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ABSTRACT

The estimation of conditional dependence graphs and precision matrices is one of the most
relevant problems in modern statistics. There is a large body of work for estimation with
fully observed and independent data. These are, however, often unrealistic assumptions for
real-world data applications. So extensions are needed to accommodate data complications
more suited for actual data analysis. In this thesis we address the methodology, theory, and
applications of covariance estimation with these complications.

We focus on a data setting with both dependence and missingness. To model this,
we use a matrix-variate model with a Kronecker product covariance structure and missing
values. This model allows for correlations to exist both between the rows and between the
columns, and is commonly used in fields as diverse as genetics, neuroimaging, psychology,
and environmental science, where estimating and/or accounting for dependence is often a
primary concern. We develop prototypical column- and row-wise precision matrix estimators
for single data matrices with missing data. We show initial concentration of measure bounds
on entry-wise consistency for data with mean structure and multiplicative errors, and develop
corresponding rates of convergence for the joint mean and covariance estimation in high-
dimensional settings.

To implement these estimators, we first solve a general implementation issue with graph-
ical Lasso-type estimators designed for use with noisy and missing data. These estimators
often result in non-positive semidefinite input matrices to the graphical Lasso, which can
result in pathological optimization issues. We show how this problem can be fixed with
modified objective functions and develop a feasible and efficient algorithm for solving the

graphical Lasso with these modifications. This algorithm can be used not only for our

x1



method, but also to implement a wide variety of graphical Lasso extensions that involve
non-positive semidefinite inputs.

Finally, we use our methods to explore a dataset of voting records from the U.S. Senate,
where we expect there to be connections both between similar or opposed senators as well
as between bills that may share characteristics or topics. This dataset exhibits missing data
and has mean structure due to the two-party system, and in particular we are interested in

estimating relationships beyond just those dictated by this party structure.
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CHAPTER I

Introduction

The estimation of conditional dependence graphs and precision matrices is one of the
most relevant problems in modern statistics, with application domains spanning many fields
ranging from genetics to neuroscience to economics and political science to environmental
science. When assuming that data come from a multivariate Gaussian model, standard
results show that estimating the conditional dependence graph can be done by estimating
the structure of the associated inverse covariance, or precision, matrix. A wide body of
work proposes methods to perform this estimation, most of which use a similar ¢;-penalized
likelihood approach which we will refer to as the graphical LASSO (Banerjee et al., 2008;
Friedman et al., 2008; Ravikumar et al., 2011; Rothman et al., 2008; Zhou et al., 2010). These
procedures generally follow the form of first constructing a positive semi-definite (PSD)
estimate of the covariance or correlation matrix with favorable convergence properties, then
using that as an input into a graphical LASSO or nodewise regression program that produces
a sparse estimate of the precision matrix.

Classically, graphical Lasso-type estimators are M-estimators that take the form

O € argmin {tr(fn@) — log det(©) + gA(@)} )
60

A

given an input covariance estimate I, and a penalty function g,(©), which is often the

element-wise ¢;-norm.



Many of the results in this area focus on estimating the conditional dependencies between
variables with fully observed independent and identically distributed (i.i.d.) observations
with zero-mean. These are, however, clearly unrealistic assumptions for many real-world data
applications. So modern methods often extend these methods to include data complications
more suited for the complex data encountered in modern data analysis.

Note that we focus on graphical Lasso estimators rather than the closely related neigh-
borhood selection estimators, that generally utilize multiple node-wise regressions that are
later combined with an AND or OR rule (Meinshausen and Biihlmann, 2006; Yuan and Lin,
2007; Zhou et al., 2011). This is due to the masking strategies that we use throughout the
work to handle missingness, that are in general more difficult to adapt to the nodewise esti-
mators. Future work includes developing the methodology and theoretical results necessary

to extend these methods to their corresponding node-wise estimators.

1.1 Precision Matrix Estimation with Noisy and Missing Data

One of the complications that arises with real data is missing, noisy, or incomplete data,
and so it is natural to extend these methods to those settings. Many methods have been
developed along these lines. Lounici (2014) and Loh and Wainwright (2015) perform graph-
ical model estimation with missing or corrupted data using a modification to the covariance
estimate first presented by Hwang (1986). There are many methods dealing with error-in-
variables, including Rudelson and Zhou (2017), Park et al. (2017), Belloni et al. (2017) and
Greenewald et al. (2017), which allow for various types of dependent noise.

A common issue, however, that arises in many of these models is that the input covariance
estimate is no longer PSD. This makes it difficult to ensure that the optimization works as-
desired, and until our work the effects of these non-PSD inputs were not well-understood.
Note that these types of non-PSD inputs also arise in the closely related Gaussian copula
models used for semiparametric graph estimation and estimation with ordinal or mixed data,

which therefore face similar problems (Liu et al., 2012; Fan et al., 2017; Feng and Ning, 2019).



In Chapter II we explore this problem of performing precision matrix estimation with
noisy and missing data, and in particular we develop optimization objectives and algorithms
for use when the input matrices are not PSD. In order to ensure that these estimators are
well-behaving with non-PSD input, we impose a side constraint of the form p(©) < R, where
p is a convex function, similar to the one suggested in Loh and Wainwright (2015). Here we

focus on the estimator using the operator norm as a side constraint

6 ¢ argmin {tr(fn@)—logdet(@)+ g,\(@)}. (1.1)
©x0,[®]2<R

Unfortunately, this additional constraint precludes using existing methods to solve the
penalized objective with non-PSD input. To close this gap, we develop an alternating direc-
tion method of multipliers (ADMM) algorithm to solve (1.1) efficiently. Although we focus
on applications with missing and noisy data, this objective and algorithm can be applied to
any graphical LASSO-type estimator with non-PSD input, and provides a practical method
for solving these problems without relying on existing PSD-based solvers that can become
degenerate in these scenarios.

We conduct empirical studies comparing this method to several other precision matrix
estimators and show that it compares favorably. We also explore the use of non-convex
regularizers such as SCAD and MCP, of which much recent work has focused on due to their
favorable model selection properties (Fan and Li, 2001; Zhang, 2010; Loh and Wainwright,
2017) with fully observed data. Our simulation study reveals several trends in performance
that are not present in the fully observed case, in particular showing that non-convex penal-

ties tend to introduce undesireable instability and estimation error in the non-PSD setting.



1.2 Covariance Estimation for Matrix-Variate Data with Missing

Values and Mean Structure

Another data complication of particular interest is adding dependence between the obser-
vations. The matrix-variate model, which allows for dependence along both axes of the data
matrix, is an increasingly popular model for doing this. Its ability to model relationships
between observations as well as covariates makes it useful for analyzing data with temporal,
geographical, or other network relationships between them. Thus, applications for matrix-
variate models often arise in biology, genetics, economics, climate science, and many other
fields, where it is important to use methods that are at least robust to these types of depen-
dencies. Specific applications include genomic data, where sample-side correlations can both
be intentional due to the experimental design or unintentional as described by Efron (2009),
spatial-temporal data such as brain imaging or environmental data (Genton, 2007, Wang
et al., 2016; Qiu et al., 2016; Shvartsman et al., 2018; Glanz and Carvalho, 2018), or panel
data from surveys over time or financial panels (Hatfield and Zaslavsky, 2018; Wang et al.,
2019; Chen et al., 2020). In the fully-observed setting there is a long line of work on estimat-
ing these models (Dutilleul, 1999; Werner et al., 2008; Yin and Li, 2012; Leng and Tang,
2012; Tsiligkaridis et al., 2013; Zhou, 2014; Chen and Liu, 2019). Note that this model also
has a history in psychology and medicine, usually within the context of repeated measures
studies (Galecki, 1994; Naik and Rao, 2001). We, however, will focus on applications with a
single 2-dimensional data matrix.

Data in these settings, however, are also often collected with missing values (Little and
Rubin, 2014). Factors as varied as nonresponse, equipment failure or limitations, measure-
ment errors, human mistakes, or data corruption can all result in incomplete data matrices,
which most methods are not prepared to handle. Since deleting incomplete cases is inefficient
for even small missing rates, researchers generally impute the missing values. In a matrix-

variate setting we cannot rely on independent observations, however, so existing methods



for imputation are generally not appropriate. Allen and Tibshirani (2010) present a method
for covariance estimation and imputation in this matrix variate setting. Their full EM-type
algorithm is, however, computationally infeasible for even moderate datasets, and the focus
of their work is therefore on approximate algorithms designed for imputation. We instead
focus on parameter estimation in high-dimensional settings.

In Chapter III we propose methods for estimating both the row- and column-wise preci-
sion and covariance matrices in matrix-variate data settings with missing data. In particular,
we incorporate missing values with varying sample rates by column. These are based on the
graphical Lasso estimator and assume sparsity in the inverse covariance (or precision) matrix
and therefore also in the undirected graphs that they encode (in the Gaussian case). We
establish the conditions required for consistency and present the convergence rates of our
estimators, which attain the same rates as in the fully observed setting when the missing
rates are fixed. Proofs for the results in this chapter are deferred to Chapter V.

In Hornstein et al. (2019), we developed an extension of the matrix-variate estimators in
Zhou (2014) to a setting with two-group means in the fully observed case. Motivated by an
persistent problem in genomics research, where test statistics for mean differences are often
observed to be miscalibrated, likely due to row-wise dependence (Efron, 2009), we developed
methods for joint mean and covariance estimation in this setting.

We therefore also extend our matrix-variate estimators with missing data to similar
settings with two-group mean structure. We show that we can still prove consistency and
convergence rates when jointly estimating both the mean and precision matrices, despite
significant complications that arise around the interaction of missing values and the joint
mean and covariance estimation. We present methodology for extending these estimators to
setting with unknown groups labels or more flexible mean structures.

In Chapter IV we apply these methods to a dataset of voting records from the U.S.
Senate, where we expect there to be connections both between similar or opposed senators

as well as between bills that may share characteristics or topics. Here, by removing the party



means for each bill, we focus on connections beyond those of encoded in the mean structure.
Instead, we isolate relationships in the covariance structure of the errors, and we use these
to conduct an exploratory analysis, finding both expected and interesting novel relationships

and patterns.

1.3 Notation

For a matrix A = (a;;) € R™™, we denote the spectral or operator norm as ||A||2, the
Frobenius norm as || A/, the entry-wise max norm as ||Al|«, the entry-wise ¢; norm as |A|,
the entry-wise ¢y norm as |Aly, and the matrix one-norm as ||All; = max; >,  |a;;|. Let
|Al1 o and |Alo s denote these norms applied to the nondiagonal entries. Let |A| denote
the determinant and tr(A) denote the trace. Let ¢;(A) denote the eigenvalues of A, with
Gmax(A) and Ppin (A) being the largest and smallest eigenvalues, and x(A) being the condition
number. Let diag(A) be the diagonal matrix with the same diagonal as A, and let I be the
identity matrix. For a,b € R we denote a Vb = max(a,b) and a Ab = min(a, b). For matrices

A e R™™ and B € RP*? we denote the Kronecker product as

aHB almB
A® B = : : S

amB - apmB

For A, B € R™™ we denote element-wise (Hadamard) multiplication and division as Ao B

and A @ B, respectively.



CHAPTER II

Precision Matrix Estimation with Noisy and Missing

Data

Undirected graphs are often used to describe high-dimensional distributions. Under spar-

sity conditions, these graphs can be estimated using penalized methods such as

6 € arg min {tr(fn@) — log det(©) + g,\(@)} : (2.1)
e>0

where T, is the sample covariance or correlation matrix and g, is a separable (entry-wise)
sparsity-inducing penalty function. Although this approach has proven successful in a variety
of application areas such as neuroscience and genomics, its soundness hinges on the positive
semidefiniteness (PSD) of [,. If [, is indefinite, the objective may be unbounded from
below.

In order to ensure this penalized M-estimator is well-behaving, Loh and Wainwright
(2015) impose a side constraint of the form p(©) < R, where p is a convex function. Here

we focus on the estimator using the operator norm as a side constraint

© € argmin {tr(fn@) —log det(©) + g,\(@)} : (2.2)
©20,[0[l2<R

Loh and Wainwright (2017) adopt this method and show in theory the superior statisti-

cal properties of this constrained estimator. Their results suggest that the addition of a



side constraint is not only sufficient but also almost necessary to effectively untangle the
aforementioned complications.

Unfortunately, this additional constraint precludes using existing methods to solve the
penalized objective with non-PSD input. To close this gap, we develop an alternating direc-
tion method of multipliers (ADMM) algorithm to implement (2.2) efficiently.

The remainder of this chapter is organized as follows. In Section 2.1, we provide an
overview of existing related work and describe in detail the optimization issues that arise
from indefinite inputs and nonconvex penalties. In Section 2.2, we present the proposed
ADMM algorithm and present some convergence results. Section 2.3 provides numerical
examples and comparisons. Finally, we summarize the empirical results and their practical

implications regarding choice of method in Section 2.4.

2.1 Problem formulation and existing work

There is a wide body of work proposing methods to perform precision matrix estimation
in the fully observed case, including Meinshausen and Biihlmann (2006), Yuan and Lin
(2007), Rothman et al. (2008), Friedman et al. (2008), Banerjee et al. (2008), and Zhou
et al. (2010), most of which are essentially a ¢;-penalized likelihood approach (2.1) which we
will refer to as the graphical Lasso.

Recent work has focused on using nonconvex regularizers such as SCAD and MCP for
model selection in the regression setting (Fan and Li, 2001; Zhang, 2010; Breheny and Huang,
2011; Zhang and Zhang, 2012). Loh and Wainwright (2015, 2017) extend this analysis to
general M-estimators, including variants of the graphical Lasso objective, and show their
statistical convergence and support recovery properties. Estimators with these penalties
have been shown to attain model selection under weaker theoretical conditions, but require
more sophisticated optimization algorithms to solve, such as the local linear approximation
(LLA) method of Fan et al. (2014).

A

In a fully observed and noiseless setting, I',, is the sample covariance and guaranteed to



be at least positive semidefinite. Then, if g, is the ¢;-penalty, the objective of (2.1) is convex
and bounded from below. In this setting, one can show that for A\ > 0 a unique optimum
O exists with bounded eigenvalues and that the iterates for any descent algorithm will also
have bounded eigenvalues (for example, see Lemma 2 in Hsieh et al., 2014).

When working with missing, corrupted, and dependent data, the likelihood is nonconvex,
and the expectation-maximization (EM) algorithm has traditionally been used to perform
statistical inference. However, in these noisy settings, the convergence of the EM algorithm
is difficult to guarantee and is often slow in practice. For instance, Stadler and Bihlmann
(2012) implement a likelihood-based method for inverse covariance estimation with missing
values, but their EM algorithm requires solving a full graphical Lasso optimization problem
in each M-step.

An alternative approach is to develop M-estimators that account for missing and cor-
rupted data. For graphical models, Loh and Wainwright (2015) establish that the graphical
Lasso, including when using nonconvex penalties, can be modified to accommodate noisy or
missing data by adjusting the sample covariance estimate.

These modified estimators depend on the observation that statistical theory for the graph-
ical Lasso generally requires that ||T', — %||o converges to zero at a sufficiently fast rate (e.g.
Rothman et al., 2008; Zhou et al., 2010; Loh and Wainwright, 2017). When considering
missing or corrupted data, it is often possible to construct covariance estimates I, that
satisfy this convergence criteria but are not necessarily positive semidefinite. In fact, in
high-dimensional settings T, may even be guaranteed to be indefinite. Attempting to in-
put these indefinite covariance estimates into the graphical Lasso, however, presents novel
optimization issues.

Unbounded objective. When attempting to move beyond the ¢; penalized case with
positive semidefinite input, the problem in (2.1) becomes unbounded from below, so an
optimum may not necessarily exist. This issue comes from two potential sources: 1) negative

eigenvalues in I',,, or 2) zero eigenvalues combined with the boundedness of the nonconvex



penalty g\. For example, consider the restriction of the objective in (2.1) to a ray defined

by an eigenvalue-vector pair o1, v; of I'y:

fI+ tvlvlT) = tr(fn) + ttr(fnvlvlT) —log(1+1t)+ g,\(tvlvlT) 23)
2.3

= tr(T,) + toy — log(1 +t) + gx(tvyo?).

If oy < 0, we see that f is unbounded from below due to the to; and —log(1 + ¢) terms. In
fact, if o1 = 0 and g, is bounded from above, as is the case when using standard nonconvex
penalties, the objective is also unbounded from below.

So unboundedness can occur anytime there is a negative eigenvalue in the input matrix,
or whenever there are zero eigenvalues combined with a nonconvex penalty function g,.
Unboundedness creates optimization issues, as an optimum no longer necessarily exists.

Handling unboundedness. In order to guarantee that an optimum exists for (2.1),
an additional constraint of the form p(©) < R can be imposed, where p is some convex
function. In this paper, we consider the estimator (2.2), which uses a side constraint of the
form ||©|]s < R. Loh and Wainwright (2017) show the rates of convergence of this estimator
(2.2) and show that it can attain model selection consistency and spectral norm convergence
without the incoherence assumption when used with a nonconvex penalty (see Appendix E
therein), but do not discuss implementation or optimization aspects of the problem.

To our knowledge, there is currently no feasible optimization algorithm for the estimator
defined in (2.2), particularly when the input is indefinite. Loh and Wainwright (2015)
present a composite gradient descent method for optimizing a subset of side-constrained
versions of (2.1). However, their algorithm requires a side constraint of the specific form
p(0) = 3(9:(©)+%]|©]|2), which does not include the spectral norm constraint and therefore
cannot attain the better theoretical results it achieves. It may be possible to develop heuristic
algorithms that alternate performing a proximal gradient update ignoring the side constraint
and projecting to the constraint set, but as far as we know there has not been any analysis

of algorithms of this type (we discuss this in more detail in Section 2.3.3).
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An alternative approach to solving this unbounded issue is to project the input matrix
I, to the positive semidefinite cone before inputting into (2.1). We discuss this further in
Section 2.3.1, but this only solves the unbounded issue when using the ¢; penalty; noncon-
vex penalties still require a side constraint to have a bounded objective and therefore our

algorithm is still useful even for the projected methods.

2.1.1 Nonconvex penalties

The nonconvex penalties we will focus on are the SCAD and MCP functions, introduced
in Fan and Li (2001) and Zhang (2010), respectively. Following Loh and Wainwright (2015),
we make the following assumptions regarding the (univariate) penalty function g,: R — R.
(i) 92(0) =0 and g\(t) = gr(—1).
(ii) gx(w) is nondecreasing for w >= 0.
(ili) ga(w)/w is nonincreasing for w > 0.
(iv) g5\(w) exists for all w # 0 and lim,, o+ g (w) = A.

(v) g» is weakly convex, i.e. there exists u > 0 such that g\(w) + (11/2)w? is convex.

Note that Loh and Wainwright (2017) show stronger model selection results under the fol-

lowing additional assumption.
(vi) There exists a constant v < oo such that ¢} (w) = 0 for all w > yA.

This excludes the ¢; penalty, but is satisfied by the nonconvex penalties we consider.

The SCAD penalty takes the form

(

Aw| if |w] < A
gr(w) = —% if A < |w| <aX (2.4)
M if aX < |w|

\

11



for some parameter a > 2. Note that this penalty is weakly convex with constant p =

1/(a—1).
The MCP penalty has the form

gr(w) = sign(w)A /0 " (1 — E>+ dz (2.5)

for some parameter a > 0. This penalty is weakly convex with u = 1/a.

2.2 ADMM Algorithm

Our algorithm is similar to the algorithm in Guo and Zhang (2017), which applies ADMM
to the closely related problem of condition number-constrained sparse precision matrix esti-
mation using the same splitting scheme as below. We discuss their method in more detail
in Section A.1. The following algorithm is specialized to the case where the spectral norm
is used as the side constraint. In Section A.2 we derive a similar ADMM algorithm that can
be used for any side constraint with a computable projection operator.

Rewrite the objective from (2.2) as
f(©) = tr(T',0) — log det(©) + g1(O) + 11,(O) (2.6)

where Xp ={0:0 = 0,(0]|2s < R} and 1x(0) =0 if © € X and oo otherwise.
Let p > 0 be a penalty parameter and let Prox,, ,, be the prox operator of g\/p. We
derive these updates for SCAD and MCP in Section 2.2.1. Let T,(A) be the following prox

operator for —logdet © + 1x,(0), which we derive in Section 2.2.1,

T,(A) =T,(UMU")=UDU"
} 2 | 4y1/2
Mll + (MZZ + p) 7 R} :

where Dii = min { 5

12



Algorithm 1: ADMM for graphical Lasso with a side constraint

Input: T, p, g», R
Output: 6
Initialize V0 = 0% = 0, A =0 ;
while not converged do
VF = Prox,, /, M)

P
OF+1 — Tp pVFH1I D, —AF

P
Ak+1 — Ak + p(@kJrl _ Vk+1)

end

where UMUT is the eigendecomposition of A. Then the ADMM algorithm for solving (2.6),
which we derive in Section 2.2.1, is described in Algorithm 1. Computationally this algorithm
is dominated by the eigendecomposition used to evaluate T, and therefore has a complexity

of O(m3), which matches the scaling of other graphical Lasso solvers (e.g. Meinshausen and

Biihlmann, 2006; Friedman et al., 2008; Hsieh et al., 2014).

2.2.1 Derivation of Algorithm 1

ADMM algorithm. Recall that we can rewrite the objective as
£(©) = tr(',0) — log det(0) + gA(©) + 14,(©)

where Xr = {0 :0 = 0,]0]2 < R} and 1x(0) =0 if © € X and oo otherwise.
We then introduce an auxiliary optimization variable V' € R™*™ and reformulate the

problem as

~

© = argmax {tr(fn@) —logdet(©) + 14, (O) + g,\(V)} st. ©=V
@’VGRmX'rn

For a penalty parameter p > 0 and Lagrange multiplier A € R™*™  we consider the aug-

13



mented Lagrangian

£,(6,V,A) = tr(1,0) — log det(8) + 1,(0) + a(V) + S0 = V[[} + (1,0 = V) (27)
The ADMM algorithm is then, given current iterates ©%, V* and A*,

Vi = argmin { g\ (V) + £10F = VI[} + (A%, 0% = V) | (2.8)

VGRMX m

O = arg min { —logdet © + tr(I',0) + 1, (0)
OeRmMmxm (29)
p
+ 210 = VFIE + (AF 0 — Vi) |

AR = AR 4 p(eF ! — Rt (2.10)

Considering the V-subproblem, we can show that the minimization problem in (2.8) is

)

Which is a prox operator of g)/p. Let W = @ and v = 1/p. If g, is the ¢; penalty

equivalent to

1 1 OF + A*
VT = argmin { —g\ (V) + —HV _ee A
Vermxm | P 2 P

then these updates simply soft-threshold the elements of W at level A/p. For SCAD, these

updates have the element-wise form

0 if |w| <wvA

w —sign(w)vA  if vA <Jw| < (v +1)A

Prox,, /,(w) = (2.11)

w—sign(w) 22
CTELT i (v 1)A < Jw] < ad

a—1

w if aX < |w|
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While for MCP the updates are

(

0 if |w| < vA
Prox,, /,(w) = %V(;Z)W\ if vA < |w| < aX (2.12)
w if a\ < |w|

\

See Loh and Wainwright (2015) for the derivations of these updates.

For the ©-subproblem, we can similarly show that (2.9) is equivalent to

2

VL _ fn _ Ak
e } (2.13)

p

ot = argmin{ —logdet © + 14,(0) + p

eeRmxm 2

S)

For any matrix A with corresponding eigendecomposition A = RMRT let us define the

operator

T,(A) = T,(UMUT) = arg min {— log det © + 11, () + g||@ - AH%}
S

My + (M2 + 412 } (2:14)
(23 P

= UDU" where DZ-Z- = min{ 5

whose solution is derived below. Then the solution to (2.9) is T,((pV*t! — T, — A¥)/p).

Using these results, the algorithm in (2.8)-(2.10) becomes

k Ak
VL = Proxg, /, (p@——i-)
P
k+1 I k
el =T, <pV —Tn A ) (2.15)
P

Alc—f—l — Ak: +p<@k+1 o Vk—f—l)

Solution of T, Recall that in (2.14) we define

T,(A) = arg min {— log det © + 1, (0) + gH@ - A||§}
S)
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Let © = WDW?T and A = UMUT be the eigen-decompositions of the optimization variable
and A. Then, similar to the derivation in Guo and Zhang (2017), we can rewrite this problem

as

T,(A) = arg min — logdet © + gtr(@@) — ptr(OA) + 14,(0)
OeRmxm

= argmin —logdet D + 2 tr(DD) — pte(WDWTUMUT) + 1, (D)
e=WDWT 2

= argmin —logdet D + L tr(DD) — ptr(DM) + 1, (D)
O=WDWT ,W=U 2

The final line is since, if we denote O(m) to be the set of m x m orthonormal matrices,

tr(WDWITUMUT) = tr(UTW)D(UTW)'M) < sup tr(QDQ* M) = tr(DM)
QEeO(m)

Which holds with equality when W = U. Note that the last equality here is from Theo-
rem 14.3.2 of Farrell (1985).
We therefore get that T,(A) = UDUT where

D = argmin — logdet D + gtr(Dz) —ptr(DM) + 14,(D)

D diagonal
m

= argmin Z ( — log Dj; + BD?@' — pDyiM;; +1(0 < Dy < R))
D diagonal i—1 2

We can see that this is separable by element. Let
a(d; Mig) = —log d + Sd? — pd M,

So Dy; = argmin q(d; M;)+1(0 < d < R). Ignoring the constraints in the indicator function
for now, we can set the derivative of ¢ equal to zero to get that

1 , 1

p
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Which we can solve with the quadratic formula to show that ¢(d; M;;) has a unique minimizer

over d > 0 at
y 2 4 4y1/2
Mi; + (M5 + )
2

arg min ¢(d; Mi;) =
d

Adding 1(0 < d < R) back and noting that ¢(d; M;;) is strictly convex over d > 0, we get

that we simply need to truncate this value at R. Therefore we get that

2 | 4\1/2
T,(UMU") = UDU” where D~~—min{Mii+(Mii+;) : R}
P = (I 9 )

2.2.2 Convergence

The following proposition applies standard results on the convergence of ADMM for

convex problems to show convergence when the ¢; penalty is used. Details are in Section A.1.

Proposition 1. If the penalty is convexr and satisfies the conditions in Section 2.1.1, Algo-

rithm 1 converges to a global minimum of (2.6).

Remark. Regarding the nonconvex penalty, recent work has established ADMM conver-
gence results in some nonconvex settings (see Hong et al., 2016; Wang et al., 2015), but to
our knowledge there is no convergence result that encompasses this nonsmooth and non-
convex application. We can show convergence if a fairly strong assumption is made on the

iterates, but we are currently working on extending existing results to this case.

Proposition 2 shows that any limiting point of Algorithm 1 is a stationary point of
the original objective (2.6). This is proved in Section A.1. When using the ¢; penalty
or a nonconvex penalty with R < \/T , where p is the weak convexity constant of g,
the objective f is convex and therefore any stationary point is unique and also the global

optimum. See Section A.3 for a more detailed discussion.

Proposition 2. Assume that the penalty g, satisfies the conditions in Section 2.1.1. Then
for any limit point (©*,V* A*) of the ADMM algorithm defined in Algorithm 1, ©* is also

a stationary point of the objective f as defined in (2.6).
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The assumptions on g, in Section 2.1.1 are the same as those assumed in Loh and Wain-
wright (2015, 2017), and are satisfied by the Lasso, SCAD, and MCP functions.

Note that if a limiting point is found to exist when using a nonconvex penalty the
result in Proposition 2 will still hold. Empirically we find that the algorithm performs well
and converges consistently when used with nonconvex penalties, but there is no existing

theoretical guarantee that a limiting point of ADMM will exist in that setting.

2.3 Simulations

We evaluate the proposed estimators using the relative Frobenius norm and the sum
of the false positive rate and false negative rate (FPR 4+ FNR). We present results over a
range of A values, noting that all the compared methods would use similar techniques to
perform model tuning. We also present an example of how to use BIC or cross-validation to
tune these methods. We present results using covariance matrices from auto-regressive and
Erdos-Rényi random graph models. See Section A.3 for descriptions of these models as well

as additional simulation results.

2.3.1 Alternative methods

When faced with indefinite input, there are two alternative graphical Lasso-style esti-
mators that can be used besides (2.2), which involve either /., projection to the positive
semidefinite cone or nodewise regression in the style of Meinshausen and Bihlmann (2006).

Projection. Given an indefinite input matrix I, Park (2016) and Greenewald et al.
(2017) propose performing the projection I't = arg minp, || — I'y|lso. They then input I
into the optimization problem (2.1). This is similar to the projection done in Datta and Zou
(2017). In terms of the upper bound on statistical convergence rates, this method pays a
constant factor cost, though in practice projection may result in a loss of information and
therefore a decrease in efficiency.

After projecting the input, existing algorithms can be used to optimize (2.1) with the ¢;
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penalty. However, as mentioned in Section 2.1, using a nonconvex penalty still leads to an
unbounded objective and therefore still requires using our ADMM algorithm to solve (2.2).

Nodewise regression. Loh and Wainwright (2012) and Rudelson and Zhou (2017) both
study the statistical and computational convergence properties of using errors-in-variables
regression to handle indefinite input matrices in high-dimensional settings. Following the
nodewise regression ideas of Meinshausen and Bihlmann (2006) and Yuan (2010), we can

perform m Lasso-type regressions to obtain estimates 3; and form estimates @;, where

) (1 .
B € argmin {QBTij,jﬂ — (Lo —jijs B) + )‘HﬁHl}

IBl1<R (2.16)
a; = —(Tnjj — (Cojg Bi))
and combine to get © with (:)_]"j = ijj and (:)j,j = —a;. Finally, we symmetrize the result

to obtain © = arg mingcgm ||© — O||;, where S™ is the set of symmetric matrices.

These types of nodewise estimators have gained popularity as they require less restrictive
incoherence conditions to attain model selection consistency and often perform better in
practice in the fully observed case. They have not, however, been as well studied when used

with indefinite input.

2.3.2 Data models

We test these methods on two models that result in indefinite covariance estimators, the
non-separable Kronecker sum model from Rudelson and Zhou (2017) and the missing data
graphical model described in Loh and Wainwright (2015).

Missing data (MD). As discussed above, Loh and Wainwright (2013, 2015) propose
an estimator for a graphical model with missing-completely-at-random observations.

Let W € R™™ be a mean-zero subgaussian random matrix. Let U € {0,1}"™*™ where
Uij ~ Bernoulli(¢;) are independent of W. This corresponds to entries of the jth column

of the data matrix being observed with probability ;. Then we have an unobserved matrix
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Z and observed matrix X generated by Z = WAY? and X = U o X, where o denotes the

Hadamard, or element-wise, product. Here the covariance estimate for A is

I'y = —X"X @ M where M, = (2.17)
n

CGe ifk#1

where @ denotes element-wise division. As we divide off-diagonal entries by smaller values,
I, will not necessarily be positive semidefinite.

Kronecker Sum (KS). Park et al. (2017) present a graphical model with additive noise
that is dependent across observations. This noise structure was first studied in the regression
setting in Rudelson and Zhou (2017) with a Kronecker sum covariance.

X ~ M, .(0,A& B), where M,, ,, is the matrix variate normal distribution and for
covariance matrices A € R™*™ and B € R"*". Note that A B = A® I, + I, ® B, where ®
denotes the Kronecker product. We are interested in estimating the signal precision matrix
© = A~!, which has sparse off-diagonal entries. For our simulations, we normalize the noise
covariance B so that tr(B) = n1g, where 75 is a measure of the noise level. Then the initial

covariance estimate for A is given by

1

n=—XTX—
n

T

t}SﬂLB)Im (2.18)

as shown in Rudelson and Zhou (2017). Note that, in this model, I, is guaranteed to not
be positive semidefinite when m > n, as X7 X will have zero eigenvalues.
Covariance models. Let Q = A™! = (w;;). We consider simulation settings using the

following covariance models for A, which are also used in Zhou (2014).
e AR1(7): The covariance matrix is of the form A = (rlfi=il),;.

e Star-Block (SB): Here the covariance matrix is block-diagonal, where each block’s

precision matrix corresponds to a star-structured graph with A; = 1. For the corre-
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sponding edge set E, then A;; = r if (i,j) € F and A;; = r? otherwise.

e Erdos-Renyi random graph (ER): We initialize 2 = 0.25] then randomly select
d edges. For each selected edge (i, ), we randomly choose w € [0.6,0.8] and update

Wij = Wjj — Wi —w and Wi — Wy + w, Wjj — Wjj + w.

2.3.3 Simulation results

Optimization performance. Figure 2.1 shows the optimization performance of Algo-
rithm 1 using nonprojected input matrices from the missing data model with both ¢; and
nonconvex penalties (MCP). The top two panels present an “easy” scenario with a higher
sampling rate, while the bottom two have a more challenging scenario with significant missing

data. Blue lines report the optimization error while red lines are the statistical error.

log relative Frobenius error
I

log relative Frobenius error
& S

!

S
!
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iterations iterations

(a) 01, ¢ = 0.95 (b) MCP, ¢ = 0.95

log relative Frobenius error
log relative Frobenius error

0 200 400 600 0 200 400 600
iterations iterations

(¢) b1, =07 (d) MCP, ¢ = 0.7

Figure 2.1: Convergence of the ADMM algorithm for several initializations. Blue lines show the
relative optimization error (|©F — O||r/||©*||F, where © is the result of running our algorithm to
convergence) while red lines show the statistical error (||©F — ©*|z/||©*|F). All panels use an
ARI1(0.7) covariance with m = 300 and n = 125 and set p = 12. The left panels use an ¢; penalty,
while the right panels use MCP with a = 2.5. R is set to be three times the oracle spectral norm.

All the plots in Figure 2.1 have their optimization error quickly converge to below the
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statistical error. These plots also suggest that our algorithm can attain linear convergence
rates. We find that the algorithm consistently converges well over a range of tested scenarios.

Comparing the statistical error of the top two plots, we see that MCP achieves signifi-
cantly lower error for the easier scenario. But in the bottom two plots, where there is more
missing data, it struggles relative to the ¢; penalty. This is a common trend through our
simulations, as the performance of estimators using MCP degrades as missingness increases
while the ¢;-penalized versions are more robust.

Figure 2.2 shows the convergence behavior for several initializations in terms of objective
value. Our algorithm seems to attain a linear convergence rate in terms of the objective
values even with a nonconvex penalty regardless of the initialization. We find that the

algorithm consistently converges well over a range of tested scenarios.

5.0
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log(objective — min(objective))
log(objective — min(objective))

—2.54
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iterations iterations

(a) KS, AR (b) MD, ER

Figure 2.2: Convergence behavior of the ADMM algorithm for two objectives. Panel a shows the
optimization convergence under the Kronecker sum model with A = AR1(0.6), B = ER, m = 300,
n = 140, 75 = 0.3, and A = 0.2, while Panel b is for the missing data model with A = ER, m = 400,
n =140, ( = 0.7, and A = 0.2. We choose p = 12 and the SCAD penalty is used with a = 2.1.

Comparison to gradient descent. Figure 2.3 compares the optimization performance
of our ADMM algorithm to gradient descent. Note that since proximal gradient descent
is difficult to do in this setting, requiring an interior optimization step, we use a heuristic
version similar to that suggested by Agarwal et al. (2012) that does the proximal gradient

step ignoring the side-constraint then projects back to the side-constraint space. Note that
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since p in ADMM is roughly equivalent to the inverse step size in gradient descent, we
compare for difference values of p. These methods also take roughly the same computational
time per iteration, as they are both dominated by either an eigenvalue decomposition or

matrix inversion.

Method rho
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Figure 2.3: Comparing the convergence behavior of ADMM to gradient descent. Here we use an
AR1(0.8) model with m = 200, n = 150, ¢ = 0.6, and use an ¢; penalty with A = 0.11. For gradient
descent, p is the inverse of the step size. Note that since proximal gradient descent is difficult to do
in this problem, this version performs the proximal gradient step without the side-constraint then
projects back to the space.

We can see that for large enough values of p, these methods are nearly identical. Although
there is no known theoretical guarantee of convergence, it seems that this heuristic gradient
descent still convergence well for small enough step sizes.

But for smaller values, i.e. larger step sizes, ADMM still performs well and obtains faster
convergence rates while gradient descent is unstable and inconsistent. This combined with
the convergence guarantee of ADMM leads us to recommend this algorithm.

Method comparisons. Figure 2.4 demonstrates the statistical performance along the
full regularization path. Across the panels from left to right, the sampling rate decreases
and therefore the magnitude of the most negative eigenvalue increases.

In terms of Frobenius error, both projected methods and the nonprojected estimator with
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Figure 2.4: The performance of the various estimators for the missing data model in terms of
relative Frobenius error (||© —©*||r/||©*||r) and model selection as measured by FPR + FNR. We
use an AR(0.6) covariance and set m = 1200. Settings are chosen so that the effective sample size
(n¢?) is roughly equivalent. The MCP penalty uses a = 2.5. We set R to be 1.5 times the oracle
value for each method and set p = 24. Our convergence criteria is [|©¥T! — @%||z/||OF| F < 5e—5.
the /1 penalty get slightly worse across panels, but the nodewise regression and the nonpro-
jected MCP estimator react much more negatively to more indefinite input. The nodewise
regression in particular goes from being among the best to among the worst estimators as
the sampling rate decreases.

Comparing the projected and nonprojected curves in Figure 2.4, we see that the optimal
value of A, as well as the range of optimal values, shrinks for the projected method as the
sampling rate decreases. This pattern is consistently repeated across models and scenarios,
likely because the ¢, projection is shrinking the off-diagonal entries of the input matrix.
We find that the nonprojected graphical Lasso performs slightly better than the projected

version when used with the /; penalty, likely due to the information lost in this shrinkage.

Figure 2.4 also shows how these methods perform in terms of model selection. We
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can see that the nonconvex penalties perform essentially identically to their ¢; penalized
counterparts. In particular, the degradation of the nonprojected MCP estimator in terms of
norm error does not seem to affect its model selection performance. The nodewise regression,
however, still demonstrates this pattern, as its model selection performance degrades across
the panels. For scenarios with more missing data, the nonprojected estimators seem to be
easier to tune, maintaining a wider range of A\ values where they perform near-optimally. In
Section A.3 of the supplement we perform similar experiments in a variety of different noise
and model settings.

Sensitivity to R. Figure 2.5 demonstrates the sensitivity of the nonprojected estimators
to the choice of R, the size of the side constraint. We can see that all these methods are
sensitive to the choice of R for small values of A in terms of norm error. None of the methods

are sensitive in terms of model selection.
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Figure 2.5: The performance of missing data estimators over different choices of R. The non-
nodewise estimators set R = R_scale x || A|2, while each node’s regression in the nodewise estimator
sets R to be R_scale times that node’s oracle ¢; value. We use an AR(0.6) covariance, set m = 1200,
n = 130, and choose a sampling rate of ( = 0.7. The MCP penalty is chosen with a = 2.5.

The nonprojected graphical Lasso with MCP is the most sensitive to R and is also
sensitive for larger choices of A, which is important since it never reaches its oracle minimum
norm errors when R is chosen to be larger than the oracle. The nonprojected graphical Lasso
with ¢; and the projected graphical Lasso with MCP both still achieve the same best-case

performance when R is misspecified, though tuning A becomes more difficult.
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The nodewise regression results are also plotted here. Here R is the ¢; side constraint
level in (2.16). For smaller values of A the nodewise estimator levels off, corresponding to
when the side constraint becomes active over the penalty. Different values of R change when
this occurs and, if R is chosen large enough, do not significantly affect ideal performance.
Note that these use a stronger oracle that knows each column-wise ¢; norm, but do show
that this method can be improved with careful tuning.

Tuning parameter selection. Note that in practice tuning parameters must be selected
for all these methods. In particular, we must tune A and possibly the side-constraint R.
Note that one often has a reasonable prior for the magnitude of the spectral norm of the
true precision matrix, so if that is the case a multiple of that can often be used to choose
R. Also, as noted in Section 2.3.3, when using the ¢; penalty the choice of R primarily
affects how difficult tuning A will be. Though it is important to tune correctly when using
nonconvex penalties, we do not recommend those methods when there is significant missing
data. Therefore we will focus on tuning A\ here, though the same methods can be used to
choose R as well.

Two possible methods are to use cross-validation or a modified BIC criterion. Note that
the particular implementation of both of these will depend on the data model that is being
used, as these methods can be applied to any method that generates an indefinite initial
estimate of the covariance, but we will show an example using the simple missing data case.

For the missing data case we can follow Stddler and Biihlmann (2012), which uses the
same data model. Recall the notation in Section 2.3.2, where X;; denotes the i¢th value of
variable j and U;; tracks if that value is observed. Here, we define the observed log-likelihood

of an observation X; given a precision matrix estimate © as

0(X,;, Ui 8) = log ¢(X, 5 Xvvs)

where Xy, is the vector of values that are observed for observation ¢, 3= é_l, and ¢ is the
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multivariate normal density. The BIC criterion, which we minimize, is therefore

BIC(A) = =23 0(X;, U 8) +log(n) Y 1{651) 40

J<g’

To cross-validate, we can divide the data into V' folds, where the vth fold contains indices

N,. The cross-validation score, which we maximize, is therefore

CV()\) = Z Z €<Xi, Us; XA]*U)
v 1EN,
where ZALU = (;):11) and C;),v is the estimate based on the sample omitting the observations in
N,.
Figure 2.6 presents an example of parameter tuning on a simulated scenario. We see that
both BIC and CV select slightly higher-than-optimal levels of penalization in terms of model

selection, but that selected model still achieves fairly good model selection.
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Figure 2.6: Example parameter tuning using BIC and CV. We additionally present the FPR+FNR
rate of the estimate. The vertical lines show the optimal A values for BIC and CV, which here
happen to be identical. We set m = 400 and n = 80, the sampling rate to { = 0.8, and let A be
from an AR(0.6) model.

2.4 Conclusion

We study the estimation of sparse precision matrices from noisy and missing data. To
close an existing algorithmic gap, we propose an ADMM algorithm that allows for fast
optimization of the side-constrained graphical Lasso, which is needed to implement the
graphical Lasso with either indefinite input and/or nonconvex penalties. We investigate its
convergence properties and compare its performance with other methods that handle the
indefinite sample covariance matrices that arise with dirty data.

We find that methods with nonconvex penalties are quite sensitive to the indefiniteness of
the input covariance estimate, and are particularly sensitive to the magnitude of its negative
eigenvalues. They may have better existing theoretical guarantees, but in practice we find
that with nontrivial missingness or noise they perform worst than or, at best, recover the

performance of their /;-normalized counterparts. The nonconvex methods can outperform
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the ¢;-penalized ones when there is a small amount of missingness or noise, but in these
cases we often find the nodewise estimator to perform best.

In difficult settings with significant noise or missingness, the most robust and efficient
method seems to be using the graphical Lasso with nonprojected input and an ¢; penalty. As
the application becomes easier — with more observations or less missing data — the nodewise
estimator becomes more competitive, just as it is understood to be with fully observed data.

The projected graphical Lasso estimator with an ¢; penalty seems to be slightly worse
than its nonprojected counterpart. Projection does, however, allow for the use of nonconvex
penalties in more difficult settings without the large degradation in performance. This may

be desireable in some scenarios but in practice seems to simply add noise.
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CHAPTER III

Covariance Estimation for Matrix-Variate Data with

Missing Values and Mean Structure

The matrix-variate model, which allows for dependence along both axes of the data
matrix, is an increasingly popular way to handle the complex and dependent data in modern
data analysis. Its ability to model relationships between observations as well as covariates
makes it useful for analyzing data with temporal, geographical, or other network relationships
between them. Thus, applications for matrix-variate models often arise in biology, genetics,
economics, climate science, and many other fields, where it is important to use methods that
can at least account for these types of dependencies.

In this chapter, we propose methods for estimating both the row- and column-wise preci-
sion and covariance matrices in a matrix-variate data setting with missing data. In particu-
lar, we incorporate missing values with varying sample rates by column as well as two-group
mean structure. These are based on the graphical Lasso estimator and assume sparsity in
the inverse covariance (or precision) matrix and therefore also in the undirected graphs that
they encode (in the Gaussian case). We establish the conditions required for consistency and
present the convergence rates of our estimators, which attain the same rates as in the fully
observed setting when the missing rates are fixed, but also allow for decreasing sampling
rates as the data size increases.

In particular, existing graphical Lasso models generally assume matrices with zero means
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for simplicity, even though few practical applications meet this assumption. Rather than only
focusing on mean-zero random matrices, we propose estimators that can jointly estimate a
two-group mean structure with known groups. Hornstein et al. (2019) studied this problem
in the fully observed case, but the we show how to prove similar results with missing values.
We present theoretical results in this case and show how the demeaning process affects our
estimation performance.

The remainder of this chapter is organized as follows. In Section 3.1 we present the
data model we consider, which includes mean structure, matrix-variate dependence, and
missing data. We also develop and present estimators for the sparse precision matrices
along both data axes, including the intermediate covariance estimates and mask estimates
required for fully automated estimation. Section 3.2 presents the theoretical consistency
and convergence results for our methods. The proofs of these results are deferred until
Chapter V. In Section 3.3, we present numerical examples and simulated comparisons testing

the performance of our methods. Section 3.4 concludes.

3.1 Model and methods

We first present a model for matrix-variate data with two-group mean structure and
missing values. We then present a present methodologies for estimating the sparse row-wise
precision matrix both when the mean matrix is known and can be perfectly removed and
when the mean is unknown.

Our (unobserved) full data follows the same basic model as in Hornstein et al. (2019).

Consider a data matrix in R™*™ composed of a mean matrix M and an error term X.

X=M+X (3.1)

Instead of this full matrix, we will observe a version with missing completely-at-random
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entries. For column-wise sampling rates (i, ..., (y,, we then observe
X=UoM+X) forUe{0,1}"™" Uy X Bernoulli(;), (3.2)

For now we assume the mean matrix has a known two-group structure, though this can
be extended to k groups. This is a setting where the individual group labels are known, such
as a genomics study with experimental and control groups (e.g. presence or non-presence of
a disease, such as in Hornstein et al., 2019) or the voting data we study in this paper with
known party membership. In future work we hope to extend these methods to unlabelled
data, where low-rank or clustering methods can be used to demean. So let n = ny + ny
and assume that our data are sorted by the group label. Then we have M = Dy, where

D € R™? is the design matrix

T

ni n2

and p = (O, )T € R?*™ is a matrix of means for each variable and group.

By removing the group means, our estimates capture links between observations through
the error term, or how they deviate from their means. This ensures group membership will
not obfuscate these connections, allowing us to discover interesting connections and patterns
not necessarily observable in the mean structure.

We assume that X has mean-zero subgaussian entries and a separable covariance struc-
ture, i.e. Cov(vec(X)) = Ay ® By, where Ay € R™™ and B, € R"*" are positive-definite
covariance matrices and ® denotes the Kronecker product. If we additionally assume X is
distributed matrix-variate normal, then A;' and B; ' encode the conditional independence
relationships between columns and rows, respectively. In the subgaussian case this does not

hold in general, but we can still estimate these precision matrices and obtain sparse partial
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correlation estimates using them.

Due to the structure of our covariance, Ag and B, are only identifiable up to a constant
factor, as for any constant ¢, Ay ® By = (cAg) ® (By/c). For this work we will focus on
estimating the correlation matrices p(Ag) and p(By), as their sparse inverses encode the
same graphical information as in A;" and B;'. We denote the true (normalized) precision
matrices as ©g = p(Ag)~! and ®y = p(By) L.

Covariance estimation. Our estimator is then formed by first constructing appropriate
estimates of the covariance matrices for each axis of the data matrix. Then, like in the tra-
ditional graphical lasso, these covariance estimates are plugged into penalized optimization
programs to obtain the sparse estimates of the inverse covariance that we desire.

In our case, however, the presence of mean structure and missing data means that we
cannot use the basic Gram matrices that the basic graphical lasso uses. For the mean
structure, we show that even with missing data we can perform group-wise demeaing on
each variable and still obtain convergence. And to account for the missing data we apply
an element-wise adjustment to the Gram matrices that we call a mask matrix. In the
following sections, we first present estimators assuming knowledge of the true masks, as well
as demonstrate how mask estimators can be plugged in.

Let P be the matrix that performs by-group column sums:

L, 15 0
P = o
0 1n, 122
Then our centered data is
X =Uo (X — (PX)® (PU)) (3.3)

Note that we are simply demeaning each group and variable with the observed means (con-

tained in PX @ PU), but the notation is complicated by the missing values in our dataset.
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Using this demeaned matrix, we form Gram matrices

S(A)=XTx  S(B)=xx" (3.4)

Estimators with known masks. We first estimate the column covariance Agy. Since

vl ~vfori=1,--- n are independent, we define the mask matrix

G GG GG o GGl
GG G Gl o Gl
M:=Ev'®v' = |GG GG (- (Cn (3.5)

_CmCl CmCQ Cmg‘i Cm

Assuming knowledge of ¢, we can create an estimator for Ay,
A=XTX 0 (tr(By)M), (3.6)

and a corresponding estimator for the correlation p;;(A),

>

/ (3.7)

Lij(A) = Ay _ () L
\/ Zz‘i;ljj \/g(A)ZZS(A)” \/CZCJ

For estimating the row covariance By, consider the mask matrix M € R"*", where

Doy agG ifk=2

My = :
Z}n:l ajj(gz ifk#1¢

(3.8)

We then get estimators

B=xxToM (3.9)
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and

I;(B) = By _ S(B)ij D 1 @k
ij - —— = = = " 3
\/BiiBjj \/S(B)iiS(B)jj 2k Ok

Versions of these oracles estimators designed for the mean-zero case were first proposed

(3.10)

by Zhou (2019), which we adapt to our current model with group means and including
demeaning.

Given penalties Ag, A4 and constants Ra > |[p(Ao) " Y|l2, R > ||p(Bo)~*t||2, our inverse
correlation estimates are the modified graphical Lasso estimators studied in Loh and Wain-

wright (2017) and Fan et al. (2019) using these inputs:

A, = argmin  tr(T(A)AY) —log|A,| + NA 1on
Ap=0,]| A5 [2<Ra

(3.11)
B, = arg min tr(F(B)B;l) —log|B,| + )\’Bgl‘lyoﬁ.
B,=0,|| B, |2<Rp
Mask estimation. To obtain fully automated estimators of these precision matrices, we
can finally plug-in mask estimates for M and M into the above. Here we present flexible mask
estimates that converge fast enough to have a minimal impact on the overall convergence

rate.

To estimate M, we use

_ é@ 1=
M;; = (3.12)
GG i#

where (; is the average number of observed entries in column j.

For estimating M, we propose the estimator

- tr(X X7 i=j
M = (3.13)
%tr()ET?E'oM)—ﬁtr(/f'T??) i# ]

where we adopt the estimator originally designed for the corresponding zero-mean case
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(Zhou, 2020), as discussed in Section 3.2. When using the demeaned data, this mask esti-
mator still proves effective enough to obtain convergence guarantees for the final estimator.

Plugging these estimates into the above results in correlation estimators

T'j(Ap) = fAijA =7 S<A)fj 1 ~ (3.14)
VA, f5(4)iS5(4);4/0,
fij<BO) _ ij _ S(B)z] tr(i(':t"T) (315)

~

Which we then plug into the minimization programs as (3.11) to get estimators A\p, B,.

3.1.1 Flexible mean estimation

We extend our methodology to allow for the flexible estimation of low-rank mean matrices
M following the low-rank matrix factorization literature. Here, we will assume that for some
r < n,m, we have matrices £ € R™", F € R™" such that M = EF?. Note that the
known two-group case above also falls under this model, where E is known and must have
a two-group structure.

To estimate M we optimize

E,F = argmin||X — Uo (EFT)|]% (3.16)

E,F

to get M = EFT. We solve this optimization program with an alternating least squares
estimator as first proposed by (Wiberg, 1976) and detailed in Buchanan and Fitzgibbon
(2005). The estimators then proceed along the same lines as above plugging in the new
demeaned estimator

Xy, =Uo (X — EFT) (3.17)

We do not provide theoretical results for this flexible method, as in particular theoretical

results for low-rank matrix factorization with dependent and missing data are not available
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to the best of our knowledge. We do, however, show through testing and simulation that
this method performs very similarly to the two-group estimator with known groups presented

above, and in practice has similar convergence behavior.

3.1.2 Related work

Our sparse precision matrix estimators extend the matrix-variate methods in Zhou (2014),
which also uses separate estimators for Ay and By based on the graphical Lasso estimator
in the fully observed setting. For proving the similar concentration equalities needed, we
often rely on the sparse Hanson-Wright inequalities developed in Zhou (2019) for use with
our sparsified data.

Missing data is often handled in practice through imputation. However, in a matrix-
variate setting with dependence we do not have independent observations, so existing meth-
ods for imputation are generally not appropriate. These methods include k-nearest neigh-
bors, random forest-based methods, or multiple imputation by chained equations ( Van Bu-
uren and Oudshoorn, 1999; Troyanskaya et al., 2001; Stekhoven and Biihlmann, 2011).
Jamshidian and Bentler (1999), Stddler and Bihlmann (2012), and Stdadler et al. (2014)
develop EM algorithm-based estimators, but these all depend on independent observations
and do not extend to the matrix-variate case.

Glanz and Carvalho (2018) develop a method for EM-style estimation of Kronecker prod-
uct covariances with missing data, but they rely on many samples of the matrix-variate data
matrix rather than a single instance. Allen and Tibshirani (2010) presents the only method
we are aware of for estimation and imputation with a single instance of matrix-variate data,
but the EM-style estimation method proposed is not computationally feasible, especially in
the high-dimensional setting. They instead focus on approximate algorithms designed for
imputation rather than estimation of the covariances.

Instead of relying on imputation of EM-style methods, our work instead corrects the

input covariance estimators to account for the multiplicative errors. This approach was
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first applied to correct covariance estimates in regression problems by Hwang (1986). Loh
and Wainwright (2013, 2015) suggested the use of the same methods for graphical model
estimation with missing data in the independent observations setting, but we develop new
estimators for the matrix-variate case. We also modify the initial correlation estimates that
are plugged into the graphical Lasso procedure to account for the missing values, though our
data setting is significantly complicated by the two-way dependence.

We additionally show that these estimators are consistent when there are unknown group
means, similar to the results shown by Hornstein et al. (2019) in the fully-observed case.
The random missing values here significantly complicate the analysis, as we have to carefully
account, for how their effects propogate across the row and column dependencies to affect
both the mean and subsequent covariance estimates.

The graphical Lasso estimator and its variants are well-studied methods for estimating
sparse precision matrices (Banerjee et al., 2008; Yuan and Lin, 2007; Friedman et al., 2008;
Rothman et al., 2008; Ravikumar et al., 2011; Zhou et al., 2010, 2011, and others). A key
difference, however, is that our input correlation estimates are not positive definite, as they
are in Zhou (2014) and in the standard graphical Lasso literature, since the mask shrinks
the diagonal entries more than it does the off-diagonals.

This results in a potential unbounded objective problem, which we solve by imposing
an additional spectral norm constraint as in Loh and Wainwright (2015, 2017). For more
details, see Chapter II, which includes Fan et al. (2019) and studies this problem in detail
and develops an alternating direction method of multipliers (ADMM) algorithm to optimize
objectives of the form in (3.11) with non-positive definite input matrices, which we use to

implement our estimator.

3.2 Theoretical results

We make the standard assumption that our covariance matrices have bounded eigenval-

ues.
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Assumption 1. There exist some constants 0 < @5 < 00 such that ¢ < ¢min(Ao), Pmin(Bo)

cmd Qbmax(AO)a ¢maX(BO) < a

We also need to assume that the group sizes grow at the same rate and lower bound how

small the sampling rate can be.

log(mVn)

Assumption 2. Define (pin = minj—; __», (;. Assume ny,ne & n and (uin 2 -

To obtain convergence, we bound the number of nonzero off-diagonal entries in our pre-
cision matrices. Note that, when account for differeing sampling rates, using the estimated

mask requires a slightly stricter assumption.

Assumption 3. For convergence in the known-mask case, we need to assume

2,2

nC5. n .
A—l off = min A min B—l
145 = 0 (s ) 1B

mgS; n*C; 2 46
— 0 min /\ min /\ n .
0 Q%mvm 1Bz " omin

When using the estimated masks, we require the stronger assumption of

mé; n (o 2 -8
|B—1|07 F=0 < min A min AN Cmin
o log(mvn) B2

We assume our rows are sorted by group, so we denote

U! xt
X =
U2 X2

. where U', X! € R"*™ and U?, X? € R"2*™

We similarly decompose the row-wise covariance B into

Bl Bl2
B =
BI2T BZ
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Let C be some absolute constant, and define

log m||Ao||2 ,log!?(m v n) 1 Vsl Aol|2

logmlldollz | o (3.18)
Zk:l akk’Ck \/m HCH2/\/M Amin
dognlBolly . poalog2mvn) 1 Vil Bulle
Cmin tr(BO) \/ﬁ Cmin tr<B0>

a=CK?

f=CK (3.19)
These are the rates of convergence when the mean structure is known and therefore can be
perfectly removed, which we show in Theorem 5.3.3. Note that under Assumption 1 the

terms /doo||Ao|l2/@min and \/n|| By||r/ tr(Bg) can both be upper bounded by constants.

We first present results assuming the masks are known and covariance estimators are

formed as in (3.7) and (3.10).

Theorem 3.2.1. Consider data generating random matrices as in (3.1) and (3.2) and sup-
pose Assumptions 1 and 2 hold. Let m vV n > 3, and for some absolute constants Cy,Cy

define

C 1 tr(B logm
Qmean = 2—1 <||B||1 + ( )> +01K23g—||AH2

min’‘min Cmin Nmin min tI‘(A) (3 20)
21 1)2 Al '
+ClK IOg/ (m\/n)m—f-a
1 tr(B')  tr(B?) 1 1 1 1 5
ﬁmean = (! ( + + oo | — B + — B
2Cmin tr(By) ny N 2Cmin tr(By) \ nm1 kzﬂ ML g kzﬂ m
logn || B'|l2 + || B?||2 log'/?(m vV n) | B"||r + || B?| r
CoK* CoK?

TeNeL em) 7 o2 wBy)

(3.21)

Let ép, ﬁp be the unique minimizers defined by (3.11) with the input correlation matrices

I'(By),T(Ag). Penalties are chosen as

1 1
)\B = E(gamean) )\A = g(3ﬁmean) (322)

for some 0 < e,e <1, and Ra > ||p(Ao) 7|2, Re > ||p(Bo) ™ Y|2-7 Let amean, Bmean < 1/3 and
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let C3, Cy be some absolute constants.

Then, with probability at least 1 —25/(m V n)?, we get that

1B, = p(Bo)ll2 < | B, — p(Bo)llr < Csr(p(Bo))*As\/ By oo V 1
~_ 1 1 ~ . 03)\3\/ |BO_1|07OH‘ V1
1B, = p(Bo) |2 < |1B,” — p(Bo)” ||lr < (3.23)

202, (p(Bo))

Similarly, with probability at least 1 — 26/(m V n)?,

1A, — p(Ao)ll2 < [ 4, — p(Ao) I < Carl(p(Ag))*Aay/ 145 loor V 1
- B ~ ) Cudar/|Ag oor V 1
A, = p(A0) 2 < |4, — p(Ao) " lr < (3.24)

2025 (p(Ag))

These all converge under Assumption 3.

In addition, we can prove similar results for our automated estimators (3.14) and (3.15)
using mask estimates M and M. Theorem 3.2.2 shows these results, which have similar

rates but pay some additional costs to account for the mask estimation.

Theorem 3.2.2. Under the same conditions as in Theorem 3.2.1, let A\p, B\p be the results
of plugging f(A),f(B) as defined in (3.14) and (3.15) into the optimization program (3.11)

with penalties

1 «
A ro_ = 9 mean
B € Cmin

Ny = é (128 + 3Bmean) (3.25)

Then we get convergence of Ep and A\p in the same sense as in Theorem 3.2.1, where the
bounds on B,, Ep’l hold with probability at least 1 —25/(m V n)? and the bounds on A, Z;l
hold with probability at least 1 —26/(mVn)?, where we require Assumption 3 using the stricter

assumption on | By o of-

Remark. To prove Theorem 3.2.1, we first prove similar results for when the group means
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are known. In this case, we have the data
X=UoX forUe{0,1}™", U< Bernoulli(¢;), (3.26)

and define T'4, T to be analogues of the estimators defined in (3.14) and (3.15), replacing
X with X. Section 5.3 proves the convergence of the zero- or known-mean covariance and
correlation estimates at the rates as defined in (3.18) and (3.19) for B and A, respectively.
The known-mask results were first presented in Zhou (2019), but we include the full proofs
here for completeness and completed the full rates using the mask estimators.

The proof of Theorem 3.2.1 then bounds how far the mean estimation causes our esti-
mates to deviate from this zero-mean baseline. Section 5.4.1 does this for when the masks
are known, while Section 5.4.3 bounds the difference in the mask estimates used to prove
Proposition 3.2.2.

Our analysis of the demeaned estimator decomposes the overall error into the error of the
zero-mean estimator and the additional error from demeaning. Similar to Hornstein et al.
(2019), these error terms manifest as a bias contribution, e.g. the first term in (3.20), and
variance contributions, the second and third terms. However, the presence of random missing
values makes controlling the error terms much more difficult, and we pay some additional
factors of 1/(min relative to the zero-mean rate. Simulations suggest that these factors may
not be necessary with a tighter theoretical analysis.

Once we have /., rates on our correlation estimates, we apply Theorem 5.2.1, which then
establishes the general convergence result for the graphical Lasso given convergence of the
input correlation estimates. This is a standard result similar to those in Rothman et al.
(2008) and Zhou et al. (2010). For completeness, we include the proof in Section 5.2, which

is only slightly modified from the above work to allow for our side constraint.
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3.3 Simulations

We use simulated data to demonstrate the performance of our methods under a variety

of data scenarios. We generate matrix-variate normal data using three covariance models:
e AR(p): an autoregressive model with a single lag. This model sets A = (pl"=7l),;.

e SB(p,r): a star-block model. This covariance matrix is block-diagonal with blocks of
size r, where blocks have a star-structure. In each block, a hub node is chosen, and

the covariance is set to p for each nodes connection to the hub and p? otherwise.

e FR: an Erdés-Rényi random graph model, as described in Zhou (2014). We set the
precision matrix & = 0.25/,,»,. Then for each of n randomly selected edges (i, jk),
we choose a weight w uniformly from [0.2,0.4] and update ®;; = ®;; + &;; — w,

D, — Dy + w, and q)jj < CI)jj + w.
In these simulations we consider three estimation scenarios:
e The demeaned estimator is the baseline two-group estimator with missing data that

demeans each group using known group labels constructs out estimates with this de-

meaned matrix.

e The low-rank estimator uses the low-rank mean estimation methodology in Section 3.1.1

to demean a two-group data matrix without knowledge of the group labels.

e The no-mean estimator assumes oracle knowledge of the mean matrix, so the data
matrix can be perfectly demeaned and then treated as a zero-mean matrix. So here no
mean estimation is needed and the perfectly demeaned data matrix is used to construct

estimates.

All of our estimators use the automated mask estimators, and therefore correspond to the

estimators in (3.14) and (3.15).
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We evaluate convergence using both the relative Frobenius and spectral norms, and eval-
uate model selection using the sum of the false positive and false negative rates (FPR+FNR)
and the Matthews correlation coefficient (MCC), which can be interpreted as a correlation
coefficient between the predicted and observed edges.!

Figures 3.1 and 3.2 show how the the performance of our estimators changes over the
full regularization paths as we vary A\ under three different topologies. The These show that
our estimator can approximately recover the graphical structure in the data as well as attain
reasonably low relative errors in terms of both relative Frobenius and spectral norms. We
see that this performance improves for the relevant ranges of regularization as we increase
the sampling rate, and therefore increase the effective sample size.

We can also see the effect that needing to demean the data matrix has on estimator
performance. There is a small but consistent gap in performance between the no-mean and
demeaned estimators when estimating the row precision matrix p(By) ™!, but when estimating
the colun precision matrix p(By) ™! the two estimators performn nearly identically, so no cost
is paid from having to also estimate the means.

Figure 3.3 shows how demeaning affects the input correlation estimates fij(Ao) and
fij(Bo). Recall that our convergence rate depends on the ¢, error bounds of these terms.
We can see how the demeaning causes very little difference in the distribution of errors
for estimating the A-side correlation, which is consistent with the lack of performance gap
exhibited in Figure 3.2. On the B-side, for small sample sizes the demeaned and low-rank
demeaned estimates exhibit both bias and additional variation compared to the no-mean
estimator, but these quickly decrease as we increase the sample size and the mean is estimated
more accurately.

Figure 3.4 shows how these three estimators perform as we vary the sample size, holding
the ratio m = 4n constant. On the B-side the gap between the demeaned and oracle

estimators decreases as we increase the sample size, matching the results of Theorem 3.2.2.

IMCC is defined as MCC = TP x TN/,/(TP + FP)(TP + FN)(IN + FP)(IN + TN).
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Figure 3.1: Performance of our penalized precision matrix estimators for p(Bg)~! for homogenous
sampling rates over the regularization path. We set m = 400 and n = 160. The top row shows
relative Frobenius and spectral norm errors, while the middle and bottom rows show selection
performance in terms of FPR+FNR and MCC. We let (; = --- = (;,, = ¢, where ( = 0.7,0.9.
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Figure 3.2: Performance of our penalized precision matrix estimators for p(Ag)~! for homogenous

sampling rates over the regularization path. We set m = 400 and n = 160. The top row shows
relative Frobenius and operator norm errors, while the bottom row shows selection performance in

terms of FPR+FNR and MCC. We let (; = -+ = (;, = (, where ( = 0.7,0.9.
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the density of estimated errors for estimating p; ;+1(Ao), or the 1-off diagonal terms.
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On the A-side these estimators track very closely in performance for the full range. The
no-demean estimator, which applies the zero-mean methodology to a matrix with two-group
means, shows the importance of correctly accounting for the mean in these scenarios. This

estimator that ignores the mean never converges.
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Figure 3.4: Performance of our precision matrix estimators in the presence of two-group mean
structure. Here we set m = 4n and fix ( = 0.7. We choose groups means to have a difference of
| p) — u(2)| = 1. Each point shows the optimal A over a range of values. The left panel shows
performance in terms of relative Frobenius and operator norm error, while the right shows selection
performance.

Figure 3.5 shows the behavior as we vary the sampling rate. As expected our estimators
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perform worse as the sampling rate, and therefore effective sample size, decreases. The
demeaned and no-mean estimators, however, react almost identically as we vary the sampling
rate. This suggests that the additional factors of 1/(y;, that we pay in our theoretical rate
when demaning are likely not binding in practice. In some scenarios it may even be possible

to show tighter rates with respect to (.
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Figure 3.5: Performance of our precision matrix estimators in the presence of two-group mean
structure. Here we set m = n = 400 and vary the sampling rate (. We choose groups means to
have a difference of | p) — u(2)] = 1. Each point shows the optimal A over a range of values. The
left panels show performance in terms of relative Frobenius and operator norm error, while the
right show selection performance.
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Figure 3.6 explores how our estimators react to heterogenous sampling rates. In this
experiment we only vary the sampling rate of 5% of columns. On the B-side we see that this
has very little impact on the estimation performance. This matches our theoretical results,
as the B-side convergence rate in (3.18) depends on an average sampling rate ||||, rather
than the minimum. Although (i, terms are introduced in (3.20), as discussed above in
practice these are likely on non-dominant terms.

Considering the A-side convergence in (3.19), it is then no surprise that the A-side esti-
mation is sensitive to varying a small number of sampling rates, since it is more dependent
on Cpin- S0 varying the sampling rate of a small number of columns makes a significant
impact on the overall estimation.

Figure 3.7 compares our method to using the standard graphical Lasso with naive mean
imputation. The left panel holds the size of the data matrix constant while we vary the
sampling rate. As expected, we see that the methods are identical when there are no missing
values, but that a significant gap in the relative norm performance quickly appears as we
introduce missing values.

The right panel demonstrates the convergence behavior of the two methods as we hold
the sampling rate constant and increase both n and m, fixing m = 4n. We see that our
proposed method quickly converges to low relative norm errors, while the imputed version
converges at a much slower rate. Theoretically, we do not expect the version with mean
imputation to be able to achieve convergence to zero, since its input covariance estimates

will always be biased by the lack of adjustment.
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Figure 3.6: Performance of our penalized precision matrix estimators for heteogenous sampling
rates. We set m = 400 and n = 160. For 95% of columns we set (; = 0.9 and for the remaining
5% we set (; = 0.3,0.5,0.7,0.9. The left column show relative Frobenius and operator norm errors,
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3.4 Conclusion

We have developed a method for estimating the sparse row precision matrix of a matrix-
variate data matrix when there is missing data with varying missing rates by column. We
have shown that this method is effective through both theoretical and empirical investigation,
where our theoretical results rely on recently developed concentration inequalities under
masks. We also present a statistical methodology for performing this estimation in the
presence of two-group mean structure and show the presence of mean structure affects the
convergence rates.

We also note that there are many applications with data that may exhibit these types of
observation-observation dependencies. These methods show promise for applications such as
flexibly correcting for dependent experimental design, estimating the connectivity structure
across both space and time in medical imagining data, or estimating observation-observation
networks in data collected from social or physical networks. In future work we hope to make
this method more flexible, especially in allowing for more complex missing data structures,

to enable more of these types of analyses.
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CHAPTER IV

U.S. Senate Data Analysis

We explore a dataset of U.S. Senate voting records and apply the proposed methodology.*
We will focus on two recent Congresses, the 114th (2015-2016) and 115th (2017-2018). These
took place during the last two years of President Obama’s second term and the first two years
of President Trump’s, and marked a significant shift in the political climate. We will also
compare these results to those from the 106th Congress (1999-2000), during the final two
years of President Clinton’s second term.

In this data, we believe that there should be natural correlations between both senators
and bills. Senators will naturally be correlated with other like-minded senators, not just
due to party membership but also because of factors like the states and geographical areas
they represent, basic ideological and philosophical beliefs, and political considerations like
forming voting blocs. We also think that bills or votes may be correlated. For instance,
multiple bills on similar issues may induce similar voting patterns, or there may be multiple
votes with similar purposes, like rejecting poison-pill amendments to the same bill.

All three of these Congresses exhibit Republican majorities in the Senate. The 106th
and 114th Congresses are in particular very similar, both in the last years of Democratic
presidents and with similar Republican majorities (54 to 46 or 55 to 45). The 115th Congress

has a smaller Republican majority, where they have 50-52 of the votes over the course of the

IThis data is part of the public record and open-source code to download and process the data can be
found at https://github.com/unitedstates/congress.
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time period.

We remove senators who did not serve full terms as well as unanimous or unanimous-
by-party votes, leaving us with datasets of 96-100 senators and 414-549 votes per Congress.
Missing values in the dataset come from “Not Voting” or “Present” votes, consisting of
roughly 2-3% of all votes. Individual bills have vote rates ranging from 70% to 100%, with
most falling between 90% and 100%. Previous analyses of this data have generally imputed
missing votes, often with “Nay” votes (Banerjee et al., 2008; Guo et al., 2015a). This likely
does not significantly bias results in this dataset given the small missing rates, but other roll
call datasets of interest (such as the European Parliament data studied in Han, 2007) have

significantly higher missing rates and imputation may not be appropriate.

4.1 Related work

Note that the voting data here is binary, while most of the methodology we have developed
in Chapter III is designed for graph estimation of continuous, and especially multivariate
normal data. While we do not present theoretical results for use with binary data in this work,
we do hope to partially bridge this gap with some proposed methodology and simulation
results.

There have been several proposed methods for estimating graphical models with dis-
crete data in the independent case. Many of the most popular models are based on Markov
Random Fields and in particular the Ising model. Ravikumar et al. (2010) develop a neigh-
borhood selection-based estimator for this model based on running individual logistic regres-
sions, similar in spirit to the method in Meinshausen and Biihlmann (2006). Using logistic
regression-based estimators, Guo et al. (2015a) develop an Ising model that separates obser-
vations into categories and allows for differences in the graphs between categories. They use
this model to explore Senate roll call data, assuming senator networks are per-category but
that otherwise votes are independent. Similarly Kolar et al. (2010) estimate a time-varying

model on Senate voting records assuming graph parameters change smoothly over time using
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total variation-penalized logistic regressions.

Banerjee et al. (2008); Kolar and Xing (2008) develop global (rather than neighborhood)
estimators for Ising models based on approximate likelihood upper bounds. Banerjee et al.
(2008) in particular apply their method to Senate voting records data, assuming bills are
independent.

Note that all of the voting recrods applications here use naive imputation techniques,
generally replacing missing votes with either “No” votes or party majorities, and, although
some allow the senator-senator graph to change for different bills, all assume independence
on the bill-side of the data.

A separate line of models involve latent continuous variables, usually multivariate nor-
mal, that are discretized to form observed binary or ordinal data. When the latent variables
are multivariate normal and directly discretized, this is sometimes known as the multivariate
probit model (Ashford and Sowden, 1970). Chib and Greenberg (1998); Guo et al. (2015b)
develop EM-based estimators for this model, while Suggala et al. (2017); Fan et al. (2017);
Feng and Ning (2019) instead propose direct estimators of the latent correlation matrix.
These all allow for estimation of the latent precision matrix and graphical model from dis-
cretized but otherwise fully observed data, but we leave adaptation of these methods to our

setting with dependent and missing data to future work.

4.2 Data model

To obtain binary data with two-way dependence, we consider an Ising model of the

following form.

n
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where 0(u, A, B) is the normalizing constant. This essentially means the vectorized data
vec(X) is a single draw from a standard Ising model with interaction parameters defined
by the off-diagonal elements of (—A~! @ B~!). As usual, we then observe X = Uo X for
U;; MY Bernoulli(p;).

Note that the fully observed data here reduces to the standard independent Ising model in
Banerjee et al. (2008) when B = I and u} = ,ujz-. In this i.i.d. case, they develop a Gaussian
approximation to the Ising log-likelihood based on replacing #() with an upper bound. This

is estimated using a graphical Lasso-type estimator based on the standard sample covariance

n

1 _ _
Sy = D (Xii — Xi)(Xpy — X;).

k=1

In particular, Banerjee et al. (2008) use S + (1/3)I in their estimator due to the nature of
their upper bound.

Viallon et al. (2014) shows that this approximation is competitive with or outperforms
other approximations and exact methods, including the logistic regression-based methods of
Ravikumar et al. (2010). In particular, they use a modification that replaces S+ (1/3)I with
the sample correlation matrix and show that this version of the estimator is competitive at
recovering the structure of the Ising model while being significantly computationally cheaper
than the alternatives.

We therefore adopt this methodology to our more complex case, with dependence from
B, u exhibiting two-group mean structure, and missing data, by replacing the simple sample
correlation with the correlation estimators we develop in Chapter III:

Ti;(A4) = B S(A)y ! (3.14)

\/AiiA\jj \/ (A)“g( ) \/Aﬁj
Fy(n) = —e — By A (3.15)
’ iB )iS(B);; M

=
o)
o

=
E>
S

We show in that chapter that these are consistent estimators for the column- and row-wise
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correlations, respectively. Following Viallon et al. (2014), we then use these in the graphical

Lasso objective.

Al = argmin tr(T(A)ASY) — log |Ay| + A A 1 on
A -0l Ay [2<RA
(4.2)
Bp—1 — arg min tr(F(B)Bp_l) —log |B,| + )\|Bp_1|1,off.

B, '~0,||B, ' |2<Rp

Here we simple aim to provide a basic methodology for use with this data, we leave refinement
and a theoretical understanding of these estimators and the Kronecker-product Ising model
presented here to future work.

Figure 4.1 shows how well our estimators recover the Ising structure defined in A~! and
B! for a dataset without two-group mean structure. Due to the challenging nature of
simulating data from the Kronecker Ising model described above, we limit the size of our
simulated data for these exercises. We can see that our model recovery on the smaller B-side
is quite good, while the recovery on the larger A side is more challenging here. The A-side
estimator manages to capture the block structure of the graph, but there is not enough data

to accurately capture individual edges.

1.00 1.00
McCC MCC

— FPRFNR — FPRFNR

0.754 0.754

0.504 0.50

B: Selection
A: Selection

0.254 0.254

0.004 0.004

01 02 03 04 05 06 02 04 0.6
Lambda Lambda

(a) B Selection (b) A Selection

Figure 4.1: Estimator performance on simulated Ising data. We set n = 60, m = 240, and the
sampling rate ¢ = 0.95. A = SB(0.5,10) model and B = AR(0.7).
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In Figure 4.2 we test the convergence behavior in terms of model selection as we fix each
dimension and allow the other dimension to increase. In these smaller examples, we see
that we are able to recover the graph defined by the Ising parameters quite well along either

dimension once we have sufficient data.
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(a) B Selection, n = 20 (b) A Selection, m = 30

Figure 4.2: Estimator performance on simulated Ising data. We set the sampling rate to ¢ = 0.95
and let A = SB(0.5,10) model and B = AR(0.5) modified to be a full loop graph. Each point is
optimized over a range of penalties and represents the mean of 5 replications.

We now move on to simulations with two-group mean structure. We first validate that,
even if group labels are unknown, clustering algorithms can still accurately recover the group
structure. We consider two spectral clustering algorithms, the “Classify” algorithm from
Blum et al. (2007), which is specialized for separating two populations, and the clustering
algorithm from Ng et al. (2002) using the simple matching coefficient (SMC) as an affinity
measure, which we denote as “Spectral”. Figure 4.3 shows the components and classifications
from each algorithm, and both are able to perfectly recover the group mean structure.

Figure 4.4 shows example graph estimates from the two-group and globally demeaned
estimators on Ising data that is simulated with two-group mean structure. The importance of
two-group demeaning is evident, as global centering makes it impossible to estimate negative

within-group connections due to the mean effect swamping them out.
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Figure 4.3: Spectral clustering components for simulated Ising data with two-group mean structure.
We set n = 60, m = 240, and the sampling rate ( = 0.95. A = SB(0.5,10) model and B = AR(0.7).
u', p? are set so each column has group means of approximately 0.2 and 0.8.

4.2.1 Demeaning

Before we apply our graphical Lasso estimators, the two-party structure of our data
suggests that the two-group methods developed in Chapter III will be applicable in this
setting. Given this data, the natural mean structure to assume is separate means for each
bill and party. Figure 4.5 shows the differences between the raw Democrat and Republican
means by bill. The significant amount of weight away from the center for these differences
in means supports the use of the two parties as group labels.

Figure 4.6 shows the pairwise agreement percentages for senators in the 115th Congress.
The bimodal nature of this distribution is also consistent with the presence of two distinct
groups, likely resulting from within-group and between-group pairs of senators.

To validate that the two parties (including independents as Democrats) are indeed rea-
sonable labels to use for two-group demeaning, we compare several alternative methods for
estimating the mean matrix. None of these methods are specialized for estimating the mean
matrix in the presence of dependent errors X, as we expect to have in our model, but in the
independent setting these are all standard methods for estimating mean matrices M with

two-group structure.
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Figure 4.4: Performance of the B-side precision matrix estimator for simulated Ising data with two-

group mean structure. We set n = 60, m = 240, and the sampling rate ( = 0.95. A = SB(0.5,10)

model and B = AR(—0.7). u!, u? are set so each column has group means of approximately 20%

and 80%. The penalty is set at 0.1 and 0.34 for the left and right panels, respectively.

We estimate clusters using the “Classify” and “Spectral” algorithms as described in
Section 4.2. Once the clusters are estimated using these methods, we use those to estimate
two-group means. We also implement and test the low-rank mean estimator proposed in
Section 3.1.1 for rank-2 means, denoted as “Low-rank”.

Table 4.1 compares the mean estimates of these methods to the mean estimate using
the original party labels. The Classify method perfectly recovers the party labels for all the
Congresses, while the Spectral method does for two of the three. As expected, the Low-

rank method deviates somewhat farther, since it does not make the same explicit two-group

assumption on the mean, but still estimates a similar overall mean matrix.

Table 4.1: The difference in mean estimation of our alternative methods compared to using the
true party labels. We present the relative Frobenius differnce ||M —M*|| z/||M*|| r, where M* is the
estimated two-group mean matrix using the true party labels.

Method 106th 114th 115th

Classify  0.00 0.00 0.00
Spectral  0.00 0.00 0.09
Low-rank  0.10 0.13 0.15

Figure 4.7 displays the eigenvalue plots from the Spectral method, confirming that using
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Figure 4.5: Histogram of raw group mean difference by bill, plotted as Dem% - Rep%.

a two-group mean structure is appropriate.

These results show that using the two-group mean structure corresponding to the two-
party structure and labels available in the data is a reasonable method of handling the mean
M, and therefore that the demeaning strategies used to form our precision matrix estimators

in Chapter III are appropriate to apply here.
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Figure 4.6: Histogram of pairwise agreements between senators for the 115th Congress.
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Figure 4.7: Eigenvalue plots of the spectral clustering algorithm “Spectral”.

4.3 Senator-side analysis

Our demeaned estimator first removes the effect of these by-party means and uses the
demeaned matrix to estimate the precision matrix. By doing so, we attempt to isolate how
senators are connected in terms of how they deviate from their respective party means,
rather than the overall mean vote. So two senators being positively linked might mean they
tend to break with their respective parties at the same time, and in the same direction. If
this two-group demeaning is not performed, cross-party connections are much more diffi-

cult to discover due to the dominating effect of party means. Figure 4.8 demonstrates this

63



phenomenon for the senator-side, comparing the results of our demeaned precision matrix
estimator on the left to the non-demeaned estimator on the right. We see how the right panel
is dominated by the mean structure, with separated groups and dense positive connectivity
within each group, while the left panel has a wide variety of more subtle relationships. After
removing the mean component as discussed above, we are now able to examine the relation-

ships contained in the covariance of the error term without the mean effect’s contamination.

Figure 4.8: Estimated links between senators for the 106th Congress. The left panel presents
our two-group demeaned estimator, while the right panel presents the estimator without demean-
ing. Solid lines denote positive partial correlations and dashed lines are negative. Red nodes are
Republicans while Blue nodes are Democrats and Independents (caucasing with Democrats).

Figure 4.9 shows estimated graphs from the precision matrices of each of the Congresses
we consider. Our data is not Gaussian, so we cannot interpret our precision matrix estimates
as conditional dependency graphs, but we can still use the estimated partial correlations to
understand how pairs of senators are correlated after controlling for the behavior of the rest
of the Senate.

In particular, we are interested in comparing the structure of the estimated graphs from
recent years (2015-2018) to a Congress from the past (here we are using the 106th, 1999-
2000). It seems that the number and variety of cross-party connections has decreased sig-
nificantly over time. The connections that have survived to the recent past mostly consist
of connections through the “extremes” of each party, where the most liberal Democrats are
connected positively to the most conservative Republicans. In the 114th and 115th Congress,

these cross-party links tend to connect Tea Party-associated Republicans, some of the most
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conservative senators, positively to the liberal wing of the Democratic party.

The 115th Congress exhibits even fewer connections than the 114th, likely explained by
the election of President Trump and the resulting political dynamic in the Senate, often
described in the media as “dysfunctional” or “broken.” In fact, the graph estimated at
the same tuning levels does not exhibit any cross-party links (Figure 4.10), and when the
penalization is relaxed until cross-party links appear they only consist of links between Rand
Paul and the liberal wing of the Democratic party.

In the 106th Congress you still observe connections between the extremes of the party,
such as Feingold-Smith. But we also see a significantly higher number of non-extreme-to-
extreme connections in the 106th Congress. For instance, Sarbanes and Kennedy, two of the
most liberal senators, are connected positively to a group of the most liberal Republicans:
Collins, Jeffords, and Snowe. But Breaux, a very conservative Democrat, is negatively corre-
lated with this same group. Or the Hollings-Byrd-Helms triangle that connects three socially
conservative senators from South Carolina, West Virginia, and North Carolina, respectively,
all southern east-coast states, despite Hollings and Byrd being Democrats and Helms being
a Republican.

This observed change over time matches previous observations on the increasing polar-
ization and partisanship in American politics (Abramowitz and Saunders, 2008; Hare and
Poole, 2014; Iyengar et al., 2019). As the parties have moved away from each other ideo-
logically and strategically, fewer cross-party connections are observed. The remaining links
likely are connecting extreme-to-extreme because of an “ends vs. the middle” phenomenon,
where the extreme wings of both parties deviate away from their party consensus to vote
against moderate bills for opposite reasons.

Figure 4.11 shows the estimated subgraphs for each party during these time periods.
Looking first at the top row, the Democrats during the 106th and 114th Congresses feature
a mostly-connected core of senators, though the 114th Congress Democrats are significantly

more interconnected. But in the 115th they separate into two distinct factions, as a highly
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Figure 4.10: Estimated links between senators for the 115th (2017-2018) Congress. This tuning
corresponds to the tuning in Figure 4.9 for the 106th and 114th Congresses, which here results in
no cross-party links.

connected liberal wing of the party splits from the rest. Interestingly, this group contains
all of the Democratic senators who had serious interest in presidential campaigns for 2020,
such as Sanders, Warren, Gillibrand, Harris, and Booker. Perhaps all of these senators voted
similarly during this time in order to match trends in public opinion and get publicity to
setup their hopeful campaigns.

Looking at the Republican party, we see an opposite trend over these three Congresses.
In the 106th Congress, there are several mostly-separated factions within the Republican
party. In the lower-right portion of the graph is a group containing much of the conservative
wing of the party, including senators like Sessions, Inhofe, Shelby, and Helms. There is also
a smaller separated clique of Jeffords, Snowe, Collins and Specter (more easily visible in
Figure 4.9, who are all generally known as the four most moderate Republicna senators of
this time. The rest of the party is mostly in a third, larger connected component.

In the 114th Congress we see the same conservative faction, with previous senators like
Session, Inhofe, and Shelby joined now by Tea Party senators like Paul and Lee, as well
as other conservative-wing Republicans like Sasse and Cruz. The rest of the party is still

mostly in another connected component, where the more moderate senators like Collins,
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Murkowski, Kirk, and Ayotte are still identifiably grouped together.

Note that it is this conservative wing that contains all of the connections to the Demo-
cratic party, positively to liberals like Warren and Merkley, but negatively to middle or
moderate senators like Coons and Nelson. This suggests that in this more partisan time, it
is more likely to extremists like Paul and Lee to “cross the aisle” to vote against their party
and with the Democrats, not because they agree with the Democratic position but because
they think the bills proposed are not extreme enough.

In the 115th Congress, however, these Republican factions largely merge into a single
connected component. Note that the Republican majority was significantly smaller during
this time, as they controlled only 50-52 votes compared to the 54-55 votes they had in
the 106th and 114th Congresses. This likely necessitated tighter control over the party by

leadership to get their desired bills passed.

4.3.1 Stability

To test the robustness of our estimated connections to deviations in the data, we conduct
a stability exercise similar to that done in Banerjee et al. (2008). To do this, we divide our
data into 10 folds and, for each fold, we estimate the graph leaving out that fold. We then
compute the average number of entries that are classified differently from the estimator
using the full dataset. This provides an empirical estimate of how unstable our estimator is
in terms of edge classification.

Figure 4.12 shows the estimated instability for the 106th Congress as we vary lambda.
As expected, for small lambda values this instability can be quite high, as the penalization
is not enough to control noise in the data. But for the penalization level we present in
Figures 4.9 and 4.11, the estimated instability is quite low at 0.008, so as we perturb the
data less than 1% of links disagree with the base estimate.

For the bill-side estimates, presented below, we find that the estimated graph in Fig-

ure 4.13 has an estimated instability of 0.001.
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Figure 4.12: Estimated instability in the Senator-Senator graph for the 106th Congress.

4.4 Bill-side analysis

Figures 4.13 and 4.14 show the estimated vote graphs for the 106th (1999-2000) and
114th (2015-2016) Congresses. In each of the graphs, seveal of the more common vote/bill
topics are highlighed.

One of the major acts of Congress during the 106th Congress was H.R. 4444, which
extended permanent normal trade relations (PNTR) to China. In Figure 4.13 votes related
to this bill are tightly grouped into two main groupings, one large one in the top-center of
the panel and another smaller grouping in the middle-left. The middle-left group contains
both the cloture motion and final passage of the bill, both of which had broad non-partisan
support. This likely identifies the other two votes in this group, which were voted down
similarly, as poison pill votes whose passage would’ve likely been tantamount to killing the
bill. The unlabelled vote connected to the middle-left grouping is also interesting, as it is an
unrelated vote from a year earlier regarding trade with Vietnam that was voted down in a

similar matter, another similar hard-line action against trade with an east Asian country.

70



o  Other e Military e Health Care
e GunPolicy e Education e China Trade Policy

Figure 4.13: Estimated links between votes for the 106th (1999-2000) Congress.
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Figure 4.14: Estimated links between votes for the 114th (2015-2016) Congress.
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The top-center grouping consists of votes on several proposed amendments, mostly adding
smaller restrictions or conditions to the PNTR status, none of which passed but which
generally induced similar sets of additional senators to vote against their party consensus on
these bills.

Similar patterns and information can be found by examining other clusters as well. Look-
ing to health care, the tighter grouping just southeast of the middle of the panel is largely
regarding imposing regulations on and adding protections to health care plans, which no-
tably don’t require significant federal funding or financial commitment. But the health care
bills in the bottom-middle intermixed with education and unlabelled votes involve increasing
federal health care spending and moving budget resources, and therefore are closely linked
to many votes involving funding for and investment in education.

On the bill-side the two-group demeaning means that bills are linked because they have
similar patterns of senators that deviate from their party consensus together. Per the simu-
lation results in Figure 3.4, we expect less issues to be caused by not demeaning here than
on the senator-side, but if two-group mean structure is present not demeaning still causes a
significant reduction in model selection performance. Figure 4.15 again shows the differences
between the two-group demeaned and no-demeaning estimators. We see that the latter ex-
hibits a strong separation between bills with high amounts of overall agreement and more
contentious bills. Some of the structures within these groups are similar to those discussed
above using the demeaned estimator, but the tight within-group connectivity and inability to

connect between groups makes it much more difficult to explore more nuanced relationships.
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Figure 4.15: Estimated links between votes for the 106th (1999-2000) Congress.
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4.5 Covariance thresholding

Note that in addition to presenting precision matrix estimators, our work in Section 3.1
also develops correlation estimates for this two-group setting with missing data, including
theoretical rates of concentration for both correlation matrices (Theorems 5.4.1 and ?7?).
Using these estimators, we also explore applying the covariance thresholding methods studied
in Bickel and Levina (2008) and Cai and Liu (2011). Figure 4.16 shows the results of applying

covariance thresholding to the senator matrix of the 106th and 115th Congresses.

(a) 106th Congress (b) 115th Congress

Figure 4.16: Plots of thresholded correlation estimates using our demeaned input correlation esti-
mators. These correlation estimates are then soft-thresholded by 0.248 for the left panel and 0.337
for the right.

We observe a similar pattern to the one detailed in Section 4.3, where there is signifi-
cantly less between-party connectivity in the more recent Congress. In fact, we observe the
same phenomenon detailed in Mazumder and Hastie (2012), where the pattern of connected
components in the left and right panels closely matches the corresponding precision matrix
estimates show in the top-left panel of Figure 4.9 and Figure 4.10, respectively. Though the
correlation structure is much more tightly bound within-groups than the sparser precision

matrix.
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CHAPTER V

Theoretical Results for Covariance Estimation for
Matrix-Variate Data with Missing Values and Mean

Structure

In this chapter we prove the theoretical results presented in Chapter III. Section 5.2
first shows the convergence rate of the graphical Lasso estimator given an input correlation
estimate. This is a standard result (see Rothman et al., 2008; Zhou et al., 2010) that we only
slightly modify to account for our additional side constraint.

Section 5.3 proves consistency and convergence results for the zero-mean estimator, or
when we assume oracle knowledge of the mean matrix. For this section we assume the mean

matrix is zero, so M = 0, and therefore have the data
X=UoX forUe{0,1}™", U< Bernoulli((;), (3.26)

and define T'4, T to be analogues of the estimators defined in (3.14) and (3.15), replacing
X with X.

The proof of Theorem 3.2.1 then bounds how far the mean estimation causes our estimates
to deviate from this zero-mean baseline. Section 5.4.1 does this for the B-side estimators for
when the masks are known, while Section 5.4.3 bounds the difference in the mask estimates

used to prove Proposition 3.2.2. Section 5.5 proves the same bounds in the error caused by
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the mean estimation for the A-side.

5.1 Preliminaries

Recall that our data model is

X=M+X (3.1)

X — B1/2ZA1/2

For 7 € R™*™ is a mean-zero random matrix with independent subgaussian entries with

| Zijll¢, < K. Then, for column-wise sampling rates (i, ..., (y, we observe
X=UoM+X) forUe{0,1}™", Uy~ Bernoulli(¢;). (3.2)

For some known design matrix D € R™? of the form

T
1 10 0
D = )
0O --- 01 1
n n

we have Ml = Dy, where = (u, )T € R**™ is a matrix of means for each variable and

group.

Let us denote

for column vectors 27, u/ € R® and row vectors y*, v* € R™.
M M
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Recall that

_ tr(XXT) k=4
My = . (3.13)
Se k#1{
where
__n T 7 T
Sc—n_ltr(é\f' XoM) p— tr(X°X) (5.1)

Recall that ¢;(A) are the eigenvalues of A, where ¢uin(A) is the minimum eigenvalue.
k(A) is the condition number. a, = max;;a;;, and @y, = min; a;;. p(A) is the correlation
matrix corresponding to the covariance matrix A.

We also denote the sampling rates as ¢ = ((1, ..., Gn). Let (uin = min; §;. Let Cy,Cy, ...

be some absolute constants that may differ from line to line.

5.2 Graphical Lasso consistency

Theorem 5.2.1. Suppose that Assumption 1 holds. Let us say that the event T (B) holds
for an input correlation matriz T(B) for some parameter Opm if T;;(B) = p;;(By) = 1 for
all j

max |Tjx(B) — pjr(B)| < dpm (5.2)
J.k,j#k

Let Ep be the unique minimizer defined by (3.11) with the input correlation matric f(Bo).

Suppose that event T(By) holds for T'(By) for some 68 such that

n,m

5577”\/\351]0,05 V1=o(1) (5.3)

and that for some 0 < € and € < 1 we choose A\ = 67, /e and R > ||p(Bo)~"|l2. Then, on
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event T (By), we have that for some constant C

1B, = p(Bo)ll2 < 1B, = p(Bo)llr < Cl(p(Bo))*A\/ 1By o V 1
~ . - B CA/|By oo V 1
1B, = p(Bo) " ll2 < [[B,” = p(Bo) " |lr < (5.4)

2¢12nm<p<B0>>

Here we focus on showing Frobenius norm consistency with an ¢; penalty, but note that
we can easily replace the ¢; penalty in (3.11) with a nonconvex penalty such as SCAD or
MCP (Fan and Li, 2001; Zhang, 2010). Using the same framework as Loh and Wainwright
(2017), we can then show the same model selection consistency without incoherence results
that they attain for the graphical Lasso. In practice, however, we find that when used with
non-trivial amounts of missing data the nonconvex penalties generally perform similar to or
worse than the ¢, penalty, since they interact poorly with the already nonconvex objective.

See Fan et al. (2019) for more details and performance comparisons.

Proof of Theorem 5.2.1. This proof closely follows the consistency proofs of Rothman et al.
(2008) and Zhou et al. (2010), with small changes to account for our additional constraint.
The lemmas and propositions within are proved in those works, so we omit their proofs here.
We first need the following lemma, which is stated and proved in Rothman et al. (2008)
and Zhou (2014). Let S be an index set and W = (w;;) be some matrix. Then we write
Ws = (wijlijes)-
Lemma 5.2.2. Let &y > 0. Let S = {(¢,7) : Poij #0, ¢ # j} and S® = {(4,7) : Doi; =
0, i # j}. Then for all A € R™™ we have

|Do + Alpof — |Pol1off > [Age

1 — |Ash (5.5)
Moreover, we have on event T (By), for all A € R™*™,

ltr (A(D(Bo) — p(Bo)))| < 0ulAl1ofr = 0 (|Ase

1+ Aglh). (5.6)
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Proposition 5.2.3 is a standard result; see Zhou et al. (2010) for its proof.

Proposition 5.2.3. Let B be a p X p matriz. If B> 0 and B+ D > 0, then B+vD > 0
for all v € [0,1].

Let G be some convex set such that &, € Gg. Define the indicator function

0 if®eGp
]]‘GB((I)) -

oo otherwise

So 1¢,(Py) = 0 by assumption.
Let 0 be a matrix with all entries being zero. Let T'(B) be the input correlation matrix.

Let A, := A. For some ® >~ 0, let A := ® — ®; and

Q(®) = tr(DT(B)) — 10g|®| + A\n|®|10 + L, (D)
— (DL (B)) + log|®o| — Au| ol 1.0 — T (o)
— tr (A(T(B) = p(By)) ) — (10g|®| — log|®o]) + tx (Ap(By))

+ A (@108 — |Pol1.0) + Loy (P)

Note that ® minimizes Q(®), or equivalently A = & — &y minimizes G(A) := Q(Py+ A).

~

Also G(0) = 0 and hence G(A) < G(0) = 0 by definition.

Consider now the set
7; = {A . A: (b—q)o,q),(bg b O,HAHF :MTn},

where by assumption

91+¢ 1
rn =0/ IBitloog V1=0(1) and M == . 5.7
VB oy 1 =oll) 2 e Fn(o(B) 7
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Proposition 5.2.4. Under our assumptions, for all A € T, we have by (5.7)
Omin(Po) > 2Mr, = o(1) (5.8)

so that ®o + vA = 0,Yv € I D [0,1], where I is an open interval containing [0, 1].

Thus we have that logdet(® + vA) is infinitely differentiable on the open interval I D
[0,1] of v. This allows us to use the Taylor’s formula with an integral remainder to obtain

the following lemma:
Lemma 5.2.5. On event T (By), we have G(A) > 0 for all A € T,.
We state the following proposition, the proof of which is shown in Zhou et al. (2010).

Proposition 5.2.6. If G(A) > 0,VA € T,, then G(A) > 0 for all A inV, = {A: A =
D —®y,D > 0,|Allp > Mr, for 1, asin (5.7)}. Hence if G(A) > 0,VA € T,, then
G(A) >0 for all A € T, UV,.

~

By Proposition 5.2.6 and the fact that G(A) < G(0) = 0, we have the following: If
G(A) > 0,YA € T, then A & (T, UV,), that is, |A||p < Mr,, given that A = &, —®,, where
®,, Py = 0. We thus establish that |Ag, ||z < Mr, on the event T(B,) by Lemma 5.2.5,
and hence (5.4) holds on event 7 (By).

It remains to bound the last set of inequalities. Clearly, on event 7 (By), for the choice

of M as in (5.7) and the bound on ||Ap,||r < Mr,, we have by (5.8)

1 1 _
A2 < [[AB,llr < M1, < §¢min(q>0) = §¢min(P(BO) Y

and Gun(B™) 2 Guin(p(50) ™)~ 18,2 2 Sbun((Bo) ™)

Thus we have on T (Bjy),

: 1(B)™" = p(Bo) I 2 1
B — BO F > = ~ 9(1 K BO A BO 0,off 1
I8 = p(Bol < o o P < 90+ (B ha 1By oo v
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Thus all statements in the theorem hold. O

5.3 Convergence for the zero-mean covariance estimates

In this section we first establish results for the zero-mean estimator, so throughout we

assume M = 0 and therefore recall that

X=UoX forUe{0,1}™™, U ~L Bernoulli((;). (3.26)
Let us denote
X=[zha? 2™ =y %y
U: [u17u27 7um] = [U17U27 ’fUn]T

for column vectors 27, u/ € R™ and row vectors gy, v € R™.

Recall that we set

1 A Vas||A
o= C’KQ—Ogmm” 0”; + CK? logl/z(m\/n)—a 4ol (3.18)
Zk:l akak aminHCH2
log n|| Bol|2 | Bol|
= COK?*>2==E L 0K log 2 (m v on)——0 3.19
b Cnin t1(Bo) g ) Cmin t1(Bo) ( )

for some absolute constant C.

We then prove the following bounds on our masked correlation estimates using this zero-

mean data and estimator.

Theorem 5.3.1. Consider the data generating random matrices as in (3.26) and suppose

Assumptions 1 and 2 hold.

Let ép, ,Z[p be the unique minimizers defined by (3.11) with the input correlation matrices
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I'(Bo),['(Ao) (calculated with non-demeaned data). Penalties are chosen as

g = %(6 +6r(Bo) VM) Aa = %(155)

for some 0 < £, < 1, and Ra > |p(A0) s, R > llp(Bo) 5 Let a,8 < 1/3 and let
Cs, Cy be some absolute constants.

Then, with probability at least 1 —8/(m V n)?,

1B, — p(Bo)ll2 < |1B, — p(Bo)llr < Csr(p(Bo))*Ap\/| By oorr V 1

-, B - » C3Apy/| By Hoos V 1
1B, —p(Bo) “ll2 < 1B, — p(Bo) ||r <

2021 (p(Bo))

Similarly, with probability at least 1 — 8/(m \V n)?,

14, = p(Ao)llz < 14, = p(Ao) [+ < Cir(p(A0))*Aar/ |45 o V 1

< . ~ . Ciday/|Ag oo V 1
14, = p(Ao) "l < 14,7 — p(Ao) " || <

2¢12nin (p(AO) )

Proof of Theorem 5.3.1. To prove this result, we simply apply Theorem 5.2.1 using the cor-

relation convergence results in Theorem 5.3.3. O
To show this, entry-wise concentration results for the oracle correlation matrix are proved

in Section 5.3.2, and the rates for the mask estimates are shown in Section 5.3.3.

5.3.1 Correlation convergence

Theorem 5.3.2. Consider a data matriz as in (3.26). Let mV n > 3. Then, on event Ag

as defined in Lemma 5.3.7, for a < 1/3, and T'(By) as defined in (3.10)

. . o
Vi# j, |Lij(Bo) = pij(Bo)l < 17—+ |pi;(Bo)

<3
l—oa — @
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Similarly, on event Ay as defined in Lemma 5.5.8, for f < 1/3, and f(AO) as defined in
(3.7)

8
g <8

R B
Vi# j,  [T'ij(Ao) — pij(Ao)| < 1-5 + [pij(Ao)|
Proof. Under Ag,

= oy _ (v oy’ vl oyl) /M o
|FzJ(BO) pl](BO)‘ (1v? o ||/ VM) (|07 0 yi|a/ /—ij) pl](BO)

o | ooy v o)/ (y/babiyMis) — pis(Bo)
(v o yill2/ Vb M) ([[v7 0 yi]2/ /b3 M)
+ 1oy (Bo) : I
17 0 X X X X -
’ ([[v" o yilla/VbiuMii) (|07 0 yilla//bjj M)
o
<% (B
> 1—Oz+|p”( 0)|1—04
The proof of the second statement is identical. n

Theorem 5.3.3. Consider a data matriz as in (3.26). Let mVn > 3. Then, with probability

at least 1 —8/(nV m)?, for a < 1/3, and f(Bo) as defined in (3.15)

Vi#j, |Tij(Bo) — pij(Bo)| < 6a + (6x(Boy)/v/n)a

Similarly, with probability at least 1 — 8/(n\V m)?, for 8 < 1/3, and f(AO) as defined in
(3.14)

Vi # 7, |fz‘j(Ao) — pij(Ag)| < 158

Proof of Theorem 5.3.3. For the B-side, consider the events Ag as defined in Lemma 5.3.7

and Aj; as defined in Proposition 5.3.11. Under Ay,

B

T
4l < tr(xX A7)
ES,

@ Etr(XXT)
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Also note that,

~ vioyl vioyl) tr(XXT) =~ tr(XXT) ES,
[i;(Bo) = Wov,voy) HAX) I's;(Bo) ( ;
[ o yifla]lvi oyl Se Etr(XXT) S,

So, using Theorem 5.3.2,

ITi;(Bo) — Tiy(Bo)| < T5(Bo)]

tr(XAX") ES.
Etr(XXT) S, ‘
< |fz‘j(Bo)| max (' Lt an(Bo)/v/n

l—«

1+«

< |Ts;(Bo)| max (1 + ga+ 3’{\(/?)04 11— (1 - “E/%))a»

< (14 3a) <g+&\/§°)>a: <g+3/€\(/lgo))a+ (§+9/7{(/1;0))a2

and therefore, when av < 1/3,

) 7‘1 —ar(Boy)/vn 1D

IT3;(Bo) — pij(Bo)| < [Tij(Bo) — Tij(Bo)| + Tij(Bo) — pi(Bo)|

< 6a + (6r(Bo)/vn)a

For the A-side, note that

|fij<‘40) - fij(Ao)| = fij<A0) ng

G

—T'i;(Ao)

<

L
L Lw

Gié;

&’

Using Hoeftding’s Inequality, we get that

P<|CAZ_<2| <+/3/2 long\/n> >1-2/(mVn)

<

jp<|éi—@|§\/3/2 long\/n i)Zl—Qm/(mVn)3
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So, with probability at least 1 —2/(m V n)?,

Iéi_€i|§ﬂgminv'i:1,...,m

We assume that (i, 2 \/log+v". So, for appropriately chosen constants,

7

~ 1 R .
|C1_Cz’ < \ 3/2 Ong\/n _— C > gmln

2
Therefore
Ci ‘ ‘CZ_CZ|
SO T
Gi Gi
And, for 5 < 1,
9|40 (<_ )<_<_
GGl Gi G Gi G
g%—l& 1+§—1‘+ @—1 <60
i Cj Cz Cj

Finally, we note that, for any a and & and ¢ € [0, 1],

‘3_1)§g:> mgﬁsm
a a

ﬁ—l‘gmax(l—\/l—a,\/l—l—e—l)ga
a

‘

So we get that

(5.9)

And therefore, using Theorem 5.3.2, we get that, for § < 1/3 and with probability at
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least 1 — 8/(n VvV m)?

IT3(Ao) — pij(Ao)| < [Ti(Ao) — Tj(Ao)| + [T (Ao) — pij(Ao)|
~ GiGj

<T;(Ap) —

] \/ GGy

< (1+435)65+ 35

-1/ +33

— 158

5.3.2 Concentration results

We use the following results from Zhou (2019),

Theorem 5.3.4 (Theorem 1.2 in Zhou, 2019). Let X = (Xq,...,X,,) € R™ be a random
vector with independent components X; satisfying EX; = 0 and || Xi||y, < K. Let & =
(&1, ,&m) € {0,1}™ be independent of X with independent Bernoulli components &; such
that E&; = p;. Let D¢ be the diagonal matriz diag(§). Let Dy € R™ ™ be a symmetric
matriz, and let Ag = (a;;) = Di. Define Y = Dy X.

Then for any t > 0,

2 t
P|YTD:Y—-EYTD.Y| > t) < 2exp | —comin — ,
(¥ De Y= 1) 2\ ST i+ S, ) Ko Aol

for some absolute constant cs.

Theorem 5.3.5 (Theorem 1.3 in Zhou, 2019). Consider the same setting as in Theo-
rem 5.3.4. Additionally, let X' ~ X be an independent but identically distributed copy
of X that is also independent of £&. Define Y = Do X and Y' = DyX'.
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Then for any t > 0,

12 t
P(Y'DeY'—EYTD:Y'| > t) < 2exp | —comin - : :
¢ ¢ K4(Zi:1 pz'azzi + Zi;,gj a?jpipj) K2[| Ao |2

Note that when we incorporate mean estimation we will also use variants of these the-
orems where Dy is not necessarily symmetric and Ay = DI’ Dy. A close examination of the
proofs in Zhou (2019) shows that these results still hold in this case.

These results allow us to obtain the following concentration bound results on the indi-
vidual covariance entries, which we prove later in this section. Note that these results were
first presented in Zhou (2019), but we include the full suite of results and proofs here for

completeness.

Theorem 5.3.6. Consider the generating model in (3.26). We first consider the B-side

correlatione stimation. Fort > 0, for each 1,

1
P(— ¢

t2 t
< 2exp | —comin = )
( 2 <4K4(Zk:1 a3k Ch D pre @eCrCe) 2K2||A0H2> )

)

t? t
< 6exp | —comin - ,
( (4K4(Zk_1 aiCi + Zk;éZ g GiG7) 2K2||A0||2>)

(v oy’ v’ oy’) — Z Wkt Cr

k=1

and for each i # j,
p< (v oy, 07 0 y)

1305

k=1

Similarly, for estimating the A-side correlations, we get that

P (i|<uZ oz’ u' o'y — tr(Bo)} > t)

a”L’L

t2 t ))
< 2exp | —co min ,
= p( 2 (4K4Cz'||30||F 2K2[ Byl
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and for each i # j,

(

(ut o z*, u o 27)

>t>

12 t
< 6exp (—c min ( , )>
? AKAGG || Bollr ™ 22| Bol|2

The following lemma combines these concentration results into the appropriate £, norms

— pij(Ao)Gi¢; tr(Bo)

that we need.

Lemma 5.3.7. Consider data generating model as in (3.26). Let M;; = Y - awCe and
= Yo arkCE as defined in (3.9). Then, denote by Ap the event that the following

inequalities hold simultaneously for j =1,...,n,

\/Zk 1 Ok Gh Dz O CiGe

[v7 o /I3 ‘ ologm||Aolla 51 172
—— - 1| <CK*—=7—F—+CK"lo /mVn
bjjMi; Zk:l ek Cr B Zk 1 Qe Cle
1 A Zk 1 azyCr + D kot gV CrCe
ch%%§ﬂ4ﬂ3+0K%%V%mVn\/ ?
> heq @rCe Yoy @G
= Qdiag
(5.10)
and for each i # j,
(v oy, 0" o yf")
— pij(Bo)
V biibj Mi;
] A D et GG D GGG
x|y n V :
Zkzl arrCj, Zk 1 akak
1 A > et G+ Zk# ajCrCe
< COK?*=—""= 0g || Aoll> + CK? logl/2 mV n) \/ = Qoffia (D.11)

Z?:l akak Zk 1 akak

log m|| Aol 2 Jog!/2( \/aoo||Ao 2 /M
e + CK*log/*(mVn
Zk:l akkck aminy/m||C]]2

< oK

Then, we get that P(Ap) > 1 — W, where C' are some absolute constants chosen so that

the probability holds.
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Lemma 5.3.8. Consider data generating model as in (3.26). Let Nj; = tr(By)(; for all j

and Nyj = (;¢; tr(By) for alli # j. Denote by Ay the event that the following two inequalities

hold simultaneously for 7 =1,...,m,
v 0273 ‘ 2log n|| Boll2 21172 | Boll 7
— = 1| <CK*"————=+CK log/(m\/n)—::ﬁ (5.12)
a;iNj; G tr(Bo) tr(Bo)¢*
and for all i # 7,
(u o 2’, w0 a?) 210g 1| Bo||2 21 1/2 | Bollr
—pii(Ag)| K CK*—————= + CK*log*(mVn)————— =: (i
V@iitjiNij S Gi¢; tr(Bo) ( ) GG tr(Bo) ’
(5.13)

Then, we get that P(Aq) > 1 — W, where C' is some absolute constant chosen so that the

probability holds.

Proof of Lemmas 5.3.7 and 5.3.8. We use the first result in Theorem 5.3.6 with

t = CK?logm)|| Aoz + CK*log"*(m V n) Zakak + ZakeCkCe-
kAL

Using a union bound, we therefore get that

1
Pl=
<bn’

Similarly, we use the second result with

<Ui © yiv v’ o yi> - Z akkCr
k=1

<tVi:1,...,n> >1—2—

t = CK?logml||Ag|s + CK? logl/2 (mVn) Zakkgk + ZCLMC,CCZ
[

and a union bound to get that

m

(v oy, 07 0 y) ) L n(n —1)
P — 0;ii(B E tV >1—-6——F—
( biibj; plBo) k=1 x| < 1) m?
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The proof of Lemma 5.3.8 proceeds similarly with the third and fourth results in Theo-
rem 5.3.6. [

Proof of Theorem 5.3.6. B-side. We first consider the diagonal case. Note that 3’ has
covariance by Ay, so we can write y* = (b A0) (g1, ... gm)" for gi,..., gm M4 7 e, entries
of g are subgaussian with a subgaussian constant K, mean zero, and unit variance.

We, for D = diag(v’), can then show that

(W' oy, v oy’) => ) Dryiyi

k=1 ¢=1

= gbiAy* DAY ?g"
Noting that ED = diag((1,. .., (n), we can then apply Theorem 5.3.4 to the quadratic form
gAY’ DAY 9" — EgAY? DAY "

to get our first inequality.

For the off-diagonal case, we first need the following proposition.

Proposition 5.3.9. Let By j) = (bij)?’jzl € R**2 be the positive definite submatriz of By

with rows and columns v, 7. Denote it’s unique symmetric square root as

Cii  Cij

Cij  Cjj

Define

CiiCij  CiiCjj

D) - o A7 DAY"

CijCij  CijCjj
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Then

R 1/2 1/2
1D (i, )|z < /buibi; | Ay > DAY |2

A 1/2 1/2
1D (i, )| < /bisbs || Ay > DAY

And, recalling that p;;(Bo) = bij/~/biibjj,

s 2
CiiCjj + Cjj

<1

pij(Bo)

(5.14)
(5.15)

(5.16)

(5.17)

Without loss of generality, let i+ = 1,5 = 2. Then we concatenate the vectors y!,y? to

form (y',y?) € R*" with covariance matrix By 1,2 ® Ag. Defining g1, ..., gon M4 7 as we

did above, we get that

1/2 1/2
Clle 612140

1/2 1/2
(' y%) = Byl @ Ag" = g

1/2 1/2
012A0 CQQAO

Then, for any given matrix D, we get that

m m 2m  2m
DY Dy = ' Dy =D Diy(1,2)gkge
k=1 (=1 k=1 (=1

where
2m 2m

EY Y D;,(1,2)gkge = tr(D'(1,2)) = bia tr(AgD).

k=1 ¢=1
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Applying this to our setting, let D = diag(v’ ® v’). Then

(W' oy’ v oyl) =Y ypvivinl = y'Dy’”
k=1

= g(c; ® AJ/*)D( @ AY*)g"

= gleic @ (4" DAY))g" = gD'(i, )g”
where ¢; = (¢, ¢ij)" and ¢; = (¢, ¢;;)", and therefore

r | G CGiCyj

CijCij  CijCjj

If we partition g = (g1, g2), consider the following quadratic forms

Z = qi(AY* DAY g — Egi(Ay* DAY gT
7' = g)(Ay*DAY?) gt — Ego(A)°DAY) T

U = g1(A)° DAY gt — Egi(A)*DAY?) gt

For Z, Z" independent.
For i # j we have that ED = diag(¢?,...,(2) and

E(vi oy, v) oyf) = by E(Ag, D) = bi; Y aiC2.
k=1
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So

gD'(i,5)g"

biibj; biibj;

b (L iiai i Bu o o oy
:‘ : (b—(Woy’,v]oyw—E<vloyl’vjoyj>))i
.. ij
Ciiij‘i‘C?j ‘)
—U

iibJJ

=

CiicijZ X CijCjj 7

by by |

< log (Bl

CiiCjj + C2;
= |pi;(Bo)| <|812 + 822" | + %U
i

where S1 = (Ciicij)/bij, So = (Cijcjj)/bija and S1,82 € [0, 1] with 81 + So = 1 since Bé/(fj) is

positive definite and c¢;;c;j + ¢;¢5; = tr(cicjr) = b;;.
Therefore, we can use (5.18) to get that

‘

(Voy voy) L{toylwloyhl
\/ biibj; \/ biibj;
/ . . T / . . T
_p(|9PGag  LeD'Ga)g |,
\/ biibj; biibj;
< P(|pij(Bo)||s1Z + s22'| > t/2) + P(|U| > t/2)

(%)P(\mj(Bo)HZI >1/2) + P(lpij(Bo)llZ'| > t/2) + P(|U| > t/2)

=:p1+Dp2+p3

where (a) is because sy, s9 € [0,1] and sy + so = 1 means that |17 + s22'| > k = |Z| >
k and/or |Z'| > k.
We can apply Theorem 5.3.4 to p; and p, with Proposition 5.3.9, noting that p; =

P(lpi;(Bo)||Z]| > t/2) < P(|Z] > t/2), to get that

t2 t
p1,p2 < 2exp [ —comin 7 ; :
< <4K4(Zk:1 apeGi + Zk;ﬁé G C7) QKZHA(JH?))
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Using Theorem 5.3.5, we get that

12 t
p3 < 2exp | —comin — , .
< <4K4(Zk:1 ajGi + Zk;ﬁé a7 Gi ) 2K2||A0||2)>

Adding these probabilities gives us our desired result.

A-side. The diagonal case proceeds similarly to above. We can write 2 = (a;;B0)"?(g1, . .., gn)T

for g, ..., gn =< Z. So for D = diag(u’), can then show that

n n
(u'oz' u'ox') = E E Dyyzyx),

k=1 ¢=1

= gai By *DBy*g"
Where ED = (;I, we can then apply Theorem 5.3.4 to the quadratic form
9By*DBy*g" — EgBy*DBy?g"
to get that

P (i‘(ul o xi’ui e} :CZ> — Cl tI'(Bo)| > t)

Q4

t2 t
< 2exp | —comin - ,
< <4K4<<i St D s ) 2K2!!Bon>>

t2 t ))
< 2exp | —comin ,
= p( 2 (4K4QHBoHF 2K Byl

The off-diagonal case follows the same steps as the off-diagonal case for the B-side above,

noting that Proposition 5.3.9 and the argument using it are symmetric in A and B. The
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primary difference being that D = diag(u’ o w?) with ED = (;(;I. This gives us that

P ( > t)
6 exp | —co min r f

i ARAGG Do Ui + GG e bie) 22| Boll
6 exp (

) t? t ))
—Co ININ y
? (4K4QCJ'HBOHF 2K2|| Byl

(u' o x*, u? o x7)

— pij(A0) GG tr(Bo)

VAN

IN

Proof of Proposition 5.3.9. Without loss of generality, let i = 1,5 = 2. So
2
C11C12  C11C22
leres 17 = = tr(caci c16y)

C12C12  C12C22

= ”CIH%HC?“g = (031 + 052)(032 + 032) = b11bay

So

ID'(1L,2)IF = lercs ® (A DAG*)[7 = babaa | A DA

Thus (5.15) holds. Using a similar argument we can show (5.14).

To show the last inequality,

(cr1c92 + 0%2)2 = (011022)2 + 01112 + 2011022052
< (crico2)® + 0112 + (c11¢12)* + (c2ac12)?

= () + ¢1,) (¢, + 3y) = bi1bas.

So

B G t ci; < by Vbabi
Pij( 0) b = bib b o
i 1wYjg )

95



5.3.3 Mask estimation

Recall that

__n T =1 T
Sc—n_ltr(.)( XoM) n_ltr(X X) (5.1)
and that
— tr(XXT) k=¢
My = . (3.13)
S k#/

Proposition 5.3.10. M is an unbiased estimate of the mask M multiplied by tr(By). So

n

Etr(xxT) :Etr(Z(vioy) (v; 0 y;)) Ztr (V' @v') o E(y' ®y'))

=1

tr(M o Agtr(By)) ZQ(L“ tr(By)

And

n — 1 “
ES.=FE ( : tr(XTX o M) — : tr(XTX)> = Zajjcf tr(By)

n — n —

Proof. Let M* = v* ® v'. Then

=L O o @)+ o @) 0 )

i=1 i#j

1 1 < . . . .
= —tr(XTX)+ = tr(MoM L2 yh)).
r( an r(M*o M’ o (y' ®y"))

n Y
7]
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Taking expectations and recalling that M?, M7, and X are independent,

Etr(XTX o M) = ~E ta xXTx) + Ztr "o M) o E(y' @1))
Z#J
= lEtr(?('T)()+tr(diaug(<’2 CQ)OliE(y ®
- Bealn)o )
i#]
a) 1 1
9 Br(ATX) + tr(diag(gf, Yo = (n— 1) Ay tr(By))
n n
1 T 2
= —Etr(XTX) + L (Bo) Za“C (5.19)
where (a) is because
ZE (n=1)> B @y') = (n—1)Aytr(By)
i#] i=1
Rearranging (5.19) proves the result. O

Proposition 5.3.11. With probability at least 1 — 25,

S, 1 <
ES.  |=°
Also, with probability at least 1 — 1/m?,
T
W) Bl
Etr(XTX) tr(Bo)

Let Ay be the even that both of these hold, which occurs with probability at least 1 —1/m?* —

n?/m*.
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Proof. Concentration of S.. We first decompose S, into a sum

S. = ”1tr(xT2(oj\7)— tr(XTX)
n J—
n_lZZtr Mie Moy @y)) ——Ztr ®y))
7j=1 =1
=—=D ) (M oMoy ®y)) = n_lzztr (W' ®v)o(y' ®y'))
J=1 i#j j=1 i#j
1 e~ A o
LSS dingtet & )
=1 it
SO
|S. — ES,| < —ZZ| NMdiag(v' @ v/)y" — E(y")" diag(v' @ v?)y').

J=1 i#j
Note that y* = (b Ag)'/2Z;., so we can apply Theorem 5.3.4 to each of these terms with
Dy = (bi;Ap)Y? and D = diag(v' ® v7) to get that

P(Vi#j,|(y) diag(v' @ v')y' — E(y")" diag(v’ ® v’)y’| < byr)

72 T
> 1 —2n%exp [ —co min ™ 5
( (4K4(Zk:1 Cﬁ@iﬁZk#GieCi@ 2K2”A0”2>>

where we applied a union bound over all i # j.

Choosing 7 = CK?log m||Ao||> + CK*log"*(m v n) \/221:1 CRaRk + D kpe Wi Gi Gl We get
that with probability at least 1 — n?/m?*, for alli,j =1,...,n and i # j,

Z! Y diag(v' ® o)y’ — E(y")" diag(v' ® v?)y'| < bur
J#i

n n

DD |y diag(v' @ o)y’ — E(y')" diag(v’ @ v')y'| < tr(Bo)T

i=1 j#i

n—l

1
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Recall that ES. = tr(By) Y _p_; axxCi- So

|Se — ES.| < tr(Bo)T
‘i _ 1‘ T
LS. T 2 ok

CK2logm|[ Agll2 + CEK?log"*(m v ) [T, Gty + Yy afiGRGE

Zzzl aksz}%

<a

for v as defined in (3.18).
Concentration of tr(X7X). We first note that tr(XTX) = (vec(U) o vec(X))” (vec(U) o
vec(X)), where vec(X) has covariance A ® B. So we can write vec(X) = (A ® B)'/?g, where
g € R™ has subgaussian entries with subgaussian constant K, mean zero, and unit variance.
Let D = diag(vec(U)), where ED = diag((¢1,.--,¢1,C2,---,C2 -+, Cmy- -+, Cm))- Then
we get that
tr(XTX) = g(A® B)Y2D(A ® B)Y?¢"

Applying Theorem 5.3.4 to this quadratic form and plugging in

t = CK*log(m)| Aoz || Bollz + CK?log"?(m) | [[diag(Bo)|2 > a2, + [1Boll Y a2,Gic
k=1 k£l

we get that, with probability at least 1 — 1/m?,

[tr(XTX) — Etr(XTX)| <t

< CK?log(m) | Aollol| Bollz + CIlog"2(m) || Bl | Y a2, G + > a2
k=1 ke
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So, since E tr(XTX) = Y"1 (;a;; tr(By) as shown in Proposition 5.3.10, we have that

tr(XTX) .
F (X7 X)
O los(m) Aol [1Boll, | 108”2 0m) /Sl e + Eise G )
o Z:ll Ciai; tr(By) Zzl Ci; tr(By)
| Bol|

< .
> Qdiag tr(Bo)

5.4 Estimation of B with unknown group means

Assume our rows are sorted by group. Denote

U X!
U= , X= . where U!, X! € R™*™ and U2, X2 € Rm2x™
1?2 X2

Let n1;,n9; be the number of observed values for variables j in group 1 and 2, respectively.

Then we note that

. ‘ , - |AL, U 0
X;j=uwo(l—-P)X; where P/ = | "V (5.20)
1 —
0 n—lenQU%T
and that (I — P/)X,; = (I — P?)a’.
Recall that for some absolute constants C, C; we define
1 A V|| A
a=CK?> og M| Aoll2 + CK? logl/Q(m Vv n)—a 4ol (3.18)

> hey kR min|C][2
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Table 5.1: Notation

Notation

Meaning

Sample Sizes

n =mn1 + ng
ni,n2
nik = ity Uik, nar = 2 o1 Uik
nike = ity Ui Uig, make = 31—, 14 Uik Use
N1 min = mink N1k, N2 min = mink nok

61{ = (nig + nag)/n

Total number of rows

Number of rows per group

Number of observed values per group for column &
Number of times cols k, £ are both observed per group
Minimum number of observed values per group

Estimated sampling probability in column k

Matrices
A Column-wise covariance
Bl B12
B = Row-wise covariance
B21 B2
B;., B, ith row and jth column of B, respectively
PJ, defined in (5.40) Proj matrix, calculates observed group means for col j

Probabilities

ok = P(UiUjp =1 | nig)
Car = P(Up U Ujp = 1| nag)

Probs conditional on the number of observed values

and
C 1 tr(B logm
e = o (1Bl + 2B o BTy,
min’‘min Cmin Nmin min tl"(A) (3 20)
+C K%og”%m\/n)ﬁ—ka |
' r?;lintr(A)

Proofs of Theorems 3.2.1 and 3.2.2. To prove the B-side of these results, we simply apply
Theorem 5.2.1 using the correlation convergence results in Theorem 5.4.1. We perform a

similar application in Section 5.5. O

Theorem 5.4.1. Consider data generating random matrices as in (3.1) and (3.2) and sup-

pose Assumptions 1 and 2 hold.
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Let mV n > 3 and amean < 1/3. Then, with probability at least 1 — 25/(m V n)? and

T(By) as defined in (3.10), we get that

Vi#j, |Tiy(Bo) — pij(Bo)| < 3ctmean

Similarly, with probability at least 1 —27/(m NV n)? and T'(By) as defined in (3.15), we get

that

. . ey Qmean
Vi # 3, |Ti(Bo) — pij(Bo)| <9

Proof. Using Corollary 5.4.5 and the proof of the first statement proceeds identically to the
proof of Theorem 5.3.2.
The proof of the second statement is similar to the proof of Theorem 5.3.3 using Propo-

sition 5.4.8.

tr(XXT)  tr(Bo) Y1 (P
tr(Bo) D0, Cictii Se

1 I n
< |Ty( Bo|max(‘1 e e/ac -1
— Omean/ Smin

IT4j(Bo) = Tij(Bo)| < T (Bo)l |-

_1‘

1- Qmean 1
7 1 + amean/gmin
T (R ).
2

S (1 + 3amean) amean . 3amean + 9 mean

CIIHH lel’l Cmm

and therefore, when ayean < 1/3,

fay ey = = Omean
[T'45(Bo) — pij(Bo)| < |Uij(Bo) — Tij(Bo)| + |T'ij(Bo) — pij(Bo)| <9 C

min
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5.4.1 Concentration results

Define the Gram matrix S(B) = XXT. We get that

= (uf o (I = P*)a)(uh" o 2*(1 - P})T)
= (W) o (I = PF)ata" (1 — PH)T) (5.21)

We now consider the (7, j)th entry of this matrix. There are three cases to consider, when
1 =j,1%# 7 but i and j are in the same group, and when ¢ and j are in different groups.
The following propositions, which we prove in Section 5.4.2, present concentraion results for

each of these cases.

Proposition 5.4.2. For i # j, where i and j are both in group g € {1,2}, we get that, with

probability at least 1 — 1m/(nV m)¢ — 24n,/(n vV m)¢ for some constant c,

S(B);; 1 tr(BY 1
Bl p(5)] < Coc— (e 1530+ T ) o B
bmbijij min’lg \15k<ng Ng min tI‘(A) (522)
1/2 ||A||F
+CK210g/ (m\/n)m—l-&oﬁfd

Proposition 5.4.3. For i = j, where i is in group g € {1,2}, we get that, with probability

at least 1 — 1m/(nV m)® —18n,/(n VvV m)° for some constant c,

S(B)y; Cy 1 tr(BY) logm
(43 o < g 2
biiMii h = inTg 12239'3’“'1 " Cnin g ToR min tT(A) 4l (5.23)
1/2 | AllF
+0K210g/ (m\/n)m—f—@oﬁd

Proposition 5.4.4. Let ny,i, = mingng. For i # j, where i and j are in different groups,
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we get that, with probability at least 1 —1m/(nV m)® —18n,/(n VvV m)¢ for some constant c,

S(B)ij

logm

1
— pii(B)| < Co—5—— max maX |Bg 1 +CK2—||A”2
biibjj./\/lij ’ rzminnmln g min tl“(A) (524)
1/2 “AHF
+ CK?log"*(m Vv n)—rgnintr(A) + Qldiag

We can combine these results with a union bound to obtain the following overall concen-

tration bound.

Corollary 5.4.5. Let nyy, = mingn,. Then, with probability at least 1 — 25/(n vV m)?, the

following event holds simultaneously for alli,7 =1,...,n.
S(B)Z] Cg 1 tI‘(Bg) 2 logm
— i (B)] < —=— B CK*————||A
2 1/2 ||AHF .
+CK log/ (m\/n)m—i—a:. Olmean

5.4.2 Concentration proofs

Proof of Proposition 5.4.2. Without loss of generality, assume ¢ and j are in group 1. Define
the standard basis vectors e} = (1,;)7_; € R" and e; = (13—;);2; € R™. Then we get that

SB)iy =Y UnUj(e; — PF)Ta* 2" (¢} — PF)

it

Ms

UanUjnXinXjp — Z UinUj k( ei X3(X3)"UR)

k=1 k=1
- DU XD + ) Ul (U X000
N1k — k
= ZUikUijikak — Sp1 — Sp2 + SBs (5.25)

B
Il
—
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Rearranging, we can decompose our excess error over the mean-zero case as

S(B)iy = > UnUpXauX;e
k=1 (5.26)

< |ESp1| + |Sp1 — ESp1| + |ESp2| + |Sp2 — ESp2| + |ESps| + |Sps — ESps|

From here, condition on {ni;}}" ;. Note that even after conditioning on the column

counts, for k # h we still get that

U, L Uy | {nlk} Uku]k 1 UihUjh | {nlk}

UpUiUji L U Ui Ujp, | {n1s }

Since the conditioning only induces dependences bewteen entries of U in the same column,
but here we always consider entries across different columns.

We then bound the conditional probabilities of these products given fixed column counts
{n1c}. Solet Cyp = P(UgUgUjp = 1| myy) for € # 4,5 and Cop = P(UUjp = 1| nys). Note

that C~3k < 5%. Then we can calculate

~ NNy — 1
Cor = P(UyUj, =1 | nyy) = mak(n = 1)

ni(n; — 1)
So ~
Gr M=l 1
el 1) = 5.27)
Cz_k< 1 nlkznlkz_l)<£
ny, — ni(n —1) ni -

Lemma 5.4.6 bounds each of the terms in (5.26) conditional on fixing {nx}i,. It is

proved later in this section.

Lemma 5.4.6. We get that

B(Sa | )| < - (B |E(See | ) < - e(O[BY: (528)
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Define
1 log'/?(m V n)

= CK*logm | Al r (5.29)

1Al + CK* _

71 min 1 min
Then, conditional on {ny i, each of the following events holds with probability at least

1 —6ny/(nV m)¢ for some constant c,
|SBl — ESBl| S n1To ’SBQ — ESBQ‘ S n1To (530)
We can also show that

|E(SBs | {nux})] < %tr(fl) tr(B") (5.31)

1

and that with probability at least 1 — 6ny/(nV m)©,

ny

|533 — ESBgl S T2 (532)

1 min

Using Lemma 5.4.6, we get that, conditional on {n;;}, with probability at least 1 —

18ny/(n VvV m)e,

. " 4 2
S(B)ij = > UnUpXaXje| < n—ltr(A) max |Bj | + — tr(4) tr(B') + nime (5.33)
k=1

1<k<nq ny

The following lemma helps us decondition on {n}, which still remains in this bound

through the terms involving n i, inside 7.

Lemma 5.4.7. Assume Cuin 2 V/log(m VvV n)/ni and Gﬁ\/i%/?\/log(n\/m)/nl < 1/3.

Then for any value T, we can show that, with probability at least 1 —1/(n V m)?,

n 1
<Oy
71 min Cmin

106



Proof. Using Hoeffding’s bound, we can get that, for some constant c,

P (T;—llk — (> —\/%\/log(n\/m)/nl) >1-1/(nVvm)

— P (nlmin — Conin > —\/3/2\/10g(n\/m)/n1> >1—m/(nVm)?
n
Rearranging, we get that this event also implies

Cumin <1+ (3/2)"2 1 [log(mVmn)

1
<
Mimin/T1 ~ 1 — Cmﬁ\/i’>/2\/log(n\/m)/n1 N Cumin n

where the last inequality is true for 1—/3/2y/log(n Vv m)/n; < 1/3.

We can therefore rewrite

ny ny 1 1 ny 1 1
71 min 71 min Cmin Cmin 71 min Cmin Cmin
1 min 1
_ ( Cnin__ 1) n
Cmin ni min/nl Cmin

1
< (3
Cmin

Where the last inequality uses the assumption that Cuin 2 \/log(m V n)/ny.

O

Combining this lemma with (5.33), we get that with probability at least 1 —1/(nVm)*—

18/(n Vv m)?,
5 @ tr(A) 1 tr(B)
P CUaXa X | <
S(B)U ;Ukuijszjk _02 ny <12}€2§1|Bk|1+ n,
logm log'?(m Vv n
+ CK* 2 \|AH2+0K2¥HAHF
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Recall that for i # j, My; = > 7" (i > (Ain tr(A). Now finally can now show that

‘ By i)

bisbj; M

. m m_ U,L U XZ X,
B)U - ZUZkU]kXZkX]k Zk—l kVYik kN

1
< —|5
\/ biibj; M po V/ bisbji M

1 tr(B) , logm
S CQm <1£r11€ax |B |1 -+ n ) + CK WHAHQ

+ — pij(B)

[A]l 7
3. tr(A)

min

+ CK?log"*(m V n) + Qofrq

Proof of Lemma 5.4.6. We can rewrite

Sp1 = Z Z _UEkXEkUijszzkz = Z SBi

n
=1 k=1 1k

Here we will bound the bias and deviation of each of the Sp;, terms separately using the
Sparse Hanson-Wright results, and then combine them using union bounds. Note that there
may be some looseness in this union bound, and that directly bounding Sp; using the
techniques in Zhou (2019) may help us achieve tighter raters, but we leave this to future
work.

Then we first can calculate the expectation.

b dopy - Capars i LA,
E(SBl,E | {nlk}) = "

m 1 = .
bii D ks iy G2eare  otherwise

So this is bounded by

2
[E(SB1e | {nar})| < [bal max%tr(fl) < |bei|— tr(A)
ko nyg ny
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Which implies that

[E(Sp1 [ {nuk})] < n%tr(A)!B.lill (5.34)

Now, for ¢ # i, j, we can write

m

1 .
Spre=) n_kUEkXEk[Uijik:Xz‘k = (N'?X,)" diag(Us. o U;. 0 U, ) (N'/?X;.)
=11

= g(NY2AY%) T diag(U,. o U;. 0 U, ) (N2 AY2)gT

Where N = diag({1/nx}x)-

We then follow the same proof as the off-diagonal case in Theorem 5.3.6, replacing D =
diag(Up. o Uy. 0 U,.), AY?DAY? with (NY2AY2)TD(NY2AY2) and A with A = (a;) =
AY2NAY2. Note that when Theorems 5.3.4 and 5.3.5 are used, here we use the variants
that allow for Dy to be non-symmetric, as we have Dy = N'/2A/2,

We therefore get that

P(|Sp1e— ESp1g| >t | {ni})

m —1
. t
S 6 eXp | —CoImin (Z kak’k + Z Cgh(gkahk> s W
2

=1 h#k
For constant C, let
m 1/2
7 = CK*logml| Ay + CK*log"?*(m V n (Z Carliyy, + Z C3h§3kahk>
=1 hk

Which implies that, for some constant c,

6

P(|SB1,Z - ESB1,£| > 7 | {n1x}) < W

(5.35)

When ¢ = i or j, we follow the same procedure expect with D = diag(U,. o U;.), and
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therefore get the same result except for

" 1/2
" = CK?log m||A||2 + CK? logl/2 (mVn (Z ok, + Z CghCQkahk> >=17
—1 h£k

We let 7 min = ming ny; and define 7, as follows, where 75 > 7/, 7.

1/2
" = CK?logml||All, + CK?log"*(m Vv n (Z Contizy, + Z C2h<2kahk>
h#k

m 1/2
< CK?logm |A]l2 + CK2log?(m v n) <Z 5 akk—l—z ahk>
1 min k—1 11 min h#k 1m1n
log'/?(m v
< CK?logm—||Al|y + cEE MY 4y (5.36)
1 min 1 min
Combining these with a union bound over £ =1,...,nq,
! 6n
P(|Sp1 — ESp1| <mime | {ni}) > 1 — ZP(lsBl,é — ESpig| > 1 | {nu}) >1— (nv—;n)c

(=1

So, conditional on {n;; }, with probability at least 1—6n,/(nVm)°, we get that |Sg;—ESp:1| <
ni7o.
Spa is symmetric with Sp1, so we can use the same arguments as above for it.

For the last term, we can write

Spz = Z Z Ukuijszgk = Z SBa

=1 k1 =
Then
boe Sy -Cananr A L#10,]
E(SB?),Z | {nlk}) = 1k
bee Z?:l é@k&kk otherwise
So

2
|E(Sps.e | {nu})] < bu— tr(A)

1
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Which implies that
2
|E(SB3 | {nu})] < ﬁtr(A) tr(Bh)

1
Using the same concentration arguments as above, we can show that conditional on {ny},

with probability at least 1 — 6ny/(n V m)°,

|Sps — ESps| < T2

N1 min
]

Proof of Proposition 5.4.3. Without loss of generality, assume i is in group 1. Again, define

the standard basis vectors e} = (1,;)7_; € R" and e; = (13—;);2; € R™. Then we get that

3

S(B)i =Y Uile; — PH)" XX (e — PF)

k=

3

1
i 1
= UikX?k -2 ZUik—(eiTX.lk(X.lk)TUi)
1 N1k

Zm: Ul TXI(XI)TUI)

= UyX% — 2Sps + Sps (5.37)

Rearranging,

< 2|ESp4| +2|Sps — ESpa| + |ESBs| + |Ses — ESps| (5.38)

- zm: Ui X3,
k=1

From here, we follow very similar steps to those taken in the proof of Lemma 5.4.6, some
of which we omit for bevity. We first note that P(Uy = 1 | nix) = nix/ni. Then we can

rewrite

Spy = Z Z —UzkxekUzkxzk = Z SBas

Elkl

Note that this is identical to the decomposition of Sg;, except that since ¢ = j we have
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that U;,U;, = Uy. So following the same steps as the bound of E(Sp; | {nix}), we get the

same upper bound on the expectation
2 1
[E(Spa [ {nu)} < —tr(A)|Bih
1

We also follow the same steps as those used to bound |Sp; — ESp;|, replacing D =
diag(U,. o U;.) when ¢ # ¢ and D = diag(U;.) when ¢ = i. This results in the same upper
bound of |Sps — ESp4| < ni7o with probability at least 1 — 6ny/(n vV m)°.

Sps shares a similar relationship with Sgs, so we again follow the same steps. This results

in bounds of
2

N11M1 min

[E(Sss | {nu})| < tr(A) tr(B")

(noting the difference of a factor of ny/nq ) and

|Sps — ESps| < e

)
1 min

So, following the same steps as in the proof of Proposition 5.4.2, we can therefore show

that
S(B)u & S 2 22'11 UikXZk
—1] < S(B)ii— Y UuX; S |
bii M ~ biM; (B) ; bl * bii M
CQ 1 1 tl‘(Bl)
<
B I%linnl (1g]1€a<}7(“‘3k‘1 M Cmin nq
+ C’K2MHAH + CK?log"*(m v n)& +a
an t1(4) Ban b2(4)

]

Proof of Proposition 5.4.4. Without loss of generality assume i is in group 1 and j is in

group 2. Define the standard basis vectors e} = (1;—;){_; € R", e} = (14=;)}L, € R™, and
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e? = (1x=;)72, € R" Then we can rewrite

NE

S(B)y; UirnUji(e; — PF)" XX () — PF)

B
Il
—

“ 1
U UpXanXe — ) UnUjer— (2" X2 (X2)U2)
2

NE

k=1 k=1
= 1
= > UaUp— (e} X5(X3)"UL)
Nk
k=1
=) UaiUju XX — Spe — Spr (5.39)

i
L

Note that Spg and Sp; are identical to Sp; when g = 2,1, respectively. So we can use the

steps and results in Proposition 5.4.2 and Lemma 5.4.6 to immediately obtain our result. [

5.4.3 Mask estimation with demeaning

Define
~ n ~ ~ —
= tr(XTX o M) —
S n—lr( ° M) n—1

tr(XTX) (5.1)

Where, since we are using the demeaned estimators here, we place X with the demeaned X

in the standard definition of S..

Proposition 5.4.8. Under the events in Proposition 5.3.11 and Proposition 5.4.3, we get

that o
tr(XTX
tr(Bo)(Z;L)g}aii TS Cmean
and )
Se ] < 1

>~ G'mean
Cmin

tr(Bo) D iy CFaii

Proof. First note that tr((U o X)7(U o X)) is equivalent to estimator studied in Proposi-

tion 5.3.11, where there is no mean. Then we can use the triangle inequality to decompose
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the excess error of tr(XTX) to the sum of errors of the diagonal terms.

[tr(272) — tr((U 0 X)" (U 0 X))| =

> 5B~ UsXj,
=1 k=1

n
<X
=1

m
S tI‘(Bo) Z Ciaiz'amean
i=1

S(B)i — ) UuX,
k=1

Where the last inequality uses Proposition 5.4.3 since the second-to-last term is the same as

the LHS of (5.38). We can therefore use Proposition 5.3.11 to show that

]tr()E‘T)E) —tr(Bo) Z Giagi
i=1

< (A7) — (U 0 X)7 (U 0 X)) + [ix((U 0 X) (U 0 X)) — tx(Bo) 3 Gaa

i=1

< tr(By) Z Gi@ii Omean + Z Giaii|| Bol| rax
i=1 i=1

Implying that
tr(X7TX)

B | Boll
tr(Bo) ity Ciii

1| < opean + @ tr(Bo) = COlmean

For S., we will bound the error of tr(X7X) o M by the error of tr(XTX). To do this,
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note that

tr(XTX) = XAy

Similarly,
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and therefore

[tr(X7X o M) — tr((U o X)" (U0 X) o M)|
ch_ (ZUZkX€k> +Z a

nog

(Z Uekxgk>
S () Sk (Bows)

k=1

= |tr(XXT) — tr((U o X)T(U 0 X))|

So if we let S, be the oracle estimator with perfect demaning (as studied in Section 5.3.3),

we can show that

’Sc - Sc| S

“ |tr(X7 & 0 M) — tr((U o X)" (U0 X) o M)

n —

i —|tr(X72) — tr((U o X)T (U X))|

< [tr(XTX) — tr(UoX)T(UoX))| < tr(By) Y CitisCimean

=1

Using Proposition 5.3.11, we can therefore show that

S’c Zz 1<z i1

_]- mean+05<

1
n — amean
tr(Bo) zi:1 Cz?aii Zz 1 z Qi Cmin

5.5 Estimation of A with unknown group means

For convenience we restate our data model and some necessary notation for this section.

Assume our rows are sorted by group. Denote

Ut X!
U= , X= . where U', X! € R™*™ and U?,X? € R™*™
U2 X2
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Table 5.2: Notation

Notation Meaning
Sample Sizes
n=ny+ns Total number of rows
ni, No Number of rows per group
nip = Z:L:ll Uik, Nog = Z?:nﬁ_l Usr Number of observed values per group for column &

Nike = ZZ’;I U;xUjp, noke = Z?:nlﬂ U;xU;e  Number of times cols k, ¢ are both observed per group

N min = MiNg N1k, N2 min = Ming Mok Minimum number of observed values per group
ék = (n1g + nak)/n Estimated sampling probability in column k
Matrices
A Column-wise covariance
Bl B12
B = Row-wise covariance
B21 B2
B;., B, ith row and jth column of B, respectively
PJ, defined in (5.40) Proj matrix, calculates observed group means for col j

Let n1;,ng; be the number of observed values for variables j in group 1 and 2, respectively.

Then we note that

. ‘ , oL, U 0
X;j=uwo(l—-P)X; where P? = | "V (5.40)
1 —
0 n—%anU?jT
and that (I — P)X,; = (I — P?)a’.
Recall that for some absolute constants C, C'y we define
logn||B log'?(mvn) 1 B

Cmin tr(By) Vn Cmin  t1(Bo)
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and

B 1 tr(B1) tr(BQ))
Bmean - CQ Cmin tI‘(BQ) ( n, + N4 Cmm (

Z By| + Z B

)

k#t kel
1ogn 1B 2 + 1| Bl log”?(m V) |Br + [ B||r
CLK? CHK?
! 2. u(B) o2 w@Bo)
(3.21)

Proofs of Theorems 3.2.1 and 3.2.2. Just as in Section 5.5, to prove the A-side of these
results, we simply apply Theorem 5.2.1 using the correlation convergence results in Theo-

rem 5.5.1. O

5.5.1 Correlation results

Theorem 5.5.1. Consider data generating random matrices as in (3.1) and (3.2). Define

Cmin = Minj—y (. Assume ni,ne = n and Cuin 2 \/w. Let C be some absolute

constant, and define

B 1 tr(B') tr(BQ))
ﬁmean B CCmin tI'(B()) ( ni * no + gmm <
(3.21)

> Bl + > B

k#L k#L
CKzlogn B2 + 1822 CK210g1/2(m V) |BHr + |1 B?]|r y
min tI‘(BO) Cf;l/li tI‘(BO)

Let m V' n > 3. Then, with probability at least 1 — 26/(m V n)?, for Bumean < 1/3, and
T'(Ay) as defined in (3.7), we get that

Vi 7é jv |fl](A0> - ng(A0)| S 3ﬁmean

Similarly, with probability at least 1 —26/(mV n)* and f(AO) as defined in (3.14), we get
that

Vi # 7, |fij(A0) — pij(Ao)| < 128 4 3Bmean-
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Proof. Using Proposition 5.5.2 the proof of the first statement proceeds identically to the
proof of Theorem 5.3.2.

From the proof of Theorem 5.3.3 we know that, with probability at least 1—2/(mVn)?,

VGS | < 63 (5.41)

And therefore, using Proposition 5.5.2, we get that with high probability,

IT45(Ao) — pij(Ao)| < Ti;(Ao) — Tij(Ao)| + [T (Ao) — pi(Ao)]

S fij (A -1 + 3Bmean

) VG
VGG
< (1 + 3Bmean)6/3 + 3ﬁmean

= 66 + 3ﬂmean + 18/Bﬁmean < 126 + 3ﬂmean

]
5.5.2 Covariance concentration
Consider the the (i, j)-th entry of S(A).
S(A)ZJ = Xg:;n,iXCenyj
= (X (I = P) ou)(u o (I - P7)X;)
= 2T(I — P diag(u’ o u?)(I — P?)a? (5.42)

Proposition 5.5.2. Assume (uin 2 \/log(m V' n)/Nmin and CIﬁ\/3/2\/log(n V' m)/Nmin <

1/3. Recall that Nj; = tr(By)¢; for all j and Ni; = ((tr(By) for all i # j. Then with
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probability at least 1 — 26/(n V' m)?, the following event holds simultaneously for all i, j.

Z By| + Z By

1 tr(B') tr(32)>
S Olen (BO) < ni * na +0Cm1n tr BO (

)

k0 k0
logn || B!{|s + || B?[|2 log'*(m Vv n) | B ||r + || B*|IF
CK*> CK? ‘= Biean
glin tr(BO) i gr5n/131 tI’(BQ) + 5 6

Proof. For now we consider the matrix from the center of the quadratic form (5.42). We can

write

, S : o DY 0

(I — P diag(u' o w!)(I — P?) = diag(u’ o v’/) —
0 D2

where

DY = —diag(u' o u')
N1

L 1= o\ .
1n1u13T) - (—1n1u“T) diag(u'* o u')

1 - .
+ (_ 1n1ulzT
ny;

g - L 1~ .\ -
D?I = —diag(u® o u*) ( 1n2u29T> — (—1n2u“T> diag(u®* o u™)
N2, N2;

)T

1 - A , A 1 - ,
+ (—anu“T diag(u® o u*) (—1n2u2jT>

7’L2j

k Uk
Nn1iny;
14 lig 14, 1j 15, 1i, 17 15 1i, 15
Dy = kU = U Uy Uyt Uy Uy Uy
1311 i 15
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So for i # j, we can decompose our excess error as

S(A) — o diag(u’ o u?)2? = ZD,&] M ,16] + ZD,ZJ M ;j
ke
_i_ZDZZ]xiz ZJ + ZD2U 2 2]
k=1 k0
= S,141 + Siu + Szu + 5212

So
|5(A)y; — 2" diag(u’ 0 w)2?| < |Shy| + |Shy — ESjo| + |ES),| (5.43)
+ 2] + |5 — ESs| + [ESh|
We first consider S, and S3;.
Sl Dllj 11 1] _ Mg — — My 14, 15 13 1j 5.44
Al = Z LTy = . Zukuk$kxk (5.44)
i1

Lemma 5.5.3. For g = 1,2, we can bound, for all i # j simultaneously,

tr(BY) 1
S| < O(G + &) ——ai;| + CK*———lognl||BY||ay/aia:,;
|S%1] ( ;) n |aj] g (G A G) gnl|BY| i

g

1
+ OKQW logl/Q(m V n)HBg”Fw/CLZ‘Z‘Cij

Ng\/Gi /A Gj
with probability at least 1 —7/(nV m)?.

Proof. Without loss of generality assume g = 1. From Lemma 5.3.8, we get that

ni ni
14 17 14 13 13, 15 14 13
g up e ey — By wuy o g

< CK?logn| B |2v/aza;; + CK*log'?(m Vv n)|| B || p\/C:(jv/andy;

Note that, modifying the proof of Lemma 5.4.7 slightly, we can also show that, for all 7, j

121



simultaneously,

Ny — Ny — Ny

§n1i+n1j_i 1

NNy NNy N4 nij

Cs n Cs C3<z+<y < 1
n1G ?hC] ni GG T m Cz/\Cg

IN

holds with probability at least 1 —1/(n VvV m)?.
Therefore, we can combine these with a union bound to get that, for all ¢ # j, with

probability at least 1 — 7/(n VvV m)?, the following holds.

ni

N1y — Ny — Ny 1 1

|S,141| < : : § “llczuijllc%kj
NNy —1

ny
15 17 14 15
EE Uy Uy Ty, T

Cs G j v/
< _3§ +CJ +CK210gnH31“2 Qi Q5
ni GG

+ CK*log"?(m v n)||BY||p v/ QCJ‘\/(liiCL]‘j>

C logn
< =G+ Gtr(BYay| + OK* = |BY|/@i;
n Cz A Cj

log"?(m Vv n \/Cz('
+CK2—g ( )”BIHF ' J.w/CLn'CLj]’
ny Cz/\gj

C logn
< (G + G)tr(BYay| + CK? | B |2 /ass;
n1 Cz A gj
log"/?(m V n) 1
+CK2— .B1 1/ Q;;Aj;
n || ||F Cz A Cj\/ 77

Lemma 5.5.4. For g = 1,2, we can bound, for all i # j simultaneously,

|S§12| <C—— |a1]|

g min

> B,

Py,

|2v/@iias;

1
+ CK?
len
1
+ CKQC logl/z(m\/n)HBgHF,/aiiajj

with probability at least 1 —20/(n vV m)?.
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Proof. Without loss of generality assume g = 1. We separate S, into three terms

1 1§ 15, 15 _  Tij 1, 15, 15, 1] 1 L, 1i, 15 1i_1j
She =Y Dyl wi'; = D Uk U T T o ) Uy U Uy Ty T
kAl Rt ) Ly
1 Vo 11 14
2 7. 13 17 13 17
-y,
N1 1 1
= . S,1a12,1 - _5}12,2 - _5,142,3 (5-45)
NN ni; Ny

Concentration comes from the following proposition

Proposition 5.5.5. With probability at least 1 —19/(nV m)?, we get that the following hold

simultaneously for all i # j.

}5}42,1 - Esim‘ < CK? lognHBlHin(Q A Cj)\/m

+ CK?log!*(m vV n) || B | pra /GG /@ias;
}Siu,z - Esixm‘ < CK? lognHBlem(Ci A Cj)\/m

+ CK*log"*(m V n)|| BY|| 1 /GG /@ias;
}5,142,3 - ES}4273‘ < CK? 1ognHBl||zn1(<i A Cj)\/w

+ CK?log"?(m V n)||BY||pni v/ GG/ @it

Again, a slight modification to Lemma 5.4.7 shows that, for all ¢, j simultaneously

1

Tny

1

nlj

1 <C 1
T ony Any 3”1(CiACj)

N14j

(5.46)

UaTLSY

holds with probability at least 1 — 1/(n V m)?.
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So we get that, with probability at least 1—20/(nVm)?, the following holds for all 7 # j.

N1i5 1 1
S| < |—2-5] +‘——Sl +’——Sl
1S 4| < L A2,1 g A2.2 g A2.3
N4 1
< - ! ,(‘ES}42,1’ + 15,142,1 - ES}}QJD + —‘(\ES}Q,Q] + ’Sim,z - ES}42,2’)
llnlj ni;
1
+ L (|BSkoal + |Ska — BSkas)
J
1
< Cgm(msim,ﬂ + ’ES}42,2‘ + |E5i12,3‘
i N Gj
+ |S}12,1 - ES}42’1| + |Si12,2 - ES,142,2’ + |S}x2,3 - ES}Q,?)D
GiGj
(G, /J\C |aij] ZBM + Gilag)| ZB + Gilag] ZBQ
iNG) k£ ke ke
1
+ CKZW 10gn||Bl||2n1(§Z A\ Cj),/aiiajj
i NG
1
 OR s log v ) | B 1 /GG
ARN)
GGy
<C G A J )|aw| ZBW + CK?log n|| B ||o\/aia;;
v k£l
1
+ CK2C'—/\C' log"(m v n)|| B || py/@ii;
i NG

Putting these all together, we get that

~

|S(A)Z] - xZleag(ul 9] uj)xj|

tr(B') tr(Bz)) GGlaiy| (1
o m +(Ci/\<j)(

DBl

Ly

E:B

< O+ )as] (
k£l

)

log!/?(m V n) (HBIHF HB?HF)
+CK2 + A/ Qi Q545
G A G nm ng Y
log!/?(m V n)

+ CKQW(HBH]F + || B?|| ) /@ity

1 B! B?
ogn (II l2 , 1B7l2

+ CK?
G NG ny N

) Jany; + CK logn(|Bls + | B%) vana;
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The proof is completed by noting that

A

1S(A)ij — pij(A)/auaj;Ni|
S |'§(A)1] — x’leag(uZ o} Uj)$j| + |:E’Td1ag(u’ e} uj)xj — pl](‘A)‘ /CLZ‘Z‘Cij./V;‘j|

and using Lemma 5.3.8 with the last term and then rearranging.

For + = j, we get that

N ) L 1 . . 1 S
T 3: AP 1i/0,..12\2 13, 13,.1¢ .17
S(A); — " diag(u')z' = — Yy —up (zg)" — g —wlup Ty Ty,
— N1, N
k=1 ke
1 1
2, 2i\2 2, %, .2, 2%
- nuk(xk:) —E o, e e T Ty
k=1 21 P, 21

The result is then shown by following the same steps as the i # j case, though often simplified

due to the reduction of terms.

O
Proof of Proposition 5.5.5. We start by rewriting 3};2,1-
31142’1 = (2T (VYT — diag(uliulT))zl
= (2T D (5.47)

Without loss of generality, let ¢ = 1,7 = 2. From here, we condition on U (and therefore D),
holding the sparsity pattern of our data constant.

We concatenate the vectors z!'', z'? to form (z', z'?)

€ R?™ with covariance matrix
Ap12) ® Bo. We g1,..., gon, M 7 for 7 subgaussian with subgaussian constant K, mean

zero, and unit variance, and let
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be the symmetrix square root of Ay (1 2) and define

CiiCij  CiiCjj

D'(i,j) = ® By*DBy/”.

CijCij  CijCjj

Then
2ny, 2n1
SA21 = (¢")"' DV = ZZDM (1,2)9rge
k=1 ¢=1
where
2ny1 2n1
EY Y Di(1,2)gege = tr(D'(1,2)) = arz tr(By D).
k=1 (=1

For the concentration, we will need the following proposition, which is a reflection of

Proposition 5.3.9 for this direction.

Proposition 5.5.6. Let Ay ; ;) = (a;;)? € R?*2 be the positive definite submatriz of Ay

i,0=1

with rows and columns v, 7. Denote it’s unique symmetric square root as

Cii  Cij

Cij  Cjj

Define
D'(i,j) = BY*DBY e |
CijCij  CijCij
Then
1D (i, )2 < /awag; || By > DBy (5.48)
1D (i, 5)|lr < v/auag; || By > DBy || ¢ (5.49)
(5.50)
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And, recalling that p;;j(Ao) = a;j/\/aua;;,

2
CiiCjj + Cij

pij(Ao) <1 (5.51)

Qi
Proof. This follows the same proof as Proposition 5.3.9. O]

If we partition g = (g1, g2), consider the following quadratic forms

Z = gi(By*DBY*)gT — Egi(By*DBy/*)gT
Z' = go(By*DBY?)g¥ — Egy(By*DBy/*)gT

U = gi(By*DBy/*) g% — Egi(By>DBy/*)g¥

For Z, 7" independent.
Then

gD’ (i,5)g"

1
< |-t (Lip/aa - a0

( )

sz
aij
— |py(Ao)] <|slz 2|+

)

CiiCij 7 | CiiCii g
aij @ij

+

2
CiiCjj + Cj;
— 2 Wy

aij

< |pij(Ao)l[1Z + 522'| + U]

1/2

where 51 = (cicij)/aij, s2 = (cijcj5)/aij, and sy, 55 € [0,1] with s1 4 s2 = 1 since Ay ) is

" . _ T
positive definite and c;ic;; + ¢;i¢j; = tr(czcj ) = aij.
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Therefore, we can use this to get that

1)
D'(i. 1 T D' (7.1 T
:PQQ (.7)g"  9D'G.))g >t)
< P(lpij(Ao)l|s1Z + s2Z'| > t/2) + P(|U| > t/2)

P( 5}12,1 E Sixm

< Plpy(A0)1Z] > 1/2) + Plloy(Al|Z'| > /2) + P(U] > t/2)

=:p1+Dp2+p3

where (a) is because sy, s9 € [0,1] and s; + so = 1 means that |17 + s22'| > k = |Z| >
k and/or |Z'| > k.
We note that p; = P(|p;;(Bo)||Z| > t/2) < P(|Z] > t/2). Then we can apply Theo-

rem 1.1 from Rudelson and Vershynin (2013) to pi, ps, and ps! with Proposition 5.5.6 and
Lemma 5.5.7 to get that

12 t
P1, P2, P §2exp(—cmin( , - ))
A K4 Bl|Fnwny, " K2|| B2 min(nyn. ;)

So after adding these probabilities, we can show that, conditional on U, with probability
at least 1 —6/(n VvV m)©,

‘SAQ,I - ESle,l’
S w/aiiajj (OK2 lOg TLHBlHQ min(nli, nlj) + OK2 log1/2(m V n) ||.B1 ||Fw /nlmlj>

< CK?*log nHB1 |2 min(nq;, n1;)\/@ia;; + CK? logl/Q(m Vn) HB1 | P/ T1iT1; /@i

'Note that for U, since g1 and g are independnet, we actually only need the easier version of Theorem 1.1
that does not require the decoupling argument.
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Rewriting 5}12,2, we can similarly show that

1 _ 13, 14 15 1i 13
SA2,2 = § Up Up Uy™ Ty, Ty

k£0

— (Ili)T (uli(uli o ulj)T - diag(u”(u“ o ulj)T)) CClj
Following the same steps as the above proof for S}, ,, we get that

‘5,142,2 - E5i2,2|

S V QiiQjj <CK2 log TLHBIHQ min(nu, n1j> + CK2 logl/Q(m V n)||B1||F,/n1m1j>

S CK2 lOg 71”31”2 min(nli, nlj)1 / Qi Q5 -+ OK2 logl/z(m V n)HBlHF, /T1iM 154/ AiiQjj
The argument for S}, 5 is symmetric to that of S}, ,. Then by using a union bound over

these events, we get that, with probability at least 1 —18/(n\V m)?, conditional on the mask

U we get that the following hold simultaneously for all i # j.

}5}42’1 — ES}42’1‘ S CK2 logn||Bl||2(nh A nlj)\/aiiajj -+ CK2 IOgI/Q(m V n)||BlHF,/nlmlj,/aiiajj
}5}42’2 — ES}Q’Q‘ S CK2 logn||Bl||2(nh A nlj)w/(lu’ajj + CK2 logl/Q(m V n)||Bl||F,/nlmlj,/aiiajj

}Sil2,3 — ES[142’3‘ S CK2 lognHBlHQ(nh A nlj)w/(lu‘ajj + CK2 10g1/2(m V n)||Bl||F,/nunljw/aiiajj

From here, using Hoeffding’s bound, we can get that,

P (% -G < VARV I/ ) 2 1= 1/ v m)’

— P (@ — ¢ < /3/2y/log(n VvV m)/n, ¥ z) >1—1m/(nVm)?
n
Rearranging, we get that this event also implies

mi 3/21 log(n vV m)

niG — Gi ng

<0,
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Where the last inequality uses the assumption that (uin 2> /log(m V n)/n;.

Combining this with the above event with a union bound provides our final result. [

5.5.3 Additional results

Lemma 5.5.7. We can show that

I(BY)Y2 (! — diag(w!'u""))(BY) || < | BY||2y/fring;

I(BY)Y2(u! "l — diag(u''u™"))(BY)?]l2 < || B[l min(ny, n1j)

and, similarly,

I(BYY2 (wh(u' o uM)T — diag(u!(u' 0 uM)T)) (BY) || < || BY||2y/fring;

I(BY)Y? (u(u' 0 u)" — diag(u'(u'’ 0 u)")) (B')/?]l2 < || B||2 min(n;, ).

Proof of Lemma 5.5.7. We begin by showing

||u17, 15T dlag( 1i 1]T F: \/|u1i||u1j|_|uliou1j| < \/m
Hulz 15T dlag( 1¢ 1]T>||2 < min(|u”|, |u1j|) < min(nu,mj) (552)
and
Huli(uli Oulj)T _ diag( (u oul \/]u“Hu“ o uld| — |ult o uld| < NTeT
[l (' o u)" — diag(u' (u'* o u'? )T)Hz < [u o] < min(na;, ). (5.53)

The Frobenius norm bounds come from a simple counting exercise; every element of
utuT — diag(utuT) and w(u'? o ul)T — diag(ul®(u't o ut)T) is either a 1 or a 0, so the
squared frobenius norm of each matrix is the number of 1’s in that matrix.

For the first spectral norm bound (5.52), we note that since all of the elements are 1 or
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0, adding more 1’s to the matrix will never decrease the spectral norm. So

[l T — diag(uutT) |y < Jut T2 = |ut]

[l T — diag(u!utT) o < [|TyuT o = [u].
For the second spectral norm bound (5.53), we can similarly show that

[l (u 0 w)T — diag(u(u'’ 0 w)T)|l2 < [|Ta(u! 0 uM)T |y = [u' o u]

< min(fu"|, [u*])
To get the final bounds, we bound each of the norms as

H(Bl)l/Z( 14 13T dlag( 1% 1]T))(Bl)1/2“F
< (B2 [lallu"ut" — diag(u"u )| F[|(BY) |2 < [|B[l2 /i
|’(Bl)1/2(ulzulgT dlag( 14 1]T))(B1)1/2||2

< [[(BYY?|lafJuuT — diag(u'uT)||a|[(BY)/?||2 < || B2 min(ny;, nay)
and

I(BYY? (u(u' 0 )T — diag(u'(u"’ 0 uw)T)) (B
< BYY2laflut(u' 0 ul)T — diag(u®(u' o ul?)")||r[|(BY) 25

< [|Bll2y/mainy;
I(BYY? (u(u" 0 u)T — diag(u'(u'" 0 u)T)) (B)!/?|2
< I(BYY2[laflut(u' 0 wl)T — diag(ut(u' o ul?)T)||2]| (B2

< [ Bll2 min(ni;, n4;).
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CHAPTER VI

Future Work

6.1 Matrix-variate binary data

We present some initial methodology for using our matrix-variate graph estimators for a
Kronecker-product Ising model in Chapter IV. Although we present some simulation evidence
that we can indeed recover the structure of binary graphical models, there are no theoretical
results for this setting that we know of. We are interested in developing more theoretical
justifications for using this method and the approximations involved, akin to extending the
work of Banerjee et al. (2008) to the matrix-variate case, as well as adapting other estimators
designed for use with binary and discrete data. In particular, we are interested in models
that utilize underlying Gaussian latent variables that are then discretized (e.g. Suggala et al.,
2017; Fan et al., 2017; Feng and Ning, 2019) and in how we might replace the i.i.d. latent

factors with matrix-variate versions.

6.2 Theoretical results for flexible mean estimation with depen-

dence

The two-group mean structure with known group labels studied in Chapters III and V is
quite restrictive even though it is commonly used. Although we provide some guidance on

methods to use when more flexible mean estimation is desired, there is a considerable gap
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here in terms of theoretical results. Developing theory for the low-rank estimator may be
out of reach at the current moment, but it may be possible to provide guarantees for two- or
K-group means with unknown labels by first applying a spectral clustering step to estimate
group labels. The setting in Blum et al. (2007) is a different setting than ours, but provides

a framework for the theoretical tools and results that would be needed.

6.3 Extensions to more general missing structures

Recently, Pavez and Ortega (2019) and Park et al. (2020) have taken steps towards
showing results for covariance estimation with more general missing structures, though both
use settings with independent observations. We make two fairly strong assumptions on
the missingness structure, that whether each entry is observed is independent of whether
other entries are observed, and that the missingness is independent of the data (missing
completely at random, or MCAR). These assumptions are standard, but in application are
rarely expected to be fully satisfied. Extensions of our theory in the matrix-variate case
to allow for relaxations of these assumptions would allow our methods to be used with

significantly more confidence in a wide range of applications.
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APPENDIX A

Appendices to Precision Matrix Estimation with Noisy

and Missing Data

A.1 Proofs of Propositions

Proof of Proposition 1. The optimization problem (2.6) is equivalently
min #(0,V) = min {f1(©)+ f2(V)} st. Avec(V) + Bvec(©) =0 (A1)

where f1(0) = tr(I',0) — logdet(0©) + 11, (V), fo(V) = gr(V), A= —I,.2, and B = I,,.
Boyd et al. (2010) show that if f; and f, are proper convex functions and if (A.1) is
solveable then ADMM converges in terms of the objective value ¢(0", V') — ¢* and dual
variable A' — A*. Bertsekas and Tsitsiklis (1989, Proposition 4.2) and Mota et al. (2011)
show that if in addition A and B have full column rank then we get convergence of the

primal iterates ©' — ©* and V' — V* where (©*, V*) is the solution to (A.1). O
Before we prove Proposition 2, we first define directional derivatives and stationary points.

Definition. The directional derivative of a lower semi-continuous function A at © in the
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direction A is

h’(@; A) = Tim h(© +tA) — h(@)
N0 t

Note that we allow h'(©; A) = +o00. We say that © is a stationary point of h if it satisfies

the first-order necessary conditions to be a local extrema, i.e.

h'(©;A) > 0 for all directions A € R™*™

Note that this coincides with the definition of stationary point used in Loh and Wain-
wright (2017), though they use slightly different notation. Also note that h'(©;A) =
(Vh(©),A) when h is continuously differentiable.

Proof of Proposition 2. From the first-order necessary conditions of the subproblems (2.8)-

(2.9), we get that, for all A € R™*™

0 < A(VFHLA) — (p(OF — V) 4 AR A)

(A.2)
0< <f‘n _ (@k+1)—1 + p(6k+1 N Vk—i—l) + Ak,A> + ]ll)(R(@k+1§A)
And recall that
A= AF 4 p(eFF! — VR, (A.3)
We can rewrite (A.2)-(A.3) as
BVFA) > (p(0F — ©FF) + AR A) (A.4)
0< ([0 — (O™ + AMA) 4 1, (687 A) (A5)
l(AkH _ A’“) — @kt _ kL (A.6)
P

Now consider a fixed point (©*, V*, A*) and consider (A.4)-(A.6) evaluated at this limit

point. From (A.6) we get that ©* = V*. This combined with (A.4) gives us that, for all
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A€ :Rmxm7
g\(O; A)

v

(A" A)

Finally, (A.5) gives us that
0< (D, — (09" + A", A) + 14, (0% A)

Using the above and recalling the objective f as defined in (2.6), we get that, for all A €

Rmxm,
0< (= (0971, A) + (A" A) + 17, (6% A)
< ([0 = (071 A) + gh(0%A) + 14, (0% A) = f/(07A)
So ©* is a stationary point of f by definition. O]

Comparison to Guo and Zhang (2017)

Guo and Zhang (2017) study the problem of condition number-constrained precision

matrix estimation, where they consider the estimator

©= argmin —logdet® + tr(I',0) + \[|O|1.0 (A7)
O>0,cond(0©)<k

Note that this is quite similar to the estimators we consider in (2.2), as they simply replace the
maximum eigenvalue constraint with a constraint on the ratio of the maximum to minimum
eigenvalues.

However, they do not study the application of their estimator to cases with indefinite
input or its performance in noisy and missing data situations. In particular, constraining
the condition number does not necessarily guarantee that the graphical Lasso objective (2.1)

will be lower bounded, especially when using nonconvex penalties.
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As a simple example, consider the case with an input matrix and iterates

. 1 0 0.1 0
r, = el =t

0 —0.2 0 1

In this case the objective is

f(O) = tr(I',0") — log det ©f = —0.1 x t — log(0.1 x t)

which is unbounded below as t grows even though the condition numbers of the iterates are

constant.
More generally, whenever [, € R™™ has eigenvalues oy,...,0,,, where o0y > --- >
Omy > 0 and 0 > 0,1 > --+ > 0. Denote Sy = Y™ 0y and Sy = 37" —0;. Let

VDVT =T, be the eigendecomposition of the covariance estimate. Then for some condition
number bound &, we can consider iterates of the form ©f =tV MV7, where M is a diagonal

matrix with entries

1 ifi<my
Mi‘:

Kk ifi>my

Which we note has a condition number of k. Then we can see that the objective becomes

f(OY =ttr(VDVTVMVT) — (m —my)log(k) + gr(tVMVT)

= 1(S) — kS5) — (m — my) log(k) + gr(tVMVT)

So if k > S51/Ss then this objective is still unbounded below.
Using a spectral norm bound |||z < R as the side constraint with a indefinite input
guarantees a lower bound on the graphical Lasso objective regardless of the choice of R and

is therefore a more natural side constraint to use.
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A.2 ADMM for general side constraints

In this section we develop an ADMM algorithm for general side constraints, i.e. the

following variant of (2.2).!

© € argmin tr(I,0) —logdet(©) + g»(O).
©-0,h(©)<R

This algorithm has the same convergence guarantees as Algorithm 1, but in practice we
find that Algorithm 1 converges faster and more consistently when the spectral norm side
constraint is used.

Derivation

We first rewrite the objective as
£(©) = tx(,0) — log det(©) + g»(©) + Ly, ,(O) (A.8)
where X, p = {0 : 0 = 0,h(0) < R} and

0 ifeceXx
1x(0) =

oo otherwise.

We can then introduce auxiliary optimization variables Vi, Vo, € R™*™ and reformulate the

optimization problem as

~

O = argmax { tr(I,0) — log det(©) + g5 (V1) + ]th’R(VQ)} st. 9=V =V,
0,V1,Vs

For a penalty parameter p > 0 and Lagrange multiplier matrices A, Ay € R™*™ we

!Note that we switch the notation of the side constraint function from p to h to avoid confusion with the
ADMM penalty parameter p.
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consider the augmented Lagrangian of this problem

L,(0,Vi,Va, A1, Ay) = tr(1,0) — log det(0) + ga(Vi) + L, ,(Va)

(A.9)
+£10 =Vl + 5110 = Vall3 + (41,0 = V3) +(12,0 = 1)
The ADMM algorithm is then, given current iterates ©% V¥, VE AY and A%,
Vi = argmin {g\(Vi) + 2108 = Vi[5 + (Af, € — i) | (A.10)
ViERmxm 2
VI = argmin { Ly, (Va) + £[10" = Vit + (A5, 0 = 1) | (A11)
Vo CRMXm
oM = argmin{ —log det © + tr(T",0) + g”@ — VFH2 + g”@ — VA
OcRmm (A.12)
+ (A5, 0 = V) + (Af 0 - Vi) |
ARF = A 4 (@8 — V) (A13)
ASF = A 4 (@8 — ) (A14)

Considering the V;j-subproblem, we can show that the minimization problem in (A.10) is

)

Which is a prox operator of gy/p. These have the same form as described in Section 2.2.1.

equivalent to

1 ko Ak
é)m_b

VieRmXxm

1
V1k+1 = arg min {EgA(Vl) +

For the V3-subproblem, we similarly see that (A.11) is equivalent to

, 1 OF + Ak|1?
V! = argmin ]thR(Vg)—i——‘Vg—u .
VaeRmxm ’ 2 p F
which is equivalent to the projection operator
pOF + AL |I*

@k Ak
Projy, . <p—+2) = min [|Vo— (A.15)

Va€Xp R

F

Note that if directly projecting onto X}, r does not have an closed-form solution, we can
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perform this step using Dykstra’s alternating projection algorithm.

Finally, for the ©-subproblem, we can again show that (A.12) is equivalent to

. 2
Vk+1 VkJrl _ Fn — Ak _ AR
@:argmin{—logdet@—i—p Cpgas! AAE ! 2 } (A.16)
OcRmxm 2p r
Let us define the operator
. 1
T,(A) = arg min {~logdet @ + pl|© — Al[}} = S(A+ (A7 + (2/p)1)"?) (A.17)

whose solution is derived in Section 2.2.1 if we set R = oco. Then the solution to (A.12) is
T, (P + pVatt = T — Af = AD)/(2p)).

Using these results, the algorithm in (A.10)-(A.14) becomes

k Ak
VI = Prox,, ), <&>
p
OF + Ak
‘/2k+1 _ PrOJXhR <p + 2)
P
okl — 7 (Pvlkﬂ +pVyt =T, — AF — Ag) (A.18)
P 2/)

Ak-i—l Ak + p(@k—H ‘/lk-i-l)

Ak+1 Ak + p(@k—H ‘/2k+1)

Convergence

Analogues to Propositions 1 and 2 can also be shown for this algorithm using similar

methods. To do this, we first note that we can rewrite the optimization problem (A.8) as

%171‘9 #(0,V) = %11‘9 {/1(©) + fo(V)} s.t. Avec(V) + Bvec(©) =0 (A.19)
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where

f1(©) = tr([,0) —logdet(0)  fo(V) = gA(A1V) + Ly, (A2V)

and

I
A - —[2m2 B -

I,

Vi
V= Alz(fm 0) AzZ(O Im)
Vs

This results in the following augmented Lagrangian that is equivalent to (A.9).
L,(0,V,A) = £1(0) + fo(V) + gHB@ L AV|2 + (A, BO + AV)

Even though we present our algorithm as a three-block ADMM in Section A.2, this formula-
tion makes it clear that we are using a two-block splitting scheme where (A.10) and (A.11)
are the separable subproblems of the V-step.

Showing similar convergence results to Propositions 1 and 2 can then be done using the

same techniques as in Section A.1

A.3 Additional simulation results

Penalty nonconvexity and R

Suppose g, is pu-weakly convex and R < \/% . Then, as shown in Lemma 6 of Loh and
Wainwright (2017), the overall objective function is strictly convex over the feasible set, and
Proposition 2 therefore shows that any limiting point of ADMM algorithm corresponds to
the unique global optimum of the objective. However, this choice of R radius on the ||-||2 side
constraint is quite restrictive. In particular, since we also require R > ||©*|| we therefore

need to choose large values of a in the SCAD or MCP penalties to make p small enough,
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which means in practice we simply recover the performance of the ¢; penalized methods.
Though Loh and Wainwright (2017) show statistical properties for when the parameters are
chosen satisfying this condition, in practice we can often do better by allowing the objective
to be nonconvex even though no global optimum will exist.

Once we relax this condition (R > \/2/_u), the objective becomes nonconvex, and Propo-
sition 2 simply shows that any limiting point of our ADMM algorithm will be a stationary
point of the objective. In our simulations, we generally set u and R such that this condition
is violated, and yet we show that our algorithm still results in good estimators. In fact,
Figure A.1 demonstrates how, in practice, choosing u such that this condition is met tends
to eliminate the advantages that nonconvex penalties provide. Here the choice of a = 8 is
the only one that satisfies the condition, and this choice has identical performance as the ¢
penalty. Using a smaller value of a violates this condition but allows the estimator to take
advantage of the unbiasedness of the penalty, resulting in better performance in this setting.

Note that for both of these cases, our ADMM algorithm provides a new feasible method
of implementing estimation of this type of side-constrained graphical Lasso objective. This
consideration is related to tuning, where satisfying the (R, ) condition allows the support
recovery without incoherence statistical results of Loh and Wainwright (2017) but in practice
results in suboptimal performance, as the nonconvex penalties have to be chosen such that

they lose their unbiased advantage over the ¢; penalty.

Method comparisons

Tables A.1-A.3 present more detailed comparison based on the models from the Kronecker
sum (KS) and the missing data (MD) models. We compared performance in terms of relative
Frobenius and nuclear norm to the true precision matrix, as well as false positive rate plus
false negative rate (FPRFNR). The Kronecker sum results are reported for two sample sizes

and two values of the noise parameter 75, while the missing data results are reported for
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(a) Nonprojected estimators
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(b) Projected estimators

Figure A.1: Comparing the performance of the graphical Lasso estimators as a (and therefore the
weak convexity constant p) is changed. Here we present the results using the MCP penalty, so
uw = 1/a. We set R to be the oracle Note that a = 8 is the only value of a that satisfies the
R < \/2/p condition from Loh and Wainwright (2017). Data is from a missing data model with
A = AR1(0.6), m = 400, n = 80, and ¢ = 0.9.
two covariance models and three settings of the sample size and sampling rate (.2
Comparing the projected and nonprojected methods, we see that these two methods are
fairly competitive. In terms of model selection, the nonprojected methods tend to perform
similarly or better than the projected methods. This improvement is particularly evident
in the n = 80 settings in Table A.1. If we focus on the methods using the ¢; penalty, the
nonprojected method performs at least similarly and sometimes significantly better than the

projected method in terms of norm error. The lower sampling rate regime in Tables A.2

and A.3 shows this trend as well. Overall these results suggest a small but sometimes

2Note that in the initial covariance estimator for the missing data model the effective sample size for
estimating an off-diagonal element of the covariance is n¢2; four settings are designed to keep this effective
sample size roughly constant while changing the sampling rate (. The effective sample sizes for the n = 80,
n = 130, and n = 250 settings are 64.8, 63.7, and 62.5, respectively.
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Table A.1: The relative norm error and FPR 4+ FNR performance of the Kronecker sum estimator
using different methods. Here we set A to be from an AR(0.5) model and choose B from an Erdos-
Renyi random graph. We set m = 400 and let 75 = 0.5. Metrics are reported as the minimum
value over a range of penalty parameters A\. The MCP penalty is chosen with a = 2.5, and we set
R = 1.5||A]|2.

n 7 method penalty Frobenius Spectral Nuclear FPRFNR

Nomorod 0 0.422 0.598  0.406 0.107

pro) MCP  0.450 0.613 0.422 0.106

80 03 o 0, 0.424 0.610 0411 0.113
MCP  0.444 0.616  0.429 0.111

Nodewise ¢, 0.391 0517  0.383 0.130

Nomoror 0 0.342 0.509  0.327 0.013

pro) MCP  0.363 0.518  0.345 0.013

160 0.3 Proj ¢, 0.356 0.525  0.343 0.016
MCP  0.341 0.493  0.321 0.015

Nodewise 2 0.288 0.429 0.280 0.017

Nomoro! ¢, 0.469 0.642  0.452 0.174

proJ MCP  0.481 0.659  0.458 0.177

MCP  0.483 0.658  0.467 0.197

Nodewise ¢, 0.466 0.600  0.455 0.250

Nomoro! ¢, 0.389 0.573  0.369 0.052

pro) MCP  0.422 0.596  0.393 0.054

160 05 Proj ¢ 0.407 0.593  0.384 0.056
MCP  0.399 0.587  0.377 0.055

Nodewise 2 0.358 0.538 0.349 0.083

significant advantage for the nonprojected methods, supporting the idea that the projected
methods pay a cost in terms of efficiency due to the loss of information in the projection.
There is no significant difference in model selection between MCP and the ¢; penalty.
In fact, the different penalties perform almost identically across scenarios regardless of the
lso-projection step. Intuitively, the primary benefit of nonconvex penalties is their ability to
more accurately estimate large entries, which are easy for the estimators to select.
In terms of norm error, however, there are significant differences depending on the indefi-

niteness of the optimization problem. Table A.4 reports some statistics on the eigenspectrum
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Table A.2: The relative norm error and FPR + FNR performance of the missing data estimator
using different methods. Here we set A to be from an AR(0.6) model and set m = 400. Recall
that ¢ is the sampling rate. Metrics are reported as the minimum value over a range of penalty
parameters A\. The MCP penalty is chosen with a = 2.5, and we set R to be 1.5 times the oracle
value for each method.

A Model n ¢  method penalty Frobenius Spectral Nuclear FPRFNR

Nombrod 06 0.367 0.506 0.363 0.0089

proJ MCP  0.308 0.533 0.296 0.0088

80 09  Pro 6 0.377 0.520 0.375 0.0085
) MCP  0.308 0.527 0.284 0.0083

Nodewise 0 0.292 0.487 0.280 0.0097

Nombro! ¢ 0.397 0.597 0.388 0.017

proJ MCP  0.384 0.632 0.363 0.016

130 07  Pro 6 0417 0.599 0.407 0.019
) MCP  0.348 0.626 0.326 0.018

Nodewise ¢, 0.356 0.592 0.347 0.029

AR(0.6) Nombro! 0 0.420 0.619 0.403 0.028
proJ MCP  0.457 0.680 0.436 0.026

250 05  Prot ¢, 0.437 0.626 0.429 0.031
) MCP  0.391 0.600 0.369 0.032

Nodewise 0 0.412 0.632 0.400 0.078

Nombro! ¢, 0.431 0.633 0.411 0.043

proJ MCP  0.505 0.718 0.470 0.040

700 03  Proi ¢ 0.450 0.644 0.431 0.034
‘ ) MCP  0.422 0.664 0.391 0.031
Nodewise ¢, 0.555 0.704 0.517 0.131

of the input matrix. Nonprojected methods with MCP tends to perform relatively better
than its ¢; counterpart if the input matrix is close to the positive semidefinite space. Simula-
tion results from the missing data model Tables A.2 and A.3 further support this relationship
between the most negative eigenvalue and the relative performance. Here we see how the
MCP nonprojected estimator goes from being significantly better than its ¢; counterpart in
terms of Frobenius error in the ¢ = 0.9 case to significantly worse when ¢ = 0.5. In the
projected case, which projects away this indefinite issue, the MCP estimator consistently
outperforms its /1 counterpart in terms of Frobenius error.

The nonconvexity of the penalty interacts poorly with indefiniteness of the input matrix.
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Table A.3: The relative norm error and FPR + FNR performance of the missing data estimator
using different methods. Here we set A to be from an Erdos-Renyi random graph and set m = 400.
Recall that ¢ is the sampling rate. Metrics are reported as the minimum value over a range of
penalty parameters A. The MCP penalty is chosen with a = 2.5, and we set R to be 1.5 times the
oracle value for each method.

A Model n ¢  method penalty Frobenius Spectral Nuclear FPRFNR

Nomoroi ¢ 0.398 0.426 0.369 0.133

OHpro) MCP  0.379 0.444 0.355 0.132

8009  Proj ¢ 0.405 0.420 0.375 0.129
MCP  0.367 0.383 0.346 0.126

Nodewise 0 0.349 0.357 0.334 0.160

Nomoroi ¢ 0.409 0.495 0.372 0.137

OHPTO] MCP  0.410 0.562 0.372 0.137

130 07 Proj ¢ 0423 0.497 0.385 0.135
MCP  0.388 0.465 0.354 0.131

Nodewise ¢, 0.372 0.463 0.346 0.194

ER Nomoroi ¢ 0.421 0.556 0.379 0.163
OHPTO] MCP  0.463 0.680 0.401 0.170

%50 05 Proj ¢, 0.437 0.556 0.394 0.163
MCP  0.406 0.535 0.364 0.171

Nodewise ¢, 0.431 0.654 0.376 0.241

Nomoroi 0 0427 0.604 0.383 0.193

OHPTO] MCP  0.485 0.701 0.415 0.189

00 03 Proj ¢, 0.445 0.575 0.401 0.184
MCP  0.423 0.638 0.380 0.191

Nodewise ¢, 0.500 0.719 0.413 0.276

When the ¢, penalty is used, it is better able to “control” the indefiniteness of the input due
to its linear scaling, resulting in better norm error performance. The nonconvex penalty’s
inability to resolve the indefiniteness issue results in a degradation of its relative performance
as the input matrix becomes more indefinite.

Turning to the nodewise estimator, we see similar patterns. Again referring to Table A .4,
it seems that the relative performance of the nodewise estimator varies significantly with the
indefiniteness of the input matrix. When the input matrix is closer to positive semidefinite,
such as the n = 160 situations in Table A.1 or the ¢ = 0.9 cases in Tables A.2 and A.3, it

performs comparably in terms of model selection and significantly better in terms of norm
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Table A.4: Measures of the indefiniteness of the input matrix I',. o; denote the eigenvalues of
I',,, while o] denote the eigenvalues of [ as defined in Section 2.3.1. We set m = 400. For data
generated from each model, we report the most negative eigenvalue, the maimum eigenvalues of
both the nonprojected and projected sample covariances, the sum of the negative eigenvalues, and

the number of negative eigenvalues.

Model A n mino; maxo; max UZT" Za’i<0 o;  #{o; <0}
n=2380,73 = 0.3 -0.51 17.0 15.3 -100.5 320
n =160,75 = 0.3 -0.42 10.3 9.6 -74.1 240
KS AR(0.5) n=80,7 = 0.5 -0.93 21.3 18.1 -170.1 320
n = 160,75 = 0.5 -0.78 12.0 10.7 -124.6 243
n=280,( =0.9 -0.26 14.2 13.6 -36.2 320
AR(0.6) n=130,=0.7 -0.63 123  11.0  -1166 270
n = 250, = 0.5 -1.19 114 9.7 -183.6 218
MD n ="700,( =0.3 -2.17 9.2 7.5 -228.9 188
n=280,{=0.9 -0.26 13.4 12.7 -36.6 320
ER n =130, =0.7 -0.62 11.7 104 -116.7 270
n =250, = 0.5 -1.20 10.3 8.7 -180.7 214
n =700, =0.3 -2.17 8.5 6.9 -223.0 184

error. But when the input matrix is very indefinite, such as the ( = 0.5 cases in Tables A.2

and A.3 its relative performance quickly degrades.
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