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1. I N T R O D U C T I O N  

I n  t h i s  r e p o r t  a  technique  w i l l  be d i s c u s s e d  which o f f e m  

hope f o r  i n v e s t i g a t i n g  and s i m u l a t i n g  t i r e  models which can be 

cons ide rab ly  more complex t h a n  e x i s t i n g  models used i n  connect ion  

with t h e  s tudy  of t i r e  shea r  f o r c e  g e n e r a t i o n .  The s i m u l a t i o n  of 

t h e  behav io r  of two d i f f e r e n t  t i r e  models w i l l  be d i s c u s s e d  :in t h i s  

r e p o r t .  Reference [l] g ives  a  conc i se  d e s c r i p t i o n  of  t h i s  i : nves t i -  

g a t i o n .  As o f t e n  i s  t h e  c a s e ,  t a c k l i n g  a problem becomes e a s i e r  

when u s i n g  a  method which comes c l o s e r  t o  t h e  way n a t u r e  " so lves"  

t h e  problem. Frank ( R e f . ' [ 2 ] )  was t h e  f i r s t  t o  r ecogn ize  t h e  

p o t e n t i a l s  of fo l lowing a  m a t e r i a l  e lement  of t h e  t i r e  i n  i t s  motion 

through t h e  c o n t a c t  range and t h e  r e s t  of  t h e  t i r e  c i r cumfe rence .  

The m a t e r i a l  element he e l e c t e d  t o  f o l l o w  was p a r t  of t h e  beam 

o r  s t r i n g .  The d i f f e r e n t i a l  e q u a t i o n  governing  t h i s  motion has  an  

u n s t a b l e  s o l u t i o n  and a  s p e c i a l  i t e r a t i v e  method was devisedl f o r  

o b t a i n i n g  a  s o l u t i o n  ';hr;t f i t s  t h e  boundary c o n d i t i o n s ,  F r ~ ~ n k  

r e s t r i c t e d  h imsel f  t o  pure s i d e s l i p  (no  b r a k i n g  o r  d r i v i n g  f o r c e )  

and a  cons tan t  f r i c t i o n  c o e f f i c i e n t ,  I n  h i s  d o c t o r a l  t h e s i s ,  

Trlilluneit proposed follo;h;ing a  c e r t a i n  element  of t r e a d  d u r i n g  

i t s  motion through t h e  c o g t a c t  p a t c h  (Ref .  [3]). The base  of  t h e  

e l a s t i c  elennelzt i s  asscs:ed to move a l c n g  a  s t r a i g h t  l i n e  and t h e  

t i r e  model t h a t  i s  assumed i s  e s s e n t i a l l y  a  b rush  type  w i t h  r i g i d  

c a r c a s s .  The f r i c t i o n  c o e f f i c i e n t  \vas c o n s i d e r e d  i n  W i l l u m e i t l s  

st,:tdy t o  -ri3r:; :.:ith ~ l l d i i : ~ ~ c ~ 3 z d  a ~ 5  b o t h  l o n ~ l t u d i n a l  and l a t e r a l  

z i ~ F  - -,-7q ~ ~ 1 -  ~ ~ ~ ~ e . 1  i f i ~ ; ~  ~ C C O L ~ Y ? ~ .  The r e s u l t i n s  e q u a t i o n s  of motion 
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The " t r e a d  e lement  f o l l o w i n g "  method h a s  been  adop ted  i n  mod i f i ed  

form f o r  o u r  i n v e s t i g a t i o n  and i t  h a s  been  ex t ended  t o  a model 

e x h i b i t i n g  c a r c a s s  e l a s t i c i t y .  The h y b r i d  computer a p p e a r s  t o  be 

t h e  c o m p u t a t i o n a l  d e v i c e  b e s t  s u i t e d  t o  s o l v e  t h e  p rob lem.  I n  a d d i t i o n  

t o  s t e a d y - s t a t e  mo t ions ,  t r a n s i e n t  mot ions  may be c o n s i d e r e d .  

F i r s t ,  a r e l a t i v e l y  s i m p l e  model which i s  i d e n t i c a l  t o  .the model 

deve loped  i n  Reference  [4:] and which w i l l  be  d e s i g n a t e d  as tIhe 

b rush  t y p e  model,  w i l l  be c o n s i d e r e d .  I n  t h e  p r e s e n t  s t u d y  t h e  

p r e s s u r e  d i s t r i b u t i o n  and f r i c t i o n  c o e f f i c i e n t  can  b e  chosen  a c c o r d i n g  

t o  e x p e r i m e n t a l  f i n d i n g s .  By p r o p e r  s e l e c t i o n  o f  p a r a m e t e r  v a l u e s  

t h e  model i s  e x p e c t e d  t o  g i v e  s a t i s f a c t o r y  r e s u l t s .  These  p a r a m e t e r s  

mag b e  t a k e n  a s  f u n c t i o n s  of v e r t i c a l  l o a d ,  speed  of t r a v e l ,  and 

road  con t amina t i on  s t a t e .  

Th i s  

cormect io  

The r e l a t  

c a l c u l a t e  

r e l a t i v e l y  s  imp : le mode 1 

n  w i t h  t h e  sirnulist ion of t h e  

i v e l y  s l owly  var :ying mo t ions  

d  by t h e  d i g i t a l  computer wh 

t h o u g h t  t o  be  u s e f u l  ma in ly  i n  

mot ion  of  a comple te  v e h i c l e .  

of  t h e  au tomob i l e  may b e  

. en  t h e  h y b r i d  c o n f i g u r a t i o n  

i s  u sed .  The r a p i d  mot ions  of  t h e  t r e a d  e lement  when r u n n i n g  t h r o u g h  

t h e  c o n t a c t  a r e a  t h e  a n a l o g  computer .  Some o f  t h e  

f u n c t i o n s  u s e a  i n  t h e  l a t t e r  s i m u l a t i o n  may a l s o  be computed by 

t h e  d i g i t a l  t h e  v e r t i c a l  p r e s s u r e  d i s t r i b u t i o n  

and t h u s  w i t h  l o a d  t r a n s f e r .  When t h e  speed  of  t r a v e l  v a r i e s  

- 7  ccr-,,,-aey2.z p,- , L , - - ~ ~ : _  y3 -. CI-.:? sic;ulati.sr: ?:A;?, a l s o  t h e  coefficient of 

P.,>. . - 4 . ;  -.,, 
, + *- , . , ., - -- 

- <  . .,: (., 1 '7 :> 187,- - . 7 ,  

- -  -i v...i .. . ,,,,, lc: oe ug>nt?,?. du:'i;:g th3.t r u r ~ .  



. 
paramete r s .  The e f f e c t  of such  pa ramete r s  a s  c a r c a s s  zeometry 

and a a t e r i a l  p r o p e r t i e s  i s  r e p r e s e n t e d  by an  i n f l u e n c e  o r  Green 

f u n c t i o n .  I t  w i l l  a l s o  be demonstr3ated t h a t  t h e  r e s p o n s e  t o  

camber a n g l e  can be  sirnu1at;ed by  t h i s  model i n  a  n a t u r a l  manner.  

?4oreover, t h e  i n t r o d u c t i o n  of c a r c a s s  compliance c r e a t e s  t h e  

p o s s i b i l i t y  of  examining t h e  r e s p o n s e  t o  t ime-va ry ing  wheel -axle  

motion i n p u t s .  The wavelength shou ld  be chosen l a r g e  w i t h  r e s p e c t  

t o  t h e  c o n t r a c t  l e n g t h .  By i n c r e a s i n g  t h e  numbzr of  t r e a d  e l e -  

ments which a r e  fo l lowed s imul t aneous ly  d u r i n g  one p a s s a g e  and 

by c o n s i d 2 r i n g  more t h a n  one row of t r e a d  e lements  each e x h i b i t i n g  

d i f f e r e n t  c o n t a c t  l e n g t h s  and p r e s s u r e  d i s t r i b u t i o n s  ( f u n c t i o n s  

of v e r t i c a l  l o a 6 ,  s l i p  ang:Le, camber a n g l e ,  e t c . ) ,  t h e  model 

approaches t h e  n e a r l y  p e r f e c t  r e p r e s e n t a t i o n  of  t h e  r e a l  t i r e .  

Note, however, t h a t  mass and h y s t e r e s i s  of  t h e  t i r e  b0d.y has  

not  been i n c l u d e d .  High flqequency motions a r e  a s  y e t  d i s -  

r e g a r d e d .  The approximate t h e o r y  of  h igh  f requency r e s p o n s e  de- 

veloped i n  Reference  [5] may g i v e  an  i n d i c a t i o n  i n  which d i r e c t i o n  

t h e  nrodel must be  modif ied  i n  o r d e r  t o  cove r  a l s o  t h i s  a s p e c t  o f  t i r e  

r e s p o n s e .  



The f i r s t  mod21 t o  be t r e a t e d  c o n s i s t s  of a  r i g i d  c z r c a s s  

p rov ided  x i t h  a  row of e l ~ s t i c  t r e a d  e l e ~ e n t s  v13ich c o n t a c t  t h e  r o a d  

s u r f a c e  o v e r  t h e  l e n g t h  where t h e  v e r t i c a l  p r e s su -e  p o s s e s s e s  a 

p o s i t i v e  v a l u e .  Of t h e  l a r g e  number of  e l emen t s  p r e s e n t  i n  t h e  

c o n t a c t  r ange  on ly  one ':ii:Ll be  fol lo7red d u r i n g  i t s  p a s s a g e  t h r o u g h  

t h e  c o n t a c t  pzitch. F c r  s t e a d y - s t a t e  n o t i o n s  t h e  d e f l e c t i o n s  and 

s h e a r  f o r c e s  a t  a x - c o o r d i n a t e  ( i . e . ,  a t  a c e r t a i n  d i s t a n c e  b e h i n d  

o r  ahead of t h e  v e r t i c a l  p l a n e  t h rough  t h e  w h e e l - a x l e )  do n o t  

change 'd i th  t i m e .  Consequentl-y , t h e  i n t e g r a l  o f  s h e a r  f o r c e s  

encoun t e r ed  by one e lement  when ru r -n ing  t h r o u g h  t h e  c o n t a c t  p a t c h  

produces  $he t o t a l  f o r c e s  and moment a c t i n g  f rom ground  t o  t i r e .  

Under t h e  i n f l u e n c e  o f  l o n g i t u d i n a l  and l a t e r a l  s l i p ,  t h e  e l emen t  

( F i g u r e  1) which may show d i f f e r e n t  s t i f f n e s s e s  i n  l a t e r a l  (8) 

and l o n g i t u d i n a l  ( x )  d i r e c t i o n s ,  undergoes  a  complex v a r i a t i o n  of 

d e f l e c t i o n s .  The d e c a y i n g  f r i c t i o n  s o e f f i c i e n t  f u n c t i o n  ( F i ~ u r e  2 )  

c a u s e s  t h e  mot ion  t o  become u n s t a b l e .  i n  p r a c t i c e ,  t h i s  i s  r e f l e c t e d  

i n  t h e  o f t e n  obse rved  s l i p - s t i c k  phenomenon. The m o d e l ' s  t r e a d  

eleinent e x h i b i t s  b o t h  mass ( n e c e s s a r y  f o r  ar: o s c i l l a t i n g  rno'cion) 

and damping ( f o r  stabilizing t h e  not lo^.). For  t h e  s a k e  o f  s i m p l i c i t y ,  

i t  i s  assumed t h a t  u i s  a c o n t i n u o s s  f u n c t i o n  of s l i d i n g  splaed, V s ' 
and approaches  z e r o  when Vc+O. 

u 

The b a s e  p o i n t ,  E, of' t h e  e l a s t i c  e l emen t  which  i s  t h e  p o i n t  

. , . A :r? ?. 2 (2; <-P-c-,,L 2 - 
*..- - -  - l . ~  - C  z t~ac r :ec !  to tr,c cc~c2: :  171;dz.e 3), xoves i l l  

7 -. .-. - , ?..A? .-' - -  - \ 1 L - - .  "-.. , -  u 
p - 1 -  - - -  5 L . ,  - -', -. 1- m , , 2 7- ?. . A -  - . ~ 2 1 ~  ?-e c f O - 2 t  

. . ,- . - - .  - - i L -  . "  A %2 1 L~~~ :..- . - .  1 -  . ~ O Y Y ? S ? O ' ? C : ~ . I ?  
c 

. , - -  - # , .  " -  
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l o n g i t u d i n a l  s h i f t  5, o f  t h e  c o n t a c t  l e n g t h  may o c c u r  due t o  a 

d r i v i n g  o r  b r a k i n g  f o r c e .  The i n f l u e n c e  of t h e s e  s h i f t s  i s  f e l t  
- 

i n  t h e  r e s u l t i n g  a l i g n i n g  t o r q u e  ( a b o i f  t h e  v e r t i c a l  a x i s  th rough  

the  wheel c e n t e r ) .  These uni form c a r c a s s  de fo rma t ions  w i l l  be 

h e l d  c o n s t a n t  d u r i n g  each r u n  o f  t h e  element  th rough  t h e  c o n t a c t  

p a t c h  and -- updated  a t  t h e  end of  each  r u n .  Only a n , e f f e c t i v e  

f r a c t i o n  of t h e  c a r c a s s  d e f l e c t i o n  (cc, ? )  c may b e  t a k e n  i n t o  

account  due t o  t h e  f a c t  t h a t  t h e  c e n t e r  of v e r t i c a l  p r e s s u r e  i s  

not  s h i f t e d  ove r  t h e  same d i s t a n c e .  

, -  - _ - _ ^ . , __ -._"I. . 4, 

- - 7 -  - 

F i g u r e  1. Tread  Element .  

Figurle 2 .  Coefficient of  F r i c t i o n .  
5 



F i g u r e  3.  The R i g i d  Carcass   r rush-Type) T i r e  Model 

The c e n t e r  of  t h e  wheel has a speed  V .  S l i p  a n g l e  a i n d i c a t e s  

t h e  ang l e  between speed  d i . r e c t i o n  and ( v e r t i c a l )  wheel  c e n t e r  

p l a n e .  We have a  l a t e r a l  speed ,  V which i s  e q u a l  t o  t h e  l a t e r a l  
Y' 

s l i p  o r  c r e e p  speed ,  V : 
c  Y 

The l o n g i t u d i n a l  speed  of t h e  wheel  c e n t e r  becomes: 



v = v cos cx 
X 

The wheel r o t a t e s  about  i t s  a x l e  ( y - a x i s )  w i t h  a  speed - R  . When 
Y 

under f r e e  r o l l i n g  c o n d i t i o n s  and a=O t h e  e f f e c t i v e  r a d i u s  i.s 

denoted by Reo = V / / n y o l ,  we d e f i n e  t h e  speed of  r o l l i n g  under  

g e n e r a l  c o n d i t i o n s :  

and t h e  l o n g i t u d i n a l  s l i p  speed:  

We i n t r o d u c e  t h e  two q u a n t i t i e s  which d e f i n e  t h e  s t a t e  of  s l i p  

under s t r a i g h t  l i n e  r o l l i n g ,  v i z . ,  t h e  l o n g i t u d i n a l  s l i p  sx and 

t h e  l a t e r a l  o r  s i d e  s l i p  s 
Y:  

s = Vcy/Vx = t a n  a 
Y 

I n  g e n e r a l ,  a l s o  a t u r n  s l i p  due t o  a  r o t a t i o n a l  s p e e d  Q Z  abou t  

t h e  v e r t i c a i  z - a x i s  will o c c u r .  
I r - l*".*i 1 

The base  p o i n t  B o f  t h e  t r e a d  element  ( F i g s .  1 , 3 )  has  

speed components : 



v~~ = v CY + ( x + a c ) n z  ( 8 )  I I 
/ I 

The s l i d i n g  speed of t h e  c o n t a c t  p o i n t  ( t i p  of  e lement  r e l a t i v e  
I 

t o  t h e  road)  i s  g i v e n  by: I 
I 

For motions w i t h  r e l a t i v e l y  long  wavelengths ,  t h e  te rms w i t h  

Q Z  may be  n e g l e c t e d .  Henc:eforth we s h a l l  d i - s r ega rd  t h e  i n f l u e n c e  

o f  t h e  r o t a t i o n a l  speed  artd u s e  t h e  e q u a t i o n s :  

The t r e a d  e lement  moves through t h e  c o n t a c t  r a n g e  w i t h  a 

speed equa l  t o  t h e  r o l l i n g  speed  VT. The c o n t a c t  l e n g t h  i s  

denoted by L = 2a and t h e  t ime  f o r  one r u n  th rough  t h e  c o n t a c t  

p a t c h  becomes 



Note t h a t  t h e  run t ime tends t o  i n f i n i t y  when t h e  wheel i s  l ocked .  

This  l imits t h e  ana log  s i m u l a t i o n  t o  sx  va lues  s m a l l e r  t han  u n i t y .  

As soon a s  t h e  element has  reached t h e  end of t h e  c o n t a c t  l e n g t h  

( t r a i l i n g  edge) a  new element i s  assumed t o  e n t e r  a t  t h e '  l e a d i n g  

edge. The i - t h  run  s t a r t s  a t  t h e  i n s t a n t  t i- l  and ends a t  

+ At. 

Coordina te  x  of t h e  base of  t h e  element i s  determined 

by :  

The element  has  s t i f ' f n e s s e s  kx and k and damping c o e f f i -  
" Y 

c i e n t s  cx and c  i n  x and y  d i r e c t i o n ,  r e s p e c t i v e l y .  A t  t h e  t i p  
Y 

of t h e  element a  concentra . ted mass, m ,  i s  cons ide red  t o  be  p r e s e n t .  

The q u a n t i t i e s  kx and ky,  cx and c and rn a r e  t aken  p e r  u n i t  
Y' 

l e n g t h  o f  c i rcumference .  TEe same ho lds  f o r  t h e  s h e a r  f o r c e  

components qx and q and t h e  v e r t i c a l  p r e s s u r e  d i s t r i b u t i o n  q Z .  
Y 

The fo l lowing  equa t ions  govern t h e  motion of t h e  e lement .  



The i n i t i a l  condi t ions  of t he  d e f l e c t i o n s  and t h e  time r a t e  of 

change of t h e  d e f l e c t i o n s  o f  t he  t r e a d  element a t  t = ti-1 a r e  

assumed t o  be equal  t o  zero.  

When the  r e s u l t i n g  shear  fo r ce  opposes t h e  s l i d i n g  speed,  

we have: 

wi th  

Due t o  t h e  f r i c t i o n  law assumed ( F i g .  2 ) ,  we have always: 

9 = u q ,  ( 2 0 )  

and the  func t ions  

T h e  vertical p r e s s u r e  d i s t r i b u t i o n  may h e  t a k e n  a s  a func t i .on  o f  

the  v e r t i c a l  load  IF^ I . 



The f o r c e s  and the  moment a c t i n g  on the  ca rca s s  ( i . e . ,  on 

the  wheel) a r e  equal t o  the  i n t e g r a l  of t h e  c o n t r i b u t i o n s  of t he  

i n t e r n a l  f o r c e s  per u n i t  l eng th  ( a c t i n g  i n  sp r ing  p l u s  damper of 

F ig .  1). I 

Figure 4 g ives  a s i m p l i f i e d  diagram of t h e  analog c i r c u i t  which 

produces t h e  q l ,  and q t  
Y '  

The r e s p e c t i v e  i n t e g r a l s  determining l o n g i t u d i n a l  f o r c e ,  

l a t e r a l  f o r c e ,  v e r t i c a l  load and a l i g n i n g  torque r e a d :  



F i g u r e  4 .  Simplified diagram of computer circuit for the 
s i m l l l a t i o n  of tire tread element dynamics .  



The e f f e c t i v e  uniform c a r c a s s  d e f l e c t i o n s  a r e  d e f i n e d  by 

t h e  r e l a t i o n s  : 

where K and K a r e  t h e  c a r c a s s  s t i f f n e s s e s  and B x  and $ t h e  
X Y Y 

e f f e c t i v e  f r a c t i o n s  which t ake  i n t o  account  t h e  long i tud ina l .  

and i a t e r a l  r o l l i n g  deformat ion  of  t i r e  w i t h  r e s p e c t  t o  rim and 
. * 

road  (d isp lacement  of v e r t i c a l  p r e s s u r e  c e n t e r ) .  

The moment may be  r e w r i t t e n  now a s  f o l l o w s :  

The va lues  of  Fx, F and FZ a r e  a v a i l a b l e  a t  t h e  end of  each r u n .  
Y 

S ince  a t  t h a t  i n s t a n t  t h e  p roduc t  F F i s  a v a i l a b l e ,  t h e  moment 
x Y 

MZ can a l s o  be computed i n  one r u n .  F i g u r e  5 g i v e s  t h e  s i m p l i f i e d  

diagram f o r  t h e  f o r c e s  and moment g e n e r a t i o n .  The i n p u t  q u a n t i t i e s  

V ,  a and s x  a r e  e i t h e r  given i n  t h e  d i g i t a l  program ( r e s u l t  from 

an i n p u t  m a t r i x  o r  from t h e  i n s t a n t a n e o u s  c o n d i t i o n s  of a  d . i g i t a 1  

v e h i c l e  motion s i m u l a t i o n )  o r  a r e  r e a d  from v o l t a g e s  ( s e t  try 

po ten t iomete r ,  o r  r e s u l t i n g  from an ana log  motion s i m u l a t i o n ) .  As 

soon as comparator 1 g e t s  low ( l o g i c  1 a t  complemented o u t p u t ) ,  

t h e  run through t h e  c o n t a c t  p a t c h  i s  t e r m i n a t e d  and t h e  d i g i t a l  



F i g u r e  5 .  Genera t ion  o f  f o r c e s  Fx and F and moment MZ. 
Y 

computer p u t s  t h e  ana log  computer i n  Hold. The i n t e g r a t e d  o u t -  

p u t s  a r e  r e a d  by t h e  ana log  t o  d i g i t a l  c o n v e r t e r s  (ADC1s) t o g e t h e r  

w i t h  p o s s i b l e  new V ,  a and sx v a l u e s .  The v a l u e s  of Fx, F and 
Y 

MZ and t h e  i n p u t  q u a n t i t i e s  a r e  s t o r e d  on t a p e  o r  p r i n t e d  o u t  

d i r e c t l y  and t h e  computed v a l u e s  o f  V r ,  Vcx a n d V  CY a r e s e t b y  

t h e  d i g i t a l  t o  ana log  c o n v e r t e r s  (DAC1s) . S u b s e q u e n t l y ,  t h e  

I n i t i a l  Cond i t ion  and then  t h e  O p e r a t e  s t a t e  of t h e  a n a l o g  

computer a r e  c a l l e d  a f t e r  which t h e  n e x t  run  s t a r t s .  



F i g u r e  6 g i v e s  t h e  r e s u l t s  i n  g r a p h i c  form. The complete  

t r a c t i o n  f i e l d  i s  shown f o r  a p a r t i c u l a r  t i r e  model and road  s u r f a c e  

combinat ion .  A good q u a l i t a t i v e  cor respondence  w i t h  known 

exper imen ta l  cu rves  appears  t o  a r i s e .  The i n f l u e n c e  o f  changing  

t h e  l a t e r a l  t r e a d  element  s t i f f n e s s  i s  shown i n  t h e  upper  r i g h t  

The r e l a t i v e  s i m p l i c i t y  of t h e  c i r c u i t  and t h e  q u a l i t a t i v e l y  

c o r r e c t  r e s u l t s  makes t h e  concept  i n t e r e s t i n g  f o r  u s e  i n  c o n ~ n e c t i o n  

w i t h  au tomobi le  motion s i m u l a t i o n .  
. . 
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3 .  MODEL WITH FLEXIBLE CARCASS f 

1 

Figure  7 dep ic t s  the  t i r e  model showing a  ca rca s s  which 
r 

can no t  only deform sideways and i n  l ong i tud ina l  d i r e c t i o n ,  b u t  i 

1 
which can a l s o  show a  curved d e f l e c t i o n  l i n e  governed by e x t e r n a l  

fo r ce s  and by t h e  f l e x u r a l  p r o p e r t i e s  of t he  t r e a d  band and 

e l a s t i c  p r o p e r t i e s  of i t s  foundat ion.  

Figure 7 .  The t r e a d  element a t t ached  t o  t h e  
d e f l e c t e d  f l e x i b l e  ca rca s s  



I n  c o n t r a s t  t o  t h e  motion of t h e  elements  of t h e  r i g i d  

c a r c a s s  model, t h e  base ,  B,, o f  t h e  element  w i l l  move a long  a  

c u r v i l i n e a r  p a t h .  The speed of B i s  i n f l u e n c e d  by t h e  va ry ing  

s l o p e  of t h e  c e n t e r  l i n e  of t h e  c a r c a s s .  As b e f o r e ,  t h e  c a r c a s s  

i s  assumed t o  be i n e x t e n s i b l e  i n  l o n g i t u d i n a l  d i r e c t i o n .  I t  may, 

however, show uniform l o ~ l g i t u d i n a l  d e f l e c t i o n  C c  u n d e r  t h e  

a c t i o n  of F x .  

The l a t e r a l  f o r c e  d i s t r i b u t i o n  q '  causes  t h e  c a r c a s s  t:o 
Y 

d e f l e c t .  The i n f l u e n c e  of t h e  moment d i s t r i b u t i o n ,  q t y u  - q",v,  

upon t h e  d e f l e c t i o n  i s  n e g l e c t e d .  I t  i s  assumed t h a t  t h e  e l a s t i c  

p r o p e r t i e s  of  t h e  c a r c a s s  can be cons ide red  l i n e a r .  We may t h e n  

d e s c r i b e  t h e  e l a s t i c  f i e l d  of t h e  c a r c a s s  by-means o f  i n f l u e ~ n c e  

(Green) f u n c t i o n s  G (6 ,x) . This f u n c t i o n '  g i v e s  t h e  d e f o r m a t i o n  a t  

c o o r d i n a t e  5 due t o  a  u n i t  f o r c e  a c t i n g  a t  c o o r d i n a t e  x .  The 

l a t e r a l  deformat ion  d  vc(S) due t o  a  l a t e r a l  f o r c e  q 1  (x)dx becomes 
Y 

The d e f l e c t i o n  due t o  t h e  complete f o r c e  d i s t r i b u t i o n  over  t h e  

c o n t a c t  l e n g t h  i s  found by t h e  i n t e g r a l :  

The v e l o c i t y  of t h e  b a s e  p o i n t ,  B ,  o f  t h e  e l e m e n t  w i t h  

r e s p e c t  t o  t h e  road s u r f a c e  becomes: 



The l a t e r a l  speed of B wi,th r e s p e c t  t o  t h e  wheel p l a n e  i s  g iven  

by t h e  t ime d e r i v a t i v e  of v c .  This  deformat ion  i s  b o t h  a  f u n c t i o n  

of t ime,  t ,  and coord ina te ,  x .  

. I n  c a s e  we d e a l  w i th  a  cambered wheel wi th  a n g l e  of t i l t  y,  

t h e  c a r c a s s  c e n t e r  l i n e  i s  a l r e a d y  d e f l e c t e d  w i t h  r e s p e c t  t o  t h e  

x - a x i s  (de f ined  a s  l i n e  s f  i n t e r s e c t i o n ' o f  wheel c e n t e r  p l a n e  

and road s u r f a c e )  when lozded on a  p e r f e c t l y  s l i p p e r y  s u r f a c e  

(p=O). This  d e f l e c t i o n  w i l l  be approximated by a  pa rabo la  ( c f .  

F ig .  8 )  : 

The a d d i t i o n a l  d e f l e c t i o n  vc e x h i b i t e d  by t h e  c a r c a s s  when r o l l i n g  

over a  rough s u r f a c e  i s  brought  about  by f r i c t i o n a l  f o r c e s  q . The 
Y 

express ion  f o r  t h e  l a t e r a l  v e l o c i t y  of b a s e  p o i n t  B must now be  

extended w i t h  t h e  terms 'Vr adc/ax - a d c / a t  of which t h e  l a s t  

term may be neg lec ted  f o r  s lowly  va ry ing  camber a n g l e s .  Tlie l a s t  

term of ( 3 4 )  and (36)  w i l l ,  i n  g e n e r a l ,  be sma l l  t oo .  We r e t a i n  

the  l a t t e r ,  however, because i t  has a f a v o r a b l e  e f f e c t  on t h e  

s t a b i l i z a t i o n  of t h e  analog s o l u t i o n .  

1 9  



F i g u r e  8 .  D e f l e c t i o n s  due t o  camber 

The s l i d i n g  speed o f  t h e  t i p  o f  t h e  e lement  w i t h  d e f l e c t i o n s  

(u,v) r educes  t o  t h e  foll.owing form a f t e r  r e t a i n i n g  on ly  t h e  more 

impor tan t  te rms ( r e l a t i v e l y '  s lowly  v a r y i n g  wheel  mot ions ,  

Th,e terms Vcx ,  
v c ~  

and V . A  xy r e p r e s e n t  t h e  i n p u t  q u a n t i t i e s  t o  
Y 

t h e  t i r e  sys tem.  The 1a : j t  terms i n  ( 3 8 )  and (39)  a r e  a r e s u l t  



of t r e a d  element  dynamics governed by Eqs. (15 )  th rough ( 2 2 ) .  

The remaining t e r n s  of (39) ,  which r e p r e s e n t  t h e  t ime r a t e  of I 
change of c a r c a s s  d e f l e c t i o n  a t  t h e  moving p o i n t  B ,  a l s o  g iven  

by (36) ,  a r e  governed by t h e  f u n c t i o n  (33) .  
I 
i 
E 
I 

The d e f l e c t i o n s  vc (c )  can be c a l c u l a t e d  from (33) once i 
t h e  q t  d i s t r i b u t i o n  i s  known. On t h e  o t h e r  hand, from t h e  

Y 
i 

Eqs. (39) and (15) through ( 2 4 1 ,  i t  i s  c l e a r  t h a t  q 1  (x) can  j 
Y t 

1 

I 
only be c a l c u l a t e d  f o r  a  known c a r c a s s  d e f l e c t i o n  ~ ~ ( 5 ) .  E v i d e n t l y ,  1 

some k ind  of i t e r a t i o n  process  i s  r e q u i r e d  f o r  s o l v i n g  t h e  problem. 
. . i t 

An obvious procedure  would be t o  l e a v e  vc (c )  and a l l  i n p u t  q u a n t i t i e s  

c o n s t a n t  d u r i n g  t h e  t ime needed f o r  t h e  e lement  t o  

t r a v e l  through t h e  c o n t a c t  zone. The q 1  d i s t r i b u t i o n  can t h e n  be  
Y 

c a l c u l a t e d  dur ing  t h i s  run .  By s imul t aneous ly  computing t h e  

i n t e g r a l  (33) a t  a s u f f i c i e n t  number of  p o i n t s  a long  t h e  c o n t a c t  

l i n e ,  t h e  new vc(C) may be found a t  t h e  end of t h e  r u n  by i n t e r -  

p o l a t i o n  between t h e  v c l s  computed a t  t h e s e  p o i n t s .  From t h e  

i n t e r p o l a t i o n  formula ,  t h e  s l o p e  av,/ac may be  o b t a i n e d  as  a  

f u n c t i o n  of x .  During t h e  n e x t  r u n  v c ( < )  i s  k e p t  c o n s t a n t  and 

the  f u n c t i o n  f o r  t h e  s l o p e  i s  used i n  Eq. ( 3 9 )  f o r  t h e  c a l c u l a t i o n  

of t h e  new q '  ( x ) .  This  i t e r a t i o n  p rocedure ,  however,  i s  bound 
Y 

t o  d ive rge  f o r  t i r e  models w i t h  t r e a d  element  l a t e r a l  s t i f f n e s s  

p e r  x i t  l e n g t h  ???.c!? I? .T~?T t h ? . ~  t h n  r ~ s 1 ~ l t i n . z  c p r r a ? ~  l a t e r a l  

s t i f f n e s s  d i v i d e d  by t h e  c o n t a c t  l e n g t h ,  a s  u s u a l l y  i s  t h e  c a s e  

i n  p r a c t i c e  ( see  d i s c u s s i o n  i n  S e c t i o n  4 . 2 ) .  



In  o r d e r  t o  avoid  t h i s  o s c i l l a t o r y  d i v e r g e n t  r e s u l t ,  we 

may t r y  t o  more c l o s e l y  approach t h e  way t h e  r e a l  t i r e  f i n d s  the 
i 
i 

I 

i 
s o l u t i o n .  The c a r c a s s  d e f l e c t i o n  w i l l  n o t  be h e l d  c o n s t a n t  ! 

t 

i 

dur ing  a  passage  b u t  i s  al lowed t o  change a s  a  r e s u l t  of t h e  t 

E 
? 

d i f f e r e n c e  of  q 1  (x)  w i th  r e s p e c t  t o  t h e  q 1  (x) encountered  i n  
Y Y I 

t h e  p rev ious  r u n .  The fo l lowing  equa t ions  apply  f o r  t h e  i - t h  

run  : 

wi th  

A t  each i n s t a n t ,  t h e  v,(c) i s  a v a i l a b l e  and i s  a  r e s u l t  of t h e  

new q 1  d i s t r i b u t i o n  gene ra t ed  over  t h e  x  range  a l r e a d y  covered 
Y 

by t h e  moving element p lus  t h e  o l d  q 1  d i s t r i b u t i o n  of run  i-1 
Y 

over  t h e  range  n o t  y e t  covered by t h e  e lement .  The i n s t a n t a n e o u s  

va lue  of t h e  s l o p e  avc/a< a t  t = x  may be c a l c u l a t e d  and f e d  i n t o  

E q .  ( 3 9 )  . 
Since  t h e  c a r c a s s  changes i n  t ime due t o  t h e  

d i f f e r e n c e  Aql ( x ) ,  a f i n i t e  v a l u e  of  avc /8 t  a t  6-x w i l l  be  
Y 

found.  When t h e  element i s  moved over  a  d i s t a n c e  ( - d x ) ,  t h e  

increment i n  c a r c a s s  deformat ion  a t  E=x due t o  Aqf r e a d s :  
Y 



so  t h a t ,  i n  view of (42) ,  t h e  p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  

t o  t ime ( 5  f i x e d )  becomes: 

This term,  a l though  s m a l l ,  may be r e t a i n e d  i n  t h e  computat ion 

as  i t  t u r n s  o u t  t o  be of g r e a t  v a l u e  f o r  t h e  s t a b i l i z a t i o n  o f  

. * t h e  i t e r a t i o n .  

The g e n e r a t i o n  of t h e  d i f f e r e n c e  Aql by t h e  h y b r i d  
Y 

computer, u s i n g  E q .  ( 40 ) ,  r e q u i r e s  a  memory d e v i c e .  We have 

chasen  t o  u s e  t h e  d i g i t a l  computer f o r  t h i s  pu rpose .  The passage  

t ime i s  d i v i d e d  up i n  N ('say 20) equa l  s t e p s .  A t  t h e  end of each 

s t e p  ( k )  t h e  q '  v a l u e  i.s t r a n s m i t t e d  t o  t h e  d i g i t a l  computer 
Y 

and s t o r e d  i n  t h e  f i r s t  l d c a t i o n  of  an a r r a y .  B e f o r e  t h i s  i s  done ,  

a l l  t h e  N e lements  of  t h e  a r r a y  c o n t a i n i n g  t h e  q 1  v a l u e s  o b t a i n e d  
Y 

a t  t h e  ends of t h e  prevj-ous s t e p s  a r e  s h i f t e d  one l o c a t i o n  down- 

wards s o  t h a t  t h e  f i r s t  l o c a t i o n  becomes empty and i s  ready t o  

r e c e i v e  t h e  new q 1  v a l u e .  Before t h i s  s h i f t  i s  e x e c u t e d ,  t h e  
Y 

l a s t  two va lues  of t h e  a r r a y  a r e  r ead  and t r a n s m i t t e d  t o  t h e  a n a l o g  

computer. These two va lues  a r e  t h e  q 1  v a l u e s  o f  t h e  p r e v i o u s  
3.' 

run a t  t h e  beginning  ant1 end of  t h e  n e x t  s t e p  ( k + l ) .  By l i n e a r  

i n t e r p o l a t i o n  be tween t l iese trio v a l u e s ,  t h e  o l d  q '  v a l u e  
Y i  - 1 
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I n t e r p o l a t i o n  y i e l d s :  

The s l o p e  a t  c=x r e ads :  

The c o e f f i c i e n t s  a r e  found by s a t i s f y i n g  t h e  d e f l e c t i o n  ( 4 6 ) .  

A more s t a b l e  s o l u t i o n  f o r  l a r g e  numbers of runs  through t h e  

con t ac t  pa tch  may be obta ined by t ak ing  t h e  s l ope  ( 4 9 )  a t  c = a  

equal  t o  -vcl /o.  The l eng th  a i s  de termine3 from t h e  almost  

exponen t ia l  shape of t h e  ou t e r  p o r t i o n  of t h e  Green f u n c t i o n .  

Ca l cu l a t i on  of only  Vcl and vc2 may b e  s u f f i c i e n t  i n  t h i s  c a se  

( c f .  d i s c u s s i o n  i n  Sec.  4 . 3 ) .  With (44) and ( 4 9 ) ,  t h e  "remaining" 

terms of  t h e  formula f o r  tKe s l i d i n g  speed i n  l a t e r a l  d i r e c t i o n  

(39) have been determined.  

The f o r c e s  F x ,  F Y and F Z  and t h e  moment MZ may be ob t a in ed  

by conducting t h e  i n t e g r a t i o n s  ( 2 5 )  through (28) and upda t ing  

a t  t h e  end of each r u n .  Since  we have now t h e  increment  A q . '  Y 

a t  our d i s p o s a l ,  we may a s  we l l  gene ra t e  a  more cont inuous  v a r i a -  

t l c n  cf  F by zzplsyinm the il"tv"r.1: 
Y 0 0 



where F  r e p r e s e n t s  the  va lue  of F a t  t he  end of t h e  previous  
Y i - 1  Y 

passage ( I-] . ) .  

F igure  9 g ives  a  diagrammatic p i c t u r e  of t h e  hybr id  

computer c i r c u i t  f o r  t h e  gene ra t ion  of c a r c a s s  d e f l e c t i o n  an.d 

s i d e  f o r c e .  Appendix IV p r e s e n t s  the  complete diagrams and 

d i g i t a l  program i n  i t s  most r e c e n t  form a f t e r  t h e  modi f i ca t ions  

d i scussed  i n  Sec t ion  4 . 4  have been in t roduced.  The i n f l u e n c e  

func t ions  G I ,  G o ,  and G 2  employed a r e  assumed i d e n t i c a l  except  

1 t h a t  they a r e  s h i f t e d  sid.eways over a  d i s t a n c e ,  a  = L ,  w i th  

r e s p e c t  t o  each o t h e r .  I n  r e a l i t y ,  f o r  a  loaded t i r e ,  t h e  

f u n c t i o n  G o  measured a t  t h e  c e n t e r  may d i f f e r  from t h e  o t h e r  two 

which a r e  measured a t  the  ends of t h e  con tgc t  p a t c h .  A method 

f o r  measuring in f luence  func t ions  of loaded t i r e s  has  been 

developed by Savkoor [ 6 ] .  Note t h a t  f o r  our  purpose t h e  t r e a d  

rubber  should be buffed  o f f  f i r s t .  The Green f u n c t i o n s  used 

a r e  i n  Appendix I V  (F ig .  23) .  They a r e  taken from d e f l e c t i o n  

curves shown by Frank [ 2 ]  f o r  a r a d i a l l y  unloaded t i r e .  The 

t i r e  was a x i a l l y  loaded by a  concen t ra t ed  f o r c e .  I n  g e n e r a l ,  

t h e  Green func t ions  w i l l  change when a  r a d i a l  l oad  i s  a p p l i e d  

a s  w e l l .  
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Figure  9 .  S i m p l i f i e d  b lock  diagram of c i r c u i t  f o r  g e n e r a t i o n  o f  
c a r c a s s  d e f l e c t i o n  and s i d e  f o r c e .  The diagram must  be  
used  i n  connec t ion  w i t h  t h e  diagram shown i n  F i g ,  5 .  
The moment M z  w i l l  be  computed i n  a  s l i g h t l y  d i f f e r e n t  
way, however. A t  t h e  end of each  s t e p  ( s i g n a l i z e d  by 
comparator  2 )  i n t e g r a t o r  1 2  i s  s e t  i n  I n i t i a l  C o n d i t i o n  
and t h e  remaining i n t e g r a t o r s  i n  Hold. The l a s t  two 
e lements  a r e  r ead  and t r a n s m i t t e d  t o  t h e  D A C ' s  f o r  t h e  
g e n e r a t i o n  of  t h e  q '  o f  t h e  p r e v i o u s  r u n .  Then t h e  

Y a r r a y  i s  s h i f t e d  one p l a c e ,  t h e  now empty f i r s t  a r r a y  
element  i s  t h e n  f i l l e d  w i t h  t h e  new q f y  o b t a i n e d  f r o m  
t h e  ADC. A t  t h e  end o f  t h e s e  o p e r a t i o n s ,  t h e  sys t em i s  
s e t  i n  o p e r a t e  ana the subsequen t  s t e p  b e g i n s .  A t  t h e  
end of  t h e  run  i n d i c a t e d  by ?omparator  1 ( F i g .  5' )  (make 
a ,  s l i g h t l y  l e s s  t h a n  IxN/ = =L) t h e  p r o c e d u r e  a s  d e s -  
c r i b e d  i n  t h e  c a p t i o n  of F i g .  5 i s  f o l l o w e d  i n  ( a d d i t i o n  
t o  o p e r a t i o n s  done a t  t h e  end o f  each  s t e p  w i t h  t h e  
e x c e p t i o n  t h a t  a f t e r  t h e  s h i f t ,  t h e  l a s t  e lement  o f  t h e  
a r r a y  i s  made equal  t o  ze ro  r e p r e s e n t i n g  t h e  q ' ,  v a l u e  
a t  t h e  beginning  of t h e  c o n t a c t  p a t c h .  The i n t e g r a t o r s  
7 ,  9 ,  1 0  and 11 remain i n  t h e  Hold s t a t e  b e f o r e  c a l l i n g  
Opera te .  

The f low diagram of t h e  d i g i t a l  program shown i n  
F i g .  10 c l a r i f i e s  t h e  s i t u a t i o n .  

' 2 7  



F i g u r e  1 0 .  F l o w  diagram of  d i g i t a l  computer  program. The 
i n p u t s  may b e  e n t e r e d  t h r o u g h  ADC's, k e y - b o a r d  
o r  may b e  l i s t e d  i n  t h e  d i g i t a l  p rogram.  
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Two c:ol lect ions of computer r e s u l t s  have been shown i n  

F igures  11 and 1 2 .  They p r e s e n t  t h e  complete s t e a d y - s t a t e  

t r a c t i o n  f i e l d s  f o r  two d i f f e r e n t  p f u n c t i o n s .  F i g u r e  11 shows 

t h e  f i v e  r e l a t e d  diagrams (Fy - a ) ,  (Fy - Fx) ,  (Fx - s x ) ,  

(M, - Fx) ,  (MZ - a ) .  I n  t h e  (F - a )  diagram t h e  c u r v e  produced 
Y 

by a  combination of camber angle  y and s l i p  a n g l e  a has  been 

shown. Also,  t h e  in f luence  of lowering t h e  c a r c a s s  founda t ion  

s t i f f n e s s  (Green f u n c t i o n s  l a r g e r )  and a t  s x  = 0 . 2  t h e  infl.uence 

of a  change i n  l o n g i t u d i n a l  s t i f f n e s s  K, have been i n d i c a t e d .  

The (F - Fx) diagram shows curves f o r  c o n s t a n t  v a l u e s  of a  and 
Y 

S x *  A t  Low s l i p  ang les  t h e  a -cu rves  tend t o  r i s e  a t  i n c r e a s i n g  

braking f o r c e  u n t i l  a  maximum i s  reached.  The c a r c a s s  f l e x i b i l i t y  

appears t o  enhance t h i s  phenomenon (compare F i g .  6 ) .  The s i g n  

change of  MZ which occurs  beyond a  c e r t a i n  b rak ing  f o r c e  range 

i s  due t o  t h e  displacement  of t h e  l i n e  of a c t i o n  of  Fx which 

could a l r eady  be  accomplisfled wi th  t h e  s imple r  model (F ig .  6 ) .  

Experiments s u b s t a n t i a t e  t h i s  phenomenon. The r e a l i s t i c  

appearance of t h e  responses t o  s t e p  f u n c t i o n s  of t h e  s l i p  a n g l e  

shown i n  F igure  11 sugges t s  t h a t  t h e  m o d e l ' i s  c a p a b l e  of simu- 

l a t i n g  a  t i r e f s  t r a n s i e n t  behavior .  F igure  1 2  p r e s e n t s  curves  

which may be encountered on wet s l i p p e r y  roads  (dashed y-curve  

of F ig .  2 4 ) .  Again, experiments s u b s t a n t i a t e  t h e  q u a l i t a t i v e  

a spec t s  of t h e  t h e o r e t i c a l  r e s u l t s .  The i n c r e a s e  i n  F and PI, 
Y 

a t  small  a - v a l u e s  a s  a r e s u l t  of an i n c r e a s e  i n  V i s  caused 

by the  presence of damping i n  t h e  t r e a d  e l emen t s .  The dec,aying 

p - func t ion  i s  r e s p o n s i b l e  f o r  t h e  s i g n  change of MZ a t  l a r g e r  

va lues  of a ( a l s o  when s x  = 0). Appendix I V  p r e s e n t s  parameter  

values and f u n c t i o n s  used  i n  t h e s e  c a l c u l a t i o n s .  
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Fig. l l Traction field for f1exibl.e carcass tire model (computed with G and G, &. 
for o=4a).  Parameters as in Fig. 3 except: k =40 q / 2 ,  K =O &ut 

Z 0 
G(a,a)=0.128/qzo, G(a,-a)=,0.085/q * A  =0.7/2.' In f luence  o? variables 

ZO' y 
a, s and camber angle  y. Inf luence  of stiffness parameters k and 
~ ( 5 , f ) .  Built up of lsteral force F ,  and lateral force distritution 
q as a response to s t e p  input of si i? a n g l e  a .  
Y ; 17 
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Fig.  I2 Traction field on surface with sha rp ly  decaying p-curve. Parameters 
as in Fig, 7 except c =c =G q /V  , Inf luence  of variables  a ,  s and V. 

x y  z o o  5: 



4. INSTABILITIES 

I n  t h i s  s e c t i o n  we s h a l l  d e a l  w i t h  i n s t a b i l i t i e s  which 

t u r n e d  up d u r i n g  t h e  ca1c :u la t ions  and which a r e  p a r t l y  due t o  

model p r o p e r t i e s  and p a r t l y  due t o  c o m p u t a t i o n a l  methods which 

have been  a d o p t e d .  

4 . 1  SLIP-STICK 

The e l a s t i c  t r e a d  e lement  which s l i d e s  ove r  t h e  ground i s  

c a p a b l e  o f  showing an  un!; table o s c i l l a t o r y  mo t ion  when t h e  

c o e f f i c i e n t  of  f r i c t i o n  e x h i b i t s  a decay ing  f u n c t i o n  w i t h  s l i d i n g  

speed  ( F i g .  2 ) ,  i . e . ,  when the  d e r i v a t i v e  , 

and ,  moreover ,  when i t  doe,s n o t  have s u f f i c i e n t  i n t e r n a l  damping 

t o  s u p p r e s s  t h i s  i n s t a b i l i t y .  

The e q u a t i o n  f o r  t h e  e lement  shown i n  F i g u r e  1 r e a d s  

when on ly  l a t e r a l  motions a r e  c o n s i d e r e d  (Vex = VBx = 0 ) .  

w i t h  



The s l i d i n g  speed equa l s  

Assume t h e  p - c h a r a c t e r i s t i c  shows a  s l o p e  

t h e  s t e a d y - s t a t e  speed VS = V 
B Y '  

Around t h i s ,  e q u i l i b r i u m  

s i t u a t i o n  we have consequent ly :  

The equa t ion  of motion r eads  now (assume V > 0 ) :  
S 

mi i  + (k  - bqz) ;  + c  v = voq, Y Y 

Hence i n s t a b i l i t y  w i l l  a r i s e  f o r  

The q t  d i s t r i b u t i o n  observed f o r  zero  o r  s m a l l  damping c o e f f i -  
Y 

c i e n t  c  indeed showed o s c i l l a t i o n s  which were p a r t i c u l a r 1 . y  
Y 

v i o l e n t  when t h e  dashed u - f u n c t i o n  of  F i g u r e  24  was used .  F i g u r e  

13  shows an example. In t h e  a c t u a l  c a l c u l a t i o n s  t h e  damping 

has  been made s u f f i c i e n t l y  l a r g e  i n  o r d e r  t o  s u p p r e s s  t h e  

o s c i l l a t i o n s .  



I - -  I ru. 4 t i m e  

F i g u r e  1 3 .  S l i p - s t i c k  observed  a t  1-ow damping c  
Y 

4 . 2  INSTABILITY OF ITERATION PROCEDURE 

Computations c a r r i e d  o u t  w i t h  t h e  s i m p l e  b r u s h - t y p e  model 

have i n d i c a t e d  t h a t  no compu ta t i ona l  i n s t a b i l i t i e s  wha tever  o c c u r .  

Th is  seems l o g i c a l  because  t h e  f o r c e  g e n e r a t i o n  a t  a  p a r t i c u l a r  

run  does n o t  depend on t h e  r e s u l t s  o f  t h e  p r e v i o u s  r u n .  

This  i s  q u i t e  d i f f e r e n t  w i t h  t h e  more complex model which 

e x h i b i t s  c a r c a s s  f l e x i b i l i t y .  Three  k i n d s  o f  i n s t a b i l i t y  may 

a r i s e ,  The f i r s t  one ha.s been  avo ided  from t h e  o u t s e t .  Th i s  i s  

t h e  o s c i l l a t o r y  i n s t a b i l i t y  which w i l l  o ccu r  when t h e  " d i r e c t "  

i t e r a t i o n  procedure  i s  chosen which h a s  been o u t l i n e d  before . .  The 

d e f l e c t i o n  of t h e  c a r c a s s  i s  o b t a i n e d  d i r e c t l y  from t h e  



. .  

f o r c e  d i s t r i b u t i o n ,  q t  which r e s u l t s  from t h e  p r e v i o u s  run  
Y '  

where t h e - c a r c a s s  d e f l e c t i o n  has  been kep t  c o n s t a n t .  That 
- i 

i 
i n s t a b i l i t y  i s  expected t o  occur f o r  t i r e  models e x h i b i t i n g  a  I 
l a t e r a l  s t i f f n e s s  of t h e  t r e a d  element p e r  u n i t  l e n g t h  which i s  1 
cons ide rab ly  g r e a t e r  than  t h e  l a t e r a l  c a r c a s s  s t i f f n e s s  d i v i d e d  

by t h e  c o n t a c t  l e n g t h  (which i s  u s u a l l y  t h e  case  w i t h  r e a l  t i r e s )  

can be exp la ined  by cons i t le r ing  t h e  s imple  two-spr ing  system 

shown i n  F i g u r e  14a.  During t h e  f i r s t  run  t h e  c a r c a s s  d e f l e c t i o n  

w i l l  be kep t  equal  t o  ze ro .  The d e f l e c t i o n s  of t h e  t r e a d  

elements a r e  governed by t h e  s l i p  ang le  cons ide red .  The s i d e  

f o r c e  d i s t r i b u t i o n  r e s u l t i n g  i n  F produce t h e  r e l a t i v e l y  l a r g e  
YI 

c a r c a s s  d e f l e c t i o n  used i n  t h e  second run .  -With t h e  same s l i p  

ang le  t h e  t r e a d  element d e f l e c t i o n  w i l l  now most p r o b a b l y  b e  

d i r e c t e d  i n  t h e  o p p o s i t e  s e n s e .  Consequent ly,  t h e  c a r c a s s  d e f l e c -  

t i o n  f o r  t h e  t h i r d  run w i l l  f l i p  over  t o  t h e  o t h e r  s i d e .  Tlie 

subsequent  c a r c a s s  deflecti .on of  t h e  f o u r t h  run  w i l l  become 

l a r g e r  than  t h e  d e f l e c t i o n  of t h e  second r u n .  Obv ious ly ,  a:n 

o s c i l l a t o r y  i n s t a b i l i t y  a r i s e s .  



Figure  14. Expla in ing  o s c i l l a t o r y  i n s t a b i l i t y  o c c u r r i n g  
w i t h  " d i r e c t "  i t e r a t i o n  procedure  

T h i s  i n s t a b i l i t y  i s  avoided by n o t  i n t e g r a t i n g  q 1  t imes  
Y 

t h e  Green f u n c t i o n  b u t  t h e  d i f f e r e n c e  of q' w i t h  r e s p e c t  t o  
Y 

t h e  one encountered  a t  t h e  p r e v i o u s  r u n ,  Aqty,  t imes  t h e  Green 

f u n c t i o n  cons ide red ,  and t h e n  adding t h e  r e s u l t i n g  increment  

i n  d e f l e c t i o n  t o  t h e  d e f l e c t i o n  found a t  t h e  end of  t h e  p r e v i o u s  

run  ( t h e  l a t t e r  i s  a c c o m ~ ~ l i s h e d  by keeping  t h e  i n t e g r a t o r s  7 ,  

9 ,  1 0  and 11 i n  Hold when going from one run  t o  t h e  n e x t  r u n ,  

F i g .  9 ) .  In t h i s  way t h e  c a r c a s s  d e f l e c t i o n  i s  b u i l t  up g r a d u a l l y ,  

much l i k e  t h e  r e a l  t i r e  does .  Al ready dur ing  t h e  f i r s t  run t h e  

c a r c a s s  d e f l e c t i o n  s t a r t s  t o  develop  ( s e e  t y p i c a l  v a r i a t i o n .  of  

q u a n t i t i e s  shown i n  F i g .  1 5 ) .  



4 . 3  MODEL INSTABILITIES 

I n  t h e  o r i g i n a l  c o n f i g u r a t i o n ,  t h e  c a r c a s s  d e f l e c t i o n  i s  

c a l c u l a t e d  by means of a  p a r a b o l i c  i n t e r p o l a t i o n  between c a r c a s s  

d e f l e c t i o n s  a t  t h e  l e a d i n g  edge,  i n  t h e  middle ,  and a t  t h e  t r a i l i n g  

edge. A s  has  been shown i n  F i g u r e  1 5 ,  an i n s t a b i l i t y  of t h e  

shape of  t h e  c o n t a c t  l i n e  shows up a f t e r  about  60 r u n s .  The 

' Y  
t ends  t o  dec rease  a t  t h e  l e a d i n g  p o r t i o n  of t h e  c o n t a c t ,  

l e n g t h  and f i n a l l y  changes s i g n  and grows i n  t h e  o t h e r  d i r e c t i o n .  

This t u r n s  o u t  t o  be due t o  t h e  f a c t  t h a t  a  s m a l l e r  vcl ( l e a d i n g  

edge) l e a d s  t o  a  s t e e p e r  s l o p e  of t h e  c a r c a s s  d e f l e c t i o n  i n  t h e  

l e a d i n g  c o n t a c t  range .  With t h e  s l i p  a n g l e  remaining t h e  same, 

t h e  t r e a d  element d e f l e c t i o n s  a t  t h e  l e a d i n g  range  w i l l  now 

become s m a l l e r .  The r e s u l t i n g  s m a l l e r  q 1  i n  t h i s  range  causes  
Y 

a f u r t h e r  r e d u c t i o n  of t h e  d e f l e c t i o n  vcl and an i n c r e a s e  i n  

s lope .  Even tua l ly ,  vCl may change s i g n .  

This  phenomenon becomes more s e v e r e  a t  s m a l l e r  s l i p  a n g l e s  

and lower s t i f f n e s s  of t h e  c a r c a s s .  I n  o r d e r  t o  s u p p r e s s  t h i s  

kind of i n s t a b i l i t y ,  we t r i e d  t o  r e l a t e  t h e  s l o p e  a t  t h e  l e a d i n g  

edge t o  t h e  d e f l e c t i o n  vcl.  From t h e  Green f u n c t i o n  (= d e f l e c -  

t i o n  due t o  c o n c e n t r a t e d  l a t e r a l  u n i t  f o r c e )  we found t h a t  t h e  

d e f l e c t i o n  v a r i e s  approximate ly  e x p o n e n t i a l l y .  Th i s  i n d i c a t e s  

t h a t  t h e  r e l a t i o n  



between s l o p e  and d e f l e c t i o n  may b e  u s e d ,  The l e n g t h  a can 

be de termined from t h e  Green f u n c t i o n  shown i n  F i g u r e  2 5 .  We 

found a = 2L = 4a .  

This  a d d i t i o n a l  c o n d i t i o n  c a l l s  f o r  a  c u b i c  i n s t e a d  of a 

p a r a b o l i c  i n t e r p o l a t i o n .  As has been shown i n  F i g u r e  15 ,  t h e  

same k ind  of  i n s t a b i l i t y  s t i l l  shows up b u t  now more t0ward.s t h e  

middle of t h e  c o n t a c t  l e n g t h .  The d e f l e c t i o n  vcl does n o t  change 

i n  s i g n  b u t  s t i l l  dec reases  b r i n g i n g  about  a  l a r g e r  s l o p e  n e a r  

t h e  c o n t a c t  c e n t e r  which lowers  t h e  q 1  i n  t h a t  r ange  and 
Y 

thereby pushes back t h e  vCl (and t o  a  much l e s s e r  e x t e n t  t h e  
- 

F i n a l l y ,  we t r i e d  a  s i m p l e r  i n t e r p o l a i i o n  by u s i n g  on ly  t h e  

d e f l e c t i o n s  a t  t h e  l e a d i n g  edges and,  f u r t h e r m o r e ,  t h e  t a n g e n t  

r e l a t i o n  (54) a t  t h e  l e a d i n g  edge. The model t u r n s  o u t  t o  be  

now e s s e n t i a l l y  s t a b l e .  The p a r a b o l i c  i n t e r p o l a t i o n  w i t h  t a n g e n t  

r e l a t i o n  has  been used f o f  t h e  c a l c u l a t i o n  of  t h e  g raphs  1.1 and 

1 2 .  

4 . 4  DRIFT 

Some d r i f t ,  however, s t i l l  r ema ins .  This  s l o w l y  deve lop ing  

d e v i a t i o n  of d e f l e c t i o n s  and s i d e  f o r c e  cou ld  n o t  be  e x p l a i n e d  

e r r o r  v o l t a g e s  which corl t inuously b u i l t  u p ,  I n s u f f i c i e n t  feedback 

i n  t h e  system i s  r e s p o n s i b l e  f o r  t h i s  weak i n s t a b i l i t y .  



The s imple  r i g i d  model d id  from t h i s  

phenomenon. There,  t he  q ' Y i s  i n t e g r a t e d  d i r e c t l y ,  *- - g whereas 
- - 

t h e  i t e r a t i o n  procedure adopted f o r  t h e  f l e x i b l e  * .  A c a r c a s s  model 
' 7 

i n t e g r a t e s  Aq' 
Y '  A s l i g h t  sy s t ema t i c  e r roT , i n  t h e  memory p rocess  

which produces q '  , t h e  q '  d i s t r i b u t i o  f t h e  p rev ious  run ,  
Y i - I  Y 

g ives  r i s e  t o  a non-zero Aql Y a l s o  when t h e  s t e a d y - s t a t e  ha.s 
4 

been a t t a i n e d .  This  obviously causes a  d r i f t  : j of s i d e  f o r c e  and 

d e f l e c t i o n s .  I n  o rde r  t o  avoid t h i s  d r i f t ,  an a r t i f i c i a l  f e ed -  
-- 

back i s  cons t ruc t ed  by i n t e g r a t i n g  q 1  Y dur ing  i n d i v i d u a l  runs  
- -> 

d i s t r i b u t e d  over t h e  t o t a l  computing t i m e . .  This  i s  accomp].ished 

by i n t ro duc ing  swi tches  i n  t h e  analog c i r c u i t  which i n  t h e  normal 

s i t u a t i o n  make connect ions  so t h a t  Aql Y i s . i n t e g r a t e d  and, a f t e r  

a  command from the  d i g i t a l  computer a t ' t h e  beginning of  a  r u n ,  

change t h e  c i r c u i t  i n  o rder  t o  i n t e g r a t e  q f  Y . A t  t h e  same t ime,  

t he  i n t e g r a t o r s  f o r  F Y and t h e  v C 1 s  a r e  s e t i n  I n i t i a l  Condi t ion  

and t h e  va lues  f o r  F Y and .the v C 1 s  computed a t  t h e  end of t h e  

previous  run  a r e  s t o r e d  i n  D A C 1 s .  Add i t i ona l  sw i t ches  connect  

t he  wi res  which came from t h e  o r i g i n a l  F Y and v, o u t p u t s  t o  t h e s e  

DAC o u t p u t s .  A t  t h e  end of t he se  d i r e c t  i n t e g r a t i o n  r u n s ,  t h e  

o r i g i n a l  s i t u a t i o n  w i l l  be r e s t o r e d .  I n  t h e  schemes of  F igures  

2 1  and 2 2 ,  t h e  swi tches  and t h e  accompanying l o g i c  a r e  shown. 

F igu re s  1 7  and 18 p r e s e n t  r e s u l t s  f o r  t h e  c o n f i g u r a t i o n  

with sw i t ches .  A f t e r  each f i f t h  r un ,  t h e  swi tches  change 

connections and t he  d i r e c t  i n t e g r a t i o n s  a r e  conducted.  The ' 



computations a r e  now completely s t a b l e .  The d i s c o n t i n u i t i e s  i n  

t h e  F t r a c e  po in t  t o  a  s l i g h t l y  i n c o r r e c t  r e t u r n  of t h e  q ' .  
Y .Y 

d i s t r i b u t i o n  of t h e  previous run.  An improvement of t h e  memory 

process w i l l  c e r t a i n l y  improve the  r e s u l t s  and t h e  switch con- 

f i g u r a t i o n  may even prove t o  be unnecessary. A continuous 

memory device  l i k e  a  magnetic t ape  recorder  seems t o  be most 

promising. 

The i n s t a b i l i t i e s  described i n  Sec t ion  4 . 3  seem t o  be due 

t o  t h e  f a c t  t h a t  only a  l imi t ed  number of d e f l e c t i o n s  along t h e  

contac t  l eng th  has been computed. The r equ i r ed  tangent  r e l a t i o n  

a t  the  l ead ing  edge (which i s  c e r t a i n l y  no t  an e l egan t  s o l u t i o n )  

would no t  have been necessary i f  we had a t - o u r  d i s p o s a l  a  g r e a t e r  

number of ca l cu l a t ed  de f l ec t ions  near t h e  f r o n t  edge. The r e a l  

t i r e  which "ca l cu l a t e s "  the  carcass  d e f l e c t i o n  cont inuously  a long  

t h e  con tac t  l i n e  manages t o  ge t  a  s t a b l e  s o l u t i o n .  









S I h m C  4 5  F i q  1 7  , o n \ ,  f a r  iA= 6'. 
1 / 



5 .  REFERENCES 

1. PACEJKA, H,B., Hybrid Simulation of Shear Force 
Development of a Tire Experiencing Longitudinal 
and Lateral Sliyp. FISITA Congress, London, 1972, 

2. FRANK, F,, Grundlagen zur Berechnung der Seitenfuhrungs- 
kennlinien von Reifen. Kautschuk u. Gummi 18 
(1965) 8, p. 515. 

3. NILLUbIEIT, H.P., Theoretische Untersuchungen an einem 
Modell des Luftreifens. . . .  Dissertation, T.U. Berlin, 
1969. 

4. DUGOFF, H., FANCHER, P.S., and SEGEL, L., An Analysis of 
Tire Traction Properties . . . . .  FISITA/SAE Congress, 
1970, Paper 700377. 

5. PACEJKA, H.B., Dynamic Frequency Response of Pneumatic 
Tires to Lateral Motion Inputs. 2nd Conference o:n 
Motor Vehicles and Motor Engineering, Sopron 
(Hungary) , 1971.. 

6. SAVKOOR, A.R., The Lateral Flexibility of Pneumatic Tires 
and Its Application to the Lateral Rolling Contact 
Problem. FISI"A/SAE Congress 1970, Paper 700378. 



APPENDIX I 

LIST OF TERMINOLOGY 

half contact length 

camber deflection coefficient 

base-point of tread element 

damping coefficient of tread elements in x , y  
direction 

contact center 

longitudinal" force acting from road to tire 

lateral force acting from road to tire 

vertical force (= -wheel load) 

Green function (influence function) 

number of current run 

number of current step 

longitudinal,, lateral stiffness of tread element 

longitudinal, lateral carcass stiffness 

contact length 

effective mass of tread 

a i i g l l i i l g  Lorclue 

number of steps in one run 



(I shear force from ground to tire (per unit 

contact length) 

q x , ~  
x and y comporlent of q 

x and y component of force at base-point B ' 

'Y 
in previoi~s run 

9, vertical pressure distribution (> 0) 

Aqfy  difference of q '  with respect to previous run Y 

Reo effective rolling radius at free rolling and a=O 

longitudinal slip (= Vcx/V cos a ) ,  lateral 
- ,  

slip (= tan a) 

time 

time needed for element to travel through 

contact length 

longitudinal deformation of tread element 

longitudinal uniform deformation of carcass 

v lateral deformation of tread element 

v lateral deformation of carcass 
C 

?c lateral uniform deformation of carcass 

V speed of contact center (or of wheel center) 

v?3 speed of base-point 

v 
C 

slip speed (:gc = 5 - gr) 

V x and y components of Vc 
CX, Y 



r e f e r e n c e  speed (100 f t l s e c )  

speed  of r o l l i n g  = ( e f f e c t i v e  r o l l i n g  r a d i u s  a t  

Fx=O) x (speed o f  r e v o l u t i o n )  

s l i d i n g  speed of t i p  of t r e a d  e lement  

s l i d i n g  speed  i n  x , y  d i r e c t i o n  

l o n g i t u d i n a l ,  l a t e r a l  component of  wheel c e n t e r  

speed  

l o n g i t u d i n a l  c o o r d i n a t e  ( d i r e c t i o n )  

x a t  end of  k- th" ' s tep 

l a t e r a l  c o o r d i n a t e  ( d i r e c t i o n )  

s l i p  a n g l e  

r e d u c t i o n  f a c t o r s  f o r  e f f e c t i v e  l o n g i t u d i n a l  and 

l a t e r a l  c a r c a s s  d e f l e c t i o n s  

camber ( i n c l  i n a t  i on )  a n g l e  

c o e f f i c i e n t  o,f f r i c t i o n  

r e l a x a t i o n  l e n g t h  'of f r e e  c a r c a s s  l a t e r a l  

d e f l e c t i o n  

r o t a t i o n a l  speed  of  wheel abou t  wheel  a x l e  (<  0) 

r o t a t i o n a l  speed  about  v e r t i c a l  a x i s  

l o n g i t u d i n a l  c o o r d i n a t e  



A P P E N D I X  I1 

N O N - D I I I I E N S  IONAL QUANTITIES 

The actual calculations have been conducted with the aid of 

non-dimensional equations. We introduce the average vertical 

load per unit contact length 

where IFZ / is the vertical tire load and L the contact length. 

Furthermore, we introduce a reference speed 

With the aid of these quantities, we define the following 

non-dimensional quantities: 

- 
vertical loadlunit length 9, = qZ/9,, 

- 
horizontal loadlunit length - 

q~ '. q ~ / q ~ ~  

Green function = G .  ‘LO 

sliding speed, etc. us = Vs/V, 

- 
time t = VOt/L 

machine time T = aTT 



* .  

deri-vat ive 

- 
longitudinal deflection u = u/L 

- 
lateral deflection v = v/L 

etc. 

- 
longitudinal coordinate x = x/L 

+- 

lateral total force F = Fy/pZ/ Y 

longitudinal total force F = Fx/lFZI 
X 

aligning moment 

. a - 
mass per unit length m = mVo 2 /kt,, L )  

- 
damping per unit length c - - 

XsY Cx,yvo/~zo 
s 

stiffness per unit length fi = k,,yL/qz, 
X,Y 
- 

carcass stiffnesses - 
K x , ~  - KxtyL/ IFZ I 

friction coefficient \ = V A  
0 S 

camber coefficient A = L A  
Y Y 

In the following and in the computer circuits the bars 
E 
i 
! 
I 

will be omitted. 

NON-DIMENSIONAL EQUATIONS 

For the flexible carcass model we obtain the following 

equations (bars omitted) : 



"'x 
= v cos a 

v c ~  
= V s i n  a 



- 
q',  - Cx aT ; ' kx U 

MEMORY ARRAY M 

at x = x ~ - ~  (start of step k ) :  

s h i f t  o f  a r r ay  



pa rabo l i c  interpo1at: ion with tangent  r e l a t i o n  a t  x = 0 . 5  



a t  x = - 0 . 5  (end o f  r u n  i ) :  



APPEKDIX I11  

DIGITAL PROGRAMS, ANALOG AND LOGIC CIRCUITS 

The l i s t i n g  of the  d i g i t a l  computer program f o r  t h e  

r i g i d  c a r c a s s  model i s  p resen ted  on page 5 7  and 58 .  I t  coin- 

t a i n s  a  DO-loop which au tomat i ca l ly  p rov ides  a  m a t r i x  of i n p u t  

v a l u e s .  This  i s  accomplished by e n t e r i n g  1 on t h e  keyboard ,  By 

e n t e r i n g  2 a n o t h e r  p o r t i o n  of t h e  program i s  fo l lowed  which makes 

use  of i n p u t  v a l u e s  s e t  by t h e  p o t e n t i o m e t e r s  and r e a d  by t h e  

A D C T s .  E n t e r i n g  3 r e s u l t s  i n  e x i t  from t h e  computer .  The ana log  

and l o g i c  c i r c u i t s  a r e  given i n  F igures  19 and 20. 

The l i s t i n g  f o r  t h e  f l e x i b l e  c a r c a s s  model i s  g i v e n  on pages 

61, 6 2 ,  and 63.  The program prov ides  f o r  a  sweep i n  a .  The 

s l i p  ang le  s t a r t s  a t  t h e  va lue  g iven  by p o t e n t i o m e t e r  007. The 

s l i p  ang le  a w i l l  be incremented wi th  3" a f t e r  NN r u n s  have 

taken p l a c e  a t  c o n s t a n t  o!. ' The new s e r i e s  of runs  s t a r t s  w i t h  

t h e  c a r c a s s  d e f l e c t i o n s  found a t  t h e  end o f  t h e  p r e v i o u s  s e r i e s .  

The number NN has  been taken l a r g e  enough i n  o r d e r  t o  a t t a i n  

s t e a d y - s t a t e  f o r  each a - v a l u e .  The v a l u e  of NN i s  t a k e n  sm.a l l e r  

f o r  l a r g e r  a .  A f t e r  t h e  maximum of 20" t h e  s l i p  a n g l e  drops  

each time w i t h  3.01'. A f t e r  a s e r i e s  of runs  f o r  a c e r t a i n  a 

has s t a r t e d ,  t h e  swi tches  i n  t h e  ana log  c i r c u i t  ( F i g .  16) alre i n  

p o s i t i o n  A ( f u l l  l i n e s )  s o  t h a t  Aq' i s  i n t e g r a t e d .  A f t e r  each  
Y 

run the  swi t ches  w i l l  be s e t  i n  p o s i t i o n  B (dashed l i n e s ) .  Th i s  



i s  c o n t r o l l e d  by t h e  d i g i t a l  computer wi th  t h e  c o n t r o l  l i n e  

r e g i s t e r  (=  M1(=1) when i n  A and - M 2 ( = 0 )  when i n  B ) .  A f t e r  

o m i t t i n g  t h e  framed p o r t i o n s  i n d i c a t e d  i n  t h e  program, t h e  

v e r s i o n  wi thou t  t h e  sweep i s  o b t a i n e d .  S ta tement  80 g i v e s  t h e  

p r o b a b i l i t y  t o  s t o p  t h e  s e r i e s  of r u n s .  When s e n s e  l i n e  4 i s  

h i g h ,  t h e  s e r i e s  i s  s topped,  t h e  o u t p u t  i s  p r i n t e d  and new i n p u t  

va lues  may be e n t e r e d  ( a f t e r  s t a t e m e n t  8 ) .  S t a t emen t  

CALL TSCAL(L,l) causes  t h e  system (except  i n t e g r a t o r s  310, 320 

and 330, s e e  l o g i c  diagram) t o  speed up w i t h  a  f a c t o r  t e n .  The 

f l o w  diagram of F igure  1 0  may c l a r i f y  t h e  d i g i t a l  program. Note: 

F igure  1 0  does no t  inc lude  t h e  sweep and t h e  s w i t c h e s .  

F igures  2 1  and 2 2  p r e s e n t  t h e  comple te_ana log  and l o g i c  

c i r c u i t  f o r  t h e  f l e x i b l e  t i r e  model. The s i m p l i f i e d  ve r s io i i s  

shown i n  p a r t s  i n  F igures  4 ,  5 and 9 c l a r i f y  t h e  c o u r s e  o f  

computat ions.  



// JOB ? ? 20 DEC 7 1  11.663 HRS 
/ /  FOR NMOO l 20  DEC 7'1 1 1 r 6 6 3  HRS 
%ONE WORD INTEGERS . . 
~ I O C S ( T Y P E W R I T E R , K E Y 8 O A R D )  
11157 SOURCE PROGRAM > 

** MOVING TREAD ELEMENT TIRE MODEL WITH RIGID CARA'CASS 
2 

DIMENSION ALFA(51 ,  S X ( 6 1 9  I F O ( 4 1 ,  L F O ( 4 )  r I S 0 ( 3 ) ,  I L S O ( 3 ) r  

DATA ALFA/ 0.9 2.1 4.9 8.9 16./ 
DATA SX/  0.9 0 0 2 5 ,  0 0 5 9  r 0 7 5 r  e l ,  .25/ 
DATA I S 0 / 1 1 5 3 r  11559 1 1 5 7 /  
DATA IFQ/1152r1154r1156tl158/ 
DATA I S I / 3 2 1 6 /  
DATA I F 1 / 3 2 4 8 /  
CALL HYBON 
CALL NOTST( 1 9 3 )  
CALL I N I T A ( L 9 0 )  
CALL R U N ( L )  

CALL TSCAL( L, 1 )  
1 0  CALL I C ( L )  , 

CALL SENSW(O9L) # 

WRITE( 15 ,1000)  
READ( 1 7 , 3 0 0 0 )  IGO 
GO TO ( 2 0 , 3 0 , 4 0 ) r I G O  

20 V=.5 
00 8 0  1 ~ 1 9 5  

A L F = 3 . 1 4 1 h % ~ A L F A ( I  ) / 1 8 0 .  
YX=V*COS( ALF 1 
VCY=V+SIN(ALF)  

DO 8 0  ' J = 1 , 6  
VCX=SX(J ) *VX 
VR=V X-VCX 

+ LSO(  1  )=VCX810000. 
L S 0 (  2 )=VCYQ10000*  
L S O ( 3  )=VRs1000  
CALL STELK( ISO,LSO,3) 
LFO ( 1 )=VR;k1000. 
LF0(2)=VR:k1000.  

LFO ( 3  )=VR:I:lOOO 
-A L F O ( 4  )=VR~::1000. 

CALL S T R L K (  I F 0  ,LF0 ,4 )  
CALL O P ( L )  

50 I F  ( I T E S T ( L , O 9 4 ) )  6 0 , 6 0 r 1 0  
6 0  I F  ( I T E S T ( L . O I ~ ) )  50,50,70 

70 CALL HOLD( L )  
CALL S C A N H ( I F I , L F I , S )  
F X = L F I  ( 1  ) / 1 0 0 0 0 .  
F Y = L F I  ( 2 ) / 1 0 0 0 0 .  
XMZ=LFI ( 3 ) / 1 0 0 0 0 .  
CALL I C t L )  



. . -. . 
CALL SENSW (0 r L  1 

READ ( 17,3000 ) I P O  
8 0  CONTINUE 

GO TO 10 

3 0  CALL S C A N H ~ I S I , L S I , ~ )  
V = L S I  ( 1 ) / 1 0 0 0 0 .  
A L F A I = L S I  ( 2 1 / 1 0 0 .  
S X I = L S I ( 3 ) / 1 0 0 0 0 .  
ALF=3*1416::ALFAI/180. 

VX=V<:COS( ALF 1 
VCY=Vg:SI N ( ALF 1 
VC X= SX I :gvx 
VR=VX-VCX 
L S 0 (  1 )=VCX~~:10000 .  

L S 0 ~ 2 ) = V C Y ~ : 1 0 0 0 0 *  
L S 0 ( 3 ) = V R ? ~ 1 0 0 0 .  

CALL- S T B L K ( I S O t L S O r 3 )  
L F 0 (  1  )=VR:k1000. 
LF0(2)=VR:k1000 c 

L F O ( 3  )=VR*1000. 
LFO ( 4  )=VH*1000 
CALL STELK( IFO,LF0,4)  , 
C A L L  O P ( L )  

9 0  I F  ( I T E S T ( L , O I ~ I  1 1 0 0 , 1 0 0 ~ 1 0  
100 I F  ( ITEST(L ,OI  1 )  1 9 0 r 9 0 , l l O  
1 10 CALL HOLD ( L  

CALL S C A N H ( I F I , L F I t 3 )  
F X = t F I  ( l ) / l 0 0 0 0 .  

F V = L F I ( 2 ) / 1 0 0 0 0 0  
XMZ=LFI ( 3 ) / 1 0 0 0 0 a  
CALL I C ( L )  
WRITE( 1 5 r 2 0 0 0 ) A L F A I  r S X I  ~ F X ~ F Y ~ X M Z  

GO TO 1 0  
40 CALL I C ( L )  

CALL L O A D ( L 1  
CALL HOFF(L,O) 
CALL E X I T  

1 0 0 0  FORMAT(/'ENTER 1, 2 OR 3'1 

2 0 0 0  FORMAT( / '  ALPHA = '9F6 .29 '  S X  = ' , F 6 * 2 / '  FX  = 'qF8.4. I  F Y  = 8 .  

2 F S . 4 , '  M Z  = ' ,F8*5)  

3 0 0 0  FORMAT ( I 1  ) 
4000  Fp!+,A,T [ , / 9  X X X ~ ; < ~ ~ X ) ; X  ') 

END 



F i g u r e  19. -4nalog c i r c u i t  f o r  r i g i d  c a r c a s s  mo le1  



F i g u r e  2 0 .  Logic c i r c u i t  f o r  r i g i d  c a r c a s s  model 

. R 



i /  JOB ? ? 1 8  OCT 7 1 . 1 1 r 3 7 3 f - f R S  
I /  FOR HPOO 1 I 8  O C T  71 11.373 HRS 

WORD INTEGERS 
F ~ ~ C S ( T Y P E M R I  TER,KEYEr3ARD) 
,L IST SOURCE PROGRAM 
.u t iPo01 tJ.OVING TREAD ELEKENT T I R E  MODEL WITH F L E X I B L E  CARCASS 

OIMENSION M ( 2 0 ) ; P ( 2 0 ) 9  LSI(~),IOU(~I T L S O ( ~ ) ~ L F I ( I ) (  
+LF0(6),103(3)rLQ0(31rIFU(6) 

DATA I F 0 / 1 1 5 6 ~ 1 1 5 9 ~ 1 1 6 0 ~ 1 1 6 1 ~ 1 1 6 2 ~ 1 1 6 3 ~  
DATA I I N / 3 2 1 6 t f  
DATA i O U / 1 1 5 3 t 1 1 5 5 ~ 1 1 5 2 r 1 1 5 4 t 1 1 5 6 ~ 1 1 5 7 /  
DATA I Q 0 / 1 1 5 4 , 1 1 6 5 r  1 1 6 6 /  
DATA I F I / 3 2 8 0 /  
DATA I Q I  / 3 2 5 0 /  
DATA I X K / 1 1 6 6 /  
D A T A  I V R / 1 1 6 7 /  
N= 20 
N0=16 
TOL= 10 o 

D X = l r / N  
A L F T = l r  
AGz.7 
M l = l  
M 2=0 

8 CALL  I C ( L )  
W R I T E ( 1 5 , l O O O )  

1000 FORMAT ( / 'ENTER 1-  TO EXECUTE' , / r  'ENTER 2 TO E X I T '  W 
R E A D (  1 7 9 2 C 0 0 )  IGO 

2 0 0 0  FORMAT ( I 1  1 
GO T 0 ( 9 9 3 0 0 ) , I G O  

9 CALL  HYEON 
C A L L  NOTST( 1 r  3 )  
C A L L  E N I T a 4 ( L 3 0 )  
C A L L  R U N ( L )  
CALL T S C A L ( L 9 1 )  
C A L L  SCANH( I I N  r L S 1 i 4 )  
LL=O 
DO 4 0  Jz116 

40 LFO(JI=O 
A L F H A = L S i  ( 2 ) / 1 O O r  
DO 5 0  J - 1 9 2 0  

L X K = 5 0 0 0  
XKz.5 
V=LSI ~ 1 ) / 1 0 0 0 0 *  

ALF=3.14 1 6 ~ ~ A L P H A / 1 8 0 .  
S X = L S I  ( 3 )  /10009.  
GA?.IC1A=LSI (4)/iOO* 
V X - V s C O S (  ALF 1 



vex= sx:+vx - - -  

VR=VX-VCX 
VRAT=VR/ALFT 
LSO ( 1 ) : = V C X ~ 1 0 0 0 0 .  
L S O ( 2 ) ^ V C Y k ~  10000. 
~ & ( J ) = A G % G ~ M $ ! A % ~ o o c o o ~ ~ ~  1 4 1 6 / 1 8 0 *  
L S Q ( 4 ) = V R * 1 0 0 0 0 a  

LSQ ( 5  )=VRAT*10000 4 

LSO(6)=VRAT*  1000 l 
tVR=VRAT* 10000  
LFI(S)=O 

c 

CALL STBLK( IOU tLS096) 
CALL STINH( IXK~LXK) 
CALL STINH (IVR,LVRI 
M ( N ) - 0  
CALL READH( IQI ' , IQK)  
CALL IC(L) 
K = l  
CALL SETWD ( 0 q 6 1 i  

KL= 1 
GO TO 210  

80 I F (  I T E S T ( L I O I ~ ) )  8 5 , 8 5 9 8 0 0  
8 5  I F  ( I T E S T ( L I O , ~ ) )  9 0 ~ 9 0 , 1 0 0  * 

9 0 .  I F  ( I T E S T ( t r O t 2 ) )  3 0 r 8 0 , 2 0 0  
1 0 0  CALL HCLD(L) 

F Y = L F I ( 5 )  
CALL SCANH (IFI1CFIv7) -- . 
L F O ( l ) = L F I ( l )  
L F O ( 2 ) = L F I ( 2 )  
L F 0 ( 3 ) = L F I ( 3 )  
TEMP=LFI ( 4 )  
LF0 ( 4  )=VRAT*TEMP 
LF0(5)=LFI ( 5 1  
TEMP=LFI ( 6  1 
LF0 (6 1 =VHATa 7 EKP 
NN=NO ::\/R/'VX+S 4- 1000 -1000 
I F  (NN-K)  ------T1 10 1910 1 r 110 

1 0 1  VCl=LFO(  1 . ) / 1 0 0 0 0 0  
VCO=LF0(2 ) /10000 .  
VC2=LFO( 3 ) / 1 0 0 0 0 .  
FX=LF0(4 ) / 1 0 0 0 +  
F Y = L F 0 ( 5  ) / 1 0 0 0 0  
XMZ=LFQ(6) /10000o  

9 0 0  I F ( L L - 0 )  9 0 1 9 9 0 1 9 9 0 6  
9 0 1  . IF(ALPHA-20.1 9 0 2 9 9 0 6 9 9 0 6  
9 0 2  ALPHAzALPHAt3. 

GO TO 2 5 0 0  
906 ALPHA=ALPHA-3.0 L 

L L = 1  
GO TO 2 5 0 0  

999 GO T O  O 
110 CALL STBLK { I F O * L F 0 , 6 )  

XK=O 05 

o m i t  320 

s + e e p  c les  ired. 



I 

I 

i 
I 
i 

. 
i 
I 

K = K + l  
I F  ( K L 1 1 2 0 t 1 1 9 t 1 2 0  

119 C A L L  SETWD. (0 t M I )  
1 2 0  I F  ( K L - 4 )  1 2 2 9 1 2 1 r 1 2 1  
1 2 1  C A L L  SETWO ( 0 1 M 2 )  

KL=O 
GO TO 124 f - -  - - - 

122 L l = N N - 1  
I F  ( L l - K ) 1 2 1 t l 2 1 , 1 2 3  

123 K L = K L + l  
124 M ( N ) = O  

C A L L  ReADH ( I Q I  r  I Q K )  
C A L L  IC (L )  
GO TO 210 i 

200 C A L L  HULO (L)  
C A L L  REARH = (  I Q I  r I Q K )  i 

210 L G = 2 * ( M ( f f - l l - M ( N ) )  
LH=M(N) I 

1 
DO 2 2 0  J=1,19 
K K = 2 1 - J  

220 M ( K K ) = M ( K K - 1 )  
1 
I 

M (  l ) = I Q K  
XK=XK-DX 
L X K = 1 0 0 0 0 . * X K  
L O O  ( 1 ) = L C  
1 Q0 ( 2.1 =L t i  
L O O  ( 3  )=LXK 

I I 
C A L L  S S B L K  ( I Q O r L Q O r 3 )  
C A L L  SENSW ( 0  MM) 

i 
I 

C A L L  O P  (L)  1 

GO T O  $0 I 

800 WRITE(  1 5 9  ~ O ~ I V ~ A L ~ H A ~ S X ~ G A M M A ~ K ~ F Z  I 

DO 102 J - 1 9 2 0  
102 P (  J ) = M ( J ) / 1 0 0 0 0 *  
103 F C R M A T ( / ' V = ' r F 6 * 2 r  ' ALPHA=' ,F6.2 ,  ' SX=' 1F6.2,' G A M = ' r F 6 * 2 r '  K = ' i  

4-15.' F Z = ' r F 8 . 4 )  
105 F O R M A T ( / #  F X = ' r F 8 . 4 , '  F Y = ' r F 8 * 4 , '  X M Z = ' r F 8 . 5 )  

WRITE(  159 1 0 5  I F X q F Y  r X M Z  
P - 

GO TO 8 t f 

300 C A L L  IC ( L )  
C A L L  L O A D  (L )  
C A L L  HOFF ( L g O )  

.CALL E X I T  . 
E NO 



. . 
F i g u r e  Z la .  P o r t i o n  o f  analog circuit f o r  f l e x i b l e  carcass - 

t i r e  model 
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APPENDIX IV 

FUNCTIONS AND PARAMETERS 

- 
The v e r t i c a l  p r e s s u r e  d i s t r i b u t i o n ,  q, ,  f r i c t i o n  c o e f f i c i e n t  

- 
f u n c t i o n s ,  and t h e  Green f u n c t i o n s ,  G ,  which have been used i n  

t h e  a n a l y s i s  a r e  shown i n  F igures  23 ,  2 4 ,  and 2 5 .  T h e  parameter  

and po ten t iomete r  v a l u e s  a r e  l i s t e d  i n  Table 1. 

F i g u r e  2 3 .  P r e s s u r e  d i s t r i b u t i o n  



Figure 24. Coefficient of friction 

Figure 25. Green functions 
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TABLE 1 





T-ABLE 1 (Continued) 

l- , - PAKAFIETE? VALUES 1 

F L E X I E L E  RIGII? 

--.-.-- 
1 I CARCASS CARCASS 

POT, xi?. 
-. I 


