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Abstract

In this thesis, I discuss three projects on modern approaches to quantum field theory. Firstly,
I present a novel approach to holographic renormalization, using an algorithmic method that
utilizes the Hamilton-Jacobi equation and the Hamiltonian formulation of gravity. Secondly,
I discuss the validity and applications of soft-subtracted on-shell recursion relations for ex-
ceptional effective field theories. In particular, using the soft bootstrap method, I examine
the possibility of a supersymmetric non-linear sigma model. I also study Galileon theories, in
terms of their compatibility with supersymmetry and possible higher-derivative corrections
to the so-called special Galileon. Finally, I calculate the logarithmic contribution to the

entanglement entropy of a free scalar or a free fermion in 3 spacetime dimensions.



CHAPTER 1
Introduction

Quantum field theory (QFT) has been the theoretical foundation of particle physics of the
last century. The standard model of theoretical physics is a quantum field theory, whose
predictions have been verified by multiple experiments. Most analytic calculations in QFT
are performed in the context of perturbation theory. Despite the numerous successes of this
method, there are significant limitations that require new lines of attack. Strongly-coupled
systems with no small parameters, like low-energy quantum chromodynamics (the theory
of strong interactions) cannot be treated perturbatively. Even in weakly-coupled systems,
some calculations are too technical to carry out in practice, in part because of redundancy
in the traditional Lagrangian description of field theory.

Several new approaches to QFT have been introduced that try to circumvent these and
other problems. In this thesis, I discuss three such approaches: gauge-gravity duality, the
scattering amplitudes program, and an approach using quantum information theory. Study-

ing different techniques is essential for a complete understanding of quantum field theories.

1.1 Gauge-Gravity Duality

Gauge-gravity duality has been a major breakthrough of theoretical high-energy physics. It

has immediate applications in particle physics and gravitational physics, but it has also found

other applications, like the description and study of critical condensed matter systems.
Motivated by string theory, gauge-gravity duality relates physical quantities in quantum

field theories to quantities in a theory of gravity (like general relativity or string theory). The



underlying principle of the duality, called the holographic principle, states that a gravitational
theory in the bulk of a spacetime can be described solely in terms of degrees of freedom and
interactions of a quantum field theory that lives on the boundary of this spacetime. A well-
known example of this is that the leading contribution to the Bekenstein-Hawking entropy
(a measure of degrees of freedom) of a black hole is proportional to the area of the black-hole
horizon instead of the volume of the enclosed space. The holographic principle is generic and
it is expected to be generally true for gravitational theories [1]. Nevertheless, only a handful
of pairs of dual gauge-gravity theories are well-understood.

Perhaps the most celebrated example of a gauge-gravity duality is the AdS/CFT corre-
spondence [2, 3, 4, 5]. The original form of the duality conjectured that type IIB string theory
on AdSs x S° (AdSs stands for 5-dimensional anti-de Sitter space and S° for 5-dimensional
sphere) is dual to N' = 4 supersymmetric Yang-Mills theory that lives on the 4-dimensional
boundary of AdS. N' = 4 supersymmetric Yang-Mills is a conformal field theory (CFT) i.e.
it is invariant under an extended group of spacetime symmetries that is larger than the usual
Lorentz and translational symmetries of ordinary quantum field theories. The large amount
of symmetry and supersymmetry that this system manifests, makes it an ideal playground
to understand the properties of gauge-gravity duality.

A very useful feature of the AdS/CFT correspondence is that it is a duality between weak
and strong couplings. Under certain conditions, the large-coupling limit of the gauge theory
is dual to the limit where the bulk string theory reduces to classical weakly-coupled super-
gravity, whose dynamics are described by Einstein’s equation. Therefore, using the duality
we can make predictions about strongly-coupled field theory (normally very cumbersome) by
performing relatively simpler calculations in the weakly-coupled gravitational theory. This
strong-weak correspondence is a generic feature in gauge-gravity duality, which makes it ap-
pealing for describing systems with large couplings like critical systems in condensed matter

physics, or potentially low-energy quantum chromodynamics.®

IThere is no exact holographic dual known for quantum chromodynamics.



A common artifact of calculations in quantum field theory is that they are often plagued
by infinities. These infinities often arise from integrals over a range of arbitrarily large
momenta. In the context of gauge-gravity duality, such infinities of the boundary field
theory correspond to infinities of the bulk gravitational theory that connect to the infinite
volume of the bulk spacetime.

The systematic procedure for removing infinities from a calculation in QFT and extract-
ing the physically interesting quantities is called renormalization. It involves modifying the
action of a model by the addition of counterterms, which are chosen such that their contri-
bution makes all physical quantities finite. The corresponding procedure in the bulk dual
is called holographic renormalization. As in the boundary case, it involves modifying the
action of the model by the addition of boundary counterterms that cancel the infinities in
all calculations of the gravitational model.

The traditional method of calculating the necessary counterterms [6, 7, 8, 9] involves a
laborious, yet algorithmic procedure. The first step of this procedure is to write the metric
and matter fields of the theory as a power series in the radial coordinate of AdS. This
expansion of the fields near the boundary is called the Fefferman-Graham (FG) expansion
[10]. The coefficients in the expansion are determined using Einstein’s equation and the
equations of motion for the matter fields. For each field there remain two undetermined
coefficients that correspond to the sources and vacuum expectation values of the operators
of the boundary theory. For the next step, one substitutes the Fefferman-Graham expansion
of the fields into the action integral of the model. This results in the on-shell action, which
is expressed as a power series in the radial coordinate, with coefficients that depend on the
free coefficients of the FG expansion and their derivatives. The terms in the expansion that
diverge near the boundary are the terms that need to be cancelled in order to cure the
infinities of the theory. The last step is to isolate these divergent terms (which recall are
written in terms of the free FG parameters) and by reversing the FG expansion write them in

terms of boundary values of the fields of the model. The resulting expression is the negative



of the necessary counterterm action. Adding this to the original action will guarantee that
all infinities are cancelled.

This “brute force” procedure can in principle produce the counterterm action for any
holographic model. However, it seems redundant that one has to employ the FG expansion
only to reverse it at the end; a different approach to this calculation, one that employs the
Hamiltonian formulation of gravity and the Hamilton-Jacobi equation has been proposed
by several authors to resolve this redundancy. In fact, since the early days of AdS/CFT,
de Boer, Verlinde and Verlinde [11] have related this application of the Hamilton-Jacobi
equation to the Callan-Symanzik equation, which describes how fields of the (boundary)
quantum field theory behave under renormalization. (See also [12, 13, 14].)

In classical mechanics, the Hamilton-Jacobi equation,

aSon—shell

H = 1.1
5 T 0, (1.1)

where H is the Hamiltonian of the system can be used to determine the on-shell action
of a system. Notice that if the Hamiltonian of the system is known, the Hamilton-Jacobi
equation is a differential equation that can be directly solved for the on-shell action at a
given time t. In a holographic system, the time ¢ is replaced by the radial coordinate r
of anti-de Sitter space and the Hamilton-Jacobi equation is used to determine the on-shell
action for a given value of r. Specifically, we are interested in the case where the value of r
reaches the boundary value.

The first time the Hamilton-Jacobi equation was used to determine the counterterm
action was by Kalkkinen, Martelli, and Mueck in [15, 16]. Their idea was further developed
by Papadimitriou and Skenderis in a series of papers that used the Hamilton-Jacobi equation
to calculate the counterterm action for specific models [17, 18, 19, 20]. Their method,
however, is rather opaque and not as algorithmic as one would desire for a generally applicable

method. It moreover has certain limitations, since it cannot be applied to all holographic



models because of the authors’ choice to organize their calculation using eigenfunctions of
the dilatation operator. As we explain in chapter 2, not all fields of a model can be expressed
in terms of such functions.

The goal of our work [21] was to present a simple algorithmic method for Hamilton-
Jacobi approach for holographic renormalization that is applicable to a generic class of
models. Our method significantly simplifies the “brute force” Fefferman-Graham approach
to holographic renormalization. We also avoid using the dilatation operator as an organizing
principle, to make our method more generically applicable. Instead we organize the different
terms in a derivative expansion, as was also suggested in [11, 16, 20]. Moreover, we have
provided detailed examples that demonstrate the mechanics of our method and we show that
it reproduces well-known results in the literature.

This work is discussed in detail in chapter 2. It is based on the paper titled “A Practical
Approach to the Hamilton-Jacobi Formulation of Holographic Renormalization” [21], written

in collaboration with Henriette Elvang and published in the Journal of High Energy Physics.

1.2 The Scattering Amplitudes Program

In particle physics, scattering experiments measure the probability of a final state f given an
initial state 7. The probability is then used to calculate the scattering cross-section o, which
can be directly compared to theoretical predictions. On the theory side, the probability

amplitude for transitioning from the initial to the final state,

An = (f1i), (1.2)

is called the scattering amplitude. After integration over the phase space of the involved

particles,? the squared scattering amplitude gives a theoretical prediction for the cross-section

2 For example, for 2-to-n particle scattering, the integration is taken over all possible values of the
momenta of the final-state particles, subject to energy and momentum conservation.



of the interaction,

aw/\AP. (1.3)

Nowadays, the agreement between theoretical predictions and experimental results is as-
tonishing. The most celebrated example is the anomalous magnetic moment of the electron,
whose theoretical prediction and experimental measurements are in agreement with a preci-
sion of ten significant digits. This makes clear that, in order to keep testing our theoretical
models and possibly uncover new physics, we will need to calculate scattering amplitudes
with more and more precision and better understand their properties.

The textbook method of calculating the scattering amplitudes is by the use of Feynman
diagrams. In this method, each interaction term in the Lagrangian of the system is repre-
sented by a vertex. There are also propagators that connect two vertices and external lines
that represent the particles in the initial and final state. Using a well-defined set of rules (the
Feynman rules) each diagram is converted to a mathematical expression that contributes to
the scattering amplitude. The full amplitude is the sum of contributions from all diagrams
that have the correct initial and final states.

Feynman diagrams are a natural way to apply perturbation theory in a model of particle
physics with a small coupling constant. Each interaction vertex that enters a diagram cor-
responds to a power of the coupling constant. Therefore, the leading-order contribution to
the amplitude corresponds to Feynman diagrams that have the minimum number of vertices.
These are tree diagrams, with no closed loops. Sub-leading contributions correspond to more
complicated diagrams with an increasing number of loops, such that the loop expansion of
the amplitude corresponds to writing it as a power series in the small coupling.

Despite being a very well-defined and algorithmic method for calculating the scattering
amplitude, the Feynman method has drawbacks. In complicated theories, like a quantum
theory of gravity there is an infinite number of interaction terms in the Lagrangian, which
means an infinite number of interaction vertices to consider. Additionally, for processes

that involve a large number of initial and final particles, even for simpler theories, the vast



number of diagrams one needs to consider often makes the calculation of the scattering
amplitude practically impossible. The canonical example of this is Yang-Mills theory. The
amplitude describing the scattering of 4 gluons requires the summation over 4 tree-level
Feynman diagrams. However, the one for scattering of 10 gluons requires more than a
million diagrams, even at tree-level. Although this situation seems hopeless, in 1985 Parke
and Taylor [22], motivated by earlier calculations of the 4, 5 and 6-gluon amplitudes, proposed
a simple formula for the squared amplitude of scattering of any number n of gluons in the
MHYV configuration (Maximum Helicity Violation—2 gluons with positive helicity scatter to
n — 2 gluons of positive helicity). Their formula was soon proven recursively by Berends
and Giele [23], who showed that written in terms of the right variables (the so-called helicity
basis) the MHV amplitude has a simple one-line expression.

The above discussion makes clear that the Feynman approach to scattering amplitudes is
not always ideal, since, often, the calculations are plagued by massive redundancies. Consider
the case of vector bosons, for example gluons. In the Lagrangian picture these particles are
described by a Lorentz vector field A, (x). However, the physical quantities in the model are
invariant under an (infinitesimal) gauge transformation of the field A, — A,+0,A—ig[A,, A],
for any function A. This means that, in reality, each physical state corresponds to an infinite
class of field configurations. Often, one may choose to impose an additional condition on the

field A

4, such that this gauge redundancy is resolved. This process is called gauge fixing.
In the Feynman calculation, different gauge choices may lead to the vanishing of different
subsets of diagrams, while the final result, which is the sum of all the remaining diagrams,
does not change. This leads to the conclusion that, as a result of the gauge freedom of
the gluon field, the information about the scattering amplitude is redundantly encoded in
the Feynman expansion and that there is a more efficient way to calculate gluon scattering
amplitudes.

During the last decades, there has been significant progress in finding more efficient ways

to calculate scattering amplitudes. This effort is known as the scattering amplitudes or



modern S-matriz program. Its main philosophy is to explore the properties of scattering
amplitudes in order to find more efficient techniques to calculate them.

A major breakthrough of the S-matrix program was the development of on-shell recur-
sion relations for tree-level scattering amplitudes. The first example of an on-shell recursive
reconstruction of amplitudes was in the form of the Britto-Cachazo-Feng-Witten (BCFW)
recursion relations [24, 25]. With these, one can determine recursively the tree-level ampli-
tudes of the Yang-Mills model for any multiplicity of external states without the use of a
Lagrangian or Feynman rules.

The basic mechanism of BCFW recursion relies on the contour integral

7{ %A"T(z) =0. (1.4)
Here, the external momenta are shifted by a quantity that depends on the complex variable
z, such that different values of z correspond to different kinematic configurations of the
external states. The amplitude then becomes a function of the complex parameter z; one
writes A, — A,(z). If the momentum shift is chosen appropriately, the integral (1.4) has
no contribution from a pole at infinity and by Cauchy’s integral theorem it vanishes when
the interior of the closed curve ¢ contains all other finite poles. For a theory with local
interactions, the amplitude A, has only simple poles, which occur when the sum of a subset

of the external momenta becomes on shell

P}=0 with Pr=) p;. (1.5)

iel
Unitarity of the S-matrix states that the residues of these simple poles are products of
amplitudes with a lower number of external states, for example A3xA,_1, A4 X A, _s etc.
Then, knowing all the poles and residues of the integral in (1.4), one can readily solve for
the residue at z = 0 (the non-shifted amplitude) in terms of products of lower-multiplicity

amplitudes. This can be repeated recursively to construct all the amplitudes of Yang-Mills



from only the 3-particle input.

After BCFW, tree-level on-shell recursion relations were soon extended to amplitudes
of gravity models [26, 27] and maximally supersymmetric theories [28, 29, 30]. For the
maximally suprsymmetric Yang-Mills theory, the notion of recursion was also generalized
to all loop orders for amplitude integrands [31]. Moreover, the authors of [32, 33] discuss
when and which recursion relations are valid for general classes of renormalizable and non-
renormalizable theories.

Going back to the Lagrangian description, recursion relations are expected to work for
these theories because their Lagrangian is almost completely fixed by their symmetries. The
couplings of the different interaction terms are related to each other in order to preserve the

symmetry of the model. For example, the Lagrangian of Yang-Mills

L= —% tr (F, F") =tr (—8MAV8“A” + 0,A,0" A" +igd, A A", A”] + g A, A [A*] A”])

(1.6)
would not be invariant under gauge transformations, were the coefficients of the different
terms not related in this fashion. Similarly, for the Lagrangian of a gravitational theory,
although there are infinite interaction terms, their coefficients must be related in a way such
that the sum is invariant under diffeomorphisms. Since the form and the coefficients of these
interactions are fully dictated by the symmetries of the model, the corresponding scattering
amplitudes must also be related. One should be able to reconstruct higher-multiplicity
amplitudes in the model from lower-multiplicity ones, if the underlying symmetry is taken
into account.

This situation is not always true. In fact, our work focuses on effective field theories,
which are quantum field theories that are only valid for a specific energy scale. They are often
used to describe the low-energy degrees of freedom of a model, without the need to know
specifically the high-energy dynamics. An effective field theory can in principle include any

number of operators in its Lagrangian, as long as they are compatible with the symmetries



of the model. Each operator appears with an independent Wilson coefficient that is fixed by
matching to experimental results or the known high-energy completion of the model. In this
case, unitarity and locality, the only physical input in a recursion relation like (1.4), are not
enough to determine the amplitudes of the model. There needs to be some additional input.

One can gain some mileage for the special case of the so-called exceptional effective field
theories. These are theories that describe the massless Goldstone modes of spontaneously
broken symmetries. What makes these theories exceptional is that their Lagrangian is invari-
ant under shifts of the fields, because of the non-linearly realized symmetry. For example,
the Lagrangian of a non-linear sigma model, like the theory describing pions in low-energy
quantum chromodynamics, is invariant under a constant shift of the pion fields, ¢ — ¢+c. In
order to have a shift invariant Lagrangian, the Wilson coefficients of these theories must be
related with each other. For the scattering amplitudes of these theories, the shift symmetry
translates to low-energy theorems. When the relativistic energy-momentum of an external
state goes to zero, the amplitude vanishes. This is known in the literature as the Adler zero
[34].

The fact that the Lagrangian of exceptional effective field theories is heavily constrained
by the shift symmetry suggests that a recursive reconstruction of their amplitudes is possible.
This is achieved by the so-called soft-subtracted recursion relations [35]. In this construction,
instead of (1.4), one starts with the integral

]{;—;iﬁg = 0. (1.7)

Here, F'(z) is a polynomial in z that is chosen to have zeroes exactly on the values of z
that correspond to one of the external momenta of the amplitude going to zero; this fully
determines the functional form of F'(z) up to an insignificant overall constant. Including this
additional polynomial in the denominator improves the large z behavior of the integrand and

it is possible to avoid the pole at infinity. Moreover, no new poles are introduced, since the

10



amplitude in the numerator also vanishes when F'(z) vanishes, because of its low-energy
theorems. The rest of the recursion process proceeds as before.

Let us pause for a moment and reiterate why soft-subtracted recursion relations are good
for exceptional effective field theories. We stated that a BCFW-like recursion relation, like
(1.4), is not suitable for our purpose. We also know that what makes exceptional field
theories possibly constructible is the shift symmetry of the Lagrangian, or equivalently the
Adler zero of the amplitudes. For this reason, the soft-subtracted recursion relation (1.7) can
work because it takes into account information about the low-energy limit of the amplitude.

There are, however, limitations for this. In our work [36], we prove a precise criterion for
when soft-subtracted recursion relations are valid. We show that having a valid recursion
relation means that there is a unique scattering amplitude that has the correct low-energy
behavior and the correct pole structure. On the other hand, soft-subtracted recursion rela-
tions fail precisely when there can be independent contributions to the amplitude that can be
added with arbitrary coefficients without changing its low-energy behavior. Equivalently, in
the Lagrangian picture, when there are interaction terms one can introduce with an arbitrary
coupling constant that trivially satisfy the shift symmetry, recursion cannot be applied.

Soft-subtracted recursion relations are not only used for reconstructing the S-matrix of
known field theories, but they can also be used to probe the space of exceptional field theories.
This method is known as the soft bootstrap and its philosophy is the following. One starts
with basic assumptions about the spectrum of a model and the low-energy behavior of its
amplitudes and an ansatz for those amplitudes with the lowest possible number of external
states. Then, using the recursion relation, one calculates amplitudes with higher number
of external states. If the reconstructed amplitude has poles that are non-physical, then the
original assumptions were wrong and no theory can exist with the assumed characteristics.
On the other hand, if the reconstructed amplitude has no spurious poles, it is strong evidence
(yet no proof) for the existence of a theory with the assumed characteristics.

In the work presented in chapter 3, through specific examples, we show how the soft

11



bootstrap method and soft-subtracted recursion relations can be applied to models that
include spin-1/2 and spin-1 particles, thus generalizing the work of [37] that focused only
on scalar theories. We also provide a general criterion for the validity of soft-subtracted
recursion relations, applicable for models that include particles of arbitrary spin. We then
proceed to tackle several interesting physical problems, by applying these techniques.

We first examine whether the CP' non-linear sigma model is compatible with supersym-
metry. Note that, from an on-shell point of view, the constraints of supersymmetry in a
model take the form of supersymmetric Ward identities [38, 39]. These are linear relation-
ships between amplitudes with different external states; they are reviewed in section 3.5.
A surprising feature we find in our work [36] is the fact that extended supersymmetry en-
forces us to introduce 3-particle interactions in the model, which are not present in the
non-supersymmetric case. The presence of these interactions modifies the low-energy theo-
rems for the scalar fields of the model, such that their amplitudes are no longer generally
vanishing when an external momentum goes to zero.

Another problem we study in chapter 3 concerns the special Galileon theory [37, 40].
This is an exceptional scalar effective field theory with an enhanced shift symmetry of the
form ¢ — ¢ + ¢+ v, 2t + st x”. Specifically, we show that it is possible to have higher-
derivative corrections to this theory. We verify our results using the soft bootstrap method
and independently using a double-copy construction.

The Bern-Carrasco-Johansson double copy [41, 42] is another remarkable achievement of
the S-matrix program. It relies on the so-called color-kinematics duality, a duality between
kinematic and group-theory factors in the Yang-Mills amplitude, to calculate amplitudes of
gravitons at tree-level, or amplitude integrands at loop-level.

At tree-level, the Bern-Carrasco-Johansson double copy is equivalent to the Kawai-
Lewellen-Tye relations [43]. These relations are proved in string theory and state that am-
plitudes of closed strings can be written as sums of products of amplitudes of open strings.

In the low-energy limit of string theory this translates to the fact that gravity amplitudes
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can be expressed as sums of products of amplitudes of Yang-Mills theory. This fact is known

colloquially as

(gravity) = Z(Yang—Mills)Q. (1.8)

It was later shown that other theories satisfy similar relations. In particular, the special
Galileon theory amplitudes can be expressed as sums of products of amplitudes of chiral
perturbation theory [44], the non-linear sigma model that describes pions. Borrowing the

notation of gravity, this can be written as
(special Galileon) = Z(Chiral perturbation theory)?. (1.9)

Assuming that this relation continues to be valid for higher-derivative corrections to these
models, in our work [36], we constructed the corrections of the special Galileon by first
calculating possible corrections to chiral perturbation theory.

We also compared the output of the double-copy construction to the output of the soft
bootstrap method, finding perfect agreement for the orders that are possible to check. Since
these results come from two different definitions of the special Galileon, their agreement is
a highly non-trivial consistency check. In the soft bootstrap approach, we define the special
Galileon as the effective field theory with the special Galilean symmetry, while in the double
copy approach, the theory is defined as the double copy of chiral perturbation theory. There
is no a priori reason to believe that these two definitions are equivalent. Their matching
beyond leading order is by itself remarkable.

All the details of these projects are presented in chapter 3. This work was published in a
paper titled “Soft Bootstrap and Supersymmetry” [36] in the Journal of High Energy Physics

in collaboration with Henriette Elvang, Callum R.T. Jones and Shruti Paranjape.
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1.3 Entanglement Entropy

In a quantum many-body system, often, the state of the system cannot be written as an
outer product of one-body states. For example, consider a system of two spins in the singlet
state |U) = \/Li (IT) = [41)). This state cannot be written as an outer product of single-
spin states. If the particles are indistinguishable it is not even meaningful to talk about
the state of one particle. This physical phenomenon is known as quantum entanglement. A
result of entanglement is that experimental observations on different parts of the system are
not independent from each other. For example, in the spin system described above, if one
particle is found to have spin up then the other must have spin down and vice versa.
Entanglement entropy is a quantitative measure of these correlations between observables
on an entangled system. The entropy of entanglement between a sub-system V and its

complement is defined as the von Neumann entropy

Sy = —tr(py logpy) , (1.10)

where the trace is taken over all degrees of freedom of V. Here, py = try p is the reduced
density matrix of the subsystem V', where all degrees of freedom that do not belong in V" have
been traced out from the full density matrix of the system. Another quantitative measure

of entanglement is Rény:i entropies

S‘(/n) = log tr py, . (1.11)

1—n

Notice that in the limit n — 1, the Rényi entropy is equal to the entanglement entropy.
In fact, it is often easier to first calculate the Rényi entropy S‘(/n) and then take the limit

n — 1,3 rather than computing the entanglement entropy directly.

3There are subtleties regarding the n — 1 limit; the integer parameter n is discrete and taking a continuous
limit is not a priori well-defined.
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Figure 1.1: Ilustration of the Ryu-Takayanagi conjecture. The dashed line corresponds to
the boundary of AdS. The entanglement entropy of the black region V' in the boundary field
theory is proportional to the length of the red extremal curve of the bulk.

Entanglement entropy is a very useful and well-studied physical quantity, with applica-
tions in many areas of physics and beyond. For example, it plays a central role in quantum
computing and the study of how information is distributed in quantum systems [45]. In the
context of high-energy physics and gauge-gravity duality, it provides another example of the
holographic principle that was presented in section 1.1 and how boundary field theory quan-
tities are encoded in those of the bulk gravitational theory. The Ryu-Takayanagi conjecture
[46, 47] states that the entanglement entropy of a sub-region V' of the boundary field theory
is proportional to the area of the bulk extremal surface that has the same boundary as V' (see
Figure 1.1). Entanglement entropy also has applications in black hole physics [48, 49, 50],
where the leading contribution to the Bekenstein-Hawking entropy of a black hole is equal to
the entanglement entropy of the sub-region of space that is outside the black hole horizon.

In quantum field theories, because of vacuum fluctuations and the constant creation and
annihilation of particle-antiparticle pairs, it is useful to talk about entanglement of space
itself and calculate the (Rényi) entanglement entropy of a spatial region. Because of short-
distance correlations of points that are very close to the region’s boundary entanglement
entropy is a divergent quantity. In order to regulate the divergence, one is forced to introduce

a short-distance cutoff € in the calculation and express the result as a power series in € with
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the following structure

S = ggoe D 4 4 gret 4+ gologe+ Gy + Ofe), (1.12)

where d is the number of spacetime dimensions. The coefficients g; with ¢ > 1 depend of
this expansion depend on the choice of cutoff and therefore cannot contain any physical
information. On the other hand, the coefficient of the logarithmic term g is independent of
the choice of regulator. Consider, for example, rescaling the short-distance cutoff by e — ke.
Then, in order for the entropy S to stay invariant, the coefficients g; must also be rescaled
by ¢; — k'g;, for i > 1. gy must not change, while gy is shifted by gy — go — go log k.

For conformal theories in even spacetime dimensions, the logarithmic term is always
present and its coefficient is proportional to the central charge of the theory. For theories in
odd spacetime dimensions, the logarithmic term is absent if the boundary of the entangling
region is smooth. In this case, physical information is encoded in the constant term gy.

In 3 spacetime dimensions, in particular, the (Rényi) entanglement entropy has a log-
arithmic contribution only if the boundary of the entangling region has a sharp cusp (see
Figure 1.2); recall that in 3 spacetime dimensions (2-dimensional Euclidean space and time)
the boundary of a spatial region is a 1-dimensional closed curve and it has a sharp cusp if
the derivative of the curve does not exist at a given point. The coefficient of this logarithmic
contribution (usually called the corner coefficient) is universal, in that it does not depend on
the way one chooses to regulate the divergence of the entropy. It does nevertheless depend
on the particle spectrum and interactions of the model.

The calculation of the (Rényi) entanglement entropy in a quantum field theory is not re-
motely straightforward. For models with a holographic dual, one can use the Ryu-Takayanagi
formula [46, 47]. For generic theories, however, one has to use the so-called replica trick
[50, 51] (see also [52] for a review). This involves taking multiple copies of the spacetime and

“sewing” them together to create a complicated manifold with singularities at the boundary
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Figure 1.2: Example of a region with a boundary that has a sharp angle. In 3 spacetime
dimensions entanglement entropy has a logarithmic contribution only in the presence of such
sharp angles.
of the entangling region. Using the replica trick, Casini, Huerta and Leitao [53, 54, 52] were
able to express the corner coefficient for the entanglement entropy of a free real scalar or
Dirac fermion in 3 spacetime dimensions, in terms of several rather complicated integrals.
Numerical evaluation of these integrals [55] by Bueno, Myers and Witczak-Krempa suggested
a simple proportionality relation (see equation (4.4)) between the corner coefficient of the
entanglement entropy and the central charge of these two theories. The authors of [55] con-
jectured that this relation must hold true for all conformal theories in 3 dimensions. Their
conjecture was checked numerically for a number of theories, including models with with a
holographic dual and Wilson-Fisher fixed points of the O(N) model [55, 56].

In our work [57], we were able to simplify the integral expressions of Casini et al. [53, 54,
52] and give analytic results for the corner coefficient of (Rényi) entanglement entropies. Our
results verified the conjecture of [55] for the case of a free real scalar or fermion. Furthermore,
we studied the large-n asymptotic behavior of the corner coefficient. We observed a simple

proportionality relation between this value and the large-n asymptotic value of the free
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energy of a real scalar or fermion on a n-covered sphere. This observation was later proved
analytically in [58].

The details of our work are presented in chapter 4. They were published in a paper titled
“Bract results for corner contributions to the entanglement entropy and Rényi entropies of
free bosons and fermions in 3d” [57] in Physics Letters B in collaboration with Henriette

Elvang.

1.4 Other Projects

Beyond the projects I describe in this thesis, during my doctoral studies, I had the oppor-
tunity to work on several other aspects of theoretical physics, which I summarize here.

Most recently, using techniques from the scattering amplitudes program like general-
ized unitarity and the double copy, we studied electromagnetic duality in the context of
the Born-Infeld theory. Specifically, we wanted to understand whether electromagnetic du-
ality, a symmetry of the amplitudes of Born-Infeld at tree-level, is preserved by quantum
corrections (loop-level amplitudes) or by higher-derivative corrections to the model. This
work was published in a preprint titled “All-Multiplicity One-Loop Amplitudes in Born-Infeld
Electrodynamics from Generalized Unitarity” [59], in collaboration with Henriette Elvang,
Callum R.T. Jones and Shruti Paranjape. In this paper, we give exact expressions for an
infinite class of 1-loop amplitudes of Born-Infeld, while we further discuss the consequences
for electromagnetic duality in a paper in preparation.

Additionally, in a previous paper, also in collaboration with Henriette Elvang, Callum
R.T. Jones and Shruti Paranjape, we used the soft bootstrap technique to study the com-
patibility of Galileon theories with supersymmetry. The title of the paper is “On the Su-
persymmetrization of Galileon Theories in Four Dimensions” [60] and it was published in
Physics Letters B. Results of this work are also reviewed in chapter 3 of this thesis.

Finally, during the first years of my studies, I published the work I started during my
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undergraduate education. In this work, in collaboration with Martha Constantinou of Tem-
ple University and Haralambos Panagopoulos and Gregoris Spanoudes of the University of
Cyprus, we studied the renormalization of flavor-singlet operators in the context of lat-
tice quantum chromodynamics, a computational method to perform (perturbative and non-
perturbative) calculations in QCD. The title of this paper is “Singlet versus nonsinglet per-
turbative renormalization of fermion bilinears” [61] and it was published Physical Review
D.

The diverse topics, on which I have worked during the last years, are a reflection of my
broad interests in many aspects of quantum field theory. A complete understanding of this
rich and complex framework of theoretical physics can only be achieved through probing
several directions and using all the available tools. The development and application of new
methods that will simplify our existing problems and expand our abilities is and will continue

to be my personal endeavour.
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CHAPTER 2
A Practical Approach to the Hamilton-Jacobi

Formulation of Holographic Renormalization

2.1 Introduction

In many applications of gauge-gravity duality, there is a need to regulate divergences that ap-
pear near the boundary of the bulk theory; these are simply associated with UV divergences
in the dual quantum field theory. The divergences appear, for example, in calculations of con-
formal anomalies, correlation functions, and the free energy. The prescription for regulating
divergences is to include suitable local counterterms. The resulting process of holographic
renormalization is an old subject: it was discussed in the early days of AdS/CFT [3] and im-
plemented in the classic calculations of conformal anomalies [6], the trace of the stress-tensor
[7], and since then in countless other examples.

We focus on bulk spacetimes that are asymptotically AdS or Euclidean AdS. This includes
duals of conformal theories (CFTs) as well as holographic renormalization group flows with a
UV CFT. For a given gravity dual, the local counterterms are universal and one can calculate
them once and for all in any given gravitational model. We distinguish between infinite
counterterms and finite counterterms. The former are unambiguous and can be determined
using the bulk equations of motion. The finite counterterms, however, can typically only be
fixed using further constraints, such as supersymmetry. In this paper, we are concerned only
with the infinite counterterms.

There is a standard “brute force” procedure for determining the infinite counterterms
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6, 7, 8, 9]. One expands the metric and fields near the AdS boundary using the Fefferman-
Graham (FG) expansion [10]. Solving the equations of motion relates various coefficients
in the FG expansion, but leaves unfixed the coefficients that correspond to the source and
vev rates for each field. Using a suitable cutoff, the on-shell action is evaluated near the
AdS boundary by plugging in the FG expansion, subject to the equations of motion. This
identifies the divergences, however, they will be expressed in terms of the free coefficients in
the FG expansion. This is not sufficient, as local counterterms must be expressed directly
in terms of the fields on the cutoff surface. So starting with the most divergent terms,
one works systematically backwards to convert each divergence to a local field expression,
thus basically reversing the FG expansion. This process identifies the field polynomials that
are responsible for the divergences in the on-shell action. The counterterm action is then
taken to be exactly minus those field expressions; this ensures that the renormalized action
Shutk + St s finite. (This still leaves the possibility of ambiguities from finite counterterms;
we will discuss this briefly in the Discussion section.)

While straightforward for many simple models with just one or two scalar fields, the brute
force approach outlined above becomes increasingly tedious for models with multiple fields.
Moreover, it is fundamentally unsatisfying that one first abandons the field expressions in
favor of Fefferman-Graham only to reverse back to fields after identifying the infinite terms.
For this reason, another approach, based on the Hamiltonian formalism for gravity and the
Hamilton-Jacobi equation, has been proposed for holographic renormalization.

Early in the studies of holographic renormalization group flows, de Boer, Verlinde, and
Verlinde [11] proposed to use the Hamilton-Jacobi equation to derive first-order equations
for the supergravity model and they related it to the Callan-Symanzik equation. (See also
[12, 13] and the lectures [14].) The specific application of the Hamilton-Jacobi equation to
determine infinite counterterms was studied by Kalkkinen, Martelli, and Mueck in [15, 16]
and subsequently by Papadimitriou and Skenderis in [17] (see also [18, 19, 20]).

One limitation of the method as formulated in [17] is that the dilatation operator is used
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to organize the calculation. This requires that the fields are eigenfunctions of the dilatation
operator, but that makes it more challenging to handle scalars dual to operators with scaling
dimension A = d/2, because of their leading log-falloff.! This is not an exotic case, but a very
common one; for example, in a d = 4 field theory, a scalar mass term is a relevant operator
of dimension A = 2. Another challenge is that, as presented in [17], the Hamilton-Jacobi
method looks rather difficult to carry out in practice.

The goal of this work is to straighten out and simplify the Hamilton-Jacobi approach
for holographic renormalization. We will show that the application of the Hamilton-Jacobi

equation
aSon—shell
or

+H=0 (2.1)
(with the radial coordinate r playing the role of the usual time-coordinate), can be imple-
mented via an algorithm that significantly simplifies the process of computing the infinite
counterterms. To avoid the issue of the dilatation operator and have an approach that applies
more generally, we organize the calculation in terms of a derivative expansion (or inverse

metric expansion), as also suggested in for example [11, 16, 20].

We will be working with bulk actions of the form

5 | 470V (Rl - 9G10,010,87 - V(@) 2.2)

S =—
2K2

where we allow for a general metric G;; = G;(®) on the scalar manifold. We consider
domain wall solutions with arbitrary slicing and assume that the asymptotic UV structure
of the metric is AdS (or Euclidean AdS). For such a system, we formulate the Hamilton-
Jacobi problem for the on-shell action Sy, ghen; (2.1) is basically a partial differential equation
for Son-shen and once derived, one no longer has to think about the Hamiltonian formulation
of general relativity. Instead, one systematically solves the Hamilton-Jacobi differential

equation for Sy, snenr by writing a suitable Ansatz for its divergent terms and then solving for

1One can work around this, see for example [18]. The issue is also addressed in [20].
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the coefficients in this Ansatz. The key point here is that scalars dual to relevant operators
in the field theory go to zero at the boundary. Therefore there can only be limited powers
of each field in the infinite counterterms, and that makes the Ansatz finite.

Our method departs from previous approaches as follows.? We consider S, ghen as the
action on the cut-off boundary; this breaks the general diffeomorphism invariance in the
radial direction and therefore we must take seriously the explicit dependence on the radial
coordinate in Soyghen. Thus, the r partial-derivative in (2.1) plays a central role in our
method. In fact, the coefficients in our Ansatz will be allowed to have explicit r-dependence,
and the Hamilton-Jacobi equation then yields differential equations for these coefficients that
we can solve unambiguously in the near boundary limit.

We illustrate the use of the method in several contexts. To start out, we reproduce the
purely gravitational counterterms [8] in d-dimensions. To show how the method works for a
case with d odd, we reproduce the infinite counterterms of the d = 3 ABJM dual model of
[63]. We then turn to the example of the d = 4 FGPW model [64] whose two scalars have
A=2and A =3.

In the presence of a marginal scalar, more care must be taken. A marginal scalar gener-
ically goes to a finite value at the boundary and therefore the associated counterterms do
not enjoy the same suppression as the scalars dual to relevant operators. We handle this by
allowing the coefficients of our Ansatz for Sy, qhen to be functions of the marginal scalar. We
have applied this method successfully to calculate the counterterms for a ten-scalar model
dual to (a limit of) N/ = 1* theory on S* [65]; this indeed served as a motivation for us
to revisit the subject of holographic renormalization. However, for the purpose of presen-
tation here, we restrict ourselves to simply show how our method reproduce the infinite
counterterms for the dilaton-axion system in [20].

This chapter is organized as follows. In Section 2.2, we present the Hamilton-Jacobi

equation for the bulk and describe our algorithm for determining the infinite counterterms.

2However, see [62] for a similar approach in dS space.
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Section 2.3 implements the method for pure gravity in d dimensions. The examples of the
ABJM model and FGPW can be found in Sections 2.4 and 2.5; these give very concrete
illustrations of how we implement the algorithm. The more advanced case of marginal
scalars is treated in Section 2.6. The three appendices relevant to this chapter contain various
technical details. Appendix A is a short list of useful identities for the metric variations of
gravitational curvatures. Appendix B gives details of the calculation of the gravitational
six-derivative terms needed for counterterms in d = 6. Finally, Appendix C offers explicit
calculation of the one-point functions in FGPW to illustrate that the one-point functions

determined from the renormalized action with our infinite counterterms are indeed all finite.

2.2 Hamiltonian Approach to Holographic Renormal-
ization

We start with a brief description of the essential parts of the Hamiltonian formulation needed
for holographic renormalization. We then formulate the problem of determining the on-shell
action in terms of the Hamilton-Jacobi equation and we present our algorithm for calculating

the divergent part of the on-shell action.

2.2.1 Hamiltonian Formalism of Gravity

We consider a general form of the bulk gravitational action:

S = _L/ d"'z /g (Rlg) — 9" G1,0,2'0,9” — V(®)) — _/ dz K. (2.3)
M oM

2K2

The last term in (2.3) is the Gibbons-Hawking boundary term which ensures that the vari-
ational problem is well-defined. In this term, 7;; is the induced metric on the boundary and

K is its extrinsic curvature.
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We choose a gauge for the bulk metric g,, such that the line element takes the form
ds? = dr? + v;(r, z)dz'dz’ (2.4)

where latin indices ¢, j,... are in the range i,5 = 1,2,...,d and will denote boundary

coordinates. This allows us to decompose the Ricci scalar in the action to get

1 . .o .
S=—— [ a drﬁ(R[y] FK?— KK — Gy &7 — 4G ,0,0'9,07 — V(cb)) . (2.5)
M

2k2
where the extrinsic curvatures are

i L L i
K'; = 37 ks and K = 37 I45 - (2.6)
The dots denote derivatives with respect to r. The boundary Gibbons-Hawking term does
not appear in the expression (2.5), since it has been canceled by boundary terms that occur
from partial integration of second derivative terms in the expansion of R[g].

In the Hamiltonian formulation of holographic renormalization, the radial coordinate r

plays the role of the time coordinate. Therefore, the conjugate momenta to the fields are

given by
~ oS 1 g . oS 1 .
ij _ _ - KU _ K~ d == — = /G D’ 2.7
@ 5% QRQW( ) an T Y, FLQW A (2.7)
and the Hamiltonian is
H = dd$ (71'”’)@‘7 -+ W[(i)l - E)
alM (2.8)

=55 [ Ay (R = K2 + KKV + GVprp; =760l 0,07 = V(@)
oM

where, for simplicity, we have introduced p; = %W}.
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2.2.2 Hamilton-Jacobi Formulation

The Hamilton-Jacobi formulation is well-known in classical mechanics [66]. With the radial

coordinate r playing the role of time, the Hamilton-Jacobi equation takes the form

aSon-shell
H+ ——=0. 2.9
* or (2:9)

Just as in classical mechanics, it is key to emphasize that in the Hamilton-Jacobian formal-

ism, the Hamiltonian is a functional of canonical momenta defined by

2 2
o 550n-shell Y R 550n—shell

d =y = —— —
5’%] an pr \/’771—[ \//7 5@1 )

7 (2.10)
as opposed to the canonical definitions (2.7). When the momenta are defined via equa-
tion (2.7) with the extrinsic curvature given by (2.6), the Hamiltonian constraint of Ein-
stein’s equation is simply H = 0. If this were used with the Hamilton-Jacobi equation (2.9),
it would imply that the action has no explicit r-dependence; this is of course true for the
diffeomorphism-invariant gravitational bulk action whose metric equations-of-motion imply
the Hamiltonian constraint. However, it is not true for the on-shell action, which is an
action on the cut-off boundary. It has explicit r-dependence, as we shall see, and to deter-
mine it via the Hamilton-Jacobi equation we must use the definitions (2.10). With (2.10),
the Hamilton-Jacobi equation (2.9) should be thought of as a first-order partial differential
equation for Sy,.snen With respect to the fields, the metric, and r.

A practical approach is to use an Ansatz for the on-shell action: below we will be more
explicit about how we choose an appropriate Ansatz, but for now we will develop the general

formalism further. Let us write the Ansatz as

|
St = = / Ao AU (Y, B, 7). (2.11)
K= Jom.
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The function U is a function of the induced (inverse) metric 4% on the boundary and the
scalar fields ®/, and it has also explicit dependence on 7. The cutoff surface M, becomes
the boundary of the spacetime when ¢ — 0.

Using the above Ansatz, the Hamilton-Jacobi equation takes the form

» » oU
R+ Ky K7 — K2 + G prpy — 47G1,0,910;07 — V(®) + QW =0. (2.12)

We emphasize that this equation is to be understood as an integral equation, i.e. it holds
up to total derivatives and we can manipulate it using partial integration in the boundary
coordinates.

As discussed above, the conjugate momenta in (2.12) will be given by derivatives of U.

For the scalar field conjugates, this straightforwardly gives

2 550n—s e 5U
R hell N

v P =sor (2.13)

br

The conjugate momentum of the metric enters (2.12) via the extrinsic curvatures, since
K% = %(ﬂ'ij — 279 7M,), as follows from (2.7). Now in the context of the Hamilton-
Jacobi formalism, the extrinsic curvatures K in (2.12) must then be expressed in terms of

7'l as given by (2.10). This gives

. . 0U 1 oUu ;
K =-29%"— - —— (U—-29""—— | 0, 2.14
J v 57’@1 d—1 ( v 6,-Ymn) 7o ( )
where we have used 7;;77* = 65 = (67;)77" = —7;(677") to express K'; in terms of

derivatives with respect to the inverse metric rather than the metric; this will be useful later.

It is convenient to define

oU

Y;j = 57”‘

and Y =YY}, (2.15)
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One then finds from (2.14) that the dependence on extrinsic curvatures in the Hamilton-

Jacobi equation (2.12) is given in terms of U as

. . 1
K = KyK9 =K = 4Y,YV — ——— (U -2V~ U*. (2.16)

To summarize, our strategy for computing the on-shell action Sg, gnen 18 to use the Ansatz

(2.11) and solve the Hamilton-Jacobi equation

R+ K+ G pps — 491G ;0,070,07 — V(@) + 2%—(7{ =0. (2.17)

with conjugate momenta given by (2.13) and C defined in (2.16). We remind the reader that
equation (2.17) has to hold only as an integral equation, so we are free to manipulate it using
partial integration. While this was derived using the Hamiltonian formalism of gravity, we
no longer need to think of the problem that way. Rather, we now have differential equation

(2.17) for the on-shell action Sy, pen- Next, we explain how to solve it systematically.

2.2.3 Algorithm to Determine the Divergent Part of the On-shell

Action

Let us next address how we propose to use the Hamilton-Jacobi formulation to determine
the divergent part of the on-shell action and thereby the counterterms needed for a finite
result. We outline here the general approach, however the method is much better illustrated
by concrete examples; these follow in the next sections.

We assume that asymptotically the bulk metric approaches AdS space: in terms of the

choice of coordinates (2.4), ds? = dr? + v;;(r, z)dz'dz?, this means that

2r/L

Yij — € V(O)ij + ... as r— 00, (218)

where L is the AdS radius. The boundary metric 7(p);; can be Lorentzian or Euclidean, it
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can be flat or curved. For example, recent applications of holography considered the dual
field theory on d-dimensional compact Euclidean spaces, such as spheres. In the following,
Y(0)ij Will be general.

The asymptotic behavior (2.18), gives /7 ~ edr, /). We are focusing only on the

—dr (

divergent parts of the on-shell action, so we need terms in U only up to orders e possibly

including also terms polynomial in 7). Since the inverse metric v scales as e~%", we can

ignore any terms with more than ng inverse metrics. Any (boundary) derivatives that

appear in terms in U must necessarily be contracted pairwise by inverse metrics v, so we

do not consider terms with more than d-derivatives. All in all, this makes it natural to

organize the Ansatz for U in a derivative expansion:

[JisH

U:U(0)+U(2)+...+U(2L 1) (2.19)

where the subscript represents the number of derivatives in each term. Curvature terms
such as the boundary Ricci scalar, Ricci tensor, and Riemann tensor are each order 2 (i.e.
they have two derivatives). Previous work, for example [11] and [20], have also organized

the on-shell action as a derivative expansion.
§U(o)

For the Oth order in the derivative expansion, we have Y{(g);; = T = 0, so (2.16) simply
gives
d .

Thus at Oth order, the Hamilton-Jacobian equation (2.12) becomes

oU ) OU, d
V((I)) —ql/ (0) O~ (0) U(ZO) 19

8U(O)
0ol 6d7  d—1 ’

or

(2.21)

Without the last r-derivative term, we see that Ujg) is essentially like a (fake) superpotential
for the scalar potential V; this was also noted in [11] (see also [67, 20]). In general, it is

not easy to solve for a superpotential for a given V'; however, we will not need to since our
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focus is on the generic asymptotically divergent terms only. As noted in the discussion below
(2.10) the presence of the explicit r-derivative term in the Hamilton-Jacobi equation, and
hence in (2.21), is crucial — this point does not seem to have been appreciated in previous
discussions of the method.

Let us for later convenience also record the results for K at two- and four-derivative order:

2
Koy = — 7=V [Ve) — 2Ye)] - 2U0 U,
07 1 2 2
K = Yoy¥s — 77 Ve = 2] — 7—=U0 U — 2| = Uy = 2000,
(2.22)
where Yz = %.

We propose the following algorithm to determine the infinite terms in the on-shell action:

Step 1: Ansatz for U,). For each Uy, we write a systematic Ansatz that includes all

potentially divergent terms of this order with undetermined coefficients,® for example

where the coefficients A; and B; can have explicit dependence on r. The Hamilton-Jacobi
equations will therefore give us differential equations of these coefficients which we solve
asymptotically, keeping only terms that give divergent contributions to the on-shell action.

Recall that the asymptotic behavior of a scalar with bulk mass m? is
—(d—Apn)r
O — Dl AL,

where m?L? = A;(A; — d). The two solutions for A; correspond to the source and vev-rate

falloffs. When a scalar approaches zero at the boundary, as is the case in many applications,

3Terms are considered equivalent if related by partial integration.
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we can immediately read off how many powers of the scalar can possibly appear in Ua,);
the number of possible terms is finite and limited by the fact that we are only interested in
the divergent terms.* For example, if ¢ is a scalar with dimension A, = 3 in d = 4, then
¢ ~ e7", and we have to include powers up to ¢* in Uy and ¢¢ can appear in Uy). (Note:
such terms with e~ falloff will be finite unless the r-dependence in the coefficient makes it
divergent.) On the other hand, if ¢ in (2.23) is a Ay = 2 scalar in d = 4, there can at most
be quadratic powers of ¢ in Uy and the term ¢[¢ is not divergent, so it is not included in
the Ansatz for Ujy).

One can impose symmetries of the theory in order to further simplify the Ansatz for
Uany- If, for example, the bulk action has a symmetry ¢ — —¢, we can drop any terms odd

under this symmetry in the Ansatz.

Step 2: Conjugate momenta. Next, using the leading asymptotic behaviors of the fields,
we determine the leading asymptotics of the conjugate momenta. Using this together with

pr = % fixes some of the coefficients in Uy quite easily.

Step 3: Solving the Hamilton-Jacobi equation. We plug the Ansatz for U s, into the
Hamilton-Jacobi equation and we solve it order by order by demanding that the coefficients of
the different field monomials vanish independently. When necessary, use partial integration
to eliminate potentially non-independent terms that appeared by varying U. We start with

Ulo), then use those results to determine Uy), then Uy etc.

Step 4: Counterterm action. Once the divergent terms in Se,_snenn have been determined,

the counterterm action is simply

Sct = _Son-shell‘div . (224)

4We will also discuss cases with a marginal scalar m? = 0, for which there is no suppression near the
boundary and generically the scalar goes to a non-zero constant. For such cases, we allow the coefficients A;
in our Ansatz to be functions of the marginal scalar. An example is presented in Section 2.6.
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This is added to the bulk action to get the regularized action Syeg = Shuk + Sau + Se from
which correlation functions can be computed and by construction are guaranteed to be finite.
In many cases, counterterm actions are presented in term of the Fefferman-Graham radial

—2r/L

coordinate p related to r via p =€ , so that the line element is

2 2 dp? i1,
We determine the divergent terms in the on-shell action using the r-coordinate, but convert

to p-coordinates for the final presentation of our counterterm actions. In terms of the p-

coordinate, the cutoff surface M., introduced in (2.11), is then located at p = e.

In the following sections, we demonstrate the procedure explicitly in a set of representative
explicit examples. We start with pure gravity in d-dimensions with d = 2, 3,4, 5, 6, then move
on to a d =3 ABJM dual model and the d = 4 two-scalar model known as FGPW. Finally,

we illustrate how our method works with marginal scalars (dilaton + axion in d = 4).

2.3 Pure Gravity

The simplest model one can consider is pure AdS gravity with no matter content in D = d+1
dimensions. Counterterms obtained by renormalizing this model will be present in every
other model and it is therefore useful to deal with them once and for all. The action we

consider is given by (2.3) with no scalar fields and constant scalar potential

d(d—1)
The Hamilton-Jacobi equation (2.17) simplifies to
dld—1) _oU
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with /C given by (2.16). Let us now apply the algorithmic procedure described in the previous

section in order to determine the necessary counterterms for this class of theories.

Step 1: Since there are no scalars, the general Ansatz for each order of the expansion of

U is
Uo = A(r), Ug =B(r)R, Uy =Ci(r)R;R7 + Co(r)R?, (2.28)

where the four-derivative terms are only needed for d > 4.> We are not including terms like
LR since it is a total derivative and it will not contribute in the on-shell action. For d > 6,

we need
Uy = D1R* + DoRR;jRY + D3R R PR,/ + DyRY RM Ry + Ds ROR + DgRyyORY . (2.29)

This is not a complete list of independent six-derivative terms, but it turns out to be a
sufficient list.
It is important that all the coefficients in the above expressions for U depend on the

radial coordinate r, as this will capture the explicit r-dependence of the on-shell action.
Step 2: This step is irrelevant for the pure gravity case since there are no matter fields.

Step 3: We now solve Hamilton-Jacobi equation (2.27) order by order to determine the
unknown coefficients A, B, C4 2 and D;.

At zero-derivatives, (2.27) with (o) given by (2.20) gives

.d L, dd—1)

where the dot denotes differentiation with respect to r. For large r, the solution to the

5In U(4), one could also have included a term with the square of the Riemann tensor. However, it is not
hard to see that its coefficient will be set to zero in the HJ equation.
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differential equation is

Ar) = —% + O (e ¥E). (2.31)

The subleading terms in the large-r expansion of A give only finite contribution to the

on-shell action and we can drop it to simply have
Up = ——. (2.32)

This captures the leading divergence associated with the cosmological constant.

At two-derivative order, the HJ equation (2.27) with (2.22) gives

9
R~ ——Uq) (Ug) = 2Yp) — 2U0)Ug) +

U2
o) _
d—1

. 2.
=0 (2.33)

The inverse-metric variation of Ug) simply gives Y{(9);; = 5;{/—(3 = BR;j, so Y2y = BR. With

the solution for U in (2.32), we obtain the following differential equation for B:

. d-2
2B +2-——B+1=0. (2.34)

The differential equation for B has solution

-2+ 0(1) for d =2
B(r) = (2.35)
—ﬁ +0 (e_(d_z)r/’:) for d > 2

In both cases, the subleading terms are not important since they give finite contributions to

the on-shell action. The result is therefore

—IR for d =2
Uy - (2.36)
—ﬁR for d > 2

The linear r behavior in the d = 2 case is our first illustration of the explicit r-dependence in
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%—term in the Hamilton-Jacobi

the on-shell action and the importance of keeping the
equation.
For the four-derivative terms, we calculate the inverse-metric variation of U, using the

formulae in Appendix A. In particular, we find Y4 = 2C1R;;RY 4+ 2CoR* (up to total

derivatives that can be dropped). Using this together with the results for Y9 above, we can

or =0

calculate KC(4) given in (2.22). At 4th order, the HJ equation (2.27) is simply /C4)+2

and collecting terms gives

. 20d—4 L \? g
201 + %O;{ + <—> RinU

d—2

2(d — 4) dL?
L A(d —1)(d —2)?

+{202+ R2=0.

Demanding the coefficients of the R;;R” and R? terms to vanish independently results in

two differential equation for the coefficients C; and Cs, which have solutions

~Lr o) for d = 4
3 —(d—4)r
_2((1—2[)/2((1—4) + @ (6 (d—1) /L) for d > 4
L2—24r +0(1) for d =4

(2.38)

Cs

ar3 —(d—4)r/L
8(d*1)(d72)2(d74) + O (e ( ) / ) for d > 4

Again, the subleading terms can be dropped because they give only finite contributions to

the on-shell action. Thus, the result for Uy is

L (R;RY — 1R?) for d = 4
Uny = sV ’ (2.39)

L3 ij d
T 2(d—2)2(d—4) (RinJ - 4(d—1)R2> for d > 4
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Step 4: We now have all information needed to write the counterterm action.

1
Sct = TS

K2

ddfo =—-=
OM,

ddxﬁ [U(o) +Uq +...+ U(2L3J) )

Summarizing the above results, the purely gravitational counterterms are

1
d=2 Sct_—2/ d’z/y
K= Jom.
1 d
d=3: Sct:_2 d]}ﬁ
K= Jom.
d=4 S = A%z /y
=4 ot = —= x
t /{2 oM. 7
d=5 S = A%z /y
_— c — — i
t 2 o, Y
d=6 S ! d%e\/y
= . c = — €T
R o Y

1 L

— 1 =

(2 L

~+ =R

5.

3 L L? 1

—+-R-1 RijRY — -R

T 16( 7 3 )}

(4 L L° 5 p

_ - iy _

_L+6R+18( Ry % = 16 )}

5 L L° 3 h

_ - i

_L+8R+64( Ryl = 10 )

5 |

—1 R;ORY — - ROR

0gp256< J 20

3
2 ij Pkl ij 3
+2RYR™ R + 5RRZ]R 100R )}

(2.40)

(2.41)

where we have used p = e=?"/L. The results for the six-derivative terms displayed for d = 6

are derived in Appendix B.

These purely gravitational counterterms reproduce results well-known in the literature,

see for example [8], but it is relevant to present them here in the context of our approach to

holographic renormalization. In particular, they will appear in the following examples.

2.4 Renormalization for the ABJM Model

ABJM theory [68] is the N' = 6 superconformal Chern-Simons theory in d = 3 dimensions

with gauge group U(N)xU(N

) and Chern-Simons levels k£ and —k. Its holographic dual is M-

theory on AdS, x S7/Z;.. In the limit of large t'Hooft coupling (A = N/k), M-theory reduces
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to eleven dimensional supergravity on AdSy x S7/Z;. The recent paper [63] by Freedman
and Pufu explores the gauge-gravity dual description of F-maximization for ABJM theory
on a 3-sphere using a 4-dimensional holographic dual. We will use the model of [63] as a
very simple example to illustrate our approach to holographic renormalization.

The ABJM holographic model [63] is described by the Euclidean bulk action

1

Sbulk = —ﬁ d3l’ dT\/‘g(R[g] — £m) s (242)

where k% = 871G and the matter Lagrangian is

0,z 0z 1 > 4
+V z V Z)=—|6— E — . 4
(1 — z0z0)2 (2,2), (2,2) L? (6 —~1- Z“E“) (243)

IIMW

In the Euclidean theory, the scalars z* and z* are independent complex fields, not related by
complex conjugation. However, since only products of z* and z® appear in this Lagrangian,
it is useful to define 2% — % (x®+ ), 2% — \/Lﬁ (x® — iYp*), where x® and ¢® are fields

that can take complex values.

Under this, the matter Lagrangian becomes

3

_ DX O X" 4 D, OF e B 1 3 A
Lo 2[1_ ( )2 — (wa)] 5+ V, V L2(6 Zl_l(xa)Q_ (Wl)Q) (2.44)

Expanding the potential for small fields, we find
1
V = ﬁ( —6 —2(x*x* + ) — (X" X* + wawa>2 4o ) , (2.45)

so the six fields x* and ¢ all have mass —2/L%. By our general discussion, this means that
their asymptotic falloff is generically e~"/~.
For simplicity, let us start out with a model with just one pair of the fields x and ; since

the ABJM dual has the three pairs appear the same way and they do not mix, it is easy to
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generalize the result back to that case. Thus setting the fields with a = 2,3 to zero, we will

consider the model described by the potential

4
V:ﬁ(_2_1—12—l¢2)' (2.46)

In the notation (2.3), we have scalars ®' = (y,v) and the metric on the scalar target space
is Gy = (1 — %X2 — %7?2)72 dry with I, J = 1,2. The Hamilton-Jacobi equation (2.17) for

this model is then

1 1 2
R4 K= (1=5x" = 3¥%) 27(0xdx + 0wdse)
I, 19 ? 2 2 1 4 ou
(130 3) ) (2 ) 25 =0 2

where K is given by equation (2.16) and the conjugate momenta p, and p, are the x and 1
derivatives of the on-shell action (2.13). We now proceed to determine the infinite countert-

erms for this model.

Step 1: Since we are working in d = 3 dimensions we need to include in our Ansatz only

terms with up to two derivatives:
U= U(o) + U(Q) . (2.48)

Terms with four or more derivatives give finite contributions to the on-shell action.

Keeping only potentially divergent contributions means that for Uy we only need to
consider terms up to cubic order in the scalar fields. However, we get strong constraints
on the Ansatz from the symmetries of the model: it is invariant under the transformations
X — —X, ¥ — —¢, and x <> ¥. With these symmetries imposed, the most general Ansatz
at zero-derivative order is

Uwq) = —% + A+ %) (2.49)
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The constant term is fixed from the purely gravitational calculation of Section 2.3. At two-
derivative order, the only potentially divergent term that preserves the symmetries of the

theory is purely gravitational and it was calculated in Section 2.3:
L
We can skip Step 2 because the model is so simple.

Step 3: We are now able to solve Equation (2.47). Keeping only zero-derivative terms and

using that Ky = —%U(QO) from (2.16) we find that

3 1,5\ U
- §U(20) + (1 - §X2 - 57/}2) (pi(O) +P12/;(0)) - V(x,v)+ 2% =0, (2.51)
where,
oU, oU

Putting everything together and collecting terms that are proportional to (x? + ¥?) gives

the following differential equation for A(r):

. 3 1
A4+242+ A+ — =0. 2.
+ +L +L2 0 (2.53)
This has solution
1 —r/L
A==z +0(e7). (2.54)

Since A was the only unknown coefficient in the Ansatz for U, this concludes the calculation

of the infinite contributions in the on-shell action. Specifically, we have found that

1 1, 1, __1 _
Uy = L(2+2X +2¢)— L(2+ZZ). (2.55)
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Step 4: The counterterm action for the ABJM model is obtained by generalizing our result

to the three flavors of z* and z° fields:

1
Sct Y dgxﬁ
OM.

K2

(2.56)

3
1 ava L
Z(Q"‘;ZZ)‘f'ER .

This result is in perfect agreement with the counterterm action given in equations (6.4)-(6.5)
in [63]. For the applications in [63] one further needs to use supersymmetry to determine

the finite counterterms; we do not discuss this here.

2.5 Renormalization for the FGPW Model

The FGPW model [64] is the holographic dual of the single-mass limit of N' = 1* gauge
theory in flat space. This non-conformal field theory is obtained from N = 4 SYM theory
by softly breaking the supersymmetry to N' = 1 as follows. In /' = 1 language, N' = 4 SYM
consists of a vector multiplet and three chiral multiplets. The field theory dual to FGPW is
obtained by giving a mass to one of the chiral multiplets. In the UV, the conformal theory
of N = 4 SYM is recovered, while in the infrared, the theory flows to a Leigh-Strassler
fixed point. The holographic dual FGPW model captures the RG flow of this theory via
a flat-space sliced domain wall solution which approaches asymptotic AdSs in the UV and
another AdSs in the IR. The ratio of the AdS radii in the UV and IR translates to the ratio
of UV and IR central charges a in the field theory. More generally, the authors of [69, 64]
derived the first version of a holographic version of the c-theorem.

The holographic FGPW model is described by a D = 4 4 1-dimensional bulk action

§—_L1 [ dtearya (Rl - £,). (2.57)

o2
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with matter Lagrangian given by®

Lo = 0,00"¢ + 0,00 + V(9,0) = ¢° + 0 +7Y0,00;6 + 0005 + V(,4) . (2.60)

The scalars ¢ and ¢ are dimension A, = 3 and Ay = 2 fields dual to the fermion and scalar

mass deformations of N' =4 SYM. They approach zero near the UV boundary as
o~ ot and ¢~ (gor + do) e E (2.61)

as r — 00. For the purpose of holographic renormalization, we only need to keep the terms
in the potential that can give divergent terms in this limit, so we expand the potential in

small fields to find

V(p, 1) = % (—12—4¢* = 3¢° + e +...) . (2.62)

The masses of the scalars, m7, = —3/L* and m = —4/L?, are directly related to the scaling
dimensions Ay = 3 and Ay, = 2 via m?L? = Aj(A; —4).

The actual FGPW model has ¢ = 1 in (2.62), but here we keep the coefficients general.
This will serve to illustrate how the counterterms carry information that is specifically depen-
dent on coefficients in the scalar potential; i.e. one should in general expect model-dependent

terms in the counterterm action.

6In the paper [64], the scalar potential V is given in terms of a superpotential W as

1 /1low [* 1|ow > 4.,
Vrcpw = Iz (2'% 2’5@3 - gW ) ) (2.58)
with 1
W= [coh(26)(° ~2) = 3" +2)] and p=c/. (2.59)

Here, we have conformed to our normalization conventions by rescaling the scalars ¢; = ¥/ V2 and ¢3 =
¢/\/§, and taken the potential to be V = 4Vpgpw.
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The HJ equation (2.17) for the FGPW model takes the form

g y ou
R[y] + K + pj, + 1, = 77010056 — v 00010 — V(9,4) + 25 =0. (2.63)

with K defined in (2.16) and momenta

oU oU

Since we are working in d = 4 dimensions we need to keep terms with up to four deriva-
tives, so we write

U=Ug +Up +Uy- (2.65)

We now proceed with solving for the divergent terms of the on-shell action following the

algorithmic procedure described in Section 2.2.3:

Step 1: We begin by writing the most general Ansatz for each Ug. We only keep terms
that can give divergent contributions. With the scalar falloffs (2.61) and each inverse metric

giving e %", the most general Ansatz at Oth order is
3
Uy = 7 + A + Aggp + Asth® + Aadp + A + Aed® + Arg)® + Ayt (2.66)

where the constant term is fixed by the purely gravitational analysis in Section 2.3. Each of
the coeflicients A; is considered a function of r.

At order 2 we use the Ansatz
L 2
Uy = = B+ BiRy + BoaRo + ByRy™ + By (2.67)

We did not include (9)?, since it is equivalent to ¢)[J¢ after partial integration.

At order 4, the only option are the purely gravitational terms we have already solved, so
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we have
2

L |
Ugy = _?r (Rin” - §R2> . (2.68)

Since the full FGPW model (2.58)-(2.59) is symmetric under ¢ — —, we can immedi-

ately set the following coefficients in the Ansatz to zero:
A1:A4:A5231:0. (269)

Step 2: At the leading order, the conjugate momenta obtained from (2.7) must agree with

those in (2.64). From (2.7), we have

Po=0  pp=1, (2.70)
and via (2.61) this gives
_ 2 L —2r/L _ 1 —3r/L
po=—7(1= )+ 0(™ ), py=—gu+O(™h). (27
On the other hand (2.64) gives

= 2A30) + 2A:¢0) + 4Ag® . (2.72)

Do(0) = 50 = Ay + 2460 + Aﬂ/fz, Py0) = 50

Comparing (2.71) to terms in (2.72) at similar orders, we can directly infer that some of the
coefficients A; must vanish:

Ay = A7 =0. (2.73)

L

Furthermore, we learn that A; = —% and Ag = —%(1 T

). However, let us leave A3 and

Ag unfixed for now for the purpose of illustrating how they are fixed using the HJ equation.

Step 3:  We proceed to solve the HJ equation (2.63). We start from the terms at Oth order.

Keeping only terms without spatial derivatives and using K¢y = —%U (20) from (2.20) we find
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that
oU (o)

5 =0 (2.74)

4
- gU(Qo) —i—p;( 0) +pw V(p,¥) +

To solve this, we set the coefficient of each combination of fields to zero. For example,

collecting the terms proportional to v? gives

. 4 2 3 1 727‘L

This is the solution for A3 we anticipated from comparing (2.71) and (2.72).
Similarly, one finds
2 1 1 L?
d>-terms: Ag + A6+2A2+—_0 = Ag= __+_+(9( )

2 2
L L 2r T (2.76)

1
Y*-terms: As— —(1+3c)=0 — Az=

i (1+3c)r+0(1).

1
6L2
Terms proportional to ¢1)? vanish directly; had we had a term b¢)? in the expansion of the
scalar potential, the HJ equation would have shown that b # 0 is not consistent with the
EOM.

Having calculated all the unknown coefficients in the Uy Ansatz, let us write down the

final result (with r = —Z log p):

Uy = —% {3+ (1+%)¢2+ 1/12+11—2(1+3c)w4logp : (2.77)
We can identify each of the contributions. The first one is related to the cosmological
constant and it is fixed for all models in D = 441 dimensions, as we saw in the pure gravity
case in Section 2.3. The terms that are quadratic in the fields are uniquely fixed by the mass
terms in the scalar potential and are as such universal for all models. Finally, the 1)*-terms
are clearly model-dependent, as can be seen from the explicit dependence on c.

With the 0th order result in hand, we are now able to continue solving HJ equation for
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the two-derivative terms. Keeping only such terms from equation (2.63) gives

or
(2.78)

8 1 Uy
=3V <U<2> - §Y(2>) + 240\ Po(2) + 2P0y Puc) — V000050 — 40 + 252 =0,

where we used Koy from (2.22). U g, pg(oy and py(y are known from (2.72) and (2.77), while

we calculate pg(o) and py (o), and Y(g) from the Ansatz (2.67) for Uy:

oU,

Py2) = % = BR,
oU,

Pu2) = 51(;) = 2B3Ry + 28,00, (2.79)
oU, L

YV(Q)Z.]- = 67(5) = _ZRU + BgRij(b + BgRijw2 + B41pvzv]1p ,

where we are dropping total derivatives. The result for Y{3);; implies Y3y = Uz). In the
HJ equation (2.78), we organize the terms according to the field monomials and set the
coefficients of divergent terms to zero. The terms simply proportional to R directly vanish
because we have already solved the purely gravitational part of the problem. The remaining

terms allow us to solve for the coefficients By 34 :

. 1 1
Ro-terms: Bys+-By=0 — By= O(—) ,
r r
Ri?-terms:  Bs — 1_ 0 = B3= ir +0(1) (2.80)
12 12 ’
: 1 1
Ylhp-terms: B, + 5= 0 = B;y= —57“ + (9(1) .

As in the zero weight case the subleading terms related to integration constants are not
important because they lead to finite contributions to the action. The final expression for
U(2) is then
1 1 1
Ug) = —L ZR - 11/1 0 — ER Ylogpl . (2.81)

The first term is purely gravitational. The second term is independent of details of the

higher order terms in the potential and thus fixed for all models that contain a scalar with
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m?L? = —3. Finally, notice that the combination of the Laplace operator [J and the Ricci
scalar R that appears in the last term is proportional, up to an overall constant to the

conformal Laplacian.

Step 4: We have now fully determined the counterterm action necessary to cancel the

divergences of the on-shell action. In particular we will have Sy = —5—12 i d%ﬂU and
therefore,
1 1 1 1 1
Set = — d* — B3+ 14+ — ) ¢*+ 9>+ = (14 3c) ¢’
VT2 o xﬁ{L{ +( +logp)¢ + ¥+ 5 (14 3c) ¢ logp
(2.82)

1 1 1 1 |
L|=R—=¢y(0-= ] — —IL* | R;RY — ~R*)1 .
+ LR 4w( 6R)w ogp} 6 (RUR 33) ng}

This is our final result for the FGPW model.
As a test, we have calculated the one-point functions of the QFT operators that are dual
to the fields of the FGPW model. The one-point function of the operator dual to field ¢’

will be given by’
p_AI/Q 651'01'1

where the regularized action (ignoring possible finite counterterms) is
Sreg - Sbulk + SGH + Sct . (284>

In order to check that the expressions obtained are indeed finite, one must impose the
equations of motion on the coefficients in the Fefferman-Graham expansion of the fields. We
find that with our infinite counterterms, all three one-point functions in FGPW are indeed

finite. Details are presented in Appendix C.

7 In the special case where A7 = d/2 the one-point function has an extra factor of log p.
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2.6 Renormalization of a Dilaton-Axion Model

In this section we present the procedure of renormalization of a dilaton-axion model. The
purpose of this example is to illustrate how the procedure for holographic renormalization
applies to theories that include marginal scalars. Specifically, we examine the renormalization

of the dilaton-axion model previously studied in [20]: the 5d bulk action is

1
Shulk = _ﬁ/ d'z dr\/ﬁ(R[g] - Em) 5 (2.85)
KR*Jm
with
L, = 0,p0" Z ()0, xo" 12
m = 0up0"p + Z(9)0ux "X = 75 - (2.86)

The fields ¢ and x are massless and therefore correspond to marginal QFT operators
with scaling dimension A = 4. Z denotes an arbitrary function of the dilaton field ¢. Near
the asymptotic boundary, these scalars generically do not vanish but instead approach a

finite value. In particular, their asymptotic behavior is given by

o(z,r) = o (z) + (’)(e*ZT/L> , x(z,7r) = x©)(z) + (’)(e*ZT/L> . (2.87)

As a consequence, we cannot regard the effective action as a power-expansion in these fields,
as higher powers are not suppressed. Instead, we will take the Ansatz to involve general
functions of ¢ and y.

By defining the field ® to be ® = (¢, x) and the K&hler metric to be G = ((1) Z&,)), we

conclude that the HJ Equation (2.17) now becomes

1 g y 12 oU
2 2 ij 9. ) ij 9. .
Ry + K +p, + —(@)px — 700050 — Z(0)y? 0ix0jx + Tz + 2_87" =0. (2.88)

The momenta are defined, in the usual way (2.13), as derivatives of U.

Let us now examine step-by-step the procedure introduced in the previous sections and
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spot any important differences.

Step 1: With d = 4, we need to keep terms with up to four derivatives:
U="Uo +Ug +Uy- (2.89)

Taking into account that any possible function of the fields could give divergent contributions
in the on-shell action we write the following Ansatz for the zero, two and four derivative

parts of U respectively:

Uoy = Al x;7), (2.90)
Ug) = BoR+ Bi(Vy) - (Vx) + B2(Vp)* + B3 (Vx)?, (2.91)

Uy = C1R*>+ CoR;jR7 + C3ROp + C4ROX + C5R(V)? + CeR(Vx)?
+CrR(Vp) - (V) + CsRVipV jip + CoRIV XV x + CroR?VipV X
+C11(0p)? + C12(Ox)? + C13000x + CuVi VoV 'V + C15V,V,;x V'V x
+C16Vi VoV 'V x + C1700(V)? 4 C1s0x(Vx)? + C1o0p(Vx)?
+C0¢(Ve) - (V) + ConOx(Ve)? + Cosx (V) - (V) + Cas ((V)?)
+Co (V)%)” + Cas (Vi) (V)2 + Cas (V) - (VX)) + Cor (Vi) (Vi) - (VX)

+C%s(VX)* (V) - (VX) - (2.92)

The coefficients A, B; and C; are all considered functions of the radial coordinate r as well as
the fields ¢ and x. We have omitted terms that up to total derivatives can be decomposed to
the ones already included. For example, since By = V,;(BV'p) — 9,B(Vy)? — 0, B(V) -
(Vx), such a term can be absorbed in B; and B, so it is redundant to include it in the

Ansatz.
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Step 2:  We use equation (2.7) and the asymptotic behavior of the fields (2.87) to determine

the leading behavior of p, and p, to be

po=¢=0(c), po=Z(ep =0 H). (2:93)

On the other hand, our Ansatz for U gives

5U(0)
dep

Pe(0) = = 0,A, Dy(0) = =0,A. (2.94)

By comparing the two sets of expressions for the momenta, we understand that the coefficient
A can neither depend on ¢ nor x, and thus p,) and py () vanish. This leaves Uy to be

purely gravitational and thus we can use directly our result from Section 2.3:

Uy = - (2.95)

3

7
Step 3: We now proceed to solve HJ equation and determine the unknown coefficients
of our Ansatz. Since the zero-derivatives contribution has already been fixed, we start our

analysis with the two-derivative terms. At this order, the HJ equation simplifies to

8 1 Uy
R~ U (U@ - 53@) — (Vo) = Z(0) (Vi) +2—52 =0 (2.96)
using py(o) = Py(o) = 0. Here, Y{a) = 77Y();; is the trace of the tensor
(5U(2) 1
Yi2)i5 = i ByRij — V;V;By + UByvij + §Blvi90vjx
v (2.97)

1
+ §B1V¢ij90 + BaVipVp + B3VixV;x .

After plugging everything into the HJ equation, one uses partial integration to eliminate
terms that were not in our original Ansatz and therefore were not independent. Demanding

that the coefficient of each independent term in the resulting HJ equation is zero, one finds
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that the two-derivative contribution to the on-shell action is

Uiy = 7[R~ (V)" = Z(£)(Vx)"]. (299)

For terms with four spatial derivatives equation (2.88) simplifies to

8 1 4 1 2
~ 300 (U(4> - §Y<4)) + 41 Y5 — 3 <U(2) -5 (2)) - Y5

1 2 +28U(2) _

2
—i—p@(g) + Z(gp)px(g) ar 0. (299)
The canonical momenta that appear in this equation are
0U L L
Po(2) = —5( L = —Z0p + = Z'(9)(Vx)?
© 2 4
SUs I I (2.100)
=—"=——"[Oy—-=7 . )
Pr) = 5 ;X = 52'(@)(Ve) - (V)
It is useful to notice that
OU, L.
Yy =" 57(;) = 2U4) + total derivatives, (2.101)

and the complicated tensor Y(4);; is not needed for the calculation. The total derivatives of
Y(4) will not contribute to HJ equation since they are multiplied by Uy, which is a constant,
and total derivatives can be dropped by the equation.

Demanding that the different kinds of terms that appear in the four-derivative equation

vanish independently yields the following solution for Uy:

LS

U = 16

. 1 . 1 .
[Rin” — §R2 -2 (R” - §R7”> (VipVip + Z(p)VixV;x)

Z'(p)
Z(¢)

(Vo) + Z(2)(VX)*)" +22(0) (V) - (VX)) = (V¢)2(VX)2)} logp. (2.102)

: (o) (7))

+ (- 12’«0)(%@?)2 +2(9) (O +

_|_

Wl N

50



Step 4: This concludes the calculation of the counterterms that cancel the infinities of the

on-shell action for the dilaton-axion model. For completeness, let us write down the general

result.
1 4 3 L 9 9
Su=— [ dayy 7+ R (V) = Z(9)(Vx)?]
K OM. 4
L? a1, R R
16 R;jRY — gR —2(RY - gRVJ (VieVie + Z(0)VixV;x)

+ (90 - 3200?) +20) (v + 75 (w0 (7))
+§ (Vo) + Z(2) (VX)) +2Z(p) (V) - (VX)) — (Vso)Q(Vx)z)] log p} :

(2.103)
This result for the counterterm action agrees with the one found by a more complicated

route in [20].

2.7 Discussion

We have presented a simple implementation of the Hamiltonian approach to holographic
renormalization. The idea of using the Hamilton-Jacobi equation is not new, but we hope
that our presentation and algorithm makes the method more accessible and useful for others
to use. For our own purposes, it has shown great value in the application to the holographic
renormalization of a 10 scalar model dual to A" = 1* gauge theory on S*, an analysis that
will be presented elsewhere [65].

Determining the infinite counterterms is typically only one part of holographic renor-
malization. One often needs the finite counterterms too, but just as in standard quantum
field theory, this typically amounts to being a scheme-dependent question. However, in the
presence of supersymmetry, one can fix the finite counterterms to be compatible with the
supersymmetries in the problem. In the case of flat-sliced domain walls, this can be done

using the Bogomolnyi-trick of writing the bulk action in terms of sums of squares that each
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vanish on the BPS equations. This rewriting requires a partial integration that leaves a
boundary term that exactly becomes the counterterm action and encodes both infinite and
finite counterterms. In the case of non-flat slicing, one can then argue that the universality
of the counterterms allows one to pick the finite counterterms of the flat-space Bogomolnyi
boundary term and use them in conjunction with the more general infinite counterterms dis-
cussed in this paper. This has worked successfully in several cases, for example [63] and [70].
The prescriptions does, however, have a bit of an ad hoc feel to it and it would be interesting
to understand better the relationship between the BPS equations for curved domain walls

and how /if they can be used to determine directly the infinite and finite counterterms.
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CHAPTER 3

Soft Bootstrap and Supersymmetry

3.1 Motivation and Results

Effective field theories (EFTs) encode the low-energy dynamics of the light degrees of freedom
in a physical system. The general principle of EFTs is to include all possible local interaction
terms permissible by symmetries up to a certain order in the derivative expansion. Irrele-
vant operators are suppressed by powers of the UV cutoff and have dimensionless Wilson
coefficients that parameterize the (possibly unknown) UV physics. Of particular interest,
both for formal and phenomenological applications, are the EFTs describing the low-energy
interactions of Goldstone modes of spontaneously broken symmetries. Traditionally, such
effective actions are constructed explicitly from the underlying symmetry breaking pattern
using the method of nonlinear realization [71, 72, 73].

However, constructing effective actions one by one is not an efficient approach to the
problem of classifying such models and studying the properties of the associated scattering
amplitudes. Similar to gauge and gravity theories, the Lagrangian description of EFTs has
an enormous redundancy in the form of nonlinear field redefinitions which are completely
invisible in the S-matrix[74, 75]. The modern on-shell approach completely avoids both the
redundant description and the associated process of calculating observables from explicitly
given Lagrangians. Instead one uses the required physical and mathematical properties of
the on-shell scattering amplitudes to constrain the underlying models and directly calculate
the physical scattering amplitudes.

The effective actions for Goldstone modes typically have the unusual property that while
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there may be an infinite number of gauge invariant local operators at a fixed order in the
derivative expansion, the associated infinite set of Wilson coefficients is determined in terms
of a finite number of independent parameters. How can this be understood in purely on-shell
terms? The traditional explanation is that the spontaneously broken symmetries are nonlin-
early realized on the fundamental fields and therefore mix operators in the effective action
of different valence. From a more physical perspective, the spontaneously broken symme-
tries manifest themselves on the physical observables via low-energy or soft theorems. The
non-independence of the Wilson coefficients is required to produce a cancellation between
Feynman diagrams that ensures the low-energy theorem to hold. This is a redundant state-
ment: while the number of independent parameters required to specify the effective action
at a given order is reparametrization invariant, the actual Wilson coefficients are not. As
we will see, from a purely on-shell perspective the collapse from an infinite number of free
parameters to a finite number is a symptom of the underlying recursive constructiblility of
the S-matrix, which itself can be understood as a consequence of the low-energy theorems.
It is instructive to consider an explicit example that illustrates these ideas. Consider
a flat 3-brane in 5d Minkowski space. There is a Goldstone mode ¢ associated with the
spontaneous breaking of translational symmetry in the direction transverse to the brane,
and it is well-known that the leading low-energy dynamics is governed by the Dirac-Born-

Infeld (DBI) action. In static gauge, it takes the form

Sppr = A* / d'z (\fdet (1 + £:0,00,0) — 1) (3.1)

where A* is the brane tension. The action trivially has a constant shift symmetry ¢ — ¢ +c¢
which implies that the DBI amplitudes have vanishing single-soft limits. In particular, when

one of its momentum lines is taken soft,

Py — €phy with e —0, (3.2)
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the Feynman vertex it sits on goes to zero as O(e). There are no cubic interactions, so
propagators remain finite. Hence, every tree-level Feynman diagram goes to zero as O(e).
What may be surprising is that a cancellation occurs between Feynman diagrams such that
the soft behavior of any tree-level DBI n-point amplitude is enhanced to O(€?). For example
for the 6-point amplitude, the O(¢e)-contributions of the pole diagrams cancel against those

of the 6-point contact term, leaving an overall O(e?) soft behavior:

plp S v S

O(e)

J/

The cancellation of the O(e)-contributions requires the coefficients of the 4- and 6-particle
interactions (9¢)* and (9¢)% to be uniquely related. Interestingly we can invert the logic
of this argument. Begin with the most general effective action constructed from the oper-

ators present in the DBI action, but now with a priori independent Wilson coefficients ¢;,

schematically

St ~ / dz [(a¢)2+ %34¢4+ %a%% . (3.4)

Imposing that the amplitudes of this model satsify O(e?) low-energy theorems generates
an infinite set of relations among the ¢;. Up to non-physical ambiguities related to field
redefinitions, the unique solution to these constraints is the DBI action. In that sense, DBI
is the unique leading-order 4d real single-scalar theory with O(€?) low-energy theorems [76].

The cancellation of the O(e)-terms in the DBI amplitudes is a manifestation of a less
obvious symmetry of the action. The broken Lorentz transformations transverse to the brane
induce an enhanced shift symmetry on the brane action of the form ¢ — ¢ + c,2* + ...,
where the “+...” stand for field-dependent terms. A theory with interaction terms built from
scalar fields with at least two derivatives on every field would trivially have the enhanced shift

symmetry that leads to the O(e?) soft behavior, but this is not the case for DBI. Therefore
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DBI is in a class of EFTs that have been described in previous work as ezceptional[76]. This
example illustrates the Lagrangian-based description of what is meant by an exceptional
EFT: a local field theory of massless particles with shift symmetries that lead to an enhanced
soft behavior of the scattering amplitudes beyond what is obvious from simple counting of
derivatives on the fields.!

The on-shell significance of the exceptional EFTs was first described in [35, 37]. It was
shown, for the case of scalar effective field theories, that the class of exceptional EFTs as
defined above coincides precisely with the class of EFTs for which there exists a valid method
of on-shell recursion. On-shell recursion for scattering amplitudes in the form of BCFW
[24, 25] or those based on various types of multi-line shifts [77, 30, 32, 33] have been around
for several years now, but they are often not valid in EFTs. Technically, this is because
higher-derivative interactions tend to give “bad” large-z behavior of the amplitudes under
the complex momentum shifts and as a result there are non-factorizable contributions from
a pole at z = oo. A more physical reason is that in order for a recursive approach to have a
chance, it has to be given information about how higher-point terms are possibly connected
to the lower-point interactions. Standard recursion relations basically only ‘know’ gauge-
invariance, so in the DBI example they have no opportunity to know about any relation
between the couplings of (9¢)* and (9¢)°. So, naturally, a recursive approach to calculate
amplitudes in exceptional EFTs needs to know about the low-energy theorems, since —
as illustrated for DBI — this is what ties the higher-point interactions to the lower-point
ones. This is exactly the additional input introduced to define the soft subtracted recursion
relations presented in [35]; they provide a tool to calculate the leading (and possibly next-to-
leading) order contribution to the S-matrix of an exceptional EFT without explicit reference

to the action.

IThis definition is a little imprecise. In standard usage, an EFT is defined by some physical data including
the spectrum of particles and associated symmetries and corresponds to an effective action with operators at
all orders in the derivative expansion. The defining property of an exceptional EFT however is typically only
valid at leading or next-to-leading order. The equivalent on-shell statement is that the scattering amplitudes
of the EFT are only recursively constructible at the same order in the expansion.
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The existence of valid recursion relations gives us our sought-after on-shell characteriza-
tion of the relation among the Wilson coefficients of Goldstone EFTs. The infinite set of a
priori independent local operators at leading order in the derivative expansion determine the
leading-order part of the S-matrix. For a generic EFT, the presence of independent operators
of valence n corresponds to the appearance of independent coefficients on contact contribu-
tions for amplitudes with n external particles. If the scattering amplitudes are recursively
constructible at a given order, then no such independent coefficients can appear since the
entire amplitude must be determined by factorization into amplitudes with fewer external
particles. Furthermore, the recursion must take as its input a finite set of seed amplitudes
that depend on only a finite number of parameters.

Beyond being an efficient method for calculating explicit scattering amplitudes in known
models, the subtracted recursion relations can be implemented as a numerical algorithm to
explore and classify the landscape of possible EFTs. We term this program the soft bootstrap
due to the structural similarity of the method with the conformal bootstrap [78, 79]. The
method is described in detail in Section 3.3.5, here we give a simplified description. We
consider EFTs as defined by a set of on-shell soft data: a spectrum of massless states,
linearly realized symmetries and low-energy theorems. We use general ansatze for scattering
amplitudes of low valence and low mass dimension, consistent with the assumed spectrum
and linear symmetries, as input for subtracted recursion. If the ansétze satisfy a certain
criterion guaranteeing the validity of the subtracted recursion relations and if the assumed
soft data corresponds to a valid EFT, then the output of the recursion should correspond to
a physical scattering amplitude. Here valid FFT means the existence of the assumed EFT
as a local, unitary, Poincaré invariant quantum field theory.

For tree-level scattering amplitudes this includes the requirement that the only singular-
ities of the amplitude correspond to factorization on a momentum channel. Conversely if
no such valid EFT exists, or equivalently if the assumed soft data is inconsistent, then the

output of the recursion generically will not correspond to a physical scattering amplitude
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and this may be detected through the presence of non-physical or spurious singularities. In
practice, the ansétze are parametrized by a finite number of coefficients, and the removal of
spurious singularities often places constraints on these coefficients.

The soft bootstrap program was initiated in [37], where it was used to explore the land-
scape of real scalar EFTs with vanishing low-energy theorems. The results are reviewed and
extended in Section 3.4. This work should be understood as a continuation and generaliza-
tion of this program, incorporating richer soft data including spinning particles and linearly
realized supersymmetry. In Section 3.1.1 we provide a brief overview of exceptional EFTs
studied in our work before summarizing our main results in Section 3.1.2 that also provides

an outline of this chapter.

3.1.1 Overview of EFTs

In our work, we extend the application of the soft bootstrap from real scalars to any mass-
less helicity-h particle and we derive a precise criterion for the validity of the soft subtracted
recursion relations. By the new validity criterion, the on-shell characterization of an excep-
tional EFT will precisely be that its amplitudes are constructible using soft recursion.

Our work requires a precise definition of the degree of softness of the amplitude. This is

given in Section 3.3.1. For now, let us simply introduce the soft weight o as
An(epr,pa,...) =€ S + O™ as €0, (3.5)

where S\ # (0. Table 3.1.1 summarizes the soft weights for various known cases of sponta-
neous symmetry breaking. The earlier example of DBI corresponds to the case of sponta-
neously broken higher-dimensional Poincaré symmetry; only the breaking of the translational
symmetry actually gives rise to a Goldstone mode [80] and it will have o = 2.

Here follows a brief overview of exceptional EFTs that appear in this paper. We include

the connection between their soft behavior and Lagrangian shift symmetries:
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Soft degree ¢ Spin s Type of symmetry breaking

1 0 Internal symmetry (symmetric coset)

0 0 Internal symmetry (non-symmetric coset)
1 1/2 Supersymmetry

0 0 Conformal symmetry

0 1/2 Superconformal symmetry

2 0 Higher-dimensional Poincaré symmetry
0 0 Higher-dimensional AdS symmetry

3 0 Special Galileon symmetry

Table 3.1:  The table lists soft weights o associated with the soft theorems A, — O(¢7)
as € — 0 for several known cases. The soft limit is taken holomorphically in 4d spinor
helicity, see Section 3.3.1 for a precise definition. Conformal and superconformal breaking is
discussed in Section 3.5.3.

e DBI can be extended to a complex scalar Dirac-Born-Infeld theory and coupled super-
symmetrically to a fermion sector described by the Akulov-Volkov action of Goldsti-
nos from spontaneous breaking of supersymmetry. In extended supersymmetric DBI,
the vector sector is Born-Infeld (BI) theory. The soft weights are o, = 2 for the com-
plex scalars Z of DBI, o, = 1 for the fermions of Akulov-Volkov, and o, = 0 for the BI
photon. The soft behaviors can be associated with shift symmetries 7 — Z +c+v, 2"
and ¢ — 1 + &, where £ is a constant Grassmann-number.? A/ = 1 supersymmetric

Born-Infeld couples the BI vector to the Goldstino of Akulov-Volkov.

e Nonlinear sigma models (NLSM) describe the Goldstone modes of sponteneously
broken internal symmetries and have scalars with constant shift symmetries that give
o = 1 soft weights in the low-energy theorems. A common example of an NLSM
is chiral perturbation theory in which the scalars live in a coset space U(N) X

U(N)/U(N).

The complex scalar CP' NLSM can be supersymmetrized with a fermion sector that
is Nambu-Jona-Lasinio (NJL) model. The complex scalars have shift symmetry

Z — Z + c and oz = 1 while the fermions have no shift symmetry and o, = 0. We

2We leave out field-dependent terms for simplicity when stating the shift symmetries.
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study both the /' = 1 and 2 supersymmetric CP' NLSM.?

e A NLSM can have a non-trivial subleading operator that respects the shift symmetry
and hence also the low-energy theorems with ¢ = 1. This operator is known as the

Wess-Zumino-Witten (WZW) term and has a leading 5-point interaction.

e Galileon scalar EFTs arise in various contexts and have the extended shift symmetry
¢ — ¢+ c+ v,2* that gives low-energy theorems with o = 2. As such they can be
thought of as subleading operators of the DBI action, and are called DBI-Galileons.

They can also be decoupled from DBI (at the cost of having no UV completion).

In 4d there are two independent Galileon operators: the quartic and quintic Galileon.
(By a field redefinition, the cubic Galileon is not independent from the quartic and
quintic.) When decoupled from DBI, the quartic Galileon has an even further enhanced
shift symmetry ¢ — ¢ + ¢+ v,2* + s, x*z” that gives low-energy theorems with soft

weight 0 = 3 and is then called the Special Galileon [37, 40].

e The quartic Galileon has a complex scalar version with oz = 2 (but it cannot have
oz = 3). It has an N = 1 supersymmetrization [81, 60] in which the fermion sector

trivially realizes a constant shift symmetry that gives oy = 1.

e There is evidence [60] that the quintic Galileon may have an N = 1 supersymmetriza-
tion. This involves a complex scalar whose real part is a Galileon with ¢ = 2 and

imaginary part is an R-axion with o = 1.

We now summarize the main results of this chapter.

3.1.2 Outline of Results

In Section 3.2 a brief review is given of the Wilsonian effective action. The notion of the

reduced dimension of an operator is defined and the relevance to power-counting in the

3In Section 3.6.2 we show that the N' = 2 CP! NLSM requires the presence of 3-point interactions and
the soft weight of the scalar is reduced to oz = 0.
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derivative expansion is explained.

In Section 3.3 we present a review and elaboration on the method of soft subtracted re-
cursion. The asymptotic (large-z) behavior of a scattering amplitude under the momentum
deformation is determined using a novel method exploiting the properties of tree amplitudes
of massless particles under complex scale transformations. This result is then used to formu-
late a precise constructibility criterion (3.20) for the applicability of the method. The failure
of an EFT (at some order in the derivative expansion) to satisfy the criterion is shown to
be equivalent to the existence of independent local operators which are “trivially” invari-
ant under an extended shift symmetry. The systematics of the soft bootstrap algorithm for
constraining EFTs is described.

In Section 3.4 several numerical applications of the soft bootstrap are presented. The
landscape of constructible EFTs with simple spectra consisting of a single massless complex
scalar, Weyl fermion, or vector boson is exhaustively explored. In particular, our analysis
shows that there can be no vector Goldstone bosons with vanishing soft theorems. A similar
result follows from an algebraic analysis that appeared around the same time as this paper
82].

In Section 3.5 we describe the interplay between soft behavior and supersymmetry. From
the supersymmetry Ward identities we show that the soft weights of the states in an N =1
multiplet can differ by at most one. Implications for superconformal symmetry breaking and
constraints on low-energy theorems in extended supergravity are presented as examples.

In Section 3.6, we apply recursion to construct the scattering amplitudes of the N’ =1, 2
CP' nonlinear sigma models at leading (two-derivative) order. For the A" = 1 case, it is shown
that recursive constructibility together with the conservation of U(1) charges by the seed
amplitudes implies that (at two-derivative order) all tree amplitudes of this model conserve
an additional accidental U(1) charge. For the N/ = 2 model, recursive constructibility is
non-trivial due to the presence of 3-point interactions and non-vanishing scalar soft limits,

but can be achieved using the supersymmetry Ward identities (see Appendix G). Using this,
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we show that all tree amplitudes satisfy the Ward identities of SU(2)g and conserve an
additional U(1)g under which the vector bosons are charged. (A detailed inductive proof of
the SU(2)r Ward identities is given in Appendix F.) The connection between the existence
of such chiral charges for vector bosons and known results about special Kahler geometry are
described, in particular we highlight the emergence of electric-magnetic duality. Finally, an
explicit form of the singular low-energy theorem for the vector bosons of the N/ = 2 model
is presented.

Section 3.7 contains brief comments on supersymmetrizations of DBI and Born-Infeld.

In Section 3.8 various applications of the soft bootstrap algorithm to Galileon-like models
are presented. Previous results on the N/ = 1 supersymmetrization of the quartic and quintic
Galileon are elaborated upon, in particular the various possible soft weight assignments to
the states in the multiplet are described in detail.

The existence of an extension of the special Galileon with non-trivial couplings to a mass-
less vector is considered and evidence is given in favor of the existence of such a model. The
soft bootstrap algorithm is applied to the problem of classifying higher-derivative correc-
tions to the special Galileon effective action that preserve the low-energy theorem via the
associated on-shell matrix elements. Compatible amplitudes are classified up to couplings of
dimension —12 for quartic interactions and —17 for quintic interactions. These results are
compared with the output of the double-copy in the form of the field theory KLT relations as
applied to chiral perturbation theory. These two constructions are found to agree for quartic
interactions but not for quintic.

In Appendix E many explicit forms of calculated amplitudes for various models considered

in this paper are presented.
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3.2 Structure of the Effective Action

The low-energy dynamics of a physical system can be described by a Wilsonian effective
action containing a set of local quantum fields for each of the on-shell asymptotic states with

all possible local interactions allowed by the assumed symmetries:

C
Seffective - SO + Z ATSM /d4$ O(I’) . (36)
@]

Here Sy denotes the free theory, i.e. the kinetic terms, A is a characteristic scale of the
problem, and co are dimensionless constants. The sum is over all local Lorentz invariant

operators O(x) of the schematic form
O(x) ~ 9"¢(2) ()  F(2)", (3.7)

where A, ..., D are integer exponents. In this paper we focus on EFTs in which the operators
O are manifestly gauge invariant.*

We assign the following quantities to a local operator

e Dimension: A[O] defined as the engineering dimension with bosonic fields of dimension

1 and fermionic fields of dimension 3/2.

e Valence: N[O] defined as the sum of the total number of field operators appearing.

Equivalently, this is the valence of the Feynman vertex derived from such an interaction.

The schematic operator in (3.7) has A[O] = A+ B+ 2C 42D and N[O] = B+ C + D.
In standard EFT lore, operators of lowest dimension dominate in the IR. In many cases

this means the marginal and relevant interactions dominate and the irrelevant interactions

4This need not be the case in more general scenarios (though of course we insist on overall gauge invari-
ance). For example in Yang-Mills theory, the gauge invariant operator tr 2 has a quadratic term which we
group into the free part Sy of the action while the interaction terms would be accounted for in the sum of
all operators O in (3.6). Similarly, for massless spin-2 fields when \/—gR is expanded around flat space.
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are sub-dominant and suppressed by powers of the UV scale A. In other cases, such as
effective field theories describing the dynamics of Goldstone modes, there are only irrelevant
interactions and it may be less clear which operators dominate. It is therefore useful to

introduce the reduced dimension

Nmz%%E% (3.8)

for the operator basis (3.6). Operators that minimize A dominate in the IR.
The authors of [76, 35, 37] consider only scalar EFTs and therefore operators of the form

O ~ 0M¢". They define a quantity

p= =Al0] -1, (3.9)

to determine when two operators of this form produce tree-level diagrams with couplings of
the same mass dimension. Morally p is the same as the reduced dimension A[O]. The latter
is the natural generalization of p to operators containing particles of all spins.

The quantity A is useful for clarifying the notion of what it means for an interaction to
be leading order in an EFT with only irrelevant interactions. In the deep IR, the relative
size of the dimensionless Wilson coefficients in the effective action is unimportant since lower
dimension operators will always dominate over higher dimension operators. It is therefore
only necessary to isolate the contributions that are leading in a power series expansion of
the amplitudes in the inverse UV cutoff scale A~!. The dominant interactions in the deep IR
are generated by operators that minimize this quantity. As an illustrative example, consider

an effective action for scalars with interaction terms of the form
Setective D | diz [ Lot + Botgd (3.10)
effective A4 AB . .
The reduced dimensions A are 2 and 5 /3 for the quartic and quintic interactions respectively.
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The quintic interaction should therefore dominate over the quartic in the deep IR. To see
this explicitly we have to compare amplitudes with the same number of external states, so
we compare the contributions from tree-level Feynman diagrams to the 8-point amplitude:

1 1
A2 AT0

~

This confirms that the diagrams arising from the quintic interaction dominate the 8-point
amplitude.

It is useful to introduce the notion of fundamental interactions (or fundamental operators)
in an EFT. These are the lowest dimension operator(s) whose on-shell matrix elements can
be recursed to define all matrix elements of the theory at leading order in the low-energy
expansion.

Consider the DBI action. The leading interaction comes from an operator of the form
%84& and as discussed in the introduction, with the associated 4-point amplitude as in-
put, all other n-point amplitudes in DBI can be constructed with soft subtracted recursion
relations. If the action had contained an interaction term of the form £59°¢*, then ;9%¢*
would not be sufficient to determine dominating contributions at n-point order, i.e. both
interactions would need to be considered fundamental for soft recursion.

The operators immediately subleading to DBI in the brane-effective action are encoded
in the DBI-Galileon. In 4d, there are two such independent couplings,® namely for a quartic
interaction of the schematic form %8%&4 and a quintic interaction of the form %a%i
these both have A = 3 whereas DBI has A = 2. Thus the DBI-Galileon has a total of
three fundamental operators: the 4-point DBI interaction and the 4- and 5-point Galileon

interactions.

5The cubic Galileon interaction is equivalent to a particular linear combination of the quartic and quintic
Galileon after a field redefinition.
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3.3 Subtracted Recursion Relations

We review on-shell subtracted recursion relations for scattering amplitudes of Goldstone

modes [83, 76, 35, 37, 84] and derive a new precise criterion for their validity.

3.3.1 Holomorphic Soft Limits and Low-Energy Theorems

We rely on the 4d spinor helicity formalism (for reviews, see [85, 86, 87, 88]) in which a
massless on-shell momentum is written p = —|p)[p|. This presents an ambiguity in how
to take the soft limit (3.2): it could for example be taken democratically as {|p),|p]} —
{€'/2|p), €'/2|p]}, holomorphically {|p), [p]} — {€|p), |p]}, or anti-holomorphically {|p), |p]} —
{|p), €|p]}. These are all equivalent choices, because the momentum p is invariant under little

group scaling {|p), |p]} — {t|p),t '|p]}. Amplitudes scale homogeneously under the little

group,
A (00, 1103 - L) 7 il ) = 6722 A (0, 1Y ) Jild - ) (3.11)

so the choice of soft limit is simply reflected in a helicity-dependent overall scaling factor. We
choose to minimize the power of € in the soft limit by letting the choice depend on the sign
of the helicity of the particle: specfically, we take pgofy — € psofy = —€|$)[s| holomorphically

for any state with non-negative helicity:®
|s) — €|s) for hgy > 0. (3.12)

For a negative-helicity particle, we use the anti-holomorphic prescription |s] — €|s]. For

scalars, it makes no difference which choice is made.

6Taking the soft limit as simply as in (3.12) is not compatible with overall momentum conservation.
To stay on the algebraic locus of momentum conservation in momentum space, we take the limit with
appropriate shifts in a subset of the n — 1 other momentum variables. The precise prescription can be found
in equation (6) of [89]. The details will not affect the main line of the discussion in this paper, but we note
that all calculations are done manifestly on-shell, including the soft limits.
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We characterize the soft behavior of amplitudes of massless particles in terms of a holo-
morphic soft weight o (or, for brevity, just soft weight). It is defined in terms of the holo-

morphic soft limit (3.12) as
A (11,110} - Aels), 8]} 4 ... ) =2 S + O(e7™) as e — 0, (3.13)

where S\ # 0. This way of taking the soft limit is closely correlated with the shifts

introduced for the soft subtracted recursion relations in the following.

3.3.2 Review of Soft Subtracted Recursion Relations

We consider complex momentum deformations of the form

i=1
The label © = 1,2,...,n runs over the n massless particles in the scattering amplitude. The

shifted momenta p; are on-shell by virtue of p? = 0 and satisfy momentum conservation
when the shift coefficients a; satisfy the condition in (3.14). (We discuss the solutions to
this condition in Section 3.3.5.) When evaluated on the shifted momenta p;, an n-point
amplitude becomes a function of z and we write it as A, ().

The subtracted recursion relations for an n-point tree-level amplitude A,, are derived from

the Cauchy integral

dz A, (2) B
7{7 Fe =0, (3.15)

where the contour surrounds all the poles at finite z and the function F' is defined as

F(z) = H(1 — ;2)% . (3.16)

The vanishing of the integral in (3.15) requires absence of a simple pole at z = co. We derive
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a sufficient criterion for this behavior in Section 3.3.3.
The shift (3.14) is implemented on the spinor helicity variables according to the sign of
the helicity h; of particle ¢ as
h; > 0: i) = (1 —a;2)|i), |i] — i,
(3.17)
h; <0: i) — i), li] = (1 —a;2)|i].

The limit z — 1/a; is then precisely the soft limit p; — 0 of the ith particle in the de-
formed amplitude. Hence, if the amplitude satisfies low-energy theorems of the form (3.13)
with weights o; for each particle i, the integral (3.15) will not pick up any non-zero residues
from poles arising from the function F' when it is chosen as in (3.16). Therefore the only
simple poles in (3.15) arise from z = 0 and factorization channels in the deformed tree am-
plitude. They occur where internal momenta go on-shell, p12 = 0. The residue theorem then
states that the residue at z = 0 equals minus the sum of all such residues, and factorization

on these poles gives

(3.18)

. (1) AD (*
a A0 =Y Yy ALCDAE
1 =+

(D) F<Z (1_21/21)

The sums are over all factorization channels I, the two solutions 27 to P? = 0, and all possible
particle types [¢(V)) that can be exchanged in channel I. These recursion relations are called
soft subtracted recursion relations. When F = 1, the recursion is called unsubtracted.

The expression for the solutions zf to the quadratic equation ﬁ’f = 0 involves square
roots, but those must cancel since the tree amplitude is a rational function of the kinematic
variables. On channels where the amplitude factorizes into two local lower-point amplitudes
(meaning that they have no poles), the cancellations of the square roots can be made man-
ifest. This is done by a second application of Cauchy’s theorem, which for each channel I
converts the sum of residues at z = z7 to the sum of the residues at z = 0 and z = 1/a; for

all 7. Details are provided in Appendix D, here we simply state the result: if A(LI) and Ag)
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are local for all factorization channels, the soft recursion relations take the form

AP AR ©0) | 5~ gAY (AR ()

A= ( = +Zief o ) (3.19)
I |yD) I i=1*"q

This form of the recursion relations is manifestly rational in the kinematic variables, and we

will be using (3.19) for the applications in this paper. Note that only the first term in (3.19)

has pole terms. Therefore the sum of the 1/a; residues over all channels must be a local

polynomial in the momenta.

3.3.3 Validity Criterion

The purpose of including F'(z) in (3.15) is to improve the large-z behavior of the integrand
so that one can avoid a pole at z = oo. This is necessary in EFTs, where the large-z behavior
of the amplitude typically does not allow for unsubtracted recursion relations with F'(z) = 1
to be valid without a boundary term from z = co. A sufficient condition for absence of a
simple pole at infinity is that the deformed amplitude vanishes as z — oo. Below we show
that for a theory with a single fundamental interaction (see Section 3.2) of valence v and
coupling of mass-dimension [g,] the criterion for validity of the subtracted recursion relations

18

4—n—":§[gv]—Zsz-—Zw<0- (3.20)

Here s; is the spin (not helicity) of particle ¢ and o; is its soft behavior (3.13). Alternatively,
one can write the constructibility criterion in terms of the reduced dimension A, introduced

in (3.8), as

4—n+n-2A=-> 5-Y 0,<0. (3.21)
=1 =1

The criterion generalizes to theories with more than one fundamental coupling by re-

n—2
v—2

placing [g0] in (3.20) by the sum over all couplings contributing to the diagrammatic

expansion of the amplitude in question; the precise criterion is given in (3.29).
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Proof of the criterion (3.20). To avoid a pole at infinity in the Cauchy integral (3.15), it
is sufficient to require A, (z)/F(z) — 0 as z — oo. To start with, we determine the large-z
behavior of the deformed amplitude fin(z) Generically, in a theory of massless particles

with couplings g, a tree-level amplitude takes the form

A, = Z (1;[9,?’*>Mj, (3.22)

where [, g,?jk is a product of coupling constants and M is a function of spinor brackets
only. Since there can be no other dimensionful quantities entering M;, the mass dimension

[M;] can be determined via a homogenous scaling of all spinors:
i)y = A2y and i) = AVl = M; — Mg (3.23)
The mass dimension is also fixed by simple dimensional analysis to be

[Mj]=4—n—> nulgl, (3.24)

since an n-point scattering amplitude in 4d has to have mass-dimension 4 — n.
It is useful to consider a modified scale transformation defined as
hi > 0: |2) = Ale), i =[],

(3.25)
hi < 0: iy — i), | — Ali].

The effect of this scaling can be obtained from the uniform scaling (3.23) via a little group
transformation (3.11) on all momenta with ¢t = A2, Therefore under (3.25), M, scales as
M; — AMGI=2isi M, - where s, is the spin (not helicity) of particle i.

For the case of a theory with a single fundamental interaction of valence v with coupling
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Jv, the number of couplings appearing in an n-point amplitude is ZT_S, and therefore we have

-2
A, = AP A, , D:4—n—z_2[gv]—23i (3.26)

7

under the modified scale transformation (3.25).

Under the momentum shift (3.17), the deformed tree amplitude A, (z) can be written

~

An(2) = A (o A0 = a2l i} {1 (1= a2)]3])-)
= Ao {21z = a)li i Al 212 = ap)l])-) (3.27)
2P Ao (o A1)z = @l ilYe 15 (12 = a)li])-)

where the subscripts & refer to the sign of the helicity of each particle. In the last line we
used the behavior (3.26) under the modified scaling (3.25).

At large z, the amplitude in the last line of (3.27) is the original unshifted amplitude
evaluated at a momentum configuration with ¢; = —a;p;. These momenta are all on-shell
and satisfy, via (3.14), momentum conservation. The only way the tree amplitude could
have a singularity at this momentum configuration would be if an internal line went on-shell.
This can always be avoided for generic momenta.” Thus we conclude from (3.27) that for

large z, the deformed amplitude behaves as

An(z) = 2Y  with N <D, (3.28)

where D is given in (3.26). The inequality allows for the possibility that A4, could have a
zero at q; = —a;p;.
Our mission was to find a criterion for A,(z)/F(z) = 0 as z — co. By the definition

(3.16), we have F(z) — 227 for large z. From our analysis of the large-z behavior of A, (2),

"The condition (3.14) has a trivial solution with all a; equal. Therefore any solution to (3.14) can be
shifted uniformly a; — a;+a for any real number a. Hence, we can always avoid the discrete set of momentum
configurations for which an internal line in A,, goes on-shell.
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we can therefore conclude that, at worst, A,(z)/F(z) — zP~Z:%  The sufficient criterion
for absence of a pole at infinity, and hence for validity of the subtracted recursion relation,
is then D — ). 0; < 0. This is precisely the condition (3.20). This concludes the proof.

It is straightforward to generalize the constructibility criterion to EFTs with more than

one fundamental interaction,

4—n—minj<ank[gk]> —isi—iai<0. (3.29)

i=1 i=1

Recall that in effective field theories, the couplings have negative mass-dimension. This
means that the constructibility criterion tends to be dominated by the fundamental inter-
actions associated with operators of the highest mass-dimension that can contribute to the

n-point amplitude.

Example 1. Let us once again return to the example of DBI. The action has a fundamental
quartic vertex g4(9¢)* with a coupling of mass-dimension [g;] = —4. The constructibility
criterion (3.20) for the n-scalar amplitude is n(1 — og) < 0, where og is the soft behavior
of the scalar ¢. Since gg = 2 in DBI, all DBI tree amplitudes are constructible via the
subtracted soft recursion relations, as claimed in the introduction.

The failure of the constructibility criterion for og = 1 is simply the statement that an EF'T
whose interactions are built from powers of (9¢)? trivially has a constant shift symmetry
and hence og = 1, so there are no constraints from shift symmetry on the coefficients of
(0¢)?* in terms of that of (9¢)* and then one has no chance of recursing A, to get all-point

amplitudes.

Example 2. Consider a theory of massless fermions with quartic coupling of mass dimen-
sion [g4] = —2. The criterion (3.20) says that the n-fermion amplitudes are constructible
when 4 < n(1+ 20,). Thus all n > 4 point tree-amplitudes are constructible by (3.18) for

any soft weight o, > 0. No such theory exists for o, > 0 (as we prove in Section 3.4.2),
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but for o, = 0 this is exactly the Nambu-Jona-Lasinio (NJL) model, which consists of the

simple 4-fermion interaction ¥21? [90].

3.3.4 Non-Constructibility = Triviality

We have derived a constructibility criterion, but what does it mean? The answer is quite
simple: if an n-point amplitude can be constructed recursively from lower-point on-shell
amplitudes, there cannot exist a local gauge-invariant n-field operator that contributes to
the amplitude without modifying its soft behavior. We define a trivial operator to be one
with at least 4 fields whose matrix elements manifestly have a given soft weight o. Let us

now assess what it takes to make an operator of scalar, fermion, and vector fields trivial.

Triviality. Scalars: Operators with at least m derivatives on each scalar field will trivially
have single-soft scalar limits with og = m.

Fermions: We have chosen the soft limit (3.12) according to the helicity such that the fermion
wave-functions do not generate any soft factors of . Thus a trivial soft behavior must come
from derivatives on each fermion field in the Lagrangian. We conclude that the trivial soft
behavior o = smallest number of derivatives on each fermion field.

Photons: Gauge invariance tells us that we should construct the interaction terms using the
field strength F),,.% When associated with an external photon, the Feynman rule for £,
gives p,€, — py€,. Naively, it may seem to be linear in the soft momentum, but under the
holomorphic soft shift (3.17) it is actually O(e”). Recall that in spinor helicity formalism, a
positive helicity vector polarization takes the form €52 = €% = |¢)%[p|"/(pq), where ¢ is a

reference spinor. Hence, for a positive helicity photon we have

(Fo)a = (0") Fy — (0™) o (Dptsn — Posn) ~ [Plalple ’qf;gj’ bl (3.30)

80r covariant derivatives D,, = Ou +1igA,. In this paper, we focus on scalars and fermions that do not
transform under any gauge-U (1), therefore photons must couple via F,,,.
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This is explicitly independent of the reference spinor ¢ because F},, is gauge invariant. For
a positive helicity particle, we take the soft limit holomorphically as |[p) — e€|p) (while
Ip] = |p]), so we explicitly see that F,, — [p][p| is O(e°) when p is taken soft. Likewise, for
a negative helicity photon, (F_)% — |p)(p|. We conclude that an operator with photons has
trivial soft behavior that is determined by the smallest number of derivatives on each field
strength F),,. In an EFT where photon interactions are built only from the field strengths,
the matrix elements are O(1) when a photon is taken soft. This, for example, is exactly the

case for Born-Infeld theory in which the photons have ¢ = 0.

Constructibility. Suppose we study an n-particle amplitude with n, scalars, n; fermions,
and n., photons in an EFT whose fundamental v-particle interactions all have couplings of
the same mass-dimension [g,]. The criterion (3.20) for constructibility via subtracted soft

recursion relations can be written as

1
4—n—nylg,] — §nf—n7—nsas —nyoy —nyoy, <0, (3.31)

where n, = (n — 2)/(v — 2) is the number of vertices needed at n-point.

Non-constructibility = Triviality. Let us assess if there can be a local contact term
for an n-particle amplitude with n, scalars, ny fermions, and n., photons and soft behaviors
os, 0y, and o, respectively. As discussed above, a contact term that has such trivial soft
behavior takes the form

9 (076) -+ (7°0) (9710) -+ (977 0) (9 F) -+~ (97" F) (3.32)

(. J/ J/
-~ -~ -~

ns nf Ny

74



(for brevity we have not distinguished 1 and ). In 4d, the mass-dimension of the coupling

gn 1s easily computed as

[92) =4 = (ns + nyo,) — (3ngp +nygop) — (20, + ny0,) . (3.33)

Using n = ng + ny + n,, we can rewrite this as

1
4—n—lg] - ot T My T MsTs T O T Ny Oy = 0. (3.34)

Compare this with (3.31); we note that the constructibility criterion is simply that n,[g,] >
[gn], or maybe more intuitively, that g, has more negative mass-dimension than n, g,-
vertices. So, when constructibility holds, the n-particle amplitude constructed from the n,
v-valent vertices cannot be influenced by a contact term that trivially has the soft behavior:
such a contact term would be too high order in the EFT due to all the derivatives needed
to trivialize the soft behavior. That of course makes sense; were there such an independent
local contact term, it could be added to the result of recursion with any coefficient without
changing any of the properties of the amplitude. Hence recursion cannot possibly work in
that case. (This is analogous to the example in [85, 86] for constructibility in scalar-QED
via BCFW; the difference here is that the subtracted soft recursion relations “know” about
the soft behavior in addition to gauge-invariance.)

The argument is easily extended to the case where the theory has fundamental vertices
of different valences and mass-dimensions. We conclude that the constructibility criterion
(3.20) is equivalent to the non-existence of local n-particle operators with couplings of the

same mass-dimension and trivial soft behavior: Non-constructibility = Triviality.

3.3.5 Implementation of the Subtracted Recursion Relations

Here we present details relevant for the practical implementation of the soft subtracted

recursion relations.
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Solving the shift constraints. Conservation of the momentum for the shifted momenta

pi (3.14) requires the shift variables a; to satisfy

> aipl =0. (3.35)

In 4d, the LHS can be viewed as a 4 x n matrix p!' of rank 4 (if n > 5) multiplying a
n-component vector a;. Hence the valid choices of parameters a; form a vector space given
by the kernel of the matrix p’. For n > 5 any subset of four momenta are generically linearly
independent, so the p/-matrix has full rank. By the rank-nullity theorem, the dimension of
the kernel is therefore n — 4. However, there is always a trivial solution which consists of all
a;’s equal, hence non-trivial solutions to (3.35) exist only when n > 6.

Practically, the linear system of equations is solved by dotting in p;, i.e. we have
Zsﬂaizo for j=1,2,...,n. (3.36)

The symmetric n x n-matrix with entries s;; has rank 4, so the linear system (3.36) can be

solved for say aq, as, az, and a4 in terms of the n — 4 other a;’s.

Soft bootstrap. Subtracted recursion relations can be used to calculate tree amplitudes
in EFTs of Goldstone modes in theories we already know well, such as DBI, Akulov-Volkov
etc. However, the soft subtracted recursion relations can also be used as a tool to classify
and assess the existence of exceptional EFTs with a given spectrum of massless particles and
low-energy theorems with given weights o.

The approach to the classification of special EFTs is as follows:
(1) Model input: the spectrum of massless particles and the coupling dimensions of the
fundamental interactions in the model.
(2) Symmetry assumptions: the n-particle amplitudes have soft behavior with weight o;

for the 7th particle.
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If the constructibility criterion (3.20) is not satisfied, the assumptions (1) and (2) are trivially
satisfied and we cannot constrain the couplings in the EFTs; it is not exceptional.

If the constructibility criterion (3.20) s satisfied for input (1) and (2), one can use the soft
subtracted recursion relations to test whether a theory can exist with the above assumptions.
One proceeds as follows.

The fundamental vertices give rise to local amplitudes which must be polynomials® in
the spinor helicity brackets, and it is simple to construct the most general such ansatz for
the local input amplitudes. One can further restrict this ansatz by imposing on it the
soft behaviors associated with the assumed symmetries. The result of recursing this input
from the fundamental vertices is supposed to be a physical amplitude and therefore it must
necessarily be independent of the n — 4 parameters a; that are unfixed by (3.35). If that is
not the case for any ansatz of the fundamental input amplitudes (vertices), we learn that
there cannot exist a theory with the properties (1) and (2) above. On the other hand, an
a;-independent result is evidence (but not proof) of the existence of such a theory. It may
well be that a;-independence requires some of the free parameters in the input amplitudes
to be fixed in certain ways and this can teach us important lessons about the underlying
theory. The test of a;-independence can be done efficiently numerically, and this way one
can scan through theory-space to test which symmetries are compatible with a given model
input.

Additionally, one can impose further constraints from unbroken global symmetries, for
example, one can restrict the input from the fundamental amplitudes by imposing the su-

persymmetry Ward identities. We shall see examples of this in later sections.

4d and 3d consistency checks. There is a subtlety that must be addressed for n = 6.
In this case, the solution space is 2-dimensional, but one solution is the trivial one with all

a; equal. Furthermore, one can rescale all a;. This means that if the recursed result for the

9This is true at 4-point and higher; for 3-point, massless particle amplitudes are uniquely fixed by the
little group scaling.
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amplitude depends on the a; only through ratios of the form

(a; — aj)
—(ak ") (3.37)

it will appear to be a;-independent numerically, but the result will nonetheless have spurious
poles. To detect this problem numerically, we dimensionally reduce the recursed result to
3d.1% Then the space of solutions to (3.35) is (n — 3)-dimensional, so there are non-trivial
solutions and a numerical 3d test will reveal dependence on ratios such as (3.37) for n = 6.

We refer to the consistency checks of a;-independence as 4d and 3d consistency checks,
respectively, or simply as n-point tests when applied to construction of n-point amplitudes.
In this paper, we use 6-, 7- and 8-point tests. In Section 3.4, we present an overview of the

resulting space of exceptional pure real and complex scalar, fermion, and vector EFTs.

Special requirements for non-trivial 5-point interactions. Consider 5-particle inter-
actions which are non-trivial with respect to a given soft behavior. This could for example
be the Wess-Zumino-Witten (WZW) term, which with 4 derivatives on 5 scalars has a non-
trivial ¢ = 1 soft behavior. Or the 5-point Galileon, which with 8 derivatives on 5 scalars
has a non-trivial ¢ = 2. Constructibility tells us that one must be able to calculate such

5-point amplitudes from soft recursion relations via factorization, i.e.

Ay =S A (3.38)

However, there are no 3-point amplitudes available that could possibly make this work. The
reason is that the only 3-scalar interaction with a non-zero on-shell amplitude is ¢*, which
gives rise to amplitudes with ¢ = —1 [89]. So we appear to have a contradiction: the con-
structibility criterion tells us that these 5-particle amplitudes are recursively constructible,

but it is obviously impossible to construct them from lower-point input.

10 The dimensional reduction from 4d to 3d is carried out by simply replacing all square spinors by angle
spinors.
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What goes wrong is that at 5-points, there are no non-trivial choices of the a; parameters
that give valid recursion relations in 4d. So we have to go to 3d kinematics to resolve this
issue. The above contradiction persists in 3d, so the only resolution is that these non-trivial
constructible 5-point amplitudes must vanish in 3d kinematics.

Indeed they do: for WZW term and the quintic Galileon, the 5-point matrix elements
are

AN = g5 ol PSSP, A5 = b (ot PiTEPT) (3.39)

The Levi-Civita contraction makes it manifest that these amplitudes vanish in 3d.
We conclude that any non-trivial (in the sense of soft behavior) 5-particle interaction
must vanish in 3d. Thus, it is no coincidence that the WZW and quintic Galileon 5-point

amplitudes are proportional to Levi-Civita contractions.

3.4 Soft Bootstrap

We now turn to examples of how the soft recursion relations can be used to examine the
existence of exceptional EFTs. The landscape of real scalar theories was previously studied
in [76, 33, 35, 37]. We outline it briefly below for completeness, but otherwise focus on new
results, in particular for complex scalars, fermions, and vectors. This section considers only
theories with one kind of massless particle. One can of course also couple scalars, fermions,

and vectors in EFTs, and this is discussed in Sections 3.6, 3.7, and 3.8.

3.4.1 Pure Scalar EFTs

Consider an EFT with a single real scalar field ¢. There can only be non-vanishing 3-point
amplitudes in ¢3-theory and this gives amplitudes with soft weight ¢ = —1. Focusing on
EFTs with soft weights ¢ > 0, the lowest-point amplitude is 4-point.

The on-shell factorization diagrams that contribute in the recursion relations (3.19) for

Ag(152434544546,) are composed of a product of two 4-point amplitudes, for example the
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123-channel diagram is

By =

_p P AL(0)Ag(0) : Ap(2)Ag(2)
A0 _ ¢ ¢ + ) Res,_1 —————
¢ Py 121 Sl 2 F(z)

where A, = Ay(142434 — Py) and Ag = A4(P,445464)."" One sums over the 10 indepen-
dent permutations corresponding to the 10 distinct factorization channels.!?

For complex scalars, we assume that the input 4-point amplitudes are of the form
A4(17253745);' one can also consider more general input but it would not be compatible
with supersymmetry, so in the present paper we do not discuss such options. At 6-point,
there is only one type of amplitude that can arise from such 4-point input via recursion, and
that is Ag(172;324;576;). The 123-channel diagram is

1z 42

Aél??)) _ 22 —PZ PZ 52 (340)

3z 6

To get the full amplitude, one must sum over all factorization channels:
As(152537455,65) = (Ag123> 2ol 2o 6)) L (15 +(3o5).  (341)

In the following we consider real and complex scalar theories with 4- and 5-point fundamental

vertices.

1'The momenta in the hatted amplitudes are shifted; for simplicity, we do not write the hats on the
momentum variables explicitly. Note that in particular P4 should really be understood as P¢ with ]54% =0.

12\We do not consider color-ordering in this section. With color-ordering, one only includes the factorization
diagrams from cyclic permutations of the external lines.

13There is no color-ordering implied in any of the amplitudes here. We simply alternate Z and Z states as
odd/even numbered momentum lines. In later sections, other helicity states are grouped similarly, in partic-
ular for supersymmetric cases, states that belong to the positive helicity sector sit on odd-numbered lines and
negative helicity sector states on even-numbered lines. This is convenient for the practical implementation
but should not be misunderstood as an indication of color-ordering.
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Assumed value for o
m  —[g] Ainsatz(1¢2¢3¢4¢) 0 1 2 3 4
0 0 g ¢*-theoroy F F F F
1 2 0 - F F F F
2 4 g(ss+t?+u?) - - DBI F F
3 6 g stu - - Galy Spec.Gal, F
4 8 g(st+tt+ut) — - - F F

Table 3.2: Ansatz for fundamental interactions corresponding to a schematic operator of the
form g 9°™¢* and the results of the recrsion test for different values of the soft degree o.

Fundamental 4-point Interactions

Consider a theory of a single real scalar with fundamental 4-point interactions. We pa-
rameterize A3 as the most general polynomial in the Mandelstam variables s, ¢, u (with
s+t +u = 0) and full Bose symmetry. We subject the recursed result for Ag to the test of
a;-independence, as described in Section 3.3.5. The results of the test for different values of
the soft degree o are shown in Table 3.2.

In the table, we list the coupling dimension [g] of the fundamental quartic couplings along
with the most general ansatz for the corresponding 4-point amplitude. The dash, — indicates
that the constructibility criterion (3.20) fails; this means “triviality” in the sense described
in Section 3.3.4). “F” indicates that the soft recursion fails to give an a;-independent result,
and hence no such theory can exist with the given assumptions. When a case passes the
6-point test, we are able to uniquely identify which theory it is. In the above table, the
non-trivial theories that pass the 6-point test are: ¢*-theory, DBI, and the quartic Galileon.
The latter automatically has o = 3 (which is called the Special Galileon) and passes 6-point
test for both ¢ =2 and o = 3.

The analysis for complex scalars proceeds similarly and the results are summarized in
Table 3.3. The non-trivial theories are |Z|*-theory, the CP' NLSM (which is studied in
further detail in Section 3.6), and the complex scalar versions of DBI and the quartic Galileon.
Note that there does not exist a complex scalar version of the Special Galileon with o = 3.

The results for the 6-point amplitudes of each of the theories with ¢ > 0 can be found in
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Assumed value for o
m —[g] Awstz(1,9.3,4,) 0 1 2 3
0 0 g | Z|*-theoroy F F F
1 2 gt —~ CP' NLSM F F
2 4 gt? + g'su — - ¢ =0 complex DBI F
3 6  gt3+ g'stu - - g =0 complex Gal, F
4 8 gtt+ gstPu+ g"s*u? —~ —~ —~ F

Table 3.3: Ansatz for fundamental interactions corresponding to a schematic operator of the
form g 0*™Z*Z? and the results of the recrsion test for different values of the soft degree o.

Appendix E.

Fundamental 5-point Interactions

At 5-point, the input amplitudes are constructed as polynomials of Mandelstam variables
s;; and Levi-Civita contractions of momenta. They must obey (1) momentum conservation,
(2) Bose symmetry, and (3) assumed soft behavior o. In many cases, these constraints on
the 5-point input amplitudes are sufficient to rule out such theories (assuming no other
interactions) without even applying soft recursion.

As discussed at the end of Section 3.3.5, non-trivial 5-point amplitudes must vanish in
3d kinematics, so they are naturally written using the Levi-Civita tensor, as in the two cases
of WZW and the quintic Galileon (3.39).

We can summarize the results in the following:

e 1 real scalar. There are only two non-trivial theories based on a fundamental 5-point
interaction, namely ¢°-theory, which has [g5] = —1 and o = 0, and the quintic Galileon,

which has [g5] = —9 and ¢ = 2.

e 1 complex scalar. We assume input amplitudes of the form A5(1,2;3,4;57). Two
cases pass the 8-point test: The quintic g5(Z3Z2 + Z?Z3)-theory with [g5] = —1 has

oz = 0. The complex-scalar version of the quintic Galileon with [g5] = —9 and 0, = 2.
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The 5-point amplitude is

As(1222374757) = g5(€upodi D515DT)% (3.42)

same as for the real-scalar quintic Galileon. The fact that it passes the 8-point test
is somewhat trivial: because of the two explicit factors of momentum for 4 out of 5
particles, the residues at 1/a; vanish identically for each factorization channel. The
same is true for the real Galileon, so the 8-point test is not really effective as an

indicator of whether such a theory may exist.

Suppose the putative complex-scalar quintic Galileon is coupled to the complex scalar
DBI. Then we can conduct a 7-point test based on factorization into a quantic Galileon
and a quartic DBI subamplitude. The test of a;-independence requires the coupling
constant gs to vanish. This means that the DBI-Galileon with a complex scalar cannot

have a 5-point interaction.

At [g5] = =9, there is a 6-parameter family of 5-point amplitudes with o, = 1. The
EFT with such amplitudes is generally non-constructible. However, a 1-parameter sub-
family is compatible with the constraints of supersymmetry. As discussed in [60] and
further in Section 3.8.1 this may be a candidate for a supersymmetric quintic Galileon

with a limited sector of constructible amplitudes.

3.4.2 Pure Fermion EFTs

Let us now consider EFTs with only fermions and fundamental interactions of the form

0*™)%)%. This is not the only choice, but it is the option compatible with supersymmetry.

Moreover, we have found that couplings of “helicity violating” 4-point interactions in the

fermion sector must vanish by the 6-point test in all pure-fermion cases we tested. The

calculations proceed much the same way as for scalars, except that one must be more careful

with signs when inserting fermionic states on the internal line. The diagrams needed for the
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Assumed value for o
m —lg) AT(1,2:3,45) = 2O)[13]x | 0 1 2 3
0 2 g NJL F F F
1 4 gt ~ AV F F
2 6 gt’+g'su - - F F
3 8  gt3+ g'stu - - g=0new F

Table 3.4: Ansatz for fundamental interactions corresponding to a schematic operator of the
form g 9?™%? and the results of the recrsion test for different values of the soft degree o.
recursive calculation of the 6-fermion amplitude Ag(1; 2, 37 45, 6,) are just like those in

the scalar case (3.40), but now the permutations have to be taken with a sign:
As(15 253545575 6;) = (Ag123> (155 -Be 5)) (20 4) —(2¢6).  (3.43)

The input 4-point amplitudes A4(1;, 2, 3] 4;) are fixed by little group scaling to be
(24)[13] times a Mandelstam polynomial of degree m that must be symmetric under s <> u
to ensure Fermi antisymmetry for identical fermions. The most general input amplitudes
for low values of m are summarized in Table 3.4 that also shows the result of the recursive
6-point test.

We comment briefly on these results:

e The NJL model has the fundamental 4-fermion interaction 1/%¢> and the result of
recursing it to 6-point is given in Appendix E.1. The relevance of this model will for

our purposes be as part of the supersymmetrization of the NLSM (see Section 3.6).

o Akulov-Volkov theory of Goldstinos is the only non-trivial EF'T with coupling of
mass-dimension —4. The Goldstinos in this theory have low-energy theorems with

o = 1. The 6-fermion amplitude is given in (E.14) in Appendix E.2.

e There are no constructible purely fermionic EFTs with fundamental quartic coupling
[g4] = —6. Nonetheless, as was shown in [60], the quartic Galileon has a supersym-

metrization with a 4-fermion fundamental interaction, however, the fermion has o = 1,
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so the all-fermion amplitudes in that theory are not constructible by soft recursion: one
needs additional input from supersymmetry. We refer the reader to [60] and present

some further details in Section 3.8.1.

e For [g] = —8 and 0 = 2, the 6-point numerical test is passed in 4d kinematics with-
out constraints on ¢ and ¢’; that is because the recursed result depends only on ra-
tios (3.37). When the 3d consistency check is employed, we learn that we must set
g = 0 to ensure a;-independence. (This is not a strong test since the particular form
of the interaction, stu, ensures that all 1/a;-poles cancel in each factorization indi-
vidual diagram.) Hence, the theory that passes the 6-point test with ¢ = 2 has
As(1y,25,3y,4;5) = ¢'(24)[13]stu. The subtracted recursion relations fail at n > 6,
which means that at 8-point and higher, this model is not uniquely determined by
its symmetries. The Lagrangian construction of this theory has been studied as a

fermionic generalization of the scalar Galileon [91].

3.4.3 Pure Vector EFTs

Pure abelian vector EFTs consist of interaction terms built from F}, -contractions, possibly
dressed with extra derivatives. In 4d, the Cayley-Hamilton relations imply that theories
built from just field strengths F},, can be constructed from two types of index-contractions,

namely (see for example [92])

1 1 -
f = _ZFHVFHV and g = _ZFHVFIJV7 (344)

where F* = %e’“’f"’F »o- If one assumes parity, the Lagrangian can only contain even powers

of g. One can then write an ansatz for the Lagrangian as

b b b b
£:f+A—1f2+A—ig2+A—?;f3+A—48fg2+... (3.45)
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As established in Section 3.3.4, a model with photon interactions built of F),, -contractions
only have soft behavior ¢ = 0. The simplest 4-photon interactions may naively look like
the vector equivalent of the constructible ¢* scalar EFT. However, that is not the case. For
the scalar, the 6-particle operator %gb(i is subleading to the pole contributions with two ¢*-
vertices. However, for photons the pole terms with two ﬁF 4 vertices are exactly the same
order as %F 6. Therefore amplitudes in a theory with F™ interactions and o = 0 are non-
constructible, in other words it is trivial to have ¢ = 0 for any choice of coefficients b;. One
may ask if it is possible to choose the parameters b; in (3.45) such that the amplitudes have
enhanced soft behavior ¢ > 0. The 6-point soft recursive test shows that this is impossible,
i.e. no models exist with Lagrangians of the form (3.45) and o > 0.

Nonetheless, the class of theories with pure F™ interactions do include one particularly
interesting case, namely Born-Infeld (BI) theory. The BI Lagrangian can be written in 4d

as

Lp = A* (1 — \/— det (77;w + FW/AQ)) . (3.46)

Upon expansion, the Lagrangian will take the form (3.45) with some particular coefficients b;.
As noted, these particular coefficients do not change the single-soft behavior of amplitudes,
the BI photon also has 0 = 0. Nonetheless, BI theory does have the distinguishing feature of
being the vector part of a supersymmetric EFT. In particular, AV = 1 supersymmetric Born-
Infeld theory couples the BI vector to a Goldstino mode whose self-interactions are described
by the Akulov-Volkov action. One can also view Born-Infeld as the vector part of the N' = 2
or N' = 4 supersymmetrization of DBIL. It was argued recently [92] that supersymmetry
ensures Bl amplitudes to vanish in certain multi-soft limits. Based on that, the BI amplitudes
can be calculated unambiguously using on-shell techniques [92]. Alternatively, one can show
that the N' = 1 supersymmetry Ward identities uniquely fix the BI amplitudes in terms of
amplitudes with Goldstinos.

Next, one can consider EFTs in which the field strengths are dressed with derivatives,
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for example

1
L= _ZF2 - %82F4 + %84}76 + ... (3.47)

Theories with fundamental 4-point interactions are non-constructible for ¢ = 0 and fail the
soft recursion a;-independence 6-point test for ¢ > 0. One implication of this is that there
can be no vector Goldstone bosons with vanishing low-energy theorems. This conclusion
was also reached in [82], but from a very different algebraically-based analysis. A second
implication is that the pure vector sector of an N' > 2 Galileon model is non-constructible
with the basic soft recursion, and other properties (such as supersymmetry) have to be
specified in order to determine those amplitudes recursively.

There are other interesting vector EFTs: we study in detail the A/ = 2 supersymmetric
NLSM in Section 3.6. Furthermore, massive gravity [93, 94, 95] motivates the existence of a

vector-scalar theory coupling Galileons to a vector field; we explore this in Section 3.8.2.

3.5 Soft Limits and Supersymmetry

For models with unbroken supersymmetry, the on-shell amplitudes satisfy a set of linear
relations known as the supersymmetry Ward identities [38, 39]. (For recent reviews and
results, see [96, 85, 86].) In this section, we use N' = 1 supersymmetry to derive general
consequences for the soft behavior for massless particles in the same supermultiplet. It is not
assumed that these particles are Goldstone or quasi-Goldstone modes; the results apply to all
N = 1 supermultiplets of massless particles. The consequences for extended supersymmetry

are directly inferred from the A = 1 constraints.

3.5.1 N =1 Supersymmetry Ward Identities

We consider N' = 1 chiral and vector supermultiplets. We use the following shorthand for

the action of the supercharges on individual particles with momentum label ¢: for chiral

87



multiplets

state ¢

Q-1 A, prefactor

QT~2'

A,, prefactor

W
Z
Z
o

Z 2]

0
Ch ]
0 0

0
¢+
0
Z

(3.48)

where Z is a complex scalar and v is a Weyl fermion. The superscripts & refer to the helicity

of the particle. QT raises helicity by 1/2 while Q lowers it by 1/2. The prefactor is what

goes outside the amplitude when the supercharge acts on it, e.g.

Q- A, (12253547 ) =0+ |2J A, (1222345 ...) —

+ 4] AL (1220354, ... ) + ...

1314, (1223247 . ..)

(3.49)

Due to the Grassmann nature of the supercharges, there is a minus sign for each fermion

that the supercharge has to move past to get to the ¢th state.

Similarly for a vector multiplet:

state 7

Q-i A, prefactor

Qf .i A, prefactor

'Y+

1/}-1-
w_

~y

Yt /1]
0 0
v —|i]
0 0

where ¢ is a Weyl fermion and + is a vector boson.

(3.50)

In this notation, the supersymmetry Ward identities are equivalent to the statement that
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the following action of the supercharges annihilates the amplitude [85, 86, 96]

n

0=0-A,(1,...,n) = > (=1)EPAL (L, Q. n)
=1
0=0" A,(1,...,n) = S (=0)ER AL (L., Qi n) (3.51)

i=1

where L; is equal to the number of fermions to the left of Q) - and the factors P, = 0 or 1
correspond to the additional minus signs associated with the spinor prefactors as described
in equations (3.48) and (3.50). Note that the action of the supercharges always changes the
number of fermions by +1, but that amplitudes are non-vanishing only if the number of
fermions is even. So to get an interesting relation among amplitudes on the right-hand-side,

the amplitude on the left-hand-side must vanish identically.

3.5.2 Soft Limits and Supermultiplets

We consider the chiral multiplet and vector multiplet separately and then extend the results

to enhanced supersymmetry.

Chiral multiplet. Define the soft factors S\ as the momentum dependent coefficients in

the holomorphic soft expansion taken here for simplicity on the first particle

An ({el1). M} zo-2) = SOz )€ + SO (L, ) 2 4 0 (7772)
(3.52)
A (Lel1), 1}, .0) = SOaf, .. )ew + SIAF,...) e ™ + O (e F?).

The soft weights are oz and o for the scalar and fermion, respectively. To see how super-

symmetry forces relations among the soft weights and soft factors we use (3.51) to write

A, (1z,...,n) = Z<_1)L¢+P¢+1%An (1$,...,Q~i,...,n),

iy . (3.53)
A (1), ,n) = Z(—1)Li+Pi+1<X—i>> A, (1z,...,Q i, n),
=2
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where the arbitrary X-spinor cannot be proportional to |1) or [1].
Taking the holomorphic soft expansion on the right-hand-side of these expressions, in the

second line only, an extra power of € appears in the denominator and we find

SO(1y,..) e + 0 (e771) = Z(—1)Li+ﬂ+l%3£0>(1$, e @y ) e+ O (70T
=2

n

ST(LO)(lqz’ B ) e+ 0 (GUerl) = Z(_1>Li+Pi+l

=2

The leading power of € on the right-hand-side must match the leading power on the left. It is
possible that cancellations among the terms on the right-hand-side may effectively increase

the leading power but never decrease it. This then gives the following inequalities
O-ZZUMJ and ) 20'2—1, (354)

for which there are only two solutions

oz=0y+1 or oz =o0y. (3.55)

These two options have different consequences for the soft factors. For o0z = o, + 1, we have

n

0 = > (—DMPXSY (1F,....Q-4,..),

=2

n (Xi (3.56)
SV (1)) = Z(—l)L”P"“X—;> SO (1z,...,0 i),
=2 < >
while for o4 = 0y, we have
0= S (DRSO (17, Qi)
o v (3.57)
ST(LO) (1z,...) = Z(_l)Li-&-Pﬁ-l%SnO) (1:;7 0, ) '

i=2
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In addition there will be an infinite number of similar relations which come from matching

higher powers in e.
Vector multiplet. We define the soft factors as
Ao ({el1), 13,..) = SOF,.. ) e +SP(1F,..) e ™ + 0 (e772). (3.58)

The analysis of the supersymmetry Ward identities proceeds similarly to that of the chiral

multiplet and results in only two options for the soft weights:

op =0, +1, or Oy =0,. (3.59)

The consequences for the soft factors are for oy, = 0y + 1

n

0 = > (-D"PX)SO (1F,...,Q4,...)

=2

n (3.60)
pg (X »
SO (1F,..) = Z(_nmpﬁﬂ%s@ (1,0 i, ).
=2
and for o, = oy
0 = Y (D" XHSO(1f,...,Q-i,...),
=2
n _ (3.61)
8(0) <1+ ) — -1 Li-kPrH@Sm) <1+ Q. )
n ¢7 Z( ) [Xl] n AR Z7... .
=2

Note that we have made no assumptions about the sign of ¢, so the relations derived
here are totally general. Also, the supersymmetry Ward identities hold at all orders in

perturbation theory, so the relations among the soft behaviors remain true at loop-level.

Extended supersymmetry. Relations between the soft weights of particles in the same

massless supermultiplets in extended supersymmetry follow directly from the N = 1 results
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above, since the supersymmetry Ward identities take the same form for each pair of (s, s+ %)—
multiplets. In particular, the soft weights of the boson (o) and fermion (o) in a (s, s+ 3)-

multiplet are related as

ocp=o0r+1 or og=opr fors integer,

(3.62)

op=0r—1 or ogp=op for s half-integer.

These relations will be useful in later applications in this paper. For now, we make a
small aside and demonstrate the application of (3.62) to the case of spontaneously broken

superconformal symmetry and for unbroken extended supergravity.

3.5.3 Application to Superconformal Symmetry Breaking

The breaking of conformal symmetry gives rise to a single Goldstone mode [80], often called
the dilaton. It has been established in the literature [97, 98, 99] that this dilaton obeys low-
energy theorems with ¢ = 0. In a superconformal theory, breaking of conformal invariance
must be accompanied by breaking of the superconformal symmetries. This follows from the
algebra: {S,8T} = K, [Q,K] = ST and [QT, K] = S, where K are the generators of conformal
boosts, S and ST are the superconformal fermionic generators, and Q and Q' are the regular
supercharges with {Q, QT} = P.

Assuming O-supersymmetry to be unbroken, the dilaton will be joined by a Goldstone
mode from the broken R-symmetry to form a complex scalar Z with o, = 0.1* It follows
from our general analysis that the fermionic partner of Z will have ¢ = 0 or ¢ = —1. For
the latter, Yukawa-interactions are necessary [89] and supersymmetry then requires cubic
scalar interactions Z|Z|* + h.c. which would imply ¢ = —1 for the dilaton. Since oz = 0,
o = —1 is not possible for the dilaton and we conclude that the Goldstino mode associated

with the breaking of the superconformal fermionic symmetries generated by S and ST must

14 An example of the bosonic part of an ' = 1 effective action of the dilaton and a U(1) g Goldstone boson
can be found in [100].
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helicity state o

+2 graviton -3
+3/2 gravitino -2
+1 graviphoton —1

+1/2 fermion 0

0 scalar 0or +1

-1/2 fermion +1

-1 graviphoton +1
-3/2 gravitino +1
-2 graviton +1

Table 3.5: Holomorphic soft weights o for the N' = 8 supermultiplet.

have low-energy theorems with soft weight o = 0.

An example is ' = 4 SYM on the Coulomb branch with the simplest breaking pattern.!®
The R-symmetry is broken from SO(6) to SO(5) and the five broken generators give rise
to five Goldstone modes which join the dilaton of the conformal breaking to be the 6 real
scalars of an A/ = 4 massless multiplet. The supermultiplet also contains the 4 Goldstinos
associated with the four broken superconformal generators. The supermultiplet is capped off
by a U(1) vector whose soft weight, by the above analysis, must be either ¢ = 0 or —1. The
states that are charged under this U(1) are the massive W-multiplets and in their presence,

one can have 0 = —1, otherwise o = 0 for the vector.

3.5.4 Application to Supergravity

It is well-known that gravitons have a universal soft behavior [102]: when the soft limit (3.12)
is applied to a single graviton, the amplitude diverges as 1/€3, i.e. the soft weight is oy = —3.
(In this section, we use a subscript on the soft weight to indicate the spin of the particle.)
Applying (3.62) shows that the gravitino can have o3/, = —2 or —3. However, unitarity and
locality constraints show [89] that amplitudes cannot be more singular than 1/¢* for a single
soft gravitino, so it must be that o3/ = —2. This must be true in any supergravity theory.

Consider now a graviphoton in N > 2 supergravity. Its supersymmetry Ward identi-

15See [101, 99] for explicit amplitudes on the Coulomb branch of A" =4 SYM.
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ties with the gravitino imply o1 = —2 or 0; = —1. The 0, = —2 behavior requires the
graviphoton, and by supersymmetry also the gravitino, to interact with a pair of electrically
charged particles via a dimensionless coupling; however, for the gravitino such a coupling is
inconsistent with unitarity and locality [89]. So there is only one option, namely o; = —1.

In pure N > 3 supergravity, we also have Spin—% fermions in the graviton supermultiplet.
By (3.62) and the previous results, they can have either o1/, = —1 or 0. The analysis in [89]
shows that 0/, = —1 requires a dimensionless coupling of the spin—% particle with two other
particles, for example via a Yukawa coupling. Since there are no dimensionless couplings in
pure supergravity, it follows from [89] that the amplitude has to be O(€®) or softer. This
leaves only one option, namely that oy, = 0 in pure supergravity.

In pure N > 4 supergravity, the scalars in the supermultiplet can have oy = 0 or oy = 1.

If we focus on the MHV sector, the supersymmetry Ward identities give

(13)*

AL 2,3, 45 o)), (3.63)

where Z and Z denote any pair of conjugate scalars and h are gravitons. Taking line 1 soft
holomorphically, |1) — €|1), the graviton amplitude on the RHS diverges as 1/€* but the
prefactor vanishes as €*. It follows that the MHV amplitude vanishes as O(e) in the single
soft-scalar limit. In other words, for MHV amplitudes oy = 1. It is tempting to conclude
that one must have oy = 1 for all amplitudes, but that is too glib, as we now explain.

It is known that the scalar cosets of N’ > 4 pure supergravity theories in 4d are symmetric,
and therefore lead to og = 1 vanishing low-energy theorems. But at the level of the on-shell
amplitudes, this conclusion does not follow from the supersymmetry Ward identities alone: as
we have seen, they give g = 1 or 0p = 0. That analysis has to remain true at all loop-orders.
In N = 4 supergravity, for example, the anomaly of the U(1) R-symmetry can be expected
to affect the soft behavior at some order. Our arguments show that it cannot happen in

the MHV sector, but does not rule it out beyond MHV; this is what the oy = 0 accounts
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for. Furthermore, one can add higher-derivative operators to the supergravity action such
that supersymmetry is preserved but the low-energy theorems are not. Indeed, string theory
does this in the o/-expansion by adding to the A = 8 tree-level action a supersymmetrizable
operator o3¢~ R*. This operator does not affect the soft behavior of MHV amplitudes, but
it is known that it does result in non-vanishing single soft scalar limits for 6-particle NMHV
amplitudes at order o’ [103, 104].

The results for N = 8 supersymmetry are summarized in Table 3.5. Note that the soft
weights in this table follow from taking the soft limit holomorphically, |i) — €|i) for all states,
independently of the sign of their helicity. At each step in the spectrum, the soft weight
either changes by 1 or not at all. Note that one could also have used the anti-holomorphic
definition |i] — €|i] of taking the soft limit; in that case the soft weights would just have
reversed, to start with ¢ = —3 for the negative helicity graviton, but no new constraints
would have been obtained on the scalar soft weights. In N' = 8 supergravity, the 70 scalars
are Goldstone bosons of the coset Er(7)/SU(8) and hence o = 1. Including higher-derivative
corrections may change this behavior to 0 = 0 depending on whether the added terms are

compatible with the coset structure.

3.5.5 MHYV C(lassification and Examples of Supersymmetry Ward
Identities

For later convenience, we state here the explicit form of the supersymmetry Ward identities

(3.51) for a few particularly useful cases. We focus on the chiral multiplet, but similar results

apply to the vector multiplet.

First we make the simple observation that amplitudes with all Z’s or only one Z and rest

/’s vanish:

A(17223247...n7) =0 and  A,(1z2z3747...)=0. (3.64)
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This follows from the supersymmetry Ward identities such as

0= QAn(]_;Z 22 3Z 4z...nz) = |1]-’4~n(1Z 2Z 3Z 42...nz),

0=0Q -A(1] 22324z...nz) = 1] An(12 22 35 47 ...nz) — [2] An(1] 2, 32 47...nz) .

Dotting in [2| gives (3.64). Similarly A, (1} 25 3z 4z. .. nz) =0 and so on. In the context
of gluon scattering, the equivalent statements are that amplitudes with helicity structure
++ +...4+ or — 4+ +...+4 vanish. These helicity configurations are often called “helicity
violating”.

The simplest non-vanishing amplitudes are often denoted MHV (Maximally Helicity Vi-
olating) in the context of gluon scattering and we adapt the same nomenclature here. MHV
amplitudes obey the simplest supersymmetry Ward identities in that they are just linear

proportionality relations. For example, it follows from

0=09 -A,(1] 223242 52...nz)

(3.65)
=1 A (122232 4z...) = 121 A1 25, 32 47...) — 4] Au(1f 22 324 ..)
upon dotting in [4| that
A, (15273, 4,5 n):@Au 273,45 57...1nz) (3.66)
n¢¢ZZZ--~Z[24]nZZZZZ-~-Z- .

Similarly, one finds that the MHV amplitude with four fermions is proportional to the one

with two fermions. To summarize, MHV amplitudes satisfy

13
3.67
13
= % An(lz 22 3Z 42 5z...nz).

The second-simplest class of supersymmetric Ward identities relate amplitudes in the NMHV

class. In this paper, the 6-particle amplitudes play a central role, so we write down the 6-
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point NMHYV supersymmetry Ward identities explicitly:

1] A6(17 25 32 45 57 6;) — |2]A6(11—L_ 2, 324252 67)

(3.68)
— [4)A6(1] 27 32 4, 57 67) — [6]A6(1)) 27 37 47 57 6,) =0,

11]A6(12 2, 3;}; 47 5, 6;) + |3]A6(1;}; 2, 324252 67) (3.60)
— 4] Ag(1 2, 35 4, 52 67) — [6]A46(1] 2, 3] 45 57 6,) =0,

11 As(12 2, 3 4, 5, 62) + [3]As(1;, 2, 3z 4, 5, 62) (3.70)

+ 5] As(15, 2, 3, 4 52 62) — [6]Ag(1, 2 37 4, 5, 6,) =0.

We now turn to applications of these results.

3.6 Supersymmetric Non-linear Sigma Model

Perhaps the simplest and most familiar class of models that exhibit both linearly realized su-
persymmetry and interesting low-energy theorems are the supersymmetric non-linear sigma
models. Of particular interest are the coset sigma models for which the target manifold is
a homogeneous space G/H. At lowest order, the coset sigma model captures the universal
low-energy behavior of the scalar Goldstone modes of a spontaneous symmetry breaking
pattern G — H, where G and H are the isometry and isotropy groups of the target man-
ifold respectively. If the target manifold is additionally a symmetric space and there are
no 3-point interactions, then the off-shell Ward-Takahashi identities for the spontaneously
broken currents imply o = 1 vanishing low-energy theorems for the Goldstone scalars. An
interesting recent perspective on coset sigma models can be found in [105].

At leading order it is fairly straightforward to calculate the on-shell scattering amplitudes
for such a model from the (two-derivative) non-linear sigma model effective action. Using
the methods of on-shell recursion, the use of an effective action is unnecessary. Instead, we

may assume low-energy theorems and on-shell Ward identities of the isotropy group H as
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the on-shell data that defines the model. Using the procedure of the soft bootstrap described
in Section 3.3.5, we may apply subtracted recursion to construct the contributions to the
S-matrix at leading order.

A particularly simple and well-studied example of such a construction has previously

been given for the %

coset sigma model [35, 83]. There are several nice features of
this model which make it an appealing toy-model to study on-shell. As will be discussed
in Section 3.8.4, at leading order (A = 1 or equivalently two-derivative) the isotropy U(N)
symmetry allows for the construction of flavor-ordered partial amplitudes with only (n — 3)!
independent amplitudes for the scattering of n Goldstone scalars.

The situation is somewhat less straightforward for models describing the low-energy dyna-
mics of the Goldstone modes of internal symmetry breaking with some amount of linearly
realized supersymmetry.'® There are several interesting consequences of this combination of
symmetries. The states must form mass degenerate multiplets of the supersymmetry algebra,
which in this case means that the Goldstone scalars must always transform together with
additional massless spinning states. As discussed in Section 3.5.2, the low-energy theorems
of each of the particles in these Goldstone multiplets are not independent.

It is well-known in the literature of supersymmetric field theories that to construct a
supersymmetric action, the massless scalar modes must parametrize a target space manifold

with Kdhler structure for N' = 1 supersymmetry [106]. For N' = 2 supersymmetry the target

space manifold must have the structure
MN:Q = My X MH, (371)

where the scalars of the vector multiplets parametrize the special-Kdhler manifold M~ while
the scalars belonging to hyper multiplets parametrize the hyper-Kdhler manifold My [107].

As a consequence, despite the obvious virtues of a flavor ordered representation, this makes

16Tn this more general context internal symmetry includes R-symmetry. For our purposes the relevant
property is that the conserved charges are Lorentz scalars and so correspond to a spectrum of spin-0 Goldstone
modes.
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U(N)xU(N)

studying the supersymmetrization of the T

coset sigma model using subtracted
recursion more difficult, since even in the N' = 1 case the target manifold is not Kéhler.
This does not mean that the internal symmetry breaking pattern U(N) x U(N) — U(N)

is impossible in an A = 1 supersymmetric model. Rather it means that the target space

U(N)xU(N)

T as a non-Kahler submanifold and includes additional directions in field

contains
space or equivalently includes additional massless quasi-Goldstone scalars [108]. In general
there is no unique way to extend the symmetry breaking coset to a Kéhler manifold, because
in any given example the spectrum of quasi-Goldstone modes depends on the details of the
UV physics. Correspondingly, the quasi-Goldstone scalars do not satisfy the kind of universal
low-energy theorems necessary for us to construct the scattering amplitudes recursively.

Instead, in this section we will study the interplay of low-energy theorems and supersym-

metry by considering the simplest symmetric coset that is both Kahler and special-Kahler

=~ CP', (3.72)

and therefore should admit both an A/ = 1 and V' = 2 supersymmetrization. Our assumption
here is that the target manifold is the coset manifold and therefore the massless spectrum
should contain only two real scalar degrees of freedom, both Goldstone modes. They form a
single complex scalar field Z, Z which carries a conserved charge associated with the isotropy
U(1). These properties uniquely determine the Goldstone multiplets as an N/ = 1 chiral and
N = 2 vector multiplet respectively.

The main results of this section are (1) the demonstration that both the N’ = 1 and
N = 2 CP' non-linear sigma models are constructible on-shell using recursion without the
need to explicitly construct an effective action. And (2) this construction gives a new on-
shell perspective on the relationship between the linearly realized target space isotropies of

My and electric-magnetic duality transformations of the associated vector bosons.
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3.6.1 N =1CP' NLSM

The N =1 CP' non-linear sigma model is defined by the following on-shell data:
e A spectrum consisting of a massless ' = 1 chiral multiplet (Z, Z, 4", 7).
e Scattering amplitudes satisfy N = 1 supersymmetry Ward identities.

e Scattering amplitudes satisfy isotropy U(1) Ward identities under which Z,Z are

charged.
e 07 = 0z = 1 soft weight for the scalars.

Using the approach of the soft bootstrap, we begin by constructing the most general on-shell
amplitudes at lowest valence that are consistent with the above data and minimize A. There
are no possible 3-point amplitudes consistent with the assumptions and so we must begin at
4-point. A |Z|* interaction, corresponding to A =0, is consistent with U (1) conservation but

violates the assumed low-energy theorem. The next-to-lowest reduced dimension interactions

correspond to A = 1 and have a unique 4-point amplitude consistent with the assumptions
1
A4(1Z 22 3Z 42) = Pslg. (373)

Note that at 4-point, the conservation of the U(1)-charge for the complex scalar is auto-
matically enforced as a consequence of the supersymmetry Ward identitites. We will see
that this implies the conservation of the U(1) charge for amplitudes with arbitrary number
of external particles corresponding to A = 1. Note that this is not automatic for higher
order (A > 1) corrections and must be imposed as a separate constraint. Using (3.67) the
remaining 4-point amplitudes are completely determined by supersymmetry; it is convenient

to summarize the component amplitudes in a single superamplitude [109]

1

As(Lo+20-30+4s-) = 55[1310°1(Q) = 5513 Y (ig)man; (3.74)
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Here we have introduced two chiral superfields ®* and ®~ that contain the positive and

negative helicity fields of the N' = 1 chiral multiplet as
¢t =yt +nZ | O =7 —ni. (3.75)

n is the Grassmann coordinate of N = 1 on-shell superspace and 7; denotes the n-coordinate
of the i*" superfield. We can obtain all the component amplitudes by projecting out compo-

nents of the superfield. For example, the all-fermion amplitude can be derived as follows

0 0

1
= 8—7726—774./44(1q>+2¢,73¢,+4q>7) = ——[13](24> (376)

+o—at+1—
Ad(152,354,) A2

It is useful to note that the expression (3.74) is manifestly local. It follows that all com-
ponent amplitudes are free of factorization singularities, indicating the absence of 3-point
interactions in this theory. Note also that the pure fermion sector is exactly the NJL model
detected by the soft bootstrap in Section 3.4.2.

Next, we use these 4-point amplitudes to recursively construct n-point amplitudes. Fol-
lowing the discussion in Section 3.5, we note that the soft weight of the fermion must be either
oy = 0 or oy, = 1. Making the conservative choice o, = 0, we evaluate the constructibility

criterion on the above on-shell data,
4 < 2ng +ny, (3.77)

where ny is the number of external fermion states of the n-point amplitude and n, = n —ny
is the number of external scalar states. For m > 4, this condition is satisfied for all n-
point amplitudes. We find that recursively constructing the 6-point amplitudes yields an
a;-independent expression. All the 6-point amplitudes can be found in Appendix E.1. Since
our input 4-point amplitudes are MHV, the only non-zero constructible amplitudes at 6-

point are NMHV and can be verified to satisfy the NMHV 6-point Ward identities (3.68),
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(3.69), (3.70).

If however we make the stronger assumption o4 = 1, the recursively constructed 6-
point amplitude is a;-dependent and therefore fails the consistency checks. As a result we
conclude that the true soft weight of the fermion of our theory is oy, = 0 and this is sufficient
to construct the S-matrix at leading order from the 4-point seed amplitudes (3.74).

The recursive constructibility of the S-matrix has non-trivial consequences for the possible
conserved additive quantum numbers. In a recursive model the only non-zero amplitudes

are those which can be constructed by gluing together lower-point on-shell amplitudes

where the states X, X on either side of the factorization channel I have CP conjugate quan-
tum numbers. As discussed further in Appendix F, if an additive quantum number is con-
served by all seed amplitudes then it must be conserved by all recursively constructible
amplitudes.

For example, in the present context the seed amplitudes conserve two independent U(1)

charges:

U)a U()s

Z qga 0
A —qga 0

(R 0 4B
(C 0 —qB
Ui —qa 4B
RS 0 qB
P~  —qa 0

We know to expect the existence of an isotropy U (1) under which the scalars are charged, but

from our on-shell construction it is unclear whether this should be U(1)4 or a combination
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of U(1)4 and U(1)g. We have presented the charges as two independent R-symmetries but
more correctly we should consider them as a single global U(1) and a U(1)g. The presence
of a second conserved quantum number is not part of the definition of the CP' non-linear
sigma model but is instead an emergent or accidental symmetry at lowest order in the EFT.
In general one would expect U(1)4 x U(1)p to be explicitly broken to the isotropy U(1) by

higher dimension operators.

3.6.2 N =2 CP' NLSM
The N/ = 2 CP' NLSM is defined by the following on-shell data:

e A spectrum consisting of a massless N’ = 2 vector multiplet (Z, Z, ¢ ¢, v+, v7),

where a = 1, 2.
e Scattering amplitudes satisfy N = 2 supersymmetry Ward identities.

e Scattering amplitudes satisfy isotropy U(1) Ward identities under which Z, Z are

charged.

Note that, importantly, we do not impose the the soft weight of the scalars 0, = 07 = 1.
As we will explain further below, no model with the above properties and vanishing scalar
soft limits exists.

To proceed, interactions with reduced dimension A = 0 (such as Yukawa interactions) are
incompatible with A/ = 2 supersymmetry for a single vector multiplet. Thus, the minimal
value is A = 1; that is of course also the value for the N' = 1 model. It is curious to note
that A/ = 2 supersymmetry is sufficient to uniquely construct the S-matrix at this order in
A. As we show in the following, without assuming vanishing scalar soft limits, the restriction
of the external states to a single chiral multiplet (Z, Z,¢'*, 1) reproduces the N' = 1 CP!
sigma model.

As in the previous section, for A = 1 the 4-point scalar amplitude takes the form (3.73).

All 4-point component amplitudes are uniquely fixed by the 4-scalar amplitudes by the N' = 2
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supersymmetry Ward identities and they can be encoded compactly into superamplitudes

using two chiral superfields [109]

Ot =T + 't + pp*t — e Z,
(3.78)

" =Z+mipy —my — My
Here 7, and 7y are the Grassmann coordinates of N’ = 2 on-shell superspace. The R-indices
on 1® are raised and lowered using €4, 50 15, = en!™ = P!~ and Y] = 990> = —p*~. In

terms of the superfields, the 4-point superamplitude can be expressed as

2 4
1 03]y, L
Ai(lp+2¢-3g+de-) = N > (@) = T_S 1;[ Z i) NiaMja- (3.79)
We use 7;, to denote the a' Grassmann coordinate of the i*" external superfield. In contrast
0 (3.74), the superamplitude (3.79) generates component amplitudes that are not local due

to the factorization singularity at P4 — 0. For example, consider the following component

amplitude
A1rogta )= =00 0 0 1420 3edg) = —— BBILAN2H g g
T T G Oy Oy Oy TR T A o] .

Locality and unitarity imply that this 4-point amplitude must factorize into 3-point ampli-
tudes on the singularity at P4 — 0. Denoting the helicity of the exchanged particle h, the

amplitude factorizes as

1;r 2-
Py =Py

+ —

31/11 4¢1
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The contribution to the residue on the singularity takes the form

PhA(1F2735,47)

= A3(1$3;},—1<P13)h>-/43<(_P13)—h2;41;1)

P123:0

_ <%[13]3/2_h[1P13]1/2+h[3P13]_1/2+h) (%<24>3/2—h<2P13>1/2+h<4]313>—1/2+h)

g192 _ _
_ 2 (_1)2h[13]3/2 h<24>3/2+h[23] 1/2—l-h[14]1/2—|—h7 (381)
with the 3-point amplitudes completely determined by Poincaré invariance and little group
scaling. Comparing with the explicit form of the residue calculated from (3.80)

PLA (172731

)| =, (352

P%=0
we find that A = 1/2 and ¢g;92 = —1. The exchanged particle of helicity A = 1/2 can be either
P or 2. The locality of the A4(1$1 20, 3:;14;1) and A4(1:;22;23:;24;2) tells us that they do
not factorize on the (P3)* — 0 pole. We conclude that As(132] 37 ) = A3(1727 3] ) = 0,
while
9 g2

As(1324,30,) = T3], As(172;,3;,) = £(12)(13). (3.83)

We carry out a similar exercise with A4(13273%47) for a particle of helicity h in the P — 0

factorization channel. Comparing with the 4-point amplitude (3.79) fixes h = 0. This could
correspond to either Z or Z exchange. The absence of a P, — 0 pole in Ay(17273247)

shows that As3(172¥37) = 0 and
Ay(152137) = BN2P, Ay(17273,) = T(12)2, (3.84)

where g3g4 = 1. Demanding that all non-local 4-point amplitudes factorize correctly fixes
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—g1 = g2 = g3 = g4 = —1. The 3-point superamplitudes are

2 3
As(1e-2¢-3¢-)=0(Q) = LAH > i) ianja -
— ) (3.85)
A3(1¢+2¢+3¢+)=%5(2) (m[23] 4 n2[31] + n3[12]) = % H(nla[%] + 712a[31] + 734[12]) ,
a=1
where HZ:I fa is defined as fi fo. It is interesting to observe that even though the N' = 0,1
and 2 CP' NLSM have the pure scalar 4-point amplitude in common, in the latter case the
extended supersymmetry together with locality require the presence 3-point interactions.
We are now in a position to address the constructibility of general n-point amplitudes.
Since we are not assuming vanishing soft limits as part of our on-shell data, we are not able
to make use of subtracted recursion. This is only problematic for a subset of the amplitudes
in this model, at least at leading order. The unsubtracted constructibility criterion for this

model reads

4 < ns+2n,, (3.86)

where ny and n, are the number of fermions and vector bosons respectively. It turns out
that the amplitudes that do not satisfy this criterion can be determined from the N =
2 supersymmetry Ward identities in terms of those that do; explicit formulae are given
in Appendix G. Remarkably, without making any strong assumptions about the structure
of low-energy theorems for the scalars, which usually characterize the sigma model coset
structure, the N = 2 supersymmetry is sufficient at leading order to both construct the
entire S-matrix and reproduce the amplitudes of the N/ = 1 and A/ = 0 models as special
cases.

This same statement can be made in the perhaps more familiar language of local field
theory. At this order in the EFT expansion, the S-matrix elements should be calculable from

some effective action, the bosonic sector of which should be described by a two-derivative
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Lagrangian of the general form
Lag=P (|Z°)10.2]° +Q (|Z|*) Z F} +h.c. (3.87)

where P(]Z]?) and Q(]Z]?) are some functions analytic around Z ~ 0. Insisting that the
S-matrix elements satisfy the on-shell N' = 2 supersymmetry Ward identities is equivalent to
requiring the existence of off-shell N' = 2 supersymmetry transformations under which the
effective action is invariant. The on-shell uniqueness result is equivalent to the statement
that the off-shell N/ = 2 supersymmetry uniquely (up to field redefinitions) determines the
form of the two-derivative effective action. In particular, the function P(|Z|?) is uniquely

determined to be

P(|Z?) = (lef (3.88)

corresponding to the Fubini-Study metric on CP'.

Since the entire S-matrix is determined, we can explicitly demonstrate how the presence of
the vector bosons modifies the structure of the low-energy theorems from the naive vanishing
soft limits suggested by the coset structure. Consider the following relation among 5-point
amplitudes given by the A/ = 2 supersymmetry Ward identities

(34)*

As (15,23,32,42,57) = 157

YTy

As (1F,21,3%,4,4,57) . (3.89)
The amplitude on the right-hand-side satisfies (3.86) and therefore is constructible using

unsubtracted recursion. This gives the non-constructible amplitude on the left-hand-side as

Lt 2B 3 U4
A5 (052082 4252) = 50 (1 i * oen) O

The soft limits on particles 1, 2, 3 and 4 vanish, as expected. The soft limit on particle 5,

however, is O(1), contrary to the expected soft behavior for a Goldstone mode of a symmetric
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coset. Explicitly

|5]—el5] 1
—_—

As (13,25,35,42,52) F[12]2+(9(e). (3.91)

vy Ty

It is interesting that the coupling to the photons, required by A/ = 2 supersymmetry, results
in non-vanishing soft scalar limits for a theory with a symmetric coset. In principle, this
amplitude could have had a contact contribution of the form o [12]?, but our calculation
shows that such a term would be incompatible with A/ = 2 supersymmetry.

The maximal R-symmetry group that this model can realize is U(2)gr = U(1)gr X SU(2)g.
We will now verify that the SU(2)g symmetry Ward identities hold for the seed amplitudes,
the U(1)r we will address separately. To do this we choose a basis for the generators of
SU(2)g. The scalars and vectors both transform as SU(2) singlets. The positive helicity

fermion species ¥!"?* will transform in the fundamental representation under

1 0 0 1 00
To = ., Ti= ., T = . (3.92)
0 —1 00 10
The negative helicity fermions transform in the anti-fundamental with 7; = —7?. This tells

us that the To-Ward identity is satisfied as long as the fermion species appear in pairs of (a)
different helicity, same species or (b) same helicity, different species. This is true of all the

non-zero amplitudes in this model. The action of 7, and 7T_ are

state i | T, -1 A, prefactor | 7_ -7 A, prefactor | Ty -i¢ A, prefactor
P 0 0 Y 1 U 1
P tt 1 0 0 W2 1 (3.93)
Yy Yy —1 0 0 (Cy -1
(Y 0 0 (Cy —1 (%Y 1

We find that all 3-point and 4-point amplitudes in this model satisfy the SU(2)g Ward
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identities, for example

T Au(15:2,,354,) = Aa(15,2,35.4,) — Aa(15,25 35,45 ) + Au(15,2,,35.4,)
| ] (3.94)

:—%(s—i—t—i—u) 0.

As discussed above, we conclude that at leading order the SU(2)r Ward identities are sat-
isfied by all amplitudes in the N' = 2 model.

Following the same approach as described for the A’ = 1 model, conservation laws satis-
fied by the seed amplitudes imply that the same quantities are conserved by all leading-order
amplitudes if they are recursively constructible (see Appendix F). This result extends to
non-Abelian symmetries, which in the on-shell language correspond to Ward identities for
non-diagonal generators; this is shown for SU(2) in Appendix F. The amplitudes that are
not constructible using recursion are fixed by supersymmetry in terms of those that are.
Therefore, they will also respect the conservation laws and non-Abelian symmetries of the
seed amplitudes.

This model also conserves a separate U(1)g charge. We know to expect the conservation
of the charge associated with the U(1) isotropy group. In the N' = 1 case we found that
the scattering amplitudes conserve an R-charge U(1)4 assigned only to the complex scalar
but it was consistent with the existence of U(1)p that the isotropy U(1) might also assign
a charge to the fermion or even to assign equal charges in the form of a global symmetry.
In the present context we also have two independent U(1) symmetries. The first is the
U(1) € SU(2)r which assigns opposite charges to the fermions '+ and ¥?T. The second
assigns charges to each of the states which, up to overall normalization can be deduced from

the 3- and 4-point seed amplitudes and are summarized in the following table:
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ULr SU@2)r

A —4 1
Z 4 1
ot —1 2
(o 1 2
~t 2 1
¥ -2 1
Na 3 2
oF 2 1
o~ 4 1

These are the only linear symmetries compatible with the seed amplitudes. The isotropy
U (1) must therefore be identified with some linear combination of U(1)g and U(1) C SU(2)k.
This is perhaps surprising, it tells us that the massless vector boson must also be charged
under the isotropy U(1). Just as for the fermions, the vector charges are chiral meaning that
the positive and negative helicity states have opposite charges. Such charges for vectors are
associated with electric-magnetic duality symmetries.

Such an extra U(1)g symmetry is possible because the maximal outer-automorphism
group of the N' = 2 supersymmetry algebra is U(2)g. The assignment of the associated
charges is, up to normalization, fixed by the charge of the highest helicity state in the
multiplet. It is interesting to observe that in the present context, knowledge of the non-
vanishing 4-point amplitudes is insufficient to determine the U(1)g charge assignments. It
is only from considering the 3-point amplitudes that we find the assignment of a non-zero
chiral charge for the vector bosons unavoidable. Consider for example the amplitudes (3.84).
Since the scalar is required to be charged under the isotropy U (1), which in this case must be
the U(1)g since there are no other symmetries under which the scalar is charged, we see that
the vector must also be charged and satisfy 2¢[y"] = —¢[Z]. The existence of fundamental

3-point interactions in this model was deduced by demanding that the singularities of the
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4-point amplitudes be identified with physical factorization channels. From an on-shell point
of view, it is therefore an unavoidable consequence of locality, unitarity and supersymmetry
that the My, isotropy group of an N' = 2 non-linear sigma model acts on the vector bosons
as an electric-magnetic duality transformation.

The necessary existence of the fundamental 3-point amplitudes (3.83) and (3.84) has
a further interesting consequence for the low-energy behavior of the vector boson. In [89]
it was shown that singular low-energy theorems arise from the presence of certain 3-point
amplitudes. In the notation used in [89] the 3-point amplitudes (3.83) and (3.84) are classified
as a = 1 in the soft limit of a positive helicity vector boson. Therefore a vector boson present
in amplitudes which contain at least one of the following other particles: Z, %" or 4+ has
soft weight 0., = —1. Using the general formalism developed in [89], we can write down the

low-energy theorem of the vector bosons in this subclass of amplitudes

A (s5,1,2,0m) DB 220 ZE[SM Ay (1,2, Fy k) + O (). (3.95)

= e(sh)

Here we are using a notation similar to [110] with the introduction of an operator F, which

acts on the one-particle states as

state ¢ | Fy -7 A, prefactor
A o 1
Pt by -1 (3.96)
| e 1
vt Z -1

and annihilates the states of the negative helicity multiplet. A similar operator F_ can be
defined for the soft limit of a negative helicity vector. Using equation (3.60) in conjunction

with the soft behavior (3.95) of the n + 1-point amplitude results in the following identity
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for the residual n-point amplitudes

[ XY
ZZ H_P ij])j]An (1727'-'791"L.""7‘F+'j""7n) :07 (397)
i=1 j=1

where here P, = 0 or 1 corresponds to the additional signs associated with the prefactors of
both the supersymmetry Ward identities and the operator F, given in Table 3.96. Note that
the action of Q7 and F, commute on all physical states, so there is no ambiguity when ¢ = j
in the sums. Moreover, rearranging the order of the sums, it becomes clear that for each
fixed 7, the sum over i expresses a supersymmetry Ward identity for the n-point amplitudes.

As such, the identity (3.97) does not impose further constraints beyond supersymmetry.

3.7 Super Dirac-Born-Infeld and Super Born-Infeld

In the soft bootstrap analysis of Section 3.4, we encountered three theories with a funda-
mental quartic interaction whose couplings are of mass-dimension —4: DBI, Akulov-Volkov,
and Born-Infeld. These EFTs can all be related by supersymmetry. We will discuss them in

further detail in future work, so for now we simply note the following;:

e The N = 1 supersymmetric Dirac-Born-Infeld model has as its pure scalar sector the
complex scalar DBI theory with 07 = 2 and as its pure fermion sector Akulov-Volkov
theory with oy, = 1. All amplitudes are constructible with soft subtracted recursion.

We present the expressions for the 4- and 6-point amplitudes in Appendix E.2.

e The N = 1 supersymmetric Born-Infeld model combines Akulov-Volkov theory with
Born-Infeld theory with o, = 0. All amplitudes are constructible with the soft sub-
tracted recursion relations of Section 3.3, except the pure vector ones, but they are
uniquely fixed by the supersymmetry Ward identities. The 4- and 6-point amplitudes

are given in Appendix E.3.

e Extended supersymmetry binds BI, Akulov-Volkov, and DBI into one supersymmetric
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exceptional EFT. For the case with A/ = 4 supersymmetry, the amplitudes can be

constructed using the CHY approach [111].

3.8 (Galileons

Galileons are scalar effective field theories that arise in a multitude of contexts and as a

result can be defined in different ways. In 4d, Galileons are

1. Higher-derivative scalar field theories with second-order equations of motion and ab-
sence of Ostrogradski ghosts. These theories have three free parameters: the cubic,
quartic and quintic interaction coupling constants. A field redefinition removes the
cubic interaction in favor of a linear combination of the quartic and quintic. The
scattering amplitudes are of course invariant under the field redefinition, so for the
purpose of studying perturbative scattering amplitudes, we consider only the quartic

and quintic Galileons.

2. The non-linear realization of the algebra al(4,1) which is an Inonii-Wigner contrac-
tion of the ISO(4, 1) symmetry algebra [112]. Truncated to leading order in the reduced
dimension A, this gives an effective field theory of a real massless scalar ¢ with o = 2
vanishing soft limits and coupling dimensions [g4] = —6 and [g5] = —9 for the quartic

and quintic interactions respectively.

3. Subleading contributions to the low-energy effective action on a 3-brane embedded in
a 5d Minkowski space. The leading contribution to this EFT is the DBI action and
including the Galileon terms, the model is often called the DBI-Galileon. In the limit of
infinite brane tension, the Galileons decouple from DBI. The non-Zs-symmetric cubic
and quintic interactions arise from considering the effective action on an end-of-the-

world brane.
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4. Scalar effective field theories that arise from the massless decoupling limit of Fierz-

Pauli-type massive gravity [94, 93] and from the decoupling limit of Proca theories.

It is not obvious if these definitions are equivalent. The equivalence between Definitions
2 and 3 is straightforward since ISO(4, 1) is the Poincaré symmetry of the 5d embedding
space. In the brane picture of Definition 3, the DBI-Galileon scalar is a Goldstone boson
that arises from the spontaneous breaking of translational symmetry transverse to the brane,
with the contraction of the 5d Poincaré algebra equivalent to the non-relativistic limit of the
fluctuations of the brane into the extra dimension [113].

In an approach based on scattering amplitudes, it is natural to use the second definition
of Galileon theories, based on their soft weight 0 = 2 and fundamental coupling dimension.
This is what we do in the following, however, we do comment on the connections to the
other definitions. In Section 3.8.1, we briefly review our recent results about the supersym-
metrization of (DBI-)Galileon theories in 4d and cover some details that were left out in [60].
Motivated by Definition 4, we investigate the possibility of a scalar-vector Galileon theory
in Section 3.8.2. In Sections 3.8.3 and 3.8.4, we focus our attention on the Special Galileon.
In Section 3.8.3 we address the question of subleading operators respecting the enhanced
o = 3 soft behavior. In Section 3.8.4, we approach the same question from a double-copy

construction.

3.8.1 Galileons and Supersymmetry

This section reviews and expands on the results of [60] for A/ = 1 supersymmetrization of

Galileon models. Two approaches to forming a complex scalar Z = ¢ + 1 are considered:

(a) Both ¢ and x are Galileons so that the complex scalar Z has soft weight 0, = 2, or

(b) ¢ is a Galileon but x only has constant shift symmetry; then o4, = 2 and o, = 1, and

hence o7 = 1. A natural interpretation of y is as an R-axion.

Both options were considered in [60].
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Option (a). Consider first the quartic Galileon. As discussed in Section 3.5.5, to be
compatible with supersymmetry, the 4-point complex scalar amplitudes must have two Z’s
and two Z’s; such an amplitude is in the MHV class. It is also clear from the table of
“soft bootstrap” results in Table 3.3 that there is a unique complex scalar quartic Galileon
theory!” with o7 = 2 based on the 4-point interaction with A4(172;374;) = gsstu. The
other 4-point amplitudes in a supersymmetric theory are fixed by A4(172; 37 4;) using the
supersymmetry Ward identity (3.67).

By (3.55), the soft behavior of the fermion must be either o, = 1 or 2. The all-fermion
amplitudes are constructible when oy, = 2, and our soft bootstrap results for fermion theories
(see Table 3.4) show that no such theory exists. Therefore, the fermions in a supersymmetric
Galileon theory with o, = 2 must have oy = 1.

In a supersymmetric quartic Galileon theory with 0z = 2 and o = 1, the constructibility
criterion (3.20) for n-point amplitudes with n, scalars and ny fermions is ny < 4. Thus at 6-
point, we can only use soft subtracted recursion to compute the amplitudes with at most two
fermions. However, as discussed in [60], two of the six supersymmetry Ward identities (3.68)-
(3.70) uniquely determine the 4- and 6-fermion amplitudes. The remaining four identities in
(3.68)-(3.70) are used as consistency checks. The expressions for the 6-point amplitudes of
the supersymmetric quartic Galileon can be found in Appendix E.4. We have checked that
the recursively constructed 4- and 6-point amplitudes match those that we calculate from
the Lagrangian superspace construction of the quartic Galileon in [81].

The supersymmetry Ward identities at 8-point and higher do not uniquely determine the
non-constructible amplitudes of the supersymmetric quartic Galileon. We therefore suspect
that the quartic Galileon fails to be unique at 8-point and higher [60].

The quintic Galileon does not admit a supersymmetrization with o, = 2 for the complex
scalar. As discussed at the end of Section 3.4.1, there are no obvious obstructions from the

soft-recursion tests to a complex scalar decoupled quintic Galileon with A5(172;3,4557) =

17That analysis also shows that it is impossible for this kind of model to have special Galileon symmetry
with oz = 3.
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(€pvpol’ pgpng)Q. However, it is not compatible with the 5-point supersymmetry Ward iden-

tities. It follows that the cubic Galileon also cannot be supersymmetrized with o, = 2.

Option (b). Consider a quartic complex scalar theory where the real part of the complex
scalar Z is the Galileon ¢ and the imaginary part is an R-axion y. The constructibility
criterion with oy = 2 and o, = oy = 11is 2n, + ny < 4, so there are only two mixed
amplitudes to check; they do not restrict the 2-parameter family of input amplitudes [60].
We have checked that the constructible 6-point amplitudes are compatible with DBI.

For a quintic Galileon with o = 1, we found [60] a unique solution to the supersymmetry

Ward identities

24 24
As(172;37455,) = —%Ag)(lz 25374554) = %Adlz 253,45 5y), (3.98)

namely

A5(1Z 22 3Z 42 52) = So4 [6824825845 + (4812823845 + 2812824834 + 2835845 + 524835 + (2 e 4))
+ (L4 5) + (34> 5)] — 4s3,.

(3.99)

The amplitudes As(1722374252), As(1222374455), and As(172y 3,4y 5;) follow from
conjugation of the above.!® It is interesting that the fermions in these 5-point amplitudes
automatically have o, = 1.

To test consistency of a supersymmetric quintic Galileon with o4 = 2, 0, = 1, and
oy = 1, we consider the 7-point and 8-point amplitudes in the decoupled Galileon theory. In
both cases, the constructibility criterion is 2n, +n; < 4. The (few) non-trivial constructible
amplitudes pass the soft subtraction recursive tests of a;-independence. We have also tested

compatibility with the supersymmetric DBI interactions: at 7-point the constructibility

8 These 5-point amplitudes are not required to vanish in 3d kinematics (and they do not) because they do
not satisfy the constructibility criterion.
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criterion is 2n, + ny < 8 and again the constructible 7-point amplitudes pass the test.
This indicates that there may indeed be a supersymmetric brane-theory with both quartic
and quintic terms subleading to DBI. The scalar ¢ is the Goldstone mode of the broken
transverse translational symmetry whereas the scalar y is an R-axion. The fermion 1 is a
genuine Goldstino of partial broken supersymmetry. We discuss such scenarios further in

forthcoming work.

3.8.2 Vector-Scalar Special Galileon

It is known that scalar Galileon theories arise in certain limits of massive gravity [93, 94]
(for a review, see [95]). An on-shell massive graviton in 4d has 5 polarization states and
the decoupling limit gives one real massless scalar (the Galileon) and a massless photon in
addition to the massless graviton. So we expect there to be an EFT of a real Galileon scalar
coupled to vector.! The vector couples quadratically to the scalar and was consistently
truncated off in [94]. Some subsequent studies have discussed the photon-scalar coupling of
Galileons, see for example [114]. Here, we use soft recursion to give some definitive results
about the possible scattering amplitudes in such a theory.

If the scalar has o, = 2, only the scalar amplitudes are constructible, and we are not
able to say anything about the vector sector and its couplings to the scalar. If however the
couplings are tuned in such a way that the cubic and quintic Galileon interactions are set to
zero then in the scalar sector the soft weight of the scalar is enhanced to o, = 3, the special
Galileon scenario. At present it is unknown whether this enhancement of symmetry can be
understood in some natural way from the decoupling limit of some model of massive gravity.
Moreover, it is not a priori clear if the o4 = 3 enhancement can survive coupling to other
particles.

We use the power of the soft bootstrap to construct the most general amplitudes consis-

tent with the special Galileon low-energy theorem. We use the 6-point test to exclude EFTs

9The decoupling of these interactions from the graviton is not clear [95].
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with a special Galileon coupled non-trivially to a photon with o, > 0. For the model with
o4 = 3 and o, = 0, we find that the soft recursion 6-point test reduces the most general
4 real-parameter ansatz for the scalar and scalar-vector interactions to a 3 real-parameter

family:

A4(1¢ 2¢ 3¢ 4¢) = glstu s

As(14242545) =0,

(3.100)
As(17 243, 47) = g, (12)[24](13) [34]u,

As(14243747) =0.
The couplings of the pure vector sector are unconstrained; the most general ansatz is

Ay(1F 2+ 3+ 47)

Y Y Y

gs ([1212[34]2s + [13]2[24]2 + [14°[23u)

Ay(17 27 3+ 47)

22737 4%) = gu(12)%[34]s, (3.101)

A(15278747) = g ((12}2(34>2s +(13)2(24)% + <14)2<23>2u> .

The most interesting feature of the above result is the relation between the coefficients of the
amplitudes A4 (1424 3444) and A4(17 24 3447). The former is the familiar quartic Galileon,

while the latter would arise from an operator of the form
O ~ gi(,F27) (0" F27) (0240,0) (07,0,0), (3.102)

where F are as defined in and below (3.30)
The relation between the couplings strongly indicates the existence of a non-linear sym-
metry which mixes the scalar and vector modes. Describing the action of this symmetry and

its consequences is left for future work.
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3.8.3 Higher Derivative Corrections to the Special Galileon

The real quartic Galileon has low-energy theorems with o = 3 soft weight. Being agnostic
about the origin of the special Galileon, from an EFT perspective, one should write a La-
grangian with all possible operators that respect the symmetries of the theory in a derivative
expansion. The authors of [115] found that among a specific subclass of Lagrangian oper-
ators, namely those with the schematic form 9*¢?*, 9%¢* and 9%¢°, the special Galileon is
the unique choice that can give enhanced soft limits with o = 3 soft weight. In this section,
we investigate much more exhaustively the possible higher-derivative quartic and quintic
operators compatible with ¢ = 3 soft behavior. This is done using soft-subtracted recursion
relations to calculate the 6- and 7-point scattering amplitudes of the model.

Let us start our discussion with the 6-point case. The constructibility criterion (3.31)
implies that recursion relations are valid if the coupling constant gg of the 6-point amplitude

satisfies

[g6] > —20. (3.103)

Given that this coupling is the product of two quartic couplings and that the leading order
quartic coupling has mass dimension —6 recursion relations can probe contributions to the

4-point amplitude with mass dimension in the range

— 14 < [gy] < —6. (3.104)

Taking into account Bose symmetry, the most general ansatz one can write down for the
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4-point matrix element of local operators is

A4(1¢2¢3¢4¢) :%stu
iy (st )
. (3.105)
2 5 5 5
+31 (s + ¢ +u)

+$ (c3 (s +1° +u’) + §s°tu®) + O(A™H).

The leading term with coupling ¢y/A°® is the usual quartic Galileon. The terms suppressed by
higher powers of the the UV cutoff A encode all possible higher-derivative quartic operators
of the scalar field up to order A~'4,

We apply the 6-point test with ¢ = 3 and find that consistency requires ¢; = ¢3 = 0 in

the ansatz (3.105). The 4-point amplitude then becomes

/

C C C
Ai(145243544) = A—%stu + A—fo (s> +1°+u’) + A—f232t2u2 +O(A™H). (3.106)

From this, we understand that there cannot exist an 8-derivative Lagrangian operator that
preserves the special Galileon symmetry. Additionally, at 6-, 10- and 12-derivative order
there exist unique quartic operators compatible with o = 3. In Section 3.8.4, we show
explicitly that the result (3.106) can also be obtained from an application of the BCJ double-
copy.

Next we examine the possible existence of quintic operators compatible with o = 3. We
combine input from the quartic Galileon with the most general possible ansatz for the 5-
point matrix elements and use the 7-point test to assess compatibility with ¢ = 3. The soft

subtracted recursion relations at 7 points are valid if
[g7] > —24. (3.107)

Since the 7-point coupling constant is the product of a quartic (with mass dimension —6 or
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lower) and a quintic coupling, the latter must then satisfy
[g5] > —18. (3.108)

With Bose symmetry and the requirement that the ansatz for the 5-point amplitude must

have soft weight o = 3, we are left with

d
A5(1¢ 2¢ 3¢ 49 5¢) = _16(1234) Z(_1)‘P‘8P1P2SP2P38P3P43P4P5 SP; Py
P

NE
! 4 |P| 2 2 2
+ F d2 6(1234) + d3€(1234) Z(_l) SP1P2SP2P3 (8P2P3SP3P4 — SP1P28P2P4)
P
4
s (3 D sy syt D D (20s5shsl + 9sishsy — 2S?j3ik5jk)) +O(AY).
i<j i<y i<j ki,
(3.109)

In the above, €(1234) = €,,,0P1 P5P5PT, the sum ), . means Zle Z?:Hl, while the sum
S p is over all permutations of {1,2,3,4,5}, (—1)I” is the signature of the permutation
and P; is its ¢th element. There are no contributions to the amplitude that have less than
14 derivatives. The 1/A-term satisfies the constructibility criterion and vanishes in 3d
kinematics, in agreement with the discussion of Section 3.3.5. Two of the 1/A'-terms also
vanish in 3d kinematics, but this was not a priori expected since they are too high order to
satisfy constructibility.

The 7-point test implies no constraints on the coefficients dy, ds, d3 and dy. This is
evidence in favor of the existence of four 5-point operators that preserve the special Galileon
symmetry. Next, in Section 3.8.4, we investigate whether this result can be obtained from a

double-copy prescription, similar to the 4-point case.
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3.8.4 Comparison with the Field Theory KLT Relations

The significance of the special Galileon extends well beyond the contraction limit of the
3-brane effective field theory and the decoupling limit of massive gravity. The enhancement
of the soft behavior to ¢ = 3 (which degenerates to ¢ = 2 when the DBI interactions
are re-introduced) or correspondingly the extension of the non-linearly realized symmetry
algebra suggests that this model has a fundamental significance of its own that is at present
only partially understood. Perhaps one of the deepest and least understood aspects of the
special Galileon is its role in the (field theory) KLT algebra as the product of two copies
of the % non-linear sigma model. For N = 2,3 this coset sigma model has been
intensively studied as a phenomenological model of the lightest mesons under the name
Chiral Perturbation Theory (xPT). Henceforth we will use this name to avoid confusion
with the CP! non-linear sigma model discussed in Section 3.6.

The double-copy relation between YPT and the special Galileon was first understood
in the CHY auxilliary world-sheet formalism[44]. Specifically, it was shown in the CHY

formalism that the leading order contribution to scattering in the special Galileon model

can be obtained from the KLT product

A = AT 0] Sy o] 1A ] (3.110)

a?ﬁ
where a, 8 index the (n — 3)! independent color(flavor) orderings.? The KLT summation
kernel Skpr[a|S] is universal in the sense that the explicit form of the relations (3.110) are
identical to the perhaps more familiar field theory KLT relations giving a double-copy con-

struction of Einstein-dilaton-B,,, gravity from two copies of Yang-Mills theory. Concretely,

20We use square brackets for the arguments of a color-ordered amplitude.

122



the first few relations have the form

AsG(1,2,3,4) = —s10 AT [1,2,3,4] AT [1,2,4,3]
A;Gal (17 2, 3, 4, 5) — 823545A§PT []., 2, 37 47 5] A%CPT [17 37 27 57 4] + (3 A 4) ?
A (1,2,3,4,5,6) = —siasus Ay [1,2,3,4,5,6] (835A2§PT [1,5,3,4,6,2]

(s34 + 535) AT [1,5,4, 3,6, 2]) L P(2,3,4), (3.111)

where P(2,3,4) denotes the sum of all permutations of legs 2, 3 and 4.

For the formulae (3.110) and (3.111) to even be well-defined, the color-ordered amplitudes
on the right-hand-side must satisfy a number of non-trivial relations to reduce the number
of independent partial amplitudes to (n — 3)! for the scattering of n particles. The existence
of a color-ordered representation is itself non-trivial and not guaranteed to be satisfied in
all models with color structure[116]. In all known cases where the double-copy relations
(3.110) give a sensible, physical output, the reduction to a reduced basis of size (n — 3)!
is accomplished by two sets of identities among the partial amplitudes, namely the Kleiss-
Kuigf and fundamental Bern-Carrasco-Johansson relations. That these identites obtain for
amplitudes calculated in the leading two-derivative action of yPT was first established in
[117] using semi-on-shell recursion techniques developed in [118].

Our goal in this section is to connect two (possibly discrepant) definitions of the special

Galileon model:

1. The special Galileon is the most general effective field theory of a real massless scalar

with ¢ = 3 vanishing soft limits.
2. The special Galileon is the double-copy of two copies of yPT.

What we have described above is the known fact that these definitions agree at the lowest
non-trivial order. In the previous section we used soft subtracted recursion to construct the

most general 4- and 5-point amplitudes consistent with the first definition up to order A='?
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and A~'7 respectively. To determine if these results agree with the second definition we
must first construct the most general 4- and 5-point amplitudes in xYPT compatible with the
requirements of the double-copy. Here we are following the approach of [116] and making
the most conservative possible assumptions. Specifically we assume that both the explicit
form of the double-copy (3.111) and the relations the amplitudes must satisfy to reduce the
basis of partial amplitudes to size (n — 3)! are identical to what is required at leading order.

Let us begin with the 4-point amplitudes. The relations we impose are cyclicity (C)
AXFT1,2,3,4] = AFT[2,3,4,1], (3.112)
Kleiss-Kuijf (KK) or U(1)-decoupling
AFT1,2,3,4] + AFT[2,1,3,4] + AFT[2,3,1,4] =0, (3.113)
and the fundamental BCJ relation
(—s —t)AFT[1,2,3,4] — tAFT1,2,4,3] = 0. (3.114)

Since there are no additional quantum number labels in the partial amplitudes, at each order
the 4-point amplitude is determined by a single polynomial function of the available Lorentz
singlets

1 1
AL 23,4 = FO(s.0) 4 G F O (s, 0) + g PO, 0+ (3.115)

The superscript k£ counts both the mass dimension of the function and the number of deriva-

tives in the underlying effective operator. In this language, the double-copy-compatibility
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conditions take the form

C: FW(s,t)=F®(—s—t 1),
KK: F®(st)+ F® (s, —s—t)+ F®(—s—t,5) =0, (3.116)

BCJ: (—s—t)FW(s,t) —tF®) (s, —s —1) = 0.
We make a general parametrization of the polynomial functions as

FO(s,t) = c§°),

FO(s,1) = Ps + 7,

FO(s,t) = Vs + st + V2, (3.117)
FO(s,8) = 9% + 062 + st + {93,

F®(s,t) = c( It 4 6(8) 3t + c( )22 4 cfl )st3 4 cé I

and so on. Imposing the conditions (3.116) gives a system of linear relations among the

(k)

coefficients ¢;’. These are straightforward to solve and give

g g8
AFT1,2,3,4] = PH A—Zt( + 12 u?) + Ft(szsu) +... (3.118)

A few comments about this result. As expected, the leading 2-derivative contribution is
compatible with the conditions (3.116). Surprisingly, there are no compatible contributions
from 4-derivative operators, but there are unique contributions at 6- and 8-derivative order.
Moreover, the structure of the result here agrees with the 4-point amplitude of Abelian
Z-theory [119]. The Z-theory model is a top-down construction which gives open string
scattering amplitudes as the field theory double-copy of Yang-Mills and a higher-derivative
extension of yPT. The Z-amplitudes are by construction guaranteed to satisfy the double-
copy-compatibility conditions but with Wilson coefficients g; having precise values calculated

from the known string amplitudes. The method of this section can be understood as the
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bottom-up converse of the Z-theory construction, and at 4-point we find agreement.

To summarize, we have shown that up to 8-derivative order there is a 3-parameter family
of operators that generate 4-point matrix elements compatible with the conditions required
for the double-copy to be well-defined. We could continue this to higher order, but our
ability to compare with the methods of Section 3.8.3 are bounded above at this order by the
constructibility criterion.

To construct the associated amplitudes in the special Galileon model (according to the
second definition described above) we use the first relation in (3.111). The result is

sGa, 1 Co C3
AsCel(1,2,3,4) = o5+ 15 (s +t°+u”) + Es%%ﬁ +..., (3.119)

in precise agreement with the special Galileon amplitude (3.106).

As an additional check to the results obtained above, we calculate the 6-point ampli-
tudes of both YPT and the special Galileon. Up to order O(A~%) the YPT amplitude can
be calculated using soft subtracted recursion with (3.118) as input. Note that only three
factorization channels contribute to this calculation because the rest do not preserve color

ordering. The resulting amplitude,

2 [ 5138 S945 S355
A%(PT[L 27 3747 57 6] = 9_24 1:; - + QZ; = + 352 - — S246 + O(A78> ) (3120)
A pias D234 P345

satisfies all C, KK and BCJ constraints. Contributions subleading to the ones listed above do
not satisfy the constructibility criterion (3.31) and cannot be calculated using soft subtracted
recursion. However, we were able to uniquely determine them up to order O(A~'°), by
demanding that they have the correct pole structure, consistent with unitarity and locality,
have o = 1 soft weight and satisfy C, KK and BCJ conditions. The result of this calculation
is listed in (E.30).

We are now in position to calculate the 6-point special Galileon amplitude with two dif-

ferent methods. We can either use the 6-point KLT relation in (3.111) or use soft subtracted
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recursion with (3.119) as input. The results of these calculations match perfectly up to order
O(A7'8), which is the furthest the recursive calculation can go.

Shifting our focus to 5-point amplitudes, we find that it is not possible to reproduce
(3.109) as a double-copy of two (identical or non-identical) color-ordered scalar amplitudes,
despite the perfect agreement at 4- and 6-points. Starting from a general ansatz for the
scalar color-ordered amplitude, we find that the leading contribution that satisfies all C, KK
and BCJ constraints is O(A™'%) corresponding to a valence 5 scalar-field operator with 14
derivatives. The existence of such an operator at all is interesting since there are apparently
no odd point amplitudes in Z-theory [119]! At this order we find that the kinematic structure
of Z-theory does not coincide with the most general possible double-copy-compatible higher-
derivative extension of YPT. Or perhaps said differently, just like string theory fixes the
Wilson coefficients in the 4-point result (3.118) to take particular (non-zero) values, it appears
to fix the Wilson coefficients of the odd-point amplitudes to be zero.

When we use the second relation of (3.111) with this result, we obtain a 5-point scalar
amplitude of order O(A™33), which is significantly subleading to the amplitude (3.109) we

calculated in the previous section for the special Galileon.

3.9 Outlook

There are several interesting questions that remain unanswered in this work. In Section 3.4
we applied the soft bootstrap to classes of models with simple spectra consisting of a single
particle of a particular spin. Furthermore, we gave a limited examination of classes of models
with linearly realized supersymmetry with spectra consisting of a single multiplet. There
is a potentially vast landscape of constructible models with more complicated spectra and
possible futher interesting linearly realized symmetries.

We have already seen examples of this; in Section 3.6 further symmetry (in this case elec-

tromagnetic duality symmetry) emerges as an unavoidable consequence of the combination
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of low-energy theorems and linear N' = 2 supersymmetry. Similarly we should expect the
soft bootstrap to reveal models with complicated non-linear symmetries. In Section 3.8.2 we
have given evidence in favor of the existence of such a symmetry underlying a vector-scalar
extension of the special Galileon.

Our results also suggest two additional applications for the soft bootstrap. The first is
to the classification of higher-derivative operators. The method applied in Sections 3.8.3
and 3.8.4 to the special Galileon and xPT is generalizable to a large class of EFTs with
manifest advantages over traditional methods. The second is as a useful cross-check on
results concerning exceptional EFTs obtained via the double copy. In Section 3.8.4 we found
the puzzling result that there exist valence 5 operators invariant under the special Galileon
symmetry which apparently cannot be constructed as the double copy of subleading yYPT
operators.

It would be reasonable to expect further, similarly rich and unexpected, phenomena to

be present throughout the landscape of constructible EFTs.
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CHAPTER 4
Exact Results for Corner Contributions to
the Entanglement Entropy and Rényi

Entropies of Free Bosons and Fermions in 3d

4.1 Motivation and Results

For a 3d conformal field theory (CFT) in the ground state, the entanglement entropy S for
a region whose boundary has a sharp corner with angle # can be written as
L L
S =B~ —a()log () +0(1). (4.1)
€ €
Here L is a length scale associated with the size of the entangling region, € is a short distance
cutoff, and B is a non-universal constant. The corner contribution to the entanglement
entropy is the scheme-independent positive function a(#) of the opening angle 6 [120, 53, 121].
Since the entanglement entropy of the region equals that of the complement region, the corner
contribution satisfies a(2mr—60) = a(@). If the curve bounding the entangling region is smooth,
the logarithmic term is absent, hence a(f) must vanish in the limit § — 7 and it does so

quadratically as

a@)=c(@—n)*+... for O—7. (4.2)

The value of the corner coefficient o depends on the theory.

For the theory of a free real scalar or a Dirac fermion, Casini, Huerta, and Leitao [54, 52,
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53] derived expressions that give a(f) implicitly in terms of some rather involved integrals.
In the limit # — 7 one can extract double-integral expressions for the corner coefficient ¢ in
(4.2). These integrals have been evaluated numerically [52, 55] and the results indicate that

the exact values are [55]

1 1
(B) — —_ (F) — —_ 4
o 56 and o 58 (4.3)

for the free boson and free fermion, respectively.
Bueno, Myers, and Witczak-Krempa [55] conjectured that the ratio of the coefficient o

in (4.2) to the central charge Cr is universal in 3d CFTs and that it takes the value
conjecture [55]: —=—. (4.4)

The conjecture (4.4) has passed non-trivial holographic tests for gravity models with a family
of higher derivative corrections [55, 56]. The central charge Cr is defined as the coefficient
of the vacuum 2-point function of the stress tensor (see eq. (3) in [55]). For free bosons and
fermions, Osborn and Petkou [122] found that C?) = 3/(3272) and CY) = 3/(1672) in 3d.
So with the values (4.3), the ratio o /Cy is indeed 7%/24 for both free bosons and fermions.

In our work, we evaluate analytically the integral expressions [55] of Casini, Huerta, and
Leitao [54, 52, 53] for 0(®) and ¢F) and prove that their exact values are indeed those in
(4.3). This verifies the universality conjecture (4.4) for the case of free bosons and fermions.
One way of viewing the conjecture is simply as the statement that the corner coefficient o
in (4.2) does not contain independent information about the CFT, but is fixed in terms of
the central charge Cr.

Turning to the Rényi entropies S, one can define a similar corner contribution a,,(6)
which in the smooth limit § — 7 goes to zero as a, () = 0, (0 —7)*+... forn =2,3,4,....
(The n — 1 limit of the Rényi entropy is the entanglement entropy.) It is not known if
0,/Cr has any universal properties.

We calculate o,, analytically for the free boson and free fermion using integral expressions
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(B)

n on Numerical approximation
5 L 0.00211086
5 - 0.00170163
4 Sidn 0.00153255
5 ng—oiﬁ 0.00144219
G SR 0.00138643
- Zeot fyfcot 4 tan f 0.00134874
. % 0.00132161
g ZTYHIOcon 28 ian §4san i 0.00130116
0 125+67;W 0.00128522

Table 4.1: Exact results and approximate numerical values for the corner coefficient of the
first 9 Rényi entropies of a free scalar field.

for o,, derived in [54, 52, 53].1 For the free scalar we find

D k(n—k)(n— an (Ex
=3 fiine»(jk_)?) = (45)

k=1

Note that when n is even, the contribution from k& = n/2 must be evaluated carefully using

limg_p,/2(n — 2k) tan (%’T) = 2n /7. The result for the free fermion is

n L2 k(n?® — 4k?) tan (A7)

247 n3(n—1)

(4.6)

(
k=—(n—1)/2

where the sum is to be taken in integer steps from —”T_l to ”T_l

For low values of n, the finite sums of the trigonometric functions in (4.5) and (4.6)
simplify quite nicely. The results and approximate numerical values for the first nine values
of o, are presented in Tables 4.1 and 4.2, for the free scalar field and fermion respectively.

In the case of the scalar, the exact n = 2,3 results were guessed by the authors of [55] based

"We are grateful to Horacio Casini for sharing with us the integral expression for 07(,,F).
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(F)

n ol Numerical approximation
9 64% 0.00497359
5 216?/% 0.00425408
4 1;6%\7{5 0.00393133
. Yz /5 0.00374840
6 2621%;8;/5 0.003630613

- ks cot 3T an =
7 13 cot = +2§23;r14 +15tan 7 0.00354841
g 1+6\/§+;1m27r74\/T7\/§ 0.00348777
z an = an 2%
9 1351/3+68 cot 1%;&97&;74; g t130tan % 0.00344118
" 5+300\/5;;EW 0.00340427

Table 4.2: Exact results and approximate numerical values for the corner coefficient of the
first 9 Rényi entropies of a free fermion.
on their high precision numerical evaluation of the integrals.

Since the ratios of the central charges of free fermions and bosons differ only by a factor of
2, universality of the ratio o,,/Cr would require that aﬁlB) / aﬁLF) obeys some simple, possibly n-
dependent, relation. Based on our results above, there is no hint of such a simple relationship.
Of course to fully exclude this, one would need values of o,, for other 3d CFTs.

As a function of n, the Rényi corner coefficient ,, decreases monotonically, as shown on
the left in figure 4.1. When n is large, o,, asymptotes to a constant value, which we calculate

analytically:

3C(3)
(B) (
O ——32 7 and Os’ = 4t

n_ B (4.7)

The appearance of the Riemann zeta-function is intriguing since ((3) ~ 1.20206 also shows
up in the free energies and Rényi entropies for free scalars/fermions on a 3-sphere, as shown

by Klebanov, Pufu, Sachdev, and Safdi [123]. Specifically, the free energy of a free real scalar
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Figure 4.1:  Left: Plot showing that o, decreases monotonically from the entanglement
entropy value included for n = 1 to the asymptotic value o, for free scalars (blue circles)

and free Dirac fermions (maize squares). The asymptotic values olB) = ?325?4) ~ 0.0011569

(black) and o8 = % ~ 0.00308507 (gray) are indicated as horizontal lines. Right: The plot
illustrates our numerical fit o,, = 0 (1—1—%—}—%—1—%—1—. .. ), for which we find by = by = b3 =1

for the free scalar, and by = 1 and by = b3 =1 — #?3) ~ 0.31578 for the free fermion; the
b

solid curves are 3 + % for those respective values of by and bs.

or free fermion on an n-covered 3-sphere behaves as? F,, — nF for n — oo with

Fo X0 a4 me 2O (4.8)

o 82 72

Thus, for both free scalars and fermions we have

1
(B/F) — _—_fp(B/F) 4.9
Oso 42 ( )

For finite n, there is no apparent relation between F,, and o,, however there are some
similarities in the subleading large-n behaviors, as we discuss in section 4.4. The plot on the
right in figure 4.1 shows the large-n behaviors of the Rényi corner coefficients ,. A priori
it is not clear if there is any relation at large n between o,, and F,,, but it would be curious
to test (4.9) in other examples.

The remainder of this chapter details the derivations of the results summarized above.

In section 4.2, we derive the results (4.3) for the entanglement entropy corner coefficient o.

2The authors of [123] work with a complex scalar, so the free energy there is twice that of a real scalar.
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We then evaluate the Rényi entropy corner coefficients o, in section 4.3. In section 4.4, we

discuss the asymptotic behavior at large n.

4.2 Evaluation of the EE Integrals

In this section we describe the procedure for analytically evaluating the integrals for the
coefficients o®) and o) of the entanglement entropy. Our starting point is the integrals
[54, 52, 53] presented in equations (B1)-(B3) of [55]. After a change of integration variable
from m to i = v/4m?2 — 1, the integrals take the form

1 [ & T
(B) = _Z d dbu’Ha (1 — @) ——s—— 4.10
o / N/ p Ha ( a) COShQ( b) ) ( )
,LLF s
d db |2 Ha ( _— 4.11
/ M/ [ a(l—a)- 47 | sinh? (7rb) ( )

where a = 1/2 + b for the scalar and a = ib for the fermion. The functions H and F' are

defined as
T C 1 F1
H=——|-X;+-X —_ F=—— 4.12
2(h L 2>+167Ta(a—1)’ Fy’ (4.12)
with?
1
Fy =4rchHa (1 — a) [(2a — 1)° + P’ —=ch® (¥ +1) (4.13)

4
ch [(2a —1)* + MQ}Q
2(2a— 1)

Fy = (4.14)

3We simplified the expression for Fy in [55] by writing it in terms of H.
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The functions h, ¢, X7, Xo, and T are defined as follows:

_ 2 (12 + (2a — 1)?) sin? (7a)
(42 + 1) (cos (2ma) + cosh (mu)) ’
_ 2%ma (1 — a)sec (ra+ Z4) (2 —a+ 2)
ViIPF T2 =a) T(-5+a+%)
[(=a) [wsinh () +icosh () (b(z+a+ %) —v(3+a—3))]
220t T(a+ 1) (5 —a+ %) T(3 —a— %) (cos(2ma) + cosh (wp) )’

X =

X, = (X, with a replaced by (1 —a)),

T:%\/h[(thl) (241 —da(i—a). (4.15)

Here ¢ denotes the digamma function, ¢(z) = £ log I'(z).

Our first line of attack involves calculating the quantities ¢X;/h and X5 /c that appear in
H in (4.12). Beyond the immediate cancellations that occur in these ratios, one can perform
further simplifications using identities involving gamma functions. Namely, one can use the

recurrence relation

[(1+42) ==2I'(2) (4.16)
and the reflection relation
T
'l —2)T(z2) = ) 4.1
(1-9TE) = 5 (417

Surprisingly, all the gamma functions cancel after a series of such substitutions, giving

2+ lesc(ma)

c
YT 16mpu(a—1)a

1 N e » .
e = 1g7w (acicl(;r? [ sinh () +icosh () (¥(5 —a+ ) =¥

[rsinh () +icosh () (W(; +a+ %) —o(G+a=%))],

N
|
)
|
s
N—
SN—
—_

(4.18)

It is suggestive that the pre-factors and the form of these two results are the same. We then

proceed by adding them together as in (4.12). The linear combination of digamma functions
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that appears in the result can be simplified using properties easily derived from (4.16) and

(4.17). In the form that is useful for our purpose, these identities are

and

w(%—l—ai%)—w(%—a:F%”) :Wtan(ﬂaii%) )

Then the combination of X; and X5 that appears in H simplifies to

x4 %Xz _ Vet ( 7 sin(ma) sinh (Z£) _ csc(ma) cosh (%)) | (4.19)

h dma(l — a) \ plcos(2ma) + cosh(mp)] (1—2a)?+ p?

The last ingredient we need to construct H in (4.12) is T'. Using (4.15), it is

T ((1 = 2a)2 + p2)" sin®(ma) cosh? (}—“) ‘ (4.20)
(12 + 1) (cos(2ma) + cosh(mp))

Further simplifications of H depend on the nature of variable a, as we will see when we

specialize to the cases of the free scalar and the free fermion.

Free scalar. To proceed with the evaluation of the integral ¢®), we set a = 1 /2 4 ib as
prescribed for the free scalar. It is furthermore convenient to change integration variable
b — b/2. Using that both x and b are positive, the integrand of ¢®) simplifies dramatically

and becomes

#B) / " du / * 1 folm (> = ) sin(mpr) + 251 cosh(mb) — 2 cosh(mp)
0 0

64[cosh(mb) — cosh(mu)]? (4.21)

Next, we integrate by parts. Writing

1 oo oo o :U’(/vLQ_bz) b2_,u2
B =— [ d db |~ 4.22
? 64 J, ,u/o {8/1 (cosh (mb) — cosh (mp) N cosh (7b) — cosh (7p) |’ (422)
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we see that the boundary term vanishes and we get

(B) 1 +00 +00 h — H2
=— d db : 4.23
7 256 J_ a /Oo cosh (7wb) — cosh (mp) (423)

We have extended the limits of integration to facilitate the change of integration variables
p=x—y and b=xz+y. (4.24)

This separates the two integrations and reduces the expression to

1 [+ x S|
w_ (L [Ty 4.25
7 (8 /_Oo ¥ Sinh (m)> 256 (4.25)

This completes the derivation of the result (4.3) for the free scalar.

Free fermion. With Fj given in terms of H as in (4.13), we have already done most of

(F) For the free fermion, we have to take ¢ = ib and it is

the leg-work needed to compute o
again convenient to change integration variable b — b/2. After putting everything together,

we have

g

w L[ : /°° " plm (p* — b* — 1) sinh(7p) — 2 cosh(mb) — 2p cosh(mp)]
32 : 0 [cosh(mb) + cosh(mpu)]?

(4.26)

We can express the integrand as a total derivative plus remaining terms as

1 00 00 a #(MQ_b2_1) 1_”2_{_[)2
B =_— 1 d db |+ .42
? 32 Jo ,u/o {&u (cosh(wb) + cosh(mu) * cosh(mb) + cosh(mp) (427)
As before, the boundary term vanishes and we are left with the expression (after extending

the limits of integration)

1 [t 1= 2 + 12 ][ 1+4
() Pt / oY (4.28)

= — [ dudb N .
128 J_ a cosh(mb) + cosh(mp) 128 ‘ ycosh(wx) cosh(7y)

—00
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In the last step, we changed integration variables using (4.24). Since x/cosh(mz) is odd,

that part of the integral vanishes and the result is therefore simply

) _ 1 / PSSR (4.29)
o - = —, .
128 \J_o cosh(mz) 128

Thus we have derived the result (4.3) for the free fermion.

4.3 Reényi Entropies

We now proceed to calculate the corner coefficients o, for the Rényi entropies.

Free scalar. For the scalar field, the Rényi corner coefficient is given by the integral (B7)

in [55]. We change the integration variable m to p = v/4m? — 1 to write it as

< k(n—k) [
B =N [ du A 4.30
o k=1 2n* (n — 1) /0 pE ke (430

where Hy,, is H in (4.12) with a replaced by k/n. With the simplified expression for H from

section 4.2, we get

~1
< sin? ”k)

Z 32mn?(n — 1)

y /°° du i [(n = 2k)? + p®n?) 7 sinh(mp) — 2p*n? [cos (22£) + cosh(mp)] |
0 [cos (22£) + cosh(mp )]2

(4.31)

As before, we write the integrand as a total derivative plus remaining terms:

x/oodu [3<“[<n_2k)2+“2”2]> (= 26)" + 40"}y )

cos (22£) + cosh(mp) cos (22£) + cosh(mp)
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The boundary term vanishes and the expression simplifies to

—1
00 — 9k)? 2,2
/ dy =)+ in (4.33)

Z sin?
P 327m2 (n—1) H os (22%) + cosh(mp) |

The contribution of &k = n/2 is easy to calculate and is equal to

! /md e ! (4.34)
647 (n — 1) Hsinn? (%) 482 (n—1)° '

For k # n/2, there are contributions from two integrals:

[ /°° dpu _ 2tan~! (tan (”—f)) _ 2 y %7 k<n/2
mk o Jo cos (22£) + cosh(mp) 7 sin (222) sin (2£7) E_ 1 ks /2
(4.35)
and
= prdu 20[Lig(— ¢*) ~ Lig(— e )]
wE o cos (22£) + cosh(mp) 3 sin (227
i log (%37 [7% 4 log? (¢*+7)] 2 %, k<mn/2
B 373 sin (27) ~ sin(%n) . (n—k)(n—2k)(3n—2k)
n - 23 , k>n/2.
(4.36)
Above, we manipulated the tri-logarithm Liz using the polylog identity
2
Liz(2) — Lis(27") = d log® (—2) — % log (—2) , (4.37)

6

which holds for z ¢ 10, 1].
Combining the results (4.35) and (4.36), we find that the result is the same for 1 < k <
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n/2 and n/2 < k < n, namely

> (n —2k)* + p*n? (1) 2,2 Sk(n—k)(n —2k)
d = 2k)°I) + I = . 4.38
/o s cos (2“’“) + cosh(mp) (n — 2k)° nik nik 3n sm(%”) ( )

Thus, having evaluated the integral in (4.33), we can write o(?) as the finite sum

i
L

(B) _ 1
" 241 n3 (n — 1)

k(n—k)(n—2k)tan(Z) (4.39)

n
1

(0}

£
Il

Note that taking the limit k& — n/2 as described below (4.5), the summand evaluates precisely
to the special case (4.34). The expression (4.39) is the result for the Rényi corner coefficient

presented in (4.5), so this completes our evaluation for the free scalar.
Free fermion. For the fermion field, the Rényi corner coefficient is given by the integral
2(n 1)

F
(F) — (1—a)p2H - 22 44
7\ n_l Z/ du[ a) W H — - , (4.40)

k>0

where the sum is over & from 1/2 (n even) or 1 (n odd) in integer steps to 3(n — 1).

Substituting the expressions for H and F obtained earlier gives

L sind ()

(F) —
oy = —
e 8m(n —1)
oo 242 [cos (22E) + cosh(mp)] — (ﬁ + p? — 1) msinh(mp)
" / A (4.41)
0 [cos (22£) + cosh(ﬂ,u)}
We then use integration by parts to simplify the integral
3(n-1) sin? (wk) 0o D) u<£+,u2—l) %4'#2—1
Jr(LF) — Z _\n/ d,u s ST n
e 8r(n—1) Jo op \ cos (%) + cosh(mp) cos( %) + cosh(mp)
(4.42)
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The boundary term integrates to zero and the expression simplifies to

%(nfl) i 2 (mk 9] 2 4k
() _ sin” (1) / d 1—p —
olF) — ) [y —— . (4.43)
kz>0 8r(n—1) J, cos (22£) + cosh(mp)

The result of the integral again involves a difference of two tri-logarithms and it can be
simplified using equation (4.37). The result is even in k — —k, so we can write the final

answer as

1
1 ? k
(F) _ k(n? —4k%) t — . 4.44
n 24w n3 (n — 1) Z (n ) tan n (444)

szé(nfl)

This is the formula we presented in (4.6). Values for low n were tabulated in section 4.1 for

both JSLB) and ale).

4.4 Asymptotic Behavior of the Rényi Entropies

Let us now study the large n behavior of the Rényi entropy corner coefficients o,. In
particular, we evaluate analytically the value for the coefficients o, in the limit where n — co.
This is done by introducing a new variable = k/n and multiplying by nAz = 1. Then in

the n — oo limit, the sum becomes an integral and we have

1 ! 3¢(3)
B) — _— _ _ —
fops o /0 dz z (x — 1) (22 — 1) tan (7x) 3ol (4.45)
1 12 ¢(3)
(F) — 1 — 42 = . 4.4
(o3 o /_1/2 dz x ( x ) tan (mz) i (4.46)

These values turn out to be proportional to the asymptotic values of the F, — nF,, calcu-
lated on the n-covered 3-sphere [123]; as noted in Equation (4.9) we have oS — #féf /),

On the right of figure 4.1, we illustrated the asymptotic behavior of the corner coefficient
which we find to be

anzam(1+z+n—+n—+...>. (4.47)
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Numerical fits show that by, by, and b3 are 1 for the free boson while by is 1 and by = b3 ~
0.31578 in (4.47) for the free fermion. In fact, fitting up to O(1/n'®), we find numerical
evidence that by, = boxy1 for both the scalar and fermion. This indicates that a factor of
(n 4+ 1)/n can be factored out of the function in (4.47), so that
n+1 < bQ b4 b6 >

I+ =+ —+—+...

St (4.48)

Opn = 0O

It is also interesting to study the ratios of the Rényi corner coefficients at large n: based

on numerical fits in the range n = 100 to 2000 we find

07(13) 3 T

2

1 1 1
~ [ 093871149~ + O = )] . 44
" = 5 1L Ty VOTLAY, +O<n5>} (4.49)

The value of the 1/n2-coefficient is inferred from the numerics. Specifically, we fit to the

function

3/ di dy dy
§<1+E+ﬁ+$+”'>’ (4.50)

and find that d; < 10726, |d, —

1215?3)| <107, dy <1071, dy = —0.93871149 ..., d5 < 107

etc. The vanishing of the odd powers in (4.50) is consistent with (4.48). Note also that we
can now identify the number by = by ~ 0.31578 from the fit (4.47) of the free fermion Rényi

entropy corner coefficient at large n as 1 — %; this is the value given in the caption of

figure 4.1.

Taking the Hurwitz zeta-function expressions for Fi°/™ from [123] and using (4.50) to

perform a similar fit at large n in the range 30 to 300, we find

F® 3 2
D sl

1 1 1
L = 4 0.937106586— + O(— )| 451
T2 0937100586 +0(=)] (4.51)

Again, the value of the 1/n%-coefficient is inferred from the numerics which give d; < 1072,
|dy + 5| < 10717, dy < 10714, dy = 0.937106586 ..., d5 < 107'2 etc. The behaviors of

FLB individually is, however, very different that that of the Rényi corner coefficients. We
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find that F5” ~ nFL (14 0()) while Fi" ~ nFE (14 i + O(k)).
It is not clear whether the similarities observed at large n between o,, and F,, have any

significance or if it is a coincidence. Perhaps future investigations will clarify this.
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APPENDIX A

Metric Variation Formulae

We present here a list of formulae that are useful to computing the metric variations of

various contractions of curvature tensors:

/ dhe /7 X 57(;}? =V (RigX + (OX); = ViV;X) | (A1)
/ Az X E;jff?) = (23%}2’3)( + Vi Vi(X Ry + O(X Ry) — 2vkvi(XRkj)> ,
(A.2)

1 1 1
/ d’z\/y X ’("“; \/’7( — 5V ViX Vindy — 5 VnViX Vim0r + §V’“V1X%mvjn) ,

(A.3)
/ d%ﬁX% - ﬁ(xvivjy +Vi(XV,;Y) - %vk(kay)%j>
. §Y
/ d'e 70X - 5] (A.4)

All fields on the RHS of these equations depend on .
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APPENDIX B

Six-derivative Counterterms for Pure Gravity

In d = 6 dimensions one needs to consider counterterms with up to six derivatives. For the
pure gravity case, the six-derivative Ansatz is given by equation (2.29). In this Ansatz, it is
possible to include terms with contractions of two or three Riemann tensors, but it is easy
to show that the coefficients of such terms will be zero.

The HJ equation at six-derivative order becomes

8U(6) _

9 —0. B.1
K + 5 — 0 (B.1)

The total derivatives of Y(4);; that appear in K ) are now important because they are mul-

tiplied by the non-constant Y(s);; = BR;;. In particular, we have that
1
Y = C (2RklRikﬂ+§DR%j+DRij—VNJR) +Cy (2RRZ-]-+QDR%J-—2VNJR) . (B2)

The coefficients B and (' 5 are those calculated in Section 2.3. Additionally, in the product
YioyisY,y “ terms proportional to R¥V,;V;R can be changed to RV,V,;RY = TROR by
adding appropriate total derivatives and using the Bianchi identity. Finally, by using the
variation rules of Appendix A, one realizes that Y = 3U) up to total derivative terms
that can be ignored because Y(g is only multiplied by the constant Up. Putting everything

together and demanding that the coefficient of each of the independent terms is zero gives
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77777

: d—6 dL*
S-terms: D D; — =
f-terms T TR Vv )
y : d—©6 L4
L RY-t : D D =
RR;; RV-terms 2+ i 2+4(d—1)(d—2)2(d—4) 0,
ipkpi : d—6
R R;"R)'-terms: Ds + TDS =0,
y . d—6 2L*
ij Pkl . —
RYR Rikﬂ—terms. D4 + TD4 + (d — 2)3(d — 4) = 0,
. d—6 L*
ROR-t : D D5 — =0
erms T Y T ld—Dd—2pd—1)
y . d—6 L
;LR - : D¢+ ——D =0. B.
R;;00RY-terms 6t 7 6+(d—2)3(d—4) 0 (B.3)

Keeping only divergent contributions from the solutions of these equations, we obtain the

result (for d = 6)

LA | g 1
S (RijDR” — 5 BOR + 2RV R Ry + -

Yo =18 5

g 3
RR;;R” — ng) : (B.4)
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APPENDIX C

One-point Functions

In this appendix we calculate the one-point functions for the quantum field theory operators
dual to the fields of the FGPW model and explicitly check that the counterterm contributions
cancel the divergences that come from the bulk action. One may consider three different
one-point functions, (Oy), (Oy) and (T};), where the QFT operators Oy, are dual to the
bulk fields ¢/ respectively and the QFT energy-momentum tensor 7;; is dual to the metric
Yig-

These one point functions can be calculated by variations of the renormalized action
Sren - Iyi}’(l) Sreg - })%(Sbulk + SGH + Sct) 5 (Cl>

where the regularized action Sy, is the sum of the bulk action (2.57), the Gibbons-Hawking
boundary term, and the counterterm action (2.82). In particular, the three correlation

functions are given by:

. logp 1 5Sre . 1 1 5Sre . 12 5ST6
08P 1L 95 i L% gy 12 05
Ol === A oe =M A 0 ST A
(€2)

The variation of the bulk action gives only a boundary term since the rest of the contributions
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are set to zero by the equations of motion. Namely, one gets

0Shulk 1 2
(SQS = Eﬁ ( - Zpa,qu) )
0 Shulk 1 2
5w = Eﬁ < - Epapd}) 5
5Sbu1k 1 P mn
oy 52VT (9755 = 7™ O Ymn Vi) - (C.3)

On the other hand, the variation of the counterterm action has been already calculated

during the renormalization process and it is related to the conjugate momenta of the fields:

0Set 1

5o~ = Ve,

0S¢t 1

0Set 1 1

s ===V (- 50 ©

After putting everything together, the following expressions are obtained:

1. logp 2 2 1

(Og) = s ili% P { 7P L0+ 7 (1 + logp) 4, (C.5)
1. 1 2 1 1 , L 1

(Oy) = ) fljlg(l) W {—Ep(‘?pw + zw + (3_L (14 3c)y” — 5 (D — 6R> w) logp}, (C.6)
1271 . 1

(Ty5) = _EE ﬁp (9pvig = YigV™" OpYmn) — Yij + §U7ij ) (C.7)

with
L L 9 )
Yij = 7B+ |5 (Bigt” + AVib V9 = 20ViV0b — (V) Ty — L)

3

L
+ 55 (4RR:; — 12RM Ryiyj + ORyij + 2V, VR — 60R;;) | logp, (C.8)

and U as calculated in Section 2.5.

To determine whether the above expressions are finite, one has to use the Fefferman-
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Graham expansions for the metric and the scalar fields of the theory:

1
Vij = ;7(0)2‘1' + (7(2)1'3' + Y(2,1)ij log ,0) + ,0(7(4)@ + Y(4,1)ij 10g p + V(4,2)i; log? p) + O(p?) (C.9)
b = p' 2P0y + 0P (@) + b log p) + O(p™?) (C.10)
¢ = p(0) + b1 logp) +O(p?) (C.11)

Notice that for the special case of the ¢-field there is a logarithmic term even in leading order
in p. (This is generally true for all fields with scaling dimension A = d/2.) All the coefficients
of the above expansions can be determined in terms of v(0)ij, Y(a)ij> P(0), @(0,1), Y(0) and P(a)
using the equations of motion for the fields and the metric. These undetermined coefficients
encode information about the boundary QFT. Namely, the leading order coefficients ¢, 1)
and (o) are related to the source of the respective QFT operators, while coefficients ¢ )
and 1)) are related to their vev rate. Additionally, the leading coefficient v();; in the
expansion of v is the background metric of the boundary QFT. Finally, although ~(4);; is not
fully determined, its trace and covariant divergence can be related to the other expansion
coefficients using Einstein’s equation.

The substitution of the expansion (C.11) for ¢ into (O,) directly leads to cancellation of

all of the divergences, without using the equations of motion, and the result is

12
(Oy) = _?ZQS(O) : (C.12)

Plugging the expansion (C.10) for ¢ into (Oy) leads to direct cancellation of the divergent

terms in leading order, i.e. those proportional to 1/p, however, a logarithmic divergence
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remains:

1 /2 2
(Oy) = = (Zw@) + Ew(z,n)
1

6

5 R@)w(m] logp, (C.13)

1 .. 2 1 L
+ — lim |:zw(271) — S_L(l + BC)w?O) + — (D(O) —

where Ry = R[y(0)] is the Ricci scalar obtained by the metric v and

1

Doy = NGT

0; (\/%owfé)ajwo)) : (C.14)

In order to see the desired cancellations, one has to calculate the expansion coefficient ¢z 1)

via the equation of motion for the field 1,
L0, 4+ 4p° 050 + 4pd, b + 2p0,1p Tr(y 1 0,y) + 3¢ — 2¢° = 0. (C.15)
By the asymptotic expansions for ¢» and the metric, the terms proportional to p3/? give

1 _
Y1) = 1 <LQD(0) + TI‘(’V((S’V@)) - 2c¢(20)) o) - (C.16)

Finally, ~(2) is determined using Einstein’s equation:

Ryuls] = 0,00, + 0,00 + 513V (9, )y (©17)

The 75 component of this equation is

LzRij [’7] = 2p26§’%3 + 2pap’ylj + p2 Tr(’y_lap’y)ap/yij - 2P27mn p’)/miap’)/nj
1 _ _ _ _
= 5P T 0T ) v+ p* Te (Y 9p) v + p T (Y 9p) g (C.18)

2
+ L2000, + L?0pp0;1p + 2p*(0,00)*ij + 20°(9,0) 5 + EV(Gﬁ, V)i -
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Expanding it and keeping terms up to O(1) one finds

..__L_2 R .,_lR ) oL . C.19
T@ii = ~ 5 (110G — o) (0) 6¢<0)7(0>w' (C.19)

Now using these results for ¥ o,1) and 72y in (Oy) exactly cancels the logarithmic term and

gives the following finite result for the one-point function:

Lo, | (C.20)

3L

L 1
(Oy) = { V() — ( 0 —gR(o>>¢<0>+

A similar approach leads to the renormalized one-point function of the energy-momentum
tensor. A direct substitution of the asymptotic expansions in equation (C.7) leads to the
cancellation of the leading O(p~2) divergences. However, the remaining divergences can be
canceled only after solving Einstein’s equation for 7,1y and v(42). Terms proportional to
plog p give

V(4,2)i ——¢ 0,1)Y(0)ij » (C.21)

while terms proportional to p give

LA Kl 1 LA Kl 1 5
Vi =g R(O)R(O)z'kjl—gR(O)R(O)ij 5 Rioy Roywi 3R(o) Y(0)i

4
T (Dw Royij — Vz'Vij) - 55<O>R<omom)
12 1 1 1

+ Y0 (gvivj+57(0)ij‘:‘(0)—gR(om) Yo (C.22)
L2

( ) Vo) Vkl/) yViboyY(0yi )

1 1
~ 1 (14 3c) Y (0)Y(0)ij 3<Z5(0)<Z5(0,1)’7(0)z’j :
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Then, the renormalized energy momentum tensor will be given by:

2 1 /1 2
(Tiy) = — V@i — (—%) — ¢0)P0,1) + —¢?o,1) -

1
L \3 _<1_3C>1/1 0 T Yo)¥e >’Y(0)

72
L
T3 (%VWO)VW@ + %) ( - —R<o>) Yro) ) V(0)ij

3

L 1
- 7% (VNJ» - §R(O)ij> Yo+ 55 (Rm)szﬁé) + §R%0) + D(O)Rm)) Y(0)i

3 3

T (R(O)ikR(O)kj - §Ré€(l))R(0)ik:jl +

1 3
1 1ViVifio — 7Ho R(om) :

4
(C.23)

The trace of the stress-tensor one-point function gives a much simpler expression, since the

trace Tr(v@h@:)) can be obtained from the pp component of Einstein’s equation, which gives

L2
P> Te(y 0y 1 0,7) — 20" Tr(y ' 02y) = 20 Te(v 1 0,7) = (200,0)° + (200,)* + S V(0.0).

(C.24)
Keeping only terms of order O(p?) in this yields
) I g2 L2 5
Tr(v)Y@) =16 (R(omR 9R<0>) < Yo (Dm) 183@) Y
(C.25)

1 3
§<2¢%0) + Qb%o,l)) + 9 (1 + 56) w?o) — Y0¥ -

After plugging in the above result the trace anomaly becomes

. 1 1
(T) = T <4¢(0)¢(0,1) - 2¢%0,1) 6 (1+3c) %) - 2¢(0)¢(2))

L
2

%
<¢(O>D<o>¢<0> + %) 52‘#}(0)@%)) (R(omR R(o)) (C.26)

We must emphasize that the above results for the one-point functions are true only up

to contributions from finite counterterms in the action.

152



APPENDIX D
Derivation of Manifestly Local

Soft-Subtracted Recursion Relation

In this appendix, we derive the manifestly local form (3.19) of the subtracted recursion
relations. For a given factorization channel, consider from the recursion relations (3.18) the
expression

AP (AP (2F)
F(zF)P(L — 27 /=])

D AD D AD

where the contour surrounds only the two poles z[i The second equality is non-trivial and
deserves clarification. In the second expression, the subamplitudes A(LI)(Z) and flg)(z) are
only defined precisely on the residue values z = z?[ for which the internal momentum P;
is on-shell; in general one cannot just think of A(LI)R(z) as functions of z. However, in the
product flg) (z).flg) (2), one can eliminate the internal momentum P; in favor of the n shifted
external momenta by using momentum conservation. Then the resulting expression can be
analytically continued in z away from the residue value. This is implicitly what has been
done in performing the second step in (D.1).

Let us assess the large-z behavior of the integrand in (D.1). The L and R subamplitudes
have couplings g;, and gr such that grgr = g,, with g, the coupling of A,. Their mass-

dimensions are related as [gr] + [gr] = [gn]. Hence, using n;, + ng = n + 2 and (3.26), we
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find that the numerator behaves at large 2 as
AD(2) AP (2) 5 2P1oPr = SO-n=lon] =Sl si=2sp — D+2-25p (D.2)

where sp denotes the spin of the particle exchanged on the internal line and D is the large
z behavior of the A,, which we know satisfies D — )" , 0; < 0, by the assumption that
the amplitude A, is recursively constructible by the criterion (3.20). We therefore conclude
that the integrand in (D.1) behaves as zP~1"Xi=17i-257 e it goes to zero as 1/22 or faster.

Hence, there is no simple pole at z — oc.

AD () A0 (2)

TRy Let us

If we deform the contour, we get the sum over all poles z # zji in
assume that Ag) and Ag) are both local: they have no poles and hence we pick up exactly
the simple poles at z = 0 and z = 1/a; for i = 1,2,...,n. We then conclude that the soft

recursion relations take the form

AD () AD(:
A, Z Z Z Res,— ;(Z;Ii; ) , (D.3)

I y—0 L [p(D))

Yaq 7a

where F(z) = [[_,(1 — a;2)”. This form of the recursion relation is manifestly rational in
the momenta.
Note that only the z = 0 residues give pole terms in 4,. Therefore the sum of the 1/a;

residues over all channels must be a local polynomial in the momenta.
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APPENDIX E

Explicit Expressions for Amplitudes

In this appendix, we present expressions for the 4- and 6-point amplitudes of the theories
discussed in the main text. The 6-point amplitudes were reconstructed with the 4-point ones
as input, by means of the subtracted recursion relations and the the supersymmetry Ward

identities also discussed in the main text.

E.1 Supersymmetric CP' NLSM

Below, we list the amplitudes for the CP' N = 1 supersymmetric NLSM. This model is
discussed in Section 3.6 as an illustration of our methods.

The 4-point amplitudes are:

1
As(12223247) = 12518 (E.1)
_ 1 1
Ai(12273]45) = —55(23)(24) = S5 (lpr — pal3). (E2)
1
Ai(1525374,) = _P[13]<24> : (E.3)
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They serve as the input for computing the 6-point amplitudes recursively:

As(122232425267)
1 513546 2
:FK i —|—(1H5)—|—(3<—>5)> +(2<—>4)+(2<—>6)+3p135] , (E.4)
As(122737475567)
_ % { (513[?);13546> L 26 4)) _ (524[;%15];1@ + (1 3))
B (([54] <4|1;1%222’2]<26> Y (1o 3)) + (2 < 4)) + (6]p135|5]} ; (E.5)
As(12273,4,5,6,)
B % [ B <[31]<1|];1§|5]<46> N 5>> . ([35]<4|ZZZ|2]<26> 4o 6))
[51](16)[32](24)
_ <( o ~ (3¢ 5)) — (4 6))] : (E.6)
Ag(1;2,3,4,5,6,)
_ % [<[13](2|2;1%222\5](46> _(1e5) -3 5)) —2e4) -2 6)} . (E.7)

Note that only the pure scalar amplitudes and the 2-fermion amplitudes have local terms.

The 6-point amplitudes satisfy the NMHV supersymmetry Ward identities in (3.68)-(3.70).

E.2 Supersymmetric Dirac-Born-Infeld Theory

The amplitudes of A/ = 1 supersymmetric Dirac-Born-Infeld theory are all recursively con-

structible. The 4-point amplitudes are

1
Ai(1227374z) = PS%37 (E.8)
1 1
A4(1z223;};4;) = F$13[32}<24> = W813<4|p1 —p2|3] s (Eg)
1
As(152,3]47) = —s13[13](24) (E.10)
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and the results of soft subtracted recursion for the 6-point amplitudes are

Aﬁ(leZgz4Z5z6Z)
1

| (B s aon) e g een -k, (B.11)

As(122737475,6,)
1 K(326335[54]<4\p12611]<16> ‘a HS)) +(2H4)) N (8%3546[54]<46> +(QH4))

N F p%% p%23
. (815834[51] <16>
p?s()‘
As(12223,4,5,6,)

= 5| Ga s ptalasiias) - (2 ELOEED o)) )

) (SBS%BQ] Clpmldlias) 5)) . (326335[35]<4|p126|2]<26> e 6)” 7

+ (1 < 3)) + (813824 — (813 + 824) p%35) <6|p24|5]} s (E.l?)

p%23 p%%
(E.13)
A1)
-5 [(513346[13]%5123'5]<46> (1o -Bo 5)) _Red-2o 6)} L (E14)

The 6-point amplitudes satisfy the NMHV supersymmetry Ward identities in (3.68)-(3.70).
As in the case of the NLSM, only the pure scalar amplitudes and the 2-fermion amplitudes

have local terms.

E.3 Supersymmetric Born-Infeld Theory

In this subsection, we list the amplitudes of Born-Infeld theory. This theory is the leading

order contribution to the effective field theory of a Goldstone A/ = 1 vector multiplet. The
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4-point amplitudes are

A(15273547) = —%[13]@@313, (E.15)
A(132,3747) = 1131123 (24)” = — 18]l — paf3](28), (E.16)
Ay (15273747) = %[13}2@4% (E.17)

Except for the all-vector amplitudes, all amplitudes are constructible with soft subtracted
recursion. The all-vector amplitudes are the amplitudes of Born-Infeld theory, and they
are fixed in terms of the other amplitudes using the supersymmetry Ward identities. In
particular, at 6-points, we use (3.70) and the remaining five identities in (3.68)-(3.70) are

used as checks. The results are

Ao(152,374,5]6,)
L :(813546[131 gzmm O s o 5)) _ed-o 6>} L (B13)
As(1327354,556,)
B % :(846[13]2@'21%2;'5]<23><46> N 5)) . (835[14] [35];6%5124'1“24}2 PR 6>>
B (([13][14]<4|p;§i5]2(52)(26>  1312lpasl L Glpual5](24) — (3 5 5)) 4o 6% 7
(E.19)
As(13273747556,)
B %[([13}2<2|p1?%|2532<54><46> +(2H4)> N <[35”36]<61|§i4|1]2<24>2 L HS))
N (([15]2[36“2‘72%2255’3]<25><46>2 +1o 3)) +2o 4)) + [13]2(6|p24|5]<24>2} :
(E.20)
Ao(152,314,516,)
) % {<[13}2<2!1;§;]5]2<46)2 rlentiGo 5)) Lot 6)} | (E.21)
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In this case, only Ag(172;3747576,) and Ag(1F27374,5/6,) have local terms.

E.4 Supersymmetric Quartic Galileon Theory

Below, we list the amplitudes of an N' = 1 supersymmetric quartic Galileon. This model

was discussed in detail in [60] and reviewed in Section 3.8. The 4-point amplitudes are

1
As(1222374z) = 76912513523 (E.22)
1 1
A4(12223$4;) = F512823[32]<24> = W812823<4’p1 — pg’g] s (E23)
1

At 6-point, only the amplitudes with at most two fermions are constructible with soft sub-
tracted recursion relations. The remaining ones are fixed by the supersymmetry Ward iden-

tities (3.68)-(3.70), and we find

As(122237425267)
_ 1 812513322545546356 +(1+5)+B+5H)|+2+4)+(2+06)], (E.25)
A2 P23
Aﬁ(lz223z425$6;)
_ % 512513523345556[54] (46) @oa) - 51652332453§556[51]<16> L3
A Dias Pis6
n (<512816834545[5;))]<3|p126|2]<26> + (1 o 3)) + (2 o 4))1 , (E26)
P126
As(12223,4,5.6,)
_ 1 [ [ 512523545556(31](1[pas|5](46)
SN [( Pias 845)
N (312316534345[325]<4|p16|2]<26> (4o 6))
D126
- ( <316523534856[32]<24> [51](16) _ (3 ¢ 5)) — (4 6))} (E.27)
p%56 ’ |
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+o—a9ts—rta—
As(1525354,5567)

:L S12523545556[13](2|p13|5](46)
A12 Plas

—(1%5)—(3%5))—(2<—>4)—(2e>6) :

(E.28)

None of the amplitudes have local terms.

E.5 Chiral Perturbation Theory

U(N)xU(N)

Below, we list the color-ordered amplitudes of the = ™

sigma model, with higher deriva-
tive corrections, referred to as chiral perturbation theory in the main text. Different color

orderings are related to the ones listed by momentum relabelling. At 4-point we have

Ay[1,2,3,4] = %t + %t (5" + " +u?) + %stzu + O(A10) (E.29)
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and at 6-point

Ag[1,2,3,4,5, 6]

2
95 | S13546 | 524515 | 535526

— 824 — 526 — S46

A4 2 2 2

A Pios P34 D345

9296 | S13S46 ; o 2 2 2 2 2

A | 2 (572 + 815 + 535 + 575 + 536 + 53)
Pios

524515 ¢ o 2 2 2 2 2 535526 ¢ o 2 2 2 2 2
+ —p2 (323 + 854 + S34 + S5 + S15 + 316) + —p2 (334 + S35 + Sy5 + S1g T Sy + 312)

234 345

3 2 2 2 2 2 2 2 2 2
- 2(326 + 823826 + 325826 + 834326 + 845326 + 323326 + 325826 + 334326 + 335326 + 345326
+ $93534896 + S23535526 + S25535526 + S34536526 T S23545526 + S34545526 + 536545526
4 83 4 S9u82e 4 S9u82k 4 S0482k 4 S938°: + SosS2e 4 S348°. + S3582. + S3652
46 24595 24535 24545 23546 25546 34546 35546 36546
2 2 2 2 2 2
+ S45546 + 894835536 + So5S46 + S34546 + S35546 + S36546 + Syu5546 + S93S895S546
+ 525534546 T 523545546 T S34545546 + 535545546 1 336545346)
4(s3 2 2 2 2 2 2
— 4(894 + 525554 1 S35594 + S45554 + S93524 + S34S24 + S36524 + S23S25S24 + 525534524
+ 823535824 + S25535524 + 534535524 + S26536S24 + S23545524 + S25545524 + 534545524
2
+ 835545524 + S36S45524 + S23S25S26 + 525526534 + S25526545 + So3S46 T 525526546
+ 823534846 1 S23535546 + 534535546 + S23536546 T S25536546 + S26536S46 1 534536546
+ 535536546 + 525545546 1 326845846)
6 2 2 2 2 2
— 0(523854 + 534854 + S36554 + S56S24 + SigS24 1 S23526524 + S25526524 + S23534524
+ S96534524 1+ S23536524 1 S25536524 + S26S545524 + S25546524 + S35546524 + S45S46524
2 2
+ 526546 T 525534536 1 525536545 T So6546 T 523526546 + 526834346)
~10
— 8824 (824826 T 534536 1 523546 + S24546 T 534546 + 536846) — 12594596846 | + O(A™7) .

(E.30)

These amplitudes are discussed in further detail in Section 3.8.4.
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APPENDIX F

Recursion Relations and Ward Identities

We show that if the seed amplitudes of a recursive theory satisfy a set of Ward identities,
then all recursively constructible n-point amplitudes also satisfy them. For Abelian groups,

this follows from two features:

(a) additive charges have Ward identities that simply state that the sum of charges of the

states in an amplitude must vanish.

(b) CPT conjugate states sitting on either end of a factorization channel have equal and

opposite charges.

Hence recursion will result in amplitudes that respect the Abelian symmetry so long as the
seed amplitudes do.

Now consider Ward identities generated by elements of a semi-simple Lie algebra. In
the root space decomposition of the algebra, we can choose a triplet of generators: raising
operators T, lowering operators 7_, and “diagonal” T, generators, for each positive root

that satisfy the algebra

In order for representations of this algebra to be physical, CPT must be an algebra auto-

morphism. The CPT charge conjugation generator C must also flip the sign of the additive
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To-charge. So we determine the action of C to be

C-To-X=-To-C-X=-Tp-X,
C-T.-X=-T_-C-X=-T_-X

C-T--X=-T.C-X=-T.-X, (F.2)

where X is a physical state and we have defined the conjugate state X to be the charge
conjugate of X, ie. X =C- X.

If the S-matix is recursively constructible (at some order in the derivative expansion)
then each n-point amplitude is given as a sum over factorization singularities with residues

given in terms of a product of amplitudes with fewer external states

A A
An(1, - ZZ Res LA () Az (Z), (F.3)

where [ labels all possible factorization channels and X the exchanged internal states. Since
To is diagonal, the Ward identity generated by 7, works just like in the Abelian case —
charges can be assigned to the physical states and recursion preserves this charge in any
n-point amplitude. More complicated are the non-diagonal generators 71. For simplicity,
we present the argument explicitly for SU(2)r Ward identities as they apply to the NV = 2
NLSM described in Section 3.6.2. For SU(2)g, the action of T, on the fermion helicity states
is given in (3.93). The scalar and vectors are singlets under SU(2)x.

The statement of the SU(2)g Ward identity is that T - A,(1,...,n) = 0. The inductive
assumption is that this holds true for the lower-point amplitudes in the recursive expression
for A,(1,...,n). We already know from Section 3.6.2 that SU(2)g is a symmetry of the 3-

and 4-point amplitudes, so that provides the basis of induction.
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The action of T, on the recursive expression for an n-point amplitude is

n

T A1, ...,n) = Z(—1)Pi,4n(1, s Ty ey m) (F.4)
p AV T i AR
= Res —1
p AV AKX, T )
+i¢ZI( 1) - YATTT , (F.5)

where P, = 0 or 1 corresponds to the additional signs in the prefactors for the action of
T, as given in Table 3.93. We now prove that this expression vanishes channel by channel.
Without loss of generality, we will show that the contribution from the (1...%)* channel
vanishes independently, where + means the contribution from the z* residue. The argument
follows for all other factorization channels by replacing (1...k)* by I*. For the (1...k)-

channel, the relevant part of (F.4) that we want to show vanishes is

Z [(i(_l)PiAL(l,.-.,ﬂ-i,...,k,X))AR(X,k—i—1,...,n)

+AL(1,...,k,X)< > (-1)PiAR(X,k+1,...,T+-i,...,n))} (F.6)

1=k+1

By the inductive assumption, the lower-point amplitudes respect the 7, Ward identities
DDA, T R X) = (=D)AL, R T X)), (F.7)

and similarly for AR. Using this relation and splitting the sum over particles X allows us to

rewrite (F.6) as

=) (-1 [AL(L kT X)ARX 41, ,n)]

(F.8)
~ S (P [AL(L XD AR(T X k41, ,nﬂ .
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In the second line we have made a change of dummy summation variable that we now exploit
further.

It is non-trivial, but turns out to be true for SU(2)g as we have explicitly checked, that
if we define X’ = 7, - X and sum over X instead of X', the second line of (F.8) gives exactly

the same result. We can then write (F.8) as

—Z[ DAL kT X)ARK k+1,...n)
(F.9)
(=D)AL T X)AR(Te O T Xk 41,0 m)]
Since T -C -T2 - X =75 - T_ - X, this becomes
—Z[ DAL, kT X)AR(X k+ 1, n)
(F.10)

F (=) T ETST A (kT X)AR(T T - X k+1,...,n)|.

where Qx refers to the prefactors for the action of 7_ as given in Table 3.93. This vanishes
when 7, - 7_ - X = X and P, 3+ Q% = 0 for any state X such that 7, - X # 0. For
SU(2)g, we can check explicitly that these conditions are satisfied. The only states for
which 7, - X # 0 are X = ¢?T and ¢; . Their conjugates are X = ¥y and ¥*" respectively,

and by (3.93) we have

T T -l = T2 = it T Ty =To -y =y, (F.11)

If follows that from the inductive step that all amplitudes satisfy the SU(2)r Ward identities

when the seed amplitudes do.
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APPENDIX G

Amplitude Relations in N/ =2 CP! NLSM

Below are explicit formulae, derived from N = 2 supersymmetry Ward identities, for all
amplitudes in this model with total spin < 1 expressed as linear combinations of amplitudes
with strictly greater total spin. Collectively these formulae allow us to construct every tree-
level amplitude in the N' = 2 CP' sigma model using unsubtracted recursion. The needed

relations are:

-/4271 (1Za 227 327 42"'7 (QH)Z)

::gégﬁlL%§5F}2f4%z(1272;5,32,4Z7HW(2k—+1)$h.”,(2n)2> (G.1)
Aoy (1;1, 2,,.32,47, ..., (2n)2>

_ : %Am (15,25, 82,47, . (2K +2)5,, ., (20) 5) @.2)
A1 (15,28,32,42, ..., 2n+1)z)

= :Z; %A%ﬁ-l (1;, 27,32,40,,57, s (2k +3) 15, (20 + 1)Z> (G.3)

A2n <1;£17 2;a 3;;27 427 5Za sy (271)2)

1
3,2k +2 ~ )
N - lAm(1¢,27,3;2,4Z,...,(2k+2)¢2,...,(Qn)z) (GA)
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As, (13,27,32,42,52, ..., (2n) z)

YYD
_ ni:l %A% (14,280,471 (26 + 205, (20) ) (G.5)
k=1
Ao (15,281,382, 47,57, ., (20 + 1))
::__%§§%¢4%%FL(1j,2j,3;5,4z,5gé,62,.“,(2¢L+-1)Z)
n—2
3 %Agnﬂ (1,251,353 42,57,,67, 0, (2K + )y, o 20+ 1)) (G6)

AQn (1;};17 21;17 3;2—2’ 41;27 5Z7 627 H) (271)2)

32 o
— mAZﬂ <1’—‘ﬁ/_7 2’7 ) 3;_274w27 5Z7 62, ceny (2n)Z>
n—2
3,2k +4 B ) )
+ %AQn (11/_721[)1’3;};2,41&2,52,...,(2k+4)w2,...,(2n)2> (G?)
k=1

-’4271 (1;};17 21;17 3;2“ 41;17 5Z7 627 H) (271)2)

[42] _ _
= A (Lj, 27,35,45,,52,67, . (Qn)2>
n—2
4,2k 4 4 _ B )
M a ].A%(1$,2¢1,3;1,4w1,5z,...,(2k+4)w2,...,(2n)z) (G.8)
k=1

Ao (151,251,302, 482,52,67, ., (20 + 1)z

21
— ——225; Aopt1 (1% 2;217 3;22, 4;22, Dy 025 Tz, (2n 4+ 1)2)
n—2
2,2k +4 .
+ %AQ?@-&-I (1’1—}1_17 2$17 3;;2; 4,2;2, 5w27 6Z, ceey (Qk + 4);})_2, ceey (27’L + ]‘>Z> X (Gg)
k=1
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