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Summary. Case-crossover designs are widely used to study short-term exposure effects on the risk of acute adverse health
events. While the frequentist literature on this topic is vast, there is no Bayesian work in this general area. The contribution
of this paper is twofold. First, the paper establishes Bayesian equivalence results that require characterization of the set of
priors under which the posterior distributions of the risk ratio parameters based on a case-crossover and time-series analysis
are identical. Second, the paper studies inferential issues under case-crossover designs in a Bayesian framework. Traditionally,
a conditional logistic regression is used for inference on risk-ratio parameters in case-crossover studies. We consider instead
a more general full likelihood-based approach which makes less restrictive assumptions on the risk functions. Formulation of
a full likelihood leads to growth in the number of parameters proportional to the sample size. We propose a semi-parametric
Bayesian approach using a Dirichlet process prior to handle the random nuisance parameters that appear in a full likelihood
formulation. We carry out a simulation study to compare the Bayesian methods based on full and conditional likelihood with
the standard frequentist approaches for case-crossover and time-series analysis. The proposed methods are illustrated through
the Detroit Asthma Morbidity, Air Quality and Traffic study, which examines the association between acute asthma risk and
ambient air pollutant concentrations.

Key words: Case-crossover; Conditional likelihood; Dirichlet process; Estimating equation; Markov chain Monte Carlo;
Matched case-control; Posterior inference; Time-series.

1. Introduction
Case-crossover design, originally proposed by Maclure (1991),
has been widely used to study the effect of short-term expo-
sure on the risk of acute adverse health events, such as tem-
perature on mortality (Basu, Dominici, and Samet, 2005) and
ambient air pollution on asthma (Li et al., 2011). Under
this design, exposure at the event time of each case is com-
pared to exposure at some referent times (times within a
certain period where the same case did not experience any
event). For each case, a “referent window” is defined as a
set of time points consisting of the event time and all ref-
erent times for the same case. It can be viewed as a hybrid
of case-control (comparing exposure distribution of cases and
controls through a retrospective design) and crossover (the
case serves as its own control) studies. The case-crossover de-
sign inherently controls for time-invariant confounders (e.g.,
gender and race) by making within-person comparisons, and
controls for potential time-varying confounders (e.g., seasonal
trends) by proper choice of the referent times. The time-
stratified case-crossover design divides time a priori into dis-
joint strata, uses the event time to determine which stratum
is selected, and selects all or a sub-sample of the remain-
ing times in the stratum as referent times for a given case
(Janes, Sheppard, and Lumley, 2005a). For example, time
stratum based on the same day of the week in the same cal-
ender month that controls for confounding due to day of the
week, seasonal and long-term effects is often recommended
(Janes, Sheppard, and Lumley, 2005a).

The design and analytic issues related to the referent time
selection have been comprehensively discussed (Lumley and
Levy, 2000; Levy et al., 2001; Janes, Sheppard, and Lumley,
2005a; Janes, Sheppard, and Lumley, 2005b; Mittleman,
2005). The traditional approach for analyzing case-crossover
data is to treat them as coming from a matched case-control
structure, where each stratum consists of exposures at event
and referent times of a given case. A conditional logistic
regression (CLR) is routinely used to obtain estimates of
the underlying risk ratio parameters. In terms of referent
time selection, a “non-localizable” design (Janes, Sheppard,
and Lumley, 2005a) is a case-crossover design for which
the CLR estimating equation under the choices of ref-
erent times is biased, such as unidirectional (Maclure,
1991), bidirectional (Navidi, 1998) and symmetric bidirec-
tional designs (SBD) (Bateson and Schwartz, 1999). The
bias has been termed “overlap bias” (Lumley and Levy,
2000). In contrast, a “localizable” design (Janes, Sheppard,
and Lumley, 2005a) is a case-crossover design for which there
exists an unbiased CLR estimating equation, such as the
time-stratified design (TSD) (Janes, Sheppard, and Lumley,
2005a) and semi-symmetric bidirectional design (Navidi and
Weinhandl, 2002). Web Appendix C Figure 1 shows several
illustrations of common referent time selection strategies.
The TSD is generally preferred compared to any of the al-
ternatives thus far proposed (Janes et al., 2005b; Mittleman,
2005). Based on a 2010 review article (Carracedo-Mart́ınez
et al., 2010), though 42% of case-crossover studies during
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1999–2008 used SBD, the TSD has become the most popular
design since 2005.

An alternative analysis of such exposure and event series
data is to use a standard time-series analysis. Lu and Zeger
(2007) have shown that the traditional CLR approach to an-
alyze case-crossover data can be viewed as a time-series anal-
ysis with an underlying log-linear model of a specific form.
This equivalence has also been noted in special cases by Levy
et al. (2001) and (Janes, Sheppard, and Lumley, 2005a).

Bayesian data analysis under case-crossover designs ap-
pear to be non-existent in the literature though there is sub-
stantial work on Bayesian modeling of matched case-control
data (Ghosh and Chen, 2002; Sinha, Mukherjee, and Ghosh,
2004). It is true that the use of CLR remains identical in
the two contexts for certain “localizable” designs. However,
the assumptions and the data structure make the statisti-
cal points of discussion distinct in a case-crossover study
compared to a matched case-control study under a Bayesian
paradigm. In this article we consider a comprehensive treat-
ment of the problem starting with some posterior equivalence
results, followed by alternative Bayesian proposals beyond us-
ing CLR as the basis for inference in case-crossover studies.

The article is structured as follows. In Section 2, we
describe the disease-exposure association model, underlying
assumptions and two potential likelihood formulations, the
conditional and the full likelihood, under the case-crossover
design. In Section 3, we then consider equivalence results
analogous to Lu and Zeger (2007) in a Bayesian framework
under both formulations. Bayesian equivalence results are
intended to characterize the priors that ensure identical
posterior inference regarding the risk ratio parameters as
derived under case-crossover designs and from time-series
analysis. Bayesian equivalence results for case-control studies,
relating prospective and retrospective likelihoods appear in
several recent papers (Seaman and Richardson, 2004; Staicu,
2010; Ghosh et al., 2012). The full likelihood formulation
requires less restrictive assumptions than the conditional one,
however, it involves a set of nuisance parameters correspond-
ing to each individual or day that grows with sample size.
Thus maximum likelihood estimators (MLE) of the risk ratio
parameters can be potentially inconsistent. In Section 4, we
present a semi-parametric Bayesian approach using a Dirich-
let process prior (Ferguson, 1973; Antoniak, 1974; Müller and
Quintana, 2004) to handle the random nuisance parameters in
the full likelihood formulation. Section 5 presents a simulation
study where we evaluate the performance of both conditional
and full likelihood approaches under two common referent
time selection strategies: TSD (“localizable”) and SBD
(“non-localizable”). We study frequentist properties such as
bias and mean-squared error (MSE) of the proposed methods.
Our numerical results indicate that Bayesian analysis based
on the full likelihood has advantages in relaxing certain
model assumptions and reducing bias, but both Bayesian and
frequentist inference based on conditional likelihood are fairly
robust with respect to design choices and model assumptions.
Section 6 demonstrates the proposed methods through a
study examining the association between acute asthma risk
and ambient air pollutant concentrations. We discussed how
to use information from published studies through formula-
tion of an informative prior in the context of the example.

We would like to highlight the two fundamentally novel as-
pects of our study before concluding this section. The present
study is the first to consider Bayesian equivalence results be-
tween case-crossover and time-series analysis. The proposal to
use a full likelihood and use semi-parametric Bayes technique
to make the estimation of the nuisance parameters feasible
is also completely new in the case-crossover context. The nu-
merical comparison of all proposed Bayesian methods with
frequentist alternatives is an added asset of the article.

2. Case-Crossover and Time-Series: Disease Risk
Model and Likelihood

2.1. The Risk Model

Suppose that a population of N+M initially disease-free indi-
viduals are being followed forward in time. Let time point
t (follow-up day, say) stand for the time interval [t, t + 1)
throughout this article. Let Yit be the binary indicator whether
subject i has the disease occurring at time t (Yit = 1 if yes;
Yit = 0 if no). Let N and T be the total number of cases at
the end of the follow-up period and the total number of the
discrete set of time points t, respectively, and let, without loss
of generality, the first N of the N+M individuals denote the
cases. We start with the risk ratio model using similar nota-
tion as in Lu and Zeger (2007), where the risk of an event for
individual i at time t is assumed as

P (Yit = 1 | Xit) = λ0it exp
(
β�Xit

)
1 + λ0it exp

(
β�Xit

) . (1)

Xit = (Xit1, . . ., Xitp)
� is the p-dimensional exposure variable

for individual i at time t, β = (β1, . . ., βp)
� is the common set

of log risk ratio parameters. Each individual i is assumed to
have his/her own baseline risk λ0it .

If the risk of the disease for individual i at time t is small,
it will imply the following:

Assumption 1. P (Yit = 1 | Xit) = λ0it exp
(
β�Xit

)
/{1 + λ0it

exp
(
β�Xit

)} ≈ λ0it exp
(
β�Xit

)
.

For the case-crossover analysis, we do not require Assump-
tion 1 and can proceed with the likelihood governed by model
(1); while for the time-series analysis, Assumption 1 is re-
quired.

2.2. Case-Crossover Design

2.2.1. A traditional conditional likelihood approach. The
log risk ratio parameter β in model (1) can be ascertained un-
der a case-crossover design. We consider the situation where
the diseased individuals can have multiple occurrences of
events during the whole follow-up period, but the referent
windows corresponding to these multiple events from the same
individual must not overlap. We ignore the within-individual
correlation among the multiple occurrences of events, and
treat these multiple events as independent “cases.” Without
loss of generality, we still denote N as the number of “cases.”

Let ti and Wi be the event time and referent window for case
i. The following assumption on the baseline risk is often made
under a case-crossover design, which is natural if the length
of Wi is short (typically a month, as in Janes, Sheppard, and
Lumley, 2005a).
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Assumption 2. For each case i with event time ti, the base-
line risk λ0it is constant within the referent window Wi, that
is, λ0it = λ0iti , for any t ∈ Wi, i = 1, . . ., N.

Given the exposure X = (Xit)N×T , the referent windows Wi’s
and that

∑
t∈Wi

Yit = 1, the conditional likelihood of a case-
crossover design can be derived as

Lcc(β, λ) =
N∏

i=1

P

(
Yiti = 1, Yis = 0, ∀s �= ti | X, Wi,

∑
t∈Wi

Yit = 1

)

=
N∏

i=1

P (Yiti = 1, Yis = 0, ∀s �= ti | X, Wi)∑
t∈Wi

P (Yit = 1, Yis = 0, ∀s �= t | X, Wi)

=
N∏

i=1

λ0iti exp
(
β�Xiti

)∑
t∈Wi

λ0it exp
(
β�Xit

)
=

N∏
i=1

exp
(
β�Xiti

)∑
t∈Wi

exp
(
β�Xit

) = Lcc(β). (2)

In (2), the second equality holds under a “localizable” design
(Lumley and Levy, 2000; Janes et al., 2005b), under which
an unbiased estimate of β can be obtained using a CLR. Un-
der Assumption 2, the third equality holds. The nuisance pa-
rameter λ0iti was eliminated by conditioning on the sufficient
statistic

∑
t∈Wi

Yit .
The case-crossover design is similar to a matched case-

control design in the sense that the exposure at the event
time of each case is compared to exposures at all referent
times for the same case, that is, a matched set of exposures
corresponding to each Wi. Lumley and Levy (2000) discussed
the differences between the two designs, such as the depen-
dency of exposures between and within stratum. Due to these
dependencies, they showed that (2) can be treated as a condi-
tional likelihood of a matched case-control study only under
“localizable” referent window. They also showed that, with a
“non-localizable” referent window such as a SBD, ti and Wi

are simple functions of each other (ti is the mid-point of Wi),
and P

(
Yit = 1, Yis = 0, ∀s �= t|X, Wi

) = I(t = ti) is determinis-
tic. Thus, Lcc(β, λ) = 1, that is, uninformative. The estimat-
ing equation for β corresponding to Lcc(β) is biased under
“non-localizable” designs, and “overlap bias” is incurred if β

is naively estimated using Lcc(β) (Lumley and Levy, 2000).
The case-crossover design is commonly used in ecological

studies concerning issues such as effect of climate change and
air pollution on human health, where personal exposure is
often not assessed at an individual level. For example, am-
bient air pollutant concentrations are usually measured from
monitoring sites representing the exposure of the nearby pop-
ulation.

Assumption 3. The study population has experienced
shared exposure at each time t such that Xit = Xt, for i =
1, ..., N+M.

Under Assumption 3, the conditional likelihood in (2) can
be rearranged in terms of the number of events (e.g., daily
mortality) at each follow-up time t (e.g., day) and expressed

as

Lcc(β) =
T∏

t=1

{ ∏
i:Yit=1

exp
(
β�Xit

)∑
s∈Wi

exp
(
β�Xis

)}

=
T∏

t=1

{
exp

(
β�Xt

)∑
s∈W(t)

exp
(
β�Xs

)}Yt

, (3)

where W(t) is the referent window containing t as the event

time, Yt = ∑N

i=1
Yit is the count of events at time t. Assump-

tion 3 can be relaxed and individual exposure values can be
accommodated as in our earlier formulation (1) or (2).

2.2.2. A full likelihood approach. We propose an alterna-
tive full likelihood formulation of model (1). From (1), before
enforcing either Assumption 2 or 3, the full likelihood of a
case-crossover design is expressed in terms of individual level
exposure and baseline risk as

LNT
full(β, λ) =

N∏
i=1

P (Yiti = 1, Yis = 0, ∀s �= ti, s ∈ Wi | X)

=
N∏

i=1

λ0iti exp
(
β�Xiti

)∏
s∈Wi

{
1 + λ0is exp

(
β�Xis

)}} , (4)

which allows for a completely general form of λ0it . We refer to
LNT

full(β, λ) in (4) as full likelihood with individual and day level
intercepts. If the baseline risk for individual i does not change
in its referent window and depends only on the event time
ti as in Assumption 2, then we can write (4) as LN

full(β, λ) =∏N

i=1
[λ0iti exp(β�Xiti)/

∏
s∈Wi

{1 + λ0iti exp(β�Xis)}]. We refer to

LN
full(β, λ) as full likelihood with individual level intercepts. In

this case, the full likelihood LN
full(β, λ) under a case-crossover

design is exactly analogous to deriving the full likelihood
of a matched case-control study under a stratified logistic
regression model logit P(Yis = 1 | Xis) = log(λ0iti) + β�Xis, s ∈
Wi, i = 1, . . ., N. Under both Assumptions 2 and 3, one can
alternatively translate the likelihood in terms of common nui-
sance parameters log(λ0iti) = νti for all cases i that have event
time ti. Then LN

full(β, λ) can be aggregated as

LT
full(β, ν) =

T∏
t=1

[
exp

(
νt + β�Xt

)∏
s∈W(t)

{1 + exp
(
νt + β�Xs

)}

]Yt

, (5)

where ν = (ν1, .., νT ). We refer to LT
full(β, ν) as full likelihood

with day level intercepts.

2.3. Time-series Analysis

The log risk ratio parameter β in model (1) can also be esti-
mated using an alternative time-series analysis. The expected
number of events at time t can be expressed as the sum of the
individual level probabilities (1) over the population. Under

both Assumptions 1 and 3, log(E(Yt)) = log(
∑N+M

i=1
E(Yit)) =

β�Xt + log(
∑N+M

i=1
λ0it). For exposures varying at an indi-

vidual level Xit , generally one cannot aggregate the risk
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λ0it exp(β�Xit) as above to obtain a standard time-series struc-
ture involving the day level counts and exposures. Consider
log(

∑N+M

i=1
λ0it) as a function of time only, say St . Then β can

be estimated through the log-linear Poisson model

log(E(Yt)) = β�Xt + St, (6)

where St is typically modeled as parametric (e.g., season)
and/or non-parametric (e.g., natural spline of time) terms.
The likelihood corresponding to the log-linear model in (6) is

Lll(β, St) ∝
T∏

t=1

{
exp

(
β�Xt + St

)}Yt
exp

{ − exp
(
β�Xt + St

)}
.

(7)

2.3.1. Frequentist equivalence between time-series analysis
and case-crossover design using conditional likelihood. The
two estimating equations for β corresponding to (3) and

(6) are Ucc(β) = ∑T

t=1
Xt{Yt − exp(β�Xt)

∑
s∈W(t)

Ys/
∑

r∈W(s)

exp(β�Xr)} and Ull(β) = ∑T

t=1
Xt{Yt − exp(β�Xt + St)}, re-

spectively. By comparing Ucc(β) and Ull(β), Lu and Zeger
(2007) showed that, for a certain choice of window W(t) in
(3) of a “localizable” design, there exists a choice of St in
log-linear model (6) such that the two estimating equations
provide the same estimate of β. For example, for a TSD
with W(t) representing the time stratum containing time t, if

Ŝt(β) = log[{∑
s∈W(t)

Ys}/{
∑

s∈W(t)
exp(β�Xs)}], then log-linear

model (6) will provide the same estimate of β as (3). Note that

Ŝt′(β) = Ŝt(β) for any t′ ∈ W(t), implying St is a step function
of t with a separate value at each time stratum. As the con-
ditional likelihood is uninformative under a “non-localizable”
design, there is no equivalence between time-series analysis
using a log-linear model and case-crossover design.

2.3.2. Frequentist equivalence using full likelihood. Simi-
larly, by comparing the two estimating equations correspond-
ing to LT

full(β, ν) and Lll(β, St), we showed (in Web Appendix
A) that, for a certain choice of window W(t) of a “localiz-
able” design, there exists a choice of St in the log-linear model
such that the two estimating equations provide the same es-
timate of β. Under a TSD, while the conditional likelihood
approach or an equivalent log-linear model would only allow
the baseline risk to change discontinuously among different
time strata, the full likelihood approach does not require such
constraints. However, both the full likelihood method and its
equivalent log-linear model encounter difficulty in estimating
β in the presence of T day level nuisance parameters using
maximum likelihood. As an alternative estimation strategy,
a random effects Bayesian approach could be used to handle
these random nuisance parameters under the full likelihood
formulations, which are described in Section 4.

3. Bayesian Equivalence Between Case-Crossover
and Time-Series Analysis

3.1. Bayesian Equivalence Using Conditional Likelihood

We focus on the posterior distributions of the log risk ra-
tio parameter β derived under case-crossover and time-series

analysis. The Bayesian equivalence result for β requires that
the posterior distribution of β derived from Lcc(β) in (3) and
from Lll(β, St) in (7) are identical under certain forms of St

and certain prior distributions on β and St . The validity of
using a conditional likelihood as the basis for Bayesian in-
ference has been discussed in previous studies. For example,
Rice (2004, 2008) discussed the equivalence between the use of
conditional and marginal likelihoods for matched case-control
study. Since the conditional likelihood approach is only valid
for a “localizable” design, we restrict our attention specifically
to a TSD in this section.

Theorem 1. Suppose the follow-up time points t = 1, . . ., T

are divided a priori into K disjoint time strata ts(k) under
a TSD, k = 1, . . ., K. If St in log-linear model (6) is defined
as a step function with distinct values of St be S′

k on ts(k),
k = 1, . . ., K, and if independent improper priors π(S′

k) ∝ 1 for
S′

k and a proper prior π(β) for β are used where S′
k and β are

mutually independent, then the posterior distribution of β de-
rived from Lcc(β) in (3) is identical to the marginal posterior
distribution of β derived from Lll(β, St) in (7).

Proof of Theorem 1 is given in Web Appendix
A. We showed that, given the choice of St and
prior distribution on St and β as in Theorem 1, the
marginal posterior distribution of β derived from Lll(β, St)
is π(β|X, Y) ∝ ∫ · · · ∫ π(β)π(S′

1, . . ., S
′
K)Lll(β, St)dS′

1 · · · dS′
K ∝

π(β)Lcc(β), that is, the posterior distribution of β derived
from Lcc(β).

With shared exposure data across all individuals, the time-
series model in (6) is more flexible than a case-crossover de-
sign using conditional likelihood, in the sense that model (6)
allows various smoothing functions of time for St where one
special choice is equivalent to the analysis of data under case-
crossover design. Log-linear models can also account for over-
dispersion of the Poisson variance that is typically present in
air pollution studies, while case-crossover studies cannot. In
contrast, case-crossover design has the advantage of control-
ling for personal level confounders, and modeling individual
level exposures over time-series models.

3.2. Bayesian Equivalence With Full Likelihood

We aim to show the marginal posterior distribution of β de-
rived from LT

full(ν, β) under the shared exposure assumption
is identical to that derived from a Poisson likelihood. Let
ys1t and ys0t be the numbers of potential event and refer-
ent times that equals to t in the sth time stratum. ysdt is
assumed to follow a Poisson distribution Poisson(μsdt) with
mean μsdt = exp(φst + d(νs + β�Xt)), d = 0, 1; s = 1, . . ., T ; t =
1, . . ., T . The Poisson likelihood with ancillary parameters φst

is given by,

Lp(φ, ν, β) =
T∏

s=1

T∏
t=1

1∏
d=0

[
exp{φst + d

(
νs + β�Xt

)}]ysdt

exp
[− exp{φst + d

(
νs + β�Xt

)}]
With independent improper priors π(φst) ∝ 1 and

proper prior on ν and β, the joint posterior distribu-
tion of (ν, β) derived from Lp(φ, ν, β) is π(ν, β|X, Y) ∝
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∫
π(φ, ν, β)Lp(φ, ν, β)dφ ∝ π(ν, β)LT

full(ν, β) (shown in Web
Appendix A). So the marginal posterior distribution of β

derived from Lp(φ, ν, β) and from LT
full(ν, β) are the same.

This method is inspired by the Multinomial-Poisson transfor-
mation (Baker, 1994) and its Bayesian counterpart (Seaman
and Richardson, 2004; Ghosh, Zhang, and Mukherjee,
2006). Though this proves theoretical Bayesian equivalence
between using a case-crossover full likelihood and a Poisson
likelihood, the Poisson model has a large number of nuisance
parameters φ. Moreover, the interpretation of the artificially
constructed Poisson model is practically not very meaningful.
Thus, we focus on full likelihood based methods with more
flexible semi-parametric prior distributions on the intercepts
in the following section, instead of an equivalent time-series
formulation.

4. Bayesian Inference

Traditionally, CLR models were routinely used for frequentist
inference on β under case-crossover designs. A naive approach
would be to also use the conditional likelihood Lcc(β) as the
basis for Bayesian inference, where prior specification on only
β is needed. The posterior distribution of β is not a standard
distribution, but posterior draws could be generated by using
a Gibbs sampler (Web Appendix B).

For the full likelihood approach, though the number of nui-
sance parameters grows with the sample size, a random effects
model can be used to reduce the problem to estimating the
parameters corresponding to the random effects distribution.
For example, the stratified logistic regression model with like-
lihood LT

full(β, ν) in (5) can be readily fitted through a gener-

alized linear mixed model with νt

iid∼ N(μν, σ
2
ν ). Methods such

as penalized pseudo-likelihood (Breslow and Clayton, 1993)
can be used for inference in such models, which is available in
standard statistical software.

The misspecification of the random effects distribution
could lead to potential bias in the estimation of β (Mukherjee
et al., 2009). To avoid assuming a parametric normal distri-
bution on the nuisance parameters, we consider a more ro-
bust semi-parametric Bayesian approach that allows the ran-
dom effects to have a nonparametric distribution. To this end,
we use the Dirichlet process prior (Ferguson, 1973; Antoniak,
1974; Müller and Quintana, 2004) to handle the random in-
tercepts. In particular, for example with LT

full(β, ν) in (5), we

assume νt |G iid∼ G, where G is a random distribution generated
from a Dirichlet process with concentration parameter α and
base distribution G0, that is, G|α, G0 ∼ DP(α, G0). Let ν−t =
(ν1, . . ., νt−1, νt+1, . . ., νT ), for t = 1, . . ., T . The joint prior dis-
tribution π(ν) can be represented in terms of leave-one-
out conditional distributions as νt |ν−t ∼ α(T − 1 + α)−1G0 +
(T − 1 + α)−1

∑T

s=1, s �=t
Iνs

(·) (Blackwell and MacQueen, 1973).

Thus (ν1, . . ., νT ) will be adaptively reduced to fewer dis-
tinct clusters with positive probability. As α → ∞, the Dirich-
let process model reduces to specifying a parametric model

νt

iid∼ G0; whereas α → 0 implies a parametric model with a
common stratum effect, namely νt = ν∗ for t = 1, . . ., T , where
ν∗ ∼ G0.

To complete the hierarchy, independent hyperpriors
are considered as follows: α|a0, b0 ∼ Gamma(a0, b0), G0 ∼
N(μ, σ2), μ|μ0, σ0 ∼ N(μ0, σ

2
0), σ−2|c0, d0 ∼ Gamma(c0, d0).

We consider mutually independent normal priors β ∼
N(μβ, σ

2
β Ip). The posterior distributions of ν and β can be

obtained by using a Metropolis–Hastings within Gibbs algo-
rithm as described in Neal (2000) and Sinha et al. (2004). The
details are presented in Web Appendix B. Similarly, for the
individual specific stratum effects in LN

full(β, λ), we assume

log(λ0iti)|G
iid∼ G, for i = 1, 2, . . ., N. For LNT

full(β, λ), we only
consider a special case by assuming a multiplicative struc-
ture on the nuisance parameters: λ0it = λ0i exp(ωt), where λ0i

is a constant frailty for person i and ωt is the time varying
effect on the risk. We model log(λ0i) and ωt through random
distributions generated from two independent Dirichlet pro-
cesses.

5. A Simulation Study

5.1. Simulation Settings

In our simulation, we used λ0it = λ0i exp(ωt) as the form of
the true baseline risk. Under both Assumptions 1 and 3,
we have log(E(Yt)) = β�Xt + log(

∑N+M

i=1
λ0it) = β�Xt + ωt +

η, where η = log(
∑N+M

i=1
λ0i). We generated the number of

events per day from a Poisson model

Yt ∼ Poisson(μt), where μt = exp
(
β�Xt + ωt + η

)
. (8)

We considered various simulation scenarios with different
choices of time effects ωt on the baseline risk, true effect sizes
β∗, and exposure series Xt . Without loss of generality, we con-
sidered β and Xt to be univariate in our simulation study. We
convert the time-series data in the form of individual event
referent times according to a given case-crossover design.
Temporal trends on the baseline risk: In order to examine
whether the full likelihood method under a case-crossover
design is more robust to various baseline risk specifications
than the conditional likelihood method, we considered three
forms of time-varying effect ωt involved in the baseline risk. In
particular, B1: ωt = ω that satisfies Assumption 2; B2: ωt =
c(1 − 0.001t)[1 + 0.5cos(2πt/365)] that combines seasonal and
long-term decreasing trends, where c is a positive scaling fac-
tor; B3: B3 is a mixture of B2 (with probability 0.9) and
random spikes (with probability 0.1), where the spikes follow
a uniform distribution U(2c, 4c). Note that B2 and B3 both
violate Assumption 2.

Effect sizes: We considered two typical true effect sizes β∗ =
0.1 (a risk ratio of 1.1, e.g., reflecting the effect of 10 �gm−3

increase of PM2.5 (particulate matter < 2.5 � m in diameter)
on the risk of acute asthma (Li et al., 2011) or 10 ◦F change of
temperature on mortality risk (Basu et al., 2005)) and β∗ = 1
(a risk ratio of 2.7, e.g., reflecting the effect of medication use
on preventing elderly falls in case-crossover intervention trials
(Luo and Sorock, 2008)).

Exposure series: We simulated exposure series Xt over a 3-
year (T = 1096) period under two settings. E1: Xt has auto-
correlation structure AR(1) (ρ = 0.6); E2: Xt has long-term
decreasing trend plus seasonal and day of week effects, with
the same auto-correlation structure as in E1. We generated
E1 and E2 to have the same marginal distributions.
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Table 1
Summary of the simulation results in terms of relative bias and MSE, under different settings of temporal terms ωt on

baseline risk and exposure series Xt, with true effect size β∗ = 0.1

Exposure E1a Exposure E2a

Baseline B1a Baseline B2a Baseline B3a Baseline B1 Baseline B2 Baseline B3

RBb (%) MSEb RB MSE RB MSE RB MSE RB MSE RB MSE

Log-linear model (truec ) −0.29 2.53 −0.07 2.40 −0.18 2.65 −0.43 3.15 0.37 3.43 −0.93 3.21
Log-linear model (splinec ) −0.50 2.68 −0.11 2.59 −0.39 3.09 −0.46 3.53 0.40 3.67 −1.09 3.50

Time-stratified design
Conditional likelihood (CLRb ) −0.08 3.66 −0.33 3.39 −0.65 3.77 −0.44 4.29 0.92 4.33 −1.44 4.28

Bayesian (non-informative priord )
Conditional likelihood −0.10 3.67 −0.42 3.39 −0.74 3.77 −0.45 4.33 0.77 4.34 −1.49 4.32
Full likelihood with DP (T)d −0.55 4.87 0.46 4.77 0.57 5.10 −1.54 6.00 −0.44 5.71 −1.25 5.60

Bayesian (informative priord )
Conditional likelihood −5.67 2.86e −5.04 2.71 −4.89 2.97 −6.87 3.27 −5.97 3.35 −7.88 3.32
Full likelihood with DP (T) −5.76 2.91 −5.05 2.75 −4.84 2.87 −7.03 3.28 −6.35 3.15 −7.62 3.22

Symmetric bi-directional design
Conditional likelihood (CLR) 2.59 7.01 2.03 6.80 3.03 7.42 −0.75 10.87 −0.87 9.40 −2.24 9.87

Bayesian (non-informative prior)
Conditional likelihood 2.44 7.03 1.89 6.80 2.93 7.41 −0.93 10.87 −1.05 9.39 −2.36 9.84
Full likelihood with DP (T) 2.59 7.38 2.01 7.14 2.78 7.80 −3.67 10.55 −2.93 9.26 −4.08 10.05

Bayesian (informative prior)
Conditional likelihood −3.64 3.72 −3.76 3.83 −3.24 3.95 −7.90 5.88 −7.91 4.39 −9.35 5.28
Full likelihood with DP (T) −3.68 3.84 −3.93 3.72 −3.34 4.04 −8.76 5.46 −8.30 4.77 −9.16 5.31

a E1, auto-correlation only; E2, auto-correlation plus seasonal trend; B1, ωt = ω; B2, ωt = 0.05(1 − 0.001t)[1 + 0.5cos(2πt/365)]; B3, a
mixture of B2 and point mass at random spikes.
b RB, relative bias; MSE, mean squared error (multiplied by 105); CLR, conditional logistic regression.
c True: adjusted for true temporal trend (B1–B3); spline: adjusted for a natural cubic spline with 7 df per year.
d Informative prior on β, β ∼ N(0.08, 0.032); non-informative prior on β, β ∼ N(0, 102); DP (T), Dirichlet process prior DP(α, G0) on ν

in LT
full

(β, ν).
e The best performing method for a case-crossover design in terms of MSE is marked in bold under each baseline×exposure setting.

Likelihoods/methods: We would like to compare time-series
analysis using log-linear models with the analysis under case-
crossover designs. The methods can broadly be divided into
three classes in terms of likelihoods we considered. In partic-
ular, M1: log-linear models, adjusted for the true temporal
trend ωt as offset (this is the closest to the true generating
model) or adjusted for a natural spline term on time t; M2:
conditional likelihood approach under a case-crossover design,
using both frequentist and Bayesian treatment; M3: full like-
lihood approach under a case-crossover design, with the ran-
dom intercepts handled by a Dirichlet process. Within case-
crossover analysis, we also compared the two commonly used
referent time selection strategies, TSD with SBD, to possibly
quantify the “overlap bias.”

Prior choices: Within the Bayesian alternatives we im-
plemented two choices of prior distributions on β: non-
informative and informative. For non-informative prior, we
used a vague prior β ∼ N(0, 102); for informative prior, we
considered β ∼ N(μβ, σ

2
β ) with μβ and σβ potentially elicited

from historical data. We described the details of incorpo-
rating historical data to construct informative priors under
a concrete data example framework in Section 6. We used
β ∼ N(0.08, 0.032) when β∗ = 0.1, and β ∼ N(0.8, 0.22) when
β∗ = 1 in our simulations. Justification for these prior choices

on μβ and σβ as well as on the full set of parameters are
provided in Web Appendix B.

5.2. Simulation Findings

The simulation was repeated 1000 times under each sce-
nario. We summarized the results in terms of relative bias
(RB = (1000−1

∑1000

i=1
β̂i − β∗)/β∗ × 100%) and MSE (MSE =

1000−1
∑1000

i=1
(β̂i − β∗)2) corresponding to the log risk ratio

parameter β. Tables 1 and 2 present results corresponding to 6
baseline×exposure (3 × 2) settings, for β∗ = 0.1 and 1 respec-
tively. As the individual level model LNT

full(β, λ) and LN
full(β, λ)

are computationally intensive with large N (N ≈ 20,000 for
β∗ = 0.1 in our simulations), we only considered LT

full(β, ν)
under β∗ = 0.1. We considered all three versions of full likeli-
hoods under β∗ = 1 with N ≈ 1000.

Likelihoods/methods: We present the estimates from the log-
linear model using offset terms to be the true values of ωt

as a reference benchmark, against which each of our meth-
ods is compared. In practice, while carrying out a time-series
analysis, one will not know the true time effect terms and
will use a flexible nonparametric spline term (Dominici et al.,
2002, 2003). The log-linear model adjusted for a natural cu-
bic spline term of time with 7 degrees of freedom per year
approximates the true model quite accurately. The two log-
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Table 2
Summary of the simulation results in terms of relative bias and MSE, under different settings of temporal terms ωt on

baseline risk and exposure series Xt, with true effect size β∗ = 1

Exposure E1a Exposure E2a

Baseline B1a Baseline B2a Baseline B3a Baseline B1 Baseline B2 Baseline B3

RBb (%) MSEb RB MSE RB MSE RB MSE RB MSE RB MSE

Log-linear model (truec ) −0.58 0.75 −0.65 0.81 −0.80 0.96 −0.38 0.77 1.00 0.86 0.92 0.91
Log-linear model (splinec ) −0.85 0.93 −0.90 1.06 −0.98 1.11 −0.84 1.01 1.79 1.03 1.44 1.16

Time-stratified design

Conditional likelihood (CLRb ) −1.92 1.01 −1.99 1.07 −2.60 1.13 −1.00 1.03 1.89 1.10 1.96 1.15

Bayesian (non-informative priord )
Conditional likelihood −1.97 1.00 −2.05 1.07 −2.63 1.14 −1.04 1.05 1.82 1.08 1.96 1.15

Full likelihood with DPd (T) −2.17 1.06 −1.18 1.10 −2.50 1.17 −1.25 1.03 2.35 1.15 1.57 1.18
Full likelihood with DP (N) −2.04 1.06 −1.26 1.11 −2.43 1.17 −1.19 1.03 2.32 1.14 1.71 1.19
Full likelihood with DP (T and N) −0.67 1.21 −0.65 1.23 −0.75 1.21 −1.00 1.09 1.46 1.29 1.10 1.36

Bayesian (informative priord )
Conditional likelihood −14.67 0.30e −14.60 0.31−15.96 0.40 −13.12 0.36−14.78 0.29−14.51 0.28
Full likelihood with DP (T) −14.70 0.31 −14.28 0.31−16.39 0.38 −13.53 0.37 −15.12 0.31 −14.80 0.30
Full likelihood with DP (N) −14.72 0.31 −14.33 0.31−16.22 0.37 −13.38 0.36−15.13 0.31 −14.82 0.30
Full likelihood with DP (T and N) −12.32 0.43 −11.93 0.39 −14.99 0.45 −11.63 0.43 −12.48 0.36 −12.24 0.45

Symmetric bi-directional design
Conditional likelihood (CLR) −5.21 1.76 −4.89 2.12 −8.34 2.43 −4.23 2.68 −3.54 2.21 −8.40 2.73

Bayesian (non-informative prior)
Conditional likelihood −5.71 1.78 −4.41 2.15 −8.84 2.45 −4.92 2.72 −4.09 2.25 −9.04 2.75
Full likelihood with DP (T) −6.54 1.69 −4.79 2.04 −7.78 2.43 −6.32 2.52 −5.32 2.26 −8.25 2.83
Full likelihood with DP (N) −6.66 1.67 −4.89 2.03 −7.67 2.41 −5.70 2.53 −5.41 2.29 −8.59 2.80
Full likelihood with DP (T and N) −1.45 1.83 −2.43 2.10 −3.02 2.61 −1.73 2.77 −1.92 2.30 −5.27 2.84

Bayesian (informative prior)
Conditional likelihood −14.70 0.84 −15.60 0.87 −15.79 0.85 −17.17 0.87 −18.25 0.95 −16.12 0.96
Full likelihood with DP (T) −14.99 0.84 −16.05 0.89 −15.42 0.92 −18.79 0.87 −18.76 0.93 −16.53 0.97
Full likelihood with DP (N) −14.99 0.85 −16.16 0.90 −15.43 0.93 −18.77 0.87 −18.61 0.92 −16.38 0.96
Full likelihood with DP (T and N) −12.36 0.93 −11.74 0.93 −12.90 0.99 −15.63 0.92 −17.08 0.97 −12.80 1.08

a E1, auto-correlation only; E2, auto-correlation plus seasonal trend; B1, ωt = ω; B2, ωt = 0.05(1 − 0.001t)[1 + 0.5cos(2πt/365)]; B3, a
mixture of B2 and point mass at random spikes.
b RB, relative bias; MSE, mean squared error (multiplied by 105); CLR, conditional logistic regression.
c True: adjusted for true temporal trend (B1–B3); spline: adjusted for a natural cubic spline with 7 df per year.
d Informative prior on β: β ∼ N(0.8, 0.22); non-informative prior on β: β ∼ N(0, 102); DP, Dirichlet process prior on the random intercepts
in full likelihood formulation (T: LT

full
(β, ν); N: LN

full
(β, λ); T and N: LNT

full
(β, λ)).

e The best performing method for a case-crossover design in terms of MSE is marked in bold under each baseline×exposure
setting.

linear models both have smaller bias and MSE than the case-
crossover designs, especially under B2 or B3. Note that the
log-linear models fitted here were not chosen to be the equiv-
alent models to case-crossover designs.

(a) Design effect : In comparing the two designs, we found
that the TSD generally has smaller bias and MSE than
the SBD. Under B1, the only source of bias is the “over-
lap bias” of a SBD. We observed up to 5% difference in
bias between TSD and SBD (Tables 1 and 2). However,
the magnitude and direction of the “overlap bias” de-
pend on the particular exposure series and effect size,
as previously noted in (Janes, Sheppard, and Lumley,
2005a).

(b) Conditional versus full likelihood formulation (with
non-informative priors): The conditional likelihood
Lcc(β) as well as the full likelihood LN

full(β, λ) and
LT

full(β, ν) require Assumption 2 of constancy of ωt in
each referent window and only allows the risk to change

discontinuously across referent windows. The most gen-
eral form of the full likelihood LNT

full(β, λ) does not re-
quire this assumption. As for bias, we note that the
bias due to violation of Assumption 2 (under B2 and
B3) is typically very small (< 1%) when β∗ = 0.1 (Ta-
ble 1), and up to 3% when β∗ = 1 (Table 2). How-
ever, full likelihood methods have greater MSE than
conditional counterparts under non-informative priors.
This is expected as another level of hierarchy was
added to model the uncertainty in the random nuisance
parameters.

Prior sensitivity: Both conditional and full likelihood methods
show substantial reduction in MSE when informative priors
on β are used as shown in Tables 1 and 2, which also lead to
substantial shrinkage towards the prior mean. Thus, given the
context of the study and prior information, Bayesian methods
that utilize informative priors can potentially have advantage
over their frequentist counterparts in terms of MSE.
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Figure 1. Temporal trend of daily counts of acute asthma
events (shown as points) for the pediatric Medicaid popu-
lation in Detroit, Michigan, 2004–2006, as obtained in the
DAMAT study. The overlaying smooth curve is created by
using locally estimated scatter-plot smoother. [This figure ap-
pears in color in the electronic version of this article.]

Remark: Note that the full likelihood has additional ana-
lytic flexibility to handle individual level data and incorpo-
rate interaction terms that account for subject level covari-
ates. We generated time-series data with shared exposure for
the present simulation study for illustration purposes, leading
to best performance by the log-linear models. If we had gen-
erated individual level data with personal factors, the time-
series analysis would have been more susceptible to residual
bias from ignoring personal level confounders.

6. Data Example

We illustrate the proposed methods through the “Detroit
Asthma Morbidity, Air Quality and Traffic” (DAMAT) study
originally analyzed by Li et al. (2011). One primary goal
of the study was to examine the association between acute
asthma risk and ambient air pollutant levels, especially PM2.5,
for the pediatric (children 2–18 years) Medicaid population
in Detroit, Michigan, during the 2004–2006 study period
(T = 1096 days). Daily counts of asthma events, including
emergency department visits and hospitalizations, were used
as the outcome series Yt , for t = 1, . . ., 1096. Figure 1 shows
the smoothed trend of Yt indicating a strong seasonal pattern,
with the highest frequency during fall, and the lowest during
summer. A total of 12,933 asthma events were observed dur-
ing the 1096 days, representing an average rate of 11.8 events
per day. Daily PM2.5 concentration was computed as the av-
erage concentration across the air quality monitoring sites in
the Detroit area. Daily PM2.5 data also show a strong seasonal
pattern with a mean level of 15.0 �gm−3. Daily meteorological
variables, including temperature (TP) and relative humidity
(RH), were obtained similarly. To account for other temporal
trends that were not controlled by the case-crossover design,
a natural quadratic spline term (denoted by ns(·)) was used
on the TP variable.

Likelihoods: Under the case-crossover design, the conditional
likelihood Lcc(β) is given by

1096∏
t=1

[
exp{βPM2.5PM2.5, t + βRHRHt + ns(TPt)}∑

s∈W(t)
exp{βPM2.5PM2.5, s + βRHRHs + ns(TPs)}

]Yt

,

(9)

where we used the 5-day moving average of PM2.5 concentra-
tion prior to the asthma events on day t as PM2.5, t . The Med-
icaid data was also analyzed using the equivalent log-linear
model of (9). In particular, for a TSD with time stratum as
the same day of the week in the same calender month, we
compare it with the following equivalent log-linear model

log(E(Yt)) = β0 + βPM2.5PM2.5, t + βRHRHt + ns(TPt) + St,

(10)

where St represents all possible combinations among the
three factors of day of the week, month and year, hav-
ing a total of 7 × 12 × 3 = 252 levels. We refer to (10) as
the time-stratified log-linear (TSLL) model. For inference
on β, models (9) and (10) are equivalent under both the
frequentist and Bayesian framework (with prior specifica-
tion as described in Theorem 1). Similarly, a case-crossover
SBD using referent times as 7 and 14 days before and
after the event day was compared to the corresponding
symmetric bidirectional log-linear (SBLL) model with St =
log[

∑
s=t, t±7, t±14

{Ys/
∑

r=s, s±7, s±14
exp(β�Xr)}]. Joint estima-

tion of β and St was performed iteratively as St potentially
depends on β. The comparison between SBD and SBLL is
pertinent only under the frequentist framework.

Prior choices: We used LT
full(β, ν) under the full likelihood

approach. We first considered the random effects model as-

suming νt

iid∼ N(0, 102) without further prior specification on
β, and proceeded with the marginal likelihood to estimate β.
Then we considered the full Bayesian treatment using Dirich-

let process prior νt |G iid∼ G where G|α, G0 ∼ DP(α, G0). α ∼
Gamma(0.5, 0.1), G0 ∼ N(μ, σ2), μ ∼ N(0, 10) and σ−2 ∼
Gamma(4, 1) were used as the base prior setting in our data
example. As part of our sensitivity analysis, we varied the pri-
ors on α across four Gamma distributions, and two extreme
cases when α → 0 (corresponding to νt = ν∗ for t = 1, . . ., T ,

where ν∗ ∼ G0) and α → ∞ (corresponding to νt

iid∼ G0). More
details were provided in Figure 2c.

We considered both informative and non-informative pri-
ors on βPM2.5 . For non-informative prior, we used a vague
prior βPM2.5 ∼ N(0, 102). For informative prior, we considered
an ad-hoc way of eliciting prior information from published
results. From a recent review (Li et al., 2011), we a priori
postulated that the asthma-PM2.5 association is in general
modest with a risk ratio ranging in (1.01–1.09) for 10 �gm−3

increase in PM2.5. Assuming βPM2.5 ∼ N(μβ, σ
2
β ), if we be-

lieved that the 95% confidence interval (CI) for exp(βPM2.5)
is (1.01, 1.09), the approximate values for μβ and σβ can
be obtained as μβ = [log(1.09) + log(1.01)]/2 = 0.05 and σβ =
[log(1.09) − log(1.01)]/4 = 0.02. Then our informative prior
was chosen as N(0.05, 0.022). There is no general consensus
on the best way to elicit a subjective prior though this topic
has been studied vastly (Dey and Liu, 2007).

While non-informative or non-subjective priors are often
quite adequate as default priors for many Bayesian analyses,
prior elicitation when possible can lead to more meaningful
results from the data. This is especially true in the presence
of historical data, available from series of past studies, for ex-
ample, past studies relating asthma-PM2.5 associations in our
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Figure 2. Posterior density plots for the log risk ratio parameter βPM2.5 corresponding to acute asthma events for a
10 �gm−3 increase in PM2.5 based on data from the DAMAT study, where vague prior βPM2.5 ∼ N(0, 102) was used. Panels
(a) and (b) used the base prior setting as described in Section 6. Panels (c) and (d) varied prior choices on ν and St as a
sensitivity analysis. [This figure appears in color in the electronic version of this article.]

Priors on ν (panel (c)): A: νt = ν∗ for t = 1, . . ., 1096, where ν∗ ∼ N(0, 102); B: νt
iid∼ N(0, 102);

G1: α ∼ Gamma(0.5, 0.1); G2: α ∼ Gamma(2, 0.2); G3: α ∼ Gamma(10, 0.5); G4: α ∼ Gamma(20, 1).

Priors on St (panel (d)): S1: π(S′
k
) ∝ 1; S2: S′

k

iid∼ N(0, 102); S3: S′
k
|G iid∼ G, where G|α, G0 ∼ DP(α, G0).

TSD, time-stratified design; SBD, symmetric bidirectional design; TSLL, time-stratified log-linear; DP, Dirichlet process.

context. These elicited priors based on historical data, when
proper, have an operational advantage over non-subjective
improper priors. Proper priors are required for computing
Bayes factors and posterior model probabilities.

Ibrahim and Chen (2000) proposed a particular approach
towards the development of priors based on historical data.
They referred to these priors as “power priors.” Specifi-
cally, if D0 denotes the historical data from a previous ar-
ticle, the power prior for β is defined as π(β|D0, a0, c0) ∝
La0(β|D0)π0(β|c0). Here π0(β|c0) is the initial prior before the
data D0 were observed and c0 is a specified hyperparameter.
The parameter a0 ∈ [0, 1] is a scalar parameter which controls
the influence of the historical data on the current data. In par-
ticular, a0 = 1 corresponds to the past posterior which has be-
come the present prior. On the other hand, a0 = 0 corresponds
to a prior specification which ignores completely the histori-
cal data. While one can do the analysis by simply assigning
also a prior on a0, we will pursue our analysis both when a0

is fixed or random, assigning Beta priors to a0 in the latter
case. If π0(β|c0) is proper, then the power prior π(β|D0, a0, c0)
is guaranteed to be proper; further, π(β|D0, a0, c0) can be

proper under certain regression settings even if π0(β|c0) is
an improper uniform prior (Ibrahim and Chen, 2000). We
used a vague initial prior N(0, 102) for π0(β|c0), such that the
prior π(β|D0, a0, c0) is a handy proper prior. L(β|D0) was con-
structed based on several published studies of asthma-PM2.5

associations reviewed in (Li et al., 2011). Further details re-
garding the construction of L(β|D0) are given in Web Ap-
pendix B.

Results: The results are shown in Table 3 and Figure 2. In
general, evidence of significant increases in acute asthma risk
was found with 10 �gm−3 increase in PM2.5 concentrations
leading to a risk ratio ranging from 1.02 to 1.06 across different
methods.

(a) Design effect: Comparing TSD with SBD, β̂PM2.5 esti-
mated under a TSD (ranging from 1.05 to 1.06 in Table
3) are larger than those estimated under a SBD (from
1.02 to 1.04). The overall pattern of the attenuated ef-
fects under the SBD is probably due to the choice of
the window and potential “overlap bias”, though this
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Table 3
Risk ratios of acute asthma events corresponding to a 10μg m−3 increase in PM2.5 in the DAMAT study. The model was

adjusted for temperature and relative humidity

TSDa SBDa

Frequentist MLEa 95% CIa MLE 95% CI
Conditional likelihood 1.049 (1.019, 1.080) Conditional likelihood 1.022 (0.992, 1.052)
TSLLa 1.049 (1.019, 1.080) SBLLa 1.022 (0.992, 1.052)
Full likelihood REMa (T) 1.055 (1.026, 1.085) Full likelihood REM (T) 1.020 (0.991, 1.048)

Bayesian (prior 1b ) Bayesa 95% HPDa Bayes 95% HPD
Conditional likelihood 1.049 (1.021, 1.081) Conditional likelihood 1.023 (0.993, 1.053)
TSLL 1.049 (1.021, 1.081)
Full likelihood DPb (T) 1.055 (1.026, 1.086) Full likelihood DP (T) 1.020 (0.992, 1.049)

Bayesian (prior 2b ) Bayes 95% HPD Bayes 95% HPD
Conditional likelihood 1.052 (1.027, 1.075) Conditional likelihood 1.035 (1.012, 1.058)
TSLL 1.052 (1.028, 1.076)
Full likelihood DP (T) 1.055 (1.030, 1.076) Full likelihood DP (T) 1.034 (1.011, 1.056)

Bayesian (power prior 1b ) Bayes 95% HPD Bayes 95% HPD
Conditional likelihood 1.045 (1.024, 1.068) Conditional likelihood 1.033 (1.010, 1.059)
TSLL 1.045 (1.024, 1.068)
Full likelihood DP (T) 1.049 (1.025, 1.069) Full likelihood DP (T) 1.031 (1.008, 1.058)

Bayesian (power prior 2b ) Bayes 95% HPD Bayes 95% HPD
Conditional likelihood 1.054 (1.027, 1.080) Conditional likelihood 1.040 (1.015, 1.068)
TSLL 1.054 (1.027, 1.080)
Full likelihood DP (T) 1.059 (1.036, 1.085) Full likelihood DP (T) 1.041 (1.014, 1.070)

Bayesian (power prior 3b ) Bayes 95% HPD Bayes 95% HPD
Conditional likelihood 1.046 (1.018, 1.075) Conditional likelihood 1.031 (1.007, 1.063)
TSLL 1.046 (1.017, 1.074)
Full likelihood DP (T) 1.050 (1.022, 1.076) Full likelihood DP (T) 1.030 (1.005, 1.063)

Bayesian (power prior 4b ) Bayes 95% HPD Bayes 95% HPD
Conditional likelihood 1.055 (1.027, 1.084) Conditional likelihood 1.041 (1.012, 1.070)
TSLL 1.055 (1.027, 1.083)
Full likelihood DP (T) 1.060 (1.030, 1.087) Full likelihood DP (T) 1.040 (1.011, 1.069)

a TSD: time-stratified design; SBD: symmetric bidirectional design; TSLL: time-stratified log-linear; SBLL: symmetric bidirectional log-
linear; REM: random effects model; MLE: maximum likelihood estimate (penalized pseudo-likelihood for REM); CI: confidence interval;
Bayes: Bayes estimates in terms of posterior mean; HPD: highest posterior density.
b DP (T): Dirichlet process prior DP(α, G0) on ν in LT

full
(β, ν) under the base prior setting described in Section 6; Prior 1: non-informative

prior βPM2.5 ∼ N(0, 102); Prior 2: informative prior βPM2.5 ∼ N(0.05, 0.022); Power prior 1: a0 = 0.5; Power prior 2: a0 = 1.0; Power prior
3: a0 ∼ Beta(20, 20) with mean 0.50 and variance 0.08; Power prior 4: a0 ∼ Beta(50, 1) with mean 0.98 and variance 0.02.

direction does not hold in general as noted in our sim-
ulation study. Comparing the case-crossover TSD with
corresponding TSLL model (in Table 3), we noted that
they provided identical numerical results for β̂PM2.5 un-
der both frequentist and Bayesian framework (except
possible Monte Carlo errors), indicating the numerical
validity of our equivalence results. Frequentist equiv-
alence results also appear to hold numerically for the
case-crossover SBD and the corresponding time-series
SBLL.

(b) Conditional versus full likelihood: Under a case-
crossover TSD, full likelihood methods provided
slightly stronger effects (risk ratio ranging from 1.05 to
1.06 in Table 3) than those derived using conditional
likelihood (from 1.04 to 1.05). As noted in our simula-
tion study, the violation of the constant baseline risk
assumption within each window probably led to this
difference. We also fit a log-linear model adjusted for a
natural cubic spline term of time with 7 degrees of free-

dom per year, which shows an estimate of 1.055 (95%
CI: (1.027, 1.084)) that is similar to the results using
LT

full(β, ν). Under SBD, there is no substantial differ-
ence of using full versus conditional likelihood.

Prior sensitivity:

(a) Priors on βPM2.5 : When a vague prior βPM2.5 ∼ N(0, 102)
is used, the Bayesian approaches yielded results that
are quite similar to maximum likelihood-based infer-
ences (Table 3). It is reassuring that with modest to
large sample sizes, we observed similar results from
Bayesian and frequentist methods. With a smaller sam-
ple size using only 1-year data (T = 365), even the use
of non-informative prior increased the precision as com-
pared to the frequentist methods (Web Appendix C
Table 1). In Table 3, the use of informative priors (in-
cluding the ad-hoc prior 2 and the four power priors)
increased the precision as compared to the results under



Bayesian Data Analysis under Case-Crossover Designs 935

the vague prior. Given one historical study having rela-
tively larger effect (Web Appendix B), the use of power
priors 2 (a0 = 1) and 4 (a0 ∼ Beta(50, 1) with prior
mean ≈ 1) provided stronger effects than those under
power priors 1 (a0 = 0.5) and 3 (a0 ∼ Beta(20, 20) with
prior mean 0.5), because power priors 2 and 4 put more
weight on L(β|D0). The use of another layer of uncer-
tainty on a0 (power priors 3 and 4) creates a heavier
tail for the marginal power prior distribution of βPM2.5

than that using a fixed a0 (power priors 1 and 2), and
thus provides wider HPD credible intervals.

(b) Priors on ν: Figure 2c shows the posterior distributions
of βPM2.5 derived under the six different prior settings
on α, where the posterior distributions of βPM2.5 remain
robust. We observed that the random effects model and
the Dirichlet process prior model provided very similar
results in Table 3. Although the prior support allows
the number of clusters ranging from 1 to 252, we ob-
served only one cluster under four out of the six prior
settings (shown in Web Appendix C Table 2). The re-
sults suggested that a parametric constant random in-
tercept model was adequate for this data set.

(c) Priors on St : For TSLL (10), we considered a sensitivity
analysis of prior on St instead of the flat prior (∝ 1) in-
dicated in Theorem 1. In particular, a Dirichlet process
prior as well as an i.i.d. normal prior N(0, 102) on S′

k

was also used. Figure 2d shows that the posterior dis-
tribution of βPM2.5 remained very similar for all these
priors on S′

k. So there is evidence that the results in
Theorem 1 are robust with respect to prior specifica-
tion on St .

7. Discussion

The article presents two novel ideas in the context of case-
crossover studies, and it is the first treatment of the prob-
lem in a Bayesian domain. The first contribution is to study
equivalence properties in terms of obtaining identical poste-
rior inference under case-crossover and time-series analysis.
The second and more important contribution is to propose dif-
ferent forms of full likelihood and strategies for flexible semi-
parametric Bayesian estimation and inference under such like-
lihoods. Our numerical example and simulation studies illus-
trate that the Bayesian specification has advantages in terms
of robustness to model misspecification on the baseline risks
and efficiency advantages if an informative prior is used on the
risk ratio parameter. A major potential advantage for using
the full likelihood could be to include individual level data.
This formulation makes it possible to test for evidence of ef-
fect modification of exposure effect by individual level factors,
an analysis that is not feasible under a conditional likelihood
formulation.

This work leads to many other potential extensions where a
Bayesian analysis may have attractive features under a case-
crossover design. For example, extensions to distributed lag
linear/non-linear models (Welty et al., 2009; Gasparrini, Arm-
strong, and Kenward, 2010), hierarchical models for meta-
analysis (e.g., Dominici, Samet, and Zeger, 2000; Dominici
et al., 2002), and recurrent events (Luo and Sorock, 2008) are
natural directions to pursue.

8. Supplementary Materials

Web Appendix referenced in Sections 1–6, the Detroit Medi-
caid data analyzed in Section 6, and the R codes implementing
the proposed methods in Sections 5 and 6, are available with
this paper at the Biometrics website on Wiley Online Library.
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