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Summary. Quantile estimation has attracted significant research interests in recent years. How-
ever, there has been.only a limited literature on quantile estimation in the presence of incomplete
data. In this paper=we propose a general framework to address this problem. Our framework
combines the two widely adopted approaches for missing data analysis, the imputation approach
and the inversesprobability weighting approach, via the empirical likelihood method. The pro-
posed method is capable of dealing with many different missingness settings. We mainly study
three of them: (i) estimating the marginal quantile of a response that is subject to missingness
while there are fully.observed covariates; (ii) estimating the conditional quantile of a fully ob-
served response_ while the covariates are partially available; and (iii) estimating the conditional
quantile of a response that is subject to missingness with fully observed covariates and extra
auxiliary variables. The proposed method allows multiple models for both the missingness prob-
ability and the data distribution. The resulting estimators are multiply robust in the sense that
they are consistentiifany one of these models is correctly specified. The asymptotic distributions
are establishedwusingsthe empirical process theory.

Keywords: Empirical likelihood, Imputation, Inverse probability weighting, Missing data, Multiple
robustness, Quantile‘regression.

Introduction

The population mean of a response variable provides an important central measure of the

response, while the population median is an important alternative that is robust to potential

outliers. The quantiles, a generalized concept of median, are capable of providing not only
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central features but also the tail properties of the response distribution (Koenker 2005).
Under mild conditions, quantile function uniquely determines the underlying distribution
(Shorack 2000). Quantiles provide a more complete picture of the response and are especially
useful in the presence of outliers or when the distribution of the response is heavy-tailed.
A commonly encountered challenge in quantile-related analysis is the presence of missing
values in the collected data. The most straightforward solution, the complete-case analysis
ignoring subjects withamissing data, usually leads to substantial bias and/or undermines study
efficiency, especially when the missingness rate is high. There is a large literature dealing with
missing data; see, for example, Little and Rubin (2002), Tsiatis (2006), Kim and Shao (2013),
and references therein. However, most of the existing methods focus on mean estimation.

Imputation (e.g. Rubin 1987, 1996) is a widely adopted approach for dealing with missing
data. In a quantile regression setting, Yoon (2010) proposed an imputation method where the
missing responses are substituted by values drawn from the conditional quantile function of the
response at given values of regressors. Chen and Yu (2016) considered an imputation method
to deal with missing responses based on semiparametric quantile regression. To deal with
missing covariates, Wei etlal. (2012) developed an iterative imputation procedure assuming
the missingness depends only on the observed covariates. Estimating equations were used
by Wei and Yang (2014) to produce consistent linear quantile estimation in the presence of
missing covariates through an EM-type algorithm. Yang et al. (2013) proposed a fractional
hot—deck imputation based on nonparametric kernel regression.

Inverse probability weighting (IPW) (e.g. Horvitz and Thompson 1952; Robins et al.
1994) is another popular approach for handling missing data. In quantile regression for longi-
tudinal data with non-ignerable dropouts, Lipsitz et al. (1997) considered a set of estimating
equations weighted bysthesinverse of the estimated probability of dropout. Yi and He (2009)
investigated a similar method under different model assumptions focusing on median regres-
sion. For quantile regression with missing covariates, Sherwood et al. (2013) took the IPW
approach to study health care cost data. Under non-ignorable missingness mechanism, Zhao
et al. (2013) proposed an augmented IPW method to estimate the distribution function and
quantiles of a response variable. Sun et al. (2012) developed an IPW-based method for quan-
tile regression for competing risks data when the failure type is prone to missing values. To
handle missing response and/or partially missing covariates, Chen et al. (2015) proposed to
estimate the missingness probability nonparametrically.

The imputation and the IPW approaches require to model the data distribution and the
missingness probability, respectively. Properties of the corresponding estimators hold true
only if the corresponding model is correctly specified. Thus, most existing methods are
vulnerable to model"misspecification. Nonparametric modeling may help reducing the risk of
model misspecification. However, it is often impractical due to the curse of dimensionality.
Therefore, methods that are robust against model misspecification are highly desired. In
the literature of mean regression with missing data, augmented IPW (AIPW) is a popular
method (Robins et al. 1994; Tsiatis 2006), where both the missingness probability and the
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data distribution are modeled. The resulting estimator is consistent if either model is correct
and is called doubly robust. Recently, an even more robust method has been proposed, the
so-called multiply robust method (Han and Wang 2013; Chan and Yam 2014; Han 2014a,
2014b, 2016a, 2016b; Chen and Haziza 2017), where multiple models for the missingness
probability and/or the data distribution can be accounted for, and estimation consistency of
the point estimator is guaranteed if any one model is correct. However, the current multiply
robust methods were_developed in the context of mean regression only and do not directly
apply to quantile estimation. The major contribution of this paper is to propose a general
framework for quantile estimation with missing data. Our general framework combines both
the imputation and the IPW approaches to estimate the marginal or conditional quantiles of
the response under a variety of practically important missing data settings. All the resulting
estimators are multiply robust. Compared to mean regression, dealing with quantiles is
much more difficult since the parameters of interest are no longer estimated using smooth
functions of the data, and thus existing methods and results cannot be simply translated.
This complexity is in both implementation and theoretical investigations. Similar to Wei et
al. (2012) and Chen et al.}(2015), our framework is capable of dealing with independent but
non-identically distributed error terms.

A multiply robust method is appealing in many studies where multiple working models may
exist. An example is in high-dimensional data analysis where there are a large number of fully
observed auxiliary variables. In such a case model building for the missingness probability
and the data distribution relies on variable selection techniques that require some tuning
parameters. Different levels of tuning may result in different working models. Although the
tuning parameters may_ be' selected based on some criteria, e.g., the generalized information
criterion (Fan and Tamge2013), such a selection brings in additional uncertainty in working
model specification and usually does not lead to one model that rules out the possibility of all
others. A more natutal approach, discussed in Robins et al. (2007), is to postulate multiple
models, each with different subsets of auxiliary variables and possibly different link functions.
Another example is{whether to model the distribution of a variable in the original scale or
after a transformation, if the former is highly skewed and the latter is approximately normal.
In this case two working models, one for the original scale and one for the transformed scale,
may be postulated. For both of the aforementioned examples, our proposed method provides
an innovative way of combining multiple working models into estimation.

Our development relies on the empirical likelihood method (Owen 1988, 2001; Qin and
Lawless 1994), whichi"has"been successfully applied to address missing data problems and has
attracted considerable’research interests (e.g. Wang and Rao 2002; Qin and Zhang 2007;
Chen et al. 2008; Qinmet. al. 2008; Qin et al. 2009; Wang and Chen 2009; Tan 2010; Han and
Wang 2013; Chan and Yam 2014; Han 2014a, 2014b, 2016a). However, the existing literature
mainly focuses on mean estimation with missing data. Another contribution of this paper
is to demonstrate the effectiveness of the empirical likelihood method in quantile estimation

with missing data. To derive the asymptotic distributions of our proposed estimators, the
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non-smooth estimating functions are dealt with via empirical process theory (e.g. van der
Vaart and Wellner 1996; Kosorok 2008).

The rest of the paper is organized as follows. In Section 2, after a brief review of the
imputation and the IPW approaches, we present our proposed method. Section 3 estab-
lishes the asymptotic properties. Section 4 contains simulation studies to evaluate the finite-
sample performancenof the proposed method. A real data analysis is provided in Section
5. Section 6 gives someydiscussions. Technical details are provided in the Appendix. The
simulation results are given in the online supplementary material. R code used for our
simulation studies can be found at http://www-personal.umich.edu/~peisong/R-code/
quantile-estimation-with-missing-data/missing_covariates.R. The ACTG 175 data

used for our data application can be found in the R package “speff2trial”.

2. The Proposed Method

The proposed method is developed under three commonly encountered scenarios: (i) estimat-
ing the marginal quantile jof a response that is subject to missingness while there are fully
observed covariates; (ii) estimating the conditional quantile of a fully observed response while
the covariates are partially available; (iii) estimating the conditional quantile of a response
that is subject to missingness with fully observed covariates and extra auxiliary variables. To
facilitate the presentation, we first review the imputation and the IPW approaches in scenario
(i). Note that, although'in existing literature on quantile estimation these two approaches are
most often described for quantile regression with missing data, which corresponds to scenarios
(ii) and (iii), the ideas are’imore straightforwardly demonstrated in scenario (i) for estimating
the marginal quantiles=This is also one reason why our development starts with scenario (i).
The proposed method can be easily generalized to other scenarios different from the three
discussed in this paper, such as estimating the conditional quantile of a partially observed re-
sponse while some covariates are fully observed and others are not, with or without additional

auxiliary variables.

2.1. A Review on.dmputation and IPW Approaches

Let Y denote the zespense of interest that is subject to missingness, X a vector of covari-
ates, and R the indieator=of observing ¥ (R = 1 if Y is observed and R = 0 otherwise).
The observed data are n_independent and identically distributed copies of (R, RY, X T). We
assume that Y is missingzat random (MAR) (Rubin 1976), a commonly adopted missingness

mechanism in thefliterature:
PR=1|Y,X)=PR=1|X). (1)
For now we focus on estimating qo(7) = Q,(Y) = inf{y : P(Y < y) > 7}, the 7-th marginal

quantile of Y where 0 < 7 < 1. For ease of notation, we write go(7) to be go hereafter.
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The imputation approach models f(Y | X), the conditional density of ¥ given X. Under
the MAR mechanism, this model can be fitted based on subjects with Y observed (complete-
case analysis). With the estimated f(Y | X)), one can then take a set of random draws
at the given X for a subject with missing Y as the imputed responses for this subject:

{}A’)l( : l=1,...,L}. The imputation estimator of ¢ is the solution to

n L
1 1 .
— Wy (Y; — 1 - Ry~ Y —q)| =
";:1 Rih-(Yi —q) + ( RZ)L;:le( x, —a)| =0,

where (1) = 7 = Kre<a0) and we use “~” as in Chen et al. (2015) to indicate that the
exact solution may net exist due to the non-smoothness of the function .. The imputation
estimator is consistent only if f(Y | X) is correctly modeled.

The IPW approach models the probability in (1), denoted by m(X) hereafter. With 7(X)
estimated by 7(X), thedRW estimator solves

1~ R;
E;md’r(yi—@’v(l

and is consistent only=ifsm(X) is correctly modeled. To improve estimation efficiency of the
IPW estimator, one may also consider the augmented IPW (AIPW) estimator solving

1 n

where an augmentation*term is added to extract more information from the observed covari-

Ri Rz 1 L A
w00~ (550 1) L q>] ~0,

ates. The AIPW estithator was originally proposed in the context of mean estimation (Robins
et al. 1994). In addition to potential efficiency gains, the AIPW estimator is consistent if
either 7(X) or f(Y ¢ X) is correctly modeled, a property known as double robustness (e.g.
Bang and Robins 2005).

2.2. Estimation of Marginal Quantiles
Our goal is to combine the imputation and the IPW approaches to further improve the ro-
bustness of estimation consistency against possible model misspecifications. In practice, since
the true data generating process is usually unknown, multiple models for both 7(X) and
fY | X) may be postulated and none rules out the possibility of others. Specifically, let
P={r(X;ad): j =17  J}and F = {f*(Y | X;9%): k=1,---, K} denote collections
of models for m(X).and f(Y | X), respectively, where o/ and v* are the corresponding pa-
rameters. Our proposed method provides a novel way to combine these models simultaneously
so that the resulting estimator is consistent if any one model is correctly specified.

Let m = Z?:l R; be the number of subjects with data completely observed. Without loss
of generality, these subjects are indexed by i = 1,... ,m. Our method is composed of the

following steps.
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Step 1: Calculate &7, j=1,...,J, by maximizing the binomial likelihood

[+ (X iso)y 1 = ) (X0

Step 2: Calculate ‘yk, k=1,...,K, by maximizing []_, {f*(Y; | X;;~%)}.
Step 3: Calculate (jf, k=1,... K, as an imputation estimator of gg by solving

n

L
S )+ (- R D eV 3 )~ 0,
=1

=k

where {Y!(~*) : | =ddymmmm L} denotes a set of random draws of size L from f*(Y | X;~%).

Step 4: For the completeicases ¢+ = 1,... ,m, calculate weights

w; = — ~T ~ L (2)
where p minimizes

Enlp) =~ > Rilog(1+ p" g% (e 4,.9)} (3)

i=1

Here dT:{(dl)T7~-- a(d‘])T}v’?T :{(:YI)T ( ) } qL - ( Ly« 7CIL)

L L
- U A L) — AN, S B — ) - A G A),
=1

n

MU . 1
Hj(a]):gZﬂ'f(a]) and A% (q,7") EZ

> AV () - q}] :
=1

Searching for p in this"step is a convex minimization problem and can be easily implemented

==

=1

using the algorithm (given in Han (2014b).
Step 5: Calculatestheévestimator QI\LAR by solving

Z wsz - q

In Step 1, let &l ol as n — oo. Then, ©/(X;ad) = n(X) only if 7/(X;a) is a
correctly specified model for 7(X). In Step 2, the calculation is based on the complete cases,
which is justified by the MAR mechanism. Let 4% 2 4% as n — oo. Then, f*(V | X;~4%) =
f(Y | X) only if f¥(Y | X;~%) is a correctly specified model for f(Y | X). In Step 3, let
gk L, ¢F as n — oo. Note that ¢* does not depend on L. Then, ¢* = ¢ only if FEY | X54F)
is a correctly specified model for f(Y | X).
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Step 4 calculates a set of weights {w; : 4 = 1,...,m} on the complete cases. These
weights account for all the postulated models simultaneously, as seen from the expression of
gﬁ.(d,q 1,7). The derivation of these weights is based on the following rationale. For any

function b(X) where the relevant expectations exist, it is easy to verify that
E(w(X)[b(X) - E{b(X)}] | R=1) =0, (4)

where w(X) = {7 (X)} % We take b(X) to be 7/ (X;a’) and a*(X;~*) = E* {4 (Y — qo) |
X;4%) = 7 — PP(YosgobX;7F), j = 1,...,J and k = 1,... | K, where E¥(- | X;~%)
and Pk(- | X;~*)maresthesconditional expectation and the conditional probability under the
density f*(Y | X;~"). Using these particular functions as b(X) and the &, ’yk and g& from

Steps 1, 2 and 3, respectively, a sample version of (4) may be constructed as

m

m
w; > 00 (@1, ,m), Y w=1, wigti (&, g, %) = 0. (5)
i=1 i=1
Here the conditional expectation E[w(X)(-) | R = 1] is estimated by putting a discrete
probability measure §fwpw; > 0 fori =1,... ,mand >..*, w; = 1} on the complete cases,
the unconditional expectation E(-) is estimated by the unweighted sample average over the
whole sample, and E¥(=uX;v"*) is estimated by averaging over the L random draws taken
from fE(Y | X;~4%). Simee{w; : i =1,...,m} is a discrete probability measure, it is natural
to consider the w; that\maximize []]", w; under the constraints in (5). This is the typical
formulation of angempirieal likelihood problem, and the solution is given by (2) (Qin and
Lawless 1994; Owen 200%), with p solving

Since p must also satisfy, 1 + i)TglLl-(d, qr,y) > 0fori=1,...,m to make w; positive, it is
easy to see that p is actually the minimizer of the convex function F,(p) in (3). Following
Han (2014b), it can be shown that the minimizer of F),(p) exists and is unique if 0 is inside the
convex hull of {gfi(a, q;,%): i=1,... ,m}, which is true at least when n is large because of
the moment equality, (4). Thus, Step 4 usually has very good numerical performance. Refer
to Chen et al. (2002) for more discussion on the implementation and the convergence of the
algorithm.

Our proposed estimator in Step 5 has the same structure as the IPW estimator with
weight ; in replacemént of 1/7(X ;). The calculation of @; does not distinguish models for
7(X) and f(Y | X)mbut rather treats them equally as functions of X. When one model
is correctly specified, 1; does account for this information and leads to consistency of ¢fig.
For the IPW estimator, due to inverse probability weighting, the numerical performance can
be quite unstable when the estimated values of 7(X) for some complete cases are close to

zero. Our proposed estimator considerably mitigates this issue. The maximization of []\", w;
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greatly prevents the occurrence of extreme weights, and thus leads to more stable numerical
performances. A formal numerical investigation of this property for mean regression can be
found in Han (2014b).

Computation-wise, Step 3 has the same computational complexity as the imputation
method and Step 5 has the same complexity as the IPW method. Compared to the im-
putation and the IPW_approaches, the only additional computation needed in our procedure
is Step 4, which is a_egemyex minimization and thus is not computationally complex. Step 4
can be easily implemented using a Newton-Raphson-type algorithm (Han 2014b).

2.3. Quantile Regression with Missing Covariates

We now consider quantile/regression with missing covariates. In this case, our parameter of
interest B,(7) is definedsby Q,(Y | X) = X 8y(7), where Q,(Y | X) = inf{y : P(Y <
y | X) > 7} is the 7-th conditional quantile of Y given X. For ease of notation, we write
Bo(T) to be By. Newsd: is fully observed but certain components of X are subject to
missingness. Write X = (X;F, XzT)T7 where X1 is always observed and X5 may be missing.
Let R be the indicator of observing Xs. Then the observed data are m independent and
identically distributed copies of (R,Y, X7, RX3 ). The MAR mechanism becomes P(R =1 |
Y, X)=PR=1|Y,X,3). Let n(Y,X1) denote this probability and f(Xs | Y, X1) the
conditional density of X o given Y and X ;. Again, assume that there are two sets of models
P={nY, X)) FT=1,---,Jyand F = {fF( X2 | V,X1;7%): k=1,---,K} for
m(Y, X 1) and f(X3ehY, X 1), respectively.

For this problem, eur method is composed of steps similar to those discussed in Section
2.2. Step 1 and Step 2'still'calculate &’ and ﬁ/k, respectively, but now based on 7/ (Y, X1; )
and f*(Xo | Y, X1;~%) instead. Step 3 now calculates ,@]Z as an imputation estimator of 3,
by solving

n

2

=1

L
R X 2o — X[ 8) + IZXi ) {Y; — Xi(3") "8} | ~ o,
=1

S|

where X'(v%) = { X7, X5(v*)T}T and X, (+*) denotes the I-th random draw from f*(X, |
Y7X1;'yk), l=1,..7,L. Step 4 still calculates weights w; on complete cases i = 1,... ,m,

but with g% (é, g;,4) replaced by
6k (6. B, 0V (frl(dl) P&y, x (@)~ 0 (@),

L
LS X3 Y — XA TBL — 7k (81,

=1

h \

h \

L
Z Kyo{Ys - XHA) By} - af (BL.45)),
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where B = {(B)T,... , (B )T}, 7 (ad) = 79 (Y;, X 133 0),

TEORES S (TN RC IS
=1 i=1

L
ZXi WY — XL v T8 .
=1

&=

AL
Step 5 calculates‘our proposed estimator By by solving

> Wi X (Y — X[ B) ~ 0.

i=1

For the current [problem, QQLi(d,BL,’y) in Step 4 is constructed by taking b(Y, X;) in
the equality E(m(Y, X71)_'[b(Y,X1) — E{b(Y,X1)}] | R =1) = 0 to be (Y, X1;a’) and
ab (Y, X 1;7%) = E*M{XW, (Y — XT8,) | Y, X 1;~4*}, with &7, 4* and BIZ from Steps 1, 2 and
3 plugged in.

2.4. Quantile Regression with Missing Responses

Finally we consider guantile regression of Y on X where Y is subject to missingness and X
is fully observed. The, patameter of interest B, (7) is still defined by Q, (Y | X) = X 8,(7).
When the full-datasvecton is (Y, X T) and Y is missing at random, a simple complete-case
analysis leads to a consistent estimator of 3,. Therefore, we consider a more complex yet
practically more important setting where, in addition to Y and X, some auxiliary variables
S are also available. These auxiliary variables are usually not of main study interest and
thus do not enter the quantile regression model Q,(Y | X;3). However, they can help
explain the missingness mechanism and build a more plausible model for the conditional
distribution of Y. The observed data are now n independent and identically distributed copies
of (R,RY,X",S"). The'MAR mechanism becomes P(R=1]Y,X,8)=P(R=1| X,S).
Let (X, S) denote(this probability and f(Y | X,.S) the conditional density of Y given X
and S. Again, assumesthat there are two sets of models P = {n/(X,S;a/): j=1,---,J}
and F = {f*(Y | X,89%) : k=1,--- K} for 7(X,S) and f(Y | X, S), respectively.
Similarly, we can follow the previous steps to derive our proposed estimator. Step 1 and
Step 2 still calculateséd=and 4", respectively, but now based on (X, S;a’) and fF(Y |
X, S;~%) instead. Step™ now calculates B]Z as an imputation estimator of B, by solving
RS T 1 ¢ liak T
o Z[RiXﬂ/Jr(Yi -X;8)+(1- Ri)z ;Xﬂﬁr{yi (¥") — X; B} =0, (6)
=1

i=1

where {Y!(y*): I =1,... L} is a set of random draws of size L from f*(Y | X, S;~*). Step
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4 calculates weights w; on complete cases 1 = 1,... ,;m with

gi?i(dv/@La’?)T = (7711(6‘1) - 91 (al)v ce 7ﬂij(éJ) - éJ(dJ)>

1 & . 5
L2 X (3 - XTBL) - AL (B
=1

L
23 X (Y 3) - XTBL ) - Al (81 45)),
=1

L

P(ad) = - 3ed), 25(8,9%) = -3 1 30 Xuw, (¥I(4) - XT ﬁ}] :
=1 i=1 =1

L
Step 5 calculates our proposed estimator By by solving

Y Wi X, (Yi - X[B) ~0.
i=1
In Step 4, 2 (&, B77%) is constructed by taking b(X, §) in the equality E(r (X, S) ' [b(X, S)—
E{b(X,8)}] | R=[1) = 0 to be 7/ (X, S;a) and a*(X,S;v*) = E*{X¢,(Y — X" 3,) |
X,8:7F} = X{r —PH¥< X8, | X,8;v")}, with &, 4" and B'Z from Steps 1, 2 and 3
plugged in.

2.5. Some Remarks
The covariates X in_seenario (i) for estimating marginal quantiles play the same role as the
auxiliary variables S"in scenario (iii). Although they are not the variables of main interest,
they help explain the missingness mechanism and build models for the distribution of the
response Y. In scenatios(ii), for simplicity, we did not consider any auxiliary variables when
describing the proposed®method. The presence of auxiliary variables in this scenario pertains
to a direct application of the current method by adding those variables into all models.

Although we haveseensidered three scenarios only, the proposed framework covers other
practically important_situations. For example, the application of our method to the case
where both the response of interest and part of the covariates are subject to missingness
with/without the presence of auxiliary variables is straightforward. A detailed coverage of
this scenario is omitted tolavoid redundancy.

The proposed method.is closely connected to the calibration idea in survey sampling
literature (e.g. Dewille and Sarndal 1992; Wu and Sitter 2001). Constraints in (5) imply that

Zwmﬁ‘(xi;aj) =01’ (j=1,...,J),

m

L
1 . . NP A
d_owi| 7 D eI -} =ian At (=1 K.
1=1 =1
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Therefore, the weights w; introduce a calibration on the complete cases so that the weighted
average based on the complete cases matches the unweighted average based on the whole
sample. Functions 77(X;a?) and EF{y,(Y — qo) | X;~*} serve as the calibration vari-
ables here. In survey sampling, calibration is used mainly to improve estimation efficiency
by incorporating known population information. In our case, the calibration mainly helps
achieve estimation_consistency if one model is correctly specified, with the unknown popu-
lation information comnsistently estimated by the unweighted sample average over the whole
sample.

In scenarios (ii) and (ii1) a possible issue is the compatibility between the model of interest
Q- (Y | X) = X" B4(r) and the working models for f(X, | Y, X ) or for f(Y | X,S). The
models are incompatible if they do not correspond to a genuine distribution. Since f(Y | X)
is fully determined by the quantitle process (Wei et al. 2012), the compatibility is actually
between f(Y | X) and the working models. This issue is well known in the missing data
literature (e.g. Robing et al. 1995; Davidian et al. 2005; Tsiatis 2006). Tsiatis (2006)
discusses some methods to ensure model compatibility, but none of them seems to work very
effectively here for quantile|estimation, unless the joint distribution of (Y, X1, X3) in scenario
(ii) or (Y, X,S) in scenario (iii) is simple, such as a normal distribution. In practice, the
compatibility issue usually does not lead to a very serious consequence, because the models
for f(X2]Y,X) orfor f(Y | X,S) are working models and do not have to be correctly
specified. Our simulation studies in Section 4 show that the proposed method still has a good
numerical performanée when no working model is correct, consistent with existing findings

for multiply robust estimators for mean regression (e.g., Han 2014b; Chen and Haziza 2017).

3. Asymptotic Results

In this section, we establish the asymptotic properties of the proposed estimators, including
consistency and asymptetic normality. We focus on scenario (i). Derivation for scenarios (ii)

and (iii) involves only straightforward modifications.

3.1.  Scenario (i)
We impose the following regularity conditions.
Condition A1l: The parameter space Q for ¢ is compact and ¢q is in the interior of Q.
Condition A2: P(Yo<iw)) fy s)ds where 0 < g(+) < oo in a neighborhood of gy.
Condition A3: ¢ issthe unique T—th quantile.
Condition A4: E[JX|[* < co.
Condition A5: 7/(X;a’) has bounded derivatives in X up to the second order and is
continuously differentiable in o; infx inf,; 7/ (X;a’) > 0.

Conditions A1 and A2 are often assumed for quantile estimation; A3 guarantees the identi-

fiability; A4 and A5 are needed when formulating Donsker classes for certain sets of functions
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12 P. Han, L. Kong, J. Zhao and X. Zhou

using the empirical process theory. For commonly seen models for 7(X), such as logistic re-
gression, probit regression or other members of generalized linear models (GLM), a sufficient
condition for A5 is that the support for X is bounded and the parameter space for o’ is
compact. Such a condition does not depend on the correctness of model specification and,
similar to the positivity assumption for propensity score in causal inference literature (e.g.
Rosenbaum and Rubin 1983), does not impose a stringent restriction for implementation of
the proposed method_ ingpractice.

The following theorem states the multiple robustness of the proposed estimator (jl\L/[R: (jI\L/[R
is consistent if any one of the working parametric models is correctly specified. The proof is
given in the Appendix.

Theorem 3.1. Under conditions A1-A5, when P contains a correctly specified model for
7(X) or F contains aseofrectly specified model for f(Y | X), ¢5r L g0 as n — .

We now derive the/asymptotic distribution of QfAR when P contains a correctly specified
model for 7(X), thestypical setting for developing semiparametric theory for missing data
analysis (e.g. Tsiatis 2006). We need to further impose the following regularity conditions.
Condition A6: Without loss of generality, we assume 7! (X;a!) is the correct model for
m(X) and

V(@ —al) =n 1 i{E(@?%}l@u + (1),

where ®; is the correspending score function.
Condition A7: The'matrix

GL ) g%(a*7q*57*)®2
(X al)

is invertible, where gi#{alq,,~.) is given by (9) in the Appendix.

Theorem 3.2. Under conditions A1-A7, \/n(G%r—qo) has an asymptotic normal distribution
with mean 0 and variance Var(Zy), where

Zr=9(q) ' [QF(a}) — {(E(QF®])H{E(®T?)} 1],
Qr(a') = % |:1/)T(Y —qo) — AlL{Gf}flglL(a*,q*,y*)] ,

T Y -

3.2. Scenarios (ii) and (iii)
Due to the similarity between the regularity conditions needed for these two scenarios and

those for scenario (i), we only list the conditions for scenario (i) and then the results for
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scenarios (ii) and (iii). The sketched proofs for the results for scenario (ii) are given in the
Appendix and the proofs for scenario (iii) are omitted.

Condition B1: The parameter space B for B is compact and 3 is in the interior of B.
Condition B2: P(Y <y) fy s)ds where 0 < g(X*8) < oo for B in a neighborhood
of B,.

Condition B3: Bfs.the unique 7-th quantile regression coefficient.

Condition B4: E|| X[*% o0 and F (g(XTﬁO)XXT) is invertible.

Condition B5: 7/ (¥X4;a’) has bounded derivatives in (Y, X;) up to the second order
and is continuously differentiable in o/; inf(y x,) infy; 7 (Y, X1;07) > 0.

Condition B6: Assume.that 7'(Y, X 1;a!) is the correct model for m(Y, X ;) and

V(e — o)) =n"'? i{E(q’gﬂ)}_lq’zi + 0p(1),

where ®5 is the corresponding score function.
Condition B7: The matrix

GL —F g%(a*7ﬂ*7’7*)®2
2 (Y, X1; )

is invertible, where g& (ev.38,,~.) is given by (29) in the Appendix.

For scenario (ii) we have the following theoretical results.

Theorem 3.3. Under_conditions B1-B5, when P contains a correctly specified model for
AL
(Y, X1) or F coftamssascorrectly specified model for f( X2 |Y, X1), Byr 2, By as n — oo.

AL
Theorem 3.4. Under conditions B1-B7, \/n(Byr — By) has an asymptotic normal distribu-
tion with mean 0 and variance Var(Zs), where

Zy = {E [0XTB) X X} [QF(ab) — {E(QL ) HE(®S?)) ' @2,

R
Qi(e) & oy | Xur (Y = XT8,) — AHGE} gl (e, Buu.)]

T
v E{XwT(Y X"Bo) .

T (ad) (a*aﬁ*,’)’*) }

For scenario (iii) we_have the following results.

Theorem 3.5. Under eonditions similar to B1-B5, when P contains a correctly specified
AL

model for m(X,8) or F contains a correctly specified model for f(Y | X,8), Byr = By as

n — oo.

AL
Theorem 3.6. Under conditions similar to B1-B7, \/n(Br—By) has an asymptotic normal
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distribution with mean 0 and variance Var(Z3), where

{E[ X /BO)XX ” [Q3(a0) {E(QJ‘I)T)}{E(‘I’@)Q)}_l‘I’S]a

R
Q§@f)=;qaq{X¢4Y?=Xﬂ%)—Aéﬂﬁ}”gﬁamﬂwvﬁ}
D X (Y - X"B)
Az _E{ ' (od) (a*,ﬁ*a’)’*) }
g5 (e, B,v.) T =7 (ar) — 05, 7 () - 6, 1ZX¢T{YZ (v — X8} —nl,

L
1 K
T Y XUAY () = XTBIY - ).
1=1
and ®3 is the score function corresponding to the estimation of al.

In all of the asymptotic distributions we have kept L finite, where L is the number of
random draws from the/data distribution models. The asymptotic distributions when L — oo

can be easily derivedfbased on the results presented in this section.

Compared to existingmmethods for quantile estimation with missing data, all of which allow
only one model for.the missingness probability and/or one model for the data distribution,
the consistency results_in“this section show that our proposed method by accommodating
multiple working medelsshas more protection on estimation consistency and thus provides a
highly desirable alternative. No existing method can achieve the same level of robustness as
ours. Results on asymptotic distribution show how the asymptotic variance depends on the
multiple working models. Similar to the mean regression case (e.g. Han 2014b), the depen-
dence is rather complex, which makes a general comparison of efficiency between estimators
using different working models very difficult. But the derivations provide some guidance on
how the empirical process theory is applied, and the results give formulations of the asymp-
totic variance, both of which are important for efficiency investigations under some specific

situations such as those considered in Han (2018) for mean regression.

For mean regression with missing data, the multiply robust estimators are locally efficient
(Han and Wang 2013;7"Han 2014b, 2016a). That is, these estimators achieve the semipara-
metric efficiency bounmd when both the missingness probability and the data distribution are
correctly modeled. For quantile regression with non-identically distributed error terms con-
sidered in this paper, as pointed out in Chen et al. (2015), the semiparametric efficiency
bound has not been derived in the literature, and thus it is unclear if our proposed estimators
are locally efficient. Deriving the efficiency bound is an interesting yet challenging topic that

deserves future investigation.
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4. Simulation Studies

4.1. Quantile Regression with Missing Responses
We first consider quantile regression with missing responses when the covariates and some
auxiliary variables are fully observed, the scenario in Section 2.4. The simulation model has
three covariates, X; ~ Exponential(1), X5 ~ N(0,1) and X3 ~ Bernoulli(0.5). Given the
covariates, the response Y is generated as Y = —1 + Xy + X + X3 + (1 + X1)ey, and given
the covariates and résponse, the auxiliary variable S is generated as S = —1 + X3 + Xo +
X3 — Y + (1 + X;)egpmwhere ¢y ~ N(0,1), es ~ N(0,1), and X3, X5, X3, €y and eg are
mutually independent.“Here, the error distribution of Y is heteroscedastic. The missingness
mechanism for Y is givensby logit{ P(R =1|Y, X, S)} = 0.540.25X7+0.5X5+0.25X340.255,
which leads to a missinghess rate of approximately 33%. For this simulation model, we have
Q- (Y | X) = (1, X HBylr) with By(1) = (=1 + Q- (ev),1 + Q- (ey),1,1)T. Also, it is easy
to verify that Y | XS has a normal distribution with mean —1 4+ X; + X5 + X5 — 0.55 and
variance (1 + X1)%/2:

The correct modélsforir (X, S) and f(Y | X, S) are given by logit{r!(a!)} = af +al X1 +
ai X + al X3 + ab S-and

Pyt = 1 exp |:{Y(7%+'721X1 +7§X2+viX3+7515)}2}
v2r(56 +7X1) 2(% + 1 X1)? ’

respectively. The following two incorrect models are also considered in our simulation studies:

logit{r?(a?)} = af + a3 X, + a3 X3,

2,2y 1 ox _{Y_(’Y%+7§S)}2
P00 = 7o p[ 2R ]

Note that f2(~?) corresponds to the normal density function with mean 7?++32.S and constant
variance (v3)2. Wel consider two sample sizes n = 200 and n = 500 and the results are
summarized based on 1000 replications. We have done simulations based on both L = 10 and
L = 50 but only report results based on L = 10 as L = 50 led to very similar results. Tables
1, 2 and 3 in the online supplementary material contain results for 7 = 0.25, 0.5 and 0.75,
respectively. The IPW estimator Bypy solving n=! S R (X, S) T X b (Vi X B) = 0
and the imputation estimator ,QILM solving (6) are also calculated to serve as the benchmark
for comparison.

When only one meodel for 7(X, S) is used, ﬁf/m (i.e. MR~1000 and MR~0100 in the tables)
has performance veFmsimilar to the corresponding Brpyw (IPW-1000 and IPW-0100): both
have negligible bias and similar root mean square error (RMSE) and median absolute error
(MAE) when the correct model 7!(a!) is used, and similar bias, RMSE and MAE when the
incorrect model 72 (c?) is used. When only the correct model f1(41) is used, 3&11 (MR~0010)
and ,fi'ILM (IM-0010) both have negligible bias, but the former has slightly larger RMSE and
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MAE. When only the incorrect model f2(~?) is used, BfM (IM-0001) has large bias due to
its inconsistency, but B&R (MR-0001) has surprisingly small bias as if it was consistent. An
explanation of this small bias will be given below.

When two or more models are used to construct Bf/IR, the results suggest that Bf/m
has negligible bias whenever there is one model correctly specified, either for (X, S) or for
fY | X,8). Thés is.in.full agreement with our theory that By is multiply robust. In
addition, when Bypgis"eonsistent, the particular models used seem to have little effect on
the RMSE and MAE. When only the incorrect models 72(a?) and f2(y?) are used, Bf/m
(MR-0101) has surprisingly small bias as if it was consistent.

The surprising small bias of Bi/IR in the cases of MR-0001 and MR-0101 may be explained
as follows. EquationgE(x(X,S) '[b(X,S) — E{b(X,S)}] | R = 1) = 0 holds for an ar-
bitrary function b(X,S),/assuming relevant expectations exist. When b(X,.S) is taken to
be E*{ X, (Y — XT,B) X, S;v%}, the conditional expectation of the estimating function
X (Y — X" 8) under the incorrect working model f2(~?2), the ; used for calculating ,@f/IR
are still derived basedgonsa legitimate empirical version of the above equation. Although in
this case consistency of ﬁf/m can no longer be theoretically established, the numerical per-
formance may still be reasonably good because, even being incorrect, the working model for
fY | X,8) still captures a large degree of dependence of Y on (X,S), and the resulting
w; make a good use of this modeled dependence through calibration. It is the calibration
of the estimating functions of 3 that helps reduce the bias of ﬁf/m. Calibrating moments
of covariates alone may not help much. The small bias of multiply robust estimators using
incorrectly specifiedidata distrubtion models has also been observed for mean regression (Han
2014b, 2016a; Chen andsHaziza 2017).

4.2. Quantile Regression with Missing Covariates

We now consider quaatile regression with missing covariates, the scenario in Section 2.3.
There are two covariates, X1 ~ Exponential(0.2) and X3 ~ N(0,1). Given the covariates, the
response Y is generated as Y =1+ X; + X3 + (1 4+ X1 )ey, where ey ~ N(0,1) and X5, X5
and ey are mutually independent. Here the error distribution of Y is again heteroscedastic.
The missingness mechanism for X5 is given by logit{ P(R =1|Y, X)} = —2+0.5X; +0.25Y,
under which the missingness rate is approximately 38%. For this simulation model, we have
QY | X) = (1,X1)By(x) with By(1) = (1 + Q-(ey), 1 + Qs (ey), 1)T. Tt is easy to verify
that X | Y, X7 has"@f6trmal distribution with mean (-1 — X; +Y)/{1 + (1 + X1)?} and
variance (1 + X1)?/{dF (1 + X1)%}.

For m(X1,Y) wé%ensider two working models logit{r'(a')} = a} + adX; + a}Y and
logit{n%(a?)} = o} + a3Y, where 72(a?) is incorrectly specified. For f(Xs | Y, X1), a
correctly specified model would replace all numbers in the mean and variance by unknown
parameters, but such a complex model would rarely, if ever, be considered in practice. Besides,

estimation of those parameters would be difficult because of the complex dependence on Y
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and X7 and that the variance needs to be positive. Instead, in practice one would more likely
specify a model where the mean depends on Y and X; linearly and the variance is constant.
Therefore, in the simulation we consider an incorrect model

1 X, — 2 2X 2Y 2
f2(')’2) _ S exp _{ 2 (71 +A/22 21 +73 )} ’
V2myg 2(vs)

an ordinary least squaremregression of Xs on Y and X;. To illustrate the multiple robustness
property of the propesédiestimator, we also consider a correct model f1(v1) = f(Xo | Y, X;)
with 4! completely known. This correct model is also used for the imputation estimator so
it is still a fair comparisems between our proposed estimator and the imputation estimator.

Table 4 in the online supplementary material contains simulation results for 7 = 0.25 and
0.75 summarized based on, 1000 replications with n = 500 and L = 10. It is seen that, using
the same incorrect modelar?(a?) or f2(~?), the IPW estimator IPW-0100 or the imputation
estimator IM-0001 has aseensiderably worse performance than the MR estimator MR-0100 or
MR-0001, respectively/ In/other cases the MR estimators have small bias, even for MR-0101
where only the two dmeorrect models 72(a?) and f?(~2) are used, consistent with findings
from the missing response setting and from existing literature on mean regression with missing
data.

5. Data Application

As an application of'thé proposed method, we analyze the data collected on 2139 HIV-
infected subjects enrolled in AIDS Clinical Trials Group Protocol 175 (ACTG 175) (Hammer
et al. 1996). The ACLG 175 study evaluates treatment with either a single nucleoside or
two nucleosides in HIV=infected subjects whose CD4 cell counts, a measure of immunologic
status, are from 200 to 500 per cubic millimeter. Following the analysis of Davidian et
al. (2005) and Zhang et al. (2008), we consider two arms for the treatment: the arm
with standard zidovudine (ZDV) monotherapy (ZDV only) and the arm with three newer
treatments (ZDV+didanosine (ddI), ZDV+zalcitabine (ddC), and ddI only). The two arms
have 532 and 1607 subjects, respectively. We study the treatment arm effect (trt, 0 =
ZDV only) on the 74th quantile of the CD4 cell count measured at 96 & 5 weeks postbaseline
(CD4gg), adjusting for the baseline CD4 count (C'D4y) and certain baseline characteristics,
including continuous'covariates age (age, years) and weight (weight, kg) and binary covariates
race (race, 0 = white), gender (gender, 0 = female), antiretroviral history (history, 0 = naive,
1 = experienced) andwhether the subject is off-treatment prior to 96 weeks (of ftrt, 0 = no).

Therefore, we want_tefit the linear quantile regression model

Q-(CD4gs | X) = Bilm) + B2(7)trt + B3(7)C D4y + B4(T)age
+B5(T)weight + Bg(T)race + Bz (7)gender + Bs(T)history + Bo(T)of ftrt.

The data can be found in the R package “speff2trial”. The average age of the subjects is 35
years old with a standard deviation 8.7 years old. There are 1522 white subjects and 617
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non-whites, and 1171 males and 368 females. Among the patients, 1253 have antiretroviral
history, and 776 are off-treatment before 96 weeks.

The variable C D4 is missing for approximately 37% of the subjects due to dropout during
the study. However, at baseline and during the follow-up, full measurements on additional
variables correlated with C'D4gg are obtained. These include the CD4 count at 20 + 5 weeks
(CD459) and the CB8 count, another measure of immunologic status, at both the baseline
(CD8) and 20 £+ 5 weeks (C'D83). We use these as the auxiliary variables. As argued by
Davidian et al. (2008), it is reasonable to assume that C'D4gg is missing at random.

Figure 1 contains histograms for both C'D4gg and its logarithm. While the distribution
of C'D4gg is apparemtly right skewed, the log transformation does not result in any better
symmetry, and thus both make the normality assumption inappropriate. For analysis, one
could assume either aleft truncated normal distribution for C D4gg or a right truncated normal
distribution for log(C'D4gs), and there is no apparent reason of favoring one of them. With
these two candidate models, the imputation method requires to choose one from them, but our
propose method can_simultaneously accommodate both. In our analysis, we assume CD4gg
has a normal distribution left truncated at 0 and log(C D4g¢) has a normal distribution right
truncated at the logarithm of the maximum of observed C'D4gg, where both means depend
on the main effects(of the 8 covariates X and the 3 auxiliary variables S. The truncated
regression models are fitted using the R package “truncreg”. The 7(X,S) is modeled by a
logistic regression containing all main effects of X and S.

Final data analysis results for 7 = 0.25, 0.50 and 0.75 are summarized in Table 5. To make
comparisons, results.for the IPW estimator, the imputation estimators with truncated normal
distributions for C D4gg-(Imputation estimator 1) and log(CD4gs) (Imputation estimator 2),
and the completelcaseranalysis are also included. For the two imputation estimators and our
proposed estimator, the number of random draws is taken to be L = 20. The standard errors
of all estimators are'calculated using the bootstrap method with 200 re-samplings.

From Table 5, for allsthree values of 7 and all methods under comparison, patients receiving
the three newer treatments have a significantly higher CD4 count at 96 + 5 weeks adjusting
for the baseline CD4 count and other covariates. In other words, the three newer treatments
significantly slow the progression of HIV disease compared to the treatment of ZDV alone.
Our proposed method and_the IPW method produce very similar estimates for the treatment
arm effect, and the estimated effect is smaller for patients whose CD4 count at 96 + 5 weeks
is at the third quartile. Tmputation Estimator 1 fails to catch the difference in treatment
arm effect for different“quantiles, and Imputation Estimator 2 gives an increasing estimated
effect as 7 varies from”0.25 to 0.75, a trend that is opposite to what the MR and the IPW
methods reveal. In addition, the two imputation estimates for some regression coefficients are
quite different occasionally, showing the sensitivity of imputation method to the selection of
working models. The complete-case analysis seems to overestimate the treatment arm effect.

Given the disparity between the two imputation estimates and between them and the MR

and the IPW estimates, and also given the good performance of the MR estimator under
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complete model misspecification as shown in our simulation studies, results based on our MR,
method should be more trustworthy. The closeness between the MR and the IPW estimates
indicates the suitability of the logistic regression we used to model 7(X,.S). However, when
7 = 0.5, the MR method detects a significance in the effect of gender that the IPW method
fails to detect.

6. Discussion

We have proposed a_general framework for quantile estimation with missing data and have
investigated the estimation method in three scenarios covering both marginal quantile esti-
mation and quantile regression with missing response/covariates. The proposed estimators
are robust against possible model misspecifications. The proposed method can be easily gen-
eralized to many other missing data scenarios not discussed here. As shown and explained in
Section 4, the proposed estimators still have relatively good performance when no model is
correctly specified due to the nature of calibration. This is very appealing in practice, as the
true data generating process is usually unknown, which makes the conclusions drawn based
on our method more trustworthy compared to those based on methods that are sensitive to
model misspecifications.

It is well known that the IPW approach is sensitive to near-zero values of the estimated
missingness probability; (eig. Kang and Schafer 2007; Robins et al. 2007; Cao et al. 2009).
Our proposed estimatérsimitigate this issue. First, unlike the IPW approach where the inverse
of the estimated missingness probability is used as the weight, our proposed method uses the
missingness probability.as the calibration variable. Second, through maximizing [~ w;
where the w; are [positiverand sum to one, the occurrence of extreme weights is prevented.
This is because H:il w; increases if the values of w; become more evenly distributed rather
than concentrating on a few subjects. Therefore, it is unlikely that some subjects receive
extremely large weights.that dominate others. Han (2014b) provides a detailed numerical
investigation of this|property for mean regression with missing responses.

Our method is more general than the recent methods in Wei et al. (2012) and Chen
et al. (2015). Wei et al.’s (2012) method deals with missing covariate problems where the
missingness depends only on the other fully observed covariates but not on the response,
whereas our method'allows the dependence on both. Chen et al.’s (2015) method requires the
fully observed componentsiof the data vector to have the same distribution across all subjects.
This requirement is 6t eeded by our method. Due to these limitations, neither Wei et al.’s
(2012) nor Chen et al#s[(2015) method applies to the simulation settings considered in Section
4.

For the proposed method, the dimension of p minimizing (3) is the same as the number of
working models used. The calculation of p is affected when this number increases, especially
if some models are highly correlated. As a result, the numerical performance of 3MR may

be affected. Therefore, although theoretically the proposed method can accommodate an
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arbitrary number of models as long as this number does not increase with the sample size, for
the purpose of numerical performance, the models should still be carefully chosen so that only
the most reasonable ones are used. Detailed investigation on how the numerical performance
changes as the number of models increases will be a topic of future research.

In this paper, the working models were all parametric. As one referee pointed out, the
robustness could herfurthér improved by using working models that are nonparametric or
built based on machineslearning techniques. In this case, the final estimator should still be
consistent when one'working model is correctly specified, but the rate of convergence for the
working models will affect the asymptotic distribution (e.g., Robins et al. 1995). We will
make a future investigation on this topic.
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Appendix

Proof of Theorem 3. Under condition A3, E¢,(Y — ¢) = 0 has go as the unique solution,
which guarantees the identifiability of go. Based on Theorem 5.9 in van der Vaart (1998), we
only need to check the uniform convergence

m

sSup sz¢r(K - Q) - E¢T(Y - Q) = Op(l)' (7)

le=aol<e |,

We first look at thescasegwhere P contains a correctly specified model for 7(X). Without
loss of generality, let 7!(X; ') be the correctly specified model, and let a denote the true
value of a! so that 7! (X)) = m(X). It is easy to check that

e & g1i(é.az. )/} (&)
o Z A1 Aoal Al al R 1 aly
i=11+4 {91(0 )p1 — 1,0 (& ) pa, -+, 0 (& )PJ+K} 91:(&,qp,7) /7 (&)
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J + K, then

Therefore, if we define Ay = 0*(&")p; — 1 and A, = 64 (&M)py, t = 2,---,
~T R R
A = (A1, , Aygk) solves
1 m A ~ A~
miS ( 4y )/75-( )

A@)/m @)

and
1

w; = —
m1+)\ gri(6,ap,4) /7l (e )
/ it 09 (&7) and

Now let o, ~F SgF, 6’ and n* denote the probability limits of &/, 4", ¢¥, 67(
N5 (d7,4"), respectively,sas n goes to infinity. Note that q® and 1* do not depend on L
E{ri(ad)} and nf = BlpAY'(vF) — ¢f}]. Write o

Lo ¢f) and

Ve o) 00 =
(Y)Y, qf = (a1,

It is clear that o
{(ai)T7 Tty (a'])T}7 73 = {(’y}k)Ta e
g7 (e, q vyt = (' (ed) =65, 7l (ad) - 0/,
1 ¢ L1 1 -
FIAY (v) — g =, Z ) =gk =) ()
1=1 1=1
L 7_{_1
Since E{ (};)gf(a*, q*,'y*)} = 0and al = af, 0is the solution to E { 1+}§\9T151(?(231;’:21)/7§?(21)} =
0 as an equation of A. Thus, from the theory of empirical likelihood (e.g., Owen 2001)
A =o,(1).
Note that
sup wzw‘r (Y; - Q) - E"/J‘r (Y - Q)
la—qol<e | ;=1
< B> o9 -3 Ty vy (10)
B la—qol<e |7 R ni:1 7711(&1) ’
1 n R; 1 n R;
+sup |-y —— U (Yi—q) - — Y- (Yi —q) (11)
lg=gol<e | 7 ; Ha') n ; i (ap)
TN |5 S (Y- 0) — B, (¥ — o) (12)
le=gai=e | ;=7 mi(eg) ! '
Since 6 (&) — ™ = 0p(1), we have ; = 'rlt‘n'l(al) + 0,(1), therefore (10) = 0,(1), and
1 Ry, (Y; — g) 0 (o)
(11) < Ffsup | |— : ‘:1 &' — ab| = 0,(1).
lg—qo|<e & i=1 Trzl(a(l))z aaT a0 0 g
For (12), we have
1 <~ Rivy- (Vi — q) 1\~ Rivy-(Yi — qo) —1/2
sup |= S T DD gy (v —g)— =S 9 L gy (Y — go)| = op(n?),
s ; (el v (Y — ) — ; el (Y = qo)| = 0p(n™"?)

This article is protected by copyright. All rights reserved



22 P. Han, L. Kong, J. Zhao and X. Zhou

which is straightforward if we can prove two results: first, {%1/}7(5’1 —q):lg—qo| < €}
7 0

forms a Donsker class, and second, %1@ (Y; — qo) is Lo continuous at qp.
7 0

For the first result, we define & = {I(Y < q), |q—qo| < €} and & = {7 (a?),Vj, X € X},
where X = {X : E|[| X||* < C} and C is a large positive number. Note that & is a VC class
of functions (by Theéorem:2.6.4 of van der Vaart and Wellner (1996)) with bounded uniform
entropy integral. So & belongs to the Donsker class. For &, note that the set {X : X € X'}
can be covered by Ny balls with Lo-radius €; such that N1 < 1/e7, where “<” means that the
left-hand side of § is.bounded by a positive constant multiplying the right-hand side of <.
Since 77 (X ; @?) has'bounded derivatives up to order 2, for any X, there exists a i, which
belongs to the same Lo-hall as X and ||7(X; o) — 77 (X; 09)|| 1, < || X — X||1,. Therefore,
Ny(e, &2, L2) S 1/¢, and £ has bounded uniform entropy integral and forms a Donsker class.
Since R; is bounded,, frem the preservation of Donsker classes (Corollary 9.32 of Kosorok
(2008)), {%wT(Yi =q): |qg— qo| < €} forms a Donsker class.

For the second result, note that

2
sup E{Rzzbq(Y;_Q)_sz'r(Y;l—)qo)} SQ sup E{m-l(a(l))}_Qg(qo)2|q—qo|2—>0.

lg—qo|<e ™ (o) T (o lg—qo|<e

Therefore, we have shown that — ¢T( 7 — qo) is Lo continuous at go. Combining with
the fact that L 37 ﬂl(a1)¢r( g QO) = 0,(n"?) and E¢, (Y — qo) = 0, we have (12) =

O,(n~1/?) and obtaim*thesuniform convergence.

Now we considerithesease where F contains a correctly specified model for f(Y | X).
Without loss of generality; let f1(Y | X;~!) be the correctly specified model, and let v}
denote the true value of 4% so that f1(Y | X;~4) = f(Y | X). We then have 41 = ~{.
In addition, we hayve ‘yl N ~% and §r LN qo- Similar to the situation where P contains a
correctly specified model for 7(X), we have g¥ (&, q;,4) 2 g% (a., q,,~.) and we denote p,
as the probability limit of Jp.

Note that oneofthe constraints in (5) is actually

S, M qi}]zlz Zwr{yl -1},

=1
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which leads the left-hand side in (7) to

sup sz'(/)‘r i Ewr( - q)

lg—qol<e|;

L
. 1 . . R
< sup Zwi O (Y —q) = 7 D e (YY) —ap} sup [}, — Exp- (Y — q)|
lg—qol<e i=1 1=1 lg—qol<e
m 1 L
< sup sz YalYi — q) — I3 ZwT{YJ(ﬁl) —ar}
la—qol<e |3=1 =1
1 1 n L
- R ¢T i Yl qA (13)
m1+pifgf(a*,q*,'r*)lz g t L}H

1 1
+ J—

.M: i

L
S —@}—%M@é)—qo}]’ (1)

1 =1

K3

o | lﬁjRi YrYi ) - iéwT{YJ(v&) - QO}]
e EIR( (Y — ) (Y - q@}]‘ (15)
+|qb};o}\)<e m 1+ pTgl (la*,q*,'r*) B (Y = a) _wT(Y_qO)}]’ (19)
Z; ZQMY Al}**Z} Z%{Y v8) — qo} (17)
Z ZwT{Y Yo) — o} — Evr (Y — qo) (18)
; sflpl B 10) — B (¥ — )] (19)

l[g—qo|<e

We can show: (13) =w0p(d) using the idea of proving (11) and the derivatives and subderiva-
tives (He and Shao, 1996); (14) = 0,(1) and (17) = 0,(1) using the idea of proving (11) and
subderivatives; (16)y=0,(1) and (19) = 0,(1) by Condition A3; (18) = 0,(1) by weak law
of large numbers. For (15), similar to the techniques used for proving (12), it follows that
(15) = Op(n~"/?) by noticing that {Ri [wr(Yi —q)— + Y A () - qo}} ilg —qol < e}

forms a Donsker class and that R; [1/)7 (Y —qo0) — % ZzL:1 ¢T{Yil (’)/(1)) - qo}] is Lo continuous
at go. This completes the proof. O
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Proof of Theorem 3.2. First, from (8) we have

N n n N AV ~
&, qr,7)/™; 1 91i(,qr, Y
S o 3 (@ >1" R
=1 ( q )/7TZ( ) nl':l 7Ti (87 )
glz(d q ) 1 . gf (a*7qLa7)
— (T T T 21
I ZR aah f“ mial) 2y

- a*7qLa 1 " a*aq*a’y)

() T Wy 22)
li a*vqw’Y lf: glz a*vq*vv*) (23)
(e n al)

i 11 a*,q*,‘y*)

pe o)

Note that a regular Tayler expansion can be applied to (20) and (21). For (20), we have

y)©? —1/2
A+op(n=7).

1~ 916 dqp. 4
200=—— ) R
) n; {rl(a")}?

~L
For (21), denote T;(&, q;7) = %. Notice that

8§ . (aw,ay A ~L ~ o I} (ol T
8Ti(a*7qL7’?) _ z(a}k)w _gli(a*7qL’7)( 6‘11 )>

T {wl@hP

)

q 2% (cs,q1,7)

291, (0,004,a 1% :
where W has non-zero values only in the first row, an e

1 087 (c,ap,%) 0971, (0,81, %) ; : _
"T(aT) Lot where =155 22L25 has non-zero values only in the j-th row, j =2,...,J,

we have

AL s oy [Oml(ed)
1 n gli(a*,qu')’) (W) A1 1 ~1/2
@) = e R {rl(ab)}? (&' — ) +o,(n~"72).

For (22), similar to (12), we can show that {R;T;(c«,q,¥) : |lg — q.|| < €} forms a Donsker
class and R;T;(os, q,, ) is Lo continuous at q,. Therefore, we have

1 OE[RT;(cws,q,,¥)] , . ~1/2

For (23), we can show that {R;T;(c.,q,,7) : |7 — v.l| < €} forms a Donsker class and
R;T;(es, q,,7,) is Loy continuous at ~,. Therefore, we have

1 OE[R; T; (s, g,y Y], . -
(23) = 72 ( 4., 7.)] 1/2)'

o (¥ —7.) Fop(n

:
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It is straightforward to see that both E[R;T;(au,q.,¥)] and E[R;T;(cu,q.,7.)]
are zero.  Therefore, both (22) and (23) are zeros. Hence, by defining MY =

T
E {glL(a*,q*,’y*) (%) /Wl(ai)} and from Condition A7 we have

Vid = (GP)7! <n1/2 Z W!Jﬁ'(a*, q.,7.) —n~ ' Z Mf{E(‘I’?Q)}li’li) + op(1).

1
ye
=1 g =1

Next, notice that

"Rt iTgfi?Z;T;i(f'v))/w;(al)W o
g2~ e 1)>/w3<a1>wf(yi ) = 3 a0 ks
i= g ﬁi; e (v i) - ; g ey i) (25)
- 2_; e (Vi) - 7112_31 ey (¥~ ) (26)

+

: /IZ]T( 7Q0)

A

It can be shown that

S
3
=

K2

{ Z L Alq“}?)g%( ar &)T}Mop(nl/%

= i ,— G4 T () g 1 1 —1/2
<z5>=-<;z%;;f;@zw (82) ) -ty

=1

and

(26) = —g(q0) (drim — o) + 0p(n~1/?).

T
Write BY = E { w;%;q)o) (8”81;‘{‘5)) }, we then have
0

olan il — ) — JALVIA - BEVila! - ad) ¢S B o )
= n72Y |Qhi(ad) — (B - Ab(@H T MEME@) 81 +o,(1).

From the generalized information equality (Newey 1990), we can show that

L
~att) et - n {2800 pg.e),
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and finally that

9la0)Vn(@fin — a0) = 72 |Qfi(ad) — BQE O {E(@F)} @1, + 0, (1).

i=1
This completes the proof. ]

Sketched proof of Theoreni)3.3. Based on Theorem 5.9 of van de Vaart (1998), it is enough
to check the uniform_eenvergence

m

sup
1B—Boll<e

0: X 17 (Vi = X7 B) - EXyr (Y — XTﬁ)| = op(1). (27)
i=1
For the case where P"¢ohtains a correctly specified model for 7(Y, X 1), let 71 (Y, X 1; a!) be
the correctly specifidd model, and let af denote the true value of a! so that 71 (Y, X1;a) =
m(Y,X1). Let al, ~k Bk ¢’ and n* denote the probability limits of &7, Ak, BIL 6 (dj) and
ik (Bi,ﬁk), respectively, as n goes to infinity. Note that Bk and 1* do not depend on L. It
is clear that a! = o, 07 = E{n/(al)} and n¥ = E[X'(yF z/JTgY X! (’y*)Tﬁ }]. Define
M =0 (ahp —1and A =04 (aM)py, t=2,--- ,J+ K. Then A = (A1, , Asyx) solves

m

na 927 BLa'AY)/”z‘l(dl)
Z 1+ Angl( néLa'?)/ﬂ-il(dl)

—0, (28)

and

P S AV

MmN gk (&, Br,A)/ml(ah)
Write aT = {(a})T, ()T}, 4T = {(Y1)T, -+, (v%)T}, BT = ((8Y)T, -+, (B%)T) and

gh(a Bor)T = (r'(ad)—6l,... .7 ()~ 0!, 12X DY — X y1)T8L) -,

Z (YEW{Y = X ()8} - ). (29)

From the theoryfof empirical likelihood (e.g., Owen 2001) we have A = op(1). Observe
that

sup @iXir (Y — X7 B) — EXyr (Y — X7 B)
I1B—Boll<e|; =1
< sup ) WX i, (Y — X B) lzn: le X, (Y; — X B) (30)
18—8o |l i ni (&
I'& R T 1< R T
sup - X; 1/17(}/1 X /6) - X; 'l/}‘r(Y; X /6) (31)
Hﬁ Boli<e ”;ﬂi( n;ﬂi(aé)
1 n
sup |- R x, i, (Vi — XIB) —EX e (Y — X[ B)]|. (32)
Hﬁ Byll<e | ; 7} ()
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Similar to the arguments for (10) and (11), we have (30) = 0,(1) and (31) = 0,(1). Similar
to the techniques used for proving (12), it follows that (32) = O,(n~'/2) by the facts that
{%Xﬂbf()ﬁ — X/B):|IB - Byll < ¢} forms a Donsker class and that %Xin(Yi -
X7TB) is Ly continuous at B,. Therefore, (27) holds.

For the case where F contains a correctly specified model for f(X2 | Y, X1), let f}(X2 |
Y, X 1;v') be the cotréetly specified model, and let v denote true value of 4! so that f1(X5 |

N 1 AL~ 2 oa
Y, X1570) = f(Xo [V, Xy). One gets 5 = 46, vl = b, By = By and §5(&, B, 9) =
g% (., B,,7.). Dengtespi-asithe probability limit of p and @, = plg%(a.,B,,7.). We have

sup y X0, (Yi - X[ B) —EXwT(Y—XTm‘
I1B=Boll<e |,
m L
< MNXw-(Yi - X[B8) - — AV - XA
I8 blﬂlﬂ« P l ¥ Lg el AR }]
n L
me S R | X, (Y — X[ B) ZZ ANeAY; - XUy )Tﬁi}H (33)
*i=1 =1
n RZ L
me ZTZ[ oY — X5 )TB b= XY — X Tﬂ&BH?
* =1 =1

101
+ sup |— R;
18—yl <c | Pkestn Zl

n 1

E[RXA, (Y — X B) — ¢, (Y — X" 8)}]

L
X (Y — X1 B) Z L0) U {Y: — X(‘Yo)Tﬁo}]
\ (35)

" n 1
sup —
IB=Boll<e | M gt @

BIRX {4, (Y — X" 8) — v (Y — XTﬁo)}]‘ (36)

+

n L
D, > [ w3 - X168~ Xl 0 - X)) ‘ o

n L
FES0 1S Kl o) ¥ — X4 Bo} — EX o (Y~ X7} (3%)
i=1 =1
¢ sup  [EXWY- X78,) —EXu Y - X7}|. (39)
I1B—Boll<e

Using similar arguments#®'those for (13), (14) and (17), we can show that (33) = 0,(1), (34) =
0p(1) and (37) =op(l). In addition, we have (36) = 0,(1) and (39) = 0,(1) by Condition
B3, (38) = 0,(1) by the%weak law of large numbers, and (35) = O,(n"'/2) by observing
that { B [ Xiwr (Vi = XTB) — + S0, XER)- Vi = XU(v) "B} | + supjo_p, <. } forms a
Donsker class and that R; [Xin(YZ- -X/B) -+ lL:1 X (b {Y; — Xﬁ('y(l))T,BO}] is Lo
continuous at 3,. Thus, (27) holds. This completes the proof. O
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Sketched proof of Theorem 3.4. By (28), we have

921 BLa;)’)/W'l(dl) 1 ¢ QQLi(AvéLv':Y)
0 = - V)T ~ =% g P2l )
; "1+ 2Tgk(a BLv y)/mi@l)  ns m(a')
4= Z 921 /BLa _ 72 921 a*”337 )
Nl Z 921 a*’IBL’ _ 72 921 a*vﬂ;a’)’)
g 7 a*MB*a g 7 a*wB*?’Y*)
N R

gQi(a*vlg*av*)
— N R o Tl
ﬂé T(al)

We can show that

- _*ZR 921 6L7 ¥)#? )\+op(n_1/2);

1,13\ T
n 921 a*a/BLa v) (%)
L e

a' —al)+o,(n71?);

1, 1\ T
(42) = oy and Y 0,(n~1/2). Wiite Mf = { gk, 8.7 (2582) " /(@) }.

Together with Conditien-B6, we have

Ly— n ) -
\/HS\ = () : (Z RZ1)g§i(a*;ﬁ*»'}’*)_ZMé{E((I)ga)}1(§2i>+op(l)'

(e

N

Meanwhile, note that

=1 i=1

n ~1
0 = Iy LRI xy v Xl
nz 1 1+A g2z( 7,8[/,’7)/71'7;1(0 )

L &R X (Y - X Bur) 1 s RiXa (Vi — XT Bug)
= > =

=R WACN RS = &) (44)
+711;: W;Z; )X o (Vi — XTByg) — iil W}](Zi)xmm ~XTArR) (45)
+% i W;;i)Xﬂ/JT(Yi ~ XTBur) ;Zj; ng;i)xiwf(yi _xT8,)  (46)
+ Z e X (V- XT8,)
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We can show that

T
(44) = - (nZRZX Qﬁf{(}?(ff}fm) (6. Br.%) >?\+op<n”2),

1 = Xt (Vi — X?Bi/IR) or} (o) T) 1 —1/2
(45):_ - R; 1/ -1\12 1 (a -« )+0 ( )7
(n 2B i) (")

(46) = < (711 Z Wll(%;1)9(XiTﬁo)XiX;r> (/éf/m — By) + 0,(n1/2).

i=1 *

. (V=T ot (a T
Write BY = E{’“” e (258 } and Qf(e) = s [ X0 (Vi — X By) -
Aé(G%)_ngLi(a*,B*,'y*)}. From the generalized information equality we have BL —
Aé(Gé)_leL =-E { 0Q, (%)} (Q2 <I>T) and then

dal

E (9(X"80)X X" )\/n(Byin — B) = n /2 Y [Qhi(ad) — E(QE @) {B(®52)} ' @21] + 0,(1).

i=1

This leads to the result. O
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Table 1: Analysis results for the ACTG 175 data (n=2139). Standard errors are calculated based on bootstrap method

with 200 re-samplings. L = 20 for our proposed MR estimator and for the imputation estimators.

intercept
trt
C D4
age
wegghit
race
gender.
history
of ftrt

intercept
trt
C D4y
age
weight
race.
gender
history
offtrt

Intercept
trt
CD4g
age
weight
race
gender
history
o fftrt

MR estimator

Est

-6.80
60.99
0.70
-0.27
0.29
-15.61
-14.96
-42.90
-96.26

112.44
60.56
0.73
-1.18
0.28
-25.76
-28.43
-52.53
-89.63

128.02
51.16
0.76
0.35
0.29
-35.29
-8.64
-40.41
-88.40

S.E.

44.79
10.96
0.04
0.63
0.43
10.85
12.23
11.77
13.06

32.02
12.06
0.04
0.57
0.32
10.76
14.10
10.03
10.37

42.87
14.41
0.06
0.56
0.35
12.73
13.39
10.24
14.74

p

0.88
< 0.01
< 0.01

0.66

0.49

0.15

0.22
< 0.01
< 0.01

< 0.01
< 0.01
< 0.01
0.04
0.37
0.02
0.04
< 0.01
< 0.01

< 0.01
< 0.01
< 0.01
0.53
0.41
0.01
0.52
< 0.01
< 0.01

IPW estimator

Est

-9.21
60.50
0.70
-0.27
0.31
-14.82
-14.58
-42.83
-96.11

105.56
59.70
0.73
-1.20
0.23
-22.95
-16.33
-53.55
-89.04

123.26
50.72
0.77
0.17
0.35
-34.47
-4.43
-40.75
-85.73

S.E.

46.70
11.63
0.04
0.70
0.49
11.48
12.71
12.06
13.73

31.35
12.26
0.04
0.59
0.34
10.52
14.26
11.12
11.43

42.39
14.67
0.06
0.58
0.38
12.55
13.90
10.89
15.50

p

0.84
< 0.01
< 0.01

0.70

0.54

0.20

0.25
< 0.01
< 0.01

< 0.01
< 0.01
< 0.01
0.04
0.50
0.03
0.25
< 0.01
< 0.01

< 0.01
< 0.01
< 0.01
0.77
0.36
0.01
0.75
< 0.01
< 0.01

Est: estimated value. S.E.: standard error. p: p-value.

Imputation estimator 1

Est

-16.53
57.80
0.69
-0.01
0.23
-12.25
-10.03
-37.99
-90.77

74.21
60.77
0.75
-0.66
0.21
-16.65
-12.90
-45.15
-89.81

103.53
60.06
0.81
0.05
0.47
-27.02
-11.72
-43.15
-89.00

S.E.
T =0.25
29.95
7.92
0.03
0.48
0.29
7.83
8.54
7.41
8.83
T = 0.50
31.99
8.57
0.03
0.54
0.32
8.10
11.81
7.89
9.24
7 =0.75
29.74
9.48
0.04
0.44
0.29
9.54
11.79
7.75
11.30

p

0.58
< 0.01
< 0.01

0.98

0.42

0.12

0.24
< 0.01
< 0.01

0.02
< 0.01
< 0.01

0.22

0.51

0.04

0.27
< 0.01
< 0.01

< 0.01
< 0.01
< 0.01
0.91
0.11
< 0.01
0.32
< 0.01
< 0.01

Imputation estimator 2

Est

0.73
50.96
0.63
-0.14
0.23
-8.04
-7.26
-29.09
-110.11

53.43
59.35
0.77
-0.64
0.47
-16.90
-17.15
-47.67
-113.69

47.67
68.57
0.94
-0.31
0.90
-28.76
-19.99
-44.63
-105.71

S.E.

29.99
7.76
0.03
0.41
0.31
8.10
8.92
7.82
9.22

34.72
9.23
0.04
0.55
0.36
9.06

12.20
8.72
9.91

35.11
9.92
0.05
0.51
0.30

10.88

13.56
8.76

13.87

P

0.98
< 0.01
< 0.01

0.73

0.46

0.32

0.42
< 0.01
< 0.01

0.12
< 0.01
< 0.01

0.24

0.20

0.06

0.16
< 0.01
< 0.01

0.17
< 0.01
< 0.01

0.54
< 0.01

0.01

0.14
< 0.01
< 0.01

Complete-case analysis

Est

-41.28
65.85
0.73
-0.12
0.41
-16.06
-9.99
-39.41
-96.56

80.23
67.24
0.76
-1.02
0.21
-23.34
-11.57
-50.12
-87.40

84.30
55.58
0.82
0.16
0.60
-32.87
-6.48
-44.61
-79.79

S.E.

40.11
9.98
0.03
0.64
0.41

10.01

11.04
9.83

14.27

38.66
11.37
0.04
0.61
0.40
10.20
13.57
10.07
12.44

39.59
11.40
0.05
0.56
0.38
10.50
13.69
9.43
14.59

p

0.30
< 0.01
< 0.01

0.86

0.32

0.11

0.37
< 0.01
< 0.01

0.04
< 0.01
< 0.01

0.10

0.59

0.02

0.39
< 0.01
< 0.01

0.03
< 0.01
< 0.01

0.78

0.12
< 0.01

0.64
< 0.01
< 0.01
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Fig. 1: Histogramssef«G D49 and log(C D4gs) based on complete cases for the ACTG
175 data.
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