the coefficients b;,, (k) appearing in the extremal congruences
given in Theorem 2.1.3. Values of the coefficients for k = 2 are given in the table

below.
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Table 2.2: Extremal coefficients b; , (k) for k = 2
(n\ifo] L [ 2 [3 ] 47]5]

0 1
2
-2 4
14 | -12 8

-66 | 68 | -40 16
382 | -380 | 248 | -112 | 32

QY | W DN —
el i i

This table shows that by 2(2) = —2, by2(2) = 4, so that Theorem 2.1.3 reduces to

Mestrovié’s result (2.2) in the case n = k = 2.
2.1.3 Uniqueness issues

The statement of Theorem 2.1.3 raises an issue concerning whether the coeffi-
cients b, (k) above are uniquely determined by the condition that the congruences
(2.4) hold for all sufficiently large primes p. We cannot prove this unconditionally.
However, we will show that it would follow from a conjecture concerning Bernoulli

numbers, which we state here:

Conjecture 2.1.5 (Linear Bernoulli Nondegeneracy Conjecture). For all odd in-
tegers k > 3, there exist infinitely many primes p for which p does not divide the

numerator of the Bernoulli number B,_j,.

Recall that a prime p is called regular if p does not divide the numerators of any
of the Bernoulli numbers By, By, ..., B,_3. It is believed that there are infinitely
many regular primes; this would imply Conjecture 2.1.5. A stronger version of this

conjecture was given by Zhao [41].

Theorem 2.1.6 (Uniqueness of Optimized Congruences). Assume the truth of the
Linear Bernoulli Nondegeneracy Conjecture. Let n, k be integers with n > 0, and

suppose by, ..., b, € Q are such that the congruence
kp—1Y\ _ & j j 2n+3
1) = 2 b Ha (1Y) (mod p*9)
5=0

holds for all sufficiently large primes p. Then we have b; = b, ,,(k), where b, ,,(T') are

the extremal polynomials given by Definition 2.1.2.
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2.1.4 Related results

The literature contains a vast collection of identities and congruences involving
multiple harmonic sums and related sums, starting with work of Euler on harmonic
numbers. Some of these involve binomial coefficient congruences (see Granville [13]
for a survey).

A number of congruences are known for the elementary symmetric multiple har-
monic sums H,({1}") considered in this chapter. In 1900 Glaisher [11] proved that
for all odd r» > 5 and all primes p > 7,

S (p) =5 Hy s (1Y) = Hya ({17 =0 (mod p).

In 1953 Carlitz [7] sharpened the congruence of Glaisher to show for all odd r > 5
and prime p > 7,

Sr(p)Ep4(p_r)(p_,r_1)(p_71_2)Bp,3 (mod pS)’

24(p —r —3)(p—1)!

giving a relation with Bernoulli numbers. Along similar lines, Tauraso [31] shows

that for any prime p > 7,

1 1
—§PHp71(1> 1) — EPZHp—l(L 1,1)

By, By, B, B,
2 2p—5 2p—4 p—3 4 “p—>5 5
-3 3 mod p°).
p(Bp—S 2]9—4jL p—3)+pp—5( od 1)

Hp71<1)

Hoffman [16] and Zhao [40] independently investigated congruence properties of
multiple harmonic sums mod p (and sometimes mod p?). The theory of multiple har-
monic sums (and particular, their values mod p) is analogous to the study of multiple
zeta values. Relations among multiple zeta values have been studied extensively. A
very general method for generating relations is given by Ihara, Kaneko, and Zagier
[17].

The appearance of Bernoulli numbers is congruences suggest a connection with
p-adic zeta functions. Indeed, Morita [24, 25] demonstrated a relations between
the power sum multiple harmonic sums H,_;(n) and the Kubota-Leopoldt p-adic
L-function. More recent result along these lines are given by Washington [36]. In

Chapter 3, we provide a family of congruences for (,(k) in terms of the multiple
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harmonic sums H,_;(n). These congruences exploit relations among the power sum
multiple harmonic sums, and are similar the the congruences in this chapter. In

Chapter 5, we investigate the structure underlying these relations.

2.2 Representing binomial coefficients in terms of multiple harmonic
sums

Let n be a positive integer, and define a polynomial

n

(2.5) fulT) = (n+ 17 Hy({1¥)T7 € Q[T).
=0
The coefficients of f,,(T') are the elementary symmetric functions in 24 25 ntl

so there is a factorization

(2.6) ﬁ( ntl ):%ﬁ((nﬂ)frﬂ).

Jj=1

This factorization shows that f, satisfies the functional equation f,(—1 —T) =

(—1)"f.(T). This gives the equality

Y+ WH{IP)T = (1)) (n+ WY H.({1})(-1 - T)

- - - — () 3 ()
- > (Z (J) v 1>an<{1}]‘>> T

holding identically in T. Equating the coefficient of 77 on each side and rearranging

gives the following identity.

Proposition 2.2.1. For all non-negative integers n, j, we have
@) D)+ S () 0 =0
(24
The sum above is finite, as the terms corresponding to ¢ > n vanish. We thus have
a family of linear equations (indexed by j7) satisfied by the quantities (n+1)*H, ({1},
1=0,1,...,n
Next we obtain a general set of identities expressing binomial coefficients in terms

of the H,({1}).
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Proposition 2.2.2. Let n be a non-negative integer, k, cy,cq,... tndeterminates,

and define
i,
bj=(k—1) +¢;+ (1)) (])cz-.

- 1
=0

Then the equation

k(n+1) -1\ < i i
29 (M D) =S )
7=0
holds identically in the indeterminates k, co, c1,. ... Here the right side of (2.8) is a

finite sum, since H,({1}9) =0 for j > n.

Proof. We begin by using equations (2.5) and (2.6) to write

(k(n +n1) - 1) _ fn(k . 1)
= S (k- 1) (n+ 17 H,({1}).

Jj=0
We add to this equation a linear combination of equations (2.7) (where ¢; is the

coefficient of the equation indexed by j) to obtain the general formula. O]

Remark 2.2.3. By making suitable choices of the parameters ¢; in Proposition 2.2.2,
we can arrange to have b; = 0 for many j. Theorem 2.4.1 is obtained by optimizing

this process.

kp—1

p—l) modulo powers of p

2.3 Congruences for (

kp—1

o1 ), we will truncate the expansion of Proposition

To obtain congruences for (
2.2.2, with k an integer and n = p — 1, p an odd prime. To establish a bound on the
error due to truncation, we need some congruence properties of multiple harmonic

sums.
2.3.1 Congruence properties of multiple harmonic sums

Zhao ([40], Theorem 1.6) gives the following congruence involving multiple har-

monic sums H, ;({1}’) and Bernoulli numbers:
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Proposition 2.3.1. Let p be a fized odd prime, and j an integer with 1 < j < p—3.

Then we have

- iy = _B;‘:ll‘jp (mod p?) if 7 =0 mod 2
alyy=q o P =
<me,2,]’> P (mod P ) ij =1 mod?2

We prove an additional congruence for H, 1({1}’)) for those j which are not

covered by Proposition 2.3.1:

Proposition 2.3.2. Let p be a fixed odd prime, and j a positive integer.
(i) If j = p — 2 we have H, 1({1}) = 3p (mod p?).
(ii) If j = p — 1 we have H,_1({1})) = —1 (mod p).

(iii) If 7 > p we have H, 1({1}7) = 0.

Proof. (i) We have

Hp—1<{1}p_2) = Zl

Il
N |3
—~
=
o N
Q.
i
no
S~—

In the last line, we used Wilson’s theorem, stating that (p —1)! = —1 (mod p).

(ii) We have

H,,({1}*7") = o)

—1 (mod p)

(iii) For j > p the defining sum is empty.
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2.3.2 A general family of congruences

We can now obtain our general family of congruences for (k}f’ 1) The congruences
are obtained from Proposition 2.2.2 by truncation. We take some care to express the

error due to truncation in terms of Bernoulli numbers.

Theorem 2.3.3 (General Wolstenholme-like Congruence). Let k be an integer. Let
co, C1, ... € Q be given, and take b; € Q to be

(2.9) b = (k—1) + 1)1 i <)

=0

Fix an odd prime p not dividing the denominator of any c;, and let N be a non-

negative integer. Define

= (7)) - Zb P H, 1 ({11).

b

(i) If 0 < N < p—4, then

—B,_s_ o
By = s (P3N + bye) pNT (mod pN*) if N is even

_B]{'}f{” b1 pNt? (mod pN*3) if N is odd

(ii) If N =p — 3, then Ey = (bN2+1 _ bN+2) pN42 (mod pNte).

(i1i) If N = p—2, then Ex = —by1pV ™! (mod pN*2).
(iv) If N >p—1, then Ey = 0.

In particular, we get the congruence

mod pN 3 if N <p—4, N even
mod pV 2 if N <p—4, N odd
(2.10) ( ) ijp] 1({1F)4 mod p" 2 if N=p—3
mod pNt if N =p—2

mod 0 if N >p—1

(Congruence mod 0 means equality)
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Proof. We apply Proposition 2.2.2 with n = p — 1 to obtain the equality
kp—1 > - -
(7)) - v,
5=0

Because n = p — 1 is even, the values of b; do not depend on p. The b; are p-
integral (because we assume the ¢; to be p-integral), as are the multiple harmonic

sums H,_1({1}7), so we have

N+3
Ey= Y bip/H,.i({1}) (mod p"™).
j=N+1
Case (i-a): Suppose 0 < N < p—>5 and N is even. Propositions 2.3.1 and 2.3.2
imply H, 1 ({1}"*) = 3853 B, s np® (mod p?), H, (({1}V*2) = 55B, n sp
(mod p), and H,_1({1}¥*3) =0 (mod p). This implies

ENE

—B, 3N (N +2

N3 5 bny1 + bN+2) pN+3 (mod pN+4)'

Case (i-b): Suppose 1 < N < p—4 and N is odd. Proposition 2.3.1 implies

Hy 1 ({13Y) = 55 Bp-2-np (mod p®) and H,_1({1}"*?) = 0 (mod p). This im-

plies
—Bya-n
Ey = ]\;v—_i_QbNJrleJr2 (mod p
Case (ii): Suppose N = p — 3. Proposition 2.3.2 implies H, ({1}*7%) = &

(mod p?), H,_1({1}*') = —1 (mod p), so

N+3)'

b
Ey = ( N2+1 — bN+2) pV 2 (mod pN 3.

Case (iii): Suppose N = p — 2. Proposition 2.3.2 implies H, {({1}P7') = —1

(mod p), so
Ex = —byap™t! (mod pV ).
Case (iv): Suppose N > p — 1. Then Ey is given by an empty sum, so Ey = 0.
O

Definition 2.3.4. We call the congruence (2.10) the generalized Wolstenholme con-

gruence associated with the data

[k?, (Co,Cl, .. ),N] s
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and we will say that by, ..., by are the generalized Wolstenholme coefficients associ-
ated with this data. We let Fy  denote the family of all generalized Wolstenholme

congruences above, where N, k are fixed and the other data varies.

Assuming the truth of the Linear Bernoulli Nondegeneracy Conjecture 2.1.5, we

can show that our family contains all congruences of this form.

Theorem 2.3.5 (Strong Uniqueness). Assume the truth of the Linear Bernoulli
Nondegeneracy Conjecture 2.1.5. If k,m are integers with m > 0, and ag, . . ., a, € Q

are such that

<?15;%ﬂ@ﬂﬂm+m+%wMQm (mod p™)

holds for all but finitely many p, then this congruence arises from Theorem 2.5.3,
in the following sense: there are constants cy,cq,... € Q such that, if by, by, ... are
defined by (2.9), then we have a; = b; for i =0,1,... 19 (m), where (m) =m — 2 if

m is even and Y(m) =m — 3 if m is odd.

Proof. Suppose, to the contrary, that there is a congruence of the form

(k}‘f)_—ll) =ag+apH({1}) + ... +a,p"H({1}") (mod p™),

holding for sufficiently large p, which does not arise from Theorem 2.3.3. Subracting

the identity

(kp . 1) = (k= 1P H, i ({1))

p—1 >0

from this congruence gives us a congruence of the form

(2.11) > ep’Hy oy ({1Y) =0 (mod p™),

Jj=0
which by hypothesis does not arise from truncating a linear combination of the iden-
tities (2.7). We may choose (2.11) so that jo := min{j : ¢; # 0} is maximized among
all congruences of this shape not arising from a truncation of a linear combinations
of the identities (2.7). This implies that jy is even, for if j, were odd, we could

add ’710]- times the identity (2.7) with j = jo, cancelling the lowest order term and
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contradicting the maximality of jo. By hypothesis, we also have m > jy + 2, so by
reducing (2.11) mod p*2 we get

CioP" Hy-1({1}°) =0 (mod p"*2)
for all sufficiently large primes p. Using Proposition 2.3.1, we get

jo T 1p']0+1 —1—jo =0 (mOd pj0+2)

for all sufficiently large p. Since cj, # 0, this contradicts the Linear Bernoulli Non-

degeneracy Conjecture. ]

Remark 2.3.6. For fixed k, N, the family Fy has the structure of an affine linear
space over Q in the following way: if B = (b, ...,by) and B’ = (b, ..., b)) are the
coefficients associated with the data [k, (co, c1, .. .), N], [k, (¢y, ¢}, - - .), N] respectively,
and t € QQ, then

tB+ (1—t)B' = (thy + (1 — )b, ..., thy + (1 — t)bly),

where the numbers on right hand side are the generalized Wolstenholme coefficients

associated with the data
[k, (tco + (1 —t)cq, teg + (1 —t)d), ...), N.

In the next section we will focus exclusively on the case where N = 2n is even.
We will determine that the affine space of generalized Wolstenholme coefficients, for

arbitrary k£ and N = 2n, has dimension n.

Now we consider some special cases of Theorem 2.3.3. In what follows we will
write (co, ..., ¢y) for the sequence (co, ..., ¢, 0,0,...).

As one example, fix a positive integer k and take the data [k, ((k — 1)?),2]. This
gives (bo, by, be, b3, bs) = (1, k(k —1),0), so we get the congruence

Corollary 2.3.7. For all integers k and all primes p # 2,5, we have

Ep—1\ .
(p_1> :1+k<k_1)pHp—l(]-) (mod p”)
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This is a generalization of van Hamme’s result (2.1).
Taking the data [2, (49, —18,4), 6] gives
(bo, by, ...,bs) = (1,14,—12,8,0,0,0), so we get the identity

Corollary 2.3.8. For all odd primes p, we have

2p — 1
<;_ 1 ) =1+ 14pHp71(1> — 12p2Hp71(1, 1) —+ 8p3Hp71(1’ 1’ 1) (mOd p9)

Corollaries 2.3.7 and 2.3.8 are special cases of Theorem 2.3.3.
2.4 Optimized binomial congruences

We now state a version of our main result (Theorem 2.1.3). We show that when
N = 2n is even, it is always possible to choose the data (co,cq,...) so that b, =
bpio = ... = by, = 0. Moreover, this condition will uniquely determine the values of

b; for 0 < j < n. We will derive this result using Theorem 2.3.3.

Theorem 2.4.1 (Optimized Binomial Congruences). Let integers k, n be given, with

n > 0, and set N = 2n. There is a unique generalized binomial congruence whose

coefficients by, ..., ba, satisfy by,y1 = byyo = ... = by, = 0. This congruence has
by, b1,...,b, € Z.

In other words, for N = 2n, Theorem 2.5.3 produces a unique congruence of the
form
(2.12) (ljf—_ll) =by+bipH(1) 4 ...+ bp"H({1}") (mod p**3).

with b; € Z, which holds for all odd primes p # 2n + 3. This congruence holds mod
p?" 2 when p = 2n + 3, and is equality for 3 < p < 2n + 1.

Before giving the proof, we remark that this theorem, combined with Theorem
2.3.5, implies the uniqueness statement Theorem 2.1.6.

For the proof of Theorem 2.4.1, we need some preliminaries.

Definition 2.4.2. Fix integers N, k, with N > 0. Define Viyx C Z" ™! to be the set

J .
VvNJ€ = {(bo,...,b]v) . 360,01,... € 7 s.t. bj = (]C— 1>] +Cj+(—1)j+1z (])CI} .

- 1
=0
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In other words Vy is the set of generalized Wolstenholme coefficients corresponding

to integer data. We similarly define V]i(%k C QN*! to be

J .
V]%K = {(bo,...,bN) : ElCO,Cl,... S Q s.t. bj = (k’— ]_)J +Cj + (—1)j+1 (j)cz},

i=0
the set of generalized Wolstenholme coefficients corresponding to rational data.

The inclusion Vi < Viy, induces an isomorphism
Vi ® Q= V]% i

of affine spaces over Q. We have that Vi, is a coset of the subgroup

J .
Vi i= {(bo,...,bN) :3Jeg,c1,... €L st bj=c;+ (—l)jﬂz (‘7>cz} c zV,

- 2
1=0

which does not depend on k. We then have the following:
Proposition 2.4.3. For all integers N, k, with N > 0, we have Vi = VN i1_k.

Proof. As Vi, and Vi 1_ are cosets of the same subgroup VN < ZNTL equality will
follow if we can show Vi N Vi # ¢.
Taking ¢g = ¢; = ... = 0, we see (1,(—k),(=k)?, ..., (—=k)N) € Vn1_k. To see

that this element is also in Vi, set ¢; = —(k — 1)7. Then
by = (k=17 4o+ Y ()
im0 \'
. 4 . j 4
= (k=1 —(k—1)7+(—1) k—1)
(k=1 = =17+ (1 Y ()= )

J
=0

~ (k)

Lemma 2.4.4. For positive integers b, n, n X n matrix

(7))
J 0<i,j<n

has determinant 1.
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Proof. Define n x n matrices L, = ((;)), Upp = ((]:)) L,, is unipotent lower-
triangular and U,,; is unipotent upper-triangular, so both have determinant 1. It
follows from the Vandermonde convolution identity that M,;, = L,U,y, so that

det M, , = (det L,,)(det U, ) = 1. O

Lemma 2.4.5. For all non-negative integers n, Von is a free Z-module of rank n,

and the map 7 : Vay, — 7", (boy - -+, ban) = (bpsa, ..., bay) is an isomorphism

Proof. Here (by, ..., ba,) € Vo, is determined by the values of ¢; for 0 < 7 < 2n. We
therefore have a surjective map ¢, : Z2"*! — Vi, < Z2"H taking (co, ..., con) to
(ag, . .., as,) with
i,
+1 J
a; =cj+ (—=1)’F ZO (/L)Cz

With respect to the standard basis on Z** !, ¢, is given by the matrix

t) J o<ij<on

Let us identify column vectors of length 2n + 1 with the set of polynomials of degree
at most 2n via the identification (aq,...,as,) < ao + a;T + ... + a,T**. The
j-th column of A, is identified with the polynomial 77 — (=1 — T')7. This means

that the column span of A, is contained in the set of polynomials f(7") satisfying

f(T) = —f(—=1—=1T). Such polynomials can be written as Q-linear combinations of
T+ 3T+ 32, ... (T + 1)1 1t follows that rank(V5,) = rank(4,) < n.
Next let ¢ : Z" — Z*"*1 (xo,...,Zn1) = (To,---,Tn_1,0,...,0). We have
T o wnoi(Toy. . Tn_1) = (Yo,.--,Yn_1), where
o ()
=0

Lemma 2.4.4 implies this map is bijective. It follows that = is surjective. Since

rank(Va,) < n = rank(Z"), we must have that rank(V5,) = n, and = is bijective. O

Proof of Theorem 2./.1. We need to show that there is a unique element of the form
(boy ..., bp,0,...,0) in V;%k, and that b, ...,b, € Z. It suffices to show there is a
unique element of this form in V3, . Because Vo, = (1, (k—1),...,(k—1)*")+ ‘72n,
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this is equivalent to the existence of a unique element
a=(ag,... an,—(k—"1)"" . —(k—1)*")

in 172” This follows from Lemma 2.4.5, which implies there is a unique a € Vgn with

w(@) = (—(k = 1™ — (k= 1)),
That the values b;, (k) agree with a polynomial in & will follow from Theorem
2.4.6 below. L]

We summarize the recipe for constructing the coefficients b; (k) given in Theorem

2.4.1. It will follow that these coefficients are interpolated by a polynomial b;,,(T’).

Theorem 2.4.6. The coefficients b;,(k) given in Theorem 2.4.1 are values of a
polynomial b; ,(T') at T =k, having integer coefficients and degree at most 2n. This
polynomial can be computed explicitly as follows.

Let M,, be the n X n matrix

Mn — |i(_1)n+z (n + . + Z):| ‘
J 0<i,j<n—1

Let D,, be the (n+ 1) x n matriz
i [ .
Dn = {( D <]) +5”} 0<i<n
0<j<n—1

where 0; ; is the Kronecker delta. Then M, is invertible over the integers, and we

have the matrixz equation

bon(k) (k=1 (k=1
balt) | | =t | e
b))\ (= 1) (k=1

Definition 2.4.7. For integers j, n, k, with j,n > 0, we let b;, (k) denote the
coefficients arising from Theorem 2.4.1. We call these extremal coefficients. We also
denote by b;,(T") the polynomial giving these coeflicients, and call these extremal
polynomials. By convention, we take b,,, (1) = 0 for n+1 < j < 2n, and we say that
b;jn(T') is not defined for j > 2n + 1.
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Proposition 2.4.3 says that Vo, = Va1, 50 we observe that b, (k) = b; (1 —k).
Combined with Theorem 2.4.6, this observation gives the following characterization

of the extremal polynomials b;,,(T):

Proposition 2.4.8. Fix integers j, n, with 7 < 2n. The extremal polynomial
bjn(T) € Z[T] is the unique polynomial of degree at most 2n satisfying the following

conditions:
(1) bjn(T) = (T — 1)/ mod (T — 1)1,
(i) bjn(T) = (=T)’ mod T,

Theorem 2.1.3, stated in the introduction, now follows from the combination of

Theorem 2.4.1, Theorem 2.4.6, and Proposition 2.4.8.
2.5 Exceptional congruences and Bernoulli numbers

We now investigate the situations under which our congruences hold modulo some
larger power of p than given by Theorem 2.4.1. We term these exceptional congru-

ences. In the case of Wolstenholme’s theorem, the exceptional congruence

holds if and only if p divides the numerator of the Bernoulli number B,_s3; this
follows from results of van Hamme [34] and Glaisher [11]. We establish a similar
result, which shows that the congruence (2.12) hold modulo an extra power of p if
and only if either p|B,_s,_3, or p|k(k — 1).

Fix non-negative integers n, k, and let ¢g,cq,... € Z be chosen so that the gen-
eralized Wolstenholme congruence associated with the data [k, (¢co, 1, . ..), 2n] is the
optimal one, given by Theorem 2.4.1. The ¢; are not uniquely determined by this con-
dition. Let by, by, ..., bayt2 be given by (2.9), so that b; = b;,,(k) for j =0,1,...,n,
and b; =0for j =n+1,n+2,...,2n. The values of by, 41 and bg,,2 Will depend on

the choice of the ¢;.

Lemma 2.5.1. Independent of the choice of ¢;, we have

(n + 1)b2n+1 + b2n+2 = k?n+1(k’ — ]_)n+1.
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Proof. First we show that the value of C,, (k) depends only on n and k, but not the
choice of ¢;. Let 7 : Vapyox — Vani, (bos - .-y bansa) — (b, ..., ba,) be the projection
map, which is surjective (where V. is given by Definition 2.4.2). Lemma 2.4.5 implies
that rank(Vani0k) = n+ 1, rank(Va, 1) = n, so that U := 7 (b, b1, ..., by, 0,...,0)
is a Z-torsor. We will be done if we can exhibit (bf, ..., b, ) # (bo, ..., bant2) € U
such that (n + 1)by, .1 + b5, 0 = (1 4+ 1)bayi1 + bano.

If we take ¢ = ¢; for i # 2n + 1, and ¢, ,; = copt1 + 1, we will have that b; = b;
2n+1

1), and by, = banie — (%), It follows directly

for i < 2n, by, = bong1 + ( 2

that (n 4 1)bh,,,1 + 05,9 = (0 + 1)bans1 + banyo.

Next we show that C),(k) agrees with a polynomial in k. Using the same process
as in Corollary 2.4.6, we may solve for the data cg,...,cs, to give the extremal
congruence. We will use this data (with ¢; = 0 for i > 2n+1). We can then compute
bont1, bonyo in the following way:

Let M,, be the n x n matrix

M, = {(—U”“(”+ . “)} .
J 0<i,j<n—1

Let A,, be the 2 x n matrix

- 1)+l i .
An - |:( 1) (j) + 51’]:| 2n+1<i<2n+2 ’

0<j<n—1

Then M, is invertible over the integers, and we have the matrix equation

(k _ 1>n+1
b\ _ (kv ) e
Do (k _ 1)2n+2 n

(k — 1)

This shows that bg, 11, ba,i2 are polynomials in k. Moreover, by, is equal to
(k — 1)*"*1 plus a Z-linear combination of (k — 1)"*! ... (k —1)?", so that by, is
monic in k, of degree 2n+1, and (k—1)""!|by, 1. Similarly, by, o is monic of degree
2n+2, and (k—1)""! by, 19. It follows that C,, (k) = (n+ 1)bgny1 + bapio is monic of
degree 2n+2, with (k—1)?>"*1|C,, (k). The polynomial C,, (k) is determined by the set

Vontok, and Lemma 2.4.3 says that Vo105 = Vopyo1-x. We may therefore make the
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substitution k <> 1 — k to get the k"™!|C,, (k). By the Chinese remainder theorem,
knt(k —1)"*1|C, (k). The only monic polynomial of degree 2n + 2 which is divisible
by k" (k — 1)"*1 is k"t (k — 1)"™, so we conclude C,, (k) = k"™ (k — 1)+, O

We now consider the possibility of extra powers of p in the congruence (2.12). For

all integers k, n with n > 0, and all odd primes p, define
kp—1 = , j
E<k7n7p) = p— 1 _ij,n(lﬂp][—[pfl({l} )
§=0

Proposition 2.5.2. Suppose p > 2n + 5. Then

_Bp7372
nl{?n+1 E—1 n+1, 2n+3 d
IR (k= 1) (mod p

E(k,n,p) ).

Proof. By Theorem 2.3.3 and Proposition 2.3.1, we have

E(k,n,p) = bopi1p”™ T Hy ({132 + bopop™ 2 Hy oy ({112777)
onys 2N+ 2 2n+3 Bp—3-2n

= _bn —Bffn_b’n
2n+1D 2(2n + 3) p—3-2 2n-+2P 2n+ 3
—B,_3_9,
= — (0 Dbang — bane)
—B, 39
= —nk_n-l-l k_ln—i-l d 2n+4 )
n+3 ( ) (mod » )

Proposition 2.5.3. Suppose p =2n+ 3. Then
E(k,n,p) = —k"™(k — 1)""p?" "2 (mod p*" ).
Proof. Using Theorem 2.3.3 and Proposition 2.3.1, we have

E(ka nap) = b2n+1p2n+1Hp—1({1}2n+1) + b2n+2p2n+2Hp—l({1}2n+2)

b2n
+1  2n+42 2n+2
W p — bapt2p

<_ (p— 12)b2n+1 _ b2n+1) p2n+?

— ((n + 1)bopy1 + bopy2)

—kn+1(/{5 _ 1)n+1p2n+2 (HlOd P

2n+3) ]
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We can now state the precise conditions under which the congruence in Theo-
rem 2.4.1 holds modulo an extra power of p. Our next theorem is an immediate

consequence of the preceding two propositions:

Theorem 2.5.4. Let n > 0, k be integers, p an odd prime, and b;,,(T) the extremal
polynomials (characterized by Proposition 2./.8).

(1) Suppose p > 2n + 5. The congruence

kp—1 r ' .
(pp— 1 ) = ijv”(k)p]Hp—l({l}j> (mod p*™**)
=0
holds if and only if either p|By_3_2, or k =0,1 (mod p).

(i1) Suppose p =2n + 3. The congruence
kp—1\ _ & j j 2n+3
= bin(k)p H, 1 ({1})  (mod p™+%)
p—1 =
holds if and only if k = 0,1 (mod p).
2.6 Properties of the extremal polynomials

The extremal polynomials b;,(7") satisfy many arithmetic conditions. The follow-

ing proposition records some of these, which follow from Proposition 2.4.8.

Proposition 2.6.1. The extremal polynomials b;,,(T) satisfy the properties:
(i) For all non-negative integers n, by ,(T') =1 and b, ,,(T) =T"(T — 1)".
(ii) For all non-negative integers j < 2n, T(T — 1)? divides b;,(T).

For fixed j, the polynomials b;,(7") depend on n. One exception to this is that
bon(T) = 1 for all non-negative integers n. Examining the table in Section 1.2, we
see that by, (T) does indeed depend on n. However, by ,(T) + by, (T) = T% — T for
all n. This is the first in a family of equations giving linear combinations of the

extremal polynomials b;,,(7") which are independent of n.

Proposition 2.6.2. Let m be a non-negative integer. Suppose f(T) =" a;T7 €
Q[T] satisfying f(T) = f(—1=T). Then for all non-negative integers n with 2n > m,

we have
m

> " a;bin(T) = f(T = 1).

J=0
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Proof. Define g(T') = 37" a;bjn(T). By Proposition 2.4.8, b;,(T) = (T — 1)
(mod (T'—1)""1), so that g(T) = f(T—1) mod (T'—1)"*!. Similarly, by Proposition
2.4.8, bj,(T) = (=T) (mod T™*), so that ¢(T) = f(-T) = f(T — 1) mod T
This means ¢g(7T) and f(T — 1) agree mod T?" (T —1)?"*!. Since these polynomials
both have degree at most 2n + 1, they must be equal. O]



Chapter 3

Power Sums and p-adic L-function Values at Positive
Integers

3.1 Introduction

We express the values of p-adic L-functions at positive integers as a p-adically

p—1 1

convergent infinite sum involving the power sum multiple harmonic sums » "~ —,

with k varying. Truncating this expression gives congruences for thes p-adic L-values.
We derive a family of linear relations among the power sum multiple harmonic sums,
and use these relations to eliminate terms in our congruences. For all positive integers
n, we can optimize this process to obtain a congruence for a p-adic L-value mod p*"+2,

involving n 4+ 1 multiple harmonic sums.
3.1.1 Statement of results

The main result of this chapter is a family of congruences for values of the Kubota-
Leopoldt p-adic L-function at positive integers. The congruences in our family hold
modulo arbitrarily large powers of p, and involve power sum multiple harmonic sums.

Fix an odd prime p, and let w, : Z/pZ — Q, be the Teichmiiller character: for
(n,p) = 1, wy(n) is the unique (p — 1)-st root of 1 in Q, with w,(n) = n mod p.
Our congruences involve the values L, (k,w!™*) for k an odd positive integer, which

is the p-adic analog of the real number ((k).

Theorem 3.1.1. Let k > 3 be an odd integer, n a non-negative integer. There

exist explicitly computable rational constants b;(k,n), j = 0,1,..., such that the
congruence
(3.1) pLy(k,wp ™) = bi(k,n)p Hy 1 (k=14 j)  (mod p™*?)

5=0

46
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holds for all sufficiently large primes p.

We give a table of the coeflicients b,(k,n) for k = 3 here:

Table 3.1: Coeficients b;(3,n) in L-value congruences

(nj o[ 1 [ 2 [ 3 | 4 [ 5 |
0 || 1/2

1 12| 1/3

2 [[1/2] 7/15 | 1/5

3 |[1/2 [ 13/21 | 3/7 | 16/105

4 [12] 1 1 64/105 | 4/21

5 |[1/2 [ 97/33 | 43/11 | 512/165 | 52/33 | 32/77

As an example, taking k = 3, n = 2 gives
-2 1 7 L,y 7
pr(S,w ) = §Hp—1(2> + _pHp—l(g) + gp Hp—1(4) (mOd p )

15

Theorem 3.1.1 is a special case of a much more general family of congruences. The
general congruence in this family, which holds for all sufficiently large primes p, is of

the form
(32) pr(k‘, w_Q) = Z bjijp—l(k — 1+ ]) (mOd pn+1+5)’
§=0

where € € {0, 1} is chosen so that ¢ = n (mod 2).

This general family contains a unique congruence of shape (3.2) which holds mod
p*" 3. In this sense, the coefficients b;(k, n) are uniquely determined. It is reasonable
to expect that the congruence (3.1) holding for sufficiently large primes uniquely
determines the coefficients b;(k,n). We cannot prove this unconditionally, but we

show that it follows from the Weak Regularity Conjecture.

Theorem 3.1.2. Assume the truth of the Linear Bernoulli Nondegeneracy Con-
jecture 1.5.5. Then the constants bj(k,n) appearing in the statement of Theorem
3.1.1 are uniquely determined by the condition that the congruence (3.1) holds for all

sufficiently large primes p.
3.2 Representing p-adic L-function values in terms of power sums

Our congruences are obtained by truncating an infinite series for L,(k,w'™"),

involving power sum multiple harmonic sums. This series gives an actual equality

with L, (k,w)~%).
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3.2.1 Construction of the p-adic L-function

We begin by recalling the construction of the Kubota-Leopoldt p-adic L-function.
Fix a prime p. Let Q be an algebraic closure of Q, C, the completion of an algebraic
closure of Q,. Fix an embedding of Q in C, and also in C,. Let w: Z/pZ — C,
be the Teichmiiller character, defined previously. Via our chosen embeddings of Q,
we may identify w with a complex Dirichlet character. If y is an arbitrary Dirichlet
character, we define y,, to be the primitive character inducing the product yw™".

Dirichlet L-functions take algebraic values at non-positive integers. A surprising
fact is that, if we remove the Euler factor at p and restrict to a particular residue
class mod p — 1, these algebraic values are p-adically continuous. Because the non-

positive integers in any residue class mod p — 1 are dense in Z,, we can obtain a

continuous function on Z, (this function even turns out to be analytic).

Proposition 3.2.1 ([18], p. 29). Let p be a fized prime, and define

p if p odd

q= .
4 ifp=2

Let x be a primitive Dirichlet character. There exists a unique p-adic meromorphic

function L,(s,x) with the following properties:

1. L,(s,x) has a Laurent series expansion

L,(s,x) = Z an(s —1)", a, € C,,

n=-—1

where a_; =1 — % if x s the trivial character, a_y = 0 otherwise. This series
converges for s € C, with |s — 1| <r, where r = |11)|P%1|q|*1 > 1. In particular,

the series converges for s € Z,.

2. For all positive integers n,
Ly(1 = n,x) = (1= xa(@)p" ) L(1 = 1, xn)-
In the case x = w™", condition (2) in Proposition 3.2.1 gives

L,(1—n,w") = (1 —pn_l)fl ¢(1—n).
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For k a positive integer we consider L,(k,w'™*) to be the p-adic analog of the real
number ¢ (k) (for this reason the quantity L,(s,w'™") is sometimes denoted ¢, x(k)).

The values L,(k,w!™*) appear in our congruences.

3.2.2 Power sums

n(n+1) .

For n is a positive integer, 1 +2 + ... +n = =5

More generally, for any
non-negative integer k, the expression 1¥ + 2% + ... 4 n* is given by a polynomial in n
of degree k + 1. The exact form of this polynomial is given by Faulhaber’s formula,
which says 1 "

— . 1 <= (k+1 .

20 =T ("7 ) e
We have changed the upper limit of summation from n to n — 1 for convenience.

It is reasonable to ask for an analogous formula when k is negative (in this case,

the formula cannot be a polynomial in n). There are two main options. First, if we

are interested is studying Z;‘:l ]ik (for k a positive integer) over the real numbers,

we can write

1 WFD(1 4
3.3 > % =+ (- e,

where ¢(™(s) = (£)" FT/(s) is the polygamma function. In the case k = 1, we must
replace the term (1) by Euler’s constant « (which is the constant term in the Laurent
expansion of ((s) at s =1).

A second option is available if we wish to study the power sums Z?;l Jik p-adically.
In order that this sum be well-behaved, we have to modify the problem slightly, and

consider instead the sums

> 5
'_k,"
=1 7
(p)=1
For m a positive integer, we have
n—1 1 n—1
Z — = §PE™E - (mod p™).
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If we choose m large enough that ¢(p™) — k > m, then we can use Faulhaber’s

formula and write

H
i
L

n—

Z lk jw(pm)—k
=1 7 i
(4,p)=1

,\

y.

AT
I

Z (™) —k

=1

3
—

<
<

(P™)+1-k
1 v o™ +1—k ,
Z ( : Bopmy41-k—in’

plpm) +1—k = J
= Zc§m’k)nj (mod p™),
j=1

where we have written

(PR el i 1 < G < p(p) + 1 — K,

(m.k) j ppm)+1-k

C. =
‘7 .
0, otherwise.

We now prove a lemma.

Lemma 3.2.2. Let j, k be positive integers, p an odd prime, and let the rational

" be as above. For any integer n, we have the p-adic limit

(m7
numbers ¢

. —_k o
lim ™Mpi = —< P )Lp(k+j7w1_k_J)n]'

m—o0 J

If additionally p divides n, then the above limit is uniform in j (holding k fized).

Proof. We denote by € the Dirchlet character taking the value 1 at all positive inte-
gers. The statement that

lim ™Mpd = —( j )Lp(k + g, w! R )nd,

m— 00 J

follows from the well known formula ((1—a) = L(1 —a,€e) = —£2 for a > 1. For the
claim of uniformity in 7 when p|n, we observe that the parts not converging uniformly
in j are the binomial coefficient (which introduces a factor of j! in the denominator),
and the value of the L-function L,(k -+ j, w'=*77) (which grows at worst like pl°e())),
Both of these problems are dominated by the factor of p’ due to the term n’, so we

get uniform convergence in this case. O
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We have therefore shown the following.

Proposition 3.2.3. Let k, n be positive integers, p an odd prime. Suppose p|n.
Then:

(34 > =2 () gty

J

where the infinite sum s p-adically convergent.

We may think of this formula as a p-adic analog of Equation (3.3), in the following

way. Over the complex numbers, we have a power series expansion

(h-1)(1 + g _ |
| > (7)etm+ s

convergent for |s| < 1. If we begin with Equation (3.3), replace the expression on
the right hand side with its power series expansion (ignoring issues of convergence),

1=k) "and evaluate

replace each zeta value ((k) with the analogous p-adic value L, (k,w
at s = np, we obtain Equation (3.4).
The preceding discussion suggests defining a p-adic polygamma function (for &k a

positive integer) by

(3.5) PP+ s) = (DR (‘kn_ 1) Ly(1+k +n,w™*™)s",

n>0

which converges for |s| < 1. Morita [24], [25] constructed a p-adic analog of log(I'(1+
s)), but arrived at the same series expansion (3.5).

For n = p, we can state Proposition 3.2.3 in terms of multiple harmonic sums.

Corollary 3.2.4. Let k be a non-negative integer, p an odd prime. Then

n—1 .
Pl ) = 3 0 (M et

n>k+2

where the sum converges in C,.
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3.2.3 p-adic L-function values in terms of multiple harmonic sums

Corollary 3.2.4 expresses power multiple harmonic sums as (infinite) linear combi-

nations of p-adic L-function values at positive integers. We invert this linear system,

solving for the L-values in terms of the power multiple harmonic sums.

Theorem 3.2.5. Let k > 2 be an negative integer, and p an odd prime. Then

— n n EiLQ—k n
(3.6) PrLy(k,w'™F) =3 (—1)tE (k B 2) ﬁp T Hy 1 (n+ 1),
n>k—2

where the right side is p-adically convergent.

Proof. Using Corollary 3.2.4, we compute

1 n n V2
1 Z (—1) T <k B 2) Brio—kp +1Hp—1({n + 1}?19 - 1)

n>k—2
1
=2 (- 1)”*’“( - ) > (-~ a+n( )p]+2L (j+2,w7™)
n>k i>n
1 ko . i +1
=S L+ 2,077 (ZBn (0 ))
Jjzk
1 +1 j+1—-k
— J+k +2L 2 —j— 1 B
k‘_-1j>k( ( )Zﬂ j +2,w <g£; n— k( n—k :))
1 Jj+1 j+1—k
- J+k +2 j— 1
/HD ( N )p] Ly(j +2,w™ <ZB( . ))
>k n=0
1 +1
=3 M(jk )p]+2L G+ 2,07 )5
Jj=k

:pkLp(k,wl_ ).

[]

In the next section we will truncate (3.6) to obtain a congruence for L,(k,w!™").

We derive a family of relations among the power sum multiple harmonic sums, and

use these relations to modify our congruences. This process will be optimized in

Section 3.4.
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3.3 Congruences for p-adic L-values

3.3.1 Relations among multiple harmonic sum

We now derive a family of linear relations among the power sum multiple harmonic

sums H, 1(n).

Proposition 3.3.1. Let p be an odd prime. For every non-negative integer n,

(3.7) (=1)"p" " H, 1(n+1)+ Z <;>pi+1Hp_1(i +1) =0,

i>n
where the infinite sum converges in Q,.

Proof. We consider the rational function

This function satisfies a functional equation relating 7" and —1 — 1. We can

compute

G (=1=-T) = p ———

(In the third line above, we have made the substitution j = p — i.)

We can also expand g,1(7") as a power series. We have



9p—1()

n, n+1 — 1 n
(=1)"p Z jntl T

i=1

(=1)"p" " H, i (n+1)T™

n>0

The multiple harmonic sum H,_1(n) is p-integral for all n, so over the field C,,

the above series converges whenever v,(7) > vp(%). In particular, for such 7', the

functional equation for g,_1(T") gives

Y (U Hy (0 )T

n>0

- -3

" Hyoa(n+ 1) (=1 = T)"

:Z;pn+1Hp1(n+ 1)2 (?)T
_ _; (;( ) ", 1(n+1)> T

Equating the coefficients of T™ on both sides of the above equation gives the

desired result.

]

In Chapter 2 we derived a similar family of relations for the elementary symmetric

multiple harmonic sums

H, 1({1}"). There we consider the generating function

four(T) = lj (1 + gT) ij S ({)T

The connection between these two families of relations will be discussed in Chapter

5.
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3.3.2 A general family of congruences for L, (k,w! %)

Now we derive a general family of congruences for L,(k,w'™). The congruences
are obtained by truncating (3.6) and adding a linear combination of the relations
given by Proposition 3.3.1. To control the error due to truncation, we need to the

following result describing the power of p dividing H,_1(n):

Proposition 3.3.2 ([40]). Let n be a positive integer. For any prime p > n+ 3,

mod p? if n is odd,
Hp_l(n) =0
mod p if n is even.

Setting n = 1 in the above Proposition gives

1

p

=0 (mod p?),

S| =

1

<.
Il

which is equivalent to Wolstenholme’s theorem. We may view the more general result
as a natural generalization of Wolstenholme’s Theorem.

We now give our general family of congruences for L, (k,w'*):

Theorem 3.3.3. Fix integers k > 2, N > 0. Let cg,c1,...,cn-1 € Q, and define

bnzﬁ#(ku)Bw Pt (= cn—l-Z()

For all sufficiently large primes p, we have the congruence

mod p™V*2) if N odd,
(mod pN*3) if N even.

Proof. We begin with Equation (3.6), and add a linear combination of the identities
(3.7), where ¢; is the coefficient of the equation indexed by j. We truncate at the
N-th term. We use Proposition 3.3.2 to control the error, which gives the desired
result for all primes p > N + 3 not dividing the denominator of any c;. O

Definition 3.3.4. We call (3.8) the generalized harmonic congruence associated with
the data [k, (co,...,cn—1), N|, and we call (b, ...,by_1) the generalized harmonic

coefficients associated with this data.
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3.4 Optimized congruences

In this section, we optimize the application of Theorem 3.3.3 with N =2n+k—1
(k > 3 odd). We choose the coefficients cg, cy,...,cy_1 in such a way that we get

Do=br=...=bys=0=Dbpin1=brin=-..=bomiro.

Theorem 3.4.1. Let k > 3 be an odd integer, n a non-negative integer. There are

unique constants bj(k,n) € Q (7 =0,1,...,n) with the following property:

There exist cg,C1,...,Con1 € Q such that the generalized harmonic coefficients
(bo,...,an) satisfy bo = bl =...= bk_g = 0, bj :bj(k,n) fOT’]{?—Q S] < k‘—i—n—Z,
and byin_1 = bgyn = ... = 0. In other words, we get a congruence
(3.9) pLy(k,w' ™) = "b;(k,n)p’ Hy oy (k — 1+ 5)  (mod p*"*?),

§=0

which holds for all sufficiently large primes p.
We will need several preliminary facts before we can prove this theorem.
Definition 3.4.2. Let ¢y : QY — QY be the linear map
on(co, . en—1) = (bo, ..., bn-1),
with b; given by
i,
j J
bj = (—1)JC]' —+ ZO <Z)CZ

For S € {0,1,..., N — 1}, we define
TSN QY — Q¥

to be projection onto the coordinates given by .S, and
IS,N - QP — QY

the inclusion into the coordinates given by S. If the value of N is clear, we will

abbreviate mg y and ig n by 7g, tg respectively.

In what follows, let n > 0, £ > 3 be integers with k£ odd, and set N =2n+k — 1

be an even integer.
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Proposition 3.4.3. We have rank(py) = n + £

Proof. With respect to the standard basis, the matrix for ¢y is lower triangular.
The diagonal entries of even index are non-zero, implying that rank(py) > n +
%. For the reverse inequality, consider the row span of px. If we identify row
vectors of length N with polynomials in an indeterminate 7" of degree at most N —1,
via (ag,...,an_1) < Z;.V;Ol a;T7, then one checks that every row vector of py is
identified with a polynomial f(7T') satisfying f(7") = f(—1 — T'). Such polynomials
can be expanded in odd powers of (T + %), so their span is of dimension at most

n+ &1L, o

Proposition 3.4.4. Set S = {k—2,k—1,...,N—1}, R={n+k—1,n+k,...,N—1}.
Then the map

[ = TRlmas)nmey) : Im(is) N Im(pn) — Q"

18 a linear isomorphism.

Proof. We begin by proving surjectivity of f. Taking T = {k—2,k—1,... k+n—3},

it can be seen from the definition of ¢y that
en(Im(ir)) C Im(ig).
Surjectivity will therefore follow if we can show
TrRO oy o i QM — QM

is surjective. We can directly compute that the matrix representing mr o N o ip

(with respect to the standard basis on Q"~™) is

((j+h+m>)
i+2m =1/ ichom

That the determinant of this square matrix is non-zero follows from a theorem of

Tonne ([33], p. 18, Theorem 2).
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Given surjectivity, to prove injectivity it will suffice to show
dim(Im(ig) N Im(en)) < n.

Define 77 = {0, 2,4, ..., k—3}. We have Im(ig) C ker(my), so it is sufficient to prove
dim(ker(m) N Im(¢y)) < n. This will follow from Proposition 3.4.3 if we can show
rank (7 o ) > % We will show that in fact rank(mq o ¢, 0 ip) = % With

respect to the standard bases, the matrix for w7 o @ o ipv has the form

o
(( ?) ; ai,j) |
2i 0<i,j<kzt

This matrix is lower triangular, with every diagonal entry equal to 2, so the result

follows O]

Proof of Theorem 5.4.1. We are given integers n > 0, k > 3 with k odd. Set N =
2nk — 1. Define a = (ay, ...,ay_1) € QN by

(=1)7+t (g
") (N\p._,.
Gy k)P

The set of coefficients (bg, by, ...,by_1) € QY arising from Proposition 3.3.3 is pre-
cisely

a+Im(py).

The statement of Theorem 3.4.1 is therefore equivalent to the statement that there
exists a unique element d = (do, ...,dy_1) € Im(pn) with d; = —a; for 0 < j < k-3
and forn +k -1 <75 < 2n+ k — 2. Note that a; = 0 for j < k — 1. This forces
d € Im(ig), where S is as defined in Proposition 3.4.4. By Proposition 3.4.4, there
is a unique d € Im(ig) NIm(py) with d; = —a; forn+k—1 < j < 2n+k—2. This
completes the proof. O

3.5 Uniqueness

We believe the coefficients b;(k,n) appearing in Theorem 3.4.1 are uniquely de-
termined by the condition that the congruence (3.9) holds for all sufficiently large
primes. We do not establish this unconditionally. However, we will show that it

follows from the following conjecture concerning Bernoulli numbers.
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Conjecture 3.5.1 (Linear Bernoulli Nondegeneracy Conjecture). Fiz an odd integer
k > 3. There are infinitely many primes p for which p does not divide the numerator

of the Bernoulli number B),_.
Now we can state our uniqueness result.

Theorem 3.5.2 (Uniqueness of Optimized L-value Congruences). Assume the truth
of the Linear Bernoulli Nondegeneracy Conjecture. If k,m are integers with m > 0,

and ay,...,a, € Q are such that
n—1
PP Ly (k,w'F) = Zajp”al,l(j +1) (mod p™)
=0

holds for all but finitely many p, then this congruence arises from Theorem 5.4.1,
in the following sense: there are constants cg,cy1,... € Q such that, if by, by, ... are
defined by (2.9), then we have a; = b; fori=0,1,...,9(m), where p(m) =m — 2 if

m is even and ¥ (m) =m — 3 if m is odd.

Proof. Suppose, to the contrary, that there is a congruence of the form
n—1
PLy(k,w ™) = a;p Hya(j+ 1) (mod p™)
5=0

holding for sufficiently large p, which does not arise from Theorem 2.3.3. Subracting

the identity

- n n Zil —k.n
PPLy(k,w! ™) =) (=1 (k - 2) Lo P (0 4 1)
n>k—2

from this congruence gives us a congruence of the form
(3.10) > ' Hya(j) =0 (mod p™),

which by hypothesis does not arise from truncating a linear combination of the iden-
tities (3.7). We may choose (3.10) so that jo := min{j : ¢; # 0} is maximized among
all congruences of this shape not arising from a truncation of a linear combinations
of the identities (3.7). This implies that jy is even, for if j, were odd, we could

add %lcj times the identity (3.7) with j = jy, cancelling the lowest order term and
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contradicting the maximality of jo. By hypothesis, we also have m > jy + 2, so by
reducing (3.10) mod p*2 we get

¢jol" Hy1(jo) =0 (mod p"*?)
for all sufficiently large primes p. Since j, is even, we have the congruence

Jo_ g

H, 1(jo) = ——

—jo—1p mod p2
for p > jo + 3 (see [40], Theorem 1.6). This implies

j_tioj_jolpjo-&-pr_l_jO =0 (mod pj0+2)
for all sufficiently large p. Since c;, # 0, this contradicts the Linear Bernoulli Non-

degeneracy Conjecture. ]
Theorems 3.4.1 and 3.5.2 now immediately imply the following:

Corollary 3.5.3 (Uniqueness of Extremal p-adic L-value Congruences). Assume the
truth of the Linear Bernoulli Nondegeneracy Conjecture. Then the constants b;(k,n)
appearing in the statement of Theorem 5./.1 are uniquely determined by the condition

that the congruence (3.9) holds for all sufficiently large primes p.



Chapter 4

Formal p-adic Identities Among Multiple Harmonic Sums

In this chapter we set up a general framework for constructing and classifying iden-
tities involving weighted multiple harmonic sums p*®) H,,_(s), where s = (sy, ..., s)
is a composition and p a prime. Our framework is in many ways similar to a frame-
work used in the study of multiple zeta values (see, e.g., [15, 17, 26], and many

others). We begin with a brief outline of the theory of multiple zeta values.
4.1 Multiple zeta values

For k a positive integer, the multiple zeta function of depth k is the function of k

complex variables defined by the series

C(sl,...,sk): Z ﬁ

ny ... nk
ny>ng>...>nE>1

This series converges provided that Re(s;) > 1 and Re(s;) > 0 for i =2,3,...,k (see
[15]).

Recall that a composition is a finite ordered list of positive integers. If s =
(s1,...,8) is a composition, we define the weight and depth of s to be w(s) =
$1+ ...+ sp and l(s) = k, respectively. We can think of ¢ as a function that

takes as input a composition s = (sy,...,s;) and returns the multiple zeta value

C(s) =C(s1,.-.,8k)
4.1.1 Hoffman’s algebra

To study multiple zeta values, Hoffman [15] used g := Q(z,y), the non-

commutative polynomial algebra in two variables over the integers, and the two

61
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subalgebras 55(1@ = Q + 9y, 55& = Q + z9y. A basis of 53(1@ consists of words in
the non-commuting symbols z1, 23, . . ., where z, = z¥~'y. A basis for H, consists of
those words zg, ...z, with s; > 2. There is a Q-linear map ( : f)(% — R, taking the
word z, ...z, € HQ to the multiple zeta value ((s1, ..., sp) € R.

The ring 55(1@ can be given a commutative product, called the stuffle product and

denoted . The stuffle product is defined recursively. First we set
lxa=ax1l=a«
for every o € 3g,. Next, if ki, ky € Zso and oy, ay € g, then
(2k,01) * (Zryra) = 2k, (1 * (2, 02)) + 2y (2, 1) * Q) + 2k 11y (1 % Q12).

This restricts to give a commutative product on .‘7)&. The stuffle product is con-

structed to reflect multiplication of nested sums over integers, and we have

(a1 x ) = C(%)C(%)

for all oy, vy € $3. The commutative ring (g, *) is isomorphic to QSymyg, the ring
of quasi-symmetric functions over Q (see [16] for a construction of QSymg and proof
of this fact).

The utility of using words in the symbols x and y (as opposed to the symbols
21, 22, ...) comes from Kontsevich’s representation of a multiple zeta value as an
iterated integral. Let a = uy...uy € 539@ be a word, with u; € {z,y}. We have an
equality

((a) = // Wy (B1)way (t2) - - wy, (tr) dtidty .. dty,

1>t1>t2>...>1,>0

where w,(t) = }, w,(t) = 1. To reflect this iterated integral expression, we define

second commutative product, called the shuffle product, on $)g. The shuffie product
m is defined recursively. First we set
lma = aml = «

for every a € . Next, if t1,19 € {x,y} and ay, as € Hg, then

(thél)IH(tQOzQ) = tl (OéllH(tQOzQ)) + tg((tlal)mag).
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The multiplication m restricts to give commutative multiplications on 559@ and YJ}@.
The shuffle product is constructed to reflect multiplication of iterated integrals, and

we have
((aqmay) = ((a1)((az)

for all a, s € .6(5.
4.1.2 Relations among multiple zeta values

A major goal of the theory of multiple zeta values is classifying the algebraic
relations over Q among multiple zeta values. In view of either of the product rep-
resentation given in the previous section, it will suffice to consider linear equations
over QQ satisfied by multiple zeta values. Using the framework of the evaluation map
¢: 559@ — R, the problem of classifying algebraic relations among multiple zeta values
reduces to describing the kernel of . There are several known methods of producing

elements of ker(¢). We describe a few of these methods below.

1. It was observed above that for all aq,ay € .69@, Clag *x ag) = ((a1)C(ag) =
((aqmag). It follows that oy * ay — aqmas € ker(¢). This is the double shuffie
relation, which was investigated by Ihara, Kaneko, and Zagier [17]. The double
shuffle relation can be generalized to allow oy, as € .‘7)(1@, using a regularization
process. Regularization leads to the so-called extended double shuffle relations.

These relations conjecturally generate ker(().

2. Another method of producing linear relations among multiple zeta values is the
Duality Theorem, conjectured by Hoffman [14] and proven by Kontsevich [38].
We first define an anti-automorphism 7 : g — $g which interchanges = and
y. The map 7 restricts to an anti-automorphism of .6%. The Duality Theorem
for multiple zeta values is the statement that ((a) = ((7(a)) for all o € 9. In
other words, 7(a) — « € ker(().

3. There is a map D : $g — g, determined by D(x) = 0, D(y) = zy, and the
condition that D is a Q-derivation. The derivation D restricts to a derivation on
the subalgebra 539@. If we set D := 7Dt (where 7 is the anti-involution defined
above), then a result of Hoffman [14] implies that D(a) — D(a) € ker(¢) for all
o€ ﬁ%. This was later generalized by Ohno [26]. A further generalization was
given by Thara, Kaneko, and Zagier [17].
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The ring .‘FJ% is graded by degree, and the kernel of ( is conjectured to be a
homogenous ideal. Indeed, all known relations among multiple zeta values can be
decomposed into homogenous relations (that is, relations involving compositions of
fixed weight). Define d,, to be the Q-dimension of the image of the n-th graded piece
of 559@ under (. In other words, d,, is the number of linearly independent multiple zeta
values of weight n. Using known methods for constructing relations among multiple

zeta values, the values of d,, for n < 10 are believed to be

n|2/3[4(5/6/7[8]|9]10
d,|111]1]2]2/3]4|5]| 7

Numerology suggests that numbers d,, satisfy the linear recurrence relation d,, =
dy—2+d,_3; this was conjectured by Zagier [38]. Zagier’s conjecture led Hoffman [15]
to conjecture that multiple zeta values of the form ((sy,...,sx) with s; € {2,3} form
a basis for the space of multiple zeta values (it can be checked that the number a,, of
compositions s = (s1,...,s;) with s; € {2,3} and w(s) = n satisfies the conjectured

recurrence, and has the same initial values).
4.2 Multiple harmonic sums

In this section we investigate p-adic relations among weighted multiple harmonic
sums pw(S)Hp_l(s), where s is a composition and p is an unspecified prime. We
will work over the ring Z[1], so we consider the non-commutative algebras gy =

Z[3)(z,y), and the two subalgebras ﬁ%[%} = Z[] + N1, ﬁ%[%] = Z[1] + T9z1Y-

1
Zig) N
As above, we set z, := 2" 1y. We will actually use the completion i)%[

The stuffle product * gives a commutative multiplication on £
1 of the
2

ring 5’)2[%1.

Definition 4.2.1. Denote by 52[1} the completion of ﬁ%[
2
is a formal infinite sum

| with respect the degree

N

grading. An element of 52[ 1
2

(4.1) o= Z QsZs, - - - 2,

s=(51,--,5k)

in the non-commuting variables zi, zo, ..., where the summation is taken over all

compositions s = (sq,...,sk), and the coefficients oy are in Z[%] The topology on
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5%%[11 has a neighborhood basis consisting of the sets
2

L, = {Zaszsl...zsk:&S:OWhensl—l—...+sk<n}.
S

The stuffle product * gives a (continuous) commutative multiplication on .6%[ 1
2

We will write (5%%[%}, %) when we mean the Sef 5%[%}, viewed as a commutative ring
with multiplication given by *. We have that (52[%1, %) is isomorphic as a topological
ring to the completion of the ring os quasi-symmetric functions over Z[3] (see[]).
The I,, are ideals of (52[%1,*), and for each non-negative integer n, 52[%]/]1” is a

1

finitely-generated and free as a module over Z[3].

Remark 4.2.2. Most of what we do could be done over Z instead of over Z[%]. The
consequence of this would be that several of our theorems would have more compli-
cated statements. In some ways it would be most desirable to work over QQ instead,

but this raises technical problems; see the Appendix for a possible resolution.

We view the element o € :6%[ | given by (4.1) as representing the (infinite) formal

1
2
sum

(4.2) > " H, i (s)

of weighted multiple harmonic sums, with p an unspecified prime. Elements of I,
represent sums of the form (4.2) that are formally divisibly by p™.

The following definition is new.

Definition 4.2.3. For each prime p > 3, define ¢, : (A%H, %) = Zyp,

(Z g Zsy - - - zsk> — Z aspw(S)Hp,l(s).

It is a continuous ring map. We let ¢ : (A *) = [[,>3 Zp be the product of these

1
zlz)
maps, and we call ¢ the universal evaluation map. For each non-negative integer n,

we define

J,={ac€ 5%[11 : p"|¢p(a) for all sufficiently large primes p}.
2
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We think of an element of J,, as a formal congruence
Zaspw(s)Hp,l(s) =0 mod p"Z,

with as € Z[%], such that the series converges in @, and the congruence holds for all

p > 3. We think of an element of ker(¢) as a formal equality
N 0" H, i (s) = 0,

holding (and p-adically convergent) for all p > 3. We call such an expression a formal
p-adic identity. We view the map ¢ as an analogue of ¢ : $° — R.
Our goal is to understand the ideals ker(¢) and J,, as well as possible. We prove

some basic properties below.

Definition 4.2.4. An ideal I C ('%2[1}’ x) is called absolutely closed if I is closed,
2

and for all » € Z~g and « € 52[11, we havera € = acl. If I C (Aé[l],
2 2

ideal, we define I to be the intersection of all absolutely closed ideals containing I,

%) is any

and call I the absolute closure of I. It is an asbolutely closed ideal.

Proposition 4.2.5. For alln >0, J, is an ideal of(Aé[l], x). We have ker(¢)+1,, C
2
Jn, so that the ideals J,, are open. Additionally, J,, and the kernel of ¢ are absolutely

closed.

Proof. The first statement follows from the general fact that the preimage of an
ideal under a ring map is an ideal. It is clear from the definitions that J., and I,, are
contained in J,,, which implies J,, is open. The final statement is immediate from

the definition of absolute closure. O

Remark 4.2.6. The absolutely closed ideal ker(¢) C (5%[1}, ) plays the same role
2

for us that ker(¢) C (9° %) plays in the study of multiple zeta values. Unlike

what is conjectured to be the case for ker((), the ideal ker(¢) is not homogeneous.

Particularly, the identity

o0

2pH,_1(1) = Z(‘l)npn p-1(n),

n=2
which follows from Corollary 4.3.3, shows that the non-homogeneous element 2y —
ry+aiy—...=y+(1+x) tyisin ker(¢). The degree one homogeneous component
2y is not, as pH,_1(1) # 0 for all p.
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At the moment, all known elements of J, come from the following, which is an

immediate corollary of Proposition 4.2.5:
Corollary 4.2.7. The ideal J, is contained in the absolute closure of ker(¢) + L,.

Corollary 4.2.7 is the statement that an asymptotic relation can be truncated to
give a congruence holding for all but finitely many primes. In many known examples,
a converse holds: if we have a congruence for weighted multiple harmonic sums, we
can find an asymptotic relation with the congruence as a truncation. We make the

following conjecture.
Conjecture 4.2.8. For all integers n > 0, J,, is the absolute closure of ker(¢) + L,.

In Chapter 5, we consider the closed subalgebra /A\Z[%] C (5%[%], %) consisting of
symmetric elements (see Definition 5.1.1). Conditionally on a conjecture involving
Bernoulli numbers, we produce a sequence of elements of AZ[ 1 that generate an ideal
with absolute closure ker(¢) N Ay 1 We show that a suitable modification of the

converse of Corollary 4.2.7 is true for AZ[ 1.

Remark 4.2.9. The ideals J,, determine the set of mod p congruences among multiple
harmonic sums of a given weight n, which hold for all suffieciently large primes p.
The set of formal Z[3]-linear combinations of multiple harmonic sums of weight n is
I,/L,+1, and the number of mod p linearly independent sums in this weight is the

rank of (L,/(Jn+1 N1L)).
4.3 Some elements in the kernel of the universal evaluation map

Two useful techniques for producing mod p relations among multiple harmonic
sums are due to Hoffman [16]. In this chapter we provide analogous recipes for
producing elements of ker(¢). These elements correspond to formal p-adic identities

extending the mod p congruences of Hoffman.

4.3.1 The p-adic reflection theorem

! 1
Z3]
‘= Zs, ...%s,. This can also be viewed as an involution on

There is an anti-automorphism of 5 which squares to the identity, taking

Zgy oo 2y, O Zg o Zs,

the set of compositions, where (si1,...,85) = sg...s;. Hoffman ([16], Theorem 4.5)
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shows that for every composition s, we have the congruence
Hyoi(s) = (=1)"®H,1(5) (mod p)

for all primes p. The following is an p-adic extension of this congruence.

Theorem 4.3.1 (p-adic Reflection Theorem). Lets = (s1,...,sg) be a composition.

For all primes p we have a convergent p-adic series equality

k
w(s si+b;—1 _
H, 1(s) = (—1) (s) } : I l ( J b? )pb1+"'+b’“Hp1(s+b),
J

b=(b1,...,b) 7=1
bi,...,b5 >0

where s +b = (s1 + by, ..., Sk + br).

Proof. First, for 1 < m < p — 1 an integer, the binomial theorem gives

)

(p—m)* ns m

= o (T

b>0

which converges p-adically. We then make the substitutions n; <> p — m; in the

definition of the multiple harmonic sum, giving

1
Hp_l(s) = Z nsl nsk
k

p—1>ni>..>np>1 1 7

_ 3 1

p—1>mp>...>m1>1 (p o ml)sl SR (p - mk)s’“

= (=1)*® > 3 ﬁ <Sj+zj - 1) P

p—1>my>..>mi>1 by, by >0 j=1

k
s;+b; —1Y\
= (_1)w(s) Z H(] bj )p]le(Sk+bla'--:51+bk)

b1,...,bp20 j=1

]

We can state the p-adic Reflection Theorem in terms of the derivation d defined

by Ihara, Kaneko, and Zagier ([17], Table 2):



69

Corollary 4.3.2 (p-adic Reflection Theorem, short form). Let d be the derivation on

— ?_)1 o be the anti-involution send-
2

ﬁZ[ | gwen by x — 22,y — xy, and let R : 5’)Z[ 1

g 2, - .. 2, to (=1)1F=Fskz 2z Thenexp(d) is an automorphism ofﬁz[ 1, @ and

for any o € ,61 Zp
exp (d) (@) — R(«) € ker(¢).

Proof. By linearity, it suffices to consider a = zg, ... 25, . It is shown in [17], Propo-

sition 7, that exp(d) is an automorphism of §0 . satisfying exp(d)(z) = (1 —x) 'z

Z3]
and exp(d)(y) = (1 — x)~'y. Now we compute

exp(d)(a) = eXp )

= T~

(1 —ax) 5%y

.
[y

= |l

_ sj+b;—1 s;—14b
— T Y
193 b,
=1 b;>0
= E Zg14by - - - Zsk""bk
bi,...,b5 >0

The result now follows from Theorem 4.3.1 and the definition of R(zs, ...z5,). O
Taking o = 2"y € .61 1y we get the following:
2
Corollary 4.3.3. For all n > 0, the convergent p-adic identity
()" Hy(n+ 1)+ > ( ) PH, ((k+1) =0

k>n

holds for all primes p. Fquivalently, we have
( n n+1 ny+2( )xkyeker(qﬁ).
k>n

This corollary will be used in Chapter 5 to show that Theorem 4.3.1 suffices to

determine the intersection of ker(¢) with the closed subalgebra of (53 ) generated

Zlz)’
by the elements y".

Proof. Every term appearing in exp(d)(z"y) is of the form z*y for some m > n. The

coefficient of %y is the number of ordered (n + 1)-tuples of non-negative integers
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with sum k& — n. By a standard combinatorial argument, this number is (i) The
result now follows. O
4.3.2 The p-adic duality theorem

In [16] Hoffman also proves a duality theorem (Theorem 4.6). To state this the-

orem, we need a definition. For n a non-negative integer and s = (sq,...,5;) a

Sus) = Y ﬁ

n>ni>ng>.>ng>1 L T

composition, we let

This sum can be expressed in terms of multiple harmonic sums:

t=<s

where t < s means the composition t can be obtained from s by combining some of

its parts. When s = (sy, ..., sx) is a composition, we denote by 3(s) the element
D FueeF €Sy
tf(th...,tm)
t<s
We extend 3 to a Z[3]-linear map 5%2[1] — 5%[1}, taking 2, ...z, t0 3(s1,...,s) for
2 2
each composition s = (s1,...,s;). In [16] an inverse to 3 is constructed using the

Mobius inversion formula.
Compositions s = (s1,...,s;) of weight n are in bijection with subsets of

{1,2,...,n— 1} by the map
(4.3) ¢ (s1y...,8K) = {s1,81+S2,...,81+ S+ ...+ Sk_1}

The dual s* is the composition corresponding under (4.3) to the complement of
¢(s). The operation s — s* squares to the identity. We extend this operation to an
automorphism of 5')2[%}, (Zoy - Z5y) 1= 24, ... 21, Where (ty, ... ty) = (s1,...,8)".

Hoffman’s result states that for all compositions s, the congruence

Sp1() + S, 1(s) =0 (mod p)
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holds for all primes p .This was later extended by Zhao, who showed that for all odd

primes p,
Sp—1(s) + Sp—1(s™) +p (Z H, ;((1)u t)) =0 (mod p?),
t=<s
where (1) U (t1,...,tx) = (1,t1,...,tx). These congruences can be expressed in a

different way. Define an involution ) : 52[%} — 52[%}7 xr— x+y, y+— —y. This
restricts to a map 5%[11 — 52[ 1 which we also denote 1. Hoffman [16] shows that
2 2

the duality theorem is equivalent to the congruence
H, 1(¢¥(s)) — Hy—1(s) =0 (mod p).

Our p-adic extension of the above congruences is stated in terms of two auto-
morphism of 5%%[ ik 1 (described by Hoffman in [16]) and ®(_,) (described by Thara,
Kaneko, and Zagier in [17]).

Theorem 4.3.4 (p-adic Duality Theorem). Let 9 : 5%2[%] — 52[%1 be the auto-
morphism x — v +y, y — —y, and Py : A%[l] — ’6%[% the automorphism
2 2
a— (1+vy) <F1y *a). Then 1 restricts to an automorphism of 5%2[1], and for
~ 2
all a € HL 1., we have
Z[35]
Py (@) — ¥(a) € ker(¢).

Proof. By linearity, it suffices to consider a = zg, ... z5,. We may assume p is odd, as

this is the case for all but finitely many p. First we compute a p-adic representation

of (Z), n fixed. We have

(p) pp—1)...(p—n+1)

n n!

- (=D 0-3) - (- 7)

= () EY )WL)

>0

The work of Hoffman ([16], Theorem 4.2 and the proof of Theorem 4.6) shows
that for any composition s,
—Sp-1(s") = Zp: (p> (=1)" S i(s)-
— \n

n=1
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Multiplying through by pw(S = p“’(s*) and using our p-adic representation of (Z ), we
have
. (p
_pw(s )Sp—l(s*) _ Z ( )(_1)n+1pw(s)sn_l(s)

n
n=1

P05, 1(5) + 5 L8, 1(6) Y1 Ho s (1)

j>0

= S + (-1 wwz LS @ H)

7>0

The left hand side above is ¢,(—3(s*)). The bottom right is

o8 (3(8) + ;(—1)@(5(8) * yj)) = (5(s) +y (ﬁ *5(5)» .

It follows that

554660+ (1 3ls)) € e

for all compositions s. Since this expression is linear in s, the formula holds when s is

replaced by any element of L .. If we choose the element 3 () for some o € 531 iy
2

e

using the relation —3(s*) = v (3(s)) ([16], Theorem 3.2).

Next, we note that the asymptotic relation

Zl5]"
we get

(4.4) —¢(a)+a+y(1j_

S (1)) =
n>1
which follows from Proposition 2.2.1 with n = p—1, j = 0, implies that y —y* +y> —
= 1+y € Joo. The set J, is an ideal of (ﬁ
this with (4.4) gives

zIip )7 S0 1+y xa—a € Jo Combining

(1+7) (1iy*a> —(a) € Ja.

This completes the proof. O
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Remark 4.3.5. The ring 5%[;] is filtered by the ideals I,,, and is in fact graded. As
2

we discussed in Remark 4.2.9, the study of mod p multiple harmonic sums amounts

to the study the sets I,,/(J,1+1 NL,). We can reinterpret this as the study of the ideal

@(Jn+1 N ]In)/]InJrl C @ I[n/]InJrl

n>0 n>0

in the associated graded ring of 5%[11 [16].
2

The automorphisms R and % in Theorems 4.3.1 and 4.3.4 preserve the grading.
The automorphism exp(d) and P _,) preserve the filtration but not the grading. In

fact, exp(d) and ®_,) induce the identity map on the associated graded ring, so
our Theorems 4.3.1, 4.3.4 reduce to the duality and reflection theorems for mod p
sums (Theorems 4.5 and 4.6 of [16]) when we pass to the associated graded ring.

It is perhaps accurate to say that the study of asymptotic relations among mul-

1
Z[3]
o (552[ 1 %) — Hp23 Z,, whereas the study of mod p multiple harmonic sums is the

tiple harmonic sums is the study of the ring 9 and universal evaluation map

study of the associated graded ring and morphism, where (5%%[ 1y x) is filtered by the
ideals I, and [] 3 7Z, is filtered by the ideals [] .3 p"Z,.



Chapter 5

Formal p-adic Identities for Symmetrized Sums

In this chapter we consider symmetrized multiple harmonic sums, which are vari-
ations of multiple harmonic sums. Symmetrized multiple harmonic sums include the
elementary symmetric multiple harmonic sums H,,({1}*) and the power sum multiple
harmonic sums H, (k). We provide a classification of congruences among weighted
symmetrized multiple harmonic sums, which is conditional upon a conjecture of Zhao

[41] regarding Bernoulli numbers.
5.1 Introduction

Suppose s = (S1,...,8k), t = (t1,..., 1) are two compositions of equal length. We

write s ~ t if there exists a permutation o € Sy, such that s; = ¢, fori =1,2,... k.

Definition 5.1.1. Let s be a partition of length k, N a positive integer. We define

the symmetrized multiple harmonic sum by

Hu(s) = Hx(t).
trs

We have the special cases 4 ({1}*) = Hy({1}*) and 54 (k) = Hy(k), k,n €
N; in these cases, we will prefer the notation 7 to emphasize that the sums are
symmetrized. If s ~ t, then J#y(s) = #N(t), so that we may restrict our attention
to the case s is a partition (i.e., s = (s1,..., ;) with s1 > ... > s5).

Our study of symmetrized multiple harmonic sums uses the completion of the ring
of symmetric functions over Z[1] (see Remark 4.2.2 for a dicussion of this choice of

base ring).

74
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Definition 5.1.2. Let /AXZ[%} denote the completion of the ring of symmetric func-
tions over Z[%] with respect to the degree grading. By the fundamental theorem of

elementary symmetric functions, we have an identification

Aoy = (z ED llen, s, ]

where e, is the n-th elementary symmetric function. The topology on this power
series ring comes from completing the polynomial ring Z[%][el, ey, ...] with respect

to the grading deg(e,) = n. An element of AZ[%] is a formal infinite sum
>
I

over multi-indices I = (iy,...,i,0,0,...), where e/ := ¢!' ... e?j. The topology has

a neighborhood basis of 0 consisting of the ideals

{Za;el:aleifil—l—2i2+...—|—k5ik<n}.

I
Recall that in Chapter 4, we considered 5%[ 1y which is the set of formal infinite
sums
Z QsZsy - - - Zsp s
S=(81,-,5%)
where the summation is taken over all compositions s, and the coefficients ay are in

Z[%] We also defined, in Section 4.1.1, a commutative product * on "%EH’ called the
R 2
stuffle product, so that the commutative ring (ﬁ%[ 1y, %) is ismorphic to the completion
2
of the ring of quasi-symmetric functions over Z[3]. The fundamental theorem of

elementary symmetric functions implies that we can identify AZ[ 1 with the closed

subring of (.‘7)2[ 1 *) = QSymy, 1) consisting of the symmetric functions, where e, €

2 —~
A1y is identified with 2" € $1 .
Definition 5.1.3. For each odd prime p, define a continuous ring map

~

90p . AZ[%] — Zp
e, — ptA({1}7).
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We let ¢ JA\Z[%] — szg Z, be the product of these maps, and we call ¢ the

1
z[3]
of the universal evaluation map ¢ defined in Chapter 4. For n € Z~,, we get an ideal

symmetric universal evaluation map. This map is just the restriction to /A\Z[%] C ,S%

I ={a€ AZ[%] : pp(a) € p"Z, for all sufficiently large primes p}.
5.2 Results

In this section we state our results concerning symmetrized multiple harmonic

sums. These results are proven later in this chapter. We have two main results.
5.2.1 Description of the ideals ker(¢) and 7,

Our first result is a description of the ideals ker(¢) and _#,, for n = 0,1,2,....

The following definition is used in our description of _#,.
Definition 5.2.1. We define a non-Archimedean valuation v on /A\Z[%] to be trivial
on Z [%], and given by

n+1 if n even,

v(en) =

n+2 if n odd,

extended multiplicatively to monomials. Denote by ., the ideal consisting of those

a € /A\Z[%] for which v(a) > n.

This valuation is motivated by the congruences for multiple harmonic sums given
as Proposition 2.3.1, which imply that for n > 0, v,(p"7({1}")) > v(e,) holds for
all sufficiently large primes p. The topology on AZ[ 1 is generated by v.

We can now describe a large class of elements in the ideals ker(¢) and _Z,.

Theorem 5.2.2. Forn=20,1,2,..., let

k N
Ay = €, + Z(_1>k+1 (n) e € AZ[%}

k>n

Then o, € ker(yp), and we have
ker(p) D (ao, a1, .. .).

For alln > 0, we have

I D (g, aq,...) + .



(s

Conditionally upon a conjecture of Zhao [41] concerning Bernoulli numbers, the
containments of ideals Theorem 1.3.21 are actualy equalities. We state Zhao’s con-

jecture here.

Conjecture 5.2.3 (Nonlinear Bernoulli Nondegeneracy Conjecture). Let

flzr, .. xn) € Zlxq, ..., xy)

be a homogenous polynomial, where we set deg(x;) = 2i + 1. If f is non-zero, then

there exist infinitely many primes p such that p does not divide the numerator of

f(Bp—?n Bp—57 s 7Bp—2n—l)-

We show the following:

Theorem 5.2.4. The Nonlinear Bernoulli Nondegeneracy Conjecture is true if and

only if for all n > 0, the second containment is equality:
In = (g, a1,...)+ F, for alln > 0.

These conditions imply that ker(¢) = (ap, a1, . . .).

This means, assuming the truth of the Nonlinear Bernoulli Nondegeneracy Con-
jecture, we have a recipe for writing down all congruences among weighted, sym-
metrized multiple harmon sums, which hold for all sufficiently large primes p. We
would like to have a similar description of the kernel of ¢ : fj%[

the ideals J,, C 5%[

| = [1,53%Zyp, and of

1
2

discussed in Chapter 4.

1
3l

The elements «,, € ker(y) come from the identities

n n vj
Pt ()4 0 ()t (1)) =0,
k>n
holding for all primes p > 3. This identity was proven in Chapter 2 (it follows from
Proposition 2.2.1), where it was used to construct binomial coefficient congruences.

This is given below as Proposition 5.3.1.
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5.2.2 Elementary symmetric identities and power sum identities

The generators «, of ker(¢) given in Theorem 5.2.2 come from asymptotic re-
lation among the elementary symmetric multiple harmonic sums. The Asymptotic
Reflection Theorem 4.3.1 implies a similar family of asymptotic relation among the
power sum multiple harmonmic sums. Particularly, for n a non-negative integer,

taking a = 2™y in Corollary 4.3.3 gives the identity

k
()" A (n+ 1)+ (n>pk+1<%’;_1(k’ +1) =0,
k>n
which holds for all primes p. To write down the corresponding elements of ker(y),

we make the following definition.

Definition 5.2.5. Let s = (sy,. .., $,,) be a composition. The elementary symmetric
functions generate the ring of symmetric functions, and we define 6q(¢4,...,t,) €

Z[ty,...,t,] to be the unique polynomial such that

> ( > x) = Os(e1(x), . . en(x)),

(t1,eestr)~vs N1 >0

where e, (x) is the n-th the elementary symmetric in x = (21, 23, ...). We set
h(S) = 05<€1, . 7671) € AZ[%]

Now, Corollary 4.3.3 implies that the elements
By = (—=1)"h(n + 1 +Z< > (k+1)

are in ker(p) forn =0,1,....

The second result of this chapter, which is combinatorial in nature, says that
the elements «,, € ker(¢) can be obtained, in an appropriate sense, from the ele-
ments 3,. In particular, this implies that if the Nonlinear Bernoulli Nondegeneracy
Conjecture is true, the p-adic Reflection Theorem 4.3.1 is sufficient to determine

ker(¢) = ker(¢) N A, B

Z(1] . To make this precise, we give the following definition.

Definition 5.2.6. An ideal I C /AXZ[%] is called absolutely closed if I is closed, and
forall r € Z<g and o € AZ[%], we haverae I = ac . If I C AZ[%] is any ideal, we
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define I to be the intersection of all absolutely closed ideals containing 7, and call I

the absolute closure of I. It is an asbolutely closed ideal.
We can now state our next result.

Theorem 5.2.7. Forn=0,1,..., let a,, B, € /A\Z[%] be given by

s (e

k>n

Bp = (—1)"h(n+1) +Z() (k+1).

k>n
Let J,, Jsz C /A\Z[%] be the ideals generated by the o, and f3,, respectively. Then we
have
Jo = Js.
This Theorem implies that o, € JNB for all n, and assuming the truth of the

Nonlinear Bernoulli Nondegeneracy Conjecture, that ker(yp) = %
5.3 Identities and congruences for elementary symmetric sums

In this section, we consider the elementry symmetric multiple harmonic sums
—1({1}™), with p and odd prime and n a positive integer. We have the following
family of identities among these sums, which were used extensively in Chapter 2.

These identities follow from Proposition 2.2.1.

Proposition 5.3.1. Let p be an odd prime. For every non-negative integer n, we

(1)) + L0 ()i A1) =

>n

have:

The above sum is finite (terms vanish when i > p).

We also recall the following congruences for the elementary symmetric sums

H,_1({1}") in terms of Bernoulli numbers, given by Zhao in [40]:

Proposition 5.3.2. Let p be a fized odd prime, and n an integer with 1 < n < p—3.

Then we have

LBy 10 D (mod p?) if n is even,
A1 ({1}7) = e

(n+2) o P (mod p?) if n is odd.
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5.4 Generation of the ideals ker(¢) and ¢,

In this section, we prove Theorems 5.2.2 and 5.2.4. We begin with two lemmas.

Lemma 5.4.1. Let n be a positive integer. Define a grading on the polynomial ring

Z[3)x1, ..., @) by deg(a;) = 20 + 1. Suppose f(x1,...,x,) # 0 € Z[3][x1, ..., 2] is

homogeneous of degree d. Then

Vp(p(flea,eq,...,62,))) > d

for all sufficiently large primes p. If we assume the truth of the Nonlinear Bernoulli
Nondegeneracy Conjecture, then equality holds for infinitely many p.
Proof. By Proposition 5.3.2 and the definition of v, we have

_Bp—3 _Bp—2n—1
3 777 2n+1

dp(f(ea, .- ean)) =p°f ( ) mod p*

for p > 2n + 3. The result now follows by applying the Nonlinear Bernoulli Nonde-

f —T1 —X2 —Tn
37 5 77 oan+1/"

generacy Conjecture to

]

Lemma 5.4.2. Let n be a positive integer. Then ¢,(1s,) C p"Z, for all primes
p > 3n.

Proof. Suppose a € .#,. We put a grading on the polynomial ring Z[%][ml, Tg,...| as
in the statement of Lemma 5.4.1. Extracting terms of low degree, we find that there
are polynomials f,,, fui1, ..., fan_1 € Z[%][xl, Tg,...] with deg(f;) = 14, so that

3n—1

o = Z fi(el,eg, .. ) + O.//,

with o/ € #,,. For n <i < 3n — 1, the fact that ¢,(f;) € p"Z, for sifficiently large
p follows from Lemma 5.4.1. The fact that p,(a’) € p"Z, for all p follows from the
definition of ¢, and the fact that

v(ef* -...ref) >3n=1-a1+...+ k- ap >n.
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Proof of Theorem 5.2.2. First we show that #, D (ag,a1,...) + &, for all n > 0.
This follows from the fact that the elements a; are in ker(¢) by Proposition 5.3.1,
and %, C ¢, by Lemma 5.4.2.

As the kernel of a continuous map, ker(yp) is closed. Along with the fact that
a,, € ker(yp) for all n, this implies

ker(y) D (ao, a1, - . .).

]

Proof of Theorem 5.2.. First we show that the truth of the Nonlinear Bernoulli
Nondegeneracy Conjecture implies _#Z,, = (ag, a,...) + &, for all n > 0. Suppose,
for the sake of contradiction, there is some v € _Z, such that v & (o, a1, ...) + F.
We will chose a coset representative for v mod (ag, o, . ..) + #,. Since ., contains

all terms of high degree, we can choose our representative to be a polynomial in

ey, es,...,€e,. For every non-negative integer m, we have
Gom41 (—1)k+1 k
=e + e k.
g A D D wl PR
k>2m+2

Using this, we can choose a coset representative which does not involve e for k£ odd.

This means that we can find a polynomial f(z1,z,,...) € Z[3][z1, 2, .. .| satisfying
v = flea, eq,...) mod (ag,aq,...)+ Fp.

We have already concluded that (ag,aq,...) + &, C _#,, so this implies
f(e2,€4,...) € F,. The hypothesis on v implies f(es,eq,...) & &,. Let us grade
the polynomial ring Z[3][x1, 2o, ...] by deg(z;) = 2i + 1. For k = 0,1,..., write
fr(x1,xo,...) for the homogeneous componenet of f of degree k. Let d be minimal
with the property that f; # 0; we have that d < n — 1. Now, assuming the truth of

the Nonlinear Bernoulli Nondegeneracy Conjecture, Lemma 5.4.1 implies that

vp(flea,eq,...)) = vp(falea,eq,...)) =d<n

for infinitely many primes p, contradicting the fact that f(es,e4,...) € _Z,.
This completes the proof of the fact that the Nonlinear Bernoulli Nondegeneracy
Conjecture implies _#Z,, = (o, a1,...) + #, for all n > 0.
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Next, we show that ¢, = (ap,,...) + .%, implies the truth of the Nonlinear
Bernoulli Nondegeneracy Conjecture. Let f(z1,...,x,) € Z[x1, 22, ...] be non-zero
and homogeneous of degree n as in the statement of the Nonlinear Bernoulli Non-
degeneracy Conjecture (where we set deg(x;) = 2i + 1. The coset representative -y

above was unique, which implies that

f(62, €4, .. ) QI (ao, aq, .. ) + jn+1~

By hypothesis, this means f(eq,...) € _#,, so that

pn+1 1 f(p2Hp_1({1}2,p4Hp—1({1}4), )

for infinitely many primes p. It follows from Proposition 5.3.2 that

p)ff( p— 3, B P— 57"')

for infinitely many primes p.
Finally we show that _¢#,, = (o, a1, ...)+.7, for all n implies ker(yp) = (o, a1, . . .).
We have

(v, g, . ..) C ker(p ﬂ I = ﬂ ( ozo,ozl,...)—i-fn) = (v, 1, - - .),

where the last equality holds because the .7, are a neighborhood basis of 0. Now
the fact that ker(y) is closed completes the proof. O

5.5 A category of complete topological rings

We now move towards the proof of Theorem 5.2.7. We will need to establish some
facts about AZ[ 1. The ring AZ[ 1) is a complete topological Z[%]—algebra. We define a

category in which AZ[%] is an object.

Definition 5.5.1. Let cRing denote the category whose class of objects consists of

commutative topological Z[%]—algebras R that satisfy the following properties:
1. Every Cauchy sequence in R has a unique limit.

2. There is a countable neighborhood basis of 0 in R consisting of open ideals.
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3. R is torsion-free as a Z [ ]—module.

1
2
Morphisms in cRing are continuous Z [%}—algebra maps.

To verify condition 2 for the ring AZ[%], we note that %, (n = 0,1,...) are a
neighborhood basis of 0. We also make the following definition regarding formal

power series over a ring R € cRing:
Definition 5.5.2. Let R € cRing be given. A formal power series
f(T) = raT" € R[[T]]
n>0

is called quasi-acceptable if the following conditions hold:

1. 7, is topologically nilpotent for all n > 1 (that is, for each n, 77 — 0 as j — 00).

2. r, > 0asn— oco.

3. ro — 1 is topologically nilpotent
The series f(T') is called acceptable if in place of (3) we have the stronger condition
(37) ro=1.

Let F : cRing — Set be the functor taking a ring R to the set of quasi-acceptable
power series over R. Likewise, let F': cRing — Set take R to the set of acceptable

power series over R.

We remark that, for any R € cRing, both F(R) and F(R) are subgroups of
R[[T]]*. Next we show that the functor F' is represented by AZ[%].

~

Proposition 5.5.3. There is a natural isomorphism of functors Hom(AZ[%],_) —

F, taking a continuous morphism 1 : AZ[%] — R to the series

fo(T) =1+ w(e,)T" € F(R).
n>1
Proof. Let 1 : AZ[%] — R be given, and set r, = ¢(e,), n = 1,2,.... Now, for every
n>1, lim;e!, =0 in /AXZ[%], so by continuity lim; ¢ = 0 in R, i.e., 1, is topologically

nilpotent. Additionally, lim, e, = 0 in AZ[ 1], 8O lim,, r, = 0 in R. This proves that

L+ r,T" € F(R)

n>1
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To show that this natural transformation is in fact an isomorphism, we construct its

inverse. Let

1+ r,T" € F(R)

n>1

be given. Define a map v : JA\Z[%] — R as follows: for « = >, asz! € AZ[%], set

Y(a) = Z arr’,
I
I 1,12

where ' = ri'r2... and the sum suns over multi-indices I = (iy,4s,...). The
fact that the r; are topologically nilpotent and that r, — 0 implies that r/ — 0
(in the sense that, for any neighborhood U of 0 in R, r! € U for all but finitely-
many /). The completeness of R, along with the fact that the topology on R has a
basis consisting of Z[%]-submodules (in fact, ideals) now implies that the above sum
converges, so ¢ is well-defined. It is evident that 1) is a morphism of topological rings,
and by construction we have v¢(e;) = r;. Finally, to see that the association ¢ «»
1+ Zn21 r,T™ is bijective, we note that if two morphisms v, : AZ[%] — R satisty
¥(e;) =1/ (e;) for all 4, then ¢ and ¢’ agree on the dense subring Z [1] [e;, €5, .. ] of

~

AZ[%], and hence are identical. O
We make the following definition:

Definition 5.5.4. For R € cRing and f(T) € F(R), we will write ¢; for the

corresponding morphism AZ[ | — R. Similarly, if ¢ : AZ[ | — R, we will write f,(T)

1 1
2 2
for the corresponding element of F'(R).
Remark 5.5.5. For any ring R € cRing, the set F(R) of acceptable power series over
R is a abelian group under multiplication. This abelian group structure comes from
a co-commutative Hopf algebra structure on the ring of symmetric functions. The
ring of quasi-symmetric functions also has a Hopf algebra structure, which is not

co-commutative. See [16] for a description.

Consider the product ring

This ring is a Z[%]—algebra which is complete with respect to the topology generated
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a neighborhood basis of 0 consisting of the ideals
11 »z, <[]z, c R,
3<p<n p>n

so Ry € cRing. We can identify R, with the profinite completion of Z [%}

By Proposition 5.5.3, the symmetric universal evaluation map ¢ : /AXZ[%] — Ry
gives an acceptable power series f, € Ro[[T]]. Our investigation of formal p-adic
relations among symmetrized multiple harmonic sums will hinge on the study of the

series f,. In particular, we will show that f, satisfies a functional equation.
5.5.1 Operations on power series

The functional equation for f,(7") relates T and —1—T" (and is therefore symmetric
about T'= ). To motivate our next definition, we take R € cRing, f(T) € R[[T]],
and we formally compute f(—1—T):

f(-1=T) = Y r(-1-17)"

n>0

where
(5.1) an =Y (~1) (7‘1)%

If 7, — 0, the the sum giving a,, converges in R, and we only define f(—1 —T) if

this is the case. We make the following definitions:

Definition 5.5.6. Suppose R € cRing. We denote by R{T'} the set of power series
F(T) = "r, " € R[[T]
n>0
satisfying r, — 0. We topologize R{T'} by taking as a neighborhood basis of 0 sets
of the for U{T'}, where U is a neighborhood of 0 in R. For f(T') € R{T}, we define

a power series

(SHT) =) a,T" € R[[T]]

n>0
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by .
N (=)
An = Z( 1) (n> Tj
jzn
When no ambiguity can arrise, we will abbreviate (Sf)(7T") by f(—1—1T).

Next, we prove some basic properties about the series f(—1 —T).

Proposition 5.5.7. Let R € cRing, f(T) =>_r,T" € R[[T]] be given, with r, — 0.
Then:

1. The map S : R{T} — R{T} is an involution of R-algebras.

2. If f(T) € R{T}, then f'(T) € R{T}, and
(57 ) (0@ =~(57)T)

3. If f(T') is acceptable, then f(—1—T) is quasi-acceptable.
Proof.(1,2) To begin, we first note that S is additive. Next, if r,, — 0, then
(]
n = —1) i — 0,

so that S takes R{T'} to R{T}. Next, we note that S is continuous: if U C R
is an open ideal containing 0, then S~Y(U{T}) D U{T}. Since such U{T} are
a local basis at 0, it follows that S is continuous. Now, statements (1) and (2)
of the proposition obviously hold for the restriction of S to R[T]. Finally, R[T]

is dense in R{T'}, so we are done.

(3) Clear from the definition of (quasi-)acceptable

5.5.2 Computations involving the elements «, and (5,

The polynomials 6}, given in Definition 5.2.5 have an explicit description, which

we give here.

Proposition 5.5.8. Define a formal power series

FT) =14 yT"

n>1
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with Y1, Yo, . .. indeterminates. Then, we have
J(T)
=D (=1)"0ns1(yrs o, YT
A1)~ 2
Proof. By the definition of 6,11, it suffices to show that if f(T) =1+>_ ., e, T" as
a power series over the ring of symmetric functions (in the variables x1, zs, .. ., say),
then
f'(T)

f(T) = Z(_l)npn+lTn7

where e,, and p,, are the elementary and power sum symmetric functions, respectively.

We have a factorization -

AT) =T+ 2T,

n=1

from which we can compute

f(T) _ %
f(ry Zl+an

n=1

o0

= g Ty — 22T + 22T? — ..
n=1
o

= Z(—l)kpkﬂTk-

k=0

]

The following Proposition gives a concise way of describing the elements «,, 5, €

Ay 1 We consider the ‘universal’ acceptable series fiq € F(Ay 1 1), given by
fu(M) =1+ e, T
n>1
When ¢(7') is an arbitrary power series, we denote by [g(T")],, the coefficient of 7"
in g.

Proposition 5.5.9. Let fi4(T) € F(/A\Z[%]) be as above. Then, we have

@ = |F(1) = f(-1-1)]

n

and
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The first few values of 0y, are:

(yl = U

(ylayQ = y%—2yz

Os(y1, Y2, y3) = yi’ — 3y1y2 + 3y3

)
)
)
)

0s(yr, Y2, Y3, y1) = Yi — 4yTys + dyrys + 2y5 — dys

As an example, we can use the above to compute the first few terms of Sy:

Bo = 2h(1)+ h(2)+ h(3)+ h(4) mod &
= 2e + ef — 2ey — 3e1ey + 26% + 3e3 — 4e4, mod S

and of [:

f1 = 2h(3)+3h(4) mod &
= —6ejes + 663 + 6es — 12¢4 mod ¥

5.6 More on complete topological rings

Recall that an ideal I C R, with R € cRing, is called absolutely closed if I is
closed, and for all « € R, r € Z~(, we have ra € I — o € I. We denote by I the

intersection of all absolutely closed ideals containing 1.
Proposition 5.6.1. We have the following:

1. If R € cRing, I C R, then Iis absolutely closed, and it is the smallest absolutely

closed ideal containing 1.
2. If R, S € cRing, and f : R — S is a morphism, then ker(f) is absolutely closed

3. If R € cRing, and I C R is closed, then R/I € cRing. If I is absolutely closed,
then R/I € cRing.

Proof. 1. This follows immediately from the fact that intersections of closed (resp.

relatively Z-divisible) ideals is closed (resp. relatively Z-divisible).



89

2. First, we have ker(f) = f~1({0}) is closed. Also, if r € R, n € Z- satisfy
nr € ker(f), then f(nr
f(r)=0,ie., r€ker(f

~—

= nf(r) = 0. Because S is torsion-free, this implies

~—

3. Ler m : R — R/I be the projection map. Clearly R/I is a commutative topolog-
ical Z [%]—algebra (in the quotient topology). Let Uy, Us, ... C R be a countable
neighborhood basis of 0 consisting of open ideals. Suppose 71,79,... € R/I is a
Cauchy sequence. For each positive integer i, w(U; +I) is an open neighborhood
of 0 in R/I, so we can find a sequence N; < Ny < ... of positive integers such
that 7, — 7,01 € 7(U; + I) for all n > N;. Choose ri,r3,... € R such that

7(Tn) = rn. For n a positive integer, define
i(n) = max{i: N; <n}

Now, for each n, 7,41 — 7, € Usn) + I, so we may choose u,, € Uiy, Jn € I with

Trnil — Tn = Uy + Jn. Define

We then check that s,11 — s, = u, — 0 in R. Because the U; are closed under
addition, this implies that s, is a Cauchy sequence in R, which must converges
to some s € R. Because 7 is continuous, it follows that 7,, — 7(s). This shows
that every Cauchy sequence in R/I has a limit. Because I is closed, {0} is
closed in R/I. In any topological group, the identity is closed if and only if the
group is Hausdorff. This implies that the limit of a Cauchy sequence in R/I is
unique.

[
5.6.1 Sets of acceptable power series defined by ideals

Recall that F' : cRing — Set is the functor taking R € cRing to the set of

acceptable power series over R.

Definition 5.6.2. Let [ C AZ[
V(I)(R) C F(R) by

| be any ideal. If R is an object of cRing, we define

1
2

V(I)(R) ={f(T) € F(R) : I Cker(¢y)},
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where 9y : Z[ | — R which corresponds (via the isomorphism of Proposition 5.5.3)

to the set of morphisms 1 : AZE] — R with I C ker(¢).

Our next proposition shows the extent to which to functor R — V(I)(R) deter-

mines the ideal 1.

Proposition 5.6.3. Let I;, I, C A 1) be ideals. Then, we have

2

V(I1)(R) C V(I1)(R) for all R € cRing < I, D I,
Interchanging the roles of I, and Iy, we also have
V(L)(R) = V(L)(R) for all R € cRing < I, = I

Proof. The kernel of any morphism in cRing is absolutely closed, so for every R &€
cRing, we can identify maps 1) : AZ[%] — R satisfying I; C ker(v)) with maps v/ :
AZ[%]/Ii — R. In other words, the ring [A\Z[%]/E represents the functor V(7;)(_) :

cRing — Set. Now, using the Yoneda lemma, we have

VR:V(L)(R) CV(I)(S) < Fn:V(hL)() = V(l2)()
commuting with V(;)(_) — F(_)
& EAZ[ j-algebra morphism AZ[ ]/]2 — AZ[ ]/]1

= [13[2

5.7 Proof of Theorem 5.2.7

Recall that, for n = 0,1,..., we defined elements a,,, 3, € A

e g (e

k>n

by

1]
Zl5]

Bp = (—1)"h(n+1) +Z() (k+1).

k>n
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We also defined ideals J,, Jg C AZ[ | to be generated by the o, and B, respectively.

1
2

The assertion of Theorem 5.2.7 is then that

~ o~

We begin with a lemma.

Lemma 5.7.1. Let R € cRing, f(T) € F(R) be given. Then f(T) = f(—-1-1T) if

and only if
f/

7= (11

Proof of Theorem 5.2.7. By Proposition 5.6.3, it suffices to show that V(J,)(R) =

V(J3)(R) for all R € cRing.

Suppose f(T) = >, r,T" € F(R). We can express the condition f(T) €

V(Ja)(R) as relation between f(7) and f(—1—1T):

F(T) € V(I)(R) & ay € ker(dy) Vn

& syt Z(—l)j“ (i)rj =0Vn

jzn

& f(1)=f(-1-T)

We also have a similar relation for V(B)(S). Using Proposition 5.5.8, we have

L/(—l ~T)=> a,T",

f n>0
where

J
Ay = ; <n) 0[n+1](T1, Ce ,Tn+1)

or equivalently,

Jg—1
Ap—1 = Z (n _ 1>0[n](317 . .,Sn)

Jjzn

Now, we can say:

f(T)eV(B)(S) & B, € ker(yy)Vn

= 6)["}(7"1,,7"”>+(—]_> +IZ( )Qm(Tl,...,Tj

& f?,(T) _ Ll
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To finish the proof, we only need to show that, for acceptable f(7T'), we have

fT) = f(-1-T) & f7'<T> - Lo

Proposition 5.5.7 implies that.

- m sl T
() = f(-1 T);‘f(T) f( 1-T)

For the reverse implication, we first show that, for g(7'), h(T) € R[[T]] quasi-

acceptable, we have
9 N
g h

As a formal power series, we define

_ nt1 L
og(1 +2) = (-1 - < 2l
Given a power series g(1') € R[[T]] with constant term 1, we can evaluate log(g(7"))
using the above series for log. We will introduce some denominators, so log(g(T))
will actually be a formal power series over the ring R ® Q. Note that, in general,
R ® Q will no longer be complete. Additionally, log(g(7")) will have constant term 0.

We also have the exponential function, given by the power series

exp(r) = 3 2 € Q]

n>0

Given h(T) € R[[T]] with constant term 0, we can evaluate exp(h(7")), which will
be a power series over S ® Q with constant term 1. For g(T) € R[[T]], we will write
g(T) for the image of g(7) in (R® Q)[[T]]. The fact that exp(log(l +z)) =1+ z as
power series gives us that, for ¢(T") € R[[T]] with constant term 1:

(5.2) exp(log(9(T)) = 9(T)

Suppose %(T) = %/(T) If we take the image of the first equation in (R ® Q)[[T]

and rewrite, we get

4 tow(9(1)/9(0)) = - loa(h(T)/h(0))
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Since S ® Q is torsion-free, the only power series with derivative 0 are constants,

so we get

(5.3) log(g(T)/9(0)) = log(h(T)/h(0)) + C

for some C' € R ® Q. Comparing the constant terms on both sides of the equation

above, we get that C' = 0. Exponentiating both sides of (5.3) gives

<g<T>> ) (h(T))
9(0) h(0)
Finally, R is torsion-free, so the natural map R — R ® Q is injective. This implies

% — %, as desired.

Now, suppose f%(T) = —f—/(—l —T). Applying the above claim, we conclude that

!
(remembering that f(0) = 1):

_f(=1-=T)

=5
Making the substitution 7" <» —1 — T', we find that
I (D)

so that f(—1)% = 1. This implies that =/ g idempotent , so that
2

1-f(=1) (1 - f(—l))n

9 - 9

for all n > 1 (here it is essential that R is a Z [%]—algebra, not just a Z-algebra).

Fianlly, Proposition 5.5.7 says that %(_1) is topologically nilpotent, so we must

have %(_1) =0, i.e., f(—1) = 1. We therefore have

f(T) = f(=1-T)

This completes the proof. n
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Appendix

The Ring of Asymptotic Numbers

In this appendix, we define a topological ring Rqg, which we term the ring of
asymptotic numbers; it is a Q-algebra, and the topology comes from a non-
Archimedean metric extending the discrete (trivial) metric on Q. Although we think
R is an interesting ring in its own right, the purpose of this appendix is to discuss
the possibility of using Rg as a replacement for the ring Hp23 Z,, appearing as the
target of the (symmetric or not) universal evaluation maps, given in Definitions 4.2.3
and 5.1.3. This replacement will be accompanied by passing from Z[%] coefficients
to Q coefficients in the source ring (AZ[%] or 5%[%}).

Although we will not make use of it here, it is possible to give a similar definition

with Q replaced by any global field.
A.1 Introduction

In Section 4.2 we utilize the complete topological ring (5%%[ 1, ), which we identify
2
with the completion of the ring of quasi-symmetric functions over Z[%] The universal

evaluation map, given by Definition 4.2.3, is a continuous ring map

(&l
¢ . ( Z[%}’*) — HZP'
Under the identification of (?)2[ 1 ) with the ring of quasi-symmetric functions, this
2
map of Z[%]—algebras is the product of the maps ¢,, where ¢, takes the monomial

quasi-symmetric function

Mgy oy = Y Lt

11>, >0
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to the element

Pt (81, .., 88) € Zy.

In Chapter 4 we investigate the kernel of ¢, as well as the ideals
J.={ac 5/’32[11  ¢p(a)) € p"Z, for all sufficiently large primes p}.
2

Although the universal evaluation map does not extend to 56, it is possible to give

an ad hoc definition of analogous ideals J,, C %(b

J, = Z OsZs, -+ Zsp Z aspw(S)Hp,l(s) € p"Z, for all sufficiently large p

w(s)<n

Below, we define a topological ring Rg, and we propose an asymptotic evaluation
map ¢ : S/’J\(b — R, which is a continuous ring map. The ring Rg has a countable
neighborhood basis R = Iy D I; D ... consisting of ideals, with the property that

¢~ U(I,) = J,. It is also the case that
ker(¢) = ﬂ .
n=0

We can similarly define a symmetric asymptotic evaluation map, related to the sym-

metric universal evaluation map defined in Chapter 5.
A.2 The ring of asymptotic numbers

We consider the metric spaces Z, as p ranges through the primes. We normalize
our distance functions d, : Z, xZ, — R by d,(x,y) = (%)v"(m_y). Let R=1]]Z,, on
which we put the uniform topology: the ideals I,, := [ (p"Z,) form a neighborhood
basis of 0. The topology on R is generated by the metric

d((ap), (bp)) := sup dp(ay, bp).

p

We call two elements (a,), (b,) € R asymptotic if d,(a,,b,) — 0 as p — oco. The
set of elements asymptotic to 0 is a closed ideal of R, which we denote J. We define

the ring of asymptotic numbers Rg := R/J as a ring, on which we put the quotient
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topology. We denote by [(a,)] the class of a sequence (a,) € R in the quotient ring
R. There is a ring map Q — Rq, r — [(a,)], where

r () >0,

a, = N
0:wv,(r) <0.

Proposition A.2.1. The ring R enjoys the following properties:

1. The topology on Rg comes from a metric d, discrete on Q, given by

d([(ap)], [(bp)]) = limsup d,(ay, by).

pP—o0

2. Ro s complete but not locally compact.

Proof. 1. The ideals I,, C R are a neighborhood basis of 0 for the topology on R,
so a neighborhood basis of 0 for the topology on Rq is the images of I, + J
under the quotient map R — Rq. It is straightforward to verify that the open

d-ball of radius (%)nil centered at 0 in Rq is the image of I, + J.

2. This follows from the general fact that the quotient of a complete metrizable
topological group by a closed subgroup is complete (see [3], TG IX.25, Propo-
sition 4).

O

A.3 The asymptotic evaluation map

Here we define the asymptotic evaluation map, which is a continuous ring map

¢ (9h,%) — Rg. Let

o= Z aszsl...zskeﬁb

s=(51,.-+,5k)

be given. For each positive integer, we define an element [(a})] € Rq by

ay = Z agp”® H, 1 (s) € Z,.

w(s)<n
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A direct computation shows that

d ([(a)], [(a)")]) < (%) min(m,n)

n

)] is a Cauchy sequence. We define

for positive integers m, n, so that [(a

3(a) = lim [(a})] € Re.

n—oo

It is simple to check that ¢ is a ring homomorphism, and that

ael,=d <gz~5(oz),0) < (%)n

so that & is continuous.

Remark A.3.1. A similar construction yields symmetric asymptotic evaluation map

b AQ — Rg. The details are omitted.
A.4 Usefulness of the ring of asymptotic numbers

There are two main advantages to using the ring of asymptotic numbers, as op-
posed to szg Z,, as the target of the universal evaluation maps. We discuss these

advantages below.
A.4.1 Passage from Z[1] to Q

Our representation of values of p-adic L-function values at positive integers nat-

urally lives in 5(1@ More specifically, the identity

k 1-k E n+k n ‘En+2*k n+1
! p(k’ ) n>k2( ) (k 2) k 1 b 1(” )7

given in Chapter 3 as Equation (3.6), can now be interpretted as the statement that

6 () = (P Lok, ™) € Re,

where o € 5?)@ is given by

Busise
_ —qymtk (T ) B2k gm,
a= >, (-1 (k—2) k-1 "7

n>k—2
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Since o & 52[%1, we have no way of formulating this statement in terms of the
universal evaluation map. In fact, the denominator of terms in « contain all primes,
so this problem cannot be remedied simply by replacing Z[3] with Z[+] for some
integer N.

Using Q coefficients also simplifies the statements of some theorems and conjec-

tures appearing earlier.
A.4.2 Exclusion of finitely-many primes

As an abstract ideal, ker(y) is quite complicated. Tt likely cannot be generated
by countably many elements. One saving grace is that this ideal is closed, and there
is hope that it is the closure of a countably generated ideal (as was the case for the
kernel of the symmetric universal evaluation map ¢; see Theorem 5.2.2).

We have seen the identity

> (V)" H, ({13 =0,

n>1
which holds for p > 3 but fails for p = 2. Although we do not have examples, there
may be identities failing for a larger finite set of primes. If there were such identities,

then instead of examining ker(¢), the right object to study would instead be

J = {a €9 ¢p(a) = 0 for all but finitely many primes p} :

Unlike ker(¢), J need not be closed.

Proposition A.4.1. Suppose p1 < ps < ... is an infinite sequence of primes, and

that oy, , 0, ... € 5%% satisfy the conditions:
o ¢p(ap,) =0 for all but finitely many primes p.
e . (ap,) #0.

Then the ideal J C (5%, x) is not closed.

Proof. Replacing p,, with a larger prime if necessary, we may assume that ¢,(a,,) =0
for p > p,. The elements o, , ,, ... are in J by hypothesis, but one checks that
2y ey,
n>1

is in the closure of J, but not in J itself. O
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