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1. Regularity Conditions

ASSUMPTION 1: The parameter ¢° lies in the interior of a compact set 13 and g;(¢) is unbiased,

namely Ey(g;(¢)) = 0, and continuously differentiable in ¢.

ASSUMPTION 2: The meta extended score vector g(¢) converges to Fg;(¢) in probability

uniformly over B and F'g;(¢) is continuous in ¢.

ASSUMPTION 3: The sensitivity matrix 0g(¢) converges to E{Jg;(¢)} in probability uni-
formly in a neighbourhood N of ¢°. E{0g;(¢)} is continuous in ¢ and E{dg;(¢°)} = G.

Moreover, under the partition of G = (G A, G )5 G A¢ corresponds to the nonzero component

P g of .

ASSUMPTION 4: The weight matrix C(¢) in the QIF Q)(+) is positive definite and is continuous

in ¢ € B and C(¢) converges to cov{g;(¢)} in probability uniformly over B. At ¢ = ¢°, let
¥ = cov{gi(¢°)}.

ASSUMPTION 5:  For any k # k' and ¢ = ¢?, = 0, the initial root-n consistent estimators ¢;

and ¢y, satisty ¢; — ¢, = 0,(1).

Assumptions 1 - 4 are the standard regularity conditions required in the theory of Generalized
Method of Moment estimation (Hansen, 1982). Assumption 5 is required for the estimator gg Fto
evaluate the ratio of two weights, which is, however, not required for the two proposed FLAPO
estimators $ﬁ and &5@. To establish finite-sample L;-norm error bounds, we need two extra

Assumptions 6 and 7 for A and 0Q(¢).
ASSUMPTION 6: The tuning parameter \ satisfies A > J||0Q(¢°)||« for a constant J > 1.

ASSUMPTION 7: For a given weight matrix F, there exists a constant x > 0 so that Q(¢" +

u) — Q(°) + 0Q(°)Tu > k||ul|2 for u € C(F) defined below in (1).
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Letu = $ — @°, where c;AS is the minimizer of the proposed penalized objective function when a
weight matrix F is used in the penalty function. By Assumptions 1 and 4, we know Q(¢) is convex

around ¢°, and therefore Q(u + ¢°) > 0Q(¢°)”u. Thus, Assumption 6 leads to
MIFT+Folll — [[F¢°[l1) < —Q(a + ¢") < 10Q(¢")[lsollls < T Alf-
It follows that || F _4,U,||1 — ||Factiaglly < J7'|[a]|1. Using this fact, we can define a set
C(F) = {u € R*" ¢ |[Fagualli — [Faguagls < T ull1}- (1

When the Hessian matrix of Q)(¢) exists, assumption 7 essentially requires the smallest eigenvalue

of the Hessian matrix bounded away from 0 in a neighborhood of ¢° defined by C(F).

2. Algorithm for optimization

Since the proposed penalties use adjacent contrasts, their optimization procedures appear more
challenging than that of the popular lasso method. Our idea is to convert the optimization problem
into a computationally more manageable setup in order to facilitate numerical calculation. In the
following presentation, for convenience we focus on penalty P () in the algorithm; but the entire
procedure can also be applicable to the other two penalties P(3) and P(83) as well. As discussed in
Section 3 of the paper, we begin by approximating QIF ()(3) by a second-order Taylor expansion
at an initial consistent estimate 3*. These initial estimates may be obtained by performing routine
generalized estimating equation analysis with one study at a time, where the estimation consistency
holds when individual study mean models are correctly specified. Specifically, the second-order

approximation to the objective function (3) = Q(8) + AP.(3) around 3" is given by
2(8) = Q.+ (0Q1) (8- ) + (8- )7 (°Q.) (8- F) + AIDS @

where Q.,, 0Q. and 9*>Q, denote Q(3*), the first-order and second-order derivatives of Q((3)

evaluated at 3*, respectively. Following the argument of Kim et al. (2009), let z = ]565 € REp
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and rewrite the local quadratic minimization of (2) as follows:

{ min {Q. + (0Q)) (B—8") +3(8— 8" (0*°Q.) (B - B) + Az}

BERKP zc RKP
subject to ]56B = Z.
It follows that the Lagrangian formulation takes the form:
* 1 * * ™
L(B,2,7) = Q.+ (8Q]) (8- B8") + ;B-8 )" (0°Q.) (B—B") + Azl + 7" (DB — 2),
where T € pr is the Lagrangian multiplier. Being a function of 3, the above objective function
L(B,z,7) is actually minimized at 8 = 8* — (92Q,)*(0Q. + DZr), provided the existence of

(0*Q.)~'. Moreover, the corresponding minimum is given by, up to a constant,

ﬂm}%{n L(B,z,T)= TTﬁeB* — %(8(2* + ﬁeTT)T(azQ*)fl(aQ* + ﬁeTT)
ERKP

Also, minimizing the above objective function L(3, z, T) with respect to z gives the minimum:

0, if]7]|e <A,

min L(8,z,7) =

zERKP .
—o00, otherwise,

where || - ||« is the sup-norm. Therefore the dual optimization is to minimize the following (3) with
respect to 7:

min _—77D,B* + 1(9Q. + DI1)7(9*°Q.) " (9Q. + DI'1)
{ rer(FHP (3)

subject to || 7|0 < A
Having the solution 7 of (3), we can update 3 via 8 = 8* — (82Q,)*(0Q. + D7#). In effect, the
optimization required in (3) is a quadratic programming problem with boundedness restrictions,
|7l < A, which can be easily solved by applying one of the standard convex optimization

algorithms, e.g. the interior-point method (Nocedal and Wright, 2006).

3. Theorem
3.1 Lemmas

We first prove Lemma 1 given in Section 4 of the paper that is needed for Theorem 3, and then

establish Lemma 2 that is needed for the proof of Theorem A in a later section 3.5.
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Proof of Lemma 3.1. The estimated ordering of distinct parameter groups is determined by the
estimated ordering of different parameters. Parameters in the same parameter group do not matter
at all. This is because when 3 ; = 3}, ;, for any € € (0,1)

pr(0{By s = Brit > €) = pr(Bry = Bri),
which depends on the asymptotic distributions of 5, ; and 5} ; and does not necessarily converge to
0. However, the estimated ordering of 3}, and 3, ; when f3; = f3},; can not change the estimated

ordering of the parameter group that 512,1 and ﬁg,yl belong to.

Thus to prove this lemma, it is sufficient to show that when 6,871 > 5,8,71,

5{5;:',1 > BZ,I}—M{B;@’/,; > ﬁ/g,z} =0
in probability as n — oo. For any € € (0, 1),
pr(6{Bu, = By} > €) = pr(Bry = Bry)
<pr{|Bey— By — B — Bl = Bl — B} — 0,
by the fact that 5, ; and [, are root-n consistent. This completes the proof of Lemma 3.1.

For a general m xn matrix A, we define (1, 1) operator norm || A |, for A by sup,,e gn. ), =1 [|Aulf1.

LEMMA 2: For any weight matrix W,

W@ + )l = Wl > pag *[|us, |l = [Woag

1||UA5 L

where p = {pmin(WL W 4) Y2, pin(-) > 0 is the smallest nonzero eigenvalue of any square

matrix, ag = | Agl, and ||W 4|1 is (1, 1) operator norm for matrix W ge.

Proof of Lemma 2.

W (9 +u)l[i — W[y =[IWaguaolh + [Wag (9l +wag)lli — [Was @l 11

>||W.AOU-AO||1 - ||W-A(C)u-’48 1

—1/2
>payJuagll — [Woas [l [l

~1/2
where [[W 5.4 vand [Woaga 1 > [|Woagtagll2 > pag |l 11

1< [[W g

1||UA3
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3.2 Proof of Proposition 1

Proof of Proposition 1. For notational simplicity, let ¢ = ¢ and ®(p) = Q(¢p) + AP(¢p).

Part (a): Following the argument of Fan and Li (2001) and Peng and Fan (2004), we show for any
e > 0, there exists a large L independent of n such that the following (4) holds for all n sufficiently
large depending on €
pr {uiEqu)(qu +un~?) > <I>(q§0)} >1—e (4)
This implies a local minimizer satisfying that ¢ — ¢° = O,(n"1%). Let ¢ = ¢° + un~'/2. By the
Taylor expansion of g(¢) at ¢°, g(¢) = g(¢°) + 9g(¢) (¢ — ¢°), where ¢ is between ¢ and
¢@°. Applying Lemma 2 to Fand F respectively, we obtain
©(¢) — 2(¢")
=Q(#) + AIFB|li + A[Folli — Q(¢°) — A[F¢lli — A[Fe°]s
—ng(¢")"C(¢) '&(¢") + 2n(¢ — ¢°)"08(¢)C(¢) '&(9")
+n(¢ — ¢°) 0g(d)C(9)'08()" (¢ — ¢°) — ng(¢") C(¢") '&(¢")
+ A (Il + [Fell — [Fel - [Fol)
>2u"0g(¢)C()~'n'*g(¢°) + u’ 0g($)C(¢) 08 (¢)

o2 LG D)y s — (1P

1 IEag ) lleagls f + 0p(1)
=0y (|[ull2) + u" 9g(¢")C(¢°) ' 08(¢°)"u + 0,(1),
where by Assumption 1 and the central limit theory, the unbiased estimating function n'/2g(¢°) is
the order of O, (1), and
ng(¢°)" C(¢) 'g(¢") — ng(¢") C(¢") '&(4°) = 0,(1)
0g(4)C(¢) 'n'’g(¢")
= |0g(6)C ()" — E{0g(¢°)C(¢") '} | n'’g(¢°) + GEZ'n'’g(¢")

=0p(1) + Oy(1),
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P = {Pmin(FL F4) Y725 = { prmin (FZOFAO)}W, and by the condition of this theorem A\n~1/2 —
0. Thus, when ||u|y = L is large, ®(¢p) — ®(¢°) is dominated by u? dg(¢°)C(¢°)10g(¢p°)  u,
which is bounded below by a spectral lower bound ||u||2\(0g(¢°)C(¢°) 1g(¢®)?), positive defi-
nite and independent of n. This implies (4) and the proof is completed.
Part (b): Without loss of generality, we may assume p = 1 for simplicity of exposition. The
case of p > 1 can be proved similarly. Besides .4y, we also define sets &y, &1, ..., 1 where
E={(1),(1,2),(1,2,3),...,(1,.... K)},& ={2,.. ., K}, & ={(2,3), ..., (k—=1,k), (k, k+
..., (K=1,K)} & ={(2,3,4),...,(k—2,k—1,k), (k—1,k, k+1), (k, k+1,k+2),..., (K-
2, K —1,K)},and Ex_1 = {(2,3,...,K)}. By this definition, & corresponds to K regression
coefficients represented by ¢1, ¢1 + ¢a,...,¢1 + -+ + ¢x and & represents all differences of
adjacent parameter pairs, namely ¢, . .., ¢k

Letu = (uy,...,ux)’ be a K-dimensional vector where vy, € [—¢€,¢|,¢ > 0,fork=1,... K.

Around the true ¢, the objective function can be rewritten as

keé&o j=1 ke&
A Z wk’k+1{¢g + G+ (g + Uk+1)n_1/2} + -
(k,k+1)e&s
+A Z Wy, K{¢g+¢g+'--+¢?{—l—(u2+u2+...+uK)n—l/2}’
(2,.... K)EEK 1
where w; i, Wk, Wi g1, - .., Wa, gk are exactly the weights defined in equation (2) in the paper

but represented by ¢1, ..., ¢x. For example, wy, = By, — Bi|™" = |05 7", wips1 = By —
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Bt ™t =10k + Ol T and was e = (B — BT = [65 + -+ + |7 Using ©(u), we let

=Q(¢° +un"?) = Q(¢%) + A D wil|¢) + wn?| — |8}))

ke&r

(k1,k2)€E2 (5)

+)\ Z Wi2,..., K|:‘¢(1)+¢(2)++¢?(+(u1+u2+UK)n_1/2|
(1,2, K)EEx

160+ 98+ -+ ol
=Q(¢" +un'?) — Q(¢°) + A1 (u) + -+ + Mg (u),
which is minimized at @ = n'/2(¢ — ¢). We first consider the limit of A (w), ..., M (u).
() If 60 = 0 and uy # 0,

wy (|9 + uknflpl — oY) = An’l/ka|uk| — 00

by A — oo and (nY2wy,) "t = nl/2¢; = O,(1).
(ii) If ¢ # 0 and wy, # 0,
N (|67 + wpn™'2| — [6)
= A" 2wy, (26 + wy)sgn(n'/ 26l + ug) — n'?¢Ysgn(49)] — 0 in probability
by An~/2 — 0, w; converges to (¢?)~" in probability and sgn(n'/2¢? + u;) — sgn(4}) = 1 by

Py > 0.

@) If u,, = 0,
Awy (|85 + uen 2| — [40]) = 0.

Let u 4, is the subvector of u indexed by the set Ay. Thus, we can write (i), (ii) and (iii) as

0 ifus =0
Ay (u) — in probability.

o0 iquO 7& 0

For AI5(u), we check (i) if ¢f) 4+ ¢, # 0and ug, +ug, # 0, (i) if ¢f), + ¢, = 0 and ug, +uy, # 0
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and (ii1) if ug, + ug, = 0 to show

0 if Upy = 0
M (u) — in probability.
oo if UA, 75 0
Thus, we have that for k = 2,..., K,
0 if Upy = 0
Mi(u) — in probability.
oo if UA 75 0

Now we consider the term ®(¢° + un=1/2) — ®(¢) in (5). Notice that
n*2g(@" + un=?) = n'%g(¢°) + 0g(¢*)"u — ¥ + GTu in distribution
C(¢° +un~Y*)"t - X! in probability,
where ¢* is between ¢° and ¢° + un~'/2, n'/?g(¢°) converges to ¥ ~ N(0,X) in distribution
and 0g(¢*) converges to G in probability. Thus as n — oo
O(¢° +un"?) = (¢°) = (¥ + GTu)" SNV + GTu) — DY

= 20T 1GTu 4+ v GE Gy,

and
V(u> N { QWTEflGﬁguAS + UESGA(%E*IGZ‘SUAS if Upy = 0
00 ifug, #0
in distribution, which is minimized at u 45 = —(G;E Gl ) ' G X W and w0 = 0.

By the part (a), we know u = O,(1). Then, according to the Lemma 5.1 and Proposition 4.2 in
Geyer (1994), we have
~ aAc) - GAczflGTc 71GAc271‘1/
n1/2(¢_¢0):a: C s ( 0 0) 0
U4, 0
in distribution as n — oo.

Part (c): Next we show the sparsity result, ./10—>A0 in probability, which is equivalent to
pr(k € Ay | k€ Ag) = 1, pr(k e Ay | k € AS) — 0.

When k € AS, the above normality results show pr(k € Ay | k € AS) — 0. When k € Ay but



FLAPO 9

g/gk # 0, we consider the following KKT optimality condition,

0hP(B) =04 Q(P) + bi(),

and

() =\wr {sen(d) +—ak|Z¢J|+ """ =000 k=1

bi() :/\wk{l + Z wk |4 PGt P) + k(¢k L+ on)

k' €&,k >k

..... K($2+---+$K)} 1<k<K,

bic() =AwK{1+ """ |Z¢j|+ e 2 (Gwr + 0)

o K($2+"'+$K)} k=K,
w

where 0,Q(¢p) = 0Q(¢)/0¢y. and 0y, is the subdifferential operation for g/gk By the root-n consis-

tency of $, it can be obtained that

0:Q(d) = 2ng(d)"C(P) ' 9,8() + 0,(1)
= 2ng(¢°)TC () ' h&(@) + (¢ — ¢°)70g($)TC(P) "' 0hg(P) + 0,(1) = O, (n"/?).

Next we consider the following two cases:
(i) Any weight w*, whose calculation involves, besides ¢; for k € Ay, an initial estimate ¢}, for

k' € A§and k' # k, is o,(wy,). For example if ko € A§ and ko # k

Wky n”%z
we PG+ (G, = o) + iR,

= Op(n’1/2).

(ii) Any weight w*, whose calculation only involves, besides ¢; for k € A, an initial zero

estimate ¢;, for &’ € Aj and k' # k, satisfies that

*

—_— = C* + 0p<1)a

Wy

where (* is a fraction with 0 < (* < 1. For example, for ky € Ay and ko # k, according to
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assumption 5,

Wi k, o 1
= =—+0,(1).

When 1 € A, and ngﬁl # 0, there always exists &/, 1 < k' < K, suchthat ¢! = --- = ¢?, = 0 and

we can obtain

K
41(8) = {sen(d +—au2¢>g|+ el

ZAwl{sgn((?ﬁlH%é‘lIZ@H -+ 61|Z¢j|+o 1/2)}
j=1

where 10| 23:1 $]| + -+ 50 Zflzl $]| cannot be an integer by the properties of partial sum
of harmonic series. Thus

~ A A
bi(p)nV? = — = — 00.
) Wt 0,(1)

When k € A, 1 <k<K,and$k7éO,wehave

bk(gg) :)\wk{l—i— Z w ak|z¢1|+ I;Uk+1+wk—1,k+'”+w2 _____ K}7
k k

w w
K€€,k >k k k

Wi,k Wk, k+1 W1,k wa,...,
where 3 pce g o0l Z] L O A R DRl L g 22K converges in probability to

Wi

a partial sum of a harmonic series, which can not be an integer. Thus,

~ A A
bi(p)n~Y? = — = — 00.
k( ) nl/gwkl Op(l)

When K € Ay and g/g x 7 0, similarly we can obtain

~ A A
b (p)n~ Y% = — = — 00.
@) WPl Oy(1)

Thus for & € Ay and qgk £ 0,

(P~ = Q@I + bi(@In 2 = Op(1) +
n Wy,

which is nonzero and converges to oo in probability. This implies

pr(k€g8|k€¢40)—>0
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3.3 Proof of Theorem 2

Proof of Theorem 2. Part (a) and (b) can be proved in the exact same way as Proposition 1. For

part (c), we only need to modify by (¢) for & 7, which is
bi(¢) = Nwisgn(en)
be(@) = Awy,, fork=2,... K.

The result is proved by following the steps in Proposition 1.

3.4 Proof of Theorem 3

Proof of Theorem 3. Let us define a set 7 = (Y_,{T; = T;} and let ¢ be ¢ 7 When T occurs;
otherwise the estimator is denoted by $Tc. Thus $ 7 may be represented as $ P o= $T6 {T}+
bred {T°}, where {7} is an indicator for whether 7" occurs. Then

(g, — ¢°) = n'A(dr — ¢°)0{T} + n'*(re — @")5{T}.

Note the following facts: (i) n'/2(¢ — ¢°) = O,(1) by Theorem 2; (ii) n'/2(pre — ¢°) = O,(1)
by part (a) of Proposition 1; and (iii) 6{7°} = o0,(1) and {7} — 1 = o0,(1) by Lemma 1. It
follows that nl/Q(gZﬁe — @") is O,(1). Furthermore, given n'/2(¢r- — ¢°)5{T°} = 0,(1), Slutsky’s
Theorem ensures that n'/?(¢ 7 —@°) and n*/ 2(¢p7 — ¢°) converge weakly to the same distribution
as n goes to infinity. Let ﬁOe denote the estimated configuration of parameter homogeneity given

by equation (10) in the paper based on the estimator $ 7.» then we have
pr(Age = Ag) = pr </T06 =A | T) pr(7)+pr (./Zt\oe = A | TC) pr(7°¢) — lasn — oo.

Summarizing the above outline of arguments, Theorem 3 is proved.

3.5 Finite-sample error bounds

Here we establish finite-sample error bounds for the proposed three estimators. Our derivation is
made along the lines similar to that given by Negahban et al. (2009) for general M-estimators under
the lasso penalty. Although the three estimators qg P $ 7 and (E 7. share the same asymptotic prop-

erties, ¢ turns out to have smaller finite-sample error bounds than ¢, when weights are properly
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assigned to zero parameters in (;b?%. Let pnin(A) > 0 generically denote the smallest nonzero

eigenvalue of a square matrix A, and let 5 = {pmin(F% F4,)}/? and 5 = {pm,-n(FﬁOFAO)}l/Q.

For a general m xn matrix A, we use || A||; to denote (1, 1) operator norm defined by sup,,¢ gy, =1 || Aul|1-
The following Theorem A establishes error bounds for estimators of nonzero and zero parameters

(]5?48 and ¢?4O, respectively, when the parameter ordering is known.

THEOREM A: Letr = ag/by, with ag = card(Ay) and by = card(.A). Under assumptions 1-5
and 6-7 given in the Supplementary Materials, we have the following finite-sample L-norm error
bounds.

(a) The estimator ¢ satisfies:

2 -1, .2 1/2
—W Ay + (wAO + SOAOSO,ASWA(C))

bralll <A
B e
—2w4,0{w4, <0} + Tl/QwAS
h 204
’ ) 1/2 (6)
N " )\wAg + (%243 + Pasp Wi, 0{wa, < O})
|rag — P il < 2on
< )\2%‘\8 — 20 4, 0{wa, < O}7
2%45
where wa, = (p+ p)ag"> — J7, Wag = Hf‘Ag L+ [Faglls +J71 > 0, pa, = k/ag, and

@ag = k/bo. Two constants J > 1 and k > 0 are given in assumptions 6 and 7, respectively, in the
Supplementary Materials.

(b) For the estimator $ 7 the error bounds of Hc/ﬁ 7l and H$ Fas ¢?48 |1 satisfy inequalities in

-1

(6) with w4, = pag /> — J~! and w4c = Hf‘Ang +J7t>0.

(¢) When aif* < 5], we have || — % 1 and (B4 11 < 1 Brasll

1 < | prag —

We have a few remarks on the results of finite sample error bounds given in Theorem A.

Remark 1: For large n, with a probability close to 1 we can estimate the parameter ordering, so
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1, and (@5 4 (1 < [|@ral-

: o : o 0 - 0
the estimator ¢ also satisfies ||¢FeA5 = @l < llPrag — P
This theoretical result is confirmed numerically in our simulation study.
Remark 2: (p + p)a, 1/2 may be regarded as the “average smallest weight” for zero coefficients

in ¢.4,, while [|F 4

1+ ||FA5

1 may be regarded as “the largest weight” for nonzero coefficients

in ¢ 4. If wy, is nonnegative, namely (p + p)a, Y2 > J71, then d{w4, < 0} = 0, implying that

neither the error bounds for || é A, || nor those for H$ Ag — d)OAS 1 depends on w 4,. However, if w 4,
is negative or (p + p)a, 2 < J71, then d{w4, < 0} = 1, and therefore the two error bounds are
inversely proportional to w 4,.

It is interesting to note that the former case (w4, = 0) may occur for large n. This is because
in this case the weights for zero parameters in ¢ 4, diverge, so both p and p tend to oo, leading
to positive w4,. Thus, for large n, the two error bounds are smaller for $ 7 than $ r. The latter
case may occur when by = card(.A5) is large, i.e. the pattern of unequal parameters becomes more
complex.

Remark 3: the two error bounds in (6) are both proportional to the weight w 4¢. This implies that
large weights used in the penalty for nonzero parameters in A5 may weaken the finite sample
performance of the proposed FLAPO method.

Theorem A and the above remarks provide a theoretical basis to apply the penalty f’e(-) in
practice, as qAﬁﬁe enjoys smaller error bounds than ($F for large n. These properties are further
examined and confirmed by the simulation studies in Section 5 of the paper.

Proof of Theorem A.

We here provide the proof of part (a), and proofs of part (b) and part (c) are trivial consequences

from part (a), so the detail is omitted. Let $ = U + ¢. First, according to the definition of the first

estimator ¢ using all possible pairwise differences in the penalty, ®(¢° + @) — ®(¢°) < 0. Next

we derive the upper bound of @ from ®(¢° 4+ u) — ®(¢°). By Assumptions 6 and 7, for u € C(F),

13
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we have
0~ 0 A ~12
Qe +7) - Q") > 2l + il @
We also can bound ||F(¢° + @)||; — [|[F¢°||; from below as follows,

IE(@" + @)l — 1F Sl =[Foaytio |1 + Fag(@g + Thag)l — [1Fa5 %

1

Z[|F 4ot llr — [[F agtiaglx

~ —1/2~ = ~
>pay Pl — ||F sl Tag

1,

where |Factiaclli < |Fagllill@agl, |Fatall = IFaialle > pag"?|[da, . Similarly we
obtain

T A~ el — —1/2~ I~ —~

IF(¢° +a)|l1 — [F°ll =pag ?tall — |Foagll |-
Therefore

IF@° + @) — [FS°lh + [F(@° + D) — [[F°ls

8)
=5+ P)ag |l — (IFagll + I Foag )1 Gag -
(7) and (8) imply
=2+ w1+ A+ Pag ao s — AFaglh + [Pt ) gl < 0
Rl I3 + #llTaglly 4 Away [T ao 11 — Awag[tiag L < 0 ©)
P01 Tao 1 + @ag Tag |17+ Ao [Tyl — Awag [ag 11 <0,
where 0.4, = Kag ', pac = Kby wa, = (P+p)ag? — J 7 was = Hf‘Ang +[[Fglli+J71 >0

and wy, + w4g > 0. Next we solve (9) for two cases:
(1) wa, = 0.

(i.a) We solve (9) for |[u4,(|1 when ||t

1 1s fixed. It is easy to derive two inequalities, namely,

¥ —4c>0, —b+ (0*—40)Y? >0,
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A ~ Iy . e
where b = :T“‘LO and ¢ = w—;o(@Ag [Tas]lT — Awag|lTag|l1). The two inequalities imply that

A
2@«40 PAg

R wae + (Whe + oac Wi Y2 w4 Wae
HUA8||1<min{)\ o (W P a) AL\

YA

2 1,2 \1/2
- WAg e T PA5P 4, W
HuAg|\1>max{A i~ g PP aan) ,0}:0.

204,

Thus we have

WAS

0 < fluaglls < A=
0

(i.b) Similarly by solving (9) for ||t 4|1 when [[u4,]|; is fixed, we obtain

b —4c>0, —b+(b*—4c)% >0,

)\WAC 1 ~ 2 ~ .
where b = —— and ¢ = —— (.4, ||Ua, |7 + Awa, ||UA,||l1)- Thus, we obtain

Pag AL

- —way + (Why + P Pasig) '

]l < A -

P Ao
R —way — (W, + Pagparwie )/
il > max § A————— —=H 08 — .
204

Thus, ||t4,]|1 satisfies

—WAy + (QJ?% + @Aogpiéwzlg)lﬂ

0< ||lu <A
X ||UA0||1 X 204

(ii) wa, < 0.

(ii.a) We repeat the same procedure to solve (9) for ||z, ||; when [|i4 || is fixed as we did in part

~

UA(C)

(i.1). Leta = @a,, b = dwy, and ¢ = p4¢ 2 Aw 4¢ |[Uag ||1- Thus, we obtain two inequalities

V2 —4ac >0, —b+ (b*—4ac)’? > 0.

Solving the two inequalities, we have
wag + (Whe + Pas P05
2048
Wag — (%245 + Paspawh,) 0
2045 ’

1 <A

||a.A8 )

[ =0,

1 >max{)\

and thus

2 -1 .2 \1/2
wag + (%43 + ©ag SOAOWAO) /

0 < [waelly <X
S HUAOH1 S 290_,48
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(ii.b) Similarly we fix || 4,]|; and obtain two inequalities

b2 —dac >0, —b+ (b*—4ac)"? >0,

where @ = p4c, b = —Awac and ¢ = @, [|Ua |7 + Aw.a, |[a, |l1- We solve the two inequalities
and obtain

- —Wag + (Why + P Pagig) '

[ ll1 < A :

290./40
R —wa, — (WY + a0 whe ) ?
ol > max § \———— S b =0,
290«40

which implies

—wa, + (W, + 90«4090;1%%245)1/2

0 < ||[uali <A
a1 o

Thus we complete the proof of Theorem A.

4. Simulation study IT

Here we include the detail of the second simulation experiment for longitudinal binary outcomes.
Refer to Section 5 for the aims of the simulation study. To examine our method’s performance in
a different setting, we design the another simulation study which generates 6 datasets with binary

longitudinal outcomes from the following logistic models:

0git{ E(Viij | Xni, Zrij)} = Boo + BraXni + BroZrij
G=1,.. 4 k=1,...64i=1,.. . n,

where a baseline covariate X} ; is generated from Bernoulli(0.2) and a time-dependent covari-
ate Zy; = (Zxi1,- -, Zra)" is simulated from 4-variate normal N (0,0.51,). We set Ry,(+) for
k = 1,4,6 as AR-1 and for k£ = 2,3,5 as CS, respectively, with equal correlation 0.5. The
two cases of parameter homogeneity are considered, where Case Il is set to have more distinct
parameter groups than Case I. The vector of intercepts is set the same for both cases with all
elements being —1; in Case I, the vectors of slope parameters for covariates X and Z are re-

spectively set as 3 = (—=2,-2,-2, -2, -2 —-2)T and B9 = (3,3,3,4,4,4)7, while in Case
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I, 3 = (-2,-2,-1,2,2,2)T and B9 = (3,3,4,4,4,4)T. Clearly, the numbers of distinctive
parameters in ,6'?1) and [3?2) are 4 for Case I and 5 for Case II, respectively.

Given the above configuration of slope parameters and correlation structures, the multivariate
binary outcome Y, ; is simulated by an algorithm proposed by Oman (2009). Matrices D, D and
IN)e are formed in the same way as those given in the first simulation study. The dimensions of
resulting penalty matrices D, D and ]56 are 30 by 18, 10 by 18 and 10 by 18, respectively.

Based on 200 rounds of simulation, we summarize results in Table 1, from which we can draw
similar conclusions to those given in the first simulation study. Again, we see all three methods
perform better in Case I than in Case II as Case II has more distinct parameter groups. Using the
criteria of sensitivity and specificity, we see that B 5 remains the best performer, and that the overall
performance of [/3\ B, again outperforms ,[; p. The model sizes obtained by the three methods all stay

close to the true model sizes.

[Table 1 about here.]
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Sensitivity (sel00, se90), specificity (sp100, sp90), model size (size) and standard deviation of model size for the Case I and Case
Il in the simulation study Il using different penalty matrices. Sel00 and se90 represent the sensitivities computed based on 100%
and 90% correct identification of all equal parameter pairs, respectively. Sp100 and sp90 are defined in the similar way but for

Case

unequal parameter pairs.

AR-1 CS

Penalty nj; Sel00(Se90) Sp100(Sp90) Size(Std) Sel00(Se90) Spl100(Sp90)

Size(Std)

I,D

100
200
400

0.300(0.400) 1.000(1.000) 5.585(1.978) 0.225(0.305) 0.990(0.990)
0.440(0.545) 1.000(1.000) 4.805(1.064) 0.350(0.470) 1.000(1.000)
0.545(0.630) 1.000(1.000) 4.600(0.737) 0.545(0.650) 1.000(1.000)

5.885(2.050)
5.195(1.533)
4.630(0.910)

LD,

100
200
400

0.255(0.385) 0.995(1.000) 5.380(1.999) 0.185(0.290) 1.000(1.000)
0.440(0.550) 1.000(1.000) 4.745(1.075) 0.350(0.460) 1.000(1.000)
0.530(0.620) 1.000(1.000) 4.580(0.711) 0.490(0.600) 1.000(1.000)

5.620(1.906)
5.185(1.491)
4.655(0.754)

I,D

100
200
400

0.260(0.480) 0.985(0.985) 5.120(1.904) 0.250(0.400) 0.995(1.000)
0.430(0.650) 1.000(1.000) 4.515(1.121) 0.345(0.555) 1.000(1.000)
0.495(0.740) 1.000(1.000) 4.675(0.838) 0.490(0.740) 1.000(1.000)

5.310(1.950)
4.910(1.443)
4.660(0.817)

II, D

100
200
400

0.290(0.505) 0.610(0.640) 5.935(1.598) 0.200(0.375) 0.650(0.685)
0.495(0.650) 0.790(0.790) 5.535(1.102) 0.405(0.590) 0.775(0.780)
0.600(0.725) 0.960(0.970) 5.515(0.757) 0.540(0.705) 0.965(0.970)

6.470(1.793)
5.805(1.355)
5.580(0.853)

II, D,

100
200
400

0.190(0.370) 0.455(0.535) 5.900(1.742) 0.130(0.300) 0.520(0.610)
0.355(0.585) 0.645(0.645) 5.525(1.129) 0.270(0.490) 0.645(0.660)
0.460(0.640) 0.890(0.925) 5.665(0.828) 0.445(0.635) 0.885(0.920)

6.285(1.800)
5.795(1.265)
5.700(0.857)

II, D

100
200
400

0.160(0.410) 0.390(0.465) 5.630(1.693) 0.110(0.310) 0.445(0.540)
0.275(0.615) 0.615(0.615) 5.555(1.306) 0.230(0.550) 0.625(0.635)
0.340(0.630) 0.850(0.885) 5.945(1.085) 0.360(0.650) 0.860(0.890)

6.070(1.664)
5.715(1.372)
5.955(1.131)




