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Abstract: This study applies retrospective cost adaptive control to command following in the presence of multi-variable
convex input saturation constraints. To account for the saturation constraint, the authors use convex optimisation to minimise
the quadratic retrospective cost function. The use of convex optimisation bounds the magnitude of the retrospectively optimised
input and thereby influences the controller update to satisfy the control bounds. This technique is applied to a multi-rotor
helicopter with constraints on the total thrust magnitude and inclination of the rotor plane.

1 Introduction

All real-world control systems must operate subject to con-
straints on the allowable control inputs. These constraints
typically have the form of a saturation input non-linearity
[1]. The effects of saturation are addressed through anti-
windup strategies [2—7]. Within the context of modern
multi-variable control, techniques for dealing with satura-
tion are presented in [8—12]. Saturation within the context
of adaptive control is addressed in [13-16].

In the case of multiple control inputs, it is usually the case
that individual control inputs are subject to independent sat-
uration [17]. However, in many applications, a saturation
constraint may constrain multiple control inputs. This is the
case, for example, if the control inputs are produced by com-
mon hardware, such as a single power supply, amplifier or
actuator.

In the present paper, we consider an adaptive control for
problems, in which multiple control inputs may be subject to
dependent saturation constraints. In particular, we are moti-
vated by the problem of safely controlling the trajectory
of a multi-rotor helicopter by constraining the total thrust
magnitude and inclination in order to restrict the vehicle
acceleration.

To address this problem, we revisit the problem of ret-
rospective cost adaptive control (RCAC) under constraints
[15]. RCAC can be used for adaptive command follow-
ing and disturbance rejection for possibly non-minimum-
phase systems under minimal modelling information
[18-21]. Unlike [17], the present paper uses convex opti-
misation to perform the retrospective input optimisation
[22]. The use of convex optimisation bounds the magnitude
of the retrospectively optimised input and thereby influ-
ences the controller update to satisfy the control bounds. We
demonstrate this technique on illustrative numerical exam-
ples involving single and multiple inputs. We then apply this
approach to trajectory control for a multi-rotor helicopter.
We use the convex programming code [23] for the numer-
ical optimisation. A related technique was used within the
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context of RCAC in [24] to address the problem of unknown
non-minimum-phase zeros.

The contents of the paper are as follows. In Section 2,
we describe the command-following problem with input
saturation non-linearities. In Section 3, we summarise the
RCAC algorithm. Numerical simulation results are presented
in Section 4, and conclusions are given in Section 5.

2 Problem formulation

Consider the multiple-input multiple-output (MIMO)
discrete-time Hammerstein system

x(k + 1) = Ax(k) + BSat(u(k)) + Dyw(k) (1)

where, for all k>0, x(k) e R", y(k) e R>, z(k) € RE,
w(k) € R and u(k) € R, The signal u(k) is the com-
manded control input, and w(k) is exogenous signal. How-
ever, because of saturation, the actual control input is given
by v(k) = sat(u(k)), where the saturation input non-linearity
is sat: R* — I, and &/ € R* is the convex control con-
straint set. We assume that the function ‘Sat’ is onto, that
is, sat(R%) = U. In particular, if ¢/ is rectangular, then

sata1,h1 (ul)
Sat(u) = : 2)
sat% Wby, (ul“)
where u = [u; -+ w,]" €U = [ay, b)) x --- x [a,,b,] and
sat : R — [a, b] is defined as
a, if u<a
sat,p(u) = qu, if a<u<b 3)
b, if u>»b

We consider the Hammerstein command-following and dis-
turbance rejection problem with the performance variable

z(k) = E\x(k) + Eyw(k) “)
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and we assume that measurements of z(k) are available for
feedback; however, measurements of sat(u(k)) are not avail-
able. The goal is to develop an adaptive output feedback
controller that minimises the performance error z(k) with
minimal modelling information about the plant dynamics,
exogenous signal w and input saturation non-linearity sat.
Note that w can represent either a command signal to be
followed, an external disturbance to be rejected or both.
For example, if D; = 0 and E, # 0, then the objective is to
have the output E;x follow the command signal —Eyw. On
the other hand, if D; # 0 and E, = 0, then the objective is
to reject the disturbance w from the performance variable
E\x. The combined command-following and disturbance-
rejection problem is considered when D; =[D;; 0],
Ey=1[0 Ep] and w(k) =[w/(k) w;(k)]", where the
objective is to have E;x follow —FEyw, while rejecting the
disturbance w,. Finally, if D; and E, are zero matrices, then
the objective is output stabilisation, that is, convergence of
z to zero.

3 Retrospective cost adaptive control

In this section, we describe the constrained retrospective cost
optimisation algorithm.

3.1 ARMAX modelling

Consider the autoregressive-moving-average model with
exogenous inputs (ARMAX) representation of (1)—(4) given
by

n

z(k) = Z

i=1
+ Y ywlk — i)
i=0

where ooy, ... 0, € R, Bi,..., By € RNy, y € REX
and d is the relative degree. Next, let v(k) £ Sat(u(k)), and
define the transfer function

—aiz(k — i) + ) _ Brsat(u(k — 1))

i=d

)

a(q)
B(q)

Ga(Q) 2Ei(ql —4)'B=) q'H =H, (6)
i=d

where q is forward shift operator and, for each positive
integer i, the Markov parameter H; of G, is defined by
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Next, define the extended performance Z(k) € RP: and
extended plant input V (k) € R4 by

z(k)

Z(k) £ : ,
| zk—p+1)

[ sat(u(k — 1))

vk — 1)
Vk) 2 :
V(k - qc)

(11)

| sat(u(k — q.))

where the data window size p is a positive integer, and g. £
n+p — 1. Therefore (11) can be expressed as

where (see (13))
ﬂl ,Bn Olle,, e Olle,,
B, N 0.1, ) . : € RP:x%ch
: O,
0%, O, Bi - B
(14)
and
- zk—1) 7
ponty 2 | 7HTP o D | e mutraion (15
LWk —p—n+1)]

Note that W, includes modelling information about the
poles of G, and the exogenous signals, whereas B, includes
modelling information about the zeros of G,,.

For the open-loop system (5), we make the following
assumptions:

(A.1) The relative degree d is known.

H; £ EiA™'B e RF (7) (A.2) The first non-zero Markov parameter H,; is known.
. ) (A.3) There exists an integer n such that n < n and 7 is
Note that, if d = 1, then H, = f,, whereas, if d > 2, then KNow.
. _ o _ _ (A4) If ¢ €eC, |¢| > 1, and B(¢) =0, then the spectral
Pr=-=pia=H=-=Hr1=0 ®) radius of A4 is less than 1.
and H; = B,. The polynomials «(q) and (q) have the form (A.5) The performance variable z(k) is measured and avail-
able for feedback.
al@Q =q"""+ouq"" + -+, 1q+a, 9) (A.6) Each component of the function Sat is monotonically
e d1 non-decreasing in each component in # with the remaining
B@) =q + Bar1q + o+ Bumiq + By (10) components of u fixed.
—al, =l Opy, Opxt. 70 Yoo O, oo+ OLs,
W, 2 (R, ' : 011, . . : € RPEXael+Get Dl (13
: 0,1, : : 0, i,
0r, 1, Opxi —oauly =l Oy, 0rxs, Yo Va
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(A.7) The exogenous signal w(k) is generated by

x,(k +1) = A4,x, (k) (16)
W(k) = waw(k) (17)

where x,, € R™ and all of the eigenvalues of 4,, are on the
unit circle and do not coincide with the transmission zeros
of G,,.

(A.8) There exists an integer n,, such that n, < n,, and n,
is known.

(A.9) The exogenous signal w(k) is not measured.

(A.10) a(q), B(q),n and x(0) are unknown.

The Assumption 3.1 is motivated by Yan and Bernstein
[25], where it is shown that monotonicity of the input
non-linearity preserves the signs of the Markov parameters
of the linearised system.

3.2 Controller construction

The commanded control u(k) is given by the exactly proper
time-series controller

u(k) =Y Mi(kyutk —i) + Y _Nithz(k —j)  (18)

i=1 j=0

where, for all i=1,...,n,, M;(k) € R« and, for all
Jj=0,...,n, Ny(k) € R We express (18) as

u(k) =0(k)p(k — 1) 19
where
0(k) = [M, (k) M, (k) No(k) N, (0]
€ Rloxelit(ne+Dlo) (20)
and

Culk — 1)

u(k _ ne)

¢k —1) 2 () € Rkttt DL (21)

2k — o) |

3.3 Retrospective performance

Define the retrospective performance Z(k) € RP: by
Z(k) & Wospn (k) + BV (k) + B [U(k) — UK)] (22)

where (see (23))

is the retrospective input matrix_with the model informa-
tion of G.,. Specifically, H,, ..., H, in (23) are estimates of
the Markov parameters of G.,, where m € Z*. Next, define

the extended commanded control U (k) € Rq"i and the retro-
spectively optimised extended control vector U (k) € R% by

u(k — 1) e (k — 1)
and U(k) 2 : (24)
i‘k(k - QC)

Uk) = :

where i, (k — i) € R is a recomputed control. Subtracting
(12) from (22) yields

Z(k) = Z(k) + B,[U (k) — U (k)] (25)

Note that the retrospective performance Z (k) does not
depend on W, or the exogenous signal w. For disturbance
rejection, we do not assume that the disturbance is known;
for command-following, the command-following error is
needed but the command w need not be separately measured.
The model information matrix B, is discussed in Section 3.5.

3.4 Retrospective cost and RLS controller update
law

3.4.1 Retrospective cost: We define the retrospective
cost function

JU k), k) 2 ZVR)REZ() + n() TR Uk)  (26)

where, for all k > 0, n(k) > 0 is a scalar and R(k) € RP=*P"
is a positive-definite performance weighting. The goal is
to determine retrospectively optimised controls U(k) that
would have provided better performance than the controls
U (k) that were applied to the plant. The retrospectively opti-
mised controls U (k) are subsequently used to update the
controller. Using (25), (26) can be rewritten as

JWU k), k) = U()"Ak)U (k) + B(k)U (k) + C(k) (27
where

A(k) £ BIR(k)By + n(k)1,,,
B(k) £ 2BfR(K)[Z(k) — B;U (k)]
Clk) & Z"(k)R(k)Z (k) — 2Z" (k)R(k)B, U (k)
+ U(k)"Bf R(k)B; U (k)
Note that if either Bf has full rank or n(k) > 0, then A(k)
is positive definite.

Next, we consider the problem of minimising (26)
subject to

UkyeUx - xU (28)

The following result follows from the Weierstrass theorem.

Lemma 3.1: If U is compact, then (26) has at least one min-
imiser. If, in addition, I/ is convex, then (26) has a unique

OLx@—11, Hy H, 0.,
B 2 0rx@=n1,  Orxi,
0 x@-1i, O, 0.x1, Ha
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Olleu Olleu Tt Olleu
c Rﬁlzxqclu (23)
Hy o Opsg, oo Oy,
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minimiser. In particular, if ¢/ = R, then the unique global
minimiser of J (U (k), k) is

Uk) = —%A"(k)B(k) (29)

3.4.2 Cumulative cost and RLS update: Define the
cumulative cost function

k
Jam 0,5) £ Y~ 29" —d — DO — 1) — (i — d) |

i=d+1

+ 240 (k) = 0(0)]' Py [0 (k) — 6(0)] (30)

where -l is the  Euclidean norm, P,e€
Rlulrchtet DEIxIneh+0e+DED ig positive definite, and A € (0, 1]
is the forgetting factor. The next result follows from standard
recursive least-squares (RLS) theory [26, 27].

Lemma 3.2: For each k > d, the unique global minimiser of
the cumulative retrospective cost function (30) is given by

o Pk — Dok — dye(k — 1)
k) =6k 1)+A+¢T(k—d)P(k—l)¢(k—d) 3D

where

Pk — Dok —d)p"k — Pk — 1)
A+ ¢tk —d)P(k — Dok — d) }
(32)

Pk) = % [P(k— -

P(0) = Py, and
u(k —d).

ek—1)2¢"k—d—10(k—1) —

3.5 Model information Bs

For soft-input soft-output, minimum-phase, asymptotically
stable linear plants, using the first non-zero Markov parame-
ter in By yields asymptotic convergence of z to zero [19, 28].
In this case, let m = d and H, = H, in (23). Furthermore,
if the open-loop linear plant is non-minimum-phase and the
absolute values of all non-minimum-phase zeros are greater
than the plant’s spectral radius, then a sufficient number of
Markov parameters can be used to approximate the non-
minimum-phase zeros [19]. Alternatively, a phase-matching
condition with > 0 is given in [29, 30] to construct B;. For
MIMO Lyapunov-stable linear plants, an extension of the
phase-matching-based method is given in [31]. For unsta-
ble, non-minimum-phase plants, knowledge of the locations
of the non-minimum-phase zeros is needed to construct B;.
For details, see [19, 32].

In this paper, we consider only the case where
the zeros of G., are either minimum-phase or on
the unit circle. Therefore we set p=1 and let B, =
[Olzx(dfl)l,t H, Olzx(n—d)lu] € REXnh,

4 Numerical examples

In this section, we present numerical examples to illus-
trate the response of RCAC for plants with input saturation
based on constrained retrospective optimisation. The numer-
ical examples are constructed such that the objective is to
minimise the performance z =y —w, with ¢ (k) given by
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Fig.1 Example 4.1. Mass-spring structure with single-direction
force actuation

(21). In all simulations, we set A = 1 and initialise 6(0) to
Zero.

Example 4.1: Command following for an undamped mass-
spring structure with single-direction force actuation.
Consider the mass-spring-damper structure shown in Fig. 1
modelled by

mg+kqg=v (33)

where m = 1kg and £ = 30 N/m are the mass and stiffness,
q and ¢ are the position and velocity, respectively, of the
mass. The saturated control v is given by

v = sat(u) = satgso(u) (34)

The discrete-time transfer function with sampling time 75 =
0.1s is given by

0.004(z + 1)
Got) = ) 35
@ = 1072+ 1 )

The goal is to bring the mass to rest at ¢ = 0. We consider
(3) with v = satgso(#). Note that this problem is related to
the classical problem of controllability using positive con-
trols considered in [33-35]. However, 33’s theorem given
in [33, 34] assumes that B = I, which is not the case in this
example.

The adaptive controller (18) with known saturation
bounds is implemented in feedback with n, = 5, n = 0.0001,
Py = 0.1/ and By =[0.004 0].

The goal is to bring the mass to ¢ =0 with single-
direction force actuation. Fig. 2 shows the response with
q(0) =3m and ¢(0) = 5m/s. Note that, by constraining
the retrospectively optimised control #(k), the commanded
control u(k) is non-negative for all £ > 25.

Example 4.2: Position command following for a multi-rotor
helicopter. Consider the multi-rotor helicopter illustrated in
Fig. 6. The body frame Sy = {Xg, ¥, Zp} is attached to the
vehicle at its centre of mass (CM) with the Zg axis normal
to the rotor plane. The reference frame Sg = {Xg, Yr,Zr}
is fixed on the ground at point O with the Zp axis aligned
with the local vertical. The vehicle has six degrees of free-
dom, three of which are of rotation and the other three are
of translational motion. The present example is concerned
only with the translational motion, which can be described

in Sg by
2]
G=—u+|0 (36)
" -g

where ¢ =[q1 ¢» ¢3]" € R® describes the position of
CM, with ¢, and ¢, denoting horizontal position and g3
representing the altitude, u=[u; u, u3]'T € R3 is the
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Time Step k Time step k
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; = = = Commanded control u(k)
eor Saturated control v(k)
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Fig.2 Example 4.1. Command-following for an undamped mass-spring-damper structure with single-direction force actuation. The
adaptive controller (18) is implemented with n. = 5, n = 0.0001, Py = 0.11 and By = [0.004 0]. The goal is to bring the mass to q =0
with single-direction force actuation with q(0) = 3m and §(0) = Sm/s

Fig.3 Example 4.2. The multi-rotor helicopter and the body and
reference frame

total thrust vector, m = 0.5zkg is the mass of the vehicle,
and g = 9.8 m/s? is the gravitational acceleration (Fig. 3).
Consider the initial conditions ¢(0) =[0 0 0] and
g(0) =[0 0 O]T. Define the inclination angle ¢ of the
rotor plane to be

a1 W

flaell

where |lu|| denotes the Euclidean norm of u. Fig. 6 shows
that ¢ is the angle between the thrust vector u and the Zp
axis (local vertical).

In order to implement the so-obtained controller in prac-
tice, the vehicle system is required to feature two low-level
control loops: a total thrust controller and an attitude con-
troller. In this case, the thrust magnitude |u| serves as a
command to the total thrust controller, whereas the thrust

® (37)
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Fig.4 Example 4.2. The convex control constraint set U formed
by (40)—(42)

direction u/||u|| is used to generate an attitude command to
the attitude controller. In this example, both low-level con-
trollers are assumed to be accurate and significantly faster
than the translational dynamics, in such a way that their
command u can be considered equal to its corresponding
actual value.

Define the tracking error z € R? by

z2g—w (38)

IET Control Theory Appl., 2014, Vol. 8, Iss. 12, pp. 1096-1104
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0 50 100 150 200 250 300
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Fig.5 Example 4.2. Command following for the multi-rotor helicopter. The adaptive controller (18) with the saturation bounds in (44)
is implemented in feedback with nc = 8, n =0, Py = 0.11, By = [0.0113x3 03x3] and 6(0) = 0. Note that yy, y2, y3 follow the commands

wy, wa and ws after the transient

where w=[w; w, w3;]eR? denotes a position com-

mand. Consider
2 cos(0.17)
w(t) = |:2 sin(O.lt):|

03t+1

(39)

Let 0 < @uax <90° and uya > 0 denote the maximum
allowable values of ¢ and |Jul||, respectively. Consider
Omax = 20° and up,x = 6 N.

The control problem is to construct a feedback law for u
that minimises ||z|| subject to

2 2
YT in g (40)
lul
uz; >0 (41)
and
lull < 42)

IET Control Theory Appl., 2014, Vol. 8, Iss. 12, pp. 1096-1104
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The inequalities (40)—(42) form the conic convex control
constraint set { illustrated in Fig. 4. The problem of min-
imising the retrospective cost function on U can thus be
rewritten as the following second-order cone programming
(SOCP) problem

minJ (U (k), k) (43)
subject to
IPUK), < QUK*) and UK, <6  (44)
where
A1 0 00 1 O
F :[0 0 0 } (45)
and
02 tan(gn) [0 0 1] (46)

The non-linear programming method SOCP available in the
CVX toolbox [23] is used to solve the above optimisation
problem.

1101
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3

Fig.6 Example 4.2. The adaptive controller (18) with known saturation bounds in (44) is implemented in feedback with nc =8, n =0,
Po = 0.11, By = [0.0113x3 03x3] and 0(0) = 0. The black dots represent the constraint set in (40) and (42), and the blue dots represent the
unsaturated controller output u. The blue crosses outside the boundary of the constraint (black dots region) are because of the transient

behaviour of RLS update in (31) and (32)

Next, a state space representation of the multi-rotor
helicopter is given by

d
) >
q 03x3 b3 ||q 033 0
[q} [03x3 0353 | [q] + |:i13x3:| Yo “47)
0
—&
_ K
Yy = [I3><3 03><3] q:| (48)
z=y—w (49)

where the horizonal wind velocity d; = d, = 0.1 m/s and
v = Sat(u) € U is the saturated control input given by

Vi Saty (w1, us, u3)
V= |:vz:| = Sat(u) = |:Sat2(u1,u2,u3):| (50)

V3 Sat3 (U3)

where (see (51) and (52))
Sats(u3) = satos(u3) (53)
and

¥ £ atan2(u,, u;) = 2 arctan (54)

U

Vud +us + u
Note that the function Sat in (50) satisfies 3.1. Next, we
discretise (47)—(49) using zero-order-hold with sampling
time 7y = 0.01s. The adaptive controller (18) with knowl-
edge of the saturation (44) is implemented in feedback
Wlth ne = 8, n= 0, Po = 011, d= 1, H1 = I3><3 and we let
By =[0.015,;  0353].

Fig. 5 shows the time history of y;, v, and y; of the heli-
copter. The transient especially along y; direction is owing
to the fact that (47)—(49) is unstable, the discretised equiva-
lent of (47)—(49) has non-minimum-phase zeros at —1, and
the horizontal wind velocity d;, d, and the gravitational
acceleration g are unmodelled. Furthermore, we initialise
the adaptive controller at 6(0) = 0. Note that the com-
manded control signal u does not exhibit integrator windup

u
Sat, (uy, uz, u3) = { !

u
Sat, (uy, up, u3) = { :

1102
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Sat; (u3) tan @ cos ¥ otherwise

if  u; < Saty(u3) tan @ cos ¥

1)

if  wy < saty(u3) tan @p,y Sin ¥ (52)

Sat; (u3) tan @pax SN otherwise

IET Control Theory Appl., 2014, Vol. 8, Iss. 12, pp. 1096-1104
doi: 10.1049/iet-cta.2013.0528
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[lu(k) — Sat(u(k))||

0.5

150 200 250 300
Time (sec)

Fig.7 Example 4.2. At each time step, the distance between the
commanded control u(k) (blue crosses that are outside the control
constraint set U in Fig. 6 and the saturated control sat(u(k))

and remains bounded as shown in Fig. 6, where the black
dots represent the control constraint set U/, and the blue
crosses represent the commanded control u. Note that the
blue crosses outside the control constraint set ¢/ (black dots
region) are caused by the transient behaviour of RLS update
in (31) and (32). Fig. 7 shows that at each time step, the
distance between the unsaturated commanded control u(k)
(blue crosses that are outside the control constraint set I/ in
Fig. 6 and the saturated control v(k).

5 Conclusions

Adaptive control based on constrained retrospective cost
optimisation was applied to command following for
Hammerstein systems with multi-variable convex input sat-
uration. We numerically demonstrated that convex optimi-
sation applied to the retrospective cost can improve the
tracking performance when following commands in the
presence of saturation. We also applied this technique to
a multi-rotor helicopter command-following problem by
formulating the multi-input constrained retrospective cost
function as a second-order cone optimisation problem. With
this approach, RCAC was shown to adapt to these con-
straints. The numerical results motivate future research on
the stability analysis of RCAC under input saturation.
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