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ABSTRACT

The geametry of ¢lose prekings kastbeen used 1o model the stricture of' & hierschy of
trade: aress rezulling fiom interirban COmpelition in complex, wheire systems ol cijes,
When Trclal gearmelny i5 used instead of the tralitionl approach, unsolvel prablems age
resclved, pew results are cxposed, and new fesearch divcctions are suggesied by this deep
cmnection between geomery and gengrafibiy.

INTRODUCTION

The prablem of how m AT om space “evenly” in the Euclidean plane i solved abatrscily
by conshilering geometric packings of the plane (Coxeter, 19610 thus, ope clase packing
of the plane sees circles, centered on prenis of an equilgeral triangular buttice; expand out-
wirrd astil wll fnlerst

al space s filled with colliding circles SOMIPOERSING inlo reou
hexagons. The etficiently arranged hive of the bee eahibits this pheromenon (von Friseh.
19500, a¢ do:soap bubbles Blown hetwoen parallel plares ol glass (Bovs, 19620 Courany
aml-Robbing, |958)

Fhe question of how human selements might share space, even as g fraely thenpat-
icil gquestion enibedded inoan absiract seopraphical space it might resemble the Buclid-
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cin plane, hos mommesous pomplexitics, There are Eeomamic issues facing comrnencial i
estahlishments concerning volume af sales und cost of moving goods 1o prrkel areas, as
well a8 concerns [Tom COTSWMETS 10 yolving competitive pricing and distance o arkel,
There are topoeraphic HEUes. which might involve the ease af travel o market. Theze ae
political ssues, which iizht involve gomy mandering of, or witlin, politicel units, Thene i
are sogial issues, which might in volve religious or food prefercnog or any of a number of i
clements hased on cubtural iradition, Tn short, the various Componenls already prosent in i |
socitly, coupled with different pereeived needs, might infleence decisions a2 L0 b sedrle-
menis shan: spacs and how trade areas might ke shape aroumd such settlements, Thess
wivd related issucs ane Opiss on which much peographic regearch has heen based. The
sandar ig relermed o references by Parrand Jones 1953 and Mulligan {1984) az eniries o
(his literarare wd o works by Haumjoul el al. (1985} apd Griffiky C L9E9, among nthers, far
mathematical interpretalions.

CLASSICAL CENTRAL PLACE THEORY: AN ABSTRACT OVERVIEW i

The peomeiry of (he classical central place theory, ariginated by Walter Christaller in the
1950 and correborated, fronya perspective focusing on local rather than on global eco
e weeds, by Augost Lésch in the, 1940s, presents 2 thearctical model for examining
the geographical 15sue of how cities and towns might shine spacs {Christaller, 1933, |4,
[dsch, 1940, 19547, Michael Dacey’s - 19605 explanation of this geomelry provided &
clear and compaet explanation of it theorenical foundations (Dacey, 19633,

I focus of this paper Bs on the geoemelry af classical central place theory and i
linkage wilh sell-similar, geometric fractals {Arlinghaus, 1985; Arlinghaus and_Ading-
haws, 1980}, Becanse ceniral pluce theory rests oi the nioton of hierarchy and because
self-similarity does aswell, this is @ logieal place W look for alipament of theoretical (on-
cepls [ronm perhips atherwize disparate disciplines. An elfort iz made to show how this
alignment happens by concentrling on basic sasies of central place theory ind fracizl
aeometry, thus refering {hig peader interested i greaser mechanical detail 1o oifer sHREs,

GEOMETRY OF THE CLASSICAL CENTRAL PLACE THEQRY

The clazsical central place heogy solution o creating o ierarchy of setilements Tequiring

rride areas of different sives has been 16 use the close-packing idea {Christaller, 1960
Litech, F9503 Loosely speaking, large selilemients provide a wider varicty ol goads and
services and therelone have @ hroader support el service area (that is, rade area) than i
smpller places. Thus, a nel composed of melatively large Aose-packed hexagonal e
arens wilh esch hexagon centered on @ [arme seltlemenl as i node;, miphl reprasent (e
absstracs patiern of how large cettlements prtition space. Smatler settlements ave smaller
trade areas, and therefore an associated hexagonal net of smaller cell sive, uniformly dis-
ribiuted throughout the net, Any number of nets, each of uniform cell sime determused by
city o o saze (or ts pank on some list, may be (ol
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Tivsize how thé entipe sonbgurtion of citics and towns of ViTying sizes miaht share

WOIMALe 4 sack ol superimpose layers of close-packed hexagonal nets with cefls
of fixed diameter within a faver, but with diamerer vitrying [roan layer o laver (Figure
LB Evidently, there ‘are-an mfinile nomber of orisntations of aie luver relative 1o
Anwther within this stack. Recuuse the targe settlements also offer (he goods and servicey
of the small settlements, o his ey, based on nesting of services. becomes evident under
orrenbiticns: that align boundarics, Historicalty, different sivles of orieniation have been
mierpreted in different wavs. The cxamples below display some of e derail of the three
el commoily considered cises,

In an abwiract teographical spuce in which movemen is eqeally easy in all dirgee:
nosLE Brom every podnt {an Isofropic piuin), consider a stack of three Levers of hexagonal
nels (Figuare 10010, The first layer {huyer 1) s composed of srmull wwns, epch Coampeting
with 1S nearest neighbors for the space belween towns s trade neas The distunce
bebween eacl pair of rival towns in laver 185 one unil, Rival towns splitevenly the space
Between them, ereating a net of small wnit nexagons (dotled Tines in Figure (4,1 | eentered
on b rival wwns Clayver 1 owns will nol mcessarily be evidencin all ligrres o follow: on
octasion, bomndaries will ohseure the mi.

The nextlaver faver 23 54 compised ol larper rivals Lsecond Targest dors in Figure
FELLY thint e mext nenress neighbors g o distance of VA, when measurad relative 1o the
layer | rivals tFigrure” ML L) Tn in identical teunner, 4 thied fayver (“laver 370 of even larper
fiekaginil e oreas may be crewed by centering hexagons on the next Mearest rivals
(st dois in Figare 19,1 ) The speing belween rivals in Faveer 302 also %3 (when thai

e

Figure 1001 A cinssienl eenteal plnee heerane i the aricmintios & siel thail ey bl s contsins e Gy
kst ofihres of the wexi sisber sl irds ancas 08 = 51 Solid lineg bound the made- anegs ab lirgs eongering
sonienl plices harpest sl dashod linss hound e e farcas of midigized sampeling eeadial plocs: (nedien
sl dies, avident neie jhe vpr s gune mid Enfernad elsetepel: ol Eine bound sl irecks areas af il
SHwampening centeal places fnm shawn: bad infermed).
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Fagure 10,5 A chslenl central place higrarchys (he caeniatin iz 2och thir! ich e ares contasng (he equiv:
alent af saven of the next amealler sised nde ancis (X = 71 Solsl, iliasbiz, anid duiied liees hounding trulg ge
are as desgrined in e gapiimn foc Figues k1

FRACTAL GENERATION OF THREE CENTRAL PLACE HIERARCHIES

The following transformation shows how L generiie entire centeal place herarchies fram
fractal aoometry: & single generalor. applied 10 & hexagonal initiator (a8 sl beloa will
produce the hicrazchics nedesd in the gection ahove. Different generslons produce different
hieparehios: however, (e transformation femang he same, independent of the shape of
the generater or the size of 1he initiator. The [ractal dimension (Mandelbred, 1982), e
mined from geometrs entities invariansl unider this teansformation, will serve i & zingle
value 1o charactesize cach higrarchy (Aringhans, 1985},

Eractal Generation of the K = 3 Hierarchy

Consider sealing a two-sided wedge with vertex anghe of 1307 1o span the six sides oba
regular hexagon (Figure 10,4 This wedge Is the generator, and the hexagon (Figure.
10 d4at is e initiator Apply e genertor alteroely fo (e inzide and the owside of the

|

I imitiator. Bemove the edges of the initaes, leaving o shape mose highly crenulated thun
[ ihe initiator: this s called the first teragon (Fgure 104b). The highlighiing surrouniding
| the irst teragon is desipned o make the first teragon Stand out, and o suggest ihie inskde-




|

FRACTAL GEMERATION OF THREE CENTRAL PLACE HIERARCHIES 215

nutside manner of applving the generator 1o the iniliator. The ouler cdges of the darkened
aeas e pegions of the previous stage “underfil” by the sansformation, therehy sugpesi-
g the outline. of the shape in the previous frune. When the lings suggesied by the sym-
metryof the first teragon are also included {as dashed fines in the middie frame, Figure
L0L.4b), this figure comprises three hexagons; three scaled down images of the preceding
stige, Mexl, seale the same wedge-shapid generator 10 fit the side of the ficst wragon,
Apply il alternately, inside and outgide, and remove the edges of the it eragon, The
resull is the second leragon, shown an the last frame (Figure 10,4c5 The hightightirg sug-
reils the howndary of the first teragon, and it ilustrates the meanier in which the second
leragon was derived Tom the fist. When interior lines suggested by ihe symmedry ure
added, it becomes clear that he second teragon contains (hiee sealed -down copics of (he
lirst teragon (and, therefose, 3 3 = 9 scaled-down copies of the initiaor,

Theoell sizes and numerical progerties within successive frnmes of this iransforma-
tion (ol applying & wedge-shaped generor 1o initiatos) meel the classical cenreal place,
K = 3 erieria ontlined above: lieention of this ransformation perming (e rapid generdlicn
af thee lavers of the K = 3 hicvarchy o any level of derail

Each fractally genceated laver contains hexagonal cells of the correct size 5o that,
when resuliant nels are superimposed on the initial hexagon on the poinl distinguizhed in
the interior of each stage in Figure 100, 1he orentation of the tets is also comreot for the
K= 2 configuration (Figure [LSL This smatl stack might be rearded 05 a & = 3 tile
(Cerinbanrm and Bhepad, 19871 When this tile and identical copics of it are placed side by
siche in the plane. they fit perfeetly with no overlap and no gap This is equivalent 1o using
a latlice of hexagonal initittors and applying the inside-suiside ransfonmation of Figure
WAoo the entire set. Figure 1006 displuys the stages of how this transformation might pro-
cecd. displaying in increasing detail. from lefl (o right, a mosaic of & = 3 (iles, The nigh-
lighting is intended 10 sugpest bow clements of the tiles (it together (rather than 1o

seorreapond with previous highlighting wsed o display differcne eelanionships), This frac-

lally generated central place landscape (Figure 1006, righi-hand side) is identical o the
classical &= 3 et s shown in Figue 10, ]

C>
lal (k) oy

Figore 104 Fwtal tansfommation lebding 1o the & = 3 central place Bisrschy: (5) hexagmual iniinies, ()
restltaf appsing the gerermor (abive the kel mmow), soccesively inshile snd sutside, s the initinion, the e
adiacent whine cellnacs the first berapons el secoed serpon, derivel Fromike fivst feragon; osine the scabed-down
wereon aliovs the nght amw The dan B distingsished s o poicgon shich thi 2hipes ane o he sinchosd
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Figure 105 [nitison irst e, seed sotond loragon Gom Figips Hkd aresticked an il chslisgasted

gk, b o 1ol oberem 11s watly e cornegt K= 3 relalinnen

Eractal Generation of the K =4 Hierarchy

[y fhe sarne vean, wihan 4 threc-sided trapevoidal gemeriier, with inctuded angles of 120
it weated to span the sides of a hexogonal iniliator iFigure 10.7a) and arplicd successively
ingicie and cutside the inilinlor, {he sesuliing fiesl eragon contains four self-simil e Copes
oF Lthe nititer (e 100700 Fescaling: (e geneEator & {if the wickos ol the ficst Leragen
and applying il in the instde—nutside scheme producces a seeond teragon (Figure 1076
comtaining o seaicd-dow copies ol 1he frse lesigon fumal, therefore, 4 % 4 = 16 suilec-
dowin copies of the initator) {This patter i ook enkgue e central place (ractals] o6 Hil-
royed, [983, [0 paginplel), When the ieragons are sieked on theanitzalor, on the poing dis-
trgmighed in Figure {17, o tite showing three bayers of the & =4 central place iieranciy

emerges willi cells of the correct cize and in the proper relative arentation (Figure 5L
When hese iles are placed side by side (that 15, when the iranslormation of Figure 1075
apphed oo net of hexagonnl iniliatogs). a [raciafly generated §o= 4 centrsl place land-
seape emerpes (Figure 1020 shat is ilentical to the K = 4 net {Figure 112}

Fipnre $aa A fmolly genersiod centeal place kndscape The Ilckencil remians agpss how e
(et ey cover the plone: The kel of i, Al % S, iRy frai bedi o rghts The wshite: pets
I E

vios aF thi-right sidie displays detail identical 10 that o the & = 1 comenl plase hiemreiy in Figon 101




FREACTAL GENERATION OF THREE CENTRAL PLACE HIERARCHIES 221

/ % 5N
<:> &
{a) (b} (e

Figure 107 Frsetl trassiormation leadng (o the & = 4 cental e Tierarchy; Derils of 6xplamaion i e
and an capleon for Fignre. 1

Fractal Generation of the K = 7 Hierarchy

Whien a three-sided, zigeig cencratcr with includid anglesof 1207 isseabed o fithe sides
of o hexagonal initiator (Figose 100102) and applied in the inside—outzide paticm, @ first
leragon containing seven smalier hexagons is genersted (Fgure 10,101}, Bepeating the
procedure produces a second fenyzon comiaining seven scaled-down copies of the first ter-
awion Gind hence T = T = 49 sclfsimilar cupics of the imiliador) (Figwre 10,000, When
these confignrations of Figure 1010, whichexhibit the & = 7 characleristics. arc SUpRIrin-
posed on the point distinguished in Figure 10,10, a portion ofa K = 7 three-layer stack is
Forred (Figure 10,110 When this and copies of it are used 1ol & plane, the & =7 ceniral
place Buidscape emerges (Figure 10.12) in the same manner it would have had the sengra-
tor been apphied 0 an entire nerof hexaronal nianoes CFigeres 1001 and 1R 3 are 1dent-
cal)

Figure 108 tnitator, jise terszan, sl second weeagon from Figene 1007 s saeked on the distingzaishind
poant. forming a tite ofovéetain nets with the corect § = 4 relatiinshap
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adicape. The blncsened cégims suggest hom |wes i

Figure 109 4 (memlly genersod centeml. plas
ra right, The whind jee

gether b gover e plane: The et oF detiil shown s comtingan, ipereeses frm ki
Apenirad plaps Memarchy i Figan: 102

ent o tha riEhl <hle displays detail identical s 1kl af the & =
THE DIMENSION OF CENTRAL PLACE HIERARCHIES

Wandelbrots (19833 formulh Tor calculating the dimpensien of ITaclals

LAY
b A |

Lie =3
.

where N is generadly 2 count of the number of units of suee Vo, muy be nsed 1o calculiie s
single value o characierize cach central place hierwrchy (Arlinghaus, [935: Arlinghaus
and Aclimpghans, 195}, Twa constants that are independent of size of rade ancs weishin e
central place frctal construction for o single K value (but which chang fer clifferent &
viliwes) are 1he number of pencralon cicles wnd the spacing Dotwsen rival centers o,
when N is taken to be the number of penerator sides. and 10 % taken (0 he the spaciag
hetween fival centers {he square roet of £, Mandelbrols 2wl wield o value to associile
with each & valee thal reprosents e extent which space woild Sfill-in” i the ranssior
fation were carried out infinitely,

Thus. Tor the K = 3 central place friweal, N = Zand L i= %3, 20 0= 1:2A15555, B
the & =4 central place fractal, M= 2and Lirs Wdsn 1= 15R49625. For the K =7 cential
place fractal, ¥ = 5 and Lr & T om0 = LI291500. The higher the value ol B 5 the
orcaler the penetrafion of surrounding space by network lincs, Thus, fractonal dimensions
syatematically support our subpective mpressions it the bondanes ol the K= sysim

ate more complicated that those of the K= T yslem.
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fa) () 1)

Figrure LT gzl IR=srarmution keading qoibe e conlrml plice hemmhy, Derails of i planation in
st and ineapting for Figere 1004

GENERALIZATIONS TO HIGHER K VALUES

It iz possible i SORSIuch o central place foeral and 1o caloukae jis frisctal dimension for
all central place & vatues, What iz difficall js 1o Chewse 1 generalor from he et of infinjge
Possitilites that will riehd the desired resulr How to do this was slpired in Arling.
Biss (19853 number thearetic prapertics of the & values provide gl the informating
required to produce 4 ECRETHOr that will puampies the eomect cell siee, shape; and aripn.
Liom for cerresponding nels anee i particular & has been selected. John 17 Marshall proved
ivtheoren iy 075 alwing thay integers with pome tivisors with specified numberthea.

F'J'gurl: LLDE Dol vt bernpon, sl eend [erzgon frgip Flgurs 10,10 4 stacked on rhe istingzmished
PEINE Forming ik o verlaia nels il ibe chrmepy & = 7 relalionship
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relie propertics. could nol seree as cemiral place K values (Marshall, 199755, Willianm
Arlivgkious (1985 cost mdarshall's theosem in a different purnberbecretic light so that he
miehl aln prove ils converse {Ariinphaus and Ardinghius, L5800y This ltter thedrem per
mitted (he authoe to demonstrale & systematic husis for 1985 conjectures concerning the
size and shape of central place fractl generatoes {and Tractal dimensions), and b show
B 16 seleet “correet” generators o yield central place fractals for arbitrry K [ Arling
bheie and Adinghous, [989), Figurs {13 shiws, lor example, o gemralor ame Tesq fer-
ngon for & = 76,

As a side heneht, this theorem alio permitizd the author Lo solve: Dacey's [ 154E3)
open questions concerning which K valucs have nonuniqus solulions e he Diophantint.
aeqerating equation. The reades terested in the mechanics of the solutions (e these open
gueations amd ol genses choice Tor achitrary & is refemed o the aforermentioned reler-
BIHLEE,

DIRECTIONS FOR FURTHER RESEARCH

A paturals bul mechapeal, nesl S0 would Be 1o aitomule 1his progedure o yicld shear.
graphic. computerized disploys of central place fractals. The reasons. Lor daing sowe (wa-
fold. Firstoit is clear that hexagonal irade areas doal exist s real-world enlitics anymare
than docontour Tines. The eostour [bne Bsan :|-,‘.~pn:~.~:-;i1r|;,|rin|'| o a devel line of a zurface,

Figure 112 A fractally pengrabed centrad phues Landseaps, Tre blackened pgaons sugeel hae vl
rapether 10 gover the plans. The lesel af detml shown-ingneases fran feft e akpht The white portion ok the nght
i sl denil sdoniical o thaal ol the & = 7 césaral plane hizmnchy m Figus 113
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Becauseé the carth is nol o regular imathemalicsl surface. gqdiom: that deseribe wetual
mountaing do nol exest. This fact does not, however, deay the necd fo stdy 1echnigues of
integration in arder o have o sonngd grazp of whal contouring 1% all - about Similarly, o
sound grasp of central place fractals, from the shstrace to e visual, might lend in g nuin-

e of dircctions: (1} 15 we had a computerized system with hexagonal pixels. ceatml pluce
Fractals would sddress directly issues associated with the filling in of shapes formed foom
these pixels. The theory presemted bere might be immediately applicable 0 solvware hosed
on & pixel arrangement of this sorl, {23 Furthermone, i might be productive 1o modify cen-
il pluce fracrals by deriving them [rom initiaters of other shipes: squares 10 correspond
to Equare pixels, or any mumber of other shupes ol regular polyzons or polyhedra, These
cxlensions provide mnovative ways of recursively sabdividing space for GIS Uata man-
sgement and moltiscale spatinl annlysis,

second, i an-effor 1o remeve the conditian of podveonal regulancy (e the inibator,
A gebimetry similar to this one might be based on centrally symmetric hexagons (eies with
opposite sides paratlel and of equal Tengh, in pairs, of Dhrchlet regions) (Kasner and
MNewnin, 1956). Bacause cenirally syvmmeirie kexagons can be derived Irom Iriamgrali-
tions of the plane as well of o aeneral mathematical spilces {3pamion, 19660, it mighi
alse follow that the comesponrding geometry exhibils properties pardlel oo hose in the
ceniral place fracial geometry, Such extensions may sugzest new witys of gencraling use-
ful nested irregielar networks from point data for interpalation < visualiznion, Bescarch
on all these topics is currently underway and some has been a continuing elfisn over the
pasl 16 years:

The above outhnes some theoretical dircetions for future ressarch. We might aiso
winder what ather real-woeld issues are likely o prompl responses of this som: (13 The
hotion of extuary action describes a “crossing” of e land-waler hoarmdury, muoch as the
discriminant of o quadratic foen in mathemiatics describes a “crossing™ of the © axis: this

Fignre 1003 A pensalie and first rerapon lor X = 26, &ch Farper irade ares soantains 76 of the et smeller
frude areas,
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mighl suggest the approgriencss of lonking for o linkage between alpebra anid ‘pEoTEy
such s (hut not necessanily limited to) the ractal milel, in onder 1o gain msight into prob-
lerns of zeceptable Tevels of salinily in fresh water. For example, the shape of fhe Suisun
Bay ares 15 similar o the shape of fhe larger San Franciseo By arca containing it [Arling-
haus and Mystuen, 1986, unpublished papery. Thus, we might use this noted self-similarity
to took [or comesponding sell-similarity of estuary petion in these hodies of waler that
might veficet levels of sulinity. {23 The notion of self-similarity and corresponding ideas.
Fram fractal seometry might e applicd o he idea of measuring rees of energy tninsfer
anee across 2 <oil profite through the spaces between self-uimilar particles within thal pro-
file (OuGal, 1972 Gleason et al, 1988; Ardinghiys andd Mvstuen, 1986, unpublished
paper; Wheaterafl and Tyler, 1958)

with theory, methadelogy, application, and possible extension of appheation in
hand, the discovery process will ave come full eirele. As is chiaracteristic of scientific the-
ary in geseral, and of gpatial theory in particalar (dealt with by Christaller, 1966 Losch,
1954: Fenme, 1966 and others), (s discovery process relies o aace of mathermatical the-
orens 1o coplure elements eritical Lo thit fspatial) theory, The promise of he wiry pange of
pure mathernutical theory (el which fractals are o small part) witapped by geographers:
offers exciting vistas in spatinl theory.
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