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Proof of Theorem 1

Proof. The estimating equation is

n∑
i=1

(
RiU(Yi,Xi,Zi;β)
h(Yi,Zi, Ri;β,θ)

)
= 0,

so by Qin and Lawless (1994), the asymptotic covariance matrix of (β̂, θ̂) can
be written as

ACov

(
β̂

θ̂

)
=

[(
ERUβ Ehβ

0 Ehθ

)T (
ERUUT ERUhT

EhUT EhhT

)−1(
ERUβ 0
Ehβ Ehθ

)]−1

=

[(
ERUβ Ehβ

0 Ehθ

)T (
U11 U12

U21 U22

)(
ERUβ 0
Ehβ Ehθ

)]−1

=

[
I11 I12
I21 I22

]−1

,

where

U11 = (ERUUT )−1 + (ERUUT )−1ERUhT
{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1

ERhUT (ERUUT )−1

U12 = (ERUUT )−1ERUhT
{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1

U21 = U12T

U22 =
{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1
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so then

I11 = ERUT
β (ERUUT )−1ERUβ

+ ERUT
β (ERUUT )−1ERUhT

{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1

· ERhUT (ERUUT )−1ERUβ

+ EhT
β

{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1
ERhUT (ERUUT )−1ERUβ

+ ERUT
β (ERUUT )−1ERUhT

{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1
Ehβ

+ EhT
β

{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1
Ehβ

= ERUT
β (ERUUT )−1ERUβ

+
(
ERUT

β (ERUUT )−1ERUhT + EhT
β

) {
EhhT − ERhUT (ERUUT )−1ERUhT

}−1

·
(
ERhUT (ERUUT )−1ERUβ + Ehβ

)
:= ERUT

β (ERUUT )−1ERUβ + D1C
−1DT

1

where D1 := ERUT
β (ERUUT )−1ERUhT +EhT

β , and C := EhhT−ERhUT (ERUUT )−1ERUhT .

I12 = ERUT
β (ERUUT )−1ERUhT

{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1
Ehθ

+ EhT
β

{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1
Ehθ

= D1C
−1Ehθ

I21 = IT12

I22 = EhT
θ

{
EhhT − ERhUT (ERUUT )−1ERUhT

}−1
Ehθ

= EhT
θC

−1Ehθ

Note that

ACov(β̂) = (I11 − I12I
−1
22 I21)−1

and

I11 − I12I
−1
22 I21 = ERUT

β (ERUUT )−1ERUβ + D1C
−1DT

1 −D1C
−1EhθI

−1
22 EhT

θC
−1DT

1

= ERUT
β (ERUUT )−1ERUβ + D1C

−1
{
C − Ehθ

(
EhT

θC
−1Ehθ

)−1
EhT

θ

}
C−1DT

1

= ERUT
β (ERUUT )−1ERUβ +ABAT .

The desired result then follows.

Lemma 1 and Proof

Lemma 1. For a symmetric, positive definite matrix Am×m and a full rank
matrix Gm×p with p ≤ m,

A−G(GTA−1G)−1GT

is positive semi-definite.
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Proof. rank(G) = p, so it has singular value decomposition as

G = Om×m

[
Dp×p

0

]
NT

p×p

where O,N are orthorgnal and D is diagonal. Then

GTA−1G =N [D 0]OTA−1O

[
D
0

]
NT =: N [D 0]Q

[
D
0

]
NT

=NDQ1DNT

where Qm×m = OTA−1O, Q1 is the first q × q diagonal block of Q, both
invertible. In other words

OTA−1O = Q =

[
Q1 Q2

QT
2 Q3

]
O,N are orthogonal and D is diagonal. Then

A−G(GTA−1G)−1GT =A−O

[
D
0

]
NTN−T (NDQ1DNT )−1N−1N [D 0]OT

=OQ−1OT −O

[
Q−1

1 0
0 0

]
OT .

Since Q is symmetric and positive definite, it has a (unique) Cholesky decom-
position Q = LLT where L is lower-triangular with positive diagonal entries.
So we can write

Q = LLT =

[
L11 0
L12 L22

] [
LT
11 LT

12

0 LT
22

]
=

[
L11L

T
11 = Q1 L11L

T
12

L12L
T
11 ∗

]
where L11, L22 are lower-triangular with positive diagonal entries (and hence
invertible), and

Q−1
1 = L−T

11 L−1
11 ,

L−1 =

[
L−1
11 0
∗ L−1

22

]
For any m-dimensional vector x = (x1,x2), where x1 has dimension q and x2

has dimension m− q,

x

(
Q−1 −

[
Q−1

1 0
0 0

])
xT

=x

[
L−T
11 ∗
0 L−T

22

] [
L−1
11 0
∗ L−1

22

]
xT − x

[
L−T
11 0
0 0

] [
L−1
11 0
0 0

]
xT

=‖(L−1
11 x1, ∗)‖22 − ‖(L−1

11 x1,0)‖22
≥0

So

Q−1 −
[

Q−1
1 0
0 0

]
is positive semi-definite and so is A−G(GTA−1G)−1GT .
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