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1 | INTRODUCTION

Nodal domains of the eigenfunctions of the Laplacian on smooth manifolds have been studied for
more than a century. We refer the readers to the book [26] for the details. If f : M — R is such an
eigenfunction on a manifold M, then the nodal domain is a connected component of the set M where the
function f has a constant sign. The number and the geometry of nodal domains provide an important
insight into the geometric structure of the manifold itself. A classical theorem of Courant states that
the number of nodal domains of the eigenfunction corresponding to the kth smallest eigenvalue is
upper bounded by k, and this number typically grows as k increases [8]. In [9] Dekel, Lee, and Linial
pioneered the study of the nodal domains for graphs. This study was motivated by the usefulness of the
eigenvectors of graphs in a number of partitioning and clustering algorithms, see [9] and the references
therein. In the last 10 years, these eigenvectors have played a crucial role in many other computer
science problems, including, for example, community detection [24, Section 5.5]. As the Laplacian of
a graph is closely related to the adjacency matrix, Dekel, Lee, and Linial considered the eigenvectors
of the latter matrix as an analog of the eigenfunctions of the Laplacian on a manifold. We will arrange
the eigenvectors of the adjacency matrix in the order corresponding to the decreasing order of the
eigenvalues. An easy variational argument shows that that the first, that is, the leading eigenvector has
only one domain, so the study of nodal domains become nontrivial for the nonleading eigenvectors. In
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general, one has to distinguish between the strict and the nonstrict domains, where the former do not
include vertices with zero coordinates.

The main result of [9] pertains to the G(n, p) random graphs in the case when p € (0, 1) is a con-
stant. Recall that an Erd6s-Rényi Graph G(n, p) is a random graph with n vertices and any two vertices
are connected by an edge with probability p independently. In this case, the authors discovered a new
phenomenon showing that the behavior of the number of nodal domains for a G(n, p) graph is essen-
tially different from that for a manifold. More precisely, they proved that with probability 1 — o(1), the
two largest nonstrict nodal domains of any nonleading eigenvector contain all but O,(1) vertices, where
the last quantity is uniform over the eigenvectors. Besides proving this striking result, [9] emphasized
that the main approach to the study of nodal domains is through establishing delocalization properties
of the eigenvectors of random matrices. At the time [9] was written, the study of delocalization was in
its infancy. Indeed, their theorem relies on a partial case of [17, Theorem 3.3], which was the only result
available at that time. As the information on the delocalization of the eigenvectors grew, so did the
knowledge about the finer properties of the nodal domains. In [18], Nguyen, Tao, and Vu proved that,
with probability 1 — o(1), any eigenvector does not have zero coordinates, which mean that the strong
and the weak nodal domains of a G(n, p) graph are the same with high probability. Also, Arora and
Bhaskara [2] improved the main theorem of [9] by showing that if p > n~!/19+°(D then with probability
1 — o(1), any nonleading eigenvector has exactly two nodal domains. We refer readers to the articles
[10,12,13,16,23] on other recent developments of local statistics of eigenvalues or delocalization of
eigenvectors for sparse Erdés-Rényi Graph G(n, p).

After these results became available, Linial put forward a program of studying the geometry of
nodal domains. Considering one of the domains as earth, and another one as water, one can investigate
the length of the shoreline, which is the boundary of the domains, the distribution of heights and depths
measured as distances to the shoreline, and so on. Unfortunately, this geometry turned out to be trivial
in the case when p > n~¢ for some absolute constant ¢ € (0, 1). More precisely, it was proved in [19]
that with probability 1 — o(1), any vertex in the positive nodal domain is connected to the negative
one, and the same is true for the vertices in the negative domain. Note that the case of very sparse
graphs p < n~¢ is still open and may lead to a nontrivial geometry. The proof of this result relied on the
combination of the no-gaps delocalization [21], and a more classical ¢, delocalization established by
Erd6s, Knowles, Yau, and Yin [12]. The no-gaps delocalization discussed in more detail below means
that with high probability, any set S of vertices carries a nonnegligible proportion of the Euclidean
norm of the eigenvector, and this proportion is bounded below by a function of |S| /n only. The £,
delocalization means that the maximal coordinate of any unit eigenvector does not exceed n~!/>+o(1)
with high probability.

In this paper, we establish another natural property of nodal domains. Namely, we will show that
with high probability, the nodal domains are balanced, that is, each one of them contains close to n/2
vertices with high probability. Unlike the previous ones, this property does not follow from the com-
bination of the no-gaps and the 7, delocalization. Indeed, the vector u € §"~! with n/3 coordinates
equal to \/E / \/}; and the rest n/3 coordinates equal to —1/ \/% satisfies both properties. Moreover,
for such vector, 2],":1 u(j) = 0, so it is orthogonal to the vector (1/ ﬁ 1/ \/};) which is close to the
leading eigenvector with high probability.

We prove that the nodal domains are roughly of the same size both for the bulk and for the
edge eigenvectors. However, the methods of proof in these cases are different. Let us consider
the bulk case first as the proof in this case is shorter. Let A be the adjacency matrix of G (n, p).
We denote eigenvalues of A by 4, > --- > A, and the corresponding unit eigenvectors by
uy, ..., u,. With a slight abuse of terminology, we will call them the eigenvectors of the graph

G (n, p).
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Theorem 1.1 (Bulk case). There is ¢ € (0, 1) such that the following holds. Let €, k € (0, 1).
Let G (n, p) be an Erdds-Rényi Graph with p € [n‘c, %] Let uy be an eigenvector of G (n, p) with
a € [kn, n — kn)]. Denote by P and N the nodal domains of this eigenvector. Then there exists n =
1 (g, k) > 0 such that, for a sufficiently large n,

IP’<|P| VIN| 2 (% +£)n) <n.

The proof relies on quantum unique ergodicity theorem for random matrices [6, Theorem 1.1]
claiming that the distribution of the inner product of an eigenvector of A and any vector orthogonal to
(1, ..., 1) is asymptotically normal. Readers interested in quantum unique ergodicity are also referred
to the articles [3,5,7]. For the edge case, that is, for the eigenvalues close to the edges of the spectrum,
the bound similar to [6, Theorem 1.1] has been established only for the nonsparse regime, that is, for
p € (0, 1) which does not depend of n, see [S]. On the other hand, the gaps between the eigenvalues near
the edges of the spectrum are much larger. The eigenvalue gap is at least n=2/3-°() for edge eigenvalues
while it is of order n='=°() for bulk eigenvalues. Also, the edge eigenvalues enjoy stronger rigidity
properties than the bulk ones. These facts allow to provide a stronger bound for the size of the nodal
domains of an edge eigenvector.

Theorem 1.2 (Edge case). Let G (n, p) be an Erdds-Rényi Graph with p € (0, 1). There exists
p = p(p) > 0 such that the following holds. Let u, be a n on-leading eigenvector of G (n, p) with

min {a, n — a} < (logn)’'°¢°¢" Denote by P and N the nodal domains of this eigenvector. Then, for
any € > 0, there exists 6 = 6(¢) > 0 independent of n and p such that

P (|P| Vv IN| > (% +n‘é+5> n) <n.

Jor a sufficiently large n.

For a vector u € R”, let u(i) denote its ith component. Our goal in both Theorem 1.1 and 1.2 is to
show that with high probability,

n

Z sign (u(i)) = o (n)

i=1

for an eigenvector u of A. This can be derived by Markov inequality if

N 2
E <Z sign (u (i))> =0 (n?).
i=1
The latter equation can be derived if for i # j,

Esign (u (i) u (j)) = o (1). (1.1)

The proof in both the bulk and the edge case is aiming to show (1.1). Yet, the approaches are
completely different. The proof in the bulk case relies on



396 HUANG AND RUDELSON
WILEY

Theorem 1.3 ([21, Theorem 1.5]).  Fix arbitrary constants 6, k > 0 Let A be an nXn be the adjacency
matrix of a G(n,p) graph with n=¢ < p < 1/2 for some constant ¢ > 0. For ¢ > c¢yn~'/7
eigenvector v of A satisfies

, every
1/2
<2 |v<i>|2> > (c26)° IVl
icl
forall I C [n] with |I| > en.
and

Theorem 1.4 ([6, Theorem 1.1]).  Fix arbitrary constants 6,k > 0 Let A be an nXn be the adjacency

matrix of a G(n,p) graph with n™1%% < p < 1/2. Let v, ..., v, be its eigenvectors corresponding to
the eigenvalues Ay > - -+ > A,. For any polynomial f : R — R for any n > n(f), a € [kn : n — kn]
andany g € S ',q L (1, ..., 1), there exists an v > 0 such that

[Ef(n{q, va)®) — Ef(gH)| <n™.

The last theorem allows to estimate Esign (u (i) u (j)) by replacing u (i) and u (j) by independent
normal random variables. Yet, this replacement is not straightforward. First, we have to transform the
statement of Theorem 1.4 involving (g, u)? into a one involving u(i) and u(j). Second, and more impor-
tantly, we have to approximate the function sign(-) by a polynomial. Since the polynomial function is
unbounded on R, we have to find an approximation which is close to the function sign(-) point-wise
on the set [—R, R] \ (-4, ) with some 0 < § < 1 < R, and at the same time has a controlled growth
at infinity. The latter property is needed to guarantee that the contribution of the values u(i)  [—R, R]
does not affect quality of the approximation. The contribution of the values u(i) € (-4, 6) can be made
small by choosing an appropriate 6 due to the no-gaps delocalization.

For the edge case, we represent the adjacency matrix A in block form:

D W7
v s ]
where Bisn—2byn—2,Dis2by 2, and W is n — 2 by 2. These matrices are independent. Moreover,
using the results of [4, 11, 14], we show that with high probability, the matrix B has “typical* spec-
tral properties. Relying on the independence of the blocks, it is possible to bound the expectation of
sign (u (1) u (2)) conditioned on the event that B is typical. To use this approach for other pairs of coor-
dinates, we have to show that with high probability, all (n — 2) X (n — 2) principal submatrices of A are
typical. This cannot be derived from the union bound since one of the typical properties, namely the
level repulsion, holds with probability 1 — O(n~?) for some § > 0. To overcome this problem, we con-

dition on the event that the matrix A itself is typical, and show that on this event, with high probability,
all (n — 2) X (n — 2) blocks are typical as well.

1.1 | Notation

First, ¢, ¢/, C, C" will denote constants which may change from line to line. For a positive integer n,
denote [n] := {1, 2, 3, ..., n}. For vectors u, v € R", let ||u||, denote the Euclidean norm of u, ||u/|,
denote the /,, norm of u, and (u, v) denote the standard inner product of u and v. The cardinality of a
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set S will be denoted by |S|. For a,b € R, the notation a A b and a V b stands for the minimum and the
maximum of a and b respectively.
For a random variable Z, we denote its y, norm by ||Z]|,,,. The y, norm is defined by the equation

or( () )-

We say Z is subgaussian if ||Z]|,, exists. By subgaussian vector we mean a random vector with
independent components whose y, norms are uniformly bounded.

Let Mat,,,,(n) be the collection of all symmetric n X n matrices. For a symmetric n X n matrix
H= {hij}zi=1, let ||H|| denote its operater norm, ||H||s denotes its Hilbert-Schmidt norm. Precisely,

n n
2 2 2
IHI;s =Y h2=) 2,
ij=1 i=1

where {4;}_, are eigenvalues of H. Furthermore, for z € C with Imz > 0,

1

G(Z)ZH—Z

denote the Green function of H, and define the Stieltjes Transform of H by

mz) = }lTr(G@) - % Z,

1
Ai—z

where {4;}_, are eigenvalues of H.
Recall the semicircle-law

1
psc(x) = Z (4 - x2)+,

where (4 - xz) . = max{4 —x%, 0}. The semicircle law proved in the classical paper of Wigner [25] is
the limit distribution of the empirical distribution of eigenvalues of Wigner matrices, see for example,
[1] for the precise formulation and extensions. The Stieltjes transform of py, is

ma(2) = / 25 4.
R

X—2Z

For a fixed n, let y; be the expected location of i—th eigenvalue (rearranged in a nonincreasing order)
according to the semicircle law. That is, y; satisfies

2 .
/ pee(x)dx = <.
Yi n

i

Furthermore, it is easy to check that for i = o(n), we have

iN\2/3 i\2/3
(7[—) <2-y< (37[—) : (12)
n

n
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2 | BULK EIGENVECTOR

Consider a graph G with n vertices, and denote by A its adjacency matrix. Let Ay > Ay > --- 4,
be the eigenvalues of A and let v, be the unit eigenvector corresponding to 4,. In order to show that
Yo, sign(va(i)) = o(n), consider a random pair (i,j) C [n] of distinct indices which is uniformly
chosen among all such pairs. We will check below that if Esign(v, (i) - v4(j)) = o(1), then this inequality
holds, and the nodal domains are of the size close to n/2. We are going to establish this bound for
the adjacency matrix of a typical G(n, p) graph. Since sign is not a continuous function, it is hard to
approach this task directly. Instead, we will approximate the function sign by a suitable polynomial f
and show that £ [f(v(,(i) “vae()) | A] = o(1) where the expectation is taken with respect to the random
pair (k, [) and A is the adjacency matrix of a typical G(n, p) graph, that is, it is chosen from some set of
adjacency matrices whose probability is 1 — o(1). After that, we will have to estimate the error of this
approximation. To implement the first step, we will use Theorem 1.4 to derive a similar bound for the
expectation of an even polynomial of four random coordinates of the eigenvector. This will lead to a
stronger bound for an even polynomial of two random coordinates. Finally, applying the latter bound
to a one-variable polynomial of the product of two coordinates, we will get the desired estimate.

Let us formulate this statement precisely. Let v, € S"~! be a bulk eigenvector of the G(n, p) graph,
and let g1, ..., g, ~ N(0, 1) be independent standard normal random variables. Denote by [E;; the
expectation with respect to the random pair of coordinates (k, /), where the matrix A is regarded as
fixed.

Lemma2.1. LetA,v, be asin Theorem 1.4. Let (k, ) be a uniformly chosen random pair of elements
of [n]. For any even polynomial F : R? — R, there exists av > 0 and a set Ap € Maty,,(n) such that
for all sufficiently large n,

PAeAp)>1—-n"",

and for any A € Ap,
|EnF(n'?ve(k), n'?ve (D)) — EF (g1, 82)| < n™".

Proof.  The proof breaks in two parts. First, we will show that the statement of Theorem 1.4 holds
for any ¢ € S"~! such that |supp(g)| < 4. It is enough to prove the statement for f(x) = x¢. Without

loss of generality, assume that g = Zj:[ ae; with Z;‘zl ajz =1.Setp := (T, gy =n"1/? 2;1:1 a;. Then

e 7 7 _ -1)2
Bl < —, qoi=gq—-p1 L1 and |goll,=1+0m""""). 2.1)

Biks

=
Recall that w := 1 — v; satisfies

1
wll, < 2—22, 2.2)

see [21, Theorem 3].
Let us check that for any d € N,

E(n(g, va)*)? < C(d)
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for some function C(d) > 0. Indeed, since <T, v,,> = (W, Vq),

Em{g, va)*)! = E({go + pv/nw, vo))? <224 (E(n{go, va)>)* + f¥n [|w]|>*)
2 d
< 2% <]E(2g% dy <161°ng> > < C(d).

where we used (2.1), (2.2) and Theorem 1.4 in the second inequality. By Cauchy-Schwarz inequality,
this means that for any k € N,

E(v/7 (g, va) |F < C'(k). (2.3)

Therefore, for any d € N,

By, vo))' = B | < [Bnta, v = B2 vy + B v B
Tl ol
24d 1 EERNEC I -
< |E((g, va))* = ——E(n{g — B 1, va)))*| + 1
ol

< |E(”(61, ve) ) —E(n{g — pw, va)z)d’ +2n7"

n J
. 1 !
sZ(zf’>E|\/ﬁ<q, v P (8220 ) o <
= Vn

n

for large n. Here, the third inequality follows from Theorem 1.4, the fourth one from (2.1) and (2.2),
and the last one from (2.3). This shows that the conclusion of Theorem 1.4 holds for any ¢ € $"~!
supported on four coordinates. The same argument can be used to prove this statement for any fixed
number of coordinates, but we would not need it here.

Let us extend the conclusion of Theorem 1.4 to even polynomials of four variables. Consider an

even monomial G(xy, ..., x4) := xf‘ -x‘zj2 -xg-‘ . xj“ with d = d| + d» + d3 + d4s € 2N. Note that

for this monomial, G( \/Zva(kl), s \/Zva(k4)) can be represented as a finite linear combination of
( \/r_l (g, ve))? for different values of ¢ € "', supp(q) C {ki, ..., k4}. Hence,
[EG(/nvatko), ..., Vava(ke) =BG, ..., ga)| <n™ 2.4)

and this inequality can be extended to all even polynomials of four variables.
Now, let F : R? — R be an even polynomial. Let s € [kn : n— kn]. For a pair (i, ) € ([;]), define
a random variable

Yij = F(y/nva(i), v/nva(j) = EF(g:, 8),

where gi, ..., g, are independent N(0, 1) random variables. Then for any distinct i, j, k, [, € [n],

IEY(j)Yan| = IEF(V/mva(i), V/nva()IF(\/nve(k), v/nva(D)
— EF(\/nve(i), V/nva GDEF (81, 81) — EF (g, )EF (/nva (k). v/nva(1)
+ EF(gi, gH)EF (gr, gl
< |EF(gi, g)F(gk. &) — 2EF (gi, &) - EF (k. g1) + EF (g, g)F (gr- &) +n™"

= n_v,
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where we used (2.4) with Gi(x1,x2,x3,x4) = F(x1,x)F(x3,x4), Ga(x1,x2,%3,%4) = F(x1,x2), and
G3(x1,x2,x3,%4) = F(x3,x4) to derive the inequality. A similar calculation shows that |[EY; Yyl =
O(1) when i, j, k, [ are not necessarily distinct. Hence,

2

k % 2 Yip| < nl 2 2 EYq,) Yoy +0@m™") <n™.
(2) (i,j)e([g]) (2) (i,j,k,l)e([zl)

The Markov inequality implies that there exists a set A7 € Mat,,,,(n) such that for all sufficiently
large n,

PA € Ay > 1-n2,

and forany A € A’

Y FO/rvai, Vi) - EFGgrgn)| = [ 3 Yop| <,
(2) e (2) e

The lemma is proved. n

Applying the previous lemma to a polynomial F(x,y) = f(x - y) for a one-variable polynomial f,
we derive the following corollary.

Corollary 2.2. Let A, v, be as in Theorem 1.4. Let (k, 1) be a uniformly chosen random pair of ele-
ments of [n]. For any polynomial f : R — R, there exists av > 0 and a set Ay C Mat,y,,(n) such that
for all sufficiently large n,

PAE A)>1-n",

and for any A € Ay,
|Ew.nf(mvek) - ve(D) — Ef (g182)] <n™".

To prove that the nodal domains are balanced, we will use Corollary 2.2 with f being an odd poly-
nomial approximating sign(x) on some interval [r, R]. Since f is odd, Ef(g;g2) = 0. Hence, assuming
that the nodal domains are unbalanced, it would be enough to show that [Ey pf(nv,(k) - v4(1))| is non-
negligible to get a contradiction. The values of r and R will be chosen so that the absolute values of
most of the coordinates will fall into this interval. A simple combinatorial calculation will show that
if the nodal domains are unbalanced, then E¢ psign(ve(k) - vo (1)) = €(1). Indeed, assume that for a
given matrix A and vector v;,

|P|V|N|2(%+e>.

Then

> 46> + o(n™h).

-1
Epsign(va(k) - va()) = @ : [(“;') 4 <“2V ') —IPL- IN]
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This reduces our task to the comparison between this quantity and [E ,f (nv, (k) - v4(1))|. To achieve
it, we construct f approximating sign(x) pointwise on the set [-R, —r] U [r, R] and show that the con-
tribution of the coordinates falling outside of this set is negligible. For the interval (—r, r), this will be
done using the no-gaps delocalization. Handling the set (—oo, —R) U (R, c0) is more delicate. Since the
polynomial is unbounded on this set, we will control the L, norm of f and use the Markov inequal-
ity. This argument requires constructing the polynomial f which approximates sign(x) in two metrics
simultaneously: uniformly on the set [-R, —r] U [r, R] and in L,(x#) norm on R. The measure u here
will be the probability measure on R defined by

u(B) = P(g142 € B).

Denote the density of the measure u by ¢. Instead of controlling two metrics at the same time, we
will introduce one Sobolev norm which will be stronger than both metrics. Such norm can be chosen
in many different ways. We will chose a particular way which makes the argument shorter.

Letn : R\ {0} - (0,0) and y : R — (0, 00) be even functions such that

e 1€ C'(0,)),y € C'(R);
o 7n(x), w(x) = exp(—x/2) for all x > 2;
o 7(x) > ¢p(x) for all x > 0, and € L;(R).

Consider a weighted Sobolev space H defined as the completion of the space of C'(R) functions for
which the norm

71 1=/sz(X)n(X)dX+/R(f’(X))zw(X)dx

is finite. Note that H C C (R). Indeed, for any M > 0,a < b, a,b € [-M,M] and any f € C'R),

b

/f’(a)dx
-1 b 1/2 b 1/2

S<Xefr_lﬂi}}M]l//(X)> </a (f'(X))ZW(X)dX> </a ll/(X)dX> (2.5)

-1 1/2
s< min ll/(x)> -IlfIIH-< max ]W(x)> “(b-a)'?,

-1 b
lF () = fl@)| = S( min W(X)> / [’ () lw (x) dx

x€[-M ,M]

X€[-M M] xXE€[-M .M

and the same inequality holds for the completion.
We will need the following lemma.

Lemma 2.3. Let h € C'(R) be an odd function such that |||, + ||/ || < 00. Then for any & > 0,
there exists an odd polynomial Q satisfying ||Q — h||g < 6.

Proof.  Denote by & the set of all polynomials. Let E,44 be the set of all odd functions & € C'(R)
such that ||2]| ., + ||7' ]| < o0. It is enough to prove that E,;q C Cly (9 ). Indeed, if this is proved, then
for any 6 > O there exists ¢ € & such that || — g||; < 6. Setting Q(x) = %(q(x) — g(—x)) to make the
polynomial odd would finish the proof.

Assume to the contrary that E,qy ¢ Cly(9 ). Then there exists & € Clg(E,q4) \ {0} such that
(h, x*)y = 0 for any n € {0} U N. We will prove that this assumption leads to a contradiction. To this
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F(z) = / h(x)e“n(x) dx + / H(x)ze%w(x) dx.
R R

Using the Cauchy-Schwarz inequality, one can check that the function F is analytic in {z : |Re(z)| <
1/2} and

F™(0) = / h)xX"n(x) dx + / W (onx" Yy (x) dx = (h, x"), = 0.
R R
Hence, F(z) = 0, and applying this conclusion to z = it, t € R, we see that & satisfies the equality
(hn— (W'y)')" =0 and thus hy — (W'y) =0

in the sense of distributions where (-)* denotes the Fourier Transform. Since the function Az is
continuous on (0, 00), 4 satisfies the differential equation

h()n(x) — (' () =0 (2.6)

pointwise for all x € (0, c0). This in turn means that 4" is well-defined on (0, co). Actually, with a little
effort, one can prove that this differential equation is satisfied for all x € R, but we would not need it
for our proof.

Since h € Cly(E,q4), h is an odd continuous function. For x > 2, (2.6) reads

h(x) + %h’(x) -h'x =0,

and so i(x) = Cj exp(41x) + C; exp(42x) with

1-v17 i 1+17
= — 7=

A . A=
! 4 4

for all x > 2. Since 4, > 1/2 and h € H, C, = 0. Without loss of generality, assume that #(2) > 0,
that is, C; > 0. Then 4’(2) < 0 and since 4(0) = 0, A(2) > 0, there exists x € (0, 2) such that #’'(x) > 0.
Denote

xo = sup{x € (0,2) : K (x)>0]}.
Then /' (xp) = 0 and since 4’ (x) < 0 forx > x(, we have h(xy) > 0. Hence, (2.6) implies that " (xy) > 0.

Therefore /' (x) > 0 for some x > xo, which contradicts the definition of xq. This contradiction finishes
the proof of the lemma. [

We are now ready to prove the main result of this section.

Proof of Theorem 1.1.  Fix an € > 0, and let Q be the event that |P| V [N| > (1/2 + €)n. Let (k, ) be
a uniformly chosen random pair of distinct elements of [n]. Assume that Q occurs. Then

(1/2+€)n + (1/2—¢)n
}P’(v(k)v(l)>0|A)2( ) (n)( )
2

= % +2e2+ 0™ 2.7)
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and
Pwkywv(l) <0 |A) £ ———— = 5~ 262+ 0(n™"). (2.8)

By the no-gap delocalization theorem [21, Theorem 1.5], for r = ce?2,

P(1{j€nl: W)l < r'/n7' )| 2 (€2/8)n) < exp(—cen).

Let Qg be the event that |{j € [n] : |[v()| < r'/?n71/2}| < (¢2/8)n, and assume that Q N Qjyee
occurs. Then

2

(2
((1 (e /3))'1) 2
ik

(2

Let R > (coe)™, where the constant ¢y > 0 will be chosen later. Since ||v||, = 1,

P@lv(h)| - v(D] < 7| A) <P A [v(D] < r'Pn7 2 1A) <1 - < (2.9)

[{j € [n] : v()| = R*n™'/?} < = < (coe)*n,

x|=

SO
Pnlv(k)] - v(D)] = R | A) < P(lv(k)| > RV*n~ % or |v(D)| > R*n7'/2 | A) < 2(coe)*.  (2.10)

Summarizing (2.7), (2.8), (2.9), and (2.10), and choosing ¢( small enough, we conclude that on the
event £ N e,

P(rv(k)v(l) € [r,R] | A) > % + %82 +0mn™hH
and
1 3, -
P(nv(k)v(l) € [-r,—R] | A) < 356+ on™").

Let h € C*(R) be an odd function such that 2(x) = sign(x) for any x ¢ (—r, 7). Lemma 2.3 and
inequality (2.5) imply that there exists an odd polynomial Q such that ||z — Q| 4x < € and

[

£
- < —
xen[l—a}?),(R] IACe) = QI < 2

By Corollary 2.2, there exists Ay with P(A € Ap) > 1 — n™" such that for any A € Ay,
EwnQvkv(D)) < EQ(g182) +n™" =n"",

for sufficiently large n, since the polynomial Q is odd. We will provide a lower estimate of this
expectation in terms of P(€2). We have

E ) Qv()v(d)) = Eqn Qv(k)v(D)) - Lapwayi<r + Egn Qrv()v(D) - Lapaowoy)>&-



MWI LEY HUANG AND RUDELSON
Let us estimate these terms separately. On the event € N €y,
2
E[Qmv(k)v(D) - Livapai<r | Al 2 <1 - %) P(rv(kv(l) € [r,R] | A)

_ <1 + %2> P(nv(k)v(l) € [-R,—r] | A)

2
>2e2+0mn™).

_ <1 + 5_2> P(v(kyv(l) € [-r,r] | A)

IfA € Agp, then
E[Q*(nv(kv(D) | Al < EQ*(8182) + 1™ < (Ihllpan +€)° +n" < C.

Hence, by (2.10) and Cauchy-Schwarz inequality, for any A € A,

1/2
E [Qnv(k)v(D) - Lapowsk | A] < Plalviov)] > R | AD'/? - (E[Q*(v(kv(D)) | A) /
2
< Clee) <&
2
if cg is chosen sufficiently small. Thus, if A € A and the event N €2y, Occurs and 7 is sufficiently
large to absorb the O(n~") term, then

&2

E1Q(v(kvD) | Al 2 -

and so, A & Agp. This means that Q N Qe N {A € A2 N Ap} = @, and so

P(Q) < P(X,,) +P(A € AS,) +P(A € AY) <n™.

large

The theorem is proved. [

3 | EDGE EIGENVECTOR

Let A be the adjacency matrix of a G (n, p) graph with a fixed p € (0, 1). Denote by u a nonleading
edge eigenvector. We are aiming to show that

I (sign (u (1) u (2))) < n~'/3+ 3.1
for a sufficiently small € > 0. If proved, it leads to
2
E <Z signu (i)> =n+ 2 Esign (u () u()) < n+ <Z>n_1/3+5 < n’/3te,
i i#

because u(i)u(j) has the same distribution as u(1)u(2) for all i # j due to the i.i.d. property of the entries
the matrix.
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Then, by Markov’s inequality, we can derive a bound for P (|3, signu (i)| > n%/¢*¢) and thus prove
Theorem 1.2. Due to technical difficulties, we would not derive (3.1) directly. Instead, we find an event
o so that

E (sign (u () u (2)) | o) < n~1/3+¢, (3.2)

The event & will be constructed so that P (¢ €) < n~® where § > 0 may depend on €. In view of
the estimate above, we have

P <’Z signu (i)

> n5/6+5 | d)

> n5/6+“‘/2> <P(A)+P ('Z signu (i)

<nP+nc<n?

s

which finishes the proof of Theorem (1.2).
Up to a scaling, A is a Wigner matrix with two deterministic shifts:

1 pn —>—+ p
1 A-H+ 17— I, 33
Vo =pm Viop VT =pn G-3)

where H;; = (hj;) is a symmetric matrix with 0 diagonal, i.i.d entries h; with mean 0 and variance 1/n
above the diagonal:

. % % with probability p, o
[ _ [ . e _ '
5 with probability 1 — p,

—
and 1 € S"! is the vector such that every component equals -L. Notice that the last term in (3.3)
n

7
does not affect the eigenvectors and the order of eigenvalues of 4 /p 7 lip)nA' Therefore, it is sufficient
to prove (3.2) for the nonleading edge eigenvectors of

A:=H+ 117, (3.3)

Furthermore, we will only prove the theorem for the eigenvectors belonging to the positive edge {uy :
a < @) }. The proof for eigenvectors {u, : n—a < @’} is essentially the same.

3.1 | Outline of the proof

To lighten the notation, assume that A is an (n + 2) X (n + 2) matrix.
It is convenient to break the matrix A into the blocks:

- D WT
A=[W B], (3.6)

where B is of size n X nand D is of size 2 X 2. Let G (z) := BL_Z be the Green function of B. We will
write the eigenvalues of A in terms of B, W and D:
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Proposition 3.1. Any A € R satisfying
det (W' G(HW =D+ L) =0 3.7)

is an eigenvalue of A. Furthermore, let ¢ € R? be a nontrivial null vector of W' G (A) W — D + Al.

Then, [ -G (% Wq] is an eigenvector corresponding to A.

Proof.  Assume that

det (WTG (D)W =D+ i) = 0.

Let ¢ € R? be a nontrivial null vector of WG (A1) W — D + Al,. Then, we have
D—-41 WT q _ 6
W B—i||[-CGAHWg| ™™

Therefore, A is an eigenvalue of A and u = < -G (C}{) Wq > is the corresponding eigenvector. g

1
Up to a scaling, we have g = l _ wIG@w,—d) +A ] where wy, w, are the column vectors of W and
T
wy G(Dw,—d,,

_ | dn di2
D = [ di dzz].Therefore,

(3.8)

( m{Gc@wl—dn+1>
sign(u(1)u(2)) = sign| —

W-er (ﬂ) Wy — d12

wl G(w,~dy+4

wl G(Aw,—d,,
independence of B, W, and D. However, the fact that A depends on all these random quantities precludes
us from using this independence straightforwardly. This forces us to consider

Our goal is to estimate Esign (— ) To this end, we would like to take advantage of

WIG(E)Wl —dy+E
s(E) :=sign| —

wlG(E)wy —dp,

for a constant E instead on dealing with A directly. To analyze the behavior of the function s, it is
necessary to know what the matrix B looks like.
Let {4q},_, be the eigenvalues of B arranged in a nonincreasing order and let {u,})_, be the

corresponding unit eigenvectors. Observe that, up to a scaling factor 4/ % B is a Wigner matrix with

arank 1 shift:
2
B =M+ 22y
(I-p)

where M is the lower right n by n minor of H (from (3.3) and (3.4)), and [ € R" is the vector with

all its components equal to \/;_2 Here, 4/ ™2 Misa generalized Wigner matrix having nice spectral
n+ n
properties with high probability.
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The proof of Theorem 1.2 breaks into 4 steps:

1. Typical spectral properties of M.

Here we are encountering the first obstacle. We want to fix a typical sample M to compute s(E). In
particular, we want this sample to have gaps between the eigenvalues close to the edge of order at least
n~2/3=¢_Such property is called level repulsion in the edge:

Condition 3.2 (Level repulsion on edge). A random Hermitian matrix H is said to satisfy level
repulsion at the edge, if for any Crg > 0, and ;g > 0, there exists 6 g > 0, with probability at least
1 —n 0

max N (E—n"Pm E 4 p723 ) < 2., (3.9)

EC [2—71*2/3 (p,?LR ,24n=2/3 (pSLR ]

We remark that it is known that a GOE (Gaussian orthogonal ensemble) matrix model satisfy this
condition, and we will show in Appendix that our matrices H and M satisfy this condition as well.

Notice that such level repulsion is achievable with high probability for a single n X n principal
minor M, but we need it for all minors simultaneously, and the probability estimate too weak to be
combined with the union bound. Instead, we define & as the event that the (n + 2) X (n + 2) matrix
H has the desired spectral properties. In this case, & is likely in a sense that P(&/€) < n™% for some
6 > 0. However, we cannot condition on &/ directly as in this way we will lose the independence of B,
W, and D while estimating s(E). Therefore, in the first step we will define the event &/ and show that

E (1147 tpical — Lnsis typical|) is small enough.

This would allow us to use independence while conditioning on the event that M is typical and avoid
invoking the union bound while applying this argument to all n X n principal minors.

2. From spectral properties of M to spectral properties of B.
In the second step, we fix a typical M, and consider the spectral properties of its rank one perturbation B.

We expect B to behave like M with an exceptional eigenvector almost parallel to / and the corresponding

eigenvalue close to 4 /2= ("+2)

. We will quantify these properties in Definition 3.10 in Section 3.3.
3. Concentration ofwl.TG (E)w; —d; + E.

The expression above is a key quantity in analyzing s(E). To bound s(A) for A being an edge eigen-
value of Ap, we have to understand the behavior of s(E) for different E. To this end, we derive the
concentration of wl.TG (E)w; for i, j € {1, 2}. By definition,

W GEyw= )

a€ln]

p — (Wir )W ha)-
('

If E is much closer to an eigenvalue i, than any other eigenvalues, then, we expect wTG (E)wj to be
dominated by the term —(w,, Uq, ){Wj, Ug,). We will show that after conditioning on a typical B,

with high probability in W and D we have

Wi, Uy Wi, Ug
Vi, j € (1,2} w/GE)w; = —&; + % (3.10)
#aﬁ -

4. Completion of the proof.
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We combine the results obtained at previous steps to show that
E (S (Aa) 11is typical) = n_1/3+C6LR-

Once this estimate is proved, the main theorem follows immediately.

3.2 | A typical sample of M

Let M be an n x n principal submatrix of H. Let {v,},_, be the eigenvalues of M arranged in a non-
increasing order and let {v,}’_, be the corresponding unit eigenvectors. Let Gy (2) := (M — 27 be
the Green function of M and

n

@) 1= 2Tr (G@) = =

a=1

1
Vo — 2

be the Stieltjes transform of M.

A special role in the proof will be played by the level repulsion property, and the strength of the
level repulsion has to be carefully chosen for matrices of different sizes. Let # > 0. We will say that an
m X m symmetric matrix B satisfies the level repulsion property with parameter ¢ if for any two distinct

eigenvalues v, v/ of Ain |2 — n"23¢>", 2 + n~2/3¢p ], we have
|v - v'| > 1.

In the argument below, m takes values from n — 4 to n. Denote the set of such matrices by & Z(n, 1).
Lemma 3.3 asserts that

PM € L R(n,n~23r)) > 1 — n~o

for some 6, > 0. We start with a lemma showing that the parameter # in the definition of level repulsion
can be adjusted without significantly changing this probability.

Lemma 3.3. Let C > 0. Let M be an n X n symmetric random matrix. There exists 0 € (1/2,1)
which depends on the distribution of M such that

C
P <M ELR <n On~23ew — 4(”—”>> ~P (M e ZRn,on*w)) < p~ 132w,
n

Proof. Fork > 0, denote

(pC
P =P <M ELR <n,n_2/3_5LR - k—">> )
n

Then P, € (0, 1) form an increasing sequence. Hence, there exists k < 4p'/3-2e1r gych that
Pk+4 _ Pk S n_1/3+26LR.

.
This implies the lemma if we choose 6 so that n=2/3~¢x = p=2/3~ex — k(’j—: and note that 6 > 1/2. m
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We will fix this value of 8 for matrices H whose entries are distributed as in (3.4) for the rest of
the proof.
Let us collect the properties of the n X n submatrices of H which we will use throughout the proof.
Definition 3.4. Fix g2 > 0and p > 1, set

n =n"23"%uw, (3.11)

Denote by &1 the set of symmetric n X n matrices M having the following properties:

o Isotropic local semicircular law:

sup sup  [(x, Gy (E+in)y) — (x, y)mse (E +in)| < 30”5+, (3.12)

|E=2|<n™2343k xye{e; ) u{l}
o Rigidity of eigenvalues:
Ve — 7al < @5 [min (@, n—a+ )] 023, (3.13)

. . . 22
where C,, > 1 is a universal constant, and y, satisfies fy V4 -x2dx=12
a T

-
e [, -delocalization of eigenvectors:

of
Va, |[Valle £ —=, 3.14)
n
o Isotropic delocalization of eigenvectors:
max [(Va, )] < née!, (3.15)
.
e Level repulsion at the edge: M € L R (n, On=2/3~cx — k%"), that is,
for any two distinct eigenvalues v, v/ of M in [2 — 2’ 24 n g ] we have
c

lv=V|> on 2o — P (3.16)

n

The value of 8 is chosen to satisfy the condition of Lemma 3.3.

A typical Wigner matrix belongs to the set &/, ), see [11], [4]. However, we need this fact not for
a single matrix M, but for all n X n principal submatrices of the (n + 2) X (n + 2) matrix H. Denote
by H® the (n + 1) X (n + 1) principal submatrix of H with row and column k removed. Similarly,
denote by H'") the n X n principal submatrix of H with rows and columns i, j removed. The properties
(3.12)-(3.14) hold with an overwhelming probability, which allows to use a union bound while estab-
lishing them. In contrast to it, property (3.16) holds only with probability 1 — n~%x for some 6.z > 0,
which is too weak to be combined with the union bound. To guarantee that the level repulsion holds
with high probability for all principal submatrices, we show that the eigenvalues of these submatri-
ces are located closely to the eigenvalues of the original matrix. To this end, we need the following
lemma.
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Lemma 3.5. Let J be an n X n symmetric matrix satisfying conditions (3.13) and (3.14). Let k € [n],
and let J® be the (n — 1) x (n — 1) principal submatrix of J with row and column k removed. Let

uE [2 —n2Bg’, 2+ n_2/3(pf,p] be an eigenvalue of JO. If J or J® satisfies (3.16), then there exists
an eigenvalue A of J such that

C
0<i-pu<? (3.17)
n

Consequently, if one of the matrices J or J® satisfies condition (3.16), then the other one satisfies
C

the same condition with a extra loss of %”.

Proof. Note that u is an eigenvalue of the matrix J — ekeZJ as well since the kth row of this matrix
is 0. We will start with showing that there exists an eigenvalue A of J satisfying (3.17). Let G; be the
Green function of J. By Sylvester’s determinant identity, we have

0 = det (J— u— ekeZJ)
= det (J — p)det (I, — exe] JG; (w))
=det(J — ) (1 — e[ JGy (u)ex) -

If det (J — u) = 0, then we are done. Otherwise, 1 — eZJGJ (4) ex = 0, which can be rewritten as

Z o (ex, “a)z =1,

a /1(1 —H
where A, > -+ > A, are the eigenvalues of J, and uy, ..., u,, are the corresponding unit eigenvectors.
For 4, < 0, we have 0 < /—jﬂ < % where the upper bound is due to 4, > —3 by (3.13). Then,

Aa 5 2 , 2
2 ){ ﬂ(ek’ u(l> S Z §<ek’ u(l> S_

a4, <0 e @,2,<0 3
Hence,
T ez ) >
ai>u " a4, >0 "
as /ﬂ <0 forall 4, € [0, y).

«H
Let p be the largest positive integer so that Ay > u. Together with (3.13), we have
2-nPyl <u<ig <+ el <2+ M)

and hence

2= 7pl 12 = 2pl + 145 = vl <207V
With the estimate of y; in (1.2), we conclude that

p <o’ (3.18)
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Assume that § > 1, and let a < f. If J satisfies (3.16), then
Ao — u > ﬂﬂ_l - /11] > n_Z/S_ELR.

On the other hand, assume that J® satisfies (3.16), and let u’ be the smallest eigenvalue of J® which
is greater than y. Due to the Cauchy interlacing theorem, we know that

U< g <y <l

Then,

ha—p > p = p >0,

In both cases, (3.18), (3.14) and (3.13) applied with « = 1 imply

A y) ~
X e ) < e max g = O (/)
a<p ta T H n R«

If p = 1, the inequality above is vacuous. Thus, in both cases,

Ap
ﬂﬂ—,u

(ex, 1) > % + 0 (n1/3+Ce)

which in combination with (3.13), (3.14) leads to

c
Pusap—u>0
n
establishing (3.17). Since (3.17) holds for all u € [2 — 2B, 2+ n B’ ] , the second part of the

lemma follows from (3.16) for one of the matrices J or J® and interlacing of their eigenvalues. m

Equipped with Lemma 3.5, we derive the desired result about the typical behavior of the principal
submatrices. We remind the reader that for convenience, we consider graphs with n + 2 vertices.

Theorem 3.6. Let A be the adjacency matrix of a G(n + 2, p) graph, and let

H= 1 A— p(n+2)TTT_WIn’
p(1—p)(n+2) l-p (1 -p)n+2)

where —1) € S™*1is the vector such that every component equals \/1_2 Let o be the set of (n+2)x(n+2)
n+

symmetric matrices H such that the matrix itself belongs to S (,42.2), all its principal (n + 1) X (n + 1)
submatrices belong to 9,113, and all its principal n X n submatrices belong to A , ).
Then

PHed)>1-n"?
for some 6 = 6(p, p, err) > 0. Moreover, for any i,j € [n],

B I‘Q{(n.O)(H(iJ)) —14(H)| < no /3426,
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Proof.  For (3.12) and (3.15), we use the probability estimate in [4, Theorem 2.12, 2.16]. For (3.13)
and (3.14), we use the probability estimate in [11, Theorem 2.1, 2.2]. Combining them, we conclude
that (3.12)-(3.15) hold for the matrix H itself, as well as for all its (n + 1) X (n + 1) and n X n principal
submatrices with probability at least 1 — n~!.

In addition to it, (3.16) holds for H with k = 2 with probability at least 1 — n~®. Then Lemma 3.5,
together with the properties (3.12)—(3.15) allow us to extend (3.16) with k = 3 to allits (n+ 1) X (n+ 1)
principal minors. As these minors possess the same properties, (3.16) further extends with k = 4 to all
n X n principal minors. Let us prove the second inequality. Denote by 9 the set of all (n+2) X (n +2)
symmetric matrices satisfying conditions (3.12)-(3.15). Then

P(HY € dy0andH ¢ o) <P (HY € doyand H & o/ andH € B) +P(H & B) <n”'

since by Lemma 3.5, &, 0 N LN B C ApoyN A (‘;Z 122) N % = @. Also, notice that all the minors

HU) have the same distribution, so the value of  is the same for all i, j. Hence,
P (H(i‘i) & d(n,O) and H € é?i) <P (H(i‘j) & eQ{(n,()) and HW e Qf(nA)) < n 1342k

by Lemma 3.3. The result follows. n

3.3 | Introduction of the shift

In this section, we will derive the typical properties of all n X n principal submatrices of A. Recall that
we denoted such submatrix by B, and

B=Ma P2y (3.19)
(1-p)

where M is an n X n principal submatrix of H, and [ = ( > is almost a unit vector.

1 1
Vn+2 S Vn+2
We expect B to behave close to M in a sense that its nonleading eigenvalues and eigenvectors possess
similar properties. The argument at this stage is deterministic. We fix the matrix M € &,y and treat
B as its rank one perturbation.

We start with showing that the nonleading edge eigenvalues of B are very close to that of M.

Lemma 3.7. Let M € 9,0, be an n X n symmetric matrix with eigenvalues v > - - - > vy, and let B

be as in (3.19). Let py > - - - > , be the eigenvalues of B. If f is such that |vs — 2| < n2/39* then

|\/ﬁ - /4/;+1| < n 1+ Cer (3.20)

for some universal constant C > 0. Furthermore, ppy1 is an eigenvalue of M if and only if (I, vg) =0,
where vy is a unit eigenvector of M corresponding to vg. In the case gy is not an eigenvalue of M,
we have

2
Lve Sy _oq) (321)

Vp — Hp+1

We remark that (3.20) is a simple case of [15, Theorem 2.7], which deals with a deterministic finite
rank shift.
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Proof.  Suppose that y is an eigenvalue of B. By Sylvester’s determinant identity we have

2
0 = det M—ﬂlnﬂ/p(n—ﬂlﬂ
l-p
[p(n+2
= det (M — pul) det| I, + Gy () %HT
—p
[pn+2
= detM — ul)| 1+ TGy (1) ’%z ,
-p

and (1 + TGy () ”%pz)l) —0if

vy 1 (3.22)
acln] Va — H p(n+2)
1-p

The matrix B is a rank one positive semidefinite perturbation of M, so the eigenvalues of M and B are
interlacing:

ﬂlZVIZMZZ"'ZMnZVn' (323)

For the leading eigenvalue, u; > % ”(I”Tf) due to the fact that ||M|| = O(1) by (3.13).

Let f be such that |vy — 2| < n=2/3 (pi" . We consider two cases. First, assume that (/, v,) # 0 for
a € {f,p+1}. Then pupy1 & {vp, vpe1}, so det (M - Mﬂ+11n) # 0, and (3.22) holds.
We claim that

(, Va>2
<-140Q). (3.24)
atp Ve T
forall £ € (Vﬁ+1, Vﬂ).
If the claim is proved, then, by (3.22),
L vl )2 1, vy )?
(L, vp11) _ (I, vo) > 1—o(l)
Vp — Hp+1 p(1n+2) asp Vo T Hp+l
-p

By (3.15), we have (I, vs41)? < nfe=!, which allows to conclude that
0< Vg — Hpy1 < n*ee=!

as required.

Assume now that (I, v,) = 0 for some @ € {f,p + 1}. Considering an infinitesimally small
perturbation M® = /1 — €2M + G with a GOE matrix G, we can guarantee that (, v,) # 0 a.s. In
this case, the perturbed eigenvalue /45;31 of M'® satisfies the inequality above. Letting € — 0 and using
the stability of eigenvalues, we conclude that yg, | = vz completing the proof of (3.20). This argument

also shows that y5,, is an eigenvalue of M if and only if (/, vg) = 0.
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It remains to verify (3.24). This will be done by comparing the right hand side of (3.24) with

Re(l, Gy (E+inl)= Y Vo — E (1, ve)?.

a€ln] (Va - E)z + 7]2
Assume first that %Vﬂ + %Vﬂ+1 < E < vp. In view of (3.16),

Vg4l +V
< TP g< vp < vy —n 23,

1 55
Vol + En 2/3=¢1
(we omit the last inequality if § = 1.) Hence, for a # f§, we have

IE_ Val > ln_2/3_5u< = l)’]l’lg’“"'
2

(recall that y = n~2/3-2€1r) and so

1 -2 Vo — E
=(14+0 CIR)) ———————,
L= (o) ot
Therefore,
Z . (L Va>2 = (1 +0 (n_zgm)) 2 L<l’ Va>2
i va—E S (Va = EY + 1

= (140 (n7%)) (Re(l, GuE+imh-Y ——E va)2> :

2
a<lp (Va - E) + 7]2
since all the summands have the same sign. Now we will evaluate the two terms in the brackets. The first

one can be approximated using the local semicircular law, and the second one is negligible, because
the sum consists of a few terms, and each term is small. Indeed, using (3.13) and (1.2), we have

C,
p<,.

(The argument is the same as that for (3.18).)
With the trivial bound |v, — E| < 20239, we get

vy—E n=2/3p3"
2 01—2<l’ Va>2 < ﬁ—znn—l+5m < n—1/3+65LR
azp Va — E)" +1? n

if n is sufficiently large. The isotropic local semicircular law (3.12) yields
Re (I, Gy (E +in) 1) = (I, YRemy: (E +in) + O (n~'/33eur) .

Using the fact that my. () = % V24 With the branch cut at [—2, 2], for |z — 2| < s < 1 we have

My (2) = =1 + O(1/5).
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Thus,
Re (1, Gy (E +inm)l) = —1+ 0 (n~/3+3)

and we conclude that

> L (I ve)> < =1+0(1)
Vo — E
a>p

forall E € <%Vﬂ + %v,m, vﬂ). Since E > Y., ——(I, vy)? is increasing for E > Vp+1, the inequality

a>fy —E

above extends to all E € (vg41, vs). Together with

1 |
ZV — (L va>25ﬂmn +er = o (1)

a<p %

for E € (Vgs1, vp), we conclude that all E € (vgy1, vg) satisfy

y ! —(lva)* <=1+ 0 (D),
atp e "

completing the proof of the lemma. [

Our next aim is comparing the Stieltjes transform of B to that of the semicircular law. This will be
done via the comparison of the former to the Stieltjes transform of M.

Lemma 3.8. Let M € 4,y be an n X n symmetric matrix, and let B be as in (3.19). Then

sup  |mp (E +in) — my (E + in)| < n~1/3+Cew,
E: |[E-2|<¢*

where

mg (2) 2=12 !

Mot Ha ™2

is the Stieltjes transform of B and n = n~%/3=%x,

Proof. Fix E such that |E —2| < (pﬁ" . We estimate the real part and imaginary of the Stieltjes
transform part separately. Let us start with the real part.

. 1 Uy — E
Remg (E +1in) = —2—22
nt (Mg —E)Y +1

Let § be the smallest integer such that vg < E — 7. Recall that we have the interlacing property:
E—n>vg > plpr1 2 Vpr1 2 Ppy2- - 2 fin 2 Ve
The function x — )ﬁnz is decreasing when |x| > #. Based on this fact, we obtain

n—1 n n

Z Vo — E < g — E < Vo — E
S a—Er+n? T S e —E A2 T S (Ve —EY 2
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Furthermore, as —— lies in |——, — | for all x € R, we have
xX2+n? 2n° 2y

Re my (E + in) — LA < Remp (E +in) < Remy (E +in) + ﬂ
nn nn

and the bound for the real part follows.
For the imaginary part we have

. 1 n
Immg(E+imp=+Y — 1T
’ ”zoz:(/llza—E)2+'72

The function x — % is increasing if x < 0, hence
x2+n

n—1 n n n n n
——F < —— < _
2T Ve — E)* + 12 ;1 (Ha — E)* + 12 z:’; (Ve — E)* + 1

Since =2 > € [0, l] for all x, we conclude that
X+ n

2p

2
Immy, (E +in) — 25 <Immg (E+in) > Immy (E +in) + —.
nn nn

Similar to how we derive (3.18), using (3.13) and (1.2), we have

C,
B<,.

We conclude that

lmag (E + in) — mg (E +in)| < po"n= /3421,

In view of (3.12),
. . 1 . . _l+3£
Iy (E + i) = myc (E+im)| = | = D (ei, G(E+in) e;) = mye (E +in)| < 3n~ 37+
n &~
which in combination with the previous inequality finishes the proof. m

Next, we will derive the delocalization properties of edge eigenvectors of B.

Lemma3.9. LetM € o) be an nXn symmetric matrix, and let Bbe as in (3.19). Let yy > - - - >
be the eigenvalues of B, and let uy, ... ,u, be the corresponding unit eigenvectors. If p is such that
| —2| < n23¢x% th

Hpr1 —2| <n W/, then

[Cupar. D] < n™Cen, (3.25)

and

1/6+6¢ .4

lupsi]| o < ———- (3.26)
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Proof.  As pointed out in Lemma 3.7, pp,; is an eigenvalue of M if and only if (/, v4) = 0. In this
case, we have vy = uyy; so the statement follows trivially.

Now we assume fi41 is not an eigenvalue of M, in which case, it satisfies (3.22). Using this equality,
one can directly check that

(L, va)

u= — Vo
aEln] Va — Mﬂ+1

is an eigenvector of B corresponding to eigenvalue pigy1.

First, we provide a lower bound for ||«||,. By Lemma 3.7, we have % > % and |vﬂ — Hps1
VBT Hp+1
n~'+Cér  This allows to bound the norm of u by one of the coefficients:
I, v 2
llul2 > b vpn)” - zi 1=Cerg (3.27)
VB — Hp+1 |
Recall that by (3.22),
(I, v )? 1
(u, Iy = Z = - :
ae[n] — Hp+1 pn+2)

I-p

This yields

|<u’ l>| —1+C.
(ugsr, D = < pitCe
(- D = T,

if n is sufficiently large.

Lva)eivy)
Zae[n]

Now we will estimate ||u]|,, = maxXep, -
a” Hp+1

. We break the sum isolating the main

term:

l, 144
s el < [~ g+ ZM
Vg — Hp+1 = Hpi1
{ vp) (I, va)?
S I R ) SR USSR TS
Vp — Hp+1 \ = ( /4/7+1) P
(L, vp) (I, va)?
< || lslles + LA .
B — Hp+1 \a#ﬂ (va—,uﬁ“)

We will show below that

2
o o (3.28)
azp (Va — tps1)
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If this inequality holds, (3.27) implies

(Lvp)

Vsl /64261

u Vg—H
[
[lull [lull [lull
(Lvg)
L],
+ 4nl /6172438 < =1 /3+deny

(Lvp)
VBT Hp

C
where we used ||v4||., < 2= from (3.14) in the last inequality. This completes the proof of the lemma

VA
modulus (3.28). ,
{Lvy)

In the rest of the proof, we focus on establishing (3.28) by comparing ), s with
L, va)® L, vy)?
Y, Gy E+im 1) = Lim > & = %
g vt Ve ~E—n G (Ve = E)' + 2

Vptvp

forany E € ( 3

, vﬂ) which includes f41. The approach is basically the same as in approximation

of Za#, (i:_“f; by Re (I, G (E +in)[) in Lemma 3.7. As in this lemma, we use |v, — E| > %nnfm for

a # f to derive

n _2¢ n
=(1+0(n*r)) —.
(Va — E) (1+0(r) (Va = E +1?
Thus,
1, vy )2 1, vg)?
v (140 () | L, Gy E iy - < ”>2
ap (Va - ﬂﬂ+1) n Vg — llﬂ+1) + n?
< (140 (n2w)) Lim (l, Gy (B +in) 1),
n
By (3.12) we have
Im(l, G(E +in)l) = Immy (E + in) + O (n~/3+¥) |
As [E=2] < n 3¢ and n = n2/3 2w, a direct estimate yields Immy (E +in) =
0 (n‘l/ 327 > Therefore,
(L, va)? <t/
o (Va = Hp+1)
proving (3.28) and finishing the proof of the lemma. [

We have shown that if M € &/(,), then the matrix B shares the spectral properties of M. Let us
summarize these properties.
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Definition 3.10. Denote by I (. 1) the set of nXn symmetric matrix B with eigenvalues p; > - - - > uy,
and unit eigenvectors uy, ... , u, possessing the following properties.

o FEigenvalue properties:

— Local semicircular law:

sup  |mp (E +in) — my (E +in)| < n~1/3Ce, (3.29)
E: [E-2|<q}
where mgp (7) := i I ML_Z is the Stieltjes transform of B and 5 = n=2/3~%x,
— Rigidity of the eigenvalueg:
Va=1,...,n—1|par1 — Vel < @-5% [min (a, n — a + )73 =23, (3.30)
— Leading eigenvalue:
1 p
> — . 3.31
M2 24/ —pn (3.31)
o Edge eigenvector properties:
— Isotropic delocalization:
for f such that |us — 2| < n=23¢*, we have
(ug, Iy = O (n~"*eewx) . (3.32)
— ¢ delocalization:
for B such that |y — 2| < n23¢p%,
1/6+4¢
gl < —— (3.33)

Jn

C
e Level repulsion at the edge: B € £ X (n, On=2/3~cwx — k%), that is,

for any two distinct eigenvalues v, v/ of B in [2 — 23’ 24 n )’ ], we have

(pC
[v—V| > on 23w — k= (3.34)
n

The matrices B € J (1) will be called typical below. In particular, we’ve shown that M €
implies B € I (,1)-

Theorem 3.6 implies that probability close to 1, the normalized adjacency matrix of a G(n, p) graph
is typical along with its principal submatrices. We will formulate it as a corollary.

Corollary 3.11.  Let A be the adjacency matrix of a G(n + 2, p) graph, and let

~ 1 p
A= A— ) ——m1,
Vra-patr2  VA-pe+2)"
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H:/;_‘/Mﬁr
l-p

Let T be the set of all matrices A such that H € ol . Then

and

PAeT)>21-n"°
for some 6 = 6(p, p, eLr) > 0. Moreover, for any i,j € [n],
1y, AD) =15 A)| < n~'/3+2u,
Proof.  Except for (3.30) and (3.31), these conditions have been derived from the corresponding

conditions on H above. Condition (3.30) follows from the interlacing of the eigenvalues of A,, and its
principal submatrices. Finally, (3.31), follows from (3.13) for @ = 1 since

n+2 1
> 1 81) 2 32 = 0 W > Ty /72

Both probability estimates follow now from Theorem 3.6. [

3.4 | Concentration of w' G (E)w; — d; + E

In this section, we fix an nXn matrix B € J (,.1). Let E be a constant such that |E — 2| < n%/3 @7 Let
{Ha},_, be eigenvalues of B arrange(? in the nonincreasing order and let {u,}’,_, be the corresponding
unit eigenvectors. Let G (E) = ), ”—_Euaul be the Green function of B.

Denote by ag the integer such that

|ﬂa5 - E| = mojn |Hoe — E|.
In this section we will prove the following lemma:

Lemma3.12. LetB € I (). With probability greater than 1 —exp (—c (p) @) (@, := (log n)losloen)
in wy and w,, we have

Wi, U Wi, U
vi,j € {1, 2} ij(E)wj:—(1+0(n-25w))5,-,-+< b e 2 2 +0 (n~'/3*Car) - (3.35)
,uaE -

for all E € [2 n=23p 2+n‘2/3(pn] and ag € [n) is the integer so that |pu,, —E| <
minae[nl |t — E|.

By level repulsion (3.34), we have

lpe — E| > %n_2/3_5LR (3.36)
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for a # ag. Decompose G to separate the main term:

1 T 1 T 1 T 1 T
G(E)= E Uglly = Uglly + Ug Uy, = L(E)+ ———uy U, .
el Ho — E a;E He — E Hoy —E ow—E "

Fori =1, 2, we express w; as

where w; has i.i.d. components with the same distribution as in (3.4). In particular, one can treat
n + 2W; as an isotropic subgaussian vector whose entries have y,-norms bounded by K (p).
Our goal is to show that w] L (E) w; is concentrated about —&;;. To achieve that, we represent it as

wIL(E)w; = W] L(E)#; + 4 /%ITL(E)W, +4 /1L~?L(E)l+ ILZTL(E)Z (3.37)
-p —p —p

and estimate each summand separately. We start with the bilinear term.

Lemma 3.13. Fix an n X n matrix B € I ,1y. With probability greater than 1 — exp (—c (p) @,)

(@n 2= (logn)'°¢'¢") in w\ and w», we have

Wl L(E)W; = — (140 (n7%®)) §; + O (n~'/3+C) (3.38)

for E € [2 - n‘2/3(p,21”, 2+ n‘2/3(pﬁp]. Here, O (n‘ZELR) and O (n‘1/3+C£LR) mean some deterministic

functions of n with the prescribed asymptotic, and c (p) is a constant that depends only on p.

Proof of Lemma 3.13. FixE € [2 — 22 24 n R ] We will first estimate the expectation
of VVITL (E) W, and then use the Hanson-Wright inequality to derive the concentration.

First, we will estimate the expectation.

Since Eg, 5,Ww/L(E)W, = 0 by independence of #w; and W, and since Eg,w)L(E)W, =
EWIVVITL (E)w;, we have to evaluate only the last quantity. Using the fact that w; has independent
entries with mean 0 and variance njr—z, we obtain

2 o
_ _ 1 . 1 Zie[n]ua(l) 1 1
Es, W, L(E)#W; = E,; w W)= = .
I LEY =B ) T (U 1) Z,ua—E n+2 n+22ﬂa—E

atag atag aFag

Recall that for all « € [n — 1], we have rigidity of eigenvalues (3.30):
lhast = Vel < 200" [min (@, n—a+ D707/,

Hence, |[{a : pe > E, &a # ap}| < ¢, and

Z ! <WHa : e >E, &a #ag}|- L prsens < n?/3+%w (3.39)
a: p,>E & atag Ho — E 4
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We write
2
«— E
1 <1 L 2) ol B
Ha — E (o — E) (Mo — E) +’72
and set n := n~2/3~2e_ With this choice of 5, we have |y, — E| > in"ﬁn from (3.36), and so
n? _ —2¢€;5
<1 + (”Q_E)2> =1+ O (n~%*w). Therefore,
«— E
l Z 1 =(1+0(n—25LR>) 1""—2
a: pu,<E & atay /la—E a:AH<E&a¢aEn(Ma_E) +’12
«— E
= (140 (n7*w)) |Remg (E + in) — 1 2 S St >
ny,. tog>Eor a=ay (Ha = E)" + 12
=(1+0 (n7*u))Remp (E + in) + O (n~'/3+3ur) | (3.40)

where the last equality relies on (3.39). Combining (3.39) and (3.40), we get
1 1

n = (1 +O<n_25LR))RemB (E+i;1)+0(n—1/3+35LR) ]
atag Ha —

We have Remp (E + in) = Remy (E +in) + O (n71/3+Ce) = —1 + O (n~1/3+Cewx) by (3.29). Thus, if
£rg 1s small enough, then

1 L 140w,

We conclude that
WIL(E)W = =140 (n~ ).

Now we are ready to derive concentration via Hanson-Wright inequality [20] by the second author
and Vershynin.

Theorem 3.14 ([20]). Let X = (X1, ...,X,) € R" be a random vector with independent components
X; with satisfy EX; = 0, and IX:ll,, < K. Let A be an n X n matrix. Then, for everyt > 0,

2
JP’(‘XTAX—EXTAX‘>t>§2exp —cmin L _! (3.41)
K4 Al K2 Al

To this end, we need to estimate the operator norm and Hilbert Schmidt norm of L (E). The operator
norm can be estimated directly:

< Loopsees,
Ha — E 4

IZ(E)]| < max

For the Hilbert Schmidt norm, a derivation similar to (3.40) yields

ILEGs = X, m

aFag a



HUANG AND RUDELSON WI LEY 423

1 n n 1
=(1+o0(1 — =40l Yy = ———
(ol ));‘E (e —EY* + 1 (ol ))WQZ’E”(Ma—E)2+n2
—(I+0()™ llmmB(E+in)—g;2]
n n(MO’E—E) +’72
=(1+o0()Z <Immsc (E +in) + O (n~ 13+ — ﬂ%) (3.42)
n n(ﬂaE_E) +772

where we used |my (E +in) —m(E +1in)| < O (n‘l/ 3+C5LR) from (3.29). A direct computation shows
that Im (my. (E + i) = O (n~1/3*Cex) and 1— = 0 (i) = O (n~1/3*%u). Hence,
" (up=E) +r? "

IL Bl = 2 ;2 = +o(1) go (n~1/3+Cew) = O (n*/3+Cew)

aFag (Ha -E

One can easily show that ” v+ 2w (i)

< C4/ %. An application Hanson-Wright inequality
1%
with X = \/n+ 2w, and A = L (E) yields

T - ~T - 1t
]P)<|W1L(E)W1 —EWIWIL(E)W1| > m) < ZCXp (—C(p)m)

for any # > 1. Taking ¢ = n?/3+2Cewx _we get

FTL(E) W) = —1 + 0 (02 +0 (n~V/3+2Ceus)

——
Ew] L(E)YW,

with probability at least 1 — exp (—c (p) @,). (Recall that @, = log n'°gloe™ )
Notice that, the same estimate works for W, and W, + W, as well: with probability at least 1 —

exp (=c (p) @n),

(W1 + W) L(E) (W) + Wo) = Ew] L(E) W, + Ew] L(E) Wb, +0 (n~'/3+2Cir) .

V~

E (i, +,) LE)(, +iv,)
Therefore, by the linearity, adjusting the constant C appropriately we have
WIL(E)W, = O (n™'/3%Cew) |

with probability at least 1 — exp (—c (p) @,), thus obtaining (3.38) for a fixed E.
To extend this to all £ € [2 —n% 3(p5p , 24 n723 (pip ] , we will use a net argument. Let ./ be a

x-net in [2 — 2B, 2+ n‘2/3(pi”] with ¥ = n71% and assume that (3.38) holds for all E € /.
Since |/ | is polynomial in n, this event has probability bounded by exp (—c (p) @,).
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Recall that the coordinates of \/n + 2; are independent, centered, subgaussian random variables

with H Vi + 2w (k)

<C 1;—”. By Hoeffding’s inequality,
[ %]

Vi +2(W;, ug) = 2 n+ 2Ww; (k) ug (k)
k=1

is also subgaussian since |||, = 1. Similarly, (n + 2) ||v~v,~||§, being a sum of subexponential random
variables, satisfies Bernstein’s inequality. Together with a union bound, these two facts imply

©Pn
n+2

P<3a € [n],i € {1, 2} (Wi, ua)| 2 & |lwill; < (Pn> <exp(=c(p)n).

Assume that these two events occur in addition to the assumption that (3.38) holds forall E € ./ which
we already made. Let £ € [2 - n‘2/3(pi", 2+ n‘2/3(pﬁp] , and choose E' € 4 such that |E — F'| < k.
Suppose that ar # ag, then

Wl L (E)w; = WL (E') W)

. ) 1 1 (VNVZ', uaE/><"~Vj’ uay) (VNV,', lfiaE><\’~Vj, ua5>
< willy ||wi|, Z _E o, —F -E —F
e Ua Uq Hay Hay,
< |lw; P 4k <17Vi, ua5r><wj9 ullpj/> <Wi’ MaE><Wj, MaE>
<lwil wll, Y, 5+ “E ~E'
astag, ag n ”O’E’ M‘ZE

(wis Uy /><sz Ug, r> <wi» Ug ><Wj’ Ug, >
! 5 3 3

- - 4
< Iwilly ||, ;TZ”

ﬂaE/ -E M“E —FE
. . 1 _2/3-— : ~ Pn
Since ag # az, we have min {|/’a5/ —E|, |He, — E’|} > <n /3=€wx_ Together with | (W, ug)| < N
this yields
<V~Vl', uaE/><"~Vj7 u(xy) <Wi7 uaE><wj7 uaE> -0 (n_1/3+2£LR)
Hay — E Hay — E
Thus,

_ S . ~ _ 4 _
|WTLE) iy = WL (E) | < will || Tkt 0 (w1

As k = n~'%, the difference is bounded by O (n~!/3*%¢). The same bound holds for the case
ag = ag, and the proof is simpler, since the last two terms do not appear. Therefore, (3.38) holds for
E as well if constant C is appropriately adjusted. n

Next, we bound the linear and constant terms in (3.37).

Lemma 3.15. Fix an n X n matrix B € I (,,1). With probability greater than 1 — exp (c ») (pfn) for
any E such that |E = 2| < n™*3¢2’,

ITL(E)l =0 (n™'*Cw) and W] L(E)l = O (n~'/3*Cwx) . (3.43)

Here, c (p) is a constant that depends only on p.
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Proof.  Application of Hoeffding’s inequality to (Ww;, u,) yields
. 2 ©n
]P)<<Wia ua) > _) <exp(—c(p)@n),
n+2

and so

max{w;, ua)z < &n
a,i n

with probability greater than 1 — exp(—c(p) @,). In view of this inequality and the fact that

(za;ﬂ(l’ ua>2)% = |Puf'l =0 (n—1/2+chR)’
3 1
? = 2\ 2
< (L ua>2> < » <W_”>2>
afl,ap a#l, ap (e — E)

1
—.
atla (Ha — E)

z <W,, ”a><l Ug)

a#Fl, ar

0 —1+c e,_R)

Again, one can approximate Y. > by = Im mg. (E + i) as before and obtain

a#l, ap ( )

1 4/34Ce
—— =0 (n R
et s, (o — E) ( )

This shows that

Z (Wi, g )(L, uq)

=0 (n—l/3+CsLR) .
Ha -E

a#l, ap

with probability greater than 1 — exp (—c (p) @,).

(Wi g )l uy )

Furthermore, recall that by (3.31), u; > % ”(1"—;2). Thus P
_ -

:o<ﬁ>,and

1 2/34€15 ~ \2 1 —1/3+Ce
— l’ o < E LR
< n E (I, itg)” |+ 1 n

a#l, ar

ITL(E)I| =

Z (l ”a>

a;éaE

Again, this result can extend easily for all E € [2 —n 2B 2+ 13 ] by a net argument.

We omit the proof here since it is the same as the net argument in Lemma 3.13. n

Combining Lemmas 3.13 and 3.15, we obtain Lemma 3.12.

3.5 | Estimate of s (1)

Recall that in Corollary 3.11, we denoted by & be the set of (n + 2) X (n + 2) symmetric matrices
all whose n X n principal submatrices are typical in a sense that they satisfy the conditions in 7 (, 5).
Suppose that A, is an eigenvalue of A and v, € R"*? is the corresponding unit corresponding
eigenvector. As in (3.8),
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) ( wi G (A)wi —di1 + /1a>
sign (Vg (1) vy (2)) = s(Ay) = sign| — .

Wi G (Ag) wy —diy
In this section, we will prove the following:

Lemma 3.16. Let A be the adjacency matrix of a G(n,p) graph, and let A1 > --- > A, be the
eigenvalues of the matrix

A= L A—\/Alm
p(1-p)(n+2) (I-p)n+2)

E(s(dy) 15 (A) =0 (n—1/3+c5LR) .

Fix2 < a < ¢@). Then

As I pertains to all n X n principal submatrices, the same bound holds for
E (sign (vq (i) va () - 15 (A)) for any i # j.
Once this lemma is proved, Theorem 1.2 follows easily:

Proof.  For2 < a < ¢, we have E(sign(ua(Du,(j) | 7 ) = O (n=1/3+C%e) for all i # j. Hence,

n+2 2
E (Z sign(u,,(i))) 1T | = 0®/3+Cew),
i=1

Applying Markov’s inequality we get

]P <
The proof of this lemma will be based on the concentration we get from Lemma 3.12. Let B be the

n X n principal submatrix containing the last n rows and columns. If A € 7, then B € T (1.
Consider @ = 2 first. Let /4; > ,u; " be the eigenvalues of the (n+ 1) X (n+ 1) matrix containing the

n+2

Y sign(uq(i))

i=1

/ -_ -_—
> n5/3+c‘€) <m0 4 e,

last (n+ 1) rows and columns of A. Per (3.30) for A, 4, € [2 - n‘2/3(pip, 2+ n‘2/3(pi”] , so interlacing
and Lemma 3.5 imply that

(pC
n
My S hy Sy == <

where u; satisfies (3.31). Repeating this argument for B, in view of (3.34) and (3.31), we conclude that
A2 € [12, u1]. For 2 < a < ¢!, (3.34) similarly yields Aq € [Uq» Hao1]-

Condition on the submatrix B. Since « < @, by the estimate that /22_ . ﬁ 4—x2dx> ﬁﬁ/ 2, we
have 2 — y, < n"2/3¢? and thus 2 — p, < n~*3¢>’ due to rigidity of eigenvalues (3.30).

Let &/, be the set of n X 2 matrices W such that (3.35) in Lemma 3.12 holds. Specifically, &/,
is defined by the condition

(Wi, ttg, (W), Ug,)

Vi, j € (1,2} wGE)w; = — (1+0 (n7%x)) 5; +
,uaE_E

+0 (n713%Can) (3.44)
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forallE € [2 — 3, 2+ n B ] and a universal constant C; > 0. Here, ax € [n] is the integer

so that |, — E| < mingepy |a — E|.
Before we move on to the proof directly, let us introduce another set. Let o/ be a set of W such
that fori € {1, 2}

3w <\ (B, ug)| < log?n (3.45)

where k¥ > max {2C}, 8} and

Lemma 3.17.  Let the W be the nx2 block W of A defined in (3.6). With the notation above, we have
]P)(W c 'Q(W) >1- n—l/3+2K6LR’

and

P (Wi, ug) > 0) = % +0 (n7'/35ew) - fori=1,2. (3.46)

Proof. The upper bound in (3.45) holds with the desired probability due to Hoeffding’s inequality.
We will estimate the probability that the lower bound holds and prove (3.46) at the same time. Let
X = Vn+2w; (k) ug (k). Since Wy (k) has mean 0 and variance ﬁ, we set

1 Xk
S, = Z{L = Vn+2(W, ug)

- 2
Zke[n] EXk

Observe that EX} = u, (k)* and EX; < ¢(p) |uq (k)|* where ¢ (p) > 0 is a constant depends

on p. Let F,, and ® be the cumulative distributions of S, and the standard normal random variable
respectively. By the Berry-Esseen Theorem (see, e.g., [22, Theorem 2.2.17]) we have

" -1/2
E |Xi|* llta o
sup |[F,(x) —® )| <C IEXl2 - max <c(p) .
)CER ; L EXZZ ||ua||2

Recall that from (3.26) in the definition of 7 (,,1), we have the /-norm bound: ||uy ||, < n~1/3 e,
Together with ||u.||, = 1 it yields

sup |F, (x) — @ (x)] < n~!/3+5e
xeR

if n is large enough. Thus,
P <\/;|<W1, )| < n—]/3+x£LR> <P <\/;|g| < n—l/3+KeLR> 4 oV /3HSe < 1 /3 Lswe

where g ~ N (0, 1) is a normal random variable. Furthermore, we also obtain (3.46) by comparing @
and F,,. n
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Proof of Lemma 3.16. By (3.7), if A € R is an eigenvalue of A, then det (WTG ()W — D + AL) =
0. Let

FE) = (WG (E)yw, — dy1 +E) (WG (E)wy — doy +E)

(WG (Eyw —dip)’

Thus, A is an eigenvalue whenever f (1) = 1. We will use the function f (E) to determine the location
of the eigenvalues.

Let o/ be the set of all 2 X 2 symmetric matrices D such that max;je(12) |dj| = O (c ®) n‘l/z).
Recall the definitions of A,,¢,, and Ay from (3.44) and (3.45), respectively. Assume that W € A,,g,,NAw
and D € o/p. We will see below that this is a likely event.

Under these conditions, the argument becomes deterministic. By (3.26) from the definition of
T (n.1)> we have |(ug, I)| < n~'*%x. Hence,

(Wi’ ua) = +o(1) <"~Via ua)

and in particular (w;, u,) and (W;, u,) have the same sign.

Observe that E — WTG (E)w; — dq; + E is a strictly increasing function on (uy, pg—1)- It tends to
—ooas E — uf and +o0 as E — #,_,- Thus, it crosses 0 only once. Let Ey be maximum of the roots of
w! G (E)wi—d+E and w] G (E) wy—dp+E on (4g, pa1). Thenby (3.44) and |dj| = O (c (p)n~'/?),

(1+0( ‘QELR))+<Wi’ ”"Eo>2+E 0
—_ n —_— —
MaEO —Ey 0

for some i € {1,2}. As pig_1 > Eo > pg > 2 —n2/3¢? this implies that Ey > Hay, » and thus ag, = a.
Moreover, Eg— 1 =1+ 0O (n_Z'S'AR), and so

Eyp = (140 (n)) max {{(wi, ug)?, (W2, te)?} + Ha
For E > E, both WIG(E) wi —di; + E and w;G(E) wy — dy + E are positive. Setting
El = 2 max {(Wl’ ua>2’ <W2, ua>2} + Has

for E € [u,, E1], we also have ag = a, and

Wi, ua){wa, ta)| ‘(wl, ta)Wo )| _ 1 O ) |2 ua) (3.47)
Ha -E Ha — El 2 <WZs Ma) <Wl’ ua>
> log—Z n- n—l/3+Ke,_R.

by (3.45). Hence, wlTG (E) wy — d1, has no zeros in the interval [4,, E;]. Furthermore, because

min{ (w1, ha) } <1,

<W2’ ua)

<W29 ull>
| <le ull)

using (3.44) and |d;;| = O (c (p)n~'/?) again, we get

2
(W G(ED)w, — d12)2 - (Wﬁ)(”—l/ﬂcﬁ))
a — E1



HUANG AND RUDELSON WI LEY 429

L (1w ) ’w, ) } 134 >2
= [ = min , +0(n 1eLr
<2 {‘(WZ, “a> <Wl’ ua) ( )
1 1
<= )<=
<3 +o(l) < >

Together with
(W GEDW —diy +Ey) (wyGEDW, —dpn+ Ey) =140(1)
this yields f (E;) > 1. Since f (Ey) = 0, there exists A € (Ey, E}) such that f (1) = 1, which shows that

Aq € (Eo, Ey).
Now we will focus on s (4,). Since 4, > Ej , the wlTG(/L,)wl —di1 + A, is positive. Also,

WITG(/L:) wy —dip = —<W1’ ) (W2, Ua) +0 (n_l/3+C£“‘) )
Ha — )«a

and the magnitude of the leading term is significantly greater than O (n‘l/ 3+CELR) by (3.47). Since
Ho— Aq < 0, the expression above has the same sign as —(w;, uy ){ws, u,). Therefore, we conclude that

W—er(ﬂa)Wl —di+ A
wl G (Aa) w2 — dia

5 (Aq) = sign <— ) = sign ({wy, Uy ){Wa, Ug)) = sign ({(Wy, Uy ){W2, Uy ))

for any;\ eg,Wed,goNAw,and D € dp.

It remains to estimate the expectation of s (4,). Recall that we conditioned on the block B, and W
and D are independent of B. Denote this conditional expectation and probability by Ey, p and Py p.
We have

|Ew.n (5 (ko) 17 (AD] <[Ew. (s () 1y (W) Lir,, (W)1ar,, (W)ar, (D))
+Pw,o (W & dygw U dw) +Pwp (D & dp)
= [Ew.p (sign (1. )2, 00)) 17 (A)Lar, (W)L, (W)1er, (D))
+0 (n—l/3+C’£,‘R) _

We can get rid of the indicators in the leading term in a similar way:

[Ew.o (sign (1. ta) (2. 46)) L (A)Ls, (W)L, (W)1er, (D)) |
< |Ew, p (sign (W1, ue)(W2, Ua)) 17 (A)| + Pw,p (W & Hyyw U Aw) + Pw.p (D & 9p)
< |Ew, p (sign (W1, ue)(W2, Ua)) 17 (A))| + O (n_1/3+C’5LR) .

Removing the conditioning over B, we get

[E (s (10 15 )|
< |E (sign (W1, ) (W2, Ug)) L5 (A))] + O (n~'/3+Ce1x)
< )E (sign (1, ue) (2, tta)) 19@,1)(14“’2)))] +E ]19 @A) - 1gw,l)(A<1v2>>| +0 (n7'/3+C )
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In view of Corollary 3.11, the second term does not exceed n~!/3+?¢x, To bound the first term, we
condition again on the block B = A" such that A1-? € J, 1y and apply (3.46). By this inequality,

Pii= [, u) 201 A0] 1= 24,

where p; = O (n~!/3*5¢x ) Using the independence of Wy and W, we get

E [sign (W1, ua){W2, ta)) | AY?] = PiPy + (1 = P))(1 = P2) = P1(1 = Py) = (1 = PP,
— 4p1p2 =0 (n—2/3+105LR) .

Removing the conditioning completes the proof of Lemma 3.16. [
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A | APPENDIX

In this section we establish the spectral properties of symmetric random matrices appearing in
Definition 3.4. Namely, we prove the following lemma:

LemmaA.l. Fixp € (0,1), D> 0. Let H, be a symmetric n X n matrix with zero diagonal and i.i.d
entries above the diagonal. The nondiagonal entries have the distribution:

hj = V 117;17 ﬁ with probability p,

/2L ; ility 1 —
s with probability 1 — p.

Then, H, satisfies (3.12) — (3.14) with probability greater than 1 —n~P. Furthermore, for a sufficiently
small € > 0, there exists 56 > 0 such thatH, € L R (n, n_2/3_5) with probability greater than 1 —n™°.

Note that condition (3.16) involving 6 and k can be derived from the second part of this lemma by
appropriately adjusting €.
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Conditions (3.12) and (3.14) were derived in [11, Theorem 2.1, 2.2] and Conditions (3.13) and
(3.14) were proved in [4, Theorem 2.12, 2.16].

Condition (3.16) was proved in [14]. However, the matrix model is slighly different from ours. To
show that H), satisfies level repulsion at the edge, we rely on the fact that GOE satisfies this condition
and apply Green Function Comparison Theorem. This strategy is stated as Proposition 2.4 in [14]:

Proposition A.2. Let H' and H" be n X n symmetric random matrices with independent entries h;
and h:j such that the Eh; = Eh:j" = 0 and I[*:(h;.)2 = ]E(h};)2 = G;. Assume that X = (oy) satisfies the
following conditions

1. Forjen], Y, 0'; =1
2. There exists 6w > 0 such that 1 is a simple eigenvalue of £ and Spec(”) C [—1+ffiw, | —fliw]JUu{1}.

3. There is a constant Cy, independent of n, such that maxij{cé} < %

Also, assume that hi; have a uniformly subexponential decay. Namely, there exists a constant v > 0,
independent of n, such that for any x > 1 and 1 < i,j < n we have
P (|hy| > x0;) < v~ exp(—x).
Assume that H" satisfies the Level Repulsion Condition, that is, for a sufficiently small € > 0, there
exists 6 > 0 such that H' € L R (n, n_2/3_5) with probability greater than 1 — n=°. Then the same
holds for H” with a different 6 = 6(¢).

The level repulsion condition has been proved for the GOE ensemble, see, for example, [1]. By
GOE we mean that a nxXn symmetric random matrix W with independent centered gaussian entries (up
to symmetry) where the off-diagonal entries have variance 1/n and the diagonal entries have variance
2/n. We would like to apply Proposition A.2 with H” = W and H" = H,,. The first two moments of the
off-diagonal entries of these two ensembles are the same. The variances of the diagonal entries differ,
but since there are only n of them, it will be possible to show that they do not affect the level repulsion
significantly.

We proceed in two steps. First, we prove the level repulsion condition for a n X n matrix W whose
off diagonal entries are the same as for W and the diagonal entries are 0. Then, we apply Proposition
A2toH' =W and H" = H,,.

Thus, it is sufficient to prove

Proposition A.3.  The level repulsion estimates hold for W.

The proof of this proposition is standard and is included it for the reader’s convenience. It follows
the proof of A.2 which relies on Lemma 2.6 (Green Function Comparison Theorem) and Lemma 2.7
in [14].

Since the second moments of the diagonal entries of W and W differ, we need a substitute for Green
Function Comparison Theorem. The rest of the proof will be exactly the same as of Proposition A.2.

Before stating the result precisely, we will sketch the idea behind the comparison. Consider the

Stieltjes Transform of a symmetric matrix H is m (z) = iTr <HL_Z ) Suppose 4, ..., 4, are eigenvalues
of H. Then,

n . 1 n
—Imm(E +1in) = -
g ;‘] 7 (4= EY +n
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If we choose 7 to be sufficiently small, then each summand is an approximation of the delta function
at each eigenvalue. On one hand, this provides a way to estimate number of eigenvalues in an interval.
Taking # to be sufficiently small, we should have

n b
3 V() 1 / Limm(E +in) dE.
a T

On the other hand, Im m (E + ir) can be expressed in terms of the Green Function G (z) := HL_Z

mm (E +in) = - D Im Gy (E +in).
n i

We will use Lindeberg’s method to replace the diagonal entries of W by those of W one by one and
estimate the expectation of the difference of Green functions.
Now we state the substitute for Lemma 2.6 in [14]:

Lemma A.4 (Green Function Comparison Theorem). Let F : R — R be a bounded smooth function
whose first and second derivatives are bounded as well. There exists a constant €y > 0 and for such
€ < gg and for any real numbers E,, E, € [2 —n 23+ 9 4 n2/3+£], setting n = n=2/3-¢ we have

. E2
‘(EW—EW>F<n/ Imm (y + in) dy>
E,

Lindeberg’s method is based on replacing the entries one by one. Yet, our proof uses the strong local
semicircle law, see Theorem A.6 below. Application of this law requires scaling of the matrix so that
the variance matrix will be doubly stochastic. However, replacing diagonal entries of W by 0 appearing
in W results in two essentially different scalings of the variance matrix to the doubly stochastic form.
To deal with this obstacle, we perform replacement in smaller steps which will require n” steps instead
of n.

< Cn—1/3+cs.

Define n> symmetric random matrices {Wﬂ,}, }Z _o Whose off-diagonal entries are the same as of

W and W. Let {h,- J}i beiidN (0 > random variables. The diagonal entries of Wy are

B
(Wpo),, Zh

In particular, the diagonal entries of Wy are centered gaussian variables with variance i—f Thus, the
variance matrix of Wy is doubly stochastic if we scale it by a factor 14+0(n~Y). Furthermore, Woo = w
and W, = W.

Now we define the diagonal entries of Wp ,:

(Wp,), = Zfl i ifi>y,
b Y2 i+ s ifi<y.

In other words, we have

.
Woys1 = Wpy + hpsr e,
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and

Wsu = Wgirp.

Our goal is to show that

< n—2n—1/3+ce

EZ
‘(EWIM —EYrt) F <n / Imm (y + in) dy)
E

foreachk =0, ...,n—landy =0, ...,n—1. Then the statement of the theorem will follow immediately.
Before we move on to the proof, we need the following proposition.

Proposition A.5. Fix a sufficiently small € > 0. Let ¥ = {E+ in 1 |[E-2|< n_2/3+5} and
n = n~2/37% Then, for any D > 0, if n is sufficiently large, we have

P (max sup |(G,;,y @), — 5,7' > n_1/3+4‘5> <n®
By er Y

L . is the Green function of Wy ,.
2

where G, (2) = w
s

Let’s recall a theorem in [11, Theorem 2.1].

Theorem A.6 (Strong local semicircular law).  Suppose that H satisfies the assumption of Proposi-
tion A.2. Then, for every s, D > 0 and 0 < € < 1/3, we have

P sup  max |(G(E +in)); — 1| Il S g A
|E-2|<n—2/3+ ij€ln]

where n = n~23¢ andn > n(s, D, €).

This theorem implies that max sup,¢ » |(Gﬁ,o (z))ii - 5,7' < 4n~5% with probability at least 1 —

n~P. We extend this properties to Wy, by comparison.

Proof of Proposition A.5.  Fix B. Fix a sample of Wj ¢ such that

sup max
|E=2|<n=2/3+ ij€[n]

(GE+im); — 1| < 4n7

for |E—2| < n~?/3*¢ and the samples of {hﬂ+1’y}:=l such that max, |hps1,,| < ** where @, =
(log n)'°1°2" Notice that both conditions hold with probability at least 1 — n~2.
Define so = 4n™ 3 and Sy+1 =Sy (1 + L) We claim that

n

|(GM (E +in),, - 5j| <@ Gj7)sy (A2)

where

d)(isjs y) = 1 + liZV + ljZV'
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If it is true, then we have

1
Pnnt

)n < n—l/3+4&

max sup |(Gﬁ,y (E+ il’[)).. - 6ij| < 35, < 3s0(1 +
By zes Y

If the matrices A and A + B are invertible, then the following resolvent identity holds:

B S S Y
A+B A A A+B
Applying the equality repeatedly we get
3 k
L=l_131+13131_<13) 1 _(lB> 1
A+B A A A A A A A A A+B

Suppose that (A.2) holdsup toy — 1. Let A = Wy, — (E+in)l, and B = hﬂ+1,yeye;. For
simplicity, we write

1 . 1 .
h=hg1,, P=eye,, R= 1= Gpy-1 (E+1in), and § = o Gpy (E+1n).
The equality above can be written as
1 2 2 k (ppyk
S=——=R—-hRPR+ K" (RP)"R+ ... (RP)"S.
i+ B (RP) (RP)

Entry-wise, we have

Si =Rj — hRiyyR; + W*Riy R, Ry; ... (=1)'W*R,RE'S,;
k

=R — hR,R,,; <Z (—hRyy)l> + (=D*n*R;, RES'S,; (A.3)
=0

We will use the following uniform bound of the entries of S:

1

. < n2/3+£.
W, (E +1n)

15,1 < ISl = H <-=

1
n
Together with |A| < % and max {|R,-,, B |Ryj|} < 145, <2, this means that the last summand in (A.3)

is less than n% if we pick k = 5. From now on we will fix k = 5. Then,

k

> (=hR,,)'

=0

<C.

for some absolute constant C > 0. Therefore,

1
|Si = 83| < |Ry = 8] + C[hRi/Ryy| +

.. 1
<@ @.jy — D)sy—1 + C|hRyRy| + =
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It remains to show
.. 1 ..
¢ (.j.y = 1) s,-1 + C |hRy R, | + = < b @Q.j.y)s,.

Consider y ¢ {i.j}. We use the bound |R;,| < 3s,_; and |R,;| < 3s,-1 < # to get

1 C 1 1
ClhRyR) |+ = <s,.1— + —= <5, .
| v JY| n3 s}’ ln(p% l’l3 s}’ ln(pn
Therefore, we have
Sij = 0| <P (joy —D)sy—1 + -
| ij j| ¢, j,y )Sy 1 n(pnsy 1
.. 1
Sd’(l,],}’ - 1)Sy—1 1 +
@

<¢p(i.j.7) sy

In the case y € {i, j}, we use the trivial bounds that max {|R;,|.|R;|} < 1+ 35,1 < 2. Thus, we
have

4
On '|'l < $0.
n3

1
C|hRi,R;, | + s < n

Notice that ¢ (i.j, 7) — ¢ (i.j.y — 1) > 1 since y € {i, j}.
1S5 — 85| < Doy = Dsy—1 +50 S P (J7) 5y

The result follows. n
Now we are ready to prove Lemma A 4.

Proof.  Recall that our goal is to show that

< n—2n— 1/3+ce

EZ
‘(EWM - IEWMH)F <n/ Imm (y + in) dy>
E,

With probability greater than 1 — n~", we have

sup
|E_2|Sn—2/3+s

(Gﬂvr (E+ iﬂ))ij - 51-1-‘ < p 13+,

forf=0,...,n—1andy =0,..., n— 1. Now, we fix § and y. Fix a sample of Wy, _; such that the
above inequality holds.

We recycle the notation from the proof of Proposition A.5. Let A = W,y — (E +1in)1, and
B = hy,y,eye, . For simplicity, we write

1 , 1 ,
h=hpe1,, P=eye,, R= 7= Ot E+in), and S = -—— = Gy, (E+in).
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Then,

Sij = Rij + hRi, Ry + thiJ’R}’}’RjY + hSRiyRJ%ySiw

where, as before, S, | < [|S]| < n?/3*+¢_ Taking expectation with respect to / and using |Riy| < n~1/3+e 4
Oiy, We get

2 _ C C
|EnSi — Rl < Sn723%2% 4 =342 4 5, —
n? n3 " n2

Furthermore, if |2| < 2, then by (A.3)
1 -5/3+3¢ @n
|Sii — Riil < C |hRiyRyi| + = < @un + 5[.y7_
Therefore,

<n2/3*%  when |h| < 22, (A.4)
n

Z (Sii — Rip)

i=1

and

Ej ) (Si— Ri)| < n™>/+e, (A.5)

i=1

Now we examine the difference:

E2 EZ
F</ 3 i v+ in) dy) —F(/ 3 Riy+in) dy)

E, i E, i

E, E,

=F </ zRii (v +in) d)’> </ Z Sy +in) — Ru(y +in)) d)’>
E, i E, i
E, 2
+0 ( / D (Siy +in) = Raly + in)) dy)
E,

where we rely on the fact that F”’ is bounded. Since |E; — E;| < 2n~?/3*¢ by (A.4) we have
E, 2 5
/ Z (Sii(y + 1’1) _ Rii(y + ln)) dy < (2n—2/3+£n—2/3+4£) < n—8/3+C£
Ey i

if |h| < %. Furthermore, if we take the expectation with respect to 4 and Wp,, the same bound still

holds. Indeed, we can apply this bound conditioning on |k| < %, and use a trivial bound

2

E,
(/ Si(y +in) — Ry(y +in) d)’> <n
E, i
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valid with some fixed constant C > O for other 4. Similarly, (A.5) yields

E2
Ev, Er < [ i+ - Rity-+ i) dy>
E 5

1

< n—7/3+Cs.

Therefore, we conclude that
(EWﬁ,y—l _ ]EW/W) Imm (E + ln) < n—2n—1/3+68

finishing the proof. n



