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RESEARCH ARTICLE

An artificial compressibility ensemble algorithm for a stochastic
Stokes-Darcy model with random hydraulic conductivity and
interface conditions
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coefficient matrices for all realizations, which significantly improves the efficiency

for both assembling and solving the matrix systems. The fully coupled Stokes-Darcy
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system can be first decoupled into two smaller sub-physics problems by the idea of

parallel computing for each sub-physics problem. The artificial compressibility fur-
ther decouples the velocity and pressure which further reduces storage requirements
and improves computational efficiency. We prove the long time stability and the con-
vergence for this new ensemble method. Three numerical examples are presented to
support the theoretical results and illustrate the features of the algorithm, including

the convergence, stability, efficiency and applicability.

KEYWORDS:
Ensemble method, Artificial compressibility, Stokes-Darcy model, Random hydraulic conductivity,

Interface conditions

1 | INTRODUCTION

There exist many interesting real world problems that involve a free flow and a porous medium flow 234678 \which can be
described by the so called Stokes-Darcy type models. For example, in a karst aquifer, the flow in the conduits is governed
by the Stokes equation and the porous media flow in the rock or soil is governed by the Darcy’s law while these two flows
are coupled on the interface between the conduits and the rock/soil? 1%L, In the Stokes-Darcy model, the Stokes equations
describe the incompressible surface fluid flow and the Darcy equation describes the groundwater flow in porous media. Then
these two equations are coupled by three interface conditions. More details and applications for this model can be found
in 2SSO ASIBIORISISARNS0RIENS. Let D denote the surface fluid flow region and D, the porous media flow region.

Assume D;, D, C Ri(d = 2,3) are both open, bounded domains such that D,nD, =9, Df N Dp = I, where I denotes the
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interface between the two regions, see Figure[I] The traditional Stokes-Darcy model is recalled as follows,
u, —vAu+ Vp = ff(x,t),V -u=0, in Df,
Sod; =V - (KX)Ve) = f,(x,1), in D, ey
@(x,0) = ¢y(x), in D, and u(x, 0) = uy(x), in D,,
¢(x,1) =0, indD,\I and u(x,1) =0, in dD\[I.

Let h‘f /p denote the outward unit normal vector on I associated with D ,,, where ﬁf = —#,,. The coupling conditions across I
are conservation of mass, balance of forces and the Beavers-Joseph-Saffman condition on the tangential velocity:

u-n;—KV¢-n,=0andp—vi, -Vu-in, =gponl,

—vVu- ﬁf = —85 4.7, on I, for any tangential vector 7, on I,

V7 KT
see?¥312 Here, g, IC, v and .S, are the gravitational acceleration constant, hydraulic conductivity tensor, kinematic viscosity and
specific mass storativity coefficient, respectively, which are all positive. K is assumed to be symmetric positive definite (SPD).

Dy

Dp

FIGURE 1 A sketch of the porous median domain Dp, fluid domain D s and the interface I.

For geophysical flows, accurate simulations are usually not feasible because of the difficult or impossible measurements of
exact parameters in the physical world, e.g., the hydraulic conductivity tensor in the Stokes-Darcy model. Dealing with these
uncertainties in the simulation usually involves first generating a set of samples in the stochastic parameter space described
by an underlying random field with an prescribed covariance structure, which is usually determined by experiments, and then
repeating simulations with different samples. As a result, the excessive computational cost in the process will be the main
difficulty. Extensive efforts have been devoted to developing efficient UQ methods to overcome this challenge, among which the
stochastic Galerkin®?*%, stochastic collocation?>*03/38 and polynomial chaos®*“? are the most popular methods. In particular,
non-intrusive methods, such as various variants of the Monte Carlo method*/2, Latin hypercube sampling*®, centroidal Voronoi
tessellations*¥, stochastic collocation methods*>3%37538 and non-intrusive polynomial chaos methods®?", reuse existing PDE
solvers/legacy codes to generate an ensemble of deterministic solutions which are used to approximate stochastic moments,
are of high interest for feasibility and good parallel scalability on parallel computers. This line of research has been focused
on reducing the amount of required simulation runs. Recently, another line of research has been initiated in*Y and has been
receiving increasing attention. In*Y, an ensemble algorithm was designed to solve all realizations simultaneously instead of
solving them separately. It results in a common coefficient matrix for all realizations at each time step, which allows the use
of efficient block solvers, e.g, block GMRES 46 block CG%Z, or direct solvers such as LU factorization, to reduce both storage
and computing time significantly. Some recent work on the ensemble algorithm include studying numerical regularizations for
high Reynolds number flows#84% developing ensemble-based turbulence models”?, incorporating model reduction techniques to
further reduce computational cost?152 and devising ensemble algorithms to account for uncertain model parameters for various
flow equations?34356I7589 - A g for the Stokes-Darcy system, the first study on efficient ensemble algorithms can be found
in?, The ensemble algorithm can be incorporated with all the aforementioned non-intrusive UQ methods to further reduce the
computational cost and potentially improve the performance of the overall stochastic simulations as the ensemble algorithm
makes more simulations runs possible given a limited computation capacity.

The artificial compressibility (AC) methods were first studied in the 1960s to decouple the velocity and pressure by a regu-
larization of the divergence-free constraint for incompressible fluid flow equations. The idea is to add a small perturbation, e.g.,
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€ep or ep,, to the mass conservation equation and then eliminate the pressure from the momentum equation, so that one avoids 1)
solving a saddle point problem at each time step, and 2) spurious boundary layers for the pressure caused by imposing artificial
boundary conditions. Some of the first AC methods in the literature were proposed by Chorin®!, Temam©%¢3¢4 Viadimirova,
Kuznetsov and Yanenko®. The AC methods can have severe time step restrictions if not discretized carefully,®l. In a recent
work, Guermond and Minev introduced a bootstraping technique to design unconditionally stable, higher order AC methods
in®. The proposed methods, unlike the popular projection methods, which cannot exceed second-order accuracy in time without
losing unconditional stability, can reach any order in time while being unconditionally stable (for the unsteady Stokes equations).
DeCaria, Layton and McLaughlin®’ studied an unconditionally stable AC method based on a Crank-Nicolson Leapfrog time
discretization for the Navier-Stokes equations. In®®, the artificial compressibility splitting method, which is extended from the
penalty-projection method for the unsteady Navier-Stokes equations, was viewed as an hybrid two-step prediction-correction
method by combining artificial compressibility method and an augmented Lagrangian method without inner iteration. Error
analysis of some variants of AC method for computing the solutions of the Navier-Stokes problems can be found in®”?, Com-
pared with the extensively studied Stokes/Navier-Stokes equations, the coupled time-dependent Stokes-Darcy equation is still
in need of continued efforts for efficient methods in this area.

Based on the key ideas of***? which was a fundamental development of the efficient ensemble algorithm for flow equations,
in this article we utilize the idea of artificial compressibility and partitioned time stepping methods to construct the decoupled
ensemble algorithm for efficiently computing multiple realizations of the stochastic Stokes-Darcy interface model with a random
hydraulic conductivity tensor, source terms and initial conditions. In this algorithm, the originally coupled multi-physics model
is decoupled by a two-level technique. The first level is to decouple the Stokes flow from the Darcy flow by the physical interface
conditions and the partitioned time stepping method. The second level is to decouple the velocity and pressure by the artificial
compressibility method in the Stokes equation. Hence, the Stokes-Darcy model is decoupled into three subproblems. One of the
three subproblems is a straightforward update for the pressure. For each of the other two subproblems, all the realizations share
the same coefficient matrix which is independent of time. The common coefficient matrix feature eliminates many redundant
matrix operations, such as matrix assembly and matrix preprocess before solving the system. For example, if LU factorization
is used to solve the linear systems, it only needs to be done once since every realization is sharing the same coefficient matrix,
while a non-ensemble method would need to have, for example, 1000 matrices factorized. Hence the efficiency can be increased
by a significant amount, which will be further explained in more details in the second numerical experiment. These features
of the proposed algorithm significantly reduce the storage requirements and computational costs. Furthermore, compared with
the previous works on non-interface problems in this area, extra efforts are required in order to deal with the randomness in the
interface conditions of Stokes-Darcy system.

In this paper, we propose and study an artificial compressibility ensemble algorithm for computing an ensemble of the
Stokes-Darcy systems to account for uncertainties in the hydraulic conductivity K(x), forcing terms f ) x, 0, f p(x, t), and initial
conditions u®(x), ¢°(x). Herein we consider computing an ensemble of J Stokes-Darcy systems corresponding to J different
parameter sets (u?,gb?,ffj,fp-,le),j =1,..,J,

U, —VvAu; +Vp, = f, (x,1), V-u; = 0, in Dy,
SO¢j,t -V (]CJ(X)V(l)j) = fp!j(x, t), in Dp, )
¢;(x,1)=0, indD,\I and u;(x,1) =0, in 0D \I.

The proposed algorithm (introduced in the Section 2) decouples the Stokes-Darcy model into three subproblems, two for the
Stokes equation and one for the Darcy equation. Moreover, for the first and third subproblem, all realizations share the same
common matrix at each time step, which allows the use of efficient block solvers, e.g, block CG*Z, block GMRESH . or direct
solvers such as LU factorization, to reduce both storage and computation time. Based on the idea of artificial compressibility,
the computation of pressure is decoupled from that of velocity. Hence, one can simply update the pressure at each time step
without solving a Poisson problem, and no artificial boundary conditions are needed for the computation of the pressure which
avoids the boundary layers for pressure errors.

This paper is organized into six sections. In Section 2] we establish the mathematical preliminaries and notations. In Section
[3]we prove the long time stability of the proposed method under a time-step condition and two parameter conditions. In Section
[l an alternative approach for the case that X has simpler structures is proposed. We also prove the long time stability for
this method under a similar time-step condition without any parameter conditions (see Appendix). The convergence and error
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estimates for the proposed method are presented in Section[d] In Section[5] we present three numerical experiments to test the
proposed ensemble method and our theoretical results. Finally, we make conclusions in Section [6]

2 | NOTATION AND PRELIMINARIES

We denote the L>(1) norm by || -||; and the L?(D 7/p) nOrms by || -| ;,; the corresponding inner products are denoted by (-, ) 7 /,,-
Further, we denote the H*(D 77p) DOrmM by | [ e D, The following inequalities will be used in the proofs,".

l¢ll; < CDA/ PV, 3
lull; < CDp)ASMull 1 Vull ;s “4)

where C(D;,,) = O(y/L;,,), L;;, = diameter(D ).
Define the function spaces:

Velocity : X, :={v e (Hl(Df))d tv=0o0n dD,\I},
Pressure : Q, = Lz(Df),
Hydraulic Head : X, :={y € H'(D,) : w =0on 0D,\I}.
For functions v(x, t) defined on (0, T'), we define the continuous norm
oll i, = ”U”L"'(O,T;H"(Dr))’ re{f,p}

Define
cru¢) = g / Gu - iy ds.
1

Let Cp ; and Cp , be the Poincaré constants of the indicated domains and k
hydraulic conductivity tensor K(x). Define k,,;, = min .o k
D

nin(X) be the minimum eigenvalue of the mean
(x) and two parameter-dependent constants

¢ 5CD)CDT €, CD D,
: 4v2 ’ 2 4k2 . '
min

Then we have the following estimates for the coupling term c; (i, ¢).

Lemma 1. For any (u, ¢) € Xf X Xp and any €, €,, a;, f; > 0,

1 €
e $)1 < 7= Il + = GVl + aviIVul ], ©)
1 1
1 2 € 2 7 2
e I < g ull} + 5 CallVully + Brgk IV ©6)
2 1
Proof. See page 4 of%%, O

The artificial compressibility ensemble algorithm we propose reads

Algorithm 1. Find (u;“, p;“, ¢;+1) € X; X Qf x X, satisfying V (v,y) € X, X X,,,

([ /ut -y
J J n+l = n+tl 2~ ~
<T U) + v(Vuj s Vv)f + E /ni(uj ‘T T)ds
! LT

) R R . ., sub-problem 1
+2/(m’j_,7i)(uj.Ti)(v.fi) ds+y(V-uj+1’V.U)f—(pj,V-U)f (sub-p )
P

+ (0,00 = (f, ),

n+1
P;

n+1

= p;’ —yV. w;r, (sub-problem 2)
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P — ¢ _ _
8So <J—tj w ) +gRVIH, V), +g(K; - ©)VY!, V),
p

A (sub-problem 3)
— o @l w) = g1 w),,
where
I % @ I %
5 _ BJS _
]C—jzlcj, ’7;,]—7 and ni_jzni,j'
Jj=1 7, - K7 Jj=1
n+l_
Sub-problem 2 can be rewritten as — Atk v i} +V. u = 0. So y should chosen to be O(1) or larger for the method to be first
order convergent. Moving all the known quantities to the right hand side, the algorithm is as follows.
wtt — oy
(’Tt’, u) + v(Vuj“, Vo), + 2 / AWt T 7)) ds
f 1
1 (V- u V), = <p;?, v. u) (L), (sub-problem 1)
-y / iy = B! F)W - ) ds = ¢ (0, ),
T

n+l _ n+1

P =p—rVeu,

(sub-problem 2)

P — "
g5 <fdﬂh> +g(1CV¢;'+1,VW),,
P

(sub-problem 3)
=g/ w), — g(K; = )V, V), + e (", ).

Remark 1. From the above algorithm, it is easy to see that the original coupled system is decoupled into three sub-problems

i.e., the (sub-problem 1), (sub-problem 2) and (sub-problem 3) by the two-level technique. For all time steps and realizations,

(sub-problem 1) can be solved by the linear systems with one common coefficient matrix since the coefficients of the unknowns

are independent of both time and the ensemble index. The coefficients of the unknown interface term are always consistent at

every time step because of the commonly used mean 7;. Similarly, all realizations in (sub-problem 3) also share the common

coefficient matrix for solving the linear systems. (sub-problems 2) is a straightforward update, which does not require solving
any linear systems.

3 | STABILITY ANALYSIS

Let | - |, denote the 2-norm of either vectors or matrices. Let k; ,,;,(x), k,,;,(x) be the minimum eigenvalue of the hydraulic
conductivity tensor K j(x), K(x) respectively, and pj(x) be the spectral radius of the fluctuation of hydraulic conductivity tensor
K ;(x) = K(x). Since both K;(x) and K(x) are symmetric, |K;(x) — K(x)|, = p,(x). We then define the following quantities that
will be used in our proof.

min

Imax __ = Imax __ Imax —min __ e =
My = max |f1,-, ()= ni(X)| , " = max ;" = min 7;(x),
kj,mm mm kj min(X)s Kppin = mln kj mins kpin = mgl kmm( X),
P xXe
’ _ ’ r ’
pj,max - géaDX pj,max(x)’ Pax = MAX pj,max'
» J

We prove the long time stability of Algorithm[I]under a time-step condition and two parameter conditions

http://mc.manuscriptcentral.com/nme
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(1= = ok, (=Pl E0ais| o
At < min 5 , 5 5 mn o 7
3, cp,f g2[C(D)C(D,)]
n/max < ﬁmm and p:nax < ]_Cmin' (8)

Theorem 1 (Long time stability of Algorithm[I). If the two parameter conditions in (8) both hold, and there exist ay, &y, f;, f,
in (0, 1) such that the time-step condition (7)) also holds, then Algorithm[I]is long time stable: for any N > 0,

—mln

1 g5 C
S5+ ==l 1 +Ar2ﬁ—§uw§vn2 + —||pN||2 +Ar2 /(u -2 ds
1

N-1
1 G gr) At
AP — = + A2 ) VN 1P+ = 2 9
( 25, af 5 IV + 5 Z I = plI2 ©)
1 0 2 0712 2 0112 2 _mm 2
< 1 + 80 ||¢ 2 +ar= 7 =NVl + ||p I +Ar2 @)-7)" ds

1 g o, N 1C12>f
< ?—; '""">||V¢>°||2+At2 I + A 24/3 L2,
1 2 min

Proof. Setting v = u/ (,b’”'l in Algorlthm | replacing yV u ! in the momentum equation by p;”'l — p;’, taking inner

product of the mass conservatlon equation by y~!p "+1 , using @ — ab = 1/2[a* — b* + (a — b)*] and adding all three equations
yields
SR = IR+ S = R v VaE + Z / R 2 7)) ds
n+1112 n+1 n 2 n+1112 ny2 n+1 ny2
+ -7 + ‘ 10
+ o (I = W + 0 = ) + 200 = 2002 + EX200 - (10)
+ g(ICV¢;7+1, V@I, + e @it ¢ — e, ¢
= (frL a4 g g, - / (= AW B 8) ds — g(K; = R)V!L V),
Applying estimates () and (6) with ¢; = 2?—;0, € = %, we have the same result as (3.7) in®? as follows.
@t @) — ¢ i, @) = ¢ W —ul, ¢ = WL B - ¢
1 n n C n n T n
> —g ™~y - Ar (Va2 + V12 ) = iV 12 (11)
1
gSo

At C,
n+1 ny 2 n+112 ny2 n+1q2
- e (V12 + IV 12 ) = avl Va2

By using the Cauchy-Schwarz inequalities and Young’s inequalities, for any a, > 0, f, > 0 we have

n+1 n+l n+l gn+l
(5w )y +elf, ), (12)
" PG + vl VU + Cry —— 52 + Bag il VI
> 4(X 2 f 4ﬂ2 i 2g min
By recalling (3.9) in®?, the other two terms on the right hand side of (T0) can be bounded as follows
-y / (= AW - T - %) ds (13)
L

nlmax rl/max
i no,~N\2 i n+l | ~N\2
< Z > /(uj T,) ds + = /(uj 7,) ds|,
! T T

http://mc.manuscriptcentral.com/nme
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and

s (0, ~ RV V) < [ IVO1LIK, - K1 V0 dx (14)

D,

/

gp gp
< —é”“" IIV¢;7I|,2, + ;‘”‘ IIV¢}’+1 IIf,-

Using above estimates, equation (I0) becomes

2At

+Z l__ ] /(u’“rl 7)? ds+2 /(u"Jrl 7)) ds—/(u 7) ds (15)
ﬁ;nin ﬂi/max . ) i
+Y lT—T] /(u, 7 ds+ 5 (||p 2 = 112 + 1 = 21 )
! 1

1 n 1 n 2C n C n n
o G = S + (1—a1—az—mﬂ—j>vuv +1||2+Arﬂ—2(lqu,“||§—||W,-||§)

gSO +1112 gSO 2 1 2C'l p:nax 7 +1112
+ —||¢" ——l®"IIZ+ (1 =B — - Af—— - = k . ||V@"
2At ”¢j “p 2At ”d)J ”p ( ﬂl ﬂ2 2S()km1n % kmzn s ””"” ¢j ”17

1 C 8 Ci; §C;,
+| At— — 4 X <Vrg+12_ Vr;2>< : nel) 2 n+1)2
< "+ 1995 = IV ) < g IS5+ s IIf [

The stability holds if

2C,
l—a —a,—At—= >0, (16)
Brv
ﬁmin nlmax
U >0, 17
2 2 - an
1 2C1 p:nax
1-8-p - At————— — —— >0. (18)
: ? gZSOkmin af kmin
Recall that ay, a,, f,, f,, At, ;1{’”"", p:n 2 Are all positive, we then have the following constraints on these parameters.
O<ao <1, O<a, <1, 0<p <1, 0<p, <1, (19)
Pinax i
e, g < (20)

(1 —a; = a,)pv A=h=-h- ?_a.x)a%gzsokmm
At < min L, . (21)
2C, 2C,

(20) leads to the two parameter conditions in (8], and (ZI)) leads to the time-step condition (7) required for stability. Now if
the time-step condition (7) and the two parameter conditions in (8) all hold, (I5) reduces to

1 n n C n n
Sl - Sl ||2+Arﬂ—(||w“||2 Va2 ) 22)

" ntl A2 02 1 el |2 2 ntl _ongp2
+ 2| [t gt as - (u,»q») ds |+ 5 (05715 = 15 + 107 = 21 )
1
1

/

850 1 nti 2 " 1 C | 8Puax ( 112 " 2>
2At”¢f I, - 2At”¢ Il + thOa]+ > IV Il = IV

2 2

g
P.f o entl 2 4 n+14)2
< —II/70 IIf Il
4a2‘, fi f 4ﬁ2 i

http://mc.manuscriptcentral.com/nme
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Sum 22) from n = 0to N — 1 and multiply it by A7 to get

1
5||uf||f+—||¢N||2+At 2||Vu,”||f+—||pN||f+ArZ /(u -7) ds (23)
N-1
1 C g, N Af

+{ AP— = + A2 ) VOV P+ = 2

< Py 7 IV I+ 5 an, A

1 gS C —mtn
s§||u§?||§+7°||¢9||ﬁ+m2ﬁ—§||wj?||§ = ||2+At2 /(u 2)* ds

1

1 C gr) = C129f
AP —— = + A= ) V)12 + At G+ A ) ——= £,
( gSO a r;) 4a2V S Z 4ﬁ2 min
which completes the proof. O

Remark 2. If K;(x) is diagonal, an alternative artificial compressiblity ensemble algorithm can be devised to remove the
parameter conditions for stability.

Algorithm 2. Find (u;“, p;?“, ¢;+1) € X; X QX X, satisfying V (v,y) € X; X X,

—u

([ ut! n
J J A A~
(T,u> +v(Vuj+1,Vu)f+ 2 /n;’1“X(u;?+1-r[)(u-ri) ds
f T

A maxyg, n 2 ~ n 5 (Sllb— roblem 1
+Z/(ni,j_’7,' )(”j‘Ti)(U'Ti)dS+J’(V'uj+1,V'U)f_(Pj,v-v>f p )
i 1

+ (0. = (f1 ),

n+l _ . n

—yVu™!

s (sub-problem 2)

—d);l-H d);l n+1 n
gS() At ’ Wh + kmaxg(V(bJ ) VW)p + g((ij - kmaxI)V¢j, Vllj)p
p

(sub-problem 3)
— Wiy = g1y,
where k; ,,.(x) is the maximum eigenvalue of the hydraulic conductivity tensor £;(x), and

ma
IJ

max __ max
max ﬂ,,(x) ’7, maxn kj,max max kj max(

X), k = maxk

ma. j.max*

n;

We can prove long time stability of Algorithm [2]under a similar time-step condition, without any parameter conditions.

(—a - az)ﬂlzkmax A=p-5- M)azSov vk

At < min s
C2
P.p

max . 24
c, £[C(D,)C(D,)T @9

The proof is given in Appendix.

4 | ERROR ANALYSIS

In this section, we give a detailed error analysis for Algorithm|[I] We assume the following regularity on the true solution of the
Stokes-Darcy equations.

. € LXO0,T; H(D))),u;,, € LX0,T; LX(D,)), ¢;, € L0, T; H'(D,)). ¢
p,,, € L®(0,T; LX(Dy)), p; € L*(=T.T; L*(D)).

€ L*(0.T; L*(D,)).

Jjitt

http://mc.manuscriptcentral.com/nme
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Let e” =@, —ulel = pi(t,) - ;’ o = ¢;@,) — qb" denote the errors at ¢, between the true solution
(uy(t,), p ; (t ), ®; (t )) of (]Z[) and the approxunatlon (u , p q,’)”) obtalned using the AC ensemble Algorlthm l We prove the
convergence of Algorlthmmunder a time-step condltlon and two parameter conditions.

At < min

(1—(11 _az)ﬁl min (1 _ﬁl ﬁZ_(1+ﬁ ) mm)aZSOV 2V]_€ ;
min , 25
a c 2[C(D,)C(D,)I* @

n/max < ﬁmm and / < ]_cmin' (26)

pmax

Theorem 2 (Error Estimate). For any j = 1, ..., J, if the two parameter conditions in @) hold, and there exist a;, a,, f;, f, €
(0,1) and g5 > 0 such that the time-step condition (Z3)) also holds, then there is a positive constant C independent of the time
step At such that

1 a C 1 max ~ &S
Flefull] + GrvAr+ APV I + 3o+ )M / (e, T ds + =llepy I @
1 i

- AtC,
ﬂzgkmm + 1gl’max At||Vel II> + —Al”eN I3 + Z —ATHQ"H —e I3 <CcAr.
2 gSoa;

Proof. ForVuv € X,,Vy € X,,Vq € O, the true solution (u;, p;, ¢;) satisfies

() — (1
<u1( o n_)’ U) + (VL (t40), VO , + D / UNCHUYREN CREAE
s iy

At
— (P tps)s V- 0) (0. (1,) = (ffEL 0), + €] (0), (28)
(P tus) = Pyt ), + (V- (), @) = (1) = 2;(8,).0) 4 - (29)
¢j(tn+l) - d)j(tn) n+l n+1
So\ =2, v T8E V() V), — ¢yt w) = 8(f, 77 w), + €5 (w). (30)
p

The consistency errors e;’}l(v), 67;1(1//) are defined by

n+1 uj(tn+l) - uj(tn)
o o (e
d)‘(tn ) - d)‘(tn)
5;';1(11/) =g35 <—j +1At - - ¢j,t(tn+1)’ W) + c[(uj(tn+1) - uj(t,,), v).
p

Subtracting Algorithm [I|from (28)-(30), then for Vv € X ,,Vy € X,,,Vq € O,
n+1 n
ej*“ — ej’“ n+1 ~ o+l |~ ~
S ) e Vo), + Z (et ) (- T) ds
! Y

+ Z/ (ny — 1) (e, TH-7)ds— (e;’;l, V. U)f +e(v,€]y)
1

- uj,t(tn+1)9 U> - C[(U» ¢j(tn+1) - d)j(tn))’
f

T
=" Z / (i = ) (@ = u) - T - 7)) ds + €l (v), @31)
YT
L[t _ " 1
” (ej;l - ej,p,q) + (V- ej:%‘l)f = ; (p; () —pj(tn),q)f , (32)
en+1 — e
9 " Cig . o )
AT < J - J ,ll/> + g(lCVejJ(rﬁl, V), +g((K; = K)Ve! ;. V), — /(€] . w) (33)
p

= —g((K; = R)V(@}™ = ¢, V), + €% ().

n+1 n+1 n+1

Setting v =€} ', q = ¢}7",w = €7 in (3I) -(33) and adding the three equations yields
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1 1 1
Z—Atne;;lui - 2—At||e;{u||§ ol = e I IV + 2 / A2 ds

2At T
” n+]”2 ” n ”2 S0| n+l _ n ”2+ (Icven+] Ven+l) +e (en+l )
2At IR AR YN R jollp T & i’ INju > j,¢
1
—c1<e,",u, e+ 5 (n G = e ) + ol = e I (34)

== / (mj =) (eh, - 2 -2 ds = )] / (miy = 7,) (@ = ul) - Z)(ert! - 7) ds

D+ (i) = 255 ) -8R, = RV = 9. Ver)),

—g((IC lC)Ve Ve”“) +€"+1(en+1)

J’
Using the same technique in the stability proof (see (IT))), we have for any a;, #; > 0

n+1 n+1 _ n+l _ n n+1 n+l _n+l n
CI(eju5 jd))_cl(ju’ ) CI(e ju’ ) cl(eju’ej,d) _ef,d))
1 n+1 n o2 n+1 n 2 n+1y2
> - 2At||e - A = (Iver: ||f+||Ve,.,u||f) prekllVE 112 (35)
1

1 2 At 12 2 12
T —g?—(uv eIZ+ 1V 12 ) - vl Vert! |
0a

Next we bound the terms on the right hand side of (34) one by one. First,

—Z/(m,,-—@-)( &, T T)dS<Zi1"””"/|(e,u e Bl ds
T
<Z /(eju 8P ds+ /(e"+' T ds|. (36)

By Poincaré inequality and (@), for any 6, > 0, we can get

-y / (my = 71;) (@ =) - Tt - 7)) ds (37)
i 1

< Z ”"‘”‘At/lqu/,IIf a’t+o-1n"”“"/(e”+1 ) ds|.
i

Next we bound the consistency errors.

u-(th) - Mj(t,,)

n+l( n+1) < C“ v

2
_ uj,,(ln+1)|| + ClIV(¢;(t,11) — ¢4(1n))||]2j + azv”Ve;;l ”30 (38)
<CAt/ llu;, ,t(t)||2 dt+CAt/ Ve, t(;)” dH__V”VenH”z

¢j(tn+1)_¢j(tn)

e <C| ¢,,<tn+1>H + CIV Q) = DI + Boghy IV |2

At
trH—l
<car [, ol v+ car / 19, O di+ gy Ve 2 (39)
tn
The hydraulic conductivity tensor terms are estimated as follows.
l l
% max g max
—g((K; = K)Vel . Velth, < =2 ||Ve! |12 + == || Ve ||, (40)

http://mc.manuscriptcentral.com/nme
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For any f; > 0, we have
% n+1 n n+1 Cg max 2 n+1 2
—&8(K; = KWV(P]™ = ¢)), Vel)), < ———At IIV¢, Ao dt + ﬂggpmaxIIV - 41)

Lastly, we bound the pressure term. Consider the decomposition Ho (Q) =Y @Y, where Y+ = {(-A)"'Vq : g € L2(Q)},
see™%. For p; (1), p; (1) € L*(Q)/R, there exists a unique 4, (r) such that V - u;(t) = p; (1), V - u; () = p; (1), and we have

IVu;0ll < Clip;  OIl, - IV, OIl < Cllp; DIl vt € [0,T].

We will use this result in the following estimates.
The pressure term can be rewritten using (31) as

Tnsl

1 " 1 n
; (pj(tn+1)_pj(tn)’ ej’-;1>f = ; /pj’t(t)dt’ ejs;l (42)
In f
Tnt1 Tni1
M vowwane| =L [ uwyanver:
= Hj e | T Hj > Y
t, f I f
n+1 n Tntt it
_ 11%w ~Cju n+1
= T,/Mj(t)dt + (Ve,u [ V(1) do),
t, 7 Iy

+1 2 / A2 / w02y ds+ ¥ / (=) (€, - / u(tydi -2 ds

—CI(/M,(f)dt et = Z/ My = 11;) (W) — u;(2,)) - T)(/ﬂ(t)dt 7)ds

"“(/ ;1) d).

We need to bound each term on the right hand side of #2).
"+1(/ u(t) dr) (43)

C ”j(tn+1) - ”j(tn)

n+l
2 C C
< 7|| = )|+ SV, ) = B DI + / V() dill

1+l 1+l

—At/llu,z,(t)llfdt+ AI/IIV¢> POl dt+—vAt/|IV/4,(t)|I dt

I/\

1+l 1+l

<C / lu; (O d1 + CAt / IV, 0l dr+—vAr / ;DI dv.

[

tn+l
V.o o CvAt
;(Ve.“ /V/,lj(t)dt)f < ?vAt||Ve”+1||f+ a"yz /||pj’,(t)||§dt. (44)
2
t

Ju’

1

n
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-, / p(t) dt

R | =
Bl
L

Tnsl

! +1
= emt, 1 dt
a9 /,u,()

n+l

1 n+1
t)dt
AT /u,()

n+1

! +1
e, 1 dt
oA || /M,()

n+l

1 n+1
1) dt
AT /M,()

t

IA

IN

IA

n

where &, € (t,_1, 1,41

—Z/m,m

R | =

I

R | ==

I/\

< oo /(e;."u T ds +
T

/ ~\2
< on" /(e;’u T ds +
T

< Y A /(e;”u T ds +
T

Z/ (m:; =

/max

/max

<- ”""X/ () — u;(2,)) - T)(/
1

(45)
tn+] 1,
1
- ”,/M,(t)dt /,u,(t)dt
Iy [ f

2N (enmeten) |

20
+—II€ el G,

0 CA??
+ —VIIVe Ilf IIP, (& )Ilf,

r)(/u,(t)dt 7)ds < - Zr/”"""/I(e}u-?i)(/u,(t)dt.a)lds

/ / u(tdt - 7)* ds (46)

A / 19,0 dr

Al / 1oy I dt .

) (@) — ,(1,)) - B / w0 di - 7) ds (7)

LS

py(0) dt - 7)| ds

1

n

LS

C max max
A / IVl o+ e / 1o, O dt .

%Z / A2 / w0 di - %) ds 48)
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0 ’7!
SZ /ﬂ,(e + T)st+ At/||pJ,(t)||fdt .
1

i

1 [
1 " CAt 2 P ; n o2
;C[(/ ,Llj(t) dt, ej,¢) < m / ||pj,,(t)||f + ?gkmi,,IIVej’d)H . (49)
t
Combining all these estimates, we have the following inequality
| R 1., 2C ;
oA || 121”2 E”ej,u“fc + <1 o T Atﬁ) v||Ve" +1||f (50
1
a C .
+(Fv+ Azﬁ—j) (Ve = 1vey, I12) + (=0 = (1 + 0, + 0" /(ej;‘ 2% ds
1 1

I

max n g n S n
YR /<e " T>2ds_/<e” 2 ds [+ S0z - 200 2

I
+(a-p8-p _A,L)_( +ﬁ) . Ivertin
1 2 ngok (1 3 mln

min“'q mm

ﬁZ 7 1 AIC n+17112 2 1 n+1 n 2 1 n+1 n 2
<2gkmm+2gpmax+gsa (Iversiz = 1ver 1) + 2y(lle Ilf—lle,-,pllf)+glle,-,p — el

0%
g et r+l
c 2 2 2
< Za—ln;'"axm/ Va5 dz+cm/||u,,,,||f di+CAr [ ||Ve,, |2 dt
! m m m
tn+l tn+l tn+l

2 2 Cgp:nax 2
+ CAt ||<l>,-,,t||pdz+CAt ||Vu,~,,|bdz+ﬂ—3Az IV, I dr
1‘”+] zm+l

+CAr / DI dt + CA / IV, 01 di + Svar / oy Ol dr

Thst 1,

tn+l
CvAt 1 il .
+ o / IIIJ,»,,(t)IIfaIt+E el [ wwdr| e, [ w@d
t, t, 7 ) ;

Tnyl
Cn/max Cﬁl
||p, DI + Z ( 6—y2> At / llp, O dt
3

+Z ’m”"A[/”Vuj,”fdt+ "IlmaxAt/“pjt(t)”fdt +ﬂ /”pjf( )“2
oY

To make sure the third, ﬁfth and ninth term on the left hand side are non-negative, we need 0 < a, @,, 03, f;, f, < 1, and

Imax /

/ 1-
rll _ < 03 , emax < 1 ) (51)
a — l+o+0, kpiw L1+5;
For Vo3 € (0,1),Vo, > 0, Vo-2 > 0,Vp; > 0, we can derive that ﬁ 1+lﬂ € (0, 1). Now if the two parameter conditions
3
in (8) are satisfied, we have 7 ,”’“ € (0,1). Then we can easily find o5 € (0, 1),0; > 0,05, > 0 such that = %, and
m 1 2

5 > 0 such that Zze . < 1+ 7
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Then under the two parameter conditions in (26, and the time-step condition (23)), (50) reduces to

1 n n a C n
Sl = Sl IR+ (v + a3) (Iverziz = ver, 12
1

rmax n+1 2 no N2 n+l 2 e 2
YRR /(e %) ds—/<e,,,,-ri> as [+ S0z - 2012

b - 1
2gkmm + ngmax
Oal

tn+l trH»l tn+l
C Irmax 2 2 2
< 2 0_1”" At [ IVu 7 dt + CAt [ lu;,|I5 dt + CAt [ ||V, Il dt
! 1" m 1"
tn+l trH»l trH»l

2 2 Cgp;nax 2
+ CAt ”d)j,tt”pdt'i'CAl ”VUJ'J”f dt+ﬂ—3At ||V¢j,t“pdt
1 mn 1

1 +1
" 1 Tut

C
wear [l o arvcar [ 19,0 ar+ Suar [ p, ol
o I i

Tnst 1,

Lot
CvAt 2 1 o
t /”pj»f(t)”fdt-i'm et [ w@adr| —|e . [ udr
tn

Ty f [ f

tn+l

2 Cn/max C
eIl + Y ( + —) / lp, I dt

637/2

n

+Z "”""At/lqu,,H2 di+ = iv""“"At/||Pn(T)||2 di + /”PJr(t)“2

C n 1 n n 1 n
‘2)(||v I =191 ) + o (165115 = 1) + -l = <, I

(52)

oI

Since e =0, e =0, and e. = 0, summing up (32)) from n = 0 to n = N — 1 and multiplying through by At yields

g8,
—|| MF +(—vAt+At ﬂ—)an ||f+2(0'2+ )Atn”"‘”‘/(e T ds+ 2°||ef¢||§

ﬁ _ 1 ATC n e
<?2gkmm + zgpmax Sea At||Vequ||2 + —At||eN ”2 Z Atlle +1_ ~,,,||§

0% 1
N—1 tn+l tn+l tn+l
. C 2 2 2
<Aty Z—n;maw/nwj,,llf dt+CAz/||u,,,,IIfdt+CAt IV, I dt
n=0 l 0-1 n n n
t t t
tn+l tn+l tn+l

2 2 Cgpl/nax 2
+ CAt ||¢>j,,,ll,,dt + CAt ||Vu,,,||f dr+ 3. At [ IV, I dt
tn+l tn+]

+CAr / (DI i + e / V6,01 dr + Svar / oy Ol

n+l
4 CvAr Cﬂ/m“x Cr],
/ Iy 1+ S A G + Z( Ar / 1o, I di
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n+l
m CAt
+2 AL / IV 1 i+ S / I, 01 dr |+ —CAL / o, O
Ba*8kin
In
1 N d
+ ; / u’ Mj(t) !
In-i f
The last term in (33) can be bounded as
In
1 At 1 Ar?
e / (1) dt =7(eﬁ,,u,<9N>)fsZ||eﬁu||§+y—2||u,(em||§ (54)
In-1 f

< 21l IR+ CAR I, @I < FHel I + CAPID, I -

Ll

where Oy € (ty_;,tN)-
Moreover, for functions v(x, t) defined on D X (=T, T), we define the norm

0l 0. = N0l oo 712D, )

Then the second term at sixth line of (53)) can be bounded as follows.

N-1
CA??
At Y === lp; aEIE < CAL I, 412 - (55)
n=1 %2V
Then (53)) reduces to
@ C 1 max ~ gS

_” N2+ (?szt + Aﬁﬂ_j)”wfuuj + 2(62 + A /(ej,\ju 2 ds + 7°||ef¢||[’f (56)

1 ! T

p I N Nz“ i
2 7 ! 2 N 12 n+1 no2
+ < 2 gkmin+§gpmax+ gSO 1 >At”V ” + At”e ” + &~ 27/At”e/,p _ej,p”f

2 2 2 2
< CAPNluy, 12, , + CAP ;12 , + CAPII, 12, + CAPNIG, 12, + CARIIp, (112,

2 2 2
+ CAL|Ip Il o, + CALIIp,, N2, , < CAP.

S | NUMERICAL ILLUSTRATIONS

In this section, the features of the proposed AC ensemble scheme for the Stokes-Darcy system are shown by three examples of
numerical experiments. The first example is to test the convergence of the ensemble algorithm with a known exact solution. In
order to show how to combine our ensemble algorithm with the Monte Carlo method to solve the Stokes-Darcy system with
a random hydraulic conductivity tensor efficiently, we present the second example, which also shows the efficiency and effec-
tiveness of the AC ensemble algorithm by comparing the numerical results and computation time with those of the individual
simulations. In the third example we apply the proposed algorithm to a realistic simulation of the subsurface flow in a karst
aquifer.

To discretize the Stokes-Darcy problem in space by the finite element method, we choose conforming velocity, pressure,
hydraulic head finite element spaces based on an edge to edge triangulation (d = 2) of the domain D, ,, with maximum element
diameter h. The continuity across the interface I between the finite element meshes in the two subdomains is not assumed.
Taylor-Hood elements,”?, which satisfy the usual discrete inf-sup /L BB”" condition for stability of the discrete pressure, are used
in following numerical tests for approximation of the Stokes equations. The continuous piecewise quadratic finite elements are
used for the approximation of the Darcy equation.

http://mc.manuscriptcentral.com/nme



International Journal for Numerical Methods in Engineering Page 16 of 30

16 | Xiaoming He ET AL

5.1 | Stability and convergence test

In order to illustrate the convergence rate of our AC ensemble algorithm, we compute the numerical error between the numerical
approximation and a known exact solution. First, we consider the model problem on D = [0, z] X [—1, 1], where D,= [0, m] X
[—1,0], and Df = [0,7] X [0,1]. We take ap;¢ = 1,v =1, g =1, S, = 1. The boundary condition functions and the source
terms are chosen such that the following functions are the exact solutions:
¢ = (e7 — e V)sin(x)e’,

J J
[isin(Zﬂy)cos(x), (—2k12'2 + ﬁsinz(ﬂy))sin(x)]Te’,

r p

sin(rxy)e'.

p
For the hydraulic conductivity tensor, we set
J
K:K: kll 0 N j:1,...,J,
0 ks,

J

where K; is one of the samples of K. In this simple test, we only consider the case that k,,, k5, are random variables independent
of spatial coordinates. All the numerical results below are fort =T = 1.

We consider a group of simulations with J = 3 members. The three members are corresponding to different hydraulic
conductivity tensors, i.e. k| =k} =1le k3 = k3, =0.9e7>, k3, = kJ, = 1.1e7>. As K is diagonal, we use Algorithmfor
computation, and thus there are no parameter conditions for both stability and convergence. In order to check the convergence
order in time, we uniformly refine the mesh size 2 and time step size At from the initial mesh size 1/4 and time step size
At = 0.1h. The approximation errors of the AC ensemble method are listed in Table 1} Table |2 and Table |3} for the velocity i,
the hydraulic head ¢ and the pressure p respectively. From these tables, we can find that our ensemble algorithm is first order
convergence in time. Next we set time step size At = 843 and we can obtain the approximation errors of the ensemble method
in Table 4] Table[5]and Table[6] for the velocity u, the hydraulic head ¢ and the pressure p respectively. From these tables, we
can find the rate of convergence is O(h + /\t) = O(h’) = O(At) with respect to L? norms for u and ¢.

TABLE 1 Errors and convergence rates of the AC ensemble algorithm (J = 3) for /\¢ = 0.1h.

Ao | Nuy—ull' | rate | flu, —ulll? | rate | Jlu, —ull;? | rate
1/4 [619%x107% [ — [6189x102 | — [6200x102 | -
1/8 [2.944x107% [ 1.07 [ 2.906 x 1072 | 1.09 [ 2.924 x 102 | 1.08

1/16 | 1408 x 102 [ 1.06 | 1.377x 1072 | 1.07 | 1.469 x 10~ | 0.99
1/32 ] 6.935x 1077 [ 1.02 [ 6.784x 1073 | 1.02 | 7.348 x 10~ [ 1.00
1/64 [ 3287x107° [ 111 | 3.230x 10~ | 1.10 | 3.661 x 10~ | 1.00

h lu, —ullP" | rate | llu, —ull7? | rate | |lu, —ull{” | rate
1/4 [ 1259%x10°7 | — [ 1248x10°1 | — |1260x10°7 | —

1/8 | 5.246%x 102 | 1.26 | 5.403x 102 | 1.20 | 5.612x 1072 | 1.21
1/16 | 2.385x 1072 | 1.13 | 2.573%x 102 | 1.07 | 2.647 x 102 | 0.96
1/32 [ 1.135% 102 | 1.07 | 1.169x 1072 | 1.13 | 1.260 x 1072 | 1.07
1/64 | 5.405x 1073 | 1.10 | 5.874x 10~% | 0.99 | 6.331 x 103 | 0.99

5.2 | Convergence and efficiency test for J random samples

We next consider using the presented ensemble algorithm for approximating stochastic Stokes-Darcy equations with a random
hydraulic conductivity tensor K(x, w) that depends on spatial coordinates. Let (2, F, P) be a complete probability space. Here
Q is the set of outcomes, F € 29 is the c—algebra of events, and P : F — [0, 1] is a probability measure. The stochastic
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TABLE 2 Errors and convergence rates of the AC ensemble algorithm (J = 3) for /At = 0.1A.

h | llg=oll;" | rate | lg, —lly” | rate | lig, —llg” | rate
1/4 | 1.799 x 107! — 1.780 x 10~! — 1.800 x 10~! —
1/8 | 8.177x 1072 | 1.13 | 8.091x 1072 | 1.13 | 8372x 1072 | 1.10
1/16 | 3.894 x 1072 | 1.07 | 3.799x 1072 | 1.09 | 3.987 x 1072 | 1.07
1/32 | 1.928 x 1072 | 1.01 | 1.809x 1072 | 1.07 | 1.954x 1072 | 1.03
1/64 | 9.181 x 1073 | 1.10 | 9.090x 10~ | 1.00 | 9.304 x 1073 | 1.10

h | gy =@l | rate | ligy = Il | rate | lIgy — I | rate
1/4 | 4620 x 107! - 4.599 x 107! - 4.625x 107! -
1/8 | 2.090x 107! | 1.14 | 2.169x 107! | 1.08 | 2.171 x 107! | 1.09
1/16 | 9.955x 1072 | 1.07 | 1.033x 107! | 1.07 | 4.337x 1072 | 1.07
1/32 | 4953 x 1072 | 1.11 | 5.139x 1072 | 1.00 | 1.086 x 10 | 1.09
1/64 | 2.359x 1072 | 1.10 | 2.582%x 1072 | 0.99 | 5.485x 10~ | 0.98

TABLE 3 Errors and convergence rates of the AC ensemble algorithm (J = 3) for /\t = 0.14A.

h | lpw=plg" | rate | llp,=plig” | rate | llp, —plly” | rate
1/4 | 5.558 x 107! - 5.578 x 107! - 5.577 x 107! -
1/8 | 2316 x1071 | 1.25 | 2.425x 107! | 1.20 | 2.403x 107! | 1.21
1/16 | 1.007 x 107! | 1.20 | 1.097 x 107! | 1.14 | 1.145x 10! | 1.06
1/32 | 4536 x 1072 | 1.15 | 4.989x 1072 | 1.13 | 5.451 x 1072 | 1.07
1/64 | 2.160 x 1072 | 1.10 | 2.507 x 1072 | 0.99 | 2.739 x 1072 | 0.99

Stokes-Darcy system considered reads: Find the functions u : D X [0,T] X Q — RY(d=2,3),p:D X[0,T]xQ — R, and
¢ Dp X [0,T] X Q — R, such that it holds P — a.e. in Q, or in other words, almost surely
u,(x,t,w) — vAu(x,t,w) + Vp(x,t,w) = ff(x, 1, V-ulx,t,w)=0, in D, x Q
Sod(x, 1, 0) = V - (K(x, 0)VP(x,1,w)) = f,(x,1), in D, X, 7
d(x,0) = ¢y(x), in D, and u(x,0) = uy(x), in D,
d(x,t,w) =0, in GDP\I and u(x,t,w) =0, in 0Df\1,
where f,(x,1) € L*(D ) [p(x,1) € L2(Dp). The hydraulic conductivity K(x, w) is a stochastic function, which is assumed to

have continuous and bounded correlation function.
We construct the random hydraulic conductivity tensor that varies in the vertical direction as follows

ki (Fw) 0

’C(%’w)=[ 0 kp@F o)

], and

ny
ki (R, ) = kyy(R, 0) = k(Z, @) = ay + 01/ 29 Yp(®) + Z o/ ALY (@)cos(iny) + Y, w(@)sin(ixy)l,
i=1

n
zero mean and unit variance. In the following numerical test, we take the desired physical correlation length L, = 0.25 for

the random field and a, = 1, 0 = 0.15, n; = 3. We assume the random variables Y, ..., Y, , are independent and uniformly

. [ZL. (inLo)? ) . .
where x = (x, y)T,/lo = 7; <, A= \/;Lce « fori=1,... N and Yy, ..., Y, , are uncorrelated random variables with
n
distributed in the interval [—\/5, \/5]. Note that in this setting, the random functions k,, (X, w), k,,(X, w) are guaranteed to be

positive, and the corresponding K(X, w) is SPD.
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TABLE 4 Errors and convergence rates of the ensemble algorithm (J = 3) for /\t = 8A4°.

Page 18 of 30

h lu, —ully" | rate [ lw, —ull?? | rate | flu,—ull]® | rate
1/4 [ 1.0498x1072 [ — [1.0491x102 | — |1.0504x102| —
1/8 [ 1.0382x 1073 | 3.33 | 1.0376 x 103 | 3.34 | 1.0389x 1073 | 3.33
1/16 | 1.2457x 1074 | 3.06 | 1.2422x107* | 3.06 | 1.2471 x 10~* | 3.05
1/32 | 1.6161 x 1075 | 2.95 | 1.5316 x 105 | 3.01 | 1.5089 x 105 | 3.04
1/64 | 2.0226 x 107° | 3.00 | 1.9098 x 10~° | 3.00 | 1.9328 x 1076 | 3.00

h lu, —ulll" | rate [ |lw, —ull?® [ rate | flu,—ull’ | rate
1/4 | 14414x 107" | — [14413x1077 | — [14521x10° 7| —
1/8 | 25258 x 1072 | 2.51 | 2.5253x 1072 | 2.51 | 2.5338 x 1072 | 2.51
1/16 | 6.1305x 1073 | 2.04 | 6.1443 x 103 | 2.04 | 6.1801 x 103 | 2.03
1/32 | 1.4527x 1073 | 2.07 | 1.4527x 1073 | 2.07 | 1.4679x 1073 | 2.07
1/64 | 35173 x107% | 2.04 | 3.5256 x 1074 | 2.03 | 3.5717 x 107* | 2.04

TABLE 5 Errors and convergence rates of the ensemble algorithm (J = 3) for /\t = 8h3.

o] lgn—olll" | rate | llg, -l | rate [ lg, —oll.” | rate
1/4 1.6273 x 107! - 1.6307 x 107! - 1.6243 x 107! -
1/8 | 2.0399 x 1072 | 3.00 | 2.0453x 1072 | 3.00 | 2.0351x 1072 | 3.00
1/16 | 2.5524 % 1073 | 3.00 | 2.5148 x 1073 | 3.02 | 2.5438 x 10~3 | 3.00
1/32 | 3.1511 % 1074 | 3.02 | 3.1396x 10~* | 3.00 | 3.1798 x 10~* | 3.00
1/64 | 3.9290 x 107> | 3.00 | 3.8760x 107> | 3.01 | 3.9792 x 10~ | 2.99

o] lign—olll" [ rate | llg, -l | rate [ lg, —ollT° | rate
1/4 | 1.1149x10° | — | 1.1243x10° | — | 1.1063x10° | —
1/8 1.8023x 107! | 2.63 | 1.8309x 10" | 2.61 | 1.7783 x 107! | 2.63
1/16 | 2.8403 x 1072 | 2.66 | 2.8964x 1072 | 2.66 | 2.8370 x 1072 | 2.64
1/32 | 6.9276 x 1073 1 2.03 | 6.9510%x 1072 | 2.06 | 6.7858 x 1073 | 2.06
1/64 | 1.7276 X 1073 | 2.00 | 1.7847 %1073 | 1.97 | 1.7213x 104 | 1.98

The domain and parameters are the same as those in the first test. But in this test, the problem is associated with the forcing

terms as follows:

f, = (€ —e)sin(x)e’,

ff] =[1+v+ 4v752)M]sin(2ﬂy)cos(x)e’ + wycos(nxy)e’,
[y, = =2Vk(X, @)coszy)sin(x)e’ + (1 + v)[-2k(X, ») + k();c;,zco) sin’(zy)]sin(x)e’ + rxcos(zxy)e'.
The Dirichlet boundary condition
¢ = (¥ — e )sin(x)e’,
u= [k(;" w)sin(zzzy)cos(x),(—zk(;é, ) + k(i’za))sinz(ﬂy))sin(x)]re’,

will be used on the boundary of the domain, and the initial conditions are chosen by

¢ = (e — e )sin(x),
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TABLE 6 Errors and convergence rates of the ensemble algorithm (J = 3) for /\t = 8A4°.

ho | lpn—plly" | rate | llp,—plly” | rate | llp,—pll;” | rate
1/4 | 48777x 101 | — | 48779x 107 | — | 4.8694x 107" | —
1/8 | 1.1482x 1077 | 2.08 | 1.1481x 10" | 2.08 | 1.1478 x 10~" | 2.08
1/16 | 2.6003x 102 | 2.14 | 2.6003 x 102 | 2.14 | 2.8695 x 102 | 2.00
1/32 | 62658 x 1073 | 2.05 | 6.8315x 10 | 1.93 | 6.9987 x 10~ | 2.03
1/64 | 1.5245x 1073 | 2.04 | 1.6589x 102 | 2.04 | 1.6987 x 10~ | 2.04

10 10*
—& -2 error —& -2 error
T—— ] slope=-1/2 slope=-1/2
T — H* error H error
— - slope=-1/2 slope=1/2
102§ ] 0 o
O~ B "0~ —
0 -~
~0 %
108k T E 103}
1074 L L L L 10 4 L L L L
10 20 40 80 160 10 20 40 80 160

FIGURE 2 Ensemble simulations errors are O(1/ \/7 ) for u (left) and ¢ (right).

k(X, ) k(X, )

[ sin(2ry)cos(x), (=2k(X, w) + i
T

sin(zxy).

sin*(zy))sin(x)]",

p

We simulate the system over the time interval [0, 0.5], and the uniform triangulation with mesh size 2~ = 1/32 and uniform
time partition with time step size At = 0.1 are used. We generate a set of J random samples of K by the Monte Carlo sampling,
and run our code for simulating the ensemble of the system associated with the J realizations. First, we need to check the rate
of convergence with respect to the numbers of samples, J. Since K is diagonal, Algorithm [2]is used for ensemble computation.

We use the multifrontal LU factorization as the linear solver. Even though the back substitution stage of LU decomposition
is different for different realizations, the decomposition stage of the two common matrices in the proposed method is the same
for all the realizations, hence needs to to be done only once before the back substitution stage. This feature significantly saves
the computational cost.

As the exact solution to the stochastic Stokes-Darcy system is unknown, we take the ensemble mean of numerical solutions
of J, = 1000 realizations as our exact solution (expectation), which is denoted by u,, . We also define u), as the ensemble mean
of J realizations. The numerical results with J = 10, 20, 40, 80, 160 realizations are listed in Table Using linear regression,
the errors in Table[7]satisfy

llup — uy, llg~ 0.02487 7495 luy, —u, ||; ~ 0.21837 7045,
24 = Py llo~ 0.0214 700 iy, — b, [|o~ 0.0650J ~453.

The values of ||-||, and ||-||; together with their linear regression models are plotted in Figure [2| It is seen that the rate of
convergence with respect to J is close to —0.5.

Next, we briefly discuss the efficiency of our AC ensemble algorithm compared with the traditional method that runs the
simulations individually, based on a test with J = 1000 ensemble members and the mesh size 7 = 1/64. A comparison between
the matrix systems of these two methods is presented in Table([8] First, because all the realizations in our ensemble method share
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TABLE 7 Errors of ensemble simulations.

J 10 20 40 80 160

ey, =y [IE | 8.0121x 107 | 57229 107 [ 4.1470x 1073 | 2.9411 x 10~ | 2.0559 x 103
lluy, =y IF | 7.1225 x 107 | 5.0867 x 107 | 3.6343 x 107 | 2.5775x 107 | 1.8543 x 10
lid = ¢y 15 | 702351073 | 5.0528 x 10 | 3.6091 x 1073 | 2.5964 x 10~ | 1.8414x 1073
lidy — s, I | 21714 %1072 [ 15291 x 1072 | 11001 x 10~ | 7.8578 x 10~ | 5.6127 x 103

the two common matrices, which are assembled only once, the cost for the matrix assembly is significantly reduced. This can
be easily observed in the third column of Table 8] Secondly, the common matrix can provide opportunities to preprocess the
matrix systems for all the realizations in a unified way, depending on the chosen matrix solver, such as the LU decomposition
discussed above. This may lead to a significant reduction of the computational cost for solving the matrix systems. Thirdly, even
though each realization in our method has two matrix systems to solve, each of these two matrices, which arise from the two
level decoupling technique in the proposed method, is much smaller than the only one matrix in the traditional coupled method.
Therefore, our method saves a lot of computational cost for solving the linear matrix systems.

TABLE 8 Solver comparison of ensemble simulations with traditional method

matrix size number of matrix assembly | number of matrix solving
individual | 54148 X 54148 1000 1000
33282 x 33282 1 1000
ensemble . | 16641 X 16641 1 1000

Setting At = 1/160, we first run the ensemble simulations with J = 1, 10, 20, 40, 80 realizations using our ensemble algorithm
and record the respective elapsed CPU time (in seconds), i.e., AC ensemble in Table E} Then we run the simulations again with
the same samples by using the traditional individual coupled method and record the respective elapsed CPU time, i.e., individual
in Table[0] From the comparison of the elapsed CPU times presented in Table[9] one can clearly see that the proposed ensemble
algorithm is much faster than the traditional approach. For example, when J = 80, the ensemble method saves about 95.16% of
the computational time compared with the traditional method.

TABLE 9 CPU elapsed times of ensemble simulations.

J 1 10 20 40 80
individual | 1177 | 11760 | 23541 | 47066 | 94132
ensemble,- | 934 1861 3290 | 3724 | 4560

Next we test our ensemble algorithm against the non-iterative multi-physics domain decomposition method (NIDDM) 4,
which is more efficient than the coupled approach in the previous test for individual runs. For the hydraulic conductivity tensor,
we generate uniformly distributed random numbers in [1, 1.5] for k. Setting 2 = 1/32, we take the mean of numerical solutions
of J, = 1000 as the exact solutions, which are denoted by u; and ¢, . In Tablewhich is obtained by running the test samples
for J = 160, NIDDM and the AC ensemble method achieve similar accuracy while the AC ensemble method can save more
than 90% of the computational time.
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TABLE 10 Errors ||¢ 7~ P [[o+Iu J ~ Un |lo and CPU elapsed time for AC ensemble and NIDDM.

NIDDM CPU time for NIDDM | Ensemble,. | CPU time for AC ensemble
Ar=1/20 | 5.9903 x 1072 3.3866 x 10* 7.5587 x 1072 3212
At=1/40 | 3.0254 x 1072 4.9886 x 10* 3.4202 x 1072 4495
Ar=1/80 | 1.5951 x 1072 8.3646 x 10* 1.6286 x 1072 6711
At=1/160 | 8.1887 x 1073 1.5210 x 10° 8.1843 x 1072 9137
At =1/320 | 43874 x 1073 3.1790 x 10° 3.8973 x 1073 12308

Furthermore, we also test more realistic hydraulic conductivity parameter k which is chosen as a uniformly distributed random
number in [107°,2x 107°]. In Table[1 1} NIDDM and the AC ensemble method achieve similar accuracy while the AC ensemble
method can save more than 90% of the computational time.

TABLE 11 Errors ||¢; — ¢llo+Iluy, — u,llp and CPU elapsed time for AC ensemble and NIDDM.

NIDDM CPU time for NIDDM | Ensemble,- | CPU time for AC ensemble
At =1/20 | 2.6302x 1072 3.6490 x 10* 2.8021 x 1072 3312
At =1/40 | 1.3217 x 1072 5.5332 x 10* 1.4152 x 1072 4456
At=1/80 | 6.2938 x 1073 9.0661 x 10* 7.0408 x 1073 6801
At =1/160 | 3.2442 x 1073 1.5439 x 10° 3.2311x 1073 9231
At =1/320 | 1.5448 x 1073 3.1934 x 10° 1.5386 x 1073 12401

5.3 | Applicational simulation

Next, we apply our AC ensemble algorithm to a simplified simulation of the subsurface flow in a karst aquifer. As shown in Fig.[3]
the computational domain is a unit square divided into the porous media domain D, and the free flow domain D . Let D, be the
polygon ABCDEFGHIJ where A = (0,1), B=(0,3/4),C = (1/2,1/4),D = (1/2,0), E = (3/4,0), F = (3/4,1/4),G =
(L,1/9,H=(1,1/2),I =(3/4,1/2)and J = (1/4,1). Let D, = Q/D;, Sy = ABUJA, S, = DE,and S, = GH.
SetT =1, a=1,v=1, g =1, z=0. The boundary condition data and source terms are chosen to be 0 and let
Uy, 0)on S,
u=30,U)"on S,
U;,000n S,
where U, are constants. We subdivide € into rectangle of height and width 4 = 1/ M, where M denotes a positive integer, and
then subdivide each rectangle into two triangles by drawing a diagonal. For this numerical experiment, we choose M = 32 and

/\t = h. In the following, we will provide the numerical results at T = 1 for the algorithm. We construct the random hydraulic
conductivity tensor as follows

k(X, ) = ay + exp { [Yl (w)cos(ry) + Y3(w)sin(7ry)] e_% + [Yz(a))cos(nx) + Y4(co)sin(7rx)] e_é } .

where X = (x, )7, ap =1/100, and Y}, ..., Y, are independent and identically distributed with zero mean and unit variance.
Figure[d]shows some realizations of the logarithm of the hydraulic conductivity coefficient. In the first test, we set U; = U, =
—1 and U, = 2 so that the total inflow rate is equal to the total outflow rate. In the second test, we keep the same U, and U,
but set U, = 1 so that the total inflow rate is larger than the total outflow rate. This causes more water to be pushed out of the
conduits into the porous media, which happens during a rain season. In the third test, we keep the same U, and U, butset U, = 3
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FIGURE 4 some realizations of log(k)

so that the total inflow rate is smaller than the total outflow rate. The more outflow causes more water to flow into the conduits
from the porous media, which is what happens during a dry season. The three graphs in Figure [5] and Figure [7] illustrate the
mean and variance of numerical solutions at the end time T' = 1 for these three tests. These phenomena are expected due to the
chosen unbalanced inflow and outflow rates for the conduit. Compared to the solutions of the traditional method (Figure[6]and
Figure[8)), we can find they have the same general behavior of the flow while our AC ensemble algorithm is much more efficient.
Furthermore, the proposed method also works well for the realistic parameter values with k = 107,107, and 1078, see Figure
El In Figure the graphs show energy E = ||uh||(2)+||¢h||g versus t. We can find there is an upward fluctuation in the graph
with At = 1/5 and other graphs with smaller time steps become relatively stable, which is consistent with our theoretical result
that a time-step condition must be satisfied to ensure stability and convergence. Moreover, when k = 1076 and k = 10~%, we can
find the results will have minor fluctuation for At = 1/10, and then they will become stable as the smaller time-step conditions.
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5 c

FIGURE 5 Plots of the ensemble mean for the ensemble AC method for U, = —1, U, = —1, and different U,: U, = 2 in the
left graph, U, = 1 in the middle graph, and U, = 3 in the right graph.
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FIGURE 6 Plots of the ensemble mean for the traditional method for U, = —1, U, = —1, and different U;: U, = 2 in the left
graph, U, = 1 in the middle graph, and U,, = 3 in the right graph.

FIGURE 7 Plot of the variance of the ensemble AC method for O, = —1, O, = —1, and different Q,: Q, = 2 in the left graph,
0Oy = 1 in the middle graph, and Q, = 3 in the right graph.

At last, we consider the more realistic case where the hydraulic conductivity tensor is non-diagonal, for which we need to use
Algorithm|I] for ensemble computation. Let

KG.w) = [k”()_c', ) kX, w)] ’

ky (R, ) ky (X, )

where k;;(X, ®) = ko (X, w) # 0 and k,, (X, ®) = k1,(X, w) # 0, i.e. K(X, w) is not diagonal but symmetric.
ny
ki (R, 0) = kyy(X, ) = a; + 6/ 4 Yp(@) + Z 6\//1_,-[Y,-(a))cos(i7ry) + Ynf+i(w)sin(i7ry)],
i=1
s
kyy (R, @) = kyy(F, @) = ay + 61/ Yy(@) + Z o/ ALY (@)cos(iny) + Y, (@)sin(izy)].

i=1
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FIGURE 8 Plot of the variance of the traditional method for @, = —1, Q, = —1, and different Q,: O, = 2 in the left graph,
0O, = 1 in the middle graph, and Q, = 3 in the right graph.

FIGURE 9 Plots of the ensemble mean for the ensemble AC method with k = 107,107, and 10~% (left, middle, right) for

U =-2U,=-2and U, = 3.

x10°

1yl |/
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FIGURE 10 Plots of the ensemble mean for the ensemble AC method with k = 107, 107°, and 1078 (left, middle, right) for
U, =-2,U, =-2,and U, = 3 as well as different time steps.

We take a; = 10 and a, = 1 such that the random hydraulic conductivity tensor K(X, w) is SPD. The corresponding forcing
term for the Darcy equation is f, = (1 + k; (X, ®) — kn (X, ®))(e” — e™)sin(x)e’ — (k5 (X, @) + kyy (X, w))(e* — e™)cos(x)e'; for
the Stokes equations, f, and f, are the same as those in Section @ The boundary conditions and initial conditions are also

the same as those in Section[3.2]
We consider a group of simulations with J = 100 using the Monte Carlo method for sampling. Figure[TT|shows the numerical

results of our ensemble algorithm (Algorithm[I)) and those of individual runs for comparison. The speed contours and velocity
streamlines of the ensemble mean are computed for both approaches at T = 0.5 with J = 100 realizations, and then presented in
Figure[TT] It can be seen that both approaches capture the same general behavior of the flow while our AC ensemble algorithm

is much more efficient.
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FIGURE 11 Speed contours and velocity streamlines for U, = 1, U; = —1, U, = —1, based on the ensemble mean obtained
from our ensemble algorithm (left) and the traditional method (right) and with J = 100 at T = 0.5.

6 | CONCLUSIONS

Ensemble calculation is essential in uncertainty quantification, numerical weather prediction, sensitivity analysis and so on. The
most efficient way to calculate such an ensemble will vary widely depending on the application, flow, computational resources
and code used. In this article, an efficient, artificial compressibility ensemble algorithm is proposed for fast computation of
the stochastic Stokes-Darcy systems. In this algorithm, the linear systems with two shared common coefficient matrices for
all realizations at each time step can be solved by efficient iterative or direct methods at greatly reduced computational cost.
Moreover, the fully coupled Stokes-Darcy system can be decoupled into two smaller sub-physics problems, which reduces the
size of the linear systems to be solved and allows parallel computation of the two sub-physics problems. Furthermore, the
velocity and pressure solves can be decoupled by the artificial compressibility method resulting in a simple updating step for
the pressure. Therefore the storage requirements can be reduced and the computational speed is faster than traditional method
and the ensemble method in®. The long time stability and first order accuracy in time under a time-step condition and two
parameter conditions are proved for this algorithm. Furthermore, we also present an alternative algorithm for the case that
the hydraulic conductivity tensor K is diagonal. This algorithm is long time stable under a time-step condition, without any
parameter conditions. By the numerical experiments, we show the algorithm is also first order convergent in time, illustrate how
to incorporate the artificial compressibility ensemble algorithm with the Monte Carlo method, and demonstrate the efficiency
and effectiveness of this ensemble algorithm. We also apply the artificial compressibility ensemble algorithm to a simulation of
the subsurface flow in a karst aquifer and discuss the phenomena of different unbalanced inflow and outflow rates for the conduit.
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APPENDIX
A .LONG TIME STABILITY OF AN ALTERNATIVE ALGORITHM

Theorem 3 (Long time stability of Algorithm[2). If there exist a,, a,, f;, §, in (0, 1) such that the time-step condition (24)) holds,
then the Algorithm [2]is long time stable: for any N > 0,

1 g C At e ~
S 15+ =) 17 + Arzﬂ—jnwjv 17+ 3, 12117 + &t 25 / @) - %) ds (AD)
1 i T
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Proof. Setting v, = u*', y = ¢/ in Algorithm | replacing yV - u*! in the momentum equation by p/*' — p’, taking inner
product of the mass conservatlon equation by y~'p ”“ and adding all three equations yields

1 12 2y 1 +1 2 112 +1 Al A

|| "+ || — —|| "|| — || =)+ v IVUT|G + E W - T)WT - T) ds
f f i i

2A 2At 2At Y J J - ! J J

1 ntl)2 )12 ntl )2 80 vz 850 a2
4 (016 = 10+ 0 = 215 ) + 33201570 = S (A2)
gS n n n n
+ a1 = B+ e (VO VAT, + ™ ) — e, )
Sl AD YRR VR AD DY) / (1 = "W - T - 7) ds
i 1

n n+1
- g((K‘] - kmaxI)V(bj’ V¢J+ )p'

Since K;(x) and k,,,, T are both symmetric, we have [K;(x) — k
Theorem [T]is on the estimates of the following two terms.

-y / (1, = ™)@ - B - 7) ds (A3)
i 1

max L2 < Koy — Kpin- The main difference from the proof of
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/(u” 7)? ds+ 1 /(u"“ )2 ds|,
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The estimates of other terms are similar to those in the proof of Theorem [T} Combining all estimates we then have the following
inequality
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Since we assume K; 1s SPD and any two ensemble members have different hydraulic conductivity tensor X, we have k,,,, >

> 0 and thus 0 < %22~ < 1 Thus no constraints on the parameters are required. Now if the time-step condition (24))

max
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holds, (A3)) reduces to
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Summing up (A6) from n=0to N — 1 and multiplying through by At yields (AT). O
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