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CHAPTER 1

Introduction

1.1 Motivation

Trust in technology is essential for its adoption. We accept what is efficient, fair, safe, and se-

cured, where accurate measurement and sensing provide the discernment of those values. This

dissertation presents an advanced measurement, sensing, and detection method that can be used

to improve wireless vehicle charging in two ways: (i) providing fair metering for customers and

providers; (ii) detecting foreign objects to prevent fires and improve safety. Broadly, this method

works by using a small number of sensors to sample an electromagnetic field to reconstruct two

essential pieces of information: (i) real power flow through the intervening space, which demar-

cates and imposes the costs of electrical losses to a transmitter and receiver based on physical heat

dissipation resulting in fair metering; (ii) existence of a foreign object, which is a fire hazard in

wireless power transfer.

Wireless power transfer (WPT) is an emerging technology that enables overcoming range anx-

iety in electric vehicles. User convenience, energy flexibility, and suitability for advanced elec-

trified transportation such as autonomous vehicles are also what wireless charging can bring.

Power levels, charging speed, air-gap, and efficiency that were big question marks have been

achieved to the practical numbers and keep improving rapidly [2; 3; 4; 5; 6; 7; 8] with contin-

uing achievements in maximum power transfer and high efficiency [9; 10; 11; 12; 13; 14; 15]

along with kilowatt level high power wireless charging [16; 17; 18; 19; 20; 21], effective coil de-
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sign [22; 23; 24; 25; 26; 27; 28; 29], and electromagnetic exposure safety [11; 30; 31; 32]. A

bi-directional wireless charging for ac grid and electric vehicle fleet has also been demonstrated

with 20 kW across an 11-inch air gap at 92% efficiency, where electric vehicles’ batteries can be

used for energy storage to support the electric grid [33].

While many challenges related to wireless charging have been addressed, two questions remain

unanswered: (i) how to provide a metering system that is fair to consumers and providers; (ii) how

to create a wireless charging system that is safe for widespread consumers usage. Wireless charging

has unique concerns regarding fair power metering and safety: (i) transmitter and receiver coils

are physically separated, where power can be measured at either coil terminal, which necessarily

incorporates coil losses. Metering based on the coil terminal power measurement can be unfair

to one side when the other side causes the incorporated loss. This unfairness can be exacerbated

when the power is measured as a dc power at the front- or rear- end of the wireless power transfer

system, which includes power electronics losses; (ii) a strong time-varying electromagnetic field

for power transfer can threaten passenger safety. Foreign objects near magnetic wireless power

transfer systems are one fire hazard because they can heat from eddy currents and cause a fire.

Fairness in metering wireless power transfer has an integral significance to providers and con-

sumers of energy as an arbiter in their competing financial interests. By 2030, EVs will consume

over 1,000 terawatt-hours of electricity every year worldwide; even a 1% misrepresentation in me-

tering will cost energy consumers and providers over $ 1 billion1[34; 35; 36; 37]. For fairness, the

cost of lost energy must be appropriately assigned among the stakeholders. Transmitter losses must

be disaggregated from receiver losses for the equitable metering of wireless power transfer. Energy

station owners and EV owners will then be individually motivated to improve their efficiency and

hence reduce their financial losses.

The proper demarcation line for the “point of sale” in wireless charging had been posited to

be physically between the transmitter (Tx) and vehicle receiver (Rx) coil by [38].2 Transfer-power

1Based on EV projections: (i) 250 million EVs by 2030 [34]; (ii) 4,500 kWh/year/EV [35]; (iii) $ 0.1/kWh, the
10-years average price of electricity to ultimate customers in the transportation category [36].

2Subgroup in the U.S National Work Group on Measuring Systems for Electric Vehicle Fueling and Submetering,
sponsored by the National Institute of Standards and Technology (NIST).
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Figure 1.1. The Poynting vector is the directed power density. Transfer-power is equivalent to the surface integration
of the components of the Poynting vectors that are normal to a surface S between the transmitter (Tx) and receiver
(Rx) coils.

Figure 1.2. Transfer-power measurement results in fair metering and accurate diagnostics by disaggregating the effi-
ciency of the transmitter (Tx) and receiver (Rx).
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(PTransfer) is the missing link. It is the real power through the air gap, purely dispensed from the Tx

coil to the Rx coil. This real power can be represented electromagnetically through the Poynting

vector illustrated in Fig. 1.1.

At first glance, there appeared to be no direct way to measure the quantity of power transfer;

rather, what had been available were only the voltages and currents at the Tx and Rx electrical

terminals with which to calculate the Tx input (PTx) and Rx output (PRx) power, which had been

performed to varying degrees of accuracy and robustness in [39; 40]. The shortcoming of these

methods is that Tx input and Rx output power necessarily incorporate aggregated losses from both

sides, including those from winding resistance and eddy currents [41; 42].

Except for the unlikely case that the losses are symmetric in Tx and Rx, the correct attribution

of power inefficiency is not possible. Fig. 1.2 illustrates the conundrum: input or output power

measured at the Tx or Rx electrical terminal imposes the cost of the aggregated losses to one side

or the other unilaterally; for example, if power is measured at the Tx terminal (PTx), metering adds

Tx losses to the evaluation of transferred power, which ought to have been excluded in pricing, and

thus customers are overcharged. Likewise, metering at the customer (Rx) terminal (PRx) subtracts

Rx losses from the evaluation of transferred power and hence represents an undercharge. These

inequities are exacerbated in systems where low efficiency from cost-cutting in design, production,

installation, or maintenance is incentivized without proper metering, with another potential for

abuse when there is physical access to the measurement terminals. Even if power efficiency is

legislated, a robust way to validate disaggregated efficiencies is still needed.

These flaws can be overcome by measuring the transfer-power through the air-gap between

the Tx and Rx coils, as shown in Fig. 1.2. Not only will this provide fair metering, but will also

disaggregate individual Tx and Rx efficiencies, PTransfer/PTx and PRx/PTransfer, respectively. As a

diagnostic, it can financially incentivize the decisions and behaviors of providers and customers.

Wireless power transfer (WPT) is predicted to emerge as the primary mode of electric vehicle

(EV) charging with safety as the main concern to adoption [43]. A foreign object near WPT,

as shown in Fig. 1.3, should be detected for safety because it can cause a fire; an eddy current
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Figure 1.3. Wireless power transfer system is disrupted by an aluminum can.

is induced by the time-varying electromagnetic field in the foreign object, where Joule heating

from the eddy current can cause a fire in the foreign object itself [44] or near a flammable liquid.

Regulatory standard SAE J2954 mandates foreign object detection (FOD) [45].

This dissertation presents electromagnetic model-based transfer-power measurement and for-

eign object detection to address the fairness and safety concerns in wireless power transfer, which

can contribute to accelerating the wireless charging technology adoption.

1.2 Electromagnetic Physics Model

A sparse electromagnetic measurement is used to recover high fidelity information; an electromag-

netic physics model is constructed by employing a set of open-circuited sense coils to reconstruct

the information needed for power measurement (transfer-power measurement) and foreign object

detection. Wireless charging system can then be decomposed and modeled as separate winding

such as a Tx, Rx, and sense coils, which are electromagnetically coupled to each other. Fig. 1.4

shows the electromagnetic physics model, which consists of a Tx, Rx, and sense coils. The sense

coil voltages are induced by the Tx and Rx coil currents, corresponding to the electromagnetic

coupling between the Tx and Rx coils to each sense coil. The sensor information (e.g., sense coil

voltages) is transformed through the electromagnetic model to reconstruct the target information

(e.g., transfer-power or existence of foreign objects).

The electromagnetic model is mainly derived from the geometric configuration of coils, which
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Figure 1.4. Electromagnetic physics model consists of the transmitter, receiver, and sense coils.
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Figure 1.5. A power flow in the wireless power transfer can be reconstructed by the sense coil voltages through the
electromagnetic physics model.

is independent of power level, driving circuits (e.g., compensating power electronics for wireless

charging [12]), and output loads. Furthermore, the electromagnetic model can be accurate despite

geometrical variations such as coil misalignment, presented in Chapter 3. The advantages of using

the electromagnetic physics model include the following.

• Minimal electromagnetic and physical perturbation; the sensor is non-contact, open-circuited,

and extremely thin single-turn coils.

• Smart; the reconstructed information is accurate over possible disturbances or variations

(e.g., coil misalignment) without requiring any auxiliary systems.

• Multi-functional and hence cost-effective; the same sensors can be used for transfer-power

measurement and foreign object detection.

• Enabling safe diagnostics at low-power, where the electromagnetic model-based solution is

invariant to power level.

• Undemanding systems to users; information from the receiver sides (users) is not required

for decisions.
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Figure 1.6. Unsafe elements such as foreign objects can be detected by a sequent error in information, which is
reconstructed by an electromagnetic physics model.

8



Fig. 1.5 shows the diagram of Faraday Coil Transfer-Power Measurement (FC-TPM). Using

sense coil voltages, the transfer-power, which is the power flow in the intervening space between

the Tx and Rx coil, is reconstructed through a predefined electromagnetic physics model.

Fig. 1.6 shows that hazardous foreign objects can be detected using electromagnetic physics

model; the target information, which is reconstructed by sense coil voltages through the electro-

magnetic model, becomes inaccurate when there is a foreign object, which does not exist when

the model is defined. In the electromagnetic physics model, the foreign object can be modeled as

a single winding coupled to the original model, consisting of the Tx, Rx, and sense coils. When

an independent sensor separately measures the target information (e.g., a current sensor), and the

measured value is compared to the reconstructed target information, a sequent error between the

measured and reconstructed value can be a metric for the foreign object detection. The sequent

error is only caused by an additional coupling brought by the foreign object. Thus, the detection

metric for the Electromagnetic Model-Based Foreign Object Detection (EM-FOD) is invariant to

power level, enabling low-power detection, which is less risky than a detection that requires high

power.

1.3 Dissertation Outline and Contributions

This dissertation presents the fundamentals of the electromagnetic model for wireless power trans-

fer, which consists of the Tx, Rx, and sense coils, in theory, numerical analysis, simulation, and

hardware for the Faraday Coil Transfer-Power Measurement (FC-TPM). Information from the

sense coils is uniquely combined to provide an accurate reconstruction of the target information

(e.g., transfer-power) over geometric variations (e.g., coil misalignment). Using the same funda-

mentals of the electromagnetic model, Electromagnetic Model-Based Foreign Object Detection

is also presented and demonstrated. A deviation in the model due to foreign object’s additional

couplings is an effective detection metric.

The organization and main contributions of each chapter are as follows.
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Chapter 2 presents Faraday Coil Transfer-Power Measurement (FC-TPM). Transfer-power

is defined from the Poynting vector, which is the directed power density. The transfer-power is

also derived in lossy wireless charging coils from a winding loss model, where heat dissipation-

based loss assignment of FC-TPM to the Tx and Rx sides can be manifested as fair metering.

The mapping of the sense coil voltages to the Poynting vector is derived to validate FC-TPM as a

measurement of electromagnetic power.

Chapter 3 presents accurate FC-TPM over misalignment between the Tx and Rx coils. The

variations of coupling coefficients over the misalignment are approximated by quadratics, where

non-varying geometric parameters over the misalignment can be derived. The transfer-power can

be reconstructed accurately regardless of misalignment without needing explicit measurement of

misalignment. The chapter also verifies that a greater number of sense coils can maintain FC-

TPM accuracy despite the variations from different types of wire (e.g., litz wire) and operating

frequencies.

Chapter 4 discusses how sense coils can be designed to be both physically and electromagnet-

ically unobtrusive. The eddy current losses, which are dissipated in thin sense coils, are negligible,

where there is no ohmic-loss from zero open-circuited sense coil current. A multi-objective op-

timization problem is solved to show flat sense coils placed on a low-profile coplanar plane are a

good candidate for FC-TPM.

Chapter 5 demonstrates accurate FC-TPM in hardware over a standardized Rx coil misalign-

ment of up to 10 cm with a 1 kW wireless power transfer system. 1 kW wireless charging testbed,

including Tx, Rx, and sense coils, and power converters, is built for the demonstration.

Chapter 6 presents Electromagnetic Model-Based Foreign Object Detection (EM-FOD). The

target information is the Tx coil current, where the detection metric is a sequent error in the Tx

coil current reconstruction due to the foreign object’s additional electromagnetic coupling. The de-

tection metric is power level and misalignment invariant, enabling low-risk pre-startup low power

detection regardless of coil misalignment.

Chapter 7 describes the calibration-transfer strategy for the practical deployment of FC-TPM
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to energy service stations. Open-circuited sense coils are chosen as transfer standards that convey

accurate data, obtained from the certified standard in standards laboratories, to sense coils in energy

service stations.

Chapter 8 concludes the dissertation and discusses a future research path.
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CHAPTER 2

Faraday Coil Transfer-Power Measurement

2.1 Chapter Introduction

This chapter presents the fundamentals of Faraday Coil Transfer-Power Measurement (FC-TPM),

which to our knowledge is a first among methods in directly metering wireless charging of EVs.

The main contribution of this chapter is (i) providing a direct connection of transfer-power to the

Poynting vector; (ii) a thorough decomposition and analysis of the power balance that includes

eddy current losses from cross-coupled magnetic fields; (iii) FEM analyses for losses.

FC-TPM employs non-contact open-circuited sense coils electromagnetically coupled to the

transmitter (Tx) and receiver (Rx) coils from which transfer-power is reconstructed. These sense

coil voltages directly map to the Poynting vector, which is the directed power density, as shown

in Fig. 1.1. FC-TPM is analogous to trusted third party gasoline fuel pump metering today from

an arbitration perspective with inspection performed by an unbiased third party: for example, the

Michigan Department of Agriculture’s Weights and Measures Program as illustrated in Fig. 2.1.

This section is organized as follows. Section 2.2 defines the transfer-power from the Poynting

vector and presents a formulation based on a transformer model. Section 2.3 presents the transfer-

power in lossy WPT coils from a winding loss model. Section 2.4 presents Faraday coil transfer-

power measurement (FC-TPM): we derive the mapping of the sense coil voltages to the Poynting

vector to validate FC-TPM as a fundamental measurement of WPT’s real power flow.
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Figure 2.1. US Weights and Measure Program qualifies secured gas pump metering (left) with a seal (right). [Photo
(left): Weights and Measures, Maryland Department of Agriculture]

2.2 Transfer-Power Defined From The Poynting Vector In Wire-

less Power Transfer

In wireless power transfer, we define transfer-power to be the real power propagated from a Tx

coil to a Rx coil through the intervening space. In this section, the formulation for transfer-power

is derived through both the Poynting vector and a transformer model; additionally, we show how

these two formulations are equivalent and directly map to each other.

2.2.1 Transfer-Power from the Poynting Vector

PTransfer or transfer-power can be defined from the Poynting vector, which is the directed electro-

magnetic power density and is determined by the cross product of the electric field ~E with the

magnetic field ~H [46]. The average power pavg, which is the real transfer-power, can then be

obtained by a surface integral of the real part of the time-averaged complex Poynting vector ~S,

PTransfer , pavg =

∫∫
S

Re{~S} · d~s, (2.1)
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Figure 2.2. The fields from the Tx and Rx coil currents are modeled as magnetic dipoles. The magnetic and electric
fields are calculated and then transformed from spherical to cylindrical coordinates to derive the Poynting vector in
the wireless power transfer system.

where

~S = ~E × ~H∗. (2.2)

Note that ~E and ~H are phasors of time-harmonic fields whose magnitude is the rms value. Re{·}

indicates the real part and the asterisk (∗) indicates the complex conjugate.

The Tx and Rx coils can be approximated as circular current loops whose basic physics can be

illustrated by magnetic dipoles [47], as shown in Fig. 2.2 to derive the Poynting vector. The radii

Rx of the Tx and Rx current loops are identical and assumed to be much smaller than the distance

between the two coils dT :R (Rx�dT :R). The Poynting vector through the point Q : (r, θ, ϕ) in

spherical coordinates is analyzed on the infinite plane P , which is located at z=dT :R/2 between

the Tx and Rx coil, as shown in Fig. 2.2, where the magnetic field ~H and electric field ~E created by

the magnetic dipoles were formulated in [47; 48] in spherical coordinates. However, the Poynting

vector and the resulting average power calculation can be represented more simply in cylindrical
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coordinates; the Poynting vector is derived from ~E and ~H

~E = − ϕ̂ jω
µ0A

4πr2
sin θ (IT + IR) , (2.3)

~H = ρ̂
3A

8πr3
sin 2θ (IT − IR)

+ ẑ
A

4πr3
(3 cos2θ − 1)(IT + IR),

(2.4)

where A= πR2
x is the Tx and Rx loop area, and IT and IR are the corresponding currents. Note

that in cylindrical coordinates (ρ, ϕ, z)

r =
√
ρ2 + z2,

θ = cos−1
z√

ρ2 + z2
.

The real part of the time-averaged complex Poynting vector ~S is then,

Re{~S} = Re{Sz}

= ẑ
3µ0A

2

16π2r5
sin 2θ sin θ Re {jωIRI∗T} .

(2.5)

Note that only the ẑ component of the Poynting vector contributes to the real power transfer,

where both the Tx and Rx coil currents IT , IR determine the magnitude and direction of the Poynt-

ing vector. Fig. 2.3 shows the time-averaged Poynting vector field, simulated by the finite element

method (FEM) in COMSOL; power is transferred from the Tx coil to the Rx coil when the Tx

coil current leads the Rx coil current (i.e., the Tx and Rx coil current phase difference is positive,

θT − θR > 0). Particularly, there is maximum power transfer when the phase difference is 90◦.

The transfer-power PTransfer is the average power, which is calculated from (2.1), applying the
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Figure 2.3. The time-averaged Poynting vector field [arrows] is plotted from 2D finite element method (FEM) simu-
lations in COMSOL. The magnitude and direction of the power flow in WPT are represented by the Poynting vectors,
which vary according to the Tx and Rx coil current phase differences (θT − θR): (a) there is no power transfer when
the two coil currents are in phase; (b) maximum power transfer from the Tx to the Rx when the Tx current leads the Rx
current by 90◦; (c) real power is transferred from the Tx coil to the Rx coil when the Tx current leads the Rx current.
(d) maximum power transfer from the Rx to the Tx when the Rx current leads the Tx current by 90◦; (e) real power is
transferred from the Rx coil to the Tx coil when the Rx current leads the Tx current.
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Figure 2.4. Equivalent transformer circuit model for wireless power transfer.

surface integral to (2.5) over the infinite plane P ,

PTransfer = pavg (2.6)

= Re

{
jω

µ0A
2

2πdT :R
3︸ ︷︷ ︸

Geometric Factor

IRI
∗
T

}
. (2.7)

PTransfer, the real power leaving the transmitter, is the real part of the product of the complex con-

jugate of the Tx coil current I∗T and induced voltage jωMR:T IR (from the Rx coil current), where

the geometric factor is the mutual inductance MR:T from the Rx to the Tx coil, which also appears

in the transformer model. Detailed derivation of (2.7) is shown in Appendix B.

2.2.2 Transfer-Power in the Transformer Model

The Poynting vector illustrates how wireless power transfer operates. In practice, directly working

with the Poynting vector is cumbersome; a transformer model is both elucidating and useful for

the analysis and design of wireless power transfer.

Transfer-power can be formulated through a transformer model where losses are treated ex-

trinsically. When a Tx and Rx coil pair are magnetically coupled through an air core, as shown in

Fig. 2.4 and when there are no winding and eddy current losses, the Tx and Rx coil voltages (VT
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and VR) are

VT = jωLT IT + jωMR:T IR, (2.8)

VR = jωLRIR + jωMT :RIT , (2.9)

where LT and LR are the self-inductances of each coil; MX:Y is the mutual inductance from coil

X to coil Y ; ω is the angular frequency; and {VX , IX} are phasors whose magnitude is the rms

value. Note that MR:T =MT :R because of reciprocity.

In this dissertation, the subscripts attribute each variable to a particular coil: T (Transmitter), R

(Receiver), natural numbers 1, 2, . . . (sense coils); colons (x : y) indicate a parameter relationship

from coil x to coil y.

In a wireless power transfer system with lossless coils,1 the transfer power is equal to the real

power at the coil terminals. The real power at the terminals of the Tx coil in this case is

PTransfer = Re {VT I∗T} (2.10)

= Re{jωLT IT I∗T︸ ︷︷ ︸
Zero

}+ Re{jωMR:T IRI
∗
T︸ ︷︷ ︸

Transfer-power

} (2.11)

= Re {jωMR:T IRI
∗
T} . (2.12)

Note that the combination of the incident magnetic field from the Tx coil current IT and the re-

flected electric field from the induced voltage jωMR:T IR from the Rx coil current IR comprises

transfer-power [47; 49].2 The geometric factor in (2.7) is the mutual inductance MR:T . The

transfer-power can also be similarly derived from the Rx side as Re{jωMT :RIT I
∗
R}, which results

in a negative value of PTransfer, indicating that power is consumed by Rx.

1Section 2.3 elaborates on the transformer model with winding losses.
2In this dissertation, the direction of the transfer-power is defined from the Tx side, meaning that the transfer-power

is positive if power is transferred from the Tx coil to the Rx coil.
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2.3 Transfer-Power in Lossy Wireless Power Transfer Coils:

Winding Loss Breakdown

The principal transfer-power, which we denote PTx:Rx, corresponds to the directed real power from

the terminal currents described in Section II. However, for metering, principal transfer-power may

not offer a complete description of transfer-power when cross-coupled loss mechanisms are sig-

nificant.

Winding losses decompose into ohmic and eddy current losses, which we derive in this section.

These losses manifest as heat dissipation in either the Tx or Rx coil, which is formulated from

the coil (Tx or Rx) currents. Assignment of losses based on heat dissipation is consistent with

the Poynting vector definition of transfer-power, which is the power flow through the intervening

space between the Tx and Rx coils. Transfer-power is saliently different from the black box notion

of input and output electrical terminal power.

Fair metering using transfer-power means that costs for power losses are imposed on the trans-

mitter (service station owner) and the receiver (EVs owner) equitably based on the amount of the

each side’s physical power dissipation, which manifests as heating. This heat dissipation-based

demarcation of the loss penalizes stakeholders who use inferior quality coils, power electronics,

or other system components that cause loss. In other words, fair metering motivates providers and

customers to advance their system (e.g., by using better litz wire or winding methods) to reduce

losses.

2.3.1 Winding Losses in the WPT Coils

2.3.1.1 Input and Output Terminal Power

The input power PTx and output power PRx that are measured at the coils’ electrical terminals are

PTx = Re {VT I∗T} , (2.13)
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PRx = Re {VRI∗R} , (2.14)

where
VT , VR : respective Tx, Rx coil terminal voltage;

IT , IR : respective Tx, Rx coil current.

The terminal voltage contains not only the induced coil voltages, represented by (2.8) and (2.9), but

also the voltage drops that are related to winding losses, as shown in (2.24) and (2.25) in Section

2.3.1.2. From the perspective of power conservation,3 the difference between the Tx coil input

power and the Rx coil output power is the aggregate power loss within both the Tx and Rx coils.

2.3.1.2 Winding Losses

The main purpose of our winding loss derivation and ensuing loss breakdown is to identify the

source of each loss and to clarify where each loss is dissipated. This is especially important for

wireless power transfer metering in that the Tx and Rx coils are magnetically coupled, where each

coil’s current and hence magnetic field can generate a loss in the other’s coil.

Using a winding loss model where eddy currents can be represented by an additional winding

on a transformer, we can further show that the measurement of transfer-power disaggregates the

losses between the Tx and Rx coils properly in contrast to the input and output terminal power,

which lump both losses.

We decompose the winding losses into (i) ohmic losses due to ac and dc winding resistance

and (ii) eddy current loss, which is the loss from eddy currents within a coil due to the external

proximity effect, where the opposing coil generates an external magnetic field: for example, the

external proximity effect loss in the Rx coil due to the Tx coil current and resulting magnetic field.4

We refer to this external proximity effect loss as eddy current loss in this dissertation.

3If the power is transferred from Tx to Rx, PTx can be considered positive for power generated and PRx negative
for power consumed, without loss of generality.

4The quantification of the loss can be confirmed by examining the difference in input power between the two cases
when the Tx coil is driven by current source IT : (i) when the Rx coil does not exist physically; and (ii) when the Rx
coil is physically present, but open-circuited (IR = 0).
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Figure 2.5. The equivalent circuit for the winding model of the eddy current; the Tx coil and eddy current winding in
the Rx coil are magnetically coupled.

The eddy currents in the coils can be modeled as a transformer winding [50; 51]. For example,

the eddy current in the Rx coil Ir, created by the Tx coil current IT , is modeled as a winding to

represent the eddy current loss in terms of the Tx coil current and effective resistance RT :r. The

equivalent circuit is shown in Fig. 2.5, resulting in the expression

− jωLrIr − jωMT :rIT = (Rr + jXr)Ir, (2.15)

where MT :r is the mutual inductance between the Tx coil and Rx coil’s eddy current winding; Rr

and Xr are the equivalent resistance and reactance in the winding. From (2.15), the eddy current

Ir can be represented in terms of the Tx current IT

Ir =
jωMT :r

−(Rr + jXr + jωLr)
IT . (2.16)

Transfer-power between two coils was defined in (2.12). The eddy current losses PLoss,eddy(Rx)

can also be represented as a transfer-power:

PLoss,eddy(Rx) = Re {jωMT :rIrI
∗
T} . (2.17)

Note that the eddy current loss is the power that is transferred from the Tx coil to the eddy winding.
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The eddy current loss can also be found from (2.15) as the real power, dissipated by Rr

Rr Re {IrI∗r } = Re {jωMT :rIrI
∗
T} , (2.18)

confirming (2.17). Combining (2.16) and (2.17), the eddy current losses can be represented by

PLoss,eddy(Rx) = Re {RT :rIT I
∗
T}+ Re {jωXT :rIT I

∗
T}

= Re {IT I∗T}RT :r,

(2.19)

where

RT :r =
ω2M2

T :rRr

R2
r + (Xr + ωLr)

2, (2.20)

XT :r =
ωM2

T :r(Xr + ωLr)

R2
r + (Xr + ωLr)

2. (2.21)

The eddy current loss is represented in terms of the Tx coil current IT and the effective resistance

RT :r.

Winding losses, which consist of the ohmic losses and eddy current losses, can be represented

by the source currents

PW,Tx = Re
{
I∗T IT +γ

R
I∗T IR

}
RT + Re {I∗T IT}RT :r , (2.22)

PW,Rx = Re
{
I∗RIR+γ

T
I∗RIT

}
RR + Re {I∗RIR}RR:t . (2.23)

PW,Tx represents the Tx winding loss, measured at the Tx coil terminal as a part of the input power;

RT is the effective winding resistance, which is frequency-dependent and accounts for the skin

and internal proximity effects when there is no external field. The discussion of γ
R

is identical

to that of γ
T

because the transmitter and receiver can be interchanged (for example, (2.22) and

(2.23) are symmetric in the sense that R can replace T in the subscripts or vice versa to obtain the

other equation, hence also reflecting the symmetry of the physics). γ
R

encapsulates the effect of
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geometry in how the external field from the Rx coil affects the current density distribution in the

Tx windings. The external field can reinforce or weaken the self-field depending on its magnitude

and relative phase, which is represented in I∗T IR. The external field can also reinforce or weaken

the self-field depending on the relative directions and relative strengths of the fields, which is

represented in γ
R

and therefore a factor which depends on geometry. γ
T

and γ
R

can be different

because the Tx winding and the Rx winding are not necessarily identical; therefore, the geometric

effect of the opposing external magnetic field is not necessarily symmetric.

The Tx coil current also contributes to the loss because of the external proximity effect, which is

dissipated in the Rx coil; eddy currents are created in the Rx coil from the time-varying magnetic

field from the Tx coil current. The eddy current loss is then a real power transferred from the

Tx coil to the eddy winding and can be represented by the source current (Tx coil current) and

the effective resistance RT :r, which is the effective resistance that encapsulates: (i) the magnetic

coupling between the Tx coil and an eddy current winding in the Rx coil and (ii) the effect of the

impedance in the eddy current winding. PW, Rx represents the Rx winding loss, measured at the

Rx coil’s electrical terminal as a part of the output power, where RR, γ
T

, and RR:t are defined

in the same manner as for the Tx winding loss. Note that γ
R
RT and γ

T
RR are equal because of

reciprocity.

The Tx coil terminal voltages VT can be derived using (2.16), (2.20), (2.21), and (2.22)

VT =jωLT IT +jωMR:T IR+jωMT :rIr+RT

(
IT +γ

R
IR
)

=jω(LT−XT :r)IT +jωMR:T IR+RT

(
IT +γ

R
IR
)
+RT :rIT .

(2.24)

Similarly, the Rx coil terminal voltage VR can represented by

VR=jω(LR−XR:t)IR+jωMT :RIT +RR

(
IR+γ

T
IT
)
+RR:tIR. (2.25)

Input power PTx in (2.13) and output power PRx in (2.14) can be formulated from the terminal
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voltages (2.24) and (2.25) of the winding loss model

PTx = Re {jωMR:T IRI
∗
T}+ Re

{
I∗T IT +γ

R
I∗T IR

}
RT + Re {I∗T IT}RT :r, (2.26)

PRx = Re {jωMT :RIT I
∗
R}+ Re

{
I∗RIR+γ

T
I∗RIT

}
RR + Re {I∗RIR}RR:t. (2.27)

Fig. 2.6 shows the power flow in wireless power transfer. Observe that input and output termi-

nal power commingle winding losses and therefore cannot disaggregate losses properly: (i) in-

put power PTx aggregates winding losses, which are the ohmic losses dissipated in the Tx coil

PLoss,ohmic(Tx) and the eddy current losses dissipated in the Rx coil PLoss,eddy(Rx) and (ii) output

power PRx also aggregates winding losses, which are the ohmic losses dissipated in the Rx coil

PLoss,ohmic(Rx) and the eddy current losses dissipated in the Tx coil PLoss,eddy(Tx). For example, when

the Rx coil is open-circuited, the output power PRx is zero, but there is heat dissipation in the Rx

coil from the Tx coil current, which should be attributed to the Rx coil. It is worth noting that

the transfer-power that is useful for metering comprises the principal transfer-power and the eddy

current losses,

PTransfer = PTx:Rx + PLoss,eddy(Rx) − PLoss,eddy(Tx). (2.28)

For the purpose of fair metering, we can re-distribute power losses based on the Tx and Rx

coils’ dissipation Pd,Tx and Pd,Rx

Pd,Tx = Re
{
I∗T IT +γ

R
I∗T IR

}
RT + Re {I∗RIR}RR:t, (2.29)

Pd,Rx = Re
{
I∗RIR+γ

T
I∗RIT

}
RR + Re {I∗T IT}RT :r, (2.30)

which are in contrast to (2.22) and (2.23). Note that what is dissipated in the coil is a combination

of (i) the ohmic loss and (ii) the external proximity effect (eddy current losses). Equations (2.29)

and (2.30) explain the eddy current losses in the Tx and Rx coils. This manifests in the example

where despite the Rx coil being open-circuited (IR=0), Pd,Rx is non-zero, yet with a loss generated

by the Tx coil current.
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Figure 2.6. Power flow in wireless power transfer. Input power PTx, measured at the Tx coil terminal, is composed of:
(i) PTx:Rx in (2.12); (ii) PLoss, ohmic (Tx), ohmic losses due to the Tx coil winding resistance RT; and (iii) PLoss, eddy (Rx),
the external proximity effect loss, dissipated in the Rx coil, generated by the Tx coil current IT . At the Rx coil, PTx:Rx
is received and losses are incurred, which are composed of: (i) PLoss, ohmic (Rx), ohmic losses due to the Rx coil winding
resistance RR; and (ii) PLoss, eddy (Tx), the external proximity effect loss, dissipated in the Tx coil, generated by the Rx
coil current IR. The output power PRx measured at the Rx coil terminal is then the difference between PTx:Rx and the
incurred loss.
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Figure 2.7. Power conservation in a WPT system. Transfer-power can be obtained by disaggregating the winding losses from the input and output power.
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Power conservation in wireless power transfer from the input power to the output power can be

shown with an accounting of the winding losses

PTx︸︷︷︸
Input power at the Tx coil

= Re
{
I∗T IT +γ

R
I∗T IR

}
RT︸ ︷︷ ︸

Ohmic loss from the Tx winding resistance RT

+ Re {I∗T IT}RT :r︸ ︷︷ ︸
Eddy current losses in the Rx coil, generated by IT

+ Re {I∗RIR}RR:t︸ ︷︷ ︸
Eddy current losses in the Tx coil, generated by IR

+ Re
{
I∗RIR+γ

T
I∗RIT

}
RR︸ ︷︷ ︸

Ohmic loss from the Rx winding resistance RR

− PRx︸︷︷︸
Output power at the Rx coil

.

(2.31)

Note that the negative sign before PRx accounts for the power consumption in the Rx coil. Fig. 2.7

illustrates the conservation of power in wireless power transfer.

2.3.2 Transfer-Power Metering with Losses

In Section 2.2.1, transfer-power is defined from the Poynting vector, which is the electromagnetic

power density through space. As shown in Fig. 2.6, the transfer-power PTransfer for lossy coils is

the sum of three power flows: (i) PTx: Rx: the real power transferred from the Tx to Rx coils,

Re{jωMT :RIRI
∗
T} in (2.12), which is the principal transfer-power; (ii) PLoss,eddy(Rx): eddy current

loss in the Rx coil; and (iii) PLoss,eddy(Tx): eddy current loss in the Tx coil, so that

PTransfer = Re {jωMR:T IRI
∗
T}+ {I∗T IT}RT :r − {I∗RIR}RR:t. (2.32)

Metering based on transfer-power explicitly attributes a particular coil’s losses as the power it

is dissipating as heat, which is consistent with the assertion of the Poynting vector definition.
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Transfer-power is equal to transmitter coil terminal power minus the Tx coil power dissipation

PTransfer (Tx-referenced) = PTx − Pd,Tx. (2.33)

In other words, transmitters Tx (providers) automatically pay for the cost of Pd,Tx if metering is

based on transfer-power. Similarly, receivers Rx (customers) automatically pay for their own power

dissipation Pd,Rx along with the power they receive for consumption. From the receiver side, the

transfer-power can be represented by

PTransfer (Rx-referenced) = −PRx + Pd,Rx. (2.34)

For example, a customer can reduce their dissipation (from ohmic and transmitter-induced eddy

current loss), hence their cost of energy, by using a higher quality litz wire.

2.3.3 Extraction of Winding Loss Model from FEM Simulations

Winding losses can be determined from terminal measurement using different setups, which we

show in FEM simulations. For example, the effective winding resistance of the Tx coil RT can

be extracted when the Tx coil is driven by the current IT with the Rx coil physically removed;

the input terminal power PTx is Re{IT I∗T}RT . RT :r, the effective resistance, which contributes

to eddy current loss in the Rx coil due to the Tx coil current, can be extracted when the Rx coil

is in place but open-circuited; the eddy current loss PLoss, eddy(Rx) is then the terminal input power

minus what is dissipated in the Tx coil, Re{IT I∗T}RT . Lastly, the electromagnetic parameter γ
R

can be extracted from the ohmic loss in the Tx coil when the Tx and Rx coil currents are in phase,

resulting in zero principal transfer-power Re{jωMT :RIRI
∗
T}. RR, RR:t, and γ

T
can be extracted in

the same manner, as described in Appendix C.

From the simulation, we calculated how the power and loss distribute among the various mech-

anisms for various Tx and Rx coil configurations to study how, in practice, power partitions in WPT

charging. Circular versions of wireless charging coils based on SAE J2954 [45] were evaluated
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Figure 2.8. Multi-turn concentric solid wires were used for the Tx and Rx coils to emulate WPT2/Z1 class.

using finite element analysis using COMSOL. The specifications for the different coils are shown

in Table 2.1. Different transmitter and receiver coil radii (rT and rR), air gaps (dT :R), windings (NT

and NR), and power classes, representing a wide range of standardized options, were selected.5

Two-dimensional axisymmetric simulations were performed with the Tx and Rx coils driven

by current sources. Although in practice, litz wire is typical, solid wire was used in these analyses

as worst-case examples. The Tx coil currents were chosen to be the maximum current for each

power class, and the Rx coil currents were selected to satisfy the maximum power level for the

class, both specified in [45]. Fig. 2.8 shows an example with 7.7 kW output power when the Tx-

to-Rx coil air-gap is 100 mm, which emulates the WPT2/Z1 class; 2.5 mm radius wire was used,

where the Tx coil and Rx coil diameters were 650 mm and 250 mm, respectively.

Table 2.2 shows the principal transfer-power PTx:Rx, ohmic losses (Pohmic,Tx and Pohmic, Rx), and

eddy current losses (Peddy, Tx and Peddy, Rx) as a percentage of the input power for each coil spec-

5The Tx and Rx wire radii were identically 2.5 mm for all classes, except for the Rx wire radii for the WPT1/Z1
(1.57 mm) and WPT1/Z2 (2.02 mm).

29



P
Tx:Rx

P
ohmic, Tx

P
ohmic, Rx

P
eddy, Tx

P
eddy, Rx

0.001

0.01

0.1

1

10

100

P
o
w

er
 B

u
d

g
et

 (
%

)

WPT1/Z1

           /Z2

           /Z3

WPT2/Z1

           /Z2

           /Z3

WPT3/Z1

           /Z2

           /Z3

Figure 2.9. Budget for the transfer-power and loss as a percentage of the input Tx power PTx for various coil configu-
rations and power levels.

ification. As expected (2.33) and (2.34) give identical results for each coil configuration.6 The

results are compared graphically in Fig. 2.9. The power flow from the Tx to Rx coil PTx:Rx is the

dominating quantity, while ohmic losses are the greatest portion of the winding losses. The worst

case for the percentage eddy current loss was 1.12 %, dissipated in the Rx coil for the WPT2/Z1

class.

6Note that the values in the Table 2.2 are rounded to three significant digits.
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TABLE 2.1

Loss Budget for Various WPT Coil Configurations (Solid Wire; Spiral Winding): Coil Specifications

Power Class Z-Class rT rR dT :R NT NR IT IR RT RR RT :r RR:t γ
T
RR = γ

R
RT

WPT1

Z1

290

130.1 100

15

9+8 (2-layers)

30

10.6

0.36

0.58 0.022 6.8E-04 0.042

Z2 159.2 140 20 12 0.63 0.038 4.6E-04 0.095

Z3 210 170 20 9.9 0.31 0.015 1.3E-03 0.048

WPT2

Z1

325

125 100

16

10

75

23.3

0.18

0.074 0.016 2.0E-04 0.016

Z2 160 140 9 17.7 0.065 8.1E-03 3.5E-04 0.01

Z3 190 170 8 20 0.045 3.8E-03 3.0E-04 5.7E-03

WPT3

Z1

325

135 100

16

10

75

33.9

0.18

0.054 0.012 2.3E-04 0.011

Z2 160 140 9 26.9 0.065 8.1E-03 3.5E-04 0.01

Z3 190 170 8 30.4 0.045 3.8E-03 3.0E-04 5.7E-03

Table 2.1 and 2.2 are FEM simulation results.

Power and Z-class are found in [45].

rT,R are the radii of the Tx and Rx coils. dT :R is the air-gap between the Tx and Rx coils. The unit of the length is mm.

NT and NR are the number of turns for the Tx and Rx coils, respectively.

IT and IR are rms values. All the phase angle differences between the Tx and Rx coil currents are maintained at 90◦.

The unit of the effective resistances RT , RR, RT :r, RR:t, γT
RR, and γ

R
RT is Ohms (Ω).
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TABLE 2.2

Loss Budget for Various WPT Coil Configurations (Solid Wire; Spiral Winding): Power Budget

Power Class Z-Class PTx(kW) PTx:Rx(%) Pohmic,Tx (%) Pohmic,Rx(%) Peddy,Tx(%) Peddy,Rx(%) PRx(kW) η (%)

WPT1

Z1 3.91 91.2 8.30 1.67 1.94E-03 0.505 3.50 89.5

Z2 4.11 91.3 7.89 2.20 1.62E-03 0.822 3.66 89.1

Z3 4.08 91.7 7.96 0.737 3.14E-03 0.339 3.71 91.0

WPT2

Z1 8.83 87.8 11.3 0.454 1.23E-03 0.995 7.71 87.3

Z2 8.44 87.7 11.8 0.241 1.29E-03 0.538 7.38 87.5

Z3 8.83 88.5 11.3 0.215 1.45E-03 0.242 7.79 88.3

WPT3

Z1 12.9 91.8 7.70 0.483 2.07E-03 0.513 11.8 91.3

Z2 12.3 91.5 8.08 0.383 2.05E-03 0.369 11.2 91.2

Z3 12.6 91.9 7.89 0.331 2.23E-03 0.169 11.5 91.6

PTx:Rx, Pohmic,Tx, Pohmic,Rx, Peddy,Tx, Peddy,Rx are percentages of the input power PTx.

η is the Tx-to-Rx coil efficiency in percent, PRx/PTx × 100.
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2.4 Faraday Coil Transfer-Power Measurement

Faraday Coil Transfer-Power Measurement (FC-TPM) is a non-contact electromagnetic method to

measure transfer-power through an intervening space by making inferences based on sampling the

electromagnetic fields using open-circuited Faraday sense coils. FC-TPM employs the voltages

from open-circuited sense coils, as shown in Fig. 2.10, which are electromagnetically coupled to

the Tx and Rx coils to reconstruct the transfer-power.

FC-TPM is the first among methods in EV charging to measure the power flow through space,

resulting in fair metering. Advantages of FC-TPM include:

1. accuracy that is independent of self-inductance and ohmic loss of Tx and Rx coils, power

electronics (e.g., compensation circuit topologies), and electrical loads of the Rx side.

2. accuracy that is insensitive to coil misalignment, operating frequencies, and various coil wire

types (e.g., solid and litz wires).

3. small footprint with sense coils that are few in number and diminutive in size whose electro-

magnetic and physical disturbance is negligible.

This section shows how the sense coil voltages reconstruct the real power flow in wireless

power transfer. First, we derive the Poynting vectors from the sense coil voltages to prove that FC-

TPM directly measures the electromagnetic power flow through the air-gap. Then, we derive the

transfer-power from the sense coil voltages using the transformer-model, which reveals the benefit

of using geometric parameters and leads to calibration strategies for FC-TPM.

2.4.1 Mapping the Sense Coil Voltages to the Poynting Vector

The Poynting vector can be represented by sense coil voltages from which transfer-power can

ultimately be derived.

Sense coils sample the electromagnetic field from which the Poynting vector can be recon-

structed. If the sense coils are placed coaxially with the Tx and Rx coils, as shown in Fig. 2.11, a
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(a)

(b)

Figure 2.10. Non-contact and open-circuited Faraday sense coils are employed in the WPT system to measure the
transfer-power. (a) The conceptual diagram. (b) The transformer equivalent circuit diagram.
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Figure 2.11. Non-contact open-circuited sense coils are placed between the Tx and Rx current loops. The sense coil
voltages are induced by the magnetic fields from the Tx and Rx currents. The Poynting vectors can be mapped to the
sense coil voltages.

sense coil voltage Vi is induced by the ẑ component of the magnetic field from (2.4)7

Vi = −
∮

~Ei · d~l (2.35)

=
d

dt

∫∫
S
Bz ẑ · d~s (2.36)

= g (dT :i, Ri) jωIT + g (dR:i, Ri) jωIR , (2.37)

where

g (dX:i, Ri) =
µ0AR

2
i

2
(
dX:i

2 +R2
i

)3
2

. (2.38)

Note that dX:i is the distance between coil X and sense coil i; Ri is the radius of sense coil i;

A= πR2
x is the Tx and Rx loop area, where Rx is assumed to be much smaller than the distance

between the two coils dT :R (Rx�dT :R) from the magnetic dipole approximation of the Tx and Rx

7Sign convention was chosen for more compact expressions, without loss of generality.
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loops. What results from (2.37) and (2.38) is that the Tx and Rx coil currents (IT and IR) can be

reconstructed by a linear combination of the pair of sense coil voltages (Vi and Vj)

IT =
g
(
dR:j, Rj

)
λ

Vi

jω
+

− g (dR:i, Ri)

λ

Vj

jω
, (2.39)

IR =
− g

(
dT :j, Rj

)
λ

Vi

jω
+

g (dT :i, Ri)

λ

Vj

jω
, (2.40)

where

λ = g (dT :i, Ri) g
(
dR:j, Rj

)
− g (dR:i, Ri) g

(
dT :j, Rj

)
. (2.41)

As shown in (2.5), the Poynting vector can be represented by the Tx and Rx coil currents. In

other words, determining the Tx and Rx coil currents from the sense coil voltages in (2.39) and

(2.40) enables one to find the Poynting vector.

The real part of the time-averaged complex Poynting vector is

Re
{
~S
}

= Re {Sz} (2.42)

= Re
{
Eϕ ×H∗ρ

}
(2.43)

=
m(r, θ)

λ

1

ω
Im
{
ViV

∗
j

}
, (2.44)

where

m(r, θ) =
3µ0A

2

16π2r5
sin 2θ sin θ. (2.45)

λ is the geometric parameter, determined by the sense coil positions. In summary, the real part of

the Poynting vector at any point in the plane of interest can be mapped by the imaginary part of

the complex conjugate pair of sense coil voltages Im{ViV ∗j }.
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2.4.2 Theory of FC-TPM Using the Transformer Model

The sense coil voltages can represent transfer-power through the transformer model. In this and

the following two sections (3.3 and 3.3.3), we neglect external eddy current losses.8 Because there

are no eddy current windings, the open-circuited sense coil voltages are induced only by the Tx

and Rx coil currents.

The sense coil voltages Vi in the frequency domain are

Vi = jωMT :iIT + jωMR:iIR . (2.46)

The Tx and Rx coil currents (IT and IR) can be derived from two sense coil voltages (Vi and Vj)

IT
IR

 =
1

D

 MR:j −MR:i

−MT :j MT :i



Vi

jω

Vj

jω

 , (2.47)

D=MT :iMR:j −MR:iMT :j, (2.48)

where MT :i and MR:i are the mutual inductances from the Tx and Rx coils to the ith sense coil.

The transfer-power in (2.12) is represented in terms of the mutual reactance ωMR:T between

the Tx and Rx coils, and the Tx and Rx coil currents (IT and IR). Sense coil voltages (Vi and Vj)

can thus represent the transfer-power

PTransfer(ω) = Re
{
jωMR:T IR(ω)IT (ω)∗

}
(2.49)

=
1

κ
Im
{
Vi(ω)V ∗j (ω)

}
, (2.50)

8This assumption elucidates the principle of accurate FC-TPM over the Rx coil’s misalignment and corresponding
calibration strategy in Section 3.3. The eddy current loss and hence the winding can be taken into account by increas-
ing the matrix’s dimension in (2.47) with four sense coils to include eddy currents It, Ir and corresponding mutual
inductances, as shown in (3.38) in Section 3.4.2.
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where

κ=ω
√
LiLj

kT :ikR:j − kT :jkR:i

kR:T

. (2.51)

We denote km:n as the coupling coefficient9 between any two coils m and n. κ is a function of

the coupling coefficients between coils and the self-inductances of the sense coils (Li and Lj) at

angular frequency ω.

2.4.3 Signal Processing

The power calculation is performed in the frequency domain because of several advantages over

the time domain calculation. There are several advantages to processing in the frequency domain.

These include accounting for frequency-dependent losses and nonlinearities through the integer

harmonics of the fundamental. The prior knowledge that nonlinearities result in integer harmon-

ics allows accurate frequency estimation. Besides, implementations of the Fast-Fourier Transform

(FFT) both in software and digital hardware is efficient [52]. The geometric parameters at the

fundamental can then be used. This is advantageous because the voltages at the fundamental are

the largest compared to those from higher-order harmonics, hence representing the most reliable

data with the biggest signal-to-noise ratio (SNR). Increasing measurements and data points can

reduce measurement errors due to white noise. The processing of numerous data points, how-

ever, increases the data collection and computation time. Data reduction is therefore needed after

measurements. Data reduction through the truncation of higher-order harmonics in the frequency

domain does not incur phase error penalties in the remaining harmonics. This is not the case with

non-aliasing decimation in the time domain.

In the frequency domain, the calculated component of transfer-power at each frequency point

can be converted to the average power in watts (pTransfer) through Parseval’s theorem [52],

pTransfer =
1

N

N−1∑
ω=0

PTransfer(ω), (2.52)

9where km:n = Mm:n/
√
LmLn
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where N is the number of data samples and PTransfer is calculated from the discrete-time Fourier

transform (DTFT) of the voltage and current signals. Total power in the time-domain is equal to

that in the frequency domain.

2.4.3.1 Harmonic Bin Truncation Error

After the time domain signal is transformed to the frequency domain signal using discrete Fourier

transform (DFT), each harmonic spectrum is a periodic sinc function, but not a perfect impulse due

to the spectrum of a rectangular window used during the DFT process [53]. Additionally, spectral

leakage can occur10 when the frequency resolution ∆f (i.e., bin spacing), defined by the sampling

frequency fs and the number of samples Ns as ∆f = fs/Ns, cannot represent the fundamental

frequency and following harmonics by an integer multiple.11 Although the spectral leakage, infor-

mation at each frequency point, defined by a frequency resolution, can be processed individually

for FC-TPM. One might attempt to define binning windows for corresponding harmonics. Infor-

mation outside of each binning window is truncated, resulting in errors. Using the prior knowledge

on the sinc function’s envelopes, the window width can be chosen to bound the truncation error

within a target accuracy. For a given binning window width ωc, the truncation error ε can be derived

from normalized periodic sinc function envelop [53]

ε =

1−
ω=ω0+ωc

2∑
ω=ω0−ωc2

sin
(
ω
2
Ns

)
sin
(
ω
2

)
Ns

× 100 (%) (2.53)

Note that ω0 is the center fundamental angular frequency (or harmonic angular frequency), where

the binning window is symmetric around the center angular frequency, as shown in Fig. 2.12. For

example, when fs is 20 MHz, f0 is 100.0005 kHz12, Ns is 20 Mega-samples, and hence ∆f is

10However, it is assumed that there is no too much spectral leakage and resulting broadening, such as if too few
points are collected for a given sampling frequency.

11In the practical measurement condition, spectral leakage is likely to occur during the DFT process because; (i)
there is an error in switching frequency in hardware (e.g., crystal oscillator or function generator); (ii) The first or last
period of sinusoidal can be truncated by the rectangular window, resulting in imperfect sinusoidal waveform.

12f0 is chosen not to be an integer to generate spectral leakage, where the frequency resolution is 1 Hz.
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Figure 2.12. The binning window is determined to satisfy the target accuracy against losing data from the data trunca-
tion.

1 Hz, the binning window width of 400 Hz results in losing 0.1% of information.
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CHAPTER 3

Accurate FC-TPM Over Geometric Variations

3.1 Chapter Introduction

Misalignment between the Tx (energy charging stations) and Rx coils (EVs), as illustrated in

Fig. 3.1, is unavoidable; even an autonomous system can have a misalignment. In fact, SAE J2954

[45] certifies misalignment up to 10 cm for a 45 cm diameter coil. Misalignment between a vehicle

and a charger degrades both power and efficiency. Misalignment of the order of the receiver coil

radius can reduce the efficiency up to 40% [54]. For both sides, the misalignment of coils is an

important factor in reducing efficiency and transfer and conversion losses, emphasizing the need

to measure the transferred power throughout misalignment accurately. FC-TPM must therefore be

accurate over that misalignment range.

FC-TPM as metering is practical for energy service stations in that only sense coil voltages are

needed for measurement during charging. In the previous section 2.4.2, the corresponding geomet-

Figure 3.1. Misalignment between the transmitter and receiver coils
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ric parameters were required to be constant so that they could be calibrated in advance. As detailed

in (2.50) and (2.51), the geometric parameter κ is needed together with the sense coil voltages to

determine transfer-power. In this chapter, the goals to make FC-TPM straightforward and accurate

over misalignment is that (i) sense coil voltages are the only required measurements for meter-

ing during charging of EVs at stations; (ii) new geometric parameters, which is non-varying over

misalignment, can be derived, enabling one time calibration of the parameters; (iii) the quantity

of misalignment is not needed to be measured nor known so that no other auxiliary measurement

system is needed. Additionally, this chapter presents the simulation results to show the accurate

FC-TPM over multi-dimensional variations, including wireless charging coil’s (i) misalignment;

(ii) different types of wire (e.g., litz wire); and (iii) operating frequencies.

Section 3.2 analyzes the FC-TPM errors over Rx coil misalignment when only two sense coils

and corresponding geometric parameters are used to reconstruct the transfer-power by (2.50). Sec-

tion 3.3 presents how employing multiple sense coil voltages makes FC-TPM accurate over mis-

alignment, where new geometric parameters are non-varying over misalignment. Section 3.4 veri-

fies accurateness of FC-TPM over multi-dimensional variations when the Tx and Rx coils include

proximity eddy current loss. Section 3.5 proposes potential safety diagnostics using the fundamen-

tal of accurate electromagnetic physics model across variations.

3.2 FC-TPM Errors with Two Sense Coils Over Rx Coil Mis-

alignment

In this section, the transfer-power reconstruction error over lateral Rx coil misalignment is ana-

lyzed when two sense coils are used. Two sense coils are the minimum number to reconstruct the

transfer-power in FC-TPM when the external proximity effect eddy current losses are neglected,

as shown in (2.50). This error analysis gives an intuition of choosing the sense coil geometries

(e.g., sizes and positions). In this dissertation, the shape of the Tx, Rx, and sense coils is defined

as circular coils, one of the primary forms, from which theoretical and numerical analyses can be

42



Figure 3.2. Conceptual Diagram: FC-TPM can be used as a metering for EVs at charging stations. The sense coil
voltages and calibrated geometric parameters are used to reconstruct the transfer-power.

performed with tractability.1 Ultimately, multiple sense coils are needed with a unique data com-

bination for accurate FC-TPM over all eddy current losses as well as multi-dimensional variations

(e.g., misalignment, operating frequency range, and different wire types), which will be shown in

Section 3.3 and 3.4.

The first assumption for the FC-TPM as practical metering is that the geometric parameters

should be calibrated initially and stored in the charging station. When EVs come to charge, only

the sense coil voltages will be needed to calculate the transfer-power, where the initially calibrated

geometric parameters are loaded, as shown in Fig. 3.2. Another assumption on the misalignment

1Numerical mutual inductance calculation between circular filament coils can be performed by [55], resulting in
fast analysis with large data sets.
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between the Tx and Rx coils is that there is no need to measure or know the misalignment infor-

mation, which requires an additional misalignment measurement system and hence cost. Ultimate

solutions for accurate FC-TPM over geometric variations which meet those assumptions are pre-

sented in Chapter 3.3.

When two sense coils are employed, calibration of the geometric parameter κ in (2.51) is

performed when the Tx and Rx are assumed to be perfectly aligned. Subsequent misalignment

from receivers result changes to kT :R, kR:1, and kR:2, resulting in errors in transfer power recon-

struction. Because the Tx coil and the sense coils are rigidly fixed by design2, there is no subse-

quent misalignment among these; hence kT :1 and kT :2 do not change.

One can then conclude that sense coils (blue-coils in Fig. 2.10) should be placed closer to the

Tx coil to maximize kT :1 and kT :2 so that the power calculation will be less sensitive to the position

of the Rx coil. This positioning of coils minimizes the sensitivity of the FC-TPM to misalign-

ment because changes of kT :R will be accompanied by changes in kR:1 and kR:2. Moreover, the

self-inductance of the Tx (LT ) and Rx (LR) coil cancel themselves to make the power calcula-

tion independent of these parameters. Only sense coil inductances (L1 and L2) matter, which are

unaltered after calibration.

In this section, FC-TPM errors over Rx coil lateral misalignment are analyzed for two different

sense coils geometries (positions and sizes). The lateral misalignment over x axis of the mobile Rx

coil is considered,3 as shown in Fig. 3.3.

3.2.1 Derivation of FC-TPM Errors Using Two Sense Coils Over Misalign-

ment

Coupling coefficients between the Rx coil and other coils vary throughout misalignment. The

variations of coupling coefficients cause FC-TPM errors. First, let the geometric parameter be κ0,

2For the power metering in EV charging stations, the Tx coil and sense coils are fixed and buried underground.
Vehicles (Rx coils) come to charge and can cause misalignment.

3This consideration can be expanded to any misalignment point on the xy plane because of the 360◦ symmetry of
the coil configurations.
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Figure 3.3. Configurations of the Tx, Rx, and two sense coils for misalignment analysis.

which is calibrated initially when the Rx coil is perfectly aligned (x0 = 0). Then the transfer-

power, P ′Transfer(x), which is reconstructed by the κ0 when the Rx coil is misaligned by x cm

(Fig. 3.3) is

P ′Transfer(x) =
1

κ0

Im{V1(x)V2(x)∗},

where,

κ0 = ω
√
L1L2

kT :2kR:1(x0)− kT :1kR:2(x0)

kT :R(x0)
.

(3.1)

Note that sense coil voltages, V1(x) and V2(x), are obtained when the Rx coil is positioned at x,

while the geometric parameter k0 was initially calibrated when the Rx coil was perfectly aligned,

x = 0.

To calculate the reconstruction error in (3.1), the true value of the transfer-power (PTransfer) at x

is defined using κx as
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PTransfer(x) =
1

κx
Im{V1(x)V2(x)∗},

where,

κx = ω
√
L1L2

kT :2kR:1(x)− kT :1kR:2(x)

kT :R(x)
.

(3.2)

From (3.1) and (3.2), we can find the FC-TPM error, εx, due to the misalignment, which only

depends on the coupling coefficients and not inductances

εx = 1−
P ′Transfer(x)

PTransfer(x)
= 1−

κx

κ0

,

where,

κx

κ0

=
kT :R(x0)

kT :R(x)

(
kT :2kR:1(x)− kT :1kR:2(x)

)(
kT :2kR:1(x0)− kT :1kR:2(x0)

).
(3.3)

Note that the radii and positions of the sense coils can be chosen to minimize this error for a given

the Tx and Rx coil configuration. This error is smaller when the sense coils are closer to the Tx

coil than the Rx coil. This position is equivalent to choosing the Tx coil as the stationary reference

frame and reducing the variation of the coupling coefficients from any of the coils to the misaligned

Rx coil.

3.2.2 Error Analysis to Different Sense Coil Geometries over Misalignment

Using the error calculation in (3.3), one can analyze the sensitivity of the misalignment errors (εx)

with respect to different distances (dT :1 and dT :2) or radii (r1 and r2) of the sense coils. Fig. 3.3

illustrates the configuration parameters for Tx, Rx, and the sense coils. The coils were approxi-

mated as circular filaments whose mutual inductance can be calculated [55]. The maximum Rx’s

misalignment was considered to 10 cm, which was specified as test points for WPT EVs in SAE

TIR J2954 [45].
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Figure 3.4. Transfer-power measurement error was plotted over dT :1/dT :R and dT :2/dT :R when all the coils had the
same radii of 25 cm, and the Rx was misaligned by 10 cm to the Tx. Diagonal gaps represented the degenerate points,
where the two sense coils are not separated. Vertical and horizontal gaps are physically excluded points, where either
sense coil was overlapped with the Tx coil. The errors were bounded by 20% for better visualization.

3.2.2.1 Varying Sense Coil Distances

For a fixed misalignment of the Rx coil (x=10 cm) and the same radii of the coils (rT,R,1,2=25

cm), dT :1 and dT :2 varied by 1 cm and tabulated with corresponding errors. The center of the Tx

coil and the Rx coil were located and fixed at (0,0) and (10,20), respectively, using the (x, z) cm

coordinate in Fig. 3.3. The sense coils’ centers, (x, z) were varied from (0,-19) to (0,19). Fig. 3.4

shows the FC-TPM errors (color-map) under the misalignment with respect to the different ratios

of dT :1,2 to the dT :R. As the sense coils were closer to the Tx coil, the FC-TPM errors are smaller

(blue-region).

3.2.2.2 Varying Sense Coil Radii

Radii of the two sense coils (r1,2) varied from 1 to 50 cm, at 1 cm intervals, and the power recon-

struction errors were tabulated. The radii of the Tx and Rx were fixed to (rT,R=25 cm), where the

center of the Tx coil and Rx coil were (0,0) and (10,20), respectively. The fixed sense coil distances

to the Tx coil were chosen as dT :1 = 1 and dT :2 = 2 cm for a small error. Fig. 3.5 illustrates the
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Figure 3.5. Transfer-power measurement error was plotted over r1/rT and r2/rT when the dT :1=1 cm, dT :2=2 cm,
and the Rx was misaligned by 10 cm to the Tx. (The ill-conditioned cases where kT :2kR:1(x0) ≈ kT :1kR:2(x0) were
bounded by 50% for the better visualization).

results of the numerical analysis. As the x-axis (r1/rT ) and the y-axis (r2/rT ) were closer to the

center of the plot, meaning that the sense coils became similar size to the Tx coil (and the Rx coil),

the FC-TPM errors were smaller (blue-region); the minimum error was 0.02% when (r1, r2) was

(25, 17) cm.

3.2.2.3 Lateral and Vertical Misalignment

Based on the results in Section 3.2.2.1 and 3.2.2.2, which reduce the errors across the lateral Rx

coil misalignment, FC-TPM errors across the vertical Rx coil misalignment are also examined.

This section shows how misalignment errors can be different from one sense coil geometry which

shows particularly good performance for one axis (either x- or z-axis) misalignment. First, when

{r1, r2, dT :1, dT :2} are {25, 17, 1, 2} cm, FC-TPM errors over vertical axis (z-axis) misalignment εz
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Figure 3.6. The FC-TPM errors were examined when the sense coils have the sizes and positions, which are found to
have a good performance for the lateral misalignment.

is examined, where

εz = 1−
P ′Transfer(z)

PTransfer(z)
= 1−

κz

κ0

,

where,

κz

κ0

=
kT :R(z0)

kT :R(z)

(
kT :2kR:1(z)− kT :1kR:2(z)

)(
kT :2kR:1(z0)− kT :1kR:2(z0)

).
(3.4)

Note that z0 is initial position when dT :R = 20 cm. The range of vertical misalignment is ±5 cm,

resulting in 15 cm ≤ dT :R ≤ 25 cm. Fig. 3.6 shows the FC-TPM errors over the vertical Rx

coil misalignment, where the worst-case error was 2.84%, showing that the sense coil geometry,

which is a good choice for lateral misalignment, is not necessarily good for vertical misalign-

ment. On the contrary, a particularly good set of two sense coils whose {r1, r2, dT :1, dT :2} are

{29.39, 21.94, 6.97, 2.07} cm shows accurate results over the vertical misalignment but not over

the lateral misalignment. This particular sense coil geometry results in a worst-case 0.07% error

over the vertical misalignment, while the worst-case error over the lateral misalignment is 0.44%,

as shown in Fig. 3.7.

A very particular sense coil geometry could exist, resulting in accurate FC-TPM over both
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(b) FC-TPM error over the lateral Rx coil misalignment

Figure 3.7. A two sense coils geometry results in accurate transfer-power reconstruction over the vertical misalign-
ment, but not over the lateral misalignment.
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lateral and vertical misalignment. However, the sensitivity and complexity of finding geometries

increase as the variations becomes multi-dimensional and simultaneous in practice. This is because

the optimal geometries suitable for one axis variation are generally not favorable for other axis

variations, as seen from the examples in Fig. 3.6 and 3.7. Furthermore, eddy current losses in

the Tx and Rx coils can not be counted when two sense coils are used, resulting in inaccurate

calculation of transfer-power in practice.4 Chapter 3.3 presents ultimate solutions that do not count

on the very particular sense coil geometries but use a unique combination of data obtained from

multiple sense coils actually to cancel out the variations and results in accurate FC-TPM over Rx

coil variations.

4Chapter 3.4.2.1 presents accurate FC-TPM, including eddy current losses in the Tx and Rx coils when multiple
sense coils are used.
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3.3 Accurate FC-TPM with Multiple Sense Coils Throughout

Rx Coil Misalignment

To resolve the problem of parameter variation fundamentally, we employ multiple sense coils, as

illustrated in Fig. 3.8, to collect more information, where non-varying geometric parameters, which

are so calibrated initially, can be obtained over misalignment to determine the transfer-power. We

found that a linear combination of pairwise-products of sense coil voltages determines the transfer-

power accurately. The coefficients for the linear combination are geometric parameters that do not

vary over misalignment. In fact, neither knowledge nor an explicit measurement of misalignment

is needed to determine the transfer-power.

Despite the significant misalignment allowed for SAE J2954, the coupling coefficients from

the Tx and sense coils to the Rx coil are well-approximated by quadratic functions (i.e., second-

order polynomials) over the Rx coil misalignment. This quadratic approximation explains how a

linear combination of pairwise-product of sense coil voltages can accurately determine transfer-

power at any misalignment, with constant coefficients for the linear combination, hence allowing

one time calibration. In fact, calibration requires neither knowledge nor explicit measurement of

misalignment.

In this section, we show how the coupling coefficients can be approximated by quadratic func-

tions of misalignment. We then present a formulation to determine transfer-power that is accurate

over misalignment using multiple sense coil voltages.

3.3.1 Quadratic Approximation of Coupling Coefficient Variation over Mis-

alignment

When the coupling coefficient from the Tx to Rx coil varies quadratically over the Rx coil’s mis-

alignment, it is advantageous to choose sense coil positions and radii so that the coupling coeffi-

cients from the sense coils to the Rx coil are also quadratic dominant. It is important to note that

the coupling coefficient functions are positive definite; the quotient of positive definite quadratic
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(a) The sense coils are placed coaxially with the Tx coil, which can be vertically stacked.

(b) Coplanar sense coils are on the same plane to have a low profile above the Tx coil. The radii of the sense coils are
differentiated so that independent information regarding misalignment can be implicitly obtained.

Figure 3.8. Configurations of the Tx, Rx, and sense coils with Rx coil misalignment.
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functions is also quadratic dominant, albeit over a narrower interval. Sense coils that are coaxi-

ally positioned with the Tx coil are especially good candidates for quadratic dominant coupling

coefficients. In the following Section 3.3.2, we show how least-squares optimization of a param-

eterization of coupling coefficients based on quotients that form a quadratic dominant function is

particularly good at determining transfer-power.

We derive a quadratic approximation for the mutual inductance and hence the coupling coef-

ficient from Grover [56] for two circular filaments with lateral misalignment. The quadratic ap-

proximation is a Taylor expansion with respect to lateral misalignment. In bounding the Lagrange

remainder, we show that this second-order Taylor approximation is accurate over the misalignment

range of interest, which we detail in Appendix D. In Fig. 3.9, we show the calculated results for

the (i) the mutual inductance, and hence the coupling coefficient, and (ii) the geometric parameter

κij for the Tx and Rx coils5 using the numerical model for circular filaments in [55].

The mutual inductances and κ are very nearly quadratic with a coefficient of determination

R2 > 0.999.6 We further investigated the quadratic dependence for different sense coil positions

and radii using R2. Fig. 3.10 shows that sense coil positions closer to the Tx coil are better.

3.3.2 FC-TPM Formulation Over Rx Coil Misalignment

Sense coil voltages implicitly contain information about the Rx coil misalignment. When com-

bined with functions that implicitly contain information about the sense coil positions and sizes,

transfer-power can be determined with minimal error from misalignment.

The transfer-power represented by (2.50) and (2.51) is a function of the lateral misalignment x

of the Rx coil

PTransfer(x) =
1

κij(x)

〈
Vi(x), Vj(x)

〉
, (3.5)

5Using 26 cm and 25.5 cm radii sense coils are placed on the same plane (coplanar) as shown in Fig. 3.8b and Table
3.1.

6R-squared (R2) indicates the goodness of fit, ranging from 0 to 1. R2 =1 means that there is no error in the fitting
[57].
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where

κij(x)=ω
√
LiLj

kT :ikR:j(x)− kT :jkR:i(x)

kR:T (x)
, (3.6)〈

Vi, Vj
〉
, Im

{
ViV

∗
j

}
. (3.7)

Note that Vi,j(x) are sense coil voltages at a particular Rx coil misalignment x. We define
〈
Vi, Vj

〉
as the pairwise-product of sense coil voltages, where Vi and Vj are complex scalars. For power

metering, the Tx and sense coils have fixed positions, whereas the electric vehicles (Rx coils) drive

in to charge; therefore, the coupling coefficients between Tx and sense coils (kT :i and kT :j) do not

change.

If we use (3.5) to determine transfer power, the misalignment x and every coupling coefficient

as a function of x must be explicitly and accurately known. However, in using multiple sense

coils, we can transform the overdetermined set of sense coil voltages to a function that determines

transfer-power from these sense coil voltages alone. We will show that this function can be simply

calibrated over the span of misalignment, but without needing a measurement of misalignment at

all.

In using multiple sense coils, the pairwise-product of voltages from each unique pair
〈
Vi, Vj

〉
can be linearly combined and scaled by corresponding coefficients αij

∑
i,j∈Q

αij
〈
Vi(x), Vj(x)

〉
= PTransfer(x)

∑
i,j∈Q

αijκij(x)

 ,

Q =
{

(i, j) ∈ N2
∣∣ i ≤ N, j ≤ N, and i < j

}
,

(3.8)

where N is the number of sense coils.

As discussed earlier, the function κij(x) is well-approximated by a quadratic polynomial

κij(x) ≈ pij + qijx+ rijx
2,

where p, q, r ∈ R.
(3.9)
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If we choose αij so that

∑
i,j∈Q

αijκij ≈
∑
i,j∈Q

αijpij+
∑
i,j∈Q

αijqijx+
∑
i,j∈Q

αijrijx
2

≈ 1,

(3.10)

where

∑
i,j∈Q

αijpij ≈ 1,
∑
i,j∈Q

αijqij ≈ 0,
∑
i,j∈Q

αijrij ≈ 0,

αij ∈ R,

(3.11)

and perform a least-squares optimization to obtain αij

minimize
αij

∥∥∥∥∥∥PTransfer(x)−
∑
i,j∈Q

αij
〈
Vi(x), Vj(x)

〉∥∥∥∥∥∥
2

subject to αij ∈ R,

(3.12)

then the transfer-power can be determined despite misalignment from the linear combination of

unique pairwise-products of sense coil voltages

PTransfer =
∑
i,j∈Q

αij
〈
Vi, Vj

〉
,

Q =
{

(i, j) ∈ N2
∣∣ i ≤ N, j ≤ N, and i < j

}
,

(3.13)

where Vi=Vi(x) and Vj =Vj(x) are only voltage measurements and implicit functions of x; N is

the number of sense coils. Note that the geometric parameters αij , which are calibrated initially,

are constant (independent of x). Fig. 3.11 shows an example that a linear combination of quadratic

functions κij can be a constant with properly chosen geometric parameters αij .
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Figure 3.11. An example of a linear combination of quadratic κ functions, which results in a constant value.
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3.3.3 Calibration of Constant Geometric Parameters Over Misalignment

and FC-TPM Numerical Results

In this section, we explain how the geometric constants in the previous Section 3.3.2 can be cali-

brated. We then numerically evaluate FC-TPM over misalignment using well-known models from

literature.

3.3.3.1 Formulating the Calibration Matrix and Vector

The calibration of the geometric parameters αij requires sense coil voltage measurements and

transfer-power data from a reference standard. The sense coil voltage measurements are combined

as uniquely-paired products in a data matrix

W =



〈V1(x1,Z1),V2(x1,Z1)〉 . . . 〈Vi(x1,Z1),Vj(x1,Z1)〉
... . . . ...

〈V1(xm,Z1),V2(xm,Z1)〉 . . . 〈Vi(xm,Z1),Vj(xm,Z1)〉

〈V1(x1,Z2),V2(x1,Z2)〉 . . . 〈Vi(x1,Z2),Vj(x1,Z2)〉
... . . . ...

〈V1(xm,Z2),V2(xm,Z2)〉 . . . 〈Vi(xm,Z2),Vj(xm,Z2)〉
... . . . ...
... . . . ...

〈V1(xm,Zn),V2(xm,Zn)〉 . . . 〈Vi(xm,Zn),Vj(xm,Zn)〉



. (3.14)

The transfer-power corresponding to each row of W is contained in the elements of column vector

p

p=

[
PTransfer(x1, Z1) PTransfer(x2, Z1) · · · PTransfer(xm, Zn)

]ᵀ
. (3.15)

Each row of W corresponds to a particular measurement condition (e.g., misalignment, power,

load, etc.). The number of unique pairings for the the pairwise-product of sense coil voltages

from N sense coils is Nw=NC2. For l data points of variation that consists of m data points of
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misalignment (x1,...,m) and n data points of Rx coil loading (Z1,..,n): l = mn, W ∈ Rl×Nw , and

p ∈ Rl×1.

The data for calibration needs to span the space of variation, which includes geometric variation

(e.g., misalignment) and load. The variation in load needs to span the real impedances correspond-

ing to the required measurement range for transfer-power.

It is worth noting that the variation encapsulated in W and p does not have to be uniform,

nor does the explicit domain of variation (e.g., actual misalignment displacement x) need to be

measured.

The vector of geometric parameters αij ∈ RNw×1 for N sense coils is

α =

[
α12 α13 . . . αij

]ᵀ
. (3.16)

From (3.13),

Wα = p, (3.17)

which is overdetermined, allowing the calculation and hence calibration of α using the least-

squares method

α = (WᵀW)−1 Wᵀp . (3.18)

3.3.3.2 Coil Configurations

Two different placements of sense coils were considered for the numerical analysis, as shown in

Fig. 3.8 (a) and (b):

(a) Vertically Stacked Sense Coils: The N sense coils are vertically stacked above the Tx coil at

1 cm intervals. The radii of the Tx, Rx, and sense coils are identically 25 cm.

(b) Coplanar Sense Coils (Low-Profile): AllN sense coils are concentric and placed on the same

plane, which is 1 cm above the Tx coil. The sense coil radii varied from 26 cm to 23.5 cm,

decreasing at 0.5 cm intervals.
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For each case, the Tx, Rx, and sense coils have the same center axis (coaxial). Table 3.1 shows the

specifications for each coil configuration.

TABLE 3.1
Configurations of the Tx, Rx, and Sense Coils

Parameters Value Parameters Value

r
T

,r
R

25 cm dT :R 20 cm
ri (Stacked) 25 cm dT :i (Stacked) i ·1 cm
ri (Coplanar) 26 cm - (i−1)·0.5 cm dT :i (Coplanar) 1 cm

3.3.3.3 Numerical Results

Mutual inductances were obtained from a well-known circular filament model [55] over the Rx

coil misalignment x. The model assumptions include: (i) concentrated windings as shown in

Fig. 3.8; (ii) fundamental frequency only; and (iii) no measurement noise. The Tx and Rx coils are

driven by current sources.7 The transfer-power and sense coil voltages were calculated with (2.12)

and (2.46), respectively, at each misalignment. The equivalent circuit for the numerical model is

shown in Fig. 2.10b. The geometric parameters αij were calibrated using sense coil voltages and

transfer-power; the accuracy of FC-TPM was then evaluated using leave-one-out cross-validation

(LOOCV) [58].8 FC-TPM accuracy was evaluated for different numbers of sense coils (from two

to six). For these numerical results, m=11 misalignment data points (0 to 10 cm at 1 cm intervals)

and n=6 load data points were used to calibrate αij .

The FC-TPM errors over misalignment were calculated for each data point using LOOCV. The

percentage errors are calculated between the standardized value PTransfer(xm, Zn), and the recon-

7The phases of the Tx and Rx currents were properly chosen to ensure the direction of power transfer to be from
the Tx coil to the Rx coil, as shown in Section 2.2.1.

8In cross-validation, the data is split into two disjoint subsets: a calibration set and a validation set. The calibration
is performed with the calibration set, which excludes the validation set. The accuracy of FC-TPM was evaluated
with the validation set using the calibrated parameters. In LOOCV, the validation consists of one data point, and the
calibration set consists of the other l−1 data points.
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structed value P̂Transfer(xm, Zn),

ε(xm, Zn) =
P̂Transfer(xm, Zn)− PTransfer(xm, Zn)

PTransfer(xm, Zn)
× 100 (%) (3.19)

where

PTransfer(xm, Zn): Reference standard transfer-power

= Re
{
jωMR:T (xm)IR(Zn)IT (Zn)∗

}
,

(3.20)

P̂Transfer(xm, Zn): Transfer-power reconstructed with FC-TPM

=
∑
i,j∈Q

αij
〈
Vi(xm, Zn), Vj(xm, Zn)

〉
.

(3.21)

Fig. 3.12a and 3.12b show the FC-TPM errors over misalignment for two different sense coil

placements, as defined in Fig. 3.8. We plotted the worst-case absolute error percentages of FC-

TPM ∣∣ε (u)
∣∣

max , max
k

∣∣ε (uk)
∣∣ , (3.22)

where uk is the vector of parameter variations over which the error is calculated. The worst-

case absolute errors at each lateral misalignment x were calculated and plotted in Fig. 3.12, where

uk =

[
x Zk

]
.

For both sense coil configurations, the errors were nearly constant over the misalignment with

an increasing number of sense coils resulting in lower error. The lowest percentage errors were

approximately 10−6% for six sense coils (green-circles). Coplanar sense coils have a lower profile

and hence are more practical for deployment in charging stations; these results show that coplanar

sense coils have comparable performance to coaxial sense coils that are not coplanar. Sensor

placement and sizing are analyzed over trade-offs in Section 4.2 to corroborate the performance of

coplanar configurations relative to other configurations.
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(a) Sense coils were vertically stacked coaxially at 1 cm intervals above the Tx coil, as shown in Fig. 3.8a.

(b) Coplanar sense coils were placed coaxially, 1 cm above the Tx coil, as shown in Fig. 3.8b. The radii of the sense
coils decrease from 26 cm at 0.5 cm intervals.

Figure 3.12. Results from the numerical model, verifying the accuracy of FC-TPM over misalignment.
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3.3.4 FC-TPM Across Angular and Vertical Misalignment

Figure 3.13. Angular misalignment (left) and vertical misalignment (right) between the Tx and Rx coils.

In this section, the performance of coplanar multiple sense coils for FC-TPM is examined over

Rx coil angular and vertical misalignment, as shown in Fig. 3.13. Using (3.5), transfer-power can

be reconstructed by a pairwise-product of two sense coil voltages over angular misalignment θ and

vertical misalignment z

PTransfer(θ) =
1

κij(θ)

〈
Vi(θ), Vj(θ)

〉
, (3.23)

PTransfer(z) =
1

κij(z)

〈
Vi(z), Vj(z)

〉
, (3.24)

where

κij(θ)=ω
√
LiLj

kT :ikR:j(θ)− kT :jkR:i(θ)

kR:T (θ)
, (3.25)

κij(z)=ω
√
LiLj

kT :ikR:j(z)− kT :jkR:i(z)

kR:T (z)
, (3.26)〈

Vi, Vj
〉
, Im

{
ViV

∗
j

}
. (3.27)

Note that each misalignment is considered separately to elucidate that the same working prin-

ciple of accurate FC-TPM with multiple sense coils can be applied to various misalignment types.
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Figure 3.14. Second-order polynomial fits of the mutual inductance over angular misalignment.
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Figure 3.15. Second-order polynomial fits of the mutual inductance over vertical misalignment.
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Section 3.4 presents accurate FC-TPM when there are multi-dimensional misalignment or varia-

tions (e.g., operating frequencies and wire types) at the same time.

Mutual inductance variation over each misalignment is calculated and approximated by quadratic

polynomial functions. For the angular misalignment, roll (rotation around the x-axis) is considered,

but due to the 360◦ circular symmetry of the Tx, Rx, and sense coils, the roll and pitch of are identi-

cal while yaw (rotation around the z-axis) can be ignored. In this analysis, 0◦ to 20◦ roll9 (∆θ) and

-5 cm to 5 cm vertical misalignment (∆z) were varied. The Tx and Rx coil radii were 25 cm, where

the Tx coil-to-Rx coil air gap was 20 cm. FC-TPM sense coils were single-turn, open-circuited,

and placed on a flat-plane, 1 cm above the Tx coil. The radii of the sense coils 1 to 6 (labeling

the outermost sense coil as one) were 25 cm to 20 cm, respectively, decreasing at 1 cm intervals, as

shown in Fig. 3.13.

Fig. 3.14 and Fig. 3.15 show the polynomial approximation of the mutual inductance over angu-

lar and vertical misalignment. Circle-dots are the mutual inductance values at each misalignment

point by the numerical model [55]. Green-lines are the second-order polynomial fits (provided

by MATLAB Curve Fitting). Mutual inductance variations over both angular and vertical mis-

alignment can be approximated by quadratic functions very well; all fits demonstrated a strong

correlation with the data. For angular misalignment, the linear coefficient βij can, therefore, be

found to satisfy

∑
i,j∈Q

βij Im
〈
Vi(θ)Vj(θ)

〉
= PTransfer(θ)

∑
i,j∈Q

βijκij(θ)

 (3.28)

≈ PTransfer(θ), (3.29)

when,

∑
i,j∈Q

βijκij(θ) ≈
∑
i,j∈Q

βijaij +
∑
i,j∈Q

βijbijθ +
∑
i,j∈Q

βijcijθ
2 ≈ 1, (3.30)

9SAE J2954 requires wireless charging under a roll and pitch up to ±2◦, and a yaw up to ±3◦
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where,

κij(θ) ≈ aij + bijθ + cijθ
2, a, b, c ∈ R. (3.31)

Similarly, for the vertical misalignment z, the linear coefficient γij can, therefore, be found to

satisfy

∑
i,j∈Q

γij Im
〈
Vi(z)Vj(z)

〉
= PTransfer(z)

∑
i,j∈Q

γijκij(z)

 (3.32)

≈ PTransfer(z). (3.33)

FC-TPM accuracy was tested for the angular and vertical misalignment. The different number

of sense coils (two to six) were used for each test to verify the effectiveness of using multiple

sense coils for accuracy. βij and γij are the constant geometric parameters needed to be calibrated

initially over each variation space. It is worth noting that; (i) there is no need to measure the

misalignment quantity explicitly during the calibration; (ii) βij and γij are fixed values that are not

just for specific misaligned positions, but for all over the misalignment, meaning that only sense

coil voltages are needed to be measured when we calculate the transfer-power at any misalignment.

Numerical data were obtained over: (i) 20 data points within a given range of each misalign-

ment (a roll and vertical misalignment); (ii) where, at each data point in (i), 9 data points of different

Rx coil current phases that are corresponding to different output load resistances. The FC-TPM

errors were determined for each data points using leave-one-out cross-validation; (i) βij and γij

were calibrated using the training set which excluded a single validation set; (ii) the FC-TPM error

ε for the validation set was calculated by comparing the true transfer-power (PTransfer) and the one

calculated by the FC-TPM (P̂Transfer), which are represented in (3.19).

Fig. 3.16 and Fig. 3.17 show the numerical results that the transfer-power was accurately recon-

structed over misalignments; the percentage errors were nearly consistent along with misalignment.

Increasing the number of sense coils resulted in better accuracy, where the primary source of the
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Figure 3.16. Numerical model results: TPM was accurate over angular misalignment (0 to 20◦).

-5 -4 -3 -2 -1 0 1 2 3 4 5

Vertical Misalignment (cm)

10
-6

10
-4

10
-2

10
0

T
P

M
 E

rr
o
r 

(%
)

N=6

N=5

N=4

N=3

N=2

N: Number of Sense CoilsNumerical Results

Figure 3.17. Numerical model results: TPM was accurate over vertical misalignment (-5 to 5 cm).
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error is the higher-order deviation than that of the second-order polynomial approximation; the

increasing number of sense coils can provide more information to cancel out the higher-order

deviations. It is also worth noting that the transfer-power can be reconstructed under a wide range

of the angular misalignment up to 20◦, while the standard allows only a few degrees (±2 or 3◦) of

deviation.

3.3.5 FC-TPM Across Number of Turns Variation in Spiral Coils

Figure 3.18. Changes in the number of turns of the spiral Rx coil.

Spiral coil is one of the popular and effective wireless power transfer coil winding types [59;

60; 61; 62; 63; 64]. In this section, one possible variation in the spiral Rx coil is considered for

FC-TPM; the spiral Rx coils can have a different number of turns, as shown in Fig. 3.18. To

calculate the mutual inductance between two spiral Tx and Rx coils effectively, the spiral coils

are approximated by a combination of coplanar single-turn circular coils, as shown in Fig. 3.19.

For the spiral coils, the mutual inductance can also be calculated using the numerical model10
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Figure 3.19. Single-turn decomposition of the spiral coils.

Figure 3.20. Changes in the number of the spiral coil-turn.
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by decomposing spiral coils into a combination of concentric single-turn coils [65], as shown

in Fig. 3.19; the mutual inductance (MA:B) between two spiral coils (A and B) is calculated by

accounting for every combination of the decomposed single-turn of both coils as,

MA:B =

NA∑
a=1

NB∑
b=1

Ma:b, (3.34)

where NA and NB respectively represent the number of turns of the spiral coils. The numerical

results were derived to confirm the effectiveness of the FC-TPM algorithm for spiral coil geometric

variations. The Tx, Rx, and sense coil radii11, and air-gap are the same as shown in Section 3.3.4.

For the spiral Rx coils, the variation (∆n) started from single-turn (n = 1) coil having a 25 cm

radius; increasing the number of turns by 20 while the radii of the coils decreased at 0.5 cm interval,

as shown in Fig. 3.20.

The mutual inductances were calculated (dots) and fitted into the second-order polynomial

functions (green-solid lines) for the variation, as shown in Fig. 3.21. The mutual inductance is well-

approximated by the quadratic function. FC-TPM errors with multiple sense coils were examined

over the variations of turn numbers of Rx spiral coils. The same FC-TPM algorithm, presented

in Section 3.3.2 is used to calibrate the geometric parameter and reconstruct the transfer-power.

Fig. 3.22 shows the numerical results that the transfer-power was accurately reconstructed over the

coil turn number variations.

10Calculating the mutual inductance between spiral coils are difficult through 3-D finite element method (FEM)
simulation due to the large amounts of time and processing power it requires.

11For the spiral configurations of the Tx and Rx coils, the radius refers to the most outer radius.
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3.4 Accurate FC-TPM over Multi-Dimensional Variations

In previous Section 3.3, the fundamental of the data combination of multiple sense coil voltages

for accurate FC-TPM is shown over one-dimensional misalignment and variation.

In this section, FC-TPM is performed using numerical and FEM simulation analysis over multi-

dimensional variations. Section 3.4.1 shows accurate FC-TPM over both vertical and lateral Rx

coil misalignment. Section 3.4.2 presents FC-TPM with the external proximity eddy current loss,

requiring a minimum of four sense coils. And then, lateral misalignment, litz wire type variations,

and operating frequency variation are considered simultaneously for FC-TPM, where eleven sense

coils are employed to reconstruct the transfer-power accurately, which also counts the eddy current

losses.

3.4.1 Numerical Results for Lateral and Vertical Misalignment

When the Tx,Rx, and sense coils have the same configuration what is used in the Section 3.3,

the geometric parameters αij are calibrated using the space, which is spanned over both Rx coil’s

lateral and vertical misalignment, as shown in Fig. 3.23. The sense coil voltage calibration matrix

W is

W =



〈V1(x1,z1),V2(x1,z1)〉 . . . 〈Vi(x1,z1),Vj(x1,z1)〉
... . . . ...

〈V1(xm,z1),V2(xm,z1)〉 . . . 〈Vi(xm,z1),Vj(xm,z1)〉

〈V1(x1,z2),V2(x1,z2)〉 . . . 〈Vi(x1,z2),Vj(x1,z2)〉
... . . . ...

〈V1(xm,z2),V2(xm,z2)〉 . . . 〈Vi(xm,z2),Vj(xm,z2)〉
... . . . ...
... . . . ...

〈V1(xm,zn),V2(xm,zn)〉 . . . 〈Vi(xm,zn),Vj(xm,zn)〉



. (3.35)
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Figure 3.23. Configurations of the Tx, Rx, and sense coils with lateral and vertical Rx coil misalignment

The transfer-power calibration vector is

p=

[
PTransfer(x1, z1) PTransfer(x2, z1) · · · PTransfer(xm, zn)

]ᵀ
, (3.36)

where xk and zk are the lateral and vertical misalignment data points, respectively. The space of

variation is shown in Fig. 3.24; the lateral misalignment ranged from 0 to 10 cm and the vertical

misalignment ranged from -5 to 5 cm. A total of 121 data points were used (11 data points for each

axis misalignment) and validated. Leave-one-out cross-validation (LOOCV) is used to validate

the 121 data points. The calibration data matrix W and data vector p were created over 120

data points, which exclude a validation point, to calibrate the geometric parameters. The transfer-

power was reconstructed for the validation point by using the sense coil voltages and geometric

parameters. Every 121 data point was a validation point once.

Fig. 3.25 shows the numerical results of FC-TPM over lateral and vertical Rx coil misalignment

simultaneously. FC-TPM errors were calculated for each validation point. Each error point at
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Figure 3.24. A space of variation was created over lateral and vertical Rx coil misalignment for calibration and
validation. A total of 121 data-points were validated.
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each lateral misalignment in the figure represents the worst-case absolute error percentage, as

defined in (3.22); the maximum error among 11 data points of vertical misalignment at a specific

lateral misalignment was calculated and plotted. The transfer-power was reconstructed by different

numbers of sense coils (e.g., N = 2, 4, 6, 8) to examine the effectiveness of using more coils to

obtain more accurate results. Using eight sense coils reduced the error to below 0.001%.

3.4.2 FC-TPM With Eddy Currents, Rx Coil Misalignment, Different Litz

Wire Types, and Different Operating Frequencies

Eddy currents in the Tx and Rx coils not only add to losses, as presented in Section 2.3, but also

change the magnetic field geometry by changing the current distribution in the coils non-uniformly.

The eddy currents can create a magnetic field with non-negligible coupling to the opposing coil. In

other words, eddy currents induced on the Tx coil create fields that couple to the Rx coil and vice

versa.

The induced eddy currents can be represented by additional windings in the transformer and

the magnetic field geometry and hence coupling to different coils by the corresponding coupling

coefficients. The variation in magnetic field geometry can be caused by a combination of (i)

coil misalignment; (ii) different wire types (e.g., litz wire types); and (iii) a range of operating

frequencies.

In this section, we extend the formulation in Section 2.4.2 and 3.3 to include eddy currents

and to show how a greater number of sense coils can maintain the accuracy of FC-TPM when

there are variations in Rx coil misalignment. A physical intuition of using multiple sense coils

to reconstruct the transfer-power, including eddy current losses, is as follows. There are four

windings of the Tx coil, Rx coil, Tx eddy current, and Rx eddy current that induce the sense

coil voltages. Four sense coils are, therefore, the minimum number to reconstruct each winding

current. This is simply expanding the two by two mutual inductance matrix dimension in (2.47) for

the eddy current lossless system to that of four by four, which includes the Tx and Rx eddy currents.

Transfer-power consists of the three power flows shown in Fig. 2.6, each of which is represented
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by two winding currents relating to power transfer between the two windings. As the four sense

coil voltages can calculate each winding current, the transfer-power can also be determined. More

than four sense coils can provide information regarding Rx coil variations similar to what is shown

in Section 3.3.2. Through electromagnetic finite element simulation, we also show that a greater

number of sense coils maintain FC-TPM accuracy despite the effects of different types of wire and

operating frequencies.

3.4.2.1 FC-TPM with Eddy Currents and Misalignment

When there are eddy currents in the Tx and Rx coils, the sense coil voltages Vi in (2.46) become

Vi = jωMT :iIT + jωMR:iIR + jωMt:iIt + jωMr:iIr. (3.37)

Note that It, Ir are the eddy winding currents in the Tx and Rx coils, as discussed earlier in Section

2.3. Mt:i,Mr:i are the mutual inductances from the eddy windings to the ith sense coil.

For example, Tx, Rx, and eddy winding currents can be derived from four sense coil voltages

V1,..,4 

IT

IR

It

Ir


=

1

jω



MT :1 MR:1 Mt:1 Mr:1

MT :2 MR:2 Mt:2 Mr:2

MT :3 MR:3 Mt:3 Mr:3

MT :4 MR:4 Mt:4 Mr:4



−1

V1

V2

V3

V4


(3.38)

The transfer-power in (2.32) can be rewritten through (2.17)

PTransfer = Re {jωMR:T IRI
∗
T}+ Re {jωMT :rIrI

∗
T} − Re {jωMR:tItI

∗
R} , (3.39)

where MT :r is the mutual inductance between (i) the Tx coil and (ii) the Rx coil’s eddy current

winding;MR:t is the mutual inductance between the Rx coil and the Tx coil’s eddy current winding.

By combining (3.38) and (3.39), the transfer-power can still be determined from a linear com-
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bination of the pairwise-product of sense coil voltages

PTransfer =
∑
i,j∈Q

λij
〈
Vi, Vj

〉
, (3.40)

where
Q =

{
(i, j) ∈ N2

∣∣ i ≤ N, j ≤ N, and i < j
}
,〈

Vi, Vj
〉
, Im

{
ViV

∗
j

}
.

(3.41)

Detailed expressions for λij using an inverse matrix of the mutual inductances in (3.38) is

presented from (3.42) to (3.48). Note that a minimum of four sense coils N=4 are needed to

determine four coil currents (IT , IR, It, Ir) and hence the transfer-power. If there are more than

four sense coils, we can make use of the additional information by choosing four sense coil voltages

at a time from the total of N sense coils, from which a total of NC4 different formulations of (3.40)

are constructed to determine the transfer-power. Each formulation is a linear combination of the

pairwise-products of two sense coil voltages chosen out of the four sense coils in the formulation.

Using (3.40), all the formulations can be used to determine the transfer-power, which is detailed in

(3.50).

The Tx, Rx, and eddy winding currents in (3.38) can be expressed as



IT

IR

It

Ir


=

1

D
1

jω



WT :1 WR:1 Wt:1 Wr:1

WT :2 WR:2 Wt:2 Wr:2

WT :3 WR:3 Wt:3 Wr:3

WT :4 WR:4 Wt:4 Wr:4





V1

V2

V3

V4


, (3.42)

where D is the determinant and Wx:i are the elements of the adjugate matrix of the mutual induc-

tance matrix in (3.38).

For four sense coils, the transfer-power, decomposed into three power flows in (3.39), can be
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represented by three independent linear combinations of pairwise-products of sense coil voltages

PTransfer = PTx:Rx + PLoss,eddy(Rx) − PLoss,eddy(Tx)

= Re {jωMR:T IRI
∗
T}+ Re {jωMT :rIrI

∗
T} − Re {jωMR:tItI

∗
R}

=
∑
i,j∈Q

Aij
〈
Vi, Vj

〉
+
∑
i,j∈Q

Bij
〈
Vi, Vj

〉
+
∑
i,j∈Q

Cij
〈
Vi, Vj

〉
,

(3.43)

where 

A12

A13

A14

A23

A24

A34


=
MR:T

ωD2



WT :1WR:2 −WT :2WR:1

WT :1Wt:2 −WT :2Wt:1

WT :1Wr:2 −WT :2Wr:1

WR:1Wt:2 −WR:2Wt:1

WR:1Wr:2 −WR:2Wr:1

Wt:1Wr:2 −Wt:2Wr:1


, (3.44)



B12

B13

B14

B23

B24

B34


=
MT :r

ωD2



WT :1WR:4 −WT :4WR:1

WT :1Wt:4 −WT :4Wt:1

WT :1Wr:4 −WT :4Wr:1

WR:1Wt:4 −WR:4Wt:1

WR:1Wr:4 −WR:4Wr:1

Wt:1Wr:4 −Wt:4Wr:1


, (3.45)



C12

C13

C14

C23

C24

C34


= −

MR:t

ωD2



WT :2WR:3 −WT :3WR:2

WT :2Wt:3 −WT :3Wt:2

WT :2Wr:3 −WT :3Wr:2

WR:2Wt:3 −WR:3Wt:2

WR:2Wr:3 −WR:3Wr:2

Wt:2Wr:3 −Wt:3Wr:2


. (3.46)

The transfer-power can thus be represented as a linear combination of pairwise-products of sense
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coil voltages in (3.40)

PTransfer =
∑
i,j∈Q

λij
〈
Vi, Vj

〉
, (3.47)

where

λij = Aij + Bij + Cij. (3.48)

If there are more than four sense coils, we can choose four sense coil voltages at a time from the

total of N sense coils, from which a total of NC4 different formulations of (3.47) are constructed

to determine the transfer-power. The transfer-power, therefore, can be determined by (3.40) for

N > 4 sense coils, when all the formulations are summed and divided by Nw=NC4, resulting in a

linear combination of the all pairwise-product of two sense coil voltages out of N sense coils

PTransfer =
1

Nw

Nw∑
k=1

∑
i<j
i,j∈sk

λ
(k)
ij

〈
Vi, Vj

〉
(3.49)

=
∑
i,j∈Q

ζij
〈
Vi, Vj

〉
, (3.50)

where

Q =
{

(i, j) ∈ N2
∣∣ i ≤ N, j ≤ N, and i < j

}
, (3.51)

ζij =
1

Nw

∑
k∈Gij

λij
(k), (3.52)

Gij =
{
K⊂{1, ..., Nw}

∣∣ k ∈ K and i, j ∈ sk
}
, (3.53)

S = {sk| sk ⊂ T , n(sk)=4}. (3.54)

Note that when T is a set of N sense coils, T = {1, 2, . . . , N}, S is a collection with lexical

ordering of all subsets of T that consists of combinations of four sense coils, where n(S)=Nw.

One can observe in Fig. 3.26 the effect of differing numbers of sense coils on FC-TPM when

there are eddy current losses in the WPT coils. A 2d axisymmetric FEM simulation in COMSOL
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Figure 3.26. FEM simulation was performed to show FC-TPM errors when eddy currents in the Tx and Rx coils are
included.

was performed for two solid-wire WPT coils with the same dimensions as the hardware in Chap-

ter 5. From (3.38) and (3.39), when eddy currents are significant, four sense coils are needed.

Fig. 3.26 shows that with two-sense coils the errors are a considerable 0.66%. As the number of

sense coils increases to four, the error reduces to a much smaller 1.6×10−9%. Additional sense

coils beyond four do not significantly improve the error for this case where the WPT coils are

aligned.

In particular, this collection of four sense coils from the N > 4 sense coils results in NC4

independent transfer-power formulations, where we can extend the principle of FC-TPM over

misalignment in Section 3.3 to that which includes eddy current. By increasing the number of

sense coils, the formulation in (3.40) can embed (3.13), ultimately resulting in a single set of

geometric parameters that also include Rx coil misalignment together with the effects of eddy

current.
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The transfer-power at each misalignment x can be determined by

PTransfer(x) =
∑
i,j∈Q

λij(x)
〈
Vi(x), Vj(x)

〉
, (3.55)

where λij(x) can be approximated by an nth-order polynomial

λij(x) = aijn x
n + aijn−1x

n−1 + . . .+ aij0 . (3.56)

IfN (>4) sense coils are employed, there areNw(=NC4) independent transfer-power formulations

for (3.55). Let T be a set of N sense coils, T = {1, 2, . . . , N}. S is a collection with lexical order-

ing of all subsets of T that consists of combinations of four sense coils; S = {sk| sk ⊂ T , n(sk)=4},

where n(S)=Nw. Each independent formulation, a linear combination of pairwise-products of

sense coil voltages from sk ∈ S, has a distinct set12 λ
(k)
ij of geometric parameters, where k ∈ {1, ..., Nw}.

The linear combination of the Nw transfer-power formulations with constant coefficients δk is

then
Nw∑
k=1

δkPTransfer(x) =
Nw∑
k=1

∑
i<j
i,j∈sk

δkλ
(k)
ij (x)

〈
Vi(x), Vj(x)

〉
, (3.57)

which approximates to a form like (3.13)

PTransfer =
∑
i,j∈Q

αij
〈
Vi, Vj

〉
,

Q =
{

(i, j) ∈ N2
∣∣ i ≤ N, j ≤ N, and i < j

}
,

(3.58)

when δk is optimized by choosing the appropriate sizes and positions of the sense coils so that

Nw∑
k=1

δk ≈ 1 and
∑
k∈Gij

δkλ
(k)
ij (x) ≈ αij, (3.59)

12Note that the geometric parameters λ(k)ij of the same pair of sense coils (i, j) for each subset sk are distinct (e.g.,

λ
(1)
12 6= λ

(2)
12 ).
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where

Gij =
{
K⊂{1, ..., Nw}

∣∣ k ∈ K and i, j ∈ sk
}
, (3.60)

which has (N−2)C2 elements; in other words, Gij is a set of indices of sk, which includes a specific

sense coil pair i and j, noting that sk is a set of combinations of four sense coils.13

The coefficients αij can be obtained from a least-squares optimization like (3.12)

minimize
αij

∥∥∥∥∥∥PTransfer(x)−
∑
i,j∈Q

αij
〈
Vi(x), Vj(x)

〉∥∥∥∥∥∥
2

subject to αij ∈ R.

(3.61)

The transfer-power can then be determined over the Rx coil misalignment by a single set of geo-

metric parameters αij .

3.4.2.2 FEM Simulations of FC-TPM with Eddy Currents Over Multi-Dimensional Varia-

tions: Misalignment, Litz Wire Types, and Operating Frequencies

The principle that enables accurate FC-TPM over variations (e.g., misalignment) is the use of an

overdetermined set of sense coils whose geometric parameters are such that the linear combination

of the pairwise-products of their voltages are insensitive to errors from the variations. These had

been presented in Sections 3.3.2 and 3.4.2.1.

The optimal linear coefficients are calibrated through the least-squares minimization of a cal-

ibration set, which is appropriately chosen over the range of variations of interest, as shown in

(3.14)-(3.16). This formulation can be expanded to a multi-dimensional simultaneity of variations,

such as having EVs (Rx coils) with different types of litz wires and operating frequencies. Calibra-

tion can be undertaken for both Tx and service station sense coils during manufacturing or when

commissioned in the field for retrofits or repairs.14

13For example, when N = 6 and Nw = 15, then T = {1, 2, 3, 4, 5, 6} and G13 = {1, 2, 3, 7, 8, 9}, where sk
includes the particular sense coil pair (i, j) = (1, 3); s1 = {1, 2, 3, 4}, s2 = {1, 2, 3, 5}, s3 = {1, 2, 3, 6}, s7 =
{1, 3, 4, 5}, s8 = {1, 3, 4, 6}, s9 = {1, 3, 5, 6}.

14From an arbitration perspective, with the inspection performed by an unbiased third party, the official trucks can
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Figure 3.27. A space of variations was created over Rx coil misalignment, complex permeability, and operating
frequency for calibration and validation. A total of 105 data-points were used, where each point in the plot above
represents a variation over three frequencies.

Three-dimensional FEM simulations in COMSOL were performed to demonstrate accurate

FC-TPM over multi-dimensional variations in the Rx coil, where the effects of eddy currents are

included in the FEM simulation. The goal of the simulations is to confirm that transfer-power

can be determined accurately using only a single set of geometric parameters regardless of those

variations.

Notably, we show that using only a small number of wire types (including litz wire) for cali-

bration, FC-TPM is accurate for a broad range of wire types that are not in the calibration set.

As illustrated in Fig. 3.27, FEM results consist of a total 105 data points, which are a combi-

nation of (i) Rx coil lateral misalignment: {0, 2.5, 5, 7.5, 10 cm}; (ii) operating frequencies: {80,

85, 90 kHz}, which are within the mandated range of SAE J2954 [45]; and (iii) seven complex

permeabilities of different Rx windings: µ=1 (solid-wire) and µ′={0.8, 0.6}, µ′′={0, 0.2, 0.4},

where µ=µ′−jµ′′, which can model different bundles and strands of litz wire, using an equivalent

have their sense coils, attached to the Rx coils to inspect the charging stations’ metering accuracy. This is possible
because the official trucks and sense coils are calibrated over Tx coil variations in standard laboratories. This is
analogous to the Weights and Measures Program today in that officials bring trucks with provers that are carefully
calibrated in standard laboratories [66], [67] to check the accuracy of gas dispensers.
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complex permeability model [68; 69]; it is worth noting that the range of µ′ and µ′′ in Fig. 3.27

covers a broad range of wire types [68; 69; 70].

Fig. 3.28 shows an example configuration for a particular simulation iteration. To alleviate the

computational complexity of an already intensive 3-D simulation: (i) the Tx coil was modeled as

a uniform surface current on a circular plane; (ii) the Rx coil was a single-turn circular coil; (iii)

sense coil voltages were obtained post-simulation from the magnetic flux intersecting the coil area.

The Rx coil radius was 12.5 cm, with a 5 mm diameter wire, specified in [45]. The Tx surface

current’s inner and outer radii were 5.5, and 12.5 cm, respectively. The air-gap between the Rx

coil and the Tx surface current was 10 cm. The sense coils were located on a plane 1.25 cm above

the Tx surface current. The sense coil radii ranged from 18.25 cm to 3.25 cm decreasing at 1.5 cm

intervals.

The accuracy of FC-TPM was verified using leave-one-out cross-validation (LOOCV). We

used entire data subsets for a particular litz wire type for validation. Specifically, in this particular

variant of LOOCV, we iteratively left a particular litz wire type out of each calibration set and

reserved it for validation to show that the calibration set can span the parameter variation space,

hence maintaining FC-TPM accuracy over the broad range of litz wire variations. In particular,

the validation set consisted of 15 data points of a single wire type (i.e., a specific complex per-

meability), which were obtained from five misalignment values {0, 2.5, 5, 7.5, 10 cm}, and three

frequency variations {80, 85, 90 kHz}. The remaining 90 data points consisting of 6 wire types,

each with 15 variations, were the calibration set. The geometric parameters αij were calculated at

each LOOCV iteration for the calibration set using (3.14)-(3.18).

FC-TPM errors were calculated for each validation point. Using αij with 11 sense coil voltages,

the transfer-power was determined for each point using (3.58) and the error was calculated with

(3.19), where the reference standard transfer-power was calculated from (2.34). Fig. 3.29a shows

the worst-case absolute error percentage, as defined in (3.22), for each type of wire (represented

by the complex permeability) as the number of sense coils is increased, where uk=

[
µ xk fk

]
.

Eleven sense coils reduced the error to below 0.1%. Fig. 3.29b shows the spread in error using
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(a) The Tx coil current was modeled as a uniform surface current. The Rx coil is a single-
turn circular coil.

(b) 11-different induced voltages on the sense coil plane were calculated from the magnetic field.

Figure 3.28. 3-D FEM simulations were performed in COMSOL over a four-dimensional Rx coil variation {µ′, µ′′,
x, f}.
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Figure 3.29. (a) The worst-case absolute error percentage for each type of wire (represented by the complex perme-
ability) as the number of sense coils is increased. (b) The spread in error using 11 sense coils for each type of wire
over both frequency and misalignment variation.
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Figure 3.30. Hazard events can be diagnosed by distinguishing them from normal operation calibration space.

11 sense coils for each type of wire over frequency and misalignment variation; the errors were

ranged from −0.083% to +0.054%.

3.5 Electromagnetic Model-Based Safety Diagnostics for Wire-

less Power Transfer

This section introduces how the electromagnetic physics model used for FC-TPM can be extended

to a diagnostic application for wireless power transfer. Accurate FC-TPM over geometric varia-

tions is presented in previous Section 3.4. The working principle is that coupling coefficients over

a variation can be approximated by polynomials, where a linear combination of pairwise-product

of sense coil voltages can eliminate the polynomial variations in transfer-power reconstruction.

The linear combination coefficients are new geometric parameters, which are non-varying over the

variation space, where calibration is performed.

The calibration space can then be defined within a normal operating space, where unaccounted

electromagnetic geometries cause sequent errors in information reconstruction. Since each object

in the electromagnetic physics model can be decomposed into a single winding, the sequent er-

ror is derived from the additional electromagnetic coupling brought from an object which is not

counted in the normal operating space. Fig. 3.30 shows the conceptual diagram, which illustrates
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hazard situations can be distinguished from the situations defined as normal operation. Chapter 6

presents Electromagnetic Model-Based Foreign Object Detection (EM-FOD), which uses the de-

tection metric of the deviation due to a foreign object’s electromagnetic coupling to the normal

electromagnetic model, which consists of the Tx, Rx, and sense coils but not a foreign object.
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CHAPTER 4

Electromagnetically Thin and Physically Flat Sense

Coils

This section discusses how FC-TPM sense coils can be designed to be both physically and elec-

tromagnetically unobtrusive. Effective sensors should not affect that which it is measuring, nor

should it negatively impact charging vehicles’ primary mission. This section shows how the sense

coils for FC-TPM can be constructed, so they are a minimal electromagnetic perturbation and be

designed to be below the pavement. Using high fidelity FEM using COMSOL, we show that the

eddy current losses dissipated in the sense coils are insignificant and hence electromagnetically

“thin”. We then show through a multi-objective optimization that a low-profile coplanar sense coil

geometry, in other words “flat”, has comparable performances to other optimized configurations.

4.1 Eddy Current Losses Dissipated in Open-Circuited Sense

Coils

The sense coils are supplemental to a WPT charging system and should neither impact the effi-

ciency nor perturb the electromagnetic fields. The sense coils are open-circuited, and hence do

not carry terminal current, so there is no ohmic loss. A potential loss mechanism may be the

eddy currents induced by the time-varying magnetic fields generated by the Tx and Rx coil cur-

rents; however, these losses are negligible when the sense coils are very thin; 50 AWG (0.025 mm
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Figure 4.1. 2-D axisymmetric FEM simulation for analyzing eddy current losses in the sense coils. The coplanar sense
coils were open-circuited and single-turn.

diameter) coaxial cable1 is available commercially.

Eddy current losses in the sense coils were analyzed through 2-D axisymmetric FEM simula-

tions with an extremely fine mesh in COMSOL. Open-circuited single-turn sense coils were placed

1 cm above the Tx coil, as shown in Fig. 4.1, where the Tx and Rx coils were multi-turn concentric

circular coils, used in Section 2.3.3 for the WPT2/Z1 class. Eddy current losses were calculated for

different numbers (one to six) and diameters (32 to 50 AWG, at 6 AWG intervals) of sense coils.

Figure 4.2 shows the efficiency loss from eddy currents in the sense coils. The diameter of

the sense coils, which scales the loss as approximately cubic, is the dominant factor; whereas, the

number of sense coils scale the loss linearly. Using commercially available 50 AWG coaxial cable,

the eddy current loss only contributes less than 10−6% efficiency loss according to the results from

these high fidelity electromagnetic FEM simulations.2

1The outer conductor is used as a Faraday shield, which is discussed in Section 5.
2A mesh-study was performed to ensure a convergent result as mesh size was decreased.
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Figure 4.2. The efficiency loss from eddy currents in the sense coils: wire diameter and number of sense coils were
varied.

4.2 Physically Flat Sense Coils: Performance Comparisons with

Other Configurations

Physically flat sense coils are unobtrusive and can be installed above the transmitter coil and below

the pavement if needed. In this section3, we show that coplanar sense coils have comparable per-

formance with other configurations. We use Monte Carlo methods to evaluate three performance

metrics: (i) model matching; (ii) information diversity; and (iii) detectability. Pareto frontiers

from a multi-objective optimization [71] of each configuration is used for comparison. The Pareto

frontier is the best performance set for a particular configuration. In other words, by comparing

Pareto frontiers, one compares the best cases of each configuration. Specifically, we compare

coaxial sense coils that are restricted to the same plane, i.e., flat/coplanar, with those that are only

restricted coaxially, but otherwise unrestricted.

A multi-objective optimization problem was formulated from the weighted sum of three penalty

3This section is worked by Xiaofan Cui and Sung Yul Chu at the University of Michigan.

92



functions [72]

minimize
r,d

λ1p1 + λ2p2 + λ3p3

subject to r = [r1 r2 · · · rN ] ,

d = [dT :1 dT :2 · · · dT :N ] ,

R̂min ≤ ri
rT
≤ R̂max,

d̂min ≤ dT :i

dT :R
≤ d̂max,

0 ≤ λ1, λ2, λ3 ≤ 1,

λ1 + λ2 + λ3 = 1.

(4.1)

Each penalty function (p1, p2, and p3) ranges from zero to one, normalized over the Monte Carlo

data from all the comparison configurations.

Together, these penalty functions represent a trade-off between (i) errors from mismatch be-

tween the sense coils and the models used for TPM reconstruction; (ii) sensitivity to measurement

errors and noise in calibration; and (iii) signal-to-noise ratio in the sense coil measurement. The

sense coil parameters that determine the penalty functions include the sense coil radii ri and the

vertical distance from the Tx coil to the sense coils dT :i for N sense coils, where i ∈ {1, ..., N}.

R̂min and R̂max represent range of sense coil radii normalized to the Tx coil radius rT . d̂min and d̂max

are the sense coil positions above the Tx coil normalized to the distance between the Tx and Rx

coils dT :R. λi are the weights for the penalty functions.

The analysis and computation are tractable when eddy currents are neglected and only the

principal transfer-power is used. The following subsections detail each penalty function and show

the results of the comparison.
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4.2.1 Model Matching

The errors in FC-TPM can be made small and insensitive to variation when the sizes and positions

of the sense coils are chosen so that the deviation from the models used in reconstruction is small.

p1 penalizes model mismatch.

For example, when the mutual inductance from the Tx coil to the Rx coil varies so it is pre-

dominantly quadratic over Rx coil misalignment, placing the sense coils close to the Tx coil makes

the corresponding geometric parameters also predominantly quadratic as discussed in Section 3.3.

In this case, p1 penalizes the non-quadratic deviations over Rx coil misalignment in the sense-to-

Rx coil mutual inductance. The penalty function can be evaluated using Grover’s expression for

mutual inductance [56] with the quadratic model presented in Section 3.3.1.

p1 =
q1(r,d)−min

r,d
q1(r,d)

max
r,d

q1(r,d)−min
r,d

q1(r,d)
, (4.2)

where
q1(r,d)

= log

 ∑
i∈{1,··· ,N}

∥∥∥MR:i(ri, dT :i, x)− M̂R:i(ri, dT :i, x)
∥∥∥2

2∥∥MR:i(ri, dT :i, x)
∥∥2

2

 .
(4.3)

MR:i(ri, dT :i, x) is the mutual inductance between the sense coil and Rx coil which is calculated

from the Grover; M̂R:i(ri, dT :i, x) is the mutual inductance from the quadratic model; ri is the

radius of the ith sense coil; dT :i is the distance between the ith sense coil and the Tx coil; x is the

Rx coil misalignment; and‖·‖2 is the l2[0, xmax] norm over a closed interval and a sampling of the

continuous functional M̂R:i(·, ·, x) and its corresponding discrete data sequence M̂R:i(·, ·, x[n]).
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4.2.2 Information Diversity

Overlapping information in the least-squares minimization of the data matrix of sense coil voltages

W, defined in (3.14), results in poor matrix conditioning and consequently sensitivity to noise and

measurement error.

In the calibration of FC-TPM, least-squares minimization is performed, where WTW is in-

verted in (3.18). When the sense coil voltages are independent, the calibration is robust to mea-

surement noise. Hence, sense coils are chosen and arranged to minimize overlapping information

in the voltages.

Mutual inductance can be used as a proxy for information overlap among sense coil voltages

because mutual inductance is a measure of the shared magnetic flux between two sense coils and

hence information. Large mutual inductance between two sense coils may physically mean that

they are similar in size and/or proximal.

p2 penalizes information similarity. It is formulated by normalizing and taking the logarithm

of the sum of squares of the mutual inductances between sense coil pairs. p2 ranges from from 0

to 1: ‘0’ indicates that all pairs of sense coils have maximum independence given the optimization

constraints; ‘1’ indicates the worst-case among all sense coil configurations in all the comparison

cases.

p2 =
q2 (r,d)−min

r,d
q2 (r,d)

max
r,d

q2 (r,d)−min
r,d

q2 (r,d)
, (4.4)

where

q2 (r,d) = log

∑
i,j∈Q

M2
i:j

(
ri, dT :i, rj, dT :j

) . (4.5)

Mi:j(ri, dT :i, rj, dT :j) is the mutual inductance between the ith and j th sense coil. The mutual

inductance increases as the two sense coils are closer to each other dT :i → dT :j and have similar

radii ri → rj , which penalizes the lack of information diversity.
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4.2.3 Detectability

The detectability is the ability of a particular FC-TPM configuration to resolve a change in the

transfer-power from a change in either the Tx or Rx coil current. This is equivalent to the signal-

to-noise ratio (SNR) of the different sense coil voltages from the change in the Tx/Rx coil current

to the instrumentation noise referred to the sense-coil voltage. The mutual inductances between

the sense coils and the Tx coil MT :i or Rx coil MR:i, determine the sense coil voltages from the

Tx and Rx coil currents. p3 penalizes poor SNR in the sense coil configuration; we assume that a

change in Tx current is just as likely as a change in Rx current.

p3 =
q3(r,d)−min

r,d
q3(r,d)

max
r,d

q3(r,d)−min
r,d

q3(r,d)
, (4.6)

where

q3(r,d) =
∑

i∈{1,··· ,N}

1

M2
T :i(ri, dT :i)

+
∑

i∈{1,··· ,N}

1

M2
R:i(ri, dT :i)

. (4.7)

Note that MT :i(ri, dT :i) is the mutual inductance between the Tx coil and the ith sense coil and

MR:i(ri, dT :i) is the mutual inductance between the Rx coil and the ith sense coil. We choose the

Tx, Rx, and sense coils to be aligned for tractability. The total SNR is the harmonic mean of the

SNR of each sense coil. p3 penalizes overly large- or small-sized sense coils, or positions which

are far from both the Tx and Rx coils.

4.2.4 Comparison Results

Good sense coils have: (i) small quadratic approximation error for the mutual inductance over

Rx coil misalignment; (ii) diverse information, which minimizes the least-squares errors during

calibration; and (iii) good signal-to-noise ratio in the sense coil voltages for accurate transfer-
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power reconstruction. It is worth noting that the three penalty functions are counteractive vis-à-vis

the sense coil positions and sizes. Based on observations, (i) p1 is smaller when the sense coils are

all near the Tx coil; (ii) p2 is smaller when the sense coils are far apart and have different sizes;

and (iii) p3 is smaller when the sense coils are of similar size to and in joint proximity to the Tx

and Rx coils.

The performance metrics of coplanar sense coil configurations are compared to other sense

coil geometries with fewer restrictions for N=6 sense coils. Design classes such as sense coil

configurations should be compared by their optimal designs on Pareto frontiers. The class of

coplanar sense coil configurations (i) is topologically defined by the constraints that the sense coils

share the same axis (coaxial) and lie on the same plane

dT :1 = dT :2 = · · · = dT :6. (4.8)

Sense coil configuration class (ii) is topologically constrained only to be coaxial.

A numerical comparison was performed using identical Tx and Rx coil radii (r
T

= r
R

=22.5 cm)

separated by dT :R=20 cm, which corresponds to the hardware in Section 5. The addition geomet-

ric constraints are R̂min =0.44, R̂max =1.78, d̂min =0.05, and d̂max =0.95.

The Pareto frontier is found by an exhaustive search following the non-uniformly distributed

search points; there are dense search points of radii and distances based on the prior knowledge

on the optimal geometry; sense coils that are closer to the Tx coil and that are similar in size to

the Tx or Rx coil, show a good performance. Each Pareto frontier is obtained for configuration

class (i): coaxial sense coils that are restricted to the same plane (i.e., coplanar configurations) and

configuration class (ii): coaxial sense coils which can be coaxial, stacked, or a mixed combination

(i.e., mixed configurations). For the coplanar configuration, class (i), there are over 20 million

(20,990,002) search points4 from six sense coil combinations, as shown in Fig. 4.3a. For the mixed

configurations,class (ii), there are 206 search points for each sense coil, resulting in more than 98

4For example, given each height of coplanar plane, there are nC6 search points from n different radii for six sense
coils. Total sum of all combinations for all 19 heights results in 20,990,002 search points.
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billion (206C6) entire search points from six sense coil combinations, as shown in Fig. 4.3b. Each

search space is large enough to cover the sense-coil geometries, which are physically realizable.

Pareto frontier was found by iteratively examining all search points’ penalty functions. The

penalty function vector pi is created for each search point

pi =


p1(i)

p2(i)

p3(i)

 . (4.9)

The Pareto frontier matrix P can be constructed by selectively including the penalty function vec-

tors corresponding to specific search points i as a column vector; P is updated by augmenting

ith column vector pi if pi is not greater than any column vector in current Pareto frontier matrix

P. In other words, if all of elements in the ith penalty function vector pi are greater than that in

each column vector in current Pareto frontier matrix, then the ith search point is excluded for the

Pareto frontier matrix, resulting in minimization of weighted sum of three penalty functions by

Pareto-efficiency [73; 74]. Algorithm 1 contains a pseudo-code implementation for finding Pareto

frontier.

After finding the Pareto frontier for each constraint, sense coil geometries outside of the search

space were sampled in Monte Carlo simulations to verify the Pareto frontier; Monte Carlo is used

to examine the penalty functions of non-optimal points and confirm that the Pareto frontier forms

the boundary and is close to non-optimal points. In other words, there is no non-optimal point

outside of the frontier. Manhattan sampling [75] is used for the grid of Monte Carlo, as shown

in Fig. 4.4; the search space
(
ri
rT
, dT :i

dT :R

)
is uniformly partitioned into 3 × 3 rectangular regions.

These 9 rectangular regions are exhaustively travelled. For each coordinate, 10 search points were

randomly generated resulting in 90 points for each sense coil. There are total 90C6 search points

for Monte Carlo simulations, and 1 million points are used to plot in Fig. 4.5.

The optimal points for the coplanar and mixed configurations, shown in Fig. 4.5, form surfaces

which are the Pareto frontiers for each of the multi-objective optimizations. The hollow yellow
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(a) Search points for coplanar configurations.
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(b) Search points for mixed configurations.

Figure 4.3. The exhaustive search points for finding Pareto frontier for each sense coil.
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Algorithm 1 Exhaustive Pareto Frontier Search
flag← 0
Frontiertemp ← [ ]
P← p1

while i ≥ 2 is in search space do
while j is in Pareto frontier space do

if pj > pi then
flag← 0

else if pj < pi then
flag← 1
Break

else
flag← 0
Frontiertemp ← merge(Frontiertemp,pj)

end if
end while
if flag==0 then

Frontiertemp ←merge(Frontiertemp,pi)
P← Frontiertemp

end if
flag← 0
Frontiertemp ← [ ]

end while
return P
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Figure 4.4. Search points for finding non-optimal sense coil geometries.

circles correspond to the Pareto frontier for coplanar sense coil configurations (i); the solid blue

circles correspond to less restrictive sense coil configurations (ii); and the solid grey circles cor-

respond to non-optimal points. The Pareto frontiers largely overlap, which indicates that coplanar

sense coils have comparable performance to less restrictive sense coil geometries.
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Figure 4.5. Comparison results between coaxial-coplanar and coaxial-unrestricted sense coils. The yellow shows
the Pareto frontier (optimal points) when sense coils are restricted to coplanar configurations. The blue shows the
Pareto frontier (optimal points) when there is no restriction on the coaxial sense coil placement. The grey shows some
non-optimal sense coil geometries.
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(a) p1 and p2

(b) p1 and p3

(c) p2 and p3

Figure 4.6. 2D projection of the comparison results in Fig. 4.5 for coplanar sense coils. Grey dots are non-optimal
points.
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(a) p1 and p2

(b) p1 and p3

(c) p2 and p3

Figure 4.7. 2D projection of the comparison results in Fig. 4.5 for non restricted sense coils on the coaixal sense coil
placement. Grey dots are non-optimal points.

104



CHAPTER 5

Hardware for Faraday Coil Transfer-Power

Measurement

This chapter presents the demonstration of accurate FC-TPM in hardware over a standardized Rx

coil misalignment of up to 10 cm with a 1 kW wireless power transfer system. For this demon-

stration, 1 kW WPT testbed was built, where total loss was designed to be approximately 10%

to highlight FC-TPM’s loss disaggregation by measuring transfer-power, which differs from the

front-end or output dc power. In the hardware, the transmitter and receiver coils are designed to

be solenoidal (co-axial) without using magnetic cores to demonstrate and focus on the essence of

research concept.

Section 5.1 discusses how current-mode class D converters can be designed to drive 1 kW level

wireless power transfer coils. Section 5.2 discusses the design methodology for wireless power

transfer coils and sense coils, where loss budget of the WPT system is shown in Section 5.3.

Section 5.4 presents reference standard transfer-power which is used for calibration. Section 5.5

shows the hardware results.

105



Figure 5.1. Current-mode class D (CMCD) converter topology: the Tx and Rx coils are driven by each CMCD
converter.

5.1 Power Converters for Driving 1 kW Wireless Power Trans-

fer Coils

A current-mode class D (CMCD) topology is used for driving both the Tx and Rx coils in this

hardware demonstration, as shown in Fig. 5.1. The CMCD topology is a good candidate for peer-

to-peer bi-directional wireless power transfer [76; 77; 78]. Therefore, for the FC-TPM hardware

demonstration, driving both the Tx and Rx coils by each CMCD converter is beneficial to have

calibration data points by controlling the phase difference between the two coil currents resulting

in phase shift power modulation, which is corresponding to different output load conditions. This

section presents the design procedures and loss calculation for the CMCD converters1 to drive

1 kW wireless power transfer.

5.1.1 Coupling Coefficient Between the Tx and Rx Coils

The coupling coefficient between the Tx and Rx coils determines the transfer-power, as derived

in (2.12). Knowing the coupling coefficient through FEM simulation could be the first step to

1The CMCD converters used for the hardware demonstration were designed and manufactured by Xin Zan and
Sung Yul Chu at the University of Michigan.
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designing a power converter to achieve a target power level. 10 turn, 45 cm diameter solenoid

Tx and Rx coils whose air-gap was 20 cm were modeled in 2-D axisymmetric FEM simulation in

COMSOL, as shown in Fig. 5.2. The Tx coil was driven by a current of 15 A, and the Rx coil was

open-circuited to calculate the coupling coefficient. The coupling coefficient can be calculated

from the open-circuit Rx coil voltage using (2.25) when the Rx coil current IR = 0. Table 5.1

shows the variables from the simulations.2

TABLE 5.1
COMSOL Simulation Results for the Coupling Coefficient Calculation between the Tx and Rx Coils

Parameters Value Parameters Value

r
T

,r
R

22.5 cm dT :R 20 cm
f 85 kHz N 10 turns
IT 15 A IR 0 A

LT ,LR 99.5µH VR (-0.013+103.68i) V
MT :R 12.94µH kT :R 0.13

rT,R are the radii of the Tx and Rx coils.
dT :R is the air-gap between the Tx and Rx coils.
f is the operating frequency.
N is the number of turns for the Tx and Rx coils.
VR is the open-circuited Rx coil voltage (Cartesian representation).
kT :R is the coupling coefficient between the Tx and Rx coils.

5.1.2 1 kW CMCD Converter Design

The design parameters for CMCD converters to drive a 1 kW WPT system can be theoretically

determined [76], when the fixed parameters are: (i) 85kHz switching frequency f ; (ii) coupling

coefficient kT :R; (iii) self-inductance of the Tx and Rx coils LT , LR; (iv) choke inductance Lc; and

(v) transfer-power PTransfer. From [76] for a lossless case, the rms coil voltage Vcoil(= VT = VR) is

Vcoil =

√√√√
PTransfer

ω(1− k2
T :R)LT

kT :R

. (5.1)

2The self inductance LT and LR were calculated using (2.25) when there is only one coil where another coil was
removed.
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Figure 5.2. Coupling coefficient between the solenoid Tx and Rx coils are obtained through FEM simulation in
COMSOL.

Note that the phase difference between the Tx and Rx coil voltage is 90◦. The self-inductance of

the Tx and Rx coils is the same. The switch voltage is then a half-sine wave (50% duty cycle), as

illustrated in Fig. 5.6, resulting in the dc input voltage Vdc

Vdc =
Vcoil,peak

π
(5.2)

as the average voltage of the choke inductor is zero. The coil current can be calculated from the

coil voltage, inductance, and angular frequency. The dc input and choke current is determined

from the dc power and transfer-power. The design parameters are presented in Table 5.2.

5.1.3 Choke Inductor Design

5.1.3.1 Current Ripple

The choke inductance Lc should be large enough to convert the dc voltage source to the dc current

source, shown in Fig. 5.1. The choke inductance Lc is chosen and designed to be 10 mH, which

is approximately 100 times larger than the Tx and Rx coil inductance LT , LR. The ripple of the
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TABLE 5.2
Design Parameters for 1 kW CMCD Power Converters

Parameters Value Parameters Value

kT :R 0.13 PTransfer 1,000 W
Lc 10 mH LT ,LR 99.5µH
f 85 kHz θV T − θV R 90◦

Vcoil,peak 896 V Icoil,peak 16.9 A
Vdc 285 V Idc 3.5A
Is 2.48 A Ic 1.75 A

PTransfer is defined in the lossless systems.
Lc is the choke inductance.
LT andLR are the self inductance of the Tx and Rx coils.
θV T
−θV R

is the Tx and Rx coil voltage phase difference.
Vcoil,peak is the peak coil voltage.
Icoil,peak is the peak coil current.
Vdc is the dc supply voltage.
Is is switch rms current.
Ic is choke dc current.

choke current ∆Ic is limited to be approximately 10% of the average dc choke current to reduce

the harmonic injection from the ripples [77].

5.1.3.2 Core Design and Loss Analysis

The Iron powder core was chosen for the choke inductor to achieve the target inductance of 10 mH.

Table 5.3 presents the number of turns calculation corresponding to three different core models

from Micrometals, Inc. Corresponding core and winding losses are also calculated to achieve the

target efficiency of the wireless power transfer system.318 AWG copper wire is used to calculate

winding losses. From the loss analysis, T650-66 is a good candidate. Total four choke inductors

are needed for Tx and Rx CMCD converters. Theoretically, 10.8 W is dissipated in the choke

inductors.
3The core loss is calculated using the equation provided by the datasheets: https://datasheets.micrometals.com/T650-

66-DataSheet.pdf
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5.1.4 Components

Silicon Carbide (SiC) MOSFETs are chosen for high voltage CMCD converter switches; C3M0075-

120K is used whose on resistance RDS(on) is 75 mΩ, where the conducting loss is calculated to be

0.46 W per each switch. A gate driver is used to drive the semiconductor switches4 TI’s UCC21530

isolated dual channel gate driver, which is good enough to drive 85 kHz switching converters, is

used. The gate driver loss [79] is 0.13 W, where the gate charge of SiC MOSFET is 51 nC and

gate drive supply voltage is 30 V. The switch voltages of CMCD converters are plotted using Spice

simulation, as shown in Fig. 5.6.

The peak resonant capacitor voltage is approximately 900 V and current is 17 A, as shown in

Fig. 5.4 and Fig. 5.5, where the capacitance for the resonance with 99.5µH wireless charging coil

at 85 kHz is approximately 36 nF, calculated from [77]

CT =
1

ω2(1− k2)LT
. (5.3)

A polypropylene film/foil capacitor (Type 715P) from Cornell Dubilier Electronics, Inc is a good

selection to satisfy both the voltage rating and capacitance values. Two capacitors can be connected

in parallel to achieve a certain capacitor value from the limited product capacitance values. In this

theoretical analysis, it is assumed that two same capacitors whose equivalent series resistance are

0.079 Ω are connected in parallel and share the coil current. The estimated capacitor loss is 5.63 W

for each Tx and Rx converter when the coil current is 11.9 Arms.5

A circuit analysis is also performed in LTspice for the configuration, as shown in Fig. 5.3. The

coil voltages, coil currents, switch voltages, and choke current simulation results are shown in

Fig. 5.4, Fig. 5.5, Fig. 5.6, and Fig. 5.7 respectively.

4Function generators were used to provide the pulse signals for the gate drivers.
5For the hardware demonstration, 22 nF and 10 nF capacitors are connected in parallel, whose equivalent series

resistance are 0.079 Ω and 0.11 Ω when the coil current is 12 Arms. The expected losses are 6.86 W per each converter
in hardware.
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TABLE 5.3
Core Design and Loss Analysis

Parameters T650-52 T650-26 T650-66

AL (nH/N2) 405 434 380
Target Inductance (mH) 10 10 10

N 157 152 162
Idc (A) 1.75 1.75 1.75
∆I (A) 0.168 0.168 0.168
Le (cm) 39.9 39.9 39.9

Hac,max (AT/m) 722 698 746
Hac,min (AT/m) 623 602 643
µi (max) 73.5 73.5 64.7
µi (min) 74.3 74.3 65.3
Bac,max (T) 0.067 0.064 0.06
Bac,min (T) 0.058 0.056 0.053
Bpk (T) 0.0043 0.0041 0.0039

Bpk (Gauss) 42.9 41.4 39
Core Loss Constant, a 1.00E+09 1.00E+09 1.72E+10
Core Loss Constant, b 1.10E+08 1.10E+08 4.96E+07
Core Loss Constant, c 2.10E+07 1.90E+06 1.23E+06
Core Loss Constant, d 6.90E-14 1.90E-13 1.73E-14

Effective Core Volume (cm3) 734 734 734
Core Loss (W) 1.51 3.33 0.34

Mean Length Per Turn (cm) 22.7 22.7 22.7
R (Ω) 0.75 0.72 0.77

Winding Loss (W) 2.29 2.21 2.36

Total Loss (W) 3.8 5.54 2.71

Le is thee effective magnetic path length.
N is required number of turns for the target inductance.
R is calculated when 18 AWG copper wire is used whose resistance per meter is

20.95mΩ/m.
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Figure 5.3. LTspice analysis model for CMCD converters to drive the Tx and Rx coils.
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Figure 5.4. Simulated Tx and Rx coil voltages in CMCD converters. The voltages are the differential measurements
between the coil terminals.
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Figure 5.5. Simulated Tx and Rx coil currents in CMCD converters.
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Figure 5.6. Simulated switch voltages of CMCD converters: the phase shift between S1 and S2, and S3 and S4 are 180◦

because of complementary switching. The Tx and Rx CMCD’s switches are out of phase to maximize transfer-power.
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Figure 5.7. Simulated choke dc current of CMCD converters for 1kW wireless power transfer.
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Figure 5.8. Circular Tx and Rx coils, wound by litz wires.

5.2 Wireless Power Transfer Coil

Design high power and current wireless power transfer coils can be divided into several steps.

Litz wire is widely used for wireless power transfer applications because of low ac resistance,

and thus low winding loss from electrically insulated multistrand wires, and hence have a better

performance against skin effect, where each thin strand is smaller than the skin depth [7; 80; 81;

82; 83; 84; 85].

The main designing factors are (i) coil current; (ii) coil inductance which determines mutual

inductance between the Tx and Rx coils, and hence, transfer-power; (iii) winding loss; and (iv)

operating frequency, which determines the skin depth. From those considerations, (i) litz wire

strands and bundles, and thus the wire diameter; and (ii) the number of turns can be determined.

In this dissertation, coil shape is selected as a circular solenoid, as shown in Fig. 5.8. Besides, the

Tx and Rx coils’ winding losses are not minimized6 to demonstrate FC-TPM’s loss disaggregation

effectively.

6The total loss, however, is designed to be less than 15% of the input power, i.e., 85% of efficiency, which is
specified by SAE J2954 [45].
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5.2.1 Litz Wire

The wire gauge can be determined by the operating frequency, which determines the skin effect.

The calculation of the skin depth δ is shown in [86]

δ =

√
ρ

πµf
, (5.4)

where ρ is the resistivity and µ is the permeability. The skin depth of the copper7 is 0.224 mm

when the operating frequency of the ac current is 85 kHz. The diameter of 38 AWG wire is 0.101

mm, and thus can be a good candidate as a single strand size for a litz wire.

For the hardware demonstration, Elektrisola’s 270 strands of 38 AWG litz wire8 served with

nylon (outer insulator) is used. The Tx and Rx coils are each ten-turn solenoids, whose diameter is

45 cm, where the coil winding resistance is measured to be 230.6 mΩ for the Tx and Rx coils and

loss is estimated to be 32.8 W when the rms coil current is 11.9Arms.9 The quality factor of the Tx

and Rx coils whose self-inductance is measured to be 108µH are approximately 230 at 85 kHz.

5.2.2 Coil Form

A coil form is needed to wind the Tx and Rx coils. Acrylic is a good material for coil form, which

is robust, heat-resistive, non-magnetic, and easily cut by a laser cutter. Fig. 5.9 shows the coil

schematic for laser cutting, using the Universal Laser Cutter (PLS 6.75). The outer part has holes

designed to be used as (i) finger grip during winding; (ii) fastening by cable ties after winding.10

The outer part is 1.5 cm wider than the inner part so that it can be used as a support fixture for

the first turn of the winding. Quarter-inch thickness acrylic plates are used for each part, where

two outer parts and four inner parts, which are calculated from ten-turn solenoid coil height, are

attached by an epoxy adhesive. Fig. 5.10 shows the solenoid coil on the circular coil form.

7The resistivity, ρ = 1.68× 10−8 Ωm.
8The outer diameter of the litz wire is 2.5 mm.
9The winding resistance of the Tx and Rx coils are measured by an Agilent E4980 LCR meter.

10Silicon gasket tapes are placed between the litz wires and cable ties.
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(a) The outer part of the Tx and Rx coil form.

(b) The inner part of the Tx and Rx coil form.

Figure 5.9. The acrylic form is used to wind the Tx and Rx solenoid coils.
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Figure 5.10. A solenoid coil is wound on the cicular coil form.

5.2.3 Litz Wire Termination: Soldering

After winding the Tx and Rx coils on the form, each terminal of the litz wire should be soldered

for connection to the CMCD converters. A solder pot (American Beauty’s 1lb solder pot) can be

used, as shown in Fig. 5.11a, where 1-2/3 lb bar solder (Kester 04-6337-0030) is melted in the

solder pot.11 The terminal of the litz wire with nylon served is dipped in the flux (Kester 959) first

and then is dipped in the solder pot. The cross-area of the soldered end should be well-covered

with the solder. A ring terminal connector can be used for the soldered end. 10-12 AWG crimp

type ring connector (2-34854-1, CONN RING CIRC 10-12AWG) is used for the Tx and Rx coil

termination, as shown in Fig. 5.11b.

5.2.4 Sense Coils

Very thin coaxial cable, 42 AWG (0.06335 mm outer diameter, Alpha Wire A9442W), was used

for each single-turn sense coil winding. The coaxial cable was configured so the outer braid acted

as an electrostatic shield from the high voltage Tx and Rx windings12[87]. The largest sense coil

11A solder pot should be used in a vented fume hood.
12Only one terminal of the shield was grounded to preclude a shorted turn.
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Figure 5.11. Litz wire termination: (a) a solder pot is used for soldering each end of litz wires (b) a soldered wire is
terminated by a crimp ring connector.

radius is 45 cm, which has a 486 pF parastic capacitance13 and 4.25 µH14, resulting in 3.5 MHz

self-resonance frequency, which is approximately 40 times higher than the operating frequency 85

kHz. The coaxial cable is embedded into the traces, which are engraved by a laser cutter, on the

acrylic plate, as shown in Fig. 5.12. Fig. 5.13 shows the sense coil configuration on the flat plane.

5.3 Loss Budget for Wireless Power Transfer System

From the theoretical analysis for the Tx and Rx CMCD converters in Section 5.1, and coil loss

estimation in Section 5.2.1, the input dc power-to-output dc power efficiency of wireless power

transfer system η = Pout/Pin × 100 (%), which is shown in Fig. 5.19, is calculated to be 91.4 %.

The input dc power is the transfer-power plus losses in the Tx CMCD converter and the output dc

power is the transfer-power minus the Rx CMCD converter losses. The loss budget pie chart is

illustrated in Fig. 5.14.

13The parastic capacitance is calcuated by 33.6pF/ft specification.
14The self inductance of the sense coil is measured by LCR meter.
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Figure 5.12. The form for winding single turn sense coils. 42 AWG coaxial wires can be embedded into the engraved
trace.

Figure 5.13. Single-turn open-circuited sense coils are embedded into the engraved acrylic form.
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5.4 Reference Standard Transfer-Power for the Calibration of

FC-TPM

Geometric constants that relate the sense coils’ voltages to transfer-power need to be calibrated ac-

curately. A standard protocol is two-level calibration, where field standards are calibrated through

reference standards in laboratories.15 The calibration strategy for FC-TPM is presented in [88]

and Chapter 7; the reference standard Tx coil is designed in the standard laboratories to calibrate

field-standard sense coils in calibration vehicles over misalignment. The field standards are then

deployed to energy service stations and calibrate FC-TPM sense coils in the charging station. Note

that we can access the Tx and Rx terminals in laboratories, and the standard Tx coil is designed to

be air-core to make the calibration straightforward and accurate.16

This section discusses how we can obtain an accurate reference standard transfer-power for

FC-TPM in laboratories. We present a reliable method against phase error in the coil voltage

measurement; the strategy is using only magnitude of the open-circuited Rx coil voltage and Tx

coil current to approximate the mutual reactance between the Tx and Rx coils. We fully utilize

availability in laboratories that; (i) the Tx and Rx coil terminals are accessible; and (ii) reference

standard mutual reactances can be obtained over misalignment, from which the reference standard

transfer-powers can be independently determined for the calibration of field standard sense coils

over misalignment. In other words, this method is accurate for the calibration in standard laborato-

ries, but is not suitable for metering during charging because; (i) trusted third party metering does

not allow the access on neither Tx (providers) nor Rx (customers) coil terminals; (ii) this method

passes on the cost to vehicle owners to equip accurate calibrated sensor; (iii) misalignment cannot

be accounted from calibration due to varying mutual reactance over misalignment, that are not the

15Weights and Measures provers are calibrated in standard laboratories, and being used to test the accuracy of
dispensers in fields [66], [67]

16There is no saturation and nonlinearity in air-core inductors. This strategy is conceptually analogous to using
air-core inductors in standards measurement, such as a LISN (line impedance stabilization network) Wireless power
transfer with magnetic cores can potential be metered in the field using multiple sense coils by treating the magnetic
cores as a geometric variation similar to how misalignment is handled in Section 3.4; FC-TPM of WPT with magnetic
cores is the subject of active research.
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case of using FC-TPM.

FC-TPM requires its geometric parameters αij from (3.13) to be calibrated for metering. As

shown from (3.14) to (3.18), transfer-power should be known for the calibration of αij; an inde-

pendent measurement of transfer-power is needed for the reference standard transfer-power.

Equation (2.12) shows that principal transfer-power is determined by the mutual reactance

ωMT :R from the Tx coil to the Rx coil, and the Tx and Rx coil currents IT , IR. We decompose

the mutual reactance ωMR:T to (i) the standard mutual reactance ωM̌R:T that can be measured by

only using magnitude of the open-circuited Rx coil voltage VR and Tx coil current IT , and (ii)

γ
T
RR, which accounts for the electromagnetic coupling from the Tx coil current to the Rx coil, as

presented in Section 2.3.1.2. The transfer-power is then

PTransfer = Re
{
jωMR:T IRI

∗
T

}
(5.5)

= Re
{
j

√
(ωM̌R:T )2 − (γ

T
RR)2 IRI

∗
T

}
, (5.6)

where ωMR:T is derived from the open-circuited Rx coil voltage VR, which can be derived from

(2.25) with zero Rx coil current

ωMR:T =
VR

jIT
+ jγ

T
RR, (5.7)

and the reference standard mutual reactance ωM̌R:T is defined as the magnitude of ratio of the VR

to the IT

ωM̌R:T ,

∣∣∣∣∣∣∣∣
VR

jIT

∣∣∣∣∣∣∣∣ . (5.8)

The reference standard transfer-power P̌Transfer is then defined by ωM̌R:T

P̌Transfer , Re
{
jωM̌R:T IRI

∗
T

}
. (5.9)
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Note that when γ
T
RR is negligible (γ

T
RR � ωMR:T ), the true transfer-power PTransfer in (5.5) is

accurately approximated by P̌Transfer, where the percentage error εM is

εM =

∣∣∣∣∣∣∣∣
P̌Transfer − PTransfer

PTransfer

∣∣∣∣∣∣∣∣× 100 (%)

=

∣∣∣∣∣∣∣∣∣∣

√√√√√√√(1 +

 γ
T
RR

ωMR:T


2

− 1

∣∣∣∣∣∣∣∣∣∣
× 100 (%).

(5.10)

The error εM is particularly small especially for the typically loosely-coupled air-core wireless

power transfer coils that have negligible γ
T
RR.

2-D axisymmetric FEM simulations were performed to verify the negligible error εM of ref-

erence standard transfer-power for WPT coils, which was used in the hardware demonstration.

Fig. 5.15 illustrates the flow chart for calibration and subsequent transfer-power measurement. As

a worst-case simulation, 2.5 mm diameter solid copper wires were used to make 45 cm diameter

single-turn circular coils; 10 of these circular coils were stacked to emulate the solenoidal Tx and

Rx coils, where the solenoids’ center-to-center air-gap was 20 cm. The error εM is only 6.7×10−7%

when ωMR:T is 6.967 Ω. In this thesis hardware demonstration, therefore, the reference standard

transfer-power is obtained from the mutual reactance measurement method.

5.4.1 Sensitive AC Power Measurement

There is an alternative method that derives transfer-power from terminal-power measurement, as

presented in Section 2.3.2 through winding loss analysis of input and output power. This method,

however, uses ac power measurement at the WPT coil terminal that is sensitive to the phase angle

error between the voltage and current measurement. The Tx and Rx coil terminal-powers are

PTx = |VT ||IT | cos θT , (5.11)
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Figure 5.15. A flow chart for calibration and subsequent transfer-power measurement with corresponding equation
references.

PRx = |VR||IR| cos θR, (5.12)

where θT , θR are the phase angle difference between the coil voltages and currents. The error

sensitivity over the phase angle for the power measurement at the electrical terminals of Tx and

Rx coils becomes
dPTx

dθT
= −|VT ||IT | sin θT , (5.13)

dPRx

dθR
= −|VR||IR| sin θR. (5.14)

From (5.13) and (5.14), one observes that coil terminal-power measurement for loosely coupled

wireless power transfer coils is phase error sensitive because the phase angle of the coil terminal-

voltage and current is close to 90 ◦, which results in maximum error sensitivity. This can be ver-

ified that pure inductive coil’s power factor is zero (i.e., 90 ◦ between the coil voltage and current

phases), where loosely coupled wireless power transfer coils result in a small deviation from zero

power factor. For example of lossless coils, the transmitter and receiver coil voltage VT and VR,
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Figure 5.16. The Tx and Rx coil’s power factors are plotted, respectively, when the coupling coefficients are varied.

represented in (2.8) and (2.9), is

VT = jωLT IT + jωMR:T IR (5.15)

VR = jωLRIR + jωMR:T IT , (5.16)

and if the Tx and Rx coil currents are out of phase (e.g., IR = −jIT ), then the power factors are

cosθT =
Re{VT I∗T}
|VT I∗T |

=
MT :R√

M2
T :R + L2

T

(5.17)

cosθR =
Re{VRI∗R}
|VRI∗R|

=
−MT :R√
M2

T :R + L2
R

. (5.18)

Fig. 5.16 shows that the power factor approaches to zero as the coupling decreases.17

The power factors are also numerically analyzed with a given coupling coefficient of 0.13,

derived from Section 5.1.1, when the phase difference between the Tx and Rx coil current is varied,

17SAE J2954 specifies the coupling coefficient ranges from 0.084 to 0.249 [45].
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Figure 5.17. The Tx and Rx coil’s power factors are plotted for a fixed Tx and Rx coil current, respectively, when the
Tx and Rx coil current phase differences are varied.

which is more general cases. The self-inductance of Tx and Rx coils are fixed as 100µH. Fig. 5.17

shows that the power factor ranges from 0.02 to 0.13, resulting in sensitive power measurement.

Using a reference standard transfer-power presented in (5.8) and (5.9), which is not sensitive to

phase errors between the coil voltage and current measurements, is, therefore, a robust method for

calibration of FC-TPM, and used for the hardware demonstration.
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Figure 5.18. Sense coils are in the flat plane above the Tx coil.

5.5 Hardware Results

We demonstrated Faraday coil transfer-power measurement (FC-TPM) in hardware with a 1 kW

wireless charging system that operates at 85 kHz using 270 strands of 38 AWG (0.101 mm diam-

eter) litz wire for the Tx and Rx coils. The Tx and Rx coils are each ten-turn solenoids, whose

diameter is 45 cm with an air gap (dT :R) of 20 cm between the coils. Each of the FC-TPM sense

coils are single-turn, open-circuited, and placed on the same plane 2.5 cm above the Tx coil (dT :i),

as shown in Fig. 5.18. Table 5.4 shows the specifications of the Tx, Rx, and sense coils.18

The Tx and Rx coil were driven by identical current-mode class D (CMCD) converters [76;

77; 89]; the power level from the Tx to the Rx coil was adjusted by changing the phase angle

of the gate signals, hence changing the corresponding WPT coil voltages and currents [76]. The

dc output of the receiver was recirculated to the input of the transmitter, with a single dc power

supply Vdc holding the voltage of the shared dc node fixed while supplying the power loss. The

CMCD WPT circuit configuration is shown in Fig. 5.19; one of the CMCD printed circuit boards

is shown in Fig. 5.20. Appendix E shows the schematic and pcb layout for the CMCD converter.

18The self-inductances of the Tx and Rx coil were measured by an Agilent E4980 LCR meter.
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TABLE 5.4
WPT Coil Specifications

Parameters Value Parameters Value

r
T

,r
R

22.5 cm ri 22.5 - 0.5 ·(i−1) cm
LT 108.8µH dT :R 20 cm
LR 108.4µH dT :i 2.5 cm

r
T
, r

R
, r

i
: the radii of the Tx, Rx, and sense coils

LT , LR: the self-inductance of the Tx (Rx) coil
dT :R: the distance between the Tx and Rx coil (center to center)

dT :i: the distance between the Tx (center) and sense coils
i: the index of the sense coils

TABLE 5.5
Current-Mode Class D Converters Components

Parameters Value Parameters Value

SiC MOSFET C3M0075120K Resonant Capacitors 32 nF
Gate Driver UCC21530 Switching Frequency 85 kHz

1.2 kV SiC MOSFETs were used to block the 1 kV drain voltages. Table 5.5 lists the components

specifications. The resonant capacitors were chosen to carry the nearly 12 Arms current. Fig. 5.21

shows the Tx and Rx coil voltages and currents that demonstrate kW-level WPT, driven by two

CMCD converters. Note that VTX and −IRX (current into the receiver) are nearly in phase to

deliver real power from the transmitter to the receiver.

The FC-TPM system was built as shown in Fig. 5.22. Current transformers (Pearson Model

110) were used to measure the Tx and Rx coil currents. The Tx and Rx coil current, and sense coil

voltage data were each 16 megasample recordings on an Elsys TraNET 204E with a TCPE-8016-

4S data acquisition system at 20 Msamples/s, 16-bit resolution; Fig. 5.23 shows the recorded coil

currents and sense coil voltages.
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Figure 5.19. Current-mode class D wireless power transfer system with open-circuited FC-TPM sense coils. DC
current was recirculated with the input and output voltage held fixed.

Figure 5.20. 1 kW current-mode class D converters were designed to drive the WPT coils. A Pearson current trans-
former (CT) was used to measure the Tx and Rx coil current using a rigid copper tube at the center of the CT to
maintain accuracy.
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Figure 5.21. Tx and Rx coil voltages and currents driven by CMCD converters.

Figure 5.22. Faraday coil transfer-power measurement (FC-TPM) test system.
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Figure 5.23. Sense coil voltages and Tx, Rx coil currents were measured and recorded by a 20 Msamples/s, 16-bit
data acquisition system for FC-TPM.

5.5.1 FC-TPM with Two Sense Coils

We show FC-TPM can be demonstrated in hardware by confirming that the transfer-power can be

accurately determined by using sense coil voltages together with calibrated geometric parameters.

Using aligned and stationary Tx and Rx coils, we examined the accuracy from using only two

sense coils (22.5 and 17.5 cm radii).

Only one single geometric parameter (2.51) needed to be calibrated using the least-squares

minimization in Section 3.3.3 performed over load. The data space spanned a variation in transfer-

power by sweeping the phase difference between Tx and Rx coil currents at constant amplitude.19

The reference standard transfer-power was measured simultaneously as described in Section 5.4.

LOOCV (leave-one-out cross-validation) was used to validate the accuracy of FC-TPM; the

geometric parameter was determined by the calibration set (9 data points), the transfer-power of

the validation set (1 data point) was determined from (2.50), and the reconstruction errors in (3.19)

19We varied the phase of the Rx coil drain voltages over 10 data points, resulting in changes in the coil currents,
which corresponds to different equivalent output load resistances in Rx.
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Figure 5.24. The geometric parameter is calibrated using the calibration set (9 data points) for each validation set. In
this hardware demonstration, the calibration is repeated 10 times for each validation data point using corresponding
different calibration set.

were calculated based on the test procedures, which are shown in Fig. 5.15. For example, suppose

each data point is numbered consecutively from one to ten. In that case, the geometric parameter is

calibrated to validate data 1 using the calibration set, which consists of data 2 to 10. Similarly, the

calibration is performed using data 1 and data 3 to 10 for the validation of data 2. Fig. 5.24 shows

that the geometric parameter calibrated for each validation cycle is nearly consistent.

The FC-TPM errors are shown in Fig. 5.25b. The hardware errors ranged from -0.009% to

0.015%. By using the appropriate litz wire in our WPT coils, eddy currents can be made negligi-

ble. In Fig. 5.25, two sense coils (22.5 and 17.5 cm radii) were used for the FC-TPM of aligned

WPT coils described above. Calibrated principal transfer-power using (2.49) is shown for solid

wire in COMSOL FEM simulation in Fig. 5.25a and litz wire in hardware in Fig. 5.25b. From

Section 3.4.2, using two sense coils for FC-TPM when there are eddy current losses in the WPT

coils result in non-negligible errors. This is manifested in the solid wire in Fig. 5.25a as a sys-

tematic error with increasing transfer-power; this systematic error can be interpreted as the error
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(a) COMSOL FEM results for solid-wire Tx and Rx coils.
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(b) Hardware results of FC-TPM for an aligned Rx coil. Reconstructed transfer-power through FC-TPM is compared
with the reference standard transfer-power at each validation point.

Figure 5.25. Solid wire and litz wire are compared for Tx and Rx coils using FEM and hardware for principal FC-TPM.
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Figure 5.26. Transfer-power is compared to dc input and output power measured at the electrical terminals. Terminal
power is fundamentally not the same as transfer-power.

from the excess loss imposed by the additional eddy current winding in the transformer model in

Section 3.4.2.1. Fig. 5.25b shows errors that can be attributed in part to measurement and reference

standard calibration that includes sensor error, noise, and digital quantization.

The transfer-power is also compared in Fig. 5.26 to the input and output dc power to highlight

and demonstrate the principle that measuring transfer-power disaggregates the Tx and Rx losses to

enable fair metering.

FC-TPM was also demonstrated over a wide range of power levels as illustrated in Fig. 5.27,

where the error is less than 0.1% (-0.011% to 0.096%) from 60 W to 1 kW.

5.5.2 FC-TPM Over Misalignment

We demonstrated FC-TPM over Rx coil misalignment using six sense coils (radii from 20 to

22.5 cm at 0.5 cm intervals). The Rx coil was misaligned20 by up to 10 cm (6 data points: 0 to

10 cm at 2 cm intervals), as shown in Fig. 5.28. The data matrix W and vector p spans six mis-

20Specified in SAE J2954 [45].
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Figure 5.27. FC-TPM was demonstrated in hardware over a wide range of power levels.

Figure 5.28. Faraday coil transfer-power measurement was demonstrated over SAE J2954 Rx coil misalignment.
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Figure 5.29. Hardware results for FC-TPM errors over Rx coil misalignment. The transfer-power can be determined
accurately despite misalignment.
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Figure 5.30. Hardware Results: FC-TPM disaggregates the Tx and Rx losses over misalignment.
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alignment values and ten Tx-Rx coil current phase differences to calibrate the geometric parame-

ters αij according to (3.18). The percentage FC-TPM errors ε at each validation data point were

calculated with (3.19) and plotted in Fig. 5.29. The error bars represent the range of errors at each

misalignment point. The errors ranged from -0.087% to 0.07% and were very nearly consistent,

demonstrating accurate FC-TPM over misalignment. It is worth noting that the explicit measure-

ment of misalignment was not needed either for calibration or transfer-power estimation because

the sense coil voltages and the constant geometric parameters encapsulate all the necessary infor-

mation. The transfer-power is compared to the input and output dc power over misalignment in

TABLE 5.6
Input,Transfer, and Output Power Over Misalignment

Misalignment (cm)
Input

DC Power (W)
Transfer-

Power (W)
Output

DC Power (W)

0 1,095 1,047 1,001
2 1,088 1,041 995.5
4 1,070 1,022 977.4
6 1,040 993.1 947.7
8 1,001 954.8 909.1

10 952.1 906.0 859.2

Table 5.6 and Fig. 5.30.

The dependence of FC-TPM errors to different numbers (from two to six) of sense coils were

investigated. Fig. 5.31 shows the worst-case absolute error percentage of FC-TPM at 1 kW, as

defined in (3.22), of 10 data point variations in Tx-Rx coil current phase difference at each mis-

alignment point. The greater the number of sense coils, the smaller the FC-TPM errors, which is

expected because more information is available to determine the transfer-power over misalignment.

The geometric parameters which correspond to each validation data point are plotted in Fig. 5.32.

For example, suppose each data point is numbered consecutively from 1 to 60. In that case, the ge-

ometric parameters are calibrated to validate data 1 using the calibration set, which consists of data

2 to 60. The geometric parameters αij are generally consistent but having some variations over the

validation data points. As having seen from (3.14), (3.15), and (3.18), the system is overdetermined
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Figure 5.31. Hardware Results: FC-TPM accuracy was verified for different numbers of sense coils. An increasing
number of sense coils results in more information and therefore better accuracy.

resulting in existence of multiple αij for different validation data points. In other words, over some

errors ε, the solutions can be multiples that satisfy the least-squares simultaneously. The geometric

parameters can be potentially further consistent when the information diversity, presented in Sec-

tion 4.2, is secured through an optimal sense coil placement. In addition, the geometric parameters

were calibrated using 60 data points all at once, as a comparison to the results using LOOCV.

Each αij , which are fixed over 60 data points, solid-lines in Fig. 5.33a, is used to reconstruct the

transfer-power for each validation point, and the FC-TPM errors are plotted in Fig. 5.33b; a single

set of geometric parameters (solid lines) over 60 data points also results in accurate FC-TPM over

misalignment.

5.5.3 Numerical Error Analysis of FC-TPM for Noise in Measurements

Noise in the measurement causes error in the transfer-power measurement. This is because the

calibration of FC-TPM uses the least-squares in (3.18) from the measured sense coil voltages
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Figure 5.32. The geometric parameters for six sense coils over misalignment were calibrated using the calibration set
(59 data points) for each validation data point. In this hardware demonstration, the calibration was repeated 60 times
for each validation data point using a corresponding different calibration set. The TPM Error for each validation point
was calculated in Fig. 5.29.

as well as the Tx and Rx coil currents to calculate the reference standard transfer-power in (5.9).

FC-TPM errors were numerically analyzed to explain the hardware results when each measurement

of the signal has a certain noise. The additive white Gaussian noise (AWGN) was added to each

sense coil voltage, Tx and Rx coil currents equally, which were obtained by the numerical model

used in Section 3.3.3.3, where the coplanar sense coils, shown in Table 5.4 were used. FC-TPM

errors were evaluated for different signal-to-noise ratio (SNR) and different numbers of sense coils

using LOOCV, as shown in Section 3.3.3. Fig. 5.34 shows the FC-TPM errors that were the worst-

case absolute error percentage, defined in (3.22), where uk =

[
SNR xk Zk

]
; in other words,

the worst-case percentage error over misalignment and load variations at each SNR was calculated.

As SNR increases, the errors are saturated to the noise-free model error, shown in Fig. 3.12 . As

SNR decreases, FC-TPM error increases, indicating that the error can be lower bounded based on

the measurements’ noise.
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(a) Solid lines represent the fixed geometric parameters calibrated using all 60 data points together. The solid lines were compared to
the circle-dots in Fig. 5.32, geometric parameters obtained using LOOCV.
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(b) Using the fixed geometric parameters, which were the same for 60 data points, FC-TPM errors were calculated.
Fixed geometric parameters over 60 data points also result in accurate FC-TPM over misalignment.

Figure 5.33. The geometric parameters αij were calibrated using all 60 data points together as a comparison to the
results from LOOCV. And then, the FC-TPM errors were calculated using the geometric parameters for the 60 data
points.
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Figure 5.34. FC-TPM errors were numerically analyzed to the signal to noise ratio of the measurement of the Tx, Rx
coil currents and sense coil voltages.
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Figure 5.35. FC-TPM was demonstrated over Rx coil misalignment when coaxially stacked sense coils were used.

5.5.4 Performance Comparison to Coaxially Stacked Sense Coils

We replaced the coplanar sense coils with coaxially stacked sense coils, as illustrated in Fig. 5.35,

to show the comparable performance of FC-TPM using the two different sense coil configurations.

First, we examined the accuracy of using two 22.5 cm radii sense coils, which are coaxially stacked

3.5 cm and 7.5 cm above the Tx coil, respectively. A total of 10 data points using different equiva-

lent output load resistances were validated, and Fig. 5.36 shows the hardware results; the FC-TPM

errors ranged from -0.011% to 0.009%, which are comparable to the errors from using coplanar

sense coils in Fig. 5.25b.

We also demonstrated FC-TPM over Rx coil misalignment using six coaxially stacked sense

coils (vertical distances above the Tx coil from 3 cm to 5.5 cm at 0.5 cm intervals), as shown in

Fig. 5.35. Fig. 5.37 shows the percentage error, where the error bars represent the range of error

at each misalignment point. The errors ranged from -0.082% to 0.071%, which are comparable to

the errors from using coplanar sense coils in Fig. 5.29.
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Hardware Results for Coaxial Sense Coils (Stacked)

Figure 5.36. Hardware results for FC-TPM errors for an aligned Rx coil when the coaxial sense coils are vertically
stacked. The performance is comparable to that of the coplanar sense coils.
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Hardware Results for Coaxial Sense Coils (Stacked)

Figure 5.37. Hardware results for FC-TPM errors over Rx coil misalignment when the coaxial sense coils are vertically
stacked. The performance is comparable to that of the coplanar sense coils.
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5.5.5 Future Implementation

Sense coils are the primary sensors, single-turn and open-circuited; conductors can be direct-

printed on an insulator like FR4 and thus inherently inexpensive and straightforward to manu-

facture. Commercial off-the-shelf (COTS) analog-to-digital converters (ADCs) can be used to

measure the sense coil voltages, and a field-programmable gate array (FPGA) can process the

data. A digital signal processing (DSP) microcontroller (MCU) can control the measurements and

communicate with other devices. The hardware cost is expected to be similar to typical measure-

ment systems [38; 90; 91; 92] including those planned for metering in the NIST-sponsored U.S.

National Work Group (USNWG) on Measuring Systems for Electric Vehicle Fueling and Subme-

tering (EVF&S) [93]. Furthermore, the non-contact method of FC-TPM has an additional cost

savings in that the high voltage safety and insulation that is required for typical terminal voltage

and power measurements is not needed.
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CHAPTER 6

Electromagnetic Model-Based Foreign Object

Detection for Wireless Power Transfer

Foreign objects near wireless power transfer (WPT) systems are fire hazards that must be de-

tected. In this chapter, an accurate method is presented for foreign object detection based on an

electromagnetic model for WPT. Foreign objects are detected by quantifying the deviation from

a normal model. This deviation is caused by the foreign object’s additional electromagnetic cou-

pling. Advantages of this method include invariance to receiver coil misalignment, and power

level, allowing low-power detection prior to startup. Electromagnetic model-based foreign object

detection (EM-FOD) was demonstrated in hardware to detect a 2 cm diameter U.S. nickel coin in a

kilowatt-level wireless power transfer system, using a pre-startup power of only 9 W. Furthermore,

foreign objects can be detected regardless of an Rx coil misalignment of up to 10 cm.

6.1 Chapter Introduction

Safety is vital in transportation. Wireless charging for electric vehicles has unique safety concerns

in that a strong time-varying electromagnetic field for power transfer can threaten passenger safety.

Foreign objects near magnetic wireless power transfer systems are one fire hazard because they

can heat from eddy currents and cause a fire. In this Chapter, an accurate and low-power low-risk

foreign object detection is presented for safe wireless power transfer.

When foreign objects encroach (Fig. 1.3), they perturb the electromagnetic field from that gen-
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erated by the transmitter (Tx) and receiver (Rx) coil currents alone. This disturbance is used to

derive a metric for FOD. An accurate electromagnetic model of magnetic WPT had been presented

in Chapter 2, 3, 4, and 5 for Faraday coil transfer-power measurement (FC-TPM), which consists

of the Tx, Rx, and sense coils. A transformer model for the WPT coil voltages and currents is

derived from the electromagnetic field, which can be reconstructed from a linear combination of

sense coil voltages. We use this model as the normal model, which we extend to the adverse model

by the inclusion of electromagnetic coupling from foreign objects. The deviation of the adverse

model from the normal model, then indicates the measure of disturbance. This normal model is

generally applicable to magnetic WPT [94], which has been shown to be invariant to power and

Rx coil misalignment [95], thus making this electromagnetic model-based FOD (EM-FOD) ap-

pealing. Model-based fault detection, which is effective, reliable, and easily integrated with the

existing systems, can be found in other applications such as switching power converters [96].

Several methods for FOD have been previously presented including using differences in the in-

duced voltages of sets of sense coils [43; 44; 97; 98; 99; 100], the impedance of the sensing patterns

[101], the quality factor of the Rx coil [102], power or eddy current loss estimation [103; 104; 105],

and variation in the Tx and Rx coil voltages and currents [106; 107; 108]. Lidar devices [109], radar

sensors [110], thermal cameras [111], video sensors [112], cameras and image processing [113],

and machine learning for reflection coefficient variation [114] are also used for foreign object

detection in wireless power transfer.

There are challenges to these methods including: (i) risks in needing to resolve potentially small

unsafe foreign objects by operating charging coils at high power for methods that directly use the

voltage and current output of an electromagnetic sensor (e.g., sense coils); (ii) large, expensive,

or layered sensor arrays or grids to cover the area of interest if specific positions or coordinates

are needed to identify the variations; (iii) detection metrics that vary over Rx coil misalignment,

which changes electromagnetic coupling hence affecting sensor impedance, mutual inductance,

and power (or loss); (iv) blind zones from sensor array symmetries such as with magnetically

induced voltage differences between symmetric coil configurations; and (v) expensive auxiliary
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systems with potential vulnerabilities to fouling, including cameras or image sensors to identify

foreign objects through image detection.

EM-FOD employs two open-circuited single-turn sense coils to reconstruct the Tx coil current.

For the reconstruction, sense coil voltages and geometric parameters, which encapsulate the elec-

tromagnetic couplings between the Tx, Rx, and sense coils, are required. When there is a foreign

object, the Tx coil current reconstruction is no longer accurate because the geometric parameters

do not represent the additional coupling from the eddy winding in the foreign object; this results in

a sequent error. The true Tx coil current is separately measured and compared to the reconstructed

Tx coil current; the additional reconstruction error or sequent error results from a foreign object

because of additional electromagnetic coupling, hence becoming useful as the detection metric.

Furthermore, by employing a few more sense coils (e.g., five sense coils), foreign objects can be

detected accurately over Rx coil misalignment, where only sense coil voltages and Tx coil current

are required to be measured.

EM-FOD has advantages which overcome the challenges of existing methods, including: (i)

invariance to output loads, hence also power level, allowing low-power tests prior to startup; (ii)

invariance to coil misalignment; (iii) wide dynamic range; (iv) small number and small-sized sense

coils whose electromagnetic contribution is negligible; (v) cost-effectiveness—using the same

sense coils for metering (FC-TPM); (vi) no sensitivity dead-zones; all foreign objects within the

electromagnetic space of WPT can be detected; (vii) access is unneeded to the Rx coil current and

voltage (on a mobile EV); only the Tx coil current is required, which is stationary.

This chapter is organized as follows. Section 6.2 introduces the strategy of the electromagnetic

foreign object detection (EM-FOD). Section 6.3 presents the theory of EM-FOD, specifically the

theory of Tx coil current reconstruction and using the sequent error as a detection metric for a for-

eign object are mathematically presented. Section 6.4 demonstrates EM-FOD using finite element

method (FEM) simulations by showing the sequent errors in the Tx coil current reconstruction due

to various foreign objects. Section 6.5 presents the theory of accurate Tx coil current reconstruction

over Rx coil misalignment when multiple sense coils are employed. Section 6.6 demonstrates an
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Figure 6.1. The normal transformer model consists of the Tx, Rx, and sense coils. A foreign object causes an adverse
model. The eddy currents in the Tx and Rx coil currents are omitted in this diagram for simplicity.

accurate EM-FOD at low operating power, which is low-risk. Section 6.7 demonstrates EM-FOD

in hardware over a standardized Rx coil misalignment of up to 10 cm.

6.2 Foreign Object Detection Strategy

Foreign objects can be detected by quantifying the deviation from the normal electromagnetic

model for WPT. Fig. 6.1 shows the normal model presented in [94] along with the extension to the

adverse model that includes the electromagnetic coupling of a foreign object.
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The normal model includes the Tx, Rx, and sense coils. The variables in the model are the

Tx and Rx coil voltages and currents, which are derived from the electromagnetic field; a linear

combination of sense coil voltages can reconstruct these voltages and currents, as derived in (2.47)

and [94].

The coupling between a foreign object and other coils can be analyzed by an eddy current

winding model; the eddy current in the foreign object can be modeled as a transformer winding

[50; 51], as shown in Fig. 6.1. The deviation of the adverse model from the normal model can

then be quantified (discussed further in Section 6.3). The geometric parameters are the coefficients

used to reconstruct the Tx coil current from the linear combination of sense coil voltages, which

contain a sequent error in the adverse model. The Tx coil current is chosen as the variable for

comparison because: (i) the Tx coil is stationary, inaccessible to users, and thus secure; (ii) the

alternative of using the voltage measured at the electrical terminal of the coil results in an inaccu-

rate reconstruction of the model because it contains not only the coil voltage but also the voltage

drops from winding and eddy losses [41; 115]; (iii) the Tx coil current can be reconstructed by

non-varying geometric parameters regardless of Rx coil misalignment. EM-FOD is practical for

charging stations in that only sense coil voltages are required to be measured with a straightforward

calibration of the geometric parameters in advance.

Calibration of the geometric parameters is initially performed in the normal model (no foreign

objects); the parameters implicitly contain the magnetic and geometric information among the Tx,

Rx, and sense coils. After calibration, EM-FOD uses measurements of the Tx coil current and

sense coil voltages. Tx coil current is reconstructed from a linear combination of the sense coil

voltages using the pre-calibrated (no foreign objects) geometric parameters. Foreign objects are

detected from the sequent error between the measured and reconstructed Tx coil current; a foreign

object in the electromagnetic space causes a sequent error from the additional coupling between

the foreign object and other coils. Fig. 6.2 shows the EM-FOD strategy with the sequent error in

the Tx coil current reconstruction as the detection metric.
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(a) The Tx coil current is reconstructed accurately with no sequent error when there is no foreign object.

(b) When there is a foreign object, the Tx coil current reconstruction contains a sequent error.

Figure 6.2. Working principle of model-based foreign object detection; detection metric is the sequent error in the Tx
coil current reconstruction.

151



6.3 Theory: Deviation from the Normal Electromagnetic Model

6.3.1 Transmitter Current Reconstruction Using Sense Coil Voltages in the

Normal Model

6.3.1.1 Eddy Current Lossless Tx and Rx Coils

When the Tx and Rx coils are wound by a fine litz wire, the external proximity eddy currents,

derived in Section 2.3.1.2, can be neglected, resulting in simplified sense coil voltage representa-

tion. The two sense coil voltages1 (V1, V2) in the normal model are superpositions of the induced

voltages from the Tx and Rx coil currents (IT , IR)

V1 = jωMT :1IT + jωMR:1IR

V2 = jωMT :2IT + jωMR:2IR.

(6.1)

The Tx and Rx coil currents can then be represented as a linear combination of the sense coil

voltages IT
IR

 =
1

D

 MR:2 −MR:1

−MT :2 MT :1



V1

jω

V2

jω

 , (6.2)

where each subscript T and R refer to the Tx and Rx coils, respectively; 1 and 2 refer to the sense

coils; Mi:j is the mutual inductance between coils i and j; D is the determinant of the mutual

inductance matrix, which can be found in (6.4); and ω is the angular frequency.

The Tx coil current can be re-written using the geometric parameters αi,

IT = α1V1 + α2V2 (6.3)
1There is no self-induced voltage in the sense coils; the open-circuited sense coils currents are zero.
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(a) The Tx coil current induces the eddy currents in the Rx coil.

(b) The Rx coil current induces the eddy currents in the Tx coil.

Figure 6.3. The equivalent circuit for the winding model of the eddy currents.

where,

α1=
MR:2

jωD
, α2=−

MR:1

jωD
,

D=MT :1MR:2 −MR:1MT :2.

(6.4)

6.3.1.2 Lossy Tx and Rx Coils: General Analysis

The Tx coil current IT can be reconstructed by two open-circuited sense coil voltages V1, V2 despite

the external proximity eddy currents in the Tx and Rx coils. In the normal model, there are four

windings which are electromagnetically coupled to the sense coils and hence induce the sense coil

voltages: (i) the Tx coil; (ii) the Rx coil; (iii) the eddy current in the Tx coil, which is induced

by the Rx coil current; and (iv) the eddy current in the Rx coil, which is induced by the Tx coil

current. It is worth noting that the time-varying Tx coil current forms the eddy current Ir in the Rx

coil as an external proximity effect. The Rx coil current also forms the eddy current It in the Tx

coil, as shown in Fig. 6.3. These eddy currents are also modeled as single windings [50; 51] which

contribute to inducing the sense coil voltages. The two sense coil voltages2 (V1, V2) in the normal

2There is no self-induced voltage in the sense coils; the open-circuited sense coils currents are zero.
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model are superpositions of the induced voltages from the Tx, Rx, and eddy windings currents

(IT , IR, It, Ir)

V1 = jωMT :1IT + jωMR:1IR + jωMt:1It + jωMr:1Ir, (6.5)

V2 = jωMT :2IT + jωMR:2IR + jωMt:2It + jωMr:2Ir, (6.6)

where each subscript T and R refer to the Tx and Rx coils, respectively; t and r refer to the

eddy winding in the Tx and Rx coils, respectively; 1 and 2 refer to the sense coils; MX:Y is the

mutual inductance between coils X and Y . The eddy current It and Ir can be represented by the

source coil current IR and IT

It =
jωMR:t

−(Zt + jωLt)
IR, (6.7)

Ir =
jωMT :r

−(Zr + jωLr)
IT . (6.8)

where MT :r is the mutual inductance between the Tx coil and the eddy winding in the Rx coil;

MR:t is the mutual inductance between the Rx coil and eddy winding in the Tx coil; Zt and Zr are

the equivalent impedance in the Tx and Rx coil eddy winding. Using (6.7) and (6.8), the sense coil

voltages in (6.5) and (6.6) can be represented by the Tx and Rx coil current

V1 = jω (MT :1 +mr:1) IT + jω (MR:1 +mt:1) IR, (6.9)

V2 = jω (MT :2 +mr:2) IT + jω (MR:2 +mt:2) IR, (6.10)

where

mt:i =
jωMt:iMR:t

−(Rt + jXt + jωLt)
, (6.11)

mr:i =
jωMr:iMT :r

−(Rr + jXr + jωLr)
. (6.12)
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The Tx coil current can then be reconstructed as a linear combination of two sense coil voltages

V1 and V2 IT
IR

 =
1

D

 MR:2 +mt:2 −MR:1 −mt:1

−MT :2 −mr:2 MT :1 +mr:1



V1

jω

V2

jω

 , (6.13)

where

D = (MT :1 +mr:1) (MR:2 +mt:2)− (MR:1 +mt:1) (MT :2 +mr:2) . (6.14)

The Tx coil current IT can be re-written using the normal geometric parameters αi

IT = α1V1 + α2V2, (6.15)

where

α1 =
MR:2 +mt:2

jωD
, (6.16)

α2 =
−MR:1 −mt:1

jωD
. (6.17)

It is worth noting that the eddy winding currents It and Ir, the corresponding induced voltages

in sense coil voltages, and hence mt:i and mr:i can be significantly reduced if a litz wire with fine

strands is used for the Tx and Rx windings, resulting in the geometric parameters, derived in (6.4).

6.3.2 Sequent Error in the Transmitter Current Reconstruction in the Ad-

verse Model

6.3.2.1 Eddy Current Lossless Tx and Rx Coils

The Tx, Rx, sense coils, and eddy winding of a foreign object (subscript: e) are included in the

adverse model as shown in Fig. 6.1. The two sense coil voltages then have the additional induced
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voltages (a) and (b), from the eddy winding current (Ie)

V1 = jωMT :1I
′
T + jωMR:1I

′
R + jωMe:1Ie︸ ︷︷ ︸

(a)

V2 = jωMT :2I
′
T + jωMR:2I

′
R + jωMe:2Ie︸ ︷︷ ︸

(b)

,

(6.18)

where the Tx and Rx coil currents of the adverse model are I ′T and I ′R. Then, (6.18) can be

re-written with respect to the deviation of the geometric parameter (∆Mi:j),

V1 = jω
(
MT :1 + ∆MT :1

)
I ′T + jω

(
MR:1 + ∆MR:1

)
I ′R

V2 = jω
(
MT :2 + ∆MT :2

)
I ′T + jω

(
MR:2 + ∆MR:2

)
I ′R,

(6.19)

where,

∆Mi:j = Me:iMe:j

− jωZe − ω2Le

Z2
e + ω2L2

e

. (6.20)

Note that Ie in (6.18) can be represented as the superposition of the Tx and Rx coil currents [51],

which results in (6.20). The Tx coil current (I ′T ) of the adverse model is therefore,

I ′T = α′1V1 + α′2V2, (6.21)

where,

α′1 =
MR:2 + ∆MR:2

jωD′
,

α′2 =
−MR:1 −∆MR:1

jωD′
,

D′ = D + ∆D,

∆D = (MT :1∆MR:2−MR:1∆MR:2)

+ (MT :1∆MT :1−MT :2∆MR:1)

+ (∆MT :1∆MR:2−∆MR:1∆MT :2) .

(6.22)
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The detection metric Γ is the absolute percentage sequent error εd; the sequent error in Tx coil

current reconstruction when normal geometric parameters are derived when there is no foreign

object in (6.16) and (6.17); The reconstructed Tx coil current ÎT is

ÎT = α1V1 + α2V2. (6.23)

The detection metric becomes

Γ = εd =

∣∣∣∣∣∣∣∣
I ′T − ÎT
I ′T

∣∣∣∣∣∣∣∣× 100 (%) (6.24)

=

∣∣∣∣∣∣∣∣1−
D′D − ζ


∣∣∣∣∣∣∣∣× 100 (%), (6.25)

where,

ζ=
∆MR:2 −∆MR:1ν

MR:2 + ∆MR:2 −MR:1ν −∆MR:1ν
,

ν=
MT :2 + ∆MT :2 +

(
MR:2 + ∆MR:2

)
γ

MT :1 + ∆MT :1 +
(
MR:1 + ∆MR:1

)
γ
,

γ=
− ω2LR + jωMT :RZR

Z2
R + ω2L2

R

,

(6.26)

ZR is the equivalent output impedance of the Rx coil. Note that if there is no foreign object, then

D′=D, and ζ is zero, and therefore the relative error goes to zero.

6.3.2.2 Lossy Tx and Rx Coils: General Analysis

The eddy winding of a foreign object (subscript: e) is included in the adverse model as shown in

Fig. 6.1. The two sense coil voltages V1 and V2 then have the additional induced voltages (a) and
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(b) from the eddy winding current Ie

V1 = jω (MT :1 +mr:1) I ′T + jω (MR:1 +mt:1) I ′R + jωMe:1Ie︸ ︷︷ ︸
(a)

(6.27)

V2 = jω (MT :2 +mr:2) I ′T + jω (MR:2 +mt:2) I ′R + jωMe:2Ie︸ ︷︷ ︸
(b)

, (6.28)

where the Tx and Rx coil currents of the adverse model are I ′T and I ′R. Then, (6.27) and (6.28) can

be re-written with respect to the deviation of the geometric parameter (∆MX:i),

V1 = jω (MT :1 +mr:1 + ∆MT :1) I ′T + jω (MR:1 +mt:1 + ∆MR:1) I ′R, (6.29)

V2 = jω (MT :2 +mr:2 + ∆MT :2) I ′T + jω (MR:2 +mt:2 + ∆MR:2) I ′R, (6.30)

where

∆MX:i = MX:eMe:i

− jωZe − ω2Le

Z2
e + ω2L2

e

. (6.31)

Note that Ie in (6.27) and (6.28) can be represented as the superposition of the Tx and Rx coil

currents [51], which results in (6.31). The Tx coil current I ′T of the adverse model is therefore,

I ′T = α′1V1 + α′2V2, (6.32)

where

α′1 =
MR:2 +mt:2 + ∆MR:2

jωD′
, (6.33)

α′2 =
−MR:1 −mt:1 −∆MR:1

jωD′
, (6.34)

D′ = D + ∆D, (6.35)
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∆D = (MT :1 +mr:1) ∆MR:2− (MR:1 +mt:1) ∆MT :2

+ (MR:2 +mt:2) ∆MT :1− (MT :2 +mr:2) ∆MR:1

+ ∆MT :1∆MR:2−∆MR:1∆MT :2.

(6.36)

An effective detection metric Γ for EM-FOD can be chosen to be the sequent error in Tx coil cur-

rent reconstruction when normal geometric parameters3 α1 and α2 are used for the reconstruction.

The reconstructed Tx coil current ÎT is

ÎT = α1V1 + α2V2. (6.37)

The detection metric Γ is the absolute percentage sequent error εd:

Γ = εd =

∣∣∣∣∣∣∣∣
I ′T − ÎT
I ′T

∣∣∣∣∣∣∣∣× 100 (%) (6.38)

=

∣∣∣∣∣∣∣∣1−
D′D − ζ


∣∣∣∣∣∣∣∣× 100 (%), (6.39)

where

ζ =
∆MR:2 −∆MR:1ν

MR:2 +mt:2 + ∆MR:2 − (MR:1 +mt:1) ν −∆MR:1ν
, (6.40)

ν =
MT :2 +mr:2 + ∆MT :2 +

(
MR:2 +mt:2 + ∆MR:2

)
γ

MT :1 +mr:1 + ∆MT :1 +
(
MR:1 +mt:1 + ∆MR:1

)
γ
, (6.41)

γ =
− ω2MT :RLR − jωMT :RZR

Z2
R + ω2L2

R

. (6.42)

ZR is the equivalent output impedance of the Rx coil. Note that if there is no foreign object, then

D′=D, and ζ is zero, and therefore the relative sequent error goes to zero.

3Normal geometric parameters are derived when there is no foreign object in (6.16) and (6.17).
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Figure 6.4. Configurations of the electromagnetic model-based foreign object detection for wireless power transfer for
FEM simulations.

Figure 6.5. Two open-circuited single-turn sense coils are placed on the same flat plane (for low-profile).

6.4 Simulation Results

The electromagnetic model-based foreign object detection (EM-FOD) was verified through finite

element method (FEM) simulation in COMSOL. Fig. 6.4 shows the configurations of the EM-FOD

for the simulations. Two open-circuited sense coils (25 and 24 cm radii) were placed on the same

flat plane, as shown in Fig. 6.5, which was 1 cm above the Tx coil. Four different foreign objects

were placed on the ground, which was 5 cm above the Tx coil.

2-D axisymmetric FEM simulations were performed, as shown in Fig. 6.6; sense coil voltages

were obtained when the Tx and Rx coils were driven by current sources.
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Following the EM-FOD strategy in Section 6.2, the geometric parameters (α1,2) were calibrated

initially in the normal model (no foreign objects). A sufficient number of data points were used to

calibrate the geometric parameters accurately; in this simulation, the Rx coil currents were varied

over n data points, corresponding to different output load resistances in the Rx.

From the n data points, the calibration data matrix of sense coil voltages V, the Tx coil current

data vector IT, and geometric parameters vector α, can be constructed

V =



V1(z1) V2(z1)

V1(z2) V2(z2)

...
...

V1(zn) V2(zn)


,

α =

[
α1 α2

]ᵀ
,

IT =

[
IT (z1) IT (z2) . . . IT (zn)

]ᵀ
.

(6.43)

From (6.15),

IT = Vα. (6.44)

The normal geometric parameters (α1, α2) can then be calibrated using least-squares

α = (VᵀV)−1 VᵀIT. (6.45)

To evaluate EM-FOD after calibration, the Tx coil currents were reconstructed with and with-

out foreign objects using the normal geometric parameters. Note that in the EM-FOD detection

metric Γ, defined in (6.38), I ′T is the measured Tx coil current, which is the true value. In this

simulation, the Rx coil currents were varied over 8 data points, which generated small Tx powers4

(2.1 to 3.54 W), as shown in Fig. 6.7a; in the normal model (no foreign objects) (green-circles), the

geometric parameters were calibrated, and then the Tx coil current was reconstructed; according

4The transmitter power is the real power, measured at the transmitter coil terminal.
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Figure 6.6. 2-D axisymmetric FEM simulation of EM-FOD. The foreign object is electromagnetically coupled to the
Tx, Rx, and sense coils. (In the colormap, the magnetic flux density norm was bounded for the better visualization.)

to leave-one-out cross-validation (LOOCV) [58], this results in an accurate estimation.

Fig. 6.7a shows that the EM-FOD detection metric Γ increases significantly when a normal

model has been calibrated and there are foreign objects. Note that the detection metric is plotted in

logarithmic scale to highlight the wide dynamic range of the measurement.

Two additional data points, having higher Tx powers (PTx), were also tested to show the power-

level invariance of EM-FOD; the Tx and Rx coil were driven by higher currents. The detection

metric Γ was calculated through (6.38), using the normal geometric parameters, calibrated at low

power. Fig. 6.7b shows the detection metric did not change from that at low power; a low-power

test, which is safer and less hazardous can now be performed prior to startup. This is so because the

sequent error from current reconstruction only depends on the additional electromagnetic coupling

from the foreign objects, resulting in detection metric that is invariant to absolute power level.

Fig. 6.8 shows that the current reconstruction error only depends on the ratio of eddy losses from

foreign objects to the Tx power.

Foreign objects can also be detected when there is no Rx coil before EVs come to charge. The

same geometric parameters, which were calibrated without a foreign object but with an Rx coil,

were used for a Tx coil reconstruction. In this simulation, the Rx coil was removed to emulate

charging stations’ idle status, where there are only the Tx and sense coils, as shown in Fig. 6.9.
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Figure 6.7. The Tx current reconstruction deviation with and without foreign objects.
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Figure 6.8. The Tx current reconstruction errors depended on the ratio of the eddy losses from foreign objects, to the
Tx power.

Four different foreign objects were placed, and the Tx coil current was reconstructed. Fig. 6.10

shows that the detection metric increases despite no Rx coil.

The Rx coil current is another information that can be reconstructed from the sense coil voltages

and geometric parameters, as derived in (6.13)

IR = δ1V1 + δ2V2 (6.46)

where,

δ1 =
−MT :2 −mr:2

jωD
,

δ2 =
MT :1 +mr:1

jωD
,

D = (MT :1 +mr:1) (MR:2 +mt:2)− (MR:1 +mt:1) (MT :2 +mr:2) .

(6.47)

Thus, the open-circuited Rx coil, thus zero Rx coil current, can provide information on the

diagnostics of the wireless power transfer system. To verify the zero Rx coil current reconstruction,
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Figure 6.9. 2-D axisymmetric FEM simulation of EM-FOD. An Rx coil is removed. The foreign object is electro-
magnetically coupled to the Tx and sense coils. (In the colormap, the magnetic flux density norm was bounded for the
better visualization.)
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Figure 6.10. When there is no Rx coil, foreign objects can be detected from the detection metric.
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TABLE 6.1
Different Coil Current for Test Points

Test Point IT (Source Current) IR (Reconstructed Current)

1 (9.8 + j1.7) A (−0.25 + j0.5)× 10−10 A
2 (9.7 + j2.6) A (−0.22 + j0.5)× 10−10 A
3 (9.4 + j3.4) A (−0.3 + j0.5)× 10−10 A
4 (9.0 + j4.2) A (−0.4 + j0.4)× 10−10 A
5 (8.7 + j5.0) A (−0.1 + j0.6)× 10−10 A
6 (8.2 + j5.7) A (−0.2 + j0.5)× 10−10 A
7 (7.7 + j6.4) A (−0.4 + j0.3)× 10−10 A
8 (7.1 + j7.1) A (−0.5 + j0.2)× 10−10 A

1 2 3 4 5 6 7 8
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10
-12

10
-10
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-8
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|

Figure 6.11. The open-circuited Rx coil currents are well reconstructed, as having zero magnitude.
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the geometric parameters δ1 and δ2, derived in (6.47) for Rx coil reconstruction are calibrated. The

Rx coils were reconstructed for 8 different test points (different Tx coil source currents). Table 6.1

shows the coil currents for different test points. Fig 6.11 shows that open-circuited Rx coil current,

zero current, can also be reconstructed by showing insignificant magnitudes.

6.5 Misalignment Invariant EM-FOD

For a practical EM-FOD, adverse models need to be distinguished from what are considered ‘nor-

mal’ deviations from our original normal model. For example, Tx and Rx coil misalignment should

be considered normal. In this section, we will show how a flat configuration of multiple sense coils

on the same axis and plane can be used to eliminate a sequent error from misalignment. It is worth

noting that in this method, explicit measurement of misalignment is not needed either for current

reconstruction or calibration.

Misalignment between the Tx and Rx coil can cause a sequent error in the Tx coil current

reconstruction despite the absence of a foreign object when using only two sense coils. This

is so because the geometric parameters, which are a function of the mutual inductances in (6.4),

(6.16) and (6.17) vary over misalignment; however the geometric parameters are calibrated initially

for a fixed Tx and Rx coil configuration5 and assumed constant in the normal model. Fig. 6.13

shows the numerical results of the sequent error in the Tx coil current reconstruction over Rx coil

misalignment when only two sense coils are used with the corresponding geometric parameters6

α1 and α2; the greater the misalignment, the larger the sequent error, despite there being no foreign

object. The sequent error is no longer a good detection metric because of misalignment when only

two sense coils are used.

By employing multiple sense coils, the Tx coil current can be reconstructed accurately with

insignificant sequent error when the geometric parameters are non-varying values over misalign-

5Perfect alignment of the Tx and Rx coil (x=0, in Fig. 6.12) is assumed to be the configuration of the normal model.
6The geometric parameters are calibrated when the Tx and Rx coils are aligned, x = 0. The sizes and positions of

two sense coils are shown in Table 6.2, where i = 1, 2.
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Figure 6.12. The Rx coil can be misaligned by x cm. Multiple sense coils, on the same flat plane, are employed to
derive non-varying geometric parameters, and thus making sequent error a valid detection metric for EM-FOD over
Rx coil misalignment.

ment, resulting in a new normal model that considers the misalignment ‘normal’. Foreign objects

can then be detected regardless of misalignment.

Errors caused by the misalignment in Transfer-Power Measurement (TPM) were similarly cor-

rected by employing multiple sense coils with the corresponding algorithm in Chapter 3, which

is based on quadratically varying coupling coefficients between the mobile Rx coil and coaxially

placed coils over misalignment, as shown in Fig. 6.12. In this chapter, the same multiple sense

coils, which are placed coaxially with the Tx and Rx coil (at x = 0), are used to take advantage

of the quadratic coupling coefficients and mutual inductances. The winding loss, which includes

the ohmic loss and external proximity eddy current loss in the Tx and Rx coils are neglected7 to

elucidate the principle of accurate Tx coil reconstruction over misalignment.

6.5.1 Theory: Misalignment Invariant Detection Metric Using Sequent Er-

ror

Sense coil voltages Vi(x) at misalignment x, can be represented in terms of the Tx coil current IT

and voltage VT

Vi(x) = jωMT :iIT (x) + jωMR:i(x)IR(x) (6.48)

7The eddy currents in the Tx and Rx coils are neglected; It, Ir = 0.
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Figure 6.13. Numerical results: when only two sense coils and the corresponding geometric parameters (calibrated at
zero misalignment with no foreign object) are used for Tx coil current reconstruction, the sequent error significantly
increases with Tx and Rx coil misalignment.

= jω

MT :i −
MR:i(x)

MT :R(x)
LT

 IT (x) +
MR:i(x)

MT :R(x)
VT (x), (6.49)

where,

IR(x) =
VT (x)− jωLT IT (x)

jωMT :R(x)
. (6.50)

Note that the mutual inductance between the Tx coil and sense coil, MT :i is constant over mis-

alignment. Equation (6.48) can be rewritten with the parameter mi(x),

Vi(x) = jω
(
MT :i −mi(x)LT

)
IT (x) + mi(x)VT (x), (6.51)

where,

mi(x) =
MR:i(x)

MT :R(x)
. (6.52)
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The parameter mi(x) can be well-approximated by a quadratic [95]

mi(x) ≈ pi + qix+ rix
2,

where p, q, r ∈ R.
(6.53)

N sense coil voltages in (6.51) can be linearly combined by real coefficients βi,

N∑
i=1

βi
Vi(x)

jω
= IT (x)

N∑
i=1

(
βiMT :i − βimi(x)LT

)
+
VT (x)

jω

N∑
i=1

βimi(x). (6.54)

βi for quadratically-varying mutual inductance are found to be

N∑
i=1

βiMT :i ≈ 1, (6.55)

N∑
i=1

βimi(x) ≈ 0, (6.56)

where

N∑
i=1

βipi ≈ 0,
N∑
i=1

βiqi ≈ 0, and
N∑
i=1

βiri ≈ 0, (6.57)

resulting in the reconstruction of the Tx coil current over misalignment x by the sense coil voltages

and the real coefficient βi,
N∑
i=1

βi
Vi(x)

jω
≈ IT (x). (6.58)

Note that new geometric parameters λi = βi/jω are constant and can be initially calibrated, mean-

ing that the Tx coil current can be reconstructed at any misalignment x; only the geometric param-

eters and sense coil voltages are needed without explicit measurements of the misalignment.

A least-squares optimization is used to obtain λi
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TABLE 6.2
Specifications of Numerical Models

Parameters Value Parameters Value

r
T

,r
R

25 cm ri 26 - (i·1) cm
dT :R 20 cm max(x) 10 cm
dT :i 1 cm min(x) 0 cm

minimize
λi

∥∥∥∥∥∥IT (x)−
N∑
i=1

λiVi(x)

∥∥∥∥∥∥
2

subject to λi ∈ C.

(6.59)

6.5.2 Numerical Model Verification

Numerical models8, which were derived from a mutual inductance model [55], verify accurate Tx

coil current reconstruction, and thus non-varying detection metric over misalignment. Sense coil

voltages were obtained by (6.48) at each misalignment x, when the Tx and Rx coils were driven by

current sources. Fig. 6.12 shows the configuration of the coils. Table 6.2 shows each coil’s size and

position; the radii of the Tx (rT ) and Rx (rR) coils were 25 cm, where the two coils were separated

by 20 cm (dT :R). Multiple sense coils were placed on a flat plane, which was 1 cm (dT :i) above

the Tx coil. The number of sense coils, used for the reconstruction, was varied from two to five to

study the effectiveness of employing an increasing number of sense coils in reducing the sequent

error from misalignment when there is no foreign object; the radii of sense coils r1 to r5 ranged

from 25 to 20 cm, respectively, decreasing at 1 cm intervals. We will show that these additional

sense coils eliminate the sequent error in lateral misalignments of up to 10 cm.

For the calibration of geometric parameters λi, numerical data was obtained over: (i) n data

points of the Rx coil current (corresponding to different load resistance); (ii) m data points of

misalignment (not necessarily uniform). The calibration matrix and vector can then be constructed

8Assumptions in the numerical models are: (i) filament coils; (ii) fundamental only; (iii) noiseless.
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to solve the least-squares optimization in (6.59), when there are N sense coils. The sense coil

voltage measurements are combined in a data matrix

V =



V1 (x1, z1) V2 (x1, z1) . . . VN (x1, z1)

V1 (x1, z2) V2 (x1, z2) . . . VN (x1, z2)

...
... . . . ...

V1 (x1, zn) V2 (x1, zn) . . . VN (x1, zn)

V1 (x2, z1) V2 (x2, z1) . . . VN (x2, z1)

V1 (x2, z2) V2 (x2, z2) . . . VN (x2, z2)

...
... . . . ...

V1 (x2, zn) V2 (x2, zn) . . . VN (x2, zn)

...
... . . . ...

V1 (xm, zn) V2 (xm, zn) . . . VN (xm, zn)



. (6.60)

The Tx coil current corresponding to each row of V is contained in the elements of column

vector IT

IT =

[
IT (x1, z1) IT (x1, z2) . . . IT (xm, zn)

]ᵀ
. (6.61)

Each row of V corresponds to different measurement conditions such as misalignment and loads.

The vector of geometric parameters λi for N sense coils is

λ =

[
λ1 λ2 . . . λN

]ᵀ
. (6.62)

From (6.58),

IT = Vλ. (6.63)

The geometric parameters (λi) can then be calibrated using the least-squares

λ = (VᵀV)−1 VᵀIT. (6.64)
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Figure 6.14. Numerical model results: the Tx coil current can be reconstructed accurately by sense coil voltages and
non-varying geometric parameters regardless of Rx coil misalignment.

The sequent error was determined for each data point using LOOCV9; the absolute percentage

sequent error of the Tx coil current reconstruction over Rx coil misalignment is

εd(xm, zn) =

∣∣∣∣∣∣∣∣
IT (xm, zn)− ÎT (xm, zn)

IT (xm, zn)

∣∣∣∣∣∣∣∣× 100 (%) (6.65)

where,

ÎT (xm, zn) : Reconstructed Tx coil current

=
N∑
i=1

λiVi(xm, zn)
(6.66)

In this numerical model verification, n = 9 data points of the Rx coil current and m = 11 data

points of misalignment (0 to 10 cm, 1 cm interval) were used to calibrate λi.

The worst-case absolute sequent percentage error at each lateral misalignment xwas calculated

9If there are totalm× n data points, then the calibration of the geometric parameters is performed withm× n− 1
data points. The sequent error for Tx coil current reconstruction is evaluated with one data point which is not used for
the calibration.
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TABLE 6.3
Specifications of Stacked Sense Coils

Parameters Value Parameters Value

r
T

,r
R

25 cm ri 25 cm
dT :R 20 cm max(x) 10 cm
dT :i i cm min(x) 0 cm

TABLE 6.4
Specifications of Sense Coils Close To Rx Coil

Parameters Value Parameters Value

r
T

,r
R

25 cm ri 25 cm
dT :R 20 cm max(x) 10 cm
dT :i (20-i) cm min(x) 0 cm

and plotted in Fig. 6.14, where

∣∣εd (u)
∣∣
max , max

k

∣∣εd (uk)
∣∣ . (6.67)

Note that uk is the vector of variations over which the sequent error is calculated. In this plot,

uk =

[
x zk

]
. With multiple sense coils and calibration over misalignment, the sequent error

from misalignment decreased significantly. Moreover, as more sense coils were employed, the

sequent error became negligible, i.e. 10−6% error, when 5 sense coils were used (green-upright

triangles). This sequent error from misalignment represents the baseline for the foreign object

detection metric Γ.

The sequent error over misalignment when the sense coils are stacked, as shown in Fig. 6.15,

is also numerically analyzed. Similar to what is presented in FC-TPM error correction over mis-

alignment in Chapter 3, stacked sense coils show accurate Tx coil reconstruction over Rx coil

misalignment, as shown in Fig. 6.16.

However, sense coils cannot place nearby the Rx coil, as shown in Fig. 6.17 and Table 6.4,
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Figure 6.15. The sense coils are stacked for the Tx coil current reconstruction over Rx coil misalignment.
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Figure 6.16. Numerical model results: the Tx coil current can be reconstructed accurately by stacked sense coil
voltages and non-varying geometric parameters regardless of Rx coil misalignment.
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Figure 6.17. The sense coils are placed nearby Rx coil, resulting in inaccurate Tx coil reconstruction over misalign-
ment.

because the coupling coefficients between the Rx and sense coils are significantly different from

that between the Rx and Tx coils, which is quadratic over misalignment, as shown in Fig. 6.18.

As expected, the Tx coil reconstruction is not accurate over Rx coil misalignment. Fig. 6.19.
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Figure 6.18. When the sense coils are close to the Rx coil, the mutual inductance between two coils is not quadratic,
comparing to quadratic mutual inductance between the Tx and Rx coils.
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Figure 6.19. Numerical model results: the Tx coil current is not reconstructed accurately by sense coils which are
closer to mobile Rx coil.
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6.6 Hardware Results

Electromagnetic model-based foreign object detection (EM-FOD) was demonstrated in hardware.

In this section, it is demonstrated that foreign objects at three representative locations can be de-

tected at a low pre-startup power level (9 W) by only two single-turn sense coils. The same foreign

object detection is performed at a kW-level high power to show that the EM-FOD metric is power

level invariant.

Sense coils consist of 42 AWG (0.06335 mm outer diameter) coaxial wires;10 they are single-

turn, open-circuited, and placed on the same plane, which is 2.5 cm above the Tx coil, as shown in

Fig. 6.20 and Fig. 6.21. Two sense coils (22.5 and 17.5 cm radii) were used to reconstruct the Tx

coil current, where the radii of the Tx and Rx coils were 22.5 cm each.

The Tx and Rx coils were driven by identical current-mode class D (CMCD) converters [76;

77], whose circuit diagram is shown in Fig. 6.22. The phase angle between two gate signals in

one converter11 was maintained as 90◦ [76]. The phase angle of the gate signals between the Tx-

and Rx-side CMCD converters S1 and S3 were adjusted to effect changes in the coil currents that

correspond to different equivalent output load resistances to obtain the data for the calibration.

A single dc power supply held the shared voltage Vdc for the dc input and output, where the

dc output of the receiver CMCD converter was fed into the dc input of the transmitter. The power

supply only supplied the power loss where the power contributing to the wireless power transfer

circulated inside the loop. The entire EM-FOD testbed is shown in Fig. 6.23. The Tx coil current

was measured by a current transformer (Pearson Model 110).

When the positions of the Tx and Rx coils were fixed, the geometric parameters α1 and α2

in the normal model in (6.16) and (6.17), i.e. with no foreign objects, were calibrated. After

calibration, three different foreign objects: (i) 16 oz aluminum can; (ii) aluminum foil; and (iii)

U.S. nickel coin, were placed in three different locations: (i) center; (ii) middle; and (iii) edge

10The braid of the coaxial cable, grounded on only one end, is used as an electrostatic shield from the high voltage
Tx and Rx windings [87].

11The phase angles are: (i) between S1 and S2 pair in the Tx side CMCD converter; and (ii) between S3 and S4 pair
in the Rx side CMCD converter.
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Figure 6.20. Single-turn sense coils are thin and flat. 42 AWG (0.06335 mm diameter) wires were used for the
hardware testbed.

above the Tx coil, as shown in Fig. 6.24 and Fig 6.25. The EM-FOD detection metric Γ, defined

in (6.38), was calculated with and without foreign objects. The input dc power supply voltage

(Vdc) was 29 V, and the operating frequency for WPT was 85 kHz, as specified in SAE J2954. The

sense coil voltages and Tx coil current were recorded on an Elsys TraNET 204E, which provided

20 MHz sampling frequency with 16-bit resolution, as shown in Fig. 6.26.

Fig. 6.27 shows the experimental results. The Tx coil current reconstruction was accurate

(0.006% for the worst-case error) when there was no foreign object. After the foreign objects were

placed in the WPT system, the detection metric increased according to the volume and position of

the foreign objects, which demonstrated that the metric indicates the quantity of electromagnetic

coupling to the foreign objects. Note that the metric was plotted in logarithmic scale. When the

21 mm diameter U.S. nickel coin was placed on the center, the detection metric was at least 5.7

times higher than the metric without a foreign object. When the 16 oz aluminum can was located

in the edge, the detection metric was more than 1,000 times higher. It is worth noting that the

pre-startup power level was low (9 W), meaning that a kW-level full-power test, which may be

high-risk, is not necessarily needed. The power level was increased to a 1,018 W to verify that

EM-FOD is power level invariant. The input dc voltage was 302.5 V and the Tx coil current was

11.9Arms, as shown in Fig. 6.28. The EM-FOD detection metric Γ at kW-level full-power was
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Figure 6.21. EM-FOD with three different foreign objects was examined at three different locations.

Figure 6.22. The Tx and Rx coils were driven by current-mode class D converters. Two sense coils were used for
demonstrating EM-FOD with a stationary Rx coil. Five sense coils were used for misalignment-invariant EM-FOD
demonstration, presented in Section 6.7.
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Figure 6.23. Electromagnetic model-based foreign object detection (EM-FOD) on a wireless power transfer testbed.
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Figure 6.24. EM-FOD with three different foreign objects was examined.

nearly invariant from the metric at the pre-startup power level of 9 W, to within experimental

precision, as shown in Fig. 6.29.

6.7 Hardware Results: Misalignment Invariant EM-FOD

Misalignment invariant EM-FOD was also demonstrated in hardware using five-sense coils (radii

of 22.5, 21.5, 20.5, 19.5, and 18.5 cm), which were placed on the same flat plane, as shown in

Fig. 6.20. A 16 oz aluminum can, aluminum foil, and a U.S. nickel coin at the edge were tested

with up to 10 cm lateral misalignment (based on SAE J2954) of the Rx coil, as shown in Fig. 6.30.

Sense coil voltages and the Tx coil currents are shown in Fig. 6.31. When there was no foreign

object, the geometric parameters, λi were calibrated. After the calibration, the foreign objects were

placed, and the Tx coil currents were reconstructed again at each misalignment.

Fig. 6.32 shows the hardware results. When there is no foreign object, the Tx coil currents are
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Figure 6.25. EM-FOD with three foreign objects in different positions was examined.
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Figure 6.26. Sense coil voltages and the Tx coil current when the input Tx power was 9 W. The Tx coil current was
1.1Arms. The data was measured and recorded by a 20 Msamples/s, 16-bit data acquisition system.

Figure 6.27. Hardware results for the EM-FOD with two sense coils, when the input power was only 9 W. With no
foreign object, the detection metric Γ (y-axis, logarithmic scale) was within 0.01%. With a foreign object, the detection
metric significantly increased.
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Figure 6.28. Sense coil voltages and the Tx coil current when the input Tx power was 1,018 W. The Tx coil current
was 11.9Arms. The data was measured and recorded by a 20 Msamples/s, 16-bit data acquisition system.

Figure 6.29. The detection metric was invariant from low- to high-power levels.
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Figure 6.30. Hardware setup for EM-FOD over Rx coil misalignment.
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Figure 6.31. Five sense coil voltages and the Tx coil current: the Tx coil current was 1.1Arms, when the input Tx
power was 9 W. This data was plotted when the misalignment was 0 cm, where input power was the maximum.
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Figure 6.32. Hardware results for EM-FOD over Rx coil lateral misalignment; a foreign object at the edge can be
resolved by the sequent errors from the transmitter coil current reconstruction as the detection metric regardless of
misalignment.

reconstructed accurately (0.06% worst-case error) over misalignment. As expected, the detection

metric Γ increases significantly when there is a foreign object. The metric is very nearly consistent

over misalignment, which demonstrates misalignment invariant EM-FOD.
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Figure 6.33. Single-turn sense coils are placed above the solid copper wire wound Tx coil.

6.8 Hardware Results II: Different Driving Circuits With Solid

Tx and Rx Wires

In this hardware demonstration, the Tx and Rx coils are changed to the solid copper wires,12 and the

driving circuits of the Tx coil is series-series resonated [12] half-bridge inverter when the Rx coil

is connected to the passive- resistive load, as shown in Fig 6.33 and Fig. 6.34. Accurate EM-FOD

with two sense coils is shown when Tx and Rx coils are solid copper wires, driven by series-series

resonant half-bridge circuit.

The same 42 AWG (0.06335 mm outer diameter) coaxial wires were used for sense coils; they

were single-turn, open-circuited, and placed on the same plane, which was 2 cm above the Tx coil,

as shown in Fig. 6.33. Two sense coils (21.5 and 19.5 cm radii) were used to reconstruct the Tx

current, where the radii of the Tx and Rx coils were 23 cm each. The geometric parameters α1,2

in the normal model in (6.15), without foreign objects, were calibrated by four different resistive

loads (RL = 15, 20, 30, and 40 Ω) in the Rx output, as shown in Fig. 6.35. After calibration, two

different aluminum cans (4 oz and 16 oz) were placed in three different locations above the Tx

coil, as shown in Fig. 6.34. The detection metric was calculated for both cases with and without

foreign objects. The input dc power supply voltage (Vdc) was 25 V, and operating frequency for

WPT was 90 kHz.

Fig. 6.36 shows the experimental results. The Tx current reconstruction was accurate (0.01%

12In general, the copper wires have larger eddy current losses than litz wire.
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Figure 6.34. Hardware setup for the electromagnetic model-based foreign object detection (EM-FOD). Two different-
sized aluminum cans were used as foreign objects and placed at three different location (edge, center, and outside) to
the Tx coil.

Figure 6.35. Series-series resonant WPT with sense coils was used in hardware. Two sense coils were used for
demonstrating EM-FOD at fixed Rx coil. Four sense coils were used for demonstrating misalignment-invariant EM-
FOD.
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Figure 6.36. Hardware results for the EM-FOD with two sense coils. The detection metric when there is no foreign
objects (y-axis, logarithmic scale) were within 0.01%. The detection metric increased with foreign objects.
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of the worst case error) when there was no foreign object. After the aluminum cans were placed

in the WPT system, the detection metric Γ increased according to the volume and position of the

cans, which demonstrated that the metric indicates the quantity of electromagnetic coupling to the

foreign objects. Note that the detection metric was plotted in logarithmic scale. The detection

metric, caused by foreign objects, were at least 40 times higher than the metric without foreign

objects, when they were within the boundaries of WPT, e.g. edge and center (Fig. 6.34), and

approximately a factor of 5 when the foreign objects were outside the Tx coil. Furthermore, foreign

objects were detected even when the input power levels were low (below 22 W).

Misalignment invariant EM-FOD was demonstrated with solid copper Tx and Rx coils and

same power electronics driving circuit using four-sense coils (radii of 22.5, 21.5, 20.5, 19.5 cm),

which were placed on the same flat plane, as shown in Fig. 6.33. A 16 oz aluminum can at the

edge of the Tx coil was tested with up to 10 cm lateral misalignment of the Rx coil. Calibration

of the geometric parameter, λi was performed when there was no foreign object by 24 data points;

4 data points from the resistive loads in the Rx output (15, 20, 30, and 40 Ω), were measured at

each misalignment point (6 data points: 0 to 10 cm, 2 cm interval).

After the calibration, the aluminum can was placed, and the Tx currents were reconstructed

again at each misalignment, using the same geometric parameters, λi.

Fig. 6.38 shows the hardware results. When there is no foreign object, the Tx currents are

reconstructed accurately (0.06% worst-case error) over misalignment. Furthermore, the detection

metric still increases significantly when there is a foreign object (purple-inverted triangles). The

detection metric is very nearly consistent over misalignment, which demonstrates misalignment

invariant EM-FOD with lossy solid wire Tx and Rx coils, driven by series-series resonant half-

bridge power converter.
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Figure 6.37. Hardware setup for EM-FOD under Rx coil’s misalignment.

Figure 6.38. Hardware results for EM-FOD under misalignment; the foreign object can be detected by the detection
metric regardless of the misalignment.
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CHAPTER 7

Calibration-Transfer Strategy

A robust calibration method is needed for the fair and accurate measurement of the wireless power

transferred to electric vehicles using FC-TPM. A prevalent obstacle to affordable, reliable, and

accurate measurements in the field is lack of suitable transfer standards. In this chapter, both a

transfer standard and a calibration path are presented towards the standardization of power meter-

ing in wireless power transfer.

7.1 Chapter Introduction

Calibration accuracy can be severely degraded through poor transfer standards. Primary calibra-

tion is performed in a controlled environment in a standard laboratory using a certified standard,

which can be an involved and time-consuming process. However, calibrations in the field at en-

ergy service stations1 require mobile measurement equipment and transfer standards that are ro-

bust, affordable, and fast despite mechanical and environmental stresses from constant transport

and outdoor exposure.

In this chapter, a calibration-transfer strategy is presented as part of a practical FC-TPM system

that is meant to be compatible with SAE J2954 [45] for wireless charging of EVs. The transfer

calibration uses calibrated open-circuited sense coils (provers), which are inherently robust and ag-

nostic to variations in the more sensitive mobile receiver. These provers are calibrated in standards

1Estimated to be at least 121,998 in the US when considering stores that also sold gasoline according to the National
Association of Convenience Stores (NACS) in 2018.
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Figure 7.1. A gas dispenser’s metering accuracy is tested through various Weights and Measures Programs. A
photo was taken from ‘Taking Measure’ blog of the National Institute of Standards and Technology (NIST) (Credit:
T.Butcher, NIST [1]).

laboratories using terminal measurements from carefully constructed and maintained transmitter

coils with meticulously modeled and measured losses.

This calibration strategy is analogous to the current standards for fuel metering of gasoline

pumps [116] specified by the Weights and Measures Programs at the National Institute of Standards

and Technology (NIST) as illustrated in Fig. 7.1; every meter in every fuel dispenser is inspected

annually for accuracy. A prover (calibrated gasoline container) is used to test the accuracy of on-

site fuel dispensers. The prover is calibrated and approved in authorized standards laboratories

according to provisions in NIST Handbook 105-3 [66].
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7.2 Overview of Calibration in Transfer-Power Measurement

Transfer-power is defined in Chapter 2 as the real power, purely dispensed from the Tx coil to

the Rx coil through the air. Faraday Coil Transfer-power measurement (FC-TPM) employs open-

circuit sense coils that are electromagnetically coupled to the Tx and Rx coils from which transfer-

power is reconstructed from sense coil voltages and geometric parameters, derived in (3.13) in

Chapter 3. Note that the geometric parameters are constant with respect to different lateral mis-

alignment of the Rx coil, which means the geometric parameters can be calibrated initially without

having to account for misalignment later. This calibration requires an independent measurement of

transfer-power, presented in Section 5.4. Calibration can also depend on a gold standard transmitter

coil with a known loss model and electromagnetic geometry under environmentally-controlled con-

ditions if transfer-power is determined by terminal currents and voltages from this gold-standard

transmitter coil, along with the loss models, which include winding and eddy current losses. It is

worthwhile to note that the design objective of this transmitter is not efficiency nor high power,

but rather a design that is straightforward to analyze, model, and measure; for example, it might

consist of cylindrical copper wires rather than litz wire and have an air core rather than a magnetic

core.2

Uncontrolled environments such as a mobile calibrator with a transfer standard are problematic

if a calibrated Rx coil is used as the transfer standard; temperature fluctuations and mechanical

stresses cause unpredictable losses and geometry variations. The following section will present a

transfer standard that relies on calibrated open-circuited sense coils, whose outputs do not depend

on their resistance. Their small physical size and encapsulation are robust to mechanical stresses.

2Inductors in standards measurements like a LISN (line-impedance stabilization network) follow conceptually
similar strategies in inductor design.
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Figure 7.2. Calibration-Transfer Strategy. Prover sense coils (transfer standard)[green], calibrated in standards labo-
ratories with a certified standard (Tx coil) are deployed to energy service stations to calibrate WPT charger sense coils
[blue].
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7.3 Calibration-Transfer Strategy

Using calibrated open-circuit sense coils (provers) as a transfer standard requires a calibration

strategy; this is illustrated in figure 7.2 with the following steps.

7.3.1 Calibration of Prover Sense Coils in Standards Laboratories

The calibration of the prover sense coils in standards laboratories (figure 7.3) is the most accurate

because the Tx coils used as certified standards are carefully characterized and are maintained

in a controlled environment. The calibration of the prover coils can be performed slowly, which

reduces the measurement errors due to white noise.

7.3.2 Calibration of Wireless Charger Sense Coils in Service Stations

Calibration trucks with prover sense coils are deployed to energy service stations as illustrated in

figure 7.4. The prover coils provide the transfer-power measurements needed to calibrate each

charger transmitter’s FC-TPM sense coils. These prover coils are calibrated for the particular

charger’s transmitter, but represent an independent measurement that does not require electrical

measurements from the transmitter.

7.3.3 Electric Fuel Metering by TPM for Wireless Charging

Calibrated FC-TPM ensures trusted independent measurements of power transferred to EVs (fig-

ure 7.5). Only sense coil voltages are needed, which results in robust and accurate metering.

7.4 Numerical Models and Results

Numerical models similar to that used in Section 3.3.3.3 were used to evaluate the accumulation

of modeling errors in the transfer of calibrations. Well-known mutual inductance models for cir-

cular and filamentary coils were used. Results for the modeling and validation of multiple (six)
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Figure 7.3. Calibration of prover sense coils (transfer standard) by a certified standard (Tx coil) in standards labora-
tories.
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Figure 7.4. Calibration of charger sense coils in energy service stations using measurements from prover sense coils.
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Figure 7.5. Transfer-power metering is used for transactions. Sense coil voltages with calibrated geometric parameters
are used to determine the transfer-power.
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Figure 7.6. Configuration for calibration of coplanar prover sense coils [green] in standards laboratories.

coplanar sense coils that are used for the prover and energy service station sense coils are shown.

Through this numerical model, coplanar sense coils, and prover sense coils on the Rx side were

demonstrated. Coplanar coils are extremely low-profile and are more robust to geometry changes

from mechanical stresses.

The sense coils were placed in the flat plane with different radii (25, 24, 23, 22, 21, and 20 cm).

The Tx and Rx coil radii were 25 cm, as shown in figure 7.7. The distance between the Tx and Rx

coil was 20 cm. Rx coil currents corresponding to different resistances were varied over 10 data

points to calibrate geometric parameters, while using a fixed Tx current. The Tx, Rx, and sense

coil voltages were derived from the Tx and Rx coil currents and model parameters; the mutual

inductance calculations shown in [55].

Rx coil misalignments of up to 10 cm (SAE J2954) are validated. Numerical data was calcu-

lated over a range of equivalent Rx coil resistances (10 data points) and misalignments (11 data

points: 0 to 10 cm, 1 cm interval). Calibration was performed with an augmented data set, and TPM

errors were determined for each data point using leave-one-out cross-validation (LOOCV) [58].

The configuration of prover sense coils for calibration using in standards laboratories is shown

in figure 7.6. Calibration trucks consist of an Rx coil and prover sense coils together with mea-
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Figure 7.7. Configuration for calibration of TPM coils [blue] in energy service stations. The measurements from the
prover sense coils [green] are used to transfer the calibration.
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surement equipment. Prover sense coils have a fixed position 1 cm below the Rx coil; hence, the

coupling coefficients between the two are invariant over misalignment. The modeled calibration

errors are plotted in figure 7.8. Note that the FC-TPM errors are nearly invariant to misalignment.

The configuration for the calibration of FC-TPM sense coils in energy service stations is shown in

figure 7.7. The accumulated modeled errors are shown in figure 7.8, which shows that coplanar

sense coils for both the provers and FC-TPM are as accurate as stacked coaxial coils.
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CHAPTER 8

Conclusions and Future Work

Ensuring energy safety and security is vital, especially in transportation, pervasive in our daily

lives. Wireless power transfer is an emerging technology for charging electric vehicles, which

needs to be reasonable and safe to use. Decisions by stakeholders will require fine-grained infor-

mation about efficiency, energy consumption, and charging safety. This is evidenced by growing

efforts to standardize the accurate metering and safe operation of electric vehicle charging. This

dissertation has addressed fair metering and safety concerns in wireless power transfer. An elec-

tromagnetic model-based method was developed using a small set of non-contact open-circuited

sense coils that enable transfer-power measurement and foreign object detection in wireless charg-

ing space. The dissertation is concluded by presenting a summary and potential future research

path.

8.1 Summary

In Chapter 2, transfer-power was defined from the Poynting vector as the real power transmitted

from the Tx to the Rx coil in wireless charging space. Measurement of transfer-power imposes the

cost for losses to where they are dissipated, resulting in fair metering, which penalizes stakeholders

who cause losses and motivates them to improve systems. Faraday coil transfer-power measure-

ment (FC-TPM) was presented by employing two non-contact open-circuited sense coils, electro-

magnetically coupled to the Tx and Rx coils. The sense coil voltages are theoretically mapped to
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the Poynting vector, validating the fundamental physics of FC-TPM. The transfer-power can be re-

constructed by measuring sense coil voltages, where the geometric parameters, which encapsulate

the couplings between the Tx, Rx, and sense coils, are needed.

In Chapter 3, we presented an accurate FC-TPM despite geometric variations such as misalign-

ment from the Rx coil. Multiple sense coils are employed, and their voltages are linearly combined

to reconstruct the transfer-power where non-varying geometric parameters over misalignment can

be derived. The coupling coefficient variations from Rx coil misalignment can be approximated

by quadratics to explain the derivation. The new geometric parameters for multiple sense coils

can then be calibrated in advance, which is practical for metering in charging stations without

knowing misalignment. The fundamental of accurate FC-TPM by combining multiple sense coil

voltages is validated over multi-dimensional variations through FEM simulations. Transfer-power

was well-reconstructed over simultaneous variations of misalignment, different litz wire types, and

operating frequencies.

In Chapter 4, electromagnetically thin and physically flat sense coils were presented by show-

ing the FEM simulation results of negligible eddy current loss dissipation in the sense coils and

comparable performance of a flat sense coil set to optimal sense coil geometries between the Tx

and Rx coils.

In Chapter 5, FC-TPM was demonstrated in hardware using 1 kW wireless power transfer

testbed, which consists of current-mode class D (CMCD) converters, Tx and Rx coils wound from

litz wire, and thin sense coils. The transfer-power was reconstructed accurately within 0.1% error

despite Rx coil misalignment up to 10 cm. Transfer-power is saliently different from the dc Tx

input power or dc Rx output power which aggregate Tx and Rx losses.

In Chapter 6, An accurate and effective method for electromagnetic model-based foreign ob-

ject detection (EM-FOD) with a wide dynamic range, which is invariant to power level and mis-

alignment, was presented in theory, simulation, and hardware. The detection metric presented for

foreign object detection using the sequent error in the Tx coil current reconstruction results from

the deviation to an adverse model from an easily calibrated, normal electromagnetic model.
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In Chapter 7, a calibration-transfer strategy was presented using low-profile coplanar sense

coils to enable the practical deployment of FC-TPM, an accurate and trustworthy measurement of

the energy that is transferred to electric vehicles through wireless power transfer. Coplanar sense

coils for prover transfer standards overcome sensitivity to the environment and mechanical stress,

which is a weakness in transfer-calibration using calibrated receiver coils.

8.2 Future Work

The accurate electromagnetic physics model of wireless power transfer was presented in this

dissertation to measure the power and detect foreign objects. Future research can include accu-

rate FC-TPM over all multi-dimensional variations, including other types of charging geometries

[17; 117; 118] with corresponding sense coil placement optimization. In addition, the results of

this dissertation can open the active research area that FC-TPM can be extended to include mag-

netic cores where the eddy currents in the magnetic cores can be modeled as a single winding

coupled to the rest of the coils. The variations of magnetic geometries due to the cores can be

approximated by the polynomials, where the same fundamental of using multiple sense coils can

be utilized. One can also explore the impact of the core shape on standardization and calibration’s

universality.

The fundamental of the electromagnetic physics model to reconstruct the target information

can be potentially expanded to detect various abnormal or defective objects that are not included

in normal space. A sentinel can be created using a sparse electromagnetic measurement to re-

cover high fidelity information for safety and security in energy systems, which can be modeled

as electromagnetic windings. A small number of sensors sample the electromagnetic field to re-

construct the information for the diagnostics and prognostics of comprehensive electromagnetic

energy systems. The particular applications in large-scale energy systems can include: (i) fusion

energy (e.g., superconducting magnets used for fusion reactors); (ii) medicine (e.g., electromagnets

for Magnetic Resonance Imaging (MRI) and Nuclear Magnetic Resonance (NMR)); (iii) electri-
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Figure 8.1. The sparse electromagnetic measurement with the physics model can be used for diagnostics and prog-
nostics of electromagnetic energy systems. Photo credits 1: Michal Jarmoluk from Pixabay; 2:© ITER Organization,
http://www.iter.org/; 3:Artist’s rendering of the Power and Propulsion Element and the Habitation and Logistics Out-
post (HALO) in lunar orbit, NASA’s Lunar Exploration Program Overview, p24, Sep, 2020.

fied transportations (e.g., Maglev, autonomous underwater vehicles (AUVs), and unmanned aerial

vehicles (UAV)); and (iv) Space (e.g., electromagnetic thrusters), as illustrated in Fig. 8.1.
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APPENDIX A

List of Variables
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αij Linear coefficient for i and j pair of sense coils in FC-TPM

γ
R

Factor of external field from receiver interacting with self-field of transmitter

γ
T

Factor of external field from transmitter interacting with self-field of receiver

κij Geometric coupling coefficient from transfer-power to pairwise-product of sense coil volt-

ages i and j

ω Angular frequency

dX:Y Vertical distance between coils X and Y

IX Coil X current

kX:Y Coupling coefficient between coils X and Y

LX Coil X self-inductance

MX:Y Mutual inductance between coils X and Y

Pd,Rx Rx coil heat dissipation

Pd,Tx Tx coil heat dissipation

PRx Rx coil terminal power

PTransfer Transfer-power

PTx:Rx Principal transfer-power

PTx Tx coil terminal power
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RR Rx coil winding resistance with no external field

RT Tx coil winding resistance with no external field

rX Radius of coil X

RR:t Eddy current resistance on Tx winding from Rx magnetic field, reflected to Rx winding

RT :r Eddy current resistance on Rx winding from Tx magnetic field, reflected to Tx winding

VX Coil X terminal voltage

x Rx coil lateral misalignment
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APPENDIX B

Derivation of Poynting Vector in Wireless Power

Transfer

The real part of the time-averaged complex Poynting vector ~S only has the ẑ component, as shown

in (2.5),

Re{~S} = Re{Sz}

= ẑ
3µ0A

2

16π2r5
sin 2θ sin θ Re {jωIRI∗T} .

(B.1)

The transfer-power PTransfer is the average power, which is calculated from (2.1), applying the

surface integral to (2.5) over the infinite plane P .

PTransfer =

∫∫
S

S ~ds

= Re{jωIRI∗T}
∫ ∞

0

∫ 2π

0

3µ0A
2

16π2r5
2 sin2θ cos θ dϕ (ρ dρ)

= Re{jωIRI∗T}
3µ0A

2

4π

∫ π
2

0

1√
(z2 tan2 θ + z2)5

sin2θ cos θ z tan θ
z

cos2 θ
dθ,

(B.2)

where
ρ = z tan θ,

dρ =
z

cos2 θ
dθ.

(B.3)
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Equation (B.2) can be simplified further

PTransfer = Re{jωIRI∗T}
3µ0A

2

4π

∫ π
2

0

1

z3
cos5 θ sin2 θ cos θ

sin θ

cos θ

1

cos2 θ
dθ

= Re{jωIRI∗T}
3µ0A

2

4πz3

∫ π
2

0

cos3 θ sin3 θ dθ

= Re{jωIRI∗T}
3µ0A

2

4πz3

1

8

∫ π
2

0

sin3 2θ dθ

= Re{jωIRI∗T}
3µ0A

2

4πz3

1

8

∫ π
2

0

(1− cos2 2θ)(sin 2θ) dθ

= Re{jωIRI∗T}
3µ0A

2

4πz3

1

8

∫ π

0

(1− cos2 α)(sinα)
1

2
dα

= Re{jωIRI∗T}
3µ0A

2

4πz3

1

16

∫ −1

1

(1− T 2)(−dT )

= Re{jωIRI∗T}
µ0A

2

πz3

1

16
.

(B.4)

It is worth noting that the Poynting vector plane is chosen as z = dT :R

2
, and therefore (B.4) is

PTransfer = Re

jω
µ0A

2

2πd3
T :R

IRI
∗
T

 . (B.5)
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APPENDIX C

Steps for Obtaining the Winding Resistances and

Electromagnetic Parameters

(a) RT and RR: The effective winding resistance RT of the Tx coil can be calculated when

the Rx coil is removed. The input power PTx is Re{I∗T IT}RT , which is the ohmic loss in

the Tx coil. The winding resistance RT can through the current IT . Similarly, the winding

resistance RR of the Rx coil can also be calculated when the Tx coil is removed.

(b) RT :r, RR:t: RT :r, and RR:t can be calculated when one coil is open-circuited, while the other

coil is driven. If the Tx coil is driven by IT and the Rx coil is open-circuited (IR=0), the

eddy current loss in the Rx coil PLoss,eddy(Rx) can be derived from (2.26) resulting in

PLoss,eddy(Rx) = PTx − Re {I∗T IT}RT . (C.1)

Note that RT was obtained previously; so RT :r can be calculated

RT :r =
PLoss,eddy(Rx)

Re
{
I∗T IT

}. (C.2)

Similarly, RR:t can be obtained when the Rx is driven by IR and the Tx coil is open-circuited

(IT = 0)

RR:t =
PLoss,eddy(Tx)

Re
{
I∗RIR

}. (C.3)
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(c) γ
T

, γ
R

: γ
T

, and γ
R

can be obtained when both the Tx and Rx currents are in phase, result-

ing in zero principal transfer-power (PTx:Rx=0), as discussed in Section 2.2.2. γ
T,R

can be

extracted from the the input and output power in (2.26) and (2.27)

γ
R

=
PTx − Re

{
I∗T IT

}
RT − Re

{
I∗T IT

}
RT :r

Re
{
I∗T IR

}
RT

, (C.4)

γ
T

=
PRx − Re

{
I∗RIR

}
RR − Re

{
I∗RIR

}
RR:t

Re
{
I∗RIT

}
RR

. (C.5)
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APPENDIX D

A Quadratic Approximation for the Mutual

Inductance Over Lateral Misalignment

This Appendix is worked by Xiaofan Cui, who is the co-author of the published work [95].1

From Grover [56], the mutual inductance (MT :R) of two coils consisting of circular filaments,

which are laterally misaligned by x is

MT :R =
2µ0
√
r
T
r
R

π

∫ π

0

1− x
rR

cosϕ

k
√
V 3

Ψ(k) dϕ, (D.1)

where

α =
r
R

r
T

, β =
dT :R

r
T

, V =

√
1 +

x2

r2
R

− 2
x

r
R

cosϕ, (D.2)

k2 =
4αV

(1 + αV )2 + β2
, Ψ(k) =

(
1− k2

2

)
F (k)− E(k), (D.3)

F (k) =

∫ π
2

0

dθ(
1− k2sin2θ

)1/2
, E(k) =

∫ π
2

0

(
1− k2sin2θ

)1/2
dθ. (D.4)

rT and rR are the radii of the coils, dT :R is the vertical distance between two coils, x is the lateral

misalignment, and k parameterizes the elliptic integrals.

We assume that the normalized misalignment γ , x/r
R
� 1. This enables us to approximate

1S. Y. Chu, X. Cui and A. Avestruz, ”Accurate Transfer-Power Measurement for Wireless Charging of Electric
Vehicles Under Misalignment,” 2018 IEEE PELS Workshop on Emerging Technologies: Wireless Power Transfer
(Wow), Montreal, QC, Canada, 2018, pp. 1-6.
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Figure D.1. Taylor expansion of the mutual inductance to the misalignment.

the mutual inductance MT :R by a polynomial function of the normalized misalignment γ through

Taylor expansion.

We first express MT :R as

MT :R = µ0
√
r
T
r
R

∫ π

0

(
1− x

r
R

cosϕ
)
V −

3
2︸ ︷︷ ︸

A

× 2Ψ(k)

πk︸ ︷︷ ︸
B

dϕ. (D.5)

The Taylor expansion of A in (D.5) can be expressed as

(1− γ cosϕ)V −
3
2 = µ1 + µ2γ + µ3γ

2 + o(γ2), (D.6)

where

µ1 = 1, µ2 =
1

2
cosϕ, µ3 =

9

8
cos2 ϕ− 3

4
. (D.7)

The Taylor expansion of B in (D.5) can be performed in three steps. The first step expands

2Ψ(k)/(πk) as a function of k, which is illustrated in the first layer of Fig. D.1.

2Ψ(k)

πk
= ρ1 + ρ2(k − k0) + ρ3(k − k0)2 + o

(
(k − k0)2

)
, (D.8)
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where

ρ1 =
2− k2

0

πk0

F (k0)− 2

πk0

E(k0), (D.9)

ρ2 = − 2

πk2
0

F (k0) +
2− k2

0

π(1− k2
0)k2

0

E(k0), (D.10)

ρ3 =
(5k4

0 − 9k2
0 + 4)

2π(k2
0 − 1)2k3

0

F (k0)− (3k4
0 − 9k2

0 + 4)

2π(k2
0 − 1)2k3

0

E(k0), (D.11)

k0 =

√
4α

(1 + α)2 + β2
. (D.12)

The following two equations are useful for deriving (D.8):

dF (k)

d k
=

E(k)

k(1− k2)
− F (k)

k
, (D.13)

dE(k)

d k
=
E(k)− F (k)

k
. (D.14)

The second step expands k as a function of V , which is illustrated in the second layer of Fig. D.1.

k = k0 + ω22(V − V0) + ω23(V − V0)2 + o
(
(V − V0)2

)
, (D.15)

where

ω22 =
α

1
2 (1− α2 + β2)(

(1 + α)2 + β2
) 3

2

(D.16)

ω23 =
α

1
2

(
(1 + α)2(3α2 − 6α− 1)− 2β2(5α2 + 4α + 1)− β4

)
4((1 + α)2 + β2)

5
2

(D.17)

ω33 = ω2
22, (D.18)

V0 = 1. (D.19)
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The third step expands V as a function of γ, which is illustrated in the third layer of Fig. D.1.

V = V0 + η22γ + η23γ
2 + o (γ2), (D.20)

where

η22 = − cosϕ, (D.21)

η23 =
1

2
sin2ϕ, (D.22)

η33 = η2
22. (D.23)

Through Fig. D.1, the Taylor expansion of B in (D.5) is

2Ψ(k)

πk
= ρ1 + ρ2ω22η22 γ + (ρ2ω22η23 + ρ2ω23η33 + ρ3ω33η33) γ2 + o (γ2). (D.24)

From (D.5), (D.6) and (D.24), we can extract the function that is a quadratic approxima-

tion MT :R. Fig. D.2 shows that the expression for mutual inductance in Grover can be well-

approximated by a quadratic function.
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Figure D.2. The expression for the mutual inductance of circular filaments in Grover can be well-approximated by a
quadratic function when the misalignment distance is not too large relative to the radii of the coils.
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Schematics and Layout
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Figure E.1. Schematic for CMCD converter
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Figure E.2. PCB layout for CMCD converter
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