Retrospective Cost-based
Adaptive Spacecraft Attitude Control

by

Gerardo E. Cruz Ortiz

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
(Aerospace Engineering)
in the University of Michigan
2015

Doctoral Committee:

Professor Dennis S. Bernstein, Chair
Assistant Professor James R. Forbes
Professor Ilya V. Kolmanovsky
Professor A. Galip Ulsoy



©Gerardo E. Cruz Ortiz

2015



Para mis abuelos Gerardo y Estela. Gracias por inspirarme

hasta el final. Descansen en paz.

i



ACKNOWLEDGMENTS

I would like to thank my adviser Professor Dennis Bernstein for pushing me to strive
for more and the countless revisions of our papers. 1 want to thank Professor Ilya
Kolmaonvsky for giving me the opportunity to grade for his different courses, and for
being on my committee. I also want to thank Professor James Forbes for the invaluable
predefense suggestions and Professor Galip Ulsoy for taking the time to be part of my

defense committee.

I am grateful for the funding from the Gates Millenium Scholars program which has
enabled me to pursue an excellent education for the last 10 years. Also thanks to the
Department of Aerospace Engineering and the Rackham Graduate School at the University

of Michigan for the summer funding during my last two years.

Thanks for the love and support of my mom Estela, and my godmother Yayi who are
always there for me despite the distance. Also, to my siblings, Francisco, Juan Jose, and
Stella, who one way or another taught me to work with others and are the source of my

love of teaching.

To my friends, Sasha, Rose, Eduardo, Matt, Amy, and Kenny, thank you for your support,
the advice, and all the good times. To Laura and the Dance Revolution community for

providing a home and a loving atmosphere in which to unwind and share my passion.

To those who blazed the trail before me, Asad and Alex, who not only inspired me to
pursue a PhD but also helped me get through it. To my colleagues in Professor Bernstein’s
research group especially Frant Sobolik with whom I had the pleasure of many productive

discussions.

James O’Donnell, Neerav Shah, and all the people at Goddard Spaceflight Center’s
Attitude Control Systems Engineering Branch for providing me a window into the real
world of engineering while I worked on my degree.

Last but not least I thank my math teacher and mentor, Nelson Ciprian, whose lessons and

encouragement have led me here and which I carry everywhere I go.

1l



TABLE OF CONTENTS

Dedication . . . . . . . . . ... il

Acknowledgments . . . . . . . ... ... iii

Listof Figures . . . . . . . . . . . . . . . . e viii

Listof Tables . . . . . . . . . . . . . . . xiii

Abstract . . . . . . . L Xiv
Chapter

1 Introduction . . . . . . . ... 1

1.1 Contributions to the Spacecraft Attitude Control Literature . . . . . . . . 4

1.2 Contributions to the Adaptive Control Literature . . . . . . . .. ... .. 5

1.3 Chapter Summary . . . . . . . . . . . i e e e 6

2 Retrospective Cost Adaptive Control . . . . . . .. ... ... ......... 8

2.1 TheSystem . . . . . . . ... . 8

2.1.1 Transfer Function as a Laurent Expansion . . . . . ... ... .. 9

2.1.2 Convolution and Markov Parameters . . . .. ... .. .. ... 9

22 TheController . . . . . . . . . . . . 9

2.2.1 Strictly Proper Controller . . . . ... ... .. ... ...... 10

222 ProperController . . . . . . . ... ... o 11

223 FIRController . . . .. ... ... . ... ... ... ..., 12

224 Inte@rator . . . . . . .. e e e e e 12

2.3 The 2-Step Algorithm . . . . . . .. ... ... ... ... .. ... ... 13

2.3.1 Choice of Markov Parameters . . . ... ... .......... 14

2.3.2 Extended Performance . . ... ... ... ... ......... 15

2.3.3 Retrospective Cost Optimization . . . . . . . . ... ... .... 17

2.3.4 Least Squares Controller Construction . . . . . . . ... .. ... 18

24 1-Step Algorithm . . . . . . . .. .. L 20

2.4.1 Retrospective Performance . . . . . .. ... ... ... ..... 20

2.4.2 Alternative Formulation for [IR Filters . . . . . . . .. ... ... 22

2.4.3 The Retrospective Filter . . . . .. ... ... ... ....... 23

2.4.4 Retrospective Cost Function . . . . ... .. ... .. ...... 25

245 MinimizerforJ . .. .. ... e 26

2.5 RLS Implementation . . . . . ... ... .. .. ... 31

v



2.5.1 Sequential Updates . . . . ... ... .. ... ... ....... 31

2.5.2 Sequential Updatein RCAC . . . . ... ... .. ... ..... 33

3 Spacecraft Attitude Dynamics . . . . . . . ... ... 0oL 35
3.1 Rigid Body Dynamics. . . . . ... ... ... ... ... .. .... 35
3.1.1 Ontheinertiamatrix . . . .. ... ... ... ... ....... 36

3.2 Attitude and Angular Velocity Measurements . . . . . ... ... .... 38
3.3 The Attitude Control Problem . . . . . ... ... ... ... .. .... 38
3.3.1 Desired Attitude and Attitude Error . . . . . . . ... ... ... 38

3.3.2 Performance Metrics . . . . . . .. ... ... . 39

34 Maneuver Types . . . . . . . . o e e 40
4 Thrusters. . . . . . . . . . . e 41
4.1 Spacecraft Model . . . . .. ... ... ... 41
4.1.1 Attitude and Angular Velocity Error . . . . . .. ... ... ... 43

4.2 Markov Parameters for Angular Velocity Control . . . . . .. ... ... 43
4.3 Numerical Examples for Angular Velocity Control . . . . . . .. ... .. 44
43.1 M2R-RManeuvers . . . . . ... ... ..o 45

4.3.2 Effect of the Markov Parameters on Convergence . . . . . . . .. 46

43.3 M2S-RManeuvers . . . . . . ... . 49

4.4 RCAC Parameters for Attitude Control . . . . . . . .. ... ... .... 49
4.4.1 Parameterizationof R . . . . . . .. .. ... ... ... 50

4.42 Markov parameter . . . . ... ... ... 52

4.5 Attitude Control Examples . . . . . . ... ... ... ... ....... 55
4.5.1 M2R Maneuvers . . . . . . . ... .o 55

4.5.2 Effect of the Markov Parameters on Convergence . . . . . . . .. 56

4.5.3 M2R Robustness Studies . . . . . .. ... ... 57

454 M2S Maneuvers . . . . . . ..o e 65

4.6 Conclusions . . . . . . . ... 68
S Reaction Wheels . . . . . . . ... ... 69
5.1 Nonlinear Equations of Motion . . . . . . ... ... ... ........ 69
S5.1.1 ErrorDynamics . . . . . . ... .. ... .. . 75

5.2 RCAC Parameters for Attitude Control . . . . . . ... ... ... .... 76
5.2.1 Baseline Markov Parameter . . . . .. .. ... ... ...... 76

5.3 M2R Examples . . . . . . . . . e 80
5.3.1 Robustnes to Inertia Uncertainty . . . . . . .. .. ... ..... 81

5.3.2 Frame Rotation and Actuator Misalignment . . . . . . ... ... 85

5.3.3 Constant Disturbance Torque . . . . . . .. .. ... ... .... 87

534 NoiseandBias . . . ... ... ... . 88

5.3.5 M2S Maneuvers Using Reaction Wheels . . . . ... ... ... 90

54 Conclusion . . . . ... 91
6 Magnetic Torquers . . . . . . . . . . . . . . ... 92
6.1 Spacecraft Model . . . . . ... ... ..o o 93
6.1.1 Magnetic Dipole Allocation . . . . ... ... ... ....... 94



6.2 Modifications to RCAC for Magnetic Control . . . . . ... ... .... 95

6.2.1 CostFunction. . . .. ... ... ... .. ... ... ... 96

6.3 Rankdeficiencyof By . . . . . . . . .. e 97
6.3.1 Averaged Markov parameter . . . . . . .. .. ... ... .... 97

6.3.2 Decentralized RCAC . . . . . ... .. ... ... .. ...... 98

6.4 Numerical Examples . . . . ... ... ... ... ... ... ... 99
6.4.1 M2RExamples . . . . ... ... ... ... . 100

6.42 M2SExamples . . . . . . . . ... 105

6.5 Conclusions . . . . . . . ... 108
7 Control Moment Gyros . . . . . . . . . . . . . .. ... ... 109
7.1 Spacecraft Model withCMG’s . . . . .. .. ... ... ... .. .... 109
7.1.1 Kinematics . . . . . . . . . .o e e e e 110

7.1.2 Dynamics . . . . . . ... 110

7.1.3 Special Cases . . . . . . . . .. e 121

7.1.4 Reachable Attitudes . . . . .. ... .. ... oL 123

7.1.5 The Effect of Singularities . . . . ... ... ... ........ 125

7.2 Control Law . . . . . . . . . . e e 127
7.3 Performance Variable for Attitude Control . . . . . .. .. .. ... ... 127
7.4 Markov Parameters . . . . . .. ... . L Lo 129
7.4.1 Markov Parameters as the Impulse Response . . . . . ... ... 129

TA2 Variations . . . . . ..o e e e e e e e e e 130

7.4.3 Impulse response of the Linear System . . . . ... ... .... 132

7.5 Numerical Examples . . . . . ... ... ... . . 133
7.5.1 Principal Axis Maneuvers . . . . .. ... ... ... ... .. 134

7.5.2 NonPrincipal Axis Maneuvers . . . . . ... ... ... ..... 137

7.5.3 Singularities . . . . ... ... 139

7.6 Conclusions . . . . . . . . . . e e e e 141
8 Planar Two-Body Linkage . . . . ... ... ... .. ... ........... 147
8.1 Spacecraft Model . . . . ... ... ... ... ... 148
8.1.1 Lagrangian Mechanics . . . . . ... ... ... ... ...... 150

8.1.2 Dynamical Analysis . . . . ... ... .. ... ... ... 153

8.1.3 Discretization . . . . . . . . . ... 154

8.2 The Nonminimum-phase Problem . . . ... ... ... ... ...... 155
8.2.1 LaurentExpansion . . . . .. ... ... ... .......... 155

8.2.2 Step and Impulseresponse . . . . . .. ... ... ... 157

8.3 Numerical Examples . . . .. ... ... ... ... .. .. ... ..., 158
8.3.1 ConfiguringRCAC . . . . . ... ... .. ... ... ...... 158

8.3.2 RobustnessStudy . . . . . ... ... ... ... ... ... ... 162

84 Conclusions . . . . . . . . . e e 164
9 Conclusions and Future Research . . . . . .. ... . ... ... ... .... 165
9.1 Conclusions . . . . . . . . . . e 165
9.2 FutureResearch . . . . . ... ... ... .. ... .. ... ... 167

vi



Appendices . . . . . ...

Bibliography . . . . . . . ...

vil



3.1

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

LIST OF FIGURES

Feasible region for Ao, A3 given \;. The shaded region satisfies both the trian-
gle inequality A\; < Ao+ Az and A\; > Ay > A3 > 0. The open dots and dashed
lines represent nonphysical cases. . . . . . .. . ... ... ...

RCAC closed-loop performance for M2R-R using the Markov parameter /1,
In(4.18). . . e
Comparison of performance variable and commanded control input for RCAC
for the M2R-R maneuver using various values of « in the Markov parameter
Hiin (419). « o oo
Controller divergence for off-nominal values of & = 50 and o« = 0.074 for
M?2R-R using Markov parameter Hiin (4.19). ... ... ...
Log plots of the Euclidean norm of performance, |/z|/s, for M2R-R for off-
nominal values of & = 1000 and o = 0.001 in the Markov parameter H, in
(4.19) with a saturation level of I N-m. . . . . .. .. ... ... .......
Inertia-free RCAC performance for various values of o for M2R-R. Euclidean
norm of performance, ||z||> and unsaturated controller input, |[tcyq|| using
the Markov parameter H 1 in (4.22). The saturation level is set to 1 N-m and
h=0.018€C. . . . .« e e
angular velocity, w, and Euclidean norm of performance, ||z||; for M2S-R.
Plots compare convergence for RCAC using Markov parameters derived from
the linearized dynamics in (4.18) with RCAC using inertia-free Markov pa-
rameters in (4.22) with a saturation level of I0 N-mand o =0.1. . . ... ..
RCAC performance for M2R using Markov parameter H; in (4.51). . . . . ..
Inertia-free RCAC performance for M2R using Markov parameter H, in (4.54)
with b = 0.1 sec and a saturation level of I N-m. . . . . . .. .. ... ....
Inertia-free RCAC performance for M2R using the inertia-free Markov pa-
rameter H 1 in (4.55) with . = 0.1 sec. The controller is robust to scaling of
Hyoo o e
M2R settling time for RCAC using thrusters. The inertia .J starts at the cen-
troid value J3 and moves toward the sphere J;, cylinder J5, and thin disk J,
inertias according to (4.56). The saturation level issetat I N-m. . . . . . . ..
M?2R settling time for RCAC using thrusters. The inertia ./ starts at the cen-
troid value J3; and moves toward the thin cylinder inertia J; according to
(4.56). The saturation levelissetat I N-m. . . . . ... .. ... .......

viii

59



4.12

4.13

4.14

4.15

4.16
4.17

4.18

4.19

5.1
5.2

53

54

5.5

5.6

M?2R settling time for RCAC using thrusters. The inertia ./ starts at the cen-
troid value J; and is rotated about each principal axis by ¢. The saturation
level issetat 1 N-moneachaxis. . . ... ... ... ... .......... 61
Comparison of RCAC performance for M2R with 5 = 30 deg. Plots compare
RCAC using Markov parameter H; in (4.51) without saturation versus RCAC
using the inertia and alignment-free Markov parameter Hj in (4.54) with o =
1, h = 0.1 sec, and a saturation limitof I N-m. . . . ... .. ... ...... 62
Comparison of RCAC performance for M2R for various misalignment an-
gles fg. Plots compare the closed-loop performance using the inertia and
alignment-free Markov parameter fII in (4.54) with « = 1, h = 0.1 sec,
and a saturation limitof 1 N-m. . . . . .. .. .. ... ... 63
RCAC performance for M2R for misalignment angles 65 = 70 deg and O =
—60 deg using the inertia and alignment-free Markov parameter H, in (4.54)
with & = 1 and a saturation limit of 1 N-m. Although the controller co-
efficients converge, the system enters a limit cycle as shown by the angular

velocity plot. . . . . . . 64
M?2R settling time as a function of saturation level wpay. . . . . o . o L oL L 64
M?2R settling time for RCAC using on-off thrusters as a function of the thrust

level Uon. « . 0 0 o e e 65

M2R closed-loop performance for RCAC using thrusters. Settling time as

a function of the constant disturbance magnitude /3 about each principal axis.

The number of previous time steps in the retrospective cost is set to s = 1. The
saturation level is set at 1 N-m, which is sufficient to reject the disturbance for

all e [0,1]. . o 66
Comparison of RCAC performance for M2S. Plots compare RCAC using Markov
parameter H; in (4.51) without saturation versus RCAC using the inertia-free
Markov parameter H 1in (4.55) with « = 1, h = 0.1 sec, and a saturation limit

of IN-m. . . . . . e 67

Wheel frame Fyy,, wheel angular velocity v;, and control input w;. . . . . . .. 71
Eigenaxis attitude-error for a M2R maneuver on a log scale. RCAC reaches the
commanded attitude using the baseline Markov parameter H,, the spacecraft-

inertia-free parameter H;, and the inerfia-free parameter H'. . . . c e g 82
}\‘713‘19 Settlimg time ?SS as’a function o spacec]%a t 1nertia staling 3 for fixed

wheel inertias «vp,. As the spacecraft inertia increases, RCAC requires more
ime to reach the co attitude. ... . oL L e e . 83
f\/ﬂ settﬁng time P(gnﬁ%ig% using reaction wheels. "The inertia .J starts at
the centroid value J5 and moves toward the sphere J;, cylinder .J5, thin disk
Jy, and thin cylinder J;5 according to (4.56). The saturation level is set at 0.1

M2R closed-loop performance for RCAC using reaction wheels. Settling time
as a function of the reaction wheel spin axis inertia cv;. The saturation level is
setatO.1rad/sec?. . . . . . . .. 85
Settling time ¢4 as a function of the angle ¢ for different rotation axes n.
RCAC can complete the maneuver for all single axis rotations of the actuator
and SENSOT @XES. . . .« . v it e e e e e e e e e e e e e 86

1X



5.7

5.8

59

5.10

6.1

6.2

6.3

6.4

6.5

7.1

7.2

7.3

7.4

7.5

7.6

Settling time ¢4 as a function of the actuator misalignment angle ¢. RCAC is
robust to single-axis misalignments up to 20 deg about all three axes. . . . . . 87
Eigenaxis attitude-error on a log scale for an inertially constant disturbance
torque with magnitude dy = 1 x 10~* N-m and for different inertial directions

ng; the direction ejo3 = % [1 1 1]". RCAC can complete the maneuver
under a constant, single-axis disturbance torque using the inertia-free Markov
parameter F. . . ... 88
Eigenaxis attitude error on a log scale for noise and bias in the angular-velocity
measurement. As the bias increases, the steady-state error increases. . . . . . . 89

M2S performance for RCAC using reaction wheels. The spacecraft is com-
manded to spin about each principal axis as well as a non-principal axis. The
number of previous time steps in the retrospective cost is set to s = 1 and use
the inertia-free Markov parameter H in (5.60). The saturation level is set at
O.1rad/sec?. . . . . o 90

Performance comparison of RCAC using the average Markov parameter H
versus the decentralized approach for the M2R maneuver for a spherical space-
craft with inertia Joppere in (6.43). . . . . . . oo o o000 102
Performance comparison of RCAC using the average Markov parameter H
versus the decentralized approach for the M2R maneuver for a cylindrical
spacecraft with inertia Jeylinger iIn (6.44). . . . . . o000 o000 0oL 103
Performance comparison of RCAC using the average Markov parameter H
versus the decentralized approach for the M2R maneuver for the arbitrary in-

ertia Jubitrary IN(6.45). . . . L Lo 104
Performance of RCAC using the decentralized approach for the M2S maneu-
ver for the spherical spacecraft inertia Jophere in (6.43). . . . . . . ..o 106
Performance of RCAC using the decentralized approach for the M2S maneu-
ver for the cylindrical spacecraft inertia Jegiindger in (6.44). . . . . . . ... 107

Wheel w; mounted on gimbal g; with frames Fyy, and F,. The wheel spins
about 7w, with constant angular speed v; > 0 relative to F,. The gimbal

angular velocity command u; is about jg,. Note that 2y, is aligned with i, . . 117
Sketch of 3-gimbal arrangement. . . . . . . .. ... ..o 121
R2R maneuver for J;, = J;. The control parameters are given by 7, =

0.01,79 = 107°. All gains are initializedat ©g =0. . . . ... ........ 134

Maximum eigenangle error for R2R maneuvers of different magnitudes about
principal axes ey, ey, e3 for the bus inertias J, = Jy, Js, J3. The control pa-
rameters are given by 7, = 0.01, 79 = 1075, All gains are initialized at © = 0. 135
Settling time to Ogiy < O = % deg, for R2ZR maneuvers of different magni-
tudes about principal axes eq, s, e3 for the bus inertias J, = Jy, Jo, J3. The
control parameters are given by 7, = 0.01, 7, = 1075. All gains are initialized

Maximum control input for R2R maneuvers of different magnitudes about
principal axes ey, ey, es for the bus inertias J, = Jp, Jo, J3. The control pa-
rameters are given by 7, = 0.01,79 = 107°. All gains are initialized at ©y = 0. 137



7.7

7.8

7.9

7.10

7.11

7.12

7.13

7.14

7.15

8.1

8.2

8.3

R2R ramp maneuver for J;, = J;. The control parameters are given by 7, =
0.01,79 = 107°. All gains are initializedat ©g =0. . . ... ... ...... 138
Settling time to O, < Ogs = % deg, for ramp commanded R2R maneuvers of
different magnitudes about principal axes ey, es, e3 for the bus inertias J;, =
Ji, Jy, J3. The control parameters are given by 1, = 0.01,7, = 107°. All
gains are initialized at ©g = 0. . . . . . . . ... oL oo 139
Maximum control input for ramp commanded R2R maneuvers of different
magnitudes about principal axes ey, ey, e3 for the bus inertias J, = Jy, Jo, J5.
The control parameters are given by 1, = 0.01,79 = 107°. All gains are
initialized at ©g = 0. . . . . . . . . . e 140
Maximum error, settling time, and maximum control input for R2R maneu-
vers of magnitude 64 about the non-principal axis [1 1 1]T. The diagonal bus
inertias are given by J, = Ji, Jo, J3. The control parameters are given by
nw = 0.01, 15 = 1075, All gains are initialized at g = 0. . . . . .. ... ... 141
Maximum Error, settling time, and maximum control input for R2R maneu-
vers of magnitude 64 about the non-principal axes ey, es, es. The non-principal
bus inertia is given by Ji, = Jy. The control parameters are given by 7, =
0.01, 75 = 1075, All gains are initializedat ©q = 0. . . . . . . ... ... ... 142
Maximum eigenangle error and maximum control input for ramp commanded
R2R maneuvers of magnitude ¢4 about the non-principal axes ey, o, e3. The
non-principal bus inertia is given by Ji, = Jy. The control parameters are

given by 1, = 0.01,75 = 107°. All gains are initialized at ©g = 0. . . . . . . . 143
Reachability for various rest attitudes Ry = R(0q, ¢;) for the i = 1,2, 3 given
the 3 orthogonal CMG configuration in Section 7.1.3.1. . . . . . . . ... ... 144

Maneuver success for step commanded R2R maneuvers of magnitude ¢4 about
the principal axes eq, es, €3 given an initially singular gimbal configuration
about ig. The control parameters are given by 7, = 0.01, 79 = 107°. All gains
areinitialized at ©g = 0. . . . . . . . . ... e 145
Maneuver success for step commanded R2R maneuvers of magnitude ¢4 about
the principal axes e, e, €3 given an initially singular gimbal configuration
about jg. The control parameters are given by 1, = 0.01,79 = 107°. All
gains are initialized at ©g = 0. . . . . . . . ... oL oo 146

Planar two-body linkage with base body B, and appendage B;. The angles
0y and 6, represent the attitude of B, and B, relative to a vector fixed in an
inertial frame. . . . . . . . .. 148
Step response Z for the nonlinear planar two-link mechanism for different
values of the spring stiffness &’. The model parameters are ro = r; = 1, Jy =
J1 =1,mg=mq = 1,c = 0. T} indicates the zero-crossing time for each curve.153
Effects of increasing the order ny of Gy, on the location of the nonminmum-
phase zero estimate Z. As ny increases z approaches the location of the non-
minimum phase zero z of G,,.The model parameters are ry = r; = 1, Jy =
1,J1 =1,my =my = 1,c = 0. The time-step sizeis h =0.1sec. . . ... .. 156

X1



8.4

8.5

8.6

8.7

8.8

8.9

8.10

Minimum-phase status of the estimated zero, 2 as a function of ny. The time-
step ko > % indicates the first time-step when the step response is positive.
If ngy > ko, 2 is nonminimum-phase. The model parameters are vy = r; =
1,Jo = J1 = 1,my =my = 1,c = 0. The time-step size is h = 0.1 sec, k
indicates the time step at which the step response crosses zero. . . . . . . . . .
Performance z (top) and control u (bottom) for R2R maneuver to 64 = 180
deg. The order of Gy is ny = 14,17,20 for k' = 1,1.5, 2, respectively. The
controller parameters are R, = 0.1, By = 107! and the controller order
N. = ny. The model parameters are 1o = r = 1,Jy = 1,J; = 1,my =
my=1,c=0,h=0.1. . . . . . .. e
Comparison of settling time 7§ (top), steady-state error Z (middle) and over-
shoot Z ..« as a function of the filter order ny for the 180 degree R2R ma-
neuver. The controller order . is fixed at the three values indicated by each
marker. The controller parameters are R, = 0.1, Ry = 107'° and the con-
troller order N. = ny. The model parameters are 7o =1 = 1, Jy = 1, J; =
I,mog=my=1,c=0h=01. . ... .. .. . . ... .. ..
Comparison of settling time 7§ (top), steady-state error Z (middle) and over-
shoot Z,,..x as a function of the filter order ny for the 180 degree R2R maneu-
ver. The controller parameters are R, = 0.1, Ry = 107! and the controller
order N, = ny. The model parametersare rg =ry =1, Jy=1,J; = 1,my =
my=1,c=0,h=0.1. . . . . . .
Effect of parameter scaling on the step-response zero-crossing 7 for s = 0, 1.
The baseline parameters are givenby 7 =1, J =1, m =1k =1, ... ...
Effect of parameter scaling on the R2R maneuver. The baseline parameters
are given by 7 = 1,J = 1,m = 1,k = 1. The Controller parameters are
ng=N.=20,R, =01, R =101 . . .. ... ... .. ... .. ...
Effect of parameter scaling on the R2R maneuver. The baseline parameters
are given by 7 = 1,.J = 1,m = 1,k' = 1. The controller parameters are
ng=N,=20,R, =01, Ry =107, . . . . ... .. ... ..

Xii



2.1

4.1
4.2

6.1
6.2

LIST OF TABLES

Notation for controller construction using recursive least squares. . . . . . . . 19
RCAC Parameters for Thruster Control. . . . . .. ... ... ... ..... 45
RCAC Parameters. . . . . . . . . . . . v i i i ittt et e e 59
Orbital parameters. . . . . . . . . . ... e e e e 99
RCAC parameters. . . . . . . . . . o v it e e e e e e e 100

X1il



ABSTRACT

Retrospective Cost-based
Adaptive Spacecraft Attitude Control

by

Gerardo E. Cruz Ortiz

Chair: Dennis S. Bernstein

Fixed gain attitude control laws are sensitive to modeling errors and actuator
nonlinearities. Adaptive control can solve many of these challenges. We present a
retrospective cost-based adaptive spacecraft attitude controller designed using the
system’s impulse response as modeling information. The performance metric is
based on rotation matrices and thus, the controller does not suffer from singulari-
ties or discontinuities present in vector attitude representations.

We demonstrate robustness to inertia and actuator scaling as well as actuator
misalignment and nonlinearities, unknown disturbances, sensor noise and bias for
thrusters and reaction wheels through numerical simulations. We implement an
averaged Markov parameter and decentralized control to address the problem of
the singular input matrix of magnetic torquers. For control moment gyros, we
develop a hybrid linearization and impulse response-based Markov parameter and
present new guidelines to evaluate the feasibility of desired rest-to-rest maneuvers.

Finally, we address the problem of angular velocity-free attitude control of a
flexible spacecraft with noncollocated sensors and actuators. We present a new
approach to controlling harmonic nonminimum-phase systems using the step and
impulse response of the linearized system. We demonstrate robustness to model

uncertainty through system analysis and numerical simulations.
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CHAPTER 1

Introduction

Spacecraft play an important yet mostly invisible role in our everyday lives. Commu-
nications, GPS, and weather predictions are only possible because of orbiting satellites.
Science also benefits immensely from space-based observations; spacecraft provide valu-
able data which has furthered mankind’s understanding of not only planet Earth but of the
solar system and beyond. The instruments used for these measurements and tasks need
to be precisely pointed at different spots on Earth, the stars, or other spacecraft. This is
attitude control.

Spacecraft attitude control is a nonlinear control problem due to the quadratic non-
linearity in the dynamics (Euler’s) equation and the kinematic nonlinearities due to the
special orthogonal group SO(3) of 3 x 3 rotation matrices [1]. Although using rotation
matrices for control synthesis seems like an obvious choice, memory constraints in space-
qualified computers, difficulties propagating the matrices in estimators, and complicated
control analysis have rendered this choice unpopular [2]. Therefore, rotation matrices are
usually parameterized using 3 or 4 component vector representations [3].

Quaternions remain the standard representation for many spacecraft missions [4]. This
4 x 1 vector parameterization avoids the singularities inherent in the dynamics of 3 x 1 rep-
resentations, and requires less memory than rotation matrices. However, quaternions cover
SO(3) twice, that is, every rotation matrix in SO(3) can be represented by two different
quaternions. Furthermore, careful control design is required to avoid unwinding, a phe-
nomenon where the controller will rotate 359 deg clockwise to achieve a counterclockwise
rotation of 1 deg [5,6]. To avoid issues with quaternions and other parameterizations we
develop our control laws using rotation matrices. Although matrix operations are memory
and resource heavy, we present an algorithm which does not require propagation of the
rotation matrices and in which terms involving the matrices can be easily computed using
quaternions or other vector attitude representations.

The attitude of a spacecraft in low-Earth orbit can be either passively stabilized or

actively controlled. Passive methods exploit environmental torques to achieve a stable



attitude. However, the range of reachable attitudes is limited by the specific method uti-
lized [7]. Active attitude control is achieved by changing the angular momentum of the
spacecraft through torque generation or momentum redistribution [8]. In practice, nonlin-
earities arise from the type of actuation implemented on the spacecraft. Thrusters change
the angular momentum of the spacecraft due to the forces they apply to the spacecraft.
However, they usually operate in an on-off mode which is nonlinear and may have limited
accuracy. Magnetic torquers can change the total angular momentum of the spacecraft by
creating a local magnetic dipole which interacts with the Earth’s magnetic field. Unfor-
tunately, magnetic torquers are highly nonlinear due to the fact that the available torque
at each instant is confined to a plane that is perpendicular to the direction of the Earth’s
magnetic field, which is also time-varying. Furthermore, the accuracy of control laws for
magnetic torquers depends on limited knowledge of the Earth’s magnetic field or the accu-
racy of magnetometers.

In contrast to thrusters and magnetic torquers, reaction wheels cannot change the total
angular momentum of the spacecraft. Each reaction wheel spins about an axis that is fixed
in the spacecraft body frame and can redistribute the body-frame angular momentum by
changing the speed at which they spin relative to the spacecraft bus. However, as distur-
bance torques accumulate, reaction wheels spin up and may saturate. Thus, thrusters or
torquers may be needed for desaturation [9, 10].

An alternative to reaction wheels is to spin a wheel at a constant rate about its axis
and then rotate the wheel axis about a direction that is orthogonal to the wheel axis. This
gimbaled-wheel is a control moment gyro (CMG). Although the dynamics of CMG’s are
significantly more complex than reaction wheels, the torques they can produce are substan-
tially higher [11].

Attitude control laws can be separated into two categories. The first type of controller
considers the actuator dynamics in the control synthesis [12—16]. The second type of con-
troller only considers the problem of control torque synthesis and deals with the whether or
not that control torque is implementable separately [17-19]. We implement a control law
which uses a minimal model of the actuator dynamics in order to synthesize an appropriate
command. That is, force for thrusters, wheel acceleration for reaction wheels, magnetic
dipole for magnetic torquers, and gimbal speed for CMG’s.

Different control laws can be used for detumbling [20,21] , attitude reorientation to a
desired attitude [22-25], or attitude tracking [26,27]. Modern control methods, such as
nonlinear feedback linearization [28,29], gain scheduling [30,31], optimal control [32,33],
among many others [34,35] have been successfully applied to the attitude control problem.

Tuning these control laws often requires knowledge of the mass properties of the spacecratft,



information about actuator placement and orientation, as well as a characterization of the
spacecraft’s operating environment. This information is sometimes used to build a high-
fidelity model of both the spacecraft and the environment which is then used to determine
controller performance.

Although high fidelity modeling, Monte Carlo testing, and stability analysis are ef-
fective techniques, they require significant time and effort. Uncertainty may arise due to
imprecisely modeled mass and modal properties [36, 37]; nonlinearity may arise due to
large-angle and high-rate kinematics; and high dimensionality may arise due to the contin-
uum mechanics of flexible appendages [38] and propellant slosh [39]. Spacecraft projects
with limited resources can benefit from control algorithms that require little to no modeling
and are forgiving to modeling error.

Adaptive control can provide robustness to model uncertainty, unknown parameters, un-
modeled dynamics, and disturbances [40—42]. There are two types of adaptive controllers.
Indirect adaptive control attempts to estimate system parameters in order to apply a fixed
gain control law. Direct adaptive control takes a given controller structure, proportional-
integral control (PID) for example, and updates the controller gains based on available
measurements. These techniques allow the controller to tune itself to the spacecraft and
actuator dynamics, the maneuver type, and environmental disturbances. Thus, adaptive
control is useful when a sufficiently accurate model of the spacecraft is not available for
fixed-gain controller synthesis.

Adaptive techniques for spacecraft attitude control have been used to provide robust-
ness to errors in mass property models [43—46], improve the performance of proportional-
derivative (PD) laws [47-49], reject disturbances [50-52], handle unknown nonlineari-
ties [53], and maintain control during unexpected failures [54-56]. These techniques,
though effective, may require assumptions on persistency of excitation, bounded distur-
bances, or bounds on the uncertainty in the mass properties. Also, many of these methods
are designed to work with specific actuators or are constrained to certain maneuver types
such as small angle rotations. Moreover the majority of control laws in the literature, adap-
tive or otherwise, use quaternions, or other 3 and 4 parameter attitude representations.

Developing attitude control laws on SO(3) avoids the singularities and other problems
inherent in vector attitude representations [57]. This can simplify the control law signifi-
cantly since there is no need for discontinuous switching to avoid singularities or to choose
the “right” quaternion. The SO(3) adaptive controllers in [58, 59] provide almost-global
stabilization without using inertia information. However, they are limited to continuous
thrusters and reaction wheels. Furthermore, they require a priori knowledge of the distur-

bance frequencies.



We propose an adaptive control law which is robust to mass property uncertainty, ac-
tuator nonlinearities, unknown disturbances, and is developed on SO(3). Furthermore, the
controller requires limited modifications in order to be applied to different actuators.

Retrospective cost adaptive control (RCAC) is a multi-input, multi-output direct adap-
tive controller that utilizes an input-output plant model and previous performance data to
update a dynamic compensator using recursive least squares. RCAC has been applied to
systems with unknown nonminimum-phase (NMP) zeros [60-62] for stabilization, com-
mand following, and disturbance rejection. Furthermore, RCAC can be modified to handle
uncertain nonlinearities in Hammerstein [63] and Weiner systems [64]. RCAC has also
been tested on nonlinear plants such as multiple linkages [65, 66], and aircraft [67—69].
We apply RCAC to the problem of spacecraft attitude control. Since RCAC was origi-
nally designed for linear discrete-time plants, we develop methods to extract the necessary
input-output model, that is the Markov parameters, from the nonlinear system equations of
spacecraft controlled with thrusters, reaction wheels, magnetic torquers, and control mo-
ment gyros (CMG’s).

First, we describe and expand two different implementations of RCAC. Then, we derive
the dynamics for spacecraft controlled using thrusters, reaction wheels, magnetic torquers,
or control moment gyros. These dynamics are then used to obtain linearized and discretized
system equations which provide the Markov parameters to use in RCAC. For thrusters,
reaction wheels, and magnetic torquers, inertia-free control is demonstrated by replacing
the spacecraft inertia matrix in the Markov parameter formulation with the identity matrix.
Robustness to actuator nonlinearities, actuator misalignment, unmodeled disturbances, and
sensor noise is demonstrated through numerical simulations. Finally, we successfully apply

RCAC to simplified model of flexible spacecraft with noncollocated actuators.

1.1 Contributions to the Spacecraft Attitude Control Lit-

erature

1. Successfully applied RCAC to detumble, slew, and spin rigid body spacecraft using

thrusters, reaction wheels, magnetic torquers, and control moment gyros [70-72].

2. Numerically demonstrated robustness to unknown inertia modeling errors, actuator
misalignment, unmodeled disturbances, and unknown saturation for both thrusters

and reaction wheel controlled spacecraft [70-73].

3. Demonstrated robustness to actuator nonlinearities and their effect on settling time
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for slew maneuvers using thrusters [73].

Qualified the effect of noise and bias in the angular velocity measurements for atti-

tude control using reaction wheels. [71]

. Developed two RCAC formulations to handle the input matrix rank deficiency prob-

lem inherent in magnetic torquers [72].

Successfully applied decentralized RCAC on a spacecraft with magnetic torquers

aligned with the rigid body’s principal axes [72].

. Clearly derived the dynamics of a rigid body spacecraft controlled by CMG’s using

Newton-Euler methods without relying on simplifying assumptions commonly found
in literature [74,75].

Developed a new result relating the reachability of a desired rest attitude given the
initial CMG configuration [75].

. Successfully implemented a novel approach to CMG attitude control which directly

commands gimbal speed without the need for a separate control law for torque syn-

thesis, singularity avoidance methods, or steering laws [74,75].

Demonstrated output-feedback adaptive control of a linearized planar dual rigid-body
and developed guidelines for robustness to modeling errors in the joint stiffness and
body inertias [76].

Contributions to the Adaptive Control Literature

. Demonstrated the applicability of RCAC to control nonlinear continuous-time sys-

tems by using Markov parameters obtained through linearization and simple differ-

ence discretization [70-75].

Developed a new approach to control nonminimumphase systems which have a sin-
gle NMP zero using RCAC [76].

. Developed the equations to allow for separate performance, control, and retrospective

control filters in the retrospective performance of RCAC.

. Derived the equations to include a new control penalty in the 1-Step implementation

of RCAC [74-76].



5. Improved the numerical robustness of RCAC by implementing sequential updates
and a QR-decomposition method in the recursive least squares-based controller pa-

rameter update [76].

1.3 Chapter Summary

Chapter 2 presents the retrospective cost concept and describes the two different RCAC
implementations used in this thesis. The two-step version of RCAC is used in Chapters
4, 5, and 6, to control a spacecraft with thrusters, reaction wheels, and magnetic torquers,
respectively. The one-step method is used in Chapters 7 and 8 to control the CMG-actuated
spacecraft and the planar dual-rigid body. Chapter 2 also presents improvements to the
recursive least squares implementation in RCAC based on numerical robustness and com-
putational efficiency techniques in the system identification and Kalman filtering literature.

Chapter 3 derives the dynamics for a rigid-body spacecraft using different types of
actuators and presents an overview of the spacecraft inertias and control scenarios tested in
this thesis. Furthermore, we present a detailed description of the attitude control problem,
that is the desired attitude and angular velocity as well as the error parameters which are
used in the following chapters.

Chapters 4 and 5 present the implementation of RCAC on a spacecraft actuated by
thrusters and reaction wheels, respectively, and presents robustness results for each actua-
tor. Robustness to model uncertainty is tested by scaling and rotating the spacecraft inertia
and actuator matrices. Different actuator dynamics and nonlinearities are included in the
robustness studies. We test the effect of saturation levels on steady state performance. Fur-
thermore, we examine the effect of on-off thrusters, reaction wheel speed saturation, CMG
singularities.

In Chapter 6 we cover the problem of attitude control using magnetic torquers. Two
solutions are presented which enable the application of the 2-Step method despite the rank
deficiency of the input matrix. However, the results in this chapter are require knowledge
of the principal axes of the spacecraft.

Chapter 7 includes a detailed derivation of the Newton-Euler dynamics for a spacecraft
controlled with CMG’s. Special cases are explored and we introduce a new result on the
reachability of desired rest attitudes. Unlike in Chapters 4, 5, and 6, the linearization of
the system dynaics is achieved using variations. Furthermore, a hybrid linear/nonlinear
approach to Markov parameters is presented where the system dynamics are assumed to be
linear but the system output nonlinearities are preserved.

Chapter 8 deals with the problem of controlling a flexible spacecraft with noncolocated



sensors and actuators. The linearized dynamics of the planar dual rigid-body spacecraft
model are nonminimum phase and present additional challenges for adaptive control. A
novel method of selecting the Markov parameters to model the NMP behavior is presented

and guidelines for robustness are given for this special type of NMP system.



CHAPTER 2
Retrospective Cost Adaptive Control

RCAC is a discrete-time output-feedback controller that minimizes the error given by
a performance variable. RCAC does not require detailed plant information, instead, it
uses knowledge of the system’s impulse response as described by Markov parameters [77].
Although RCAC is derived for linear systems, we apply it to the nonlinear spacecraft model

by using Markov parameters from the linearized dynamics.

2.1 The System

Consider the strictly causal multi-input multi-output (MIMO) discrete-time system

x(k) = Ax(k — 1)+ Bu(k — 1) + Fw(k — 1), (2.1)
y(k) = Cx(k) +v(k), (2.2)
2(k) = Ex(k) — r(k), (2.3)

where z(k) € R, y(k) € R, u(k) € R, w(k) € R is a disturbance signal, v(k) € R%
is the measurement noise, z(k) € R’ is a performance metric, r(k) € R' is the command,
and k£ > 1.



2.1.1 Transfer Function as a Laurent Expansion

The transfer function G, is given by [78]

G.u(q) £ E(q— A)7'B,

(2.4)
-y = 25)
o 4
ng Hl
~ Z —, (2.6)
o d
where q is the forward-shift operator and the Markov parameters H; are given by
A i—1 .
H,=FA""B,i>1. (2.7)

2.1.2 Convolution and Markov Parameters

Let n > 1 be an integer. Then, for all £ > n, we can express x(k) in (2.1) as

(k) = A"x(k —n)+ 2”: A [Bu(k — i) + Fw(k —1)]. (2.8)

Thus, the performance z(k) is given by

2(k) = EA"x(k—n)+ EY A7 Bu(k—i)+ EY A7'"Fu(k—i)—r(k), (29)
1=1 i=1

= EA"x(k —ny) + Y Hu(k—i)+ Y Huw(k—i) —r(k)
=1 i=1
_ BA" -

g TR F ; %u(k) + ; %w(k) —r(k), (2.10)
where for i = 1,...,n, H] are the Markov parameters of G,.
2.2 The Controller
Let the controller be given by
u(k) = ®(k)0(k) = ©(k)o(k), (2.11)



where
(k) 21, ® ¢(k), 0(k) = vec O(k) (2.12)

(k) is the regressor matrix and 6(k) is a vector of controller parameters and ® represents

the Kronecker product .

2.2.1 Strictly Proper Controller

Define a strictly proper dynamic compensator as the time series controller

A L :
u(k) =Y Pk)uk —i) + > Qi(k)y (k — 1), (2.13)
i=1 i=1
where for all i = 1,...,n., P, € R«*l @Q; € R“*!% are unknown gain matrices. Note

that (2.13) is an infinite-impulse-response (IIR) controller. We rewrite (2.13) as

u(k) = ®(k)0(k), (2.14)
where the regressor is given by,
[ u(k—1) ]
o(k) = u(k =nc) | o ghucty, (2.15)
y'(k—1)
[ y'(k—ne) |

the regressor variable 3/ (x(k)) is a function of the state, §(k) € RY is a vector of controller
parameters which contains the elements of all the gain matrices P;(k) and Q;(k), and [, =
Nely (L + 1)

10



2.2.2 Proper Controller

In some cases it is of interest to apply a proper controller. Then, the time-series is given
by

Uprop (k) 2 Z Pi(k)u(k — i) + Z Qi(k)y (k — 1) (2.16)
- q)pmp(k)Q(k)- (2.17)

and the regressor becomes,

— - T
u(k —1)
Dprop (k) 2 1, @ “(k/_ ne) | ¢ Rluxlo (2.18)
y' (k)
| y'(k—n.) |

and lg = [, (ncly, + (ne + 1)1y).

2.2.2.1 Zeroth-order Controller

A special case of the proper controller is the zeroth-order, 1. = 0, controller. This type

of controller enables output and state feedback control laws. Thus, the time series (2.13) is

replaced by,
Aoy
uo(k) = Qoy'(k), (2.19)
= Oy (k)0(k). (2.20)
Then the regressor matrix becomes,
Do(k) 2 I, @y (k)T € Riwxluly | (2.21)

11



2.2.3 FIR Controller

Although an IIR compensator offers flexibility there are situations where a finite-impulse-

response (FIR) controller is more appropriate. In these cases (2.13) simplifies to

UFIR(k’) - Z Qz’(kf)?/(k' - i)a (2.22)
i=ko
= Opr(k)0(k). (2.23)

where we use ky = 0 for a proper controller and ky = 1 for a strictly proper controller. The

regressor matrix is then given by,

y,(k — ko)
Prm(k) =L, @ | - - (2.24)

y'(k —ne)

where lp = (n. + 1 — ko)luly.

2.2.4 Integrator
In order to add an integrator to the controller we must introduce an integrator state,

v(k) = v(k — 1) + 2(k). (2.25)

Then, we include this new state in the controller time series,

i (K) 2 PRk — i)+ Z Qu(k)y (k — i) + Kry(k) (2.26)
= Dy (k)0 (k) (2.27)

12



where the regressor is given by

Oine(k) =1, ® | o/ (k—ky) | €R"™, (2.28)

where as before, ky = 0 corresponds to a proper controller and k; = 1 corresponds to a

strictly proper controller and ly = 1, (ncly, + (ne + 1 — ko)l + 1.).
2.3 The 2-Step Algorithm
We can rewrite (2.10) as [62]

2(k) = By A"x(k —n) + H(&)U(k,5) + E; zn: AT Fw(k —i4) — Eor(k),  (2.29)

=1

where
HGE)2 | Hy, Hy, - Hs,, ] =[H1 .. H, ] e Rl=xnhe (2.30)
u(k — 1) u(k —1)
Ulk,5) 2 : - : € R, (2.31)
u(k — Gpi1) u(k —n)
and
a—é[1 n} (2.32)

13



2.3.1 Choice of Markov Parameters

We can rewrite (2.29) with an integer delay ¢ > 0 and n = n, > 1. Then, for all
k>ng+q,

Nq

2(k—q) = EyA"a(k —ng— q) + HE)U(k — q,6) + By Y A7 Fu(k —q— 1)

=1

— Egr(k — q). (2.33)

At each step k — ¢, we can select which Markov parameters and corresponding controls we

wish to use for optimization. Thus, we partition (&) and U(k — ¢, &) so that

H(@&U(k—q,6) = H(o)U(k — q,0,) + H@,)U(k — q,5,). (2.34)

The selected Markov parameters are grouped into

(0)) £ | Hyyy Hopy - Ha,,, | € R (2.35)
where m,, is a positive integer,
A
0q = [ T4l Og2 *** Ogm, } , (2.36)

and the components of o, are distinct positive integers that satisfy
Og1 < 0g2 < -+ < O¢gmyg-
The corresponding control inputs are

wk —q—041)

ulk—qg—o
A ( q q,2) € RMalu_ (2.37)

Uk —q,04)
u(k —q—0gm,)

The remaining Markov parameters and controls are grouped into H (o,) € R x(ng=mq+1)k

and U(k — q,5,) € Rma=mat Dl regpectively, where

_ A _ _
002 | Gur G2 Ggngmen |- (2.38)

14



The components of 7, are distinct positive integers that satisfy
Tg1 < g2 < < Ogm,-
Next, we rewrite (2.33) as
2(k—q) =8(k —q,5,) + H(o)U(k — q,0,), (2.39)
where

S(k—q,6,) 2 E1A™a(k — q — ng) + H(6,)U(k — q,5,)
+E Y AT Fuw(k - q— i) — Eor(k — q). (2.40)

=1
2.3.2 Extended Performance

We stack the delayed performance variables and define the extended performance as

z2(k—q)
z2(k —
2 2 | PR cpe (2.41)
2(k — qs)
where the componentsof ¢ = | ¢; --- ¢, ] are distinct nonnegative integers that satisfy

g < gz <---<gs.

Similar in form to (2.39), we can write the extended performance as

Z(k,q) = 8(k,q) + HU(k, ), (2.42)

where

c RSIZX(Z:II mqi)lu (243)
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is block diagonal,

(o) = | Hops Hops o+ Hoy, | € R0 (2.44)
and
Uk —q1,04)
U(k,§) 2 U@_@JM e R(Zizama )l (2.45)
U(k _.anqu)

2.3.2.1 Consolidating Repeated Entries in the Retrospective Controls

Depending on the components of ¢ and o, the components of U (k, ) might contain

repeated entries. For example, if we choose

qz[m @]:[01}, am:%:[13], J@:m:[oy

then
- | Hy Hy O
|l 0o 0 H

and
u(k —1)
Uk,q) = | u(k—3)
u(k —1)

Note that u(k — 1) is repeated.
To remove the repeated entries in U (k, §), define the extended control U(k, §) € R,
which contains all of the required entries u(k — g;) without repetition. Then, define the

corresponding Markov parameter matrix H € R*%=*Pl« such that
Z(k, ) = 8(k, q) + HU(K, §), (2.46)

where the components of g = [ g - Gp } are distinct positive integers that satisfy

g1 < g2 <--- < Gp

16



For the above example,

and the Markov parameter matrix is
H, H
go=1 ' 7.
Hy 0
2.3.3 Retrospective Cost Optimization

Given the extended control vector U(k, §) and the Markov parameter matrix H, we use

(2.46) to define the retrospective performance

A

Z(k,q)

1>

S(k, ) + HU(k, g), (2.47)

where the retrospective controls U(k, §) replace the past controls in U(k, §). Subtracting
(2.46) from (2.66) yields

Z(k,q) = Z(k, @) — HU(k, §) + HU(k, §). (2.48)

We define the retrospective cost function

A

J(k) 2 Z(k, )Ry (k) Z(k, @) + Uk, §)" Ry (k)U(k, §), (2.49)

where Rz(k) € R*!=*#!= ig a positive-definite performance weight and Ry (k) € RPl*Plu jg

a positive-semidefinite control weight. We use (2.48) to expand (2.49),

~

J(k) = Uk, §) AR)U(k, §) + B(k)"U(k, §) + C(k), (2.50)
where
A(k) & H Ry (k)H + Ry(k),
B(k) = 23 R4 (k) [Z(k, ) — HU(k, 7)) ,
C(k) £ [Z(k,q) — HU(K, §)]" Rz (k) [Z(k, ) — HU(K, )] -

17



The minimizer U* (k, ) of (2.50) satisfies
2A(k)U (K, §) + B(k) = 0.
Thus, if A(k) is invertible, then
W (k, §) = —%A(k:)‘lB(k:). 2.51)

Therefore, the retrospectively optimized control is given by

W(k,g) = [H Rz (k)H + Ru(k)] " KRy (k) [3U(K,§) — Z(K)],  (2.52)
iy (k — g1)

= : (2.53)
iy (k — gp)

where U (k — g;) denotes the reconstructed control u(k — g;) using information from the
kth step. We use the retrospectively optimized control ﬂ*(k, g) to update the controller
coefficients O (k).

2.3.4 Least Squares Controller Construction

To obtain O(k), we use previous measurements and define a least squares problem by
horizontally stacking the retrospective controls @z (k — g;) contained in U*(k, §) over m

previous iterations. Thus,
Iu(k) = ©(k)y(k), (2.54)

where

[k —g1) -+ ak(k — gp) -+ Tpem(k — g1 —m) -+ Upp(k — g, — m)] € RXPI7HD)

[k —g1) -+ ¢k —gp) -+ ¢k —gr —m) -+ ¢(k — g, —m)] € Rellutholxplmtl)
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Given a right-invertible I', (%), the controller coefficients are given by
O (k) = Tu(k)To(R)" [Fo(B)To(h)] 2.55)
which yields the RCAC control input
u(k) = ©(k)o(k). (2.56)

The result in (2.55) and (2.56) requires a complete history of the previous performance
and control data as well as the inversion of a n.(l, + ,) X n¢(l, + [,) matrix. To reduce

computational complexity we utilize a recursive approach.

2.3.4.1 Recursive Least Squares

©(k — 1) | controller coefficients at beginning of each step

P(k — 1) | information matrix at beginning of each step

O, (k) controller coefficients after update using @(k — g;), fori =0, ...,p,
Py (k) information matrix after update using u(k — g;), fori =0...p,
O(k) updated controller coefficients,

P(k) updated information matrix.

Table 2.1: Notation for controller construction using recursive least squares.

We can obtain the controller coefficients using recursive least squares. We use the nota-
tion in Table 2.1 to specify the update sequence. For ¢’ = 1,2, ..., p, define the cumulative

cost function
A ! A
Tn(Og, (k). k) =Y llan(k — ;) — Oy, (k)o(k — ;)|
i=1

P m
YO (k= gi — §) — O, (k)b (k — g — )| (257)
i=1 j=1

Fori' =1,2,...,p, the minimizer of (2.57) is given by

A o I fbk(k - gi’) - @gi/_l(kW(k - gi’)
w01 () + ¢T(k — gi) Py, (K)p(k — gi)

6;/ (k) (b(k - gi’>T:Pgi’—1 (k)a (2.58)
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where the information matrix is updated by

Py, K)ok — gi)p(k — gi) " Py, , (k)

A
Py (k) =P,, (k)— 2.59
o) = Foes ) = T )Py, R0 — o) (239
and
A
Pao(k) = P(k = 1), (2.60)
0,,(k) £ Ok — 1). (2.61)
information matrix
A
O(k) = O, (k), (2.62)
P(k) £ P, (k). (2.63)
Finally, the RCAC control is
u(k) = ©(k)o(k). (2.64)
2.4 1-Step Algorithm
2.4.1 Retrospective Performance
Define the retrospective control as [79]
PN A
u(k) = ®(k)6, (2.65)
and the corresponding retrospective performance as,
2(k) 2 2 (k) + De(k)0 — ue (k) (2.66)
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where 2¢(k), ®¢(k), and ug¢(k) result from filtering z(k), ®(k), and u(k) respectively, that

is

(k) £ G.(q)z(k) = D.(q) "' N.(q)=(k),

s (k) £ Go(q) (k) = Dy(q) " Ny(a)D(k),

e e
=Y Ny ®(k—i) =Y _ Dy Pe(k — i),
=0 =1

— Ny®(k) — Dybe(k)

(2.67)

(2.68)

(2.69)

Each filter G.(q), G4(q), G.(q) is defined as the quotient of two FIR filters, for all

three filters the denominator is defined as
A () ‘
9(') (q) = ]lz + Z D(.)iq_Z c RZZXZZ,
i=1

The numerator for both the z and ¢ filters is defined as

Nz,

NZ7¢(q) é Z NZ’¢iq_i e Rlz,lquu7

=0

for the u filter the numerator is defined as

A s »
Nu(q) :ZNu,q ERlquu,
i=1
The matrices of filter coefficients is where

VAN

N:[M.“4mﬁGRWW% D

1>
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(2.70)

(2.71)

(2.72)
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Next, we define the extended regressor, and extended control as

- Pk . Uk
o (k) A € R(atlu)xlo U (k) 4 ( e R(a+h), (2.74)
D (k) Ur(k)
where
O(k—1) Op(k—1)
d(k) & e Rubxle Py(k) 2 e Rulxl (275)
_(I)(k—nf) | _(I)f(k_nf)_
u(k —1) ue(k —1)
7 A ngl 7 A ngl
U(k) = e R™ Us(k) = € R, (2.76)
I u(k — ng) | I u(k — ny) |

Therefore, we can write the retrospective performance Z(k) in (2.66) in terms of the filter
matrix (7, the extended control U/ (k), and the extended regressor CID(k:)

s(k) = 2(k) + G | B (k) — 0(k)] . 2.77)

2.4.2 Alternative Formulation for IIR Filters

We can reformulate an IIR G¢(q) as two separate FIR filters. First, we multiply by
q "D¢(q) on the left which results in

a " Di(q)2(k) = a " Di(a)z(k) +a " Ne(q) [®(k)f — u(k)] : (2.78)

Thus, we define the filtered retrospective performance,

A

2e(k) = q " De(q)2(k), (2.79)
= z(k) + O4(k)0 — uf(k), (2.80)

where
(k) = NO(k), up(k) = NU(k), (2.81)
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and

c RutDlz, (2.82)

2.4.3 The Retrospective Filter

We demonstrate two special cases for building the filter G¢(q) to use in (2.66). Both
methods described result in a FIR filter. Other filters can be built as needed.
2.4.3.1 Markov Parameter-based FIR filter

A straightforward approach to building the filter G¢9q) is to use the convolution in
(2.10) and define the retrospective performance as
E A o H; o H; <L H!
(k) = p(k) + > —ralk) =Y (k). + Y —tw(k) —r(k),  (2.83)

an =1 q =1 qz i=1 qZ

We rewrite (2.83) using (2.10) and (2.65) and obtain
ng H R
k) = 2(k) + Y = ((I)(k:)@ - u(k)) . (2.84)
— q'
=1
Thus, the filter is given by the Markov parameters,
ng HZ
Gi(a) =)  — (2.85)
-1 4
Using (2.85) we can construct the filter coefficient matrix,

Gu = lHl Hy - Hy, } (2.86)
The extended regressor then is,

Ppr(k) = B(k). (2.87)
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Similarly the extended control is
U (k) = U(k). (2.88)

2.4.3.2 Nonminimum-phase Zeros for SISO systems

We can include modeling information of the zeros of the transfer function G, (z). Note

that the zeros of the transfer function are all values of z that satisfy,
0=G.u(2). (2.89)
Using a truncated Laurent expansion, we can write,

ng HZ
O: —_
— 7!
1=0
_Hoan_}_lenH*l_|_..._|_Hdan*d_|_..._|_HnH N (Z—1)(Z—2)"'(Z—nz)

Z"H Z"H

(2.90)

where ; is the ith zero of GG,,, and n, is the number of known nonminimum-phase zeros of
G.u-
We combine the knowledge of the Markov parameters and the nonminimum-phase ze-

ros to obtain new parameters for the filter G¢. For causal systems, Hy = 0, therefore,

0=Hyz"" '+ -+ Hyzg"" ...+ H,, . (2.91)
Next, denote by H,; the first nonzero Markov parameter, then
0= Hyz"" 4+ Hypz"" 1 oo+ H,, (2.92)

Note that the leading term of the polynomial on the far right side of (8.33), that is z"#, has
a unit coefficient. Thus, in order to match the polynomial coefficients, we normalize (2.92)

using H,, thus,

H, H,
0= gri—d | Izlznrdfl ek (2.93)
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Where ng — d = n,, thus,

Harr ooy oy Hnvd. (2.94)

0= z"
T H, Hy

We define a new set of parameters K; for: = 1,...,n, + 1 such that /; = H; and

K. Ky,
an+ﬁznz-1+...+le:(Z_l)(z_z)...(z_nz). (2.95)

In order to identify the coefficients K; we expand the polynomial on the far right side of
(2.95).

(z—1)(z—2) - (z2—p)=2" — (ZZ:J> Zl oy (_1)% ]j]" (2.96)

Jj=1 J=1

Thus, we can obtain the second and the last coefficients,
Ky=—HgY ;. Ko = (1" H]]; (2.97)
j=1 j=1

The remaining coefficients can be obtained by expanding the polynomial on the right side
of (2.95) given the number of zeros in the transfer function.

Using the parameters K5, Ko, ..., K,_4+1 we can build an FIR filter to use in (2.66),
ne KZ
Gilq) =) P (2.98)
i=1

This results in the filter coefficient matrix

C?O:{Kl Ky, -+ K ] (2.99)

nH

with the extended regressor and performance defined as in (2.87) and (2.88), respectively.

2.4.4 Retrospective Cost Function

We define a cumulative cost function to minimize the retrospective performance z. By
minimizing 2 RCAC attempts to minimizes z(k), the actual performance. The cumulative

cost function used in the 1-Step version of RCAC in [68] which itself is an expansion of
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the cost function in [77] is given by

ok, 0(k)) 2 zk: i (z(@')%(@') + () [ @4()9)] ' @(i)é)

i=ko

4k [é - 0(0)]T P(0)! [é - 9(0)] , (2.100)

where ky is the first time-step in which ®¢(k) is available, A € (0, 1] is a forgetting factor,
and 7 is a penalty on the filtered control.

Replacing the filtered control term with a penalty on the control input u(k) = ® (k)0

and adding a penalty to changes in 6 yields the retrospective cost function

+ i [@f@érﬁuf(/@,z) [e(i)d] + [@(z)é]TR (k.i) [2(0)d]
v - e(oﬂT Ro(k) [0 000)] + [0~ 00k — 1)) Ra(h) [0 — 0k — )]

(2.101)

where kj is the first time-step in which ®¢(k) is available and R, (k, i), R, (k, i), Ra(k), Ro(k)
are symmetric and positive semi-definite for all k, 7.

The cost function in (2.101) has three purposes, the first line is the a cost for the per-
formance history, the second line penalizes the control effort, and the third line penalizes
the control parameter transient. Furthermore, note that the control penalty can be applied

to both the control input and the filtered controls.

2.4.5 Minimizer for J

We compute the derivative of (2.101) with respect to 6 and obtain

aJG 22 ( ()" R.(k, ) s (i) + [(I)(i)é]TRu(k,i)@(i) + [<I>f<z')é}TRf(k,z')<I>f<z’>>

i=ko
+2 [9 - 9(0)] Ry +2 [é — ok — 1)} " Ra(h), (2.102)
= 2A(k)" + 20" P(k) Y, (2.103)
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A2 S (00 Rl ) 1) — w0]) — RoKI0(O) — Ra(RO(k 1), (2108
P(k) £ > (@1()" [Ra(k, 1) + Re(k, )] @¢(i) + B(i) " Ry (k, i) ®(i)) + Ro(k) + Ra(k)
o (2.105)
Therefore, the minimizer must satisfy
P(k)"'0(k) + A(k) = 0. (2.106)
Thus, for all invertible P(k),
6 = —P(k)A(k). (2.107)
Therefore, the controller parameters are given by
(k) = 6. (2.108)

We examine special cases which enable us to obtain a recursive expression for the controller

parameters.

2.4.5.1 Constant Weights

Let the weights only depend on the current step ¢ such that,

R.(k,i) = R.(i), R,(i) = Ry,(i), R¢(k,i) = Re(i), Ra(k) = Ra, Ry(k)= Ry.
(2.109)

A(k) = A(k — 1) + Og(k) R. (k) [2() — ue (k)] + Ra [0(k — 2) — 0(k — 1)]
= A(k — 1) + X(k)"R(k)Z' (k) + Ra [0(k — 2) — 0(k — 1)] (2.110)
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where

X(k) 2 2e(k) e RU=+u)xlo @.111)
D(k)
R(@ é Rz(k) 0 c ]R(lerlu)x(lerlu)7 z’(k;) é Z<k) - Uf(k) c R+
0 Ry(k) 0
(2.112)
Furthermore,
P(k) = [P(k — 1) + Be(k) R (k) @e(k) + B(k)T R, (k)D(R)]
= [P(k = 1) + X ()" R(F)X (K)] ",
=Pk —1)— Pk - DX(k)T(k) ' XE)PHK—1), (2.113)
where
T(k) 2 [R(k)™ + X (k)P(k — )X (k)"] (2.114)

and R,(k), R,(k), and Ry + Ra are positive definite. We combine (2.110) and (7.49) to
compute 0(k),

0(k) = —P(k)A(k) (2.115)
= [P(k— D)X (k)"T(k) "' X(k)P(k — 1) — P(k — 1)] -
[A(k — 1)+ X (k)" R(k)2'(k) + Ra [0(k — 2) — 6(k — 1)]] . (2.116)

After some algebra we obtain the recursive solution

0(k) = 0(k — 1)+ P(k — )X (k)T (k) te(k)
+P(k — D)Ra [X(K)TT(k) ' X (K)P(k — 1) — 1,,] (0(k — 2) — 0(k — 1)),
(2.117)

where

2 (k) — X(k)O(k — 1). (2.118)
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The initial values are given by
0(ko) = 0y, P(ko) = [Ro + Ra] ™", (2.119)
where 6 is chosen arbitrarily.

2.4.5.2 Zero Control Penalty

If we let R, (k) be zero, then the recursive solutions simplify,

Ak) = Ak — 1) + O¢(k)"R.(K) [2(k) — ue(k)] + Ra [0(k — 2) — O(k — 1)], (2.120)

P(k) = P(k — 1) — Pk — D&(k)T [(Ro() + Re(k)) ™" + @e(k)P(k — 1)s(K)T] ™ e(k)P(k — 1),
=Pk —1) — Pk — 1)®:(k)" T (k) 0(k)P(k — 1). (2.121)
Where
T(k) 2 (R.(k) + Re(k)) ™" + Oe(k)P(k — 1)@ (k)" (2.122)

Thus, the simplified recursive solution is given by

0(k) = 0(k — 1) + P(k — 1)@ (k) T(k) 'e(k)
+P(k — 1) Ra [Pe(k) T(k) @ (k)P(k — 1) — I,] (O(k —2) = 0(k — 1)),
(2.123)

where
£ 2 (Ra(k) + Re(k) ™ Re (us(k) — 2(k) — @c(R)O(k = 1), (2.124)
The initial conditions are given by (2.119).

2.4.5.3 Forgetting Factor

Next, we let the weight matrices be given by

R.(k,i) = N*7'R.(i), Ru(k,i) = N""R,(i), Rg(k) =Ry, Ra(k)=0. (2.125)

29



Then, the recursive relations become,

A(k) = Mk — 1) + (k)T R.(k) [2(k) — ue (k)] (2.126)
P(k) = [\P(k— 1) + X (k)TR(K)X(K)] ",
= %?(k —1) - %fP(k —DXE)TE T XE)P(K—1). (2.127)

Which yield the recursive relation for 6,
O(k) =0k —1)+ Pk — 1)X(k)"T(k)""'e(k), (2.128)

where 2/(k) and R(k) are given by (2.112), and

1>

T'(k) = AR(k)™ + X (k)P(k — 1) X ()T, (2.129)

R(K)'R (k)2 (k) — X (k)0(k — 1). (2.130)

IID

2.4.5.4 Kalman Filter
The measurement update step of the Kalman filter is given by

2(k) = dppor + K (k)e(k), (2.131)
P(k) = (I — K(k)H(k)) Prjg—1- (2.132)

Where the estimate and information matrix Zy;—1, Pkx—1 are given by the prediction step
and

1

Py H (k)" (R(K) + H (k) Pyr—1 H(E)") (2.133)
y(k) — H(k)Zpjp-1. (2.134)

Compare (2.131), (2.132) with a specialized form of (2.123) where R¢(k) = Ra(k) = 0,
that is,

0(k) = 0(k — 1) + Pk — 1)@ (k) T (k) te(k), (2.135)
P(k) = (I - 1)@ (k) T(k) " ®¢(k)) P(k — 1), (2.136)
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where

R.(k) ™ + ®¢(k)P(k — 1)D¢(k)", (2.137)
(us(k) — z(k)) — (k)O(k — 1). (2.138)

Notice that the both equations are equal in structure, (k) in (2.135) is an analogue to ¢(k)
in (2.131), similarly the analogue of K (k) in (2.131)is P(k — 1)®¢(k)TT(k)~* in (2.135).
We introduce a prediction step for the controller parameters 6 by first defining a dy-

namic system
0*(k) = A*(k—1)0"(k — 1) + w(k) (2.139)

where A*(k) is stable for all £ and w(k) is a random process. The prediction step for the

Kalman filter is given by

Frpr = Ak — Dk — 1), (2.140)
Pyp—1 = A(k — 1)P(k — DAk — )" + Q(k — 1). (2.141)

Thus, the corresponding prediction step for the controller parameter is,

Oppos = A*(k — 1)0(k — 1), (2.142)
Prp—1 = A*(k = 1)P(k — DA*(k — 1)" + Q(k — 1). (2.143)

we then compute the measurement update using the output of the prediction step,

(k) = O + Prpp—1Pe(k) T (k) ™" [(ur(k) — 2(k)) — Pe(k)bpp_1] , (2.144)
P(k) = (I — Prp—1Pe(k) T (k)" (k) Prjp1. (2.145)

2.5 RLS Implementation

2.5.1 Sequential Updates

When [, > 1 or R, # 0, '(k) in (2.114), (2.122), (2.129), and (2.137) becomes a ma-
trix. The numerical matrix inversion can cause the information matrix P to lose its positive
definite or symmetric properties. To avoid matrix inversion we process each component of

e separately [80].
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Consider the least squares problem

(2.146)

ain ap e oap, | L =0

where, for ¢ > 0, a;, b; are scalars and x € R" is the quantity to be estimated. After k steps,
(2.146) becomes

a1

a1

a2

ag.2

a1n

Ak.n

by

(2.147)

Note that both the matrix on the left side and the vector on the right side of (2.148) grow
by one row after each step.

Next, consider a similar problem given by

A Aip

Ap1 Ao

Al,n

Ak,n

By

By,

(2.148)

Instead of scalar measurements and row vector regressors we have vector measurements B;

i1

A } Note that

T
Qij,p ] ’

T
e

that is, the each matrix regressor A; and vector measurement B; have the same number of

and matrix regressors A; = [ A

A (2.149)

by [ @i j,1

B; = { bix (2.150)

rows p. Thus at each step the matrix on the left and the vector on the right grow by p rows.
When solving for x recursively these problems involve a matrix inversion of size p X p. This
matrix inversion can deteriorate the condition of the information matrix compromising its
positive-definite and symmetry.

These difficulties can be avoided by processing the vector measurements row by row.
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When the k£ + 1st measurement is acquired we solve the modified problem

Aig

Ak,

Q41,11

Ao

Ak

Ak+1,2,1

Al,n

Ak,n

Ak+1,n,1

Iterating over the p rows yields the solution to

Arr11 Apgi

Akz—i—l,n

2.5.2 Sequential Update in RCAC

Consider the update equation

o(k)

8
I

B,

Ok — 1)+ Pk — D)X (k)T (k) te(k),

(2.151)

(2.152)

(2.153)

where (k) € RP. Instead of using (2.153) we process each row of X (k) and €(k) sequen-

tially. Let

Then forall 7 = 2, ...

Ok —1)" =

D

0k

Ok — 1)' = 0k — 1),
= Pk —1).

Pk —1)

where X, ; are the ith rows of X and ¢ respectively and

Ti(k) = Ry + Xi(K)" Pk — 1) Xi(k),

Pi(k — 1) = Pl (k — 1) — Pk — 1)X:(k) T (k)7L X, (k)P ( — 1),
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(2.154)
(2.155)

(2.156)

(2.157)
(2.158)



where R, ; 1s the (i,1) entry of . Note that I'; is a scalar and thus there is no longer a matrix
inverse in the update of P*(k — 1). The updated control parameters and information matrix

are given by

0(k) = 6,(k — 1), (2.159)
P(k) = PP(k — 1). (2.160)
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CHAPTER 3
Spacecraft Attitude Dynamics

In this chapter we derive the kinematics and dynamics of a spacecraft controlled by
either torque generating actuators (thrusters, magnetic torquers) or momentum exchange
devices (reaction wheels, control moment gyros). Throughout the chapter, the vector ?b /a
represents the position of point b relative to point a, the vector v /a/x denotes the velocity
of point b relative to point a with respect to the frame Fx, and the vector ZY /x 18 the angular

velocity of frame Fy relative to frame Fx. All frames are orthogonal and right-handed.

3.1 Rigid Body Dynamics

We derive the dynamics for a rigid spacecraft bus actuated by rigidly attached actuators.
The dynamics are derived using Newtonian methods [8, 81]. First, we define two frames,
an inertial frame F; and a body frame Fg fixed to the spacecraft bus. We describe the

dynamics of the spacecraft using Euler’s equation

Be

N

— X - -
Hsc/c/l - _WB/[HSC/C/I =+ Msca (3.1)

where H. /.1 is the combined angular momentum of the spacecraft bus and the actuators

relative to the spacecraft’s center of mass ¢ with respect to the inertial frame, W /1 1s the
angular velocity of the body frame relative to the inertial frame, and ]\2 sc 18 the sum of
external torques applied to the spacecraft.

The angular momentum of the spacecraft relative to its center of mass with respect to
F is given by

RN

- na
Hsc/c/l = Hb/c/I + Z Haq;/c/Iy (3.2)

i=1

RN
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where n, is the number of actuators and the angular momentum Hy,/./; of the spacecraft

bus b relative to ¢ with respect to Fy is given by
- o
Hyjepp = Jpjews, (3.3)

-

where Jy,/. is the physical inertia matrix of the bus relative to the center of mass of the
—

spacecraft c, and Jy, /. is the angular velocity of F'g relative to I'1. The angular momentum

H ,,c/1 of actuator i relative to ¢ with respect to F; depends on the actuator type.
To obtain the equations of motion, we expand the derivative on the left-hand side of
(7.22) with (7.14), which yields

Be Be na Be

_> LN
Hsc/c/l = Jb/c WB/I +Z Hai/c/I . 3.4)

=1
Then, we combine (7.22), (7.14), and (3.4) to obtain

Be nA Eif nA

— De N - — —
Jpje W1+ Z Hajen = —wpyr X | Jpjewnt, + Z Haepns | + M. (3.5)

i=1 =1

Be

In the following sections we compute the actuator-specific terms H,, /.1 and H,, ¢ 1.

3.1.1 On the inertia matrix

To study the ability of RCAC to control different rigid bodies we define different space-

craft bus inertias [73].

Lemma 1. Let B be a rigid body composed of particles that are not colinear and define a
. Then
A

point w, a frame F s, and the inertia matrix J 2 73 Jw
1. Jis positive definite,
2. There exists a frame ¥y such that jg Jw ‘B is diagonal.
Lemma 2. Let J be a diagonal inertia matrix defined by
J £ diag(\1, Ao, \a). (3.6)
Where the principal moments of inertia A1, Ao, \3 satisfy
1. My > X > A3 >0,
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2. A1 < Ao+ A3, the triangle inequality.

Given a body with major principal moment of inertia \;, the triangle inequality yields
all possible relations between the principal moments of inertia. Thus, all possible inertia

combinations can be described by the triangle in Figure 3.1.

A3

Sphere
M:b:g\
M
<
2 Thin disk I
’\\4 N o=2), =22 <
< X
% =2 = 2
Ee /A1=A2=2)\3
[ ] [ ]
AN
F4 \\;\\
//"a ® X N
Wy 'é\\
AN
AN
D

_/\Al
Thin cylinder

A =AAs=0

Figure 3.1: Feasible region for A5, A3 given A\;. The shaded region satisfies both the triangle
inequality Ay < Ao + Az and A\ > Ay > A3 > 0. The open dots and dashed lines represent
nonphysical cases.

Let \; = 10kg-m?, based on Figure 3.1, we define five diagonal inertias which corre-

spond to common spacecraft bus shapes.
1. J; = 1015 kg-m2, for a sphere or a cube,
2. Jo 2 diag(10, 10, 5) kg-m?, for a cylinder
3. J, 2 diag(10, 25/3, 5) kg-m?, for the centroid of the triangle,
4. 1,2 diag(10, 5, 5) kg-m?, for a thin disk
5. Js 2 diag(10, 10, 0) kg-m?, for a thin cylinder.

Note that both J; and J5 violate the triangle inequality and thus are not physical inertias.
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3.2 Attitude and Angular Velocity Measurements

We assume that both rate (inertial) and attitude (noninertial) measurements are avail-
able. Gyro measurements %,..c € R® provide measurements of the angular velocity re-

solved in the spacecraft frame, that is,

RN

Yrate = WB/I| - (37)
B

For simplicity, we assume that rate measurements are available without noise and bias. In
practice, rate bias can be corrected by using attitude measurements and filtering techniques.
Attitude is measured indirectly using sensors such as star trackers. The attitude mea-

surement is determined to be

—

Yattitude = 81 . (3.8)

3.3 The Attitude Control Problem

The objective of the attitude control problem is to determine control inputs such that the
spacecraft attitude given by R follows a commanded attitude trajectory given by a possibly

time-varying C! rotation matrix R4(t) [58].

3.3.1 Desired Attitude and Attitude Error

The control objective is to have the spacecraft attitude R follow the commanded attitude

trajectory given by

de

. d /=~ — — N
Ry = & <Rd/1‘d> = Rd/I = Rd/I‘d Wd/1

X

| = Ra, (3.9)

d

*) —
where Rq1 is the physical rotation matrix that transforms Fy into Fq, wq/1 is the angular

velocity of Fy relative to Fy, de indicates the derivative with respect to Fy, and

AP A =
Rd: Rd/l d, Wq = wd/I‘d. (3.10)
The error between R and R, is given in terms of the attitude-error rotation matrix
~ —
RE RB/d‘ — RTR, 3.11)



which satisfies

R dR %: R ol = R 3.12
=q = fiu| = B/d‘BWB/dB— w”, (3.12)

B

H AN
where Rp/q is the physical rotation matrix that transforms F4 into F'g, wg/q is the angular

velocity of Fp relative to F'g,, and the angular-velocity error w is given by

LA = — — ~
w = WB/d‘B = (wB/I — wd/1> 5 =w— RTw,. (3.13)

3.3.1.1 Vector Representation of Attitude Error

A vector representation of the attitude error R in (5.29) is given by [58]

a3 Rz — as Ra3
3

Z ai(RTei) X € = CL1R13 — G3R31 S R?)a (3.14)

=1

1>

S

agR91 — a1 Ry

where a1, as, a3 are distinct positive numbers. Note that S depends on the off-diagonal

entries of the error matrix R in (5.29).

3.3.2 Performance Metrics

To study the performance of the algorithm we define a scalar attitude error metric by

using the eigenaxis attitude-error.
A 41 ~
fuig = cos™'5 (tr R— 1) , (3.15)

The eigenangle 6., is the rotation angle about the eigenaxis which rotates R(t) to the
desired attitude Rq(t). To evaluate the closed-loop performance, we define the settling

time 7" as the time needed to bring the eigenaxis attitude-error within a bound 6, that is,

Ouig(t) < Oy, forallt>T. (3.16)
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3.4 Maneuver Types

We study two maneuver types namely, motion-to-rest (M2R) and motion-to-spin (M2S).
For both maneuvers, the spacecraft starts at an arbitrary attitude spinning at a given angular
rate. Thus, the spacecraft is tumbling in a scenario representative of the spacecraft attitude
after launch vehicle separation. In M2R maneuvers, the goal of the controller is to bring
the spacecraft to rest at a desired attitude. In M2S the goal of the spacecraft is to bring
the spacecraft to a specified time-varying attitude, this includes common maneuvers such
as Nadir pointing and spins about a specified body axis pointed inertially. Both maneuvers
have a simplified variant, rest-to-rest (R2R) and rest-to-spin (R2S) respectively. In these
variants the spacecraft begins at rest. The R2R maneuver represents a slew, the R2S rep-
resents a spin up maneuver. These maneuver types encompass, step, ramp, and arbitrary

time-dependent attitude commands.
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CHAPTER 4

Thrusters

We apply RCAC to spacecraft attitude control using thrusters. First, RCAC is imple-
mented as a regulator for the angular velocity of a rigid body governed by Euler’s equation.
This type of controller can be used to detumble a spacecraft after launch-vehicle separa-
tion; this is the rate-only motion-to-rest (M2R-R) problem. Then, we consider commanded
spins about an arbitrary body axis; this constitutes the rate-only motion-to-spin (M2S-R)
problem. Initially, we use knowledge of the inertia and actuator alignment to compute the
parameters required by RCAC. Then, RCAC is tested for robustness to scaling of the inertia
and actuator matrices.

The angular velocity controllers are then extended to attitude control. Attitude kine-
matics are included in the spacecraft model, and motion-to-rest (M2R) and motion-to-spin
(M2S) maneuvers are tested. For M2R, the spacecraft has an initial attitude and angular
velocity, and the objective is to bring the spacecraft to rest at a specified attitude. For M2S,
the spacecraft has an arbitrary initial attitude and angular velocity, and the objective is to
bring the spacecraft to spin about a specified body axis that is pointed inertially. The body
spin axis need not be a principal axis. As in the angular velocity control case, both prob-
lems are first examined using complete knowledge of the inertia and actuator alignment.

Robustness is then examined through scaling and misalignments.

4.1 Spacecraft Model

Thrusters produce a force which results in a moment applied to the spacecraft. We
consider only the rotational motion of the spacecraft while ignoring the translational motion
of the spacecraft’s center of mass; therefore we consider only the torque applied by the
force actuators. Furthermore, we ignore the effects of fuel slosh on the angular momentum

as well as the problem of thruster placement.
Be

—

Since thrusters do not store angular momentum, the terms H,, /c/1, H,,/c/1 in (3.5) are
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zero. Define a body-fixed frame F'g, whose origin is chosen to be the center of mass, and
specify an inertial frame F; to determine the attitude of the spacecraft. Then, the dynamics

for a spacecraft with thrusters are given by

Be
ﬁ — —

—) N AN —_
Jyje wpyr = —wpyr X Jyewpr + Miprase + My, 4.1)

where M ¢ 1S the torque produced by the thrusters and M), is the sum of all disturbance
torques acting on the spacecraft bus.
‘We define the notation

Be
AT A RVANEN AT AT
R= RB/I , W=uwp/i| , W= WB/| , Tdist — My| , J= Jb/c .42
B B 5 B B

Resolving (4.1) in the body frame yields Euler’s equation for a spacecraft actuated by

thrusters,

Jw = —w*Jw + Byt + Taist, 4.3)

where By u = ]\? thrust‘ , w € R? is the angular velocity of the spacecraft frame with
respect to the inertial frar]?le resolved in the spacecraft frame and J € R3*? is the constant,
positive-definite inertia matrix of the spacecraft, that is, the inertia dyadic of the spacecraft
relative to the spacecraft center of mass resolved in the spacecraft frame. The spacecraft

attitude evolves according to Poisson’s equation [81]
R = Rw™. (4.4)

whereq, R € R3*3 is the proper orthogonal matrix (that is, the rotation matrix) that trans-
forms the components of a vector resolved in the spacecraft frame into the components of
the same vector resolved in the inertial frame, and w* is the skew-symmetric cross-product
matrix of w.

The components of the vector u € R’ represent independent control inputs, while the
matrix By, € R3*!« determines the applied torque about each axis of the spacecraft frame
due to u as given by the product By .u. The vector 7, represents disturbance torques, that
is, all internal and external torques applied to the spacecraft aside from control torques.
These disturbances may be due to onboard components, gravity gradients, solar pressure,
atmospheric drag, or the ambient magnetic field. For convenience in (4.3), (4.4) we omit

the argument ¢, recognizing that w, R, u, and 7,,,4is; are time-varying quantities.
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4.1.1 Attitude and Angular Velocity Error

Let the attitude and angular velocity errors be given by
R=RIR, & =w— R wyq (4.5)

where Rq,wq are the desired attitude and angular velocity, respectively. Using (4.5) to
rewrite (4.3) and (4.4) yields

Jo = [J(@+ R wq)] x (@ + RTwq) + J(@ x R wq — RT04) + Beeu + 14, (4.6)

i = R* 4.7

4.2 Markov Parameters for Angular Velocity Control

For the linear, discrete-time plant
x(k) = Ax(k — 1)+ Bu(k — 1), z(k) = Cz(k) —r(k)
the Markov parameters are given by
H=CA"'B (4.8)

for all 2 > 1. However, the angular velocity and attitude control problems are governed by
nonlinear, continuous-time equations. Thus, for angular velocity control we linearize and
discretize (4.6) to obtain the required Markov parameters to use in RCAC.

For the angular velocity control problem the attitude error is ignored. Let R = I, then

the performance variable becomes
Z =W — Wy. 4.9)

Next, we linearize Euler’s equation in (4.6) about a desired equilibrium w., which yields

the Jacobian

0
ow

Ac(@e,wa) = 2= = J " [= (@e + wa)* J + [J (@ +wa)]*] —w], (4.10)

43



Similarly, the input matrix for the linearized system is given by

B, = 0w = J ' Bsc. 4.11)
ou

For the angular velocity control problem the output matrices are given by C' = [ and
D =0.

We obtain the discrete-time dynamics matrix from

A = eteh (4.12)

Y

where A. is given by (4.10) and A is the controller time step. The discrete-time input matrix

is given by
h
B = / e\ B.dr. (4.13)
0

Using (4.13) in (4.8) yields the first Markov parameter

H, = CB. (4.14)

4.3 Numerical Examples for Angular Velocity Control

Consider a rigid spacecraft with the inertia matrix

5 —01 —05
J=1-01 2 1 | ke-m® (4.15)
05 1 35

and let the spacecraft be fully actuated such that Bsc = I3. Furthermore, let all distur-
bances be zero. The RCAC parameters used are shown in Table 4.2.

The Markov parameter /{; is computed using the Jacobian (4.10) evaluated at w, = 0
and wq which depends on the type of maneuver.

We consider angular velocity control for both detumbling (M2R-R) and spin (M2S-R)
maneuvers. For each maneuver we examine robustness to unknown changes in the inertia

by using modified Markov parameters.
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Parameter | Value
N, 3
Py 1001
R I

S 1
ks 1
6o 0
(k) 1

h 0.1
Eon 54

Table 4.1: RCAC Parameters for Thruster Control.

4.3.1 M2R-R Maneuvers

Let the initial motion of the spacecraft be described by

01
V3

The goal of the controller is to bring the spacecraft to rest, that is,

T
w(0) [1 1 1] rad/sec. (4.16)

T
Wy = [ 0 0 0} rad/sec. (4.17)

Given the output matrix £; = I, the discrete-time dynamics matrix in (4.12) evaluated
at v, = 0 and wy; = 0 so that A. = 0, and the input matrix in (4.13), the Markov parameter
in (4.14) is given by

H, = B = hJ 'Bge. (4.18)

Figure 4.1 shows the closed-loop performance for this maneuver. The angular velocity
about each axis is shown in Figure 4.1a and the controller coefficients §(k) are shown in
Figure 4.1b.
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Figure 4.1: RCAC closed-loop performance for M2R-R using the Markov parameter /; in
(4.18).

4.3.2 Effect of the Markov Parameters on Convergence

The Markov parameter in (4.18) shows that, for M2R-R, we utilize three pieces of
information: the mass distribution, the actuator alignments, and the controller time step.
We wish to limit the information used by constructing an arbitrary Markov parameter. We
define a matrix H; to use in place of the Markov parameter H,. Then, since that the
time step h is a scaling parameter, we can replace it with a positive scalar o and tune the
controller. Thus, we begin with

H, = aJ ' By, (4.19)

where « is a positive number. We test this choice of H, by varying the parameter o.

a=01 [] a=01

- = =a=04 9r - = =a=04
. a=0.08 =008
10° + i sl
.
- 51
=)
sl
2 -.";;'r\m'
n,'," vn;:..
1t s - ‘\ I‘
| My,
. 1 o [ |'"ffl,“, N
10" 10° 10" 10° 10° 0 5 10 15 20
Time [sec] Time [sec]
(a) Log Plot of Euclidean Norm of Performance (b) Euclidean Norm of Control Input

Figure 4.2: Comparison of performance variable and commanded control input for RCAC
for the M2R-R maneuver using various values of « in the Markov parameter /1, in (4.19).

Figure 4.2 shows the results of this analysis. Note that, as « increases, the controller
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applies less torque to the spacecraft, whereas as o decreases, more torque is applied. How-
ever, as we move away from the nominal value of a = h the controller diverges. Figure
4.3 shows how values of « that are both larger and smaller than the nominal value cause
the controller coefficients  to diverge. Thus, the control inputs also diverge. Note that the
smaller value of « in Figures 4.3b and 4.3d is close to the working value of v = 0.08 in

Figure 4.2 which suggests that RCAC is sensitive to scaling of H;.
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(c) Euclidean Norm of Control Input for &« = 50 (d) Euclidean Norm of Control Input for o =
0.074

Figure 4.3: Controller divergence for off-nominal values of & = 50 and o = 0.074 for
M?2R-R using Markov parameter //; in (4.19).

To overcome this problem we introduce a proportional saturation in the control input
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by scaling the control vector as

Ugat — (420)

where B is a boundary defined by the saturation limits and 7 is the maximum scaling

possible such that u,; € B, that is,

n= nrél(%ﬁ]{n :nu € B} 4.21)

Figure 4.4 shows that this method enables RCAC to bring the system to rest using
significantly off-nominal Markov parameters.

Note that varying o corresponds to changing the scale of the inertia, the actuator matrix,

or both. Define a scaled inertia .J’ = [3;.J and a scaled actuator matrix By, = SpBsc,

where 3; and g are positive numbers. Then, we can set & = g—‘f and obtain

H = J 'By, = P “1Bgc = aJ ' Bye.
By
Thus, if RCAC is robust to changes in «, it is robust to scaling of the inertia and the actuator
matrices. Therefore, saturation increases the robustness of RCAC to scaling errors in the
inertia J and the actuator matrix Bgc for M2R-R maneuvers. Furthermore, for a given
saturation level, o can also be used as a tuning parameter for control authority.
With the saturation method added to the controller, we eliminate the inertia information

used in H; by removing J from (4.19) and obtain
ﬁl = OéBS(j. (422)

Removing the inertia from H, hides information about the spacecraft axes coupling from
RCAC. Figure 4.5 shows that RCAC completes the M2R-R maneuver considered in Figure
4.1 for various values of «. Notice that, as expected, decreasing « increases the control

input.
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Figure 4.4: Log plots of the Euclidean norm of performance, ||z|2, for M2R-R for off-
nominal values of & = 1000 and o = 0.001 in the Markov parameter H; in (4.19) with a
saturation level of 1 N-m.

4.3.3 M2S-R Maneuvers

To expand on the M2R-R example, we command the spacecraft to spin about an arbi-
trary body axis and examine the M2S-R problem. The initial angular velocity is described
by (4.16), and the controller goal is to make the spacecraft spin at the desired angular

velocity of

0.1 *
Wy = —— [ 1 1 1 } rad/sec. (4.23)

V3
The spacecraft has the inertia matrix in (4.15) with the initial angular velocity in (4.16). The
RCAC parameters are chosen as in Table 4.2. Figure 4.6 compares the performance for the
maneuver using the Markov parameters in (4.18) and (4.22). For both Markov parameter
choices, RCAC completes the maneuver. However, the lack of information increases the

settling time for the case using the inertia-free Markov parameter.

4.4 RCAC Parameters for Attitude Control

We extend the results from Section V and include the attitude kinematics. Since RCAC
requires a vector performance, the rotation matrix governed by Poisson’s equation (4.4),
cannot be used directly.

Thus, we formulate the attitude error dynamics by using the vector function of the
attitude error matrix presented in [58]. For i = 1,2, 3, let e; denote the i¢th column of the

3 x 3 identity matrix and let A,y = diag(aq, as, a3) be a diagonal positive-definite matrix,
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Figure 4.5: Inertia-free RCAC performance for various values of o for M2R-R. Euclidean
norm of performance, ||z||> and unsaturated controller input, ||ucmal| using the Markov
parameter H; in (4.22). The saturation level is set to 1 N-m and i = 0.1 sec.

then

2 2 23:% (RTeZ-) X e, (4.24)

1

is a 3 x 1 vector measure of attitude error. Note that z, = 0 when R=1 3. Thus, we use z,
as the attitude performance variable. The attitude error affects the rate error given as shown

in (5.31). We redefine the angular velocity performance as

>

2o = w— R wy. (4.25)

The combined performance variable for the attitude control problem is given by

z = . (4.26)

4.4.1 Parameterization of R

The Markov parameters required by RCAC serve as a mapping between the control
input and the performance variable. To obtain the Markov parameters, we represent the
SO(3) attitude kinematics as vector equations. Thus, we parameterize the SO(3) attitude as
a vector composed by the rows of the rotation matrix. Therefore, we express the attitude
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Figure 4.6: angular velocity, w, and Euclidean norm of performance, ||z||» for M2S-R. Plots
compare convergence for RCAC using Markov parameters derived from the linearized dy-
namics in (4.18) with RCAC using inertia-free Markov parameters in (4.22) with a satura-
tion level of 10 N-m and o = 0.1.

error matrix R as

(4.27)

=31

I
=i
)

where, fori = 1,2,3, 7; € R"*3 is a row of R. Using (4.27), the new attitude parameter is

given by
T
T = |:f1 Ty fg} . (4.28)

Expressing the performance variable (4.26) in terms of 7 yields

3

24 = Zai (Zi’Tel') X e, =—M,R,T, 4.29)
1

2w = w — D(wg)7T, (4.30)
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where

My = | ¢f ef e | €R™, (4.31)

R, = asls e R, (4.32)

and, for x € R3 with components 1, x5, 73,
A
‘D("L‘) = ZE1]3 I‘Q]g 17313 : (433)

4.4.2 Markov parameter

Rewriting (4.6) and (4.7) using 7 yields

o=J! [ (@ + D(wa)r)] X (& + D(wa)r)] + @ X [D(wg)r] — D(wa)r
+ J 7 (Bgeu + 2q) (4.34)

and

X T. (4.35)

=
I
I
€

We compute the discrete-time system matrices A, B, C' by linearizing (4.34) and (4.39)
about @, = 0 and R = I followed by discretization with the controller time step h.
To obtain the Jacobian we stack the angular velocity error w and the attitude-error pa-

rameter 7 to form a state vector. Next, we differentiate (4.39) and (4.34) with respect to

We
this new state and evaluate it at a given equilibrium . For the rotational dynamics

Te

in (4.34) the derivative with respect to w is given by

i

= I = (@e + D(wa)Fe)* J + [J (@ + D(wa)Fe)] ] = (D(wa)Fe) . (4.36)
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O

Similarly, the derivative with respect to 7 is given by
o

= J 7 [= (@ + D(wa)Fe) ID(wa) + [J (@e + D(wa)7e)] D(wa)]
+ 02 D(wq) — D(Wq).

Thus, we construct the Jacobian for the angular velocity dynamics

(4.37)
= |oa 9w
A, {% W] . (4.38)
For the attitude kinematics, we partition (4.39) for each row 7; of R as

ri = (7:7, X (I))T
Differentiating with respect to to w yields

(4.39)
oF;

% —7r,, fori=1,2,3.
Differentiating (4.39) with respect to 7'; yields

(4.40)
oF; o oot
= |- S — 4.41
o7, “on T | 4.41)
where
r. [37 1= j7
27? - (4.42)
T . .
g Osx3, 1 F# 7,
and
/ 1T
Dwa) | 5 0 0| » J=1,
o T
o7, Dwa)| o b 0| » J=2 (4.43)
T
D(wd) 0 0 [3 ) .7: 3
\ L




Finally, we obtain the Jacobian for the attitude kinematics

Thus, the dynamics matrix for the linearized continuous-time system is

And the continuous time, linear system matrices are given by

Discretization of A, B., with the controller time step h yields

A=l =

—hMT

Bz(/OhAdT)BC:

oy
00

oy
ory
ory
Of2

ory
or3

O3X3

I3

03x3

I3

oy
o

ory
ory
Ory
Ofa

ory
or3

org
0w

org
or1
g
Ora

org
or3

O3X9
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0359

03x9
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The Markov parameter corresponding to the performance in (4.26) is given by

hJ By
Hy = . (4.51)

Th*M,R, M} J By,

4.5 Attitude Control Examples

Let the spacecraft inertia matrix be defined as in (4.15), Bsc = I3, and A, = 1. We
use the RCAC parameters in Table 4.2. The Markov parameter is given by the linearized
system in Section VI evaluated at Re = I3 and @, = 0, wy depends on the maneuver.
We examine slew (M2R) and spin (M2S) maneuvers. For each maneuver we examine

robustness to changes in the inertia using arbitrary Markov parameters.

4.5.1 M2R Maneuvers
Let the initial motion of the spacecraft be described by (4.16) and the initial attitude be
given by

R(0) = I5. (4.52)

The goal of the controller is to bring the spacecraft to rest, that is w,; = 0, with the inertial
attitude

0.5000 0.5000 0.7071

Rg =1 0.5000 0.5000 —0.7071] - (4.53)

—0.7071 0.7071  0.0000

Figure 4.7 shows the closed-loop performance for the M2R maneuver using the Markov
parameter H; in (4.51). Note that the linear controller coefficients converge smoothly and

quickly.
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Figure 4.7: RCAC performance for M2R using Markov parameter /{; in (4.51).

4.5.2 Effect of the Markov Parameters on Convergence

We use [ in (4.51) to define the arbitrary Markov parameter

. o B
H, = (4.54)
%a2MaRaMEBSC

where we have removed the inertia matrix and replaced the time step h with a positive
scaling parameter «. As in the M2R-R case, off-nominal values of « cause the controller
to diverge. Thus, we implement the saturation method in (4.20) to mitigate this problem.
Figure 4.8 shows the controller’s performance using various values of «. Note that,
unlike the M2R-R case, saturation does not provide robustness to changes of « outside of

the nominal value o = h, especially for values greater than 1. This is due to the nonlinear
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Figure 4.8: Inertia-free RCAC performance for M2R using Markov parameter Hj in (4.54)
with h = 0.1 sec and a saturation level of 1 N-m.

term, o in the lower portion of the matrix H 1 in (4.54). When « # h the ratios between
the entries in the top and bottom halves of the matrix H, change from their nominal values,

thus affecting the internal structure of the Markov parameter. Thus, we redefine the Markov
parameter as

. hBse
H| =« . (4.55)
Th*M,R,M] By,

This scaling maintains the matrix element ratios at their nominal values.

The M2R maneuver in Figure 4.9 examines the effect of the Markov parameter H’{
given by (4.55). The trajectory for o = 1 corresponds to the unscaled inertia-free Markov
parameter. As shown by the performance variable plot in Figure 4.9a, RCAC is robust to

changes in the inertia and to scaling of the input matrix B,.. As expected, decreasing «
increases the commanded control input.

4.5.3 M2R Robustness Studies

Consider the M2R maneuver given by an eigenaxis rotation of 40 deg about the body

T
fixed direction [ 11 1 } . Let the spacecraft be initially at R(0) = I3. Assume there
are no disturbances.

The RCAC parameters used are shown in Table 4.2. For the M2R problem, we utilize
the inertia-free Markov parameter H 1 in (4.55)
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Figure 4.9: Inertia-free RCAC performance for M2R using the inertia-free Markov param-
eter H] in (4.55) with h = 0.1 sec. The controller is robust to scaling of H;.

4.5.3.1 Robustness to Changes in the Inertia Matrix

We use two approaches to examine the effect of unmodeled inertia variations on the
M2R settling time. Let the centroid inertia matrix be given by J; = diag (10, 8.33,5).

Then we set the spacecraft inertia to be a value between .J5 and other inertias according to
J=(1—-a)Js+ aJ; for (4.56)
where, for i = 1,2,4,5, J; is given by
J;y =10I3, Jo =diag (10,10,5) Jy = diag(10,5,5) J5 = diag(10,10,0.1),

J1 represents a sphere, J, is a cylinder, Jy is a thin disk and J; is a thin cylinder.

Figures 4.10 and 4.11 show how the settling time changes as a function of «. Each
point on the curves represents a different spacecraft inertia. Note that RCAC is using the
same model for all simulations, that is the inertia used in the Markov parameter is given by
J = I5. Thus, Figures 4.10 and 4.11 demonstrate RCAC’s robustness to unmodeled inertia

variations when using thrusters to achieve M2R maneuvers.
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Parameter | Description Value
N, Controller order 3
By Initial error covariance used in the RLS update 1007
R Performance weighting to compute the retrospective cost function I

5 Number of data points used for retrospective cost computation 1
ks Delay used to construct the extended performance vector 1
0 Initial controller coefficients 0
A(k) Forgetting factor 1

h Controller time step 0.1
kon Number of time steps to wait before applying first control action 81
At Weighting on the attitude error matrix R used in Za I

Table 4.2: RCAC Parameters.
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Figure 4.10: M2R settling time for RCAC using thrusters. The inertia J starts at the cen-
troid value J3 and moves toward the sphere Ji, cylinder J,, and thin disk .J4 inertias ac-
cording to (4.56). The saturation level is set at 1 N-m.
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Figure 4.11: M2R settling time for RCAC using thrusters. The inertia J starts at the cen-
troid value J3 and moves toward the thin cylinder inertia J; according to (4.56). The
saturation level is set at 1 N-m.
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Next, we examine the M2R settling time as the actuator and sensor axes are rotated

away from the principal axes according to
J = Ri(¢)J3Ri(9)". (4.57)
Where R;(¢) € R¥3 fori = 1,2, 3 is the rotation matrix given by
R(p, e;) = cos(¢) I3 + (1 — cos(¢))ese; +sin(H)e), (4.58)

where ¢ is the misalignment angle and e; is the ¢th column of the 3 x 3 identity matrix. Fig-
ure 4.12 shows that RCAC can handle the coupling effects introduced by the off diagonal

entries that appear in (4.57) as ¢ moves away from zero.
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Figure 4.12: M2R settling time for RCAC using thrusters. The inertia J starts at the cen-
troid value J5 and is rotated about each principal axis by ¢. The saturation level is set at 1
N-m on each axis.

4.5.3.2 Actuator Misalignment

We examine the robustness of RCAC for the M2R maneuver to actuator misalignment.
We misalign each actuator in different directions by varying angles. For a spacecraft with
three actuators, the input matrix is given by

Bsc: Rie1 Ryes R3€3 . (459)
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Each R; € R3*3 fori = 1,2, 3 in (4.59) is a rotation matrix given by Rodrigues’ equation
g y g q
R(0p,np) = cos(0p)I3 + (1 — cos(0p))npny + sin(fp)n}, (4.60)

where 0 is the misalignment angle and ng € R? is a unit vector which corresponds to the
misalignment axis.
The initial conditions and RCAC parameters used are given in Section VII. First, we

test a misalignment of 5 = 30 deg on each actuator with different misalignment axes so
that the rotation matrices in (4.59) are

Ry = R(05,e3), (4.61)
Ry = R(0p.e1), (4.62)
R3 = :R(@B, 62). (463)

where e; for 7 = 1,2, 3 is the ¢th column of /3. Figure 4.13 compares the closed-loop
performance using RCAC with full inertia and actuator knowledge given by the Markov

parameter ; in (4.51) with RCAC using the inertia and misalignment-free Markov pa-
rameter ﬁ{ in (4.55).
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Figure 4.13: Comparison of RCAC performance for M2R with § = 30 deg. Plots compare
RCAC using Markov parameter H; in (4.51) without saturation versus RCAC using the

inertia and alignment-free Markov parameter Hy in (4.54) with a = 1, h = 0.1 sec, and a
saturation limit of 1 N-m.

RCAC can complete the M2R maneuver without using knowledge of the misalignments
in the actuator matrix Bgc. As shown in Figure 4.13b the lack of alignment information

results in a longer settling time. To evaluate robustness, we test RCAC with larger mis-
alignment angles.
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Figure 4.14 shows the closed-loop performance when using the Markov parameter H,
in (4.54) for different misalignment angles. We increase the misalignment angle until the
controller fails to complete the M2R maneuver. As shown in Figure 4.15, for angles greater
than 60 deg or less than —40 deg, the controller coefficients converge but the system settles

into a limit cycle.
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Figure 4.14: Comparison of RCAC performance for M2R for various misalignment an-
gles 0. Plots compare the closed-loop performance using the inertia and alignment-free
Markov parameter H; in (4.54) with « = 1, h = 0.1 sec, and a saturation limit of 1 N-m.

4.5.3.3 Saturation Level

We examine the M2R settling time for RCAC under varying levels of saturation. We
define the boundary B in (4.20) by setting saturation limits for each axis

T
Ulim = Umax |: 1 1 1 :| N-m. (464)
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Figure 4.15: RCAC performance for M2R for misalignment angles 5 = 70 deg and
fp = —60 deg using the inertia and alignment-free Markov parameter H, in (4.54) with
a = 1 and a saturation limit of 1 N-m. Although the controller coefficients converge, the
system enters a limit cycle as shown by the angular velocity plot.

We let J = J3 and vary .. Figure 4.16 shows the settling time as a function of saturation

level.
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Figure 4.16: M2R settling time as a function of saturation level .

4.5.3.4 On-Off Thrusters

We introduce an input nonlinearity in the form of on-off thrusters. The control torque

applied to the spacecraft is given by

u = $ign(Uemd ) Uon (4.65)
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where u,, 1s a positive scalar and .y, 1s the commanded torque computed using RCAC.
We examine the effect of the on-off nonlinearity on the M2R settling time. We let J = J3
and vary the thruster torque u.,. Figure 4.17 shows that as u,,, increases the spacecraft

takes more time to complete the maneuver.
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Figure 4.17: M2R settling time for RCAC using on-off thrusters as a function of the thrust
level ugy,.

4.5.3.5 Constant Disturbance

We examine the effect of disturbances on the M2R settling time. We let J = .J3 and

consider a constant unknown disturbance 74;5; about each principal axis of the form
Taist = Bei, (4.66)

where ¢; is the ith column of the 3 x 3 identity matrix. We vary the disturbance level S and
examine its effect on M2R settling time. Figure 4.18 shows the settling time as a function

of the disturbance level £.

4.5.4 M2S Maneuvers

To expand the M2R example we command the spacecraft to spin about a specified body
axis aligned with a specific inertial attitude. Let the initial state of the spacecraft be as in
the examples in the previous section, set the controller parameters as in Table 4.2, and let
the desired angular velocity wy be as described in (4.23). Since the commanded angular

velocity is non-zero the desired attitude evolves over time according to
Ry = Raw. (4.67)
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Figure 4.18: M2R closed-loop performance for RCAC using thrusters. Settling time as a
function of the constant disturbance magnitude 3 about each principal axis. The number of
previous time steps in the retrospective cost is set to s = 1. The saturation level is set at 1
N-m, which is sufficient to reject the disturbance for all 5 € [0, 1].

Figure 4.19 compares the performance of RCAC using the nominal Markov parameter in

(4.51) with RCAC using the inertia-free Markov parameter (4.55) with saturation for the

M2S maneuver.
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Figure 4.19: Comparison of RCAC performance for M2S. Plots compare RCAC using
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4.6 Conclusions

RCAC algorithm is able to control spacecraft angular velocity and attitude using Markov
parameters derived from the linearized Euler and Poisson equations. Numerical simulations
indicate that the inertia information can be removed from the Markov parameter to obtain
inertia-free attitude control. We noticed an increased settling time for both M2R-R and
M?2R maneuvers when the controller time step was unknown.

We demonstrated robustness to scaling errors in the inertia and actuator models, if the
inertia model is smaller The results for inertia scaling showed increase control input when
the inertia was underestimated. When the modeling errors are on similar orders of mag-
nitude the impact on the settling time is small, on the order of 5 seconds difference from
nominal. Furthermore, incorrect modeling of the off-diagonal entries did not had a simi-
larly small effect on settling time.

These results sugggest that RCAC can be used as an inertia-free angular velocity and
attitude controller for detumbling (M2R-R), slews (M2R), and spinning maneuvers (M2S-
R and M2S) as long as the order of magnitude of the spacecraft inertia is known.

Robustness to actuator misalignments was also examined. Simulation results indicate
that RCAC is robust to thruster misalignments of up to 50 deg in all directions. Larger
misalignment errors result in RCAC entering a limit cycle due to the incorrect input-output
information provided by the Markov parameter.

The results for robustness to unmodeled but known saturation indicate that RCAC can
perform well regardless of the saturation level. Similarly unmodled on-off behavior is only
a problem with thrust resolutions higher then 0.5N-m.

Finally the results for unmodeled disturbances indicate that RCAC can reject a dis-
turbance constant in the body frame as long as the available torque is greater than the
disturbance magnitude. However, larger disturbance torques increase the settling time.

In summary, RCAC is a suitable method for attitude control using thrusters. Further-
more, the controller provides robustness to many common spacecraft design problems such
as mass property modeling error. Inaccurate alignment information on-off thruster behavior

and unmodeled disturbances.
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CHAPTER 5

Reaction Wheels

We extend the thruster control approach in [70] by utilizing reaction wheels with momentum-

storage capabilities as actuators. The momentum stored in the wheels introduces additional

nonlinearities in Euler’s equation as shown in [59]. These nonlinearities present an ad-

ditional challenge for the linear compensator produced by RCAC. The goal of this work

is to control the spacecraft without knowledge of the spacecraft or reaction-wheel iner-

tias. Specifically, we evaluate the closed-loop performance for motion-to-rest (M2R) ma-

neuvers. For these maneuvers the spacecraft has an arbitrary initial attitude and angular-

velocity, and the objective is to bring the spacecraft to rest at a specified inertial attitude.

We examine the relation between the spacecraft inertia, the reaction-wheel inertia, and the

closed-loop settling time. Furthermore, we investigate the effect of inertially constant dis-

turbance torques as well as noise and bias on the angular-velocity measurement.

First, we show that RCAC can complete the M2R maneuver using full information

of the mass properties of the spacecraft. Then, we remove the spacecraft and reaction-

wheel inertia information from the controller and examine the closed-loop settling time

for off-nominal spacecraft inertias. Thus, the controller uses limited knowledge of the

system. Finally, the algorithm is tested in the presence of disturbances, unknown actuator

misalignment, and noise and bias in the angular-velocity measurement.

5.1 Nonlinear Equations of Motion

We consider a single rigid body controlled by n reaction wheels w; which provide

on-board momentum storage. The translational motion of the spacecraft’s center of mass

is not considered. We assume that a body-fixed frame Fp is defined for the spacecraft,

whose origin is chosen to be the center of mass c, and that an inertial frame F' is specified

for determining the attitude of the spacecraft. Furthermore, for i = 1,...,n, where n

is the number of reaction wheels, we define a wheel frame Fyy, which is attached to w;.
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Reaction wheels change the attitude of the spacecraft by changing the direction of the total
angular momentum in the body frame. Since reaction wheels store angular momentum,

(3.5) becomes,

Be n Be n
— N — R - . — —
Jbje WB/I +Z Hy, e = —wn1 X Jb/CwB/Ia+ZHWi/C/I + My, (5.1)
i=1 =1
where n is the number of reaction wheels on the spacecraft and the angular momentum
Hy, e 1 of the ith reaction wheel relative to ¢ with respect to Fy, is given by

- —

Hwi/c/l = JW,L'/CZB/I + Hwi/c/B
_> —_ — AN AN
- Jwi/cWB/I + Hwi/ci/B + Tc/c; X MiVe¢/c;/B

% N —_
= Jw,/ewn/1 + Hy,/c,/B (5.2)

where jwi /c 1s the physical inertia matrix of reaction wheel ¢ relative to the spacecraft
center of mass, m; is the mass of the ith reaction wheel, and ?C /c; 18 the vector from the
center of mass of the ith wheel to the center of mass of the spacecraft. The velocity 3% /c/B
of ¢; relative to ¢ with respect to Fg is zero since the actuators are rigidly attached to the
spacecraft bus.

o
We expand the inertia term J, /. using Lemma 16

— — %

JW,‘/C == ‘]WZ/Cl - m’i(rc/ci)Qa (5.3)

—
where Jy, /., is the physical inertia matrix of reaction wheel i relative to its center of mass
¢;. The angular momentum H, ., /g of reaction wheel i relative to ¢; with respect to Fp s
given by

N N N

Hwi/ci/B = Jwi/ciwwi/B- (54)

where awi /B 1s the angular velocity of Fyy, relative to I'g. Therefore, the angular momen-

tum of the w; relative to ¢ with respect to Fy is given by

- — —

NG NN NN
eyt = | Tusges = mil7 oge, 2| @81+ T jeiow, o, (5.5)
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By differentiating (5.5) we obtain

Be Be

Be
N — ox | = N x g1 2
= . B
+ JWi/Ci Ww,;/B + Jwi/ci Ww,;/B
= Jwi/ci WB/I + Jwi/c WB/1 _’_Jwi/ci Ww,/B - (56)

Since the alignment of the wheel frame and the body frame is fixed with respect to Fg,
Be

—
the inertia matrix frame derivative J, /., is zero. Furthermore, we command the reaction

wheel acceleration, thus we define the ith wheel control input as

Be
N AA

Therefore, the reaction wheel angular momentum derivative is given by

= 5B L
Hwi/c/I = Jwi/c WB/1 +JW1/C1U’Z (58)
JW; f
W,
i
VfL u’l:

Figure 5.1: Wheel frame Fyy,, wheel angular velocity v;, and control input u;.

We resolve the quantities in (5.5) and (5.8) in the body frame F'g. First, we resolve the

angular velocities in the in the sth wheel frame as shown in Figure 5.1,

Ww/B| = ViEL ui| = uey, (5.9)

2 2

where e; is the ith column of the 3 x 3 identity matrix, u; € R is the acceleration command

to the ith wheel, and the ith wheel spins with an angular velocity v; € R about the 7 axis of
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Fy, which is evolves according to

v; = U (5.10)

Furthermore, we assume that each wheel is radially symmetric and let its spin axis moment
of inertia be «;, thus,

a 0 0
A —
Jw, = Jwises| =10 B 0 |, (5.11)
W;
0 0 6

where (3; denotes the moment of inertia about the remaining axes. Next, we resolve these
quantities in the body frame and obtain

— RN

—

Wwi/B| = Oie1vs, il = 0;e1u;, Jwife; . 0;Jw,07 (5.12)
where the orientation matrix
AT T : “
0; = Rs,/w, o 0; = ey O;, (5.13)

transforms vectors resolved in Fyy, into vectors resolved in Fg. Finally, we define the
notation

Be

YA A = VAN
= Y = ) = Y

R RBI w WBRB/1 w WR/I

B B B

AT AT A =
Tdist — Mb’ ) Jp = Jb/c ’ Ti = Tc/ei| -
B B B

Resolving the reaction wheel angular momentum (5.5) in the body frame yields

N

HWi/C/I

B = [OleZO;F - mi<7"i><)2] w + OiJin?Oielw,

= [OiJW,L.O;f — mi(rl-X)Q] w + 0;e104154, (5.14)
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its body-frame derivative (5.8) resolved in Fy is

Be

N

B
= [OiJWiOiT - mi<ri><)2} w + Oje1au;.

We use (5.14) and (5.15) to evaluate the summation terms in (5.1) . Thus,

n

Z It\[wi/c/l = Z [OILJWZO;F — m&?”f)ﬂ w + Oielaiui
=1 B

=1

= 0w, 0] = mi(r})*] w + Bwv
=1

where the ¢th column of By is given by
BWi é aiOiel € Rg

and

T
A
V:|:V1 Vg «-- ]/n:| ERn

Similarly, the frame derivative summation term is given by

n }i' n
Z Hwi/c/l = Z [OZJWZO;F — mi(’]“ix>2] w+ Oiel(xiui
i=1 B

i=1

= [0:Jw, 0] = mi(r})*] & + Bwu,
i=1
where

T
A
u = Uq Uo un .

Finally, resolving (5.1) in F'g yields

n Be n
T+ Y Hyjont| = —w” (wa + > Hyyen

=1 =1

B
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B

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)



Substituting (5.16) and (5.19) into (5.21) yields the equation of motion,

=1

W <wa + 3 (00w, OF = ma(rf)?] w + Bw) + Tait
i=1
Therefore Euler’s equation for a spacecraft actuated by reaction wheels is given by
Jw = —WX (Jw — BSCV) + Bscu + Tdist» (522)

where w € R3 is the angular-velocity of the spacecraft frame with respect to the inertial
frame resolved in the spacecraft frame, J € R3*3 is the constant, positive-definite inertia

matrix of the spacecraft, given by

T2 0+ 3 [00hw,0F —mi(r7)?], (5.23)

i=1

B]rmsc = _BW7 (5.24)

and 74;; € R3 represents all internal and external disturbance torques applied to the space-
craft bus. The equations of motion for a spacecraft actuated by reaction wheels are given

by Euler’s equation (5.22), Poisson’s equation,
R = Rw™, (5.25)
and the reaction-wheel dynamics
v =u, (5.26)

where v € R™ is a vector composed of the angular-rate of each reaction-wheel with respect
to the spacecraft frame, © € R™ is a vector composed of the control input to each wheel,
which has units of angular acceleration.

Furthermore, R € R3*3 is the proper orthogonal matrix (that is, the rotation matrix) that
transforms the components of a vector resolved in the spacecraft frame into the components
of the same vector resolved in the inertial frame and w™ is the skew-symmetric cross-

product matrix of w. Finally, «; is the positive moment of inertia about the rotation axis of
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the ith reaction-wheel, O; € R3*3 is the rotation matrix that transforms the components of
a vector resolved in the ith reaction-wheel frame into the components of the same vector
resolved in the spacecraft body frame, and ey, € R? is the unit vector that represents
the direction of the ith reaction-wheel’s spin axis resolved in the ith wheel frame. For
convenience, in (5.22), (5.25), and (5.26) we omit the argument ¢, recognizing that w, R, v,

u, and Ty;5, are time-varying quantities.

5.1.1 Error Dynamics

The objective of the attitude control problem is to determine control inputs such that the
spacecraft attitude given by R follows a commanded attitude trajectory given by a possibly

time-varying C! rotation matrix R4(t). For t > 0, R4(t) is given by

Rd(t) = Rd(t)wd(t)x, (527)
R4(0) = Ry, (5.28)

where wjy is the desired, possibly time-varying angular velocity of the spacecraft relative to
the inertial frame. The attitude error, that is, the rotation between R(t) and Rq(t), is given
by

RiR, (5.29)
which satisfies Poisson’s equation
R = Ro*, (5.30)

where the angular-velocity error w is defined by

1>

O =w— Rw,. (5.31)

We rewrite (5.22) in terms of the angular-velocity error as

Jo =[J(@& + RTwq) — Beer] x (@ + RTwq)
+ J(@ x R wq — RT6q) 4+ Byt + Zaist.- (5.32)
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5.2 RCAC Parameters for Attitude Control

RCAC requires a vector performance variable, thus, the attitude-error R given by Pois-
son’s equation (5.30) cannot be used directly. As in [70], we reformulate the attitude-error
dynamics using the vector parameter .S presented in [58].

For i = 1,2, 3, let e; denote the ith column of the 3 x 3 identity matrix, and let A, =

diag(ay, as, az) be a diagonal positive-definite matrix. Then
A ~
S2Yai (') xei € R (5.33)
1

is a vector measure of attitude-error. Thus, we define the performance variable for the

attitude control problem as

A W

S

z c RS, (5.34)

5.2.1 Baseline Markov Parameter

We utilize the procedure outlined in [70] to compute a baseline Markov parameter for
the spacecraft system through linearization of the error dynamics in (5.30) and (5.32). We

parameterize the SO(3) attitude-error R using the vector

T
~ A
r= |:’l:1 Ty fs} S (5.35)

where 7; € R'*3 is the ith row of the rotation matrix R. Then, the attitude-error dynamics
in (5.30) become

—w*

x T. (5.36)

=
I
|
S
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We rewrite Euler’s equation in (5.31) as

J& = [J (& + D(wa)F) — Bsev] x [@ + D(wa)7]
+ J[@ X D(wy)F — D(wa)7] + Bseltt + Zaist.- (5.37)

The operator D(z) : R? — R3*Y is

A
D(I> = |:ZE1]3 .I‘ng $3]3:| ) (538)

where z; for ¢ = 1, 2, 3, is the ith component of x.

We construct a state vector by stacking the angular-velocity error w, the attitude-error 7,
and the reaction-wheel angular-rates v. We define our system using this state vector and the
rewritten error dynamics in (5.36) and (5.37) combined with the reaction wheel dynamics
in (5.26).

We linearize the system by computing a Jacobian about the equilibrium

e

zl = [ ol #T T ] . The derivative of (5.37) with respect to w, 7, and v are

g_g = T [ (@ + Dl(wa)i) T

+ 1 (@ + D(wa)ie) — Buer]] — (D(wa)ie) (5.39)
% =J ! [= (@ + D(wa)Te) ™ JD(wy)

+ [J (@e + D(wa)7e) — Bsev]™ D(wa)]

5 D(wa) — D), 640
g_i’ = — J @ + D(wy)Fe] Bee- (5.41)

Next, we write the derivative for each row 7; of R as

7= (7 x @)T. (5.42)
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Then, the derivatives of (5.42) with respect to w, 7;, and v are,

where

OF;
or,;

0
oF,

Finally, the Jacobian for the reaction-wheel dynamics (5.26) is

OF;
B fori=1,2,3, (5.43)
ow '
oF; o oot
= |- X 5.44
or, “or o] (5-44)
i 0, fori=1,2.3 (5.45)
ov
(
137 1=7,
L 03><37 Z7éj7
) ] _
D(wd) 13 0 0 ) j: 17
D(wd> 0 I3 O ) Jj=2,
T
j)(“u) [ 0 0 I } ’ j = 3.
o
— 5.46
o (5.46)

We obtain the input matrix by differentiating (5.37), (5.42), and (5.26) with respect to
the control input © which yields

J 1By
O9><nw

RW1 €W1

Rw, ew,,
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We rewrite the attitude parameter .S in terms of the attitude state 7 to compute the output

matrices.
S =—-M,R,T, (5.48)
where
_ - -
M'aélelX ey e?f},Raé a 13
L a3]3 4
Thus,

I3 0O3x9 Osxp,
C = . (5.49)

Osxs Mo O3xn,
We obtain the discrete-time dynamics matrix from
A= eth (5.50)

where A, is the Jacobian constructed from the derivatives in (5.39) - (5.46) and h is the

controller time step. The discrete-time input matrix is given by
h
B= / e7dr B... (5.51)
0

The discrete-time output matrices are £; = C' and Dy = 0.
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5.3 M2R Examples

Consider a rigid body whose inertia matrix relative to its center of mass resolved in the

body frame is

5 =01 =05

Jo=[-01 2 1 | kg-m®. (5.52)
—-05 1 3.5
We use n,, = 3 reaction wheels whose rotational-axis moments of inertia are oy, = 0.1

kg/m? for i = 1,2, 3. The wheel spin axes are chosen such that ey, = e, fori = 1,2, 3,

are aligned orthogonally. Thus, the actuator matrix B in (5.32) becomes
By, = —0.115. (5.53)
The spacecraft’s initial motion is described by

0.1 T
w(0) = ﬁ { 1 -1 1 } rad/sec (5.54)

with the reaction-wheels initially at rest so that
T
v;(0) = { 00 0 } rad/sec, fori =1,2,3. (5.55)

The spacecraft’s initial attitude is given by R(0) = I3. The goal of the controller is to bring

the spacecraft to rest with an attitude corresponding to an eigenaxis rotation of 40° about
T

the body direction { 111

The controller order is set to n. = 3, the recursive cost weighting R = I, the initial
controller coefficients and the initial covariance are set to #(0) = 0 and P(0) = 100/, and
the attitude parameter weights for .S in (5.33) are given by a; = 1,a, = 2, and a3 = 3. To
compute the baseline Markov parameter, we compute the Jacobian about the equilibrium

we = 0, Re = I3, v, = 0. Then, the first Markov parameter for the linearized system is

N hJ B
M, 2 EB= . (5.56)

1h2M,R,M} J' B,
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As in [70], we saturate the control input proportionally, by scaling the control vector as

Ugat, = (5.57)

where B is a boundary defined by the saturation limits and 7 is the maximum scaling

possible such that ug,; € B, that is,

n = max{n:nu € B}. (5.58)

n€(0,1]

we limit the magnitude of the angular acceleration of each wheel to 1 rad/sec?.

5.3.1 Robustnes to Inertia Uncertainty

To evaluate the robustness of RCAC to inertia uncertainty, we examine the relationship
between the Markov parameter and the spacecraft and reaction wheel inertias. We introduce
two inertia-free Markov parameters #, and ff{’l The first inertia-free Markov parameter

ff-(l, does not have information about the spacecraft inertia ./, that is

thc

A~

I

1>

(5.59)
Th*M,R,M] By,

The second inertia-free Markov parameter, H’ does not contain information about either

the spacecraft inertia .J or the reaction wheel inertias «y,, thus

hBi.
= e (5.60)
1h?*M,R,M] B,

where the columns of the inertia-free B, are given by

~

b; = — Rw,ew, . (5.61)
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Thus, the Markov parameter JA-C’I is inertia-free but uses the actuator alignment information

in B. Figure 5.2 compares the eigenaxis attitude error,

1 -
Boig = cos™! 3 (tr . 1) , (5.62)

using the baseline and inertia-free Markov parameters J(;, 5:61, and ﬂ:C’l
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Figure 5.2: Eigenaxis attitude-error for a M2R maneuver on a log scale. RCAC reaches the
commanded attitude using the baseline Markov parameter J{;, the spacecraft-inertia-free
parameter Hy, and the inertia-free parameter 3.

Figure 5.2 shows that removing the inertia information affects increases the steady state
error. Furthermore, also removing the reaction wheel inertia approximately doubles the
settling time.

Next, we scale the inertia matrix and compare the settling time for various spacecraft
inertias given by J,. = 3.J, for 5 > 0. To evaluate the closed-loop performance, we define

the settling time ¢ as the time needed to bring the eigenaxis attitude-error within a bound
., that is,

Oeig(t) < b5, forall t > tg.

In the following examples 65 = 1 deg and we use the inertia-free Markov parameter fJ:C’l in
(5.60).

Figure 5.3 shows that, for the Markov parameter H, the settling time increases as the
inertia of the spacecraft increases. This result is expected and is due to the decrease of
control authority of the fixed-size reaction wheels. As the spacecraft inertia increases, the

reaction wheels have a smaller effect on the angular acceleration w. However, the steady
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state error is less than 1 x 1077 radians and the settling time is within 200 seconds which

is acceptable for many spacecraft applications.
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Figure 5.3: M2R settling time ¢y as a function of spacecraft inertia scaling  for fixed
wheel inertias ov,. As the spacecraft inertia increases, RCAC requires more time to reach
the commanded attitude.

5.3.1.1 Unmodeled Inertia Changes

We examine the effect unmodeled variations in the spacecraft inertia J,. and the wheel
inertias Jy, have on the settling time of the M2R maneuver. Let the centroid inertia matrix
be given by J3 = diag (10, 8.33,5). Then we set the spacecraft inertia to be a value between
J3 and other inertias according to

J=(1-a)J;s+ aJ;, for (5.63)
where, for i = 1,2, 4,5, J; is given by
J1 =1013, Jo =diag (10,10,5) J, = diag(10,5,5) J5 = diag(10,10,0.1).

J1 represents a sphere, J5 is a cylinder, J; is a thin disk and J; is a thin cylinder.

Figure 5.4 shows the settling time for the M2R maneuver as we vary the weighting a.
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Figure 5.4: M2R settling time for RCAC using reaction wheels. The inertia J starts at
the centroid value J5 and moves toward the sphere .J;, cylinder J5, thin disk Jy, and thin
cylinder J5 according to (4.56). The saturation level is set at 0.1 rad/sec?.
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Next, let J = J3 and let the reaction wheel spin axis inertias Jw, = «,. Figure 5.5.
shows the effect of changes in the reaction wheel inertia on the settling time of the M2R

maneuver.
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Figure 5.5: M2R closed-loop performance for RCAC using reaction wheels. Settling time
as a function of the reaction wheel spin axis inertia ;. The saturation level is set at 0.1
rad/sec?.

5.3.2 Frame Rotation and Actuator Misalignment

We evaluate the robustness of RCAC to unknown inertia rotations for the M2R maneu-
ver. First, we examine the effect of unmodeled off-diagonal inertia terms in ./ on the M2R
settling time. This is equivalent to unmodeled rotation of the Fg relative to a principal axis

frame. Let
J=RJR", (5.64)
where Jy is given by (5.52) and R(¢, n) € R3*3 is given by
R(¢,7) = cos(¢p) I3 + [1 — cos(@)]an’ + sin(p)n*, (5.65)

where ¢ is the misalignment angle and 7 is the misalignment axis. Figure 5.6 shows that
RCAC can complete the M2R maneuver for all possible single-axis rotations of I'g relative

to a principal axis frame.
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Figure 5.6: Settling time ¢ as a function of the angle ¢ for different rotation axes n. RCAC
can complete the maneuver for all single axis rotations of the actuator and sensor axes.
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Next, we misalign the reaction-wheels by applying an unknown rotation R according

to (5.65) so that the columns of the actuator matrix B, become
b = —a;RRw,ew,. (5.66)
We vary the angle ¢ and consider the misalignment axes
ng = ey, Ny = €9, N3 = e3.

We use the Markov parameter JA-C’l in (5.60), which does not assume knowledge of the
misalignment information R or the inertia J,.. Figure 5.7 shows that, as the misalignment
angle increases, RCAC requires more time to settle, which reflects the lack of alignment

information in the Markov parameter ﬂ:C’l
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Figure 5.7: Settling time ¢y as a function of the actuator misalignment angle ¢. RCAC is
robust to single-axis misalignments up to 20 deg about all three axes.

5.3.3 Constant Disturbance Torque

We examine the performance of RCAC under the presence of a disturbance torque that
is inertially constant such as solar radiation pressure. We test three different cases using

the constant magnitude disturbance

Tdist = RTdszd, (5-67)
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where d; is the disturbance magnitude and 7 is the disturbance vector direction resolved

in the inertial frame. Figure 5.8 shows the eigenaxis attitude-error for a disturbance of
magnitude dy = 1 x 10~ N-m with various inertial directions.
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Figure 5.8: Eigenaxis attitude-error on a log scale for an inertially constant disturbance
torque with magnitude dy = 1 x 10~* N-m and for different inertial directions 7,; the
direction €133 = \/% [11 1]T. RCAC can complete the maneuver under a constant, single-

axis disturbance torque using the inertia-free Markov parameter J:C’l

5.3.4 Noise and Bias

We introduce noise and bias into the angular-velocity measurement and examine the
impact on the settling time. Let the measured angular velocity be given by

Yo =w + b+ vy, (5.68)

where b € R3 is a constant bias and v, is white Gaussian noise. Figure 5.9 shows the

eigenaxis attitude error when the angular velocity measurement is corrupted by a constant

T
biasesb=1by| 1 1 1 } and Gaussian white noise with variance o2 = 107!2 rad/sec.

Since the angular-velocity measurement is included in the performance variable, the steady-
state error increases as the bias magnitude increases.
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Figure 5.9: Eigenaxis attitude error on a log scale for noise and bias in the angular-velocity
measurement. As the bias increases, the steady-state error increases.
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5.3.5 M2S Maneuvers Using Reaction Wheels

For the M2S maneuver, we again take the spacecraft inertia to be .J = J3, the reaction
wheel inertias Jy, = 0.1 kg-m? and let the spacecraft be initially at rest so that R(0) = I.
As in the thruster examples, we test four maneuvers: spins about each of the principal axes
and a spin about a non-principal axis.

For the desired attitude, we command an 40 deg eigenaxis rotation about the vector
T

1 1 1 | - The desired attitude evolves according to Rq = Rqw*. Figure 5.10 shows

the closed-loop response for the M2S maneuver.
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Figure 5.10: M2S performance for RCAC using reaction wheels. The spacecraft is com-
manded to spin about each principal axis as well as a non-principal axis. The number of
previous time steps in the retrospective cost is set to s = 1 and use the inertia-free Markov
parameter H in (5.60). The saturation level is set at 0.1 rad/sec?.
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5.4 Conclusion

RCAC was shown to achieve attitude command following for motion-to-rest maneuvers
using reaction wheels. Dependence on the inertia of the spacecraft bus and the spin axis
moment of inertia of the reaction wheels was removed from the Markov parameter. There-
fore, an inertia-free controller was shown to achieve command following for spacecraft
under various off-nominal conditions.

The inertia-free Markov parameter enabled RCAC to reach the desired attitude with
acceptable levels of steady state error (10~%rad) and settling time (< 30sec). Numerical
studies demonstrated robustness to scaling errors in the spacecraft inertia model as well as
robustness to unknown single-axis misalignments of the reaction wheel spin axes. Further-
more, RCAC is able to handle unmodeled inertially constant disturbances.

Finally, we introduced Gaussian white noise and bias in the angular-velocity measure-

ment and showed that the controller is stable can reach the desired attitude.
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CHAPTER 6

Magnetic Torquers

Magnetic coils are commonly used to reduce momentum in spacecraft that use mo-
mentum storage devices such as reaction wheels [82]. Magnetic actuators are also used
to de-spin spacecraft after launch vehicle separation [83]. However, the torque produced
by the coils is constrained to the plane orthogonal to the Earth’s local magnetic field vec-
tor. This lack of instantaneous controllability along with low-torque capability, and low
pointing accuracy make magnetic coils impractical for three-axis attitude control of large
spacecraft. Yet, as the size of the spacecraft decreases and pointing accuracy requirements
are relaxed, the benefits of magnetic coils, such as small size, ease of manufacturing, and
low power consumption, outweigh the challenges in the design and operation of these con-
trol systems [84]. Thus, the application of active magnetic coils for three-axis attitude
control of small spacecraft has gained interest in recent years [85].

Attitude regulation methods for magnetic control typically rely on a model of the space-
craft dynamics and kinematics, the spacecraft mass properties, and a model of the magnetic
field. Control techniques include proportional-derivative control, optimal control, and non-
linear methods [86]. However, these methods may fail when accurate modeling informa-
tion is not available. Thus, a control law that reduces the required modeling information is
desired.

We develop a controller that utilizes measurements of the local magnetic field without
knowledge of the mass properties. We apply retrospective cost adaptive control (RCAC)
to spacecraft attitude control using magnetic torquers. Specifically, we modify the RCAC
formulation to accommodate the rank deficiency of the input matrix. We compare two
approaches to address the rank deficiency and time-varying nature of the input matrix.
The first approach utilizes an average of the magnetic field based on a-priori knowledge,
whereas the second approach uses three multi-input, single-output controllers. RCAC uses
no information about the spacecraft inertia, and model information is limited to the input-
output relation given by the first Markov parameter, which is computed from an inertia-

free linearization of Euler’s and Poisson’s equations. We compare the performance of both
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algorithm variants. Given a spacecraft with arbitrary initial angular rate and initial attitude,
the objective of the first maneuver to bring the spacecraft to rest at a specified attitude. For

the second maneuver we wish to spin about an inertially pointed body axis.

6.1 Spacecraft Model

Magnetic torquers are composed of electric coils which generate a current which in
turn creates a local magnetic field. The magnetic field created by the coils interacts with

the Earth’s magnetic field b and produces a torque on the spacecraft,

X

Meuyn=-0 d (6.1)

RN

where d is the combined magnetic dipole produced by the magnetic torquers.
Since magnetic torquers do not store momentum, Euler’s equation for a spacecraft con-

trolled by magnetic torquers is given by

A X N JEEN

Be
ﬁ — —

_> —
Jb/c WB/1 = —wWp/r X Jb/CwB/I —b d+ M. (6.2)

We define the notation,

= b, tuw 2 M| . (63)
B B

A A
Jse = Jb/c 5’ W = Wa/1 =

AA
d:d) b(t
B’ B’ (t)

We resolve (6.2) in the body frame and obtain the dynamics for a spacecraft actuated by

magnetic torquers
Jsew = —w* Jgew — ()™ d + Tqiss- (6.4)
The attitude is given by
R = Rw*. (6.5)

The vector 74;s; represents disturbance torques, that is, all internal and external torques
applied to the spacecraft aside from control torques. These disturbances may be due to
onboard components, gravity gradients, solar pressure, atmospheric drag, or the ambient
magnetic field. For convenience in (6.4) and (6.5) we omit the argument ¢, recognizing that

w, R, d, and 745 are time-varying quantities.
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6.1.1 Magnetic Dipole Allocation

Let the command u computed by RCAC be the desired torque. The magnetic coils
must generate the desired torque v using a magnetic dipole command d. The resulting
dipole creates a torque vector that is orthogonal to the local, time-varying magnetic field
b(t) € R3. Given the control torque u commanded by RCAC we must compute the required
dipole d.

The torque obtained from a magnetic dipole d(¢) and the Earth’s magnetic field b(¢) is
given by

T(t) = —b(t)*d(t). (6.6)

d(t) = =b(t)* "u = ———u. (6.7)

b)) = - (6.8)

The generalized inverse b(zﬁ)XJr projects the desired torque onto the plane orthogonal
to b(t) and allocates the necessary dipole d(t). Thus, the control torque applied to the

spacecraft is given by

7(t) = —b(t)*d(t) = By (t)u, (6.9)
where
A —b(t)*b(t)*
Bsc t) = 6.10
0= m (610
Note that, for all ¢, rank B (t) = 2. Using (6.9) we write (6.4) as
Joew = —w ™ Jgew + Beell + Taist- (6.11)
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6.2 Modifications to RCAC for Magnetic Control

Let the performance z be given by

w
2= . (6.12)
E?Zl a;e; X Rel-

where R = RER, and for: = 1, 2, 3, e; is the ith column of the 3 x 3 identity matrix, and the
positive scalars a; are distinct. Linearizing the spacecraft dynamics and using convolution

we can write (6.12) as

z2(k) = By Ax(k — 1) + Hu(k — 1), (6.13)
where
I3 039
A= , (6.14)
—h]\/[;r Iy
hJ Bse
B— >¢ , (6.15)
2 _
| M Jse Bsc
Is O3x9
FE, = . (6.16)
O3><3 _MaRa

The Markov parameter for the linearized spacecraft equations controlled by magnetic tor-

quers is given by

hJ ' By
H=FB= : (6.17)

L2 M, Ry MY J ' B

a sC
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where
Moo= e ef e | €R™, (6.18)

CL1]3

R, = asls e R, (6.19)

asl3

We remove the inertia information from H and define

hBs.

1>

: (6.20)
L2 M, R, MT B,

where « is a positive scalar.

6.2.1 Cost Function

The 2-step retrospective cost function is given by

JUk —1),k) = Uk — D) AK)U(k — 1) + U (k — )BY(R)U + C(k),  (6.21)

where

A(k) £ H Rz (k)H + Ry (k), (6.22)

B(k) 2 20 Ry (k)[Z(k) — HU(k — 1)), (6.23)

C(k) £ Z (k)R (k) Z(k) — 22" (k)R (k)HU (k — 1) + U (k — V) H Ry (k)HU (k — 1),
(6.24)

Rz, Ry are positive-definite, H contains the Markov parameters, and U (k), Z (k) are stacks

of previous controls and previous performances, respectively. If A(k) is positive definite,

the unique minimizer for J(U(k — 1), k) is
2 1
Uk —1) = —5A7 (k)B(k). (6.25)

The magnetic constraints on the control torque introduce additional difficulties in the

computation of the retrospective controls U (k — 1) in (6.25) and the implementation of
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the control input u(k). We develop two methods for managing the rank deficiency in the

Markov parameter caused by the singular input matrix.

6.3 Rank deficiency of B,

In previous approaches to spacecraft attitude control [70], [71], [73], RCAC was set up
as a multi-input, multi-output controller. The input matrix Bs.(t) in (6.11) is used to com-
pute the Markov parameter. However, since b(t)* is skew symmetric, H is rank deficient,
which prevents the inversion of A in (6.25) in the absence of the control weighting matrix
Ry Although it is possible to create a full rank A by using the control weighting matrix
Ry, numerical studies suggest that this does not result in a successful control law.

Thus, to ensure that the product T R H in (6.22) is invertible, we propose two modifi-
cations to the previous attitude control RCAC implementations. The first approach utilizes
the average of the input matrix By.(t). This average matrix is shown in [87] to have full-
rank for orbits that are non-equatorial, thus the resulting Markov parameter is left invertible.
The second approach uses an alternate control architecture including three separate multi-

input, single-output RCAC controllers instead of one multi-input, multi-output controller.

6.3.1 Averaged Markov parameter

Define the input matrix By (t) resolved in the ECI frame as

o ZV@ ()"

TORI0 (6.26)

Bsc(t) ECI = B;c(t)

where b/(t) is the magnetic field vector resolved in the ECI frame. Next, we compute the

average of B._(t) over several orbits

- 1 (7T
B = lim — / B! (t)dt. (6.27)
0

T—o0

The averaged input matrix (6.27) is used to prove controllability and stability in [87]. We
use this approach to obtain a full rank Markov parameter for RCAC. First, we transform

the averaged input matrix into the spacecraft body frame

B.2B.| =R'B.R. (6.28)
B
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Then, using the average matrix in resolved in the body frame we construct the average

Markov parameter

5 hJ' B
H=a« ) (6.29)
WM R,M} J ' By
We remove the inertia and obtain,
. hB.
H=« , (6.30)
1M, R,M} B,

which is left invertible for non-equatorial orbits.

6.3.2 Decentralized RCAC

For the second method, we synthesize the desired torque u using three independent
multi-input single-output RCAC control loops. A similar architecture is used in [88] for
angular velocity control using a heuristic approach to controller construction. We define

the performance for each RCAC block as
= Clz(k), (6.31)

where 5; and w; are the ith components of .S and w, respectively, and

T
A €; O1x3

Cy (6.32)
01x3 6?
We rewrite (6.31) as
3
zi(k) = CiEyAx(k — 1) + Y C/E Beju;(k — 1), (6.33)
j=1

where u; (k) is the jth component of u(k).

To compute the Markov parameter we assume that the sensor and actuator frames are
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Parameter Value
Inclination 87°
Radius 450 [km]
Right ascension of ascending node 0
Argument of perigee 0
Mean anomaly 0
Period (7}p;t) 5615 [sec]

Table 6.1: Orbital parameters.

aligned and that each component of the performance z(k) is only affected by the corre-

sponding component of the control u(k — 1) such that
Thus, the Markov parameter for the ith multi-input, single-output RCAC is

hei Jo' Bic(t)

= ;. (6.36)
Lp2eT M, R, MY J ! By (t)

a sC

Removing the inertia yields

N hel By (t)

H(t) e, (6.37)

shel MR, M, By.(t)

which is left invertible. This approach ignores the coupling between axes and only requires

knowledge of the alignment between actuators and sensors.

6.4 Numerical Examples

Consider a rigid spacecraft around a high-inclination circular orbit given by the orbital
parameters in Table 6.1. The magnetic field is computed using the International Geomag-

netic Reference Field IGRF) model [89]. Furthermore, all disturbances z4 are assumed to

99



parameter | Value
e 10
P 1001
Ry 101
o 0

ai 1

as 2

as 3

h 10 [sec]
o 0.1

Table 6.2: RCAC parameters.

be zero. The RCAC parameters used are shown in Table 6.2. Furthermore, the performance

weighting is given by
Ry = : (6.38)

where € is a positive number. The scaling requirements between the angular velocity and

attitude error terms is explained in [87]. For the M2R examples, we set ¢ = 1077,

6.4.1 MZ2R Examples

Let the initial motion of the spacecraft be described by

T
w(0) = 0.001 { 0 —1 0 } rad/sec. (6.39)

We describe the initial and desired attitudes using eigenaxis rotations as defined by Ro-

drigues’ equation

R(Oe, 7re) = cos(0) I3 + (1 — cos(f,))nent + sin(f,)n, (6.40)

e
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where 0, is the eigenangle and 7, € R? is the eigenaxis. Thus, the initial attitude be given

by an eigenaxis rotation of 6, = 90° about the vector

T
710:[—0.03 —0.9 0.03} : (6.41)

The goal of the controller is to bring the spacecraft to rest, that is, w; = 0, at the inertial

attitude given by the eigenaxis rotation of #; = 96° about the vector

T
ndz[l 1 —1] : (6.42)

We test the M2R maneuver on three different rigid bodies, namely, a sphere, a cylinder, and
an arbitrary body.
We assume that the sensor and actuator axes are aligned such that the inertia matrices

resolved in the body frame are given by

Jephere = diag(10, 10, 10) kg-m?, (6.43)
Jeylinder = diag(10, 10, 5) kg-m?, (6.44)

5) —0.1 —-0.5
Jarbitrary = [-0.1 2 1 kg'm2 . (645)

=05 1 3.5

We compare the performance of both approaches to magnetic control for the M2R ma-
neuver using the inertias in (6.43), (6.44), and (6.45). Figure 6.1 shows the results for the
sphere inertia, Figure 6.2 shows the results for the cylinder inertia, and Figure 6.3 shows
the results for the arbitrary inertia. The dipoles shown in the examples indicate that both
implementations, averaged and decentralized, command dipoles of the same magnitude
given the same tuning parameters in Table 6.2. Thus, we compare both approaches based
on settling time of the eigenaxis attitude error ;. For all three inertias, the centralized
approach based on the average Markov parameter H settles faster than the decentralized

version based on the Markov parameter H.
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Figure 6.1: Performance comparison of RCAC using the average Markov parameter H
versus the decentralized approach for the M2R maneuver for a spherical spacecraft with

inertia Jyphere in (6.43).
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Figure 6.2: Performance comparison of RCAC using the average Markov parameter H
versus the decentralized approach for the M2R maneuver for a cylindrical spacecraft with

inertia Jeylinder 1n (6.44).
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versus the decentralized approach for the M2R maneuver for the arbitrary inertia Jurpitrary

in (6.45).

104



The advantage of the centralized controller can be attributed to the information about
coupling of the axes in the average input matrix By.. The loss of information caused by
decoupling the input and output relations in (6.37) increases the settling time of the decen-
tralized architecture in the presence of the real time input matrix By (t).

We can also compare these approaches based on algorithm complexity and execution
time. The order of the controller affects the memory requirements and time required to
compute each control iteration. This is an important factor for the application of these con-
trol laws on small spacecraft. For a controller of order n., the averaged Markov parameter
method needs to compute ,n.(l, + [,) = 27n, parameters. In contrast, the decentralized
approach requires 3l,n.(l,+1.) = 9n. parameters. Thus, the decentralized approach yields

similar settling times for M2R maneuvers using a third of the computational cost.

6.4.2 M2S Examples

We command the spacecraft to spin about a body axis aligned in a specific inertial direc-
tion. Let the initial angular velocity and attitude of the spacecraft be as in Section6.46.4.1
The desired angular rate

T
wq = 0.001 [ 0 -1 0 } rad/sec (6.46)

corresponds to an Earth-pointing attitude. The desired attitude evolves over time according
to Ry = Rqwj where the initial desired attitude R,4(0) is described by an eigenaxis rotation
of 6;(0) = 96 deg about the vector n, in (6.42). We set the controller parameters as in Table
6.2. Unlike the M2S examples, we set @ = 1 in (6.30) and (6.37) and ¢ = 5 x 107" in
(6.38).

Figures 6.4 and 6.5 show that the decentralized approach is able to bring the both the
spherical and cylindrical spacecraft into a Nadir pointing attitude, that is, a spin about an
inertially pointed body axis.
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Figure 6.4: Performance of RCAC using the decentralized approach for the M2S maneuver
for the spherical spacecraft inertia Jyppere in (6.43).

106



w [rad/sec]

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Orbits Orbits

(a) Eigenaxis attitude error for decentralized RCAC (b) Angular velocity for decentralized RCAC

-6

0 5 10 15 20 25 30
Orbits

(c) Magnetic dipole for decentralized RCAC

Figure 6.5: Performance of RCAC using the decentralized approach for the M2S maneuver
for the cylindrical spacecraft inertia Jeyiinder in (6.44).
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6.5 Conclusions

RCAC was used to control spacecraft angular velocity and attitude using magnetic
torque actuators. The torque command computed by RCAC was allocated into magnetic
dipoles based on the generalized inverse of the skew symetric cross-product matrix of the
magnetic field vector. The Markov parameter for the magnetic torquer-controlled space-
craft was made left invertible through two different approaches, averaging and decentral-
ized control.

Using the averaged Markov parameter an inertia-free control law was developed. Nu-
merical simulations show that the algorithm can achieve a M2R maneuver and bring dif-
ferent spacecraft bus shapes to rest at an inertial attitude.

The decentralized control approach assumes that the sensor and actuator axes are aligned.
The three control inputs are computed by independent RCAC controllers using different
performance variables. This architecture results in three multi-input, single-output systems
with left invertible Markov parameters. The decentralized RCAC approach was also shown
to complete the M2R maneuver for different inertias.

Comparison of the numerical results indicate that the averaged Markov parameter ap-
proach has better settling time characteristics than the decentralized approach given similar
RCAC tunings. However, the decentralized method uses one third of the computational
capacity of the averaged Markov parameter approach. Thus, the decentralized method is
better suitable for applications where computational capacity is limited and settling time re-
quirements are flexible. Furthermore, the settling time of the decentralized approach could
be improved by modifying the performance variable to account for the coupling present in

the magnetic control formulation.
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CHAPTER 7
Control Moment Gyros

CMG’s are typically operated in torque mode, where the desired torque is determined
by a separate control law. This torque is then realized by a steering law that commands
the angular velocities of each CMG gimbal [90-93]. A difficulty of this approach is the
fact that the CMG’s may reach a singular configuration in which the torques that can be
produced are confined to a plane. This situation manifests itself as a singularity in the input
matrix. The singularity prevents the use of the matrix inverse required by some steering
laws [94]. This actuation constraint is analogous to the constraint that arises with magnetic
torquers. Variable speed CMG’s can be used to overcome torque singularities [95], at a
cost of greater actuation complexity.

In this chapter we consider spacecraft attitude control with CMG’s using RCAC to di-
rectly command the gimbal velocities. Previous adaptive methods for single-gimbal CMG’s
include steering laws as part of the control synthesis to avoid singularities [96]. Other adap-
tive methods have focused on variable speed [44,97] or double gimbaled CMG’s [98].

The primary objective of this chapter is to assess the performance and robustness of
RCAC in the presence of time-varying singularities in the input matrix for velocity-commanded
CMG’s. Furthermore, we examine the sensitivity to changes in the orientation of the prin-
cipal axes relative to an arbitrary body-fixed frame. In Section 2, we review the equations
of motion of a spacecraft controlled by three orthogonally mounted CMG’s; further details

are given in [99].

7.1 Spacecraft Model with CMG’s

We derive the dynamics of a spacecraft sc consisting of a bus b actuated by n single-

gimbal CMG’s. Fori = 1,...,n, CMG; is composed of wheel w; mounted on gimbal

gi-
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7.1.1 Kinematics

Define an inertial frame F;, a body frame Fp fixed to b, a frame F, fixed to g;, and a

frame Iy, fixed to w;. The kinematics are described by Poisson’s equation

Be .
— X
Ry = RB/IWB/D (7.1)

5
where Be denotes the derivative with respect to F'g, Rp/1 is the physical rotation matrix that
transforms Fy into Fp, wg /1 1s the angular velocity of F'p relative to Iy, and the superscript

% denotes the skew-symmetric cross-product matrix.

7.1.2 Dynamics

We specify the following assumptions.
Assumption 1. The spacecraft bus and wheels are rigid bodies.

Assumption 2. The gimbals are massless.

Assumption 3. Forallt = 1,...,n, the center of mass c; of w; is fixed in the spacecraft
bus.

Assumption 4. Foralli =1, ... ,n, w; is rotationally symmetric about vy, .

Assumption S. Forall i = 1,... ,n,Fw, spins at a constant speed about i, relative to
Fg,.

Assumption 6. Foralli =1,... n,iy, is fixed in Fg,.

Assumption 7. Foralli =1, ..., n, g; is angular-velocity commanded about jg,.
Assumption 8. Forall i = 1,...,n, there are no external torques or forces acting on w;
or g;.

Assumptions 1, 2, and 3 imply that the center of mass c of the spacecraft is fixed in b.

Therefore, the angular momentum Hy, 1 of b relative to ¢ with respect to Fy is given by
— _> N
Hb/c/l = Jb/ch/I, (7.2)
—
where Jy, /. is the physical inertia matrix of the spacecraft bus relative to c. The angular

momentum H,, /.1 of w; relative to ¢ with respect to Fy is given by

Te

RN

HWi/C/I - HWi/Ci/I + rci/c X mi TCZ'/CJ (73)

N RN

110



where Hy, /1 is the angular momentum of w; relative to its the center of mass c¢; with
respect to Fr, ?Ci /c 18 the position of c; relative to c, m; is the mass of w;, and le denotes

the derivative with respect to F.
Te

Applying the transport theorem to ?Ci /e in (7.3) yields
— — —_ i. — —_
HW@/C/I = Hwi/ci/l + Teife XMy (Tci/c —H'UB/I X Tci/c> ) (7.4)

where Be denotes the derivative with respect to F. Since both ¢ and c; are fixed in b, it
Be

follows that ?Ci /e= 0. Therefore,

RN RN
—

HW,-/C/I = Hwi/ci/l + mi?ci/c X (SB/I X Tq/c)

AX2

= Hwi/ci/I —MiT e, WB/I (7.5)

Since, by Assumption 1, ¢; is fixed in w;, the angular momentum H,, ., 1 of w; relative
to c; with respect to F is given by
N % N

Hwi/ci/l - ']wi/ciwwi/lv (76)

% —_—
where J,, /., is the physical inertia matrix of w; relative to ¢; and ww, 1 is the angular
velocity of Fyy, relative to F;. Expanding awi s1in (7.6) yields
- —

Has et = wjes (@30,m + wnpr) (.7)

where Jwi /B 18 the angular velocity of Fyy, relative to Fg. The angular velocity of Fyy,

relative to Fg is given by

RN

Ww,/B = awi/Gi + ;Gi/B7 (7.8)

where ZWI. /c, 1s the angular velocity of Fyy, relative to Fg, and JGZ. /B is the angular ve-
locity of Fg, relative to Fg. By Assumption 7, the control vector for CMG; is defined
by

Ui = Wa,/m. (7.9)
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Therefore, using (7.8) and (7.9) we rewrite (7.7) as

— —

HWi/Ci/I = JWi/Cz‘ <2W1/G7, + El + 5B/I) . (710)

Substituting (7.10) into (7.5) yields

= - N SR X2
Hyifeyr = Jwife; (wwi/Gi +ug + wB/I) —MiT ¢, /cWB/I
— N N — N
= Tuges (@i, + i) + el (7.11)
where, by the parallel axis theorem,
— — X2
‘]Wi/C = Jwi/ci —MyTe, /e (7.12)

N

By Assumption 2, the angular momentum Hyg, /1 of g; relative to ¢ with respect to Fy

is zero. Therefore, the combined angular momentum H. /.1 of the bus and CMG’s relative

to ¢ with respect to Fy is given by

JEEN

Hsc/c/I - Hb/c/I + Z Hwi/c/I + Z Hgi/c/l
i=1 i=1
= Hujept+ Y Huyjept (7.13)
i=1
Using (7.2) and (7.11) we rewrite (7.13) as

RN

— N n — N N — N
Hyejepr = Jpjewnyr + Z |:Jwi/ci (wwi/Gi + Uz) + Jwijewn)1
i=1

— N n — N N
= Jaefeln+ I Tufes (@, + i) (7.14)
1=1
where
— — LR
Tscje = Joje+ 3 Juse (7.15)
i=1

7.1.2.1 Euler’s Equation

Let w be a particle that is not subject to any forces. Assumption 1 implies that the center
of mass ¢y, of b is fixed in b. Thus, the derivative of the left side of (7.2) with respect to F
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is given by

Te

Tee

Hyjoyt = =T o jX T opu + My + > M, (7.16)

=1

where my, is the mass of b, ?Cb /c 1s the position of ¢, relative to c, ?C /w 18 the position of

Tee

c relative to w, and ?C /w denotes the second derivative of ?C sw With respect to Fy. The
sum of all external torques acting on the bus is given by My, and, for¢ = 1,...,n, M, is
the reaction torque between b and w; acting on b. Likewise, Assumption 8 implies that the

derivative of the left side of (7.11) with respect to F is given by

IL lee R

Heyjoft = =137 e jeX T ofur —My,. (7.17)

Summing (7.17) over all wheels and adding (7.16) yields

Te Te Tee

NN N N n.o n Tee N
Hb/c/l +Z Hwi/c/I = —MpTey/cX T cjw +My, + ZMQ - Z (mirci/cx T c/w +Mr2-
=1 i=1

=1

n

N n Tee
= M, — mbrcb/c+ E MiTeife | X Tcjw
=1

Tee

= M, — MscTc/cX T c/w

— M, (7.18)

where
A n
M = My + Y M, (7.19)
=1

the third equality follows from the definition of the center of mass of the spacecraft, and
the fourth equality is due to the fact that Te /e = 0. Thus, differentiating (7.13) with respect
to F'; and using (7.18) yields

Te Te n le

N

Hsc/c/l = Hb/c/l + Z Hwi/c/I

i=1

— M, (7.20)
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Applying the transport theorem to the left side of (7.20) yields

Te Be

N N

HSC/C/I = HSC/C/I +5B/I X HSC/C/I'

Hence, (7.20) and (7.21) imply

Be

[N

Hsc/c/l +$B/I X HSC/C/I = Mba
which is Euler’s equation for the spacecratft.

7.1.2.2 Body-frame Derivatives
Differentiating (7.13) with respect to Fg yields

Be Be n DBe

Hsc/c/l = Hb/c/I + Z Hwi/c/l-

=1

(7.21)

(7.22)

(7.23)

_)
Since, by Assumption I, the inertia .J, /. is constant with respect to Fg, differentiating (7.2)

with respect to Fg yields

Ii. Be

_>
Hb/C/I = Jb/c WB/I -

(7.24)

Furthermore, differentiating (7.11) with respect to F'gz and using (7.12) yields

Be Be

N Y Be

— —_ 4> —_ AN
HWZ‘/C/I - JWi/C,‘ <wWi/Gi + uz) + ‘]WZ‘/Ci <WW,L-/G¢ + u;

Be

Be N
- —x2 - Be

+ | Jwijes = Teije aB/I + Jw/c 53/1 .

5
Using (7.9), the derivative of J, /., with respect to Fy is given by

Be Gi.

— — — X

NS —
JWi/Ci =J wi/c; + wGZ‘/BJWi/Ci - JWi/Cini/B

X — — %
= wGi/BJWi/Ci - JWi/Cini/B

)

(7.25)

(7.26)



Gi.
*)

where J y,/c,= 0 due to Assumptions 1, 5. Furthermore, Assumptions 5 and 6 imply that
Gio

w w,/c;= 0. Thus, using (7.9), the angular acceleration of Fyy, relative to Fg, with respect

to F'g is given by

Be Ge
Ww,/G; = WWw,;/G; T Wa,/B X Ww,/G;
= Wa,/B X Ww,/G;

A X

=U; WW,/G;- (7.27)

Be
Since 7, /.= 0, the derivative of the cross term in (7.25) with respect to F'g is given by

Be Be Be

X2 X A X X N
Tci/c = rci/c TCZ‘/C + rci/c Tci/c

Be X Be X
X N [N —X
= Tei/e (rci/c> + (TCi/C> Teife

=0. (7.28)

Therefore, substituting (7.26), (7.27), and (7.28) into (7.25) yields the derivative of (7.11)

with respect to F'g, that is,

Be
- X7 - N

N N N = VN Be
Hyjon = <uz Jwife; — JWi/CiuiX> <WB/I + ww, /G, Uz) + Jwi/es <U:WW1/Gi+ Uz)

.
+ Jwije WBI
N S — % N X R -
LooEe L
+ Jwijer Wi e WL - (7.29)

7.1.2.3 Resolving the Equations of Motion in F'g

Resolving Poisson’s equation (7.1) in Fg yields

2= 3 (Giunl ) = Fon| = Bl @
_E< B/I‘B>— B/I| = B/I’BWB/I

= Rw*, (7.30)
B
B
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where

Y A =
RE RB/I‘ . wk wB/I‘ . (7.31)
B B
Resolving (7.2) in F'g yields
Hy, et 5 = Jyw, (7.32)
where
_>
Jo £ e (7.33)
B
Furthermore, resolving (7.24) in F'g yields
Be 4=
Hy/e :—<HC >:J‘, 7.34
b/c/I qr \Hozen| bW (7.34)
B
where
do 2
U= — = 7.35
W=7 = WBA ) (7.35)

Using Figure 7.1 and Assumptions 4, 5, and 6 to resolve the angular velocity and ac-

celeration of w; and g; in F, yields

Ww,;/G; o = Vi€, Uy

7

RN

= Wg,/B a

= 1:61'62, (736)

= Uq€2, Uy

i

i

G;

where e; is the ith column of the 3 x 3 identity matrix /3, u; is the scalar control command
for CMG;, and v; > 0 is the spin rate of w; about iy, relative to Fg,. Furthermore, Figure
1 and Assumptions 4 and 6 imply that the inertia matrix of w; relative to c; resolved in both

Fgq, and Fyy, is given by

a 0 0
A —
Ji = Jwi/ci o = Jw;/c; _ = 0 51 0 ) (737)
0 0 5

where «; is the moment of inertia of w; about the spin axis and [3; is the moment of inertia
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Figure 7.1: Wheel w; mounted on gimbal g; with frames Fyy, and Fg,. The wheel spins
about 7y, with constant angular speed v; > 0 relative to F,. The gimbal angular velocity
command wu; is about )g,. Note that 7y, is aligned with i,

about the remaining axes of Fw, and Fg,.
Resolving (7.36) and (7.37) in F'g yields

Gje
ww,je| = vi0ier, i = wOses, w| =0, (7.38)
B
— —
Tuwsfer| = i Twijes| . 0 = 04,0/, (7.39)

where O; transforms a vector resolved in F¢, into the same vector resolved in Fg. The

orientation matrix O; is given by

2

—
0; = Rayp (7.40)

G;

N
where Rg, /3 is the physical rotation matrix that transforms Fp into F,. Define a reference
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gimbal frame FGQ which is fixed relative to Fg, then (7.40) can be rewritten as

cosf;, 0 sinb,;

_>
0; = Rg,/a = 0; o 1 0 |, (7.41)

_>
Ray/p
(e Gy

—sinf; 0 cosb,;

o
where Rq/p is the physical rotation matrix that transforms Fp into Fg/, 6; is the gimbal

angle that rotates FGQ into Fg,, and

-
02 Reyp . (7.42)
Note that
Gi.
. —
Oi = R G;/B = uiOieQX, (743)
G;
) d6.
b, = —" = u,. 7.44
a (7.44)

Resolving (7.11) in Fp and using the fact that O} O; = I3 yields

JEEN

Hwi/c/I B = OZJZO;F (Vi(‘)iel + UZ'OZ‘GQ) + (OZJZOIT — miT-XZ) w

= Oz (Vijiel + 'LLiJieg) + JZ/(.U
= 0; (vyier + Biuies) + Jiw, (7.45)

where

Tuife| | = 0, ;0T — <2 S T . (7.46)

7

=

7
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Using (7.119) to resolve the sum in (7.13) in Fg yields
Z Hyen| = Z [0; (viviey + Biuies) + Jiw]
=1 B

=1

= Z (Oé,'V,;oiel + Bliui —+ J{w)
=1

= (awiOier + Jjw) + By, (7.47)
=1

where,

01 Uy

1>

=1 :|=1|: 1, (7.48)

0, U,

and, fori = 1, ..., n, the ith column of B; € R**" is given by
Bi; £ 5,065 = B;0les € R3*1, (7.49)

Note that B;; does not change as the gimbals rotate.
The derivative of (7.119) is given by (7.29) resolved in F'g, that is,

Be

[N

]1 wW;/C
B

=0 [(ui€2)x<]i - Ji<ui€2)x] Ofw

+ (O5ui€2)* 0, ;07 (w;0;60 + 1;,05e1) + 0, ;07 14,0509 + Jl
= u,0; (€3 J; — Jies ) Ofw + O;(wie2)* O] 0;J; (uies + vier)

+ 4,0, Jies + JI
= u;0; (eQX J;i — Jie;) Ofw + w;05e5 (uiJies + vidier)

+ u;0;Jie0 + Jiw

d N
BN HW‘ c
dt( ife/l

= u;0; (GQX Ji — Jiezx) O;FW + u;0; (BQX@'W@ + BQXOéiViel)
+ 1;0;8ie0 + Jiw
= 1,;0; (62X Ji — Jieg) Ofw — uzouv;05e5 + Bt Ozes + Jlb
= [0; (e Ji — Jie3) Ol w — a;;0;e5] u; + By1;05e0 + Jjw.  (7.50)
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Using (7.50) to resolve the sum in (7.23) in Fg yields

n ]i. n
Z Hy, et = Z Jiw + Bi;t; + B,
i=1

B i=1

= Jjé+ Byit+ Bau,

=1

where, fori = 1, ..., n, the ith column of B, € R3*" is given by
Bgi é OZ (6;< Jl — JZQ;) O;fu} — Oéil/ioiey, S R3X17

Using (7.32) and (7.47) to resolve (7.13) in F'g yields

A=
Hye = Hsc/c/l

=Jw+ a;v;0;e1 + Byu,
. Zl 1 + By

where, using (7.15),

é B:Jb—l—ZJZ/

i=1

_>
J Jsc/c

Using (7.34) and (7.51) to resolve (7.23) in F'g yields

Be

N

Hsc = 1 (Hsc c
dt /c/1

B

Resolving (7.22) in Fg using (7.53) and (7.55) yields

Jw + Byt + Bou = —w X (Jw + Z o;v;0e1 + Blu> + 7,

i=1

where

A —\
T= M

B .

) = Hupen| = Jio+ Byt Byu.
B

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

Rearranging (7.56) yields the dynamics for a spacecraft actuated by n velocity-commanded,
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single-gimbal, fixed-speed CMG’s, that is,
Jw = —w* (J(U + Z oziui(‘)iq) + BSCU - Blu + T, (758)
i=1
where

2

By = — (w*B; + By) € R™™. (7.59)

Note that J and B, depend on O; as shown by (7.46), (7.54) and (7.49), (7.52), and (7.59),
respectively. The orientation matrix O; depends on the control u; due to the kinematics

(7.41). Thus, both J and B, are possibly time-varying.

7.1.3 Special Cases

We explore two special cases, namely, a spacecraft with three orthogonally arranged

gimbals and gimbal configurations that result in constant spacecraft inertia.

7.1.3.1 Orthogonal 3-gimbal Configuration

kg

Figure 7.2: Sketch of 3-gimbal arrangement.

Consider a spacecraft actuated by m = 3 gimbals arranged in an orthogonal configura-

tion as shown in Figure 7.2. The gimbals are arranged such that

jo, =8, Ja, =i, Jas = kp. (7.60)

The orientation matrices corresponding to this gimbal arrangement are given by

v ™ ™

0, = 1R(2 ) 63)9%(91, 62)T> 0y = fR(i, 62)93(92, 62)T> 03 = R(—g, 61)3%(937 62)T,
(7.61)
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where, given an eigenaxis n, € R? and an eigenangle 0, € (-, 7,
R(0c, ne) 2 Iycosf, + nenlt (1 — cos ) — n sin . (7.62)

Consequently, for s = 1, 2, 3, the arrangement in (7.61) yields

O,e0 = ;. (7.63)
Thus, the ith column of B is given by
By = 8i0ieq = Bie, (7.64)
and thus
Bi=| Biey Baes Poes |- (7.65)

Furthermore, if 3, = 3y = 33 = /3, then

By = pls. (7.66)
7.1.3.2 Constant Spacecraft Inertia
Assume that, forall i = 1,...,n, a; = ;. Then, the wheel inertia resolved in F, and
Fy, is given by
Thus,
— —
Twsfer| = O Twfer| . O0F = 0; (aul3) OF = ;13 (7.68)
and
J = 0,00} —mir}? = a;ls — mr)? (7.69)
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are constant. Consequently, the spacecraft inertia (7.54) relative to c resolved in F'p is given
by

J=Jo+ > J=J+ Y (ols —mr}?), (7.70)
=1 i=1
which is constant. The special case of spherical wheels is considered in [74].

Furthermore, the 7th columns of B; and B are given by

B = a;0;e2, (7.71)
BQZ‘ = Oz [6; (O{ilg) - (OéiI:g) 6;} (f)sz - O[il/ioieg = —aii/i(‘)ie;;. (772)

Therefore, the ¢th column of B, is given by
Bsc,i = — ((A)X_Bli + BQZ) = Q4 (Vioieg - wx(‘)ieg) . (773)

If, in addition, the wheel speeds are much larger than the norm of the spacecraft angular
velocity, that is, |v;| >> ||w||s., then (7.73) implies that

Bsc,i ~ OéiViOieg. (774)

The simplified input matrix (7.74) is the Jacobian typically used in the CMG literature

to formulate steering laws and analyze singularities [90,91, 94].

7.1.4 Reachable Attitudes

Although singularities do not affect the controllability of the CMG-actuated spacecraft,
they do limit the reachable states [100]. For a spacecraft at rest, the initial gimbal con-
figuration, that is, the reference orientation matrices O and the initial gimbal angles 6(0),
defines the reachable set of rest attitudes. N

In the absence of disturbance torques, the angular momentum H ./ remains constant

with respect to F, that is,

Te

N

Heejepp = 0. (7.75)

Let the angular momentum of the spacecraft relative to ¢ with respect to Fy resolved in F;
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be given by

1= Hujep| = Run(0). (7.76)

where, for a spacecraft at rest,

RN

A
,UB(G) = HSC/C/I

= Z a;v;0,e1 + Byu. (7.77)
B
=1

Assume the gimbals are initially at rest so that v = 0, then, using (7.41) and (7.77) yields

cos 6;
=1
—sin Ql

Thus, when the gimbals and spacecraft are at rest, the gimbal angles define the momentum

envelope of the spacecraft.

Lemma 3. Define the momentum volume of the CMG array 'V as the set of all possible
angular momentum vectors pug(0) and let i € R3 be a unit vector. Therefore, for all
n € R3, if

| pll2 €V (7.79)

then all desired rest attitudes R = Rq,w = 0 are reachable [100].

Combinations of initial attitude and gimbal configuration which violate violate (7.79)

limit the set of reachable attitudes Rj,.

Proposition 1. Consider a spacecraft controlled by n CMG’s initially at rest with w =
u = 0 and initial attitude R = Ry. Let the desired attitude, angular velocity, and gimbal
angular velocity be given by R = Rq,w = u = 0. Let the angular momentum of the

spacecraft resolved in Fg be given by (7.78). If

cos 6,
| RY Rops (60)]]c0 > max ;aiuiO; 0 (7.80)
—sin 61
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then Ry is not reachable from R,.

Proof. Assume R = R4q,w = u = 0 is reachable from R = Ry,w = u = 0. Then, there
exists a combination of gimbal angles 6, such that the spacecraft angular momentum when

R = Rg resolved in Fg = Fy is given by

cos 04,
pa = Rip = R Ropn () = Zaiyi(‘); 0 e V. (7.81)
i=1
— sin ‘gdi
Therefore,
cos 0y,
< v )
Ialloe < max E;azuzoz 0 (7.82)
— sin 6y,
which contradicts (7.80). Thus, R4 is not reachable. [

7.1.5 The Effect of Singularities

Consider a spacecraft at rest actuated by three orthogonal gimbals as in (7.61). Let all
gimbals have the same spin axis inertia & and the same wheel speed 7. Then the angular
momentum of the spacecraft (7.78) is given by

cos 6y, — sin b,

Il
Qi
R

ps(0) cosfy, +sinfy, | - (7.83)

— cos 6y, — sin Oy,

For this configuration, maxy ||ug(0)||.c = 2av, therefore, the momentum volume V is a

sphere of radius 2av.
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7.1.5.1 Example 1: Singularity in the x-axis

Given the singular configuration 6 = [0 Z 0] (7.52) yields

BSC(O) — dD |: 63 63 _62 :| . (784)
Thus, the CMG’s cannot produce torque about the e; axis of F'g. Let Ry = I3, then
| Rops (6o) |2 > 2av (7.85)

and thus ||p|[on ¢ V. Thus, Lemma 3 suggests that some desired attitudes R = Ry are not
reachable. Let Rq = R(—3T, e3), then

3
1R Ropa (00)l o = —=67 > max || 115(6)]| . (7.86)

V2

Therefore, due to Proposition 1, R4 is unreachable from Ry.

7.1.5.2 Example 2: Singularity in the y-axis

Next, consider the singular gimbal configuration 6, = [O 0 g} then the input matrix
(7.52) 1s given by

Bi.(0) = av [ e35 —ep e ] (7.87)

and the CMG’s cannot produce torque about the e, axis of F'z. The 2-norm of the angular

momentum is given by

| Bops (602 = 50 (7.8
Thus ||i|l27 € V and, due to Lemma 3, all desired attitudes R = Ry are reachable regard-
less of the initial singular configuration.

Examples 1 and 2 show that there are different types of singularities. Therefore, a con-
troller will be able to complete any rest-to-rest maneuver when the condition in Lemma 3
is met. Furthermore, if that condition is not met we can discard unreachable attitudes using
Proposition 1. Henceforth we refer to singularities that satisfy Proposition 1 as obstructing
singularities whereas cases that satisfy Lemma 3 are referred to as non-obstructing singu-

larities.
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7.2 Control Law

Let the control input be given by

u(k) = d(k)O(k) (7.89)

as
O(k) = O(k — 1) + K(k)e(k), (7.90)
where
K(k) 2 Pk — 1)X (k) T (k) (7.91)
e(k) 2 Z(k) — X(k)O(k — 1), (7.92)
T(k) 2 AR(K)™" + X (k)P(k — )X (k) (7.93)
H{®(k 1 0 Hulk—1)— z(k
xme| ™ (k) CRmE| ™ A 1u(k —1) — z(k)
(I)(k) 0 nu(k)llu 0
(7.94)
The information matrix update is given by
P(k) — % I, - %fK(k)X(k) Pl — 1). (7.95)

7.3 Performance Variable for Attitude Control

The objective of the attitude control problem is to determine control inputs that align
F with the desired frame F4. That is given the desired attitude R4 and the desired angular
velocity wq how do we choose a control u such that R = R4q,w = wq. We define the

corresponding performance variable z to achieve attitude control using RCAC.

Lemma 4. Let the attitude error R = RER and S = Z?Zl a;e; X f%Tei. Given dis-

tinct positive scalars ay, ay, as, then, S = 0 if and only if R € {I3, diag( 1, —1, 1),
diag( —1, 1, 1), diag( 1, 1, —1)}.
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Lemma 1 shows that using .S as the sole measure of attitude error gives rise to spurious
attitude equilibria [58]. To remove these equlibria, we define a scalar measure of attitude

error that depends on the diagonal entries of R, namely,
e trace(Au: — AR) = ai(1 — Ryy) + as(1 — Rys) + as(1 — Rss). (7.96)

where A = diag (ay, as, a3) is positive definite.
Lemma 5. Let R;; be the (i, j) entry of a rotation matrix R. Then |R;;| < 1.
Proposition 2. Let a;, as,as > 0. Then s = 0 if and only if R = I.

Proof. For necessity, note that s = 0 implies
0 = trace(A — AR) = a;(1 — Ry1) + as(1 — Ryy) + as(1 — Rss).
Lemma 2 implies that, for: = 1,2, 3,

Thus, s = 0 if and only if a;(1 — Ru) = 0. Since ay,as, a3 > 0, it follows that Ry, =
}:?22 = R33 = 1and thus R = I3. Conversely, let R = I3. Then, by (7.96), s = 0.

O]
The performance variable z for the attitude control problem is defined by
w
2 9. (7.98)
S

where @ = w — RTwy.
Proposition 3. z = 0 if and only if w = wq and R = Ryg.

Proof. For necessity, assume z = 0. Then s = 0 and Proposition 1 implies that R = Is.
Therefore, (5.29) yields

R = R4R = Rq.
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If, in addition, o = 0, then
w = Rde—l—cD = wy.

Thus, R = Rq and w = wq.
To prove sufficiency, assume Rq = R. Then (5.29) implies R = I5. Thus, Lemma 1
implies S = 0 and Proposition 1 implies s = 0. Next, let w = wq. Then @ = w — RTwq =

w—wq =0.Thus, R = Rq and w = wq imply s = 0 and S = @w = 0. Hence, z = 0. ]

7.4 Markov Parameters

Markov parameters for attitude control are obtained by linearizing the expression for @
and a 9 x 1 vector parameterization of the attitude error R [70-72] . An alternative attitude
parameterization can be achieved by using variations [101]. For the CMG attitude control
problem we linearize the kinematics (7.30) and dynamics (7.58) and approximate the im-
pulse response of the linear system. This approximation is used to construct the impulse
response of the nonlinear performance z (7.98). The Markov parameter is constructed from

the impulse response of the performance to a separate impulse from each CMG.

7.4.1 Markov Parameters as the Impulse Response

The Markov parameters of a linear discrete-time system correspond to the unit impulse

response of the system. Consider the system defined by
(k) = Ax(k — 1)+ Bu(k — 1), y(k) = Cz(k) (7.99)

and let z(0) = 0. Applying a unit impulse at k£ = 0 yields the response at k = ¢,
2(q) = CA%(0) + Y CA™'Bul(q—i) = CA"'B, (7.100)
i=1

where the control input is given by

W(k) = (7.101)

0, k>0,
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and e;» is the jth column of the /,, x [, identity matrix. Thus, the jth column of sth Markov

parameter of the system (7.99) is given by
Hy; = 2(i). (7.102)
7.4.2 Variations
The variation of a rotation matrix is given by
R° = Re™”, (7.103)
where R is a reference attitude. Taking the derivative of (7.103) with respect to time yields.
RS = Re™™ + eRne™ = Rw*e™ + ¢Rne™” (7.104)
Furthermore, substituting (7.103) into (7.30) and using (7.106) yields
R = R‘w™ = Re" (@ + edw)*, (7.105)
where, given the reference angular velocity @, the variation w€ is given by
w® =W + edw. (7.106)

Combining (7.104) and (7.105), differentiating with respect to €, and evaluating at e = 0

yields the linear attitude kinematics
N =dw—w*n. (7.107)
The variations of the gimbal angles, and control input are given by

6 = 0 + €6, (7.108)
ut =1+ edu, (7.109)

where 0 and @ are the reference gimbal angles and angular velocities, respectively. Sub-

stituting (7.108) and (7.109) into (7.58), differentiating with respect to €, and evaluating at

130



e = 0 yields

Jow = [(Jw+ Hg + Bia)* — 0*J — B,] dw — [0 (M., + My) + M, + By] 66
— Bydu — B0, (7.110)

where
n

j = Jb + Z (_911]1@? — ml-?"XQ HG = Zoziuiéiel, Bw = Z 61(65 Jl — JleQX)@ZTﬂZ,

V)
=1 =1 =1

andé’dz%éu. Fori=1,...n,

cosf;, 0 sinb;

0,=0/ 0o 1 0 (7.111)

—sinf; 0 cosb;

and the ith column of M,,, M,,, My, By, and B; is given by

M, = (055 J;0F — 0;J;e5 07 )@,
My, = —a,;1;0€3,

Bg. = [6165 (6; Jz — Jﬂ??)@? — (91(6; J@ — Jﬂf;)@; (9;[‘](:)'17/1 -+ aivi@ielﬂi,

7

1>

Bgi (97, (6; Jz — JZG;) GZT(ZJ — ()éiViéieg,

respectively. Finally, take taking the time-derivative of (7.108) differentiating with respect

to €, and evaluating at € = 0 yields

660 = bu. (7.112)
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7.4.3 Impulse response of the Linear System

Combining (7.107), (7.110), and (7.112) yields the linearized system dynamics

U U
0w | =Ac| dw | + Budu+ Byot, (7.113)
50 50
where
A [ Ay Ay As } : (7.114)
—wox ]3
A Osxs | » A2= | J ' [(Jo+ Hg + Bia)* —0*J — B,] |
Onx3 Onxg
O3x3
As J b — [ (My, + My) + My, + By | >
Oan
O3><n O3><n
Bu _J—IB2 ) B’d = —J_lBl (7115)
[’I’L Oan
For: =1,...,n, we can approximate the impulse response of (7.113) due to the ith CMG
as
0
h2
dwi | & Towt, + 5 Ac) Bui. (7.116)

50"

132



Using 1 we compute the resulting attitude

i X

Ri=¢"". (7.117)

Let Ry = I3 and wyq = 0341, then the impulse response of the performance (7.98) is given

by

Sw'

S 23:1 a;e; x RiTe; (7.118)

3 T pi
> i ajej Re;

J

Building the Markov parameter using (7.118) yields
H, = {21 z”] c R™". (7.119)

Note that (7.119) is a function of the current spacecraft configuration, that is, different
values of 0, @, and @ yield different Markov parameters. Therefore, unlike the controllers
in [70] and [71], the Markov parameters and thus the filter G(q) in (2.6) are different at

each iteration.

7.5 Numerical Examples

The spacecraft is given rest-to-rest commands, that is, at ¢ = 0 the spacecraft is at
rest with R = I3,w = u = 0, and the desired attitude and angular velocity are given by
R = Rq,w = 0. We focus on the three orthogonal CMG configuration in (7.61). We
examine maneuvers about both principal and non-principal axes. These maneuvers are
commanded as either steps or ramps. We only consider maneuvers in which the initial
CMG configuration is full rank.

Given n = 3, let the initial CMG configuration be given by 6 = 0,,,.; such that the input
matrix Bj in (7.52) is full rank. For ¢ = 1, ..., n, the moments of inertia for w; are given
by

a; = 0.020 kg-m*,  3; = 0.012 kg-m?, (7.120)
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and the spin rate of Iy, relative to Fg, is given by
v; = 600 rad/sec. (7.121)

Figure 7.3 shows the performance of RCAC for a rest to rest maneuver of —90 deg

about the eigenaxis [1 0 0].
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i) 53
>
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SIE 1
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2 “ :
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time [sec] time [sec]
(c) Input matrix Singular Values (d) Controller Parameters
Figure 7.3: R2R maneuver for J, = J;. The control parameters are given by 7, =

0.01,7m9 = 107°. All gains are initialized at © = 0.

7.5.1 Principal Axis Maneuvers

Consider three bus shapes with inertia matrix .J;, given by

Ji 2 diag(10, 10, 10) kg-m?,  J, 2 diag(10, 10,5) kg-m?,  J; 2 diag(10,8.3,5) kg-m?.
(7.122)
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Note that, for J;, Jo, J3 the body frame is aligned with the principal axes of the bus. Then,
forv=1,...,3, let the desired attitude be given by

R}(0a) = R(0a, €:)

(7.123)

where ¢; is the ¢th column of the 3 x 3 identity matrix. Figures 7.4, 7.5, and 7.6 show

the maximum eigenangle error, the settling time, and the maximum control input for the

inertias in (7.122) subjected to three different principal axis step commands of different

magnitudes. Note that the ”V” shape in Figure 7.4 shows that the controller does not

exhibit any overshoot.
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Figure 7.4: Maximum eigenangle error for R2R maneuvers of different magnitudes about
principal axes eq, e, eg for the bus inertias J,, = Jy, Jo, J3. The control parameters are
given by 1, = 0.01, 7, = 107°. All gains are initialized at © = 0.
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% deg, for R2R maneuvers of different magnitudes

about principal axes ey, es, es for the bus inertias J,, = Ji, J5, J3. The control parameters
are given by 7, = 0.01,7, = 107°. All gains are initialized at © = 0.

Next, consider an angular velocity command of the form

where ¢, is the ramp duration such that for all i = 1,2, 3, R} (¢,) =

Is.

(

0,

\

fa
Zeia

0<t<t,

t>t,,

(7.124)

R(0q, €;) and R4(0) =

Figure 7.7 shows the performance of RCAC for the rest-to-rest maneuver in Figure

7.3 commanded as a ramp of —90 deg about the eigenaxis [1 0 0]. Note that the control

parameters adapt to the change in slope of the command at ¢ = 100 sec.

Figures 7.8 and 7.9 show the maximum eigenangle error and maximum control input

for the inertias in (7.122) subjected to three different principal axis ramp commands of

different magnitudes. Note that the control inputs in Figure 7.9 are significantly lower than
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Figure 7.6: Maximum control input for R2R maneuvers of different magnitudes about
principal axes eq, e, eg for the bus inertias J,, = Jy, Jo, J3. The control parameters are
given by 1, = 0.01, 75 = 107°. All gains are initialized at © = 0.

the control inputs for the step commands in Figure 7.6 which suggests that RCAC performs

better when given ramp commands.

7.5.2 NonPrincipal Axis Maneuvers
Consider a R2R step command such that
1
V3

Note that the eigenaxis corresponding to R4 in (7.125) is not a principal axis of the inertias
in (7.122). Figure 7.10 shows the maximum eigenangle error, settling time, and maximum

control input for the bus inertias J,, = Ji, J5, J3 subject to the non-principal axis step

Ra(fq) = R(0q, —=[111]"). (7.125)

command in (7.125).
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Figure 7.7: R2R ramp maneuver for J, = J;. The control parameters are given by 7, =
0.01,7m9 = 107°. All gains are initialized at © = 0.

In addition to the diagonal bus inertias we consider the nondiagonal inertia

5 01 —0.5
AN
Jo=1]-01 2 1 |kgm® (7.126)
05 1 35

We command the step R2R maneuver given by RY in (7.123) for « = 1,2, 3. Figure 7.11
shows the maximum eigenangle error, setting time, and maximum control input for the
nondiagonal inertia subject to nonprincipal axis R2R step commands.

Next, we command the ramp R2R maneuver in (7.124). Figure 7.12 shows the max-
imum eigenangle error and maximum control input for the nonprincipal axis maneuvers
given the bus inertia J, = Jy. Again, note that the control inputs in Figure 7.12 are smaller

than the control inputs in Figure 7.11.
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Figure 7.8: Settling time to O < Oy = % deg, for ramp commanded R2R maneuvers of

different magnitudes about principal axes ey, es, e3 for the bus inertias J, = Jp, Jo, J3. The
control parameters are given by 1, = 0.01,79 = 107°. All gains are initialized at O, = 0.

7.5.3 Singularities

We command a R2R maneuver starting at a singular configuration. Figure 7.13 shows
the maximum component of the desired body-frame angular momentum ||| in (7.81)
corresponding with a rest state at R4q. The dotted line at ||1q]|cc = 24N-m corresponds to
the maximum value of (7.78) given the gimbal configuration and parameters in (7.120) and
(7.121). Note that this is only a limited sample of the possible maneuvers and does not
account for maneuvers about eigenaxes other than ey, e5, e3 which might be required as the

attitude error R evolves “on the way” to Ry.
For the singularity examples we classify the behavior of the spacecraft after ¢ = 500

sec in three categories
1. Stable: The steady state error Oz < Oss = 0 deg

2. Steady State Error: The angular velocity at the end of the simulation is [jw|z <

1 deg/sec.

139



0.25 ! ! 035 . . . .
3
0 €1 A e e e;‘
031 R
A
_ g “ _
g oex . 2O Eoxrg o .
Z o Z, .
S5t Agua ,90?30 1 =k et o ghe
3 Os A, 3 ® . %%
= ° A KN = NG ©%
e R EREE
] o ] Ag A
< «0A < 0%
= o lg o 01 2° ® o. A
= f ) = RA
0.05} % 2 c6 1 o A N ooz
e GA. 005} A‘gé AR
.06 o %, o
s & %, o*°
0 . . . - 0 . . . £ .
-200 -150 -100 -50 0 50 100 150 200 -200 -150 -100 50 0 50 100 150 200
0a [deg] 0a [deg]
(@ Jp =1 ®) Jp = J2
035
*
. 0 €1 A e e €3 ‘
031 1
o A
. .
g 0250 R .
Z.
3 02 4 O & a®
— ° AO
S o1s A oaAo
=0 oA AA O.A
é Aon 0 %%
o 01 0 hd Os
= .O * OOXAA
0.05 éiAA :
a,, 00
i () ;
-200 150 -100 -50 0 50 100 150 200
fa [deg]
(©) Jb =3

Figure 7.9: Maximum control input for ramp commanded R2R maneuvers of different
magnitudes about principal axes ey, es, es for the bus inertias J, = Jp, J5, J5. The control
parameters are given by 1, = 0.01, 79 = 107°. All gains are initialized at © = 0.

3. Unstable: Neither 1 or 2 above.

Figure 7.14 shows the results of for the R2R maneuver using the diagonal inertias .J;, Ja, J3
for the case with initial gimbal singularity about ig as in (7.84). According to Proposition
1, maneuvers in which ||pqllcc > 24N-M are unreachable. Therefore, Figure 7.13(a) sug-
gests that a not insignificant number of the maneuvers in Figure 7.14(a) are physically
impossible. This explains the large cluster of markers in the unstable and steady state error
categories.

Figure 7.15 shows similar results for the case with initial gimbal singularity about jg.
Although according to Figure 7.13(b) all of the maneuvers in Figure 7.15 are reachable,

there may be intermediate attitude errors R which correspond to unreachable maneuvers.
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Figure 7.10: Maximum error, settling time, and maximum control input for R2R maneuvers
of magnitude 64 about the non-principal axis [1 1 1]T. The diagonal bus inertias are given
by Ji, = Ji, Ja, J3. The control parameters are given by 7, = 0.01,79 = 1075, All gains
are initialized at ©y = 0.

7.6 Conclusions

We apply RCAC to spacecraft attitude control with CMG’s actuation. A detailed deriva-
tion of the CMG dynamics is obtained by using Newton-Euler methods. We developed a
hybrid method to obtain the Markov parameter. First we used variations to obtain a lin-
earized CMG model. The impulse response of the linear discrete-time model was used to
obtain an impulse response rotation matrix which in turn is used to update the performance
variable. The impulse response of the performance variable is used to construct the Markov
parameter.

We test the controller on a spacecraft controlled by three orthogonally mounted CMG’s.
Several rest-to-rest maneuvers were examined about both principal and nonprincipal axes.
Both step and ramp commands were considered. RCAC was able to successfully complete
the maneuvers despite the presence of singularities. However, we must assume that the

initial configuration of the gimbals is singularity-free.
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Figure 7.11: Maximum Error, settling time, and maximum control input for R2R maneu-
vers of magnitude ¢4 about the non-principal axes ey, e5, e3. The non-principal bus inertia
is given by J;, = Jy. The control parameters are given by 1, = 0.01,79 = 107°. All gains

are initialized at ©y = 0.

For initially singular configurations, the results at first seem inconclusive. However

careful thought and examination of the physical limitations imposed by singularities, namely

unreachable attitudes, suggest that instabilities may arise even when the desired attitude is

reachable. The angular momentum-based reachability condition in Proposition 1 can be

used to prevent unfeasible commands from being given to the controller. We achieved

direct control of CMG’s. That is, RCAC controls the angular velocity of the gimbals di-

rectly without the use of steering laws. Furthermore, no saturated pseudo-inverse or similar

methodologies to avoid singularities are used.
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Figure 7.12: Maximum eigenangle error and maximum control input for ramp commanded
R2R maneuvers of magnitude 64 about the non-principal axes €1, €5, e3. The non-principal
bus inertia is given by J;, = Jy. The control parameters are given by 1, = 0.01,7 = 107°.
All gains are initialized at © = 0.
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Figure 7.14: Maneuver success for step commanded R2R maneuvers of magnitude 64 about
the principal axes ey, eo, €3 given an initially singular gimbal configuration about 75. The
control parameters are given by 7, = 0.01, 79 = 107°. All gains are initialized at © = 0.
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CHAPTER 8
Planar Two-Body Linkage

We asses the performance of RCAC on a planar model of a multibody spacecraft. A
previous study examined a rigid spacecraft with a single discrete flexible degree of freedom
[102]. The spacecraft considered in [102] consists of a rigid base body connected by a
compliance to a proof mass that can move along a single direction relative to the base body.
The motion of the proof mass is assumed to be unmodeled and unknown, thereby providing
a spacecraft model with flexible-mode uncertainty.

By removing the need for a continuum model of flexible dynamics, idealized discrete
flexible models provide an exact nonlinear model of a flexible spacecraft under arbitrary
motion. Thus, these idealized models provide a transparent setting for assessing the base-
line performance of attitude control laws applied to flexible spacecraft.

We consider a planar spacecraft consisting of two components, a base body and an
articulated appendage. These bodies are connected by a compliance that allows in-plane
relative rotation but no translation. However, unlike [102], the performance objective for
this model is to achieve attitude pointing of the appendage with actuation applied to the
base body. This model may represent, for example, a telescope mounted on a spacecraft
bus.

The challenging aspect of this problem is the fact that the actuation and performance
variable are noncolocated. The implications of this control-system architecture are evi-
dent due to the fact that control torques applied to the base body to induce rotation in a
given direction result in initial rotation of the appendage in the opposite direction. This
phenomenon indicates nonminimum-phase behavior.

Adaptive control of nonminimum-phase plants remains a challenging problem [103].
As shown in [62], RCAC is applicable to nonminimum-phase systems as long as the plant
is either open-loop asymptotically stable or the nonminimum-phase zeros are known. In
[65,66], RCAC is applied to a linearized planar linkage with actuator/performance-variable

noncolocation. However, unlike the linkage in [65], in this paper the base body is uncon-
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strained. Thus, the system has a rigid body mode and is thus unstable and nonminimum-

phase.

8.1 Spacecraft Model

Figure 8.1: Planar two-body linkage with base body B and appendage B;. The angles 6,
and 6, represent the attitude of B, and B relative to a vector fixed in an inertial frame.

Consider the planar two-body linkage in Figure 8.1 composed of a base body B, con-
nected by a bending spring to an appendage B;. The linkage is controlled by a torque
actuator attached to B,.

Define an inertial frame Fy, a frame F fixed to B, and a frame F; fixed to B;. Assume
that the center of mass c of the linkage is unforced. Then, define three additional reference
points: the center of mass ¢, of B, , the center of mass c¢; of B; , and the location of the
flexible joint p, connecting B, and B;.

Furthermore, for ¢« = 0, 1, the attitude between Fy and F; is given by 1_%)1 /1. Similarly,
the angular velocity of F; relative to Fy is given by El /1. The vector from c to ¢; is given
by ?Ci /e and the vector from c; to p is given by ?p/ci. Finally, the mass of £; is m; and

—

its inertia relative to its center of mass c; is given by .J; /.. Resolving the rotation matrices,
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inertias, angular velocities, and position vectors in F; yields,

cos); —sinf; O
A —
R; = Rip .= sinf; cos#; 0 |- 8.1)
0 0 1
wit| = wies, (82)
N )
?p/CO 0 = To€2, ?p/cl . = —Ti€2 (8.4)

where for ¢ = 1,2, 0;,w; € R, oy, B;, J; > 0 are the principal moments of inertia of £,
r; > 0 is the distance from c; to p, and, for j = 1,2, 3, e; is the jth column of the 3 x 3

identity matrix.

8.1.0.1 Measurement Model

The control objective is to use the actuator on B to align F; at a desired angle 04

relative to a direction fixed in F;. Thus, the error angle is given by
6. = 6, — b4, (8.5)

where —7 < 04 < 7 is the desired angle between F; and F;. To avoid unwinding, that is,

needless rotating for 6, > 27, use the nonlinear measurement

y = 2sin (%) i (8.6)

Note that (8.6) is twice the third component of the error quaternion

T
QI{O 0 sin92—° cos%] .
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8.1.1 Lagrangian Mechanics
8.1.1.1 Kinetic Energy

The kinetic energy of B relative to ¢ with respect to Fy is given by

Te

m N
0“ Teo/c H2 (8.7)

1
TO = 5]@&)3 + 7

Using the definition of the center of mass yields

Teofe = _mo T my (mO’rcl/Co +mOTco/co>

ma —

= T Tel/eo
m0+m1 /

_ (* - > 8.8
mo + My Teap ¥ Tojeo ) (8:8)

Using the transport theorem to take the derivative of (8.8) with respect to F and resolving
in Fy yields

Te

Tco/c

m Te Te

1 = =

= | Tam + Mo
mo + My / /

mi (Ax — X )
= - | W T + w T
1/1" c1/p 0/I" p/co
mo +my / / / /

I

I
ml X X RN

= — | T a; +7r w )
m0+m1< c1/p¥1/1 p/coW0/1

I
= T (lelRl + TowoRo) e1. (8.9)
mo + My

Applying (8.9) to (8.7) and using the cosine addition identity yields

1 mo my 2
Th=~Jow? 4+ — [ ——— | .
0= Rl T (mo+m1>

2.2 .2 2 T pT
(rlwl + rowy + 2roweriwi e 1) Roel)

1 mo mi 2
= Jwr 4+ — [ — ) .
5 70% T 5 (m0+m1>

<fr(2)w§ + riw; 4 2rgriwew; cos 5) . (8.10)
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where 0 2 6y — 6. Similarly, the kinetic energy of B; relative to ¢ with respect to F; is

given by

1 mi mo 2
Ty==Jiw?+ = [ —2
1 2 1w1+ 2 <m0+ml)

<7“(2)w8 + waf + 2rgriwowi Cos é) ) (8.11)
Adding (8.7) to (8.11) yields the total kinetic energy

(mg + mq)moemy '

(mo + m1)2

1 1
T = §ng§ -+ §lef +

(r%w% + r%w% + 2roriwowi COS 9)

1 1 ~
= §J6w§ + 5(]{‘*)% + Yroriwows cos b, (8.12)
where
A A A Mmoemy
Jy = J T = : = 8.13
0o=Jot+rg, S =+, Y —— (8.13)

8.1.1.2 Potential Energy

We assume that the joint is composed of a bending spring that exerts no torque when

6 = 0. The bending spring potential is given by
/ ~,
U= 592, (8.14)

where £’ > 0 is the spring stiffness.

8.1.1.3 Lagrangian and Equations of Motion

The Lagrangian for the linkage is given by

L=T-U
1 7,2 1 7,2 0 K’ N2
=5 owo + §le1 + Ylplywowy cos B — 50 . (8.15)

Since 6y = wy and 6, = wy, the equations of motion are then given by

d(oL\ oL or
4 _OL o _ 1
ar (&uo) 900 0wy " (8.16)

151



d (oL _or
dt &ul 801

0L

or

Owr

_O,

(8.17)

where u € R is the control torque applied to By. Computing the partial derivatives in (8.16)

and (8.17) yields

J(/)dlo + bown + bmﬁ + KO+ e = u,

Jiin + botoy — biw? — K0 — o =0,

where

A . A ~
by = yrerisinf, by = vyrgry cosb.

Combining the (8.18) and (8.19) into a matrix equation yields

wo
M :{k'E cE]ff‘i‘lh
w1
1T
wherez = | 0, 60, wy w; | -
JL by
ME| . EZ
by J!

2

+

2
Wo

Thus, the equations of motion for the linkage are given by

02x2

KME

M~1b,

Iy

02x1

2
_wl

2
wo

cM—E
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Figure 8.2: Step response Z for the nonlinear planar two-link mechanism for different
values of the spring stiffness k&’. The model parameters are ro = 1, = 1,Jy = J; =
1,my = my = 1,c = 0. Tj indicates the zero-crossing time for each curve.

where the inverse of the mass matrix is given by

1 Ji —by

Mt=—_
JbJ — b3

(8.24)
—by T

8.1.2 Dynamical Analysis

Subjecting the system described by (8.18) and (8.19) to a unit step torque applied to
Bo and measuring 6, yields the response shown in Figure 8.2. Note that ; < 0 before
crossing zero to remain positive. This suggests the presence of a nonminimum-phase zero

in the linear dynamics demonstrated below.
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8.1.2.1 Linearization

Computing the Jacobian of (8.23) at the equilibrium = = 0, yields

B 02><1
) 0252 I 1
0T = or + p J! u, (8.25)
EM-'E cM™'E
i —ToT1
y=1010 0|0z (8.26)
where 6z = © — T,
_ 1 Ji —ToT1
M e ; ' L dE T = (yrer)?. (8.27)
—"}/loll J(/)

Therefore, the transfer function for the linear system in (8.25), (8.26) is given by

<82 1 />

YroT1 yrori

G(s) = — y . 8.28
(s) d s [s2 45 (J)+ J] + 2yrory)] (8.25)

Note that GG(s) has a nonminimum-phase zero at

1
Ze \/ Ak yrory. (8.29)

B 29101

8.1.3 Discretization

Since RCAC is a discrete-time method, we discretize the linearized equations of mo-

tion. The discrete-time system matrix is given by

e Ioxo hIy
A=e""=~ I+ hA. = , (8.30)

hk'M~E I, + hcM'E
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where h is the sample time and A, is the system matrix in (8.26). The input and output

matrices are given by

Q

h Oax1 Uy
B:/ Arar | 2 , (8.31)
0 B hB + 2 cM'EB

C=[0100}, (8.32)

T
respectively, where B’ = d ! { o } :

8.2 The Nonminimum-phase Problem

8.2.1 Laurent Expansion

The transfer function of an asymptotically stable system can be approximated using a
truncated Laurent series expanded at the spectral radius of G&,,. The coefficients of this se-
ries are the Markov parameters. Therefore, the Markov parameters can be used to estimate

the location of the nonminimum-phase zeros of G, [78],

qu ~ Gf(Z)
_ Hez"# + Hyz"" ' +...+ H

nH
Z"H

_(Ema) (@ g) (B )

= — ,

where for i = 1,...ny, 2; is an estimated nonminimum-phase zero and 7, is the number
of nonminimum-phase zeros in G,,.

When ng > n, + 1, Gy in (8.33) has more zeros than G,,,. Figure 8.3(a) shows that
the extra zeros of Gy are distributed along the unit circle. If the plant is unstable, As
ny increases, Gy develops real and imaginary zeros. Note that, for ny = 9, the zeros
of G, indicated by the triangular markers, are all imaginary. As we increase the filter
order to ny = 9 the filter exhibits a positive root. Eventually, as shown by the asterisks
corresponding to ny = 17, one of the real zeros of Gy approaches the location of the
nonminimum-phase zero z of G,,.

Figure 8.3(b) confirms that, as the order of G is increased, the error between the largest

real root of GGy and the nonminimum-phase zero of Gz, decreases. The horizontal axis in
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8.3(b) starts at ny = 10 since lower order filters may not have real roots.
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(a) Roots of G¢ in (8.33) for different values of ny and k¥’ = 2. The location of the
nonminimum-phase zero Z of G, is represented by the circular marker to the right of the
unit circle.
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(b) Error in the estimate of Z in (8.29) as a function of the filter order n g for different values
of k.

Figure 8.3: Effects of increasing the order ny of Gy, on the location of the nonminmum-
phase zero estimate Z. As ny increases Z approaches the location of the nonminimum phase
zero z of G,,,. The model parametersare rg =r; =1, Jo =1,/ =1,mg=m; = 1,c¢ = 0.
The time-step size is h = 0.1 sec.
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8.2.2 Step and Impulse response
The impulse response is the derivative of the step response. Since the Markov param-

eters correspond to the impulse response, we can obtain the step response Z (k) by adding

the Markov parameters. That is,
k
; (8.33)

In order to select the required Markov parameters we examine the sign of the estimated

zero as the number of Markov parameters in the filter increases.
Figure 8.4 shows how the real zero in Gi¢ crosses the unit circle and becomes nonminimum-

phase as ny increases. The arrows indicate the first step in which the step response is pos-
itive. For example, the solid line in Figure 8.2 indicates that the step response for k' =

crosses zero at Ty ~ 1.9 sec. Given a step size of h = 0.1 sec, the step response is posi-
tive after ky = 14 steps as indicated by the solid line in Figure 8.4. Therefore, building a

filter Gt using (8.33), requires ny > ko = 14, in order to capture the nonminimum-phase

behavior of the plant.

T

T
1F BANANAY I
= RN
| -
@« 0oF - 1 —k’zl A
~— = I
go = 1 \-n-\k/:1.5
o = ¥
n - ! H\D\Hk/:2
=1 . —
10 15 20 25 30 35 40 45 50
ng

Figure 8.4: Minimum-phase status of the estimated zero, 2 as a function of ny. The time-
step ko > % indicates the first time-step when the step response is positive. If ny > ko, 2

is nonminimum-phase. The model parameters are 7o =7 =1, Jp = J1 = 1,my = my =
1,¢ = 0. The time-step size is h = 0.1 sec, k indicates the time step at which the step

response Crosses zZero.

Proposition 4. It is possible to control a nonminimum-phase system using retrospective
cost adaptive control (RCAC), by choosing the filter G¢ using Markov parameters as in

(8.33). Furthermore, the order of this filter ny must be such that
(8.34)

ng > ko.
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The zero-crossing step ky is defined such that
forall k > ko, Z(k) > 0. (8.35)

Otherwise the nonminimum-phase behavior of the plant is not captured leading to instabil-
ity.

We demonstrate Proposition 4 numerically in the following section.

8.3 Numerical Examples

The following examples involve three maneuver types. Rest-to-Rest (R2R) maneuvers
are step commands where the linkage begins at zero attitude error and B, and B, have zero
angular velocity relative to F;. Motion-to-Rest (M2R) maneuvers the linkage starts at an
arbitrary angular velocity and is commanded to stabilize at a specified attitude. Finally, a
Rest-to-Spin (R2S) maneuver involves bringing the linkage from a stationary attitude to a

non-constant desired attitude such as a constant spin or a sinusoidal motion.

8.3.1 Configuring RCAC

First, we choose ny > % such that the step response, Z(ny) > 0. Therefore, the filter
G contains a nonminimum-phase zero. For each £’ in Figure 8.5, let ny = kg, the values
indicated in Figure 8.4. The controller order is matched to the filter order so that N. = ny.

Finally, the control and transient penalties, R,, and Ry, respectively, are chosen arbitrarily.

8.3.1.1 Choosing ny

We examine the effect of ny on RCAC to test Proposition 1. To achieve this, we fix
the controller order and command the 3 = 180 deg step for a given controller order.
Figure 8.6 confirms the condition in (8.34). As ny decreases, the settling time increases
and eventually, when ny < kg the controller diverges. Furthermore, increasing ny reduces
the settling time 75 and the steady state error Z . In some cases a larger order filter can
reduce transients Zy,,, although the effect is not clear from the Figure 8.6. Furthermore,
increasing the filter order does not necessarily yield improved performance. However,
closer examination of 7 and Z in Figure 8.6 suggests that performance is improved when
the controller order ny = N..

Figure 8.7 shows that, when N, = ny, performance increases proportionally to ny. As

in Figure 8.6, the transient response may not always improve as ny increases.
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Figure 8.5: Performance z (top) and control u (bottom) for R2R maneuver to 3 = 180
deg. The order of Gy is ny = 14,17,20 for ¥ = 1,1.5, 2, respectively. The controller
parameters are 2, = 0.1, Ry = 10719 and the controller order N. = ny. The model
parametersare ro =11 =1, JJo=1,J1 =1,my=m; =1,¢c=0,h =0.1.
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Figure 8.6: Comparison of settling time 7} (top), steady-state error Z (middle) and over-
shoot Z,,.x as a function of the filter order ny for the 180 degree R2R maneuver. The
controller order V. is fixed at the three values indicated by each marker. The controller
parameters are R, = 0.1, By = 107'% and the controller order N. = ny. The model
parametersare ro =1, = 1, Jo=1,J1 =1,my=m; =1,¢=0,h =0.1.
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Figure 8.7: Comparison of settling time 7} (top), steady-state error Z, (middle) and over-
shoot Z,,.x as a function of the filter order ny for the 180 degree R2R maneuver. The
controller parameters are R, = 0.1, Ry = 1071° and the controller order N, = ny. The
model parameters are rg =r; =1, Jy=1,J; =1,mg=m; =1,¢=0,h = 0.1.

161



8.3.2 Robustness Study

The examples in Figure 8.7 utilized perfect knowledge of the Markov parameters. We

now study how uncertainty in the parameters affects performance for command following.

8.3.2.1 Parameter changes and the step response

We examine how the system behavior changes as different parameters are scaled. For
1 = 0,1, define a baseline two-body linkage whose parameters are given by r; = 7, J; =

J,m; = m, k' = k'. Then, the parameters are scaled one at a time according to
q = aq, (8.36)

where ¢ represents the baseline parameters and ¢ represents the scaled parameter. Figure
8.8 shows how the zero-crossing time 7 is affected by scaling each parameter. Note that

the largest effects are due to variations in the spring stiffness &’ and the distance r;.
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Figure 8.8: Effect of parameter scaling on the step-response zero-crossing g for i = 0, 1.
The baseline parameters are givenby 7 = 1,J = 1,m =1,k = 1,.

The values of 7 in Figure 8.8 can be used to select the minimum filter order for ro-
bustness to parameter scaling. For example, as &’ increases, T; decreases. This suggest
that a filter constructed for a smaller spring constant might contain sufficient information
to account for the nonminimum-phase behavior. Similar logic suggests that in order to be
robust to smaller than expected values of &/, ny should be large. The logic for robustness
to scaling of r; is similar; as r; decreases 7{, decreases, suggesting that performance of a
filter chosen for larger r; should be acceptable.
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8.3.2.2 Response to scaled stiffness 4’ and distance r;

To test the robustness of the controller to uncertain plant information, we build the filter
G from the Markov parameters for the baseline system using 7, .J,m, k. Independently
scaling the stiffness or the center of mass location such that ¥ = ok’ and for i = 0 or
1 = 1, r; = 7 provides a method of testing robustness to modeling error. Figures 8.9 and
8.10 show the steady state error Z and the maximum control input rmmax|u| for the
04 = 180 deg R2R maneuver when either the stiffness £’ or the center of mass location r
or r; are modeled incorrectly.

In Figure 8.9 the stiffness is less than the nominal and since the step response crosses
zero later than when &’ = 1, the system is more difficult to control. When the distance ry is
less than the nominal distance RCAC can easily finish the maneuver since the step response
crosses zero earlier than for » = 1. In Figure 8.10 although the stiffness is larger than k the
system is easier to control. Conversely, as the distance 7 increases, RCAC is less able to

stabilize the system.

_e;k/ — Oz];‘/

Figure 8.9: Effect of parameter scaling on the R2R maneuver. The baseline parameters
are given by 7 = 1,J = 1,m = 1,k’ = 1. The Controller parameters are ny = N, =
20, R, = 0.1, Ry = 10710,
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Figure 8.10: Effect of parameter scaling on the R2R maneuver. The baseline parameters
are given by 7 = 1,J = 1,m = 1,k = 1. The controller parameters are ny = N. =
20, R, = 0.1, Rg = 10719,

8.4 Conclusions

We achieved command following of a two-body linkage with noncolocated sensors and
actuators. Using RCAC enabled the application of a controller using only the Markov
parameters of the system without the need to know the location of the nonminmum-phase
(NMP) zero. Using the guidelines developed, we are able to construct a controller that can
robustly deal with the NMP behavior and parameter uncertainty.

Although the Markov parameters may be obtained through linearization, if the system
parameters are not readily available the impulse response of the nonlinear system can be
used instead. By integrating the impulse response we also obtain the step response which
provides the necessary information to capture the NMP behavior of the system.

Numerical simulations show that the method is robust to scaling of the spring stiffness
and distance from the center of mass of both bodies to the flexible joint. Saturation limits

can be accommodated through a control penalty in the cost function.
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CHAPTER 9

Conclusions and Future Research

We considered the problem of retrospective-cost based adaptive spacecraft attitude con-
trol. We successfully applied retrospective cost adaptive control (RCAC) to spacecraft sim-
ulations controlled using thrusters, reaction wheels, magnetic torquers, and control moment
gyros (CMG’s). Furthermore, we extended the thruster results to the control of a simplified
model of a flexible spacecraft with noncollocated sensors and actuators. The performance
variable used for these control problems is based on rotation matrices and although two
different vector attitude representations were used to compute the Markov parameters, the
inherent issues with these parameterizations do not affect control synthesis since they are

not used to propagate the attitude or to evaluate the attitude error.

9.1 Conclusions

For thrusters and reaction wheels, RCAC was applied as an inertia-free controller. Us-
ing numerical simulations we demonstrated the robustness of RCAC to mass property un-
certainty, actuator nonlinearities and misalignment, as well as unknown disturbances, mea-
surement noise and bias. The Markov parameter for thrusters and reaction wheels was
derived through the linearization of Euler and Poisson’s equations using a vector represen-
tation of the attitude. These controllers were then made inertia-free by removing all mass
property information from the Markov parameters.

In order to extend the approach to magnetic torquers the Markov parameter has to be
updated in real-time. However, the input matrix singularity inherent in magnetic torquers
necessitated the development of two alternate Markov parameter formulations. First, we
examined an averaging technique inspired by [87] and utilized an averaged input matrix
which was rotated at each time step based on the current spacecraft attitude. Then, we
implemented a multi-input-single-output decentralized control structure which did not re-

quire matrix inversion and thus avoided the problem of input matrix singularities. Both
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methods were successfully applied in simulation to control spacecraft in polar orbits with
known inertia alignment information, that is, the alignment between the principal axes and
the actuators is known a priori.

Singularities and time varying input matrix issues also affected the development of the
retrospective cost-based controller for CMG’s. We applied the 1-Step implementation of
RCAC to sidestep the matrix rank requirements of the 2-Step implementation. Further-
more, we addressed the inherent limitation of the off-diagonal element-based performance,
namely the existence of spurious equilibria, is addressed through the addition of the matrix
trace-based performance variable. Given these challenges we took a different approach to
linearization and Markov parameter generation, we replaced the row parameterization of
the rotation matrix in favor of the rotation matrix variations. Using the propagated unit
impulse response of the linear system the impulse response of the rotation matrix was
computed. This impulse response rotation matrix yielded the impulse response of the per-
formance variables and thus the columns of the time-varying Markov parameter.

Last but not least, we accomplished control of a dual-rigid body model of a flexible
spacecraft with noncolocated sensors and actuators without knowledge of the location of
the nonminimum-phase zeros. Guidelines for constructing a Markov parameter-based fil-
ter are developed experimentally from the qualities of the step response of the linearized
system. Robustness to model uncertainty was demonstrated through system analysis and
numerical simulations. The

The main contribution of this work is a unified framework for the application of RCAC
to spacecraft attitude control. The adaptive controller uses performance variables which
are functions of the rotation matrices. Thus, the controller does not need any extra logic or
discontinuities required by other attitude representations and necessary in most controllers
in literature. Attitude control of rigid bodies using thrusters, reaction wheels, magnetic
torquers, or CMG’s is achieved only using the impulse response of the system. The first
Markov parameter can be computed analytically from the system model. For thrusters and
reaction wheels the Markov parameter can be also be obtained by applying a unit impulse
to the system. Using the impulse response can be a useful approach in the absence of
modeling information.

Another important contribution is the detailed development of CMG dynamics from
Newton-Euler dynamics. Surprisingly, these equations are not found in the CMG litera-
ture. The effect of singularities was qualitatively evaluated through the development of a
sufficient condition to test the reachability of desired attitudes.

The observations relating the zero crossing of the step response of NMP systems and

the roots of the Markov parameter polynomial which are the basis for Chapter 8 can yield
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new results on the problem of controlling other unstable NMP systems using RCAC. Other
contributions which enabled these results are the new regularization term in cost function
of the 1-Step implementation without which the results in Chapter 8 would not have been
possible, and the implementation of sequential recursive least squares updates which sig-

nificantly increase the numerical stability of RCAC for MIMO systems.

9.2 Future Research

First, the difference between the two implementations of RCAC should be examined,
the numerical experiments in Chapters 3, 4, and 5 can be redone using the 1-Step method.
The 2-Step approach was applied to the CMG problem in [74] with limited success.

A thorough investigation on the effects of singularities on the control gains as well
as development of a necessary condition for resting attitude reachability given the initial
and desired angular momenta should be explored. A reference governor could also be
applied in conjunction with Proposition 1 in Chapter 7 to prevent unfeasible commands
to the controller. Furthermore, CMG arrays which allow null motion, such as the 4 CMG
pyramid or the 6 CMG rooftop arrangement, as well as variable speed CMG’s should be
examined.

The problem of magnetic control using RCAC is not fully investigated, lower inclina-
tion orbits, corrupted magnetic field measurements and a control implementation which
accounts for the geometric torque constraints merits investigation.

Finally, the results in Chapter 8 can be extended to 3-dimensional rigid bodies as well
as other NMP systems. We should also aim to obtain an analytical explanation for the
behavior of the roots of the Markov parameter polynomial based on the polynomial order

and the zero-crossing of the step response.

167



APPENDIX A
Useful Lemmas and Definitions

The derivation in Chapter 3 relies heavily on the following Lemmas and Definitions.

They are presented in detail and proven in [81].

Definition 1. Let Fx, Fy be frames defined by the frame vectors ix, Jx, l%x, and iy, v, I%Y
respectively. Then the physical rotation matrix which rotates Fx to Fvy is defined by

— A o ~ ~
Ry/x =iyl + jvix + kyky, (A.1)

where the superscript T indicates the transpose operator.

N N —
Definition 2. Let x be a physical vector. For all x, the physical identity matrix U is defined
by

>

NN
Ur =x. (A.2)

Definition 3. Let 5, § be a physical vectors. Then the physical cross product matrix T s
defined by

X AA

TyLTxy (A3)

— X
Lemma 6. Let x  be a physical cross product matrix then

o
Lemma 7. Let Ry /x be a physical rotation matrix. Then
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—T —
]. Ry/x - RX/Y,
—

— —
2. Ry/xRx/Y - U,
Definition 4. Let Fx be a frame and z bea physical vector expressed as
; = ZL‘liX + J,’ij + .I'3i€x (A4)
The frame derivative of x with respect to Fx is defined by
Xe

AN R .7
T = @1ix + ToJx + T3kx (A.5)

Lemma 8. Let Fx be a frame and z bea physical vector. Then

(%) ' é(g.T) . (A.6)

_> —\
Lemma 9. Let Ry /x be a physical rotation matrix and wv x be the angular velocity of Fx

relative to Fvy. The relation between frames Fx and Fv are evolves according to Poisson’s

equation
Ye
— — %
Ry/x= Ry/x@v/x; (A7)

where Y @ denotes a frame derivative.

Definition 5. Ler Fx be a frame and define a physical vector z, then 5‘ is the physical
X

vector x resolved in Fx.

— —
Definition 6. Let F'x be a frame and define a physical matrix M, then M ’ is the physical
X

N
matrix M resolved in Fx.

5
Definition 7. Let F'x, Fy be a frames and Ry /x be a physical rotation matrix. The rotation

matrix from Fx to Fy is defined by

AT ~T A AT
by ixJy  ixky

A7 - N
Ryx 2 Ryyx| = Rys| = | iy v by |- (A8)

1T 1Ta  LTT
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Definition 8. Ler F'x, Fy be a frames and Ry /x be a physical rotation matrix. The orien-

tation matrix of Fx relative to ¥y is defined by
A T
Lemma 10. Let Fx, Fy be a frames, za physical vector, and Ox /vy the orientation matrix
of Fx relative to Fvy. Then
o] =Oxy 3| (A.10)
X Y

ﬁ
Lemma 11. Let Fx, Fy be a frames, M a physical matrix, and Ox /v orientation matrix
of Fx relative to Fv. Then
o

.
MX:OX/YMy(D)T(/Y. (A.11)

Lemma 12. Let Fx be a frame and T a physical cross product matrix. The physical

cross product matrix resolved in Fx is given by

0 —kiz Jix
— X X ~ N N
r | =r = kix 0 —ixzx |- (A.12)
< < X X
—ixr  ixT 0

Lemma 13. Let Fx be a frame and T a physical vector defined in (A.4). The frame

derivative of x with respect to Fx resolved in Fx is given by

Ty
A
] = 4 |- (A.13)
X
T3

Definition 9. Let Fx be a frame, B a collection of rigid bodies B, B ..., B,, and let w

be a point. The, angular momentum of B relative to w with respect to Fx is defined by

—_ A n —
Hajuyx =Y Hs,jux, (A.14)

i=1
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where, fori =1,...,n, the angular momentum Hg, ,/x is defined by

—\ A N N
Ha, oy 2 / 7 iU e (A.15)

i

Lemma 14. Let Fy be a frame attached to the rigid body B, define a frame Fx, and let w
be a point fixed in B. Then the angular momentum of ‘B relative to w with respect to Fx is
given by

[N

-

HB/w/X = J‘B/wWY/Xa (A.16)
%

where positive-definite physical inertia matrix, J g, of B relative to w is defined by

Jg/w = ||7“dm/w|| U— Tdm/wrdm/wdm- (A.17)
B

Lemma 15. Let B be a rigid body of mass ms with center of mass c, define a frame Fx,
and let w be a point fixed in B. The angular momentum of ‘B relative to c with respect to

Fx is given by
Hgjerx = Hpjw/x + ?c/w X mBE\C/w/X' (A.18)

Lemma 16. Let B be a rigid body of mass ms with center of mass c, define a frame Fx,
and let w be a point fixed in B . Then the physical inertia matrix of B relative to w is given
by

X

— —
T pw = Jnje = ms(T 40" (A.19)
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