Appendix

1 Determining tuning parameter values for adaptive
LASSO

In practice, we do not observe the theoretical value of \,, which optimized model fit
measures like AIC or BIC, unless we have obtained many samples of the same population
with various sample sizes. Given a sample, the choices of A\, and v depend on the modeler.
Thus A, and ~ are also called tuning parameters for LASSO regression. In R glmnet
implementation (Friedman et al. 2010), a range of \, is determined by the following
scheme:

1. Set v =0.
2. Determine A\'** by finding the smallest ), that sets all coefficients to 0.

3. If sample size n is larger than the number of parameters in the regression model, set
AT = 0.0001A™® . If sample size n is smaller than the number of parameters, set
A = ().01A™ (to set parameters to 0 sooner).

4. Generate a grid of \,, typically 100 equally spaced points between A" and A\™e*,

The initial range of values of ), is determined independently of 7. Choices of v are less
data-driven. Some modelers choose one of v = 0.1,0.5,1,2. Here we determine (\,,~)
through cross-validation as follows:

1. Obtain o = 1/

ﬁj\/ILE

2. Determine 100 equally spaced values of A\, based on R glmnet’s implementation.

3. For each pair (A,,7), A, from Step 2, and v = 0.1,0.5, 1,2, split data into 5 folds.

A

Use 4 folds to obtain 3.

4. Apply B to the last fold not used to estimate 3 and calculate a metric. For continuous
y, we calculate the mean-absolute-error (MAE), ZiESA(k) |ft; — y;|. For binary y, we

calculate the area under curve (AUC) (calculated through R glmnet :: auc function).

5. Average the 5 metrics for each pair of (\,,7), and choose the pair with the best
average metric: minimum MAE for continuous y, maximum AUC for binary y.

The adaptive LASSO coefficient estimates are obtained given the selected (A, 7).

2 Derivations of Asymptotic Results in Section 3.3.2

We first derive an asymptotic ECLASSO estimator of total, 7 fCLASSO. We use this result

TECLASSO
y

to show asymptotic unbiasedness of , and obtain its asymptotic variance.
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2.1 Asymptotic estimator of total

In this section, we derive the asymptotic estimated-control model-assisted LASSO calibra-
tion (ECLASSO) estimator of total, TFCLA50. The asymptotic ECLASSO estimator is
later used to derive asymptotic expectation and asymptotic linearized variance estimates of
TfCLASSO. We assume that the finite-population and sample size are sequences of numbers
indexed by v: N, and n,. Both N, and n, grow to infinity. For simplicity, v is omitted
from the suffix of V and n. We first derive the asymptotic estimated-control model-assisted
calibration (ECMC) estimator of population mean, then apply additional conditions to de-
rive the asymptotic ECLASSO estimator of population total. Unless stated otherwise, n
refers to the analytical sample size. The following conditions are necessary to derive the
asymptotic estimators:

1. B= B+0,(1/+/n), B is the finite-population regression slope estimate of 3, B — 3.

2. For each x;, Ou(x;,t)/0t is continuous in t and bounded: maz; |Ou(x;,t)/0t] <
h(x;, B) for t in a neighborhood of B, and N~'Y"._ h(x;,3) = O(1).

3. For each x;, 0?uu(x;, t)/0tOt” is continuous in t and bounded: maz; . |0*u(x;, t)/0t;0t;| <
k(x;, 3) for t in a neighborhood of B, and N~'Y". _ k(x;, B) = O(1).

4. The Horvitz-Thompson estimators of certain population means computed using d*
are asymptotically normal.

5. The Horvitz-Thompson estimators of certain population means computed using d”
are asymptotically normal.

6. A\n/ (Vn/(v/n)') = o0 and A,/y/n— 0.

The mean in conditions in (4) and (5) are the means of first and second derivatives of
((x;,t) in the Taylor series expansion of u(x;,t) evaluated in a neighborhood around B,
which is a vector of values if B has more than one parameter. The conditions require that
the Horvitz-Thompson estimates of the means are bounded element-wise.

Lemma 2.1. Let sg be a probability-based benchmark sample with size ng and design
weights dB, and s be an analytical sample with size na and design weights d*, and N be
a known population size. Assume the superpopulation model:

Ee(yilxr) = p(xx, B), Ve(yr|xr) = vio>.

Let B be the finite-population quasilikelihood estimate of B, such that B — B. Under
conditions (1)-(5), the asymptotic estimated-control calibration estimator of population total
18:
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n* = min(na,ng)
N _ _
BMC _ Zz‘:1(ﬂi — 1)y — 9)
= N -
> iz (i — [1)?
N N
ﬂ:Nflz/h’a ijN*lzyi
i=1 i=1

Proof. We begin by deriving the asymptotic model-assisted estimator for a population
mean, yPOMC = NTITECMC By conditions (2) and (3), the second order Taylor series

A

expansion of p(x;, B) around B is:

5 {M(Xiat)

u(xi, B) = p(xi, B) + : {M

T
iR B-B)+ (B-B)
at t:B} (B=B)+B =B 5ot

bB-B)
(1)

t=B*

for B* € (B, B) or (B,B). Let

h(Xi,B) _ M(Xzat)
ot |i_p
O?pu(x, t)
k_ . 13* — P\
(i BY) = ot |,

Note that h is a vector of length m and k is a matrix of size m x m, where m is the number
of parameters in 3. By conditions (2) and (3),

(Xi, B) (2)

max; |h(x;,B)| < h

mazy ; |k(x;, B*)
The population mean of (1) based on sample sp is:

N_IZdZB,u(xi, B) = N_Ideu(xi, B)+N! <Zd?h(xi, B)) (B - B)+

1€ESB 1ESB 1€ESB

(i) () T
- Sttt (Sam) 8-m)+0, (1)

i€Sp 1€Sp

Similarly, the population mean of (1) based on sample s4 is:

NN dip(x, B) = N7 “diu(x;, B) + N7 (Zd;“h(xi, B)) (B-B)+0, (i)

1€ESA 1€ESA 1ESA



By conditions (1), (4), (5), and equations (4) and (5):

N_IZdZB,u(xi, B) — N_Ide,u(xi, B)

1ESB 1ESA

= N‘lzdfu(xi, B) — N_lzdflu(xz'a B)+ 0, (\/%) +0p (%)

1ESB 1€54

=N dPu(x:,B) = N> du(x;, B) + O, (

1ESB 1€S4

1
where n* = min(na,np). Using conditions (1) and (3), we have

=Y dhux, B) [ al

1ESA 1ESA

- (Zd?) S~ (uxi, B) + 1T (x;, B)(B — B) + (B — B)k(x,, BY)(B — B))

1ESA 1€ESA

<Zd?> Zd;4 <,u(xz~, B) +h’(x;, B)(B — B)) + Op(1/n4)

1ESA 1€ESA

— i+ (de‘) S 7 (x;, B)(B — B) + 0,(1/n,)

— i+ Op(1/y/2) + Op(1/n)
= i+ 0,(1/y/n2)

where pyar =3, di i/ Y., i



Then from (1) and (7), and conditions (1) and (3)

N_lzd?(ﬂi — i)

=N ( x;,B) + h7(x;, B)(B - B) + (B — B)"k(x;,, B*)(B - B) — ,1)
=N~ de‘ i) + N~ ZhT (x;,B)(B — B)+
N’lz(B - B)"k(x;,B")(B - B) — O,(1/+/na)
=N~ de‘ i)+ N~ ZhT (x;, B)(B —B) + 0,(1/n4) — O,(1//n4)
=N~ ZdA 1) + Op(1/v/na) + Op(1/na) — Op(1//114)
=N~ ZdA ) 4 O, (1/+/n) (8)
(9)
Similarly,
N~ ZdA =N~ ZdA [ Op(1/y/na))?
=N~ ZdA 24+ 0,(1/na) (10)
From (8) and (10) we have:
BMC _ ZiESAd?(ﬂZ /j)(yz y) _ ZzesA i ( K /j)(yz —7)
ZzesAdz (Mz /2)2 1ZzEsA i (Ai - ﬁ)Q
B ZzEsAd?( i_ﬂ)(y )+O (m)
Sico (i — )2+ 0, (L)
— BMC asny — o0 (11)



Thus BMC = BMC 4 o,(1), and we have:

:’jE‘CMC — N*lTyECMC

= N~'d%y + N_IZdZBu(XZ-, B) - N_Ide,u(xi, B)) BM¢

1€ESB 1€ESA

= Nld%y + N_IZM(XZ-, B) — N_IZM(XZ-, B) + 0O, (#)) (BMC + 0,(1))

= N7 'd'y + N_lzu(xi, B) - N_IZ/L(XZ-, B)) BMC 4o, (\/171_)

where n* = min(na,ng). Since N = O,(N), we have N -0p(1/v/n*) = O,(N)o,(1/v/n*) =
0,(N/+/n*). Thus,

TyECMC — N?ECMC

_N (NldAy + (ledfu(xi, B) — N') u(x;, B)) BY¢ + o, (\%—))

1€ESB 1€ESA

=yt (Zd?u<xi, B) - Y b B>> B o, () (12)

1€ESB 1€ESA
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We are now ready to derive the asymptotic ECLASSO estimator of total.

Lemma 2.2. Suppose the parameters in a full regression model have both zero and non-
zero components, without loss of generality, let the first p be non-zero and the last q be

(1)
zero: B = (ggfl)), BY =B and B? = Ogx1)- Let sp be a probability-based benchmark
(gx1)

sample with design weights d?, and s4 be an analytical sample with design weights d4, and
N be a known population total derived from a sample bigger than sg and su, assume the
same superpopulation model as in Lemma 1.

Let B be the finite-population quasilikelihood estimate of B, such that B — 3, under
conditions (1)-(6), the asymptotic ECLASSO calibration estimator of population total is:

) N
TyECLASSO _ del(yi _ MiBMC) + de,uiBMC + 0, (\/7?) (13)

1€ESA 1ESB

where n* = min(na,ng) and p; = u(x;, B).

Proof. Under condition (6), the adaptive LASSO regression satisfies the oracle property
through Theorems 1 and 4 in Zou (2006):

Pr(B® =0) — 1
\/H<B<1) _B) 5 N (0,C)
B—-pg3



where C = X(B) is the covariance matrix of B under linear model, and C = [~}(B) is
the inverse of Fisher information matrix of B under generalized linear model. By Slutsky’s
theorem, the oracle property implies: B = B + O,(1/ V/Ta). Since LASSO regression
satisfies condition (1), it is asymptotically equivalent to estimated-control model-assisted
calibration estimator of total. By Lemma 2.2:

TfCLASSO _ TfCMC

1€ESA 1€ESB

2.2 Asymptotic expectation of T yLASSO

With the asymptotic ECLASSO estimator of total, we can derive the asymptotic expecta-
tion of TyLASSO.

Theorem 2.3. TyECLASSO 15 asymptotically design and model-unbiased.

Proof. Under the assumption of our theoretical framework, the superpopulation parame-
ters are a subset of the full LASSO regression parameters, and that the sample design %
is probability-based with design weights d”, we can prove the asymptotically design unbi-
asedness of TyECLASSO by taking expectations with respect to model ¢ and sample design
A. First note that:

Ee [BMC] = B¢

S (s — 1) (s — g)] = =)
Zf\;1(ﬁ‘i — f1)? Zz‘]\;(ﬂi — f)?
Thus, by Lemma 2,

B [TyEoLAsso _ T} ~ Ey

N
Y Ay = pBYO) + Y dP BN =y yi]

1ESA 1ESB i=1

N
D Ay = pBYO) + Y dPuBMC =y Ty,

1ESA 1ESP =1

— Ey | Ee

(since Eely;] = p; and E¢ [BMC] = 1)

D dM i — i) + Y AP — Zﬂz]

1ESA 1€ESB =

=Ly

(since d? are probability-sampling-based design weights)
N N
= Z i — Z i
i=1 i=1

=0
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As long as LASSO regression parameters include the superpopulation parameters (i.e.,
the correct set of covariates are available to LASSO), and benchmark sample weights are
probability-based, TyECLASSO is unbiased regardless of analytical design weights. This prop-
erty is essential in non-probability samples, where there are no initial design weights to
guarantee unbiasedness.

2.3 Asymptotic design variance of T ECLASSO

Theorem 2.4. The asymptotic design variance of TECLASSOZS given by
o A 5 RMC n o RMC
yi — juBM - 7Tz ™3 (yi — L BMO) (y; — 0y BMC)
> (24 1 Sy BP0,
1€sA ¢ 1€sA j#i ¢ J
e 2 B _ B B~ BMC 5 AMC
f1; BMC B T — T Ty BT ;B
Z( g ) (=m)+ 2 2~
i€sp i i€sp ji i i J

Proof. We derive the asymptotic linearized variance estimate by taking the variance of
equation (13) directly:

(TECLASSO <Zd MZBMC) + ZdZB’uZBMC>

1€ESA 1ESB

= Vo <E% > df (i — BYC) + > dPpBMC

1€ESA 1ESB

)+

Ey |Vz <§ d (y; — 1 BM) E d?MiBMC>
1€ESA 1€ESB
=Vybg+ E, Vg

We derive each component V,FE4, E.,Vyz separately, assuming that o7 is single-stage
probability-based sample:

VyEz =V, (E > dt (yi — mBMO) + > dPpBMC

1ESA 1€ESB
oz (Zd — wBMY) + ZMZBMC>
ST i=1
(15)
; BMC
= (y ) m (1= )+
€U
iBMC BMC
— 7TA> (y IUA ) (yj quq ) (16)
i T
€U ] ) g J



We use sample estimates for population quantities in (16):

~ 2
s i — 1 BMC
VEy = <%> (1—m)+

1ESA ¢
AT A <yz - ﬂz’BMC> (Z/ ,UJBMC>
ZZ o (17)
s A

1€54 jFi ¢ J

Now for the second component assuming that £ is single-stage probability-based sample::

E/Va=FEy Vg <Zd ,uiBMC) + deuiBMC>

€84 1€sp
=FE, |Va <Zd?MiBMC>
L 1€ESB
(18)
Z‘BMC 2
-3 (M5 ) - at)e
ieU @
B B_B MiBMC,U'BMC
ieU j#i [ J

We use sample estimates for population quantities in (19):

. 2
o AiBMC
EsVg = (,u B ) (1—7)+

1€ESB ¢

SMC » RMC
;B B

Sy bt (20)

1€ESp jF#i ? J

Finally, the asymptotic linearized variance estimator of TyECLASSO is

UJZ{(T?JECLASSO) ~VyEs+ E, Vg

=2 <yz “’BMC> (1 - )+

1ESA
24 (yi — ﬂzBMC) (yj — /ljBMC)
>y 5 "
1€5A jFU @ 7Tj
2
,UzBMC> B
> 1—72)+
B ( %
1€ESB ( ﬂ-i
Z‘BMC ﬂjBMC o1
>y 5 (21)
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