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Appendices

Appendix A: Proofs of Propositions

A.1. Proof of Proposition 1

Consider the case where items are ordered at the start of the selling horizon, and online demands are
fulfilled over T fulfillment periods. Assume that Cpq (xTT*, D7) = 0 without loss of generality. Thus, from
(2),(3),(4), Cr(xT,D7) is the optimal value of a linear program which is jointly convex in (xT,D7). This
leads to the base case result that Cp(x™, D7) is convex in 27 given any D”. By backward induction, we need
to show that C,(x*, D*) is convex in x* for any given D', with the assumption that Cy4; (x*+*, D**1) is convex

in x*T* given any D**!. The cost-to-go function can be represented by C,(x*,D*) = min G(x*, D!, zt, Zt),

zt Ztc A
where N
G(x*, D 2t Z¢) = | P(x*, D, 2¢, Z¢) + EC\y 1 (! — 2! — Z Z:, ]5”'1)} (28)
j=1
Consider any ¢ > 0, and x4, x4 > 0. Let (2}, Z!) = argmin G(x}, Dt zt, Z*). Note that P is a linear function

zt Ztc A
in its variables (Equation 3), and EC, ;(x*™* D**!) is convex in x**

Let %t = uxt + (1 — p)xt, 2° = pzt + (1 — p)z8 and Zt = pZt + (1 — p)Zt. We have:

1 as expectation preserves convexity.

N
C,(xt, D" = Zt%igA P(xt, D, 2% Z¢) + EC, 41 (2! — 2! — z; z:, Dt+l)]
=

N
< P(x,D",2,Z") + EC\ 1 (2} — [ — Y _ Z!,,D") (29)

17
Jj=1

177

N
< uP(x, D25, 24) + (1 — u) P(x§, D', 25, Z) + ECpi (2} — 2 = Y _ Z;,,D'*)
j=1

The first inequality follows from the feasibility of zt, Zt in A, as (z¢,Z!) and z%, Z%) are feasible in A. The

second inequality follows from the convexity of P. As EC,, 1 (x*™*, D*1) is convex in x*+1, we have:

N N
v <x§1 - Ziz - Z Z{,ij) + (1 — 1) (xgz - Z%z - Z Z§@> aDt+1‘|
j=1 j=1

N
Ect+1 (.’ff - Ef— Z Zitj, ﬁH_l) = ECH—I

j=1

N _ N 5

< uEC: 41 Ii,i - ZL - Z Ziijv D't + (1 - H)Ect+1 It?,i - Z;z - Z Z;,iv Dt+1]
j=1 j=1
(30)
Thus, from Equation 28, we have:
Ci(x",D") < pG(x§, D' 24, Z) + (1 — 1)G(x4, D', 25, Z4) 31)
= uCy (x4, DY) + (1 — )G, DY)

The equality follows from the definitions of (z%,Z%) and (z%,Z%). O

A.2. Proof of Lemma 1
T T
3 t T T T _ t
By recursion on z}, we have: ] — 2l =" Zl =y, — >~ 2! —
' =1 =1

>~ Z};. Thus, we have the following coefficients

J J
for the decision variables in the objective:

2bi—p,—h Vi, Vt<T

Ziis—po—h Vi Vt<T
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Note that based on the assumptions in Equation 1, we have: —p; — h > s —p, — h > 5;; — p, —
T T T
h. Then, by greedy allocation for each i, we will have Y z! = min(yy, Y Di,, followed by > Z! =
t=1 =
+

187
t=1 t=1

T + 7 T N T N T
min (yl -3 Dfs) , > Dt |. Finally, > Eij =min | ) <yZ -3 Dfs) o> Dt . O
i=1 =1 t=1 i=1t=1

t=11,j i=1

A.3. Proof of Proposition 2

-1 -1
First we eliminate z} variables using ] =y; — Y_ 2/ — > Z};. Thus, (6) is equivalent to:

t'=1 t'=1
_ T N N N
C(y.D)= min, D | 2ps(Dh=2)+ 3 b <D§O—Zij>
; t=1 | i=1 i=1 i=1
N N N N T T N
+ZSZ;~+Z Z Sijij —i—Zh(yi—sz—ZZij)
i=1 i=1 j=1,j7i i=1 =1 t=1 j=1

t t N
s.t. sz, + Z ZZ;, <y, Vi€|N],VtelT], (32)

t'=1 t'=1j=1
2 <Dl Vie[N)Vte[T),
N
szjSD;oa VJE[NLVtE[T]a
i=1
z4 7" >0, Vit e [T

T T N
First, note that the first constraint can be replaced by 3. 2f' 4+ 3> 3 Z! <y,, Vi€ [N], since z*,Z* > 0.

1] —

t=1 '=1,=1
Since the objective in (6) contains the decision variables 2}, Z{; only occurring in the sum over 7" (i.e.
T T T T
t t : : t t ;
as Py z! and t; Z!;), we can replace the second and third constraints by t; zt < tz_:l Di, VYie[N] and

T N T
S ZE <> Dt Vje[N] respectively. Note that this replacement relaxes the problem, but we show
t=1

1] — Jjo?
t=1i=1 =
that the objective solution does not change in value. Consider the second constraint involving z! variables.

Any feasible solution to the relaxed problem can be modified to be feasible in the original problem without
altering the objective, as the objective only contains terms of the form ET: zt. The proof is by contradiction,
as if the solution cannot be modified to be feasible in the original problte:rrll, then it cannot be feasible in the
relaxed problem. Similar arguments can be made for the third constraint involving Zj; variables. Thus, an
equivalent formulation of (6) is:

T

C(y,D)= min »"

t t
z 7Z t=1

N N N
> op(Di—z)+Y po <D;o - ZZ;_)
i=1

i—1 j=1

N N N N T T N
+3°52 43 S suz |+ 3k <yi—Zz:—ZZij>
i=1 i=1 j=1,j7#i i=1 t=1 t=1 j=1
T T N
s.t. sz—l—ZZijSyi, Vi e [N],
t=1 t=1 j=1 (33)
T T
z <Y DI, Vie[N],
t=1 t=1
T N T
>N z,<> D, VielN],
t=1 i=1 t=1
z*,Z >0, Vte [T
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Applying the transformations completes the proof:
T T
Dis%ZDfsu DiOFZD:o
t=1 t=1

T T

t t

Zi < E Zis Zij < E Zij
t=1 t=1

A.4. Proof of Proposition 3

Proof: Consider the linear program representation C (v, ]5), where z; represents the amount of inventory
at R; used to fulfill its in-store demand, and Z;; represents the amount of inventory of R; used to fulfill

online demand from region j.

C(y,D)= nglzh (yi —2i— >22Zi;) + 2 ps(Dis— )
ir4ij 4 7 i
+Zpo(Dio_ZZji) +ZSZii+EESijZij
i j i

i j#i
subject to z; + > Zi;; < v, Vi
=Y (34)
Zi S Di57 Vi
ZZji S Dim VZ
J
Zi;Zij >0, Waj

Note that C™F(y) = E(C(y,D)). The structure of CT'F as an expectation of a linear program draws
direct comparison with the value function in newsvendor networks (van Mieghem and Rudi 2002). Similar
to proposition 2 in Harrison and van Mieghem (1999), the gradient of the function C(y, f)) with respect to

y = (y1,¥2) can be written as:
VyC(y,D) = (h,h)" = A(y, D) (35)

where A(y,D) is the dual-price vector corresponding to the constraints with y; and ys in (34). For a given
y, the 4-dimensional demand space (D1, D1,, Das, D2,) can be divided into domains (£, (y))22, such that
in each domain, the optimal values of the decision variables z;, z;; and z;; are linear in y;, and hence the

dual-price vector A(y, ]5) is constant (refer to Appendix B for a discussion). The first-order conditions are:

0=V,C"P(y)=V,E (O (y, 13)) (36)
We can interchange the gradient and expectation on the right hand side of Equation 36 (see Harrison and
van Mieghem (1999) for a proof), and thus Equation 36 becomes
0=V,C""(y) =EpVyC (v, D) = (1) ~EpA (v, D)

— ()T = NP () (7

where A* is the constant A(y, D) for D € Q (y). O
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A.5. Proof of Proposition 4

Based on the approximation used to formulate C*Z, the difference in costs between C'* and C*® is:

CHP(Y) - CLB(Y) = (h+Po - SlQ)E[(ZDio - Z(yz - Dis)+)+ + Z (Dis — yz‘)+ - (D - Zyz)+j|

%

+ +
> (h+po— 512)E[(Z Dio =Y (yi = Di)" + Y (Dis - yi)+) - (D - Zy) }
=0
The first inequality follows from : a™ +b% > (a+b)™, and further simplification uses 2+ — (—z)T =2z. O
The proof follows for any number of stores, as long as the cross-shipping cost is a constant and sy < h+ p,.
A.6. Proof of Proposition 5

A similar result is proved in Dong and Rudi (2004, Lemma 1), who consider the case of traditional trans-

P

shipment. Substituting yP™® into the first order condition for C¥®Z in Equation 19, we have:

(h+po—s12)Fp (Z ijIP> + (512 = 8)Fp, (y7"") + (P = Po + 8) Fp, ((47'7) = ps

= (h+po — s12) (fb (ZDIPZ@/0> - P (ZDIP)>

where @ is the CDF of the standard normal distribution. The equality follows from the fact that yPF satisfies
Equation 12, and the normality of demands, as we can write y”!¥ = u; + 22 o;, where D; ~ N'(u;,0;), and

D ~N(u,0). As > 0;/0 > 1, it follow that the gradient of C*? at yP'™ is > 0(< 0) whenever 227 < (>)u;.

Also, writing 0 = [Y 02+ 2p,0,0;, where p, is the correlation coefficient between locations, y?F is
i J

optimal to C*# and C'* when p, = 1. O

A.7. Proof of Proposition 6

The proof follows from Govindarajan et al. (2020), by noting that the nested structure provides a closed-form

expression for the total shipping cost, as opposed to a linear program, by summing the shipping costs in each

level. The key difference from Govindarajan et al. (2020) is that the available inventory levels at location 4
is (y; — D) "), rather than just y;, which gives rise to nested piecewise linear terms in the cost function.
. . . + +

In level 0, the shipping cost is ZiE[N] s-min (Dm, (y; — D;s) ) =s5-e' D, — Zie[N] S- (Dio —(y; — D;s) )

For any level £ > 1, the number of fulfilled units of demand from regions in set LEZ) at level £ is

+ +
+ +
E E D, — E (yi — Dis) - E D, — E (yz - Dis) ) (38)
mek(® \iez{{™V iezl—Y iez® iez(®
unmet demand in Iﬁ after level £ —1 unmet demand in Il(f) after level ¢

where IC,EZ) is the set of level £ — 1 children of set I,gl). Note that the per-unit cost of this fulfillment is s, .
The total cost is thus given by:

C'P(y)=E |h-(eTy —e"D)" +p,-e (D, ~y)" +p,- ("D, —e"(y - D))"

L-2

+s- eTDo + Z Z (Sz+1,m(f+1)(1€) - SZ,k) : Z D;, — Z (% - Dis)+

£=0 ke[ny] iezt? iezt?
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where m“*V) (k) € [n,11] is the level £+ 1 parent of k € [n,]. The proof is completed using the definition of

7, as given in the Proposition statement. B
A.8. Proof of Proposition 7

Proof of (1): The proof is similar to that of Proposition 4 and is hence omitted.

Proof of (2): CZ® is convex in the inventory levels, and its first order conditions can be solved to yield a

I1IPH

heuristic solution y characterized by the first order conditions:

(h+po—s)Fp (Zyﬁ”H) (P = Pot+ ) Fp, (4" = p.. Vi€S (39)
jes
Rewriting the above equation, we have:

o= (h. =) Fo (50177 )

JES

IIPH _ -1
Y; = FDis

ps_po+8

Let m=p, — (h+p, —s) - Fpg <Z yfIPH). Thus, we have:
jes

IIPH _ -1 ( m > 40
Yi D;s Ds — Do +s ( )

Substituting the above equation into the definition of m, we have:
_ m _ pPs—m

;FDi‘ (ps—po+s)_FDl<h+po—S> )
The left hand side is increasing in m, whereas the right hand side is decreasing in m. Note that p, — (h +
Po—58) <m<p,— (p,—8). Due to the monotonicity of the left and right hand sides and their extreme values
in this range, there must be a unique value of m that satisfies this equation, thus yielding a unique solution
from (40). O
Proof of (3): Since we can solve for a unique solution for m in (41) which yields a unique solution y"** from
(40), it directly follows that stores stocks at the same critical fractile of their in-store demand. O
Proof of (4): Consider a square of unit area in which N stores are uniformly distributed. Let the square be
divided into v/N identical cells, such that each cell contains v/N stores. The dimensions of each cell are thus

- x —+. The superscript [ for a demand variable (e.g. D!,) denotes that the demand belongs to a store in
N4

N4

cell [.

Since the solution y!'PH

yields identical quantities at each location when the demands and costs are
identical across locations, we simplify notation for the sake of this proof by replacing C(y) by C(y), where y
is the inventory level at each location as specified by the solution y. Let CZ3" be the cost function obtained
from C''P by lowering all cross-shipping costs to the within-region shipping cost s. Let C'7Pe and CFBe be
the functions obtained by restricting C''F and C'“B’ respectively, so that cross-shipments can only be made
between two stores belonging to the same cell. Clearly, C''F (y) < C'P(y) and CLP'(y) < CFB:(y) for any
y > 0. Let g(y, N) denote the cost incurred by N stores starting with inventory y each, without the option
of cross-shipping:

080 =3[90 = D) 492 (Do) + 0 (D= = D)) smin (D= D))

i=1
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Note that g(y, N) represents the sum of costs incurred by individual stores, and hence, Eg(y, N) =
Ezg(y,\/_) =V Ng(y,V/N). Let CS;;(y,N) denote the cross-shipped quantity between stores i and j,
wlllen there are N stores with order-up-to quantity y each (C'S}; when defined within a cell). Note that both
the functions g and CS;; also depend on the demand vector, but the dependency is ignored for notational

convenience. As the cells are identical in terms of demands and costs, we have:

VN
CIIPC(yIIPH): E Z ( IIPH \/_ +Z Z ] —h po)CSl( IIPH7\/N)
=1 i=1 j=1,j7i

VN vV IN N

R
_ Eg( IIPHN +E Z Z Z —h pO)OSl( IIPHv\/N)

=1 =1 j=1,j#1i

CLB’ (yIIPH) _ OLB(’: (yIIPH)
VN * N +
(S—h po Z ZD _ IIPH_DES)"' _<ZDio_(yIIPH_DiS)+>
=1 \i=1 i=1
VN
= Eg(y"""" N)+E Z Z Z (s —h—p,)CS,(y"""" VN)

= =1 j=1,j#1
VN N +
+(s—h—p,) [VNE|> D, —(y""" - Dgs)+ ~E (Z Do — (y"'"H - Dis)+>
=1 =1

The expression for CZ%" is written as the sum of CB¢ which restricts cross-shipping to within each cell, and

the cost of the additional cross-shipped units with this restriction removed. We know that CLZ(y/FH) <

CLB (yITPHY < CTIP (4 [TPHY < CTIPe (yITPHY W first show that % — 1 as N — oo. We have:

VF (VR VE
E(Z (Z > (Sﬁj—S)Csﬁj(y”PH,\/N)>>
1

CTIPe (yIIPH) =1 \iTl =T
CLB’ (yIIPH) T CLB’ (yIIPH)
VN N * N +
(h+p,—s) |VNE| X Dj,— (y"""" = D},)" | —E (Z Dio — (y""H - Dz-s)+>
=1 =1

+

LB’ (yIIPH)

We have s}, —s = f(d};) < f ( ) as the maximum distance within a cell is 2. Thus, using C*#'(y"'PH) >

J NI
VF (VR VE ,
E s)CSL (y'TPH /N for the first term, and CLB (y!IPH) > sy, N for the second term,
i \Y Y H
=1 \i=1j=1,j%i
we have N
V2
CHPe(y!trH) ! (E—) h +po - i +
WI!PH) —-1< S + /N ZDW - Dis) (42)

The first term on the right hand side vanishes to zero as N — oo, as f(d) — 0 as d — 0. To simplify the

second term, we need the following lemmas.
LEMMA 2. If h<p,—s, then y""PH >y where p= p, + po, and if additionally h < (p, — p, + ) F. (1),

s~ Mo _h'
y!TPH _y p-1 (%) €(0,00), as N = 00 (43)
Ps — Do S
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Proof: Lemma 1 is proved from the optimality equations of C*BY (Equation 25) for identical stores:

N
(h +po - S)]P) <Z Dz S NyIIPH> + (ps —Po + S)FDIS (yIIPH) =DPs
i1
N
From the above equation, when h < p, — s, we have p, < 2(p, — s)PP (Z D, < Ny”PH> + (ps — Do + 5).
i=1
This simplifies to yield y’'*# > u. Now, by applying the central limit theorem as N — oo and y''FH > p,
N
]P’( D;/N < yliPH ) — 1, and the result follows. Note that the asymptotic solution should also satisfy
i=1
y!"PH > . which translates to the condition h < (p, — p, + ) F,(1). O
LEMMA 3. When h < min(p, — s, ps — po + 8), and the demands are bounded above as D;s < M, and

D, <M, for all i,

VN VN
. ) /N(yIIPH _ N)Z
P> Di>> (y""""—Di)" | <exp { Y, (44)
=1 i=1 o s

Proof:

VN VN VN VN
P ZD“’ > Z (yIIPH _ Dis)+ P Z (Di _ (Dis _ yIIPH)+) > \/NyIIPH <P ZDi > \/NyIIPH
i=1 i=1 i=1

i=1

— 9V N (yTPHE — )2
Sexp{ VN(y )

RS }—>O, as N — oo

The final inequality follows from the Hoeffding bound for tail probabilities Hoeffding (1963), as y'/F# > p

IITPH

and demands are bounded, and the limit exists as y approaches a finite positive quantity as N — oo by

Lemma 1. The expectation in the second term of Equation 42 can be bounded as follows:

N +
E|Y (D= (""" = Du)")
i=1
[ (v~ R VN VN VN
-F (Dm _ (yIIPH _ D'Ls)+) ZDio > Z (yIIPH _ Dis)+ P ZD“’ > Z (yIIPH _ Dis)+
=1 =1 =1 i=1 i=1
[ v~ VN VN VN VN
<E|Y Dl Diu>> (4" —D) P Y Diw>> (y7 - D))"
i=1 i=1 i=1 =1 =1

—29v/N IIPH __ 2
SMO\/NGXP{ \/;jy—i—M ) }

The last inequality follows from Lemma 2 and the boundedness of the demands as D;, < M, and D;, < M,
for all 4 with 0 < M,, M, < cc. O

Thus, we have:

IIP.(, IIPH f
CHPe(yttr) <14 (
CLB (ylTPH)

—1, as N =00

® EI»—‘|§

) N (h—l—po—S) <MO\/N6XP{—2\/N(3,HPH_M2}> -

Sto M0+Ms
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The next step is to show the CFZ is off by a constant factor from the C2’. From the proof of Proposition

4, the difference simplifies to:

OLB/ (yIIPH) _ CZLB(yIIPH)
= (h+p,—s)E (Z D, — (y"7H — Dis)+> +3 (Do —y"P) T - <D -3 y”PH>

N
where D=3""" | D;, + D;,.
Similar to what was done to bound the second term in Equation 42, we can show that whenever the

N +
conditions in Lemma 2 are satisfied, E (Z D,, — (y""™PH — Dis)+> <M,N exp{W}. Thus, we
i=1 e

have:

, _ IIPH _ ,\2 N
OLB (yIIPH) . CQLB(yIIPH) < (h-i-po . s) lMoNGXP{ 2N]\(4y i N) }+Z (Dis _yIIPH)+‘|

(D;s —y'"PHYT | we have:

M=

Using CLB (y"PH) > sp,N and CEB (y"PH) > (p, — p, + 5)

1

%

LB’ (, IIPH h _ —_ON(y!IPH _ )2 h _
w_lg D¥Po=5) (Af exp (y WAV | (htpe—s (46)
CIIPH(yIIPH) Sito M0+Ms Ds _po+8

Thus, from Equations 45 and 46, as N — oo, we have
IIP. () IIPH _
C W) oy hApe—s
Cz P (y'rH) Ps—Pot+s
11P (IIPH
L O bt
OIIP(yIIP) _ps_po+8
The final step follows from C!Fe(y/IPHY) > CIIP (TP “and CFB(y"PH) < CHP (y'P). O

The result may hold subject to some generalizations, such as the unit square can be replaced with any
finite area, and non-identical cells as long as the number of stores in each cell grows to infinity as N — oo.

The resulting cases may call for a more complicated proof, and is outside the scope of this study.

Appendix B: Demand Regions for the ITP Solution

We illustrate the identification of demand regions in which the dual vector A is constant (as discussed in
Section 3.1.3) and the calculation of the corresponding probabilities. For any given (y1,y2), the demand
space (D1s, D1,, Dag, Da,) can be divided into a number of independent regions. Based on the values taken
by the variables in the optimal solution in (34), Table 5 shows the different cases that are possible given
y1 and yso. From these cases, the independent demand regions are listed in Table 6 along with the constant
dual prices in those regions. The underlined cases are redundant, and can be discarded while calculating the
probability for each region. The dual prices A1, A2 are the shadow prices of the constraints which contain y;
and ys respectively, namely the first set of constraints z; + 22: zi; < i, Vi in the linear program in (34), and
can be obtain in a standard fashion from linear programmijn:g1 theory. For example, for the demand regions

with the case D1, that is, y; > Dy 4+ D»,, irrespective of the value of ys, there will be inventory left over at
2

retail store 1 at the end of the period. Thus the constraint z; + Y z1; <y; will not bind, and hence \; =0.
j=1
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Table 5 Table showing the various demand cases based on the values of y1,y>

A B C D
1 y1 < Dis Dis<y1 <Dy Dy <y1 < D1+ Dy y1 2> D1+ Da,
2 Y2 < Dag Das <ya < D> Dy <y2 < D2+ Di, y2 > Do+ D1,
3 | yity2<Di+Ds | y1+y2>Di1+ Do

Table 6 Table showing the various demand regions and the corresponding constant dual-prices. (underlined

notation indicates redundant cases)

Region Case A1 A2 Region Case A1 A2
Q A1,A2,A3| h-+p, h + ps Q; |CLA2A3 | h+p,—s12| h+p,
Qs A1B2,A3| h+p, h+p,—s Qi | C1,B2,A3 | h+p,—S12 | h+p,—s
Qs A1,C2,A3| h+p, h+ po— S12 Qi3 C1,B2,B3 0 S12— S
Q4 |A1D2,A3| h+p, 0 Q4 | C1,C2,B3 0 0
Qs A1,D2B3| h-+p, 0 Q5 | C1,D2,B3 0 0
Qe B1,A2A3 | h+p,—s h+ps Q16 | D1,A2,A3 0 h+ ps
Q- B1,B2,A3 |h+p,—s| h+p,—s Q.7 | D1,A2,B3 0 h+p,
Qg B1,C2,A3 | h+p,— 5| h+po— S12 05 | D1,B2,B3 0 S12— S
Qg B1,C2,B3 | s12—s 0 Q9 | D1,C2,B3 0
Qo |B1,D2B3| s12—s 0 Qs | D1,D2,B3 0

The probability for each region is calculated as follows, when demands follow normal distributions. The
region is expressed as an inequality of the form R,D <= S,Y, where D = [D1s, D1y, Das, D3| and Y =
[y1,y2]T. For example, Q3 = (A1l,C2) = {y1 < D15, D2 <yz < Dy + D;,}. This can be expressed as:

-10 0 O gls -1 0
0011D1°g01{7ﬂ

2s Y2
0 —1-1-1 D 0 —1

Rkﬁ is multivariate normal with mean Ry u and covariance matrix R, XXTR], where p and ¥ are the mean
and covariance matrices of D. The probability of region k reduces to evaluating the cumulative distribution

function of A,D at B,Y. For general demand distributions, numerical methods have to be employed.

Appendix C: Heuristic based on Constant Shipping Costs for a Network of
Omnichannel Stores and OFCs

We obtain the heuristic solution y!’"# for multiple locations with S, # @) by calculating order quantities for

the OFCs separately, and using them in Equation 39 to compute order quantities for the omnichannel stores.

The order-up-to quantities for OFCs are calculated from the pooled total order quantity for OFCs, which is

determined using the newsvendor quantity for the combined online demand Ds, = > D;,.
i€S,

ITPH -1 Po —5S
O ey )
JES, ’ s h +po - S
The actual underage cost for online demands at the OFCs would be less than p, — s and would depend

on inventory information of stores, as stores can fulfill these online orders with available inventory. The
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calculation of inventory levels at stores and OFCs are dependent on each other, but since we are forced
to estimate the inventory at OFCs separately, we inflate the underage cost to p, — s which yields a higher
overall inventory level at the OFCs. This is a limitation that arises out of our heuristic approximation, but
it allows us to extend the heuristic to the case where OFCs have a different shipping cost (s,) compared to
the stores (s), as the inventory calculation for the OFCs is done separately.

To calculate the individual order quantities at the OFCs, y//F#

7

, 1 €S,, we use the method of obtaining
order-up-to quantities for multiple products with capacity constraints, as described in Chopra and Meindl
(2007, p. 367). Each unit from ) y/'"* is allocated incrementally to the OFCs based on the individ-
ual expected marginal costs. Onégstohe order-up-to quantities for the OFCs are obtained, they are used in

Equation 48 to determine order-up-to levels for other omnichannel stores.

(h+po_S)FD3 (Z%UPH> +(pé _po+s) FDiS (inIPH) = DPs, vie‘s‘so (48)

JjES

Calculating this heuristic solution y"FH

is also computationally fast, as Proposition 7(3) still applies to
Equation 48. The cost of the heuristic solution is given by C/FH = CIIF (y"PH) We capture the effect of

virtual pooling among the facilities in this heuristic, and the systematic approach is shown in Algorithm 2.

Algorithm 2 Procedure to calculate the heuristic solution y"FH

1: For physical stores in set S., set y//"H# = ;! (hfp) Vi€ S,.
2: for i €S, (OFCs) do
3: Calculate total order quantity: y797 = Fg;o ( Po—s ), where Ds, = > D,,.

htpo—s _
4: Set y/"PH =0,Vie S,, and rem=|y"°7|. e
5: Calculate marginal cost MC; (y/'"FPH)=— (p, — s) (1 — Fp, (y/'F™)) + hFp,, (yI'FH)
6:  Choose i*:g}SIL}MCi(yfIPH). Set ylIPH «— y[IPH 4]
7 Set rem < rem— 1. If rem > 0, go to Step 3.
& foriesS,, do
9: Calculate order quantities implicitly from the optimality equations: (h+p, — ) Fipg <Z yJU PH > +
j€8

(s —Po+8) Fp,, (y{""") = ps, Vi € S0

Appendix D: Additional Details for Numerical Analyses
All numerical analyses were done on a desktop computer (i7-3770 CPU @3.7GHz, 16GB RAM). The total

market is assumed to be the top 300 most populous cities in mainland US. We take the sum of the mean
in-store and online demands in each region to be a fixed proportion of the cities’ populations. This represents
the average market size of the region, and the mean in-store and online total demands over the horizon are
calculated as 1 — « and « proportions respectively of this mean market size in each region. The demands for
the OFCs are calculated based on the population not covered by omnichannel stores. This online demand is

allocated to each OFC based on the optimal throughput rates estimated by Chicago Consulting (2016).
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D.1.

Simulation Procedure

A brief overview of the simulation is listed below:

1.

The parameters for demands in each fulfillment period are calculated based on demands over the horizon

P IIPH

estimated from population data. The starting inventory level vectors yP™ and y are calculated

using the demand information based on Equation 12 and Algorithm 1 respectively.

. We generate a sample of size 10%, where each sample is a realization of demands over the entire selling

horizon, although fulfillment decisions in each fulfillment period are made without knowing future
demands. For each sample, we iterate over steps 3-7, and take the sample averages as approximations

for expectations.

The fulfillment thresholds for the TF policy are calculated based on Equation 27. For the MF policy,

these thresholds are set to zero.

For t =1,...,T, iterate over steps 5-6. The starting inventory levels are set based on the inventory

policy followed (ITPH or DIP).

Implement Algorithm 2 based on the fulfillment policy followed (MF or TF) and the corresponding
thresholds calculated in Step 3.

. At the end of each fulfillment period, penalty and shipping costs are calculated. The ending inventory

at a location becomes the starting inventory for the next fulfillment period.

The total cost is the sum of the costs in each fulfillment period over the selling horizon.



