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We study a multi-period network revenue management (RM) problem where a seller sells multiple products
made from multiple resources with finite capacity in an environment where the demand function is unknown
a priori. The objective of the seller is to jointly learn the demand and price the products to minimize his
expected revenue loss. Both the parametric and the nonparametric cases are considered in this paper. It is
widely known in the literature that the revenue loss of any pricing policy under either case is at least Q(\/E)
However, there is a considerable gap between this lower bound and the performance bound of the best
known heuristic in the literature. To close the gap, we develop several self-adjusting heuristics with strong
performance bound. For the general parametric case, our proposed Parametric Self-adjusting Control (PSC)
attains a O(\/E) revenue loss, matching the theoretical lower bound. If the parametric demand function
family further satisfies a well-separated condition, by taking advantage of passive learning, our proposed
Accelerated Parametric Self-adjusting Control achieves a much sharper revenue loss of O(log® k). For the
nonparametric case, our proposed Nonparametric Self-adjusting Control (NSC) obtains a revenue loss of
O(kl/ 2*¢logk) for any arbitrarily small € > 0 if the demand function is sufficiently smooth. Our results
suggest that in terms of performance, the nonparametric approach can be as robust as the parametric
approach, at least asymptotically. All the proposed heuristics are computationally very efficient and can be

used as a baseline for developing more sophisticated heuristics for large-scale problems.

Key words: Revenue management; learning; self-adjusting control; maximum likelihood estimation; spline

approximation; asymptotic analysis

1. Introduction

Revenue management (RM), which was first implemented in the 1960s by legacy airline compa-
nies to maintain their edge in the competitive airline market, has recently become widespread in
many industries such as hospitality, fashion goods, and car rentals (Talluri and van Ryzin 2005).
The sellers in these industries face the common challenge of using a fized capacity of perishable
resources to satisfy wvolatile demand of products or services. If the seller fails to satisfy the demand
appropriately, a considerable amount of profit! is at stake either due to the zero salvage value of
unused capacity or the loss of potential revenue. Given the high stakes, RM is aimed at helping
firms to make optimal decisions such that the right products are sold to the right customer at the
right time and at the right price. One type of operational leverage often employed by the sellers
is dynamic pricing: By adjusting the prices over time, the seller can effectively control the rate at

which the demand arrives so that he can better match volatile demand with the available capacity.
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Despite its potential benefits (Talluri and van Ryzin 2005), the efficacy of dynamic pricing hinges
upon knowledge of how market demand responds to price adjustment, i.e., the knowledge of the
underlying demand as a function of price; this is not always accessible to the sellers. Although
many sellers have adopted sophisticated statistical methods, the estimated demand functions are
inevitably subject to estimation error, which in turn affects the quality of the sellers’ pricing
decisions. The negative impact of inaccurate demand function estimation is further magnified in
practice because typical RM industries tend to have an enormous sales volume; so, small error can
potentially lead to a huge loss in revenue in absolute term. Given this limitation, the key issue
faced by most RM practitioners is how to price dynamically when the demand function is either
not perfectly known or completely unknown a priori.

This paper studies joint learning and pricing problem in a general network RM setting with mul-
tiple products and multiple capacitated resources for both the parametric and the nonparametric
demand cases. For each case, we develop a heuristic that is not only easy to implement for large
scale problems but also has a provable analytical performance bound. Our bounds significantly

improve the performance bounds of existing heuristics in the literature.

Literature review. Our research draws on two streams of literature: the RM literature and
the statistics literature. A large body of RM literature has investigated the traditional dynamic
pricing problem when the seller knows the underlying demand function. The prevailing view is
that, even in this simple case where learning is not in play, computing an optimal pricing policy is
already computationally challenging. This is because the common technique for solving sequential
decision problems, the so-called Dynamic Program (DP), suffers from the well-known curse of
dimensionality. This curse of dimensionality is exacerbated in most RM industries because the
sellers typically have to manage thousands of prices on a daily basis.? Due to this challenge, instead
of finding the optimal pricing policy, a considerable body of existing literature has focused on
developing computationally implementable heuristics with provably good performance. (See Bitran
and Caldentey (2003) and Elmaghraby and Keskinocak (2003) for a comprehensive review of the
literature.)

Within the RM literature, some papers develop heuristics based on solving a deterministic pricing
problem, i.e., the deterministic counterpart of the original stochastic problem, which is computa-
tionally much easier to solve than the DP. This approach was first proposed by Gallego and van
Ryzin (1994, 1997). They develop a static price control by first solving the deterministic pricing
problem at the beginning of the selling season and then using its optimal solution throughout
the selling season subject to the available capacity. Although the proposed heuristic is easy to
implement, its drawback is also obvious: It does not utilize the progressively revealed demand real-

ization, which leaves an open room for further improvement. Indeed, one intuitively appealing idea
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that has been studied in the literature involves re-optimizing the deterministic pricing problem in
order to incorporate the progressively revealed demand realization. Maglaras and Meissner (2006)
show that the re-optimized static control (RSC) cannot perform worse than static price control
without re-optimization. However, it is not clear whether re-optimization guarantees a much better
performance. A more recent study by Jasin (2014) shows that RSC actually performs much better
than static price control. Despite this, there are still computational challenges to implement RSC
in practice. Although solving the deterministic pricing problem is much easier than solving the
DP, frequent re-optimizations of the deterministic pricing problem may not be practically feasi-
ble in some industries such as airlines and hotels. To address this concern, Jasin (2014) proposes
a self-adjusting heuristic called Linear Rate Correction (LRC) that requires only a single opti-
mization at the beginning of the selling season and autonomously updates the prices according
to some pre-specified re-optimization-free update rules throughout the remaining selling season.
Surprisingly, this simple heuristic guarantees the same performance as RSC in an asymptotic sense.
Motivated by this result, in this paper, we develop self-adjusting heuristics akin to LRC when the
demand function is unknown and show that the proposed self-adjusting heuristics achieve the best
achievable performance bounds.

To develop a joint learning and pricing heuristic, we need to incorporate a demand learning
mechanism. This requires us to use and generalize some of the standard results in the statistics
literature. The statistics literature is replete with studies that attempt to estimate an unknown
function from a family of candidate functions based on noisy observations. Depending on the
assumptions being made about the candidate function family, this research area can be further
categorized into two subfields, the parametric case and the nonparametric case, both of which
have wide applications in practice. In the parametric case, researchers typically assume that the
candidate function family can be fully characterized by a fixed, finite, number of parameters (i.e.,
a parameter vector). Popular examples include the linear, exponential, and logit function fami-
lies with unknown parameters. Commonly used parametric estimation techniques include Least
Squares, Generalized Least Squares, and Maximum Likelihood (ML). (See Borovkov (1999) for
details.) Parametric models are widely used in industries where historical data is readily available
to the sellers to infer the structural form of the demand function. Unlike the parametric case, in
the nonparametric case, no information on the functional form is available. As one can imagine,
the estimation problem becomes much harder because now the seller may need to estimate the
function value at an infinite number of points (i.e., all points in the domain of the function) to fully
characterize the underlying function. As the dimension of the domain increases, the estimation dif-
ficulty increases exponentially, which leads to another type of curse of dimensionality. Despite this

technical challenge, there are applications where the nonparametric approach is more appropriate
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than the parametric approach, e.g., the case of new product introduction where market response
to the innovative product cannot be easily inferred from historical data of similar products.

Recent works on joint learning and pricing for the capacitated RM have combined statistical
learning method with dynamic pricing heuristic. In this stream of research, the central trade-off
is between the cost of learning the demand function (exploration) and the reward of using the
optimal price computed based on the estimated demand function (exploitation). The longer the
time the seller spends on learning the demand function, the less opportunity there is for the seller
to exploit the knowledge of the newly learned demand function. On the flip side, if the exploration
time is too short, it will result in poor demand estimation, which yields highly sub-optimal prices.
The important question is how to properly balance the exploration and exploitation to yield the
maximum possible expected revenue. As mentioned earlier, even in the simpler setting with known
demand function, determining the optimal policy is already difficult, let alone finding the optimal
policy when the demand function is unknown. Hence, a more reasonable goal is to find heuristics
that may not necessarily be optimal, but have provable good performance.

Following the standard convention in the literature, we use the revenue earned by a clairvoyant
who knows the demand function and faces no variability in demand arrival as a benchmark. Since
both the variability in demand realization and the informational uncertainty of the demand function
are not present, we can easily imagine that this benchmark always serves as an upper bound for
the expected revenue under any heuristic (e.g., Besbes and Zeevi (2012)). Indeed, it has been
shown in the literature that the revenue difference between the benchmark and any feasible pricing
heuristic is at least Q( \/E) for both the parametric and the nonparametric cases, where k represents
the size of the problem (see the last paragraph in §2 for more details). This result naturally
raises the following questions: (1) Is the lower bound on revenue loss actually tight? (2) Does
knowing the functional form of demand have a big impact on revenue performance (i.e., is there
a performance difference between the parametric and the nonparametric approaches)? We want
to highlight here that most existing literature on joint learning and pricing has focused primarily
on the setting of a single-leg RM (single product and single resource). Besbes and Zeevi (2009)
is among the first to investigate this problem under both the parametric and the nonparametric
cases. Their heuristic for the parametric case yields a revenue loss of O(k?/31og”” k) whereas their
heuristic for the nonparametric case guarantees a revenue loss of O(k%/4 log”® k). This suggests
that there is a considerable gap between the performance of the parametric approach and the
nonparametric approach. Recent works by Wang et al. (2014) and Lei et al. (2014) have managed
to significantly shrink this gap; they develop sophisticated nonparametric heuristics that guarantee
a O(Vklog"’k) and O(Vk) revenue loss, respectively. Thus, for the setting of single-leg RM,

existing works in the literature have not only managed to completely close the gap between the
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performance of the parametric and the nonparametric approaches, at least in the asymptotic sense,
but also shown that the theoretical lower bound of Q(v/k) is tight.

The network RM problem with multiple products and multiple resources is significantly more
challenging than the single-leg RM. To the best of our knowledge, the only existing literature
that addresses the joint learning and pricing problem in the setting of network RM is Besbes and
Zeevi (2012). They consider the nonparametric case only and show that the performance bound
of their proposed heuristic is O (k™+2)/("+3)10g"° k), where n is the number of products. Observe
that the fraction (n+ 2)/(n+ 3) in the bound highlights the curse of dimensionality for network
RM since the performance bound quickly deteriorates as the number of products n increases.
If, however, the true demand function is sufficiently smooth (e.g., infinitely differentiable), they
show that it is possible to construct a nonparametric heuristic that guarantees a O(k?/3+¢ log”® k)
revenue loss for some € > 0 that can be arbitrarily small. Thus, the best known nonparametric
heuristic for the general network RM setting in the literature has a performance guarantee no
better than O(k%3 log®? k). As one can see, there is still a considerable gap between the lower
bound of Q(vk) and the performance bound of O(k*?1og”’ k). It is then not clear whether, in
the general network RM, the lower bound can actually be attained by any heuristic (including the
parametric approach), and whether there is an inevitable performance gap between the parametric

approach and the nonparametric approach. We address these questions in our paper.

Proposed heuristics and our contributions. In this paper, we develop several heuristics for
the capacitated joint learning and pricing problem for both the parametric and the nonparametric
cases. Our heuristics combine statistical demand learning with a self-adjusting heuristic that is

based on a heuristic in Jasin (2014) for the known demand setting. Our contributions are as follows:

1. For the parametric case, we develop a heuristic called Parametric Self-adjusting Control (PSC)
that combines Maximum Likelihood (ML) estimation with self-adjusting price updates, and derive
an analytical performance bound. To the best of our knowledge, this is the first paper that develops
a joint learning and pricing heuristic in the network RM setting with parametric demand model.
We show that PSC is rate-optimal. To be precise, the revenue loss of PSC is O(Vk) (Theorem
1), which matches the theoretical lower bound. In addition, we also show that if the parametric
demand function family satisfies the so-called well-separated condition, then we can outperform
the Q(Vk) lower bound. We develop an Accelerated Parametric Self-adjusting Control (APSC), a

variation of PSC, that attains a much sharper performance bound of O(log” k) (Theorem 2).

2. For the nonparametric case, we develop a heuristic called Nonparametric Self-adjusting Con-

trol (NSC) that combines Spline Estimation with demand linearization and self-adjusting price
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updates. We also provide an analytical performance bound. To the best of our knowledge, this is
the first paper that introduces Spline Approximation Theory to the literature of joint learning and
pricing. We show that if the underlying demand function is sufficiently smooth, the revenue loss
of our heuristic is O(k*/?*<logk) for some € >0 that can be arbitrarily small (Theorem 3). This is
the tightest bound of its kind (i.e., it significantly improves the O(k*3<1og”® k) bound of Besbes
and Zeevi (2012)) and is only slightly worse than the theoretical lower bound of Q(Vk).

3. From the operational perspective, our results indicate that, if demand is sufficiently smooth,
not knowing the functional form of demand function should not hurt the performance by too
much. Since the parametric approach is subject to model mis-specification, it can potentially hurt
performance (see Figure 6 for an illustration). Thus, if the seller is not very confident about the
functional form of the demand, using a nonparametric approach may yield a more robust revenue.
In addition, we want to point out that our heuristics are computationally very easy to implement
because they only require one (or two) deterministic optimization(s) throughout the selling season.
Given the enormous complexity and scale of typical RM applications, this is an obviously appealing
feature. Needless to say, if desirable, the firms can also incorporate occasional re-optimizations

during the exploitation stage to further improve the performance of our heuristics.

4. On the technical side, aside from the analysis of self-adjusting heuristics mentioned above, our
results also contribute to the broader literature in several ways. First, for the parametric estima-
tion, we employ a geometric argument to derive a large deviation bound for multidimensional ML
estimation with non-i.i.d. observations (Lemma 4). This expands our understanding on the behav-
ior of ML estimator in non-i.i.d. observation framework. Second, for nonparametric estimation, we
approximate the demand function using a linear combination of spline basis functions and derive
a large deviation bound for this estimated demand function and its Jacobian matrix (Lemma 7).
This result extends the application of Spline Approximation Theory to the case where observations
are subject to stochastic errors. Finally, we derive a nonparametric Lipschitz-type stability result
for a class of optimization problems (Lemma 8). The proof techniques used here are of independent

interest for the perturbation analysis of potentially other classes of optimization problems.

The remainder of the paper is organized as follows. We first formulate the problem in §2. We then
introduce our heuristics and evaluate their performances for the parametric and the nonparametric
case in §3 and §4 respectively. Finally, we conclude the paper in §5. All the proofs of the results

can be found in the online appendix.
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2. Problem Formulation

Notation. The following notation will be used throughout the paper. (Other notation will be
introduced when necessary.) We denote by R, R, and R, , the set of real, nonnegative real, and
positive real numbers respectively. For column vectors a = (ay;...;a,) € R", b= (by;...;b,) € R™,
we denote by a = b if a; > b; for all ¢, and by a > b if a; > b; for all i. Similarly, we denote by
Z, Z,, and Z,, the set of integers, nonnegative integers, and positive integers respectively. We
denote by - the inner product of two vectors and by ® the tensor product of sets or linear spaces.
We use a prime to denote the transpose of a vector or a matrix, an I to denote an identity
matrix with a proper dimension, and an e to denote a vector of ones with a proper dimension.
For any vector v = [v;] € R", |[v||, := (32 [v;|?)"/7 is its p-norm (1 <p < occ) and, for any real
matrix M = [M;;] € R™", [|[M]|, :=supy,, =1 [|Mv]|, is its induced p-norm. For example, ||M]|[, =
maxy<j<n oy | M|, [[M]]2 = the largest eigenvalue of M'M, and |[M|[w = maxi<icn Y1y [Mij].
(Note that || M||; = ||M'||«.) For any function f : X — Y, we denote by || f(.)||oc :=sup,cx || (2)]|s
the infinity-norm of f. We use V to denote the usual derivative operator and use a subscript to
indicate the variables with respect to which this operation is applied to. (No subscript V means
that the derivative is applied to all variables.) If f:R™ — R, then V,f = (%; el %); if, on the
other hand, f = (fi;...; f,) : R" = R", then

8f1 ... 9fn
oxq oz
ofi ... Ofn
Oxp Oxn

Finally, we introduce some commonly used functional spaces. We denote by C*(S) the set of
functions whose first sth order partial derivatives are continuous on its domain S, by P*([a,b]) the
set of single variate polynomial functions with degree s on an interval [a,b] C R, e.g., P([0,1]) is

the set of all linear functions on the interval [0, 1].

The model. We consider the problem of a monopolist selling his products to incoming customers
during a finite selling season and aiming to maximize his total expected revenue. There are n
types of products, each of which is made up of a combination of a subset of m types of resources.
For example, in the airline setting, a product refers to a multi-flight itinerary and a resource
refers to a seat in a single-leg flight; in the hotel setting, a product refers to a multi-day stay and
a resource refers to a one-night stay at a particular room. We denote by A = [A;;] € R™*" the
resource consumption matriz, which characterizes the types and amounts of resources needed by
each product. To be precise, a single unit of product j requires A;; units of resource i. Without

loss of generality, we assume that the matrix A has full row rank. (If this is not the case, then
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one can apply the standard row elimination procedure to delete the redundant rows. See Jasin
(2014).) We denote by C' € R™ the vector of initial capacity levels of all resources at the beginning
of the selling season. Since, in many industries (e.g., hotels and airlines), replenishment of resources
during the selling season is either too costly or simply not feasible, following the standard model in
the literature (Gallego and van Ryzin 1997), we will assume that the seller has no opportunity to
procure additional units of resources during the selling season. In addition, we also assume without
loss of generality that the remaining resources at the end of the selling season have zero salvage
value.

We consider a discrete-time model with T decision periods, indexed by t =1,2,...,T. At the
beginning of period ¢, the seller first decides the price p; = (p1;...;ps.n) for his products, where p,
is chosen from a convex and compact set P = ®f:1[gl, 1] CR™ of feasible price vectors. The posted
price py, in turn, induces a demand, or sale, for one of the products with a certain probability. Here,
we implicitly assume that at most one sale for one product occurs in each period. This is without loss
of generality since we can always slice the selling season fine enough to guarantee that at most one
customer arrives in each period. Let A"™!:={(z1;...;2,) € R"| Y7 x; <1, and x; > 0 for all ¢}
denote the standard (n — 1)-simplex. Let A\*(.) : P — A"~ denote the induced demand rate or
purchase probability vector; we also call \*(.) the underlying demand function®. Contrary to most
existing RM literature where it is assumed that the seller knows A\*(.) a priori, in this paper, we
simply assume that this function can be estimated using statistical learning approaches. (In §3, we
consider the parametric case where the seller knows the functional form of A\*(.) but its parameters
are unknown. In §4, we consider the nonparametric case where the functional form of A*(.) is also
not known to the seller.) Let Ay« :={\*(p) : p € P} denote the convex set of feasible demand rates
and let D;(p;) = (De1(pi);-..; Din(pe)) denote the vector of realized demand in period ¢ under
price p;. It should be noted that, although demands for different products in the same period are
not necessarily independent, demands over different periods are assumed to be independent (i.e.,
D, only depends on the posted price p; in period t). By definition, we have D,(p;) € D :={D €
{0,137 37" D; <1} and E[Dy(p,)] = A*(p;). This allows us to write D,(p;) = A*(pr) + A(py),
where A;(p;) is a zero-mean random vector. For notational simplicity, whenever it is clear from
the context which price p; is being used, we will simply write D;(p;) and A(p;) as D, and A,
respectively. The sequence {A;}7_, will play an important role in our analysis later. Define the
revenue function r*(p) :=p- A*(p) to be the one-period expected revenue that the seller can earn
under price p. It is typically assumed in the literature that \*(.) is invertible (see the regularity
assumptions below). By abuse of notation, we can then write 7*(p) =p-A*(p) = X-p*(A) =r*(A) to
emphasize the dependency of revenue on demand rate instead of on price. We make the following

regularity assumptions about A*(.) and r*(.).
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REGULARITY ASSUMPTIONS. There exists positive constants 7, v, v such that:
R1. X*(.): P — Ay is in C*(P) and it has an inverse function p*(.) : Ay« — P that is in C*(Ayx);
R2. There exists a set of turn-off prices p° € RN {oo} for j=1,...,n such that for any p =
(P15---3Pn), P =D5° implies that X;(p) =0.
R3. [|7*()|lee <7 and r*(.) is strongly concave in X, i.e., —vI X V3,r*(\) X —vl for all A € Ay-.

Assumption Rl is fairly natural and is easily satisfied by many demand functions, e.g., linear
demand, logit demand, and exponential demand. Assumption R2 is common in the literature. (See
Besbes and Zeevi (2009) and Wang et al. (2014).) In particular, the existence of turn-off prices p3°®
allows the seller to effectively shut down the demand for any product whenever needed, e.g., in the
case of stock-out. As for Assumption R3, the boundedness of r*(.) follows from the compactness
of Ay« and the smoothness of r*(.). The strong concavity of 7*(.) as a function of A is a standard
assumption in the literature and is satisfied by many commonly used demand functions such as
linear, exponential, and logit functions. It should be noted that although some of these functions,
such as logit, do not naturally correspond to a concave revenue function when viewed as a function
of p, they are nevertheless concave when viewed as a function of A. This highlights the benefit of
treating revenue as a function of demand rate instead of as a function of price. Additional regularity

assumptions will be provided later.

Admissible controls and the induced probability measures. Let D, := (Dy,D,,...,D;)
denote the history of the demand realized up to and including period ¢. Let ‘H; denote the o-field
generated by D;.,. We define a control m as a sequence of functions m = (7, ma,...,7r), where m,
is a H; ;-measurable real function that maps the history Dy, ; to ®7_, [Bj,pj] U{p5°}. This class
of controls is often referred to as non-anticipating controls because the decision in each period
depends only on the accumulated observations up to the beginning of the period. Under policy ,
the seller sets the price in period ¢ equal to pJ = m,(Dy.;—1) almost surely (a.s.). Let II denote the

set of all admissible controls. That is,

T
II:= {ﬂ:ZADt(p?)jC and pf =m(Hi—1) a.s.}.
t=1

In this paper, we will often suppress the dependency of II on \* for notational brevity. Note
that even though the seller does not know the underlying demand function, the existence of the
turn-off prices pi°,...,p;° guarantees that this constraint can be satisfied if the seller applies p3°
for product j as soon as the remaining capacity at hand is not sufficient to produce one more unit
of product j. Let P} denote the induced probability measure of D;., = d;.; under an admissible

control w €11, i.e.,
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n (1-Efo1dss)
IW@F{IG—Z&MO [1X @0
s=1 j=1 j=1
where pI = my(di.s—1) and dy, = [d, ;] € D for all s =1,...,t. (By definition of A*(.), the term
1— Z;L:l Aj (pT) can be interpreted as the probability of no-purchase in period s under price p7.)
For notational simplicity, we will write P™ :=P7. and denote by E™ the expectation with respect to

the probability measure P™. The total expected revenue under 7 € II is then given by:

T

R%ﬁﬂZﬁD@ﬂ-
t=1

The deterministic formulation and performance metric. It is common in the literature to

consider the deterministic analog of the dynamic pricing problem as follows:

P)  JP:= max {Z?”‘(pt): > AN (p) = C},

t=1 t=1

T T
or equivalently, (P,) J” := max {Zr*(/\t): ZA)\t = C’}.
t=1

ArEA
= =

By assumption R3, P, is a convex program and is computationally easy to solve. (To avoid
triviality, we assume that P, has a feasible solution.) It can be shown that J” is in fact an upper
bound for the total expected revenue under any admissible control. That is, R™ < JP for all = € II.
(See Besbes and Zeevi (2012) for more details.) This allows us to use J? as a benchmark to quantify
the performance of any admissible pricing control. In this paper, we follow the convention and
define the expected revenue loss of an admissible control 7 € II as p™ := JP — R™. Let AP denote the
optimal solution of Py and let p” = p*(A\”) denote the corresponding optimal deterministic price.
(Since r*(\) is strongly concave with respect to A, by Jensen’s inequality, it can be proved that
the optimal solution is static, i.e., A, = AP for all t.) Also, let u? denote the optimal dual solution
corresponding to the capacity constraints in Py. Let Ball(z,r) be a closed Euclidean ball centered

at z with radius . We state our fourth regularity assumption below:
R4. (INTERIOR ASSUMPTION) There exists ¢ >0 such that Ball(p”,$) C P.

Assumption R4 is sufficiently mild. Intuitively, it states that the static price should neither be
too low that it attracts too much demand nor too high that it induces no demand. A similar interior

assumption has also been made in Jasin (2014) and Chen et al. (2014).

Asymptotic setting. As discussed in §1, most RM applications can be categorized as either

moderate or large size, i.e., the seller is selling a lot of products. Motivated by this, following the
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standard convention in the literature (e.g., Besbes and Zeevi (2009) and Wang et al. (2014)), in this
paper, we will consider a sequence of increasing problems where the length of the selling season and
the initial capacity levels are both scaled by a factor of k£ > 0. (One can interpret k as the size of the
problem. For example, k=500 could correspond to a flight with capacity 500 seats and k= 5,000
could correspond to a large hotel with capacity 5,000 rooms.) To be precise, in the k" problem,
the length of the selling season and the initial capacity are given by kT and kC, respectively. The
optimal deterministic solution is still A” and the optimal dual solution is still u?. Let p™ (k) denote
the expected revenue loss under an admissible control 7 € II for the problem with scaling factor
k. We are primarily interested in identifying the order of p™ (k) for large k. (Intuitively, one would
expect that a better-performing control should have a revenue loss that grows relatively slowly
with respect to k.) The following notation will be used throughout the remainder of the paper. For
any two functions f:Z,;; - R and g:Z;; — R, we write f(k)=Q(g(k)) if there exists M >0
independent of k such that f(k) > Mg(k). Similarly, we also write f(k)=©(g(k)) if there exists
M, K > 0 independent of k such that Mg(k) < f(k) < Kg(k), and write f(k)= O(g(k)) if there
exists K >0 independent of k such that f(k) < Kg(k).

3. Parametric Demand Case

In this section, we consider the parametric demand case and develop two heuristics: Parametric
Self-adjusting Control (PSC) and Accelerated Parametric Self-adjusting Control (APSC). For the
general family of parametric demand, we show that PSC is rate-optimal, i.e., it guarantees a O(\/E)
revenue loss. Thus, we have completely closed the gap with the theoretical lower bound of Q(\/E)
If the parametric family of demand satisfies a so-called “well-separated” condition, we show that
it is possible to further improve the O(v/k) bound via APSC. In what follows, we discuss the

parametric function family and its estimation procedure first before describing the heuristics.

Parametric demand function family. Let © be a compact subset of R? where q € Z,, is
the number of unknown parameters. Under the parametric demand case, the seller knows that
the underlying demand function \*(.) equals A(.;0) for some 6 € ©. Although the function A(.;0)
is known, the true parameter vector #* is unknown and needs to be estimated from the data.
Let Ap:={A\(p;0) : p € P} denote the set of feasible demand rates under some parameter vector
0 € ©. We assume that Ay is convex. (It can be shown that, under the most commonly used
parametric function families such as linear, logit, and exponential demand, Ay is convex for all
0 € ©.) The one-period expected revenue function is given by 7(p;0) :=p- A(p;6). We assume that
R1 and R3 hold not only for §*, but also for all § € ©. (See parametric family assumptions below.)

This means that the demand function A(p; ) is invertible; so, by abuse of notation, we can write
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r(p;0) =p-A(p;0) = X-p(X;0) =7(X;0). In addition to the regularity assumptions R1-R4, we also
need further assumptions on the parametric demand function family given below. These are all
standard assumptions in the literature and are immediately satisfied by commonly used demand

function families such as linear, logit and exponential.

PARAMETRIC FAMILY ASSUMPTIONS. There exist positive constants w,v,v such that for all p € P
and for all 0 € ©:
P1. A(p;.):© = A" 1 s in CH(O). For all \, N € Ay, ||p(X;6) —p(N;0)|]2 <w||A = X|]2.
P2. For all 1<i,5 <n, [[A(p;0) = A(p; 0%)]l2 S wl|[0 = 0[|2, |52 (93 0) — 52 (p;07)] < w]|0 — 07| .
P3. R1 and R3 hold for all 6 € ©.

Similar to P and P, defined in §2, we define a deterministic pricing problem for any 6 € © as

T

(P(6)) —r;lg{z r(pi0): Y ANps;0) jC},

T T
or equivalently, (Py(6)) = max {Z (A 0) : AN = C} :
=1 =1

AtE€EAg

We denote by p”(6) (resp. AP(0)) the optimal solution of P() (resp. P5(6)). In addition, we
also denote by u”(6) the optimal dual solution corresponding to the capacity constraints of P(9).
(Note that uP(0) is also the optimal dual solution corresponding to the capacity constraints of
Py (6).) Observe that P(6*) is equivalent to P defined in §2 in the sense that AP (6*) = \P pP(6*) =
pP, uP(0%) = puP, and JR = JP.

Maximum likelihood estimator. As noted earlier, the seller does not know the true parameter
vector 0*. But, he can estimate this parameter vector using statistical methods. In this paper, we
will focus primarily on Mazimum Likelihood (ML) estimation. (The analysis of other statistical
methods is beyond the scope of this paper.) The behavior of ML estimator has been intensively
studied in the statistics literature. It not only has certain desirable theoretical properties, but is
also widely used in practice. To guarantee the regular behavior of ML estimator, certain statistical
conditions need to be satisfied. To formalize these conditions, it is convenient to first consider the
distribution of a sequence of demand realizations when a sequence of G € Z, , fixed price vectors
p= (Y, p?, ..., p?) € P have been applied. For all d;.; € DI, we define the distribution P?¢ as

follows:

q n (172?:1ds,j) n
PP (d1.q) = H ( A (P S)9> H)\j(ﬁ(s);e)ds’j

s=1 j=1 j=1
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Let Eg denote the expectation with respect to P»?. The PSC and APSC that we will develop
later use a set of “exploration prices” p in the first L periods and then use maximum likelihood
estimation to estimate the demand parameters. The exploration prices that we use need to satisfy

the following conditions to guarantee the regular behavior of ML estimator:

STATISTICAL CONDITIONS ON EXPLORATION PRICES. There exist constants 0 < Apin < Amax < 1,
c; >0, and a sequence of prices p= (pV,...,pD) € P such that:

S1. PPO(.) £ PP¥(.) whenever 6 # 6’

S2. Forall0€©,1<k<qGand 1<j<n, \;(p;0) > A\pin and Z?Zl N (P 0) < Amax-

S3. For all 0 € ©, Z(p,0) = ¢; I where Z(p,0) :=[Z; ;(p,0)] € RI*? is a q by g matriz defined as

2

00,00,

7, ;(p,0) = Ej log P"?(D1.)

We call p the exploration prices. Some comments are in order. S1 and S2 are crucial to guarantee
that the estimation problem is well-defined, i.e., the seller is able to identify the true parameter
vector by observing sufficient demand realizations under the exploration prices p. (If this is not
the case, then the estimation problem is ill-defined and there is no hope for learning the true
parameter vector.) The symmetric matrix Z(p, #) defined in S3 is known as the Fisher information
matrix in the literature, and it captures the amount of information that the seller obtains about the
true parameter vector using the exploration prices p. S3 requires the Fisher matrix to be strongly
positive definite; this is needed to guarantee that the seller’s information about the underlying
parameter vector strictly increases as he observes more demand realizations under p. All the results

in this section require assumptions P1-P3 and S1-S3 to hold.

REMARK 1. We want to point out that, given the demand function family, it is easy to find such
exploration prices. For example, for linear and exponential demand function families, any § =n—+1
price vectors p(V), ..., p("+1) constitute a set of exploration prices if (a) they are all in the interior
of P and (b) the vectors (1;p1), ..., (1;p"*Y) € R"*! are linearly independent. For logit demand
function family, any ¢ =2 price vectors py, p, constitute a set of exploration prices if (a) they are
both in the interior of P and (b) ]51(-1) ;éﬁz(?) for all i=1,...,n. The choice of exploration prices is
related to the literature of optimum experimental design. Although it is possible to “optimally”
choose the exploration prices using techniques in optimal experiment design, it is beyond the scope

of this paper. Interested readers are referred to Pzman (2013) for more details.
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3.1. General Demand Function Family

We are now ready to discuss our heuristic for the general family of parametric demand. Our main
result in this section is to show that PSC is rate-optimal, i.e., it attains the performance lower
bound. It has been repeatedly shown in the literature (e.g., Besbes and Zeevi (2012), Broder and
Rusmevichientong (2012), Wang et al. (2014)) that, in the most general setting, no admissible
pricing control can have a better performance than Q(Vk), ie., p™(k) = Q(vVk) for all 7 € I
This obviously poses a fundamental limitation on the performance of any pricing control that we
could hope for. An important question of both theoretical and practical interest is whether this
lower bound is actually tight and whether there exists an easily implementable pricing control that
guarantees a O(\/E) revenue loss. In the general parametric setting with only a single product and
without capacity constraints (i.e., the uncapacitated setting), this question has been answered by
Broder and Rusmevichientong (2012). If, on the other hand, the resources have limited capacity
(i.e., the capacitated setting), Lei et al. (2014) recently propose a hybrid heuristic that guarantees
a O(VE) revenue loss. Thus, the question of the attainability of the lower bound in the single-
product setting has been completely resolved. As for the general parametric setting with multiple
products and capacity constraints, we are not aware of any result that guarantees a O(\/E) revenue
loss. The heuristics analyzed in Wang et al. (2014) and Lei et al. (2014) are not easily generalizable
to multiproduct setting. (This is because their heuristics exploit the structure of the optimal
deterministic solution in the single-product setting. Unfortunately, no analogs of such structures
exist in the multiproduct setting.) Moreover, the analysis of multiproduct setting with capacity
constraints introduce new subtleties that do not previously exist in the uncapacitated setting. A
family of self-adjusting controls, i.e., Linear Rate Correction (LRC), has been shown to perform
very well in the capacitated multiproduct setting when the demand function is known to the seller
(Jasin (2014)). Motivated by this result, we will adapt LRC and develop a family of self-adjusting
controls called Parametric Self-adjusting Control (PSC) that can be employed in the unknown
demand setting. We will show that PSC attains the best achievable revenue loss bound for the

joint learning and pricing problem. We explain PSC below.

Parametric Self-adjusting Control. The idea behind PSC is to divide the selling season into
two stages: the exploration stage, where we do price experimentations using the exploration prices,
and the exploitation stage, where we apply LRC using the parameter estimate computed at the end
of the exploration stage. The exploration stage lasts for L periods (L itself is a decision variable to
be optimized) while the exploitation stage lasts for T'— L periods. Let @ € R"*™ be a real matrix
satisfying AQ = A and let 61, denote the ML estimate of #* computed at the end of the exploration
stage. For all t > L 4 1, define A,:=D, — )\(pt;éL). Let C; denote the remaining capacity at the
end of period t. The complete PSC procedure is given below.
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Parametric Self-adjusting Control (PSC)

Tuning Parameter: L

Stage 1 (Exploration)
a. Set exploration prices {pV,p?, ..., p@}. (See below.)
b. For t=1 to L, do:
- If C,_, = 0, apply price p; = p{LE-DI/ LI+ in period ¢.
- Otherwise, for product j =1 to n, do:
- If product j requires any resource that has been depleted, set p; ; = p§°.
- Otherwise, set p; ; =pi_1,;-

Stage 2 (Exploitation)
a. Compute the ML estimate éL given p;.;, and Dy.r.
b. Solve the deterministic optimization Py (6 ).
c. Fort=L+1toT, do:
- If C;_1 > 0, apply the following price in period ¢

t—1 N
A~ QA, -
=p | AP(0;) — —0.|.
Dt b ( ( L) T—s s VL
s=L+1
- Otherwise, for product j =1 to n, do:
- If product j requires any resource that has been depleted, set p; ; = p}°.

- Otherwise, set p; ; = p;—1,;-

Please note that in the PSC the exploration prices that satisfy conditions S1-S3 are set as
described in Remark 1 and, as we will show below, an optimal tuning parameter for L is to set

L= [VET]. In comparison to the original LRC, which uses p, = p(AP(6*) — 3211 282 .9*)4 since

s=1 T—s)

the underlying parameter vector #* is not known and the sequence {A,} is not observable, we
use éL and {Ag} as their substitute in PSC. Intuitively, one would expect that if éL is sufficiently
close to 6%, then PSC should retain the strong performance of LRC. This intuition, however, is
not immediately obvious. It should be noted that while LRC only deals with the impact of natural
randomness due to demand fluctuations, as captured in {A,}, PSC also introduces a sequence of
systematic biases due to estimation error as captured in {A,} (by definition, E7[A,] # 0). Thus,
despite the strong performance of LRC, it is not a priori clear whether linear rate adjustments
alone, without re-optimizations and re-estimations, is sufficient to reduce the impact of estimation

error on revenue loss. Interestingly, the answer is yes. In fact, PSC is rate-optimal.

THEOREM 1. (RATE-OPTIMALITY OF PSC) Suppose that we use L= [kT']. Then, there exists
a constant My >0 independent of k> 1 such that p©'5¢ (k) < MyVk for all k> 1.
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As a comparison, if we apply the same static price p, = p? (éL) throughout the exploitation
stage, subject to capacity constraints, then the optimal length of exploration stage is of the order
k2/3 and the resulting revenue loss is O(k?/?1og”’ k) (Besbes and Zeevi 2009). This underscores an
important point that a simple and autonomous price update is sufficient to reduce the revenue loss
from O(k*310g"® k) to O(k'/2). Let E(t) := ||6* — 6,]|, and define €(t) := E7[E(t)2]"/2. The proof of

Theorem 1 depends crucially on the following lemmas.

LEMMA 1. (CONTINUITY OF THE OPTIMAL SOLUTIONS) There exist constants k>0 and 6 >0
independent of k >0, such that for all 6 € Ball(6*,0),

0. P (0) € Ball(p?(60%), 6/2), Ball(p”(0),6/2) C P and [AP(6%) — \P(0)]]» < ]|6° — 0]},

b. pP(.):© = RT is continuous at 6*;

c. The capacity constraints of P(0) that correspond to the rows {i: uP(6*) >0} are binding.

LeEmMMA 2. (BOUNDS FOR ML ESTIMATOR WITH I.I.D OBSERVATIONS) There exist positive con-
stants my,m2,m3 independent of k > 0, such that for all § >0, we have P™(E(L) > 6) < ny exp(—n2L6?)
and e(L) <n3/VL.

LEMMA 3. (EXPLOITATION REVENUE UNDER PSC) Let & be as defined in Lemma 1. Let RPSC ()
denote the revenue under PSC during the exploitation stage. There exists a constant My > 0 inde-
pendent of L >0 and k > 3 such that for all k> 3,

3 r(AP(67);67) —E7 [}%PSC(k)} <M, [e(L)% n

t=L+1

log k 1+ kP (E(L) > 6)
1—-P(E(L) > 6) L 1—Pr(E(L) > 9)

Some comments are in order. Lemma 1 tells us that the deterministic problem P(é 1) is similar to
the deterministic problem P(6*) as long as the estimate 0y, is sufficiently close to 8*. In particular,
the Lipschitz continuity of AP (#) is useful to quantify the size of perturbation in the deterministic
solution as a function of the estimation error. Lemma 2 is a typical statistical result that is needed
to bound the size of the estimation error at the end of the exploration stage. Lemma 3 is the key.
It characterizes the trade-off between exploration and exploitation by establishing the impact of
the length of the exploration stage on the total revenue loss incurred during the exploitation stage;
this, in turn, helps us to determine the optimal length of the exploration stage. We want to stress:
The result of Lemma 3 is rather surprising. To see this, note that, if the true parameter vector
is misestimated by a small error €, then AD(éL) is roughly € away from AP (6*) as suggested by
Lemma 1(a). If the seller simply uses the static price p? (é 1) throughout the exploitation stage, then
the one-period revenue loss is roughly r(A2(0%);0%) — r(AP(0,,);0%) ~ Var(A\L(67);6%) - (\2(67) —
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Table 1 Performance comparison of STA and PSC

Revenue STA PSC
k upper bd. RL(Std.) % of RL RL(Std.) % of RL
100 24970 9876 (48) 39.5% 7711 (82) 30.9%

300 74911 20133 (169) 26.9% 14323 (205) 19.1%
1000 249702 45817 (443) 18.3% 29587 (437) 11.8%
3000 749107 97342 (1080) 13.0% 55633 (896) 7.4%
10000 | 2497023 223564 (2855) 9.0% 110542 (2012) 4.4%
30000 | 7491069 459024 (6274) 6.1% 205426 (4683) 2.7%
100000 | 24970230 | 1035790 (14572) 4.1% 371655 (9497) 1.5%
300000 | 74910689 | 2174142 (31567)  2.9% | 702589 (21923)  0.9%

In this numerical example, we set n=2,m =2, A=1,1;0,2],C = [1;1]. The demand model
is a logit function, and [A1(p1,p2); A2(p1,p2)] = (14 exp(4 — 0.015p;1) + exp(8 — 0.02p,)) ~*
[exp(4 — 0.015p1 );exp(8 — 0.02p2)]. For each heuristic, we vary the scale k& from 100 to 300000
and run 1000 trials for each k.

AP(01)) =~ ©(e), which leads to a total revenue loss of O(ek). This is in contrast to the analysis
in the uncapacitated setting where V r(AP(6%);6*) =0 (because in this case A\ (6*) is the global
unconstrained optimizer of r(\;0*)), and thus a smaller revenue loss of order €* is incurred in each
period, which yields a total revenue loss of O(e’k) (see Broder and Rusmevichientong (2012)). This
explains why the results in the uncapacitated setting are not directly applicable to the capacitated
setting. In PSC, we use a feedback correction mechanism (i.e., the term — Zi;lL 1 TA—_S&) that has
the ability to mitigate the impact of systematic error € on revenue loss. To further highlight the
strength of self-adjusting price update, we report a numerical simulation in Table 1. Let STA
denote the control that uses the deterministic price in the exploitation stage instead of adjusting
prices using PSC’s price update formula. (This control is the network RM version of the control
in Besbes and Zeevi (2009).) Table 1 displays the revenue loss (RL) for PSC and STA and shows
that PSC significantly outperforms STA. Finally, it should be noted that, although our analysis
holds for all @) satisfying AQ = A, different choices of () may lead to a different non-asymptotic
performance. In particular, from the proof of Lemma 3, it can be seen that the constant M, is
O(1+1|Q|]3). Therefore, one approach to determine @ is to solve min{||Q||. : s.t. AQ = A}. Note
that this optimization is a convex program and A is known to the seller before the selling season;

thus, the seller can solve the optimal @) off-line very efficiently.

3.2. Well-Separated Demand Function Family

The joint learning and pricing problem studied in §3.1 is very general: It allows both a general
parametric demand form and an arbitrary number of unknown parameters. In this general case,
the problem is naturally hard not only because active price experimentations are costly but also
because, as it turns out, not all prices are equally informative. An example of the so-called unin-

formative price can be seen in Figure 1. Intuitively, if the seller experiments with an uninformative
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Figure 1  Illustration of uninformative prices (left) and well-separated demand family (right)

Purchase probability Purchase probability

True demand curve True demand curve

---------- Alternative demand curve 1 ---=---=-- Alternative demand curve 1

————— Alternative demand curve 2 B —-—-— Alternative demand curve 2

Uninformative prices

Price Price

Note. For a general demand function family (left), there may be uninformative prices at which the true demand
curve and some alternative demand curves intersect. If the seller happens to use that price, he cannot statistically
distinguish the true demand function from the alternative demand functions. This pathological phenomenon does not

occur in well-separated demand function family (right).

price, then he will not be able to statistically distinguish the true demand curve from the wrong
one regardless of the choice of the estimation procedure. Indeed, as pointed out by Broder and
Rusmevichientong (2012), this is the reason why we cannot improve on the Q(vk) lower bound
for revenue loss in general. To guarantee a stronger performance bound than ©(vk), we need to
impose additional assumptions on the demand model. One condition that has been studied in the
literature is the so-called well-separatedness of the family of demand functions proposed by Broder
and Rusmevichientong (2012) (see Figure 1). They show that, for the case of the uncapacitated
single-product RM, if the demand function family is well-separated, the Q(v/k) lower bound on rev-
enue loss can be reduced to Q(logk). This is a significant improvement in terms of the potentially
achievable performance of an admissible pricing control. It is not, however, a priori clear whether
a similar result also holds in the more general network RM setting with multiple products and
capacity constraints. In what follows, we first provide the definition of well-separatedness condition
in multidimensional parameter space, and then we discuss a heuristic called Accelerated Parametric

Self-adjusting Control (APSC), which is specifically designed to address this setting.

Well-separated demand. To formalize the definition of well-separated demand, it is convenient
to first consider the distribution of a sequence of demand realizations D;.;, = d;.; under a sequence

of prices pT,, € P' generated by an admissible control 7, which is defined as

n (1-XT1dsy) p

t
P70 (die) = PP (die) = [T [{ 1= \pT:0) [0y
j=1
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Define W(:\min,j\max) ={peP: 2?21 Aj(p;0) < S\max,)\j(p;G) > ;\min,j =1,...,n, for all € O},
for some 0 < Xmin < S\max < 1. We state the well-separated assumptions below. All the results in

this subsection require these additional assumptions to hold.

WELL-SEPARATED ASSUMPTIONS. For any 0 < S\min < S\max <1, there exists cy >0 such that:
W1. For all p€ W(Amin, Amax)> PP?(.) # PP () whenever 0 #6';

W2. For all 0 € ©, p € W(Amin, Amax), L1(p,0) = ciI for I(p,0):=[I,; ;(p,0)] € R defined as

2 0 0
D,0 TP | _ D,0 v D,0
801_8%10{;1{» (D)] Ee[ aeilog]P’ (D)aejlogﬂD (D)

W3. For any p1.s = (p1,-..,p¢) € W(S\min,jxmax)t, log Pflit’g(Dlzt) s concave in 0 on ©.

[L(p,0)]:; =Ef | —

Assumptions W1 and W2 are the multiproduct multiparameter analogs of the well-separated
condition given in Broder and Rusmevichientong (2012). A necessary condition for W1 to hold
is that there is no “redundancy”. This means that the number of products must be at least as
many as the number of the unknown parameters. If the number of products is strictly smaller
than the number of unknown parameters (i.e. n < ¢), then we are essentially trying to solve a
system of n equations with ¢ unknowns, which may result in the non-uniqueness of 0. Note that
W2 is analogous to condition S3 and it ensures that seller’s information about the parameter
vector strictly increases as he observes more demand realizations under any p € W(S\min, ;\,nax). The
last condition W3 requires the log-likelihood function to behave nicely. This is easily satisfied by
many commonly used demand functions such as linear, logit, and exponential demand functions.
Note that this well-separatedness condition is not overly restrictive as it permits, for example
general demand functions with unknown additive market size (i.e., for each product j, its demand
is A\;j(p) = a; + g;(p) where the market size a; is unknown and g, : P — [0,1] is a known function)
and general demand functions with unknown multiplicative market size (i.e., for each product j,
its demand is \;(p) = a;g;(p) where the market size a; is unknown and g; : P — [0, 1] is a known
function). For more examples of well-separated demand in the single-product/single-parameter

setting, see Broder and Rusmevichientong (2012).

Passive learning with APSC. Estimating the unknown demand parameters from a family
of well-separated candidate functions is considerably much easier than estimating the unknown
parameters in the general setting. As discussed earlier, in the general parametric case, not all prices
are equally informative. In contrast, under the well-separated condition, all prices are informative.
This means that the demand data under any price will help improve the estimation, and the seller
can continue to passively learn the demand parameter vector during the exploitation stage. The
following result on ML estimation is the analog of Lemma 2 for non-i.i.d observations when the

demand function family is well-separated.
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LEMMA 4. (ESTIMATION ERROR OF ML ESTIMATOR WITH NON-I.I.D OBSERVATIONS) Fiz some
0 < Amin < Amax < 1. Suppose that an admissible control 7 satisfies ps = ms(Dy.5_1) € W(S\min, S\max)
for all 1 < s <t. Then, under W1-W3, there exist constants 1n4,m5,m6 > 0, such that Vo >
0,P™(E(t) > 0) < myt?texp(—nstd?) and e(t) <ne+/[(q —1)logt + 1] /t.

REMARK 2. The result derived in Broder and Rusmevichientong (2012) (Theorem 4.7) can be
viewed as a special case of ours. In particular, their result holds for the single product and single
parameter setting whereas our result holds for a multidimensional setting with multiple products
and multiple parameters. Although Hellinger distance and likelihood ratio are the common argu-
ments used in deriving bounds in both results, we want to point out that the multidimensional
parameter space is more complicated. To be precise, in the single dimension case, all candidate
parameters lie on a line. Therefore, if ML estimator 6, is & away from 6*, then there are only two
possibilities: Either ét >0+ 6 or ét < 0* — . Thus deriving the tail bound reduces to bounding
the probability that, given the observations, the likelihood of #* is smaller than either of the two
points: 0* —§ and 6* + §. In contrast, in the multidimensional parameter case, if ML estimation
error is larger than §, one needs to bound the probability that the likelihood of 8* is smaller than
any of an infinite number of points that lie on the boundary of a multidimensional ball. This makes
our extension nontrivial. Another observation is that as the dimension of the parameter space
increases, the bounds deteriorate. This results in the different orders of regret bounds for the single
parameter and the multiple parameters cases. However, since the bounds do not deteriorate too
much, we are still able to attain a sharp performance bound for APSC when multiple parameters

need to be estimated.

Accelerated Parametric Self-adjusting Control (APSC) divides the selling season into two stages
similar to PSC: the initial exploration stage, which lasts L periods, and the exploitation stage,
which lasts T'— L periods. However, unlike PSC, which stops learning the value of the underlying
parameter vector once it exits the exploration stage, APSC continues to incorporate passive learning
during its exploitation stage. To do this, APSC further divides the exploitation stage into small
segments with increasing length (see Figure 2). Let t,, z=1,...,Z + 1, be a sequence of strictly
increasing integers satisfying t; = L,to =L+ 1,t; 1 =T, t, = [#-‘ + L forall z=2,..., 7, and
let segment z contains all the periods in (¢,,t,.1]:={t. + 1,t. +2,...,t..1}. (Note that when T
and L are given, the sequence of integers is uniquely determined. It is not difficult to see that Z,
the number of segments obtained under the procedure mentioned above, satisfies Z < [log, (T —
L +1)] <[log,T7.) The idea is to re-estimate the parameter vector at the beginning of each

segment and use the new estimate to update the deterministic solution over time. The re-estimation
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Figure 2  Illustration of APSC
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Note. In this example, the first L periods are dedicated to exploration and the remaining periods are divided into
five exploitation segments. The seller estimates the demand parameters and optimizes for the deterministic solution
at the beginning of period ¢; + 1. The demand parameters are then re-estimated and the deterministic solution is

updated accordingly at the beginning of periods to + 1,t3+1,t4 4+ 1,t5 + 1.

periods are spaced in a way that updates occur more frequently during the early part of the selling
season, when our estimate is still highly inaccurate, and gradually phase out as the estimation
accuracy improves. Once the parameter estimate is updated, ideally, the seller can update his
deterministic solution by re-optimization. However, recall that frequent re-optimizations may still
be computationally challenging for large-scale RM applications. To address this concern, we propose
a re-optimization-free subroutine to update the deterministic solution at re-estimation points:
(1) At the beginning of segment 1 (i.e., the beginning of period L + 1), solve the deterministic
optimization problem P(6;) to obtain the exact deterministic solution A?(6;); (2) At the beginning
of segment z > 2 (i.e., the beginning of period ¢, + 1), use Newton’s method (see more details
below) to obtain an approximate solution of P(éz). Since this procedure involves some subtleties,
we discuss this subroutine below before laying out the full description of APSC.

To better explain the intuition behind the subroutine, we first briefly review Newton’s method
for the multi-variate equality constrained problem. Let X be a convex set in R”, f be a strongly
concave function, and F' and G be a matrix and a vector, respectively, with a proper dimension.
We write down a nonlinear programming (NP) problem with equality constraints and its Karush-

Kuhn-Tucker (KKT) conditions below:
(NP)  max {f(s): Fe=G},  (KKT) {V.f(a")=Fy" Fa' =G},

where (x*;p*) is the optimal pair of primal and dual solution. Since KKT conditions are both
necessary and sufficient for the prescribed setting, to solve NP, we only need to solve the system
of equations characterized by the KKT to which we will apply iterative Newton’s method. To be

precise, suppose that we have an approximate pair of primal and dual solution (z,; u,). Then, our
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next pair of solution is given by (2,415 ft.41) = (53 1) + (Az; A,), where the Newton steps A, and
A, are characterized by the following:

Vi, +A) =F(u.+A4,) _ V(x.,)+V3f(z.)A, = Flu.+F'A,
Flz,+A,) =G - Fx,+FA, =G

- [T )

"

The key result for Newton’s method is that it has a locally quadratic convergence rate, i.e., there
exists some positive constants v and £ such that if ||z, —z*|| <7, then ||z, — z*||2 < ||z, —2*|]3
(see Boyd and Vandenberghe (2004) for details). Our idea is to tap into this locally quadratic
convergence of Newton’s method, coupled with the convergence result of ML estimator in Lemma 4,
to develop a procedure for obtaining a sequence of solutions {A\YT}Z_, that closely approximates
{\P(6,.)}2_,. To implement this, we need to approximate P, (6,.) with an equality constrained
problem ECP(étz) (to be defined shortly) so that Newton’s iteration can be properly applied. Let
C; — (ANP (étl))l denote the amount of slack for the i*" capacity constraint in P ,\(étl) and define
B:={i:C;/T — (AXP(6,,)); <n} to be the set of potential binding constraints in Py(8*), where
is a threshold level to be chosen by the seller. (Since we do not know which constraints are actually
binding in P, (6*), we use B as our estimate. It can be shown that the constraints in B coincide with
the binding constraints in P, (6*) with a very high probability as k — oo if 1 is properly chosen.
We address how 7 should be chosen in Theorem 2 below.) Let B and Cz denote the submatrix of
A and subvector of C' with rows corresponding to the indices in B respectively. Similarly, let N
and Cy denote the submatrix of A and subvector of C' with rows corresponding to the indices not
in B respectively. Define the Equality Constrained Problem (ECP) as follows:

ECP(f) max {T(:U;G) : Bx= CB}

xeR™ T

We denote by z” () the optimal solution of ECP(). Note that if B coincides with the set of
binding constraints of Py (6*) at the optimal solution A\”(0*), then not only z”(6*) coincides with
AP(6%), but also a stability result similar to Lemma 1(a) holds: there exist positive constants 0, &
such that for all [|0 — 0%||5 <4, ||zP(0) — AL(0%)|]5 = ||zP(0) — zP(0%)||> < &||6 — 6%]|>. This means
that ECP(0) closely approximates P (6*) when @ is close to 8*. We define the Newton iteration for
ECP(f,,) in segment z as follows:

_ [e+a.] _[e] [-R B [G-Bu
Newton. (z,p) := [MJFAJ—[A""[ B O] [CB—BCU

v —~R+RB'ST'BR RB'S™! G—-B'u
i S™'BR St Cp— Bx
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where R = [V2,7(2;0,.)]", G =V,r(z;0,.), and S = BRB'. (This formula is derived using the for-
mula for Newton step in multi-variate equality constrained problem and the block matrix inversion
formula.) Let S, :=A; N{AE€R": NA<Cy,BA=Cp} for z=1,...,Z. We can now state the
Deterministic Price Update Procedure (DPUP) below which will be a part of the APSC described

later.

Deterministic Price Update Procedure

Tuning Parameter: 7

For z=1, do:
a. Solve P, (6;,) and obtain A”(6,,)
b. Identify B:= {i: C;/T — (AN (6,,)); <n}
c. Set 2N := \P(f,,), uNT = (BB')"'BV\r(xN7;0,,), and let ANT := zNT,

For z > 2, do:
a. Set (7 T := Newton, (7}, uN1))
b. Let AX" be the projection of X7 on S., i.e., A\J'" :=argmin,s_|[|z]" — A||2

We briefly explain the intuition behind DPUP. Recall that our goal is to obtain an approximate
solution for each Py(6,,), z=1,...,Z, without re-optimization. Since ECP(f,,) and P,(f,,) are
similar, the projection of z” (étz) on S, should be a very good approximation of \” (étz). Therefore,
if we can find a good approximation of z” (étz), say x., then by projecting x, on S,, we can attain
a good feasible approximation of AP (étz). This is where we need to apply Newton’s method to
approximately solve each ECP(étZ). In particular, segment 1 carries out two objectives: (1) We
want to find the set of potential binding constraints B and (2) we need to compute an initial pair of
approximate primal and dual solution (z7; uNT) to ECP(6;,). We use A”(6,,) as our initial primal
solution 22" The approximate dual solution p¥7 is computed using the formula proposed in Boyd
and Vandenberghe (2004). (Naturally, since V\r(x?(6;,);6;,) = B'u” (,,) must hold at the optimal
primal and dual solution of ECP(6,,), this suggests that we use uN7 = (BB')"'BV,r(z7:6,,).)
For any later segment z > 1, we first use (2% ;4N%) as an initial feasible point for ECP(f,,) and
apply a single iteration of Newton update to obtain a much better (due to the locally quadratic
convergence of Newton’s method) approximate solution (zN7; uNT) of ECP(6,,). Then, we project
2T to S, to obtain a feasible solution, AY7| to P,\(étz). By doing this, we manage to replace
the full-scale re-optimization of P,\(étz) into one Newton update and one projection. It should
be noted that, although it is theoretically possible to apply two (or more) iterations of Newton
update, it is asymptotically unnecessary due to the locally quadratic convergence of Newton’s

method. Indeed, we show that ||z — AP(6*)[|> = ©(||f;. — 6*||2). Thus, in light of Lemma 1(a),
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Figure 3 Geometric illustration of DPUP for segment z =2

P (B,) = 28" =]

Note. In segment 2, step (a) is to apply Newton’s method to the previous approximate solution T to obtain a
better solution to ECP(fy,), i.e., z'7. This solution may not be feasible to Py (fy,), so in step (b), z2'7 is projected

on Sa, which is a ray in this example, to obtain A\5'7.

2NT approximates AP(6*) as well as AP(f,.) in terms of the order of approximation error. (See

Figure 3 for an illustration of DPUP.) Below, we provide the full description of APSC heuristic.

Accelerated Parametric Self-adjusting Control (APSC)

Tuning Parameters: L,7n

Stage 1 (Exploration)
a. Set exploration prices {p™M),5?, ..., 5@}. (See below.)
b. For t=1 to L, do:
-If C,_1 > 0, apply price p, = p{Lt=Da/LI+1) ip period ¢,
- Otherwise, for product j =1 to n, do:

- If product j requires any resource that has been depleted, set p; ; = p§°.
- Otherwise, set p; ; = p;—1,;.

Stage 2 (Exploitation)
For time segment z=1 to Z, do:

a. At the beginning of period ¢, 4+ 1, compute ML estimate étz
b. Use DPUP(n) to obtain AY7.

c. Fort=t,+1 to t.,,, do:
- If C;_1 >0, apply the following price in period ¢

t—1 '\
QAS N
pri=p | A= Y =30, ),
( S:t1+1T_S

- Otherwise, for product j =1 to n, do:

- If product j requires any resource that has been depleted, set p; ; = p°.
- Otherwise, set p; ; =p;_1,;-
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Please note that in APSC the exploration prices that satisfy conditions S1-S3 are set as described
in Remark 1. Moreover, under the choice of L,7n described in the following theorem, APSC has a

strong revenue performance as stated in the theorem below.

THEOREM 2. Fiz any e > 0. Suppose that we use L= [log" ™ (kT)| and n=1log™/*k. There exists
a constant My >0 independent of k >3 such that pT5¢ (k) < M, [log" ™k + (¢ — 1)1log” k] for all
k>3.

REMARK 3. Broder and Rusmevichientong (2012) has established that, under the well-separated
case with one unknown parameter, the best achievable lower bound on the performance of any
admissible pricing control in the uncapacitated single product case is Q(logk) and this bound is
achievable by a heuristic called MLE-GREEDY. An open research question is whether this bound
is also achievable in the more general case of capacitated network RM with well-separated demand.
Our result gives a partial answer. We show that the revenue loss of APSC is worse than O(logk) by
a factor of log k. However, in the case where there is only one parameter to estimate, the revenue
loss of APSC is O(log'*“k). Since ¢ can be chosen to be arbitrarily small, APSC almost attains

the best achievable performance bound for the special case with a single unknown parameter.

4. Nonparametric Demand Case

The results of §3 assume that the seller has a good prior knowledge of the functional form of the
demand function. Although this is a justifiable assumption in many cases, in other cases such as
new product launch where no historically relevant data is available, the seller is unlikely to know
the structural form of demand. Blindly assuming a parametric demand model may be inappropriate
and could potentially result in significant revenue loss if the parametric form is misspecified, e.g., a
seller who uses linear model to fit the data generated by a logit model (see the numerical simulation
in Besbes and Zeevi (2012)). This has motivated the study of the nonparametric approach in the
literature. Recently, Wang et al. (2014) and Lei et al. (2014) propose novel nonparametric heuristics
for the single-leg RM with O(vk log"® k) and O(vk) revenue loss, respectively. It is, however, not
clear whether their heuristics can be extended to the network RM setting because the proposed
nonparametric controls in both Wang et al. (2014) and Lei et al. (2014) heavily exploit the simple
structure of the optimal deterministic solution for the single-leg RM problem, which cannot be
generalized to the network setting. To the best of our knowledge, the only existing work in the
literature that studies the nonparametric approach in the network setting is Besbes and Zeevi
(2012). But, the performance of their heuristic quickly deteriorates when the number of products

n is large due to the curse of dimensionality. This is a bad news for practitioners who have a
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large number of products to sell. Fortunately, not all is lost: It is known in the literature that if
the underlying demand function has some additional properties, then the curse of dimensionality
can be mitigated. For example, by exploiting the smoothness property, Besbes and Zeevi (2012)
develop a heuristic based on Local Polynomial Approximation that attains a performance bound
of O(k?/3+¢ log®? k) for any € > 0. Although this bound does not deteriorate when n is large, there
is still a considerable gap with the Q(v/k) lower bound on revenue loss. Is it actually possible to
close this gap? Motivated by this question, in this section, we develop a nonparametric heuristic
that uses spline estimation and demand linearization for the exploration stage and then uses self-
adjusting control for the exploitation stage to further close the gap. It turns out that, if the
underlying demand function is sufficiently smooth, our heuristic guarantees a performance bound

of O(k'/?*¢logk) for any € > 0, which almost attains the best achievable performance lower bound.

Nonparametric demand function and assumptions. Recall that we denote by A*(.) the

unknown demand function for the nonparametric case. Let § denote the largest integer such that

51 an}\;(p)
81)‘111 “-ap'raz"

is uniformly bounded for all 0 < ay,...,a, < 5. We call 5 the smoothness index. We

make the following smoothness condition.

NONPARAMETRIC FUNCTION SMOOTHNESS ASSUMPTIONS.
N1. 5>2.

N2. There exists a constant W > 0 such that for oll 1 =1,...,n and p € P and integers 0 <

aal AAAAA an, A*
A <
Op,*...0pp

al?"wangg}

The above assumptions are fairly mild and are satisfied by most commonly used demand func-
tions, e.g., linear demand, polynomial demand with higher degree, logit demand, and exponential
demand with a bounded domain of feasible prices. Note that the smoothness index reveals how dif-
ficult it is to estimate the corresponding demand function: The larger the value of 5, the smoother
the demand function is, and it is easier to estimate its shape because the function value cannot

have a drastic change locally.

Spline approximation of a deterministic function. To estimate a nonparametric function
from noisy observations, we first study a simpler problem of approximating a deterministic function.
To that end, we will use the results developed in Spline Approximation. (Although the Local Poly-
nomial Approximation used in Besbes and Zeevi (2012) also utilizes the smoothness of the demand
function to mitigate the curse of dimensionality in estimating multi-variate functions, we instead
choose to use Spline Approximation method because this approach yields a differentiable demand

function unlike the Local Polynomial Approximation. This differentiability not only enables a more
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efficient and stable computation for solving the deterministic optimization problem, but also facil-
itates the stability analysis of the deterministic optimization problem.) Spline functions have been
widely used in engineering to approximate complicated functions, and their popularity is primarily
due to their flexibility in effectively approximating complex curve shapes. This flexibility lies in
the piecewise nature of spline functions — a spline function is constructed by attaching piecewise
polynomial functions with a certain degree, and the coefficients of these polynomials are com-
puted in a way such that a sufficiently high degree of smoothness is ensured in the places where
the polynomials connect (the points where two piecewise polynomials are attached are called the
knots). More formally, for all [ € {1,...n}, let P, =20 <@y < Tig < Tiger =D be a partition
that divides [Qi’ﬁi] into d + 1 subintervals of equal length. Let G := ®}' G, denote the knots grid
where G, = {x;;}%*}. We define the function space of tensor-product polynomial splines of order
(85...38) € R™ with knots at points in G as S(G,s) = @i, Si(Gi, s) where S;(Gy, s) :=={f € C°~*[p,,pi] :
f is a single-variate polynomial of degree s — 1 on each subinterval [z;;,2;,41),i=0,...,d.}.

One of the key questions that the theory of Spline Approximation addresses is the following:
given an arbitrary function f that satisfies N1-N2 and S(G, s), find a spline function ¢g* € S(G, s)
that approximates f well. Among the various approaches, one of the most popular approximations
is using the tensor-product B-Spline basis functions. This approach is based on the key observation
that S(G, s) is a linear space of dimension (d+ s)”. This implies that there exists a set of (d+ s)"
basis functions (this set is not unique), and any function in S(G, s) can be represented as a linear
combination of the basis functions. We propose to use tensor-product B-Spline basis functions,
denoted by {N;, . (z1,... ,xn)}::;’ilf; ¢ |, as the set of basis functions. These functions are defined

formally in the Technical Details part (a) below, and are illustrated in Figure 4. Given the basis

s+d,..., s+d
i1=1,...,in=1

functions, for any spline function g € S(G, s), there exists a set of coefficients {c;, . .}

such that g(z) =57 .5 ¢, N,

i1=1" in=1%1,in

i, () for all z € P. Therefore, the problem of finding

.....

*

g* is reduced to the problem of computing the coefficients for representing ¢g*, which we address
below in the Technical Details part (b). Since the procedure of spline approximation essentially
takes f as an input and outputs a function g*, it can be viewed as a linear operator £ : C°(P) —

S(G, s). Lemma 5 highlights some useful properties of L.

Technical Details for Spline Approximation: The B-Spline Approach

(a) Tensor-product B-Spline Basis Functions.

Step 1: For each [ =1,...,n, define an extended partition G; := {yl,i}ff{d, where

Y11= =Y,s =T1,05 Yi,s+1 = L1215+ Yl,s4+d = Li,ds Yl,s+d+1 = " = Y1,2s4+d = Ll,d+1-
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Step 2: For 1 <iy,...,i, <s+d,l=1,...,n, define the tensor-product B-Spline basis function as
Nipoin (@, cmn) =TI, N, (1), where
s—1

(=1 Yrirs = Y1) Wris - Yrivs) (T — )55 if 2 <o <z
le,i(xl) =
0, otherwise
for all z; € [Bz’pl] forall[=1,...,n and for all i=1,...,d+ s, where (z; —y), =max{0,z; — y},
and [ty,...,t 1] f(y) =200 F(t )Hj:ﬁm(tz —t;)7 " is the r'" order divided difference of a single

variate real function f over the points t1,...,%, 1.

(b) Calculating the Linear Coefficients.
Step 1: For l=1,...,n,9=1,...,d+s, let

j 1 J (v) wl(v 1)( )
Tz,i,j:yl,i+(yl,i+s_yl,i); and Bl,i,j:Zﬁ, for j=1,...,s,
v=1 !

where

w_ (D" v -1)!
" (s—1)!

s—1

j—1
¢l,zs ylz+r wl,z] Ht_ler ¢l11()5
r=1

r=1

¢ls7, sv( ) and

Step 2: For any f = (fi;...; fu) € C°(P), let {7 : C°([p, o)) %R}?;ﬁﬁ‘il be a set of linear

functionals defined as follows:
7l,z'fl = Z Bl,i,j [Tl,i,h cee 77_l,i,j]fl-
j=1

Define another set of linear functionals {~;, Zn}fj:dls;:b ¢ | such that

.....

Yitrooiind = V1503 ©V2si O Ynsin S

where v, ;, is understood as being applied to f as a function of z;. By the construction of v;; and

the definition of divided differences, basic algebra yields:

S J1 S Jn n
[T Bri
Vit inf: E Z te Z Z o i =1 f(Tl,il,rlv' . aTn,in,rn)'

ji=lrm=1  jn=1rm=11lli=11ls= 1sl¢rl(Tllm Thits1)

Step 3: Define a linear operator £;: C°([p,, pi]) = Si(Gi, s) as Lif (21) = Zs+d(fyl iJ)NG (1), for all
l=1,...,n. Similarly, define a linear operator £ : C°(P) — S(G, s) as

s+d s+d

£f($17 v 73371) = Z o 2(7741,1nf)N741 ----- in (.1‘1, cee 71'71)'
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Figure 4 Ilustration of tensor-product B-Spline basis functions
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Note. In this example, the domain is [80, 500] x [80,500], and s = 3,d = 1. The knots grid G consists of (d+2)" =3% =9
points, i.e., (80,80), (80,290), (80,500), (290,80), (290,290), (290,500), (500, 80), (500,290), (500,500), which slice
the domain into 4 pieces (rectangles). A spline in §(G, 3) is a biquadratic function on each piece, and is continuously
differentiable on the places where different pieces connect. Per our construction, there are (s + d)" = 4% = 16 basis

functions. These hill-like basis functions are the building blocks for spline approximation.

Note that L=L,0L50---0L,,, where this composition of linear operators is understood as L;
being applied to a function of x;.

Step 4: Set g* = Lf.

LEMMA 5. L is a bounded linear operator mapping C°(P) to S(G,s). Also, Lf = f for all f €
®i P ([p,, 1))

Spline approximation with noisy observations. We will now discuss the estimation of demand
function A*(.) by spline approximation with noisy observations. Let G := {(71.4, 4,5+ Tniin.jn) i 1 <

Neystdeostd - depends on Ai(4)

SinNj Si1=1,...,ip=1

iyeeytn <s+d,1<ji,...,5, < s}. Note that the constants {~;, .
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only via A} (p),p € G. So, if the seller could observe the demand rate of product j under prices
in G, he could construct an approximation of Ai(.) using a linear combination of tensor-product
B-splines. In our problem, the seller cannot observe \i(p) for p € G, but only its noisy observation
Dj(p) = X;(p) + A;. To address this, we use empirical mean as a surrogate of \;(p) and propose

the following Spline Estimation algorithm to estimate the demand.

Spline Estimation

Input Parameters: Lg,n, s; Tuning Parameter: d

Algorithm:
Step 1: Estimate A\*(p) at points p € G. Set Ly = Los "(s+d) ". For each p€ G
a. ApplNy price p Ly times
b. Let A(p) be the sample mean of the L, observations.
Step 2: Construct spline approximation.

a. Calculate coefficients ¢] _; ,1<iy,...,i, <s+d,j=1,...,n as:

.....

s J gn Y
& _ i 21: i: zn: N (Thiy s ey T ) HL Buivi
T 5eens in Hn 71 .
=1

ji=lr=1  jn=lrn=1 s=1,8, %7, (Ttigry = Trig,s)

b. Construct a tensor-product spline function A(p) = (A, (p);...; Au(p)), where

s+d s+d

i1=1  ip=1

Note that Lo = Lo(s+d)™s™ is the duration of the Spline Estimation algorithm. Let a A b denote
min{a,b}. The following important lemma states the errors of approximating A*(p) and VA*(p)

using A(p) and VA(p) respectively. (Note that by choosing s >3, V\ is well-defined.)

LEMMA 6. Set d=(L¢/*log™ k)Yt If Ly >log® k and s > 3, then there exist positive constants
M, and My independent of k> 3 such that for all k > 3,

3 g SAS 2
P (1000 = A0l > Mu(L5 P logh)#7) < = and

~ , ~_ (sns)—1
P (I[(VA"() = VAQ) || = My (5 logh) 457 ) <

Ea N

Exploration algorithm. Using spline approximate S\(p), we formulate an approximate determin-

istic problem as follows:
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Figure 5 Illustration of locally linear approximation

Purchase probability

Price

Note. We propose to linearize the true nonparametric demand function A*(.) at pP and use this linear demand
function A(.;0*) as a surrogate for the true demand function. By doing this, we “transform” the nonparametric case
into a parametric case with linear demand function family. Then, we linearize the estimated spline function 5\() at p

to attain a linear demand function A(.; é)7 and view 0 as an estimate of the “true” 6*.

where 7(p) =p - A(p). Let § denote an optimal solution of P. Although p does not equal p” =
argmax,cp{r(p) : s.t.AN(p) X C/T} due to estimation error, p lies in close proximity of p” when
demand estimation error is small. The following lemma gives a Lipschitz-type “nonparametric”

perturbation result for the deterministic pricing problem.

LEMMA 7. There exists a positive constant Mg independent of ||\*(.) (M and ||(VA*(.) —

- A
VA Moo such that ||pP = pllee < Memax{||A*(-) = A oo, [(VA*() = VAC) llac}-

Since PSC is developed for the parametric demand case, to apply self-adjusting price update, we
need to find an appropriate parametric demand family to approximate A\*(.). Note that we cannot
use the spline function 5\() because its inverse function may not exist. A natural candidate is to use
the linear function family A(p;#) = a+ Bp where a € R*, B € R"*". Let By, ..., B!, be the columns in
B’, and define 0 = (a; B};...; B!) € R""*Y_ Under the linear function family, the most proper candi-
date for the “true parameter vector” is 8* = (A\*(p”) — VA*(pP) - pP; VA1 (pP);...; VAL (pP)), which
corresponds to the linearization of A\*(.) at p” (i.e., A(.;0*)). Note that replacing \*(.) with A(.,6*)
in the deterministic problem will not change the deterministic solution, i.e., p? = p?(6*), due to the
KKT optimality condition. Therefore, as one may conjecture, if we can estimate 8* well and use the
corresponding estimated linear demand function to approximate the true demand function, we may
be able to apply self-adjusting update and guarantee a strong revenue performance. However, we
cannot simply use (A(p”) — VA(PP); VA1 (pP);...; VA, (pP)) as an estimate of #*. This is because,

even though A(.) can approximate \*(.) well, we do not know p?. That said, Lemma 7 tells us that
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p lies in close proximity of p?. This suggests that we use 6 = (A(p) — VA®D) - 7; VAL (D); - . .; VA (D))

to approximate 6*. (See Figure 5 for an illustration.) We state a lemma.

LEMMA 8. There exists a constant M; independent of k and Ly such that if Lo >log® k and s > 3,
then
i * N = 8
P (He — 0|, > M7e(L0)) < -
where e(f/o) = (log k/\/fo)((sAE)—l)/(ern)'

Nonparametric self-adjusting control. We now introduce a heuristic that combines the self-
adjusting price update with the aforementioned exploration algorithm. Since the duration of Spline
Estimation is Lo periods, the self-adjusting price updates will be applied starting from period
Lo+ 1. Let A, := Ay + X (p) — )\(pt;é). Let p°(#) denote the optimal solution to the following

optimization problem

&
(%) 7= max {r(p;f)): AN(p:0) = T—OEO}

where 7(p;0) = p - A(p;0), Cj, is the capacity level at the end of period Lo. Denote by \°(6) =
A(p°(0);6). The heuristic is outlined below.

Nonparametric Self-adjusting Control (NSC)

Input parameters: n,s, Tuning Parameters: d, L,
Stage 1 (Exploration Phase 1 - Spline Estimation)
Apply Spline Estimation Ly periods to get A().

Stage 2 (Exploration Phase 2 - Demand Linearization)
a. Solve P and obtain the optimizer p.
b. Set 6 = (A(p) = VA(D) - p; VAL(D); - - - VAu (D)) .
c. Let A\(p;0) =a— Bp, for all pe P, where (a;B};...;B.)=0.

Stage 3 (Exploitation)
a. Solve P°(0) for its static price p°(f)

b. For t=Ly+1 to T, do:
-If Cy_1 >0, apply

t—1 e
. A A,
pe=p'0) - V(0 0) - Y 25

5:E0+1

- Otherwise, for product j =1 to n, do:
- If product j requires any resource that has been depleted, set p; ; = p}°.
- Otherwise, set p; ; = p;—1,;.
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Table 2 Performance comparison of NSC and Misspecified PSC

Revenue NSC Misspecified
k upper bd. RL(Std.) % of RL RL(Std.) % of RL
100 24970 10034 (29) 40.2% 17774 (52) 71.2%

300 74911 27441 (56) 36.6% 53489 (93) 71.4%
1000 249702 41106 (483) 16.5% 178192 (175) 71.4%
3000 749107 78433 (553) 10.5% 535224 (298) 71.4%
10000 | 2497023 | 167193 (794) 6.7% 1785524 (560) 71.5%
30000 | 7491069 | 349278 (1668) 4.7% 5359727 (989) 71.5%
100000 | 24970230 | 744175 (4938) 3.0% | 17865978 (1725) 71.5%
300000 | 74910689 | 1532658 (7808)  2.0% | 53593646 (2973)  71.5%

The setting of this numerical example is the same as in the one in Table 1. NSC is the NSC
developed in this section with s = 3. Misspecified refers to the case where the seller uses PSC but
wrongly assumes that the demand model comes from the linear function family whereas in fact it is
a logit demand.

The following result states that when the tuning parameters are selected optimally, the perfor-

mance of NSC is close to the best achievable performance.

THEOREM 3. (NEAR RATE-OPTIMALITY OF NSC) Let Ly = k(s+m)/(@stn=1)(Jog f)2(s=1)/(2stn—1)
In addition, we set d = (Lg"/*logk)~/+m = (/k log™ k)Y/@s+n=1)  Then, there exists a constant
M3 independent of k > 3 such that for all s > 3, we have

PN (k) < M3k%+5("’s’§) logk, where e(n,s,s) =3 (725_1?5)3"“).

Note that unlike the heuristic proposed in Besbes and Zeevi (2012) which requires knowing s as
input, our heuristic does not require the knowledge of the smoothness index 5. More interestingly,
since most commonly used demand functions such as polynomial demand with arbitrary degree,
logit demand, and exponential demand are infinitely differentiable (i.e., § can be arbitrarily large),
for any fixed € > 0, we can select integers s > (n+1)/(4€) — (n —1)/2 such that the performance
under NSC' is O(kY/?*€logk). Since € can be chosen to be arbitrarily small, the performance of
NSC is very close to the best achievable performance lower bound Q(v/k).

Per our discussions in §2, one drawback of the parametric approach is that the assumed demand
function family may be misspecified; in particular, if the seller chooses the wrong functional form
of the demand function and then blindly applies the parametric approach, the revenue loss can be
huge. Given this drawback, our result provides an important insight: Since the asymptotic revenue
loss gap between PSC and NSC is not too large when the demand function behaves nicely (i.e.,
the demand function is sufficiently smooth), if the seller is not very confident about the functional
form of the demand function, he may be better off using the nonparametric approach. Indeed, our
numerical illustration in Table 2 and Figure 6 show that model misspecification can potentially

have a great impact on revenue.
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Figure 6 Comparing the parametric approach and the nonparametric approach

—S— Misspecified
17/| —— PsC
— — NsC

log(RL)
@

log(k)
Note. Using the data in Table 1-2, this log-log plot of revenue loss over scaling factor k¥ compares the parametric and
the nonparametric approaches. Note that the slope of the line represents the order of the revenue loss. The slopes for

Misspecified, PSC and NSC are 1.0, 0.56 and 0.61 respectively in this graph.

5. Closing Remarks

We study the joint learning and pricing of the capacitated network RM problem. We develop
heuristics for both the parametric and the nonparametric cases and evaluate their asymptotic
performances. For the general parametric case, we develop the PSC heuristic, which first learns
the demand function parameters by price experimentation and ML estimation, and then adjusts
the price over time according to the realized demand. The heuristic is computationally easy to
implement since it only requires one estimation and one optimization. Most strikingly, the heuristic
achieves the best achievable asymptotic performance as its revenue loss rate is exactly O(\/E) This
is the first known heuristic that attains the exact revenue loss lower bound for the capacitated
network RM problems with general parametric demand. We also study the case where the family of
the candidate demand functions satisfies the so-called “well-separatedness” condition. Under this
condition the parameter estimation becomes much easier, and the seller can do exploitation while
at the same time passively learn demand function. We develop the APSC heuristic, a modification
of PSC, that reduces the revenue loss to O(log® k). APSC is also a practical heuristic as it requires
one optimization and ©(log, k) re-estimations.

Finally, we study the nonparametric case where the seller lacks the information of the functional
form of demand. We develop a heuristic called NSC that uses Spline Estimation and demand lin-
earization during the exploration stage to construct a linear demand function that closely approx-
imates the nonparametric demand function around the optimal deterministic price. During the
exploitation stage, we apply self-adjusting price updates. Although it is well-known that nonpara-
metric learning in multidimensional problems suffers from the so-called “curse of dimensionality”,

we show that if the demand function is sufficiently smooth, then the performance under NSC is
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O(k'/?*<logk) for any fixed € > 0. Since the family of most commonly used demand functions are
infinitely differentiable, this result highlights an important point that not knowing the functional
form of the demand function should not affect the revenue as much as one initially think.

In conclusion, two gaps in the literature have been significantly closed. By developing PSC with
O(V'k) revenue loss bound, we close the gap between the revenue loss lower bound Q(v/k) and
the best revenue loss upper bound for existing heuristics under the general parametric case. By
developing NSC with O(k'/?*¢logk) revenue loss bound with arbitrarily small € > 0, we close the
gap between the best performance bounds of the parametric case and the nonparametric case when
the underlying demand function is sufficiently smooth. Our results suggest the wide applicability
of self-adjusting controls in dynamic pricing problem. These simple self-adjusting controls can be

used as a baseline for companies to develop more sophisticated dynamic pricing policies.

Endnotes

1. For example, in the airline industry, the benefit of using RM is roughly comparable to the
airline’s annual total profit, which is about 4%-5% of total revenue (Talluri and van Ryzin 2005).

2. A typical major US airline operates more than a thousand flights daily, each of which has more
than ten different booking classes that are characterized by different combinations of service level
and purchase restriction. Since passengers book tickets in advance, the airline needs to price not
only the tickets for the same-day flights but also those with departure dates several months in the
future. All these factors put together can easily translate into a daily pricing decision for millions
of itineraries.

3. Although we implicitly assume that the demand function is stationary, our heuristics can be
extended to accommodate some time-varying demand scenarios if the time-dependence of demand
function has certain structural form. For example, in the fashion industry, irrespective of the
condition of the market, the seller usually knows the fractions of the total sales that will be
realized at multiple milestones over the selling season. This can be captured by incorporating in our
demand model additively a time factor which is a known time-dependent fraction of an unknown
total market size. Note that this model can be handled under the current stationary estimation
framework by treating the unknown total market size as an additional parameter.

4. Jasin (2014) uses Q = H A for some H satisfying AH = 1.
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Proofs
A table of contents of the electronic companion is provided below. Note that some of the proofs

in EC.1-EC.3 require some auxiliary results that can be found in EC.4.
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EC.1. Proof of Results in Section 3.1

In this section, we first prove Theorem 1 in §EC.1.1 using Lemma 1-3 and then we prove these
lemmas in §§EC.1.2-EC.1.4 respectively. The proofs of other supporting lemmas which are used to
prove Lemma 3 are deferred to §EC.1.5.
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EC.1.1. Proof of Theorem 1

Throughout the proofs of this section, we fix # = PSC and assume without loss of generality that

T=1.Let L= [\/ﬂ For k > 3, the total expected revenue loss under PSC is:

log k 1+ kP (E(L) > 6)
1—P(E(L) > 6) 1—Pr(E(L) > 9)

p"(k) < L+ M, |e(L)*k +

where the inequality follows because the revenue function in each period is bounded between 0 and
7 and also by Lemma 3. Since, by Lemma 2, kP™(E(L) > §) < kn; exp(—1262[vV'k]) — 0 as k tends
to infinity, there exists a constant K >3 such that for all k > K, we have kP™(E(L) > 0) < + and
(1-P™(E(L)>6))"' < 2. So, for all k> K, we can bound

p™ (k) < [VE]7+ ]\?‘\)/gk +2Mylogk + My [VE] +3M,

< 2VEF + Mon? Vk 4+ 2MoVk + 2MVk + 3MyVk
< (27 + Mon; + 7Mo)Vk,

where 73 is as in Lemma 2. As for k < K, we have p™(k) < K7. The result of Theorem 1 then
follows by letting M; = max{ K7, 27 + Myn3 + 7M,}. This completes the proof. [

EC.1.2. Proof of Lemma 1

We will prove each part of the lemma in turn. Let ¢ = min{d;,d,} where &, and &, are strictly

positive constants to be defined shortly.

Proof of part (a). This is an immediate corollary of Lemma 7 in §4. Note that, by assump-
tion P2, we have [[A(p;0*) — A(p;0)|lec < [[A(P;07) — A(p;0)]]2 < w]|0* — 0[] and [[(VA(p;0*) —
VAP;0))'|loc = maxi<icn Y51y ]g;\; (p;0) — g;; (p;0%)| < nw||0* — 0], for all # € ©,p € P. Hence,
NG 0%) = A0l = 5D IADE07) — Aw: ) < 16" — 011> and [[(VA:0%) — VA0l =
sup,ep |[(VA(0%) — VA(50)) || < nw]|0* — 0]|5. Therefore, by Lemma 7, |[p”(0*) — p”(0)|| <
nMgw||0* —0]|. Let §; = ¢(2n%/2Msw)~". For all 0 satisfying ||6 — 0*||, < & < §;, we have ||p”(6*) —
PP(O)]l2 < 022 (8°) — pP(8)||ne < n¥2Mewidy < 6/2. Hence, pP(6) € Ball(pP(6%), ¢/2). Since
Ball(p”(6*),¢) C P by R4, we conclude that Ball(p”(0),¢/2) CP.

Since A(.;0*) is continuously differentiable with respect to p € P as implied by P3, and P is

compact, there exists a constant K > 0 independent of k& > 0 such that
IA(0%) = AP (O)]2 = [[A(p7(07);07) — AMp"(0);0)]]
<A@ (07);07) =A@ (0); %) |2 + [[A 0" (0); 67) — A" (0); 0)] ]
< K||pP(6") = pP (0) ]2 +wl]|0" 0]
< (w+ 02K Mgw)| |0 — 0]]2,
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where the second inequality also follows by P2. The result follows by letting x = w + n3/? K Mgw.
Part (a) is proved.

Proof of part (b). Since Py(0) is a convex program for all § € O, by the Karush-Kuhn-Tucker
optimality condition, V\r(A”(0);0) = A’'uP(#). By our assumption, A has full row rank. Thus,
there exists some m by n matrix A such that uP(6) = AV r(AP(6);0). Since the right hand side is

continuous at 6*, we conclude that p”(.) is continuous at 8* as well. Part (b) is proved.

Proof of part (c). Let g =min;<;<,{p](6) : p”(6*) > 0}. Since p”(.) is continuous at §* by
part (b), there exists d; > 0 such that ||u” () — u”(6%)[|> < p for all # € Ball(6*,0). This means for
6 € Ball(6*,0), we also have uP(6) >0 whenever u”(6*) >0, which implies that the corresponding

constraints in P(6) are binding due to Karush-Kuhn-Tucker condition. Part (c) is proved. O

EC.1.3. Proof of Lemma 2

The proof of Lemma 2 is a multiproduct extension of Lemma 3.7 in Broder and Rusmevichientong
(2012), and is based on a well-known result in Maximum Likelihood Theory. We state this result

in Theorem EC.1 (see §EC.4.1).

To apply Theorem EC.1 to our setting, we simply need to verify conditions (i)-(iv). First, note
that © is a compact subset of R? and D7 is a discrete-valued sample space. Conditions (i) and (iv),
they are immediately satisfied because of S1 and S3. As for conditions (ii) and (iii), recall that

q

Z (1 - ZDS,]) Vi log <1 - Z)‘j(ﬁ(s)S 9)) + ZDs,jve log ;(5); 6)
s=1 | j=1 j=1 J=1
q n
<> ||| Velog (1 >N (15(8);9)>
s=1

j=1
By Assumption P1 and S2, for all 1 <s<g and 1<j<n, X\;(p®;.) € C}(O) and is bounded

va logIP”w(DM)H2 —

+ || Volog X, (5 6)|,

g J=l1

away from zero, and Z?:l A\ (p®);.) € C1(O) is also bounded away from one. These imply that
||V log (1 =2 A (p); )) ||z and ||[Volog A;(5; )2, 5 =1,...,n, are both continuous functions
of f for s=1,...,G and are, due to compactness of ©, bounded. So, (ii) follows. As for (iii), note
that P??(D,.;) is continuous in @ and it is also bounded away from zero. (In fact, PP(D,.5) >
A2 (1= Amax)]? by S2.) So, 8 — /PP?(D; ;) is differentiable on © for all D,.; € D?. We have thus
verified all the conditions of Theorem EC.1.

We will now use Theorem EC.1 to prove Lemma 2. A direct application of Theorem EC.1
leads to P™(E(L) > §) < ny exp(—n2Ld?). Also, since €(L)> =E" [E(L)?] = [["P"(E(L)* > z)dz =

[P (B(L) > x)de < [ me ™" dx =1, /(n.L), the result follows by taking 73 = \/m1/mp. O

|

2
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EC.1.4. Proof of Lemma 3

Fix 7 = PSC. Without loss of generality, we assume that T'=1. Let A denote the event that

E(L) < 6. We first define a stopping time and show some useful properties of this stopping time

on the event of A. Let A\; > 0 be such that A\ e < C. Define ¢ = % and define the

cumulative demand at the end of period ¢ as S, := 2221 D,. Let 7 be the minimum of k and the

first time ¢ > L + 1 the following condition is violated:

A
k—s

s=L+1

SL —L)\Le

(C1) P> ="

N

2

Let C, denote the available capacity level at the end of period t. We denote by ), := AP (éL) —

Z::L 41 %ﬁj the demand rate that the seller believes he induces in period ¢, and by A; :=
)\(p(j\t; 9L); 0*) the actual induced demand rate upon applying price p(j\t; éL) in period t. Note that,

by definition, we can also write A, = A(p(A;01);01). We state two useful lemmas.

LeMMA EC.1. For sample paths in A, we have Cy; =0 and A € Ag, forall L+1<t<rT.

LEmMmaA EC.2. There exists Kq > 0 independent of k > 3 such that for all k>3

logk
1—P~(E(L) > 6)

E™k—71|A] < K, +e(L)*k+L|.

Lemma EC.1 essentially says that, on 4, the remaining capacity C; is always positive and the
price p(j\t; éL) is always feasible before 7, and Lemma EC.2 establishes a bound for the expected
remaining time after 7. Define r”(0*) :=r(A”(6*);0*) and let RT denote the revenue earned during

period ¢t under policy 7. Let A, := RF —r()\;;0*). We have:

~u | § 0o m) 000 -

=E" _t_zLil(rD(O*)—r()\t;G*)) +§:(TD(0*)—R3)_ —E" t_Tz;:;At]

<E" — Tz_jl (rP(0%) —r(M;6%)) +2k:(rD(9*)—R§) A— P™(A) + 7kP™(A°) — E” [Tz_‘i A,
<E" :Zl (TD(G*)—T()\t;G*))—i—i(rl)(ﬁ*)—Rf) A: + FkPT(A°) + 7

— E : i (rD(G*)—r()\t;O*))—l—zk:(rD(@*)—Rf) A: 7+ TKPT(E(L) > 9). (EC.1)
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The first inequality follows because 7 is the upper bound on revenue rate for each period, which is
also the maximum possible revenue loss for a single period on average. As for the second inequality,
note that {A}"~} 41 i1s a martingale difference sequence with respect to {#, ol 41+ Thus, by the
Optional Stopping Time Theorem, we have —E™ [ZZEH At} =—E" >, A +ET[A] <7,
so the second inequality holds. We now analyze the first two terms in (EC.1). By Taylor expansion

and R3,

B | Y (0 —r07) + 3 (00 — ) | A +7
<E" t;w(wa*);m(AD<0*>—At> Al +5E t_;IHAD(e*)—AtI% A]
+7 (E7[k — 7].A] +2) (EC.2)

By Lemma EC.1, A, = A\?(0,) — QZZ?LH % € A;, before 7. Also, recall that, by definition,
A, =D, — X\ =A,+ )\ — \. So, we can write the first term in (EC.2) as follows:

T—1
E7 | 3 Vr(AP(67):6%) - (AP(67) — A)| A
t=L+1
[ r—1
L t=L+1
[ r—1 . t—1 AA .
=FE" Z wP(67) (A)\D(Q*)_A)\D(QL)—i— Z k_‘;+AAt—AAt>‘A]
t=L+1 s=L+1
[ r—1
=E"| Y P (AAD(O*) —AAD(éL))‘A]
Lt=L+1
T—1 t—1 AA R
+ET | Y pP(67) ( k_S+AAt—AAt>‘A]. (EC.3)
t=L+1 s=L+1

By Lemma 1(c), for all sample paths on A, the set of constraints of P(6*) that have nonzero
optimal dual variables also have nonzero optimal dual variables in P(éL) and are thus binding at
the optimal solution A”(f,). This implies that the first expectation in (EC.3) is zero because, for

all i, either we have p2(6*) =0 or (AXP(6*)); — (AAP(0,)); = 0. As for the second term of (EC.3),

:

Dt
v D (n*\! A A
21 (k_t 1)# (07) AA,

t=L+

we can further write:

T—1 t—1 AA R
E” [u”(e*y > <Z k_;+AAt—AAt>

t=L+1 \s=L+1

T—1
Z ND(H*)/AAt Al +E™

t=L+1

= E™ Al .
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Since {A,}F~} 41 1s a martingale difference sequence with respect to {H, )} 41, We can bound:

T—1
E™| Y uP(07)AA,|A
t=L+1
D £\/ T—1 T—1
= W{Eﬂ Z A —FE7 Z A, | A° PW(AC)}
(A) t=L+1 t=L+1
< ey ae LEEPTEW) > D)

1-P~(E(L)>6)’

where the inequality follows because E™] :;Llﬂ A =FE"[>, ;1A —E"[A;] <e (by Optional

Stopping Time Theorem) and the fact that |A;| < e. As for the second term, note that, by (C1) in

the definition of 7,

T—1
E™ ! Z <T;t_1_1> MD(Q*)/AAt A
t=L+1 _t
T7—1 A
AA
< B (- ) [uP07) Y 22 A]
Moyt il
T—1 A
< E7 | (k—74+1) [P0, [|All2 || D — “4]
t=L+1 2

IN

U Cly

|, [1Allz (B7 [k — 7] A]+1).
Putting this together with Lemma EC.2, for the first term in (EC.2), we have:

E | S VarP(0):09) 0P (07) — 3) | A

t=L+1

1+ kP (E(L) > 9)

+e(L)’k + L + — P (EL) > |’

log k
s K [1 —P~(E(L) >9)

where the constant K; = u”(0%) Ae + (1+ Ky)||uP(6%)]|2||Al]2 is independent of k > 3.

We now bound the second term in (EC.2). Note that

_ T—1
% *
y | 5 e a4
t=L+1
T—1 2 T—1 2
— T 1 — T D/ p* 3
<o | Y ‘)\t—)\t Q‘A +oE" | Y H/\ 0°) = \, Q‘A]. (EC.4)
t=L+1 t=L+1

Since A\, = A(p(A;01);0%) and A, = A(p(A;01);0,), by P2, we have

T—1
OB Y A= MBI < awPRET07 —0ull3] Al < 2w RET[||67 —GL][5) < tw’e(L)k.

t=L+1
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ec’?

(By definition of A, E™[||0*

—0LI3| Al <E"[||6"

—0,|14].) As for the

second term in (EC.4),

T—1 2
S H)\D(H*)—)\t ‘A]
t=L+1 2
r—1 1A 2
=TT D (p* D/p s
= 0ET | D |NO) A0 +Q Y || | A
t=L+1 s=L+1 2
2 [ 1 1A 2
< QUkE”[H)\D(G*)—AD(HL)‘ ‘A] +20)IQIRE | 30 || D || A
2 | t=L+1||s=L+1 — A1,
r—1 =1 A 2
_ 9 2 — 2 S
< 206%(L)%k + 20[|QILE" | > || Y —|| | A (EC.5)
| t=L+1||s=L+1 9
where the second inequality follows by Lemma 1(a). Using At =D, — j\t =A,+ M — S\t, we can
bound the second term in (EC.5) as follows:
T—1 2
Eﬂ'
Z k—s
t=L+1||s=L+1
T—1 2 T—1 2
< 2E7 g
< > k +2E" | Y —
t=L+1 ||s=L+1 t=L+1||s=L+1 9
[ k1 t—1 2] k—1 t—1 2
2 A, wE(L)
< T 2E™ N Sl
< | S Z,H v | 3 (5 4P L
_t:L+1 s=L-+1 ] t=L+1 s=L+1
[ k-1 -1 2] k=1 [ -1
2 A, VE™ [w2E(L)2| A]
< E™ 2
< w25 2 [ X | 3 R
t=L41 ||s=L+1 2] t=L+1 Ls=L+1
M k=1 t—1 2 k—1 t—1 2
2 ||A] we(L)
< Eﬂ" 2 2
<l | S S Ak, 5 (5 et
Lt=L+1s=L+1 t=L+1 \s=L+1
16
< —logk + 6w?e(L)*k EC.6
< Epm sy k6D (EC.6)

where the second inequality holds by the law of total expectation and P2, the third inequality
follows by first expanding the square of the sum and then applying Cauchy-Swartz inequality to the
cross-terms, the fourth inequality follows by the orthogonality of martingale differences {A;} and
E™[E(L)?|A] < €(L)?, and the fifth inequality holds by integral approximation. In particular, the
first term after the fourth inequality can be bounded using ||A,||2 = ||Ds — As||2 < || Dsllz+ | As]]2 < 2
and Y7~ B D T < <S> 11 g < 141logk < 2logk (recall that k > 3) whereas the second

term can be bounded using the following integral comparison:

k-1 t—1 1 2 Ll 2 g ¢

< < _
> (2 k) sx(Seh) X[ i) sz (L)
t=L+1 \s=L+1 t=1 s=1 t=1
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k—1
< log2k+/ log® <kk_t> dt < log”k +2k < 3k, (EC.7)
1

where the last inequality follows because log® k < k for k > 1.

Thus, for the second term in (EC.2), we have

_ k—1

B T D *) 2 < logk 2

S E Z IAP(67) = M3 A] < KQL_P,T(E(L)>5)+e<L> k]
=L+1

where Ky = tw? + 20k% 4 320||Q||3 + 12w?9||Q)]|3. Combining all results together, we conclude that

k

3 rP(07) ~E [R’T(k)] < M,

t=L+1

log k 1+ kP (E(L)>9)
1—Pr(E(L) > 6) ’

where My, = K; + Ky + 7K, + 37. (Note that the last term in (EC.1) can be bounded by 7(1 +
kP™(E(L) >6))/(1—P7(E(L) >§)).) This completes the proof of Lemma 3. [

EC.1.5. Proof of Supporting Lemmas

Proof of Lemma EC.1. As in the proof of Lemma 3, we assume without loss of generality that
T =1. First, note that M\ € AéL is equivalent to p, € P. Consider sample paths on A. If <L +1,
then there is nothing to prove. Suppose that 7 > L + 1, we will use an induction argument to
establish the result. Since E(L) <§ on A, by Lemma 1(a), BaII(pD(éL),g) CP.Fort=L+1,

L1 —pP(OL)|2=0< 280 pr41 € P and hence ALy € Ay, . In addition, we also have:

Cpo1=Cp— ADyoy = kC — AS, — A (XLH + ALH)
= kC—LC+LC—AS,— A <AD(éL) + ALH)
= (k—L—1)C+LC—AS, — AA
= (k—L—1)A\e+ LA\ e — AS;, — AA;

S —LAre AL+1 )

=(k—-L-1)A ()\Le— T -1 r_L_1

AL-i-l

SL—LALG
kE—L—-1

— _ I — _
= (k—L 1)A</\Le Hk—L—l

= (k—L—1)(Ap — 1) Ae i

=0

(recall that S; = Ziles) where the first inequality follows because AAP (éL) < C, the second
inequality follows because AApe = C by definition of Ay, the fourth (strict) inequality follows by
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(C1) and Ae > 0, and the last inequality follows by the definition of 1. This is our base case. Now,
suppose that C, > 0,5\5 € AéL forall s=L+1,L+2,...,t—1,and t—1<7. If t > 7, we have
finished the induction. If, on the other hand, ¢t < 7,

where the first inequality follows by p, :p(j\t;éL),pD(éL) = p(AD(éL);éL) and P1, the second

t—1 Aé
2

s=L-+1

~ 1

Pt — pD(éL)

, <« < wllQllew <

2

inequality follows by (C1) and the last inequality follows by the definition of 1. So, by Lemma 1(a),
we still have p, € P and hence ), € Ay, . As for the remaining capacity level Cy, by similar argument

as before, we have

t t
Ci=C— Y AD, =hC - A5, — Y A(A+A)

s=L+1 s=L+1

t K
= kC—tC+1C - AS,— ) A(AD(éL)—Q k_U+AS>
v=L+1

s=L-+1

t s—1 N
A AA
= (k—t)C+LC — ASy, — E (AAS— )

s=L+1 =L+1

.« AA
= (k—t)A\re+ LA\ e — AS;, — Z ( A, — >
L+

—t k—s
s=L+

C
— (k—1)A <)\Le 7&]{_”“3 - = )

—

SL—LALG
k—1

T <)\Le— H
- (k=) AO\ — e

> 0.

This completes the induction. [

Proof of Lemma EC.2. As in the proof of Lemma 3, we assume without loss of generality that
T = 1. Because 7 is non-negative, we can write E™[k — 7| A] =k — > P™(7 > t|A) = S| P™(7 <

t|A). We now bound P™(7 < t|.A). By the union bound, we have

T T SL—LALe 5 Av
Pi(r<t4) =P <L-i1:11139<t{H—5 ) ZL+1I<:—U }Z¢'A>
v= 2

S Y
—2

SL—L)\LG
k—s

(
)

(EC.8)

k:—v

v=L+1

< 7T
- L+1<s<t

.A) + P < max
L+1<s<t

2
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We first bound the first term in (EC.8) below.

S Y
<L+1<s<t k—q; - 2 A
v=L+1
¢2 T - H/\v_;\vH2 w
<P max | Y 2 Tl A 2D Sy =y Zz A
v=L+1 v=L+1
2
1 LA, 1)? H)\ —\ l|2
< PT > — P
SPr(A) | iides b | =T s Z k—s = 16
v=L+1 2 s=L+1

2
16 SN (Z A=A ||2>
< — T A
¢2P (A) s=L-+1 k - 2 s=L-+1 -
__ \/ - 2
t 2 t Ex[|| A, — \.|[2]A
[s=L+1 5 s—L+1 §

< P e ) [W“‘”QG@ (1o (i t))]

where the first inequality follows by the definition of A,, the triangle inequality of the norms and
union bound, the second inequality follows by the law of total probability for the first term and
the monotonicity of max-operator for the second term, the third inequality follows by the Doob’s
sub-martingale inequality for the first term and Markov’s inequality for the second term, the fourth
inequality follows by the orthogonality of martingale differences for the first term and Cauchy-
Schwartz inequality for the second term, and the last inequality follows by E™[E(L)?|A] < ¢e(L)?
and the same integral approximation bound as in (EC.6).
As for the second term in (EC.8), we can apply Markov’s inequality and get:

— _ 2 2
Pﬂ<max S1—Lse 2¢'A>§Pﬂ<|& LALe|12>wA>
1<s<t 5 2

ks TE
S 2
< maX{l EEW HL(k—t)22 A]}
An(1+ Mp)2L?
R

where the last inequality follows because ||S;, — LApel||, <||Le+ LAre||, =+/n(1+ A.)L. Putting
all the bounds together, we have for all k > 3:

k—1

et 8 (s ] 2 42 e (1))

t=1

k-1 272
+ Z max {1, 4n$(—; iLt)) 2L }

t=1
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—~ 1 | Be(L) — 1 32w2e(L)? ‘“‘11 E V)’
=t (ot g2 <g<k—t>>

1

S

128

<

~ P?P(A)
k—

MT'IM

An(1+ Ap)*L?
—~ P2k —t)
< 12 0 iogk)+ B2+ 2y (4”(1 ) 1) L
2P (A) Y? (Ch P2
2
S A <4n(1w+ = “) k
where the third inequality follows by integral approximation. The result follows by letting Ky =

2
21526 + 1()0w + 4n(1;r2>\L) +1. O

- +L

EC.2. Proof of Results in Section 3.2

In this section, we first prove Lemma 4 in §EC.2.1, followed by the proof of Theorem 2 in §EC.2.2.

All the supporting lemmas which are used to prove Lemma 4 and Theorem 2 are proved in §EC.2.3.

EC.2.1. Proof of Lemma 4

We first illustrate the idea using Figure EC.1. Note that E(t) > € is equivalent to the event that
ML estimator 6, is in the outside of the ball V := Ball(6*,¢). In addition, under the concavity
assumption of the log-likelihood, 0, # Ball(0*,¢€) implies that at least one point on the surface of
a hypercube S, which is centered at §* and is a subset of V', has a larger log-likelihood than the
log-likelihood at 6*. The probability of this event is a valid upper bound of P™(E(t) > €¢). However,
the challenge is that there are a continuum of such potential points. The idea of the proof is to
consider a grid of points on the surface of that hypercube S, and the granularity of the grid is set
to be fine enough so that any point on the surface of that hypercube can be closely approximated
by one point on the grid. We will show that the existence of a point on the surface of S with a
higher log-likelihood than the true parameter vector 6* is extremely unlikely. We now rigorously
prove this lemma.

Step 1

Fix some 0 < Amin < Amax < 1. First, we will show that for all D € D, for all p € W(Xmin,;\max)
and for all § € ©, VylogP»’(D) is jointly continuous in # and p. Recall that V,logP??(D) =
((8/06,)logP??(D);...;(8/06,)logP?? (D)) where for all 1 <k <n,

an 1 _Z )\ (p’g)

Since \;(p;.) € C1(O) by P1, A(.;0) € C*(P) by P3 and the denominators are strictly greater than

dlogPP(D)  (1=305 Dj)log (1 =37, A(p X ( "D, log (A (p:8)) O, (p; 0
sPY(D) ( >(Z i ) " DASO0) 00 0)

j=1

zero, VylogPP?(D) is jointly continuous in # and p.



ecl2 e-companion to Chen, Jasin, Duenyas: Learning

Figure EC.1 Geometric illustration of Lemma 4

Grid poiﬁts - .A""V_ PSP
A 8
/] 2n
/. s 3
< 0"

Note. This illustrates the case when there are two parameters to estimate (¢ =2). V' denotes the disk (ball) centered
at 0* with radius e. Note that the event of ||§* — ;|| > € corresponds to the event when 6; lies in the exterior of V.

In this example, the surface of the rectangle(hypercube) S consists of four edges.

Step 2
Since © and W(Xmin,j\max) are compact, D is finite and Vy logIP”f’e(D) is jointly continuous in
6 and p for all D € D, there exists a constant ¢, > 0 independent of 6,p, D such that for all
0 €0, peW(Amins Amax), and v € R satisfying |[v]|, =1, VylogP??(D) - v < ¢,. Therefore, for any

v, ||vll2 =1, if pT € W(Amin, Amax) for 1 < s <t, then we have:

VologPr?(Dyy)-v= Zt: VologP? *(D,) v < c,t. (EC.9)

s=1
Now, fix € >0 and consider a hypercube S € R? centered at the origin with edge 2¢/,/q. Let
dS denote the surface of S, its area is given by c,(€/,/q)?"" for a constant ¢, that depends only
on ¢. Cover 9S with a set of identical hypercubes in R?™! with edge 2n (see Figure EC.1 for an
illustration) and denote by N the number of cubes needed to cover 9S. Then, N = (¢/(/qn))* "
Let v; € 05,5 =1,..., N denote the center of those 2n—cubes. These points constitute a set of grid

points on the surface. Then for any x € 95, min;—; .y ||z —v;||2 < \/qn. By W3, we have that for

.....

any ' € S+6* and any j=1,..., N,

log P} (D) — log Py ™ (D) < Volog Py’ ™ (Dyy) - (6 — 6" — ;)

Let j*(0) = argmin,_, y|[|0 — 0" —v;[|s. We then have

7\'79*+Uj*(91)

log Py (D1.¢) ~ log P} (D) S ctllf 0" — vl <co/ant.  (EC.10)

where the first inequality follows by (EC.9). The following is the key argument for this proof:

~ N €
{11t > e} < {111 > ==
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C {10gPﬂ’9*+”(D1.t) > logIP’f’e* (D1.1), for some v with ||v]|s = %}

- {lo P, o O (DY) F g /qnt > log P™" (Dy.,), for some v with |[v]]sc = L}

Va
c U, {log Py (Dr) + e /ant > log PP (Dr) }

= UL, {Z] (v, D1) > exp(—c/qt)}

where Z7(u, Dy,) :=P7? **(Dy,)/P7" (Dyy) is the likelihood ratio for any u € © — #*. The first
inclusion follows by norm inequality, the second inclusion follows by the concavity of the log-
likelihood function and the definition of ML estimator, the third inclusion follows by (EC.10), the
fourth inequality follows because by definition j*(6* +v) € {1,..., N} for all v. We state a lemma

below.

LEMmMA EC.3. Fiz some 0 < :\min < /N\max < 1. Suppose that an admissible control m satisfies p, =
ms(Dy.s_1) € W(S\min, S\max) for all 1 <s <t. Then there exists a constant c;, >0 such that for all T
and for allu e © —0*, E™[\/Z[ (u, D1.+)] < exp(—cu||ul|5t/2).

By Lemma EC.3, the following holds

P~ (||ét—9*||2>e) ZIP’” (Z] (v, D1t) > exp(—cg\/qnt))

<Ze (Cg\f"t) [ng(vj,Dlzt)}

cg/ant  callv;lf3t
PL79 2

eX

Mt

j=1

—1
< < € )q exp (_che N cg\fnt>,
Van 2q 2

where the second inequality follows by the Markov’s inequality, the third inequality follows by
Lemma EC.3, and the last inequality follows because N = (¢/(,/qn))?"" and min;—; _ n||v;|[2 >
~||vjllee > €/\/q. Now, let n =¢€/t, then we have

(i) 2o 20 )]

2q 2

AAAA

Note that when e < 1,exp((—cr€’q 't + ¢41/q€)/2) < exp(cy\/q/2) exp(—cre*q~'t/4). Note also
that when e > 1, there exists M > 0 independent of € such that exp((—c,€*q™'t + ¢41/q€)/2) <

exp(—cne?q~'t/4),Vt > M. With these two observations, we consider two cases below.

Case 1: t > M. In this case, we have P7 <||ét—9*||2>6) < mut?exp(—nste?), where 7y =
g~V max{1,exp(cy1/q/2), and 15 = c,q~ ' /4.
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Case 2: t < M. Let 6 be the largest distance between any two points in ©. (6 < co because © is
bounded.) Then, we claim that for this case, P" (Hét —0*||2 > e) < Myttt exp(—nste?) where ns is
defined as in Case 1 and 7, = exp(nsM6?). The claim is true because: if € > 6§, P™ (\ 10, — 0|, > e) =
0, so the bound holds; if € <8, P~ (||ét — 0|2 > 6) < 1=nsexp(—nsMO?) < 7yt~ exp(—nste?).
Combining the two cases above, we conclude that P~ (\ 10, — 0%||, > 6) <

min{1,n,t9" ! exp(—nste®)} where n, = max{7,,7,}. Hence,
B (6,013 = [ P (16— 071> w) do
0

= / min { 1,74t exp (—nstz) } d
0

2(g—1)logt

5t 0 _ N5t nstr
< d a1t - — d
_/0 x+/2<qnl>tlogt [774 exp< 2 >]exp< 5 > x
5

2(¢—1)logt /°° N5t
< s — d
N N5t s 2g=D)log P 2 .
5

< 2(¢—1)logt  2m

N5t nst
< 2max{1l,n4} (¢—1)logt+1
B UE t

where the fourth inequality holds because for all x > 2(‘1%’)}'“, nat?texp (—%) < 1. We complete
the proof by letting 1 = v/2max{1,n:}/ns. O

EC.2.2. Proof of Theorem 2

We first state an analog of Lemma 1(a) for ECP(#) below.

LEMMA EC.4. Suppose that B coincides with the set of binding constraints of P(6*) at the optimal
solution. There exist 6 >0 and & > 0 independent of k> 0 such that for all 6 € Ball(*,5), ||z (6*) —
zP(0)]|2 < &[0* — 0]

The proof of Lemma EC.4 is similar to the proof of Lemma 1 and so is omitted. We now proceed

to prove Theorem 2 in several steps.

Step 1
Fix m= APSC and let k£ > 3 throughout the proof. Throughout this section, we will assume that
T =1. (This is without loss of generality.) Set L = [(logk)'™¢] and n = (logk)~/*. We first show
that the set of binding constraints of P(6*) at the optimal solution can be correctly identified with
a very high probability. Let & := {C; = (AXNP(0%));, i ¢ B} U{C; > (ANP(0%));, i € B} denote the

event that the i'" capacity constraint is wrongly classified. (The event &; is a union of two events:
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either the i'" constraint is actually binding but not included in B or it is not binding but is included

in B.) By definition of 7,

P™ (C; = (ANP(07));, i ¢ B) = P (ci = (ANP(67));, Cy — (ANP(B,)); > n)
— P ((A)\D(H*) —ANP(6,,)): > n)
< P7 (s[|All2E(t1) > n)

2
n
< — PR — <
N nlexp< n2t1ﬂ2”‘1”g> N nleXP( 2”‘1H2(10gk) )

where the first inequality follows by Lemma 1(a), the second inequality follows by Lemma 2, and the
last inequality holds by definition of ¢; and 7. Define s := min{C; — (AP (0*)); : C; — (ANP(6%)); >
0,i=1,...,m}. Since s does not scale with k, there exists a constant {25 > 0 such that n < s/2 for
all k> Q. So, for k> g, by Lemmas 1(a) and 2, we can bound:

P™(C; > (ANP(67));, i € B) = P7 (C; = (ANP(67)); + 5, Ci — (AN (0,,)): <)
< P ((ANP(Br,) ~ AN (6)), > 5~ n)
< P™ (k||A|2E(t) > s — 1)

(s—n) sty
< —nat < -1 k).
—”16"13( Fea) = TP\ s A

Putting the above two bounds together, for k£ > )y, the probability of wrongly identifying the

binding constraints can be bounded as follows:

P (U, E) < 3[BT (Co= (ANP(69),, i € B) + P (C, > (ANP(0")).. i € B)]

VL

=1

s 8° e
! ———1 . (EC.11
o e (ot oty ) e (-~ 2 fgionty )| sy

IN

Step 2
Let 7 be the minimum of k and the first time ¢ > ¢; + 1 such that the following condition
(C1) is violated: o > || >0 tl B 5H2 + |22 |y, where 1) is as defined in the proof of
Theorem 1 and A, = D, — A\(p,;0,.) for s € (t.,t..1] and 1 < z < Z. Define A := {7, N
{E(tz)gmin{g,(logtz)*e/“},for all tz<7'}, where § = min{8,8,$/(2wr)} and 6 and & are as
defined in Lemma 1 and Lemma EC.4 respectively. (Event A can be interpreted as the event where
all binding constraints are correctly identified and the size of all subsequent estimation errors are
sufficiently small.)

Note that for t. <7, AP(6*) € Ay, on A. This is because [[p(AP(6");6;.) — p(AP(6:.); 6..)[> <
W||AL(07) = AP (0,)||2 < wrl|6* — 6, ||2 < ¢/2, where the first inequality follows by P1, the second
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inequality follows by Lemma 1(a) and the fact that 5 <4, and the last inequality follows since
0 < ¢/(2wrk). We then have AP(6*) € Ay, since p(AP(6%);6,.) € Ball(p”(f,.),/2) C P, where the
last inclusion follows by Lemma 1(a). The two important lemmas below establish the approximation

error of DPUP and some important properties of the stopping time 7.

LEMMA EC.5. There exist positive constants v and & independent of 6 € © such that if ||z (0) —

w0 |l2 <y, then [[aP(0) — 2|2 < &[|27(0) — 22013

LEMMA EC.6. There exist positive constants 0 < :\min < S\max <1, Q, and constants I'y and T’y
independent of k> Qy, such that S\min < Amin, S\max > Amax, and for all k> Q) and all sample paths
on A:

(a) ||zP(6:.) — 2X7|3 <Ts(logt.) /2 for t. <.

(b) Cy>0, p, € Ball(p?(6*),7¢/8) S W (Amin) Amax) and A € Ay, for all t € (t.,t.11] N [t1,7).

(¢) E7[llaP(6:.) = 2N ([3 Lyt <ry | A S Ta/t.

Lemma EC.5 essentially establishes a uniform locally quadratic convergence of the Newton’s
method for solving ECP(f,.) for all z, which is used for proving Lemma EC.6(a) and (c).
Lemma EC.6(a) and (c) establish the approximation errors between z)” and the deterministic opti-
mal solution 2 (6,.). Note that Lemma EC.6(b) states that p, € Ball(p?(6*),7¢/8) € W(Amin; Amax)
for all t; <t < 7. In addition, for t <t,, p, € {pV,...,p?} C W(j\mm,j\max) due t0 Amin < Amin,

S\max > Amax and S2. Therefore, the condition for Lemma 4 is satisfied. There exists a constant

0y > max{Q, 2} such that, for all k> Q,,

FPT(AS) < kY []P”T(E(tz) > 8+ PT(E(L) > (1ogtz)—i} EPT (U, E)

z=1
z
5 t: T m
< k‘th‘j_l [exp (—77525252) +exp <_(1775t)§):| + kP (Ui=1gi)
z=1 ogt,
s (log )6 s (log k)'+* . (L
< _Tsl0g k) 07 _ 1s(log k)T "
< 2k(log, k) [exp ( 5 +exp 2(log k)7 + kP (UM, &)
loc k 1+e(§2 log k)1+5
< 2k(log, k) [exp (‘775(0g2)> + exp <—775(0g2)2>]
+ mmk |exp | — 72 (logk)'™*2 | +exp _L§2<1ng)1+e < 1
K2[|Al[3 4r2[| A2 = g

where the second inequality follows by Lemma 4, the third inequality follows by a combination of
nat? " exp(—nst.6%/2) — 0 and nut9~" exp(—nst.(logt,)~/2/2) = 0 as k — oo, t. > t; > (log k)" for
z>1, and Z < [log, k] < 2log, k, the fourth inequality follows by (EC.11), and the last inequality
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follows because the formula after the fourth inequality goes to zero as k — co. Note that the above

N2
inequality also implies P™(A) > 1 when k > Q,. Define U, := Zf:_tlﬁl (ZZ;;H ;(fi) and ®, :=

&(s)?, where &(s) :=16+/[(q— 1)logt, +1]/t. for all s € (t.,t.,]. By Lemma 4, E7[||, —

k—1
t=t1+1

0*||31 (1<~ |A] <€(t)?. The following result is useful to derive our bounds later.

LEMMA EC.7. Under APSC, there exists a constant K3 > 0 independent of k > 1 such that ¥, <
K314 (¢—1)logk) and ®. < K3[1+logk+ (¢ —1)(logk)?].

Step 3
Let K = max{Q,Q;,Q,3}. If k < K, the total expected revenue loss can be bounded by KT7.
So, we will focus on the case k > K. By the same arguments as in (EC.1) and (EC.2), p™(k) <
Li+Y, . rP(0*) —E[R"(k)] and

k 7—1 _ T—1
> PO —E | (R)| SET| N wPOVANO) = A)| Al + 5B Y HAD(H*)—MI%]
t=t;+1 t=t1+1 t=t1+1
+ FE"[k—7]A] + 2F + FKPT(A°) (EC.12)

Note that on A we have p?(6%) ANP(6%) = uP(6%) ANYT (because BAP(0*) = Cp = BAYT and
uP(0*); =0 for all i ¢ B by KKT conditions). Therefore, similar to the proof of Lemma 3, we can
bound the first term in (EC.12) with K4E™[k — 7+ 1|A] where K, :=3u”(0*) Ae +||u”(0)||2]|Al|2
is independent of k> K.

As for the second term in (EC.12), recall that \, = -y As denotes the demand

s=t1+1 k—
rate that the seller believes he is inducing during perlod t where z(t) is the unique integer z such
that ¢ € (¢,,t,41]. Note that (EC.4) still holds. We can bound two term in (EC.4) respectively
using: oK™ |:Zt t1+1 ’/\t_)‘t g } - UZt t1+1 E™ WQHQt_e*Hg 1{t<T} } < Uw22t t1+1 () <

vw?®, (by P2), and

T—1
DA = A3 A

t=t1+1 i

[ =1 T r—1 =1 A 2
< 20E7 AP (07 20E" -
> 2 Z [IAZ(07) — z(t)HQ Al +20 Z Q Z s

L t=t1+1 i t=t1+1 s=t1+1 5

[ r—1
< 20E™ z ||)\D(9*) z(t)||2 A

Lt=t1+1 |
-1 1A 2 k-1 t—1 (8)Liueny
2_ 2 Eﬂ— s Eﬂ— s<T
(o | 5|8 2 llal o] 5 (5 Bty
t=t14+1 | |s=t1+1 9 t=t14+1 \s=t1+1
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_ t—1 E~ [w2E(S)21{s<T}| A]

[ or—1
<o | §° a0y 31| + 201l | oot S | S -

Lt=t1+1 a t=t1+1 | s=t1+1

< 20E" | Y |IAP(07) - AND 15| A +217|!Q\|§(3210gk+w2‘116)

L t=t1+1

for some constant K5 > 0 independent of k > K (the second and the third inequalities follow by the

< K5(U, +logk) 4 20E™ Z INP(0%) = A3 A

t=t1+1

same argument as in (EC.5) and (EC.6) and recall that K > 3), and the fourth inequality follows
since E™ [ E(s)?1{s<,}| A] <&(s)?. We now analyze the last term of the above. Note that, on A, we
have for all t <7

[[AP(0) = AXB [, < [[AP(07) =235, + |

Xt — 2o,

< 2[[AP(e" —ffz(t)H
:2HxD z(t)H

where the second inequality follows because AP (0*) lies in S,(;) where thT) is projected into (note

that on A, (1) étz(t) € Ball(6*,¢/(2wk)) for t < 7 which implies that, as shown previously, A\P(6*) €
Aétz@)’ and (2) the binding constraints of P(0*) at A”(#*) are correctly identified which means
that BAP(6*) = Cp and NAP(6*) < Cy) and the equality follows because A\”(6*) = 2”(6*) on A
due to the strongly concavity of the objective and the fact that A”(0*) is an interior solution. By

Lemma EC.4

T—1
> 2P O7) = 2P0, )

s=t1+1

k—1
,4] — Z E™ [@2|ye*—0tz(5>|y§1{s<7} A} < RO,

s=t1+1

Furthermore, by Lemma EC.6(a) and the fact that t,,; —¢, <2t, for all z, we have

T—1 k—
3 a7, -5 4] = 3 > & [1e70,,) =t 4
s=t1+1
4
< Z 1 — i < 27T, < 4T log, k.

Combining the inequalities above, the second term of (EC.12) can be bounded as follows:

v
ZET
2

T—1
Z [IAP(6) — N\ 3] < w?®, + K5(V, +logk) + 40k*®, + 1601, log,
t=tq+1

< Kg(1+1logk+ (qg—1)log* k)

2
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for K¢ = (tw? + 40k* + K5) K3 + K5 + 160T5. To bound the third term in (EC.12), the following

lemma is useful.

LEMMA EC.8. There exists a constant K; > 0 independent of k > K such that for all k > K,
E™k —7|A] < K;(logk+L).

Combining all the above and recalling that L = [(logk)'*<], for all k > K, we have:

p" (k) < 27(log k)" + (K4 +7)(E™ [k — 7| A + 1) + Ko(1 +logk + (¢ — 1) log” k) +

l\?\Cﬂ

IN

2T+K4+T+K6+2r> [1+ (log k)™ + (g — 1)log” k]
< Kg[(log k)" + (¢ — 1) log” k],

for some constant Ky independent of k > K. The result of Theorem 2 follows by using M, =
max{rK,Ks}. O

EC.2.3. Proof of Supporting Lemmas

Proof of Lemma EC.3. Recall that D={D € {0,1}": "7 D; < 1}. We define the conditional

Hellinger distance as follows:

2
HE (01,05, Dyl Dy 1) i= > (\/Pz““’l(DADu_l)—\/PZ""?(DADu_l)) .

DyeD

We state a lemma and postpone its proof to the end of this subsection.

LEMMA EC.9. Fiz some 0 < S\min < S\max < 1. Suppose that an admissible control w satisfies p, =
7s(D1.s—1) € W(S\min,:\max) for all 1 < s <t. Then there exists a positive constant ¢, such that
HT (01,602, D| Dy 1) > cp||01 — 2|3 for all 6,,6, € ©.

For uw € © — 0%, define Z7(u,D;|Dyyq) := PF"*(D,|Dyyy)/Pr (D,|Dyyy—1). Using

Lemma EC.9, we can derive a bound for its moment below:

Pﬂ' 9*+u Dt’Dlt 1)
Eﬂ— |:\/er(u7Dt|D1:t71>i| = 0" ]P (Dt‘Dlt 1)
Dze:p ]P) 0 Dt|D1t 1)

- Z \/P?,a*—m(Dt’Dl:t—l)P:ﬂ* (Dt|D1:t—1)
DieD

—1_ Hy(0%,0" +u, Dy|Diy—1)
2

< oy (BT HRDID) ¢ o (),
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The result of Lemma EC.3 can now be proved by repeated conditioning: by definition,

| o)

= E"|\/Z7 1(w.Diamr) E7 [\/Zg(u,DtrDu_l)H

]Eﬂ- |: Ztﬂ—(uaDlzt)i| = Eﬂ ]Eﬂ [ Zgr(uaDl:t)

cnllull?
S Ew ZZT_l(u7D1:t—l):| €xXp <_h||2’|2>

2
< exp <—ChH;”2t> )

This completes the proof. [

Proof of Lemma EC.5. Fix § € ©. Note that ECP() is a convex optimization with linear
equality constraints. Let mp denote the number of columns of B, and define F' to be an n by
n — mp matrix whose columns are linearly independent and BF = 0. (In case there are multiple
matrices that satisfy this condition, pick any one of them.) Then {x: Bx =Cp/T} ={z: 2=
Fz+&,z€ R"™B} where z satisfies Bt = Cg/T. Hence, ECP(0) is equivalent to an unconstrained
optimization problem max, gn-mp g(z;0) :=r7(Fz + Z;6) in the sense that there is a one-to-one
mapping between the optimizer of ECP(#) x” () and the optimizer of the unconstrained problem
2P(0): (1) zP(0) = F2P(0) + 2, and (2) 2P(0) = (F'F)"'F'(z”(0) — &). In addition, by Section
10.2.3 in Boyd and Vandenberghe (2004), if a feasible point of ECP() x*) and a feasible point
of the unconstrained problem z® satisfy 2(*) = Fz(*) 42 then the Newton steps for ECP(#) (to
obtain a new feasible point z(**) and the unconstrained problem (to obtain a new feasible point
21 coincide in the sense that z(**Y) = Fz(*+1) 413 This relationship enables us to analyze the
behavior of ) by studying z*) whose convergence behavior is characterized by Theorem EC.2
(see §EC.4.2).

Before applying Theorem EC.2; we first show that the conditions in Theorem EC.2 hold. Note
that since Ay is compact, the linear transformation of it, Zy:={z: 2= (F'F) 'F'(x — &),z € Ay}
is also compact. Also note that since p(.;0) € C*(Ag) by P3, r(.;0) € C*(Ay) and g(.;0) € C*(Zy).
Hence condition (i) holds: there exists some constant L such that ||VZ2 g(z;0) — VZ,g(y;0)||2 <
L||z — yl||2- Denote by min(-); Omax(.) the smallest and the largest eigenvalues of a squared matrix.
Since V2 g(z;0) = F'V3,r(Fz+ %;0)F and —M1 <X V3,7(Fz + &;0) < —mlI by P3, we conclude
that (ii) holds: —M1T < V2_g(z;0) < —mlI where M = M0, (F'F) and m = mo i, (F'F). Then, by
Theorem EC.2, we have that there exists a constant 7 = min{1,3(1 —2a«)}m?/L for some « € (0,0.5)
independent of 6 such that if [|V.g(z*);0)|], <n, then ||V.g(z*T;0)||5 < 5= [|V.g(2*;0)||3. Note

m

that by strong convexity of g(.;0), M~||V.g(2;0)||2 < ||z — 2P(0)|]2 < 2m~Y|V.g(2;0)]|o. Also note
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that for 2 = Fz + 2, |lv — 2P(0)[[2 < [[F|l2l]z — 2P(0)[]2 and ||z = 27 (0)|]2 < ||(F'F) " F'||s| |2 —
2P (0)]|5. Therefore,

10 — 2P (O)]2 < ||F[[a][25FD = 22(0)]]2 < 27 || F[[][Vog ("1 0)5
< Lin”?||F|[]|V.g(2";0)[[5 < L~ M|| F||]|2%) = 22 (0)]13
< Lin 2 M||F|[af|(F'F) 7' FY|[5]]a™) — 2P (0)]13

Let v =n and & = L~ 2M||F||,||(F'F)~'F’||3. Note that they are both independent of . The

result follows by letting 2(**1) = 27 and 2® =27, O

Proof of Lemma EC.6. Let Q; =max;—,__4{V;}, where V;’s are positive constants to be defined

later. We prove the results one by one.

(a) Let & =max{k,<} where x and & are defined in Lemma 1 and Lemma EC.1 (see §EC.2.2)
respectively. Let I'; = max{1,4k?}. We proceed by induction. If ¢; > 7, there is nothing to prove,
so we consider the case when t; < 7. Note that by DPUP algorithm, x" )\D(th) and zP(6%) =
AP(6*) on A. Thus, when t; < 7 we have

2”0 = 2271 = 1l”(B) = AP (00,3
~ N 2
< (I2”(@) =2 @)l + 1IN (07 = X" (01,12
< 4R?E(t)? < I'y(logt,)~2

where the last inequality follows by the definition of 4. This is our base case. We now do the
inductive step. Suppose that ¢,_; <7 and HxD(étzi )— 2N |2 < T (logt, )92 If t, > 7 there is
nothing to prove. If ¢, < 7, then we need to show that ||z”(f,,) —zNT||2 <T';(logt.)~</? also holds.
Let V; > 0 be the smallest integer satisfying [(logV;)'*¢] > €%. Then, for k>, >V}, we have

2

~ 2 ~
[#2(@) ~ 25|, < 3[|a” (6.~ 0")| )= @ )| 3]+ @) 2|
3K? 3K? 3,
= € + € + €
(logt,)z  (logt,_1)z  (logt, 1)z
3K? 3Rr? 3,
S € + €
(logt.)? ' (log )t ' (logvE)s
. 1
<3[R*+22(R*+1,)] ———,
~ |:/<[, + (H + 1)] (logtz)i

where the second inequality follows by definition of A and induction hypothesis, the third inequality
follows because t._1 > % > /t. > \/t; = \/[(logk)'*<] > e when k> Q; > V;. Let V, >V} be such
that for all k> V, and z=1,...,Z, the following holds: (1) (logt,)"/? > 3y~2 [r? 4+ 29/2(F* +1',)]
and (2) 9¢2 [R* +29/2(R? + Fl)]2 (logt.)~%?2 <1<T;. (Recall that v and & are the constants for the



ec22 e-companion to Chen, Jasin, Duenyas: Learning

locally quadratic convergence of Newton’s method defined in Lemma EC.5.) Inequality (1) ensures
that ||z2(0,.) — zNT ||, < for all k> Q; >V, and inequality (2) ensures, by the locally quadratic
convergence of the Newton’s method, that ||z (6,.) — zN7T||2 < €2||zP(0,.) — xNT || < Ty (logt. ) </2.
This completes the induction.

(b) First, we claim that there exist 0 < Anin < Amax < 1 such that (1) Min < A a0d Ay > Amaxs

and (2) if p, € Ball(p”(8*),7¢/8) for t € [t +1,7), then p; € W(Amin, Amax) for all 1 <t < 7, which
will be used to prove Lemma EC.6(c). If this is true, then Lemma 4 can be used to bound E(t,)
as long as t, < 7. We now find such S\min, S\max below.

We first consider p € Ball(p?(6*),7¢/8). Define V, := Ball(p” (0*),7¢/8) (note that by our nota-
tion, V, is a closed ball) and V) (0) := {z € Ay : x € A(p;0),p € V,,}. Also, define O, :={p e P:
llp — pP(0%)|]2 < ¢} (note that this is an open ball) and O,(0) := {z € Ap: z € A(p;0),p € O,}.
Note that V, C O, C P by R4. This implies that V)(6) C O,(8) C Ay. In addition, since p(.;6)
is continuous in A by P3 and O, is an open set, O,(6) is an open set. Therefore, O,(6) lies in
the interior of Ay, and hence, Vy(0) C O,(0) also lies in the interior of Ay. This implies that
A (p:6) < 1
Since © is compact and A, (6) and M. (0) are continuous functions, there exists some 6',0"” €
© such that supgco Amax() = Amax(0") < 1 and infpeg Amin(0) = Amin(0”) > 0. Hence, for all p €
Ball(p”(6%),7¢/8) =V, and for all 8, 1 — 37" | A;(p;0) > 1 — supyeeSUP ey, 5y Aj(p30) = 1 —
SUPgeo Amax(0) =1 — Amax(0') > 0 and \;(p; 0) > infyee inf ey, mini<j<,, A;(p;0) > infoeo Amin(0) >
Amin(0”) >0 for all 1 <j <mn. Set Aoy = Inax{)\max,)\max(ﬁ’)},j\min = min{ A yuin, Amin(0”)} where
Amax and Ay, are as defined in S2. Note that by S2, for p € {pV),...,p @}, 1 — Z?:I A (p;0) >
1= Amax > 1 = Amaxe and A (9;0) > Amin > Amin for all 1 <5 <n and for all § € ©. This com-
pletes the proof of the claim: if ¢ <t,, then p, € {pM, ..., 5™} CW(Amins Amax); if t1 <t <7, then
pe € Ball(p? (0%),76/8) €W (Amin, Amax)-

Note that \, € Aj, is equivalent to p;, € P which is immediately satisfied if p; €
Ball(p”(6*),7¢/8) C Ball(p”(6*),¢) C P (the last inequality follows by R4). This means that we
only need to show C; > 0 and p, € Ball(p”(6*),7¢/8) for t; <t <. Let V3 >V, be such that for
all k>V; and z=1,..., 7, (2T +3k) (logt.)~/* < ¢/(8w). We now prove the result by induc-
tion. If 7 < ¢; + 1, then there is nothing to prove. Suppose that 7 > ¢, + 1. Since E(t;) <J on
A, by Lemma 1(a), p”(6;) € Ball(pP(6*),$/2). For t =t, + 1, we then have ||p;, 11 — p2(6*)|], =
|[pP (61) — pP(6%)||2 < $/2, 50 Py, 41 € P. In addition, similar to Lemma EC.1, we also have C;, 4, =
kC — LC+ LC — ASp, — AMYT + Ay 1) = (k—L—1)C+ LC — AS;, — AA,, ;1 = 0 where the first
inequality follows by the fact that ANYT < (', and the second inequality follows by the same argu-

for any 6 € ©, Ayin(0) := infyey, mini<j<n Aj(p;0) > 0 and Apax(6) = sup ey, S

Jj=1

ment as in Lemma EC.1. This is the base case. Now suppose C; > 0,p, € W(Amin,;\max) for all
s<t—1 for some t —1 <7 with t =1 € [t,,t,1). If t > 7, there is nothing to prove. So we only
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need to show that C, = 0,p, € W(S\min, S\max) when t < 7. Note that when ¢ <7, we have ¢, <t < T.
Hence, by definition of A, we have

[1pe = p” (0712 < [Ipe — (ANT‘étz)HerHp(AiVT;étz)—pD(étz)HerHpD(étz) CHI

p
< ullalk|| ¥ 2 IO B0) =l + +2
s=t1+1
O AT\ 60,0 6_T0
< Z R AT
< £ ol A(etz>r|2+2 Prlpll

where the second inequality follows by Lemma 1(a) and the fact that E(t,) <& on A, the last

inequality results from the following inequality

|

=AP@,)|| < (T - AP o)

L+ [peen -2,

2

al” — xD(étz) QCD(ét
< 2/Ty(logt,)" 1 + 3rE(t.)

< (2Jﬁ+3ﬁ) (logt.)™% < i,

8w

) —z(07)

() = A" (6:.)

z

2

where the second inequality follows by (EC.13) and the fourth inequality follows by the definition
of A. Hence, p; € Ball(p?(6*),7¢/8). For C;, by a similar argument to Lemma EC.1, we have
C, = kC —tC +tC — AS, — 3'_ 1 AN QY- t1+1kAUv +A,) = (k—t)C + LC — AS;, —
St t1+1(AA Zv 41 ‘;‘A”) > 0. This completes the induction.

(c) Let V4 > V3 be such that 27¢2 (5&* [8ny +4(q — 1)*(logt.)?]/(n?t.) + 21Ty /(logt.—1)%) < 1 for
all k >V, and z=1,...,Z, where I'y = max{1,4r?n3}, ns and 75 are as in Lemma 4. Again, we

show by induction. For z =1, we have:

E™[|J2” (0n) = 21" 1531 g,y PAT = E7 (27 (01,) = AP (00,1131 111 <73 | A]

< 2B 2 (0),) — 2P (6) 3L 1y <oy A + 2E7[[INP (B1,) = AP(6)] 3Lty <o | A
< 4r 2113 < E,
ti T 4
where the second to the last inequality follows by Lemma 2. This is our base case. We now do the
inductive step. Suppose that E*[||zP(6,.) — N7|[21 (< |A] < Tat; ! holds for s =z — 1, we need
to show that same thing holds for s = z. Then, for k£ > ; >V}, we have:
d

4
, Hte<ny

| (020 - 37| ens 4] <87 |26 - o2

< 27¢” {E [fo’@w —2(")|| Lp<n)

R 4
+87 | [|o(00 ) a2

A] +E [HxD(H*) — 2P, )

A}

d

1. <ry
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r r
< 212 S R'E™[E(t.) L, <ry|A] + R'ER [B(to1) L cry A + ——
< 216 [ B(0) T | AL+ BB B0 ) Ty A+ o

_1)2 2 1\2 2
< 9762 8ns+4(q 21) (logt.) R4+8n4+4(q 212) (logt, 1) . Ty 6 T,
n5t2 N5tz_1 (10gtz_1)? t.
—4 Y 2
< 976 5k [8174+4(q2 1)*(logt.)?] n 2Ty ] 1
N5t (logt,_1)2 ) t.
1 Iy
<= < =2
Tty Tt

where the first inequality follows by Lemma EC.6(a), the third inequality follows by Lemma EC.4,
Lemma EC.6(a) and the induction hypothesis, and the fourth inequality holds because

Lemma EC.6(b) shows that p, € W()\minaj\max) for s < 7 which means that the condition for

Lemma 4 is satisfied, so
B [B0) Lpen|A] < [ P (1600712 0) ds
0

< / min {1,74¢t* " exp (—n5tv/z) } dx
0

2(qg—1)logt 2
t

(g t t
< " dzx + Nt ' exp _Ts Ve exp _s v dx
0 (2<q—1>1ogt)2 2 2
N5t
< Hg—1)*(logt)? N = e [ IVEY
- 2¢2 M 2(g—1)logt )2 P 2
UR ( e )

4(g—1)%(1 2 >
e ar
0

n3t?
< 814+ 4(q—1)?*(logt)?
- n3t? '

This completes the induction. [

Proof of Lemma EC.7. We first derive a bound for ®.. By definition ¢, = [(¢,,1 — L)/2| + L for
z>1,s0t,—L>(t,y1 —L)/2. This implies that ¢,,; — ¢, <t, for all z> 1. For z =1, we also have
to —t; =1<L=t;. Recall that Z < [log, k| < 2log, k. Thus, we can bound ®, as follows:

Uk ) Z . 7 , (q—1)logt, +1
Q. = E 6(5) = E (tz+1 - tZ)E(tZ> < § (terl - tZ) Ul ¢
s=t1+1 z=1 z=1 #

< n5Z[(q—1)loghk +1]
< Kg[l+logk + (g —1)log” k]
for some positive constant K¢ independent of k> 1.

We now derive a bound for ¥.. To do that, we first show that there exists a constant K > 3

such that for all k> K, we have (1)(logk)'*t¢/k <1/19, (2)Z >3 and (3)tz_» < k/3. Note that as
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k — oo, we have (logk)'**/k—0, Z — o0 and t,;, — L — oo for =2 —2,Z —1,Z. This implies
that t, — L = [(t,41 — L)/2] <2(t,11 — L)/3 for z =2 —2,Z —1,Z when k is large. Therefore,
there exists a constant K > 3 such that for all k£ > K, we have (logk)'™/k <1/19, Z > 3 and
tz7-0< F(tzo1 — L)+ L=2k+32(logk) ™ < %

Since €(t.) = ns\/[(q — 1)logtz +1]/t, < 776\/6, we conclude that for k < K, W, < k(kne\/q)* <
K*®*nZq. We now focus on the case when k> K. Note that,

2 2

E(Se) (S m) a5 (8

t=t1+1 \s=t1+1 s=t1+1 t=ty_o+1 s=ty_o+1

(EC.14)

Since tz_o > k/4 (recall that ¢, <2t, and tz,; = k), we have €(s) < 776\/4 —1)logk+1]/k
for all s >t5_». So, for all k> K, the second term in (EC.14) can be bounded by

2
k—1

8ng [l + (g —1)logk] T — L | _ 8@+ (¢—1)logh
k k—s| = k

t=ty;_o+1 s=ty_o+1

3k < Ky2[1+ (¢—1)logk]

for some positive constant Ky » = 2472 independent of k > K, where the first inequality follows by
a similar argument as in (EC.7) and k> K > 3. As for the first term in (EC.14), for all k> K, we

2k1 (f € >§2k<§;(j)s>

have

t=t1+1 \s=t;+1 s=t1+1
2
Z—3
toi1—t, 1 —1)logt,
< 9k +1 " + (g —1)log
=1 k_tz+1 tz
)

ot [1+(g—1)logk i
< 4k77§ z+1 z q g
o =1 k_terl terl
tz—2 1 1 2
< 4kn2[1+4 (¢ —1)logk] / —\/ode
1
K

21o ’
g\(/E)> < Koa[l+(q—1)logh]

< 4kni[1+ (g —1)logk] (

where Ky, = 167 log® ( ) The second inequality follows by Lemma 4. The third inequality
follows because t,.; < 2t,. Note that the function f(z)= m is decreasing when x < 5. Since

ty o< g, the fourth inequality holds by integral approximation. The fifth inequality follows by

ty_o ) o
/1 klx\/;gc f/ (\f Nz \fif) \f,TIO (\/E\/_E\/%><21 g\(/\gl)'
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Thus, we conclude that there exists some positive constant Ky independent of k£ > 1 such that
U, <max{(Ky1+ Ky2)[1+(¢—1)logk], K*niq} < Ky[l1+ (¢ —1)log k]. We complete the proof by
16tt11’lg K3 :maX{Kq),K\y}. O

Proof of Lemma EC.8. The proof of Lemma EC.8 is very similar to that of Lemma EC.2, with
some nontrivial twists. Per the proof of Lemma EC.2, we only need to bound P"(7 <¢|.A). Note

that we have

™ T SL_L)\Le ||A )\ H21{U<T}
P (r<t|A) <P (Lffggt{‘k Z k:—v Z P > A
v=L+1 v=L+1
SL—L)\LG w 17/}
< P7 e e > 7 P S ¥
<P <L-1&:Illg§§t k—s -2 AJ+F Lffgi{gt ZL;&-lk_U =9
. e = Al ey ¥
+P <LJIrrllg§<t Z R ZZ A
v=L+1
dn(1+4Ap)*L? 16 4 4
< 1
> max{ ) 1/)2(145—75)2 + ¢2Pﬂ(¢4) (k—t)Q + 1
T - ”)‘v_j‘vHQ]-{vS‘r} 7/}
F <Lf%2§g _ZLH F— o Z A (EC.15)

where the last inequality follows by the same argument in Lemma EC.2. We now bound the last

term in (EC.15):

OJ

k—s

) Al ol ) <10 tETlIA — Xl BLgrco A

s=L-+1
2

E Zt: \/E‘"[H)\S - XSH%]'{T<S}|*A] i \/EW[H)‘S - Xs”%]'{‘r:s}‘A]

S 2

0 Nt k—s k—s

- 2 ~ 2

39 (< VETIN - KIBLeao Al 32 [ & VETIA — AIBL—n A
<3 Y +2 Z

P2 k—s P2 k—s

s=L+1 s=L+1
2

e N ©) L3 Z V24/E" 1{T 4]
B ¢2 s=L-+1 k - wQ s=L-+1

3202 ( LE(s) )2 128 < 1 >
S 2 + 2
v s=L+1 k—s ¥ —t

where the first inequality follows the same argument as in the proof of Lemma EC.2; the fourth
inequality follows by Lemma 4 and the fact that for any two points z;,x, € A""! we have ||z, —

To||3 <2, and the last inequality follows because by Cauchy-Schwartz inequality,

LB AT t 1 9
(32 PR < (82 ) (30 Fema) < i e =

s=L+1
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Finally, we have for all k> K >, >3,

log k n(1+\)?
E7[k - 7|A] = ZWT<t|A)_ 1/]2 PW(CE(L)>5)+< ”(JQ L) +1>L

3202 50 (N () ) L 128 —/ 1
P 2 s w2z< —t)
t=1 s=L+1

256 log k An(1+Ap)?
= YT TP (B(L >>5>+< e “)L

64w2k1 Soes) ) 64?2 128l 1
1/}2 E<Zk > ,¢2 E( )+¢2E< —t)

t=1 s=L-+1
512 An(1+Ap)? 64K’y | 128w 2g 128

where K7 = 640/1¢? +64K3w?q/v? +128w?n2q/v? + (4n(1+A1)?/¥? + 1), the first inequality follows
by a similar argument as in Lemma EC.2; and the third inequality follows by Lemma EC.7 and
the fact that €(t) <n\/q. O

Proof of Lemma EC.9. Note that, for any 6,6, € ©,0, # 05, by Fatou’s lemma, we have

2
WIP’?@’(DADLH) B <Dt|Dm)>

HT(0,0", D,|Dq.._
liminf 7(0",0", Di| D) = liminf Z
0/ —01,0" —02 HG’—Q”H% 9’H91,9”H92D <D HG/_HNH%
t
2
WIP’?@’(DADLH) B <Dt|Dm)>
> lim inf
- Z 0/*301301/1/1*)02 H@/_H//H%
DieD
_ H?(01702)Dt|D1:t71) > 0 (EC 16)

1161 — 02|13

where the last inequality follows by W1. Let ¢(.) denote the smallest eigenvalues of a real symmetric
matrix. If we now set 6; =0, =0, since IP’?79(Dt|D1;t,1) is continuously differentiable in 6, there

exists § on the line segment connecting 6’ and 6” such that

ng(el’ 9”5 Dt|D1:t71)

= | T
’ 2
o y o — 9"
. o0
popr (R =
t

(9/ 6/// 0 iy ! o — 6"
_Ze’—>99"—>9||9’ 0] ae\/P (Dl Do) ae\/P (Dl Do) 167 — 0]

] 1 a 71',9~ 8 ﬂ,)é !
Z ZE:DQ/I—IEQGI/I}E)QU <<89\/Pt (Dt’Dlzt1)> <86\/Pt (Dt’Dl:t1)> >
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-5 o (L) (L ona)

o ((ZP7 (D¢ Diiv—1)) (S Py (D¢ Diiv-1))')
AP;"(Dy|Dyyos)

DyeD
1 a 7,0 a 7,0 / 7,0
= - [ed - logIP}" (Dt|D1:t—1) - logIP}" (Dt|D1:t—1) Py (Dt|D1:t—1)
4 06 06
DyeD
z%f > 0 (EC.17)

where the first inequality follows by Fatou’s Lemma as in (EC.16) and the Mean Value Theorem,
and the third equality follows because

%IP’?’G (D¢ D1:t—1)
2\/Br(Di| Dyo)

9 [ =
%\/Pt ’G(Dt’Dlzt—l) =

(by chain rule) and the last two inequalities follow by the definition of Fisher information and W2.
To prove Lemma EC.9, it suffices to show that, for any 6,,60, € ©, H[ (61,02, D;|D1.1—1)/]|61 — 02|15 >
¢y, for some ¢, > 0 independent of 6,,0,. (If 6; = 0,, the ratio is to be understood as its limit.)
Suppose not, since the ratio is always non-negative, there exists two sequences 6} — 6,605 — 6,
such that liminf, ., HT (67,05, D;|D1.:_1)/||07 —6%|)3 = 0. But, this contradicts with (EC.16) when
01 # 0y and with (EC.17) when 6; = 6,. This completes the proof. [

EC.3. Proof of results in Section 4

EC.3.1. Proof of Lemma 5

We first show that £ is a bounded linear operator. For all f € C°(P), there exists p, <ap <p for
alll=1,...,n such that

NLf()||lee =sup|Lf(z)]= sup ... sup [Lyo---0oL,f(x1,...,2,)]
zeP z1€[p,,P1] zn€lp,,:Pn]
< sup ... sup |Li0-0L, 1 f(xy,...,25)[(2s)°
z1€[p;,p1]  2Zn—1€[p,_;Pn—1l

<< (29) () < (28) L ()] ees

where the inequalities follow by Theorem EC.3. We now prove that Lf = f for all f €
®p,P*![p,s ;). Note that L=L,0Ly0---0L,. Applying Theorem EC.3 iteratively n times, we
obtain that Lf =L,0---0 L, f=Ly0---0L,_f=---=f. O
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EC.3.2. Proof of Lemma 6

We will proceed in several steps.

Step 1
Let A, := (p —p)/(d+1). Fix some s < i1,...,in < 5+ d. Define a hypercube H;,
(p1;---50n) Y, <SPS Y1, 1SS n}. Note that for any pe H; ;|

IV (P) = AD)loe < (1A () = LA (0)] oo + [1LA" (P) = A(D) |-
By Corollary EC.1 (see §EC.4.3), there exists f; = (fi.1;...
A = fillle = sup [N (p) = fi(p)lle =  sup lrgag Aj(p) —

pEH; o, peH; 5, IR

- A (878) | 5(sA5) (sA8)y y
T Y S
[E R in i=

f1.5(p)]

}

.....

1=

 fin) € @12 PEMD 7 p i) such that

< Cn,(s/\E) w Z Az('SAg) ;

1

where (), ;55 is a positive constant that only depends on n,s A5 and the last inequality follows

by assumption N2. Then,

1A (p) = LA (D)l <

S ncn’(s/\g)W [1 + (23)"5] <1rl<lfa%}sl{pl _pl}>

[IA*(p)
= [[A"(p)

< CrsanW 1+ (25)™] (Z Al

_fl(p)Hoo
= f1(P)ll

+f1(p)
+ £ (p) —

_‘Cfl(p)Hoo
Sl

)

=1
(sA8)

+ L1 (p)
<[+ (28)™IA()

1
d(sns)”’

— LN (D)l

= f1()]

oo

where the first equality and the second inequality follows by Lemma 5 (note that s A5 <s). Also,

we have that for any 1 <iq,...

.....

77/7’L§S+d7

B33

Jn=1rnp=1

vy

Jn=1rp=1

Jn=1lrp=1

1<j<n,

Hl 1@1131 ‘)‘ (7—1%1”7"'7

Tn»in,”“n)

= Xi(TLig s -

’ Tn:in,”“n ) |

Hll

Sll

Hz i ( Als

- Z Z 2SI N (L

[ 1A/3“ !

I (P

’ Tnﬂn,”“n)

S|#T] (Tl i,T

> Tn,inﬂ“n) -

Y

J (Tl7i17rl PR

Tl,il,’r‘l)

N (Toiy s - -

’ Tnainy’f'n) |

’ Tnﬂn sT'n ) ‘
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where the second inequality follows by Theorem EC.5 (see §EC.4.3), and {,1 77777 =

maxlgrl ..... Tn§8{|>\; (7'1’1‘1’7,1, e 7Tn7in7Tn) — )‘j (7'1’1‘1’7,1, . 7Tn,in,rn)|}' Hence:
s+d s+d
LX) = N0 <Y in s = i [Ni i (9)]
i1=1 in=1

s+s2\"
2(ns—n J
< <2 > s ) _ max {511 ..... in}a
1<iy,..,in<s+d

where the last inequality holds by Corollary EC.2 (see §EC.4.3). This implies: For all p € H;,
there exists a constant C .5 > 0 depending only on n,s,5,P such that [|\*(p) — AD)||se <

Chosp (Wd™0M) maxi<y iy <stdi<j<n {5” .. }). Note that term after the inequality does not

~~~~~

depend on iy, ...,1,; so, we have:

X () =30l < sup X () = 32 < L

J
— max { i ;
— “~n,s,5,P d(S/\S) 1< iy <sHd 511 ..... in
1<j<n

} [(EC.18)

Step 2
Following similar arguments as in Step 1, we now derive a bound for [[VA}(.) — VA, (.)]]:. Consider
the hypercube H; _; defined in Step 1. Note that ||V (p) — VA, ()|l < |[VA%(p) — LYX:(p)][1 +

[[LVA;(p) — VA;(p)|li. By Corollary EC.1 (see §EC.4.3), there exists fo = (for;...; fom) €

®?:1P(5A§)‘1[gl,ﬁl] such that for all p€ H;  ; , we have

.....

1925 () = V f2.4(P)llx < moax Cans- SO B0 o) ()] < Co WS A

i=1 i=1

where C,, (sr5)—1 is a positive constant that only depends on n and (s A 5) —1. Then, we have
(sn3)—1
IV 0) = N, < 1o W 1o+ 29] (ol —p)) 9

Now, by Corollary EC.3 (see §EC.4.3),

9N aa @l < IV NPl < 0(s=1) max (A7} < 2n(s=1) max (G —p) "}
This implies:
B s+d s+d .
1LV () =VA@I <D > iin Xy = IV Ny, (D)
i1=1  ip=1

<9 8+82 " 2(77,5—77,)( +d)n( 71) a {(7 o )—1}d
S an 5 S S S 1].'2[;; YYi Bl

’Ln<5+d

{€h.

1
’
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We conclude that there exists a constant C? , . » >0 depending only on n,s,5,P such that

(VA () = VAW [loe < max sup|[VAT(p) = V;(p)[x
1<j<n pep
< - max {8 d (EC.19)
- n,s,s,P d(s/\g)fl 1<iqyeenyin <s+d L5 ERER) in : :

1<j<n

Step 3

..........

7777

for all x > 0, we can bound

P (x5 0) ~ 3,01 2 ) < P (a3 () - X9 2.0 ) + P (max50) ~ 3,09 2

peEG pEG

We now bound the terms on the right hand side of the inequality separately. For any > 0,¢ >0,

P (mas )~ 5 ()} 2 ) < expl—t0)E [enp (1t ) - X0 )

peEG

< exp(—tz)E |exp tZ(:\j (p) — Aj(p))

peG

< exp(—tx) [I;I)lggx {E [exp (t(j‘j(p) - )\;‘(p)))} }

:| s™ (s+d)"

Note that there exists a p* € G such that the maximum is attained. So, for all 0 <t < L,:
mas {E |exp (14 (p) = X (0))) | } = B [exp (13, 0") =3, 0"))) |
Lo
t .
exp (L Z Bln(Aj(p*)))]
¢ ko
— exp(-tx;0) {E e (LB | |
= exp(-0x; ) {12 X5 ) + X0 exp

< exp(—tA1(p")) {exp (A;* (") {exp <Lto> - 1] > }LO

= exp(—t)\;(p*))eXp (A;(p*)[’oz}l (Lto> )
= exp (Aj (p )LoZﬁ <Lo

=2
< exp (/\;f(p*)t2/L0) < exp(t*/Ly),

— exp(—tA;(p"))E
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where the last inequality follows by the fact that Y >, (4!)~ (t/Lo)’ < (t/Lo) Yol -1 <
(t/Ly)°. Hence, we have that for all 0 <t < Ly, P(max,cg{\;(p) — Ni(p)} = x) < exp(s"(s +
d)"t? /Ly —tz). Following a similar argument, we can show that for all 0 <t < Ly, there exists some

qF e G such that

:| n(s+d)7l

P (x5 ()~ 3,9} 2 ) < exp(-t2) [max {3 [exp (1056) ~ 3,0
- AT D"
exp(t\i(g ))exp< LOZ 1, ( ) )]

Jj=1

< exp(—tx)

< exp(s™(s+d)"N;(¢")t* /Lo — ta) < exp(s"(s+d)"t* /Lo — tx).

Pick t = /Los /(s +d)""/2logk (note that t/Lo = (Los"(s+d)"log > k)2 = (Lylog > k)12 <
1) and @ = 2Ly /(s + d)"/2s"/2log k, we then have for k > 3:

P(TSQX{A ()= Aj(p)} > \/C)I%kw(s—i-d)?) < 2exp (—logk) §2exp(—logk:):%.

Note that Ly = Lo(s 4 d)"s". Hence, Lo = Los "(s 4+ d)~™. Combine with the results derive in
Step 1 and 2, we then have that there exists constant C? _ . 5,C; | 5 » depending on n,s,5, P only,

such that for all k > 3:

]P’( A () —X(.)HOO Cop <d(VSVA§)+ 2\1;%%”))

" < w 2logk » n 2
O =30 c;ssp<M+msz<s+d>z))sk, and

<P

<P

(
P ( (w*(.) - vX(.))
< -

Let d = (EO log k)~ We conclude that there exist constants My, M;s independent of
k > 3 such that for all £ > 3,

A*(,)_x(.)’(sz4(1;gEf>s+n g%and]P’ H(vx(,)—vﬂ(.))/

i\

O

IN
El
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EC.3.3. Proof of Lemma 7

By assumption, Ay« :={x: 2= \"(p),p € P} is convex. Recall that by R1, A\*(.) is invertible and its
inverse function p* : Ay~ — P satisfies that \*(p*(z)) = 2,V € Ay-. Let 6(p) := A\(p) — A*(p). Note
that [|0(p)]|se < ||A* (D) = AD)||oe < ||A*(.) = A()||s for all p € P. Since the optimal solution of Py
is stationary, i.e., AP = AP for all ¢, we can formulate an equivalent “one-period” version P, and
also construct an auxiliary optimization problem P{“:
(P)) rP:=max r*(\) s.t. A= ¢ and
AEA = T

(PYY) 7P := max 7*(\) s.t. AA+AS(p*(N)) =

AGA)\*

NIQ

Note that AP = \*(pP) is the unique optimizer of P. Let A\* denote an optimizer of P{° (note
that A% may not be unique). By the strong concavity of 7*(.) as a function of A, A% is the unique

optimizer of the following optimization problem whose optimal value remains to be 77:

P) 7P .= Anel/%i{* r(A) st AN % — Ad(p*(A*)).

Note that if we view the term Ad(p*(A*“)) on the right hand side of the inequality as a pertur-
bation of the term C/T in Py, optimization (P%°) is equivalent to

(Py(e)) 7rP(€):= max r*(\) s.t. AXN= c_ €,
AEA# T

where e = —Ad(p*(A*°)). In light of Corollary EC.4 (see §EC.4.3), there exists a constant K3 >0
independent of ||€||o such that [|AP? — \¢||. < K5]|€||s. Now, let P, denote the optimization
problem: maxyea,. {#() :s.t. AX+ Ad(p* (X)) X C/T}. Let A:=A*(p). (This optimization problem
is emanated from P. The only difference is that P, optimizes over ) instead of p as in 15) Since p
is an optimizer of f’, X is an optimizer of P 1. Note that the constraints of P » and P{“ are identical.
Thus, \ is feasible to P§® and A% is feasible to P,. By the optimality condition of P}° and the
fact that r*(.) is strongly concave with respect to A and the eigenvalues of the Hessian matrix of
r*(.) are bounded from above by —uv, we have r*(X) <7*(A%) 4+ Vr*(A%) - (A =A%) — £[|A2° = A[|3 <
r*(X%) — 2[|[A% — X||%, (here, we use the fact that Vr*(A*°) - (A—A) <0, by the optimality of A*°).
By the optimality condition of Py, we have 7#(A*) < #(\); so,

SIae =% < () =7 (Y

< [ (A) =7 (X)) = [ (A) =7 (V)]
< (Var™(€) = Var(©€)) ool A" = Al e,
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for some &, where the last inequality follows by Mean Value Theorem and norm inequality. This
indicates that [[A — \||oe < 207 [[(VAT*(€) — VAT(£))']|se- Since p(.) is continuously differentiable
by R1 and A,- is compact, ||Vp*(N)|| is uniformly bounded by some constant K > 0. Note that
r*(A) =A-p*(A) and 7(A) = (A+0(p" (X)) - p*(A), s0 77 (A) =7(A) =p*(A) - 6(p"(A)) and

(Var™(€) = Var(€)) loe = [[Var™(§) = Va7 (€)1
= [[Vap™(€) 6(p™(€)) + Vap™(§) Vi (p(€)) " ()1
< IVap™ (I8 (™ ()l + IV ap™ (1L l[Ved (0™ ()1 [P ()] |1

< nEK|A () = ACQ) oo + 0k (Zﬁz) IVA() = VAQ)|oe-

=1

Finally, since p*(.) is in C!'(Ag«) and Ay« is compact, there exists some constant K’ such that
IP” = Flleo < K[\ = Alluo. This implies [[p” — plla < K'AP = Moo < K/(A” = A*||c +
1A% = Alloe) < K'[Kus]le]|oc + 207 0K [[A" () = AC) oo + 207 nE (301, POIVAT() = VALY o] <
Mgmax{[|A*(.) = A()|Joos [[VA*(.) = VA()||ao} for Mg = K'[K 15+ 20" 'nK 420" 'nK (3, 71)] that
is independent of [|A*(.) = A(.)|Jee and [[(VA*(.) = VA())||e. O

EC.3.4. Proof of Lemma 8

Recall that e(Ly) := (logk/+/ L) 9=D/(+7) Define § = (A\*(p) — VA* (D) - ; VAL (D); .. .; VAL (D).
We first bound P(||0* — 8], > (C} p + 1)e(L Lo)) for some C} p defined later. Let € = {[|p” — p||» >
VMg max{M,, Ms}e(Lo)}. Since 0* = (\*(pP) — VA*(pP) - pP; VAL (pP);...; VA% (pP)), by continu-
ity of A*(.) and VA*(.), there exists C, » > 0 depending only on n and P such that, conditioning

on £¢, we have:

16" — — VA (pP) - p” — A (p) + VA (p pHF—i-HV)\ Py —vX (D)%
=) (A:@D)—prgzjkpl’)—xz-‘(mz@ par ) 3 (Gron-5o)
< (Cop e(Lo))*. (EC.20)

where the first equality follows since for 6 = (a; B};...; B.), 10|53 = ||a||% + || B||%. By the law of
total probability, we have:

Pl

=0]],> (CLp+1e(Lo))
<p (| eu > (Chp+ DelLo)
+[p>< 9 —0H2>(Cn’73+1)6(io)

5) P(E)
sc) P(E°)
&) <

(EC.21)

g]P(E)JrIP(!H %

—0][,> (Chp+1)e(Lo)
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where the last inequality follows by (EC.20) and the inequality below:

P(E) < P (\/ﬁ |[p” = pl| _ > VM max{M,, Ms}e(io))

(sn5)—1

< P | VAMmaxdlIA () = 3Ol [(VA0) = VROV L} > v/ Mo max{ M, M) (%) )
SNS (snd)—1

<P IV =20l > M(ﬁ) +P ||<VA*<.>—VX<.>>'|OO>M5<1;% <%

where the second inequality follows from Lemma 7, the third inequality follows by the union bound
and the fact that \/T > logB/ *k > logk, and the last inequality follows by Lemma 6. We now
bound P(]|d — || > C 73rlaa>({M4,M5}e(Lo)) for some C? , defined below. Note that there exists
a constant C? >0 depending only on n and P such that:

2

18015 = |3 0) - VX (0) -5~ 30) + VAG) || +][VA(p) - VAE)
< (€ pmax{||A* () = Ao [[VA() = VA || })*.

F

So, we can bound:
(He e Pmax{M4,M5}e(L0))
<P (€2 max{|IN () = A0 aos ITA"() = VA oo} > €2 p masx{ My, Ms e(Lo))
<P (yw(.) “AO) | > M4e(io)) +P (H(w*(.) VA [ > M5e(i0)) < %,(EC.22)

where the last inequality follows from Lemma 6 and the fact that /Lo > log®*k > logk. Finally,
by combining (EC.21) and (EC.22) and letting M; = C}

n,

p+ C2 pmax{My, Ms} + 1, we have

IP(|\9*—9||2>M76(E0))g[P’(HG* 0] > (CLp+1)e (Lo))+]P’<||9 0)j,>C meax{M4,M5}e(L0))§

| oo

0

EC.3.5. Proof of Theorem 3

Throughout this section, we fix 7= NLRC and assume that T'=1 (this is without lost of generality).
Let 7 be the minimum of k and the first time ¢ > Lo 4 1 such that the following condition (C1)
is violated: ¢ > || 327 Fotl B S||2, where ¢ := \/€(Ly) = (k~"/*log"/? k)((sr9)=-1)/@stn=1) and A, =
A, + X (p) — Mps; 6). Define A := {||0* — 0||5 < Mye(Lo)}, where M, and e(Ly) are as defined
in Lemma 8. Note that, by Lemma 8, we have kP(A°) <8; so, for all k> Q3 =17, P(A°) < 1/2.
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Moreover, since €(Lg) = o(1) (recall that L, > log® k), there exists a constant {4 > 0 independent
of k such that for all k> €, and all sample paths on A, we have ||0* — ||, < Mre(Lg) < 6 where &
is as defined in Lemma 1. We will suppress the dependency of e(I}O) on Lg for notational brevity
whenever there is no confusion. Now, define \; := A*(p;) and A= )\(pt;é). As long as p; € P, we

have A\, = A(pi;6) = \°(0) — 30} C]f_Aj Similar to the proof of Theorem 1, we state two lemmas.

LEMMA EC.10. There exists some constant Q5 > 0 independent of k such that for all k> Q5 and
for all sample paths on A, p; € P and C; =0 for all t <.

LEMMA EC.11. There exists some constant Kq independent of k > max{Qs,Q4,Qs} such that for
all k> max{Q3, 04,0}, B[k — 7| A] < Ko(*k + ¢ loghk + € ?)

Let Rf{* (k) denote the revenue during exploitation stage. Since the one period revenue loss is
bounded by 7, we have p™(k) < LoF + 31z 7" (AP) = Ef. [RS. (k)] = Lo7 + Y2y 7,4, 7" (AP(67)) —
Ef. [R5.(k)]. (Note that AP = argmaxyea,. {r*(\) : AN < C} and AP(0*) = argmaxyca,, {r(\; 0%) :
AN < C}. Recall that by construction of 6*, we have AP = \P(6*).). The following result is useful

for bounding the revenue loss later.

LEMMA EC.12. There exist some constant g independent of k and some constant Kiq >0 inde-
pendent of k> Qg and 0 such that for all k> Qg, ||AP(6) — X0(0)||2 < K1oe(Lo)?

Define K := max{3,4,Q5,Q6}. For k < K, p" (k) <7K. We now consider the case when k > K.
By similar arguments as in (EC.1) and (EC.2), we have that

k

> (PO - B [R5 (k)] < B3 SR OPE) - (AP(67) — M) | A

t=Lo+1 | t=Lo+1
_ T—1 1
+%E’Z SN M A| + FEL[k—T[A] + 27 + FRP(A7) (EC.23)
t=Lo+1

Note that Vr*(AP) - (AP(6%) — X\p) = Vr(AP(6%);0%) - (AP (0*) — X)) = pP(07) A(NP(6%) — AP (0) +
AP(0) = A2(0) +A°(0) — A, + s — \,). Therefore, for the first term of (EC.23), we have for k < K:

T—1 T—1
EL | Y. Vrr(AP(07) - (AP(07) = A | A| =EL | DY uP(07) (ANP(67) — ANP(6))| A
t=Lo+1 t=Lo+1
T—1 T—1
+EL | D pP O (AN (0) — AX(0) | A| +EL | Y uP(07) AN(0) = A+ A — M) A
t=Lo+1 t=Lo+1

T—1 —1 AA
< KIOMD(H*)/Aefzk—i-}EW* Z IU’D(H*)/ Z =
s:i0+1

t=Lo+1

SS+AAt—AAt A
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1+ kPT. (A°) ) ]
“pa O BIALR G 714 +1)

< Kaop®(07) Ae e’k + 18,2 (07) Ae + ||1n” (07) [l | Al Ko (e + € log b+ €7%) + || (07) 12| Al]2

< KloMD(G*)'Ae €2k + uD(Q*)’Ae

< K11(1+62k+67110gk+672) (EC.24)

where Ky = (18 + Ky)u?(6%) Ae + || (07)|]2]]A]]2(1 + Ky), the first inequality follows by the
fact that 2 (0*)AAP(0%) — AP (0)) on A (see the paragraph after (EC.3) for explanation) and
Lemma EC.12, the second inequality follows by a similar argument in the proof of Lemma 3, the
third inequality follows by Lemma EC.11 and the fact that ¢ < 1.

We now bound the second term of (EC.23). A key observation is that there exists some constant
Ko such that [|\*(p,) — Mpi; 0)ll2 = []A(P) + VA (0P) - (pe — pP) + (o1 — pP)' V2N (€) (p: — pP) —
APP30°) = VAWP:0) - (00— 9Pl = (e — PP V2N (€) (e — pP)la < rollps — pP|3, where the

second equality follows by the construction of #*. So, conditioning on A, for all ¢t < 7,

|

)\t—j\t

= []Xw0) = M@ )| || <IN (20 = A, + ||Ais07) ~ A )|

kol |pe — PP |3+ wMze = ro||p: — p°(0) + p°(0) — pP () + pP (0) — pP (0|3 + wMre

2

A

< 3rollpe = p*(O)[[5 + 3rollp°(B) — " (B)I[5 + 3rollp” (6) — p" (67113 +whre

2

t—1 X
o A, N2
< 3ko||VpA(X°(0);0)|3]1Q115 Z . + 3kow? KZ,€* + 3ko <n3/2M5wH9 —QHQ) +wMre
S:E()Jrl 2
< 3kow?||Q30? + 3kow? Kiye* + 3kon® Mg MZw?e® +wMre < wye (EC.25)

where wy = 3kew?||Q|* + 3kow? K3, + 3kon* MZM2w? + wM,, the fourth inequality follows by
Lemma EC.12 and Lemma 7, and the fifth inequality follows by the definition of 7 and .A. We now
bound the second term in (EC.23) below.

T—1

gEﬁ* 3 AP =) 14
t=Lo+1
T—1 ) 2 T7—1 R 2
<oEL | S H)\D(H*) X0 1A +oEL | Y ‘ A(0) = A|| A
t=Lo+1 2 t=Lo+1 ?
2 ) 2 -1 R 2
< 20k <E§* U)AD(@*) —AP(f) |A] +E. [H)\D(G) ~ () \AD +oEL | Y ‘ A(0) = A| A
2 2 = 2

t=L0+1

T—1 )

< 20k (R M2+ K7ye') + 0B | Y ) A0(0) — A,
t=Lo+1

< 20K 15 logk 4 (20K, 4+ 20K 2, + 202 M2)e2k

2
|A
2
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where the last inequality follows because:

1 . = 0/A 2 ™ = 0/n 71' - 3
SEL | 2 ‘A(&)—At A <EL LY ‘)\(9)— TEL | Y ’/\t—
t=L0+1 i _t=L0+1 t=L0+1
T—1 t—1 A 2 T i T—1 R
<EL | el | Y BSOS D D PV
t=Lo+1||s=Lo+1 ] Lt=Lo+1
1 t—1 2 1 t—1 Q 2
N —~ A S — A = Al
<2EL | Y || Y ——|| |4 | +2EZ Sl Y Ts? A
t=i0+1 s=i0+1 t=i0+1 s=E0+1
T—1 R 2
E. ( Se= M|
+ Z (=M, 1A
t=Lo+1
—1 2 _ _ 2
< Z k +2E. Z( woe) A +wlke
< 32logk + 6w362k —I—wSEQk < Kis(logk +€°k) = K1»(log k + €*k) (EC.26)

where K5 =32+ 7w?. Combine Lemma EC.11, (EC.23), (EC.24) and (EC.26), we have that there
exists some constant Mg > 0 independent of k > K such that for all £ > K,

k
> AP(0) ~ B5 [R5 (k)] < My (e(Lo)h+ e(Lo) ogh + e(Lo) )
t=Lo+1
Putting things together, we then conclude that there exists some constant M, independent of

k > K such that for all £ > K:

9/\;») 1 \/T (Sé\j)n_l (sA5)—1
log k s+n LO k 2s+n—1 =
(k) < Mg | k +logk + | — +7L
P ( ) — 8 < LO ) g <logk> <10g2k> 0

2(s—1)

25— (s/\s)+n 2((sN5)—1) (sns)—1 25—(sA5)+n (sA5)—1
S MS k25 tn— (10gkj) 2s5Fn—1 _|_k;2(25+n 1) (logk;) 2sFn—1 _’_k2s+n71 +frk2s+n 1(]0gk)25+n T

2s—(sAS)+n

< Mok~ zs+n-1 logk

where the last inequality holds by letting Ly = k(s+m)/stn=1)(Jog [)2(s=1)/(2s+n=1) The result then
follows by letting M3 = Mg+ 7K. U

EC.3.6. Proof of supporting lemmas

Proof of Lemma EC.10. Let Q5 = max{Q,,C;,Cy} where C; and C, are constants to be
defined later. Assume without loss of generality that 7'= 1. Recall that p” = argmax,ep{r*(p) :
AN (p) = C} = argmaxyep{r(p;0*) : AX(p;6*) = C'} and pD(é) = argmax,cp{7(p; é) : A)\(p;é) =
C}. Note that for k> Q5 > 4, we have ||* — ||, < 5. Hence, by Lemma 1(a), we conclude that



ec39

e-companion to Chen, Jasin, Duenyas: Learning

|[pP — pP(0)|]2 < ¢/2. Recall that p° () = arg max,ep{r(p; ) : A\(p; 0) < C;,/(k—Lo)}. Since C —
O,/ (k—Lo) =
there exists C; > 0 independent of § € Ball(9*,0) such that for all k> C;, ||pP(0)

Since w||Q|]2¢) = wl|Q|l2
k> Cy, w||Q||2t < ¢/4. The rest of the proof goes by induction. Fix some k > Q5. If 7 < Lo+ 1,

(LoC — AS; )/ (k- Ly) — 0 as k — 0o, by a similar argument as in Lemma EC.12,
—°(0)] < ¢/8.

€(Lo) = 0 as k — oo, there exists a constant Cy > C, such that for all

there is nothing to prove. Suppose 7 > Lo + 1. Pigi1 = p°(0) € Ball(p?,5¢/8) C P. Following the
same argument in the proof of Lemma EC.1, we have C;_,, > 0. This is our induction base. Sup-
pose that C = 0,p, e Pforall s= Lo+1,Lo+2,...,t—1and t—1 < 7. If t > 7, we have finished the
—p(O)ll2 = [IVP(A°(0);0) - 541 22l wlIQll| X0 g, 1 251 <
w||Q||2% < ¢/4 where the last inequality follows as k > Q5 > Cs. So p; € Ball(p?,7¢/8) CP. C, =0
O

induction. Otherwise, ||p;

can be show in the same way as in the proof of Lemma EC.1. This completes the induction.

Proof of Lemma EC.11. Assume without loss of generality that T =1 and fix k& >
max{Q3, Q4,25 }. Similar to (EC.15) in the proof of Lemma EC.8, we have

k—1 s A 17[)
E.[k—7|A] = }:Pu7<ﬂA) P7. |  max Il > |A
Lo+1<s<t — k—w 2
t=1 t=1 v=Lg+1 9
— ~ A = A2 1oz (0
P, v fellpttvsmt L5 T g EC.27
DI VA D D R S B
- Lo

By the argument in the proof of Lemma EC.8, the first term in (EC.27) can be bounded by
¥2Cy logk = Cye(Ly)*logk for some constant C; independent of k > max{Qs,Qy,Q;} (note that
k> Q3 =17>3). We now bound the second term in (EC.27):

s t

P ||)‘v — 5‘vH21{v§'r} (0 o ||)‘s - 5‘8||21{SST} Y
i Eﬂi}iq Z k—v ZEA =5 Z k—s Z§A
0 - v:i0+1 S:E0+1
4
16 - ! ||>\S_XSH21{S<T} ! H)\S_S\S”Ql{sz‘r}
S %EA* Z k—s + Z k—s A
S:Lo—‘rl S:LO+1
128 A = Afe ' 128 G WA W 5 '
- s T As||2L{s<T} T s T As||24{s=T
gngM 2: R A +Q;E 2: T A
s=Lg+1 s=Lg+1
_ 128wie(Lo)’! gt (F) 4 128 (V2 ' 128ude(Ly)’ gt (LK) 4 512 (1 !
= P k—t) i \k—t) = ut k—t) "t \k—t
1 4
= 128we(Lo)2log <kt> +512¢(Lg) <k_t) (EC.28)
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where the third inequality follows by (EC.25) and the fact that [|A, — A\]|2 < 2, and the last equality
follows since v = 1/€(Ly). Note that Zf;ll log™ (%) < s!k for some constant M, only depending on
s, there exists some constant Cy independent of k > max{(3,,, 25} such that:

S

k—1 2
Av_Av 1117'
Ser [ ma | vy Pediteen Lo
—v
t=1

7 -2

Lo+1<s<t =
v=Lg+1

1 k—1 4
~ k _ 1 ) i
4 2 af N 9 1 , .
§;128w06(Lo) log <k_t>+5126(L0) ;(k_t> < Cy (e(Lo) k+e(Lo) )

Therefore, we have that for all k > max{Qs, Qu, s}, E[k — 7|A] < Cre(Lo) ' logk + Cae(Lg)?k +
Cye(Lo) ™2 < Ko(e(Lo)?k + €(Lo) "logk + €(Lo)~2) for some constant K, independent of k >
maX{Qg,Q4,Q5}. O

Proof of Lemma EC.12. Without loss of generality, assume T = 1. Define { = C' — kC,/(k— Ly).
Note that Lo /k — 0 as k — oo. Hence, there exists some constant Q2 > €, such that for all k> Qg,

1l _HC C;, ||(kC = LoC) — (kC — AS;)|| || ASE, — LoC
= k—1Lolle. k— Lo |l k=1L
~ s—1
L IOng 2s+n—1
< 2o+ 1C11) 7 =2 (el +11C11) (57 )

< 2(||Aellss +1C1Ix) €(Lo)?

where the first inequality follows since k — Lo > k/2 for large k. Note that \° (é) =
argmax,\e,\é{r()\;é) AN Cr [ (k= Lo)} and AP () = argmaxjea, {r(\;0) : AX < C}. Hence, by
Corollary EC.4, there exists a constant M; independent of ( but dependent on 6 such that [|\°(6) —
A2 ()]0 < My [|C]|oe = 2(]|Ae|| oo + ||C]|oe) Mje(Lo)?. Note that, as we will show below, both A\°(6)
and AP () are continuous in 6. This indicates that M, can be chosen to be continuous in 6 for
all @ € ©. The result is then proven by letting Ko = 2(||Ae||o + ||C]|s0) SUPgee Mo < c0. We now
prove the continuity of \°(f) and AP (6) below.

Recall that by Lemma 7 and the argument in Lemma 1, p”(6) is continuous in 6. Since p°(6) =
arg max,ep{r(p;0) : A\(p;0) < C+ C}, by a similar argument we have that p°(6) is also continuous
in 0 for all . Note that X\°(0) = A\(p°(0);0) and AP (0) = A(pP(0);0) and A(p;0) is continuous in
both p and 0. Therefore, both \°(0) and AP () are continuous in 0. [

EC.4. Auxiliary Results

EC.4.1. Results for Maximum Likelihood Theory

THEOREM EC.1. (TAIL INEQUALITY FOR MLE BASED ON IID SAMPLES, THEOREM 36.3 IN
BOROVKOV (1999)) Let © € RY be compact and convez, and let {P?:60 C ©} be a family of dis-
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tributions on a discrete sample space V. Suppose Y is a random variable taking value in Y with
distribution P?, and the following conditions hold:

(i) P? £ P whenever 0 #0';

(ii) For some 1> q, supyce Eql||VelogP?(Y)||5] = < oo;

(i1i) The function 6 — \/W is differentiable on © for any Y € Y;
)th

entry is given by Eg o2 logP?(Y) |, is

(iv) The Fisher information matriz, whose (i,j T
K]

positive definite.

If Y1,Y,,... is a sequence of i.i.d. random wvariables taking value in Y with distribution P?, and
0(t) = arg maxgeo [1_, P’ (Y1) is the mazimum likelihood estimate based on t i.i.d. samples, then,
there exist constants n, >0 and 1, >0 depending only on r, q, P? and © such that for allt>1 and
all § > 0,P°(]|0(t) — 0]|> > &) < 1 exp(—t1282).

EC.4.2. Results for Newton's Method

THEOREM EC.2. (QUADRATIC CONVERGENCE OF NEWTON’S METHOD FOR CONVEX UNCON-
STRAINED OPTIMIZATION PROBLEMS, SECTION 9.5.3 IN BOYD AND VANDENBERGHE (2004))
Suppose g(z) is a concave function whose unconstrained optimizer is x*. Let {x(¥}2 | be a sequence
of points obtained by Newton’s method. Assume there exist positive constants m, M, L such that
(1) [V29(z) = V?g(y)ll2 < L[|z — yl|2, and
(1)) —MI <V?g(z) <X —ml.
Then, there exists constant n =min{1,3(1—2a)}m?/L where a € (0,0.5) such that if || Vg(x®)||, <
0, then [[Vg(z™+D)||2 < 5755 Vg(a™)][3.

EC.4.3. Results for Spline Approximation

THEOREM EC.3. (THEOREM 6.18 AND THEOREM 6.22 IN SCHUMAKER (2007)) Let B([p, pi])
be the set of bounded functions on [Bl,ﬁl]. Then for l=1,...,n,L; is a linear operator mapping
B([p,, 1)) into Si(Gi,s). Moreover, Lif = f for all f € P>~ ([p,p]). In addition, for every g €

(I, D) [1(£19) (lloe < (28)°[19() oo -

THEOREM EC.4. (THEOREM 13.20 IN SCHUMAKER (2007)) Let A be a complete set of multiple-

indices and let 0 < e < 1. Then there exists a constant C depending only on n,e, v, A such that for
all f € L9%(),

ID?(f =T )lly <CoMate " §*|DD ]|,

acd(A=p)
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for any 8 and for all 1 < q < p < oo satisfying e <max{||a|/d],1/q—1/p+|a|/d,min{1—1/p,1/q}}
for all a € 9(A — ).

(Note: For definition of complete multiple-indices A and its boundary OA, see Definition 15.15
on pg. 510 of Schumaker (2007). For the Sobolev Space LS(Q), see Definition 13.3 on pg.504 of
Schumaker (2007). See (13.84) for the definition of the tensor Taylor expansion T} f, and (13.48)
for the definition of §. Finally, see (13.9) - (13.12) for definitions of ||, d%, and D*. )

COROLLARY EC.1. Let f:R" —[0,1]" be a function that satisfies N1-N2. Then for any s > 3,
there exists g € ®?:1P(S/\§)_1([gl,ﬁl]) such that:

a(s/\E)
ap(SAg)

1(Voer o) (F = 9) Ol = CZAESAE)*B" f()

oo

for0=06,=---=8, and1=53,=---=0,.

Proof. This result follows by Theorem EC.4. Let A ={a=(ou,...,0,) €Z7 :0<a; < (sA5) —
1,1§i§n}f0r5233Lnd(2:H;1
5>2 by N1 and s >3 and 5; <1 for all j. This ensures that there exists some € € (0,1) such that
e <max{[lal/n), 1/q—1/p-+ |ol/n,min{—1/p,1/q}} = max,;en{(s A5) — B,)/n} for all a € DA =
{(sns—p;)e;:1<j<n}. Since  is a compact set and N2 ensures that for f, all its derivatives

;.- Also, let p = 00, q = co. Note that for all j, sA5—3; > 1 since

aaaaa

of order (,...,5) or lower are uniformly bounded, we conclude that f € LE ") (H; ). The

result follows by letting g = Tﬁf € ®Z’=1P(3A§)_1([}31,pl]). O

THEOREM EC.5. (LEMMA 6.19 IN SCHUMAKER (2007)) For {8 ;}17" 25 ._1. we have |By ;] <

(Yrivs —yra) " < (sA))7L.

THEOREM EC.6. (THEOREM 12.4 IN SCHUMAKER (2007)) Let Yi, . i, = @iy (Yiiy> Yiiy+s) for
all 1 <iy,...,0, <s+d. Then, N;, _;,(p) >0 for p=(p1,...,pn) € Yi,...in» Niy
p=D1,....0n) € Ysy, in, and szllziﬁsq e ZZL:MH?I Nypon(p) =1 forpeYs ..

COROLLARY EC.2. We have that S5 .- S |N;,

i1=1" in=1

i) =1 for allpeP.

.....

Proof. Let Y, .. = @/ (W Yi+s) for all 1 <idy,....4, < s + d. By Theorem EC.6,

Z:}l:iﬁks'"Ziﬁ:ianst _____ wm(@) =1 for p €Y, ;. Since in addition, we also have
by the same Theorem that N, ., (p) >0 for p= (p1,...,pn) € Yi, i, and N; . (p) =
0 for p = (p1,---spn) & Yy . We thus conclude that Zf;jl“'Zf:i’Nil ,,,,, ()| =

s+d s+d i in —
Zij_:1 : ”Zi:ZI Nipin(P) = 200 —iys1ms ™ 2avmmin1—s Vorn (P) =1 for p €Yy, for all 1<
i1,y tn < s+d. The result then follows. [
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THEOREM EC.7. (THEOREM 4.22 IN SCHUMAKER (2007)) Fizl=1,...,n, and let s > 2. Suppose
k and p, are such that yix < pr < Yips1, and define g, ;= min{ (Yivri Vo) 2 Yri, < Yo < Yk <
Ykt < Yiorj <Yrirs), forj=1,...,s. Suppose o >0 and that A;, j s 51> 0. Then |D7 N}, (pi)| <

o _ (s=1)! g
FS’J/(Hq:l Ail’l’sfq) ’U]he?"@ Fs,o = m ( LO’/2J ) . 5

COoROLLARY EC.3. |[VNy, i (D)||ee < (s —1)max}  {A]'} for allpeP.

.....

Proof. The result is a direct corollary of Theorem EC.7. Let ¢ = 1, and then we have that for
PuE Wik Yikr1), [V Ny (0] < (5= 1) /Ay, ko1 < (s —1) /A, where the last inequality follows since
Ay, js—1 > Ay Since (s —1)/A; does not depend on k, we conclude that Vo N, ()] < (s — 1)/A,
for all p; € [p,, pi]. Hence, [[VN;, i, (P)]|oc = maxj, [V, N7, (p)| < (s —1) max] {A; '} O

EC.4.4. Results for Stability Analysis of Optimization Problems

Consider a family of parameterized nonlinear programs as follows:

(Pu) minzeR” f(l‘au)
st.  gi(z,u)=0,i=1,... k,

gi(x,u) <0,i=k+1,...,p,

with w € Y C R? being the parameter vector. When u = uy, the above problem P, is called
the unperturbed problem. The Lagrangian function associated with P, is L(x, p,u) := f(x,u) +
> migi(x,u), and they denote by M (z,u) the set of Lagrange multipliers at a point « for (P,).
They denote by I(x,u) the set of inequality constraints active at x. Let d € R? and define u(t) :=
ug + td.

DEFINITION EC.1. (DEFINITION 3.2 IN BONNANS AND SHAPIRO (2000)) For € > 0,u € U, we say

that Z(u) is an e-optimal solution of (P,) if Z(u) is feasible and f(Z,u) <inf,cgn f(z,u) + €.

DEFINITION EC.2. (GOLLAN’S CONDITION, (5.111) IN BONNANS AND SHAPIRO (2000)) We say
that Gollan’s condition holds in direction d € R? if the following holds:
(a) V.gi(xo,up),i=1,...,k, are linearly independent,

(b) 3h € R™ such that Vg;(xo,up) - (h,d)=0,i=1,...,k, and Vg;(zg,uo) - (h,d) <0, € I(xg,up).

The following is a stronger condition of the Strong Second Order Sufficient Optimality Condition
in (5.120) in Bonnans and Shapiro (2000). In other words, if the following holds, then Strong
Second Order Sufficient Optimality Condition holds automatically.
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DEerFINITION EC.3. We say that a stronger strong second order sufficient optimality condition
holds in a direction d if sup,,epq h'V2, L(x0o, p, uo)h > 0,Yh € R™\{0}.

We now state their main sensitivity result for parameterized nonlinear programs.

THEOREM EC.8. (THEOREM 5.53(A) IN BONNANS AND SHAPIRO (2000)) Suppose that:

(i) the unperturbed problem (P,,) has unique optimal solution x,

(i) Gollan’s condition holds in the direction d,

(iii) the set M (xzq,uo) of Lagrange multipliers is nonempty,

(iv) the strong second order sufficient conditions are satisfied,

(v) for all t >0 small enough the feasible set of (P,u)) is nonempty and uniformly bounded.
Then for any o(t*)-optimal solution Z(t) of (P,u ), where t >0, Z(t) is Lipschitz stable at xy, i.e.,
Z(t) — zo|| = O(2).

CoRrROLLARY EC.4. Consider Py(€): JP :=maxyep{r*(\) : s.t., AN X C/T —¢}. Denote by x*(¢) the
optimal solution to Py(€). Then, ||z*(0) — x*(€)||c = K13||€||cw for some positive K5 independent

of 1€l |oo-

Proof. We now verify the conditions (i)-(v) for Py (¢). For the unperturbed problem P, (0), by strict
concavity assumption, we conclude that it has a unique optimal solution z*(0) and thus (i) holds.
For (ii), note that we don’t have equality constraints, so we only need to verify the second part
of (b) in Definition EC.2, which immediately follows because the derivative of those constraints
are a subset of the rows of A which are linearly independent. Note also that the constraints do
not depend on e. So what we have showed is that Gollan’s condition holds for all direction d. (ii)
holds. By duality theory of convex optimization, there exists Lagrange multipliers p*(0), so (iii)
holds. Note that V,L(z*(0),*(0),€) = Vaxr*(z*(0)) is negative definite by the strict concavity
assumption of the revenue function. Note that our problem is a maximization problem whereas
Theorem EC.8 is for minimization problems, so (iv) holds. Because the feasible set of P,(e) is
nonempty and uniformly bounded, and the feasible set doesn’t depend on €, so (v) holds. The
optimal solution of Py(e) is definitely o(#?)-optimal to P, (€). Hence, Lipschitz continuity holds for

the optimal solution. [



