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ABSTRACT

Elastic instabilities associated with buckling in multistable structures have been harnessed to-

ward energy-based and control-based applications, with significant research toward energy har-

vesting and morphing. Often combined with smart materials such as piezoelectric or shape mem-

ory alloy actuators, bistable composite plates are popular host structures due to maintaining two

geometrically distinct stable shapes without any external influence. A second potential well is

traditionally generated from anisotropic thermal residual stresses in fiber-reinforced composite

laminates during cure cycle cooldown. In this work, a novel method of inducing bistability is

investigated by bonding two piezoelectrically actuated Macro Fiber Composites (MFC) in a cross-

ply layup and releasing the voltage post cure to yield two cylindrically stable configurations. Since

the MFCs are simultaneously the transducer and host structure, the resulting efficiencies and in-

crease in actuation authority enable multifunctionality while exceeding the limits of conventional

bistable prototypes that are designed with a single application in mind. Through MFC actuation,

quasi-static snap through morphing is achieved with no external assistance while unwanted cross-

well instabilities resulting from nonlinear vibrations are suppressed with active control strategies.

The same cross-well dynamics are also exploited in various broadband energy harvesting applica-

tions. Voltage perturbations from low to high amplitude solutions are demonstrated for the purpose

of enhancing energy harvesting performance through the extension of cross-well bandwidths.

xvii



CHAPTER 1

Introduction

The development of adaptive structures has been an active research area due to their ability to

conform to various operating environments and concurrently fulfill multiple roles. They are gener-

ally composed of reconfigurable elements, sensors, and actuators, and have had notable aerospace

applications in aircraft morphing. The potential of such aircraft structures to adapt to variable

loading and design requirements lead to aerodynamic and structural efficiencies when compared

to conventionally discrete systems. The ongoing development of smart materials and technologies

have enabled researchers to integrate these components into smooth and continuous control sur-

faces that allow traditionally unachievable shape changes. However, there is an inherent conflict

in designing a structure stiff enough to withstand external loading and maintain stability while

simultaneously being compliant enough to allow for full range of actuated motion.

Multistable structures are capable of having two or more statically stable equilibrium states and

they have been proposed as a solution to the conflicting stiffness requirements. Each stable state is

a separate geometric configuration corresponding to a potential energy minimum, where no energy

input is required to maintain any of these states. The simplest case of multistability is bistability,

or the existence of two distinct potential energy minima. This is illustrated for a symmetric and

Single Degree of Freedom (SDOF) system in Figure 1.1(a), which shows the relationship between
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the total potential energy and the displacement with the latter being chosen as the representative

geometric parameter. The transition between shapes occurs through a dynamic jump phenomenon

known as a snap-through event and it is highly nonlinear in nature. This is made possible when

the structure’s total potential energy is increased enough to overcome the unstable peak between

the two wells through either external loading or actuation. As shown in Figure 1.1(b), the structure

will dynamically jump from the first to second stable branch when the applied load exceeds the

limit load. Subsequently removing the load will place it in the second potential energy well. This

behavior is reversible if the direction of the load is flipped, and the bistable structure can be returned

to its original state.
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Figure 1.1: Representative (a) potential energy profile vs. displacement and (b) force vs. displace-
ment behavior for a bistable structure.
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1.1 Background

Multistable structures have drawn significant attention in control surface designs for their po-

tential morphing applications, with recent review articles by Hu and Burgueno [1] and Emam

and Inman [2] outlining recent advances. The attraction derives from their capability to achieve

multiple configurations with large displacements using relatively low energy input while being

lightweight, mechanically simple, and stiff enough to be part of the load bearing structure. Smart

materials such as piezoelectric actuators are often paired with multistable plates to trigger snap-

through motion. Aside from morphing, there has been a recent emergence of research into leverag-

ing the elastic instabilities of multistable structures under dynamic environments. This has shifted

the notion of buckling being associated with unwanted structural failure to a phenomenon that is

desirable for many adaptive and smart applications. The nonlinear dynamical behavior exhibited

by bistable structures with two potential energy wells include large amplitude motion associated

with the sudden energy release of snap-through events. This type of response has attracted sig-

nificant attention from researchers as an efficient and robust mechanism to convert nonlinear vi-

brations into electrical energy through piezoelectric or electromagnetic transduction [3, 4]. The

same snap-through dynamics has also been investigated as a mechanism for energy dissipation and

vibration absorption [5,6]. The following sections present the literature review of the research and

development into multistable structures and their applications.

1.1.1 Bistable Composite Laminates

The classical method for achieving structural bistability is with thin unsymmetric composite

laminates, which has been the subject of study for the last four decades ever since Hyer [7,8] found
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that their cured shapes are not predicted by Classical Lamination Theory (CLT) [9]. These compos-

ite laminates exhibit geometric nonlinearity and an anisotropic response to elevated temperatures

experienced during cure cycles while they are in a flat configuration under vacuum. This leads to

residual thermal stresses during cooldown to room temperature that results in a pitchfork bifurca-

tion into two cylindrically curved shapes. The stresses arise from the mismatch of the Coefficient

of Thermal Expansion (CTE) between orthotropic lamina plies consisting of constituent fibers and

matrix materials, inducing internal strains under thermal loading. For a cross-ply bistable com-

posite laminate as shown in Figure 1.2, the major curvatures of each stable shape far exceed the

minor curvatures in the perpendicular direction, which results in large out-of-plane deflections in

opposing directions between the states.

Figure 1.2: Basic shapes of a cross-ply bistable composite laminate: (a) flat at cure temperature,
(b) unstable saddle state, and the two (c)-(d) stable cylindrical states [10].

To model the stable shapes of bistable composite laminates, nonlinear terms were added to the

strain-displacement kinematic relationships in CLT to capture the out-of-plane displacements ob-
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served to be many laminate thicknesses in magnitude [7, 8]. This extension to CLT was combined

with a simple quadratic Rayleigh-Ritz approximation of the displacement and strain fields in the

minimization of total potential energy. With just four unknown coefficients to approximate the

resulting shapes, an closed-form analytical solution captured the bifurcation behavior of [02/902]T

graphite-epoxy laminates and revealed the transition between the monostable saddle shape to the

two cylindrical shapes for various geometric parameters. This model was used by Hamamoto and

Hyer [10] to show that bistable laminates at room temperature will revert back to a monostable sad-

dle shape as ambient temperature increases, until settling to a flat shape at cure temperature. All

combinations of unsymmetric four-ply layups consisting of 0° and 90° orientations were modelled

with the two additional shape coefficients for better accuracy [11]. With the increased complexity,

a Newton-Raphson numerical method was used to obtain the six unknown coefficients and a limit

point was observed to replace the ideal bifurcation behavior for [0/0/0/90]T and [0/0/90/0]T lami-

nates. Jun and Hong [12] extended Hyer’s model by including in-plane shear strain and found that

although it is negligible at low and high length-to-thickness ratios, this effect cannot be neglected

when the ratio is in the intermediate range or when the laminate is close to the bifurcation point.

To predict the bistable behavior of unsymmetric composite laminates with arbitrary layups,

Dang and Tang [13] modified Hyer’s model in [11] to be in terms of the principal curvature coor-

dinate system, where transformation was used to obtain shapes in the structural coordinate system.

This was based on the assumption that unsymmetric laminates will always have two perpendicular

principal curvatures in a certain coordinate system. Jun and Hong [14] modified the displacement

shape functions of this model so that unknown coefficients can be independently solved, which

was not possible in [13]. Peeters et al. [15] further simplified but also restricted the scope the

theory by using third order polynomials to approximate the displacement field, assuming that the
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principal curvature angle was fixed to 45° relative to the edge for all laminates, and assuming that

the in-plane strains in the principal curvature coordinate system were independent of orientation.

Figure 1.3: Model and experimental shapes of a bistable [-304/304]T graphite-epoxy laminate [16].

All theories up to this point used the same technique of approximating displacements with var-

ious polynomial shape functions. Dano and Hyer [16] observed that through nonlinear kinematic

relations, this approach leads to unnecessarily complex strain fields, which are used to compute

the total potential energy. Thus, direct approximations of the strain field were proposed with 14

unknown coefficients and the predicted stable shapes were well correlated with experimental data,

as shown for one of the cases in Figure 1.3. The model curvatures had better agreement with Finite

Element Analysis (FEA) compared to those of Jun and Hong [14], particularly around the bifurca-

tion point. However, errors in the out-of-plane displacement grew towards the laminate edges and

corners, which were attributed to the constant curvature approximation made in the shape functions

6



which failed to capture free edge effects. The directions of principal curvatures were also analyzed

to show that the assumption made by Peeters et al. [15] was incorrect. Dano and Hyer’s model

in [16] is considered the state of the art for bistable composite laminates with arbitrary layups,

and it has been the starting point for many variations, extensions, and applications for this type of

structure.

1.1.2 Methods for Inducing Multistability

More recently, alternative methods to produce multistable shells and plates have been devel-

oped to mitigate known shortcomings, extend performance capabilities, or overcome design re-

strictions of traditional bistable composites. These techniques include utilizing elastic prestress

[17–19], isotropic metal layers [20, 21], curvature effects [22–24], viscoelastic effects [25, 26],

plastic deformation [27], discrete connections [28,29], and continuous connections [30–35]. Some

of the cited works are shown in Figure 1.4. Daynes et al. [17,18] mechanically prestressed selected

ply fibers with a clamp tool during the cure cycle of symmetric [0/90/90/0]T Carbon Fiber Rein-

forced Plastic (CFRP) and Glass Fiber Reinforced Plastic (GFRP) laminates, which resulted in two

stable configurations once the prestress was released after cure. Advantages to this method over

the traditional technique include the laminate being insensitive to hygro-thermal effects and the

ability to tailor its stiffness for specific applications. For example, the two stable shapes retained

the same major curvature direction as opposed to being orthogonal to each other, which is the case

for unsymmetric cross-ply bistable composites. Chillara and Dapino [19] found that the curvatures

of a bistable plate can be tuned by varying the level of mechanical prestress in elastomeric matrix

composites and bonding them to a stress-free isotropic mid-layer.
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Figure 1.4: Generating multistable composite structures with (a) elastic prestress [17], (b) contin-
uous connections [35], (c) discrete connections [28], and (d)-(e) initial curvature [22, 23].

Although mechanical prestress is a popular mechanism for yielding stiffness properties that

are not possible with thermal residual stresses, many other approaches to inducing multistability

have been investigated by varying passive materials, geometries, loads, or boundary conditions.

Daynes and Weaver [20] included a metallic isotropic layer between CFRP plies to increase snap-

through moments and out-of-plane displacements while Li et al. [21] set aluminum plies in a

piecewise configuration within a symmetric composite laminate to generate stable major curvatures

in the same direction as done in [18]. Coburn et al. [23] tailored the material properties and

Gaussian curvatures of doubly curved orthotropic shells to achieve tristability while Eckstein et

al. [24] showed that cross-ply laminates with initial curvature exhibit multistability under thermal

loading. Guest and Pellegrino demonstrated that thin cylindrically curved shells with high aspect

ratios are inherently bistable when made from fiber-reinforced composites in antisymmetric layups

[22]. These structures have a strain-free extended configuration with a curved cross-section and

8



exhibit a second stable coiled configuration that is highly strained but energy minimized. Pseudo-

bistability was shown by Brinkmeyer et al. [25] with a viscoelastic spherical dome that, once

actuated, automatically reverts to its original state, while Wang and Fancey [26] produced a bistable

structure by bonding viscoelastically prestressed composite strips to the edges of a fiberglass sheet.

Kebadze et al. [27] plastically deformed isotropic cylindrical shells similar to a steel tape measure

to generate residual stresses required for bistability.

With the cited literature only focusing on a single bistable element, researchers have also ex-

plored combining two or more composite laminates to either create more complex geometries or

increase the number of stable configurations for morphing applications. Mattioni et al. [30,31] con-

nected a symmetric monostable laminate to a unsymmetric bistable laminate and extended Dano

and Hyer’s model [36] by incorporating matching conditions and utilizing higher order displace-

ment functions for accurate shape predictions. Arrieta et al. [32] and Kuder et al. [33] were able

to retain bistability when connecting two monostable composite laminates to the opposing edges

of a bistable plate by embedding variable stiffness elements with shared plies between different

regions. To generate more than two stable states, Dai et al. [28, 29] fabricated tristable composite

lattices which possess a plane, concave, and convex shape by discretely joining four rectangular

bistable laminates with bolts at each corner. Lachenal et al. [37] joined two pre-stressed composite

flanges with multiple spokes to yield a stable extended state and a twisted state. With the objective

of forming a continuously connected structure, Cui and Santer [34] developed a quadstable plate

by linking two unsymmetric bistable laminates with [0/0]T composite strips. They then extended

this concept by connecting nine square composite elements to form a highly multistable tessellated

laminate [35].

9



1.1.3 Morphing Applications

The out-of-plane deformations in composite laminates are generally unintentional and coun-

tered with the addition of extra plies to achieve symmetric layups, which reduce the global effect

of residual stresses. More recently these characteristics have been tailored for a range of adap-

tive structures, particularly for morphing aerospace structures. There have been a wide variety

of techniques to generate multistable composites and researchers have employed some of them

for conceptual designs or applied analysis and testing, as shown in Figure 1.5. Some works have

even characterized structural response while operating in different configurations under dynamic

loading environments.

Figure 1.5: Bistable composites integrated as morphing (a) winglet [38] (b) trailing edge section
[39], and (c) rotor blade flap in wind tunnel testing [40].
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Early examples involved prototypes of bistable composites incorporated into a variable swept

wing as spars in a hinge mechanism, a winglet structure, and a variable camber trailing edge [38].

Most subsequent applications have focused on the trailing edge of airfoil sections. Diaconu et

al. [41] conducted a theoretical investigation into the necessary geometries and layups of bistable

composites to be utilized for trailing edge morphing. Daynes et al. [39] directly integrated multiple

prestressed bistable composite laminates from [18] in a stacked arrangement to form a bistable flap

of a helicopter rotor blade section. In a following work, they demonstrated that the bistable flap

was operational and able to withstand aerodynamic loading when paired with an electromechanical

actuator under wind tunnel testing [40]. Apart from wing designs, prestressed bistable composites

have also been used as a morphing air inlet, which can be in an open or closed state without

any additional energy input [42]. In contrast to most multistable morphing applications where

the composites directly cause shape change, Kuder et. al [43] internally placed multiple bistable

elements in an airfoil section to allow multiple stiffness configurations for adapting to various

flight conditions. Structural and aeroelastic responses to external loading were numerically and

experimentally evaluated to demonstrate feasibility of the concept [44].

1.1.4 Snap-through Actuation

To be effective as adaptive structures, multistable composites require a mechanism for actuation

to achieve snap-through between their stable states. This capability to quickly and efficiently

transition between shapes is critical in morphing applications where full configuration control is

required. There have been numerous theoretical and experimental works in this area that can be

classified as either mechanical or smart actuation. Early works with the former method investigated
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how external static forces can be applied in various in-plane and off-axis directions to initiate snap-

through [36, 45, 46]. However, there are practical limitations to implementing them in morphing

structures because of external equipment being required to provide the necessary mechanical force.

Smart materials can be actuators capable of delivering strain or displacement to the host struc-

ture and alter its mechanical state [47]. Actuation with these materials is the preferred method

due to their commercial availability, ease of integration into composite laminates, exploitation of

electromechanical or thermomechanical coupling, and high performance with low size and weight

penalties. The most commonly used smart material for the actuation effect is piezoelectric, where

an applied electric field will strain the material. For example, Lead Zirconate Titanate (PZT) is a ce-

ramic material widely used as monolithic patch actuators, but new piezoelectric technologies have

been developed to extend the actuation performance such as THUNDER [48], RAINBOW [49],

and Active Fiber Composites [50]. For bistable composites however, an orthotropic piezocom-

posite actuator called the Macro Fiber Composite (MFC) has been the most popular candidate to

provide the necessary shape control and it was first developed by NASA Langley Research Cen-

ter [51]. As shown in Figure 1.6, MFCs consist of unidirectional piezoceramic fibers embedded in

an epoxy matrix and placed between two polyimide films with an Interdigitated Electrode (IDE)

pattern that are used for poling, sensing, and actuation. The poling direction is aligned with the

fiber direction and the electric field is applied parallel to the poling direction to generate maxi-

mum strain per unit electric field. The actuation strain is then generated via the d11 piezoelectric

coefficient associated with elongation, which is typically twice the magnitude of the transverse

d12 coefficient. Their higher energy density, actuation authority, and flexibility allow them to be

the most appropriately designed for morphing purposes, especially when compared to monolithic

piezoelectric actuators.
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Figure 1.6: P1 type Macro Fiber Composite actuator utilizing the d11 piezoelectric effect [52].

Giddings et al. [53] experimentally characterized the blocking force, free displacement, and

load-displacement characteristics of a bistable composite laminate with a MFC bonded to its upper

surface, and demonstrated snap-through from its initial to final stable states. With similar setups,

Bowen et al. [54] experimentally showed that reverse snap-through back to the initial stable state

could only be achieved with the aid of mechanical loads. Portela et al. [55] noted the difficulty of

initiating reversible actuation with a single MFC due to improper alignment of the piezoceramic

fibers relative to the major curvature direction of the second stable state, which negates the MFC’s

actuation authority. Analytical modelling of actuating cross-ply bistable laminates with MFCs was

first done by Schultz and Hyer [56], where strain energy contributions were modelled as separate

steps between the host structure, actuator, and its application of an electric field. Ren [57] then

extended the modelling approach of Dano and Hyer [16] to include the effect of piezoelectric loads

on composite laminates with arbitrary layups. Gude et al. [58], Bowen et al. [59], and Giddings

et al. [60] demonstrated close correlation between analytical, FEA, and experimental results when

inducing snap-through of a cross-ply bistable laminate with a single MFC.

To achieve reversible snap-through actuation, a variety of techniques have been proposed to

mitigate the lack of actuation authority required for overcoming the laminate stiffness when it is
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in either stable states. Schultz et al. [61] was the first to consider attaching two MFCs in orthog-

onal directions on opposite surfaces of a bistable composite laminate. This layup enabled quasi-

static reversible snap-through actuation to be possible for a cross-ply laminate, but the voltages

required to induce the state change were much greater than what was analytically predicted, and

far beyond the operating limitations of the MFCs. By combining piezoelectric and Shape Memory

Alloy (SMA) wire actuators, Kim et al. [62] experimentally showed that reversible state changes

are possible for a [0/0/90/90]T cantilevered bistable composite laminate. SMA wires are a popular

class of smart actuators which are able to induce much higher strains than piezoelectric materi-

als through a temperature-induced phase change from martensite to austenite with joule heating.

However, they are limited by slow response times and low bandwidths, where maximum operating

frequencies are lower than 10 Hz compared to the order of 10 kHz for piezoelectric materials [63].

These create time constraints between snap-through events and prevent near-instantaneous config-

uration control made possible with piezoelectric actuation. Combined with the lack of fine control

and difficulty of integration into existing models, SMA actuators have received considerably less

interest for multistable structures.

Arrieta et al. [65] proposed a method of dynamically inducing snap-through with sinusoidal

bursts of two MFCs at the resonant frequency of the bistable laminate. The laminate was can-

tilevered to create asymmetry between the stable shapes and their potential wells, which also sep-

arated the location of their first harmonic modes. This meant that snap-through back to the ini-

tial state was possible through harmonic excitation at the second state’s resonant frequency while

lowering the chance of divergence into snap-through oscillations. Bilgen et al. [64] utilized this

actuation technique to demonstrate configuration control of a cantilevered bistable wing structure

while under aerodynamic loading in a wind tunnel. Simsek and Bilgen [66] refined the method

14



Figure 1.7: Initiating snap-through of bistable composites with (a) quasi-static actuation of a MFC
[60], (b) combined actuation of SMA wires and a MFC [62], and (c) harmonic excitation of MFCs
[64].

by utilizing a Positive Position Feedback (PPF) controller with a negative gain to destabilize the

initial state to cause snap-through, then attenuate the resulting oscillations by switching the gain

to a positive value. The purpose was to eliminate the possibility of triggering snap-through os-

cillations all together. However, dynamically induced snap-through requires asymmetric potential

wells, and cannot be effectively used for bistable composites whose stable states have identical

resonant frequencies.

1.1.5 Broadband Energy Harvesting

While the snap-through event between the stable shapes of bistable composite laminates has

been a favored mechanism for morphing, this nonlinear phenomenon has also been exploited for

high performance energy harvesting applications. These structures are able to retain efficiency

when ambient vibrational energy is distributed over a wide spectrum, and where the spectral den-

sity is variable over time and dominant at low frequencies [4]. In contrast, linear harvesters are
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suited only for stationary and narrowband excitation at their fundamental resonant frequencies

which limit their usefulness in more realistic environments. Depending on the excitation frequency

and amplitude, bistable structures exhibit multiple dynamic regimes that are distinct. This includes

single-well vibrations around either of the stable configurations, or cross-well vibrations causing

either periodic or aperiodic snap-through between both stable equilibria. In certain cases, multiple

solutions may coexist under the same input, but only one is physically realizable depending on the

initial conditions. Cross-well regimes such as high amplitude limit cycle oscillations have shown

to significantly improve power generation over linear resonance as the harvesters displace between

states under high velocities [67]. The appeal to bistable harvesters derive from being able to trigger

cross-well vibrations associated with large deformations across a wide range of excitation condi-

tions, which alleviate the performance limitations experienced by their linear counterparts.

Various mechanisms to induce bistability for the purpose of broadband energy harvesting have

been explored in past investigations. As shown in Figure 1.8, popular concepts include obtaining

bistability in a cantilevered ferromagnetic beam with magnetic attraction [68, 69], destabilizing a

cantilevered beam with a magnetic tip mass from its neutral position with a facing magnet of the

same polarity through repulsion [70, 71], buckling a clamped-clamped beam with an axial load to

obtain a mechanically induced bistable structure [72, 73], and generating internal thermal stresses

within a unsymmetric composite laminate during cure cycle cooldown which result in two sta-

ble configurations. As for the energy harvesting method, piezoelectric materials are attached to

bistable structures to convert vibration induced strains to electrical energy due to their large power

densities, ease of fabrication and application over other methods such as electrostatic, electromag-

netic, and magnetostrictive transduction. Bistable composite laminates bonded with piezoelectric

transducers are particularly attractive due to retaining two stable equilibrium states without any
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external influence from clamps or magnets as required by isotropic beams.

Figure 1.8: Piezoelectric energy harvesters as bistable beams [4] induced by (a) magnetic repul-
sion, (b) magnetic attraction, (c) axial loading, and bistable composite laminates with (d) fixed
center [74], and (e) cantilevered boundary conditions [75].

Although there have been an extensive number of works investigating vibrational energy har-

vesting with bistable composite laminates, the majority of these efforts are experimental. Arrieta

et. al [74] was the first to characterize the electromechanical response under cross-well oscilla-

tions and demonstrate the broadband energy harvesting capability of a center fixed bistable lam-

inate plate made from CFRP with an asymmetric cross-ply layup attached to four piezoelectric

elements. A subsequent work studied a rectangular cantilevered configuration of the bistable har-

vester, which increased its effectiveness in generating power due to the larger strains near the

clamped end where the piezoelectric transducers were bonded [75]. These have been followed by

other experimental studies utilizing the nonlinear response of bistable composite laminates under
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various implementations for piezoelectric energy harvesting [76–85].

Modelling efforts have mostly focused on the uncoupled mechanical portion to the nonlinear

dynamics associated with bistable composite plates. Diaconu et. al [86] derived a simple analytical

model utilizing Hamilton’s principle with the Rayleigh-Ritz method to predict the time dependent

response of bistable plates during snap-through, though the snap-through load was overpredicted

when compared to the FEA. This model was a dynamic extension of the popular static model

proposed by Dano and Hyer [16], which used second and third order polynomials for the assumed

shape functions and accounted for twist relevant in non-cross-ply layups. Arrieta et. al [87] ex-

perimentally characterized the nonlinear single-well dynamics of a bistable plate, and a modal ap-

proach based on the test data yielded a model predicting the experimental subharmonic behavior at

two points on the plate. The model was then extended by including higher order piecewise restor-

ing forces in the modal equations to account for cross-well dynamics, and provided the overall

nonlinear responses of the plate [88]. A reduced order model was derived to predict the nonlinear

response about a stable state with the Galerkin approach by projecting the nonlinear solutions onto

the linearized mode shapes, then retaining only the nonlinear terms in the modal equations [89].

As with the previous two studies, the values of the nonlinear terms had to first be experimentally

found. Vogl and Hyer [90] utilized Hamilton’s principle with the Rayleigh Ritz approach to derive

a linearized dynamic model and was able to predict the first vibration modes about each equi-

librium point when compared to finite element analysis. Firouzian-Nejad et. al [91] used fourth

and fifth order shape functions to more accurately predict the natural frequencies and dynamic re-

sponse to ramp and harmonic forces applied on the corners of a bistable plate. Most recently, Wu

et. al [92] proposed the use of a sixth order polynomial for the out-of-plane displacement function

with Hamilton’s principle to derive a nonlinear model describing the response over the entire range
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of cross-ply bistable plates. A range of different cross-well behavior observed in the finite element

analysis and experimental data were predicted by the model.

While modelling the nonlinear dynamics of bistable composite laminates has been the focus

of many researchers, the number focused on predicting the electromechanically coupled response

of bistable plates with piezoelectric transducers is limited, and especially more so when compared

to the number of experimental works. Betts et. al [93] optimized the geometry of a bistable plate

and layout of piezoelectric patches to maximize the power output during snap-through based on a

simple static model. Arrieta et. al [94, 95] derived an electromechanically coupled model using

Lagrange’s equations of a cantilevered bistable plate with piezoelectric actuators and found fairly

accurate closed and open circuit natural frequencies for each stable state against experimental data.

Taki et. al [96] derived a nonlinear model with higher order shape functions to obtain the time de-

pendent response of a cross-ply bistable plate when excited by piezoelectric layers and found good

correlation with finite element analysis. However, there are limitations in the available literature

implementing models to accurately yield voltage and power outputs from cross-well oscillations

in broadband energy harvesting. With many experimental studies having no modelling basis for

their harvester designs, a validated model can serve as a valuable design tool that maximizes the

performance of these harvesters.

1.1.6 Control of Dynamic Response

The rich assortment of nonlinear behaviors that bistable composite laminates exhibit to vibra-

tional excitation have almost entirely been applied towards broadband energy harvesting. Recently

however, there has been a shift from simply characterizing the input to output efficiency and per-
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formance of a nonlinear Vibration Energy Harvester (VEH) to actively manipulating its dynamic

response [97]. Various implementations of nonlinear VEHs have included single-well [98, 99],

double-well [69, 100], and triple-well [101, 102] systems associated with their potential energy

functions. These were modelled with Duffing type equations which describe the behaviors of

monostable, bistable, and tristable oscillators, respectively. The high amplitude cross-well oscil-

lations of multistable VEHs enable greater power generation over monostable structures confined

within a single potential well [72, 103]. Due to nonlinear dynamical phenomena such as multista-

bility and hysteresis, frequency responses can branch into any of the co-existing stable steady state

solutions which may include both low and high energy outputs. Which steady state solution a non-

linear VEH selects is driven by the excitation parameters and initial conditions. In such systems

exhibiting the co-existence of multiple stable attractors, attaining the desired steady state is criti-

cal for maintaining high energy transduction. Simultaneously, these same attractors’ sensitivity to

perturbations vary considerably and forces control to be difficult. With varying excitation frequen-

cies and amplitudes under real-world environments, efficient and reliable control mechanisms are

necessary for maintaining high energy orbits to facilitate maximum energy conversion.

Different strategies for perturbing nonlinear VEHs from low energy to co-existing high en-

ergy orbits have been proposed to address this challenge. Zhou et al. [104] imparted external

mechanical shocks to magnetically induced bistable and tristable VEHs to achieve cross-well or-

bits. Piezoelectric actuators or electrical circuits were coupled with oscillators to apply harmonic

bursts [99, 105] and voltage impulses [106] to induce jumps into high energy solutions, but the

success of these methods were shown to be probabilistic and dependent on the electrical signal’s

phase and amplitude. Udani et al. [107] proposed a perturbation method that characterizes and

then selects co-existing high energy attractors by introducing a phase shift in the forcing signal
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through a piezoelectric actuation of a bistable composite laminate. Masuda et al. [108] utilized

self-excited vibrations induced by a load resistance switching circuit to destabilize low energy os-

cillations and drive the electromagnetic VEH to jump into high energy orbits. While these methods

were considered for isolated frequencies or narrow bandwidths, how these external perturbations

can be applied to extend nominal cross-well bandwidths of bistable VEHs have been sparsely in-

vestigated. Under frequency sweeps with no external influence, cross-well bandwidths narrow

with decreasing forcing amplitudes until disappearing at a critical excitation level. Disturbances

are required for bistable VEHs to maintain their desirable broadband cross-well response in low

amplitude conditions since they will likely remain in single-well orbits according to their basins of

attraction. If stable high energy orbits can be accessed and maintained in multi-solution regions,

nonlinear VEHs have been shown to exhibit wider corresponding bandwidths [109]. Huguet et.

al [110] recently demonstrated this with an electromagnetic VEH in the form of a bistable buckled

beam by placing it into co-existing subharmonic orbits through pulse disturbances.

Apart from extending the range of input parameters that cause cross-well oscillations, sup-

pressing these same vibrations becomes important when snap-through instabilities are undesirable.

Energy harvesting and morphing have conflicting requirements regarding how nonlinear dynam-

ics are exploited. For efficient conversion to electrical energy, bistable VEHs seek to maximize

cross-well amplitudes under low external forcing levels and large bandwidths which trigger these

responses. These same excitations are undesirable for bistable morphing structures since complete

control over their stable configurations is required. To ensure this condition, vibration control is

needed to suppress cross-well oscillations that arise from a wide array of dynamic environments.

Passive approaches have been implemented by incorporating dampers parallel to bistable elements

in a structural system [5] or negative stiffness inclusions within a host material matrix [111] to
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achieve large dissipation of energy upon activation of cross-well dynamics. These dynamics have

also served as mechanisms for vibration absorption through bistable attachments supplying an op-

posing force to cause destructive interference onto the host structure under harmonic excitation [6].

However, to escape the high energy orbits of cross-well oscillations, active approaches comprised

of feedback or feedforward controllers are needed as they can destabilize these orbits and place the

structure into the desired state, while being able to adapt to environmental variations and uncertain-

ties. The only implementation of active control in bistable structures have been for dynamically

initiating snap-through between stable states and controlling the resulting transient vibrations with

a position or velocity feedback controller [66, 112]. As outlined before, techniques for switching

between co-existent steady state solutions could be applied to jump into single-well oscillations.

However, they are limited to hysteretic regions and do not utilize active control laws required for

vibration attenuation where solutions do not co-exist.

1.2 Motivation and Scope

As outlined in Sections 1.1.3 - 1.1.6, research into leveraging bistable composites as adaptive

structures can be categorized into three general applications with complementary areas of focus.

These are shape changes with quasi-static snap-through morphing, broadband energy harvesting

from nonlinear vibrations, and the control of dynamic responses through the suppression or exten-

sion of cross-well oscillations. All three applications are most commonly enabled by piezoelectric

transducers due to their effectiveness under dynamic environments and these smart materials are

often externally paired with host bistable structures. The snap-through phenomenon serves as

the basis for morphing and energy harvesting while configuration control is the shared objective
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between morphing and vibration suppression. The nonlinear dynamical behaviors of bistable struc-

tures dictate the strategies used for effective energy harvesting and control of vibrational responses.

Outstanding challenges still remain for each research application of bistable composite struc-

tures. For quasi-static morphing, piezoelectric actuators lack the authority to trigger reversible

snap-through from either stable states because of not being able to overcome the host laminate

stiffness. A variety of techniques have been implemented to overcome this problem which have

included bimorph configurations exceeding actuator limits [61], mechanical assistance with exter-

nal loads [54], dynamic assistance with induced resonance [65], and supplementation with SMA

actuators [62]. However, each of these techniques have operational restrictions, performance limi-

tations, or requirements for complex setups, and achieving reversible snap-through while mitigat-

ing such factors is still an open research problem. For bistable composite VEHs, a design conflict

exists where larger piezoelectric patches could generate more energy, but reduce the curvature of

host structures. This effect limits their response amplitudes and strains along the transducer’s po-

larization direction. In addition, the increased stiffness from larger piezoelectric layers raise the

vibrational energy requirement for cross-well dynamics. To mitigate this issue, Betts et al. [93]

determined optimal layups, aspect ratios, and piezoelectric areas for a bistable composite VEH,

but resolving the conflict remains as a design objective. Another open challenge in broadband

energy harvesting is to accurately predict the electromechanical response of bistable composite

VEHs due to a gap in the available literature for experimentally validated models. With nearly

all works being experimental, a validated model has the potential to yield numerically optimized

VEH designs. In dynamic response control, no approaches have yet been proposed for suppressing

cross-well oscillations or extending the cross-well bandwidths of bistable composite laminates.

The dissertation aims to develop an active bistable composite structure capable of addressing
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the design and performance challenges outlined above. As discussed in Section 1.1.2, there have

been numerous techniques for generating multistability, but these have all utilized passive materi-

als which are incapable of providing structural control post fabrication. With the division of roles

between the primary host structure and the smart transducer restricting performance in multistable

applications, the current work’s objective is to investigate how these roles can be combined through

a novel method for inducing bistability with piezoelectric materials. Prototypes of bistable struc-

tures have always been catered to be effective at a single application which is functionally inflexible

and costly. This is due to the difficulty of combining capabilities because of conflicting load en-

vironments and stability requirements. However, incorporating the active element in piezoelectric

bistable composites as the mechanism for inducing bistability yields design efficiencies which al-

low for multiple functions. The capability to actively alter geometry and stability characteristics

allow both static and dynamic responses to be manipulated for the purpose of adapting to various

operating environments.

1.3 Proposed Concept

When two actuated MFCs are bonded together in an unsymmetric layup, releasing the voltage

post cure will produce in-plane residual stresses that result in two stable configurations that are

geometrically distinct [113]. This is due to the MFC’s anisotropic strain response to an applied

electric field from the mismatch of its effective piezoelectric constants. The mechanics are analo-

gous to how bistable composite laminates are conventionally manufactured through the mismatch

of CTEs between plies. By letting the MFCs be both the actuator and primary structure, the chal-

lenges of initiating reversible snap-through in an unassisted manner between both stable states can
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be alleviated [114]. The energy input requirement for snap-through is much lower than previously

explored designs and complex setups are not required. Due to retaining sufficient actuation author-

ity, the MFCs has the capability to either impart large perturbations or be effective at active control

implementations for the purpose of controlling the nonlinear dynamic response. As an entirely

piezoelectric VEH, the design conflict between the smart transducer and the host composite is

avoided since it lacks the stiffness of the latter component while retaining the curvatures generated

by the MFCs. Its lower stiffness implies that the vibrational energies required for maintaining high

energy orbits and broadening cross-well bandwidths are lower than those of conventional bistable

composites, and does not require proof masses utilized by many of these harvesters to inertially

aid snap-through [115].

1.4 Dissertation Outline

The dissertation consists of six chapters. The first chapter provides an introduction to the con-

cept of multistability and how this nonlinear phenomenon is leveraged in adaptive structures. The

background and literature review of multistable composites outline how they are manufactured,

integrated into morphing structures, actuated with smart materials, and used in energy harvesting

and vibration control. Open research problems are identified from the literature review and the dis-

sertation objectives are then formulated through the proposed piezoelectrically generated bistable

laminate. Chapter 2 presents its static and dynamic electromechanical model, where the general-

ized nonlinear equilibrium equations and coupled equations of motion are derived. The bistable

laminate’s parametric design analysis, manufacturing procedure, static profiles, bifurcation behav-

ior, and snap-through morphing capability are covered in Chapter 3. Chapter 4 experimentally
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correlates the model simulations of the electromechanical response to nonlinear vibrations and

the broadband energy harvesting performance of the bistable laminate is then evaluated. Chapter

5 proposes a strategy to suppress cross-well oscillations by combining active control with static

actuation, and numerically and experimentally demonstrates it. It then extends the cross-well

frequency bandwidth of the bistable laminate with voltage perturbations to enlarge the range of

excitation parameters where energy harvesting effectiveness can be maintained. Finally, Chapter

6 summarizes the dissertation results and their main research contributions. It is closed out with

recommendations for future work and a list of relevant publications.
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CHAPTER 2

Electromechanically Coupled Model

During the cure cycle, a rectangular composite laminate with an unsymmetric stacking se-

quence experiences thermal residual stresses between its plies that results in curved deformation.

With a sufficiently high enough edge length to thickness ratio, the thermal warping can lead to a

two stable states where each configuration holds its shape with no external influence. Decades of

research have yielded variations of the Rayleigh-Ritz approximation approach to predict the room

temperature geometries, stability properties, and the dynamics of these composite laminates. With

the more recent development of piezocomposite actuators, these analytical models have been ex-

panded to account for the quasi-static shape changes made possible when the actuators are bonded

to the bistable composites. In this chapter, past works are extended to derive the electromechan-

ically coupled equilibrium equations and equations of motion which describe the stable shapes

and nonlinear dynamical behaviors of a bistable laminate generated with piezoelectric actuation,

where the entire structure is composed of active material. The aim is to accurately predict its snap-

through actuation, broadband energy harvesting, and active control capabilities through numerical

simulations of the governing equations.

Since the mismatch of CTEs in conventional bistable composites operates under the same prin-

ciple as the mismatch of piezoelectric coefficients between MFCs, the kinematic relationships and
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the assumed shape functions for the former can be applied to the latter. This is given that each

MFC is modelled as an individual orthotropic ply through CLT. The static model for rectangular

bistable composites with arbitrary layups and free edge boundary conditions is based on the work

by Dano and Hyer [36]. The derivation begins with the nonlinear kinematic extension of CLT with

Rayleigh-Ritz approximations of the mid-plane strain functions and non-zero in-plane shear strain

associated with spatially constant curvatures. Higher order displacement functions are also consid-

ered to allow for variable curvatures which result in lower geometrical errors. The minimization

of total potential energy is implemented to obtain the equilibrium equations which are then numer-

ically solved to compute the strain field, displacement field, and curvatures. The thermal strains

generated by temperature change in the cure cycle of conventional composite plates are replaced

with the piezoelectric strains caused by MFC voltage actuation in the potential energy. During

the cure cycle for the adhesive, the laminate remains flat while the MFCs are kept at a specified

bonding voltage. Voltage is removed post cure and the laminate then generates curvature and out-

of-plane deflection. The static analytical model is also extended to include inertial and damping

forces under dynamic excitation and electromechanical coupling for time dependent control. Using

Lagrange’s equations from an energy formulation, the nonlinear equations of motion are obtained.

2.1 Nonlinear Extension of Classical Lamination Theory

The origin of the laminate coordinate system is at its geometric center with x and y denoting

the in-plane directions and z being the out-of-plane direction, as shown in Figure 2.1. Lx and Ly

are the side lengths, h is the total thickness, and n is the total number of plies, with the ply order

starting at the bottom layer. In this dissertation, variables enclosed in braces and square brackets
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are vectors and matrices, respectively.

x

y

z

h

Ly

Lx

Figure 2.1: Definition of geometric parameters and laminate coordinate system.

2.1.1 Kinematic Equations

The general assumptions of CLT [9] are modified to include the nonlinear strain-displacement

relationships from the von Karman plate theory [116], and these are listed below. u and v are

defined as the in-plane displacements corresponding to the x and y axes, respectively, and w is the

out-of-plane displacement.

1. The plate consists of orthotropic laminae with principal material axes arbitrarily oriented

with respect to the x− y plane.

2. The plate thickness is constant and much smaller than the lengths along the plate edges:

Lx � h, Ly � h.

3. The von Karman nonlinearity is adopted in the strain-displacement relationships to include

moderate rotations of the middle surface.

29



4. The out-of-plane displacement w is of a similar order as the thickness h.

5. The in-plane strains are small: εx � 1, εy � 1, γxy � 1.

6. Transverse shear strains γxz and γyz are negligible.

7. Transverse shear stresses τxz and τyz vanish on the plate surfaces.

8. In-plane displacements u and v are linear functions of the z coordinate.

9. Transverse normal strain εz and normal stress σz are negligible.

10. Each ply is linearly elastic.

Assumptions 6 and 9 are the result of assuming that each orthotropic ply is under a state of

plane stress and assumptions 6 and 8 define the Kirchhoff hypothesis which states that normals to

the middle surface remain straight and normal during deformation. The nonlinear effects that arise

from the large out-of-plane displacement experienced by the laminate’s mid-plane as it undergoes

stretching are accounted for in assumptions 3 and 4. Under assumptions 8 and 9, the in-plane

displacements vary linearly through the plate thickness, whereas the out-of-plane displacement

remains constant as shown below.

u(x, y, z) = uo(x, y)− z∂w
o

∂x
(2.1a)

v(x, y, z) = vo(x, y)− z∂w
o

∂y
(2.1b)

w(x, y, z) = wo(x, y) (2.1c)

uo, vo, and wo are the mid-plane displacements in the x, y, and z directions, respectively. The
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general strain-displacement relationships with von Karman nonlinearity are given below.

εx =
∂u

∂x
+

1

2

(
∂w

∂x

)2

(2.2a)

εy =
∂v

∂y
+

1

2

(
∂w

∂y

)2

(2.2b)

γxy =
∂u

∂y
+
∂v

∂x
+
∂w

∂x

∂w

∂y
(2.2c)

Higher order theories keep more terms in the strain definitions which covers a broader range of

nonlinear interactions, such as curvature and rotatory effects. However, more terms equate to

more complex analysis and their effects are negligible for obtaining accurate shape predictions.

Substituting Equations 2.1a-2.1c into Equations 2.2a-2.2c yields

εx =
∂uo

∂x
− z∂w

o

∂x
+

1

2

(
∂wo

∂x

)2

(2.3a)

εy =
∂vo

∂y
− z∂w

o

∂y
+

1

2

(
∂wo

∂y

)2

(2.3b)

γxy =
∂uo

∂y
− z∂w

o

∂x
+
∂vo

∂x
− z∂w

o

∂y
+
∂wo

∂x

∂wo

∂y
(2.3c)

By rewriting the above equations in terms of mid-plane strains εo and curvatures κo, the total strains

can be expressed as

εx = εox + zκox (2.4a)

εy = εoy + zκoy (2.4b)

γxy = γoxy + zκoxy (2.4c)
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Therefore, the mid-plane strain and curvatures can be defined as below. Note that κox and κoy are

bending curvatures associated with the bending of the middle surface in the x−z and y−z planes,

respectively. κoxy is the twist curvature associated with the out-of-plane twisting of the middle

surface, which lies in the x− y plane before deformation.

εox =
∂uo

∂x
+

1

2

(
∂wo

∂x

)2

(2.5a)

εoy =
∂vo

∂y
+

1

2

(
∂wo

∂y

)2

(2.5b)

γoxy =
∂uo

∂y
+
∂vo

∂x
+
∂wo

∂x

∂wo

∂y
(2.5c)

κox = −∂
2wo

∂x2
(2.5d)

κoy = −∂
2wo

∂y2
(2.5e)

κoxy = −2
∂2wo

∂x∂y
(2.5f)

2.1.2 Constitutive Relations

For a specially orthotropic lamina under the state of plane stress, the stress-strain relationships

with respect to the material axes (1,2) are shown below


σ1

σ2

τ12


=


Q11 Q12 0

Q12 Q22 0

0 0 Q66




ε1

ε2

γ12


(2.6)

where 1 and 2 are the longitudinal and transverse directions. The elements in the reduced stiffness

matrix [Q] are functions of the lamina’s longitudinal E1 and transverse E2 modulus of elasticity,
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shear modulus G12, and major ν12 and minor ν21 Poisson’s ratio. The corresponding definitions

are given as

Q11 =
E1

1− ν12ν21

(2.7a)

Q22 =
E2

1− ν12ν21

(2.7b)

Q12 =
ν12E2

1− ν12ν21

(2.7c)

Q66 = G12 (2.7d)

The transformation matrix [T ] is given as

[T ] =


cos2 θ sin2 θ −2 cos θ sin θ

sin2 θ cos2 θ 2 cos θ sin θ

cos θ sin θ − cos θ sin θ cos2 θ − sin2 θ

 (2.8)

where applying it to Equation 2.6 results in the generally orthotropic stress-strain relationships of

the kth lamina in the global laminate coordinate system as shown below.


σx

σy

τxy


k

=


Q̄11 Q̄12 Q̄16

Q̄12 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66


k


εx

εy

γxy


k

(2.9)

In Equation 2.9,
[
Q̄
]

= [T ] [Q] [T ]T is the transformed reduced stiffness matrix and θ is the arbi-

trary angle relative to the lamina coordinate system.

For bistability to be induced by piezoelectric actuation through an applied voltage ∆V during
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bonding, its effects are modelled as strains caused by an electric field in Equation 2.9 and the

resulting constitutive relations are given below.


σx

σy

τxy


k

=


Q̄11 Q̄12 Q̄16

Q̄12 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66


k


εx − dx ∆V

∆x

εy − dy ∆V
∆x

γxy − dxy ∆V
∆x


k

(2.10)

∆x is the IDE spacing in each MFC and dx, dy, and dxy are the in-plane effective piezoelectric

constants defined in the laminate coordinate system, which are computed from the MFC’s piezo-

electric constants d11 and d12 through the relationship below.

{d}k =


dx

dy

dxy


k

=


d11 cos2 θ + d12 sin2 θ

d11 sin2 θ + d12 cos2 θ

2 cos θ sin θ(d11 − d12)


k

(2.11)

The 1, 2, and 3 directions correspond to the piezoceramic fiber, electrode, and out-of-plane direc-

tions in the lamina coordinate system of each P1 type MFC ply. Since the mechanics of how each

MFC strains under actuation is analogous to how a passive fiber-reinforced lamina strains under

thermal loading, the resultant stresses will be similar in form. This similarity is also described as

the thermal analogy.

Equation 2.10 allows the stress at each ply to be calculated for any given fiber orientation and

integrating it with respect to z yields the stress resultants, or the total forces {N} and moments
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{M} per unit length as given below.


Nx

Ny

Nxy


=

h
2∫

−h
2


σx

σy

τxy


dz =

n∑
k=1

zk∫
zk−1

[
Q̄
]
k

(
{ε}k −

∆V

∆x
{d}k

)
dz (2.12)


Mx

My

Mxy


=

h
2∫

−h
2


σx

σy

τxy


zdz =

n∑
k=1

zk∫
zk−1

[
Q̄
]
k

(
{ε}k −

∆V

∆x
{d}k

)
zdz (2.13)

Assuming that the thickness and material properties of each lamina is constant through the ply, the

integration over z can be reduced to a summation over the number of plies n. With Equation 2.10

substituted in, this simplification is also shown in Equations 2.12 and 2.13, where zk and zk−1 are

the distances from the middle surface to the outer and inner surfaces of the kth lamina, respectively.

In the analysis of composite laminate plates, the mid-plane strains and curvatures are related to

the applied forces and moments per unit length by static equilibrium for convenience. This means

Equations 2.4a-2.4c are inserted into Equations 2.12 and 2.13 and the stiffness and loading terms
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are re-arranged such that the following constitutive equations can be defined.



Nx

Ny

Nxy

Mx

My

Mxy



=



A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66





εox

εoy

γoxy

κox

κoy

κoxy



−



NP
x

NP
y

NP
xy

MP
x

MP
y

MP
xy



(2.14)

[A], [B], and [D] are the extensional, coupling, and bending stiffness matrices, respectively, and

are given as

[A] =
n∑

k=1

[
Q̄
]
k

(zk − zk−1) (2.15a)

[B] =
1

2

n∑
k=1

[
Q̄
]
k

(
z2
k − z2

k−1

)
(2.15b)

[C] =
1

3

n∑
k=1

[
Q̄
]
k

(
z3
k − z3

k−1

)
(2.15c)

{
NP
}

are the piezoelectric forces per unit length and
{
MP

}
are the piezoelectric moments per

unit length due to MFC actuation as shown below.

{
NP
}

=
1

∆x

n∑
k=1

∆Vk
[
Q̄
]
k
{d}k (zk − zk−1) (2.16)

{
MP

}
=

1

2∆x

n∑
k=1

∆Vk
[
Q̄
]
k
{d}k

(
z2
k − z2

k−1

)
(2.17)
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2.2 Rayleigh-Ritz Approximations

With the kinematic and constitutive relations derived, admissible shape functions for the mid-

plane strains and displacements are required to capture the equilibrium shapes of unsymmetric

bistable laminates. This is due to the non-existence of closed-form solutions, and so approxima-

tions are obtained by numerically solving for unknown coefficients placed in each term by mini-

mizing the total potential energy. In accordance with this requirement, polynomial shape functions

for the displacement and strain fields are found to give good results relating to the multistable

characteristics of the composite laminate. Hyer [7] originally found that the cylindrical out-of-

plane deflections of thin unsymmetric composite laminates can be fitted into a polynomial through

the least squares method. Due to the free edge boundary conditions, sinusoidal functions such as

the classical double Fourier sine and cosine series cannot be utilized [9, 117]. The Rayleigh-Ritz

method only requires satisfaction of the geometric boundary conditions, which is the fixed origin,

and the natural boundary conditions at the free edges do not need to be satisfied. The original

lower order polynomial functions by Dano and Hyer [36] are first presented, and then the order of

the shape functions that model the mid-plane displacements are raised to allow spatial variation of

curvatures within the domain for better accuracy.
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2.2.1 Lower Order Functions

The extensional mid-plane strains are assumed to be the following set of second order polyno-

mials.

εox = c1 + c2x
2 + c3y

2 + c4xy (2.18)

εoy = c5 + c6x
2 + c7y

2 + c8xy (2.19)

To predict the stable cylindrical geometries after bonding, a second order polynomial is chosen

which satisfies the fixed center geometric boundary conditions of the composite laminate as shown

below.

wo(x, y) =
1

2

(
c9x

2 + c10y
2 + c11xy

)
(2.20)

The ci variables are coefficients to be determined. According to Equations 2.5d-2.5f, c9, c10, and c11

are the negative curvatures in the x and y directions, and the negative twist curvature, respectively.

As seen below, the curvatures are predicted to be constant through the laminate and can be thought

of as average values.

κox = −c9 (2.21a)

κoy = −c10 (2.21b)

κoxy = −c11 (2.21c)
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Since the in-plane shear strain needs to be consistent with the extensional mid-plane strains, it

needs to be determined using the strain-displacement relationships in Equations 2.5a-2.5c. The

mid-plane displacement functions are derived by solving for ∂uo

∂x
and ∂vo

∂y
and integrating them with

respect to x and y as shown below.

uo(x, y) =

∫
εox −

1

2

(
∂wo

∂x

)2

dx (2.22)

vo(x, y) =

∫
εoy −

1

2

(
∂wo

∂y

)2

dy (2.23)

Inserting Equations 2.18-2.20 into 2.22-2.23 and evaluating them leads to

uo(x, y) = c1x+
1

3
c2x

3 + c3xy
2 +

1

2
c4x

2y − 1

6
c2

9x
3 − 1

4
c9c11x

2y − 1

8
c2

11xy
2 + h(y) (2.24)

vo(x, y) = c5y +
1

3
c7y

3 + c6x
2y +

1

2
c8xy

2 − 1

6
c2

10y
3 − 1

4
c10c11xy

2 − 1

8
c2

11x
2y + g(x) (2.25)

where h(y) and g(x) arise from the partial integration step. These two functions are chosen to be

the following equations based on the trend of maintaining odd powers of x and y in Equations 2.24

and 2.25.

h(y) = c12y +
1

3
c13y

3 (2.26)

g(x) = c15x+
1

3
c14x

3 (2.27)
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To prevent rigid body rotation in the x−y plane from being in the assumed displacement functions,

c15 must equal c12 and the resulting functions after inserting in h(y) and g(x) become

uo(x, y) = c1x+ c12y +
1

2

(
c4 −

1

2
c9c11

)
x2y +

(
c3 −

1

8
c2

11

)
xy2

+
1

3

(
c2 −

1

2
c2

9

)
x3 +

1

3
c13y

3 (2.28)

vo(x, y) = c12x+ c5y +
1

2

(
c8 −

1

2
c10c11

)
xy2 +

(
c6 −

1

8
c2

11

)
x2

y +
1

3

(
c7 −

1

2
c2

10

)
y3 +

1

3
c14x

3 (2.29)

The in-plane shear strain can now be solved by substituting Equations 2.20, 2.28, and 2.29 into

Equation 2.5c and results in

γoxy = 2c12 +

(
c9c10 −

1

4
c2

11 + 2c3 + 2c6

)
xy +

(
1

2

(c9c11

2
+ c4

)
+ c14

)
x2

+

(
1

2

(c10c11

2
+ c8

)
+ c13

)
y2 (2.30)

The mid-plane strains, curvatures, and displacements are approximations consisting of 14 unknown

coefficients (ci; i = 1, 2, ..., 14). The lower order shape functions allow minimal computation times

for numerically solving for ci at the cost of accuracy, especially when under dynamic analysis. Al-

though static profiles contain controllable errors, time dependent simulations require higher order

functions to maintain these errors since they are amplified when inertial and damping forces are

introduced into the system. Spatially constant curvatures artificially stiffen bistable composites

and higher forcing levels are required to initiate the nonlinear dynamical behavior observed in ex-

periments when under lower forcing levels. However, the order cannot be excessively raised with
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no restraints since the number of unknown coefficients is directly proportional to this value, which

will lead to prohibitive computation times. Therefore, determining an appropriate order number

for the shape functions is critical for both an accurate and timely analysis.

2.2.2 Higher Order Functions

The Rayleigh-Ritz method relies on good approximations to accurately predict the stable shapes

and stability properties of the composite laminate. With higher order functions, this method is used

to approximate the mid-plane strains, curvatures, and displacements with 17 unknown coefficients

ci where i = 1, 2, ..., 17. The mid-plane displacements are modelled as admissible fourth and fifth

order polynomial shape functions satisfying the fixed center geometric boundary conditions and

given below.

uo (x, y) = c1x+ c2xy
2 + c3x

3 + c4xy
4 + c5x

3y2 + c6x
5 (2.31)

vo (x, y) = c7y + c8x
2y + c9y

3 + c10x
4y + c11x

2y3 + c12y
5 (2.32)

wo (x, y) =
1

2

(
c13x

2 + c14y
2 + c15x

2y2 + c16x
4 + c17y

4
)

(2.33)

It should be noted that the choice of out-of-plane displacement function wo is more important than

the in-plane displacement functions since the former is associated with a larger order of magnitude

than the latter. Due to the large bending of bistable laminates, the in-plane displacements have

a negligible effect on their static characteristics [11]. Overall, these higher ordered shape func-

tions more accurately capture the stable geometries and dynamics of the bistable laminate when

compared to the second and third order polynomials of the lower order functions. This is due to al-

lowing spatially variable curvatures which prevents the over prediction of laminate stiffness caused

41



by the constant curvature assumption [91, 96]. Shape functions beyond the fifth order are not con-

sidered since it significantly increases computation times without any proportional improvement

in the accuracy of the solution [118].

One of the advantages of starting with assumed mid-plane displacement functions is that com-

puting the mid-plane strain and curvature functions with Equations 2.5a-2.5f is much more direct.

This is due to not requiring the integration step. Substituting Equations 2.31-2.33 into these kine-

matic relationships result in

εox = c1 + 3c3x
2 + 5c6x

4 + c2y
2 + 3c5x

2y2 + c4y
4 +

1

2
x2
(
c13 + 2c16x

2 + c15y
2
)2 (2.34)

εoy = c7 + c8x
2 + c10x

4 + 3c9y
2 + 3c11x

2y2 + 5c12y
4 +

1

2
y2
(
c14 + c15x

2 + 2c17y
2
)2 (2.35)

γoxy = xy
(
2c2 + 2c8 + 4c10x

2 + 2c5x
2 + 2c11y

2 + 4c4y
2 +(

c13 + 2c16x
2 + c15y

2
) (
c14 + c15x

2 + 2c17y
2
))

(2.36)

κox = −c13 − 6c16x
2 − c15y

2 (2.37)

κoy = −c14 − c15x
2 − 6c17y

2 (2.38)

κoxy = −4c15xy (2.39)

2.3 Minimization of Total Potential Energy

Under the state of plane stress with no external work, the total elastic potential energy Uel of a

composite laminate with arbitrary layup can be expressed as

Uel =
1

2

n∑
k=1

∫
Vk

(σxεx + σyεy + σxyεxy)k dVk (2.40)
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where Vk is the total volume of the kth ply. Substituting the stress-strain relationships in Equation

2.10 into Equation 2.40 yields

Uel =
1

2

n∑
k=1

∫
Vk

(
εx

(
2εyQ̄12 + 2γxyQ̄16 −

(
dxQ̄11 + dyQ̄12 + dxyQ̄16

) ∆V

∆x

)

+εy

(
2γxyQ̄26 −

(
dxQ̄12 + dyQ̄22 + dxyQ̄26

) ∆V

∆x

)
+ ε2xQ̄11 + ε2yQ̄22

+ γxy

(
γxyQ̄66 −

(
dxQ̄16 + dyQ̄26 + dxyQ̄66

) ∆V

∆x

))
k

dVk (2.41)

Similar to what was implemented in Section 2.1.2, the elastic potential energy is re-arranged in

terms of its extensional [A], coupling [B], and bending [D] stiffness matrices and piezoelectric

forces
{
NP
}

and moments
{
MP

}
per unit length from Equation 2.14. This is given below.

Uel =

Lx
2∫

−Lx
2

Ly
2∫

−Ly
2

1

2

{εo}
{κo}


T [A] [B]

[B] [D]


{εo}
{κo}

 −
{εo}
{κo}


T 
{
NP
}

{
MP

}

 dxdy (2.42)

where {εo} =
{
εox, ε

o
y, γ

o
xy

}T and {κo} =
{
κox, κ

o
y, κ

o
xy

}T are the vectors of mid-plane strains and

curvatures, respectively. Their definitions from Section 2.2 are inserted into Equation 2.42 and the

spatial integration is carried out. The resulting equations depend on 14 or 17 unknown variables

ci from either the lower or higher order shape functions, respectively, such that Uel = Uel(ci). The

minimization of total potential energy principle states that the first variation of Uel(ci) must be zero

for the laminate to be in equilibrium, that is,

δUel =
nu∑
i=1

∂Uel

∂ci
δci = 0 (2.43)
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where nu is the total number of unknown coefficients. To satisfy Equation 2.43, it is necessary to

impose the following condition for i = 1, 2, ..., nu:

fi =
∂Uel

∂ci
= 0 (2.44)

where fi are the nu nonlinear equilibrium equations that are solved for the nu unknown coeffi-

cients ci to find the laminate shapes as defined by the assumed mid-plane strain and displacement

functions. The predicted equilibrium state is stable if its corresponding Jacobian matrix [J ] shown

below is positive definite.

[J ] =



∂f1
∂c1

∂f1
∂c2

. . . ∂f1
∂cnu

∂f2
∂c1

∂f2
∂c2

. . . ∂f2
∂cnu

...
... . . . ...

∂fnu

∂c1

∂fnu

∂c2
. . . ∂fnu

∂cnu


(2.45)

Symbolic computing in MATLAB is used to generate the equilibrium equations and the fsolve

function is then implemented to solve them for ci. The solutions are inserted back into the assumed

shape functions to obtain the static profiles of the laminate. This procedure can repeated for each

applied voltage or geometric increment to capture the laminate’s stability characteristics such the

static bifurcation behavior. The numerical solver requires specific initial solutions to be able to

converge to the desired equilibrium state and so multiple trials are necessary to identify all stable

and unstable configurations.
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2.4 Derivation of a Dynamic Model

The potential energy contains geometrically nonlinear terms to yield the large out-of-plane

deformations and stable states of the bistable system. With the addition of the composite plate’s

kinetic energy, the equations of motion can be derived through Lagrange’s equations. This deriva-

tion method is appropriate since the geometric boundary conditions are implicitly satisfied through

the selection of shape functions while their unknown coefficients can conveniently serve as the

discrete set of generalized coordinates, which become a function of time t. While the lower order

shape functions from Section 2.2.1 may give adequate results under static analysis, the higher or-

der shape functions in Section 2.2.2 are required if predictive accuracy is to be maintained under

dynamic analysis. Specifically, the critical forcing levels to induce cross-well oscillations are much

better correlated with experimental results. Therefore, all dynamic analysis in this dissertation will

utilize the higher order shape functions. The out-of-plane displacement function wo in Equation

2.33 is redefined as

wo (x, y, t) =
1

2

(
q1 (t)x2 + q2 (t) y2 + q3 (t)x2y2 + q4 (t)x4 + q5 (t) y4

)
+ f (t) (2.46)

where the unknown coefficients c13 to c17 are replaced by five generalized curvature coordinates

qj(t) for j = 1, ..., 5. The out-of-plane displacement is also superposed with the base excitation

function f(t) applied at the center of the laminate. Since f(t) only has temporal dependence, it

will appear through the kinetic energy and disappear in the potential energy due to the required

differentiation to obtain the mid-plane strains and curvatures. The in-plane displacements uo and

vo in Equations 2.31 and 2.32 remain unchanged in form, but the unknown coefficients become
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time dependent through ci(t) where i = 1, 2, ..., 12. These unknowns are carried through the

mid-plane strains and curvatures in the total potential energy.

2.4.1 Electromechanical Coupling

The electromechanical coupling terms from the MFCs must first be included in the total po-

tential energy if dynamic voltage response or control of the bistable laminate with piezoelectric

actuators is to be made possible. They are derived from the piezoelectric constitutive equations of

the kth ply in the laminate coordinate system, which represents each P1 type MFC [119]. For a

Kirchhoff plate under the state of plane stress, the compliance form is given by



εx

εy

γxy

Dx


k

=



S̄11 S̄12 S̄16 dx

S̄12 S̄22 S̄26 dy

S̄16 S̄26 S̄66 dxy

dx dy dxy εTx


k



σx

σy

τxy

Ex


k

(2.47)

For the kth ply, {σ}k is the total stress, [S̄] is the transformed reduced compliance matrix,Dxk
is the

effective electric displacement, Exk
is the effective electric field, and εTx is the effective dielectric

permittivity constant in the compliance form. Note that [S̄] is obtained with the transformation

matrix in Equation 2.8 through [S̄] = [T ][S][T ]−1, where [S] is the reduced compliance matrix,

or the inverse of the reduced stiffness matrix [Q] in Equation 2.6. The piezoelectric constitutive
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equations in Equation 2.47 are rearranged into the stiffness form as seen below.



σx

σy

τxy

Dx


k

=



Q̄11 Q̄12 Q̄16 −ex

Q̄12 Q̄22 Q̄26 −ey

Q̄16 Q̄26 Q̄66 −exy

ex ey exy εSx


k



εx

εy

γxy

Ex


k

(2.48)

Where again for the kth ply, {e}k are the effective piezoelectric constants and εSx is the effective

dielectric permittivity constant in the stiffness form. With the constitutive equations now including

the piezoelectric effect, the initial form of the elastic potential energy in Equation 2.40 becomes

the piezoelectric potential energy Up. The internal electrical energy Wie is given below.

Wie =
1

2

n∑
k=1

∫
Vk

(ExDx)k dVk (2.49)

The coupled stress-strain definitions in Equation 2.48 are substituted into Equation 2.40 and Equa-

tion 2.49, but since the stiffness terms of the potential energy are already accounted for in Equation

2.41, only the electromechanical coupling terms are retained and this results in

Up = −1

2

n∑
k=1

∫
Vk

(Ex (εxex + εyey + γxyexy))k dVk (2.50)

Wie =
1

2

n∑
k=1

∫
Vk

(
Ex
(
εSxEx + εxex + εyey + γxyexy

))
k
dVk (2.51)
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where the effective electric field for the kth MFC ply is given by the following equation.

Exk
=
vk (t)

∆x
(2.52)

vk (t) is the time dependent generalized voltage coordinate, where one electrical degree of freedom

models the electrical response of each MFC. This variable is different than ∆Vk given in the piezo-

electric forces and moments per unit length in Equation 2.16 and Equation 2.17, which represents

the delta from the bonding voltage during manufacturing. Inserting the total strain definitions in

Equations 2.4a-2.4c into Equations 2.50 and 2.51 yields Up and Wie in terms of the mid-plane

strains and curvatures, as given below.

Up = −1

2

n∑
k=1

∫
Vk

(
Ex
(
ex (εox + zκox) + ey

(
εoy + zκoy

)
+ exy

(
γoxy + zκoxy

)))
k
dVk (2.53)

Wie =
1

2

n∑
k=1

∫
Vk

(
Ex
(
εSxEx + ex (εox + zκox) + ey

(
εoy + zκoy

)
+ exy

(
γoxy + zκoxy

)))
k
dVk (2.54)

For both Equation 2.53 and Equation 2.54, the strains are assumed to be at the mid-surface of each

MFC ply. The total potential energy of the laminate can now be written as the expression below

Π = Uel + Up −Wie (2.55)

where it becomes a function of the unknowns ci(t), qj(t), and vk(t). Note that Uel is Equation 2.42.
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2.4.2 Energy Formulation

To determine the inertial forces under dynamic excitation, the total kinetic energy of the com-

posite plate is given in the equation below

T =
1

2
ρ

h
2∫

−h
2

Lx
2∫

−Lx
2

Ly
2∫

−Ly
2

(
∂wo

∂t

)2

+

(
∂uo

∂t
− z∂

2wo

∂x∂t

)2

+

(
∂vo

∂t
− z∂

2wo

∂y∂t

)2

dydxdz (2.56)

where ρ is the overall density of the laminate. By neglecting the in-plane inertial terms due to

the fixed center boundary condition and integrating through the thickness h, the kinetic energy

becomes

T =
1

2
ρh

Lx
2∫

−Lx
2

Ly
2∫

−Ly
2

h2

12

((
∂2wo

∂x∂t

)2

+

(
∂2wo

∂y∂t

)2
)

+

(
∂wo

∂t

)2

dydx (2.57)

Inserting the out-of-plane displacement wo in Equation 2.46 into Equation 2.57 results in the ki-

netic energy being purely a function of the generalized curvature coordinates qj(t).

Before Lagrange’s equations can be used to derive the equations of motion, the number of

generalized coordinates or the degrees of freedom of the system must be truncated if computational

efficiency is to be maintained. This is done by rearranging the system so that it is solely a function

of the generalized coordinates qj(t) and vk(t). The unknown coefficients ci(t) in the total potential

energy Π in Equation 2.55 are linearly independent throughout the functional. Minimizing the

total potential energy Π by taking the first variation in terms of the twelve ci(t) coefficients yields
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the twelve equilibrium equations shown below.

∂Π

∂ci
= 0 (2.58)

With Equation 2.58, ci(t) can be found as functions of qj(t) and vk(t) such that

ci(t) = f(qj(t), vk(t)) (2.59)

Inserting Equation 2.59 into Equation 2.55 yields the functional of the total potential energy as

shown below.

Π = f(qj(t), vk(t)) (2.60)

Now the system no longer has any dependence on the coefficients ci(t). However, ci(t)’s contribu-

tion to the static equilibrium states and their stability is still retained in the total potential energy in

Equation 2.60 through Equation 2.59. This is how the information on the stable states are retained

in dynamic equilibrium when Equation 2.60 is carried through the equations of motion, where it

becomes the nonlinear restoring forces yielding the bistable dynamics.
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2.4.3 Equations of Motion

Given the Lagrangian definition L = T − Π, the electromechanically coupled equations of

motion for the bistable laminate are obtained using Lagrange’s equations as shown below.

d

dt

(
∂L
∂q̇j

)
− ∂L
∂qj

= 0 (2.61)

d

dt

(
∂L
∂v̇k

)
− ∂L
∂vk

= ϕ (2.62)

where ϕ is the electrical charge output resulting from the non-conservative electrical work, q̇j =

∂qj
∂t

, and v̇k = ∂vk
∂t

. Substituting Equations 2.57 and 2.60 into Equations 2.61 and 2.62 yields the

Multiple Degrees of Freedom (MDOF) Duffing type equations of motion:

[M ] {q̈}+ [D (q̇)] + [K(q)] + [Θ] {v} = {F} (2.63)

[Θ]T {q}+ [Cp] {v} = {ϕ} (2.64)

[M ] is the mass matrix, [D(q̇)] is the nonlinear damping matrix, [K(q)] is the nonlinear stiffness

matrix, [Θ] is the electromechanical coupling matrix, [Cp] is the capacitive matrix, {ϕ} is the

electrical charge output vector, and {F} is the forcing vector derived from the base excitation. Note

that the number of MFCs in the laminate equates to the number of generalized voltage coordinates,

which is a different value than the five generalized curvature coordinates. For example, if the

bistable laminate consists of two MFCs, then {v} = {v1, v2, 0, 0, 0}T . All terms in the equations

of motion are linear with the exception of [K(q)] and [D(q̇)], which contain linear, quadratic,

and cubic terms. These higher ordered curvature terms in [K(q)] are the source of geometric and

dynamic nonlinearity needed to predict the wide variety of nonlinear behavior seen in bistable
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systems. They represent the restoring force as seen in the popular double well Duffing equation,

which is used to model single degree of freedom bistable oscillators in numerous past works [4].

To incorporate energy dissipation into the system, Rayleigh damping is assumed in Equation 2.63,

where the nonlinear damping matrix is given by

[D (q̇)] = α[M ] {q̇}+ β[K(q̇)] (2.65)

and α and β are the mass and stiffness damping coefficients, respectively. Equation 2.65 assumes

that the damping matrix is proportional to the mass and stiffness matrices, and must satisfy the

condition below to avoid modal coupling.

2ωniζi = α + βω2
ni (2.66)

ωni and ζi are the ith natural frequency and corresponding damping ratio. It can be seen that the

damping matrix is nonlinear due to being partially proportional to the stiffness matrix.

To assess the power dissipation across a resistive load for each MFC while the laminate is

under dynamic excitation, the electrical work done by the system where each MFC is connected

to a resistor in parallel is modelled. This is implemented by differentiating Equation 2.64 with

respect to time which converts {ϕ} to the electrical current and through Ohm’s law yields the

coupled equation below.

[Θ]T {q̇}+ [Cp] {v̇} =
1

R
{v} (2.67)

Note that R is the load resistance which is assumed to be identical for both MFCs.
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2.5 Chapter Summary

The electromechanically coupled analytical model of a piezoelectrically generated bistable

laminate is derived for both static and dynamic analysis. By bonding two actuated MFCs in an

unsymmetric layup and releasing the voltage post cure, piezoelectric strain anisotropy and the

resulting in-plane residual stresses yield two statically stable states that are cylindrically shaped. To

capture the large out-of-plane deformations associated with bistable composite laminates, CLT is

extended to included nonlinear terms in the kinematic strain-displacement relationships according

to the von Karman plate theory, which allows for moderate rotations of the middle surface and large

out-of-plane displacements. Within the CLT constitutive equations, the thermal analogy is used to

replace thermal strains induced by temperature change to piezoelectric strains caused by an applied

electric field due to MFC voltage actuation. The resulting piezoelectric forces and moments per

unit length are responsible for generating the residual stresses necessary for bistability through the

elastic potential energy.

To predict the cylindrical geometries, Rayleigh-Ritz approximations are made for the mid-

plane strain and displacement functions which satisfy geometric boundary conditions. Second and

third order polynomials proposed by Dano and Hyer [36] provide adequate accuracy for static

profiles, but higher order shape functions are necessary to retain low errors for dynamic analysis.

By allowing spatially variable curvatures through fourth and fifth order polynomials, the laminate

stiffness is not artificially raised which allows for accurate forcing level input to laminate response

output trends. The elastic potential energy carrying the laminate stiffness and the bonding voltage

loading terms is minimized relative to the number of unknown coefficients associated with the

Rayleigh-Ritz shape functions. The resulting nonlinear equilibrium equations can be numerically
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solved to obtain the static laminate shapes under a variety of specified geometrical parameters and

piezoelectric loading. The stability of the solution is determined by evaluating if the Jacobian

matrix of the equilibrium equations is positive definite.

The nonlinear electromechanical MDOF equations of motion are derived using Lagrange’s

equations, where the degrees of freedom are the generalized curvature and voltage coordinates. To

allow for dynamic voltage control and response with the MFCs, the electromechanical coupling

terms are separately obtained using the piezoelectric constitutive equations, internal electric energy,

and piezoelectric potential energy, and they are combined with the elastic potential energy. The

total potential energy is then reformulated to be a function of just the generalized curvature and

voltage coordinates to reduce computation times. The kinetic energy is also obtained to account

for the inertial forces and base excitation at the laminate center. Once the equations of motion are

found, Rayleigh damping is assumed to incorporate energy dissipation in the system.
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CHAPTER 3

Laminate Design and Snap-through Morphing

Given the proposed concept of utilizing the piezoelectric actuation of MFCs to generate bista-

bility in composite laminates, the presented chapter’s objectives are as follows. They are to explore

the design space with parametric studies, characterize the geometry, stability properties, and snap-

through morphing capability of the yielded design, and experimentally validate the static analysis.

The stable shapes of conventionally rectangular bistable composite laminates generated with ther-

mal residual stresses are a deeply analyzed phenomenon, and the previous research outlined in

Chapter 1 agrees on the following findings for the equilibrium configurations and dependency on

geometric parameters. These are that the amount of generated curvature is inversely proportional

to the laminate thickness and that bistability is lost when the side length to thickness ratio drops

below a critical value. However, the mechanism for inducing bistability is voltage application with

MFCs instead of temperature loading on passive materials and how this affects the curvature and

the existence of stable states are investigated here. In addition, the MFCs simultaneously being the

actuator and primary structure gives rise to a design efficiency and how this addresses the research

challenge of initiating reversible quasi-static snap-through is presented. The electromechanically

coupled model derived in Chapter 2 and finite element analysis are implemented for static analy-

sis, and a specimen of the bistable laminate is manufactured and experimentally characterized to
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provide model validation.

3.1 Design Considerations and Parameter Effects

Since the objective is to develop a smart bistable laminate useful for morphing applications, its

design must be catered towards the most favorable conditions for inducing bistability and maxi-

mizing the range of motion between the stable configurations. Under broadband energy harvesting

applications, the latter condition will also enable larger strains to be imparted on the laminate dur-

ing cross-well vibrations, which will raise the subsequent power output. A [0MFC/90MFC ]T layup

is chosen to minimize the laminate thickness and allow outside access to the electrode leads of

each MFC. In addition, the cross-ply configuration will maximize the out-of-plane displacements

of each stable state, since moving the ply angles closer together will lower displacements and push

the laminate towards monostability [120]. This is analytically demonstrated in Appendix A. The

laminate will be square because shifting its aspect ratio away from one will cause an imperfect

static bifurcation behavior that is not accurately predicted by the analytical model [121]. The P1

type MFC that utilizes the d11 effect is chosen for its actuation capabilities required for control

applications, which strains in the piezoceramic fiber direction under an operating voltage of -500

V to 1500 V. The MFCs will be bonded together in a flat configuration while both are actuated at

1500 V so that the post cure delta voltage and the resulting piezoelectric strains will be the maxi-

mum possible under the operating limits. This will provide the most margin for static bifurcation,

that is, it will move the bifurcation voltage furthest away from the unactuated state where there is

no applied voltage.

Given the laminate design choices, the only remaining parameters are the laminate side length
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and the adhesive used to bond the two MFCs. The following sections will present an analytical ex-

amination of how these parameters affect the resulting laminate shape, bifurcation voltage, stability

characteristics, and a design will be finalized thereafter. Table 3.1 presents the relevant material

properties of the P1 type MFC and the two candidate adhesives, which are the 3M DP-460 epoxy

and the Cytec FM300-2M film adhesives [122–124].

Table 3.1: Material properties of P1 MFC, DP-460, and FM300-2M adhesives.

Properties MFC DP-460 FM300-2M
E1 (GPa) 29.4 2.7 2.44
E2 (GPa) 15.2 2.7 2.44
ν12 0.312 0.4 0.38
G12 (GPa) 6.06 0.96 0.88
Thickness h (mm) 0.3 0.0875 0.13
d11 (10−9 mm/V) 380 – –
d12 (10−9 mm/V) -170 – –
Electrode Spacing ∆x (mm) 0.5 – –
Dielectric Constant εSx (10−11 F/mm) 1.5 – –
α1 (10−6/°C) 7.5 (60°C), 10 (120°C) 59 58
α2 (10−6/°C) 18 (60°C), 38 (120°C) 59 58

It should be noted that the piezoelectric constants in Table 3.1 are for high electric field values

(>1 kV/mm), or greater than 500 V for the P1 type MFC due to the chosen 1500 V bonding voltage.

Also, the thickness of the DP-460 epoxy adhesive is an averaged experimental measurement due

to it being variable across the bond line. The average laminate density of ρ = 4281kg/m3 is

found by measuring its volume and mass. Although the MFC consists of a mix of active and

passive materials, it is modelled as a single orthotropic ply since accounting for its constituent

layers through CLT has a negligible effect on the resulting laminate profiles. This is demonstrated

in Appendix A. Finally, Williams [122] found that the MFC CTEs α1 and α2 are temperature

dependent, and so their values at the cure temperatures of both adhesives are presented.
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3.1.1 Side Length and Geometry

Utilizing the static analytical model with lower order shape functions, the curvature vs. voltage

behaviors for multiple laminate side lengths are shown in Figure 3.1. The lower order functions are

chosen due to their constant curvatures across the domain, which allows the laminate shapes to be

conveniently represented as a scalar value in parametric analysis. It should be noted that the model

accounts for the adhesive layer between the two MFCs by including it as an inactive isotropic ply.

The DP-460 epoxy is chosen for this section because it can be cured at room temperature, and so

the cure cycle thermal effects do not have to be considered.

Figure 3.1: [0MFC/90MFC ]T curvatures (a) κ0
x and (b) κ0

y vs. voltage for 50 x 50 mm2, 100 x 100
mm2, 150 x 150 mm2, and 200 x 200 mm2 laminates.

At the bonding voltage of 1500 V, the laminate is in a flat configuration with zero curvature

and displacement. Once the power is shut off post cure, the resulting delta voltage generates cur-

vature due to residual stresses generated by the mismatch in the effective piezoelectric constants.

Initially, laminates of all side lengths exhibit a monostable saddle shape and the curvatures asso-

ciated with this configuration increases as the delta voltage magnitude increases. Bifurcation for
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the 100 x 100 mm2, 150 x 150 mm2, and 200 x 200 mm2 laminates occur respectively at the delta

voltages of -1095 V, -486 V, and -273 V from the bonding voltage. At bifurcation, the stable saddle

shaped path splits into two cylindrically stable paths and a single unstable path with a saddle shape,

corresponding to the middle path. After the pitchfork bifurcation and in terms of magnitude, the

stable path with the larger curvatures in the κ0
x plots corresponds to the path with lower curva-

tures in the κ0
y plots, and vice versa. For the 50 x 50 mm2 laminate, bifurcation is not observed in

the examined voltage range, and the laminate remains in a monostable saddle shape. The major

curvatures and the resulting out-of-plane displacements increase with larger laminate side lengths.

These plots show that bistability can be piezoelectrically generated for a square [0MFC/90MFC ]T

laminate with sufficient side length.

According to the unactuated [0MFC/90MFC ]T curvatures vs. side length plotted in Figure

3.2(a) and (b), the exact minimum side length required to induce bistability is 85 mm. The laminate

retains similar stability trends and characteristics between the applied voltage and side length.

As observed in Figure 3.1, the curvatures κ0
x and κ0

y have equal magnitude in opposite out-of-

plane directions and have a monostable saddle shape until the pitchfork bifurcation into the two

cylindrically stable branches is observed at the 85 mm side length. Post bifurcation, the amount of

generated curvature exponentially decays with increasing side length. This means that increasing

the side length indefinitely has diminishing returns for the out-of-plane deformation and the range

of motion between stable configurations. Figure 3.2(c) shows the voltage where bifurcation occurs

from a bonding voltage of 1500 V when the side length is varied. Since the plot indicates the

voltage where the laminate becomes bistable for each side length, the area above the plot represents

a monostable configuration while the area below corresponds to the bistable configuration. Similar

to the generated curvatures, the exponential trend indicates that increasing the laminate side length
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Figure 3.2: [0MFC/90MFC ]T curvatures (a) κ0
x, (b) κ0

y, and (c) bifurcation voltage vs. side length
at 0 V from 1500 V bonding voltage.

has diminishing returns for the applied delta voltage required to induce bistability.

There are limitations to how large MFCs can be manufactured, and so the side length must be

judiciously chosen. Simultaneously, a design goal is to minimize the voltage difference between

bifurcation and bonding to compensate for potential manufacturing imperfections. Therefore, a

side length of 200 mm is chosen to ensure sufficiently large out-of-plane displacements and ade-

quate margin for generating bistability. Figure 3.3 shows both the stable and unstable analytical

shape predictions of a 200 x 200 mm2 [0MFC/90MFC ]T laminate bonded at 1500 V.
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Figure 3.3: Out-of-plane displacements of a 200 x 200 mm2 [0MFC/90MFC ]T laminate in (a) stable
cylindrical states and (b) unstable saddle state at 0 V.

3.1.2 Adhesive and Cure Cycle

The two adhesives being considered for bonding the MFCs are the DP-460 epoxy and the

FM300-2M film adhesive. The primary motivation for this section is to determine the effects of

each adhesive’s cure cycle on the laminate’s stability characteristics and stable shapes, and then

select the appropriate adhesive. To be accurate, the predictive models must take the adhesive

into account because as its thickness increases, the resulting laminate’s out-of-plane displacements

decrease and its bifurcation is further delayed as will be shown in this section. The cure cycles

occur at elevated temperatures that impart thermal strains on the actuated MFCs during cooldown
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to room temperature and alter their piezoelectric strains and the residual stresses. This interaction

between the anisotropic CTEs and piezoelectric constants must be characterized before an actual

laminate can be bonded.

The DP-460 adhesive is a manually applied two part epoxy where the resulting bond line will

be non-uniform due to the lack of thickness control and thus contribute to the manufacturing error.

However, it allows a range of temperature dependent cure durations, with the longest being 24

hours at room temperature and the shortest being 2 hours at 60 °C, and are both considered here.

The FM300-2M is a film adhesive that has a uniform thickness known beforehand, and more

accurately reflects the perfect bond line assumption made in the models. Despite the advantage, it

requires a 2 hour cure at 120 °C, which will have a larger impact on the piezoelectric strains. Since

the MFC’s maximum operating temperature is 130 °C, the film adhesive’s cure cycle is a feasible

option. In general, shorter cure durations are preferred due to the reduced time under actuation at

the operating limit, thus raising the probability of survival.

To account for the thermal strains from the adhesive cure cycles, Equation 2.42 in Section 2.3

is modified to include the effects of thermal loading in the total potential energy, as shown by

Uel =

Lx
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2
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2

1

2

{εo}
{κo}


T [A] [B]

[B] [D]


{εo}
{κo}

 −
{εo}
{κo}


T 
{
NP
}

+
{
NT
}

{
MP

}
+
{
MT

}

 dxdy

(3.1)

where the thermal forces
{
NT
}

and moments
{
MT

}
per unit length due to an applied delta tem-
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perature ∆T from the cure cycle are given as
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]
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(
z2
k − z2

k−1

)
(3.3)

The effective CTEs in the laminate coordinate system is given as {α}k where they are a function

of the CTEs α1 and α2 in the lamina coordinate system, and this relationship is shown below.

{α}k =


αx

αy

αxy


k

=
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α1 cos2 θ + α2 sin2 θ

α1 sin2 θ + α2 cos2 θ

2 cos θ sin θ(α1 − α2)


k

(3.4)

Using the modified analytical model, the curvature vs. voltage relationships for a 200 x 200

mm2 [0MFC/90MFC ]T laminate bonded at 1500 V with the three proposed adhesive cure cycles

are presented in Figure 3.4. The bifurcation voltage, stability, and the resulting curvatures remain

consistent for the laminate under the DP-460 room temperature cure as the behavior outlined in the

200 x 200 mm2 case of Figure 3.1. Once the cure temperature is raised to 60 °C, bifurcation occurs

further away from the bonding voltage at -688 V delta voltage from 1500 V. This indicates that the

margin of available voltage to induce bistability is reduced when the laminate is cured at elevated

temperatures. The major curvatures of each stable state are also significantly reduced, which means

the resulting out-of-plane displacements are lower for both stable states after the applied thermal

loading. For the laminate under the FM300-2M cure at 120 °C, there is no bifurcation under

piezoelectric actuation and so it remains monostable over the entire voltage range. This elimination
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of bistability means that the FM300-2M is not a viable option for bonding the MFCs, even if it

provides the advantage of a uniform bond line.

Figure 3.4: 200 x 200 mm2 [0MFC/90MFC ]T curvatures (a) κ0
x and (b) κ0

y vs. voltage bonded with
DP-460 at room temperature, 60 °C, and with FM300-2M at 120 °C.

Thermal loading from cure cycles with elevated temperatures have debilitating effects on piezo-

electrically generated bistability due to the conflicting MFC CTEs and piezoelectric constants.

Under voltage actuation, the MFC strains are dominant in the piezoceramic fiber 1 direction over

the transverse electrode 2 direction. Under thermal loading, the opposite is true due to the CTEs

being greater in the transverse 2 direction. With higher cure temperatures, the thermal strains be-

come large enough to reduce the piezoelectric strains like the DP-460 60 °C case, or completely

overtake them like the FM300-2M 120 °C case. Since the design objectives are to minimize the

laminate bifurcation delta voltage and maximize its out-of-plane displacements, the DP-460 room

temperature cure cycle is chosen for bonding the MFCs.

The thickness of the DP-460 epoxy can vary for each application or within the laminate do-

main. To determine the sensitivity of the stability margins and generated deformations due to the
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adhesive thickness, the [0MFC/90MFC ]T laminate’s bifurcation voltage and maximum out-of-plane

displacement versus the epoxy thickness are presented in Figure 3.5. With increasing thickness,

both metrics are significantly reduced and these are proportional to the thickness squared. The

relationships show that the laminate’s shape and margin for bistability are adversely affected by

thicker adhesives, and an effort must be made to minimize the bond line thickness during fabri-

cation. Although the adhesive is passive and does not contribute to inducing bistability through

actuation, its effects on the laminate are non-trivial and will be included in all subsequent analysis.

Figure 3.5: 200 x 200 mm2 [0MFC/90MFC ]T bifurcation voltage and maximum out-of-plane dis-
placement vs. DP-460 adhesive thickness with no thermal loading.

3.2 Finite Element Analysis

This section presents the finite element modelling approach with the motivation of it being

validation to the analytical model in conjunction with the experimental data. It also acts as an
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alternative predictive tool of the laminate’s shapes by accounting for effects that are not captured by

the analytical model. With the [0MFC/90MFC ]T laminate design finalized in the previous section,

it is implemented in MSC Nastran with Altair HyperMesh and HyperView serving as the pre and

post processors. Although the 200 x 200 mm2 represents the active area where the piezoceramic

fibers are housed, the total MFC dimensions are 207 x 218 mm2 due to the peripheral area housing

the electrode rails and leads between the polyimide films. When two of these MFCs are bonded

in a cross-ply layup, the total bonded area becomes 207 x 207 mm2 which leaves an inactive outer

area containing only the Kapton and acrylic materials. This is modelled to account for its influence

on the resulting laminate shape and is shown in Figure 3.6.

Figure 3.6: Finite element mesh of 207 x 207 mm2 [0MFC/90MFC ]T laminate containing both
active piezoelectric and inactive peripheral areas.

The FEA model consists of 7056 CQUAD4 (4 node quadrilateral shell) elements with 43350

degrees of freedom and 9 center nodes fixed at the center of the laminate to prevent near-singularities

in the stiffness matrix. The inner active area is characterized with the MFC and DP-460 material

properties from Table 3.1, but the outer inactive area is characterized as isotropic with the average

of the Kapton and acrylic stiffness properties [122]. The thickness of both materials was experi-
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mentally measured to be 0.12 mm. The orthotropic MAT8 and isotropic MAT1 cards are used to

input the constituent properties, and then the laminate is assembled with the PCOMP card which

defines its layup over the shell elements.

To simulate voltage actuation of the MFCs, the piezoelectric-thermal analogy approach is uti-

lized. Cote et al. [125] numerically and experimentally validated this approach, which was im-

plemented in MSC Nastran. The linearized in-plane piezoelectric to thermal strain relationship is

given by


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which shows that the piezoelectric strains imparted by voltage actuation are described by the ther-

mal strains from temperature change through equations with same form. In the model, the CTEs of

the active MFC plies are replaced with the piezoelectric constants divided by the electrode spacing

so that any thermal loading on the laminate is equivalent to an applied delta voltage. The CTEs of

the adhesive layer and the inactive outer area are set to zero so that a delta temperature representing

voltage change is only applied on the MFCs. The models are run using the SOL 106 non-linear

solver, where a delta temperature, or ∆V of -1500 V is applied with TEMP cards to simulate the

bonding of actuated MFCs. The step size is 0.15 V from 0 to -300 V and 1.5 V from -300 to -1500

V. The initial lower step size is chosen to let the solver converge at bifurcation earlier and more

accurately capture the voltage at which it occurs. Minimal geometric imperfections (206 x 207 or

207 x 206 mm2) are used to force the solver into either stable branch after bifurcation.
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3.3 Experimental Methodology

3.3.1 Manufacturing Procedure

The 200 x 200 mm2 [0MFC/90MFC ]T laminate was manufactured under vacuum by bonding

two P1 type MFCs while actuated at 1500 V. The MFCs were custom made by Smart Material

Corp. As mentioned in the previous section, each MFC has an active area of 200 x 200 mm2 hous-

ing the piezoceramic fibers and electrodes, but its total dimensions are 207 x 218 mm2. Therefore,

the resulting laminate’s total bonded area is 207 x 207 mm2 with 5.5 mm of overhang on each

edge.

Figure 3.7: Stable configurations of a manufactured 200 x 200 mm2 [0MFC/90MFC ]T laminate at
0 V from a bonding voltage of 1500 V.

The two MFCs were simultaneously actuated in parallel at 1500 V with a BK Precision 9130

DC power supply connected to a Trek 2220 high voltage amplifier. Both MFCs were then bonded

together on a flat tool under vacuum with the DP-460 epoxy. The adhesive cure cycle was 24 hours

at room temperature and a standard vacuum bag bonding procedure was implemented. The flat tool

had to be partially drilled where the bottom MFC leads and soldered wires sit to allow adequate
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space. This enabled both MFCs to stay flat against the tool, let the vacuum apply even pressure

across the laminate, and reduced the chance of the wires disconnecting while the epoxy was curing.

After the cure cycle, the laminate was taken out of vacuum and power to both MFCs were shut

off. The flat laminate immediately took a cylindrical shape and was qualitatively confirmed to

be bistable through a snap-through test. Figure 3.7 shows both stable states of the manufactured

[0MFC/90MFC ]T laminate. All experimental measurements were taken once the MFCs discharged

completely to allow the laminate to reach its full profile.

3.3.2 Measurement of Laminate Shapes

To characterize the [0MFC/90MFC ]T laminate’s geometry, bifurcation, and snap-through be-

haviors, full 3D profiles and out-of-plane displacement trends under voltage actuation were cap-

tured. As shown in Figure 3.8, this was achieved with two separate experimental setups.

Figure 3.8: Experimental setup with (a) a 3D scanner measuring laminate profiles at 0 V and (b) a
1D laser sensor measuring laminate displacements under voltage actuation.

The shape profiles of both stable configurations at 0 V were measured with a NextEngine

Desktop 3D Scanner, which utilizes multi-stripe laser triangulation to obtain the 3D coordinates
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of every assigned grid point across the laminate. The scan resolution was 1.32 points/mm2 with a

depth accuracy of 0.127 mm. The laminate was attached to a controlled fixture which allowed an

aligned bracket scan to be assembled from 3 separate scans that are rotated 30 ° apart from each

other. In the Scan Studio software, the laminate profiles were trimmed, aligned with the coordinate

system established in Figure 2.1, then exported into MATLAB for evaluation against the model

predictions. This particular setup was not implemented for capturing actuated laminate profiles

due to the long scanning and post processing durations which limit the number of measurements

that can be taken.

For a more efficient setup required by the large number of measurements collected under volt-

age actuation, a Keyence LK-G402 laser displacement sensor was used to obtain the out-of-plane

displacements of a single point on the laminate edge. The edge locations are defined to be that

of the piezoceramic fiber layer area. The sensor was mounted overhead on a sliding test rig and

hung over the laminate which was attached to a sliding support. Both MFCs remained connected

to the DC power supply and high voltage amplifier for actuation. During data collection, the MFC

voltages were increased from 0 to 1500 V in 10 V increments every 120 seconds to account for

charging duration and creep. The out-of-plane displacements were measured at the end of every

voltage step. Between each set of measurements, the MFCs were allowed to discharge completely

so that the laminate could return to its original profile.
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3.4 Experimental Validation of Static Model

3.4.1 Unactuated Geometry

The lower and higher order analytical, finite element, and experimental stable shapes of a 200

x 200 mm2 [0MFC/90MFC ]T laminate are presented in Figure 3.9 where the left column is state

I and the right column is state II. The 3D scanned profiles are overlaid with their least squares

polynomial fits so that displacement and curvature comparisons can be made against the models.

A 4th order polynomial is the lowest ordered equation that managed to accurately capture the

experimental localized edge deflections which are accentuated at the corners. All residual rigid

body displacements and rotations from the scanned profiles are eliminated in the fits so that they

are perfectly aligned with the laminate coordinate system. To more easily evaluate the shape

differences, the absolute errors of the lower and higher order analytical and finite element models

against the experimental fits are presented in Figure 3.10. The error values represent the out-of-

plane displacement difference wo
model −wo

experiment. Percent errors are not presented in this format

due to the displacements becoming small towards the laminate center relative to the measurement

accuracy of 0.127 mm, which lead to artificially high errors.

The shape differences between all models and the experimental measurements are small over

the majority of the laminate and greater errors are found towards the edges with the corners

containing the largest errors. This free edge effect is well documented for bistable composites

in [16, 126, 127], and is due to the rapid increase of interlaminar stresses towards the laminate

edges which locally alter their deflections [128]. The in-plane residual stresses that arise from

the mismatch of effective piezoelectric constants need to be zero at the free edges to satisfy their

boundary conditions. Thus, interlaminar stresses are generated instead and the superposition of
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Figure 3.9: 200 x 200 mm2 [0MFC/90MFC ]T out-of-plane displacements at 0 V from lower order
model in (a) state I, (b) state II, from higher order model in (c) state I, (d) state II, from finite
element analysis in (e) state I, (f) state II, and from experimental measurements in (g) state I and
(h) state II.

two adjacent free edges further deflects the corner displacement [129]. However, the effect is lo-

calized and does not significantly alter the overall cylindrical shape or the stability properties of

the laminate. Both analytical models and the FEA fail to capture the free edge effects due to their

plane stress assumption preventing the interlaminar stresses to be accounted for. Complex ana-

lytical models accounting for the through thickness effects have been developed to capture this

behavior by Nosier and Maleki [130], but the approach is computationally expensive and requires
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Figure 3.10: 200 x 200 mm2 [0MFC/90MFC ]T out-of-plane displacement absolute errors against
experimental measurements for lower order model in (a) state I, (b) state II, for higher order model
in (c) state I, (d) state II, and from finite element analysis in (e) state I and (f) state II.
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a prior knowledge of the solution. Therefore, it is not fit for parametric design studies or modelling

voltage actuated shapes as done in this chapter. Between the predictions, the higher order model

exhibits the lowest and most even distribution of absolute errors for both stable configurations

while the lower order model shows the highest shape errors. Table 3.2 shows the experimental,

analytical, and finite element corner displacements and their corresponding percent errors, which

are the largest when compared to any other locations. Again, the higher order model retains the

lowest percent errors at all four corner locations.

Table 3.2: Corner out-of-plane displacements and percent errors.

State
Corner
Location

Experimental
(mm)

Lower
Order
(mm)

Lower
Order
Error (%)

Higher
Order
(mm)

Higher
Order
Error (%)

FEA
(mm)

FEA
Error
(%)

I (x, y) 11.31 13.19 14.2 11.69 3.3 12.29 8.0
(-x, y) 10.76 13.19 18.4 11.69 8.0 12.29 12.5
(x, -y) 10.42 13.19 21.0 11.69 10.9 12.29 15.2
(-x, -y) 10.85 13.19 17.7 11.69 7.2 12.30 11.8

II (x, y) -9.16 -13.19 30.6 -11.69 21.6 -12.29 25.5
(-x, y) -8.44 -13.19 36.0 -11.69 27.8 -12.29 31.3
(x, -y) -10.07 -13.19 23.7 -11.69 13.9 -12.29 18.1
(-x, -y) -8.80 -13.19 33.3 -11.69 24.7 -12.30 28.5

All models over-predict the laminate’s out-of-plane displacements with better agreement found

in state I when compared to state II. The experimental displacements are inconsistent from corner

to corner due to the non-uniform distribution of residual stresses. These discrepancies are likely

due to manufacturing errors involving an imperfect layup alignment, a non-uniform epoxy bond

line, MFC performance degradation from long actuated bonding times at their operating limit, and

the variation of piezoelectric constants and elastic properties between the two MFCs. The imper-

fections cannot be controlled during the bonding procedure, and require specialized equipment to

be measured and characterized. Long electrical loading times during bonding and localized laminar
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Figure 3.11: 200 x 200 mm2 [0MFC/90MFC ]T experimental curvatures κox in (a) state I, (b) state
II, κoy in (c) state I, (d) state II, and κoxy in (e) state I and (f) state II.

compression from the residual stresses of either states may have caused minor depolarization of the

piezoceramic material. This would result in the degradation of the MFCs’ piezoelectric constants

which accounts for the lower experimental out-of-plane displacements. Another reason for the

differences are the curvature assumptions made in each model. The lower order model’s quadratic

polynomial shape functions assume constant curvatures that represent the averages across the lam-

inate. In reality, the curvatures vary across the domain and this is shown in the experimental data

in Figure 3.11. They are obtained with Equations 2.5d-2.5f where the out-of-plane displacement

functions wo(x, y) are the 4th order least squares fit of the experimental profile for each stable

state.
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Figure 3.12: 200 x 200 mm2 [0MFC/90MFC ]T curvatures κox in (a) state I, (b) state II, κoy in (c)
state I, (d) state II, and κoxy in (e) state I and (f) state II. Unmeshed flat surfaces are from the lower
order model, meshed surfaces are from finite element analysis, and unmeshed curved surfaces are
from the higher order model.

For comparison, the corresponding curvatures predicted by the lower and higher analytical

models and the FEA are shown in Figure 3.12. The absolute curvature errors of the models against

the experimental results are given in Appendix A. Similar to the out-of-plane displacement com-

parisons, all models over-predict the major curvature magnitudes with lower accuracy at the edges.

However, the higher order model and FEA more closely resemble the curvature distributions found

in the experimental profiles due to not being restricted by spatially constant curvatures. Unlike the

lower order model, their allowance of curvature variation enables the geometric errors towards the

free edges to be mitigated, which are characterized by sharp changes in curvatures and displace-
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ments near the laminate edges and corners. Raising the shape function’s order in the analytical

model is effective in obtaining more accurate stable shape predictions because the reduction of the

imposed artificial stiffness allows better convergence to the experimental profiles. In the case of

the [0MFC/90MFC ]T laminate, the higher order shape functions are even able to retain lower errors

than the FEA.

3.4.2 Bifurcation Behavior

With the objective of characterizing the bifurcation behavior of the [0MFC/90MFC ]T laminate,

its corner displacements are measured with the setup shown in Figure 3.8(b) while voltage is si-

multaneously applied to both MFCs. The data is obtained with the laminate in states I and II over

two separate runs. The corner locations with the lowest out-of-plane displacements are measured

to ensure the most conservative analysis. Figure 3.13 presents the experimental results compared

against the lower and higher order analytical and finite element model predictions. The corner

displacement is chosen as the metric of comparison since it allows the laminate geometry under

actuation to be represented as a scalar value. For a cross-ply layup, only the corners have signifi-

cant out-of-plane displacements in both stable configurations, so they alone are suitable locations

for evaluating both bifurcation and snap-through behavior. In addition, the experimental setup and

procedure for obtaining test data are greatly simplified with this metric. Curvatures under a large

number of different voltages cannot be easily compared since they are non-constant in the higher

order model, FEA, and experimental profiles.

In the lower and higher order analytical and finite element models, the laminate is predicted

to bifurcate respectively at delta voltages of -273 V, -251 V, and -247 V from the 1500 V bonding
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Figure 3.13: 200 x 200 mm2 [0MFC/90MFC ]T corner displacement vs. voltage from lower and
higher order analytical model, finite element analysis, and experimental measurements.

voltage. However, the perfect bifurcation behavior is not observed in the measured displacement

data. When actuated from state I starting at 0 V, the laminate remains in the same stable branch

throughout the entire voltage range. It starts off in a cylindrical shape at 0 V and smoothly transi-

tions into a saddle shape as the voltage is increased to 1500 V. When actuated from state II starting

at 0 V, the laminate jumps to the first stable branch at 970 V. This is seen in the discontinuity

between the experimental corner displacements at 970 V in Figure 3.13. Once the jump occurs,

the corner displacements converge with those measured from state I and the laminate returns to

this configuration when the power is shut off after being actuated to 1500 V. In terms of the dis-

placements, the higher order model has better agreement with the test data than the lower order

and finite element models which follows the trends of the previous section. The experimental data

shows unequal displacement magnitudes between states I and II and an offset at high voltages
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when compared to the models. The offset may be caused by non-uniform residual stresses within

the laminate that do not disappear with increasing voltage. This would result in non-zero corner

deflections while the laminate is in a saddle shape at high voltages.

The lack of a bifurcation point and unequal displacements between states I and II are attributed

to imperfections that arise from manufacturing errors, which are discussed in Section 3.4.1. The

factors that cause the imperfect behavior cannot be easily controlled or quantified. Instead, their

qualitative effects on the laminate’s stability and geometry are evaluated to better understand the

experimental data. All models are idealized and assume a perfect layup, uniform ply thicknesses,

and identical material properties between the two MFCs. If some of these assumptions are relaxed,

the imperfect behavior from the test data can be qualitatively predicted. From the lower order

analytical model, Figure 3.14 shows the effects of varying the ply thicknesses and piezoelectric

constants by 5% on the laminate corner displacements under voltage actuation.

Introducing imperfections within the laminate has several effects that are seen in the experi-

mental data. The bifurcation point disappears and a discontinuity is introduced between the two

stable branches. If already in state I, the laminate will remain in the first stable branch throughout

the entire voltage range. It exhibits a cylindrical shape for the majority of branch and smoothly

transitions into a saddle shape as the voltage is increased to 1500 V. If starting from state II at 0

V, increasing the voltage input will cause the corner displacement magnitude to decrease until it

reaches the limit voltage at which the second branch becomes unstable. At this voltage the laminate

will jump to the first stable branch and remain there. Also, the corner displacement magnitudes

in state I are increased while those in state II are decreased which results in them being unequal.

These effects are all exhibited by the experimental data in Figure 3.13. Although the exact causes

are unknown, it is reasonable to conclude that the manufactured [0MFC/90MFC ]T laminate con-
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Figure 3.14: Effect of 5% thickness and piezoelectric constant imperfections on 200 x 200 mm2

[0MFC/90MFC ]T corner displacement vs. voltage relationship from lower order analytical model.

tains some forms of geometric or material imperfection causing the state I over II bias.

3.4.3 Quasi-Static Snap-Through

To initiate snap-through between the two stable states, only one MFC needs to be actuated at

a time. In state I, actuating the top 90° MFC ply will cause snap-through to state II due to its

piezoceramic fibers being positively strained in the y direction. This reduces the magnitudes of κoy

and the positive out-of-plane displacements until the limit voltage is reached where the laminate

becomes unstable. Due to the instability, limit point behavior is exhibited and the laminate will

snap-through to the second stable branch. It will then fully transition into state II once the voltage

is removed. To snap the laminate back, the bottom 0° MFC ply is actuated to let it be positively

strained in the x direction. The magnitudes of κox and the negative out-of-plane displacements are
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reduced until the laminate snaps through to the first stable branch at the same limit voltage. The

voltage is then removed to let the laminate fully transition back into state I.

Figure 3.15: Analytical snap-through predictions of 200 x 200 mm2 [0MFC/90MFC ]T for lower
order model from (a) state I to II, (b) state II to I, and for higher order model from (c) state I to II
and (d) state II to I.

For analytically predicting the [0MFC/90MFC ]T snap-through behavior, the applied bonding

voltage ∆Vk is varied away from 1500 V to simulate MFC actuation. ∆Vk in the piezoelectric

forces
{
NP
}

and moments
{
MP

}
per unit length in Equations 2.16 and 2.16 cannot remain iden-

tical for each MFC as was done in all previous analysis in this chapter. Only the voltage applied

to the actuated MFC is varied while the unactuated MFC is held at the constant bonding volt-

age. Figure 3.15 shows the lower and higher order shape predictions during snap-through from

state I to II and back. Figure 3.16 presents the corresponding lower and higher order analytical
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and experimental corner displacement vs. voltage plots during snap-through between either stable

configurations. In Figure 3.15(a) and (c) for the lower and higher order models, the laminate starts

in state I at 0 V and the limit voltages at which snap-through occurs are predicted to be 1008 V and

755 V, respectively. The limit voltages are also shown in Figure 15 3.16(a), where the first stable

branch turns unstable at 1008 V and 755 V for the lower and higher order models, respectively. Af-

ter snap-through, the laminate joins the second branch and enters state II when the voltage returns

to 0 V. As shown in Figure 3.15(b) and Figure 3.16(b), this process is reversed for the laminate to

snap back to state I while the limit voltages remain the same.

Figure 3.16: Lower order (LO) and higher order (HO) analytical and experimental comparison of
200 x 200 mm2 [0MFC/90MFC ]T corner displacement vs. voltage during snap-through from (a)
state I to II and (b) state II to I. SB and UB are stable branch and unstable branch, respectively.

The experimental results show that the limit voltages are measured to be 860 V for state I to

II and 630 V for state II to I, which results in percent errors of 14.7% and 37.5% for the lower

order model and 13.9% and 16.6% for the higher order model, respectively. Snap-through is ex-

perimentally confirmed by shutting off the power after actuation to 1500 V and observing if the

laminate transitioned to the other stable state. The lower limit voltage for state II to I is due to
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the laminate’s bias of state I over II as explained in Sections 3.4.1 and 3.4.2. The discrepancies in

the corner displacement magnitudes are also explained in those sections. The lower order analyti-

cal model over-predicts the limit voltages and this is attributed to its constant curvature assumption

where the degrees of freedom corresponding to the shape functions are restricted, which artificially

increases the stiffness of the model. The model also fails to capture the free edge effects and so

the resulting anticlastic curvatures along its minor axis are lower than those of the manufactured

laminate. Both factors raise the voltage actuation requirement to induce snap-through. In contrast,

the higher order model yields more accurate limit voltage predictions due to allowing spatially

variable curvatures. Despite the overall differences, the voltages required to quasi-statically snap-

through between either states are well within the operating limits of the MFCs. Therefore, the

piezoelectrically generated bistable laminate is a viable morphing structure with full configuration

control. In addition, no mechanical, geometric, or dynamic assistance is needed to initiate forward

and reverse snap-through.

3.5 Chapter Summary

Utilizing the static analytical model of the [0MFC/90MFC ]T bistable laminate from Chapter

2, the effects of the laminate side length, adhesives, and their cure cycles on the resulting shapes

and their stability are characterized in order to design a viable morphing structure. For square

laminates bonded at 1500 V with P1 type MFCs, the minimum side length to induce perfectly

symmetric bistability is predicted to be 85 mm and lengths greater than this value yield stable

geometries with greater out-of-plane deformations post bifurcation. To ensure enough margin for

modelling and manufacturing errors, a 200 mm side length is chosen for fabrication. Adhesive
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thickness and high cure cycle temperatures are found to have an adverse effect on bistability, and

so the room temperature cure of the DP-460 epoxy is chosen to avoid thermal loading on the MFCs

while maintaining a thin bond line.

The [0MFC/90MFC ]T laminate is then manufactured and its unactuated geometry, bifurcation

behavior, and snap-through actuation are experimentally measured and compared against model

predictions. FEA is also conducted to provide an additional modelling tool for static analysis.

Overall, good agreement is found in the stable shapes with errors growing towards the edges and

corners due to free edge effects and manufacturing errors. The higher order analytical model re-

tains the greatest accuracy when compared to the FEA and the lower order model. When both

MFCs are simultaneously actuated, the laminate’s bifurcation point disappears due to material and

geometric imperfections. By actuating one MFC at a time within its operating limits, the laminate

can snap-through unassisted between either stable states. This is analytically and experimentally

demonstrated and the capability is critical for morphing where full configuration control is re-

quired.

Limitations may exist for structural applications due to the active laminate’s lower stiffness

when compared to conventional fiber-reinforced composites. However, it is envisioned that the

concept of piezoelectrically induced bistability will be extended into more complex structures.

Piezoelectric strain could be additive to thermal or elastic strain within bistable composites to gen-

erate larger motion, alleviate snap-through requirements, and minimize design restrictions. This

has the potential of producing a fully load bearing bistable structure that maintains complete snap-

through capability without any external assistance. Overall, this chapter has demonstrated the va-

lidity of the static model for the piezoelectrically generated bistable laminate by capturing complex

nonlinear phenomena associated with its stable shapes, stability, and the snap-through behavior.
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CHAPTER 4

Broadband Energy Harvesting from Nonlinear

Vibrations

The wide array of nonlinear responses that bistable structures exhibit to vibrational excita-

tion are leveraged in numerous energy harvesting applications [1, 2]. Bistable composite lami-

nates bonded with piezoelectric transducers are particularly popular due to retaining two stable

equilibrium states without any external influence from clamps or magnets, which are required for

inducing bistability in isotropic beams [3]. The two potential wells are owed to a purely elastic

phenomenon resulting from residual thermal stresses that are internally generated within thin un-

symmetric composites during the cooldown phase of their cure cycle. Under harmonic excitation

at low frequencies, these plate structures undergo snap-through motion, or jump instabilities be-

tween their two distinct configurations which can be periodic, aperiodic, or a mix of both. These

are called cross-well oscillations, as opposed to single-well oscillations which describe vibrations

about either stable state. The highly energetic cross-well responses impart large strains on the lam-

inate, which are converted to substantial amounts of electrical energy by the paired piezoelectric

materials when compared to linear resonant harvesters [4]. An additional advantage is that cross-

well dynamics can be triggered over wide ranges of excitation frequencies and amplitudes, which
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allow for effective broadband energy harvesting performance.

The piezoelectrically generated bistable laminate offers design advantages over conventional

bistable composites paired with piezoelectric transducers. Having an entirely active laminate

where the MFCs are directly responsible for the two stable configurations means that the design

conflict between the passive composite and the piezoelectric elements becomes irrelevant. By com-

bining their roles of generating curvature and harvesting power onto the MFCs, a bistable laminate

with large out-of-plane displacements and low stiffness properties can be obtained. Although this

design choice has enabled unassisted and reversible quasi-static snap-through actuation as shown

in Chapter 3, the lowered stiffness is also a disadvantage in morphing applications where the lam-

inate must be a load bearing structure. However in broadband energy harvesting applications, this

characteristic is attractive as the vibrational energy input required to initiate the favorable cross-

well oscillations does not need to be excessively large. The proposed laminate consists of two P1

type MFCs which have a d11 poling direction along the piezoceramic fibers with IDE electrodes.

The P1 type MFC is not the ideal choice for energy harvesting applications due to its low capac-

itance which limits the current output [131, 132]. In all studies utilizing MFCs as the harvesting

unit, the P2 type is chosen which has a d12 poling direction through its thickness in a parallel plate

configuration, which results in higher capacitance and lower impedance characteristics [76,78,82].

Despite this, only the P1 type MFCs operate with a large enough piezoelectric coefficient and volt-

age range necessary for generating bistability, as explained in Chapter 3.

The purpose of this chapter is to analytically and experimentally characterize the dynamics

of the [0MFC/90MFC ]T bistable laminate by evaluating its mechanical and electrical responses to

harmonic excitation. Through time and frequency domain analysis, a range of forcing amplitudes

are applied to the laminate at its origin with unconstrained edges to identify both linear single-well
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and nonlinear cross-well behaviors. This is done as the precursor to demonstrating the broadband

energy harvesting capability of the laminate. With most past works being experimental, there

are limitations in the available literature for validated model predictions of the electromechanical

response resulting from cross-well oscillations for bistable composite harvesters. This chapter aims

to experimentally validate the analytical model derived in Chapter 2 with corresponding test data by

correlating the excitation parameters required to initiate certain dynamic regimes and their response

magnitudes. To maintain consistency, the laminate’s major curvature axis of state I is defined to

be along the piezoceramic fiber direction of MFC 1 and that of state II corresponds to MFC 2

in the same manner. Additionally, the chapter experimentally characterizes the bistable laminate’s

broadband energy harvesting performance and investigates how this can be utilized to initiate snap-

through morphing. The power output of the identified dynamic responses are measured with a

simple resistive circuit for energy conversion across the observed vibration modes. A rectifying

energy harvesting module consisting of onboard capacitors is then charged and provides the input

voltage signal required for inducing snap-through. The combined morphing and energy harvesting

capabilities enable the laminate to retain multiple roles, unlike other bistable structures which are

designed for a single application.

4.1 Experimental Setup

Characterizing the [0MFC/90MFC ]T laminate’s dynamic regimes and electromechanical output

under vibrational excitation is achieved with the experimental setup shown in Figure 4.1. The

harmonic input to the laminate is provided by the APS 113 seismic shaker and powered by the

APS 125 amplifier. The laminate is fixed at the center to a stinger, which is a 130 mm hex bolt,
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Figure 4.1: Experimental setup for measuring electromechanical response of a 200 x 200 mm2

[0MFC/90MFC ]T laminate.

that is attached at one end of the shaker with washers and nuts. To avoid invasive attachment

methods such as drilling a hole and damaging the MFCs, the laminate is mounted at its center

between two 12.7 x 12.7 x 12.7 mm3 neodymium magnets, where the inner magnet is bonded to

the free end of the stinger with epoxy. The acceleration at the laminate center is measured by

a PCB Piezoelectronics 352C67 accelerometer and the velocity response is measured at a single

point by a Polytec OFV-534 laser vibrometer with the Polytec OFV-5000 controller. Reflective tape

is adhered to the laminate to improve the signal return of the laser vibrometer. The acceleration,

voltage, and velocity responses are recorded with the NI USB-6211 DAQ connected to LabVIEW

at a sample rate of 2500 Hz while this combination simultaneously provides the shaker signal based

on the acceleration measurements. The voltage responses of each MFC are measured separately

and voltage divider circuits are used to reduce the signals to adhere to the DAQ input limit of ±10

V during frequency sweeps. All signals are low-pass filtered and processed in MATLAB. When
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measuring the harvested power with resistor sweeps, a Tektronix TDS2004C oscilloscope is used

to record the Root Mean Square (RMS) voltage output of each MFC without the voltage divider

circuits to allow for simple variation of resistive loads, which is quickly implemented with an IET

ohmSOURCE resistance box.

4.2 Linear Vibration Modes

Before the nonlinear dynamic response can be evaluated, the dominant linear vibration modes

of the laminate for both stable states are experimentally identified with low amplitude forward

frequency sweeps. Each resulting Frequency Response Function (FRF) is compared against its

analytical counterpart. Determining the resonant frequencies allow subsequent sweep ranges and

locations to be appropriately chosen for characterizing nonlinear dynamic regimes at high exci-

tation amplitudes, since they appear around these modes. The model predictions, corresponding

experimental results, and damping parameters obtained from test data are presented and discussed

in this section.

4.2.1 Frequency Response Functions

The electromechanically coupled equations of motion in Equations 2.63 and 2.67 from Chapter

2 are linearized to yield the low amplitude FRFs by assuming simple harmonic motion about either

stable state. Assume that the five generalized curvature coordinates has the form

qj(t) = qej + ∆qj(t) (4.1)
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where qej is a static equilibrium solution and ∆qj(t) is a small perturbation about qej . The static

equilibria are computed by minimizing the uncoupled elastic portion of Equation 2.63 to obtain

five equilibrium equations, which are then numerically solved. The stability of each solution is

determined by evaluating the positive definiteness of the Jacobian matrix found from the equilib-

rium equations, as outlined in Section 2.3. Substituting Equation 4.1 into Equations 2.63 and 2.67

yields their linearized form about a particular qej as shown below.

[M ] {∆q̈}+ [D]e {∆q̇}+ [K]e {∆q}+ [Θ] {v} = {F} (4.2)

[Θ]T {∆q̇}+ [Cp] {v̇} =
1

R
{v} (4.3)

Since ∆qj(t) is assumed to be small, its higher ordered terms in the nonlinear stiffness matrix

[K(q)] and damping matrix [D(q̇] can be neglected and what remains are only linear terms. Har-

monic excitation is assumed for f(t) in the forcing vector {F} = f̈ {Fb}, which results in harmonic

response for {∆q} and {v}, where ω is the frequency, i is the imaginary number, ab is the base

acceleration, and {Q}, {V }, and {Fb} are the corresponding amplitude vectors. These are shown

below.

{F} = {Fb} abeiωt (4.4a)

{∆q} = {Q} eiωt (4.4b)

{v} = {V } eiωt (4.4c)
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Substituting the assumed solutions into Equations 4.2 and 4.3 yields their steady state forms as

(
−ω2[M ] + iω[D] + [K]e

)
{Q}+ [Θ] {V } = ab {Fb} (4.5)

iω[Θ]T {Q}+

(
iω[Cp]−

1

R
[I]

)
{V } = 0 (4.6)

where [I] is the identity matrix. The output voltage can now be found from Equation 4.6 as

{V } =
−iω[Θ]T {Q}
iω[Cp]− 1

R
[I]

(4.7)

Substituting Equation 4.7 into Equation 4.5 yields

(
−ω2[M ] + iω[D] + [K]e − iω[Θ][Θ]T

iω[Cp]− 1
R

[I]

)
{Q} = ab {Fb} (4.8)

Both sides of Equation 4.8 are then multiplied by eiωt and rearranged to obtain the electromechan-

ically coupled curvature to base acceleration FRF as shown below.

∆qFRF
j (ω) =

{∆q}
abeiωt

=

(
−ω2[M ] + iω[D] + [K]e − iω[Θ][Θ]T

iω[Cp]− 1
R

[I]

)−1

{Fb} (4.9)

The short and open circuit curvature to base acceleration FRFs can be obtained by letting the load

resistance R → 0 and R → ∞, respectively. The relative out-of-plane displacement to base

acceleration FRF is obtained by inserting Equation 4.9 into Equation 2.46 without f(t) as seen

below.

wFRF (x, y, ω) =
1

2
(∆qFRF

1 x2 + ∆qFRF
2 y2 + ∆qFRF

3 x2y2 + ∆qFRF
4 x4 + ∆qFRF

5 y4) (4.10)
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The velocity to base acceleration FRF can then be found from Equation 4.10 with the following

equation [119].

ẇFRF (x, y, ω) =
1

iω
+ iωwFRF (x, y, ω) (4.11)

Alternatively, the voltage to base acceleration FRF can be obtained by first solving Equation 4.8

for {Q} as given below.

{Q} =

(
−ω2[M ] + iω[D] + [K]e − iω[Θ][Θ]T

iω[Cp]− 1
R

[I]

)−1

ab {Fb} (4.12)

Equation 4.12 is then substituted into the output voltage in Equation 4.7 and multiplying both sides

by eiωt and rearranging results in the voltage to base acceleration FRF such that

vFRF
k (ω) =

{v}
abeiωt

=
−iω[Θ]T

iω[Cp]− 1
R

[I]

(
−ω2[M ] + iω[D] + [K]e − iω[Θ][Θ]T

iω[Cp]− 1
R

[I]

)−1

{Fb}

(4.13)

The undamped vibration modes are obtained by solving the homogeneous form of Equation 4.8

where there is no external forcing. This combined with the short and open circuit electrical bound-

ary conditions imposed on the MFCs respectively result in the lowest and highest stiffness forms

as shown below.

(
−ω2

sc[M ] + [K]e
)
{Q}sc = 0 (4.14)(

−ω2
oc[M ] + [K]e − [Θ][Θ]T

[Cp]

)
{Q}oc = 0 (4.15)
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Equations 4.14 and 4.15 are solved for the eigenvalues, or the short and open circuit natural fre-

quencies ωsc and ωoc and the corresponding eigenvectors {Q}sc and {Q}oc, which lead to the

mode shapes through Equation 4.10. For a lightly damped system, the modal damping ratios have

a negligible effect on the damped natural frequencies, and are nearly identical to the undamped

frequencies.

4.2.2 Mode Shapes

Figure 4.2: (a) Static cylindrical configuration of stable state I and the normalized open circuit
out-of-plane mode shapes of [0MFC/90MFC ]T laminate about state I at (b) 25.12 Hz, (c) 216.78
Hz, (d) 311.95 Hz, (e) 446.25 Hz, and (f) 866.04 Hz.

93



The out-of-plane normalized mode shapes found from Equation 4.15 is presented in Figure 4.2

with the open circuit boundary condition for both MFCs. With Figure 4.2(a) showing the static

shape for state I, the first 5 elastic modes relative to to this state are at 25.12 Hz, 216.78 Hz, 311.95

Hz, 446.25 Hz, and 866.04 Hz. At the fundamental frequency of 25.12 Hz, the laminate exhibits a

plate bending mode with a cylindrical shape similar to that of the static configuration. The second

to fifth mode shapes still retain symmetry and show the influence of the higher ordered terms in

the out-of-plane displacement shape function in Equation 4.10. Due to decreasing deflection mag-

nitudes as the modal frequencies increase, the high amplitude motion that cross-well oscillations

require occur around the first bending mode and so this is where frequency sweep ranges are set.

The modal frequencies for state II are identical to state I and their mode shapes are orthogonal to

those of state I.

4.2.3 Damping Parameters

To incorporate damping forces into the equations of motion, the ith natural frequency ωni and

corresponding damping ratio ζi must first be found according to Equation 2.66. The quadrature

peak picking method [133] is used to obtain these parameters from experimental corner velocity to

base acceleration FRFs of the [0MFC/90MFC ]T laminate for both stable states as shown in Figure

4.3. These low amplitude FRFs are measured during forward frequency sweeps from 10 Hz to 45

Hz at 0.05 g to minimize nonlinear effects while both MFCs are in open circuit. The damping ratio

for the ith mode is given below.

ζi =
ωbi − ωai

2ωni

(4.16)
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Figure 4.3: Open circuit corner velocity to base acceleration frequency response functions of
[0MFC/90MFC ]T laminate for both stable states.

The frequencies ωai, ωbi, and ωni satisfy the following condition where |H(ωni)| is FRF magnitude

at resonance as shown below.

|H(ωai)| = |H(ωbi)| =
|H(ωni)|√

2
(4.17)

For states I and II, the first bending mode is at 27.09 Hz and 26.88 Hz and the second twisting

mode is at 36.22 Hz and 36.34 Hz, respectively. Although stiffness softening still exists in the first

bending mode, this effect is minimal and the experimental FRFs provide reasonable estimates of

the modal frequencies. With higher forcing amplitudes however, ωni shifts further from increased

softening and causes the mass and stiffness damping coefficients α and β in Equation 2.66 to be-

come variable, which forces the damping matrix in Equation 2.65 to be amplitude dependent. In
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practice, the damping coefficients found from Figure 4.2 are applied for all forcing levels in subse-

quent simulations by assuming that they are simple approximations for higher forcing amplitudes.

Due to the shaker setup providing an elastic support at the center of the laminate, an rigid body

rotation mode is also seen at 16.58 Hz for both states.

With the natural frequencies for the bending and twisting modes, the corresponding damping

ratios, mass, and stiffness damping coefficients for both states are found and shown in Table 4.1.

α and β are computed according to the first two elastic modes in Equation 2.66. Although the

damping matrix is heavily proportional to the mass matrix as observed with Rayleigh damping

at low frequencies [134], the bistable system is found to be sensitive to the stiffness proportional

damping, and thus cannot be neglected even if the stiffness damping coefficient is near zero. In the

presented work, the damping parameters for state I are used for all simulations.

Table 4.1: Damping ratios and coefficients of the [0MFC/90MFC ]T laminate.

State
Damping Ratio
ζ1

Damping Ratio
ζ2

Mass Damping
Coefficient α

Stiffness Damping
Coefficient β

I 0.0166 0.0125 5.667 1.346·10−9

II 0.0159 0.0114 5.221 7.138·10−6

With identical excitation inputs, the analytical corner velocity to base acceleration FRF from

Equation 4.11 for state I is also presented in Figure 4.3. The load resistance for both MFCs are set

to the DAQ input impedance of 10 GΩ, which represents the experimental open circuit condition.

Only a single FRF curve from the model is shown due to state II yielding identical results as state

I. The analytical first bending mode at 25.12 Hz is in good agreement with the experimental results

where the percent errors are 7.8% and 7.0% for states I and II, respectively. The slight under-

prediction can be attributed to the variable curvatures in the higher ordered shape functions which

mitigate the artificial plate stiffness causing models to over-predict the fundamental frequency

96



[94,95]. Since the rigid body rotation mode at 16.58 Hz is due to the joint flexibility of the stinger

to magnet interface holding the laminate, this experimental imperfection is not predicted by the

model. The twisting mode is also absent due to the choice of generalized curvature coordinates

made in Equation 2.46, where the higher ordered terms yield modes with higher frequencies after

the first bending mode. However, only the first bending mode is of interest since the subsequent

modes are outside the frequency range where cross-well oscillations occur. The FRF amplitude

of the first mode is under-predicted due to the experimental damping parameters. Although theses

values could be empirically tuned to match the experimental FRF amplitude, the ratio between the

mass and stiffness damping coefficients cannot be obtained without the second twisting mode.

4.3 High Amplitude Frequency Sweeps

Based on where the linear vibration modes are, forward and backward frequency sweeps at

higher amplitudes are both experimentally conducted and numerically simulated to characterize

the nonlinear dynamic regimes of the [0MFC/90MFC ]T bistable laminate. Their electromechanical

responses are examined for the purpose of providing model validation. The sweeps range from

10 Hz to 34 Hz, which encompass the first plate bending mode of each state. During testing, the

time histories of the base acceleration, corner velocity, MFC 1 and MFC 2 open circuit voltages

are recorded every 0.5 Hz. This procedure is done for input accelerations of 0.5 g to 4 g in steps of

0.5 g for both initial states. The corner location is chosen for velocity measurements because it is

the only point on the laminate to have significant out-of-plane amplitudes for both stable configu-

rations, which makes it appropriate for measuring cross-well vibrations from a single location.
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4.3.1 State Space Form

To match the experimental data with model predictions, the time histories of the corner velocity,

MFC 1, and MFC 2 open circuit voltages during sweeps are obtained from the state space form of

the equations of motion in Equations 2.63 and 2.67. Note that harmonic forcing in Equation 2.63

is modelled with the following base excitation function

f(t) = Afsin(ωf t) (4.18)

where ωf and Af are the forcing frequency and amplitude, respectively. The state space form is

given below

{ṗ1} = {p2} (4.19a)

{ṗ2} = [M ]−1 ({F} − [Θ] {p3} − [D(p2)]− [K(p1)]) (4.19b)

{ṗ3} = [Cp]
−1

(
1

R
{p3} − [Θ]T {p2}

)
(4.19c)

where the state variables are defined as {p1} = {q}, {p2} = {q̇}, and {p3} = {v}. Equations

4.19a-4.19c are assembled in MATLAB and numerically evaluated with the ode15s ordinary dif-

ferential equation solver. Before the frequency sweeps are performed, the initial conditions for

{q} are set to be the curvatures corresponding to either potential well, and {q̇} = {v} = 0. Dur-

ing the sweeps for each frequency, the {q}, {q̇}, and {v} states corresponding to the final time

step are used as the initial conditions for the next excitation frequency. This procedure accurately

replicates the experimental sweep conditions and the resulting direction dependent hysteresis seen

in the data. Corner velocity time histories are found by numerically differentiating corner out-of-

98



plane displacement data obtained from the curvatures {q}.

4.3.2 Peak to Peak Amplitudes with Stroboscopic Sampling

Peak to peak amplitudes of the recorded and simulated time histories are obtained with stro-

boscopic sampling at excitation frequencies over multiple forcing periods. The results from both

initial states under 1 g, 2 g, and 3 g forcing inputs are respectively shown in Figures 4.4, 4.5, and

4.6 for analysis in this section. The remaining results for 0.5 g, 1.5 g, 2.5 g, 3.5 g, and 4 g are

given in Appendix B. These plots are a combination of an FRF and a bifurcation diagram with the

excitation frequency being the bifurcation parameter under constant acceleration amplitude [74].

For linear regimes, the sampled amplitude for a given excitation frequency appears as a single

point while nonlinear responses are given by multiple points indicating the variation of amplitudes

over several consecutive periods. 3 g is the lowest excitation level where all dynamic regimes are

present for both states, and so the results for higher accelerations are not shown here. At 1 g in

Figure 4.4, the majority of frequency responses are single-well oscillations as indicated by single

points. The cluster of points per frequency at 2 g in Figure 4.5 suggest cross-well motion and their

bandwidth grows with increased forcing levels, as seen for 3 g in Figure 4.6.

Note that Figures 4.4-4.6 do not include all coexisting solutions per sweep, but the ones shown

are due to the nonlinearities inherent to the bistable laminate and their dependency on the initial

conditions. These arise from the softening stiffness effect causing the reduction of resonant fre-

quencies, sweep direction dependent hysteresis forcing the boundaries between single and cross-

well regimes to shift, and the asymmetry of the bistable laminate’s potential wells causing static

state dependent responses and bandwidths [135]. As expected, the strength of these nonlinear ef-
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Figure 4.4: Peak to peak amplitudes from forward and backward frequency sweeps at 1 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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Figure 4.5: Peak to peak amplitudes from forward and backward frequency sweeps at 2 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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Figure 4.6: Peak to peak amplitudes from forward and backward frequency sweeps at 3 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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fects increase with higher excitation levels. For both states and regardless of sweep direction, the

softening effect pushes the resonant peak to peak amplitudes towards lower frequencies for the 1

g response, and for 2 g and 3 g the boundaries between single and cross-well regions are pushed

below first plate bending mode even further. Hysteretic regions separating the jumps in amplitude

also grow larger with increasing excitation levels. For example, this is experimentally observed in

3 g from 12.5 Hz to 18 Hz for state I and 11.5 Hz to 17.5 Hz for state II in Figure 4.6(d)-(f) and

(j)-(l), respectively. At 3 g, the backward sweeps induce high amplitude limit cycle oscillations

while the forward sweeps remain linear over the same bandwidths. In contrast, the forward sweeps

extend the cross-well regions at their upper boundaries. These differences are a consequence of

different solutions gaining and losing stability at various frequencies, and are not necessarily the

only steady-state solutions in existence. The transition into limit cycle oscillations during back-

ward sweeps may be due to the coalescence of vibrational energy carried by the cross-well motion

at higher excitation frequencies. It does not exist in the forward sweep due to the laminate being

in low energy orbit when approaching the requisite limit cycle frequencies.

The higher order analytical model is able to predict the electromechanical response and dy-

namic nonlinear effects observed in the experimental results. The stiffness softening effect is

present in all simulations where the first resonant peak is pushed below its natural frequency,

which translates to cross-well dynamics occurring mostly below the first bending mode. Hys-

teretic regions are present between forward and backward sweeps which separate the boundaries

between single and cross-well regimes. In Figure 4.6(a)-(c) and (g)-(i), forward sweeps extend

the cross-well boundary past the first mode while backward sweeps induce high amplitude limit

cycle oscillations not seen in forward sweeps from 13 Hz to 18 Hz. The strength of these nonlinear

effects increase with rising acceleration levels as experimentally observed. How the MFC voltage
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and corner velocity peak to peak amplitudes vary across frequency ranges are well correlated be-

tween simulations and experimental data and the cross-well bandwidth extension observed with

increasing acceleration levels is also captured by the model. In addition, there is good agreement

for the dynamic regimes exhibited by the laminate as functions of the excitation frequency and

acceleration levels. The voltage amplitudes show better agreement than the corner velocity am-

plitudes, which are generally over-predicted by the model. Following the model’s lower stiffness

trends in Figure 4.3, the simulations predict cross-well oscillations to occur at the lower accelera-

tion level of 1 g while they were first observed at 1.5 g in the experimental data. There is a clear

correlation between corner velocity and voltage magnitudes where cross-well oscillations induce

higher amplitudes than linear responses. Single-well MFC 1 voltages are much greater than those

of MFC 2 while the laminate is oscillating about state I. This is due to the dominant strain direction

aligning with MFC 1’s piezoceramic fiber direction associated with the primary d11 effect while

MFC 2 is mostly strained in the electrode direction normal to the fibers. The ratio of voltages

between the MFCs is flipped for single-well vibrations about state II. During cross-well oscilla-

tions, the difference in voltage output is greatly reduced since both MFCs are being strained in the

primary fiber direction.

While the two initial states lead to minor differences in the simulated dynamic regimes, these

are not as pronounced as the differences in the experimental results. In the latter, state II consis-

tently yields higher peak to peak amplitudes for the MFC voltages and the corner velocity with

larger cross-well bandwidths when compared to state I. This is due the bistable laminate’s asym-

metric potential wells where state II has lower static out-of-plane displacements and a shallower

well depth when compared to state I. Thus the vibrational barrier for snap-through is lower for

state II. The shape discrepancy may be caused by manufacturing imperfections in the layup align-
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ment, a nonuniform epoxy bond line, or the variation of electromechanical properties between the

two MFCs as explained in Chapter 3. These geometric and material imperfections are difficult

to measure or control, and the model does not account for these factors. Therefore the simulated

amplitudes and cross-well bandwidths between the two initial states are mostly consistent with

each other. The model also does not predict the MFC 1 over MFC 2 cross-well voltage bias for

state I and MFC 2 bias over MFC 1 for state II. These effects cause the simulations to largely

under-predict MFC 1 and over-predict MFC 2 voltages for state I and vice versa for state II. In the

experiments, the laminate has a tendency to favor the initial state and not fully penetrate the other

potential well during cross-well oscillations, with varying degrees of penetration between dynamic

regimes. This asymmetry of cross-well orbit is characterized by larger amplitudes about the initial

state which causes the voltage bias between the MFCs.

4.4 Characterization of Dynamic Regimes

Although the sampled peak to peak amplitudes in Figures 4.4-4.6 from the frequency sweeps

provide a broad overview of the data, various cross-well regimes cannot be distinguished from the

collection of points at each step. Aside from limit cycle oscillations, other nonlinear regimes are

associated with lower response amplitudes and include intermittencies, chaotic, and subharmonic

oscillations. Several points for a given frequency indicate the presence of harmonics while a much

denser cluster of points suggest chaotic behavior. However, the limited detail makes identifica-

tion of dynamic regimes per frequency difficult, especially for intermittencies consisting of both

periodic and aperiodic characteristics. Therefore, the steady state time histories and their corre-

sponding Fourier spectra, phase portraits, and Poincaré maps for each type of nonlinear response
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are analyzed for distinguishing characteristics and matched between simulation and experimental

data. This section evaluates example cases for each type of response found in the 3 g frequency

sweeps, which is the lowest excitation level where all dynamic regimes are present for both states,

and therefore a suitable input parameter for laminate response and performance characterization.

The frequency content is obtained with Fast Fourier Transform (FFT) of time histories obtained

during the sweeps. If there is a mismatch in excitation frequency between the model and the test

results for the same cross-well behavior, then the closest frequency that yields the desired behavior

is chosen for the simulation.

4.4.1 Periodic Oscillations

The analysis for high amplitude limit cycle oscillations is presented in Figure 4.7 for excitation

parameters of 14.5 Hz and 3 g during backward sweep with initial state I. The model is able to

predict this form of periodic oscillation involving continuous snap-through motion between the

laminate’s two potential wells which allows a periodic high-energy orbit to be sustained. It is

associated with the largest velocity and voltage amplitudes out of all dynamic regimes due to the

periodic attractor motion having the most penetration into both potential wells. The simulated

periodic attractor motion has full and equal potential well penetration which results in identical

voltage output between the MFCs as shown in Figure 4.7(a). This is in contrast to the experiment

where an asymmetry in the high-energy orbit is a result of the laminate’s bias towards the initial

state I, and this leads to a slight difference in open circuit voltage between the MFCs as seen

in Figure 4.7(b). Specifically, MFC 1 exhibits higher output voltages than MFC 2 and this is

correlated by the slightly larger corner velocities while the laminate is in state I. However, this bias
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is observed to diminish with higher acceleration levels, and limit cycle oscillations show the lowest

amount of trajectory asymmetry out of all cross-well regimes. Combined with the larger corner

velocity and voltage amplitudes and the highest frequency of snap-through events within the same

number of forcing periods, it is the most favorable regime for energy harvesting applications.

Figure 4.7: MFC 1 and MFC 2 open circuit voltage under limit cycle oscillations as time histories
from the (a) model, (b) experiment, as FFTs from the (c) model, (d) experiment, and as phase
portraits and Poincaré maps from the (e) model, and (f) experiment at 14.5 Hz during 3 g state I
backward sweep.

Aside from the asymmetry, the model successfully simulates the defining characteristics seen

in the experimental response of the laminate. As shown in Figure 4.7(e) and (f), the 90° phase

difference between the voltage and corner velocity allow the electromechanical phase portrait to
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be generated and shows an asymmetric orbit for both MFCs. The sharp decline in voltage occurs

when the MFCs are not under the primary d11 effect and this behavior alternates between MFCs ac-

cording to their 180° phase difference as seen in the single-periodic response of the Poincaré maps

and voltage time histories. The Fourier spectra in Figure 4.7(c) and (d) also show good agree-

ment where the main harmonic (i.e. ω) of 14.5 Hz is dominant over its 2ω and 3ω superharmonic

components with the latter harmonics contributing much less vibrational energy.

Figure 4.8: MFC 1 and MFC 2 open circuit voltage under subharmonic oscillations as time histo-
ries from the (a) model, (b) experiment, as FFTs from the (c) model, (d) experiment, and as phase
portraits and Poincaré maps from the (e) model, and (f) experiment during 3 g state I backward
sweep at 21.34 Hz and 22.5 Hz for the model and experiment, respectively.

Subharmonic oscillations are shown in Figure 4.8 with the excitation frequencies of 21.34 Hz
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Figure 4.9: MFC 1 and MFC 2 open circuit voltage under linear oscillations as time histories from
the (a) model, (b) experiment, as FFTs from the (c) model, (d) experiment, and as phase portraits
and Poincaré maps from the (e) model, and (f) experiment at 34 Hz during 3 g state I backward
sweep.

and 22.5 Hz respectively for the simulation and experiment while under the 3 g initial state I back-

ward sweep. Specifically, period-3 oscillations that takes three forcing periods to complete a full

cycle are shown [136]. It should be noted that throughout the simulated and experimental fre-

quency sweeps across all excitation levels, a large range of subharmonic oscillations from period-

2 to period-9 are exhibited by the laminate while under both single and cross-well vibrations.

The simulated period-3 oscillations are obtained from separate backward sweeps with smaller fre-

quency step sizes because the original increment of 0.5 Hz does not yield the desired periodicity.
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The model successfully predicts the period-3 behavior that can be seen in the stroboscopically

sampled Poincaré maps in as seen in Figure 4.8(e) and (f), where they show three distinct clusters

within the electromechanical phase portraits for both MFCs. The FFTs in Figure 4.8(c) and (d)

also shows this with the presence of order-1/3 harmonic components (ω/3, 2ω/3, 3ω/3, etc) that

share a fairly even distribution of the voltage amplitude. Out of all cross-well regimes, subhar-

monic oscillations retain the most asymmetric orbits with the vast majority of vibration centered

around the initial state I. This leads to the largest discrepancy in output voltage between the two

MFCs, but this phenomenon is not predicted by the model. The laminate’s final periodic response

is single-well linear oscillations as seen in Figure 4.9 at the non-resonant frequency of 34 Hz. As

expected, the two MFC voltage signals are in phase with each other, MFC 1 outputs much larger

voltages, the only frequency component is the excitation signal, and the Poincaré maps indicate a

single-periodic response.

4.4.2 Aperiodic Oscillations

Shown in Figure 4.10, the next identified cross-well regime is chaotic oscillations from the

3 g initial state I backward sweep where the excitation frequency is 19 Hz for the simulation

and 18.5 Hz for the experiment. To obtain enough data, the electromechanical phase portraits are

generated from separately simulated and measured time histories of 15 minutes. Similar to periodic

oscillations, the model is able to predict the unique properties of chaotic oscillations observed in the

experimental results. The voltage time histories in Figure 4.10(a) and (c) reveal that the laminate

motion involving snap-through events never quite repeats itself, though there are passages of nearly

recurrent behavior, and therefore remains completely aperiodic [137]. The FFTs in Figure 4.10(b)
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Figure 4.10: Model predictions of MFC 1 and MFC 2 open circuit voltages under chaotic oscilla-
tion with (a) time histories, (b) FFTs at 19 Hz during 3 g state I backward sweep, and experimental
MFC 1 and MFC 2 open circuit voltages with (c) time histories and (d) FFTs at 18.5 Hz during 3
g state I backward sweep. Corresponding phase portraits and Poincaré maps for simulated open
circuit voltages for (e) MFC 1, (f) MFC 2, and experimental open circuit voltages for (g) MFC 1,
and (h) MFC 2.

111



and (d) show a much more broadband spectrum with the primary component being the excitation

frequency, but energy is present over a wide range of frequencies. Its aperiodic nature prevent any

distinct harmonics to exist within the laminate response.

The simulated Poincaré maps within the phase portraits in Figure 4.8(e)-(h) reveal an asymmet-

ric strange attractor motion that qualitatively is in agreement with their experimental counterparts.

However, the asymmetry in cross-well orbit still exists within the experimental results and is more

severe than the periodic limit cycle oscillations as shown through the larger open circuit voltage

difference between the MFCs. Although the phase portrait trajectories escape the potential well of

state I and displays cross-well behavior, the majority of vibration is centered around state I with

much less penetration into state II. The simulations still show full trajectory penetration into both

potential wells and any difference in MFC voltages is a result of the sampled time history window

and not the observed initial state bias. The infrequent snap-through events, lower velocities, and

output voltages suggest the chaotic response to be less favorable for harvesting power than the high

energy orbits of limit cycle oscillations.

The final cross-well response of the [0MFC/90MFC ]T laminate is intermittency between chaotic

and limit cycle oscillations from the 3 g initial state I backward sweep where the excitation fre-

quencies are 18.5 Hz and 18 Hz for the simulation and experiment, respectively. This regime

is shown in Figure 4.11. While the excitation parameters are kept constant, intermittency is de-

fined as the sporadic switching between two qualitatively different responses, namely chaotic and

limit cycle oscillations, and occurs only at the excitation frequency boundaries between these two

regimes [138]. Both the simulated and experimental voltage time histories in Figure 4.11(a) and

(b) display nearly periodic limit cycle motion irregularly interrupted by chaotic bursts. In the FFTs

in Figure 4.11(c) and (d), the presence of chaos causes the spreading of vibrational energy into

112



Figure 4.11: MFC 1 and MFC 2 open circuit voltage under intermittency between limit cycle
and chaotic oscillations as time histories from the (a) model, (b) experiment, as FFTs from the
(c) model, (d) experiment, and as phase portraits and Poincaré maps from the (e) model, and (f)
experiment during 3 g state I backward sweep at 18.5 Hz and 18 Hz for the model and experiment,
respectively.

frequencies other than the main harmonic and superharmonic components attributed to limit cycle

oscillations. The behavior of this regime suggest that its energy harvesting capability is between

those of limit cycle and chaotic oscillations. In the Poincaré maps in Figure 4.11(e) and (f) within

the electromechanical phase portraits, the loss of periodicity is seen through spreading of sam-

pled points when compared to the tight clusters of limit cycle oscillations in Figure 4.7(e) and (f).

Although the asymmetric cross-well orbit and the resulting MFC 1 voltage bias over MFC 2 are
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present in the experimental results, its severity is less than chaotic oscillations. Like the previ-

ous dynamic regimes, the simulations for intermittency show equal penetration into both potential

wells. In the experiments, intermittency is also found between subharmonic and chaotic regimes

although it is not presented here. At 20.5 Hz from initial state I for example, irregular alternation

of period-2 and chaotic oscillations induces aperiodicity within the subharmonic response, where

vibrational energy is distributed into the frequency spectrum between the order-1/2 harmonic com-

ponents (ω/2, 2ω/2, 3ω/2, etc).

4.5 Response Maps Across Excitation Parameters

A summary of the observed dynamic responses within the simulated and experimental fre-

quency sweeps at all acceleration levels are shown in Figure 4.12. Nonlinearities involving stiff-

ness softening and hysteresis are minimal at lower accelerations and resonance is still very close to

the first bending mode for both states. As the excitation level rises, the regional hysteretic differ-

ences between forward and backward sweep directions grow while the resonant peaks are pushed

to lower frequencies. Chaotic oscillations first appear at 1 g in the forward sweep simulations for

both initial states in Figure 4.12(a) and (b) and at 1.5 g in the experimental initial state II for-

ward sweep in Figure 4.8(d). From these locations, the cross-well bandwidth primarily expands

in the sweep direction as the acceleration input increases. The overall growth trend of the cross-

well bandwidth and general locations of nonlinear regimes are well correlated between the model

and the experimental results. While the former yields consistent dynamic regimes between initial

states with only minor differences, the contrast is much greater for the latter due to the previously

discussed potential well asymmetry.
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Figure 4.12: Observed dynamic behaviors within forward frequency sweeps from 0.5 g to 4 g for
simulations with initial (a) state I and (b) state II, and for experiments with initial (c) state I and
(d) state II. Observed dynamic behaviors within backward frequency sweeps from 0.5 g to 4 g for
simulations with initial (e) state I and (f) state II, and for experiments with initial (g) state I and (h)
state II.
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From Figure 4.12, several nonlinear phenomena responsible for changes in dynamic behavior

can be identified. Saddle node bifurcation is responsible for the large amplitude jump between

single-well and cross-well oscillations as separated by hysteresis below the softened resonant fre-

quency. At higher forcing amplitudes, the cross-well regime becomes limit cycle oscillations. As

the excitation frequency is increased, chaotic bursts within the periodic motion become more fre-

quent and longer through intermittency as shown in Figure 4.11. This continues until the cross-well

motion becomes fully chaotic, and this phenomenon is consistently exhibited by both the model

and experiment. The route to chaos from above the resonant frequency can be attributed to peri-

odic doubling bifurcation. As the excitation frequency decreases, single-well period-1 oscillations

branch into period-2 oscillations until quickly becoming chaotic. This is more consistently ob-

served in the experiment and the model only shows this bifurcation in Figure 4.12(e) due to the

combination of it occurring under a much smaller bandwidth and the large sweep step size.

A notable difference between the model and experiment is that the former does not predict any

intermittencies between chaotic and subharmonic oscillations. In the simulations, the laminate is

qualitatively observed to show near subharmonic behavior that is ultimately chaotic according to

how they are characterized in Figures 4.8 and 4.10. Due to the varying degrees of chaos being

entirely present within the nonlinear response, the laminate never sporadically switches between

fully subharmonic and fully chaotic oscillations. Another distinction is that experimental cross-

well regimes first appear at lower excitation frequencies than the model predictions even though

its linear bending mode is at a higher frequency. This is due to experimental stiffness softening

effect being stronger than the model’s as acceleration levels increase. Differences in where cross-

well subharmonic and chaotic oscillations occur near the softened resonant frequency and the

periodicity of subharmonic oscillations can be attributed to variable initial conditions present in
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frequency sweeps. The laminate may have multiple regimes coexist under the same input, but only

one is physically realizable depending on the initial conditions to the excitation. In sweeps, the

laminate’s final state serve as initial conditions to the next frequency and these are inconsistent

between the model and experiment.

4.6 Energy Harvesting Capability

4.6.1 Power Generation of Each Regime

Excluding limit cycle oscillations, Figure 4.6 shows that the open circuit voltage amplitudes of

cross-well regimes are similarly ranged and this holds true for various acceleration levels. Even

after accounting for the steady rise in maximum amplitudes towards the onset of limit cycle oscil-

lations at 3 g, it is unclear how each regime’s average power output will compare relative to each

other due to their intermixing in this bandwidth, and warrants further investigation. To evaluate the

energy harvesting capability of the [0MFC/90MFC ]T bistable laminate, resistor sweeps are exper-

imentally conducted across 1 kΩ, 1.78 kΩ, 3.16 kΩ, 5.62 kΩ, 10 kΩ, 15.8 kΩ, 25.1 kΩ, 39.8 kΩ,

63.1 kΩ, 100 kΩ, 178 kΩ, 316 kΩ, 562 kΩ, and 1 MΩ in order to match the impedance of each

MFC to the load resistance, which maximizes their power output.

With each MFC, the sweeps are run at 3 g for the observed regimes outlined in the previous

section, and the results are presented in Figures 4.13 and 4.14 for states I and II, respectively. A

summary of the resistor sweep results and the power output of each dynamic regime are presented

in Table 4.2. The excitation frequencies are where the maximum power is generated for each

regime with the exception of cross-well subharmonic oscillations, which are chosen to be period-3
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Figure 4.13: Power outputs of MFC 1 and MFC 2 for initial state I during resistor sweeps at 3 g for
(a) linear at 24.5 Hz, (b) subharmonic period-3 at 22.5 Hz, (c) intermittency subharmonic-chaotic
at 20.5 Hz, (d) chaotic at 18.5 Hz, (e) intermittency limit cycle-chaotic at 18 Hz, and (f) limit cycle
oscillations at 17 Hz.

for both states to allow fair comparison. As observed in [69], the range of load resistances in the

sweeps do not suppress any of the nonlinear phenomena (i.e. shunt damping effect) exhibited by

the laminate, and so it is able to maintain the cross-well responses resulting from each excitation

frequency. This is certainly favorable for examining the harvesting performance of each dynamic

regime, and is likely due to the mechanical nonlinearity inherent to bistability being dominant over

the piezoelectric coupling of the MFCs.
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Figure 4.14: Power outputs of MFC 1 and MFC 2 for initial state II during resistor sweeps at 3 g
for (a) linear at 26.5 Hz, (b) subharmonic period-3 at 23 Hz, (c) intermittency subharmonic-chaotic
at 21 Hz, (d) chaotic at 19 Hz, (e) intermittency limit cycle-chaotic at 18.5 Hz, and (f) limit cycle
oscillations at 17.5 Hz.

Figures 4.13 and 4.14 show that the optimal resistor load is 39.8 kΩ for every regime except

for the linear response in state I, which is 25.1 kΩ. High amplitude limit cycle oscillations output

the most power at 110.3 mW and 130.7 mW for states I and II, with the least amount of differ-

ence between the MFCs due to the minimal asymmetry that exists in the high energy orbit. This

is the most favorable regime for energy harvesting as the single-periodic cross-well orbit allow

snap-through events to most frequently and consistently occur, and the large associated velocities
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Table 4.2: Resistor sweep results and peak power output of each dynamic regime at 3 g excitation.

Dynamic Regime
Initial
State

Frequency
(Hz)

Optimal Load
Resistance
(kΩ)

MFC 1
Power
(mW)

MFC 2
Power
(mW)

Total
Power
(mW)

Linear Single-well I 24.5 25.1 29.41 0.09 29.50
II 26.5 39.8 0.18 24.57 24.75

Subharmonic Cross-well I 22.5 39.8 15.82 5.54 21.37
II 23 39.8 7.50 15.45 22.95

Intermittency Subharmonic I 20.5 39.8 20.49 9.26 29.76
II 21 39.8 10.37 22.51 32.88

Chaos I 18.5 39.8 25.26 11.61 36.87
II 19 39.8 12.39 26.25 38.64

Intermittency Limit Cycle I 18 39.8 35.90 16.93 52.83
II 18.5 39.8 18.81 38.07 56.88

Limit Cycle I 17 39.8 65.35 44.99 110.34
II 17.5 39.8 52.87 77.79 130.66

translate to deeper well penetration. The other cross-well responses show larger power gaps be-

tween the MFCs as the orbital asymmetry grows, and this is the maximum for linear oscillations

due to their orbit about a single state allowing just one MFC to be operating in the d11 mode.

After limit cycle oscillations, the power generation of the regimes in descending order are

intermittency between limit cycle and chaotic oscillations, chaos, single-well linear oscillations,

intermittency between subharmonic and chaotic oscillations, and cross-well subharmonic oscilla-

tions for state I. The peak linear response outperforms cross-well subharmonic behavior since it

is at the boundary between single and cross-well regimes which is near the reduced resonant fre-

quency. Although linear maximum amplitudes may be lower as seen in Figures 4.5 and 4.6, Figure

4.8(a) and (b) reveal that snap-through occurs more infrequently for subharmonic oscillations and

signifies that their peak amplitudes are hit less often when compared to other cross-well responses.

It is interesting to see that the resonant single-well response of one MFC can outperform the cross-

well power output of both MFCs in some cases. For state II, the performance order is the same

120



as state I except for linear oscillations now being placed between intermittency and cross-well

subharmonic oscillations due to the peak linear response being further away from the resonance.

Periodic regimes retain smooth power vs. load resistance peaks due to their consistent output while

those with aperiodic behavior are more disjointed even when the measurements are averaged over

long durations. When comparing the initial states, state II consistently has better cross-well perfor-

mance with less separation between MFCs because of its lower critical out-of-plane displacements

for initiating snap-through.

4.6.2 Inducing Asymmetry with Imperfections

Since the optimal resistor load of 39.8 kΩ is found to be common between almost all dynamic

regimes across various frequencies, backward frequency sweeps at 3 g with this load resistance

is conducted to evaluate the laminate’s optimal power output across its first bending mode. The

results are shown in Figure 4.15(a) and (b) for the model simulations and (e) and (f) for the ex-

periment from both initial states. The responses per forcing frequency follows the trend seen in

the Figure 4.6 amplitudes, where peak power is generated during high amplitude limit cycle os-

cillations. Near the cross-well boundary from 24 Hz to 25 Hz, MFC 1 in initial state I and MFC

2 in state II have higher average power while under single-well rather than cross-well vibrations.

Even with the large jump in contribution from the other MFC during cross-well motion, the single-

well near-resonance still generates more total power, albeit over a smaller portion of the cross-well

bandwidth. However as the excitation frequency decreases, the cross-well power output overtakes

that of the single-well response, and these trends can be seen in both the simulations and the ex-

periment.
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Figure 4.15: Average power output per MFC with 39.8 kΩ resistance load during 3 g backward
frequency sweep. Ideal model results from initial (a) state I, (b) state II, imperfect model results
from initial (c) state I, (d) state II, and experimental results from initial (d) state I, and (e) state II.

Even though the model and experiment show good agreement with regards to the variation

of power output relative to the dynamic regime, the model shows nearly identical power genera-

tion between the MFCs and also between the initial states under periodic cross-well oscillations.

Slightly more variation exists while the laminate is under aperiodic dynamics such as chaos or

intermittency. In the experiment however, both MFCs generate more power during cross-well
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oscillations from initial state II and exhibit lower power gaps across the spectrum due to the previ-

ously discussed potential well asymmetry. For the same reason, state II has larger bandwidth for

both limit cycle oscillations and other cross-well regimes.

As previously discussed, imperfections within the laminate that arise from manufacturing er-

rors are the cause of the mismatch in the experimental voltage and corner velocity responses be-

tween the [0MFC/90MFC ]T laminate’s two initial states. Although these factors cannot be easily

controlled or quantified, their qualitative effects on the laminate response are evaluated to provide

more insight into the experimental results. The idealized electromechanical model assumes a per-

fect layup, uniform thicknesses, and identical material properties between the two MFCs. If one of

these assumptions are relaxed, then the asymmetric effects can be empirically predicted. Varying

the ply thicknesses and piezoelectric constants between the MFCs in Chapter 3 created a discon-

tinuity between the two stable branches through the elimination of the static pitchfork bifurcation

behavior. This lead to geometric asymmetry between the two stable states observed in the experi-

mental data. Similarly, imperfection is introduced in the dynamic model by raising the 0° MFC 2

ply thickness by 5% to induce larger static out-of-plane displacements for state I when compared

to state II.

The average power output of each MFC connected to 39.8 kΩ resistor loads from the imper-

fect model is also presented in Figure 4.15(c) and (d) during 3 g backward frequency sweeps for

both initial states. In addition to showing good agreement in the energy harvesting performance

between the model and experiment, the effects of introducing imperfections can be assessed. With

the ply thickness imperfection, power gaps are created between the MFCs during cross-well os-

cillations that more closely matches the experimental response for initial state I in Figure 4.15(c).

This is due to the stable shape asymmetry causing larger strains within the laminate while vibrat-
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ing about initial state I. This state has higher static out-of-plane displacements and so the laminate

will reach larger amplitudes. For the initial state II in Figure 4.15(d), MFC 1 power still remains

dominant over MFC 2 due to the aforementioned reason and the imperfect model not being able

to replicate the laminate’s tendency to favor the initial state during cross-well orbit. The empiri-

cally induced potential well asymmetry also does not yield the significant power output difference

between the initial states that is observed in the experiment, with the only notable differences in

the responses under single-well and aperiodic regimes. So while the effects of asymmetry can be

partially predicted by empirically tuning geometric parameters from their idealized values, there

are limitations to what can be accurately replicated. However, the experiment’s deviation from the

idealized electromechanical response of the laminate suggest that it does contain some forms of

imperfection causing the asymmetric behavior.

4.6.3 Charging Durations and Snap-Through Actuation

With the peak power output and cross-well bandwidth of the laminate found to be sufficient

at a reasonable excitation level, its energy harvesting capability is experimentally directed towards

triggering snap-through motion between either stable states. To achieve this, the AC output of the

MFCs must be rectified into a DC signal so that a storage component such as a battery or capacitor

can be charged, then discharged as the voltage input for actuation. Although there are a wide

range of piezoelectric energy harvesting circuits available in literature which focus on maximizing

power transfer, a commercially available module is utilized for ease of implementation since the

objective is to enable morphing. The self-powered ALD EH301A energy harvesting circuit rectifies

the MFC output and charges its onboard capacitors until it reaches a high cutoff voltage of 5.2 V,
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then discharges through an electrical load until the low cutoff voltage of 3.1 V is reached, at which

point charging resumes and the cycle restarts.

Figure 4.16: Experimental test setup for charging energy harvesting circuit and initiating snap-
through morphing.

To initiate snap-through, only a single MFC needs to be actuated at a time. For the bistable

[0MFC/90MFC ]T laminate in state I, actuating MFC 1 past the limit voltage will cause snap-through

to occur to the second stable branch, and the laminate will fully transition into state II when the

voltage is removed. In state II, actuating MFC 2 will cause jump to the first stable branch in the

same manner and state I is reached once the power is shut off. In Section 3.4.3, the limit voltages

were experimentally found to be 860 V to MFC 1 for triggering snap-through from state I to II,

and 630 V to MFC 2 for state II to I. It should be noted that any input that is larger than the limit

voltage of each state will still cause snap-through.

Since the limit voltages are much greater than what the EH301A module or even the rectified
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MFCs can supply, a high voltage amplifier is necessary for meeting the actuation requirements.

Figure 4.16 presents the experimental setup used for charging the EH301A module which then

discharges to a Trek 2220 high voltage amplifier that provides an amplification factor of 200 to

the input signal. The amplified voltage is then supplied to either MFC for triggering snap-through

and this event is measured with a Keyence LK-G402 laser sensor, which records the out-of-plane

displacement time history at a laminate corner. The rest of the setup is similar to Figure 4.1

where LabVIEW records time history data and controls the shaker with the laminate attached. In

morphing platforms where the Trek 2220 amplifier is impractical, the AVID Dual Channel High

Voltage Driver could be used instead because it provides the lightweight and compact form needed

for actuating MFCs in a small Unmanned Aerial Vehicle (UAV) [139].

Due to there being two MFCs outputting power under vibration, the connection scheme that

yields the lowest charging duration must first be determined. Figure 4.17 shows the charging time

history from 0 V to the high cutoff voltage of 5.2 V while the MFCs are connected to the EH301A

module in series, parallel, and separately. The excitation input is 3 g at 17 Hz for state I and 17.5

Hz for state II, which correspond to the experimental high amplitude limit cycle oscillations with

peak power outputs. For both states, the parallel connection outperforms other schemes due to the

capacitance of MFCs being combined which raises the overall current output to the onboard capac-

itors of the module. This connection scheme compensates for the P1 type MFC’s low capacitance

and current output which are critical for minimizing charge durations.

In contrast, the series connection cuts the effective capacitance in half and reduces the overall

current output which is correlated by its slowest charge times. Like the power measurements, the

charging performance of each MFC is state dependent with MFC 1 having a lower time than MFC

2 for initial state I and vice versa for state II. In addition, the times to reach the high cutoff voltage

126



Figure 4.17: EH301A module charge durations at 3 g excitation with MFCs connected in parallel,
series, and separately for initial (a) state I at 17 Hz and (b) state II at 17.5 Hz during limit cycle
oscillations.

are consistently lower for state II when compared to state I. Although not shown here, the order of

charge durations between the connection types are found to be consistent with the results in Figure

4.17 throughout all dynamic regimes for both states.

With the parallel connection between the MFCs confirmed to be the optimal scheme, the charg-

ing performance of the previously analyzed dynamic regimes listed in Table 4.2 are shown in Fig-

ure 4.18 at 3 g for both initial states while the MFCs are connected in parallel. Every type of

response is able to successfully charge the EH301A module in under a minute, with limit cycle

oscillations producing the fastest times at 17.8 s for initial state I and 15.3 s for state II. Peri-

odic responses exhibit smooth charging curves due to their consistent output while any regimes
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with chaotic behavior do not. For both states, the order of charge durations between the regimes

match their order of power output with the exception of single-well linear oscillations retaining a

faster time than chaotic oscillations for state I and intermittency between subharmonic and chaotic

oscillations for state II.
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Figure 4.18: EH301A module charge durations at 3 g excitation with MFCs connected in parallel
for initial (a) state I and (b) state II during all dynamic regimes and their frequencies listed in Table
4.2.

The discrepancies may be due to the MFCs being connected in parallel as opposed to the
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separate measurements made for their power outputs, which results in constructive interference

of the current output between the two MFCs. Regardless of regime, while one MFC is primarily

strained in the piezoceramic fiber direction and has the dominant d11 response, the other MFC is

simultaneously strained in the electrode direction and produces a much lower electromechanical

response, and these responses are in phase. This can be seen in the time histories in Figures 4.7-

4.11, where the phase difference between the two MFCs are identical for both the voltage and

current. Under cross-well vibrations, the d11 responses alternate between the two MFCs whenever

snap-through occurs, and MFC 1’s d11 response is greater than MFC 2 for initial state I and vice

versa for state II due to the previously discussed asymmetry of cross-well orbits. The parallel

configuration favors the linear regime over chaos for state I and intermittency for state II since

the primary MFC always operates in the d11 mode under linear oscillations while the cross-well

regimes exhibit alternating d11 responses from both MFCs. However, other cross-well regimes

such as limit cycle oscillations are still able to outperform linear vibrations due to the effective

current output of the former being greater than that of the latter.

Once the EH301A module reaches the 5.2 V threshold from charging, the shaker is shut off and

the module begins to supply the input voltage signal to connected amplifier. During this discharge

phase, snap-through from state I to II and vice versa are achieved when the amplifier is connected

to either MFC and turned on. This is evidenced by the corresponding discharge voltage and corner

displacement time histories shown in Figure 4.19. snap-through occurs 1.3 s after the amplifier is

turned on by supplying approximately 1000 V to either MFC, as seen in the large displacement

jump followed by free vibration that settles into the opposing stable branch. Once the amplifier is

shut off and the input voltage is released, the laminate fully settles into the other state and this is

indicated by the much smaller change in displacement. Note that the discharge rate increases when
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Figure 4.19: Laminate corner displacement and EH301A discharge time histories during snap-
through morphing from (a) state I to II and (b) state II to I.

the amplifier is on which signifies that more power is being drawn from the module. Although a

high voltage amplifier is required, the laminate demonstrates multi-role capabilities by achieving

snap-through morphing with the energy collected from both single-well and cross-well vibrations

over a wide bandwidth.

4.7 Chapter Summary

The electromechanical responses and energy harvesting performance of a [0MFC/90MFC ]T

piezoelectrically generated bistable laminate under base harmonic excitation are investigated with
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analytical model simulations and experiments. Its inherent structural nonlinearities are exploited

to induce high amplitude broadband cross-well vibrations to maximize power generation from the

MFCs. The linearized modal analysis yields vibration modes and the corner velocity frequency

response function about each stable configuration, which show good agreement with experimental

results. Under high amplitude excitation, the nonlinear response of the laminate is predicted by nu-

merically solving the electromechanically coupled equations of motion. Open circuit voltage and

corner velocity amplitudes under frequency sweeps at various acceleration levels are adequately

correlated with their experimental counterparts and exhibit dynamic nonlinearities such as sweep

direction dependent hysteresis and stiffness softening. Various cross-well regimes such as inter-

mittency, limit cycle, chaotic, and subharmonic oscillations observed in experiments are predicted

by the model at either identical or similar excitation parameters. Characteristics of the observed

regimes are found through time histories, spectrum analysis, phase portraits, and Poincaré maps of

select data, which are then used to determine the response of all other sweep results.

The power output of each regime is then experimentally measured through resistor sweeps

and high amplitude limit cycle oscillations are found to be the optimal dynamic response. When

charging an energy harvesting module, the quickest times are measured when the MFCs are con-

nected in parallel since the overall current output is maximized, and the collected energy is then

discharged through a high voltage amplifier and back into either MFC to initiate snap-through. The

laminate’s viability for energy harvesting is demonstrated, allowing it to retain multiple roles when

including its snap-through morphing capability. Due to the model idealizing material and geomet-

ric properties, initial state dependent asymmetric behavior caused by manufacturing imperfections

and asymmetric cross-well orbits within the experimental results are not seen in the simulations.

If an imperfection is empirically introduced into the model, these asymmetries are only partially
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accounted for. Overall however, the electromechanical model is able to produce fairly accurate

voltage and power outputs of a piezoelectric bistable laminate under nonlinear cross-well vibra-

tions. Its viability for energy harvesting is both analytically and experimentally confirmed with

favorable power output over a wide frequency range.
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CHAPTER 5

Control of Cross-well Responses and Dynamics

The dynamics of bistable composites include various steady-state responses which can be

single-well oscillations about either configuration, or cross-well oscillations involving periodic or

aperiodic snap-through motion between either stable state. Bistable composites have attracted the

most attention when being designed for energy harvesting due to their energetic responses, large

displacements, and broadband characteristics associated with snap-through dynamics. Piezoelec-

tric transducers are often bonded onto the laminate as the primary means of energy conversion.

However, cross-well oscillations become undesirable if these composites are to be utilized as mor-

phing structures, where their stable shapes must be held without any instabilities. For this purpose,

the first half of this chapter proposes an active control strategy that directly suppresses the cross-

well vibrations of a bistable composite laminate into a single potential well. This is numerically

and experimentally demonstrated through the [0MFC/90MFC ]T piezoelectrically generated bistable

laminate, which had its nonlinear dynamical responses characterized in Chapter 4. With the gen-

eralized voltage coordinate vk defined in Chapter 2, the 0° and 90° MFCs are labelled as v1 and v2,

respectively. Its basic shapes can be seen in Figure 5.1.

The [0MFC/90MFC ]T laminate is ideal for active control applications since the MFCs are si-

multaneously the actuator and host structure, which means it has much more actuation authority
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Figure 5.1: Double well diagram and corresponding stable shapes of a [0MFC/90MFC ]T laminate.
State II potential well eliminated with v1 MFC static actuation while v2 = 0 V.

compared to conventional bistable composites with piezoelectric transducers. While under cross-

well oscillations, either MFC is actuated to the limit voltage to eliminate the initial stable branch

and potential well. At the limit voltage, snap-through occurs to the other state and the laminate

can only oscillate about the remaining well. This is illustrated in Figure 5.1, where incrementally

increasing the applied voltage on the single MFC v1 will force the state II initial well to become

shallower until entirely losing its concavity at the limit voltage. Past this point at v1 = 600 V, the

initial well no longer exists and the laminate is forced to orbit about the remaining state I well.

Note that the limit voltage is lower than what is reported in Chapter 3 because a [0MFC/90MFC ]T

bistable laminate with a bonding voltage of 1200 V is used here. The Positive Position Feedback
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(PPF) controller [140, 141] is then simultaneously applied through the other MFC to achieve large

amplitude reduction. State I can also be eliminated by actuating v2 and the potential energy be-

havior is symmetric to what is shown in Figure 5.1. Suppression of cross-well dynamics is also

attempted with just the single PPF controller and its performance is compared with the dual con-

trol strategy in terms of settling time and steady state amplitude within the MFC operating limits.

Configuration control is demonstrated by placing the laminate in either state depending on which

MFC is chosen to be the PPF controller.

The second half of this chapter conversely demonstrates how the global cross-well bandwidth

of a bistable VEH can be widened by imparting perturbations whenever it is under single-well orbit.

To enhance the performance in broadband energy harvesting applications, bistable VEHs seek to

maximize the range of excitation parameters which triggers high amplitude cross-well vibrations

necessary for large power output. Classical frequency sweep characterization does not reveal all

co-existent solutions, among which may be high energy orbits that extend the desired cross-well

response. Large voltage perturbations can be imparted on to the [0MFC/90MFC ]T bistable laminate

while under single-well oscillations, which are necessary to access and maintain high energy orbits

in multi-solution regions. When an MFC is the actuator va, the other is assigned to be the energy

harvester vh, thus enabling both functions without the need for additional piezoelectric transducers.

Through numerical simulations of the electromechanically coupled equations of motion for the

[0MFC/90MFC ]T laminate, a voltage disturbance strategy to initiate jumps from low to high energy

solutions is presented. This strategy is then applied in frequency sweeps to demonstrate cross-well

bandwidth extension.
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5.1 Positive Position Feedback Controller

To achieve suppression of cross-well oscillations, the SDOF PPF controller actuating a sin-

gle MFC is implemented in conjunction with the higher order analytical model from Chapter 2.

The proposed PPF controller is a second order damped oscillator which uses position feedback

measurements that are collocated with the actuator in positive feedback [140]. The feedback con-

troller builds an internal model of the disturbance frequency that is known prior, and adds damping

in the closed-loop at said frequency in a linear system. Goh et. al [140] shows that the closed-

loop stability of the PPF controller is independent of the controller dynamics and less sensitive to

high frequency spillover relative to velocity feedback methods since the PPF controller rolls off

at high frequencies. Further, sufficient conditions on guaranteed stability of unmodeled dynamics

and modes that are not targeted by the internal model are derived which can always be satisfied

through choice of controller gain and damping ratio. The SDOF scalar PPF controller equation is

given by

v̈c + 2ζcωcv̇c + ω2
cvc = kcω

2
cr (5.1)

where vc is the voltage control input, ζc is the controller damping ratio, ωc is the controller natural

frequency, kc is the controller gain, and r is the position feedback. ωc is set to match the excitation

frequency ωf since this is always the largest frequency component in single-well linear oscilla-

tions after potential well elimination. r is chosen to be the out-of-plane displacement at spatial
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coordinates x and y as given by

r(x, y, t) =
1

2

{
x2 y2 x2y2 x4 y4

}
{q} − wo

0(x, y) (5.2)

where wo
0(x, y) is the static out-of-plane displacement at x and y of the desired stable state.

wo
0(x, y) is subtracted so that there is zero displacement bias associated with either stable state

in the position feedback. Equation 5.2 shows that using the out-of-plane displacement as the feed-

back measurement can be viewed as an output feedback problem [142], where the output vector is

given below.

{O} =
1

2

{
x2 y2 x2y2 x4 y4

}
(5.3)

Since the MFCs serve as actuators driven by a voltage source, the second electromechanical equa-

tion of motion in Equation 2.67 is dropped and the voltage terms in Equation 2.63 become the

control input to the system, as seen below.

[M ] {q̈}+ [D (q̇)] + [K(q)] = {F} − [θ] {v} (5.4)
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To more easily represent the feedback dynamics, the electromechanical coupling matrix [θ] and

voltage input {v} in Equation 5.4 are rewritten as

− [θ] {v} =

[
{P1} {P2} {P3} {P4} {P5}

]



v1

v2

0

0

0


= {P1}v1 + {P2}v2 (5.5)

where vc in Equation 5.1 is chosen to be either v1 controlling oscillations about state II or v2

controlling oscillations about state I. The remaining voltage input becomes vs, or the static voltage

input which provides the DC signal required to eliminate a potential well while the laminate is

under cross-well oscillations. Alternatively, vs can be zero if the PPF controller is the only desired

control input to the closed-loop system. In a subsequent numerical and experimental examples,

the effectiveness of both control strategies are compared, that is, the suppression of cross-well

oscillations with and without a static voltage input. Let {Pc} and {Ps} be the input vectors given

by {P1} or {P2} in Equation 5.5 associated with vc and vs, respectively. A block diagram of the

feedback system is shown in Figure 5.2.

In order satisfy sensor-actuator collocation in an output feedback problem, the angle between

the output vector {O} and the transpose of the input vector {Pc} must approximately be zero as

138



times

[M]{q̈}+[D(q̇)]+ [K(q)] = {F}+{Pc}vc+{Ps}vs

v̈c+2ζcωcv̇c+ω2
c vc = kcω2

c r

r = {O}{q}−wo
0

{F}
vs

vc r+−

Figure 5.2: Block diagram of the feedback system. vc is positive if vc = v1 and negative if vc = v2.

shown below.

arccos

 {O} · {Pc}T

‖{O}‖‖{Pc}T‖

 ≈ 0 (5.6)

This corresponds to a need to choose the spatial location x and y such that Equation 5.6 is satisfied.

Fortunately for the [0MFC/90MFC ]T laminate, the structure of the transposed input vector {Pc}T

allows for a viable sensor placement which satisfies the condition. (x, y) is chosen to be the center

edge location of the laminate along the major curvature axis of each stable state. For state I, x = 0

and y = Ly/2, which means the output vector becomes

{O} =

{
0 L2

y/8 0 0 L4
y/32

}
(5.7)

and it has the same approximate direction as the transposed input vector

{Pc}T =

{
p1 p2 p3 p4 p5

}
(5.8)

since |p2| is much greater than all other {Pc}T component magnitudes when vc = v2. Physi-
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cally, this means that under voltage actuation, the major curvature is weakly coupled to the minor

curvature in {Pc}T , but the former is affected to a much greater degree, which is approximately

represented in {O} at the edge location. The higher ordered curvature component L4
y/32 in {O}

has a negligible effect on the collocation condition.

For state II, x = Lx/2 and y = 0, which means the output vector becomes

{O} =

{
L2
x/8 0 0 L4

x/32 0

}
(5.9)

and has the same approximate direction as {Pc}T since |p1| is much greater than all other {Pc}T

component magnitudes when vc = v1. A caveat is that since p1 > 0 and p2 < 0, the sign of vc

must be made negative for state I when vc = v2 so that the collocation condition in Equation 5.6

holds. In other words, the direction of the control voltage vc must correspond to that of the position

feedback given that the latter is opposite between states I and II due to how they are defined relative

to the laminate coordinate system. This is reflected in the block diagram in Figure 5.2. Combining

Equations 5.4 and 5.1 with the nonlinear damping matrix in Equations 2.65 and 5.2 yields the

closed-loop system as shown below.

{F}+ {Ps}vs

0

 =

[M ] {0}

{0} 1


{q̈}
v̈c

+

α[M ] {0}

{0} 2ζcωc


{q̇}
v̇c



+

 [0] −{Pc}

−kcω2
c{O} ω2

c


{q}
vc

+

[K(q)] + β[K(q̇)]

kcω
2
cw

o
0(x, y)

 (5.10)
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5.2 Experimental Methodology

Figure 5.3: Experimental setup for implementing active control and measuring the dynamic re-
sponse of a 200 x 200 mm2 [0MFC/90MFC ]T laminate.

The suppression of cross-well vibration for the [0MFC/90MFC ]T laminate is achieved with the

experimental setup shown in Figure 5.3, which is similar to what is presented in Section 4.1. The

APS 113 seismic shaker powered by the APS 125 amplifier provides the harmonic excitation to

the laminate that is held between two neodymium cube magnets at the geometric center. The base

acceleration is measured with a PCB Piezoelectronics 352C67 accelerometer which is attached

to the outer magnet and two Keyence LK-G402 laser sensors measure the edge and corner out-

of-plane displacement time histories. The laser sensor measuring the edge location provides the

position feedback to the PPF controller while corner location sensor records the laminate response.

The dSPACE MicroLabBox is used to implement the algorithms and provide A/D and D/A con-

version with all signals sampled and output at 1000 Hz. The algorithms are written in Simulink
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and executed on MicroLabBox which is interfaced through ControlDesk. The subsequent PPF and

static control signals are amplified through the Trek 2220 and the Trek PZD2000A high voltage

amplifiers, respectively.

Figure 5.4: Experimental corner velocity to base acceleration frequency response function of the
[0MFC/90MFC ]T laminate for state I.

As previously mentioned, the [0MFC/90MFC ]T bistable laminate with a bonding voltage of

1200 V for both MFCs are the subject of this active control section. For the experimental spec-

imen, the average thickness of the DP-460 epoxy adhesive is measured to be 0.145 mm and the

average density of the laminate is found to be 4195 kg/m3. All other material properties remain

the same and are shown in Table 3.1. The simulated stable states post bifurcation have static out-

of-plane displacements of ±6.80 mm at the corner locations and ±7.48 mm at the center edge

locations along the major curvature axis of each state. The latter values are used for wo
0(x, y) in

Equation 5.2. The numerical limit voltage where a potential well disappears and the laminate snaps

through to the remaining well is found to be 504 V from either state. Due to the differing bonding
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voltages, the damping ratios and coefficients found in Section 4.2.3 do not apply here and must

be reacquired. Again, the quadrature peak picking method [133] is used to obtain these parame-

ters from an experimental corner velocity to base acceleration FRF in state I, as shown in Figure

5.4. This low amplitude FRF is measured during forward frequency sweeps from 10 Hz to 45 Hz

at 0.05 g to minimize nonlinear effects while both MFCs are in open circuit. The first bending

mode is at 25.52 Hz and the second twisting mode is at 36.12 Hz. With the natural frequencies for

the bending and twisting modes, the corresponding damping ratios are found to be ζ1 = 0.0245

and ζ2 = 0.0173 for state I. Then the mass and stiffness damping coefficients are α = 7.867 and

β = 2.443 · 10−9 according to the first two elastic modes in Equation 2.66.

5.3 Suppression of Cross-well Oscillations

5.3.1 Numerical Simulations

With the inputs to the electromechanical model established, the resulting differential equations

of motion are placed in state space form and numerically solved in MATLAB using the ode15s

solver. The open-loop system is given by Equation 5.4 with v1 and v2 set to zero and the closed-

loop system is given by Equation 5.10. In all simulations, the open-loop system is solved for

t = [0, 2] s, where the initial conditions for {q} are always set to be the curvatures corresponding

to state I and {q̇} = {0}. Then the open-loop state at t = 2 and vc = v̇c = 0 serve as the initial

conditions to the closed-loop system, which is solved for t ≥ 2 s. The controller damping ratio

ζc is set to 0.1 and only the gain kc is varied between the results. For the dual control strategy,

vs = 504 V to eliminate the initial potential well with the least amount of input voltage.
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Figure 5.5: Simulated suppression of subharmonic oscillations through single PPF controller
vc = v2 with time histories of (a) corner displacement wo, (c) input voltages v1 and v2, through
simultaneous static actuation vs = v1 = 504 V and PPF controller vc = v2 with time histories of
(b) corner displacement wo, (d) input voltages v1 and v2, and their (e) FFTs of steady state corner
displacement wo. Controller parameters are ζc = 0.1 and kc = 37000 and the base excitation is
21.1 Hz and 2 g from initial state I.

Although bistable oscillators exhibit a wide variety of cross-well behaviors, three prominent

regimes are chosen specifically to demonstrate how they can be suppressed through active control

techniques. Period-3 subharmonic oscillations require three forcing periods to complete a full

cycle and are characterized by the presence of order-1/3 harmonic components. The model for the

[0MFC/90MFC ]T laminate predicts period-3 oscillations to be induced in open-loop steady state at

a base excitation of 21.1 Hz and 2 g from the initial state I. Figure 5.5 shows their suppression into
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state I through two separate control strategies. Figure 5.5(a) and (c) are the corner displacement

wo and input voltage vc = v2 and vs = v1 time histories when only the the single PPF controller

with kc = 37000 is implemented in the closed-loop system, respectively. Figure 5.5(b) and (d)

plots are for the simultaneous implementation of the PPF controller vc = v2 with kc = 37000

and static actuation vs = v1 = 504 V. Figure 5.5(e) shows the FFT of the steady state corner

displacement time histories for the open and closed-loop systems. Although saturation is set within

the closed-loop ODE function handle in MATLAB, the controller gains are chosen so that the

control voltage vc always stays within the MFC operating limit of±500 V assuming zero DC bias.

In addition, even though the position feedback location is at the center edge of the laminate, the

corner displacements are presented in the results. This is because only the corners have significant

out-of-plane deflections in both stable states, so they alone are appropriate locations for evaluating

cross-well motion.

Both strategies successfully push the laminate out of cross-well orbit and into single-well oscil-

lations, but the dual static and PPF controller largely reduces the closed-loop transients seen with

the single PPF controller before the laminate settles into steady state. The settling time is defined

as the duration for the error |wo(t)− wo
ss| between the laminate response wo(t) and the steady state

amplitude wo
ss to fall within 20% of wo

ss. This results in the dual control method having a lower

settling time of 0.44 s compared to the single PPF controller’s settling time of 0.91 s, which is a

51.65% reduction. Given that both strategies have identical controller damping ratios and gains,

their final steady state amplitudes are similar with single PPF controller and dual control yielding

0.85 mm and 0.82 mm, respectively. The FFT plot in Figure 5.5(e) shows that the subharmonic

oscillation’s primary frequency component ωf retains an amplitude of 3.85 mm, which means the

single and dual control reduce it by significant margins of 77.92% and 78.70%, respectively. In ad-
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dition to the primary forcing frequency, all harmonic components are completely subdued, which

enables the suppression of period-3 orbits. By forcefully eliminating a potential well through static

actuation vs, the dual control yields better control performance in terms of settling time when com-

pared to the single PPF controller. This is not only observed with subharmonic oscillations, but

with all other cross-well regimes and is correlated with experimental data. As shown in the next

experimental section, there is a limit to what the single PPF controller can successfully suppress

and potential well elimination becomes necessary to achieve single-well control.

Figure 5.6 shows the suppression of high amplitude limit cycle oscillations with dual control

where (a) and (c) show the corner displacement and control voltage time histories for the simul-

taneous PPF controller vc = v2 and static actuation vs = v1 = 504 V into state I while (b)

and (d) are for the simultaneous PPF controller vc = v1 and static actuation vs = v2 = 504 V

into state II, and (e) shows their open and closed-loop wo FFTs in steady state. For both cases,

ζc = 0.1 and kc = 28000. With the base excitation of 18 Hz and 2 g from initial state I, limit

cycle oscillations are induced in open-loop steady state and these are characterized by continuous

snap-through events which allow a periodic high-energy orbit to be sustained between the two sta-

ble configurations. Due to the periodic attractor motion enabling large amounts of penetration into

both potential wells, it is associated with the largest out-of-plane displacement amplitudes of all

cross-well regimes. Figure 5.6 demonstrates complete configuration control through the suppres-

sion of cross-well oscillations into either state I or II depending on which MFCs are vc and vs in

the [0MFC/90MFC ]T laminate. Due to the electromechanical model retaining perfect symmetry of

potential wells, the total amplitude reduction is identical whether the laminate is controlled into

state I or II. With the open and closed-loop primary frequency components having steady state

amplitudes of 14.22 mm and 0.89 mm, respectively, a total reduction of 93.74% is achieved.
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Figure 5.6: Simulated suppression of limit cycle oscillations through simultaneous static actuation
vs = v1 = 504 V and PPF controller vc = v2 with time histories of (a) corner displacement wo,
(c) input voltages v1 and v2, through simultaneous static actuation vs = v2 = 504 V and PPF
controller vc = v1 with time histories of (b) corner displacement wo, (d) input voltages v1 and v2,
and their (e) FFTs of steady state corner displacement wo. Controller parameters are ζc = 0.1 and
kc = 28000 and the base excitation is 18 Hz and 2 g from initial state I.

A disadvantage of potential well elimination and the dual control strategy is the large power

consumption required by the static actuation, but this can be mitigated by removing vs once the

laminate is under single-well oscillations in either state. This is demonstrated through the sup-

pression of chaotic oscillations as seen in Figure 5.7, where (a) and (b) show the corner displace-

ment and control voltage for the simultaneous implementation of the PPF controller vc = v2 with

kc = 33000 and static actuation vs = v1 = 504 V in blue, then its removal vs = v1 = 0 V in red,
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and (c) shows their steady state open and closed-loop wo FFTs.

Figure 5.7: Simulated suppression of chaotic oscillations through simultaneous static actuation
vs = v1 = 504 V and PPF controller vc = v2 from 2 to 3 s, then vs = v1 = 0 V from 3 to 4
s. Figure presents time histories of the (a) corner displacement wo, (b) input voltages v1 and v2,
and the (c) FFTs of steady state corner displacement wo. Controller parameters are ζc = 0.1 and
kc = 33000 and the base excitation is 20.5 Hz and 2 g from initial state I.

Chaotic oscillations are induced by the base excitation of 20.5 Hz and 2 g from initial state

I, and are characterized by aperiodic snap-through events through the strange attractor motion.

This is exhibited by the broadband spectrum retaining energy over a wide range of frequencies as

seen in the FFTs in Figure 5.7(c). Once the laminate reaches steady state through dual control

about state I, vs = v1 can be shut off to save power consumption without having the laminate
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diverge back into cross-well vibrations. This change in vs leads to a small shift in the out-of-plane

displacement of state I due to transitioning to a different location on its stable branch. However, the

total amplitude reduction is mostly maintained where the final steady state amplitudes for vs = 504

V and vs = 0 V are 0.83 mm and 0.86 mm which correspond to 71.04% and 69.99% decreases

of the primary frequency component, respectively. Aside from the primary forcing frequency, the

broadband frequency components of chaotic oscillations are completely negated.

5.3.2 Experimental Results

With the objective of verifying the numerical results for suppressing cross-well orbits, the

active control strategies are experimentally implemented on the [0MFC/90MFC ]T bistable laminate.

The base excitation levels from initial state I are identical to those used in the simulations to

demonstrate correlation in the laminate’s dynamic response. For dual control with potential well

elimination, the MFC input vs is kept consistent with the simulations at 504 V while saturation of vc

is still within the MFC operating limit of ±500 V. The only deviation are with the PPF controller

parameters, which are tuned for each cross-well response to reach comparable performance in

settling time to and amplitude of closed-loop steady state oscillations. The experimental damping

ratio for all cases are ζc = 0.01 while the gains are tuned for each run so that the PPF control

voltage vc is not saturated in closed-loop steady state. Suppression of cross-well oscillations are

not guaranteed if the closed-loop transients are not allowed to saturate due to the MFCs’ lower

amounts of actuation authority over the laminate when compared to the model. To satisfy the PPF

collocation condition in Equation 5.6 as explained in Section 5.1, the direction of vc is opposite

between vc = v1 and vc = v2 controlling vibrations about states II and I, respectively. This is
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experimentally imposed through the sign of the gain kc where it is negative for suppression into

state I and positive for state II.

Figure 5.8: Experimental suppression of subharmonic oscillations through single PPF controller
vc = v2 with time histories of (a) corner displacement wo, (c) input voltages v1 and v2, through
simultaneous static actuation vs = v1 = 504 V and PPF controller vc = v2 with time histories of
(b) corner displacement wo, (d) input voltages v1 and v2, and their (e) FFTs of steady state corner
displacement wo. Controller parameters are ζc = 0.01 and kc = −0.40 and the base excitation is
21.1 Hz and 2 g from initial state I.

At the base excitation of 21.1 Hz and 2 g, period-4 subharmonic oscillations are induced and

their suppression into state I are presented in Figure 5.8 with the single PPF controller and the dual

control strategy. The individual plots containing the time histories of the corner displacement wo,

input voltages vc = v2 and vs = v1, and FFTs of the steady state wo within Figure 5.8 are presented
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in identical order as their simulated counterparts in Figure 5.5 with kc = −0.40 for both methods.

Before the active control results are discussed, differences in the open-loop cross-well responses

between the numerical and experimental results are explained. As investigated in Section 4.4.1, the

subharmonic oscillations in the open-loop wo time histories in Figure 5.8(a) and (b) are asymmet-

ric and their amplitudes are over-predicted by the model. The laminate has a tendency to favor the

initial state and not fully penetrate the other potential well under cross-well orbits, with varying

degrees of penetration between dynamic regimes, and this effect is not predicted by the model.

Subharmonic oscillations contain the least amount of vibrational energy out of all cross-well re-

sponses and will therefore retain the greatest amounts of asymmetry in their orbits. This effect

also limits the wo peak to peak amplitudes when compared to the simulations. Due to artificial

stiffness imposed upon the laminate by the assumed shape functions, the electromechanical model

over-predicts the out-of-plane displacements of each stable state as shown in Section 3.4.1. This

also contributes to the larger wo amplitudes in the simulations.

Although the periodicity of the experimental subharmonic orbit is slightly higher with the

existence of order-1/4 harmonic components when compared to the numerical period-3 motion,

cross-well suppression results are correlated between the two control strategies. Both are able

to force the laminate out of subharmonic oscillations and into single-well oscillations, but the

difference in duration of the closed-loop transients is greater in the experimental results. This is

due to the dual control method’s static vs = 504 V being able to bring the control voltage vc out of

saturation much sooner than the single PPF controller. With the initial well eliminated, the laminate

is able to settle into single-well oscillations about state I with much less difficulty. Given the same

definition for settling time to closed-loop steady state oscillations as the numerical results, the dual

control method with the eliminated initial well has a settling time of 0.89 s compared to the single
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PPF controller’s settling time of 2.34 s, which corresponds to a larger duration reduction of 61.97%

when compared to the simulations. With the PPF controller damping ratios and gains having the

same magnitudes between the two strategies, their closed-loop steady state amplitude are nearly

identical at 1.00 mm and 1.01 mm for the single PPF and dual control methods, respectively.

These correspond to reductions of 71.70% and 71.41% from the subharmonic primary frequency

component amplitude of 3.53 mm as seen in the FFT plot in Figure 5.8(e). As predicted by the

simulations in Figure 5.5, all harmonic components are also subdued.

The suppression of high amplitude limit cycle oscillations into either potential well is exper-

imentally demonstrated in Figure 5.9 and verifies the corresponding simulation results in Figure

5.6 with the identical base excitation of 18 Hz and 2 g from initial state I. Figure 5.9(a) and (b)

show the corner displacement and control voltage time histories for the dual control vc = v2 with

kc = −0.21 and vs = v1 = 504 V into state I while for (c) and (d) the dual control voltages are

flipped so that vc = v1 with kc = 0.20 and vs = v2 = 504 V, which forces the laminate into state II,

and (g) shows their steady state wo FFTs. Since the continuous snap-through motion in open-loop

leads to the most energetic laminate response out of all cross-well regimes, limit cycle oscillations

show the least amount of trajectory asymmetry associated with the largest amount of orbital pene-

tration into both potential wells. This means the open-loopwo amplitudes for this particular regime

have the best agreement between the model and experiments, in contrast to the subharmonic oscil-

lations in Figure 5.8. However for the same reason, limit cycle oscillations are the most difficult

to control and the dual control strategy has the lowest suppression performance when compared to

other cross-well regimes. Although the laminate escapes cross-well orbit with minimal transients

in closed-loop, the PPF control voltage vc stays saturated significantly longer at 1.98 s in Figure

5.9(a) and 1.65 s in Figure 5.9(c) than when suppressing subharmonic or chaotic oscillations. This

152



translates to a larger settling time to closed-loop steady state whether the laminate is placed into

state I or II. In addition, the steady-state vc amplitude is closest to saturation out of all presented

cases.

Figure 5.9: Experimental suppression of limit cycle oscillations through simultaneous static actu-
ation vs = v1 = 504 V and PPF controller vc = v2 at kc = −0.21 with time histories of (a) corner
displacement wo, (b) input voltages v1 and v2, through simultaneous static actuation vs = v2 = 504
V and PPF controller vc = v1 at kc = 0.20 with time histories of (c) corner displacement wo, (d)
input voltages v1 and v2, through single PPF controller vc = v2 at kc = −0.07 with time histories
of (e) corner displacement wo, (f) input voltages v1 and v2, and their (g) FFTs of steady state corner
displacement wo. Damping ratio is ζc = 0.01 and the base excitation is 18 Hz and 2 g from initial
state I.

In Figure 5.9(c), the out-of-plane displacement magnitude of state II in closed-loop is lower

than that of state I due to asymmetric potential well locations exacerbated by the cross-well or-
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bital asymmetry. This is caused by manufacturing imperfections of the [0MFC/90MFC ]T laminate

involving layup alignment, nonuniform epoxy bond line, and the variation of electromechanical

properties between the two MFCs. Due to the slight difference in controller gain kc and poten-

tial well asymmetry, the closed-loop primary frequency components have steady state amplitudes

of 2.80 mm and 3.05 mm when suppressed into states I and II, respectively, and are found to be

much greater than the simulations and other experimental cases. These correspond to reductions

of 78.56% and 76.65% from the open-loop steady state amplitude of 13.06 mm. Aside from the

amount of vibration attenuation being open-loop regime dependent, the difficulty in experimentally

controlling limit cycle oscillations is also derived from the MFCs having less actuation authority

over the entire laminate when compared to the idealized model.

To bolster the merits of dual control with potential well elimination over single PPF control,

an experimental case is presented where the latter method fails to keep the laminate out of cross-

well orbit. This is in contrast to Figure 5.8(a) where the single PPF controller is able to suppress

subharmonic oscillations, albeit with longer closed-loop transients. Figure 5.9(e) and (f) presents

the corner displacement and control voltage time histories in open-loop limit cycle oscillations and

then under the application of just the single PPF controller vc = v2 with kc = −0.07 in closed-loop.

As with other cases, the gain is tuned so that the steady state vc is closest to the MFC limits without

actually saturating. Unlike the dual control strategy in Figure 5.9(a), the single PPF controller is

unable to keep the laminate constrained in a potential well and it quickly diverges back into limit

cycle oscillations in closed-loop. Although there is some amplitude mitigation with the steady state

primary frequency component being 8.51 mm, the net suppression is less than what the dual control

method can achieve with oscillations confined to a single well. The single PPF controlled response

also retains the superharmonic components characteristic of the open-loop limit cycle oscillations,
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which in comparison are subdued under dual control. In all, this comparison reveals that if the

laminate’s cross-well response retains enough amplitude and inertia, potential well elimination is

required to keep it suppressed in single-well oscillations.

Figure 5.10: Experimental suppression of chaotic oscillations through simultaneous static actua-
tion vs = v1 = 504 V and PPF controller vc = v2 from 10 to 14.8 s, then vs = v1 = 0 V beyond
14.8 s. Figure presents time histories of the (a) corner displacement wo, (b) input voltages v1 and
v2, and the (c) FFTs of steady state corner displacement wo. Controller parameters are ζc = 0.01
and kc = −0.80 and the base excitation is 20.5 Hz and 2 g from initial state I.

The final experimental case is the suppression of chaotic oscillations into state I, where vs is

removed once the laminate is under closed-loop single-well oscillations to mitigate DC power con-

sumption. Under the base excitation of 20.5 Hz and 2 g from initial state I, Figure 5.10(a) and (b)
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show the corner displacement and control voltage time histories for the simultaneous implementa-

tion of the PPF controller vc = v2 with kc = −0.80 and static actuation vs = v1 = 504 V in blue,

then its removal vs = v1 = 0 V in red, and (c) presents their steady state wo FFTs. As seen in

simulations, the open-loop chaotic oscillations are characterized by a more broadband frequency

spectrum when compared to periodic cross-well regimes, but still retain the previously discussed

asymmetric effects exhibited by subharmonic and limit cycle oscillations. More importantly, Fig-

ure 5.10 experimentally verifies that the laminate will remain in single-well oscillations once the

static voltage vs is shut off. The total amplitude reduction is maintained where the final steady state

amplitudes are 0.72 mm and 0.68 mm for vs = 504 V and vs = 0 V, respectively. These correspond

to a reduction of 67.27% and 69.09% from the primary open-loop frequency component of 2.20

mm and the chaotic broadband frequency components are suppressed as predicted in Figure 5.7.

It should be noted that the closed-loop control voltage vc signal in Figure 5.10(b) shows negative

DC bias caused by real-time drift in the position measurements taken by the laser displacement

sensors. This vc bias places the state I potential well location at a higher out-of-plane displacement

than the other experimental cases, which do not show as significant of a bias.

5.4 Extension of Cross-well Bandwidths

5.4.1 Electromechanical System

This section numerically examines how the range of frequencies that trigger cross-well vibra-

tions can be widened through voltage actuation of the MFCs in a [0MFC/90MFC ]T bistable lami-

nate. To allow simultaneous MFC actuation and energy harvesting, the electromechanical system
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must be modified. Starting with the state space form of the laminate’s equations of motion in Equa-

tions 4.19a-4.19c, v1 is driven by a voltage source and serves as the actuation signal va and control

input to the system if the laminate is under single-well oscillations about state II. The actuation

signal va is v2 if under single-well oscillations about state I. Note that v1 and v2 correspond to the

0° and 90° MFCs, respectively. These assignments allow the MFCs to have adequate authority for

inducing snap-through due to their piezoceramic fiber alignment relative to the stable cylindrical

shapes of the laminate. The remaining voltage degree of freedom becomes the harvesting signal vh

connected in parallel to the resistive loadR. Since the system loses an unknown degree of freedom

to va, the corresponding state space equation in Equation 4.19c is dropped, and the remainder is

shown below.

{ṗ3} = v̇h =


{

[Cp]
−1
11 [Cp]

−1
12

}(
1

R
{p3} − [Θ]T {p2}

)
if vh = v1, va = v2 (5.11a){

[Cp]
−1
21 [Cp]

−1
22

}(
1

R
{p3} − [Θ]T {p2}

)
if vh = v2, va = v1 (5.11b)

The resulting state space equations in Equations 4.19a, 4.19b, and either 5.11a or 5.11b are as-

sembled in MATLAB and numerically evaluated with the ode15s solver. Under the inputs of the

control signal va, load resistance R, base acceleration ab, and excitation frequency ωf , the time

dependent {q} and vh responses are simulated for a given set of {q}, {q̇}, and vh initial conditions.

The load resistance for vh is set to R = 10 GΩ to simulate open circuit conditions in all numerical

simulations. The out-of-plane displacement of the laminate can then be found with the admissible

fourth order polynomial shape function as given below.

wo (x, y, t) =
1

2

(
q1 (t)x2 + q2 (t) y2 + q3 (t)x2y2 + q4 (t)x4 + q5 (t) y4

)
(5.12)
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5.4.2 Low to High Energy Orbits with Voltage Perturbations

Before cross-well bandwidths can be evaluated through frequency sweeps, the form of voltage

perturbations for placing the bistable laminate into co-existing high energy attractors must be de-

fined. Unlike SDOF Duffing oscillators where all stable co-existing attractors can be feasibly iden-

tified through either analytical or numerical methods, the MDOF system for the [0MFC/90MFC ]T

laminate contains six degrees of freedom and forces numerically integrated solutions to be com-

putationally expensive. Since its basins of attraction cannot be efficiently characterized for a large

range of system inputs, there are limitations to the solution searching strategies that can be effec-

tively employed. Although more may exist, numerical forward and backward frequency sweeps

reveal at most two co-existing steady state solutions for any given forcing level due to hysteresis,

which is associated with amplitude jumps between single and cross-well orbits following either

saddle node or period doubling bifurcation. It is possible that frequency bandwidths that exhibit

single-well oscillations in both sweep directions also contain high energy solutions at the same ex-

citation amplitude. Accessing the associated attractors are done in an exploratory manner through

MFC voltage perturbations, which are necessary due to the disparity in the relative sizes of the

basins of co-existing attractors at low forcing levels.

The form of voltage perturbation is chosen to be a rectangular pulse that is sequentially applied

through the different phases of the forcing signal, or the laminate’s out-of-plane displacement under

single-well steady state vibrations. Since the basin of attraction that surrounds any generic attractor

is highly sensitive to the response phase of the system [99, 106, 107], changing the basins through

phase shifts in a systematic fashion can lead the laminate’s orbital trajectory to the desired high

energy attractor. This is achieved by varying when the pulse is applied and constraining where
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Figure 5.11: (a) Potential well elimination through static actuation of either v1 or v2 and (b) corre-
sponding corner displacement wo vs. v1 or v2 showing snap-through between either stable shapes
of the [0MFC/90MFC ]T laminate.

it ends, which results in the laminate’s position in the phase space at the end of the pulse to be

kept approximately identical while the basins of attraction are continuously altered. Since all co-

existing stable solutions are not pre-identified, it is not guaranteed whether this strategy will yield

the desired cross-well orbit and the required computation time is unknown. Even if the laminate

successfully achieves the jump and maintains orbit, there may be additional stable attractors that

could outperform the current solution in energy conversion.

The amplitude of the voltage pulse is va = 755 V, which is lowest value that induces quasi-static
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snap-through between either stable states of the [0MFC/90MFC ]T laminate with a bonding voltage

of 1500 V. As seen in Figure 5.11(b), limit point behavior is exhibited at va = 755 V where the

initial stable branch will lose stability and jump to the second stable branch where it will remain

regardless of what the the actuation voltage va is. Figure 5.11(a) shows that the corresponding

potential well of the initial stable state disappears when va = 755 V and forces the system into the

remaining well. It will then remain monostable until va is either lowered or removed. The markers

show the corresponding points between the two plots to illustrate the relationship between va and

the potential energy of the system. Since the elimination of the initial potential well is not affected

by harmonic excitation levels, the laminate will always snap-through to the other state at the limit

voltage. This is advantageous in two ways, which are that the jump phenomenon associated with

snap-through occurs very quickly, and thus the duration of actuation and power requirement is

lower than sinusoidal voltage excitation, which also reduces the net simulation time. The second

is that snap-through to the other state places the laminate on a location of the phase space that has

a higher chance of being outside its initial attractor’s basin of attraction. To ensure the consistency

of this location, the voltage pulse ends when the corner out-of-plane displacement wo reaches its

first peak post snap-through which allows the corner velocity to be zero with every iteration. The

corner is evaluated because it is the only location to have significant out-of-plane deflections in

both stable states, so they alone are appropriate for evaluating cross-well orbits. It should be noted

that this approach is a simplification of the higher-dimensional phase space representing the actual

system and is used here for ease of implementation.
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Figure 5.12: Jump from state I single-well to high amplitude limit cycle oscillations through a
voltage pulse applied at φ = −0.6π radwo phase difference from ta = 2 s under harmonic excitation
of 1.5 g and 15.0 Hz showing time histories of (a) corner displacement wo, (b) harvester voltage
vh = v1, and (c) actuator voltage vs = v2. Red lines show time windows where where va = 755 V.

Two examples of switching from low to high energy orbits through a rectangular voltage pulse

are presented in Figures 5.12 and 5.13 to illustrate the devised strategy. Figure 5.12(a), (b), and

(c) show the corner displacement wo, harvester voltage vh, and actuator voltage va time histories

of the jump from single-well orbit about state I to high amplitude limit cycle oscillations under

the harmonic excitation of 15 Hz and 1.5 g. Since the system is initially oscillating about state I,

va = v2 and vh = v1. Figure 5.13(a), (b), and (c) show the switch from single-well orbit about
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state II to chaotic oscillations at 20.7 Hz and 1.5 g, which is attributed by aperiodic snap-through

events through the strange attractor motion. The solution switching method is effective regardless

of which cross-well regime the laminate jumps into, which include intermittency, subharmonic,

and superharmonic oscillations. Unlike limit cycle oscillations, the system is initially at state II,

and so the voltage degree of freedom assignments are flipped so that va = v1 and vh = v2. The

large amplitude difference of the harvester voltage vh between single-well and cross-well orbits in

Figures 5.12(b) and 5.13(b) shows why the latter is preferred by VEHs, even at the upfront energy

cost of voltage perturbations. Under a short duration, the net energy scavenged by nonlinear VEHs

in high energy orbits post perturbation will far exceed what is harvested when they are in low

energy orbits with no disturbances [99, 106, 107].

In the simulations of Figures 5.12 and 5.13, the initial conditions for {q} are set to be the

curvatures corresponding to either state I or II while {q̇} = 0 and vh = 0 V. Initially, the unactuated

system va = 0 V is solved until t = ta = 2 s to allow the laminate to settle into a steady state

solution. Then the system state {q}, {q̇}, and vh at t = ta serve as the initial conditions to the

actuated system va = 755 V, which is solved until wo reaches its first peak after snap-through, or

at t = tb. The system is then reverted back to the unactuated va = 0 V at t = tb where the last

state of actuated system is again carried over as initial conditions. If the jump into cross-well orbit

is either not achieved or sustained for t > tb, then the time history is re-simulated with the voltage

pulse va = 755 V applied at a wo phase difference φ from t = ta. This procedure is repeated

over one period of the single-well linear oscillations, where the phase difference is cycled through

φ ∈ [−2π, 0] rad in -nπ increments until there is a successful switch into a co-existing high energy

attractor. If the switch never occurs within this φ range, the step size n could be lowered and the

solution search procedure repeated, but the desired attractor may also not exist. The number of
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perturbation attempts could indicate the difficulty of reaching the high energy orbit based on the

relative size of its basin of attraction compared to that of the low energy orbit. For jumps into limit

cycle and chaotic oscillations in Figures 5.12 and 5.13, successful switches are made at φ = −0.6π

and φ = −1.8π from ta = 2 s, respectively.

Figure 5.13: Jump from state 2 single-well to chaotic oscillations through a voltage pulse applied
at φ = −1.8π rad wo phase difference from ta = 2 s under harmonic excitation of 1.5 g and 20.7
Hz showing time histories of (b) corner displacement wo, (d) harvester voltage vh = v2, and (f)
actuator voltage vs = v1. Red lines show time windows where where va = 755 V.

To better illustrate how the phase shifts are induced by varying where va is initiated, the system

inputs from Figure 5.12 are taken to show all successful and unsuccessful switches from single-
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Figure 5.14: Under harmonic excitation of 1.5 g and 15.0 Hz, (a) unsuccessful and (b) successful
jumps from state I single-well to high amplitude limit cycle oscillations through voltage pulses
applied at φ ∈ [−2π, 0] rad wo phase differences from ta = 2 s in -0.2π steps. Blue and red markers
show clusters of initial conditions where va is activated that do and do not allow switching from
low to high energy orbits, respectively. Corresponding blue and red lines show time windows
where va = 755 V.

well to limit cycle oscillations in Figure 5.14. The perturbation phase difference from ta = 2 s

is cycled through φ ∈ [−2π, 0] in -0.2π increments. For these particular inputs, the unsuccessful

attempts are grouped into two clusters indicated by red markers, and range within φ ∈ [−0.2π, 0]

and φ ∈ [−2π,−1.6π]. The successful perturbations are grouped into a single cluster within

φ ∈ [−1.4π,−0.4π] and are indicated by blue markers. The red and blue lines show time windows

where the rectangular voltage pulse is activated. For each iteration at tb, or where the pulse is re-

moved, the resulting phase of the corner displacement wo corresponds to where va is initiated. This
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indicates that changing the perturbation phase difference φ relative to ta will cause a controllable

phase shift and alter the basins of attraction at tb. If the laminate is placed in a co-existing high en-

ergy attractor’s basin of attraction, the switch will be successful. All solutions following successful

disturbances converge to the same limit cycle orbit in Figure 5.14(b) and those following unsuc-

cessful disturbances converge to the same single-well orbit about state II in Figure 5.14(a). These

behaviors suggest that the two solutions co-exist under the same input and no other attractors are

present. Figure 5.15 present examples of unsuccessful and successful time dependent trajectories

into high amplitude limit cycle oscillations from varying when the system is perturbed.

Figure 5.15: Numerically simulated orbital trajectories of an (a) unsuccessful and (b) successful
jump from state I single-well into cross-well limit cycle oscillations. Harmonic excitation at 1.5 g
and 15.0 Hz. Corresponding blue and red lines show time windows where va = 755 V.
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5.4.3 Numerical Frequency Sweep Results

With the method established for perturbing the [0MFC/90MFC ]T bistable laminate from low to

high energy orbits, how this can be used to extend the cross-well bandwidth of the system is now

investigated. For bistable VEHs to maintain effectiveness under a broadband environment at lower

forcing levels, their narrowed nominal high energy bandwidths must be widened. This enables

access to co-existent cross-well attractors at frequencies where the laminate cannot escape from

single-well orbits without any external disturbances. For the unactuated system, Figure 5.16(a) and

(b) present the numerical forward and backward frequency sweep results from 5 Hz to 30 Hz in 0.5

Hz increments at 2.5 g and 1.5 g, respectively. Peak to peak amplitudes of the harvester voltage vh

are obtained from simulated time histories with stroboscopic sampling at each excitation frequency

over several forcing periods, as shown in Section 4.3.2. At each frequency, samples appear as

a single point for linear single-well oscillations at low amplitudes and cross-well limit cycle or

superharmonic oscillations at high amplitudes. Samples appear as multiple points for nonlinear

responses including intermittency, subharmonic, and chaotic oscillations, and retain much larger

vh amplitudes than their single-well counterparts. Before the frequency sweeps are performed, the

initial conditions for {q} are set to be the curvatures corresponding to state I, and {q̇} = {v} = 0.

During the sweeps for each frequency, the {q}, {q̇}, and vh states of the final time step are used

as the initial conditions for the next excitation frequency while va = 0. For both forcing levels,

hysteretic regions between the sweep directions separate the boundaries between single and cross-

well regimes as characterized by large amplitude jumps. The cross-well responses appear around

the first plate bending mode which undergoes softening where its resonant peak is pushed below

its natural frequency. At 2.5 g, the nominal cross-well bandwidths are 21 Hz to 25 Hz and 20 Hz
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to 23.5 Hz in the forward and backward sweep directions, respectively. These bandwidths shrink

at the lower forcing level of 1.5 g, where they are 22.5 Hz to 23.5 Hz and 21 Hz to 22 Hz in the

forward and backward sweep directions, respectively. The peak vh amplitudes also decrease with

the lower excitation level.

Figure 5.16: Stroboscopically sampled peak to peak harvester voltage vh amplitudes during for-
ward and backward frequency sweeps at (a) 2.5 g and (b) 1.5 g from initial state I for the unactuated
va = 0 V system.

From these nominal sweeps, the results for how the laminate’s high energy bandwidth changes

when voltage perturbations are introduced into the system are shown in Figure 5.17(a) and (c)

for forward and backward frequency sweeps at 2.5 g, respectively. As described in the previous

section, the procedure of cycling the activation of the rectangular voltage pulse va = 755 V through

φ ∈ [−2π, 0] radwo phase difference from t = ta is applied whenever the laminate is in single-well

orbit at each frequency step. If it is already in cross-well orbit, then the system is left unperturbed

and the sweep is continued. The φ sample step size is chosen to be -0.1π, and the solution search

procedure is ended either when there is a successful jump into a co-existing high energy attractor,

or the laminate fails to switch after cycling through the entire φ range. The latter case does not
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necessarily mean that the desired co-existent attractor does not exist since an initial condition

leading to the proper phase shift may have been missed. If it does exist, then the number of attempts

describe the difficulty of accessing this solution. Although the φ step size could be lowered or va

altered, this was not implemented to keep computation times manageable. Figure 5.17(b) and (d)

reveal how many perturbation attempts were made while sampling through φ ∈ [−2π, 0] in the

forward and backward sweep directions, respectively. None being made indicates that the system

is already under cross-well oscillations. At any given frequency step, if vh = v1, va = v2, and the

laminate is under single-well orbit about state II, then the MFC harvester and actuator assignments

are flipped (vh = v2, va = v1) when the voltage pulse is activated so that snap-through can be

initiated. If the single-well orbit is about state I, vh = v2, and va = v1, then the assignments are

also flipped when va is applied.

The application of voltage perturbations in both sweep directions reveal co-existing cross-well

attractors at excitation frequencies well beyond the nominal high energy bandwidths and their

hysteretic regions shown in Figure 5.16(a). The extended bandwidths show distinct regions of

similar nonlinear responses with varying levels of accessibility. For the forward sweep, 7.5 Hz to

11 Hz exhibit a mix of subharmonic and superharmonic oscillations, then the response changes

to limit cycle oscillations until 17 Hz. From this frequency, the laminate undergoes a mix of

intermittency, chaotic, and subharmonic oscillations until 26.5 Hz, and the total resulting cross-

well bandwidth is 19 Hz, which is a 375% increase from the nominal 4 Hz of the unperturbed

system. The backward sweep shows identical responses with the exception of its bandwidth’s

upper boundary being 26 Hz. This results in a total bandwidth of 18.5 Hz, which is a 429%

increase from the nominal size of 3.5 Hz. The near identical responses between sweep directions

suggest that the solution searching procedure is thorough enough to not be influenced by hysteresis.
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Figure 5.17: Stroboscopically sampled peak to peak harvester voltage vh amplitudes with and
without voltage perturbations during (a) forward and (c) backward frequency sweeps at 2.5 g from
initial state I. Corresponding number of voltage perturbation attempts and wo phase difference φ
between when rectangular pulse is activated and ta for (b) forward and (d) backward frequency
sweeps.

However its effects can be observed in the number of perturbation attempts needed for jumping

into the high energy attractor. Below 11 Hz, the backward sweep requires less trials to access

the subharmonic and superharmonic orbits due to the initial conditions being carried from the

frequencies above when the system undergoes high amplitude limit cycle oscillations. At isolated

frequencies beyond the upper boundary of the extended bandwidth, the forward sweep is able to

access more co-existing high energy attractors. For both directions, the regions corresponding to

limit cycle oscillations and the nominal cross-well bandwidths require less attempts. This suggests

that their basins of attraction are larger compared to those of the low energy attractors and more
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accessible than the solutions in other regions. The significant bandwidth extensions demonstrate

the perturbation strategy’s effectiveness in enhancing the bistable laminate’s energy harvesting

performance.

Figure 5.18: Stroboscopically sampled peak to peak harvester voltage vh amplitudes with and
without voltage perturbations during (a) forward and (c) backward frequency sweeps at 1.5 g from
initial state I. Corresponding number of voltage perturbation attempts and wo phase difference φ
between when rectangular pulse is activated and ta for (b) forward and (d) backward frequency
sweeps.

To determine if the cross-well bandwidth extension from voltage perturbations can be main-

tained at a lower forcing level, frequency sweep results at 1.5 g are shown in Figure 5.18(a) and

(b) in the forward direction and (c) and (d) in the backward direction. The large bandwidth en-

hancement achieved at 2.5 g becomes divided into two narrower regions, where the first is 11.5 Hz

to 16.5 Hz containing limit cycle oscillations as the co-existing attractor, and the second is 21 Hz
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to 24.5 Hz for the forward sweep and 20.5 Hz to 25 Hz for the backward sweep. Relative to their

nominal bandwidths from Figure 5.16(b), the combined extended bandwidths are 750% and 850%

increases for the forward and backward sweeps, respectively. The frequency ranges between the

two regions and below the first limit cycle region remain under single-well oscillations due to the

co-existing high energy attractor’s basins of attraction either diminishing or entirely disappearing.

At 2.5 g, the cross-well regions that on average took a higher number of attempts for successful

perturbations now remain in low energy orbit through the 1.5 g sweeps. Although the range of

frequencies where the bistable laminate can sustain high power output is still enhanced including

access to the desirable limit cycle oscillations, the size of the extended bandwidth decreases with

lower forcing levels.

5.5 Chapter Summary

Although there have been numerous efforts into harnessing the snap through dynamics of

bistable composites with piezoelectric transducers to achieve large energy conversion, these same

dynamics are undesirable under morphing applications where control of the structure’s configura-

tion is paramount. To suppress cross-well vibrations that primarily result from periodic excitation

at low frequencies, the first half of the chapter proposes a novel control strategy and implements

it with the [0MFC/90MFC ]T piezoelectrically generated bistable laminate. While under cross-well

regimes such as subharmonic, chaotic, or limit cycle oscillations, a single MFC is actuated to the

laminate’s limit voltage to eliminate one of its potential wells and force it into the remaining stable

state. Simultaneously, a PPF controller suppresses the resulting single-well oscillations through

the other MFC. This dual control strategy is numerically and experimentally demonstrated to be
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effective at suppressing various cross-well regimes, and results in significant reduction of ampli-

tude while staying within MFC operating limits. When compared to implementing a single PPF

controller without any static actuation, dual control retains better performance in settling time to

single-well steady state while being able to push limit cycle oscillations out of cross-well orbit.

In addition, configuration control is possible where the choice of MFC dictates which state the

laminate settles into in the closed-loop system. To mitigate the large power consumption caused

by static actuation, it is removed once the laminate is in single-well steady state and the laminate is

found to remain suppressed within the potential well. The active control capability of the laminate

prevents snap through instability when under large enough external vibrations.

The latter half of the chapter presents a perturbation strategy of initiating jumps between single-

well to cross-well orbits to widen the high energy bandwidths of the [0MFC/90MFC ]T bistable

laminate. The highly energetic response resulting from large amplitudes and broadband spectrum

of cross-well oscillations result in greater power generation for bistable VEHs when compared

to what linear vibrations can yield. By accessing their associated co-existing attractors through

external disturbances, the laminate’s energy harvesting performance can be enhanced through the

extension of effective operational conditions. Phase shifts in the system response are induced by

controlling when the voltage pulses are applied to alter the basins of attraction until the laminate

lands on the desired attractor. The pulse magnitude is where the system exhibits limit point behav-

ior and the resulting snap through actuation mechanism brings consistency between perturbation

trials. Numerical simulations show significant increase to the bandwidths inducing cross-well os-

cillations when the perturbation strategy is employed. Cross-well bandwidths increase by 375%

and 429% in forward and backward frequency sweeps at 2.5 g, respectively. These increases are en-

larged to 750% and 850% when the forcing is lowered to 1.5 g for forward and backward sweeps,
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respectively. With the perturbations, the favorable broadband cross-well response is maintained

and the efficient conversion from vibrational to electrical energy is possible even at low forcing

levels.
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CHAPTER 6

Conclusions

6.1 Dissertation Summary

This dissertation focuses on how bistability in composite laminates can be induced with piezo-

electric actuation through MFCs. Design efficiencies that arise out of having the MFCs act as both

the transducers and primary structure allow for the bistable laminate to retain multiple functions

in morphing, energy harvesting, and vibration control. The work in this dissertation addresses out-

standing research challenges in each of these smart applications. The following section provides

detailed summaries of each chapter.

6.1.1 Chapter 2

The electromechanically coupled analytical model of a piezoelectrically generated bistable

laminate is derived for both static and dynamic analysis. By bonding two actuated MFCs in an

unsymmetric layup and releasing the voltage post cure, piezoelectric strain anisotropy and the

resulting in-plane residual stresses yield two statically stable states that are cylindrically shaped. To

capture the large out-of-plane deformations associated with bistable composite laminates, CLT is

extended to included nonlinear terms in the kinematic strain-displacement relationships according
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to the von Karman plate theory, which allows for moderate rotations of the middle surface and large

out-of-plane displacements. Within the CLT constitutive equations, the thermal analogy is used to

replace thermal strains induced by temperature change to piezoelectric strains caused by an applied

electric field due to MFC voltage actuation. The resulting piezoelectric forces and moments per

unit length are responsible for generating the residual stresses necessary for bistability through the

elastic potential energy.

To predict the cylindrical geometries, Rayleigh-Ritz approximations are made for the mid-

plane strain and displacement functions which satisfy geometric boundary conditions. Second and

third order polynomials proposed by Dano and Hyer [36] provide adequate accuracy for static

profiles, but higher order shape functions are necessary to retain low errors for dynamic analysis.

By allowing spatially variable curvatures through fourth and fifth order polynomials, the laminate

stiffness is not artificially raised which allows for accurate forcing level input to laminate response

output trends. The elastic potential energy carrying the laminate stiffness and the bonding voltage

loading terms is minimized relative to the number of unknown coefficients associated with the

Rayleigh-Ritz shape functions. The resulting nonlinear equilibrium equations can be numerically

solved to obtain the static laminate shapes under a variety of specified geometrical parameters and

piezoelectric loading. The stability of the solution is determined by evaluating if the Jacobian

matrix of the equilibrium equations is positive definite.

The nonlinear electromechanical MDOF equations of motion are derived using Lagrange’s

equations, where the degrees of freedom are the generalized curvature and voltage coordinates. To

allow for dynamic voltage control and response with the MFCs, the electromechanical coupling

terms are separately obtained using the piezoelectric constitutive equations, internal electric energy,

and piezoelectric potential energy, and they are combined with the elastic potential energy. The
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total potential energy is then reformulated to be a function of just the generalized curvature and

voltage coordinates to reduce computation times. The kinetic energy is also obtained to account

for the inertial forces and base excitation at the laminate center. Once the equations of motion are

found, Rayleigh damping is assumed to incorporate energy dissipation in the system.

6.1.2 Chapter 3

Utilizing the static analytical model of the [0MFC/90MFC ]T bistable laminate from Chapter

2, the effects of the laminate side length, adhesives, and their cure cycles on the resulting shapes

and their stability are characterized in order to design a viable morphing structure. For square

laminates bonded at 1500 V with P1 type MFCs, the minimum side length to induce perfectly

symmetric bistability is predicted to be 85 mm and lengths greater than this value yield stable

geometries with greater out-of-plane deformations post bifurcation. To ensure enough margin for

modelling and manufacturing errors, a 200 mm side length is chosen for fabrication. Adhesive

thickness and high cure cycle temperatures are found to have an adverse effect on bistability, and

so the room temperature cure of the DP-460 epoxy is chosen to avoid thermal loading on the MFCs

while maintaining a thin bond line.

The [0MFC/90MFC ]T laminate is then manufactured and its unactuated geometry, bifurcation

behavior, and snap-through actuation are experimentally measured and compared against model

predictions. FEA is also conducted to provide an additional modelling tool for static analysis.

Overall, good agreement is found in the stable shapes with errors growing towards the edges and

corners due to free edge effects and manufacturing errors. The higher order analytical model re-

tains the greatest accuracy when compared to the FEA and the lower order model. When both
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MFCs are simultaneously actuated, the laminate’s bifurcation point disappears due to material and

geometric imperfections. By actuating one MFC at a time within its operating limits, the laminate

can snap-through unassisted between either stable states. This is analytically and experimentally

demonstrated and the capability is critical for morphing where full configuration control is re-

quired.

Limitations may exist for structural applications due to the active laminate’s lower stiffness

when compared to conventional fiber-reinforced composites. However, it is envisioned that the

concept of piezoelectrically induced bistability will be extended into more complex structures.

Piezoelectric strain could be additive to thermal or elastic strain within bistable composites to gen-

erate larger motion, alleviate snap-through requirements, and minimize design restrictions. This

has the potential of producing a fully load bearing bistable structure that maintains complete snap-

through capability without any external assistance. Overall, this chapter has demonstrated the va-

lidity of the static model for the piezoelectrically generated bistable laminate by capturing complex

nonlinear phenomena associated with its stable shapes, stability, and the snap-through behavior.

6.1.3 Chapter 4

The electromechanical responses and energy harvesting performance of a [0MFC/90MFC ]T

piezoelectrically generated bistable laminate under base harmonic excitation are investigated with

analytical model simulations and experiments. Its inherent structural nonlinearities are exploited

to induce high amplitude broadband cross-well vibrations to maximize power generation from the

MFCs. The linearized modal analysis yields vibration modes and the corner velocity frequency

response function about each stable configuration, which show good agreement with experimental
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results. Under high amplitude excitation, the nonlinear response of the laminate is predicted by nu-

merically solving the electromechanically coupled equations of motion. Open circuit voltage and

corner velocity amplitudes under frequency sweeps at various acceleration levels are adequately

correlated with their experimental counterparts and exhibit dynamic nonlinearities such as sweep

direction dependent hysteresis and stiffness softening. Various cross-well regimes such as inter-

mittency, limit cycle, chaotic, and subharmonic oscillations observed in experiments are predicted

by the model at either identical or similar excitation parameters. Characteristics of the observed

regimes are found through time histories, spectrum analysis, phase portraits, and Poincaré maps of

select data, which are then used to determine the response of all other sweep results.

The power output of each regime is then experimentally measured through resistor sweeps

and high amplitude limit cycle oscillations are found to be the optimal dynamic response. When

charging an energy harvesting module, the quickest times are measured when the MFCs are con-

nected in parallel since the overall current output is maximized, and the collected energy is then

discharged through a high voltage amplifier and back into either MFC to initiate snap-through. The

laminate’s viability for energy harvesting is demonstrated, allowing it to retain multiple roles when

including its snap-through morphing capability. Due to the model idealizing material and geomet-

ric properties, initial state dependent asymmetric behavior caused by manufacturing imperfections

and asymmetric cross-well orbits within the experimental results are not seen in the simulations.

If an imperfection is empirically introduced into the model, these asymmetries are only partially

accounted for. Overall however, the electromechanical model is able to produce fairly accurate

voltage and power outputs of a piezoelectric bistable laminate under nonlinear cross-well vibra-

tions. Its viability for energy harvesting is both analytically and experimentally confirmed with

favorable power output over a wide frequency range.
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6.1.4 Chapter 5

Although there have been numerous efforts into harnessing the snap through dynamics of

bistable composites with piezoelectric transducers to achieve large energy conversion, these same

dynamics are undesirable under morphing applications where control of the structure’s configura-

tion is paramount. To suppress cross-well vibrations that primarily result from periodic excitation

at low frequencies, the first half of the chapter proposes a novel control strategy and implements

it with the [0MFC/90MFC ]T piezoelectrically generated bistable laminate. While under cross-well

regimes such as subharmonic, chaotic, or limit cycle oscillations, a single MFC is actuated to the

laminate’s limit voltage to eliminate one of its potential wells and force it into the remaining stable

state. Simultaneously, a PPF controller suppresses the resulting single-well oscillations through

the other MFC. This dual control strategy is numerically and experimentally demonstrated to be

effective at suppressing various cross-well regimes, and results in significant reduction of ampli-

tude while staying within MFC operating limits. When compared to implementing a single PPF

controller without any static actuation, dual control retains better performance in settling time to

single-well steady state while being able to push limit cycle oscillations out of cross-well orbit.

In addition, configuration control is possible where the choice of MFC dictates which state the

laminate settles into in the closed-loop system. To mitigate the large power consumption caused

by static actuation, it is removed once the laminate is in single-well steady state and the laminate is

found to remain suppressed within the potential well. The active control capability of the laminate

prevents snap through instability when under large enough external vibrations.

The latter half of the chapter presents a perturbation strategy of initiating jumps between single-

well to cross-well orbits to widen the high energy bandwidths of the [0MFC/90MFC ]T bistable
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laminate. The highly energetic response resulting from large amplitudes and broadband spectrum

of cross-well oscillations result in greater power generation for bistable VEHs when compared

to what linear vibrations can yield. By accessing their associated co-existing attractors through

external disturbances, the laminate’s energy harvesting performance can be enhanced through the

extension of effective operational conditions. Phase shifts in the system response are induced by

controlling when the voltage pulses are applied to alter the basins of attraction until the laminate

lands on the desired attractor. The pulse magnitude is where the system exhibits limit point behav-

ior and the resulting snap through actuation mechanism brings consistency between perturbation

trials. Numerical simulations show significant increase to the bandwidths inducing cross-well os-

cillations when the perturbation strategy is employed. Cross-well bandwidths increase by 375%

and 429% in forward and backward frequency sweeps at 2.5 g, respectively. These increases are en-

larged to 750% and 850% when the forcing is lowered to 1.5 g for forward and backward sweeps,

respectively. With the perturbations, the favorable broadband cross-well response is maintained

and the efficient conversion from vibrational to electrical energy is possible even at low forcing

levels.

6.2 Main Research Contributions

The following list summarizes the major contributions of this dissertation in the research area of

multistable composite structures for morphing, broadband energy harvesting, and active vibration

control.

• A novel method for generating bistability in composite laminate plates is proposed and suc-

cessfully achieved. This involves bonding two MFCs while they are actuated in a unsymmet-
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ric layup and removing the voltage post cure to yield two cylindrically stable shapes. Having

an entirely active structure where the piezoelectric transducers are both the actuator and pri-

mary structure allows for it to have multiple applications in morphing, energy harvesting,

and vibration control.

• An electromechanical model of the piezoelectrically generated bistable laminate is derived

to predict its nonlinear static and dynamic behavior under various operating conditions. The

primary contributions of the analytical model are accounting for MFC actuation as the mech-

anism for inducing bistability and predicting the electromechanically coupled nonlinear dy-

namic response of the laminate. Thermal analogy is utilized to model the strain effects of

MFC actuation and higher order shape functions are used to raise the accuracy of predicted

geometries and stability characteristics by allowing spatially variable curvatures. The static

model is then extended to include electromechanical coupling from the piezoelectric consti-

tutive equations and nonlinear dynamics with Lagrange’s equations. The resulting MDOF

equations of motion allows for the MFC voltage input and output to the system to be pre-

dicted under nonlinear vibrations, which has not been implemented before.

• The piezoelectrically generated bistable laminate is successfully manufactured using the

[0MFC/90MFC ]T layup. Its static profiles, bifurcation behavior, and stability are accurately

captured by the analytical model across the voltage range of the MFCs. Due to the increased

actuation authority of the MFCs and lowered laminate stiffness, unassisted reversible snap-

through morphing is demonstrated within their operating limits. This work shows that using

piezoelectric straining as a design tool for generating multistability could overcome perfor-

mance restrictions in morphing.
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• The broadband energy harvesting performance is shown to be favorable while the laminate

is under snap-through dynamics which include intermittency, limit cycle, chaotic, and sub-

harmonic oscillations. By having an entirely piezoelectric laminate where the MFCs are

directly responsible for bistability, the design conflict between the passive composite and

active transducer can be avoided. This allows the desirable cross-well oscillations to be

more easily triggered while still maintaining large out-of-plane displacement amplitudes.

The model simulations capture the MFC voltage magnitudes, dynamic regime per excita-

tion parameter, and nonlinearities including hysteresis and stiffness softening observed in

the experimental results with fair accuracy. This work also shows that the laminate’s energy

harvesting and morphing capabilities can be bridged by utilizing the harvested power in a

charged module to initiate snap-through actuation.

• A novel control strategy for suppressing cross-well oscillations is proposed and implemented

to prevent snap-through instabilities under dynamic loading. While under any of the cross-

well regimes, a single MFC is actuated to the limit voltage to eliminate a potential well and

force the oscillations into the remaining well. A PPF controller is simultaneously applied

through the other MFC to suppress the resulting single-well vibrations. Experimental re-

sults provide model validation for placing the laminate into either of the two stable states

depending on the MFC assignments as the PPF controller and static actuator.

• Extension of cross-well bandwidths is demonstrated with voltage perturbations from the

MFCs to cause solution switching from single-well to cross-well oscillations. The main

contribution is in controlling when the voltage pulses are applied to induce systematic phase

shifts to continuously alter the basins of attraction until the laminate lands on the desired
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high energy attractor. This perturbation strategy is numerically shown to widen the range

of excitation conditions where cross-well oscillations can be initiated, which enhances the

broadband energy harvesting capability of the bistable laminate.

6.3 Recommendations for Future Work

With the concept of piezoelectrically induced bistability in composite structures, there are sev-

eral different research directions that future work can take. Piezoelectric actuation could be com-

bined with thermal or elastic residual stresses as the mechanism for yielding multistable compos-

ites. This has the potential to address the disadvantages of both conventional and piezoelectrically

generated bistable laminates by allowing them to be load bearing morphing structures through

stiffness retention and have enough actuation authority to quasi-statically trigger reversible snap-

through between stable configurations. With the analytical model, parametric analysis would have

to be conducted to yield composite designs which can satisfy both requirements. Another chal-

lenge would be establishing a manufacturing procedure which allows the actuated MFCs to sur-

vive while being bonded onto the host structure. MFCs cannot withstand the cure temperatures for

conventional CFRP composite laminates, so they would have to be bonded post cure as the outer

plies. Mechanically prestressed composites present more design freedom where the actuators can

be incorporated as the inner plies during the curing process. For more complex structures, multi-

physics FEA could be developed to accurately model the thermalelastic and electromechanical

coupling effects presented by the proposed combination of active and passive materials.

With the experimentally validated analytical model, gradient-based design optimization could

be conducted for piezoelectrically generated bistable laminates with broadband energy harvesting
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metrics as the objectives. Multi-frequency power and energy metrics which are normalized against

the laminate’s physical properties and forcing level could be optimized against its dimensions,

layup, and bonding voltage as design variables. The size of cross-well bandwidths would also

need to be accounted for in the metrics since it provides a measure of operational effectiveness.

With the lack of any optimized multistable VEHs in the current literature, this work could yield

design trends and guidelines which aid in maximizing performance. The challenge is in managing

computation times since the current model requires numerical integration to obtain the desired

metrics, and so more efficient solutions using techniques such as the harmonic balance method

may be required.

Experimental work could be conducted on extending the bistable laminate’s cross-well band-

widths to provide validation for the corresponding numerical analysis in this dissertation. A more

sophisticated experimental setup is required to enable control of when the voltage pulses are ap-

plied and removed. Measurements from a laser vibrometer or a displacement sensor would be used

to track the motion of the laminate and this data would provide the timing for when the perturba-

tions are applied in real time. The energy output from the harvester MFC could be measured over

time to determine the duration needed to recover the energy spent on the perturbations. On the

modelling side, the perturbation strategy could be improved by identifying all basins of attraction

for a given set of initial conditions. This would greatly lower the number of trials required to trig-

ger the jump from low to high energy orbits since the possible solutions are identified beforehand.

The difficulty is in managing the large number of degrees of freedom of the electromechanical

system and their derivatives during numerical integration.
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APPENDICES

APPENDIX A

Miscellaneous Design Factors and Curvature Errors

A.1 Effects of Modelling Constituent MFC Plies

The analytical results in Chapter 3 are obtained by modelling each MFC in the [0MFC/90MFC ]T

bistable laminate as a single orthotropic lamina with effective material properties shown in Table

3.1. In reality, the MFC consists of rectangular piezoceramic fibers encased in epoxy, layers of

interdigitated electrodes, Kapton, and acrylic as shown in Figure 1.6 and in [52, 122]. To deter-

mine how accounting for each constituent layer will affect the stable shapes and stability results,

each material is modelled through CLT by modifying the laminate layup from [0MFC/90MFC ]T to

[Ka/Ac/90CE/0PZT/90CE/Ac/Ka2/Ac/0
CE/90PZT/0CE/Ac/Ka]T . This is equivalent to the

original cross-ply layup where each MFC now consists of seven plies instead of one. Note that

only the copper electrode and piezoceramic fiber layers are orthotropic and retain ply angles while

the Kapton and acrylic are isotropic. The resulting laminate consists of fourteen total plies and the

material properties of each ply is given in Table A.1 [122].
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Table A.1: Material properties of MFC constituent layers.

Layer E1 (GPa) E2 (GPa) ν12 G12 (GPa) Thickness (mm)
Kapton 2.5 2.5 0.34 0.93 0.0254
Acrylic 2.7 2.7 0.35 1.0 0.0127
Copper Electrodes 30.48 4.39 0.28 1.73 0.0178
Piezoceramic Fibers 47.16 20.29 0.37 7.66 0.1905

The properties of the orthotropic layers were reported to be found using a rule of mixtures

approach. The piezoelectric constants remain unchanged from Table 3.1, but these only apply for

the piezoceramic fiber layers. This means a voltage application will directly induce piezoelectric

strain in the fiber layer while all other layers remain inactive.

Figure A.1: Curvatures (a) κ0
x and (b) κ0

y vs. voltage of the 200 x 200 mm2 piezoelectrically
generated bistable laminate modelled with the 2 ply layup [0MFC/90MFC ]T and the 14 ply layup
[Ka/Ac/90CE/0PZT/90CE/Ac/Ka2/Ac/0

CE/90PZT/0CE/Ac/Ka]T . Solid lines are stable and
striped lines are unstable.

The curvatures vs. voltage plots of the [0MFC/90MFC ]T laminate represented as two plies and

fourteen plies are given in Figure A.1, where solid lines are stable and striped lines are unstable.

The lower order analytical model is numerically evaluated to obtain the curvature results. Note

that the epoxy adhesive bonding the two MFCs are neglected in this analysis. At the bonding
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voltage of 1500 V, the laminate remains flat with zero curvature and displacement. Once the

voltage is removed, the resulting delta voltage generates curvature due to the mismatch of effective

piezoelectric constants. The laminate retains a monostable saddle shape until bifurcation, where

the branch splits into two cylindrically stable paths and a single unstable saddle path. The two

layups show close agreement in their curvatures and the bifurcation delta voltages are -197 V for

the two ply and -190 V for the fourteen ply configurations. The two ply layup predicts lower major

curvatures and a more delayed bifurcation point, and so the resulting stable shapes are slightly more

accurate when compared to experimental fits in Figure 3.9. Since there are only minor differences

between the two, the original [0MFC/90MFC ]T layup is used in all static and dynamic analysis in

this dissertation for ease of modelling.

A.2 Ply Angles and Layup

This appendix section examines how the stable geometries of the piezoelectrically generated

bistable laminate varies when its MFC ply angles are varied away from the [0MFC/90MFC ]T layup

analyzed in Chapter 3. Through parametric analysis with the lower order analytical model, Figure

A.2 and A.3 respectively present the maximum magnitude of the major curvature and twist cur-

vature between stable configurations at every combination of MFC ply angles θMFC
1 and θMFC

2 .

The ply angles in the 200 x 200 mm2 [θMFC
1 /θMFC

2 ]T laminate range from -90 ° to 90° to cover

the possible design space. Since the curvatures are assumed to be constant across the domain,

they provide a more succinct description of the laminate shape when compared to the out-of-plane

displacements, which can largely vary depending on the position. Note that the DP-460 epoxy

adhesive is accounted for in this analysis and the bonding voltage is assumed to be 1500 V.

190



Figure A.2: Maximum major curvature magnitude of a 200 x 200 mm2 [θMFC
1 /θMFC

2 ]T bistable
laminate between either stable state vs. θMFC

1 and θMFC
2 . Only layups yielding bistable configura-

tions are plotted.

Figure A.3: Maximum twist curvature magnitude of a 200 x 200 mm2 [θMFC
1 /θMFC

2 ]T bistable
laminate between either stable state vs. θMFC

1 and θMFC
2 . Only layups yielding bistable configura-

tions are plotted.

191



Both Figures A.2 and A.3 only plot bistable points and the diagonal and corner gaps are the

result of the corresponding layups yielding monostable configurations. The [θMFC
1 /θMFC

2 ]T lam-

inate loses bistability when the two ply angles are either identical or close together. Figure A.2

reveals that the major curvature κox or κoy is at a maximum when θMFC
1 and θMFC

2 are any combina-

tion of 0° and ±90° while these layups correspond to zero twist curvature κoxy. In contrast, Figure

A.3 shows that maximum twist curvature occurs when the layup is either [−45MFC/45MFC ]T or

[45MFC/− 45MFC ]T while their corresponding major curvatures are zero. Both figures show that

a cross-ply layup is the most favorable for yielding large deflections where the two ply angles have

the most separation. As the difference between these angles lessen, the magnitude of all curvatures

decrease.

Figure A.4: Out-of-plane displacements of a 200 x 200 mm2 [−45MFC/45MFC ]T bistable laminate
in its two stable states.
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Figure A.4 shows the stable shapes of a 200 x 200 mm2 [−45MFC/45MFC ]T bistable lam-

inate to examine how twist curvature influences the resulting deformations. Compared to the

[0MFC/90MFC ]T laminate in Figure 3.3, the presence of twist curvature causes the out-of-plane

displacements to increase at two corners and decrease at the other two corners. This effect is taken

to the extreme with the [−45MFC/45MFC ]T layup, where the maximum corner displacements in-

crease by a factor of two while the other two corners retain zero deflection. While its maximum

displacement may be larger, its shapes are less useful than those of the [0MFC/90MFC ]T laminate

as a morphing structure where symmetric cylindrical geometries are preferred. Aircraft structures

such as trailing edges of an airfoil require a consistent amount of deflection across its entire edge,

which cannot be achieved with twist curvature alone.

A.3 Absolute Errors of Curvatures

To better visualize the curvature differences, this appendix section presents the curvature abso-

lute error κomodel−κoexperiment between the model predictions and experimentally measured profiles

given in Figures 3.12 and 3.11. Specifically, Figures A.5-A.7 show the κox, κoy, and κoxy errors of

the lower order, higher order, and finite element models, respectively, for both stable states. The

errors in all three models increase towards the laminate edges and corners. The higher order model

in Figure A.6 retain the greatest accuracy for the major and minor curvatures κox and κoy while the

FEA in Figure A.7 is able to capture the twist curvature κoxy profiles with the least amount of error.
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Figure A.5: 200 x 200 mm2 [0MFC/90MFC ]T lower order model absolute errors against experi-
mental measurements for κox in (a) state I, (b) state II, for κoy in (c) state I, (d) state II, and for κoxy
in (e) state I and (f) state II.
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Figure A.6: 200 x 200 mm2 [0MFC/90MFC ]T higher order model absolute errors against experi-
mental measurements for κox in (a) state I, (b) state II, for κoy in (c) state I, (d) state II, and for κoxy
in (e) state I and (f) state II.
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Figure A.7: 200 x 200 mm2 [0MFC/90MFC ]T finite element analysis absolute errors against exper-
imental measurements for κox in (a) state I, (b) state II, for κoy in (c) state I, (d) state II, and for κoxy
in (e) state I and (f) state II.
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APPENDIX B

Additional Frequency Sweep Results

This appendix presents the electromechanical response of the [0MFC/90MFC ]T bistable lami-

nate during forward and backward frequency sweeps which were not covered in Chapter 4. Specif-

ically, the responses are peak to peak MFC voltage and corner velocity amplitudes obtained with

stroboscopic sampling of the time histories at each excitation step from both initial states. The re-

sults under the forcing level of 0.5 g, 1.5 g, 2.5 g, 3.5 g, and 4 g are given in Figures B.1, B.2, B.3,

B.4, and B.5, respectively. In each figure, the first and third rows are the model results obtained

from simulations of the state space form for the electromechanically coupled equations of motion

in Equations 4.19a-4.19c. The second and fourth rows are the corresponding experimental results.

The exact dynamic regime per frequency step in these figures are listed in Figure 4.12.

Overall, the theoretical and experimental findings presented in Section 4.3.2 still apply here.

As observed in the frequency sweep results under 1 g, 2 g, and 3 g in Figures 4.4-4.6, nonlin-

ear behaviors that strengthen with rising forcing input are seen in Figures B.1-B.5 for both the

simulations and experiments. These include softening of the primary resonant peak, sweep direc-

tion dependent hysteresis, cross-well orbital asymmetries between MFC voltages, and initial state

dependent asymmetries in response amplitudes and cross-well bandwidths.

Some notable differences between the model and experiments primarily arise out of potential
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Figure B.1: Peak to peak amplitudes from forward and backward frequency sweeps at 0.5 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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Figure B.2: Peak to peak amplitudes from forward and backward frequency sweeps at 1.5 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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Figure B.3: Peak to peak amplitudes from forward and backward frequency sweeps at 2.5 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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Figure B.4: Peak to peak amplitudes from forward and backward frequency sweeps at 3.5 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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Figure B.5: Peak to peak amplitudes from forward and backward frequency sweeps at 4 g. From
initial state I, model predictions of (a) MFC 1 open circuit voltage, (b) MFC 2 open circuit voltage,
(c) corner velocity, and experimental results for (d) MFC 1 open circuit voltage, (e) MFC 2 open
circuit voltage, (f) corner velocity. From initial state II, model predictions of (g) MFC 1 open
circuit voltage, (h) MFC 2 open circuit voltage, (i) corner velocity, and experimental results for (j)
MFC 1 open circuit voltage, (k) MFC 2 open circuit voltage, (l) corner velocity.
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well asymmetries which cause different cross-well responses between initial states. In Figure B.2,

the experimental sweeps from initial state I in (d)-(f) only exhibit single-well oscillations while

the corresponding sweeps from initial state II in (j)-(l) show cross-well oscillations at the softened

mode. In contrast, the model assumes perfect symmetry between the laminate’s two potential wells

and therefore exhibits much more similar response between initial states. Another example of this

is in Figure B.3, where the experimental backward sweep from initial state I in (d)-(f) is where

limit cycle oscillations are first seen while the corresponding sweep from initial state II in (j)-(l)

does not show this cross-well regime. The simulations also do not exhibit limit cycle oscillations

until the forcing level increases to 3 g. At 0.5 g in Figure B.1, all responses remain under single-

well oscillations and the simulations show a larger hysteretic region where the location of the

amplitude jumps between forward and backward frequency sweeps are much more separated than

the experimental results. For 3.5 g and 4 g in Figures B.4 and B.5, both the model and experiment

exhibit all dynamic regimes characterized in Section 4.4.
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