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Abstract

A transport model is proposed for wax deposition onto a cold finger from flowing
wax-containing oils. The model solves transient energy and mass balances simulta-
neously for a reversible first-order kinetic rate for precipitation of pseudo-single-
component wax, and the effects of yield stress using a critical solid wax concentration
to withstand flow-induced stress at the deposit-fluid interface. The model can predict
the time evolution of the deposit thickness, and the spatial and temporal evolution of
temperature and wax concentration as validated using cold finger experiments. It was
found that for high wax content oils, deposit thickness growth is dominated by heat
transfer. For low wax content oils that are unable to gel, the thickness growth is slow
and accompanied by occasional sloughing. Regardless of the mechanism controlling
the growth, mass transfer cannot be neglected as wax diffusion into the deposit

continues to take place after the deposit has stopped growing.
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1 | INTRODUCTION

Paraffin deposition during crude oil transportation is a well-known
problem in the upstream oil and gas field with few reliable solutions.
In recent decades, modeling of wax deposition has been used to
assess severity of deposition and devise appropriate strategies to
manage deposition issues. Transport-based models help to describe
deposition for various operating conditions even when field data are
lacking. To construct such a model, an understanding of the physics
and chemistry in the deposition process is necessary.

Paraffins in crude oil are a complex mixture of both normal and non-
normal alkanes, with paraffin carbon numbers ranging anywhere from C5
all the way to C100+. The exact composition depends strongly on the
geographical origin of the crude. This complex composition also gives rise
to complex physical properties, which presents a challenge when trying to
capture the physics necessary to understand the deposition process.

Paraffins remain dissolved in the oil phase until its temperature
drops below the wax appearance temperature (WAT) where upon they

start precipitating. Such solid-liquid mixtures possess viscoelasticity,

heat transfer, mass transfer, mathematical modeling, moving boundary problem, wax

plasticity, and a yield stress. The yield stress increases with increasing
density of solid crystal, eventually forming a solid deposit. Numerous
observations show that the incipient layer of a deposit contains both
solid wax and entrapped fluid phase constituents.

Wax deposition has been studied at lab scale and two theories have
been developed based on experimental evidence. One theory suggests
that the growth of wax gel/deposit is dictated by the rate at which solu-
ble wax molecules get transported to the gel-oil interface. This mecha-
nism is characterized by a slow growth of the gel thickness in which the
heat transfer becomes pseudo-steady-state, and as a result the gel-oil
interface starts out below the WAT and then rises as the gel grows out-
ward. If the gel-oil interface temperature reaches the WAT, which can
occur if the oil temperature in the bulk oil is above the WAT, the gel
thickness stops growing. However, even if the gel front has stopped
moving, molecular diffusion carrying wax molecules from the oil into the
gel can continue to take place, leading to the enrichment of precipitated
wax over time in the gel for as long as the molecular-diffusion driving
force exists. Numerous observations of gel thickness and gel composi-

tion as a function of time have supported this mechanism.>*>
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The second theory suggests that the gel growth rate is explained
by a transient heat transfer process.®'* This approach equates the
migration of the gel-oil interface from a cold finger or from the inner
surface of a pipe in a flow loop to the migration of the WAT isotherm
(i.e., the gel-oil interface temperature is always at the WAT). This
model thus assumes that fluid solidifies as soon as its temperature
drops below the solubility temperature at which wax begins to precip-
itate, such that an arbitrarily small amount of precipitated crystal is
sufficient to form a gel and to stop oil from flowing. This approach is
able to describe the growth rate of a deposit formed from a binary n-
alkane mixture®® as well as a multicomponent wax mixture with a
sharp bimodal normal distribution of wax carbon numbers’ because
the crystals that form are relatively large and that the solubility
curve is steep for these systems. The composition of the deposit was
also found to be nearly identical to the oil, at least very early in the
deposition, when the gel is still growing.

Both mechanisms predict very distinct gel growth rates; thus a
fair question would be: under what circumstances should one model
be used over the other? In this work, we would like to address this
question by (a) devising a model that includes transient heat transfer
and transient mass transfer that are coupled, and (b) examining cir-
cumstances under which this comprehensive model reduces to the
mass-transfer-controlled or heat-transfer-controlled mechanisms dis-
cussed above. This new model can help resolve the conditions under
which neglect of various phenomena, such as mass-transfer limita-
tions, pseudo-steady-state approximations, instantaneous crystalliza-
tion kinetics, and effects of yield stress, might be justified. In the next
section, we describe the materials and methods used in our experi-
ments. We then describe our model and its mathematical derivation.
Next, we introduce a characteristic length and a dimensionless group
that serve as quick assessment of wax deposition characteristics.

Finally, we compare the model predictions with experimental data.

2 | MATERIALS AND METHODS

21 | Deposition experiment

Deposition tests were carried out using a cold finger apparatus
described in a previous publication.'® In a typical setup, such as shown
in Figure 1, a temperature-controlled glass-jacketed beaker containing
waxy oil is continuously stirred with water flowing into the gap
between the two glass walls at the bottom of the beaker and out at
the top. The “cold finger” consists of a double-walled hollow 10-mm-
outer-diameter cylindrical stainless steel tube with a circulating cool-
ant flowing downward along the axis of the tube and then back
upward in the annulus between the inner and outer walls of the tube.
This cold finger, placed in the center of the container, maintains the
temperature at value below the WAT. The outer surface of the stain-
less steel tube is colder than the stirred solution thereby causing a
deposit to grow on it. Thermostated circulating water baths (not
shown in Figure 1) control the temperatures of the cold finger and the

water jacket.

FIGURE 1 A wax deposit forming on the cold finger. The lower
right and upper left corners show the inflow and outflow ports for the
jacket heating water [Color figure can be viewed at
wileyonlinelibrary.com]

In a typical experiment, a waxy oil mixture is placed inside the jac-
keted beaker, where it is brought to a uniform controlled temperature
by connecting the jacket to one of the circulating thermostatic baths.
The cold finger is then inserted into the bulk oil to initiate deposition.
A magnetic bar placed at the bottom of the jacketed beaker stirs the
oil. The height of the oil in the jacketed beaker is 70 mm while the
height of the cold finger that is immersed in the oil is 60 mm. The vor-
tex that forms due to the stirring changes the height of the oil near
the jacketed beaker as well as near the cold finger, thus affecting its
immersion length, and the change in immersion depth is taken into
account in the model. A binary mixture of oil and wax consisting of
n-C12 and n-C28, respectively, was used in the tests.

The wax deposit thickness was obtained through the video record-
ing of the deposition, which is made possible by the transparency of
both the jacketed beaker and of the model oil used when the tempera-
ture is above the WAT. To determine how the n-C28 deposit composi-
tion changes with time, deposits formed at different times were
collected from the cold finger by scraping off a 2-mm-thick layer at the
outer edge of the deposit, and another 2-mm-thick layer from the inner
edge next to the cold finger. When the deposit's total thickness was
less than 4 mm, then the outer and inner scraping thicknesses were
each half the total thickness of the deposit. After the acquisition of a
deposit or oil sample in any run, the cold finger was cleared of all
deposited wax, then the oil/wax mixture was replaced with a fresh mix-
ture, and the deposition run was restarted from the deposit-free initial
state.

High-temperature gas chromatography (HTGC) was used to mea-
sure the wax concentrations in these collected deposits. To maintain
their uniformity, the samples were preheated using a heating plate

prior to HTGC injection.

2.2 | Measurement of heat transfer coefficients

The model developed in Section 3 contains three heat transfer coeffi-

cients: Uj,, hi and he defined below. A set of experiments in the
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absence of any deposition, that is, using the wax-free oil, were per-
formed to obtain these coefficients. Temperature at various locations
were measured in these experiments. Figure 2 shows the locations of
thermocouples installed for this purpose.

Ujae, the overall heat transfer coefficient that characterizes the
convective heat transfer rate from the heating water to the stirred oil
in the jacketed beaker (without the cold finger), was measured by per-
forming a transient heat transfer experiment. The jacketed beaker
filled with a wax-free n-C12 was first equilibrated at 5°C under stir-
ring by flowing cooling water through the jacket at 5°C. The cold jac-
keted beaker was then quickly connected to a heating water flow
with Tj,c at 35°C. The temperature of the stirred solution, Ty,
increased due to the heating and eventually reached a new thermal
equilibrium with T, = Tj,c. An overall energy balance around the
oil, shown in Equation (1), was then used to fit U;,c to the measured

time-dependent temperature.

T
= UjacAjac (Tjac,avg - Tb) (1)

/)C;VOIIT:

Here p denotes the oil density, ¢, the oil specific heat capacity, Vo
the volume of oil in the jacketed beaker, Aj, the jacketed area, and
Tiacavg the average between Tjacin and Tjac out, Where these two tem-
peratures typically differed by around is 0.2°C.

Figure 3 shows how T, obtained from Equation (1) compares to
the actual Ty, for different oil stirring rates.

The coefficient h; characterizes the convective heat transfer rate
between the stirred oil and the surface of the cold finger while h.¢

characterizes the convective heat transfer rate between the inner

>k

surface of the cold finger and the cooling water flowing inside the
cold finger. Obtaining both coefficients requires first measuring U;,
the overall convective/conductive heat transfer coefficient for heat
transported from the stirred oil to the cooling water. U; was obtained
by running the same transient heat transfer experiment as before,
except with the cold finger simultaneously immersed in the oil. Equa-
tion (2) was used to fit U; to the experimental data.

dT,
oil d—tb = UjacAjac (Tjac,avg - Tb) - UiAcf,avg (Tb - Tcw,avg) (2)

pCpV,

Here Actq.4 is the average of the outer and inner surface areas of the

cold finger that are immersed in the oil (where there is a 10% differ-

ence between the two; i.e., 19 vs. 17 cm?) and Tew,avg is the average
of Tew,in and Tew out, Which typically differ by 0-1°C.

The coefficient h; characterizes the convective heat transfer rate

between the stirred oil and the surface of the cold finger, whereas h¢

o Experimental 112 rpm
—Model U, = 180 W/m?/°C
Experimental 174 rpm
Model U, =218 W/m?/°C
O Experimental 417 rpm
0 —Model U, =240 W/m?/°C
0 2 4 6 8 10
Time (min)

FIGURE 3 Bulk oil temperature, T, versus time after supplying
hot water to the jacket, used to determine the Uj,. for different
stirring rates [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 Schematic of the cold
finger apparatus along with the
location of six thermocouples. The

thermocouple measuring Tc¢outer IS iN
contact with the outer surface of the
cold finger
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characterizes the convective heat transfer rate between the inner
surface of the cold finger and the cooling water flowing inside the
cold finger. Both h; and h¢; can be derived from U;. By the conserva-
tion of energy, assuming that the temperatures Ty avg and Teeouter
adjust rapidly to any changes in T, so that they are at pseudo-steady
state, Equation (3) holds.

UiAcf,avg (Tb - Tcw,avg) = hiAcf,outer(Tb - ch,outer) (3)

Here Actouter is the outer surface area of the cold finger.

All of the temperature and surface area terms can be directly
measured, and U; was already obtained through the transient heat
transfer test described previously, leaving h; as the only unknown.
Once h; was determined, hs was calculated using the well-known

analysis of series thermal resistances in series.

1 _ 1 rcf,outln% i 1 (4)
UiAcf,avg hiAcf,out kssAcf,out hcfAcf,in

where Keg, I'cf outs Fetin, aNd Actin denote stainless steel thermal conduc-
tivity, outer radius, inner radius, and inner surface area of the cold fin-
ger, respectively.

We assume that all heat transfer coefficients are unchanged from
those for a wax layer depositing onto the cold finger, although we
account for the time-dependent increase in Acfouter due the growth of
the deposit layer on the cold finger.

2.3 | Measurement of mass transfer coefficient

The mass transfer coefficient, k. was determined by dissolving a pure

wax slab into wax-free oil as shown in Figure 4. This process can be

t=0s

10min

considered to be the reverse of deposition, in that soluble waxes
migrate into the oil from the pure wax slab as opposed to the reverse
of this during deposition.

Equations (5) and (6), which correspond to the heat and mass bal-
ances, respectively, evaluated at the slab-oil boundary, describe the
time history of pure wax slab thickness é during the dissolution.

ds dT
PAH e =hi(To =T~k (5)
ds
P& =kc (Csb _Cs,eq,i(Ti)) (6)

where p is the density of the pure wax slab, AH the specific latent
heat of crystallization, h; the heat transfer coefficient for the convec-
tive heat transfer rate at the slab-oil interface, T; the interface temper-
ature, %r the temperature gradient at the interface on the slab side,
Csb the concentration of soluble wax inside the oil, and Cqi(T;) the
soluble wax concentration at its solubility limit at the interface. Cy, is
zero at the beginning because the starting oil is wax-free, and C ¢q,i(T})
is coupled to T; through the solubility function.

Additionally, because thermal equilibrium is attained much more

quickly than the time it takes for the slab dissolution to reach equilib-

Tcf,out *0

. Tewavg—Ti . )
rium, at pseudo-steady-state _‘;I_f A :w,avg+6) 1 __ is obtained
I cf.out In ( Icfout )

from the steady heat conduction equation in radial coordinates. T, T;,
Csp, and 6 are all unknowns that evolve with time. The rest of the
parameters are constants. To obtain T, T;, Cy,, and most importantly 6,

Equations (5) and (6), along with an energy balance of the oil and a

mass balance of wax in the oil are simultaneously solved.

This technique works well because (a) there is no diffusion inside
the pure wax slab, thus simplifying the model, and (b) the rate at

Thr

FIGURE 4 Dissolution of pure
wax slab (n-C28) into an initially wax-
free n-C12. The solid-liquid interface
stops receding when the oil becomes
fully saturated [Color figure can be
viewed at wileyonlinelibrary.com]
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which wax dissolves into the oil is always limited by the rate of mass
transfer at the interface, allowing k. to be determined. For this
method to work, the rest of the parameters, including the heat trans-
fer coefficients, must be measured or known a priori, allowing the sin-
gle remaining parameter k. to be obtained by matching the model
prediction to the experimental dissolution profile.

Figure 5 shows how a single value of k. = 1x 107> m/s can
describe the dissolution profile at different jacket temperatures at a
given stirring rate. If the stirring rate is changed, a new k. must be re-

determined from a dissolution experiment at that stirring rate.

3 | WAXDEPOSITION MODEL

Our model assumes the existence of thin heat transfer and mass
transfer boundary layers at the deposit-oil interface across which tem-
perature and wax concentration vary from uniform values in the
stirred oil to surface values at the leading edge of the deposit. Our
measurements of temperature and wax concentration far from the
inner and outer surfaces of the stirred oil are in agreement with this
assumption. This behavior is expected due to mixing induced by the
agitation of the magnetic stir bar.

The steep temperature and wax concentration profiles inside the
boundary layer are not resolved in our model. Instead, we compute the
overall energy and mass exchanged at this interface and assume there
is no accumulation of energy nor mass within that layer.® As shown in
Figure 6, a thin control volume that encases the boundary layer is taken
to be moving with front of the deposit toward the right at a speed %,
where § is the deposit thickness and t is time. Any energy or mass that
enters this control volume through the oil side (right) leaves the con-
trol volume through the deposit side (left), and vice versa. Next, the
mass and energy balances across this thin volume will be derived.

Across this mass transfer boundary layer the dissolved, or soluble,
wax concentration Cs changes from that in the bulk oil, Cyp,, which is
to the right of the control volume, to the dissolved wax concentration
just behind (i.e., to the left of) the interface, C,. The flux of wax is

O Experimental T = 35°C
——Model T, = 35°C

O Experimental Ty, = 55°C
—Model T, = 55°C

Experimental T, =75°C
Model Ty, =75°C

Deposit thickness (mm)

0 2000 4000
Time (s)
FIGURE 5 Dissolution profiles of n-C28 into n-C12 for different

jacket temperatures at a stirring rate of 174 rpm. All of the curves
were generated from the model using k. = 1 x 107> m/s [Color figure
can be viewed at wileyonlinelibrary.com]
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given by the product of the difference of these concentrations, that is,
the driving force, times the mass transfer coefficient k.. On the left
side there is a flux of dissolved wax diffusing further into the deposit
according to Fick's Law. As the control volume moves into the oil
domain, it sweeps in mass from the right, and leaves behind mass on
its left side. As a result, there is a mass flux on the right side of the
interface equal to C4,% while on the left hand side it is (Cyi + Csi) &,
where C,; is the solid (or precipitated) wax concentration C, at the
interface. If the oil temperature is below its WAT, there will also be
precipitated waxes present in the oil with concentration Cy. In this
situation, an additional apparent flux, Cpb‘;—‘f will appear on the right
hand side of the moving boundary. In our experiments reported here,
the oil temperature is always above WAT, so that C,;, is zero. The
interfacial wax mass balance can be then summarized as follows:

dC.
Deffo_Tr5 +(Cpi +Csi)

ds
= kc(Csb - Csi) + (Csb + Cpb) & (7)

ds
dt

where D is the effective diffusivity of soluble wax inside the
gel/deposit near the interface.

A similar equation can be derived for the interfacial energy bal-
ance equation, using the same control volume moving at the same
speed % as the mass-transfer control volume. The temperatures on
left and right side of the interface are shown in Figure éb.

On the right side of the interface, there is a heat transfer bound-
ary layer across which the temperature changes from the bulk oil tem-
perature, Ty, to the surface temperature, T;, the difference being the
driving force. On the left side, the heat flux into the deposit is given
by the Fourier's Law. Similar to the variation in wax concentration
across the interface, there should also be a variation in sensible heat
content from p¢, Ty topc,T;, assuming, as is reasonable, that p and ¢,
of the oil and of the deposit are very similar. Therefore, an additional
term therefore appears on either side of the heat balance equation
that takes into account this difference in sensible heat across the

interface. Similar terms on either side account for the latent heat AH

(a) (b)

Mass Transfer
Boundary Layer

Heat Transfer
Boun(iary Layer

C
sb Deposit
Deposit

Cpb
— g T
dt dt

FIGURE 6 (a) The moving mass transfer boundary layer. (b) The
moving heat transfer boundary layer [Color figure can be viewed at
wileyonlinelibrary.com]
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released during the formation of solid waxes. The interfacial energy

balance can be summarized as follows:

JaT . _ds ds
k— +pCpT,‘E—CpiAHE =

ds ds
ar t

hi(Tb_Ti)+PéprF CpbAHa (8)

where k is the gel/deposit thermal conductivity, and AH the specific
latent heat of crystallization.

Next, the heat and mass balance equations to be solved in the
deposit and oil domains are derived. Because of the uniformity of the
deposit along the cold finger axis (see Figure 1), energy and mass
transfers in the axial and tangential directions can be neglected. The
energy balance in the deposit domain is given by the time-dependent,

axisymmetric energy balance:

L aT 1a<ar> ac,

oo =k Far ) ARG ®)

On the right side of Equation (9), the first term represents heat
conduction, while the second term represents latent heat release due
to precipitation (or latent heat absorption in the case of a dissolution).
The second term is present because further precipitation inside a
deposit occurs during deposit aging.

The flux boundary conditions necessary to solve Equation (9) are:

aT
hef(T— Tcw,avg) =k——atr=reout

B.C's o
aT . _ds L ds
Ko+ 96T =hi(To=T) + 6Ty + (Ci=Cop) AH

ds

dt atr=reout +0

(10)

At the boundary between the cold finger's wall and the inner edge
of the deposit (r = rerout), the temperature drop across the stainless
steel tube wall has been neglected in Equation (10). This omission is
reasonable because the thermal conductivity of stainless steel is two
orders of magnitude greater than the thermal conductivity of n-alkanes,
and the stainless steel tube wall is quite thin (~1 mm), leading to negli-
gible resistance to heat transfer through the wall. At the moving inter-
face (r = rerout + 8), Equation (8) is used as the boundary condition.

In the stirred solution domain, we assume the temperature to be
spatially uniform, which we validated experimentally. The transient

energy balance is:

(mliqu) = UjacAjac (Tjac - Tb) - hiAi<Tb - T) (11)

where mjq is the mass of stirred solution.

By simultaneously solving Equations (9) and (11), radial
and temporal variations of temperature in the deposit are
resolved, as well as the temporal variation in the stirred solution
temperature.

For the mass balance equations, it is assumed that all constituents
in the mixture can be lumped into one of three categories: dissolved

waxes, precipitated waxes and solvent. The mass balance for the

dissolved waxes in the deposit is derived in an analogous manner to

the energy balance inside the deposit:

ot rar ar

oC 19 (o G
gt ror\ e

) Ky (Cs—CaeqlT) (12)

where k; is the precipitation/dissolution rate constant and C;q is the
solubility limit of waxes at a given temperature.

The first term on the right hand side describes the diffusion of dis-
solved wax, while the second term describes the rate by which dis-
solved waxes precipitate. The precipitation process is modeled as a
reversible first order reaction with driving force given by the difference
between the local concentration and the solubility limit. Note that
Equation (12) also accounts for dissolution in situations where the local
concentration is below the solubility limit. The relevant boundary condi-
tions are: (a) no penetration at the cold finger outer wall and (b): a flux

boundary condition at the deposit-oil interface:

aC
B.C Deﬁa—rs=0atr=rcf,uut
.L's

aC ds ds
DeffairS + (Csi + Cpi) — =k(Csp—Csi) + (Csb + Cpb)a atr=reout +6

dt
(13)

Similar to the temperature, the dissolved wax concentration in
the stirred solution is also assumed to be uniform throughout the lig-
uid mixture.

We also need to solve for the mass balance of precipitated waxes
in the deposit. It is assumed that precipitated waxes are immobilized
when they form in the deposit and do not diffuse. The precipitated
waxes are assumed to be a continuum rather than as discrete particles,
where their formation (and dissolution) can be described as follows:

—= =ki(Cs—Cseq[T]) (14)

Unfortunately, solving Equation (14) can be numerically expensive
because when k; is relatively large, a very small time step size is
required to ensure stability and convergence of the numerical solu-
tion. To avoid this problem, we instead compute the precipitated wax
concentration C, by solving the total wax mass balance, which is

derived by simply adding Equation (14) to Equation (12):

5t T or T 7o\ et (15)

dC, dCs 10 . JCs
ot Jt ror

The rate of wax deposition still appears in Equation (12) where it
can influence the solution to the mass balance.

In the deposit, the precipitated waxes form an interlocking net-
work of solid wax crystals, resulting in a more tortuous pathway for
wax molecules in the liquid phase that are diffusing further into the
deposit. This increased tortuosity leads to a decrease in the effective
diffusivity of the molecules relative to that in a precipitate-free oil. In
solid-free oils, the diffusivity of dissolved wax is captured well by the

Hayduk-Minhas equation®”:
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Dujo =133 (10-12) T+ 273.15)1-47,,<VA °'791) V5071 (16)

where p is the precipitate-free oil viscosity, and V, is the molar vol-
ume of the wax molecule. For our n-C28/n-C12 model oil, we use
Equation (17) to describe u, which was obtained by fitting n-C12

experimental viscosities at different temperatures.

(17)

u=1.6x 1O‘Zexp< 1334 >

T+273.15

In the deposit, we use an empirical correlation from Cussler'® to
describe the effective diffusivity of wax molecules, D¢, which takes
into account the local solid wax content:

Dw/o
1)

=3
1-

Defs = (18)

Here, K, is a dimensionless parameter identified as the wax crystal
aspect ratio, and C, again is the mass concentration of precipitated
wax, so that % is the volume fraction of precipitated solid. De¢ varies
both spatially and temporally not only because of temperature
changes but also because % increases with time during deposit aging,
leading to a gradual decrease in Det. When no precipitated wax is
present, Degs is on the order of 1072° m?/s, but it can decrease by
multiple orders of magnitude as % rises.

In the stirred solution, a simple overall wax mass balance can be

used to calculate the remaining wax in the stirred solution at any time, t:

I'efouter +0
Miotal wax = (Csb + Cpb)vliquid + 27l (Cs + Cp)r dr (19)

Fef,outer

where Myotal wax 1S the total mass of wax present in the system, that is,
deposit + solution, Vjiq,iq the volume of oil in the reservoir, and L
the length of the deposit along the cold finger axis. Vjquia also
equals:rrjzacL,—:r(rcf,outer +5)2ch , where rj,c and L, are the jacketed
beaker radius and height of the liquid in the beaker, respectively.

At this point we have derived all the energy and mass balances
necessary for both domains. What remains is to derive the equations
describing how the deposit-oil interface evolves with time in order to
solve for its rate of growth %. At the interface, the solid wax concen-
tration is taken to be at C,,; due to the assumption that Cy; is the solid
wax concentration required to resist erosion under the flow-induced
stress at the interface. In mathematical terms, this implies that the

substantial derivative of C, at the interface is zero at all times:

i<, diic,
oti- dt ori-

=0 (20)

where the subscript i~ indicates that the derivatives are evaluated at
the interface on the deposit side. Equation (20) can be rearranged to

express the deposit growth rate % in terms of the partial derivatives:

AI?BEJ R NALJ7;f11

ac
ds_ Gt
dt %

ori

(21)

The finite difference method is used to solve the system of partial
differential equations. The model uses the central difference scheme
for space discretization and the backward Euler scheme for integrating
with respect to time.r?° The deposit domain is discretized into
50 nodes. The oil domain is not discretized because of the uniformity in
temperature and wax concentration (due to agitation). The algorithm
used to solve the deposition model described is summarized in
Figure B-1 in the Supplementary Information. We examined the model
predictions under various limits to understand the behavior of the

model. These analyses can be found in the Supplementary Information.

4 | COMPARISON BETWEEN THEORY AND
EXPERIMENTS

Changing the stirring rate in the cold finger system is expected to
have effects analogous to those produced by changing the flow rate
in a pipe flow. Heat and mass transfer rates are expected to be larger
due to enhanced convective transport (corresponding to higher heat
and mass transfer coefficients). In addition, a higher flow rate and thus
a higher wall shear stress should shift Cy,; to a higher value as a deposit
with a higher solid content is required to withstand the higher stress
imposed. To determine if C; influences significantly the growth rate
of wax deposits in the cold finger apparatus, experiments were carried
out at different stirring rates.

In these tests, the jacketed beaker setting temperature, Tj,., was
maintained at 35°C, and the cold finger thermostatic bath set point,
T, was kept constant at 5°C. Figure 7 shows the deposit thickness as
a function of time for a binary mixture consisting of 90 wt% n-C12
and 10 wt% n-C28 at the three different stirring rates of 112, 174,
and 417 rpm, where rates higher than these were avoided to prevent
the vortex height from exceeding the height of the container. Because
of the dependence of the vortex height on stirring speed, the height
of the cold finger immersed in the oil and the surface area of the
jacket beaker in contact with the oil changed with stirring speed, and
these changes are accounted for in the modeling.

Figure 7 shows that the deposit thickness increases over a period
of around 30 min and then reaches a plateau. As the deposit thickens,
it increasingly insulates the cold finger from the heat of the oil bath,
eventually decreasing the heat flow into the cold finger to the point
that it can be balanced by the heat flow from the jacket to the reser-
voir, so that the heat-transfer Biot number %’ reaches approximately
unity, leading to the steady state. When the stirring rate increases, we
see in Figure 8 that the steady-state deposit thickness decreases. At
the higher stirring rate, the measured heat transfer coefficient, given
in Figure 9, is higher, and a thinner deposit thickness &, with a steeper
temperature gradient and faster heat diffusion, is able to balance the
heat transfer from the bath and bring the Biot number kaé to near

unity, producing a steady state.
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FIGURE 7 Deposit thickness versus time at different stirring
rates, keeping Tj,. at 35°C and T at 5°C. Inset shows deposit
thickness up to 25 hr. The dashed lines serve as a guide to the trend
[Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 8 Overall jacket heat transfer coefficient, Uj,c as a
function of stirring rate [Color figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 9 Fractions of C28 in the deposit from the outer and

inner edges of the deposit as a function of time [Color figure can be
viewed at wileyonlinelibrary.com]

It is important to remember that the critical solid wax concentra-
tion C, may also increase with increasing stirring rate. Thus, the

decreasing deposit thickness with increasing stirring rate may not be

completely explained by the increase in heat transfer coefficient
alone, but could also be due to an increase in C,,;. However, as we will
show, our experiments with a single-component wax have practically
no influence of Cy;, which can therefore be taken to be zero.

Samples of the wax deposit were analyzed using HTGC after
being collected from the outer edge of the deposit, which is directly
behind the gel-oil interface, and from the inner edge, which is on the
outer cold finger wall at the different times. Figure 9 shows that the
fractions of the n-C28 in the outer and inner edges of the deposit,
which includes both precipitated n-C28 and dissolved n-C28 trapped
in the pore spaces of the deposit, start at the bulk solution value of
10 wt% and increase with time, even well after the deposit thickness
plateaus at around 30 min (see Figure 7). These results indicate that
n-C28 in the bulk oil continues to diffuse into the gel, densifying the
precipitated wax deposit. Figure 9 also demonstrates that the fraction
of n-C28 is higher with a higher stirring rate. This experimental obser-
vation is a consequence of the thinner deposit and hence the increase
in the concentration-gradient driving force for diffusion. In addition,
the mass transfer coefficient k. also increases with the stirring rate
(Figure 10), which delivers more wax to the deposit.

Note that, over time, the fraction of n-C28 at the outer edge of
the deposit becomes higher than at the inner edge. Owing to the ini-
tially fast growth of the deposit which is the result of the gelation of
the oil, its composition of n-C28 is initially nearly uniform at around
that of the bulk oil; that is, around 10 wt%. The faster rate of wax
enrichment at the outer edge compared to the inner edge can be rea-
soned by examining the change in wax solubility behavior as a func-
tion of radius. Wax solubility at the outer edge of the deposit is higher
than that at the inner edge due to the temperature differences. The
wax solubility for n-C28-nC12 binary mixture as a function of temper-
ature has an exponential behavior.'®> The temperature profile across
the deposit is close to being linear, thus the soluble wax concentration
as a function of radius when at equilibrium is similar in shape to that
of its wax solubility curve, that is, exponential. This would result in a
steeper concentration gradient, causing a higher diffusion rate at the
outer edge when compared to the inner edge. This eventually leads to
the outer edge becoming enriched in solid at a faster rate than the
inner edge. The diffusion coefficient is also higher at the outer edge
due to the higher temperature, but this contribution is insignificant.

We now use the model to simulate the results of deposition at
the lowest and highest stirring rates, 112 and 417 rpm. All parameters
are listed in Table F-1 in the Supplementary Information. We take the

~1 which is asymptotically fast

precipitation rate constant k, to be 1 s
so that higher values produce the same results, and C; is taken to
be O.

Figures 11 and 12 show that for the lowest stirring speed the
model captures nearly quantitatively the deposit thickness growth as
well as the time evolution of deposit composition by assuming fast
precipitation and C,; = 0, which implies that the wax forms a gel as
soon as the first precipitates form.

The corresponding good agreement between predictions and
measurements for the fastest stirring speed, 417 rpm, are shown in

Figures 13 and 14, again with the same values of k. and Cy;, but with
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increased values of heat and mass transfer coefficients, in accord with
the values given in Table F-1 in the Supplementary Information. Com-
paring these results with those of Figures 11 and 12 shows that the
deposit thickness decreases with increasing stirring rate. Since the
same model predicts both results for high and low stirring speeds,
with the same model and model parameters except for the measured
heat and mass transfer coefficients and to some extent the height of
the liquid and the cooling water temperature, it follows that the thin-
ner deposit at higher stirring speed can be explained solely by the
increase in heat and mass transfer rates in the jacketed beaker.

These comparisons show that: (a) the model successfully captures
deposition in the cold finger at two stirring rates, and (b) the binary n-
C12-n-C28 model oil does not behave like a complex wax mixture

due to the fact that it easily forms a solid gel at low C,;, low enough
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FIGURE 10 Measured mass transfer coefficient, k. as a function
of stirring rate [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 11 Deposit thickness versus time for the lowest stirring

rate, 112 rpm [Color figure can be viewed at wileyonlinelibrary.com]
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to be set to zero, and the deposit growth rate is predominantly con-
trolled by the heat transfer rate.

A condition that could push deposit growth into the mass-trans-
fer-controlled regime is when Cy; is significantly above zero. To dem-
onstrate such a case, we ran a deposition experiment using a dilute
waxy model oil composed of 0.8 wt% n-C36 in a mineral oil that was
barely able to form a gel at a temperature as low as 5°C due to its low
wax content despite having a WAT of 40°C. We found that the
growth of gel thickness of this oil at 5°C cold-finger temperature was
not only slow and unable to be explained by transient heat transfer,
but was also non-monotonic, with the gel sometimes breaking free
from the cold finger and then re-growing. Sampling of the deposit just
after it had formed also showed that the gel contained a total wax
with a concentration approximately six times the wax concentration
in the oil, signifying that enrichment of precipitated wax near the
vicinity of the cold finger occurred first before a stable gel was able
to form. Details and discussion of this experiment are laid out in
Appendix D of the Supplementary Information.

A more in-depth study on dilute and multicomponent waxy oils
must be carried out to fully understand the significance and impact of
Cpi on deposition and to identify if the cases with higher Cp; values
presented in Appendix B are realistic. Such a study could include

varying the initial concentration of wax in the oil and the stirring rate.
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FIGURE 13 Deposit thickness versus time for the highest stirring
rate, 417 rpm. The inset shows the deposit thickness during the first
half hour [Color figure can be viewed at wileyonlinelibrary.com]
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Inner and outer deposit compositions for the lowest stirring rate, 112 rpm. To obtain the plotted predictions at the inner and

outer edge, the predicted wax composition profiles, including both precipitated and dissolved wax, were integrated over the inner and outer
2 mm of the deposit (when thickness is greater than 4 mm) or the inner and outer halves of the deposit (when thickness is less than 4 mm) [Color

figure can be viewed at wileyonlinelibrary.com]
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Inner and outer deposit compositions for the highest stirring rate, 417 rpm. To obtain the plotted predictions at the inner and

outer edge, the predicted wax composition profiles, including both precipitated and dissolved wax, were integrated over the inner and outer
halves of the deposit [Color figure can be viewed at wileyonlinelibrary.com]

5 | CONCLUSIONS

A new transport model has been developed that predicts the forma-
tion of paraffin wax deposits and their aging from wax-containing oils.
The behavior of the model was compared with results measured in a
cold-finger experiment. The model includes transient energy and mass
balances that must be solved simultaneously while allowing for the
possible effects of yield stress on the deposition through a critical
solid wax concentration at the deposit-fluid interface, Cy,;. This new
parameter is the precipitated wax concentration needed to withstand
the shear stress imposed by the flow at the interface and reflects the
dependence of the deposit yield stress on precipitate concentration
and the fluid shear stress at the interface. While most our studies in a
cold finger apparatus with a single dissolved wax component at 10%
by weight show no indication that C,; is significantly different from
zero, we did find indications of its importance when wax content in
the oil is low, around 1%. In addition, we expect its influence to be
much more significant for multi-component waxes for which precipi-
tation occurs more gradually with changing temperature than for a
single-component wax. Future work will be needed to explore this
possibility. We also allow the phase change from dissolved to precipi-
tated wax to have a finite rate following a first-order reversible reac-
tion rate law, but find our experimental results are explained well
using an asymptotically high rate, implying instantaneous equilibrium
can be assumed between precipitated and dissolved wax.

The most influential parameters in our experiments, namely the
heat and mass transfer coefficients, are measured in the cold-finger
apparatus at different stirring speeds, and the measured values are
used in successful predictions of experimental results. Because of the
reversible phase change, the model can predict the redissolution of
precipitated waxes that may occur during deposit aging, which has
been observed experimentally. In addition to obtaining the time evolu-
tion of the deposit thickness, this model also correctly predicts: (a) the
spatial and temporal evolution of temperature and wax concentration
in the deposit, and (b) the temporal evolution of temperature and wax
concentration in the fluid, which are assumed to be spatially uniform.
While the equations were developed to predict wax deposition onto a
cold finger, similar equations can be adapted to other geometries as

well, such as pipe flow.
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NOTATION

t time (s or hr)

p density of the oil and deposit (kg/m?®)

AH specific latent heat of wax crystallization (J/kg)
deposit thickness (m or mm)

k thermal conductivity of deposit (W/m/°C)

[N specific heat capacity of oil and deposit (J/kg/°C)

a thermal diffusivity of oil and deposit (m?/s)

T temperature at a radial location in the deposit (°C)

Tiac set point temperature of heating water (°C)

Tiacin temperature of water entering jacket (°C)

Tiac,out temperature of water leaving jacket (°C)

T set point temperature of cooling water (°C)

Tewin temperature of cooling water entering cold finger (°C)

Tew outer temperature of cooling water leaving cold finger (°C)

Tetout temperature on the cold finger outer surface(°C)

Tp temperature of the oil (°C)

T; temperature at the deposit-oil interface (°C)

r radial coordinate (m)

I'efin inner radius of stainless steel cold finger (m)

I'cfout outer radius of stainless steel cold finger (m)

fac inner radius of jacketed beaker (m)

L height of liquid in the jacketed beaker (m)

Lt height of gel deposit along the cold finger axis (m)

Ujac overall heat transfer coefficient for the heat transfer
between the jacket and the solution (W/m?/°C)

U; overall heat transfer coefficient for the heat transfer
between the solution and the coolant inside the cold
finger (W/m?/°C)

het heat transfer coefficient for the heat transfer between
the inner wall of the cold finger and the coolant
(W/m?/°C)

h; heat transfer coefficient for the heat transfer between

the oil and the deposit (W/m?/°C)


http://wileyonlinelibrary.com

MAHIR ET AL

normalized heat transfer coefficient for the heat transfer

between the oil and the deposit (m/s)

Ajac jacketed beaker surface area (m?)
A deposit-oil interfacial area (m?)
Mjq mass of oil in the reservoir (kg)
Viiquid volume of oil in the reservoir (m®)
Miotal cog total mass of n-C28 (kg)
C, soluble (i.e., dispersed) n-C28 concentration (kg/mq)
Cseq soluble wax concentration at the solubility limit (kg/m?3)
Co precipitated wax concentration in the deposit (kg/m3)
Csp soluble wax concentration in the bulk oil (kg/m°)
Cob precipitated wax concentration in the bulk oil (kg/m?)
k, precipitation rate constant (s~1)
Dw/o soluble wax diffusivity in precipitate-free oil based on the
Hayduk-Minhas equation (m?/s)
Dett effective soluble wax diffusivity in the deposit (m?/s)
u viscosity of precipitated wax-free oil (mPa s)
Va molar volume of wax molecule (cm®/mol)
Ky dimensionless wax crystal aspect ratio
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