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W hen facing heterogeneous customers, how should a service firm make its pricing decision to maximize revenue? If
discrimination is allowed, then priority schemes and differentiated pricing are often used to achieve that. In many

applications, however, the firm cannot or is not allowed to set discriminatory prices, for example, list price in retail stores,
online shopping, and gas stations; thus a uniform price must be applied to all customers. This study addresses the opti-
mal uniform pricing problem of a service firm using a queueing system with two classes of customers. Our result shows
that the potential pool of customers plays a central role in the firm’s optimal decision. Depending on the range of system
parameters, which are determined explicitly by the primitive data, the firm’s optimal strategy may choose to serve only
one class of customers, a subset of a class of customers, or a combination of different classes of customers. In addition,
the optimal price is in general not monotonic with respect to the potential market sizes because their changes may lead to
a major shift in the firm’s decision on which customer class to serve. However, unless such a shift occurs, the optimal
price is weakly decreasing in the potential market sizes.
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1. Introduction

Delay is common in both manufacturing and service
sectors. For example, in such industries as airplane
manufacturing, ship building, textile mill products,
steel, fabricated metals, and electric/nonelectric
machinery, the average leadtimes/delays for orders
can be in months or even years. For these industries,
not only does the price of the product/service affect
the customers’ purchasing decision, but the delay is
also an important factor that the customers consider.
When discrimination is allowed, priority schemes
have been proposed in the literature to maximize the
firm’s revenue. In many applications, however, the
firm cannot or is not allowed to set discriminatory
prices, for example, list price in retail stores, online
shopping, and gas stations; thus a uniform price must
apply to all customers. Similarly, the service cannot
be discriminative either, and customers have to be
served according to the first-come-first-served (FCFS)
discipline. In such scenarios, even though the firm

knows that there are different types of customers in
the market, it has to offer a uniform price. Then, how
should the firm make a uniform pricing decision
based on its knowledge of the potential market struc-
ture and the characteristics of different classes of cus-
tomers to maximize its expected profit/revenue?
This is the motivation for this study and the ques-

tion we address. Throughout the article we refer to
the system as a service system, even though it can also
be a make-to-order manufacturing system. We
assume that the firm is a monopoly in the sense that it
provides an exclusive service to a designated market
or there is little competition for the service provided.
The firm faces two classes of customers, who may
differ in their valuations of the service as well as their
sensitivities to delays. The objective of the firm is to
utilize its knowledge on the structure of its market
base to find a uniform pricing decision that maxi-
mizes its expected revenue.
We model the problem by a queueing system with

a Poisson arrival process of each class of customers
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and an arbitrary service time distribution and investi-
gate the optimal pricing decision of the service firm.
For any given service price by the firm, the customers
make decisions on whether or not to join the service
system. Thus, the resulting optimization problem of
the service firm is a Stackelberg game. We solve this
game problem and show that, depending on the
range of system parameters, the firm’s optimal pric-
ing strategies can vary significantly. We obtain the
optimal price for each and every range of the system
parameters, and compare the optimal prices as well
as revenues in the various parameter regions.
Roughly speaking, the literature on optimization of

pricing and queues can be divided into two catego-
ries. In the first category, the queue is observable, and
the resulting optimization problem is the dynamic
control of queues, while in the second category, the
queue is not observable and customers make deci-
sions based on their perceptions on the average wait-
ing times. Naor (1969) is the first to study the
interactions between the price and queueing delays.
He studies an observable M/M/1 queueing system
with a single class of customers and customer balking
and discusses the revenue-maximizing pricing deci-
sions of the firm. Knudsen (1972) generalizes Naor’s
result to a multi-server queue with a nonlinear wait-
ing cost function. Edelson and Hilderbrand (1975)
investigate Naor’s model with an unobservable queue
and the customers make their decisions based on the
expected waiting time. Other extensions of Naor’s
model include De Vany (1976), Lippman and Stidham
(1977), Hassin (1986), and Chen and Frank (2004). All
these studies assume that the customers in the market
are homogeneous, and they study the relationship
between socially and individually optimal decisions.
For a comprehensive review on the design and con-
trol of queues, the reader is referred to Hassin and
Haviv (2002) and Stidham (2009, 2011). There are also
some studies on competition of multiple firms. In
these studies, the firms set prices to compete for cus-
tomers in the same pool and search for the pricing
equilibrium. For example, Chen and Wan (2003)
study the pricing equilibrium of two competitive
firms with homogeneous customers under different
market sizes.
Customers are usually heterogeneous; that is, they

have different valuations for service as well as differ-
ent sensitivities to delays. Most studies on heteroge-
neous customers focus on priority schemes (i.e., the
priority of service and pricing decisions are jointly
made by the firm with higher priority customers pay-
ing more for the same service) (e.g., Afanasyev and
Mendelson 2010, Bradford 1996, Gilland and Warsing
2009, Hassin and Haviv 1997, Mendelson and Whang
1990, Rao and Petersen 1998, Van Mieghem 2000).
When customers are heterogeneous and have private

information, one approach in the operations literature
is to design a menu of contracts with two attributes.
The machinery in information economics such as
adverse selection is used to design a menu, and by
varying the values of the two attributes, the firm is
able to extract the private information of customers
and maximize its revenue. The key in such mecha-
nism designs is the multi-dimensional nature of the
contract, which enables the firm to coordinate differ-
ent contract parameters to achieve a desired outcome.
Mendelson and Whang (1990) are perhaps the first to
present an incentive-compatible pricing scheme
which induces the customers to reveal their true class
information. There are only a few studies focusing on
firms’ non-discriminative decisions. Armony and
Haviv (2003) study a uniform pricing problem of two
competing firms under two classes of customers with
the same valuation for service but different sensitivi-
ties to delays, and they identify various scenarios
when symmetric, asymmetric, and continuum price
equilibria exist and when a price equilibrium does not
exist. Af�eche and Mendelson (2004) investigate a
uniform pricing and priority auction problem under
continuum classes of customers with different
valuations for service and delay costs.
In our model, the queue is not observable, and the

two classes of customers have different valuations for
the service and different sensitivities to their per-
ceived delays. As a result, either class of customers
may have a higher incentive to enter the service sys-
tem, and the firm can only influence the customers’
decisions on entering the system by its selling price.
Once the customers enter the system, they are served
on the FCFS basis. We will see later that in some
scenarios, one class of customers always has a higher
incentive than the other to join the service system
regardless of the service price, while in other scenar-
ios this is not true, and either class of customers may
have a higher incentive to enter the service system,
depending on the service price. To distinguish these
two scenarios, in this study we refer to them as the
dominating customers case and the non-dominating cus-
tomers case, respectively. Note that if the two classes of
customers differ in only one aspect, either in the valu-
ation for service or in the sensitivity to delays, then
the underlying scenario is always a dominating cus-
tomers case. However, it is conceivable that a cus-
tomer’s value for service and its sensitivity to delay is
correlated and in particular often positively correlated
as they are both affected by some common factor of
the individual customer. We refer to section 6.3.3 of
Mandelbaum et al. (2001) for some empirical evi-
dence on positive correlation between value of cus-
tomer service and sensitivity to delays in a call center.
To the best of our knowledge, similar studies all have
focused on the dominating customers case. For exam-
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ple, Armony and Haviv (2003) consider a case where
two classes of customers only differ in their sensitivi-
ties to delays, while Afanasyev and Mendelson (2010)
study a problem where two classes of customers only
differ in their valuations for service. On the other
hand, both Armony and Haviv (2003) and Afanasyev
and Mendelson (2010) study the pricing competition
between two firms, which is more general than ours;
we focus on a monopoly firm. As it turns out, the
equilibrium customer behaviors and the optimal pric-
ing of the firm for the non-dominating customers case
are significantly more complicated than the dominat-
ing customers case. For both cases, we first analyze
the customer equilibrium and, based on that, we then
study the optimal pricing decisions for the firm. In
contrast to the literature on comparing the effects of
revenue-maximizing pricing and socially optimal
pricing mentioned above, we are mainly concerned
with the effects of the market structure on the firm’s
revenue-maximizing pricing decisions.
The first main insight offered in this study is that

the market structure, which we refer to as the arrival
rates of different classes of potential customers and
their relative characteristics, plays a prominent role
for the firm in making its pricing decisions. Indeed, as
shown in this study, different values of the market
sizes (arrival rates of different classes of potential cus-
tomers) lead to completely different pricing strategies
for the firm. Depending on the range of system
parameters, which are explicitly determined by the
system primitive data, the firm may choose to focus
only on one class of customers, a subset of a class of
customers, or a combination of different classes of
customers, and it may decide to completely ignore
some customer segments in setting its price. There-
fore, to make an informed decision, it is crucial for the
firm to understand its potential market base and the
characteristics of the various customers. Second, our
result reveals interesting non-monotonicity in the
firm’s optimal pricing with respect to potential mar-
ket sizes. To maximize its revenue, the firm has to
carefully set its price to shape up its market structure
by deciding which and how many of customers to
serve, and that leads to non-monotonicity in pricing
with regard to potential market sizes. Specifically, the
optimal price of the firm is in general not monotone
with respect to the potential market sizes because the
changes in the market sizes may lead to a major shift
in the firm’s decision on which customer classes to
serve. However, we show that unless there is such a
major change in the firm’s optimal strategy, the opti-
mal price is weakly decreasing in the potential market
size of each class of customers.
Our results are closely related to some important

phenomena often observed in service systems such as
retail stores, restaurants, etc. It is common that some

of the popular chain stores focus on different seg-
ments of the potential market; for example, some
focus only on high end consumers, some focus only
on low end consumers, while some others catch con-
sumers from both ends. Our results show that this is
due to the heterogeneity in the different classes of
consumers: depending on the capacity of the service
system and the potential market sizes of different
classes of customers, the optimal strategy of the firm,
including price, waiting times, quality of service, etc.,
leads to a corresponding optimal combination of
different classes of customers to serve.
The rest of the article is organized as follows. The

model formulation is introduced in section 2. In sec-
tion 3, we discuss the equilibrium customer behavior
for any given price set by the firm, and it is divided
into two cases: dominating customers case and non-
dominating customers case. In section 4, we study the
firm’s optimal pricing decision. Again, the results are
presented for the two cases separately. We also pres-
ent a numerical example to illustrate our results in
section 4. Finally, concluding remarks are given in
section 5. Throughout the article, we use increasing
and decreasing in non-strict sense; that is, they repre-
sent “non-decreasing” and “non-increasing” respec-
tively. All technical proofs and other supplementary
materials are given in the online Supporting Informa-
tion.

2. The Model

We consider a firm that provides a service to a mar-
ket. There are two classes of potential customers,
referred to as class-1 and class-2 customers, and they
arrive according to independent Poisson processes
with rates Λ1 and Λ2, respectively. The total arrival
rate is denoted as Λ = Λ1 + Λ2. The service system is
modeled as a queueing system. For simplicity, we
focus on the case with a single server and will discuss
the case with multiple servers in section 5. The service
time for each customer is a random variable. Since we
consider the scenario where the customers are indis-
tinguishable by the firm, the service times for all cus-
tomers are assumed to have the same distribution. Let
S be a generic random service time with the mean
value and the coefficient of variation denoted by l�1

and cv, respectively. The service discipline is FCFS.
Each class of customers has a common perceived
value of the service. Let vi denote this perceived value
for class-i customers, i = 1,2. Customers are also sen-
sitive to delays. We assume the delay cost for a cus-
tomer is in proportion to his sojourn time in the
system. Let the delay cost per unit of time for class-i
customers be denoted by di. In addition, we denote
wi = vi � di/l. Then, wi is the expected value of the
service for a class-i customer when it receives service
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without any delay in queue. For convenience, we refer
to wi as the expected net value of the service for class-i
customers. Without loss of generality, we assume that
w1 ≥ w2 > 0 and, when w1 = w2, d1 < d2. We also
assume that all the above information/parameters are
common knowledge to all potential customers as well
as the service firm.
The firm posts a price p for its service, which cannot

be differentiated for different customers. An arriving
customer cannot observe the queue length and makes
a decision on whether or not to enter the service sys-
tem to maximize his expected utility. We refer to this
decision as the customer’s joining decision, and, rigor-
ously speaking, it is to choose a probability to enter
the system rather than to make an enter-it-or-leave-it
choice. We assume that the utility for not joining the
system is set as the zero reference for all customers.
On the other hand, when a customer joins the system,
he will not renege and will leave the system only after
his service is completed. In this case, his expected util-
ity equals his perceived value of the service minus the
price of the service and the expected delay cost. Let
WQ(k) denote the expected waiting time in queue by
an arbitrary customer, given that the total arrival rate
at which customers join the system is k. Then, the
utility function of a class-i customer when joining the
system is

uið�; pÞ ¼ vi � p� diðWQð�Þ þ l�1Þ
¼ wi � p� diWQð�Þ; i ¼ 1; 2:

ð1Þ

Thus, it is optimal for a class-i customer to enter
(respectively, not enter) the service system when
ui(k,p) is positive (respectively, negative) and to
enter the system with any probability when ui(k,p)
equals zero. Clearly, class-i customers will not join
the system if p > wi, i = 1,2.
It is well known that (see, e.g., Kleinrock 1975),

for an M/G/1 queue, the expected waiting time in
queue is

WQð�Þ ¼ �ð1þ c2vÞ
2lðl� �Þ : ð2Þ

It is easy to see that WQ(k) is strictly increasing and
convex in k in the stability region 0 ≤ k < l. Hence
the utility function ui(k,p) is strictly decreasing and
concave in k.
Based on Equations (1) and (2), the following result

compares the utility functions, u1(k,p) and u2(k,p), of
the two classes of customers.

LEMMA 1. For any price p of the service and 0 ≤ k < l,
the following results hold;

(a) when d1 ≤ d2, u1(k,p) ≥ u2(k,p) for any k 2 [0,l);

(b) when d1 > d2, u1ð�̂; pÞ ¼ u2ð�̂; pÞ, u1(k,p) > u2(k,
p) when �\ �̂, and u1(k,p) < u2(k,p) when
� [ �̂, where

�̂ ¼ 2l2ðw1 � w2Þ
2lðw1 � w2Þ þ ð1þ c2vÞðd1 � d2Þ : ð3Þ

Lemma 1 states that when d1 ≤ d2, class-1 customers
always have higher utility values than class-2 custom-
ers, regardless of the service price and the arrival rate.
This is very intuitive, since class-1 customers have
higher expected net valuation for the service and,
meanwhile, are less sensitive to delays. In contrast,
when d1 > d2, the utility value of class-1 customers
can be either higher or lower than that of class-2 cus-
tomers, depending on whether the arrival rate k is
lower or higher than the benchmark rate �̂. The
reason is that since class-1 customers are more sensi-
tive to delays, their utility decreases more quickly than
class-2 customers’ when the expected waiting time
increases. Since the expected waiting time increases in
the arrival rate k, the utility value of class-1 customers
is higher (respectively, lower) than that of class-2
customers when k is low (respectively, high).
Class-1 customers always have higher utility values

than class-2 customers when d1 ≤ d2, but this domi-
nating relationship is not true when d1 > d2. For con-
venience we shall refer to these two cases as the
dominating customers case and the non-dominating cus-
tomers case, respectively. As mentioned in the Intro-
duction, the relevant studies on homogeneous
customers have all focused on the dominating cus-
tomers case by assuming either the same valuation
for service or the same sensitivity for delays. In this
study, we will consider both cases with the primary
focus on the non-dominating customers case. We
remark that the non-dominating customers case is
often observed in applications since a customer’s val-
uation for service may be positively correlated with
his sensitivity to delays (i.e., wi and di are positively
correlated). This is because the valuation for service
and the sensitivity to delays are often influenced by
some common factors. As an example, consider the
case of auto repair, then the utility of driving the car
is such a common factor that impacts both the valua-
tion for the repair service and the sensitivity to
delays.
The objective of the service firm is to set a price p

that maximizes its expected revenue per unit of time.
To this end, the firm needs to understand how the
two classes of potential customers react to its pricing
decision. On the other hand, for any given service
price, since customers are utility maximizers in
deciding whether or not to enter the system, they will
optimize for themselves and eventually reach an
equilibrium. Therefore, the optimal pricing problem
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described above for the firm is a Stackelberg game. In
the following sections, we will solve this game using
the backward induction and discuss how the primi-
tive data impact the firm’s optimal pricing decision as
well as the customers’ equilibrium joining behaviors.

3. Equilibrium Customer Behaviors

In this section, we analyze the customers’ equilibrium
joining behaviors for a given service price p. The cus-
tomers make decisions, based on the price p and the
expected delay, on whether or not to join the system
for service. Clearly, the joining decisions of customers
determine the actual demand rate, which in turn
affects the expected waiting time and utility of all
customers. In other words, the customers play a
game. In this section, we find the Nash equilibrium in
the customers’ joining strategies. Since customers
within each class are homogeneous, we focus on
equilibrium strategies that are symmetric among
customers of the same class.
By definition, a Nash equilibrium is a profile of

strategies where it is optimal for a class of customers
to follow their prescribed strategy if the other class of
customers follow their prescribed strategy.

REMARK 1. To prove a pair of joining strategies (h1,
h2) is an equilibrium, we need to show that, when
class-j customers follow strategy hj, it is optimal for
class-i customers to follow strategy hi, i 6¼ j = 1,2.
Note that, the equilibrium analysis of class-i custom-
ers, when the strategy of class-j customers is fixed,
is quite similar to that of a system with only class-i
customers. There is an extensive literature on cus-
tomer joining equilibrium to queueing systems with
one class of customers, and two types of equilibria
have been studied, based on social optimization and
individual optimization (e.g., Bell and Stidham 1983).
The equilibrium analysis we utilize in characterizing
the customer behaviors is, due to the nature of our
problem, based on individual optimization.

We begin our analysis by introducing two impor-
tant functions. For a given p (respectively, k), denote
ki(p) (respectively, pi(k)) as the solution of the equa-
tion ui(k,p) = 0. Then, by Equations (1) and (2), ki(p)
and pi(k) have the following explicit forms

�iðpÞ ¼ 2l2ðwi � pÞ
2lðwi � pÞ þ dið1þ c2vÞ

; ð4Þ

pið�Þ ¼ wi � �dið1þ c2vÞ
2lðl� �Þ : ð5Þ

The functions ki(p) and pi(k) have very intuitive
interpretations: for a given service price p, ki(p) is

the maximum total arrival rate at which a class-i
customer would choose to enter the system, and for
a given total arrival rate k, pi(k) is the maximum
price a class-i customer is willing to pay for entering
the system.
The following lemma summarizes some important

properties of ki(p) and pi(k), i = 1,2, which can be
directly verified from their expressions in Equations
(4) and (5).

LEMMA 2. For i = 1,2, suppose p ≤ wi and 0 ≤ k < l;
then

(a) ki(p) is strictly decreasing and concave in p, and
pki(p) is strictly concave in p;

(b) pi(k) is strictly decreasing and concave in k, and
kpi(k) is strictly concave in k;

(c) ki(p) and pi(k) are inverse functions of each other;
that is, ki(pi(k)) = k and pi(ki(p)) = p.

From Lemma 1 and our previous discussions, it is
conceivable that the customer joining behaviors for
the non-dominating customers case are more compli-
cated than those for the dominating customers case.
Therefore, in what follows we study these two cases
separately.
We use ðhEQ1 ðpÞ; hEQ2 ðpÞÞ to denote the equilibrium

joining probabilities of the two classes of customers
when the firm posts a selling price p.

3.1. Dominating Customers Case
We first consider the case of dominating customers,
that is, d1 ≤ d2. In this case, class-1 customers have
more incentive to enter the system than class-2 cus-
tomers, and only if the system still has remaining
capacity after serving all class-1 customers shall class-
2 customers have the possibility of entering the
service system.
The following theorem characterizes the equilib-

rium customer behaviors for the dominating custom-
ers case. Note that in this case, it follows from
Equation (4) that k1(p) ≥ k2(p) for any p ≤ w2.

THEOREM 1. (Customer equilibrium for dominating
customers case). Suppose d1 ≤ d2. For a given service
price p, the customers’ equilibrium joining behaviors can
be characterized as follows:

1. if Λ1 ≥ k2(p), then ðhEQ1 ðpÞ; hEQ2 ðpÞÞ ¼
ðminf1; �1ðpÞ=K1g; 0Þ;

2. if Λ1 < k2(p), then ðhEQ1 ðpÞ; hEQ2 ðpÞÞ ¼
ð1;minf1; ð�2ðpÞ � K1Þ=K2gÞ.

The result above shows that, in the case of dominat-
ing customers, for any given price p there exists a
threshold k2(p) such that no class-2 customers will
enter the system for service if the arrival rate of
class-1 customers is at or above this threshold. More
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specifically, if there are a large number of class-1 cus-
tomers in the system (i.e., Λ1 ≥ k1(p)), then only some
class-1 customers will enter the system for service
(with the equilibrium entering rate being k1(p)), and
no class-2 customers will enter the system for service.
If the potential arrival rate of class-1 customers is
lower than k1(p) but higher than k2(p), then all class-1
customers will enter the system but still no class-2
customers will enter the system for service in equilib-
rium. Only when there are relatively few class-1 cus-
tomers in the system or the arrival rate of class-1
customers is below this threshold (i.e., Λ1 < k2(p))
shall some or all class-2 customers enter the system
for service. Moreover, the lower the service price, the
higher this threshold is. Note that even when the arri-
val rate of potential class-1 customers is lower than
the threshold k2(p), some class-2 customers may still
be turned away because it is possible that there exists
a large number of class-2 customers in system, or
Λ2 > k2(p) � Λ1.

3.2. Non-dominating Customers Case
We now turn to the non-dominating customers case,
that is, d1 > d2. To characterize the equilibrium behav-
iors of the customers, we first define a reference price,
which can be negative, by

p̂ ¼ d1v2 � d2v1
d1 � d2

: ð6Þ

It is easy to verify from Equation (4) that p̂ is the
price for the two arrival rate functions k1(p) and
k2(p) to be equal. Other relationships among the ref-
erence price p̂, the reference arrival rate �̂, ki(p), and
pi(k) are presented in the following lemma.

LEMMA 3. When d1 > d2, the following results hold:

(a) �̂\ �1ðpÞ\ �2ðpÞ when p\ p̂, �̂ ¼ �1ðp̂Þ ¼
�2ðp̂Þ, and �̂ [ �1ðpÞ [ �2ðpÞ when p [ p̂;

(b) p1ð�Þ [ p2ð�Þ [ p̂ when �\ �̂, p̂ ¼ p1ð�̂Þ ¼
p2ð�̂Þ, and p1ð�Þ\ p2ð�Þ\ p̂ when � [ �̂.

Recall that ki(p) is the maximum total arrival rate at
which a class-i customer would choose to enter the
system. Therefore, Lemma 3(a) states that, when the
service price p is lower (respectively, higher) than the
reference price p̂, class-1 customers have less (respec-
tively, more) incentive to enter the system than
class-2 customers. The intuitions are as follows. If the
service price p is smaller than p̂, then ki(p) being
decreasing in p implies �iðpÞ � �̂, i = 1,2. According
to Lemma 1, class-1 customers have a lower utility
value than class-2 customers when � � �̂. Thus,
class-1 customers have less incentive to enter the
system than class-2 customers with a low service
price. Furthermore, Lemma 3(b) shows that class-1

customers are willing to pay more (respectively, less)
for entering the system than class-2 customers when
the total arrival rate is low (respectively, high). This
result is also intuitive, since class-1 customers are
more sensitive to delays under the non-dominating
customers case.
With Lemma 3, the following theorem characterizes

the equilibrium customer behaviors for the non-domi-
nating customers case.

THEOREM 2 (Customer equilibrium for non-dominating
customers case). When d1 > d2, the equilibrium customer
behaviors depend on whether p � p̂ or p\ p̂. Specifically,
if p � p̂, then the customer equilibrium is given by
cases 1 and 2 in exactly the same way as that in Theorem
1. If p\ p̂, then the customer equilibrium is given by

3. if Λ2 ≥ k1(p), then ðhEQ1 ðpÞ; hEQ2 ðpÞÞ ¼
ð0;minf�2ðpÞ=K2; 1gÞ;

4. if Λ2 < k1(p), then ðhEQ1 ðpÞ; hEQ2 ðpÞÞ ¼
ðminf1; ð�1ðpÞ � K2Þ=K1g; 1Þ.

Theorem 2 shows that the roles of two classes of
customers when p � p̂ and p\ p̂ are reversed in
equilibrium: in the first case, the equilibrium cus-
tomer behaviors are the same as those for the domi-
nating customers case, where class-1 customers have
more incentive to enter the system for service, while
in the second case, class-2 customers have more
incentive to enter the service system and, indeed,
only when there is not a sufficient number of class-2
customers shall some or all class-1 customers enter
the system.
Having analyzed the equilibrium customer behav-

iors for any given price for service, p, in the next sec-
tion we study the firm’s optimal pricing problem.
Recall that the objective of the service firm is to maxi-
mize its expected revenue.

4. Firm’s Optimal Pricing Strategy

The firm sets the service price p to maximize its
expected revenue, p(p) = pk(p), where k(p) is the equi-
librium arrival rate at which the two classes of cus-
tomers enter the system when the price of service is p.
Note that k(p) is determined by Theorems 1 and 2,
respectively, in the previous section for the dominat-
ing and non-dominating customers cases.
In the following, we explicitly solve the firm’s

optimization problem maxpp(p) for its optimal pric-
ing strategy. We show that the market structure or
the arrival rates of different classes of potential cus-
tomers plays a critical role for the firm’s optimal
decisions. Depending on the ranges of system
parameters, which are explicitly expressed in terms
of the system primitive data, the firm may choose
to focus only on one class of customers, a subset of
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a class of customers, or a combination of different
classes of customers in setting its price. In addition,
the optimal pricing of the firm is in general not
monotone with respect to the potential market sizes
or arrival rates of different classes of potential cus-
tomers. More specifically, we show that the firm’s
optimal price is decreasing in both Λ1 and Λ2 when
the customer base being served is unchanged, but
this monotonicity result is not true in general. When
there is a change in the customer base being served,
the optimal price will encounter a jump or drop,
destroying the monotonicity of the optimal price in
Λ1 or Λ2.
Some technical preparation is needed to analyze

the firm’s problem. For i = 1,2, and on p ≤ wi and
0 ≤ k < l, we define

piðpÞ ¼ p�iðpÞ and ~pið�Þ ¼ �pið�Þ: ð7Þ

Thus, from the definition of ki(p) and pi(k), pi(p) and
~pið�Þ are the firm’s maximum revenues when the
service price is p and when the equilibrium arrival
rate is k, respectively, given there are only but suffi-
cient class-i customers in the system. By Lemma 2,
both pi(p) and ~pið�Þ are strictly concave functions.
Furthermore, we denote

p�i ¼ argmax
p�wi

piðpÞ and ��
i ¼ arg max

0� �\l
~pið�Þ

as the optimal price and the optimal equilibrium
arrival rate, respectively, if there are only but suffi-
cient class-i customers in the system. Since ki(p) and
pi(k) are inverse functions of each other by Lemma
1, we have piðpÞ ¼ ~pið�iðpÞÞ and ~pð�Þ ¼ piðpið�ÞÞ and
p�i ¼ pið��

i Þ and ��
i ¼ �iðp�i Þ. In addition, it follows

from Equations (5) and (7) that p�i is given explicitly
as

p�i ¼ wi �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dið1þ c2vÞðdið1þ c2vÞ þ 2lwiÞ

p � dið1þ c2vÞ
2l

:

ð8Þ
For i = 1,2, since ~pið�Þ is strictly concave in k by

Lemma 1 and achieves its maximum when � ¼ ��
i , it

strictly increases from ~pið0Þ ¼ 0 to ~pið��
i Þ when k

increases from 0 to ��
i . Thus, there exists a unique

solution of k to the equation ~pið�Þ ¼ minf~p1ð��
1Þ;

~p2ð��
2Þg over � 2 ½0; ��

i �, and we define it as ��
i . Then,

by definition, 0 � ��
i � ��

i and ~pið��
i Þ ¼ minf~p1ð��

1Þ;
~p2ð��

2Þg. That is, ��
i is the equilibrium arrival rate in

the system with only class-i customers that yields the
smaller one of the maximum revenues for the two sys-
tems with only class-1 customers and with only class-
2 customers, respectively. Obviously, ��

i ¼ ��
i if and

only if ~pið��
i Þ � ~pjð��

j Þ, j 6¼ i.
Lastly, for i 6¼ j = 1,2, when 0 � x � ��

j , let �iðxÞ be
the demand rate of class-i customers such that the
revenue of the firm, when only serving class i custom-
ers, is the same as that when the firm only serves
class-j customers of demand rate x; that is, �iðxÞ is the
unique solution of k to the equation ~pið�Þ ¼ ~pjðxÞ
over � 2 ½0; ��

i �. Thus, by definition, 0 � �iðxÞ � ��
i

and ~pið�iðxÞÞ ¼ ~pjðxÞ. Note that ~pjðxÞ strictly increases
from ~pjð0Þ ¼ 0 to minf~p1ð��

1Þ; ~p2ð��
2Þg when x

increases from 0 to ��
j . It follows that �iðxÞ strictly

increases from 0 to �ið��
j Þ ¼ ��

i when x increases from
0 to ��

j . From Equation (5), we obtain �iðxÞ as

The following lemma summarizes some important
relationships among ��

i , �
�
i , and �iðxÞ, which will be

used in characterizing the firm’s optimal pricing strat-
egy.

LEMMA 4. For i 6¼ j = 1,2, the following results hold:

(a) 0 � ��
i � ��

i and ��
i ¼ ��

i if and only if
~pið��

i Þ � ~pjð��
j Þ;

(b) �iðxÞ is strictly increasing in x when 0 � x � ��
j

with �ið0Þ ¼ 0 and �ið��
j Þ ¼ ��

i ;
(c) �1ðxÞ and �2ðxÞ are inverse functions of each

other; that is, �ið�jðxÞÞ ¼ x for any 0 � x � ��
i .

With the notation defined above, we are ready to
study the optimal pricing decision of the service firm.
To start with, the following result provides a lower
bound for the firm’s optimal price.

PROPOSITION 1. The firm’s optimal price is lower
bounded by minfp�1; p�2g.

It will be seen that the firm’s optimal price critically
depends on the parameter settings, especially the
potential arrival rates of two classes of customers, that
is, Λ1 and Λ2. However, Proposition 1 shows that the
firm’s optimal price has a lower bound which is inde-
pendent of Λ1 and Λ2. Also note that Proposition 1
holds under both the dominating customers case and
the non-dominating customers case.
We now begin to analyze the firm’s optimal price

under each and every parameter setting. As can be

�iðxÞ ¼
~pjðxÞ þ lwi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~pjðxÞ þ lwiÞ2 � 2ðdið1þ c2vÞ þ 2lwiÞ~pjðxÞ

q

dið1þ c2vÞ þ 2lwi
l: ð9Þ
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expected, the optimal pricing decision for the domi-
nating customers case is different and simpler than
that for the non-dominating customers case; thus in
the following we present the results for the two cases
separately.

4.1. Dominating Customers Case
We first consider the case of dominating customers,
that is, d1 ≤ d2. To completely characterize the optimal
pricing decision in various scenarios, we need the fol-
lowing lemma.

LEMMA 5. When d1 ≤ d2, then p�2 \ p�1, ��
1 \ ��

2 ¼
��
2 \��

1, and �0
2ðxÞ [ 1 when 0\ x\��

1.

For convenience, we use pEQ to represent the firm’s
optimal price and ðhEQ1 ; hEQ2 Þ to represent the custom-
ers’ equilibrium probabilities of entering the service
system. The following theorem fully characterizes the
firm’s optimal pricing strategy for the dominating
customers case.

THEOREM 3 (Optimal price for dominating customers
case). When d1 ≤ d2, the optimal price of the firm
depends on the market sizes of two classes of customers.
Specifically,

1. if K1 � ��
1, then pEQ ¼ maxfp�1; p1ðK1Þg and

ðhEQ1 ; hEQ2 Þ ¼ ðminf1; ��
1=K1g; 0Þ;

2. if K1 � ��
1 and K � �2ðK1Þ, then pEQ ¼

maxfp�2; p2ðKÞg and ðhEQ1 ; hEQ2 Þ ¼ ð1;minf1;
ð��

2 � K1Þ=K2gÞ;
3. if K1 � ��

1 and K � �2ðK1Þ, then pEQ = p1(K1)

and ðhEQ1 ; hEQ2 Þ ¼ ð1; 0Þ.
We illustrate the results in Theorem 3, including

the optimal price and the customers being served, in

Figure 1. In this figure, three dashed lines and one
dashed curve divide the (Λ1,Λ2)-plane into five
regions, where case 1 corresponds to regions (I) and
(II), case 2 corresponds to regions (III) and (IV), and
case 3 corresponds to region (V). There are two verti-
cal lines in Figure 1, K1 ¼ ��

1 and K1 ¼ ��
1, with

��
1 \��

1 by Lemma 5. The third dashed line is
K1 þ K2 ¼ ��

2, which intersects with K1 ¼ ��
1 in the

first quadrant because, by Lemma 5, ��
2 [ ��

1. The
curve, dividing regions (IV) and (V), is determined by
the function K2 ¼ �2ðK1Þ � K1, which is strictly
increasing in Λ1 when 0 � K1 � ��

1 by Lemma 5, and
it starts from (0,0) and ends at ð��

1; �
�
2 � ��

1Þ by
Lemma 4. This shows that the curve intersects with
the two straight lines at point ð��

1; �
�
2 � ��

1Þ.
The results in Theorem 3 can be interpreted as fol-

lows. When there are a large number of potential
class-1 customers (i.e., K1 � ��

1), the firm makes deci-
sion by completely ignoring the potential arrival rates
of both classes of customers. The optimal price in this
case is p�1, it is independent of the exact values of Λ1

and Λ2, and the firm only serves a subset of the class-1
customers; this is region (I). If Λ1 is lower than ��

1 but
higher than ��

1, the firm will still ignore class-2 cus-
tomers, but will consider the potential arrival rate Λ1

in its pricing decision. The optimal price in this case is
p1(Λ1), which is a function of Λ1, and all class-1 cus-
tomers are served; this is region (II). If Λ1 is lower
than ��

1, but there are still a sufficient number of cus-
tomers when adding all customers together, then the
firm will consider both classes of customers in making
its pricing decision and make sure that all class-1 cus-
tomers are served. On the other hand, the firm does
not want to lower its price by too much and will set
the price to capture some of the class-2 customers; this
is region (III). In regions (IV) and (V), the class-1 cus-
tomers have a potential arrival rate below ��

1, and
there is not a sufficient customer base when all cus-
tomers are combined. In these two regions, the firm
does a trade-off analysis between serving only class-1
customers (by setting a sufficiently high price to turn
away all class-2 customers) and serving all customers
(by lowering the price). It turns out that in region (IV),
the firm is better off to serve all customers with price
p2(Λ), while in region (V), the firm is better off to turn
away all the class-2 customers and only serve class-1
customers with price p1(Λ1).
We now study the firm’s optimal prices in different

parameter regions in Figure 1. The optimal price in
region (I) is p�1, which is independent of the arrival
rates of both classes of customers. The optimal price
for regions (II) and (V) is p1(Λ1), which is strictly
decreasing in the arrival rate of class-1 customers but
independent of the arrival rate of class-2 customers.
Since p�1 ¼ p1ð��

1Þ, the firm’s optimal price is decreas-
ing in Λ1 and Λ2 in regions (I), (II), and (V). For region

Figure 1 Optimal Price for Dominating Customers Case
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(IV), the optimal price is p2(Λ1 + Λ2), which is strictly
decreasing in Λ1 + Λ2, and the lowest price in this
region is reached at K1 þ K2 ¼ ��

2, which is
p2ð��

2Þ ¼ p�2. Thus, the firm’s optimal price is decreas-
ing in Λ1 and Λ2 in regions (III) and (IV). Note that the
firm only serves class-1 customers in regions (I), (II),
and (V), while it serves both classes of customers in
regions (III) and (IV). Therefore, when the firm does
not change the customer base being served, it will
charge a lower optimal price when the potential arri-
val rate of either class of customers increases. This
result is intuitive, since lowering the selling price is
the only way for the firm to secure more demand
from the potential demand pool.
From Figure 1, we can also easily observe that, for

any fixed Λ1, the firm’s optimal price is decreasing in
Λ2, meaning that for the dominating customers case
the firm will always charge a lower optimal selling
price when there are more class-2 customers. How-
ever, this result is not true for class-1 customers. For
any fixed positive Λ2, the optimal price as a function
of Λ1 always decreases first, jumps up at one point,
and then decreases until it finally drops to p�1. The
intuitions are as follows. First, when Λ1 is very small,
it is not worthwhile for the firm to ignore class-2 cus-
tomers; thus it will make the pricing decision to
serve both classes of customers, and, as discussed
above, the optimal price is decreasing in Λ1. Second,
since class-1 customers are more valuable to the firm
for the dominating customers case, the firm will
begin to ignore class-2 customers in setting its price
when Λ1 becomes large enough, as shown in Figure
1. Since at the switching value of Λ1 the firm loses
some class-2 customers when switching from serving
both classes of customers to serving only class-1 cus-
tomers, a price jump must be accompanied to main-
tain the firm’s revenue. Finally, when Λ1 becomes
even larger, the firm will keep only serving class-1
customers and the optimal price will decrease in Λ1

again.
We remark that there may exist multiple optimal

prices for the boundary points of two adjacent regions
in Figure 1. Note that the firm always has a unique
optimal revenue under a given market structure (i.e.,
the relative values of Λ1 and Λ2). Then, the multiple
optimal prices (if only) on the boundary points will
inevitably result in multiple equilibrium customer
markets that are served. For example, for any point
(Λ1,Λ2) on the boundary curve between regions (IV)
and (V), by Theorem 3, it is optimal for the firm to
either set a price p1(Λ1) and only serve all class-1
customers or set a price p2(Λ1 + Λ2) and serve all cus-
tomers. Since the firm serves a smaller equilibrium
market under the first price, it can be seen that p1(Λ1)
is higher than p2(Λ1 + Λ2). Similarly, for any point
(Λ1,Λ2) on the boundary line between regions (II) and

(III), it is optimal for the firm to either set a higher
price p1(Λ1) and only serve all class-1 customers or set
a lower price p�2 and serve all class-1 customers as well
as some class-2 customers.
We now compare the firm’s optimal revenues

among different regions, and the results are reported
in the following proposition. For comparison pur-
poses we denote by R(i) the optimal revenue for an
arbitrary point in region (i), which is clearly a function
of both Λ1 and Λ2. When we write R(i) > R(j), we mean
that the firm’s optimal revenue for any point in region
(i) is larger than its optimal revenue for any point in
region (j).

PROPOSITION 2. For the dominating customers case, the
optimal revenues satisfy (1) R(I) > R(II) > R(III) > R(IV);
and (2) R(III) > R(V).

Note that the optimal revenues in some regions
cannot always be compared in the above way. Never-
theless, we can show that the firm’s optimal revenues
in all of the five regions in Figure 1 are increasing in
both Λ1 and Λ2; that is, the firm’s optimal revenue is
increasing in both Λ1 and Λ2. Thus, as the potential
arrival rate of either class of customers increases, the
firm will always be better off by obtaining a (weakly)
higher optimal revenue. It is also interesting to note
that for the dominating customers case, the firm’s
optimal revenue has an upper bound p�1ðp�1Þ. Conse-
quently, when the firm already has sufficient potential
class-1 customers (i.e., K1 � ��

1), adding more poten-
tial customers of any class will not improve the firm’s
optimal revenue.

4.2. Non-dominating Customers
In the case of non-dominating customers, that is,
d1 > d2, the optimal pricing of the firm is more
involved. In the following, the optimal pricing deci-
sions are presented in four exclusive cases of system
parameters according to the values of p̂; p�i , and ��

i ,
i = 1,2, and they are sharply different from case to
case. The results reveal that the firm should follow
different pricing strategies in different regions of sys-
tem parameters.
The following lemma will be used in characterizing

the optimal prices in different regions of the system
parameters.

LEMMA 6. When d1 > d2, if p̂ � p�1, then p̂ � p�2, and if
p̂ � p�2, then p̂ � p�1; moreover,

(a) if p̂ � minfp�1; p�2g, then p�1�
�
1 � p�2�

�
2, �

�
1 � ��

2 ¼
��
2, and �2ðxÞ � x when 0 � x � ��

1;
(b) if p̂ � maxfp�1; p�2g, then p�1�

�
1 � p�2�

�
2, �1ð�̂Þ ¼

�2ð�̂Þ ¼ �̂ � ��
2 � ��

1 ¼ ��
1, x � �2ðxÞ � �̂when

0 � x � �̂ and x � �1ðxÞ � ��
1 when �̂ � x � ��

2;
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(c) if p�2 \ p̂\ p�1, then �̂\ ��
2, �1ð�̂Þ\ ��

1,
x � �2ðxÞ � �̂ when 0 � x � �1ð�̂Þ, and
�̂ � �2ðxÞ � ��

2 when �1ð�̂Þ � x � ��
1.

Note that the condition p�2 \ p̂\ p�1 in case (c) is
equivalent to minfp�1; p�2g\ p̂\ maxfp�1; p�2g, since
p�1 \ p̂\ p�2 is not a possible case by the first part of
Lemma 6. Thus, the second part of Lemma 6 gives all
possible cases on the relationship among p̂, p�1, and p�2,
and the corresponding relationships on the control
parameters for each of the cases.
As it turns out, the structure of the optimal pricing

strategy of the firm depends critically on the range of
the system parameters. We are able to give the opti-
mal pricing decision of the firm in closed form accord-
ing to four distinct cases of the system parameters: (1)
p̂ � minfp�1; p�2g; (2) p̂ � maxfp�1; p�2g; (3) p�2 \ p̂\ p�1
and p�1�

�
1 � p�2�

�
2; and (4) p�2 \ p̂\ p�1 and p�1�

�
1 \ p�2�

�
2.

The optimal pricing policy for case 1 is exactly the
same as that of Theorem 3. That is, the firm’s optimal
pricing strategy for case 1 has the same structure
as that for the dominating customers case. The rea-
sons are as follows. From Proposition 1, the firm’s
optimal price is always at least minfp�1; p�2g. Since
p̂ � minfp�1; p�2g under case 1, the firm’s optimal price
is always at least p̂. Thus, it follows from Lemma 3
that class-1 customers always have more incentives
to enter the system than do class-2 customers under
the optimal price. Consequently, case 1 has the same
structure on the optimal price as that for the dominat-
ing customers case. For all the other three cases, the
firm’s optimal price can be either higher or lower than
p̂, depending on the potential arrival rates of two
classes of customers; thus either class of customers
can have more incentive to enter the system than the
other class.
In the following, we only present the results for

case 2, and the results for the other two cases are
given in the online Supporting Information for
brevity.

THEOREM 4 (Optimal price for non-dominating
customer case). When d1 > d2, the optimal price of the
firm pEQ and customers’ equilibrium behavior ðhEQ1 ; hEQ2 Þ
for case 2 is given according to the following subcases:

1. if K2 � ��
2, then pEQ ¼ maxfp�2; p2ðK2Þg and

ðhEQ1 ; hEQ2 Þ ¼ ð0;minf1; ��
2=K2gÞ;

2. if K2 � ��
2 and K1 þ K2 � maxf�̂; �1ðK2Þg, then

pEQ ¼ maxfp�1; p1ðK1 þ K2Þg and ðhEQ1 ; hEQ2 Þ ¼
ðminf1; ð��

1 � K2Þ=K1g; 1Þ;
3. if �̂ � K2 � ��

2 and K1 þ K2 � �1ðK2Þ, then

pEQ = p2(Λ2) and ðhEQ1 ; hEQ2 Þ ¼ ð0; 1Þ;
4. if �2ðK1Þ � K1 þ K2 � �̂, then pEQ = p2(Λ1 + Λ2)

and ðhEQ1 ; hEQ2 Þ ¼ ð1; 1Þ;

5. if K1 � �̂ and K1 þ K2 � �2ðK1Þ, then pEQ =

p1(Λ1) and ðhEQ1 ; hEQ2 Þ ¼ ð1; 0Þ.
The results in Theorem 4 are illustrated in Figure 2,

where four dashed lines and two dashed curves
divide the (Λ1,Λ2)-plane into seven regions. The four
dashed lines are K2 ¼ ��

2;K2 ¼ ��
2, K1 þ K2 ¼ �̂,

and K1 þ K2 ¼ ��
1, and the two curves are

K1 þ K2 ¼ �1ðK2Þ and K1 þ K2 ¼ �2ðK1Þ. The curve
K1 þ K2 ¼ �2ðK2Þ is strictly decreasing in Λ1 on
0 � K1 � ��

1 � ��
2; it starts at ð0; �̂Þ and ends at

ð��
1 � ��

2Þ, thus intersecting with the lines K2 ¼ ��
2

and K1 þ K2 ¼ ��
1 at ð��

1 � ��
2; �

�
2Þ. The second curve,

K1 þ K2 ¼ �2ðK1Þ, stays in the first quadrant on
0 � K1 � �̂, and it starts at (0,0) and ends and inter-
sects with the line K1 þ K2 ¼ �̂ at ð�̂; 0Þ. Note that in
Figure 2, we have displayed subcase 1 in regions (I)
and (II) according to K2 � ��

2 and ��
2 � K2 � ��

2,
respectively, and we have displayed subcase 2 in
regions (III) and (IV) according to K1 þ K2 � ��

1 and
K1 þ K2 � ��

1, respectively.
Therefore, the optimal price of the firm is given in

seven regions of the system parameters in Figure 2. In
regions (I) to (V), the optimal price is lower than p̂;
thus class-2 customers have more incentive to enter
the system than class-1 customers, while in regions
(VI) and (VII), the optimal price is higher than p̂, and
thus class-1 customers have more incentive to enter
the system than do class-2 customers. In region (I),
there are sufficient potential class-2 customers; thus
the firm, focusing on class-2 customers in this case for
its revenue optimization, ignores class-1 customers as
well as the exact arrival rate of class-2 customers and
sets the price at p�2. In this subcase only a subset of
class-2 customers are served and no class-1 customers
are served; the firm sets the price as if there are infi-
nitely many class-2 customers in the market. In region
(II), there are no sufficient class-2 customers, and the

Figure 2 Optimal Policy when p̂ ≥ max {p�1 ; p
�
2 }
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firm sets the price at p2(Λ2), which depends on the
potential arrival rate of class-2 customers Λ2. In this
region, the firm still completely ignores class-1 cus-
tomers but sets a price to catch all class-2 customers.
In region (III), the potential arrival rate of class-2 cus-
tomers is so low that the firm has to reach out to class-
1 customers, but, still, since there are a relatively large
total number of customers in the market, the firm sets
its price only to catch a subset of the class-1 custom-
ers. In regions (IV) and (V), there are not enough
class-2 customers and neither is there a sufficient,
though still quite some, total number of customers in
the market. In this case, the firm does a trade-off
analysis between serving only class-1 customers (by
setting a high price to turn away all class-2 customers)
and serving all customers (by lowering the price). It
turns out that in region (IV) the firm is better off to
serve only class-2 customers with price p2(Λ2), while
in region (V) it is optimal to serve all customers with
price p1(Λ). Finally, in regions (VI) and (VII), the total
number of customers in the market is very low, and
in this case, the firm does a trade-off analysis between
serving all customers (by setting a low price) and
serving only class-1 customers (by setting a high price
to turn away all class-2 customers). It turns out that in
region (VI), the firm is better off to serve all customers
with price p2(Λ), while in region (VII), it is better off to
totally ignore the class-2 customers and serve all but
only class-1 customers with price p1(Λ1). It is interest-
ing to note from Figure 2 that when Λ2 is sufficiently
small, the firm serves both classes of customers if Λ1

is very small, only class-1 customers if Λ1 becomes lar-
ger, and both classes of customers again when Λ1 is
large enough.
We illustrate Theorem 4 using the following numer-

ical example, where the system parameters are given
by

v1 ¼ 3; v2 ¼ 2:9; d1 ¼ 0:08; d2 ¼ 0:03;
l ¼ cv ¼ 1:

Since w1 = 2.92 > w2 = 2.87 and d1 > d2, this exam-
ple belongs to the non-dominating customers case.
In addition, it can be computed that

p̂ ¼ 2:84; �̂ ¼ 0:5; p�2 ¼ 2:6914; p�1 ¼ 2:6536;

and

��
2 ¼ 0:8562; ��

1 ¼ ��
1 ¼ 0:7691; ��

2 ¼ 0:7320:

Since p̂ [ maxfp�1; p�2g, this example belongs to case
2. Thus, the firm’s optimal prices p* for this example
are given by Theorem 4, and the values of p* in differ-
ent regions of (Λ1,Λ2) are displayed in Figure 3.
As seen from Figure 3, when Λ2 is sufficiently small,

then there are two values of Λ1 that satisfy
�1ðK1Þ ¼ K2, call them a�1ðK2Þ and a�2ðK2Þ, respec-
tively, and suppose a�1ðK2Þ\ a�2ðK2Þ. The firm serves
both classes of customers when K1 \ a�1ðK2Þ; however,
when K1 [ a�1ðK2Þ but K1 \ a�2ðK2Þ, then the firm only
serves class-1 customers, but it starts to serve both
classes of customers again when K1 [ a�2ðK2Þ.

Figure 3 Numerical Example
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REMARK 2. (1) p�1 ¼ p�2 ¼ p̂ belongs to both case 1
and case 2, and the results are consistent; (2) if
p�2 \ p̂\ p�1 and p�1�

�
1 ¼ p�2�

�
2, it belongs to both case

3 and case 4. In this scenario the results are consis-
tent except when K1 � ��

1 and K2 � ��
2. In this

region, there are two different optimal prices p�1 and
p�2 for the firm. Both prices are optimal for the firm.
When the price is p�1, only a subset of class-1 cus-
tomers are served; while when the price is p�2, only a
subset of class-2 customers are served. Both prices,
however, give the same expected revenue for the
firm. The same remark applies to several other sce-
narios when (Λ1,Λ2) falls at a boundary of two
regions with different optimal prices.

We now study the firm’s optimal prices under dif-
ferent system parameters for non-dominating custom-
ers case. First, we find that in all cases and within any
range of system parameters, when the firm does not
change the customer base being served, it will charge
a lower optimal price when the potential arrival rate
of either class of customers increases. This result is
consistent with that of the dominating customers case.
Second, the optimal price in Theorem 4 is not mono-
tone in either Λ1 or Λ2. Similar comments apply to
cases 3 and 4 presented in the online Supporting
Information (and the optimal price is not monotone in
Λ1 but decreasing in Λ2 for cases 3 and 4).
We finally compare the firm’s optimal revenues in

different regions. The comparison results of the reve-
nues for case 1 is the same as that in Proposition 2.
The results for case 2 is presented in the following,
and the results for cases 3 and 4 are given in the
online Supporting Information.

PROPOSITION 3. The firm’s optimal revenues in different
regions in Figure 2 satisfy

1. R(I) > R(II) > R(III) > R(k) > R(VI); and
2. R(k) > R(VII), k = IV,V.

The same as in the dominating customers case, after
checking all four cases 1–4, we find that the firm’s
optimal revenue in the non-dominating customers
case is also increasing in both Λ1 and Λ2, with an
upper bound of maxfp�1ðp�1Þ; p�2ðp�2Þg. Thus, combining
the results for dominating and non-dominating cus-
tomer cases, we conclude that the firm’s optimal reve-
nue function is increasing in the potential arrival rate
of either class of customers, and the maximum reve-
nue of the firm is always upper bounded by
maxfp�1ðp�1Þ; p�2ðp�2Þg.

5. Conclusion

The message taken away from this study is that the
potential market structure plays a key role for the

firm; thus, it has to be fully investigated and under-
stood before the firm makes the pricing decision. Dif-
ferent system parameters can lead to completely
different pricing strategy for the firm. Depending on
the range of system parameters, which are explicitly
determined by the system primitive data, the firm
may choose to focus only on one class of customers, a
subset of a class of customers, or a combination of dif-
ferent classes of customers, and may decide to com-
pletely ignore some customer segments in setting its
price. Another insight obtained from our analysis is
that the optimal selling price of a firm is not always
monotone in the potential market size or the arrival
rates of potential customers. That is, when more cus-
tomers are in the market it does not imply that the
firm will increase its price to maximize its revenue;
the firm may actually reduce its price. This is because
the firm uses pricing as a strategy to shape up its mar-
ket structure. Our findings are consistent with some
interesting phenomena often observed in service sys-
tems such as restaurants, retail stores, etc., in which
some focus only on high end consumers, some focus
only on low end consumers, while some others catch
consumers from both ends. Our results show that this
is due to the heterogeneity in the different classes of
consumers, and it is the firm’s optimal strategy, on
price, waiting time, quality of service, etc., that leads
to this structure.
In this study, we focus on the case with two classes

of customers. When there are more than two classes
of customers, it is conceivable that the optimal pricing
strategy of the firm will be more complicated. Never-
theless, some of the results can still be generalized.
For example, Proposition 1 and the results discussed
at the end of section 4 (i.e., the optimal price is lower
bounded by the minimum of p�i over i, the optimal
revenue function is increasing in the arrival rate of
each class of customers, and the maximum revenue is
upper bounded by the maximum of piðp�i Þ over i) are
not accidental, and they can be shown to be satisfied
with an arbitrary number of classes of customers. In
addition, as seen from our analysis, when customers
have dominating relationships, then the model and
results are extendable to either countable many or a
continuum number of customer classes. In the model
considered in this study, it would imply that wi is
increasing in iwhile di is decreasing in i.
Several other extensions are possible. The service

system in this study is modeled as an M/G/1 queue-
ing system. The results can be extended to the
multiple-server case as long as we use any of the well-
known queueing delay approximations for an M/G/
m queue. For example, we can use the delay approxi-
mation of Nozaki and Ross (1978) or the diffusion
approximation of Whitt (1993) in the analysis of the
customer utility functions. The structure of the
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optimal pricing for the multiple-server case turns out
to be similar to the single-server case, though the
detailed results vary. One possible extension is that
the different classes of customers have different ser-
vice time distributions, and another interesting prob-
lem is to relax the pricing scheme to allow
differentiated prices for different classes of customers
(but the service discipline remains FCFS), and investi-
gate the improvement in the firm’s optimum revenue
when compared with the model of this study. These
will be left as future research topics.
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