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A generic waverider-type hypersonic aircraft that undergoes an ascent trajectory has been modeled using a first-

principles reduced-order model. Two types of operability limits are added that represent boundaries on the aircraft

trajectory map (of vehicle altitude versus Mach number). These boundaries are associated with engine unstart and

ram–scram transition. The predicted unstart boundary is to be avoided; the ram–scram transition is a condition

throughwhich the aircraftmust fly, but it is useful for the control system toknowwhen this transition is approached to

account for possible sudden changes in thrust and moments. The model shows that unstart occurs if the aircraft flies

too high, too slow, or at too great of an acceleration. The unstart limit can be avoided by selecting a trajectory having

sufficiently large dynamic pressure or a low vehicle acceleration.Optimizing these factors avoids an excessive value of

the fuel–air ratio that is required for trim. The model also identifies an engine inlet geometry that avoids unstart. To

assess the model, the computed results are compared to some available experiments.

Nomenclature

A = area
CD = drag coefficient
CT = thrust coefficient
cf = friction coefficient
cp = specific heat at constant pressure
D = hydraulic diameter
ER = equivalence ratio
H = height of isolator
h = altitude
L = length
M = Mach number
Mdesign = design Mach number
m = vehicle mass
_m = mass flow rate
p = pressure
QR = fuel heating value
q∞ = flight dynamic pressure
rA = core flow area over geometric area
rp = inlet compression ratio
rst = stoichiometric fual–air mass ratio
S = reference area
T = temperature
U∞ = flight speed
u = local flow speed
_V = acceleration along velocity vector
W = molecular weight or vehicle weight
x = axial coordinate
Y = species mass fraction
α = vehicle angle of attack
β = unstart margin
γ = ratio of specific heats
ΔT0 = change in stagnation temperature

θc = combustor divergence angle
θF = fuel injection angle
ρ = density
_ω = chemical reaction rate

Subscripts

A = core (primary) flow in duct
C = along jet centerline
F = fuel injector
ISO = isolator
RS = ram–scram transition
ST = shock train
w = wall
0 = stagnation value
2 = boundary between inlet and isolator
3 = end of isolator
4 = combustor choke point
∞ = freestream or flight condition

I. Introduction

T HE Bolender–Doman U.S. Air Force Research Laboratory
(AFRL) model of hypersonic aircraft [1] was reported in 2007,

and it has been used in several studies to predict flight dynamics,
control strategies, and the effects of vehicle bending [2–4]. For
example, Parker et al. [2] used theAFRLmodel of a generic vehicle to
investigate a flexible hypersonic vehicle. Skujins et al. [3] and
Oppenheimer et al. [4] demonstrated that, as the aircraft bends, the
locations of the shock waves move, and this affects the effectiveness
of control surfaces and changes the spillage of the air that bypasses
the engine, which affects the thrust. The Bolender–Doman AFRL
model is a first-principles reduced-order model, whichmeans that the
fundamental conservation equations are solved, but certain two-
dimensional (2-D) and one-dimensional (1-D) assumptions are made
to reduce the complexity of the problem. Their engine flow was
assumed to be 1-D, the bow shock was assumed to be 2-D, and they
ignored interactions between any shock waves. Reduced-order
models also have been used for aircraft design by O'Neill and Lewis
[5] and Bowcutt [6]. McQuade et al. [7] developed a different type of
reduced-order model that reduces the number of computational fluid
dynamics (CFD) runs required to optimize the design of a hypersonic
aircraft. Mor and Livne [8] optimized the trajectory of a reentry
vehicle and developed a new way to simultaneously optimize the
vehicle shape and size.
The present authors improve upon the Bolender–Doman AFRL

model to avoid some of the assumptions that were made in the
original model [9–12]. Recently, we have developed a methodology
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that has enabled the computation of both the engine unstart and the
ram–scram transition boundaries for a trimmed waverider vehicle
[11]. The improved model is called the MASTrim (from “Michigan/
AFRL scramjet trim”) code. The new methodology is only briefly
reviewed in Sec. III because details have appeared in [9–12]. The
present effort goes beyond themethodology in [11], and it applies the
model to achieve the following goals. A genericwaverider is trimmed
at each point along an ascent trajectory assuming constant dynamic
pressure, and the boundaries at which unstart and ram–scram
transition occur are computed. Previously, there have been a few
related efforts in this general direction. Chichka et al. [13] and
Rodriguez et al. [14] plotted thermal choking boundaries along an
ascent trajectory. Starkey and Lewis [15] and others [16–22] also
reported control-oriented models of hypersonic vehicles. However,
in all of the previous studies, the unstart limits and the ram–scram
transition boundaries were not computed.
The model described in Sec. III is a reduced-order model. Shock-

expansion theory is employed to compute aerodynamic forces on the
aircraft, and this theory is limited to slender bodies at small angles
of attack. Only a 2-D engine geometry is considered, but this is
reasonable because some realistic vehicles contain long, thin
rectangular engine inlets. The 2-D inlet shock and expansion wave
interactions are modeled using an approach similar to the method of
characteristics. Viscous forces are included, but only in an empirical
manner. Engine fual–airmixing and finite-rate combustion chemistry
are not assumed to be 1-D; instead three-dimensional (3-D) similarity
solutions are used to compute the reaction rates of a fuel jet in a
crossflow using a flamelet model.
Reduced-order models (ROMs) are commonly used to design a

control algorithm or to obtain a first estimate of an optimal aircraft
design. The MASTrim code computes aerodynamic forces and
engine thrust by solving ordinary differential equations in less than
5 s on a single 2.6 GHz processor (when the engine is in the scramjet
mode). In the ramjet mode, the computational time currently is 30 s
because the conditions for thermal choking are found iteratively.
Suppose that it is desired to compute the aircraft forces,moments, and
the trimmed angle of attack at each point along six possible
trajectories. Forces must be computed approximately 1800 times.
This is because, for each of the six trajectories, the vehicle must be
trimmed at approximately 20 different altitudes; at each altitude,
forces have to be computed about 15 times to determine by iteration
what angle of attack, equivalence ratio, and elevator setting trim the
vehicle. High-fidelity CFD computations are more accurate than
reduced-order models, but they are not appropriate in early design
and analysis cycles for determining performance at thousands of
combinations of flight condition and control inputs needed for
analysis of ascent trajectories, design optimization, and control
applications. The disadvantages of reduced-order models are that
their levels of accuracy must be determined by validation studies and
that they are only valid for specific geometries (for which the lookup
tables were generated). In this case, only quasi-steady changes are
considered. The advantage of a first-principles ROM such as
MASTrim is that the fundamental conservation equations are solved.
Although 2-D or 1-D assumptions are employed, still it is possible to
interrogate the physics to better understand any model predictions
that appear to be interesting. A ROM also provides a “first look” at a
large parameter space. The ROM can identify certain optimal
conditions for which relatively few high-fidelity CFD runs then can
be performed.

II. Research Goals

The first goal is to apply the MASTrim code to trim the generic
waverider that is shown in Fig. 1 as it ascends along the constant
dynamic pressure trajectory that is sketched in Fig. 2. The next goal is
to compute the two points A and B that identify the occurrence of
engine unstart and ram–scram transition, respectively. The ramjet
engine cannot be ignited to the left of point A or it would unstart, and
so it typically would be ignited at point B. The vehicle ascends in the
ram mode to point C when ram–scram transition occurs. At point D,
the engine begins its scram-mode operation. The challenge is that the

pilot or flight control system does not directly control whether the
engine is in the ram or the scrammode; instead, themode is primarily
determined by the fual–air equivalence ratio (ER), which must be set
to the value that gives the desired acceleration for the trimmed
aircraft. Thus, ER depends on the vehicle speed, altitude (or dynamic
pressure, alternatively), and the desired acceleration. The next goal is
to compute points that are similar to A and C for many dynamic
pressures. These points then are connected to create an unstart
boundary as well as a ram–scram transition boundary. This allows
one to select complex trajectories that, for example, minimize fuel
consumption or the time to ascend and yet avoid crossing the unstart
boundary. Knowing the location of the ram–scram boundary allows
the trajectory to be selected so that ram–scram transition occurs at a
desired flight Mach number, which may be advantageous for the
control system.
TheMAX-1 vehicle geometry is similar to the generic aircraft that

was first considered by Bolender and Doman [1]. Its length is 29.1 m
(95.4 ft), and the inlet to the dual-mode ramjet-scramjet engine is
rectangular with a sufficiently large aspect ratio of 15.3 such that it
can be considered two-dimensional. The approach of the AFRL
program has been tomaintain the same geometry but tomake gradual
improvements to make it more realistic. Previously, the sizes of the
control surfaces were optimized [2], the weight distribution was
altered [4], and aeroelastic properties were added [2,4].
The present effort adds the engine unstart boundaries. Several

different definitions exist in the literature. Ram mode is defined to
occur when the local Mach number at the fuel injector is less than 1;
scram mode occurs when this Mach number exceeds 1. In the ram
mode, thermal choking occurs because there is no geometric throat in
the dual-mode geometry in Fig. 1. Backpressure from the thermal
choking causes a precombustion shock train to form in the isolator,
which reduces the Mach number to a subsonic value at the fuel
injector.
One cause of engine unstart is setting the fuel equivalence ratio to

an excessive value. The model shows that this causes an increase in
the backpressure on the isolator that is drawn in Fig. 1. The high
backpressure increases the length of the shock train until the shock
train exceeds the length of the isolator. Unstart begins when shock

a) MAX-1 hypersonic vehicle

b) Inlet and nozzle dimensions

c) Internal flowpath dimensions

Fig. 1 MAX-1 vehicle and flowpath dimensions. Engine width is
2.143 m.
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waves first move upstream into the inlet and cause spillage of some
air that no longer enters the engine, and so thrust is reduced. A second
type of unstart also is considered; it occurs when the static pressure
rise across the isolator shock train exceeds that of a normal shock.
The unstart limit is defined here to be the incipient, quasi-steady

limit. Incipient means that our analysis is limited to predicting the
condition just before the isolator shocks begin to interact with the
inlet shocks. This is the point when thrust performance begins to
decrease. This limit that we compute is an important boundary, but
there are later shock interactions that are unsteady in nature. It is
beyond the scope of this paper to compute the later events. Unstart
limits in this work also are limited to small vehicle angles of attack and
sideslip. The analysis does not consider nonuniform air flow caused by
large sideslip angles. Understanding the quasi-steady incipient unstart
limit for small angles of attack and sideslip is an important first step that
is necessary before more complex phenomena can be analyzed.
Section III describes the vehicle and engine models, with the method
to determine ram–scram transition in Sec. III.G and the method to
determine the unstart limit in Sec. III.F. Finally, results for the
combined vehicle mode are presented in Sec. IV.

III. MASIV Engine Model

This section is a description of the MASIV submodels of the
engine inlet, combustor, and nozzle. Also included are the methods
used to compute thermal choking, ram–scram transition, and unstart.

A. Inlet and Nozzle Modeling

The inlet and nozzle use a model called supersonic aerodynamic
method using riemann interactions (SAMURI). Its use for modeling
inlets was described in [9], and its use in hypersonic nozzles was
described in [12]. It is assumed that the inlet and nozzles have a 2-D
geometry, and 3-D nonuniformities are small. The flow is steady, and
real-gas properties are included. Each panel on the inlet wall
generates a wave. The 2-D shock and expansion wave equations are
applied, except that continuous expansion fans are discretized into a
finite number (typically four) of discrete waves. Where waves
intersect, a slip line is formed, and a Riemann problem is imposed.
Figure 3 gives an example solution for trimmed Mach 8 flight,

which can be calculated in less than 1 s on a single 2.6GHz processor.
The bow shock in Fig. 3b lies below the cowl lip, and so some flow
spillage occurs. Complex wave interactions raise the static temper-
ature to above 750 K in some locations. On the right-hand side of
Fig. 3b, the flow is seen to be nonuniform due to many wave cross-
ings; flow properties are spatially averaged in the vertical direction to
provide single values of pressure, temperature, and velocity as input
to the 1-D isolator model. The averaging method ensures that mass,
momentum, and energy are conserved [9].

B. Combustor Model

The MASIV combustor code was described in detail in [10,11].
This code includes finite-rate chemistry, real-gas properties, a three-
dimensional jet mixing model, a separated boundary-layer model,
and gas dissociation. The airstream ismodeled as a 1-D flow in a duct
with variable area, friction, and wall heat transfer. A 3-D pattern of
fuel jets in a crossflow is superimposed on this 1-D flow. The jets
issue from the sidewall at different spanwise locations, but all are
located at the same axial coordinate. MASIV solves the following
seven ordinary differential equations, which include the conservation
of mass, momentum, energy, and species:

1
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dx
−
1

A

dA

dx
(1)

1

u

du
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scram
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C
steady-state unstart limit

ram-scram transition

D

Fig. 2 Schematic of a constant-dynamic-pressure trajectory on the
flight corridor map; the unstart limit is point A, and the ram-scram
transition point is point C.
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Fig. 3 Contours of temperature in kelvins at a trimmed Mach 8 flight
condition calculated using SAMURI.
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The quantities in the previous equations are defined in the
nomenclature section, and a more complete description is given in
[10]. For the hydrogen fuel considered in this work, there are eight
species, each with a different mass fraction Yi whose conservation is
governed by Eq. (7).
To solve the conservation equations, it is required that the profile of

the chemical reaction rate _ωi�x� of each species be supplied to the first
term on the right-hand side of Eq. (7). Fual–air mixing and com-
bustion cannot be properly simulated by a 1-D model, and so a 3-D
mixing/combustion reduced-order model was developed, and it is
described in [10]. The fuel is injected as a jet in a crossflow, and the jet
centerline coordinate yC has been measured [23–25] to be

yC
dF
� c2

�
xC
dF

�
1∕3
R2∕3 (8)

where xC is the axial distance from the injector, dF is the fuel jet
diameter, and R is the fuel jet momentum ratio:

R �

������������
ρF
ρA

u2F
u2A

s
(9)

Along this curved jet centerline, themean fuel mass fraction has been
measured to be

YF;C � c3
�
ρF
ρA

�
1∕3�uF

uA

�−1∕3�xC
dF

�−2∕3
(10)

The mean fuel mass fraction also follows a Gaussian profile in the
direction that is normal to the curved jet centerline. The standard
deviation of fuel mass fraction fluctuations �Y 0 0F;C� also follows a
measured scaling law [23,24]. Although the scaling laws used for this
workweremeasured in subsonic flow, previously publishedwork has
shown that the heat release predicted by these relations is in
agreement with experimental results for supersonic combustion (see
Fig. 6 in [11]).
These equations define a three-dimensional field for the mixture

fraction and the fluctuation of mixture fraction along with a one-
dimensional pressure and temperature field from Eqs. (1–7). Using a
flamelet model, the production rate of each species i is

_ωi�x; y; z� � f�Y; Y 0 0; p; T� (11)

which is calculated for species i � 1; : : : ; n and at each point in the
three-dimensional combustor domain. The production rates in Eq. (7)
are determined by integrating the local reaction rates across the two
nonaxial coordinates:

_ωi�x� �
ZZ
A

_ωi�x; y; z� dy dz (12)

See Figs. 1, 2 of [10] for a visualization of this mixing model.
The flamelet tables are similar to those generated by Fluent [26].

The advantage of the reduced-order method is that, once the large
lookup tables for chemical reaction rates and turbulent mixing
properties are generated, they can be rapidly accessed by MASIV.
Using this three-dimensional jet-in-crossflow approach gives a level
of insight into themixing thatwould not be possiblewith an empirical
one-dimensional relationship. In particular, it can be used to make
predictions for very high Mach numbers and arrays of injectors for
which experimental data are not yet available. The disadvantages are
that the generation of the lookup tables takes considerable time, and if
the fuel is not hydrogen or the fuel is not injected as a jet in crossflow,
additional lookup tables must be generated.

C. MASIV Isolator Model

The isolator model of Heiser and Pratt [27] is used to relate the
pressure rise, separated boundary-layer size, and exit Mach number.
They derived the following relation using the equations for
conservation of mass and momentum across the isolator, assuming
that the shock train separates the flow into two separate streams (the
central core flow and the low-speed separated boundary layer):

p3

p2

� 1� γM2
2 − γM2M3

������������������������������������
1� �γ − 1∕2�M2

2

1� �γ − 1∕2�M2
3

s
(13)

The values of p2 and M2 (at the isolator entrance; see Fig. 1) are
determined by the inlet model, and the MASIV algorithm guesses a
value ofM3 until the correct value is found to satisfy thermal choking
constraints as described in Sec. III.E. The isolator contains complex
shock patterns and boundary-layer separation, but these processes are
not modeled in this work because Eq. (13) relates the upstream
conditions �p2;M2� to the downstream conditions �p3;M3�. This
does not account for unsteady or nonuniform effects that could also
contribute to unstart phenomena.
Once p3 has been computed from Eq. (13), Heiser and Pratt [27]

also derived the following expression for the core area of the flow at
the combustor inlet:

r3A �
A3c

A2

� 1

γM2
3

�
�1� γM2

2�
p2

p3

− 1

�
(14)

A brief summary of the conservation equations leading to Eqs. (13)
and (14) appears inAppendixA. The remainder of the geometric area
at the combustor inlet, A3 − A3c, is a separated boundary layer with
pressure but no momentum.

D. Separated Flow During Ram-Mode Operation

A correction is included in the combustor model during ram-mode
operation to account for the separated boundary layer that results
from the precombustion shock train in the isolator. In the scrammode,
the shock train is weak.However, in rammode, the shock train causes
the isolator boundary layer to separate, and so the flow entering the
combustor has a core area that is less than the geometric area. The
flow reattaches at some point in the combustor because of the
favorable pressure gradient that occurs during subsonic combustion.
For the ram mode, the core area Ac replaces the geometric area A in
Eq. (1), andwe define rA to be the ratio of core area to geometric area:

rA � Ac∕A (15)

The ratio of core area to geometric area at the upstream of the
combustor, r3A � A3c∕A, is determined by the isolator model of
Hesier and Pratt [27] that is described in Sec. III.C, and an additional
equation is required to determine how rA changes in the combustor. In
this work, it is assumed that rA varies so that the heat addition in the
combustor occurs at a constant pressure,whichwas also suggested by
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Heiser and Pratt for supersonic combustion with a separated bound-
ary layer. Another possible assumption is to use the von Kármán
integral boundary-layer equations with a fixed shape factor. Figure 4
shows that both approaches yield essentially the same results.
Measurements of Fotia andDriscoll [28] verify that the assumption of
constant-pressure combustion is valid for their experiment, as shown
in Fig. 5, and so this approach was used. This assumption may not be
true in other geometries; it is only valid for the geometry used in this
work based on experimental validation.
When a separated boundary layer is present, Eqs. (1) and (2)

become

1

ρ

dρ

dx
� 1

_m

d _m

dx
−
1

u

du

dx
−
1

A

dA

dx
−

1

rA

drA
dx

(16)

1

u

du

dx
� −

1

ρu2rA

dp

dx
−
2cf
D
�
�
1 −

uF
u

�
1

_m

d _m

dx
(17)

and an additional equation is needed to determine the value
of drA∕dx.
It was shown in [11] that MASIV predicts pressure profiles that

match those of the experiment of Fotia and Driscoll [28] if the
constants in the Eqs. (8) and (10) are properly chosen. The resulting
values chosen for the constants fall within the range of values that
were reported in previous experiments [24,25].

E. Thermal Choking

In ram-mode operation, there is a downstream boundary condition
in the engine flowpath involving the point where the flow passes
through Mach 1. This point is the thermal choking location xC.
Shapiro [29] describes the general method to determine xC. He
explains that a singularity occurs because of a �1 −M2�−1 in the
denominator of the conservation equations, and an application of
l’Hospital’s rule yields a condition for xC that must be met to ensure
that the flow can be solved through the singularity. The resulting
condition is that

1

A

dA

dx
� γ � 1

2

1

T0

dT0

dx
(18)

Shapiro explains that M3 is determined by solving the 1-D
compressible flow equations in the upstream direction from xC to the
combustor entrance. When chemical reactions are present, Shapiro’s
method must be modified. As described in [11], we select a value of
M3 and then solve the one-dimensional conservation equations until
the flow thermally chokes. A shootingmethod is then used to find the
correct value ofM3 so that the thermal choking condition [Eq. (18)] is
satisfied at the point where the local Mach number reaches unity.

F. Method to Compute Unstart

This work considers quasi-steady changes that occur, for example,
by slowly increasing the fuel flow rate, which slowly raises the
isolator backpressure p3. Faster changes, such as a rapid change in
angle of attack, cannot be analyzed using this quasi-steady-state
assumption. Incipient unstart is thevery first condition atwhich either
the length of the isolator shock train equals the length of the isolator
or the pressure ratio p3∕p2 across the isolator equals the normal
shock limit.Measurements of an isolator shock trainLST byFotia and
Driscoll [28,30] and Ikui et al. [31] have been correlated by the
following relation:

LST

H
� 1

0.228
ln
�
M2

2

M2
3

1� ��γ − 1�∕2�M2
3

1� ��γ − 1�∕2�M2
2

�
(19)

where H is the isolator height. When the fuel flow rate is increased,
the isolator backpressure p3 will increase, and the isolator exit Mach
number M3 will decrease. The previous equation indicates that this
will increase the length of the shock train.
The length of the shock train is then used to determine the length-

based unstart margin using the equation

β � LISO − LST

LISO

(20)

Unstart due to the shock train extending upstream of the inlet occurs
when β ≤ 0. Quasi-steady incipient unstart occurs when β � 0.
Unstart also can occur if the isolator backpressure exceeds that of a
normal shock, and this occurs when ε � 0, where

ε � p3

p2

−
2γ

γ � 1
M2

2 �
γ − 1

γ � 1
(21)

Incipient unstart is defined to occur if either β or ε has decreased
to zero.
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Fig. 4 Static pressure profiles for separated boundary-layer models.
One is the constant-pressure assumption and the others use von Kármán
integral equations with a constant shape factorH.

−15 −10 −5 0 5 10 15

1.0

2.0

3.0

4.0

5.0

Axial coordinate, (x – xF) / H

St
at

ic
 p

re
ss

ur
e,

 p
/p

2

Experimental data

MASIV calculations

a) Static pressure for ER = 0.301 test case

b) Lab-scale geometry

constant-area isolator combustor

nozzle

static pressure taps fuel injection port

Fig. 5 Comparison of pressure predictions from MASIV and
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G. Calculation of Ram–Scram Transition

The following method is employed to compute the flight Mach
numberM∞ at which ram–scram transition begins. It is first assumed
that the MAX-1 vehicle flies along a constant–dynamic-pressure
ascent trajectory similar to that sketched in Fig. 2. First, a high Mach
number is selected, and the vehicle is trimmed to compute the
equivalence ratio needed to provide the required thrust. The trim
method is described in Appendix B. For the initial large value ofM∞,
the flow will remain supersonic. Then, the value of M∞ is reduced,
and the vehicle is retrimmed to compute a new ER value, and this
process is repeated until the Mach number decreases to unity
somewhere in the combustor. This value ofM∞ is defined to be the
transition Mach number. It is the smallest value of M∞ for which a
fully supersonic solution exists. At values ofM∞ below the transition
Mach number, only a ram-mode solution is possible. As a result, there
is no simulation of the full trajectory; only individual points along the
trajectory are analyzed.
The method is assessed by comparing calculations to an experi-

ment [28,30], and the results are shown in Fig. 6. The black curve
is the ram–scram transition boundary computed by MASIV for the
same geometry as [28,30]. The lower gray region represents the
experimental measurement. Some differences are expected because
the experimental flow is not truly 1-D as it is modeledwithinMASIV.

IV. Vehicle Results

This section discusses the unstartmargin and ram–scram transition
for theMAX-1 vehicle shown in Fig. 1. The fuel is hydrogen, and the
combustor divergence angle is 3.11 deg. In all cases, the vehicle is
trimmed as it follows a trajectory along which two quantities are held
constant: the dynamic pressure q∞ and the vehicle acceleration along
the velocity vector ( _V). The vehiclewas trimmed using theMASTrim
code that is described in Appendix B. The role of several important
parameters was investigated: Mach number, dynamic pressure,
acceleration, and inlet geometry.

A. Quasi-Steady Incipient Unstart Margin

Figure 7 shows an operating map of the unstart margin for steady,
level flight. The dynamic pressure is varied between 50 and 100 kPa,
and lines of constant dynamic pressure are shown. Figure 7 shows
that, if the dual-mode engine is ignited at point A (h � 20.7 km,
M∞ � 4.55), the engine is in the ram mode, and the unstart margin
based on length is 0.05. Frompoint A, the enginewill unstart ifM∞ is
decreased to less than 4.5 or if the altitude is increased to more than
22 km. However, if theMach number is increased (slowly, so that the
quasi-steady assumption remains valid) such that the conditions
move to the right along the q∞ � 70 kPa contour toward point C, the

unstart margin β increases. At point B, ram-to-scram transition is
predicted to occur, and once the unsteady transition process is
complete, the engine operates in the scram mode, where only a weak
shock train normally exists.
Figure 8 shows the effect of Mach number and acceleration _V on

the unstart margin, assuming a constant dynamic pressure of
q∞ � 100 kPa. Several constant-acceleration trajectories are shown,
and some new prevalent trends are visible. Consider the trajectory
with a net acceleration of _V � 1 m∕s2. The flight-path angle is
determined by the assumption of constant dynamic pressure and
remains below 3 deg. Trajectories with constant dynamic pressure
serve as a baseline point of comparison for further investigation.
Evidence suggests that scram-only optimal trajectories have nearly
constant dynamic pressure, but fuel consumption can be reduced
significantly from this baseline for ram-mode and transitional
trajectories [32]. The minimum Mach number at which the engine
can be ignited with an unstart margin β ≥ 0.05 is labeled point A
(M∞ � 5.05) in Fig. 8. If the _V � 1 m∕s2 trajectory is followed,
ram–scram transition occurs at point B (M∞ � 5.45). The solution
then moves to point C, which is a scram-mode solution with a weak
isolator shock train (β � 1.0).
Ram-mode solutions that are farther from transition have longer

shock trains and hence lower unstart margin. Therefore, under-
standing unstart margin is an extension of understanding the trends
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Fig. 6 Assessment of the predicted ram–scram transition. Gray region
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Sec. IV.D.

Fig. 7 Contours of unstart margin and ram–scram transition for
trimmed steady level flight for dynamic pressures between 50 and
100 kPa. Unstart occurs when the unstart margin β equals zero.
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that are important for ram-to-scram transition. Increasing the flight
Mach number increases M3 and T03, and this promotes transition
from ram mode to scram mode. Although the equivalence ratio
increases with M∞ to keep the ratio of heat release to captured
enthalpy approximately constant, the trend as M∞ increases is to
transition from rammode to scrammode. In fact, for sufficiently high
flight Mach numbers, it is not possible to burn enough fuel to choke
the flow.
The effect of acceleration is also shown in Fig. 8. Increasing the

acceleration at a fixedMach number forces the operating condition to
move downward along a vertical line in Fig. 8 and thus toward
unstart. This is because larger acceleration requires more thrust, and
thus the equivalence ratio increases. This raises the backpressure on
the isolator (p3) as well as the length of the shock train.
It is also seen that the trajectory of maximum acceleration is a

horizontal line that is close to the unstart limit. The gray line in
Fig. 8 is the maximum-acceleration trajectory assuming a value of
βmin � 0.05. At M∞ � 5.05 (point A), this acceleration is _V �
1 m∕s2; when M∞ � 5.7, the acceleration can be increased to
3 m∕s2; and at M∞ � 6.15 (point D), the maximum acceleration
is 4 m∕s2. One consideration that is not directly discussed here is
that fuel is also used for active cooling of the vehicle. In some cases,
the cooling requires equivalence ratios greater than unity. The
maximum-acceleration trajectory in Fig. 8 limits how much fuel can
be injected.
Figure 9 shows the lines where unstart margin is zero on the flight

corridor map for varying acceleration. The unstart limits have a
positive slope for the following reason. Consider points A and B in
Fig. 9, and assume an acceleration of _V � 2 m∕s2 at both points. The
Mach number is the same (M∞ � 5.7), but point B is at a higher
altitude. The weight of the vehicle is the same at both points, and so
the lower dynamic pressure at point B means that a larger lift
coefficient is needed. The result is a larger drag coefficient at point B
and thus a higher equivalence ratio (ER). A larger equivalence ratio
increases the backpressure on the isolator and creates a longer shock
train, which causes unstart at point B, whereas point A is far from
unstart.
The effect of increased net acceleration _V is to decrease the slope of

the unstart limits (thick black curves in Fig. 9). Both thrust and drag
are approximately proportional to dynamic pressure when the Mach
number, angle of attack, and equivalence ratio are held constant.
Then, the net acceleration can be approximated:

m _V ≈ q∞S�CT − CD� (22)

where CT is the thrust coefficient, and S is a reference area. A fixed
positive value of CT − CD results in a lower acceleration for a lower

value ofq∞, and as a result, the unstartmargin and other aspects of the
performance are highly sensitive to altitude when _V > 0.

B. Ram–Scram Transition

In this section, ram–scram transition boundaries are shown
for several variations on the vehicle design. For all trajectories, the
acceleration _V and dynamic pressure q∞ are held constant. Dynamic
pressures from 50 to 100 kPa are used. Section IV.B.1 shows the
location of ram–scram transition for theMAX-1 vehicle as presented
in Fig. 1 but with varying values of acceleration. Section IV.B.2
considers slight modifications to the inlet geometry.

1. Acceleration

Figure 10 shows the flight condition at which the MAX-1 vehicle
transitions from ram mode to scram mode as a function of accelera-
tion and dynamic pressure. The gray lines show trajectories with
constant dynamic pressure. A higher acceleration increases the
transitionMach number because the thrust required is larger.With the
resulting increased equivalence ratios and corresponding heat re-
lease, the engine remains in ram mode longer. This analysis matches
the unstart discussion from Sec. IV.A.
One thing to note is that the transition curve in Fig. 10 marked

4 m∕s2 lies only slightly to the right of the unstart limit curve in Fig. 9
that is marked 4 m∕s2. Thus, at high acceleration of 4 m∕s2, there is
only a small region of ram-mode operation. For smaller accelerations,
the curves in Figs. 9 and 10 lie farther apart, and so there is a much
larger region of ram-mode operation. Higher accelerations cause the
vehicle to remain in rammode at higherMach numbers, which results
in longer shock trains according to Eq. (19). If M2 is high enough,
then even an isolator withM3 � 1 will be unstarted, with the result
that no ram-mode solution is possible.

2. Inlet Design

This section describes the effects of a changing inlet design on
the ram–scram transition. This differs from the previous subsection
in that it involves slight changes to the vehicle shown in Fig. 1.
Throughout this subsection and the next, the acceleration is always
_V � 0 m∕s2, corresponding to steady, level flight.
Four different inlet designs optimized for single conditions are

considered, and they are named geometries M6,M7,M8, andM9. In
each case, the inlet consists of three panels, and the total inlet length is
12 m. Each design has a different set of panel inclination angles and
panel lengths that are given in Table 1. Panels 1, 2, and 3 connect the
leading edge of the vehicle to the isolator, andL4 describes the length
of the internal cowl panel that connects the cowl leading edge to the
isolator. Panels 3 and 4 both have the angle θ3.
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Fig. 9 Unstart boundaries (thick black lines) plotted on the flight
corridor map for varying vehicle acceleration _V. Unstarted flight
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Fig. 10 Ram–scram transition boundaries assuming constant accel-
eration and constant dynamic pressure. For a selected acceleration, ram
mode is to the left of the black line.
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The M6 geometry is an inlet that is designed for three goals; it
provides the minimum pressure loss at its design flightMach number
of 6 such that strong shock interactions do not occur for flight
Mach numbers between 4 and 8, and it provides a static pressure ratio
of rp � p2∕p∞ � 70 at Mach 6. The constraint on strong shock
interactions is imposed to ensure smooth performance curves
because interactions have previously been shown to cause large
changes in performance [9]. An optimization code based on thework
by Smart [33] is used to determine the values of angles �θ1; : : : ; θ3�
and lengths �L1; : : : ; L4� for each of the panels that meets these
constraints. The inlet optimization is performed at a single point, and
the constraints are applied with the intent to make the performance
more robust. Optimization of the inlet to design to minimize fuel
consumption over a full trajectory has not been performed. The
remaining designs,M7,M8, andM9, meet similar constraints but are
based on design Mach numbers of 7, 8, and 9, respectively.
Figure 11 indicates how the inlet shock patterns differ between

geometries M8 and M9. In both cases, M∞ � 5.8, q∞ � 100 kPa,
and _V � 2 m∕s2. Notice that there are more shock interactions in
Fig. 11b than in Fig. 11a. In fact, the inlet geometry of Fig. 11a causes
the combustion to occur in scram mode, whereas it occurs in ram
mode for Fig. 11b. Small changes in the inlet panel angleswere found
to have a major effect on both shock location and ram–scram
transition.
Figure 12 shows that the ram–scram transition Mach number

increases as the inlet geometry is changed fromM6 up toM9. That is,
an inlet designed for a higher flight Mach number will undergo ram–

scram transition at a higherMach number than another inlet designed
for a lower speed. The reason for this is that the M9 design is
operating far outside its intended operating range at a flight Mach
number around 5. As a result, there are more shock interactions in the

inlet, the overall performance is lower, and more fuel needs to be
burned to maintain adequate thrust. The increased fueling tends to
keep the combustor in ram mode longer than it would for an inlet
designed for lower speeds.

C. Differences on Either Side of the Ram–Scram Boundary

One aspect of the ram–scram transition is that large changes in
thewall pressure can occur. These changes have beenmeasured in the
lab-scale experiments of [28,30]. The reason for the change in wall
pressure is that the engine has a downstream thermally choked
boundary condition while it operates in the ram mode, but this
boundary condition is not present in scram mode. The Mach number
profiles undergo the significant change that is plotted in Fig. 13.
The change in wall pressure could lead to corresponding changes

in thrust, lift, and drag forces, and this could lead to loss of vehicle
control. For this reason, improved predictions of thewall pressure on
both sides of transition can be of value to the design of a control
system.
Figure 13 shows the static pressure and Mach-number profiles

before and after a ram–scram transition. To generate the conditions in
Fig. 13, a ram-mode solution near the boundary of ram–scram
transition is found. The acceleration selected is _V � 2 m∕s2, and the
selected dynamic pressure is q∞ � 100 kPa. From Fig. 10, this leads
to the flight Mach number of M∞ � 5.45. Then, after finding the
trimmed equivalence ratio for those flight conditions, the equivalence
ratio was lowered by 0.01 to cause transition to scram mode. As
shown in Fig. 13, this causes a large change in both the pressure and
Mach number profiles in the isolator and combustor.
Although this shift in internal flow conditions is worthy of study,

we are mostly interested in the changes in forces and moments. The
computations indicate that there is a corresponding 25% drop in
thrust from 192 to 144 kN). As a result, the vehicle acceleration drops
by about 1.5 m∕s2 when the engine goes into scram mode. The
primary cause is that the combustion is more complete in ram mode
because the air velocity is smaller, and there is more time for the fuel
to burn than in scrammode. Despite the large change in thrust, the net
pitching moment changes by only 2%.

D. Region of Potential Instabilities

It was found that there is a small region in which both ram and
scram solutions are mathematically possible. This region is shown
in Fig. 6 between the solid black curve and the dashed curve. In the
ram mode, the combustor is thermally choked, and relatively strong
shocks occur in the isolator. In the corresponding scram mode, the
isolator shocks are weak, and thermal choking does not occur.
When two solutions are mathematically possible, the system may

become unstable and jump to the other solution. More experimental
research is needed to determine if the engine becomes unstable as
ram–scram transition is approached.

a) Inlet cowl region for M8 design

b) Inlet cowl region for M9 design

Fig. 11 Pressure contours for two vehicles at a trimmed flight condition
with q∞ � 100 kPa,M∞ � 5.8, and _V � 2 m∕s2. The M8 vehicle is in
scram mode, whereas the M9 is in ram mode.
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Fig. 12 Ram–scram transition boundaries (thick black curves) for
varying inlet geometries.

Table 1 Ramp angles θ, lengths L, and area ratio
A1∕A2 for four inlet geometries (M6–M9)

Parameter M6 M7 M8 M9

θ1, deg 9.28 7.81 6.73 5.90
θ2, deg 22.62 19.12 16.59 14.67
θ3, deg 12.30 10.34 8.94 7.89
L1, m 8.58 8.40 8.30 8.24
L2, m 5.62 5.62 5.60 5.57
L3, m 0.07 0.07 0.08 0.08
L4, m 0.97 0.95 0.93 0.92
A1∕A2 13.84 15.17 16.01 16.58
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The existence of two solutions near the ram–scram boundary may
indicate that ram–scram transition occurs at a condition different
from scram–ram transition. If this is the case, therewill be conditions
for which an engine can operate in either ram mode or scram mode
depending on whether the equivalence ratio was increased or de-
creased to get to that condition. Other authors have recently modeled
hysteresis relating to ram mode and scram mode in a similar engine
[34]. Experimental research has not identified any hysteresis phe-
nomenon, but more evidence is needed.

V. Conclusions

Ram–scram transition and engine unstart limits are computed
along ascent trajectories and plotted on the flight corridor map. A
dual-mode combustor will undergo quasi-steady incipient unstart
(the shock train just begins to exceed the isolator length) if the vehicle
flies too high, too slow, or at too great of an acceleration. Actions that
will cause a vehicle to transition from ram mode to scram mode
include increasing the Mach number, decreasing the altitude, and
decreasing the acceleration. These boundaries are calculated using a
reduced-order model, and the length of the shock train is computed
throughout the ram-mode flight envelope. Unstart and ram–scram
transition are well-known phenomena but previously have not been
calculated in terms of flight conditionvariables for a trimmed vehicle.
Four different inlet geometries are considered, each with different

wall panel angles and lengths. Each of the four inlet designs has
significant differences in the Mach number at which ram–scram
transition occurs. Maximum acceleration in the ram mode, which is
limited by unstart, is larger at higher flightMach numbers. Finally, for

the largest accelerations, the unstart limit is close to the ram–scram
transition boundary.
The ram–scram transition prediction was compared to experi-

mental results, and the average difference between the model and the
experimental data is a 13% difference in the equivalence ratio. A
discontinuity in the thrust at ram–scram transition is predicted by the
model due to the difference in combustion efficiency between ram
mode and scram mode. A region of possible instability or hysteresis
in the engine is identified near ram–scram transition. These results
highlight the need for more experimental data describing ram–scram
transition including force measurements.

Appendix A: Isolator Pressure Rise and Separated
Boundary-Layer Model

The constant-area isolatormodel fromHeiser and Pratt [27] is used
to calculate the isolator pressure rise and separated boundary-layer
area for a given inlet Mach numberM2 and outlet Mach numberM3.
Heiser and Pratt considered a pipe with no wall friction; the momen-
tum equation can be applied to prove that the impulse function
pA� _mu is a conserved quantity in the axial direction. At the
downstream end of the isolator (station 3), the central core has an area
A3c, whereas the geometric areaA3 is equal to the area at the upstream
end of the isolator, A2. It is assumed that all of the mass flow passes
through the core, and none passes through the separated flow area
outside the core. Therefore, the conservation of momentum in the x
direction becomes

p2A2 � ρ2u
2
2A2 � p3A2 � ρ3u

2
3A3c (A1)

whereas conservation of mass states that

ρ2u2A2 � ρ3u3A3c (A2)

Assuming an ideal gas and no heat transfer to the walls, the
solution of these conservation equations yields two new equations:

p3

p2

� 1� γM2
2 − γM2M3

���������������������������������������
1� ��γ − 1�∕2�M2

2

1� ��γ − 1�∕2�M2
3

s
(A3)

r3A �
A3c

A2

� 1

γM2
3

�
�1� γM2

2�
p2

p3

− 1

�
(A4)

Both p2 andM2 at the isolator entrance are known from the inlet
calculations. For a given Mach numberM3 at the exit of the isolator,
Eqs. (A3) and (A4) are used to calculate the isolator exit pressure and
the size of the separated boundary layer at that point.

Appendix B: External Aerodynamics and Trim

To calculate the forces on the surfaces of the vehicle that are not
part of the engine, a shock-expansion method with a viscous
correction is used [B1]. The outer mold line of the vehicle is broken
into triangular panels, as shown in Fig. 1a, and the angle of each panel
with the freestream is used to calculate either an oblique shock wave
or expansion fan. A boundary-layer correction is made using the Van
Driest II method [B2].
In this work, flight is considered to be eastward at the equator so

that the equations of motion are simplified. To trim the vehicle, there
are three degrees of freedom: acceleration _V, derivative of pitch rate
_Q, and rate of change of dynamic pressure _q∞. The three decision
variables used to meet the trim conditions for the three degrees of
freedom are angle of attack α, equivalence ratio (ER), and elevator
deflection angle δe. Because there are only decision variables (for a
fixed vehicle design), assuming a constant dynamic pressure _q∞ � 0
and no net change in pitch rate _Q � 0with a target acceleration leads
to a unique value of α, ER, and δe.
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Fig. 13 MASIV computations of changes in local states around ram–

scram transition. The acceleration for the ram case is 2.00 m∕s2 and
0.53 m∕s2 for the scram case.
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