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Abstract

We develop the idea that renormalization, decoupling of heavy particle
effects from low energy physics and the construction of effective field
theories are intimately linked to the entanglement of the low and high
energy momentum modes. Using unitary transformations to decouple
these modes we show in a scalar field theoretical model, how renor-
malization may be consistently implemented and how the low energy

effective field theory can be constructed.
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Chapter 1

Introduction

We understand many things
about particles and their
interactions, but this and
other mysteries make it very
clear that we are nowhere

close to a full understanding.

Martinus J. G. Veltman

Entanglement is ubiquitous in any quantum theory. In a free field theory the
different momentum modes are not entangled. However, the introduction of inter-
actions causes the entanglement, in particular, of the low momentum modes with
the inaccessible high energy ones. In experiments only the low energy or larger
wavelength modes are accessible and renormalization can be thought of as a pro-
cedure to separate the effects of the high energy modes from those of low energy.
In the usual Wilsonian approach [1][2][3], the high energy modes are integrated
out and in this way we arrive at a low energy effective action. An alternative
viewpoint, that we discuss here, is to directly address the entanglement and by a
series of unitary transformations decouple the low and high energy modes. The
effective low energy Hamiltonian is then obtained by projecting onto the “high
energy vacuum”, i.e., the low energy subspace where there are no modes of heavy
masses or of momenta larger than some cut-off scale which can appear as external
states. In this thesis, we discuss renormalization, decoupling of heavy mass states

[4] and the construction of effective field theories, [5][6] all from this perspective.



Our results are in agreement with those obtained by the standard methods and
show that such a program can be successfully implemented, thereby providing
another way to construct low energy effective theories.

The thesis is organized as follows.

In chapter 2 we discuss how the Hamiltonian of a theory decouples under a unitary
transformation of the states.

In chapter 3 we consider a scalar field model with heavy and light fields and explic-
itly construct the unitary transformation that shows clearly how renormalization
and decoupling works.

In chapter 4 we extend the previous construction to obtain an effective field the-
ory of the light fields alone and make connection with previous work using the
standard methods.

We conclude with a discussion of these results in chapter 5.



Chapter 2

Perturbative Decoupling,
Renomalization and Matching of

Hamiltonian Operators

2.1 Decoupling with Unitary Transformations

The subject of decoupling in Effective Field Theory has been studied extensively
for the past many decades. The decoupling theorem states that if the low energy
effective theory is renormalizable, and a physical renormalization scheme has been
applied, then all effects due to heavy particles will appear as changes to couplings
or are suppressed as %, where M is the mass of the heavy particle. In spite of the
great success that Effective Field Theory has achieved in particle physics, seldom
work has been done in a Hamiltonian framework. As we discussed in introduction,
an alternative way to consider the decoupling is to introduce a series of unitary
transformations to decouple high energy and low energy modes and then look at
the low energy part of the spectrum.

Let’s consider the Hamiltonian H of a full theory, and denote H.s¢(1) as the
effective Hamiltonian defined at a scale . H.pr(p) will generate the same physical
results i.e. S-matrix elements for all the physical processes that do not involve

momenta greater than y. We can view H.s(1) as the projection of the full theory



2.1 Decoupling with Unitary Transformations

onto the low energy subspace:

Hegp(p) = P(u)HP(p), (2.1)

where P(p) is the projection operator at energy scale p.

Our claim is that, at least perturbatively we can decouple low energy modes
from high energy modes using a series of unitary transformations and therefore
construct the high energy vacuum and obtain the ”"low energy subspace”. Let

H jecoupiea denote the decoupled Hamiltonian at low energy:

Hdecoupled - <0high| WTHW |0high> ) (22)

where |0p;gn) denotes the high energy vacuum:

ahigh |Onigh) = 0, (2.3)

and apgp, is the annihilation operator of high energy modes. The w here is a prod-
uct series of unitary transformations. Its jobs is to remove the terms in the full
Hamiltonian which change the high energy vacuum structure. Those are terms
containing only high energy creation operators. Since Hamiltonian operator is
Hermitian, w will inevitably cancel terms containing only high energy annihila-
tion operators as well. Furthermore, we will normal order with respect to high
energy vacuum. It’s worth noting here that the Hgccoupiea S0 calculated out is
not a "perfectly physical” Hamiltonian operator like H or H.ys, rather than is
an intermediate step. However, as we will see later its components have impor-
tant physical meaning regarding renormalization and will also be involved in the
matching process to get the physical H.yy.

Let’s break w into a product series:

W = WoWiWs...Wr,... (2.4)



2.1 Decoupling with Unitary Transformations

Each w; partially diagonalizes the Hamiltonian to given order ~ %, A is the cut-off

energy scale. Decompose the full Hamiltonian as:

H=H,+ Hy+ Ha+ Hp, (2.5)

where H; only contains low energy modes, Hs is the free part for high energy
modes, H4 contains terms that only have high energy annihilation or creation
operators and Hpg is whatever left. For simplicity, we can set H; to be of energy
order ~ O(1), and the other three terms of order ~ O(A).

Let’s consider the following:

wi (Hy + Hy + Ha + Hp) wy
—e % (H) + Hy + Hy + Hp) ™% (2.6)

=H,+ Hy+ Ha + Hp + i[Hy, Q] + i[Ha, Qo] + i[H a, Qo] + 1[Hp, Q)...

We want to eliminate H4 by choosing )y such that
i[Hy, Qo] + Ha = 0. (2.7)

This is our decoupling condition at order ~ O(A), and since both Hy and H4 are
of order ~ O(A), we can deduce that 5 ~ O(1). Although we cancel out Hy,
we create a new term i[Hy, Q| of order ~ O(1) that contains only annihilation or
creation operators and in order to eliminate this new term, we need to introduce
the next unitary operator w; = €™t at order ~ O(%) Then the Hamiltonian
becomes

e Mem 0 () + Hy + Hy + Hp) e

(2.8)
:Hl + HQ + HB + ’i[Hl, Qo] + i[HA,Qo] + i[HB,Qo] —|— ?:[HQ,Ql] —|—

We now choose €2; such that

i[Hy, Qo) + i[Ha, 4] = 0, (2.9)



2.2 Decoupled Hamiltonian and S-matrix Elements

and it is obvious that €); is of order ~ O(%) In general our decoupling condition
will become:

i[Hy, Q] +i[He, Qpiq] =0, (2.10)

where €11 ~ %Qn. Therefore, we can see the decoupling is indeed carried out in

a perturbative fashion.

2.2 Decoupled Hamiltonian and S-matrix Ele-
ments

Going back to the calculation of Hgecouprea and using the decoupling conditions we

have

Hecoupted = (Onign| H1 + Ho + Hp + %[HA7 Qo] +i[Hp, Qo) — %[[Hm Qol, Qo]
— {15,920, 0] = 51, 0], 0] + i, 0] + O(5) i)
(2.11)
As we pointed out in the section 2.1, the Hgecouprea is D0t a ”"perfectly physical”
Hamiltonian operator. Hgecoupiea has two parts, the first part is (Opign| H1 [Opign) =
H, and the second part is from the normal ordering of Hg with respect to high
energy vacuum and commutators in the expansion. As we will see later in the
scalar filed theory example, each element in the second part can be understood as
an S-matrix element in the full theory but expanded in terms of % For instance,
suppose we have the scattering process represented in Figure 2.1, the S-matrix

element in the full theory is —\? and the corresponding term in Hgecoupled

will be —\*(2 + £ + O(5k)) 25
The last point to be addressed here is that, due to the connection between de-
coupled Hamiltonian and S-matrix elements, Feynman diagrams in the full theory

will provide useful guidance in practical calculation, and this is the reason why we

organize the calculation in chapter 3 by Feynman diagrams.



2.3 Renormalization and Matching
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Figure 2.1 A two-to-two scattering in a scalar field theory with solid lines repre-
senting light fields ®; and the dashed line representing a heavy particle ®5. The
coupling coefficient at the vertex is . The heavy particle mass M is much larger
than the momentum p on the propagator.

2.3 Renormalization and Matching

Since the second part of Hgecouplea contains expansion of S-matrix elements, in-
evitably, there are UV divergences emerging from the loop calculation. Because
only low energy modes can appear in Hgecouptea; all the UV divergences should
be canceled by the renormalization of H;. In this way, we can determine the
renormalization Z-factor of light field, light field mass and coupling constants of
pure light interactions. It is shown in Section 3.3 that our results obtained from
H jecoupiea indeed agree with the results from a traditional renormalization in the
Lagrangian framework.

Effective Hamiltonian is obtained by matching order by order. First we decou-
ple the full theory at tree level and match it onto the low energy physics to get
the tree level effective Hamiltonian. Then we decouple, renormalize both full and
effective theories to get Hyecoupied and H;g C{mple 4 at one loop order respectively. By

eff

matching Hgecouprea and H, decoupled> WE are able to get the effective Hamiltonian at

one loop order and we can also proceed to higher orders iteratively in this fashion.



Chapter 3

Decoupling and Renormalization

of A Scalar Field Theory

In this chapter we will work in the weak coupling regime of a scalar field theory
with both heavy and light fields. Because we will be discussing renormalization
in the Hamiltonian framework, we will consider mode expansions at a fixed time

or effectively, we will be working in the Schrodinger picture.

3.1 Preliminaries

Our subsequent analysis will apply to a scalar field theory with heavy and light
fields (@ and @, respectively) with dynamics given by the following Hamiltonian:

H= /d3 ( (0dr)? +m2q>§)+1((aq>H)2+M2q>§{)

3.1
A A2 A3 (3:1)

L)+ SO0 + 2R B0 + u)!).

The fields have the usual mode expansions, however, we will need to consider
light fields carefully. This is because the light fields contain two parts, one is the
low frequency mode ¢(z) and the other is the high frequency mode x(x). In order
to correctly project onto the low energy subspace, we want only low frequency
fields ¢(x) to appear in external lines. This can be taken into account in the usual

expansion of all the fields (in Schrodinger picture) in the following manner:
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1

o(x) = (bye™* + ble P*) (3.2a)
Z;/[ 2We, * " b
1 . )
x(x) = (bye™* + ble™P*) (3.2b)
MZ;p V2V, P b
1 . 4
Oy (x) = b,eP® 4 bl e~ P (3.2¢)
L ; /2V€p ( p p )

/N

Opy(z) = zk: \/2‘1/—6% ape™® + aLe’““) . (3.2d)

From the expansion, we see that the ¢ and the x fields are orthogonal, i.e.,
[ &z ¢(x)x(x) = 0. In the following we will not use the mode expansion of ¢(z) .

As discussed earlier, we want to split the total Hamiltonian into four parts: H;
only contains low frequency modes of light particles; Hy contains both the free part
of heavy particles and high frequency modes of light particles; H4 contains only
creation or annihilation operators, for example terms like aab, a'a'd’, etc; and Hp
contains combinations of creation and annihilation operators, for example terms

like, bfag(z) and a'abb, etc. Thus,

H=H,+Hy,y+ Hy+ Hp. (3.3)
For our case,
_ 3 1 2 212 Ao 4
= [ &z ((09)* + m*¢?) + 79 (z) ), (3.4a)
H2 = /d3xZwka};ak —+ Z prpr' (34b)
k M<p

However, H, and Hp are rather involved and will not be explicitly displayed here.
As we proceed with the calculation, we will simply pick out the relevant terms
in these by analyzing the coupling coefficient and the number of low energy light
particles.

We argued earlier that Haecoupted = (Onign| I Hw |Opign), where w denotes a
series of unitary transformations, w = wowy...w,.... Our calculations will be

limited to the first loop order and for these, we only need the first two terms in
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(a) (b) (©) (@

Figure 3.1 One loop two point functions. Dashed lines represent heavy fields
and solid lines represent light fields.

the unitary transformations:

W Hw = e e ™ (H) + Hy + Ha + Hp) e (3.5)

The right hand side of the above simplifies to

1 . 1
Hy+ Hy+ Hp + §[HA; Qo] + i[Hp, Qo] — §HHA’ Qol, Q]

— {15, 00), 2] — 5{[H1, 0], ] + il s, 9] + O(5)

In deriving the above we have set the cut-off energy scale to the heavy mass M

(3.6)

and used the condition that the unitary transformations do not take us out of the
high energy vacuum, i.e., i [Ha, Qo] + Ha = 0, i [Hy, Qo] + i [H2, 1] = 0.

In the next two sections we will study decoupling and renormalization in this
scalar field theory by calculating the decoupled Hamiltonian up to order O(#) at
one loop level for the two and four point functions. The calculational techniques
are far removed from the usual Feynman diagram methods, however, we have
noticed that the Feynman diagrams provide a very good indication of which term in
the expansion, eq.(3.6) contribute to the process of interest. Thus in the following,
even though we are not using the usual Feynman-Dyson perturbative expansion,
we will still refer to the corresponding diagrams in guiding us as to the choice of

the relevant terms in eq.(3.6).

10



3.2 Decoupling

3.2 Decoupling

3.2.1 Two Point Function Calculation

There are four contributions to the two point function at one loop order which

we choose to specify through ordinary Feynman diagrams. Consider the Figure

3.1(a) diagram which comes from the 22®; (z)* term in the total Hamiltonian and

make the mode expansion for the ¢?y? piece:

e'FPITY bl 2 ().

1
Psd D o=
/ eyt 2V€k 2Ve,
Normal ordering this term gives

1

dx el
v 2 TV T

and keeping the only commutator piece we get

>\o

k—p)z ([bk, bjj + b;bk) ¢*(z),

/d3 d3 ¢2 )\O/dS / I) )
3 (2n) m e ( 27r m

Using dimensional regularization (d = 3 — 2¢), the result is

2 2 2
B s 9 () ) Aom? 1 m Ao / 5 O(x)
/d 5 39,2 (E In _Hz + — C d’x —5

1
= — — v+ In4m,
€

Al =

Q

__/ >k 1
ke (27)3 Vk2+m2

(3.7)

(3.8)

(3.9)

(3.10)

The term proportional to C is from the restriction imposed on the momentum of

high frequency light field x(x).
Similarly, the Figure 3.1(b) arises from the term

Peayabe®(x).

T szm .

11

(3.11)
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Normal ordering this term gives

>‘2/ 3 1 1 i(k—p)z T ] 2
— [ d P :
) P2 v e el T ) @)

Using dimensional regularization, we can get

2 M2 M2
—/d3 ) WM (L M (3.13)
2 3272 \ e 12
Figure 3.1(c) is proportional to A? and ¢?. Since it is second order in coupling

constant, it must come from the term  [Hx, ] in eq.(3.6)

(3.12)

. To find the Hy in
this case, call it Hi’l and consider the mode expansion of A ® ;P2

ER S LD Iy

<CL zkw+ak6 zkw)
k M<pM<q 2 \/wkepeq

] —ipx iqx —iqx )\
(bpe”’”c + b;e p ) (bqe @ b;e q ) + 71 /d3x Z
*(x) (@ke““” + a,te’““”) + ...

(3.14)
V2V

where dots represent terms proportional to ¢(z)

This expansion has a piece proportional to & [ d3z Y-, ﬁ (CL etk® aTe_““”> P(x)?

in the Hil In addition, there’s another term, which is of the form of Hpg

EY KEDIPI s

K Mep Mg (2V)? | J0r€x€q

Normal ordering this gives

[ EE Y

(axe™= + afe =) e-vIe (b, 8] + ).
k M<pM<q ) vV Wk€p€yq

<6Lk6ikm + aLeiikm> bpeimeeﬂqm (3.15)

N

(3.16)
Finally, putting this together we get the net contribution of H}" to be

A 1 - - m? [1 m?
21 3 1 ikx T —ikx
HYy = /d TS Ek o <ake +ae ) (— ( p )

12
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where again C' = — [, <M (dg])“ % and is from the restriction on x(z)’s mo-

mentum. Denoting the contribution to €2y in this case by ngl we get from the

condition that ¢ [Hg, Qg’l] + Hf"l =0,

A —1 , , m? (1 m? C
0> = /d3 2L E ———— (a,e™¥ —ale PY <— (— —In— + 1> + -+ 2) .
0 ) —~ 2V, (@ <) 1672 \ € p? y How)

Then we get,

2,1 21 _ 3,73 —al] etkz Py
Z[HA R //da:d ZZZV,/wkwpwp[ %) €

m? (1 m? _C 9
2 1 . m? (1 m? C
= Brddy LY " ekl ——Ih—+1)-= 24
// ! ylG;wie 2\ Mozt =g ) o)t

(3.19)

where the dots denote three other similar terms arising from the commutator.
Since momentum k is associated with external lines, we have k < M, and w} ~

M?. Including all these contributions we get

o0 21 s AN 1 m? e 2/ Pkl ey

LI op S L —_ikey

2 e //d xd’y (167?2 (_ n 2 + Y o(y) (27)° 12 © '
2

Aim 1 m? o(x)?  N3C o(x)?
_ | B m- A 3
—/d 327r2M2(" ln,u +1> 5 4M2/da: 5
(3.20)

Now let’s consider Figure 3.1(d) which is the last contribution to the two
point function at one loop order. Figure 3.1(d) has both light particle and heavy
particle propagators. It arises also from the expansion of %@ r®2 and is not listed

in eq.(3.14). This contribution is

H22 = 2/d3 Z Z i 2V wkEP ( Z"“Bbpeimc + h.c.) ) (3.21)

k M<p

Similarly, from 4 [HQ,QS’2] + Hff = 0, we can get the 08’2 that corresponds to
HY?,

13



3.2 Decoupling

A —i¢(x) , .
Q2’2:2 3 _1 ikx ipx o .
o [0 DY (e ene)

q M<r

Thus, we need to calculate % [HZ’Q, QS’Q]. After a simple calculation, and normal

ordering we can get:

v 2,2 22 3, 13 )o(y) i(k+p)(z—y)
— |Hy", Q0% = d’xd A2 LA
5 (257, // ray Z Z 14V?wk€p wk+€p)€ ’

B / / d’zd’y Z Z A2 o (2)d(y) el +P)@=y)

o AV IR (VIR O 4 )
(3.23)

In order to calculate this complicated integral, we need to split the forbidding

fraction into two parts:

1
VE2 + MQ\/pQ +m? <\/k2 M2+ \/pz —|—m2>’
B VE2 + M2 — \/p* + m? (3.24)
\/k2+M2\/p2+m2(k2+M2—p2—m2)’
1 1

V2 +m2 (k2 + M2 — p2 — m?2) k2 4+ M2 (k2 4+ M2 — p2 — m?)

Let K+ p = r. We know 7 is total external momentum, thus r is much smaller

than M, which means (k? — p?) < M?. Hence we can write:

1
/p2+m2(k:2+M2—p2—m2)’
1

- m? | k2—p?)’ 3.25
VI (1 4 ) (3.25)

1 2 k2 _ p2 2 _ p2 2
SRS S PR et Ll AR
p? +m2M? M? M? M2

To the order # this gives

m2X\? (1 m? o(x)?  NC o(x)?
/d3 TPoIE (:—1 M—+1> 5 —ﬁ/d‘g’xT. (3.26)

14
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Similarly, the second term from eq.(3.24) gives

1 2 k2 — p2 k2 — p? 2
_ 1+m—— P + P . (3.27)
VEZ + M2M?2 M? M? M?

Straightforwardly, the first two terms in eq.(3.27) gives

5 3 1o A3k d3r 1 ir(z—y) ( mg)
//d xd y/\1¢(a:)¢(y)/(%)3/(2#)34\/@]\42@ y I+ )
B s A1 M2 o(x)? m?

The last two terms are a bit tricky to handle. First, we need to do some modifi-

(3.28)

cation

kK —p*=(k+p)(k—p),
= 2kr — r2.

(3.29)

2
term:

Then we have from the kz}\;f

[ [ @ausiowon [ (jw’j / (;M e (K
= | [ #eeniews | <;l7£/ <ZZ34¢W1WM26"M (Z5).
- [ [ #tnsiewen) [ 55 [ 5 wg;M()#
- [ [ewew Jowetn [ s [ e,
- [ [#eew Fowetn [ S5 (53<x_y>a;>,

= [ @ >A4¢<x>82¢<x> / o ’j AT

(3.30)

15



3.2 Decoupling

To the order

2
2 .2
MQ, we also need to consider the M4) term from (k M%” ) :

Y e ——
_ / / Brd®y No(z)b(y) / (dg];B \/W1M2M6 / (;lzg (kr)? eir@v),
e )
//d3xd3y)\ (2)0% (@ — )02 d(y )32 1M2 (i—ln]‘j—;+g),
- [ ot (3 -wis 4 2) sy

Putting together all the previous results, we can get the total contribution from

Figure 3.1(d) as

(3.31)

N (1w sl NC [, o)
Som® o) [ 3
167T2M2<_ HMJF)/dx 2 2M2/d 2

21 M m? C 1
 16m2 (: N lnu_ i 1) <1 * M2> /d% (g) a 327T2IM2 /dgxi(&b(x))?
(3.32)

Putting contributions from all the diagrams together and taking p ~ M to get rid

of log terms In 2~ HQ , we have the net result of two point functions as

Aom? (1 m? o(x)* N M? (1 o(x)?
— In— +1 d? — -+1 dPr ——

3272 <e "zt )/ YTy T e \e / 9

3AIm? (1 m’ 5 O(2)? AP (1 m’ 5 O(x)?
+327r2M2 (_ lnw—i—l)/dx—Q ~ 162 (E-l—l) <1+M2)/dx—2

A2 ; s (NC BXCN [ b(x)?
_32W2M2/dx§(a¢(x)) +( 1 QMQ)/M 2

There are several finite contributions proportional to C' =

(3.33)

— d3k B
k<M ( ) VEk24+m?2’

however they will not affect the renormalization of H; as we will show in section
3.3. In fact, they will only appear in Hgecouprea and get canceled out in the physical
effective Hamiltonian H.¢; during the matching which will be shown in chapter 4.

Another way to think about the effects of these finite terms is that whenever we

16
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_
N

Figure 3.2 Four point function at tree level.

< >
>©< > NN
(a) (b) (c) (d)
Figure 3.3 Four point functions at one loop level.
have a light field in the loop, our calculation will produce these finite terms along
with (in a linear way) the ”troublesome” large log terms In ]\”}—22 Therefore, as long

as the large log terms can be canceled during matching, we can persuade ourselves

that these extra finite terms will get canceled and will not appear in H.sy as well.

3.2.2 Four Point Function Calculation

In the calculation of Figure 3.1(c) in section 3.2.1, there is one more term from
the commutator % [Hj’l, Qg’l} left undiscussed that contributes to the four point
function at tree level shown in Figure 3.2

l

A2 —1 o
2,1 2.1 . 3 3 1 2 2 T tkx—i
L, _,/ S e e T
d3k .
_ 3 3 2 2 ik(x—y)
e / &' 4! ’

where we have used the condition that k is associated with external momenta and

(3.34)
therefore k << M.

In the loop calculation we will encounter extra finite terms similar to those

we have discussed in section 3.2.1. However we will omit them in our calculation

17



3.2 Decoupling

and check in chapter 4 that all the large log terms In {7 produced in four point
function calculation are canceled out, which implies these extra finite terms will
be canceled too. Furthermore, we will set external momenta to 0, an assumption
that will simplify calculation greatly but won’t damage the physical essence of our
theory.

Let’s consider Figure 3.3(a). This diagram is of order A2, and it arises from
the term % [Hy', Qg'] where HY' comes from the mode expansion of 2 2P ()"

In this expansion we must pick a term of form ¢?x? which gives
Hy= /d3x6 o(x ZZ QV (b be'Ptk)z —i—bTbJr —ilptk)z ) (3.35)

From the equation i [Ha, Qé’l} + H}' =0, we can get the corresponding Q" to
be

it _ [, %0 RICR T - je (K )y o
P [ S e ) e )
(3.36)

Then % [Hi’l, Qg’l] yields

3N (1 m? P(x)t
_ o™ e 8L .
3972 (E n MQ) /d T (3.37)

In this calculation, we have used the approximation that total external momentum

is zero, which means k +p = 0 and ¢, = ¢, = Vk? + m?.

The next contribution is from Figure 3.3(b). The calculation is similar to the

first one except the corresponding H 4 is different. In this case we have

4.2 ) k —1 k
i = [ 0o T X g (7 e 007),

(3.38a)

i , _ié i(K'+p")y ie—i(k:/+p/)y o
ot = [y ZZ auay +
2V oy (wy +wy) © P 2V fogwy (wy +wy) FP

(3.38b)
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3.2 Decoupling

H QI3 0552
First combination (a)

Aag? Aatdivt  Aobbg?
)\16LT¢)2 Alabb AobTbTsz
Second combination (b)

Alabb )\16LT¢2 AobTbTsz
Aalbib? Arag? Aobbo?
Third combination (c)

Arabb Aob'bTg?  Ajal?
Aalbib! Aobbd?  Ajag?
Fourth combination (d)

Aobboy? Aadiot - \ag?
AobTb 2 Arabb Aal¢?

Table 3.1: Combinations of —3 HHj’?’,Qé’S’I} ,Qé’?”g} that contribute to Figure
3.3(c).

Following the similar calculation we are able to get the result:

E[Hjﬁ,ﬂgv?] __3% (l—m E) / diz 200 (3.39)

2 3272 \ e 112 41

Let’s now consider the contributions that correspond to Figure 3.3(c). Notice
that, in this diagram, we have the product of coupling constants as AgA%, which
means we need —3 [[Ha, Qo] , Qo] — 3 [[Hp, Q) , Qo] from eq.(3.6). For clarity, we
label H4 in the commutator as H3®, the first Qg next to H3* as Qg*", the second
Qo as Qy** and Hp as Hy’. There are many ways to pick Hy”, Qg>', and Qy*?
in —% HHjS,Qé’S”l] ,93’3’2], and we split them into four kinds of combinations
shown in Table 3.1. We will show the explicit calculation of the first combination
Table 3.1(a) and put the calculation of other combinations in the appendix A.

Considering the following terms from the first combination Table 3.1(a):

g3 _ ﬁ/d% Z ¢(x)? apei®® (3.40a)
A 2 —~ \/2Vwy, ’

431 A1 3 Z Z Z ieii(k#pﬂ)y
Qy™ = —/d Yy
2 g V)2 i, (wy + € + €,)

_Z'ei (pl+ql)z

4,3,2 Ao 3 2
R ZZgb(z) 5 b b, (3.40c)
p q

al, bTbl, (3.40Db)

kK pra

P g
/Epleq/ (Ep/ —I— Eq/)
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3.2 Decoupling

We first calculate [Hj’?), 93’3’1}

otk o7 (k' +pta)y

0] =2 [ @ [ @yo PRRRIT

Wty €p€q (Wi + €p + €g)

[ak, Lb;bjl},
etk(@—y) o —i(P+a)y
S / d bybY,
/ uole ZZZ (2V) wk\/E(wk—i—ep-i-Gq) !
i\2 —i(pta)z

bibt.
16 ZZVMﬂ/epeq(MqLep—l—eq)pq

(3.41)
In the above calculation, we also use the assumption that total external momentum
is 0, which implies the momentum £ associated with heavy particle is therefore 0

and w, = M. Then we have

1

_gHHj‘,S’Qg,&l}’Qé,SQ _ ig;o/dg /d3 ZZZZ¢

¢ (p +q )Z—Z(IH'Q)fB

bibt. b, b,
2VEM, fepeqe, g (Ep’ + Eq/) (M +e,+¢€) [ pra ] '

i(p+q)(z—2)

)\%AO 3 3 2 2 e

~ 192 /d x/d : Zp:%:ﬂw o) 2V2Me3 (M + 2¢p)’
)\%)\0 3 4 dgp 1

T 192 / Tz () / (27)° 2V2ME (M + 26,)’

where we have used the fact that p+q = k = 0, and thus ¢, = ¢,. Finally, taking

(3.42)

the Hermitian conjugation into consideration, we have the result of combination

Table 3.1(a) to be

A2 &p 1
d? ! / : 3.43
96 / T | on)? SVENIE (3 + 26y) (3.43)
Combinations Table 3.1(b) and Table 3.1(c) will yield the same result:
A Ao d®p 1
O |
96 / o) (2m)3 2M?2e3 (3-44)
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3.2 Decoupling

Hé,i& 93,3,1 03,3,2
MbTbTa  Agbbd? Aale
Mbfbfa Aated?  Agbbg?
Mafbh  Aag?  AbTbig?
)\1(1,Tbb )\DbthQQ )\1(L¢2

Table 3.2: Combinations of —3 [[H§3,Qé’3’1] ,93’3’2} that contribute to Figure
3.3(c).

Table 3.1(d) will give

A2\ d3p 1
é_6 /d3:17 ¢($)4/ (2m)3 M2e2(M + 2¢,) (3.45)

Adding all four kinds of combinations together, we will get

A2\ dp L 1 L
d3 4/
96 / z ¢(z) (277)3 (M%}% (M + 2¢,) + 2e3M (M + 2¢,) " Mz} 7
A2\ d’p 1
_ d3 4 -
o1 / v () / (QW)S M2€g’

Dok [ 601,

T 327202 4] € 2

(3.46)

The combinations of —3 [[H}‘;’3,Qé’3’1] ,93’3’2] are shown in Table 3.2, and the

3A2 )\ s o(x)* (1 m?

result is

Therefore, the total contribution from Figure 3.3(c) is

3A2 o s o(x)t (1 m?

As for the Figure 3.3(d), only the term —3 HH%A,QéA’l} ,93’4’2} will con-
tribute. Similarly, we divide the whole commutator into several kinds of combina-
tions shown in Table 3.3 and calculate them respectively. We will give the resul

of each kind of combination directly and put the explicit calculation in appendix
A.
Table 3.3(a) will give
pYO d3k 1
d3 4/ . .
ol / ro@’ [ ¢ (3.49)

27?)3 wiesr (wg + ek)2
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3.2 Decoupling

i Qi 05
First combination (a)

AobTb 2 Ma'bio  \abg
)\QbTbQSQ )\16Lb¢ AlaTngb
Second combination (b)

Aiblag Aafbig  Aobbg?
Aalbe Arabg AobTb ¢
Third combination (c)

Aiblag Aobbd?  Aa'b'e
Aalbig Aob'bTg?  N\jabg

Table 3.3: Combinations of —3 [[H#?Qé"L’I] ,93’4’2} that contribute to Figure
3.3(c).

Since Table 3.3(b) and Table 3.3(c) only differ from an exchange of Q"' and

Qé’“, they will give the same result:

)\2)\0 3 d3p 1
e / Pz o(x)* / o TP (3.50)

Adding all three results together we will have

1 44 44,1 4,42 >\ >\0 / 3 4/ d*k 1 1
_ H ) 7Q yEy 7Q ) Ey — d +

(3.51)
Let’s consider f M— first,

(27)% wr€d (wr+ter)

/ (;ljrl;‘3 Wiy, (‘jk ter) / (;l:;?’ (62 (M21— m?)  wied (W + Elk) (wr — Ek)) ’

~ [ o (a7~ s w0
(3.52)

Calculation of f ﬁ % is straightforward, and we save it for later. Now con-

sider

/ d3k 1 1
2m)° \ € (wp +€r)®  wreq (Wi +ex) (we —ex) )

B / Bk —2¢;

(27m)° wie (wi, + )’ (W — €x)
_/ d3k —26k (wk—ek)
A

27m)° wi€l (wi + )’ (wr — &)’

N/ Sk (=2 2
- (271')3 EkM4 wkM4 ’

(3.53)

b
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3.3 Renormlization

To the order O(ﬁ)7 we only need to keep [ (ggT])“?, —2_ In total we have the

wkM4

contribution from Figure 3.3(d) to be

A2\ Eho( 2 1
d3 4
16 / JJ¢(I) / (27T)3 <(UkM4 + GLZ_MQ) ’
)\%)\0 3 4 1 M2 1 m2
:_647r2M2/d x ¢(x) ((g%—l—ln?)—(g—mﬁ))m:, (3.54)

3AoN? M? m? 5 o(z)
:_87T2M2 <1—11’1F—|—1n§ /dl’T

Taking i = M and summing the contributions from the four diagrams together,

we get the final result of four point functions at one loop level, up to order O(#):

3N (1 m? o(x)* 3N 1 o(x)*
- S om d3———2—/d3—
3272 (E nM2>/ T T 3me ) T Al

3A2 N\ 1 m? 3 o(x)? 3A2 o m? 3 P(x)*
+ w2 (E_IHW>/M i s\ e /“—41

(3.55)

3.3 Renormlization

We argued in section 2.3 that the UV divergences in the calculation of Hgecoupied

contain information regarding the renormalization of H;. Let’s first write H; as

1 1 )\bare
Hl = /de 5(8@5[)("6([['))2 + §mgare¢l2)are('r) + %Qﬁare(l‘)a (356)

and then introduce the renormalization Z factor such that

¢bare =V Z(b(b, (357&)
Mpare = V me; (357b)
Ao = 75 Ao (3.57c)
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3.3 Renormlization

Expanding these 7Z factors in terms of %, we have

1 1

Zy =1+464(2) + 0(5), (3.582)
1

I =14 0,,(2) + 0(5), (3.58b)
1 1

Zng = 14 5§0(g) + O(E_Q)‘ (3.58¢)

Implementing these expansion, we can rewrite H; as

1 2 1 2 2 )\0 2
Hi= [ #2300@)? + Gme?(a) + J6*(

/ X \ (3.59)
505(00(2))? + 5 (04 + 8,)m? ¢ (x) + 77(205 + 83,)6(z) + Ol

7)-

1
€

Using M S scheme, we can cancel the UV divergences in Hgecoupiea by counterterms

in H;. From two point calculation in section 3.2.1, we have UV divergence:

Aom? A M? A2m? A\ 1 5 0°(7) )
— — — d’x 3.60
( 3272 3272 * 32m2M? 1672 '/ 2 (3:60)

From four point calculation in section 3.2.2, we have UV divergence:

3N 3\ 3X2 o 3 q54(x)
- — d’x . 3.61
( 3272 3272 * 1672 M? '/ 4 (3:61)

Since, there’s no term proportional to the momentum, we know c% = 0. Then we

can use the following renormalization conditions:

hm? eM? Xm? A2\ 1 #(x)
Sim?4 (-2 -2 T /d3 =0, (3.62
(mm +( 3072 3272 | 32m2M® 1672 ) ¢ 2  (3.622)

(&OAO * <_332/f2 - 33;52 * 122232) %) / ' % =0, (3.62b)
to obtain

35 =0, (3.63a)

b= (B + B w1 0 GO

O = Aio <332A7§2 332A7§2 - 122232) - (3.63¢)
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3.3 Renormlization

which agree with the results from the traditional renormalization in a Lagrangian

framework.
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Chapter 4

Construction of Effective Field

Theories

In this chapter we will use the results from chapter 3 to construct the effective
field theory up to order O(#), and show the extra finite terms in Hgecoupiea are
indeed canceled during matching.

In Hecoupled, at tree level up to order O(ﬁ), we have (Ao — %) [ &z %
that corresponds to Figure 4.1(a) and Figure 4.1(b). First, matching the decoupled
Hamiltonian at tree level onto the low energy subspace, we have

)\1 4 A
Heff = /d?’w %(305(%))2 + %m%?(x) + (Ao — %)%! )4 0(%). (4.1)

As we claimed in section 2.3, to proceed to one loop level, we need to decouple and
renormalize H é;ﬁf as well. To do this, we first change the low frequency modes ¢’s
in H¢ back to the full light field ®7. Then we can follow the similar process to

decouple the high frequency and low frequency modes by unitary transformations.

H;lecoupled - <0high| w/THg}j‘ew/ ‘th’gh> ’ (42)

where H C'lecoupled is the decoupled Hamiltonian corresponding to H/ and w' is the

corresponding unitary transformation.
First, we have a contribution from a two point function shown in Figure 4.2.

The calculation here is similar to the calculation of Figure 3.1(a), and we only
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Figure 4.1 Tree level contributions in Hyecoupled-

@

Figure 4.2 One loop two point function contribution in H(;

ecoupled

need to substitute Ay with g — ?Miz Therefore, the result is

m2

3)‘% 1 m? 3 ¢2(95) Ao ?\ﬁ 3 ¢2(5U)
_ SN 1 A\ (4.3
where C' = —fk<M Lk 1

o) ViTr? is the same as in section 3.2.1. Then we do the

renormalization in M S scheme to cancel out the divergent part and take pu ~ M.
The finite terms left are

m? 3N? m? 5 *x) Ao — —?\22 5 ()
— — )= 1n— 7 4.4
3 5 (Ao 5)(—1In 2+1)/dm 5 + C’/dx 5 (4.4)

To do the matching, we use the finite terms in eq.(3.33) from section 3.2.1 to

subtract eq.(4.4) to get the two point interactions to be added in H

oneloop
eff
Ao M? AT Aim? 5. 0°(@) A 3. 1 2
<_ 3272 1672 16722 /d Ty T 327T2M2/d 2 5(99(z))".  (4.5)

As we expect the extra finite terms are all canceled out along with the large log

terms during matching and will not appear in the effective Hamiltonian.

We can then consider the contribution from the four point function shown in

Figure 4.3. Again the calculation is similar to the one of Figure 3.3(a), and we
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™~

Figure 4.3 One loop four point function contribution in H(Iiecoupled

/\

only need to substitute \g with \g — 3 . Hence, we have

Ve 4!

3 ()\0 - i)2 m2 4
After renormalization, up to order O(ﬁ), we are left with

3N 9INZ N m? 5 oY (x)
- In d’x . 4.7
<327r2 1672 M? M2 / 4! (4.7)

Using the finite terms in eq.(3.55) from section 3.2.2 to subtract eq.(4.7), we get

the four point interactions to be added in Hg}l;lmp as

(4.8)

3)\0)\% 3 ¢4($)
_87T2M2/dx A

Large log terms are again canceled during matching as we expect. In conclusion,
up to order O(ﬁ), the effective Hamiltonian at one loop level so constructed
based on our theory is

1 1 Ao M2 A2 2 2
H:;L;loop /d3x—(3¢(az))2 + §m2¢2(x) . (3227T2 4 16;2 (14 ﬂ)) »*(x)

B2 3NN olz) A2 1 ,
<A0 e 87r2]\/[2) i o2 90
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Chapter 5

Discussion

In this thesis we have shown the consistency of the approach to Hamiltonian renor-
malization which emphasizes its basic origin as due to the entanglement between
the low and high energy modes of the theory. Using unitary transformations on
states to decouple the high energy modes from the low energy ones and projecting
the transformed Hamiltonian to the low energy subspace, correctly accounts for
renormalization effects and the property of decoupling in quantum field theories.
We have also shown how the same approach can be consistently used in the con-
struction of effective field theories. The next step would be to understand how
different measures of entanglement like entanglement entropy and mutual infor-
mation may be used to analyse the properties of decoupling and to shed light on
another striking property of quantum field theories, namely the insensitivity of

the low energy physics to the details of the short distance structure.
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Appendix A

Appendix for Chapter 3

A.1 Explicit Calculation of Figure 3.3(c)

Since combination Table 3.1(b) and Table 3.1(c) only differ from an exchange of
93’3’1 and Qé’g’g, they will yield the same result. Let’s consider the following from
Table 3.1(b):

z(k+p+q
43 3
i = [ zzz T et (A1)
Q431 / T/ ~ik'y A.1b
Z A/ vak/wk c ’ ( )
~i(p+d )

A
Qa2 = 0/ 3 "ol Al
@z ZZ¢ 2Vm(e/+e,)b b, (A.lc)

The first commutator gives

ciktpta)z— iK'y

N2
03] = 28 [ | d3yZZZZ e (il
‘ p+Q) Bk
:Té/ddx/dgyzz V\/_eqw/( 27)° 3 €V (y)2b,b,,
ix2 i(p+q)z
N 16/ ZZVM2 €p€q
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A.1 Explicit Calculation of Figure 3.3(c)

The second commutator is

([ 0] 08 = =20 [ o0 [ @z o0
z(p+q)a3 1(p +q)

ZZZZ VMR, ey (6 + )

A%AO &Ep 1
S [y [ 1
64 / w0 | rF e

[b,,bq, bl, bH :

(A.3)

As a result,

1 43 H4,3,1 4,32 Mo dSP 1
3 90 7] =Ty [ dwo)t (2m)° 2M2€} (A4)
p

and consider the Hermitian conjugation we have the final result for both Table

3.1(b) and Table 3.1(c) to be
A2 Bp 1
O ,
96 / w0 | P e (A-5)
For the combination Table 3.1(d), we have

HY = / A’ Z Z QVi;q_eq (A.6a)

. —z (k—i—p, +q,)y

A
Qi = /d3 2 o0, (A6
Z Z Z 2V 3/2 wke /E - (Wk + Ep/ _'_ Eq/) a/k; P q ( )

(A.6¢)

QLs2 = /dg
Z \/QVwk/wk
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A.1 Explicit Calculation of Figure 3.3(c)

Following similar steps, we first calculate the commutator inside:

P —z(k+p'+q')y

[Hi3’9431 :Mo)q/dg /d3y¢ ZZZZZ G 5/2

[b b, afbl,b! ] ,

w Te& T+ Eq’)

2¢i(pta)(z—y)—iky

Z/\1>‘0 / 3 / 3 1
= dx [ &yo(x a,.,
ZZZ 2V 5/2 /—Epeq (Wk; + €p + €q> k
iAo / ; / ; kv o
= d’r | &’y o(x
ZZ (2V) 3/2 ¢2 \/_(wk+2€p) “
/Mei(zﬂrq)(w—y)
(27)’ ’
2)\1)\0/ —zkm T
(A.7)
The total commutator is
iklz—ik:w

HHj,L%’QzOL,g,l] ’93,32 _ A >\0 /d3 /d3z¢ ZZZ (2v)
p
e

X @p 1
== | & 4 / .
61 / 2O | oy M (M 1 26,)

2Ok wy (Wi + 2€,)

(A.8)

Therefore,

1 43 4,31 4,32 )\%)\0/ 3 4/ d*p 1
—— ||H?, Q577 , Q7 = —— [ d ) )
3 W5 0] 0] = 35 e (27)% M2€2 (M + 2e,) (A.9)

Considering the Hermitian conjugation, the final result from the combination Ta-

ble 3.1(d) is

M d*p 1
96 / ol )4/ (27)® M2€2 (M + 2¢,) (A.10)

Calculation of the contributions from —1 [[Hég, Qé’?”l} ,Qé’?”ﬂ is very similar

to the calculation of Table 3.1(b) and Table 3.1(c).
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A.2 Explicit Calculation of Figure 3.3(d)

A.2 Explicit Calculation of Figure 3.3(d)

In terms of Table 3.3(a), let’s consider the following:

Hy' = /d3 Z Z 2V\/_€q (A.11a)

. fz<k:+P )

Qett = /d3 A albl, A.11b
y1¢ ZZZVW(A)}C—FE')]CP’ ( )

ie i(k'+d')2

4,4,2 3
Qp /d 2 Mo(z ZZ Ve o +€q/)ak by (A.11c)

The first commutator is

44 44, 1 Z/\O/\l 3 3 —ip-g)o—i(k+p )y
3 0] = 5 [ [ oo WYL i

N (wk + ep')

[bTb ,aTbT,] ,
—ipxr—iky

Z/\O/\l 3 3 l Lai
— /d /d y¢ ZZZ V2 GkaGq wk+€q)bpak7

fzpw iky

Z)\[)>\1 —ipr—iky
— bial
8 / ZZVJ Epwrep (Wr + €p) P
(A.12)

where we have used the condition that external momenta are zero, and therefore

|k| = |p| = |g|, which gives €, = ¢;. The second commutator is

k05 047 = 2020 [0 [ ot DOHBI

o <I<:/+ql>z7i(k+p)m

bTaT,a /b/],
WrWy €€y (we + €p) (wk + € /) € [ Pk Tk g

_)\0 5 5 i(k+p)(z—x)
/d /dng ZZV2wke2

(wi + ep) 2

—Ao\? A3k 1
— 01 /d?’x gb(a:)4/ R 5
16 (27T) W€, (Cdk + €k)

(A.13)
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A.2 Explicit Calculation of Figure 3.3(d)

Considering the Hermitian conjugation, we will get the final result for Tabel 3.3(a)

as:

Ao\ d*k 1
o / Prp(x) / . - (A.14)
16 (27)° wie? (wi + €x)

Table 3.3(b) and Table 3.3(c) will give the same result, and we consider the

following:

z(k p)w
4,4 3
H}, _Al/d z oz ZZW wkE (A.15a)

. (k: +q>
Qo = / & al,bf A.15b
0 y oy sz/m (W + €9) Ay > (A.15b)

2 ()

Q4’4’2 10 . Al
0 ZZ21/\/7 e/+e/)b”bq (A.15¢)

First commutator is

z(k p)r— z(k +q>

44 4417 2 3 3
[HB,QD ]_Ml/d:c/dygb 22224‘/2\/@(%@"‘6@)

[akb;, ak’Tbg] ,

zp:):—zqy

ix2
=20 By [ bib!
4/ x/ yolr ZZZV%% peq wk+e)pq’

p+q)

z)\
- bibt.
[ Peoer D g i

(A.16)
Again, we use the condition that external momenta are zero, and rewrite wy as

wp, since |k| = |p|. The second commutator gives:

[y 0] 042 = 220 [ [ o) FEYTY

e—i(p+q)m+i (Pl +q ) z

+
QVQwPW (5 ; + € ,) (wp + Eq) [bpbq’b b } )

_)\ )\0 elpta)(z—z)
B | &P
/ / 2oz Z Z Vzwpepeq €p + €q) (Wp + Eq)

XN [ [ & .
I / T pl) / (2m)* wpep (wp + 6)
(A.17)
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A.2 Explicit Calculation of Figure 3.3(d)

Considering the Hermitian conjugation, we will get the final result for both Table

3.3(b) and Table 3.3(c):

A?%);o / &z ¢(z)* / (dgp ! (A.18)

27T)3 wpe;% (wp + Ep)'
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