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The supplement is divided as follows. Section S1 contains the analysis
of comparison of the proposed estimators. Section S2 show omitted infor-
mation on the tables related to section 4 of the paper. In Section S3 the
dataset and the codes related to the paper are expressed.

S1. COMPARISON BETWEEN ESTIMATORS

Now, we will prove the dominance characteristics of the estimators.

(i) RE vs. URE A ~
ADLy-risk (ﬁn) — ADLy-risk (m) =" (A" = pa).

Hence, URE outperforms the RE for A? > p, and RE outperforms URE for
A% < p,. Neither RE nor URE dominates the other uniformly.
(ii) PTE vs. URE

~PT ~
ADLytisk (B, ) = ADLy-tisk (B, ) = %[p1 + pa(1 = Hyui2(1, (0); A7)

FA {2, 120X, (); A?) — Hypy s (X5, (@); A?)} — (1 + p2))]
=17 [=paHpyr2 (X}, (a); A?)
FA%{2H,, 12005, (); A?) = Hpyra (x5, (); A%)}]

Hence, if

0< A2 < P2y r2(0, (); A?)
T 2Hp,2(X3, (@); A2) — Hpya (X3, (a); A2)

PTE dominates URE. If

P2y 42(X, (a); A?)
2H py12(X2, (); A?) — Hpyra(X2, (a); A?)

URE dominates PTE. Thus, neither PTE nor URE dominates the other,
uniformly.
(iii) JSE vs. UREJS 3

ADL,-risk (Bn ) — ADLy-risk <Bn> =7’ [(pz — 2)2]E[X;22(A2)H >0

A? >
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for all A2 > 0. Hence, JSE dominates URE uniformly.
(iii) JSE vs. PRSE

ADL,-risk (Bff) — ADL,-risk (Bff _

’paEl(1 = (p2 — 2)x,,12(A%)?1(X5,  o(A?) < py — 2)]
FA2E[(1 — (p2 — 2)X,202(A%)’I(X2, 42 (A%) < p2 — 2)]
+E[((p2 — 2)x;,44(A%) — DI, 4(A%) < p2 — 2)]}

for all A% > 0, since
0 < Xppia(A?) <p2—2= ((p2 — 2)X5,40(A%) — 1) > 0.
Hence, combining (iii) and (iv) we find that
ADLs-risk (BT) < ADL,-risk (Bis) < ADL,-risk (Bn> .

(v) LASSO vs. URE

ADLg-risk (B,I;ASSO) — ADLg-risk (Bn) — (A2 — ).

Hence, none of the estimators outperforms the other uniformly.
(vi) RR vs. URE

B . 2
ADLy-risk (ﬁn> — ADLy-risk <BSR(k‘0pt)) =7’ A2pj . > 0.
2
Hence, RR dominates uniformly over URE.
(vii) RE/LASSO vs. RR
. ~RR At
ADL,-risk (m) — ADL,-risk (,Bn (k;opt)) - n2m > 0.
2

Hence, RR uniformly dominates RE and LASSO.
(viii) PTE vs. RR
ADLy-risk (B:T) — ADLyrisk (Bip‘(kopt» -
0 [P2(1 = Hpara (5, (); A?)+

A2
A2 (2H,, 12 (x2, () A?) = Hyy (X2 (0); A?)) — 2

pa + A?

Y

Note that the risk of PTE is an increasing function of A2, crossing the
po-line to a maximum and then it drops monotonically towards ps-line as
A? — 0o. At A? =0, the value of this risk is pa[1 — Hp,i2 (X2, (@); 0)] < pa.
On the other hand, poA?/(py + A?) is an increasing function of A? below
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the po-line with a minimum value 0 at A? = 0 and it converges to p, as
A? — oco. Hence, the risk difference is non-negative for all A? > 0 and RR
outperforms PTE uniformly.

(ix) JSE vs. RR

ADLy-risk (Bff) — ADLyrisk (BSR(/@ON)) -

2 _ — 9)2 —2( A2 _pQ—AZ
n{pg (pz 2) E[XpQ(A )] p2+A2}.

Note that the first function is increasing in A? with its minimum at A% = 0
and as A? — oo it tends to ps. The second function is also increasing in A2
with a value 0 at A? and approaches the value py as A? — co. Hence, the risk
difference is non-negative for all A2 > 0. Hence, RR uniformly outperforms
JSE.

(x) PRSE vs. RR

ADLs-risk (B:+) — ADLy-risk (BSR(kopt)> = (S1)
2 2 —2/A2 P2A2 * 2
n p2_(p2_2>E[Xp2<A)]_p2+A2_R >0, VA" >0,(S2)

Consider the risk of PRSE. It is an increasing function of A2, At A% =0,
its value is

(p1+2) = P2E[(1 = (P2 = 2)X3,42(0) I (X3, 42(0) < p2 = 2)] > 0

and as A% — oo, it tends to p; + ps. For RR, at A? = 0, the value is p; and
as A% — oo, it tends to p; + po. Hence, the risk difference is non-negative
and therefore RR outperforms PRSE uniformly.

(xi) LASSO vs. PTE

ADL,-risk (B:T) — ADL,-risk (BEASSO) = [pa(l — Hyy 1202, (0); A?)

CA1 = 2Hy (02 (0): A7) + My (0): AQ)})} .

Then, for

pa[l = Hppa (X3, (@0); A?)]
1 —2H,, 1o(x2,(a); A%) + Hyp, 14 (X2, (a); A2)

LASSO outperforms PTE. On the other hand, outside this interval PTE
outperforms LASSO. Hence, neither LASSO nor PTE dominates the other

0< A%<
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uniformly.
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(xii) LASSO vs. JSE

(238 . - [ +LASSO _
ADLy-risk <Bn ) — ADLy-risk <Bn ) =’ {pg — (p2 — 2)’E[x,,; (A%)]

— AQ}
Hence, for 0 < A? < py — (p2 — 2)°E[x;,2(A?)], LASSO outperforms JSE,
otherwise JSE outperforms LASSO. Hence, neither LASSO nor JSE out-

performs the other uniformly.
(xiii) LASSO vs. PRSE

ADLy-risk (B, ") — ADLy-risk (B, ) = 7 [ADLyvisk (B)) - R
—(p1 + A2)]
=1 [p2 — (p2 — 2)°E[x,, 2 (A?)]
_R* . A2}
= 772("4 - AQB)?
where
A=ps— (p» — 2)°E[x, 2(A?)]
—paE[(1 = (p2 — 2)x,, 74 2(A%) 21 (X5, 2 (A%) < py — 2)]
and

B=1+2E [((p2 - 2)X1722+2(A2) - 1) ](X§2+2(A2) <p2— 2)]
TE (1= (2 = 200G24(89) 10, 14(A) < p - 2)] . (83)

Again, for 0 < A? < A/B, LASSO outperforms PRSE, otherwise PRSE
outperforms LASSO. Neither LASSO nor PRSE dominates the other.

S2. MORE DETAILS ON GRAPHICAL REPRESENTATIONS

In this section, more tables (Tables S1-S2) are presented to illustrate the
properties of the proposed estimators, clearly.
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Table S1: ADRRE for the estimators in case of p1 = 7 and p2 = 33.

A? URE RE/LASSO PTE PTE PTE JSE PRSE RRE
a=0.15 a=0.2 a=0.25

0 1.00 5.71 2.86 2.50 2.23 4.44 4.92 5.71
0.1 1.00 5.63 2.82 2.46 2.20 4.40 4.86 5.63
0.5 1.00 5.33 2.66 2.34 2.10 4.23 4.64 5.34
1 1.00 5.00 2.49 2.20 1.99 4.03 4.40 5.02
2 1.00 4.44 2.21 1.97 1.80 3.71 4.00 4.50
3 1.00 4.00 1.99 1.79 1.65 3.45 3.68 4.10
5 1.00 3.33 1.67 1.54 1.44 3.05 3.20 3.53
7 1.00 2.86 1.46 1.36 1.29 2.76 2.86 3.13
10 1.00 2.35 1.26 1.20 1.16 2.46 2.51 2.73
15 1.00 1.82 1.09 1.07 1.05 2.13 2.14 2.31
20 1.00 1.48 1.03 1.02 1.01 1.92 1.92 2.06
30 1.00 1.08 1.00 1.00 1.00 1.67 1.67 1.76
33 1.00 0.99 1.00 1.00 1.62 1.62 1.70

50 1.00 0.70 1.00 1.00 1.00 1.43 1.43 1.49
100 1.00 0.37 1.00 1.00 1.00 1.12 1.12 1.26

Table S2: ADRRE of the estimators for p = 10 and different A%-value for varying p:
Estimators p1 =2 p1=3 p1=5 p1L=7 p1 =2 p1=3 p1=25 p1=17
A*=0 A*=1
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 5.00 3.33 2.00 1.43 3.33 2.50 1.66 1.25
PTE (o = 0.15) 2.34 1.98 1.51 1.23 1.75 1.55 1.27 1.09
PTE (e =0.2) 2.07 1.80 1.43 1.19 1.60 1.45 1.22 1.07
PTE (a = 0.25) 1.86 1.66 1.36 1.16 1.49 1.37 1.18 1.06
JSE 2.50 2.00 1.43 1.11 2.14 1.77 1.33 1.08
PRSE 3.04 2.31 1.56 1.16 2.46 1.98 1.42 1.11
RRE 5.00 3.33 2.00 1.43 3.46 2.58 1.71 1.29
A*=5 A* =10
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 1.43 1.25 1.00 0.83 0.83 0.77 0.67 0.59
PTE (o = 0.15) 1.05 1.01 0.95 0.92 0.92 0.92 0.92 0.94
PTE (o =0.2) 1.04 1.00 0.95 0.93 0.94 0.93 0.94 0.95
PTE (o = 0.25) 1.03 1.00 0.96 0.94 0.95 0.95 0.95 0.97
JSE 1.55 1.38 1.15 1.03 1.32 1.232 1.09 1.01
PRSE 1.62 1.43 1.18 1.03 1.34 1.23 1.09 1.01
Ridge 1.97 1.69 1.33 1.13 1.55 1.40 1.20 1.07
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Table S3: ADRRE of the estimators for p = 20 and different A%-value for varying p;

Estimators pp=2 p1=3 p1=5 p1=T p1=2 p1=3 p1=5 p=7
A®=0 A® =1
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 10.00 6.67 4.00 2.86 6.67 5.00 3.33 2.50
PTE (o = 0.15) 3.20 2.84 2.31 1.95 2.50 2.27 1.93 1.68
PTE (o =0.2) 2.70 2.45 2.07 1.79 2.17 2.01 1.76 1.56
PTE (a = 0.25) 2.35 2.17 1.89 1.67 1.94 1.82 1.63 1.47
JSE 5.00 4.00 2.86 2.22 4.13 3.43 2.56 2.04
PRSE 6.28 4.77 3.22 2.43 4.89 393 2.82 2.20
RRE 10.00 6.66 4.00 2.86 6.79 5.07 3.37 2.52
A*=5 A% =10
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 2.86 2.50 2.00 1.67 1.67 1.54 1.33 1.18
PTE (a =0.15) 1.42 1.36 1.26 1.17 1.08 1.06 1.03 1.00
PTE (o =0.2) 1.33 1.29 1.21 1.14 1.06 1.04 1.02 1.00
PTE (a = 0.25) 1.27 1.23 1.17 1.11 1.04 1.03 1.01 1.00
JSE 2.65 2.36 1.94 1.65 2.03 1.87 1.62 1.43
PRSE 2.83 2.49 2.02 1.70 2.07 1.90 1.64 1.45
RRE 3.38 291 2.29 1.88 2.37 2.15 1.82 1.58
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Table S4: ADRRE of the estimators for p = 40 and different A%-value for varying p;
Estimators pr=2 p1=3 p1=5 p1=7 pr=2 p1=3 p1=5 p=7

AT=0 AT=1
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 20.00 13.33 8.00 5.71 13.33 10.00 6.67 5.00
PTE (a = 0.15) 4.05 3.74 3.24 2.86 3.33 3.12 2.77 2.49
PTE (o =0.2) 3.28 3.09 2.76 2.50 2.77 2.63 2.40 2.20
PTE (o = 0.25) 2.78 2.65 2.42 2.23 2.40 2.30 2.13 1.99
JSE 10.00 8.00 5.71 4.44 8.12 6.75 5.05 4.03
PRSE 12.80 9.69 6.53 4.92 9.81 7.87 5.65 4.40
RRE 20.00 13.33 8.00 5.71 13.45 10.07 6.70 5.02

A*=5 A% =10
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 5.71 5.00 4.00 3.33 3.33 3.08 2.67 2.35
PTE (o =0.15) 1.96 1.90 1.78 1.67 1.38 1.35 1.30 1.26
PTE (e =0.2) 1.75 1.70 1.61 1.54 1.29 1.27 1.24 1.20
PTE (o = 0.25) 1.60 1.57 1.50 1.44 1.23 1.22 1.19 1.16
JSE 4.87 4.35 3.99 3.05 3.46 3.20 2.78 2.46
PRSE 5.29 4.68 3.80 3.20 3.57 3.29 2.85 2.51
RRE 6.23 5.40 4.27 3.53 4.03 3.68 3.13 2.73
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Table S5: ADRRE of the estimators for p = 60 and different A%-value for varying p;

Estimators pr=2 p1=3 p1=5 p1=7 pr=2 p1=3 p1=5 p=7
A*=0 A’ =1
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 30.00 20.00 12.00 8.57 20.00 15.00 10.00 7.50
PTE (o = 0.15) 4.49 4.23 3.79 3.43 3.80 3.62 3.29 3.02
PTE (o =0.2) 3.58 3.42 3.14 2.91 3.10 2.99 2.78 2.59
PTE (o = 0.25) 2.99 2.89 2.70 2.54 2.64 2.56 2.42 2.29
JSE 15.00 12.00 8.57 6.67 12.12 10.09 7.55 6.03
PRSE 19.35 14.63 9.83 7.40 14.74 11.83 8.48 6.61
RRE 30.00 20.00 12.00 8.57 20.11 15.06 10.03 7.52
A*=5 A% =10
URE 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
RE/LASSO 8.57 7.50 6.00 5.00 5.00 4.62 4.00 3.53
PTE (o =0.15) 2.35 2.28 2.16 2.05 1.63 1.60 1.55 1.50
PTE (e =0.2) 2.04 2.00 1.91 1.83 1.49 1.47 1.43 1.39
PTE (o = 0.25) 1.83 1.79 1.73 1.67 1.39 1.37 1.34 1.31
JSE 7.10 6.35 5.25 4.47 4.89 4.53 3.95 3.50
PRSE 7.76 6.87 5.60 4.72 5.09 4.70 4.07 3.60
RRE 9.09 7.90 6.26 5.19 5.70 5.21 4.46 3.89
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Table S6: ADRRE values of estimators for p; = 5, different values of p, and A?

A? p, URE RE/LASSO PTE PTE PTE JSE PRSE RRE
a=0.15 a=02 «o=0.25

5 1.00 2.00 1.51 1.43 1.36 1.43 1.56 2.00
15 1.00 4.00 2.31 2.07 1.89 2.86 3.22 4.00
0 95 1.00 6.00 2.85 2.48 220 4.29 4.87 6.00
35 1.00 8.00 3.24 2.76 242 5.71 6.53 8.00
55 1.00 12.00 3.79 3.14 2.70  8.57 9.83  12.00
5 1.00 1.82 1.38 1.31 1.26 1.37 1.48 1.83
15 1.00 3.64 2.10 1.90 1.75  2.70 3.01 3.65
05 95 1.00 5.45 2.61 2.29 2.05 4.03 4.53 5.46
35 1.00 7.27 2.99 2.57 2.27  5.36 6.05 7.28
55 1.00 10.91 3.52 2.95 2.55 8.02 9.10 10.92
5 1.00 1.00 0.95 0.95 0.96 1.15 1.18 1.33
15 1.00 2.00 1.26 1.21 1.17 1.94 2.02 2.29
5 95 1.00 3.00 1.54 1.43 1.35 2.76 2.90 3.27
35 1.00 4.00 1.78 1.61 1.50 3.59 3.80 4.27
55 1.00 6.00 2.16 1.91 1.73  5.25 5.60 6.26

Table S7: ADRRE values of estimators for p1 = 7, different values of po and A?

A? p, URE RE/LASSO PTE PTE PTE JSE PRSE RRE
a=015 a=02 o=0.25

5 1.00 1.71 1.39 1.33 1.28 1.33 1.43 1.71
15 1.00 3.14 2.06 1.89 1.75 244 2.68 3.14
0 95 1.00 4.57 2.55 2.27 2.05 3.56 3.92 4.57
35 1.00 6.00 2.93 2.55 2.27 4.67 5.17 6.00
55 1.00 8.86 3.47 2.94 2.56 6.89 7.65 8.86
5 1.00 1.60 1.29 1.25 1.21 1.29 1.37 1.61
15 1.00 2.93 1.91 1.76 1.63 2.34 2.54 2.94
05 o5 1.00 4.27 2.37 2.12 1.92  3.39 3.71 4.27
35 1.00 5.60 2.73 2.39 2.14 444 4.88 5.61
55 1.00 8.27 3.26 2.77 243 6.54 7.22 8.27
5 1.00 1.00 0.96 0.96 0.97 1.13 1.14 1.26
15 1.00 1.83 1.23 1.18 1.15 1.78 1.85 2.05
5 25 1.00 2.67 1.49 1.39 1.32 249 2.60 2.87
35 1.00 3.50 1.71 1.57 1.46 3.19 3.35 3.69
55 1.00 5.17 2.08 1.85 1.69 4.62 4.88 5.35
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S3. THE CODES RELATED TO? TABLES, FIGURES, AND APPLICATION
EXAMPLE

Table 1:

p = 10 # p can be one of 10, 20, 30, 40, 60, and 128

pl =2 # pl can be one 2, 3, 4, and 5

ADRRE <- 1+ (p-pl)/pl #ADRRE of RE or LASSO or
ADRRE

rm(list=Is())
set.seed(2231346)

n=100; #Number of Observasions

# p=20; pl =5  #Case 1 (Table 2)

p=40; pl =7 #Case 2 (Table S1)

p2=p-pl

A A A AR AR AR AN 1 AR 1 AR v
# Note that in the following, D means \Delta™2 #

R i A A A AR A AR A A0 A A 1 AR A AR i AR
#Fucntion E[\chi {p+2}"{-2} (\Delta2)]
Echi2.2<-function(p,D){

r=seq(0,50,1)

exp(-(D/2))*sum((1/factorial(r) )*((D/2)"r)*(1/(p+2%1)))}
Echi2.2<-Vectorize(Echi2.2)

#Fucntion E[\chi_ {p+2}7{-4} (\Delta 2)]
Echi4.2<-function(p,D){

r=seq(0,50,1)

exp(-(D/2))*sum((1/factorial(r) )
#((D/2)0)*(1/(p+2%0)) (1 (p+241-2))))
Echi4.2<-Vectorize(Echi4.2)

#Fucntion E[\chi {p+4}7{-2} (\Delta™2)]
Echi2.4<-function(p,D){

r=seq(0,50,1)
exp(-(D/2))#sum((1factorial (1)) *((D/2) 1) *(1/ (p+2*1-2)))}
Echi2.4<-Vectorize(Echi2.4)

#Fucntion E[\chi {p+4} {-4} (\Delta2)]
Echi4.4<-function(p,D){

r=seq(0,50,1)

exp(-(D/2))*sum((1/factorial(r) )*((D/2) 1)
*(1/(p+2%1))*(1/ (p+2%1-2))) }

Echi4.4<-Vectorize(Echi4.4)

#Fucntion

#E[\chi {p+4} {-2}(\Delta™2)I(\chi {p+4}"2(\Delta 2)<c)]

DOLI: The Canadian Journal of Statistics / La revue canadienne de statistique
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Echil2.4<-function(p,D){

c=p-2

r=seq(0,50,1)

exp(-(D/2))*sum((1/factorial(r) )*((D/2)"1)*(1/(p+2*r+2))
*pchisq(c,df=p+2*r+2))}

Echil2.4<-Vectorize(Echil2.4)

#Fucntion

# E[\chi_{p+4}"{-4} (\Delta™2) I(\chi_{p+4}"2(\Delta™2)<c)]
Echil4.4<-function(p,D){

c=p-2

r=seq(0,50,1)

exp(-(D/2))*sum((1/factorial(r) )*((D/2)"1r)*(1/(p+2*r+2))
(1 (p+2°1)) "pehisq(c.di=p-+ 2°7)))
Echil4.4<-Vectorize(Echil4.4)

#Fucntion
#E[\chi_{p+2}"{-2}(\Delta"2)I(\chi_{p+2}"2(\Delta"2)<c)]
Echil2.2<-function(p,D){

c=p-2

r=seq(0,50,1)
exp(-(D/2))*sum((1/factorial(r))*((D/2)"r)*(1/(p+2*r))
*pchisq(c,df=p+2*r))}

Echil2.2<-Vectorize(Echil2.2)

#Fucntion
#E[\chi_{p+2}"{-4}(\Delta"2)I(\chi_{p+2}"2(\Delta"2)<c)]
Echil4.2<-function(p,D){

c=p-2

r=seq(0,50,1)

exp(-(D/2))*sum((1/factorial(r) )*((D/2)"1)*(1/(p+2*r))
*(1/(p-2+2%r)) *pchisq(c,df=p-2+2*1)) }
Echil4.2<-Vectorize(Echil4.2)

HHHF

#ADRRE function of R estimator
ADRRE.UR<-function(D) { 1 }

#ADRRE function of Restricted/LASSO R estimator
ADRRE.RE <-function(D){ (1+p2/p1)/(1 +(D/pl))}
#ADRRE function of preliminary test R estimator
ADRRE.PT <-function(D,alpha){
c.alpha=qchisq(alpha,df=p2,lower.tail = FALSE)

(1 + (p2/p1)) / (1 +(p2/pl)

*(1- pchisq(c.alpha,df=p2+2,ncp = D))

+ (D/p1)*(2*pchisq(c.alpha,df=p2+2,ncp = D)
-pchisq(c.alpha,df=p2+4,ncp = D)))}
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#ADRRE function of James-Stein R estimator

ADRRE.JS <-function(D){

(1 + (p2/p1)) /(1 + (p2/p1) - (((p2-2)72)/p1)

* Echi2.2(p2-2,D) )}

#ADRRE function of Positive-Rule Stein-type R estimator

ADRRE.PR <- function(D){

a = pchisq(p2-2,df=p2+2,ncp = D)-2*(p2-2)*Echil2.2(p2,D)

+((p2-2)"2)*Echil4.2(p2,D)

b = 2*pchisq(p2-2,df=p2+2,ncp = D)-2*(p2-2)*Echil2.2(p2,D)
-pchisq(p2-2,p2+4,D)+2*(p2-2)*Echil2.4(p2,D)
-((p2-2)"2)*Echil4.4(p2,D);

result=(1+(p2/p1))/(1+(p2/p1)-(((p2-2)"2)/p1)

*Echi2.2(p2-2,D)-((p2/p1)*a)+((D/p1)*b))

return(result) }

#ADRRE function of Ridge estimator

ADRRE.RR <- function(D){

(I + (p2/p1)) /(1 + (p2*D)/(p1*(p2+D)))}

i i e i e

#Vectorice the above functions
ADRRE.UR<-Vectorize(ADRRE.UR)
ADRRE.RE<-Vectorize(ADRRE.RE)
ADRRE.PT<-Vectorize(ADRRE.PT)
ADRRE.JS<-Vectorize(ADRRE.JS)
ADRRE.PR<-Vectorize(ADRRE.PR)
ADRRE.RR<-Vectorize(ADRRE.RR)

A AR A AR A AR A 0 AR AN A AR o i
#Delta Vector
Delta<-¢(0,0.1,0.5,1,2,3,5,7,10,15,20,30,50,100)

#result matrix (Table)

result <- cbind(Delta, ADRRE.UR(Delta),
ADRRE.RE(Delta),ADRRE.PT(Delta,0.15),
ADRRE.PT(Delta,0.2), ADRRE.PT(Delta,0.25),
ADRRE.JS(Delta), ADRRE.PR(Delta), ADRRE.RR(Delta))
round(result,digits = 2)

Figure 1:

#Delta Vector
Delta<-¢(0,0.1,0.5,1,2,3,5,7,10,15,20,30,50,100)

p=10;pl =5;p2=p-pl

plot(Delta, ADRRE.RE(Delta),ylim=c(0,2.5),
xlab = expression(Delta”2),ylab="ADRRE”,col="black”,

DOLI: The Canadian Journal of Statistics / La revue canadienne de statistique
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lwd=2,type = "0”)

title(main=bquote( paste(p[l]== .(pl), ’, ', p[2]== .(p2))))
lines(Delta, ADRRE.PT(Delta,0.25),col="darkturquoise”,
lwd=2,type = "0”)

lines(Delta, ADRRE.JS(Delta),col="darkblue” lwd=2,type = "0")
lines(Delta, ADRRE.PR(Delta),col="green” lwd=2,type = "0”)
lines(Delta, ADRRE.RR(Delta),col="deeppink” lwd=2,type = "0”)
abline(h=1,lty=2)

legend("topright” ,c("RE/LASSO”,”PTE(0.25)”,”JSE”,”"PRE”,
"Ridge”),lwd=2 1ty=1,cex=0.8,col=c(”black”,”darkturquoise”,
"darkblue”,”green”,”deeppink”))

zm(type = ”s”)

p=20;pl=5;p2=p-pl

plot(Delta, ADRRE.RE(Delta),ylim=c(0,4),

xlab = expression(Delta”2),ylab="ADRRE” col="black” lwd=2,
type = "0”)

title(main=bquote( paste(p[l]== .(pl), ’,’, p[2]== .(p2))))
lines(Delta, ADRRE.PT(Delta,0.25),col="darkturquoise” lwd=2,
type = 77077)

lines(Delta, ADRRE.JS(Delta),col="darkblue” lwd=2,type = "0")
lines(Delta, ADRRE.PR(Delta),col="green” lwd=2,type = "0”)
lines(Delta, ADRRE.RR(Delta),col="deeppink” lwd=2,type = "0”)
abline(h=1,lty=2)

legend("topright” ,c("RE/LASSO”,”PTE(0.25)”,”JSE”,”"PRE”,
"Ridge”),lwd=2,lty=1,cex=1,col=c("black”,”darkturquoise”,
"darkblue”,”green”,”deeppink”))

p=230;pl=5;p2=p-pl
plot(Delta, ADRRE.RE(Delta),ylim=c(0,6),
xlab = expression(Delta”2),ylab="ADRRE” col="black”,lwd=2,

type — 77077>

title(main=bquote( paste(p[l]== .(pl), ’, ’, p[2]== .(p2))))
lines(Delta, ADRRE.PT(Delta,0.25),col="darkturquoise” lwd=2,
type — ’707’)

lines(Delta, ADRRE.JS(Delta),col="darkblue”,lwd=2,type = "0")
lines(Delta, ADRRE.PR(Delta),col="green” lwd=2,type = "0”)
lines(Delta, ADRRE.RR(Delta),col="deeppink”,lwd=2,type = "0”)
abline(h=1,lty=2)

legend("topright” ,c("RE/LASSO”,”PTE(0.25)”,”JSE”,”"PRE”,
"Ridge”), lwd=2 lty=1,cex=1,col=c("black”,”darkturquoise”,
"darkblue”, "green”,”deeppink”))

The Canadian Journal of Statistics / La revue canadienne de statistique DOLI:



2018 15

p=40;pl =5;p2=p-pl
plot(Delta, ADRRE.RE(Delta),ylim=c(0,8),
xlab = expression(Delta™2), ylab="ADRRE” col="black” lwd=2,

type — 77077)

title(main=bquote( paste(p[l]== .(pl), ’, ', p[2]== .(p2))))
lines(Delta, ADRRE.PT(Delta,0.25),col="darkturquoise” lwd=2,
type — 77077>

lines(Delta, ADRRE.JS(Delta),col="darkblue” lwd=2,type = "0")
lines(Delta, ADRRE.PR(Delta),col="green” lwd=2,type = "0”)
lines(Delta, ADRRE.RR(Delta),col="deeppink” lwd=2,type = "0”)
abline(h=1,1ty=2)

legend("topright” ,c("RE/LASSO”,”PTE(0.25)”,”JSE”,”"PRE”,
"Ridge”), lwd=2,lty=1,cex=1,col=c("black”,
"darkturquoise”,”darkblue”, "green”,”deeppink”))

p=0950;pl=5;p2=p-pl

plot(Delta, ADRRE.RE(Delta),ylim=c(0,10),

xlab = expression(Delta™2), ylab="ADRRE”,col="black”,
lwd=2,type = "0”)

title(main=bquote( paste(p[l]== .(pl), ’,’, p[2]== .(p2))))
lines(Delta, ADRRE.PT(Delta,0.25),col="darkturquoise” lwd=2,
type = 77077)

lines(Delta, ADRRE.JS(Delta),col="darkblue” ,lwd=2,type = "0")
lines(Delta, ADRRE.PR(Delta),col="green” lwd=2,type = "0”)
lines(Delta, ADRRE.RR(Delta),col="deeppink” lwd=2,type = "0”)
abline(h=1,lty=2)

legend("topright” ,c("RE/LASSO”,”PTE(0.25)”,”JSE”,”"PRE”,
"Ridge”) ,lwd=2 lty=1,cex=1,col=c("black”,”darkturquoise”,
"darkblue”, "green”,”deeppink”))

Tables S2-S5:

Delta.pl <- ¢(0,1,5,10)
p:60#p1€&ﬂb€10,20,40760

pl = ¢(2,3,5,7)

p2 =p-pl

result.pl.1.1 <- rbind(
ADRRE.UR(Delta.p1[1],p1,p2),
ADRRE.RE(Delta.p1[1],p1,p2),
ADRRE.PT(Delta.p1[1],p1,p2,0.15),
ADRRE.PT(Delta.p1[1],p1,p2,0.2),

DOLI: The Canadian Journal of Statistics / La revue canadienne de statistique
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ADRRE.PT(Delta.p1[1],p1,p2,0.25),
ADRRE.JS(Delta.p1[1],p1,p2),
ADRRE.PR(Delta.p1[1],p1,p2),
ADRRE.RR(Delta.p1[1],p1,p2) )

result.pl.1.1 <- round(result.pl.1.1,digits = 2)

result.pl.1.2 <- rbind(
ADRRE.UR(Delta.p1[2],p1,p2),
ADRRE.RE(Delta.p1[2],p1,p2),
ADRRE.PT(Delta.p1[2],p1,p2,0.15),
ADRRE.PT(Delta.p1[2],p1,p2,0.2),
ADRRE.PT (Delta.p1[2],p1,p2,0.25),
ADRRE.JS(Delta.p1[2],p1,p2),
ADRRE.PR(Delta.p1[2],p1,p2),

]

2
ADRRE.RR(Delta.p1[2],p1,p2) )

NN N~

result.pl.1.2 <- round(result.pl.1.2 digits = 2)
result.pl.1 <- cbind(result.pl.1.1,result.p1.1.2)

result.pl.2.1 <- rbind(
ADRRE.UR(Delta.p1[3],p1,p2),

ADRRE.RE(Delta.p1[3],p1,p2),
ADRRE.PT(Delta.p1[3],p1,p2,0.15),
ADRRE.PT(Delta.p1[3],p1,p2,0.2),
ADRRE.PT(Delta.p1[3],p1,p2,0.25),

ADRRE.JS(Delta.p1[3],p1,p2),
ADRRE.PR(Delta.p1[3],pl,p2),
ADRRE.RR(Delta.p1[3],p1,p2) )

result.pl.2.1 <- round(result.p1.2.1,digits = 2)

result.pl.2.2 <- rbind(
ADRRE.UR(Delta.p1[4],p1,p2),
ADRRE.RE(Delta.p1[4],p1,p2),
ADRRE.PT(Delta.p1[4],p1,p2,0.15),
ADRRE.PT(Delta.p1[4],p1,p2,0.2),
]
]

NN N~

ADRRE.PT (Delta.p1[4],p1,p2,0.25),
ADRRE.JS(Delta.p1[4],p1,p2),
ADRRE.PR(Delta.p1[4],p1,p2),
ADRRE.RR(Delta.p1[4],p1,p2) )

The Canadian Journal of Statistics / La revue canadienne de statistique

Vol. xx, No. yy

DOI:



2018 17

result.pl.2.2 <- round(result.p1.2.2,digits = 2)
result.pl.2 <- cbind(result.pl.2.1,result.p1.2.2)

rownames(result.pl.1)<-rownames(result.pl.2) <-
c("URE”,”"RE/LASSO”,”PT(0.15)”,”PT(0.2)”,”PT(0.25)”,”JSE”,
77PRSE77’77RRE77)

result.pl <- rbind(result.pl.1,result.p1.2)
colnames(result.pl) <- ¢("pl = 27, "pl = 3”,’pl = 57,
77p1 — 77’,’7p1 — 277’ 77p1 — 37’777p1 — 57’7’7p1 — 777)
result.pl

Tables S6 and S7:

Delta.p2 <- ¢(0,0.5,5)
pl=T#5,7
p2 = ¢(5,15,25,35,55)

result.p2.1 <- cbind(
ADRRE.UR(Delta.p2[1],p1,p2),
ADRRE.RE(Delta.p2[1],p1,p2),
ADRRE.PT(Delta.p2[1],p1,p2,0.15),
ADRRE.PT(Delta.p2[1],p1,p2,0.2),
ADRRE.PT(Delta.p2[1],p1,p2,0.25),
ADRRE.JS(Delta.p2[1],p1,p2),
ADRRE.PR(Delta.p2[1],p1,p2),
1]

[
ADRRE.RR(Delta.p2[1],p1,p2) )
result.p2.1 <- round( result.p2.1,digits = 2)

result.p2.2 <- cbind(
ADRRE.UR(Delta.p2[2],p1,p2),
ADRRE.RE(Delta.p2[2],p1,p2),
ADRRE.PT(Delta.p2[2],p1,p2,0.15),
ADRRE.PT(Delta.p2[2],p1,p2,0.2),
ADRRE.PT(Delta.p2[2],p1,p2,0.25),
ADRRE.JS(Delta.p2|2]
ADRRE.PR(Delta.p2[2
ADRRE.RR(Delta.p2|

.p1,p2),
].p1,p2),
2],p1,p2) )

result.p2.2 <- round( result.p2.2,digits = 2)
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result.p2.3 <- cbind(
ADRRE.UR(Delta.p2[3],p1,p2),

3
ADRRE.RE(Delta.p2[3],p1,p2),
ADRRE.PT(Delta.p2[3],p1,p2,0.15),
ADRRE.PT(Delta.p2[3],p1,p2,0.2),
ADRRE.PT(Delta.p2[3],p1,p2,0.25),
ADRRE.JS(Delta.p2[3],p1,p2),
ADRRE.PR(Delta.p2[3],p1,p2),
ADRRE.RR(Delta.p2[3],p1,p2) )

result.p2.3 <- round( result.p2.3,digits = 2)
rownames(result.p2.1)<-rownames(result.p2.2)
<- rownames(result.p2.3) <- ¢(”5”,"15”,725” 735" "55")

result.p2 <- rbind(result.p2.1,result.p2.2,result.p2.3)
colnames(result.p2) <-c¢("URE”,”"RE/LASSO”,”PT(0.15)”,
"PT(0.2)”,”PT(0.25)”,”JSE”,”"PRSE”,"RRE")

result.p2

Application Example: In this section, first the dataset are presented in Table
S8. Then, the related codes are given.

library(xlsx); library(optimx)

mydata = read.xlsx(’C:\ \ Pollution.xlsx’,1)
XX=mydata[,-16]
a=princomp(XX,cor=T)

pdf("PCA.pdf”, width = 16, height = 8, onefile = TRUE)
plot(a,main="Explained variance by the principal components”)
dev.off()

X=a$scores
Y=mydata$MORT
summary (Im(Y~X))
poc=Im(Y~X)$coef[-1]

x1=X[,1]; x2=X],2]; x3=X[,3]; x4=X[,4]; x5=X],5]; x6=X[,6];

x7=X[,7]; x8=X[,8]; x9=X[,9]; x10=X[,10]; x11=X[,11];
x12=X[,12]; x13=X[,13]; x14=X[,14]; x15=X[,15]

L=function(b){
R=rank(Y-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]-x6*b[6]
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Table S8 (Continued). The Dataset (McDonald and Schwing, 1973) used in Section 5
| PREC | JANT | JULT | OVR65 | POPN | EDUC | HOUS | DENS | NONW | WWDRK | POOR | HC | NOX [ SO2 | HUMID | MORT |
(35 46 |85 [71 [ 322 [11.8 [7990 | 1441 [ 148 | 512 (1610 [1 [1 [1 |54 | 860.101 |
36 [30 |7 |75  [335 |114 [8190 [4029 [124 |44 | 12 (6 |4 |16 |58 | 936.23 _ |
(15 [30 |73 [820 [315 |122 [842 [4824 |47 | 53.1 127 17 [8 [28 |38 | 871.76 2|
(31 J2r |7 72 [344 [108 |87  [4834 [ 158 | 435 [ 136  [52 [35 [ 124 |59 | 959.221% |
[30 |24 [72 [65 | 353 108 [795 [3694 | 131 | 33.80 | 124 |11 [4 |11 [61 [941.18 2]
(31 |45 |8 |73  [322 |114 [807 [1844 [115 | 481 (185 |1 [1 [1 [53 | 891.71 mi
| 31 24 [72 ]9 337 [ 109 [828 [3226 [510 | 452 (123 [5 [3 [10 |6l | 871.34 £ |
(42 40 |77 Je61 [ 345 | 104 [718 [2269 |[227 | 414 195 [8 [3 [5 [53 | 971.12 £ |
|43 J2r |72 |9 | 325 115 [87.1 [2909 | 7.2 | 51.6 o5 |7 [3 |10 [56 | 887.47 ¢|
46 |55 |84 [56  [335 [114 [797 2647 |21 | 46.9 (1790 [6 [5 [1 [59 | 952.529% |
30 [20 |7 [870 [323 [114 [7860 |4412 [ 156 | 466 132 [13 [7 |33 [60 | 968.66 1 |
35 [31 |8t [920 [31 |12  [783 [3262 |[126 | 486 (139 |7 [4 [4 [55 | 919.73 3|
(43 [32 |7 101 [338 [95 [792 [3214 [29 | 43.7 | 12 11 |7 |32 |54 [ 844.053% |
|11 [5  [68 [920 [299 [121 [90.6 [4700 | 7.8 | 48.9 | 123 [648] 319 | 130 |47 | 861.83 @ |
(30 [35 |71 [830 [337 [99 [7740 |4474 [ 131 | 426 177 [38 [37 [193 |57 | 989.26 < |
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Table S8 (Continued). The Dataset (McDonald and Schwing, 1973) used in Section 5
| PREC | JANT | JULT | OVR65 | POPN | EDUC | HOUS | DENS | NONW | WWDRK | POOR | HC | NOX | SO2 | HUMID | MORT |
3¢ 32 |79 [930 [323 [970 [768 [5160 [17.2 | 451 [ 153 [31 [15 [68 |57 | 953.56 |
10 55 |7 [73  [311 [121 [889 [3033 |59 | 51 (14 14466 [20 |6l | 839.71 |
|18 [48 |63 920 [292 [122 [877 [4253 [ 137 | 512 | 12 [ 311 [ 171 [ 86 |71 | 911.70 & |
|13 |49 |68 |7 [ 336 [122 [907 |2102 |3 | 51.9 970 [105[32 [3 |71 | 790.73 £ |
[35  [40 64 96  [302 [122 [825 [3626 |57 | 54.3 [101 20 [7 20 [72 [899.26 ¢ |
(45 28 |74 106 [321 |[1L1 [826 [ 1883 |34 | 41.9 (123 |5 [4 [20 |56 | .@E.EM |
(38 24 |72 [980 [334 [114 |78 [4923 |38 | 50.5 (111 |8 [5 [25 |6l | 950.67 2 |
(31 26 |7 [930 [322 [107 [813 [3249 |95 | 43.9 136 11 [7 [25 |59 | 972.46 £ |
[40 [23 |71 113 [328 [103 [738 [ 1671 |25 | 474 |35 [5 2 |11 [60 | 912.202¢ |
l41 37 |78 62 |32 [123 [895 [5308 [259 |59.7 [ 103 65 [28 [102 |52 | 967.803% |
28 32 |81 |7 327 |121 |81  [3665 |75 | 51.6 (132 |4 [2 [1 |54 | 823.76 3 |
[45  [33 |7 [77  [339 [113 [822 |[3152 [121 |473 [109 14 [11 [42 [56 | 1003.50% |
|45 |24 |70 [1108 [325 [1L1 [79.8 [3678 |1 | 44.8 | 14 |7 |3 |8 |56 | 895.7 2 |
|42 |33 7 [970 [322 |9 | 762 [ 9699 | 4.8 | 422 | 145 [8 [8 |49 |54 | 91182 & |
38 |28 |72 [89 [348 [107 [798 [3451 [ 117 | 375 (13 [14 [13 [39 |58 | 954.44 = |
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-XT*b[7]-x8*b|[8]-x9*b[9]-x10*b[10]-x11*b[11]-x12*b[12]
~x13*b[13]-x14*b[14]-x15*b[15))
L=0

*

sum((x2-mean(x2))*R)
sum((x4-mean(x4))*R)
( (x6))*R)
( )*R)

*

sum((x6-mean(x
sum((x8-mean(x8)
m((x10-mean(x10))*R)
sum((x12-mean(x12))*R)
sum((x14-mean(x14))*R)

P
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j=vi=s = = i=y)
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[5]"2+L[6]"2+L[7]"2+L[8] "2

T2+L[2]72+L[3]"2+L[4] "2
L [13]"2+L[14] "2+L[15] "2

[10)"2+L[11] " 2+L[12]™

L\J—l—
+ =
—

O=optimx(poc,L); O
betaR=c(O$XComp.1[1],0$XComp.2[1],0$XComp.3[1],0$XComp.4[1],
0$XComp.5[1],0$XComp.6[1],0$XComp.7[1],0$XComp.8[1],
0$XComp.9[1],0$XComp.10[1],0$XComp.11[1],0$XComp.12[1],
0O$XComp.13[1],0$XComp.14[1],0$XComp.15[1])

O=optimx(betaR,L); O
betaR=c(O$p1[1],0$p2[1],0$p3[1],08p4[1],08p5[1],0$p6[1],
0$p7[1],08p8[1],0$p9[1],0$p10[1],08p11[1],08p12[1],0$p13[1],
O$p14[1],08p15[1])

O=optimx(betaR,L); O

Jaeckel=function(b){
R=rank(Y-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]-x6*b[6]
XT*b[7]-x8*b[8]-x0*b[9]-x 10*b[10]-x1 1*b[11]-x12*b[12]
~x13*b[13]-x14*b[14]-x15*b[15])
Jaeckel=sum((Y-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]
_x6*b[6]-x7*b[7]-x8*b[8]-x9*b[9]-x 10*b[10]-x1 1*b[11]
~x12%b[12]-x13*b[13]-x14*b[14]-x15*b[15])*R)
return(Jaeckel) }

O=optimx(poc,Jaeckel); O
betaR=c(O$XComp.1[1],0$XComp.2[1],0$XComp.3[1],0$XComp.4[1],
0$XComp.5[1],0$XComp.6[1],0$XComp.7[1],0$XComp.8[1],
0$XComp.9[1],0$XComp.10[1],0$XComp.11[1},0$XComp.12[1],
O$XComp.13[1],0$XComp.14[1],0$XComp.15[1])
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O=optimx(betaR,Jaeckel); O
betaR=c(O$p1[1],0$p2[1],0$p3[1],0$p4[1],0$p5[1],08p6[1],
O$p7[1],0$p8[1],0$p9[1],0$p10[1],0$p11[1],0$p12[1],0$p13][1],
O$p14[1],0$p15[1])

O=optimx(betaR,Jaeckel); O

betaR=c(O%$p1[1],0$p2[1],0$p3[1],0$p4[1],08p5[1],08p6[1],
0$p7[1],0$p8[1],0$p9[1],0$p10[1],08p11[1],08p12[1],0$p13[1],
O$p14[1],0$p15[1])

O=optimx(betaR,Jaeckel); O

poc2=betaR

#bootstrap

betal=0; beta2=0; beta3d=0; betad=0; betab=0; beta6=0;
beta7=0; beta8=0; beta9=0; betal0=0; betall=0; betal2=0;
betal3=0; betald=0; betal5=0

betalP1=0; beta2P1=0; betadP1=0; betadP1=0; betabP1=0;
betab6P1=0; beta7P1=0; beta8P1=0; beta9P1=0; betal0P1=0
betal1P1=0; betal2P1=0; betal3P1=0; betal4P1=0; betal5P1=0

betalP2=0; beta2P2=0; beta3dP2=0; beta4dP2=0; beta5P2=0;
beta6P2=0; beta7P2=0; beta8P2=0; beta9P2=0; betal0P2=0;
betallP2=0; betal2P2=0; betal3P2=0; betal4P2=0; betal5P2=0

betalP3=0; beta2P3=0; beta3P3=0; betadP3=0; betabP3=0;
beta6P3=0; beta7P3=0; beta8P3=0; beta9P3=0; betal0P3=0;
betal1P3=0; betal2P3=0; betal3P3=0; betal4P3=0; betal5P3=0

betal RE=0; beta2RE=0; beta3RE=0; betadRE=0; betabRE=0;
betabRE=0; beta7TRE=0; betaS8RE=0; beta9RE=0; betal 0RE=0;
betalIRE=0; betal2RE=0; betal3BRE=0; betal4RE=0; betal5RE=0

betalJS=0; beta2JS=0; beta3JS=0; betadJS=0; beta5JS=0;
beta6JS=0; beta7JS=0; beta8JS=0; beta9JS=0; betal0JS=0;
betallJS=0; betal2JS=0; betal3JS=0; betal4JS=0; betalbJS=0;

betalJS2=0; beta2JS2=0; beta3dJS2=0; betadJS2=0;
betabJS2=0; beta6JS2=0; beta7JS52=0; beta8JS2=0;
beta9JS2=0; betal0JS2=0; betallJS2=0; betal2JS2=0
betal3JS2=0; betal4JS2=0; betal5JS2=0;
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n=60

b=betaR
e=Y-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]-x6*b[6]
X7*b[7)-x8*b[8]-x0*b[0]-x10*b[10]-x11*b[11]-x12*b[12]
_x13*b[13]-x14*b[14]-x15*b[15]

opak=1000

for (i in 1:opak){

E=sample(e,n,replace=T)
Y2=-(-x1*b[1]-x2*b|2]-x3*b[3]-x4*b[4]-x5*b[5]-x6*b]6]
XT*b[7]-x8*b[8]-x9*b[0]-x10*b[10]-x11*b[11]-x12*b[12]
~x13*b[13]-x14*b[14]-x15*b([15])+E

Jaeckel=function(b){
R=rank(Y2-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]-x6*D[6]
XT*b[7]-x8*b[8]-x0*b[9]-x 10*b[10]-x1 1*b[11]-x12*b[12]
x13*b[13]-x14*b[14]-x15*b[15])
Jaeckel=sum((Y2-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]
_x6*b[6]-x7*b[7]-x8*b[8]-x9*b[9]-x 10*b[10]-x1 1*b[11]
~x12%b[12]-x13*b[13]-x14*b[14]-x15*b[15])*R)
return(Jaeckel) }

O=optimx(betaR,Jaeckel)

betaR=c(O$p1[1],0$p2[1],0$p3
O$p7[1],0$p8[1],0$p9[1],0%p1
O$p13[1],0$p14[1],0%p15][1])
O=optimx(betaR,Jaeckel)

betaR=c(0O$p1[1],0$p2[1],0$p3
O$p7[1],0$p8[1],0$p9[1],0%p1
O$p13[1],08p14[1],0$p15[1])
O=optimx(betaR,Jaeckel)
betaR=c(O$p1[1],0$p2[1],0$p3
O$p7[1],0$p8[1],0$p9[1],0%p1
O$p13[1],0$p14[1],0$p15][1])
O=optimx(betaR,Jaeckel)
betaR=c(0O$p1[1],0$p2[1],0$p3
O$p7[1],0$p8[1],0$p9[1],0%p1
O$p13[1],08p14[1],0$p15[1])
O=optimx(betaR,Jaeckel)

betaR=c(O$p1[1],0$p2[1],0$p3
O$p7[1],0$p8[1],0$p9[1],0%p1
O$p13[1],08p14[1],0$p15[1])

DOI:

3[1],0$p4[1],0$p5(1],0$p6[1],
0[1],08p11[1],0$p12[1],

3[1],0%p4[1],0%p5[1],08p6[1],
[ ],O$p11 [1] ,O$p12[1],

3[1],0$p4[1],0$p5(1],0$p6[1],
0[1],08p11[1],0$p12[1],

3[1],08p4[1],0$p5[1],0$p6[1],
0[1],08p11[1],0$p12][1],

3[1],08p4[1],0$p5(1],0$p6[1],
0[1],08p11[1],0$p12[1],
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betal[i]=betaR[1]; beta2[i]=betaR[2]; beta3]i|=betaR[3];
betad[i]=betaR[4]; betab[i]=betaR[5]; beta6]i|=betaR[6]
beta7[i]=betaR[7]; beta8[i]=betaR[8]; beta9li|=betaR[9];
betalO[ij=betaR[10]; betall[i]=betaR[11];
betal2[ij=betaR[12]; betal3[i]=betaR[13];
betald[ij=betaR[14]; betal5[i]=betaR[15]
betalRE[i]=betaR[1]; beta2RE[i]=0; beta3RE[i|=betaR[3];
betadRE[i]=0; betabRE[i]=0; beta6RE[i]=betaR[6]
beta7RE[i]=betaR[7]; beta8RE[i]=0; beta9RE[i]=betaR[9]
betalORE[i]=0; betal1RE[i]=0; betal2RE[i]=betaR[12]
betal3RE[i]=0; betal4RE[i]=0; betal5RE[i]=0

R=rank(Y)

An=var(R)

LHZ<SU.H1((XZ—IHG&H(XQ))*I/{\))AQ—i-(Sum((XZL mean(x4))*R))"2
+(sum((x5-mean(x5))*R)) Zj—(sum((XS mean(x8))*R)) "2
+(sum((x10-mean(x10))*R)) "2+ (sum((x11-mean(x11))*R)) "2
+(sum((x13-mean(x13))*R)) 24 (sum((x14-mean(x14))*R)) "2
+(sum((x15-mean(x15))*R))"2

Ln2=Ln/n/An

betalP1[ij=betaR[1]
beta2P1[i|=betaR[2]*(Ln2>qchisq(0.85,p2))
betadP1[i|=betaR/[3]
betadP1[i|=betaR[4]*(Ln2>qchisq(0.85,p2))
betabP1[i|=betaR[5]*(Ln2>qchisq(0.85,p2))
beta6P1[i|=betaR[6]

beta7P1[i|=betaR|[7]
beta8P1[i]=betaR[8]*(Ln2>qchisq(0.85,p2))
beta9P1[i]=betaR|[9]
betal0P1[i]=betaR[10]*(Ln2>qchisq(0.85,p2))
betallP1[i|=betaR[11]*(Ln2>qchisq(0.85,p2))
betal2P1[i]=betaR[12]
betal3P1[i|=betaR[13]*(Ln2>qchisq(0.85,p2))
betaldP1[i|=betaR[14]*(Ln2>qchisq(0.85,p2))
betal5P1[i|=betaR[15]*(Ln2>qchisq(0.85,p2))
betalP2[i]=betaR[1]
beta2P2[i]=betaR[2]*(Ln2>qchisq(0.80,p2))
beta3P2[i]=betaR|[3]
betadP2[i|=betaR[4]*(Ln2>qchisq(0.80,p2))
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betabP2[i|=betaR[5]*(Ln2>qchisq(0.80,p2))
beta6P2[i]=betaR|[6]

beta7P2[i]=betaR|[7]
beta8P2[i]=betaR[8]*(Ln2>qchisq(0.80,p2))
beta9P2[i]=betaR|[9]
betalOP2[i|=betaR[10]*(Ln2>qchisq(0.80,p2))
betallP2[i|=betaR[11]*(Ln2>qchisq(0.80,p2))
betal2P2[i|=betaR[12]
betal3P2[i|=betaR[13]*(Ln2>qchisq(0.80,p2))
betal4P2[i]=betaR[14]*(Ln2>qchisq(0.80,p2))
betal5P2[i]=betaR[15]*(Ln2>qchisq(0.80,p2))
betalP3[i]=betaR/[1]
beta2P3[i|=betaR[2]*(Ln2>qchisq(0.75,p2))
beta3P3]i|=betaR[3]
betadP3li|=betaR[4]*(Ln2>qchisq(0.75,p2))
betabP3li|=betaR[5]*(Ln2>qchisq(0.75,p2))
beta6P3]i|=betaR[6]

beta7P3[i]=betaR|[7]
beta8P3[i]=betaR[8]*(Ln2>qchisq(0.75,p2))
beta9P3[i]=betaR|[9]
betal0P3[i]=betaR[10]*(Ln2>qchisq(0.75,p2))
betall1P3[i]=betaR[11]*(Ln2>qchisq(0.75,p2))
betal2P3]i|=betaR[12]
betal3P3li|=betaR[13]*(Ln2>qchisq(0.75,p2))
betal4P3li|=betaR[14]*(Ln2>qchisq(0.75,p2))
betal5P3li|=betaR[15]*(Ln2>qchisq(0.75,p2))
betalJS[i]=betaR[1]
beta2JSli|=betaR[2]*(1-1/Ln2)
beta3JS[i]=betaR[3]
betadJS[i|=betaR[4]*(1-1/Ln2)
betabJSi|=betaR[5]*(1-1/Ln2)
beta6JS|i]=betaR [6]

beta7JS[i]=betaR[7]
beta8JS[i]=betaR[8]*(1-1/Ln2)
beta9JS[i]=betaR[9]
betal0JS[i]=betaR[10]*(1-1/Ln2)
betallJS[ij=betaR[11]*(1-1/Ln2)
betal2JS[i]=betaR[12]
betal3JS[i|=betaR[13]*(1-1/Ln2)
betaldJS[i|=betaR[14]*(1-1/Ln2)

DOI:
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betal5JS]i]

betalJS2[i
beta2JS2[i
beta3JS2[i
betadJS2[i
betabJS2[i
beta6JS2]i
beta7JS2[i
beta8JS2[i

i

beta9JS2[i|=betaR

=
|=
|=
|=
|=
J=
|=
|=
]
[
[
[
[
[
[

SALEH ET AL.

=betaR[15]*(1-1/Ln2)

betaR[1]
betaR[2]*(1-1/Ln2)*(Ln2>1)
betaR[3]
betaR[4]*(1-1/Ln2)*(Ln2>1)
betaR[5]*(1-1/Ln2)*(Ln2>1)

(6
betaR[7

8

9

betaR[6]
]
betaR (8]

%(1-1/Ln2)*(Ln2>1)

)
betal0JS2[i]=betaR[10]*(1-1/Ln2)*(Ln2>1)
betallJS2[i]=betaR[11]*(1-1/Ln2)*(Ln2>1)
betal2JS2[i]=betaR[12]
betal3JS2[i|=betaR[13]*(1-1/Ln2)*(Ln2>1)
betal4JS2[i]=betaR[14]*(1-1/Ln2)*(Ln2>1)
betal5JS2[i]=betaR[15]*(1-1/Ln2)*(Ln2>1)}

bb=b

Vol. xx, No. yy

sd(betal)+sd(beta2)+sd(betad)+sd(betad)+sd(betab)+sd(betab)
+sd(beta7)+sd(beta8)+sd(betad)+sd(betal0)+sd(betall)+sd(betal2)

+sd(betal3)+sd(betald)+sd(betalb)
sqrt(sum((betal-b[1])"2) /opak )+
sqrt(sum((beta2-b[2])"2) /opak )+
sqrt(sum((beta3-b[3])"2) /opak )+
sqrt(sum((betad-b[4])"2) /opak )+
sqrt(sum((beta5-b[5])"2) /opak )+
sqrt(sum((beta6-b[6])"2) /opak )+
sqrt(sum((beta7-b[7])"2) /opak )+
sqrt(sum((beta8-b[8])"2) /opak )+
sqrt(sum((beta9-b[9])"2) /opak )+
sqrt(sum((betal0-b[10])72) /opak )+
sqrt(sum((betall-b[11])72)/opak )+
sqrt(sum((betal2-b[12])72) /opak )+
sqrt(sum((betal3-b[13])"2) /opak )+
sqrt(sum((betald-b[14])"2)/opak )+
sqrt(sum((betal5-b[15])72) /opak )

b=c(b[1],0,b[3],0,0,b[6],b[7],0,b[9],0,0,b[12],0,0,0)

sqrt(sum((betalRE-b[1])"2) /opak )+
sqrt(sum((beta2RE-b[2])"2) /opak )+
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sqrt(sum((beta3RE-b[3])"2) /opak )+
sqrt(sum((betadRE-b[4])"2) /opak )+
sqrt(sum((beta5RE-b[5])"2) /opak )+
sqrt(sum((beta6RE-b[6])"2) /opak )+
sqrt(sum((beta7RE-b[7])"2) /opak )+
sqrt(sum((beta8RE-b[8])"2) /opak )+
sqrt(sum((betaORE-b[9])"2) /opak )+
sqrt(sum((betalORE-b[10])"2) /opak )+
sqrt(sum((betall1RE-b[11])72) /opak )+
sqrt(sum((betal2RE-b[12])"2) /opak )+
sqrt(sum((betal3RE-b[13])"2)/opak )+
sqrt(sum((betal4dRE-b[14])"2)/opak )+
sqrt(sum((betal5RE-b[15])72) /opak )
b=bb

b[nind]=b[nind]*(1-1/Ln2)
sqrt(sum((betalJS-b[1])"2) /opak )+
sqrt(sum((beta2JS-b[2])"2) /opak )+
sqrt(sum((beta3JS-b[3])"2) /opak )+
sqrt(sum((betadJS-b[4])"2) /opak )+
sqrt(sum((beta5JS-b[5])"2) /opak )+
sqrt(sum((beta6JS-b[6])"2) /opak )+
sqrt(sum((beta7JS-b[7])"2) /opak )+
sqrt(sum((beta8JS-b[8])"2) /opak )+
sqrt(sum((beta9JS-b[9])"2) /opak )+
sqrt(sum((betal0JS-b[10])"2) /opak )+
sqrt(sum((betallJS-b[11])"2) /opak )+
sqrt(sum((betal2JS-b[12])72) /opak )+
sqrt(sum((betal3JS-b[13])"2) /opak )+
sqrt(sum((betaldJS-b[14])"2) /opak )+
sqrt(sum((betal5JS-b[15])"2) /opak )
b=bb
b[nind]=b[nind]*(1-1/Ln2)*(Ln2>1)
sqrt(sum((betalJS2-b[1])"2) /opak )+
sqrt(sum((beta2JS2-b[2])"2) /opak )+
sqrt(sum((beta3JS2-b[3])"2) /opak )+
sqrt(sum((betadJS2-b[4])"2) /opak )+
sqrt(sum((beta5JS2-b[5])"2) /opak )+
sqrt(sum((beta6JS2-b[6])"2) /opak )+
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sqrt(sum((beta7JS2-b[7])"2) /opak )+
sqrt(sum((beta8JS2-b[8])"2) /opak )+
sqrt(sum((beta9JS2-b[9])"2) /opak )+
sqrt(sum((betal0JS2-b[10])"2) /opak )+
sqrt(sum((betallJS2-b[11])"2) /opak )+
sqrt(sum((betal2JS2-b[12])"2) /opak )+
sqrt(sum((betal3JS2-b[13])"2) /opak )+
sqrt(sum((betal4JS2-b[14])"2) /opak )+
sqrt(sum((betal5JS2-b[15])"2) /opak )
b=bb
b[nind]=b[nind]*(Ln2>qchisq(0.85,p2))
sqrt(sum((betalP1-b[1])"2) /opak )+
sqrt(sum((beta2P1-b[2])"2) /opak )+
sqrt(sum((beta3P1-b[3])"2) /opak )+
sqrt(sum((betadP1-b[4])"2) /opak )+
sqrt(sum((beta5P1-b[5])"2) /opak )+
sqrt(sum((beta6P1-b[6])"2) /opak )+
sqrt(sum((beta7P1-b[7])"2) /opak )+
sqrt(sum((beta8P1-b[8])"2) /opak )+
sqrt(sum((beta9P1-b[9])"2) /opak )+
sqrt(sum((betal0OP1-b[10])"2) /opak )+
sqrt(sum((betal1P1-b[11])"2) /opak )+
sqrt(sum((betal2P1-b[12])"2) /opak )+
sqrt(sum((betal3P1-b[13])"2) /opak )+
sqrt(sum((betal4P1-b[14])"2) /opak )+
sqrt(sum((betal5P1-b[15])72) /opak )
b=bb
b[nind]=b[nind]*(Ln2>qchisq(0.80,p2))
sqrt(sum((betalP2-b[1])"2) /opak )+
sqrt(sum((beta2P2-b[2])"2) /opak )+
sqrt(sum((beta3P2-b[3])"2) /opak )+
sqrt(sum((betadP2-b[4])"2) /opak )+
sqrt(sum((beta5P2-b[5])"2) /opak )+
sqrt(sum((beta6P2-b[6])"2) /opak )+
sqrt(sum((beta7P2-b[7])"2) /opak )+
sqrt(sum((beta8P2-b[8])"2) /opak )+
sqrt(sum((betadP2-b[9])"2) /opak )+
sqrt(sum((betal0P2-b[10])"2) /opak )+
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sqrt(sum((betal1P2-b[11])72) /opak )+
sqrt(sum((betal2P2-b[12])72) /opak )+
sqrt(sum((betal3P2-b[13])72) /opak )+
sqrt(sum((betal4P2-b[14])"2) /opak )+
sqrt(sum((betal5P2-b[15])72) /opak )
b=Dbb
b[nind]=b[nind]*(Ln2>qchisq(0.75,p2))
sqrt(sum((betalP3-b[1])"2) /opak )+
sqrt(sum((beta2P3-b[2])"2) /opak )+
sqrt(sum((beta3P3-b[3])"2) /opak )+
sqrt(sum((betadP3-b[4])"2) /opak )+
sqrt(sum((beta5P3-b[5])"2) /opak )+
sqrt(sum((beta6P3-b[6])"2) /opak )+
sqrt(sum((beta7P3-b[7])"2) /opak )+
sqrt(sum((beta8P3-b[8])"2) /opak )+
sqrt(sum((beta9P3-b[9])"2) /opak )+
sqrt(sum((betal0P3-b[10])"2) /opak )+
sqrt(sum((betal1P3-b[11])72) /opak )+
sqrt(sum((betal2P3-b[12])72) /opak )+
sqrt(sum((betal3P3-b[13])"2) /opak )+
sqrt(sum((betaldP3-b[14])"2) /opak )+
sqrt(sum((betal5P3-b[15])"2) /opak )

summary (Im(Y~X))

p=15

pl=6

p2=9
#R=rank(Y-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*D[5]-x6*D|6]
-XT*b[7]-x8*b[8]-x9*b[9]-x10*b[10])

#1,3,6,7,9,12
ind=c(1,3,6,7,9,12)
nind=c(2,4,5,8,10,11,13,14,15)

n=60

R=rank(Y)

An=var(R)

Ln=(sum((x2-mean(x2))*R)) "2+ (sum((x4-mean(x4))*R)) "2
+(sum((x5-mean(x5))*R)) "2+ (sum((x8-mean(x8))*R)) "2
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+(sum((XlO-mean(XlO))*R)):Q—I—(sum((xl 1-mean(x11))*R))
+(sum((x13-mean(xl3))*R))AQ—I—(sum((x14—mean(x14))*R))
+(sum((x15-mean(x15))*R))"2

Ln2=Ln/n/An

Ln2

qchisq(0.90,p2)

2
2

betaRE=c(betaR[1],0,betaR[3],0,0,betaR[6],betaR[7],0,
betaR[9],0,0,,betaR[12],0,0,0)

betaJS=betaR; betaJS[nind|=betaJS[nind]*(1-1/Ln2)

betaPRSE=betaR
betaPRSE[nind|=betaPRSE[nind]*(1-1/Ln2)*(Ln2>1)

betaP1=betaR
betaP1[nind]=betaP1[nind]*(Ln2>qchisq(0.85,p2))

betaP2=betaR
betaP2[nind]=betaP2[nind]*(Ln2>qchisq(0.80,p2))

betaP3=betaR
betaP3[nind]=betaP3[nind]|*(Ln2>qchisq(0.75,p2))

betaP1=c(betaR[1:p1],betaR[6:15]*(Ln2>qchisq(0.85,p2)))
betaP2=c(betaR[1:p1],betaR[6:15]*(Ln2>qchisq(0.8,p2)))
betaP3=c(betaR[1:p1],betaR[6:15]*(Ln2>qchisq(0.75,p2)))

#LASSO

LA=function(b){
R=rank(Y-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]-x6*b[6]
XT*b[7]-x8*b[8]-x9*b[9]-x10*b[10]-x11*b[11]-x12*b[12]
~x13*b[13]-x14*b[14]-x15*b[15])
LA=sum((Y-x1*b[1]-x2*b[2]-x3*b[3]-x4*b[4]-x5*b[5]-x6*b|6]
XT*b[7]-x8*b[8]-x0*b[9]-x10*b[10]-x1 1*b[11]-x12*b[12]
~x13*b[13]-x14*b[14]-x15*b[15])*R) +-sum(b"2)*1000
return(LA) }

O=optimx(poc,LA); O
betaL=c(O$XComp.1[1],0$XComp.2[1],0$XComp.3[1],
0$XComp.4[1],0$XComp.5[1],0$XComp.6[1],0$XComp.7[1],
0$XComp.8[1],0$XComp.9[1],0$XComp.10[1],0$XComp.11[1],
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0$XComp.12[1],0$XComp.13[1],0$XComp.14[1],0$XComp.15[1])
O=optimx(betal.,LA); O
betaL=c(O$p1[1],0$p2[1],0$p3[1],0$p4[1],08p5[1],08p6[1],
O$p7[1],0$p8[1],0$p9[1],0$p10[1],0$p11[1],0$p12[1],0$p13][1],
O$p14[1],08p15[1])

O=optimx(betal,,LA)
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