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Abstract

A model for predicting the time-dependent vertical thermal structure of lakes is pre-
sented. Radiative heating with depth, mixing induced by the surface wave field, and turbu-
lent energy exchanges are included as lake-averaged processes. The modcl was designed
to be applicable to a wide range of lake sizes. Comparison of predictions with horizontally
averaged observations from Lake Ontario during IFYGL and unaveraged (local) obser-
vations from Llyn Cwellyn, Wales, show good agreement.

The depth of the summer thermocline
in lakes is correlated with the size of the
lake because of the more vigorous wind in-
duced surface motion resulting from in-
creased fetch. We present here a one-di-
mensional lake thermocline model in which
this fetch dependence is parameterized in
terms of the fetch-limited wave field. The
model has a basic structure similar to those
of Kraus and Turner (1967) and Denman
(1973). Although our theorctical frame-
work and general assumptions are similar
to theirs, we have changed considerably
the representation of important physical
processes such as mixing due to surface
waves and turbulent kinetic energy dissi-
pation. Input variables required for the
model are basin size (shoreline configura-
tion, mean depth), solar radiation attenua-
tion coefficient for the lake, wind speed
and direction, air temperature and atmo-
spheric water vapor pressurc (or any con-
venient humidity variable) at some speci-
fied height above the lake surface, cloud
cover, and an initial temperature profile.

As has been mnoted by others (e.g.
Kitaigorodskiy and Miropolskiy 1970; Lin-
den 1975; Sundaram 1973) the Kraus-
Turner model involves several sweeping as-
sumptions not generally confirmed either
in nature or in experimental studies. The
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key assumptions are neglect of mean flow,
the assumption of a homogeneous surface
layer, and the assumption that the energy
available to increase the potential energy
of the water column is proportional to the
surface energy input, Twg., where 7 is sur-
face stress and wg, is a surface velocity
scale. The turbulent exchange processes
appear to depend also on lake size (Blan-
ton 1973). Previous models of lake ther-
moclines have not included the effects of
lake size on turbulence in the epilimnion;
we describe methods to introduce this de-
pendence. Also we present an alternative
to the third assumption of the Kraus-Tur-
ner model, based on consideration of the
dissipation of turbulent energy gained
from the shear flow, wave breaking, and
convection; implications and consequences
of the first two assumptions are discussed
later.

To demonstrate the generality of the
modcl for different sized basins, we have
compared its predictions with observations
from two lakes, one with a surface area
of 1 km?, the other of 1.8 X 10¢ km2. For
the smaller lake (Llyn Cwellyn: Darby-
shire and Colclough 1972), the available
data only allow a 1-day simulation over a
period when strong winds significantly al-
tered thermal structure. For the larger lake
(L. Ontario: IFYGL data), a much
longer integration was possible. The basic
parameters of the model are identical for
both simulations. Symbols used in the text
are given in Table 1. We thank R. L. Pick-
ett and F. Rodante for providing edited
versions of the IFYGL data.
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Table 1. List of symbols.
a ratio of wave mixed layer depth to the sig-~
nificant wave height
c empirical coefficient for the cloud effect
on infrared radiation transfer from air
to lake
c ,cﬁ specific heat at constant pressure for air
k and water
a mean depth of the lake
d_,h bulk transfer coefficients for latent and
z'z N
sensible heat
e, atmospheric water vapor pressure near the
lake surface
£ Coriolis parameter
g acceleration due to earth's gravity
h upper mixed layer depth (epilimnion depth)
hc depth of convectively unstable region
hwm wave mixed layer depth
k von Karman's constant
L characteristic length scale of large tur-
bulent cddies
n cloud cover (0<n<l)
Tt empirical coefficients in dissipation
s formula for convective and shear produced
turbulence
ug surface current velocity
u' characteristic turbulent velocity fluctua-
tion scales
u;,ué velocity fluctuation scales associated with
shear flow generated turbulence
w' fluctuating component of vertical velocity
Wy (r/po)l/z, friction velocity .in the water
Yofe a surface velocity scale
@ poﬁl(ao/aT), volumetric cxpansion coeffi-
cient of fresh water
8 attenuation coefficient for solar radiation
S turbulent Ekman layer depth
€ local turbulence dissipation rate
] density of water
PorPa nominal density of water and air
b latitude
T surface stress
Ty surface momentum flux supported by shear
Ty surface momentum f£lux to waves
§ earth's rotation frequency
The model

We here outline the general assumptions
made by Kraus and Turner (1967) and by
ourselves. Solar heating is assumed to de-
cay exponentially with depth with a scale
length of B-1. The heat loss at the surface
is due to infrared radiation and turbulent
exchanges of latent and sensible heat. A
homogeneous surface layer of temperature
T, is assumed to extend from the surface
to some depth h, the mixed layer depth;
this implies instantaneous mixing through-
out the layer of all heat inputs to it. The
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Table 1. Continued.

to infrared radiation sensible and
latent heat exchange

* . W
B B /pocp
C, drayg coefficient relative to some height,
z{m)
D* rate of turbulent energy dissipation in
the mixed layer
D D*/gop .

mixed layer- dissipation rate for turbu-
lence gcnerated by the shear flow, con-
vection, and wave-breaking

* * *
Ds'Dc’Dw

G* production rate of turbulent energy
associated with wind forcing
G G*/gupo
G;,Ga rate of turbulence production by wind
induced shear flow and brecaking waves
HL/E significant wave height, mean height of
- highest third of waves
K7 vertical diffusivity for heat in the
N nypolimnion
L latent heat of cvaporation of fresh water
an 172
N ?« 55 , Brunt-viisald frequency
Po 92
Q5004 turbulent flux of heat from air to lake,
sensible and latent hecat, respectively
2
R N2/ %% , Richardson number
R1 net long wave radiation transfer from air
to lake (R]<0)
S* )
0,C penetratina comgonent of solar radiation
p (cal cm™“s ~+) at the surface
T/ Tgr Ty temperature, mixed layer tcmperature, and
temperature just below z=-h
W wind speed at height, z(m)

temperature is discontinuous at h, with a
value T, just below the interface. The as-
surmptions governing the rate of change of
h are that when entrainment occurs at the
thermocline, the downward heat flux at h
is used to warm the cooler water below to
the temperature of the mixing layer and
that when entrainment does not occur, a
shallower mixed layer is formed whose
depth is controlled by surface energy ex-
changes and dissipation within the mixed
layer.

Unlike Kraus-Turner and Denman, we
include diffusion below the mixed layer.
The diffusion coefficient is a function of
wind speed and stratification but is inde-
pendent of depth below the mixed layer;
this implies a small leakage of heat and
kinetic energy out of the epilimnion. The
heat flux through the thermocline must be
accounted for since it is important in heat-
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ing the hypolimnion; however the kinetic
encrgy flux through the thermocline into
the hypolimnion is neglected.

The derivation of the model equations
follows closely the analysis of Denman
(1973) and is given in detail by Tucker
(1976). In the interest of brevity only the
differences from Denman’s analysis, which
involve the diffusion below the mixed
layer and the neglect here of any mean
vertical velocity, are outlined in Table 2.

Representation of the forcing functions

The term (G*-D*)=(G-D) goap,,
representing the mechanical energy avail-
able for mixing, cannot be rigorously cal-
culated due to the complexities of the tur-
bulent exchange processes. It is assumed
that turbulent energy is produced by the
wind induced shear flow, breaking waves,
and convection. The kinetic energy is sub-
sequently dissipated by viscosity and ex-
traction of turbulent kinetic energy by
stable stratification. The heat flux term,
implicitly included in the model equations
through use of Denman’s (1973) equation
14, introduces the interaction between den-
sity stratification and turbulence. Also the
dissipation of convectively produced turbu-
lence must be included. Evidence that con-
vective motions are effectively dissipated
is presented by Turner (1973). Ostapoff
and Worthem (1974) observed increased
dissipation during nocturnal convection in
the ocean.

Observations by Lemmin et al. (1974)
indicate the importance of wave produced
turbulence for epilimnion mixing. Niiler
(1975) emphasized that wave mixing must
be included in models of this type but did
not estimate the magnitude of wave pro-
duced turbulent energy from either theory
or observation.

(G*~D*) may be broken into parts cor-
responding to the various processes.

G*-D*= G, + G*,— D*,— D*,—D*, (8)

(terms defined in Table 1).

The linear superposition of these terms
may be a simplistic approximation, since
there may be nonlinear coupling between
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Table 2. Summary of model equations, em-

phasizing differences from Denman 1973 (see
also Tucker 1976).
Denman's cq. 6 is replaced by
o =l oy - x, 3T o (1
where,
dh,
1§20
H=, dh
0, <o

other notation found in Table 1.

When the mixed layer is deepening (%%>0) the tur-
bulent heat flux at z=-h is used to heat the en-
trained deeper‘water to the tempecrature of the
mixed layer, with some leakage of heat

o ) - <
(-Kz 37 —h) into the hypolimnion. When entrain

ment is not occurring (3%50) the turbulent flux at
-h is assumed to obecy a conventional turbulent dif-
fusivity relation.

Denman's eq. iO for the change of temperature below
the mixed layer is replaced by

. 2
3T _ 3°r 8z
55 = K, 5;7 + Bse (2)

i.e., diffusion is allowed to proceed below the

mixed layer. Conscquently the model eguations

become (see Denman 1973 or Tucker 1976

-8h

—5 = 2 (g-p) + (stB)h = S(1-e7FD)7, (3)
n? B

200 +d - enimis a-e P 22 0 )
h(TS—T ’

N

2
h 7T ~fh dh 3T
—= = K 2= + BSe - o o
dt zazz_—h t 0z

’ (5)
-h
for the mixed layer parameters, Ts, h, and Th:
while’ (2) must be satisfied below the mixed layer
with the following boundary conditions:

o

_% =90, z = -4 (6)

where @ is the mean depth of the lake;

T =T, 2z=-h_. (7)

Sonte notation differs from Denman (1973). Note
the following symbol transformation: this paper

(B,8,B) » Denman (y,R,F).

The dcfinition of forcing functions follows:

o 3 f 2
G* = -p J <u'w'>284z + <w' (L 4+ Sy
o -h 9z 0, 2
° z=0

is the rate of dissipation of turbulent enerqgy
in the epilimnion

4 = Yot s
B nocp<w'1‘/

2=0 '
S* = IO(]—A) .

where I, is incident solar radiation and A is
the albedo.
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them. This is a first-order approximation
which should be improved with improve-
ments in our understanding of such non-
linear interactions.

The wave mixed layer—Present theoreti-
cal descriptions are inadequate for calcula-
tion of (G*»—D*,). Benilov (1973) pre-
sented a theoretical description of “wave
produced turbulence assuming that the
production and dissipation terms are equal.
This is valid only if there is no buoyancy
flux. G*, and D*, are both large, but the
residual is small, so that independent esti-
mates of these terms would lead to large
errors in the residual.

Laboratory experiments by Dobroklon-
skiy and Kontoboytseva (1973) showed
that the turbulent mixed layer associated
with a monochromatic wave field is propor-
tional to the wave height. In these experi-
ments the wave field was monochromatic,
and there was no wind; neither of those
laboratory conditions could be expected in
natural situations where wind shear and
wave interaction tend to increase produc-
tion of turbulent energy due to wave-break-
ing. Interacting waves with different
wave-lengths and phase speeds have
a higher probability of breaking at a given
significant wave height than monochro-
matic waves. Phillips and Banner (1974)
have shown that waves break at lower
heights in the presence of wind.

Observations of microstructure (Osta-
poff and Worthem 1974; Woods 1968) in-
dicate the presence in the oceans of a
wave mixed layer, taken to mean a homo-
geneous region, of depth less than the
larger scale seasonal thermocline, whose
depth is observed to be correlated with
wave height. This layer, which generally
exists only in the daytime, is distinguished
from the rest of the mixed layer by a small
temperature jump. Although the experi-
mental evidence is certainly not complete,
we make a working hypothesis that a wave
mixed layer exists to a depth of Aum, which
is proportional to the significant wave
height, H,,

hwm = (I«H%. (9)
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From observational evidence cited above,
l1sa<4

An important feature of this model is
the fetch dependence of the wave field.
The wave state depends on wind speed,
duration, and fetch; however, in lakes wind
speed and fetch are usually the dominant
variables. For our model the lake-averaged
wind speed and direction are computed
from 3-h moving averages of the wind vec-
tor reported from meteorological stations.
The lake-averaged wind vector is then
used to determine fetch at points on a uni-
form grid over the lake. The fetch at a
given grid location and time is taken to be
the upwind distance to the shoreline. The
average wind speed and fetch are substi-
tuted into an empirical wave prediction
formula (Bretschneider 1966) to obtain a
significant wave height prediction at the
uniform grid points. The significant wave
heights are averaged to obtain the lake-
averaged significant wave height (Hy)
used in the model. For many cases this
rather involved procedure could be abbre-
viated, namely in sheltered lakes which
have major axes near normal to the pre-
vailing storm winds.

We also assume that the energy available
for mixing from the wave field (G*, - D*,)
is equal to the energy required to mix a
layer of depth, hy,,: this can be calculated
from the heat inputs to the layer as a func-

tion of depth. A plausible physical argu-

ment for this hypothesis is that wave-
breaking produces highly energetic but
small-scale turbulence, intense enough to
overcome any stratification ncar the sur-
face, but rapidly dissipated due to its
small-scale length and damped beyond
hum- The depth of the wave mixed layer
should therefore scale with the length of
wave produced turbulent eddies and be in-
dependent of the buoyancy flux in the
layer. We also assume that the scale

‘length characterizing turbulence caused by

wave-breaking is proportional to significant
wave height.

Kinetic energy flux due to shear at the
lake surface—The shear supported transfer
of kinetic energy at the lake surface is G*
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- = -
= u,7s, where u, is the surface current ve-

>
locity and 7 is the surface momentum flux

- —
supported by shear. We assume u, and 7,

arc parallel. Then UoTo = UsTe. Us iS as-
sumed to equal 3.5% of the wind speed at
10 m, Wy, (Wu 1975). It is quitc likely
that u, also depends on atmospheric sta-
bility, but such a dependence is not well
documented and is neglected here.
7s =7[1= (7/7)],

where 7 is the total surface momentum
flux.

Tw, the momentum flux to waves, builds
waves which subsequently decay, primarily
by breaking or dissipation in the shore
zone. Ty, is the energy flux to the shear
flow and its associated turbulence. We as-
sume that all the kinetic energy of the
shear flow is initially available for mixing;
however, only a fraction of it is used in
mixing, since part of it is dissipated by vis-
cosity. The ratio between the momentum
flux to the waves and the total stress has
been studied by Hassclmann (1974) and
Dobson (1971), among others, and the es-
timate from these sources is 7,/7=0.8,
which implies 7;~ 027 where 7= p,Co
Wio2. We take Cyp = 1.3 X 103 under ncu-
tral atmospheric stability and let it vary
with stability according to the formulation
by Deardorff (1968) and Businger ct al.
(1971).

Dissipation terms—The two remaining
dissipation terms are calculated according
to the turbulence similarity hypothesis,

€« (w¥/l). (10)
Characteristic velocity scales for shear pro-
duced turbulence, #';, and convectively
produced turbulence, u';, are v's = (7/p,)%
and u'; = (gaB*h,)%, where h, is the depth
of the convective region. The convective
velocity scale was proposed by Deardorff
(1970).

A length scale for shear produced tur-

bulence is
[ = klz|, |2] <8
" kd, |z =0
where 8 = 0.03(ws/f) with f = 2Qsin¢ and
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we = (7/po)%. Functional forms of this type
for 1 have been used successfully for the
atmospheric boundary layer (e.g. Blacka-
dar 1962). This length scale dependence
on rotation tends to stabilize the mixed
layer depth at & under high winds since
for h

/zedzoclnh,
Y

where for h > 8

fz edz « b,
-k

The length scale assumed for the convec-
tively produced turbulence is the depth of
the convectively unstable region (Deardorff
and Willis 1967; Ostapoff and Worthem
1974).

The observations of Stewart and Grant
(1962) indicate that dissipation in the wave
mixed layer is an order of magnitude
larger than that expected by similarity
theory if the turbulence were produced by
the shear flow. This large dissipation rate
is related to wave produced turbulence.
Consequently, shear and convectively pro-
duced turbulence is assumed to be insig-
nificant compared to wave generated tur-
bulence in the region ~hym <z <0. Thus

h > |z|.

~hawm

D*s + Dmc = A(hc - hwm)/ TchXB* dz

e

~lowm
Wz
+/ 1'3-7C— dz
(2,8) min z

- -8 w*3
+ A(h—S)[_hrs—kgdz, (11)

where A(x) =1,x>0 and 0,x<0;
) min=h, h<b6 and 3, h > 8.

The constants of proportionality r, and
7. required to complete Eq. 8 have been de-
termined by analysis of observations by
Stewart and Grant (1962) and Grant et al.
(1968) for shear produced turbulence, and
by cxperiments in Rayleigh convection by
Deardorff and Willis (1967) for r, such
that r, = 0.5 and r, = 2.7.

The convective dissipation term implies
that a constant fraction of convectively
produced energy is lost to dissipation in the

(h,



Fig. 1. Schematic diagram showing relative
layer depths presumed significant in lake thermo-
cline model, under midsummer daytime and noc-
turnal conditions, and corresponding typical tem-
perature profiles. .In daytime, A decreases as
“diurnal thermocling” is established. Convective
region generally encompasses mixed layer at night,
but is shallow or nonexistent in daytime.

mixed layer. This relationship was derived
by Manton (1975) under the condition
that the density jump at -h is large, a con-
dition generally fulfilled at the lake ther-
mocline.

The various length scales assumed to be
important in the model and defined above
are illustrated in Fig. 1, showing typical
day and night conditions.

When h <8, which is typical for most
lakes,

G* = D* = 7gu, — rs00*¥In(h/huwm )
—1.gaB*(ho— hum)
+ (G*» - D*,).

Us — 0.035W10; hwm = 61[{%; Ts — 0.2paC10
- W% (G*p—D*%,) = net input of kinetic
energy required to mix a region of depth
hym, which is calculated from heat inputs
to this layer.

Previous formulations of this term, e.g.
by Denman (1973), are of the form G*
- D*=mtW,, where m is an empirically
determined constant. Several flaws in this
hypothesis have been pointed out: that m
is not constant and that several processes
are responsible for the variability of this
parameter. In our formulation, m is a com-
plicated function of wind speed, direction,
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and fetch (as they control Hy); mixed
layer depth; the mixed layer buoyancy flux
which controls the depth of any convective
region; and rotation as it limits shear tur-
bulence length scales. Edwards and Darby-
shire (1973) demonstrated that m is not
constant, but determined its variation from
observations.

The approximate ratio of hym to Hy, a,
is the least well known of the model pa-
rameters; experimental evidence indicates
that it lies between 1 and 4. This range is
significant in terms of model response
(Tucker 1976). Comparison with observa-
tions (Dutton and Bryson 1962; Denman
and Miyake 1973; Halpern 1974; Stommel
et al. 1969) and preliminary trials demon-
strated that a ~ 2.0; we have used this value
in all subsequent integrations. All other
coefficients have been observed or calcu-
lated with varying degrees of precision by
various investigators. The best estimate
known to us was chosen for use in the nu-
merical simulation.

Solar radiation—Solar radiation is calcu-
lated by standard actinometric formulae
including corrections for cloud cover. Al-
bedo varies with sun’s altitude and cloud
cover. Available radiation observations
could be used, but we have limited meteor-
ological input requirements to more rou-
tinely observed variables.

Surface heat loss—

B*=R;+ Q.+ O, (12)
Ry = 1.334 X 10-12T,*(0.39 - 0.05¢,%)
- (1-cn?). (13)

The empirical formula for R; is due to
Budyko (1956), where ¢ is a function of
latitude.

Qs = Pahcha( T,- T, )uz> (14’)
Q1= pad.L(qz—qs) te, (15)

where ¢, is specific humidity at z, g, is satu-
ration specific humidity at T and wu, is
wind speed at z. The transfer coefficients,
h, and d,, have been assumed to be equal
with a neutral value hyp = dio = 1.3 X 10-3
and to vary with stability as formulated by
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Deardortf
(1971).

Hypolimnion diffusion—During stratifi-
cation, hypolimnion diffusion is very weak,
with diffusion cocfficients approaching mo-
lecular. Kullenberg (1971) proposed an
empirical form for the vertical diffusivity
based on dye experiments in the Kattegat.
The form is

(1968) and Businger et al.

K, = cw?N-2 d_ql ,
dz

where w = wind speed; N2%=(g/p)(dp/0z)
and dg/dz is the vertical shear of the hori-
zontal current. The formula was later veri-
fied by Kullenberg et al. (1973) in Lake
Ontario, but they had to use a smaller value
of ¢ than in the Kattegat experiment. The
value of ¢ estimated by Kullenberg et al.
has been used in both of the cases presented
here. As the model ignores the mean cur-
rents, there is no information available con-
cerning the shear term. We have used an
approximation appropriate for a stably
stratified turbulent boundary layer (Dea-
con and Webb 1962)

dg _ w.

dz ~ kzp

where z; is the distance to the ncarest
boundary, and

Ri = N2 _ N2k2z1,2
" |dg* T wl(1+ 10 Ri)

dz
This cmpirical relation can be solved to

obtain an approximate Richardson’s num-
ber,

(1+ 10 Ri)*%,

Ws2

212~ 2\ %
1{i=—5+<25+Nkzb> , (16)

and thus dg/dz can be determined from
known quantities. Comparing this formu-
lation with the shear observed by Kullen-
berg (1971) indicates that the shear can
be estimated within 50% of the measurcd
value.

K. is calculated at several depths below
the mixed layer. The smallest diffusivity
so calculated is assumed to apply through-
out the hypolimnion. Diffusivities of less
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than three times molecular are not allowed.
This procedure is not completely satisfac-
tory since ws is not a realistic turbulent
intensity scale below the thermocline, and
K, is probably not independent of depth.
However the diffusivity is so small that
errors of an order of magnitude would not
significantly affect the results.

Integration of the model equation

The set of equations to be solved are 3,
4, 5 for z = -h, and Eq. 2 for z <-h with
boundary conditions 6 and 7, and initial
conditions

Ty(0) =Ty, Tu(0)=Tu,
T(z,0) =Ti(z).

In the numerical model the two domains,
z=-h, z<-h, are not solved simulta-
neously. Instead solution proceeds alter-
nately between the mixed layer equations
and the lower water diffusion equation. A
diffusive time scale, 7, = Az?/K, is an csti-
mate of the time for a change in the boun-
dary conditions to be appreciably felt at
a distance of Az from the boundary. For
the lower layer Az ~60 cm, K~ 0.2 cm?
st (these arc typical values) then, 74~
1.8 X 10* s. As the time step used never
exceeds 1.08 X 10* s and is usually less,
small changes in T, during a time step have
no cffect on the lower layer. However the
mixed layer assumption implies K= oo,
7d =0, so changes in T, are noticed in-
stantancously throughout the mixed layer.
In practice then, T4, is held constant over a
time step for the bottom layer but varies
according to Eq. 5 in the upper layer. Then
the value predicted by 5 at the end of the
step is used for the next step in the lower
layer.

The set of ordinary differential equations
for the mixed layer is intcgrated using a
variable step Runge-Kutta algorithm. The
diffusion problem below the mixed layer
is solved via a Crank-Nicholson scheme.
The integration proceeds most efficiently
when stratification is most pronounced, i.e.
when (T,-T;) is large, and when T, is
not close to 4°C. The results reported here
required about 3.3 s processing time per

h(0) = hy,
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Fig. 2. Surfacc conditions in Lake Ontario,
July and August 1972. Scale for solid lines (heat
flux is in ly d7?) is left: uppermost solid line is
model-generated solar radiation flux at surface,
S*; lower solid line is B*. Scales for broken lines
are right: uppermost broken line is air-lake tem-
perature difference (T»—T: in °C); lower broken
line is wind speed (m s?*). Graphed quantities
are diurnal averages. Wind speed and T. are
spocified as input; S*, B*, and T: are computed
by the model.

model day on the University of Michigan
Amdahl 470, which is about 60% faster than
an IBM 370. Reprograming with maximum
efficiency as a goal should considerably re-
duce processing time.

Discussion of results

The model described above has been
numerically integrated using input data
from the IFYGL experiment on Lake On-
tario for July and August 1972 and the
data of Darbyshire and Colclough (1972)
from Llyn Cwellyn for 1 July 1966.

Lake Ontario—The temperatures used
in the verification were taken from towers
and buoys at fixed locations in the lake.
The surface meteorological data were taken
at the same locations over the lake. In-
formation on cloud cover came from Ameri-
can and Canadian weather stations around
the lake. All of these observations were
averaged horizontally to obtain lakewide
average values of wind velocity, air tem-
perature, dewpoint temperature, cloud
cover, and water temperature in specified
depth intervals. These horizontally aver-
aged data are used to approximate the forc-
ing functions and to verify the model.

Tucker and Green

Effects of horizontal advective heat
fluxes are considerably reduced by aver-
aging the horizontal fields when the sta-
tions are distributed with relatively dense
and uniform spacing. Unfortunately this
condition is not always satisfied, and some
of the average profiles do not represent
lakewide conditions. Within 25 m of the
lake surface, where a tilt of the thermocline
can significantly affect the temperature,
horizontally averaged temperatures are
considered unreliable if they represent the
sum of fewer than four different stations.

Below 25 m, averaged temperatures are

considered reliable if they represent two or
more separate stations.

The midsummer months of July and Au-
gust were chosen for initial verification be-
cause several key assumptions of the model
are likely to hold in the lake during this
period. As a result of the high stability of
the thermocline region and relatively light
wind stress, thermocline tilt is at a mini-
mum during midsummer. Except for up-
welling zones, horizontal temperature dif-
ferences are relatively small; consequently
the lake-averaged model approximates the
natural distribution.

Another important assumption of the
model is that of a homogeneous surface
layer. This mixed layer must be deep
enough to be resolved by the observations
taken by sensors spaced at 5-m vertical in-
tervals (uppermost sensor at ~0.5 m). Tt
is possible to confirm the existence of a
mixed layer only if its depth is >5 m; in
that case, two sensors will record nearly
identical temperatures. This condition is
met for more than 60% of the individual
profiles and for a like fraction of the hori-
zontally averaged profiles during July and
August. Tt is reasonable to assume that
for most of the remaining profiles a well
mixed layer does exist, but that its depth is
<5 m.

July and August 1972 were fairly season-
able (Phillips 1974). Figure 2 shows diur-
nally averaged sequences of wind speed,
air-lake temperature difference (To.-T),
and the surface heat flux terms as com-
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Tig. 3. Comparison of predicted and observed profiles. Predicted profiles (dashed line) represent
diurnal average; observed profiles (solid line, no symbols) are averaged horizontally and diurnally.
Solid line with symbols is initial profile from 1 July. Procceding to right from upper lcft graph, each
set is separated by 5-day interval. Upper left is 6 July.

puted by the model. S is solar radiation,
and B is surface heat loss. As indicated,
high winds from Julian dates 203-210 (21-
28 July) 221-223 (8-10 August) caused
large surface heat loss to the atmosphere.
The high winds from 221-223 caused sev-
eral of the buoy systems to malfunction.
The peak hourly averaged wind specd dur-

ing this period was 11.7 m s! on 9 August
(222).

Figure 3 is a comparison of predicted
and observed temperature profiles at 5-day
intervals. All observed profiles are hori-
zontally averaged, with stations weighted
on the basis of the spatial distribution of
stations reporting.
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Fig. 4. Observed and predicted surface tem-
peratures, diurnally averaged.

Figure 4 compares predicted and ob-
served surface temperature. In both Figs.
3 and 4, agreement is excellent before the
storm on dates 207208 with slightly re-
duced but still adequate agreement there-
after.

Figure 5 summarizes the temperature
output of the model by plotting isotherms
m a time-depth temperature section. Fig-

Tucker and Green

ure 6 is the analogous plot for the ob-
served, horizontally averaged temperature
field of the lake.

Llyn Cwellyn—The input data and tem-
perature observations are taken from
Darbyshire and Colclough (1972). As dew-
point temperature was not available, we
assumed a relative humidity of 0.9, based
on the proximity of the lake to the Atlantic
Ocean and onshore winds. On 1 June 1966,
the lake was initially uniformly stratified
with a nearly linear vertical temperature
profile up to 1-m depth; a subsequent pe-
riod of high winds, large insolation, and
high air temperature resulted in a large in-
crease in enthalpy of the lake and forma-
tion of a mixed layer of 8-m depth. The
predicted and observed profiles 18 h after
the start of the run are shown in Fig. 7. To
indicate the fetch dependence of the model,
we ran the same input data but increased
the horizontal dimensions of the basin to
make its area 1.8 X 10¢ km?, that of Lake
Ontario instead of the 1 km? area of Llyn

L. ONTARIO, JULY-AUG. ,MODEL
s SNy T
SN
T 6\/\/\/\—\/\/\
qu*
180. 185. 180. 195, 200. ZOSJULellﬂoﬁ 0%1115E 220. 225. 230, 235. 240,

Fig. 5.

Isotherm depths vs. time as generated by model.
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Isotherm depths vs. time for horizontal average of observed temperatures. Average tem-

peratures in regions of depth and time enclosed by dashed lines are considered wunreliable because

horizontal coverage was too sparse.

Cwellyn; the profile generated is shown as
A2 in Fig. 7. The fetch dependence is ob-
viously significant, as the predicted profile
for greater fetch does not mimic the ob-
served profile.

Conclusions

A fetch-dependent model of the thermal
structure of lakes has been verified by run-
ning it for two lakes of greatly different
surface area. The basic model is identical
for both simulations. Only the input—
basin dimensions, solar attenuation coeffi-
cient, atmospheric forcing, and initial tem-
perature profile—is changed for the two
simulations. This indicates a universality
not achieved by existing models that make
some a priori assumptions about the differ-
ent mixing characteristics of lakes of dif-
ferent size. The universality is achieved by
parameterizing the mixing characteristics

in terms of the fetch-limited wave field,
and specifically by assuming that a wave
mixed layer exists whose depth is propor-
tional to significant wave height.

The model shares two crucial assump-
tions with previous models of Kraus and
Turner (1967) and Denman (1973): that
a homogeneous surface layer exists and
that mean currents can be ignored. The
former may be interpreted as an assump-
tion that the time scale for mixing is shorter
than time scales associated with significant
variations in surface heating. Sundaram
and Rehm (1973) argued that during
spring this condition is not met for most
lakes, but they ignored the enhanced mix-
ing which would accompany organized
cellular motions of the epilimnion, com-
mon in nocturnal convection and Langmuir
cells. Nocturnal convection should occur
whenever nighttime air temperatures drop
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Fig. 7. Observed and model-generated pro-
files for Llyn Cwellyn, 1 June 1966. Model Al
represents model predictions for Llyn Cwellyn
with surface area of 1 km?% Model A2 illustrates
fetch dependence of model. For A2 rum, surface
area was 1.8 X 10* km? approximately the sur-
face area of Lake Ontario. All other input identi-
cal to Al. Observations from Darbyshire and Col-
clough (1972).

below the lake surface temperature, since
all major heat fluxes would be upward at
the lake surface. Langmuir cells are ubiqui-
tous near the surface of lakes and oceans.
Motions whose length scale is of the order
of the system (epilimnion) dimensions are
poorly modeled by eddy diffusivity con-
cepts. The Kraus-Turner model implicitly
assumes such motions to be of considerable
importance in the mixed layer. A valid
method for predicting Langmuir cells
would allow explicit representation of this
process; the dissipation would be reduced
by the greater length scales associated with
these organized motions. Furthermore,
microstructure observations during intense

Tucker and Green

solar radiation generally show at least a
shallow homogencous region near the su-
face, which is presumably mixed by wave-
breaking,.

The neglect of mean cwrrents exacts two
major penalties. Advection of heat, an im-
portant process in shaping local tempera-
ture profiles, is not modeled, but in lakes
it is possible to average inputs and the tem-
perature field horizontally to enable predic-
tion of lakewide mean profiles. Of course
it is not always possible to take horizon-
tally distributed temperatures, and verifi-
cation is limited by this fact. The storing
of kinetic energy as available potential en-
ergy in the form of a tilting thermocline
is not modeled. Nevertheless the mean
structure of Lake Ontario is realistically
simulated.

Pollard et al. (1973) and Niiler (1975)
have shown that the initial deepening of
the mixed layer (¢ < inertial period) is pri-
marily forced by inertial motions and sub-
sequent shear instability at the thermo-
cline and that this deepening is more rapid
than in the Xraus-Turner model. This
probably limits the time scale of applica-
tion of the model when the wind forcing
is changing rapidly. However the results
from Llyn Cwellyn show adequate simu-
lation of this process.
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