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A: Notation

Let

Pf =

∫
f(x)dP (x), Pnf =

1

n

n∑
i=1

f(xi),

`i(θn;H) = log

{
K∑
k=1

πkfnk(H(yi)|Xi, ti)

}
, ˜̀

i(θn;H) = `i(θn;H)− λ
K∑
k=1

log{ε+ πk
ε
},

Gn =

{
α′Bn(t) : α = (α1, · · · , αqn)′ ∈ Rqn , max

1≤i≤qn
|αi| ≤ L, t ∈ [0, 1]

}
,

Θn = {θn = (β,π,γ,g) ∈ RKp ⊗ [0, 1]K ⊗RKm ⊗ GKn , ‖β‖+ ‖π‖+ ‖γ‖ ≤M},

Qn(θn;H) =
n∑
i=1

`i(θn;H)− nλ
K∑
k=1

log

{
ε+ πk
ε

}
,

Q∗n(θn;H) = Qn(θn;H)− λ1(
K∑
k=1

πk − 1),

ψij(H(y);θn) = I (Yij ≤ y)−
K∑
k=1

πkΦ

{
H(y)−α′kBn(tij)−Xi(j)βk√

σkj

}
,

Ψn(H(y);θn) =
1

N

n∑
i=1

ni∑
j=1

ψij(H(y);θn),

Ψ(H(y);θn) =
K∑
k=1

E

[
πk0Φ

(
H0(y)− gk0(tij)−Xi(j)βk0√

σkj0

)
−πkΦ

(
H(y)−α′kBn(tij)−Xi(j)βk√

σkj

)]
,

Υ = {βk,γk, πk, k = 1, · · · , s0} and Ĥn( · ;θn) is the estimator of H(y) given θn and

is defined by Equation (15) in the main paper.

Four Essential Lemmas

Before presenting the lemmas, we first define the covering number of the class Ln =

{˜̀
(
θn; Ĥn( · ;θn)

)
: θn ∈ Θn}. In particular, for any ε > 0 define the covering

2



number N(ε,Ln, L1(Pn)) as the smallest value of κ for which there exist {θn,j ∈

Θn, j = 1, · · · , κ} such that

min
j∈{1,··· ,κ}

1

n

n∑
i=1

|˜̀i
(
θn; Ĥn( · ;θn)

)
− ˜̀

i(θn,j; Ĥn( · ;θn,j))| < ε,

for all θn ∈ Θn. If no such κ exists, define N(ε,Ln, L1(Pn)) = ∞. We remark that

our theory relies on modern empirical process theory (Van der Varrt & Weller, 1996).

For the situation that we consider here, to establish the asymptotic normality we

employ the Riesz representation theorem. Next we state and also prove four lemmas.

Lemma 1 The covering number of the class Θn satisfies

N(ε,Θn, L2) ≺ ε−(qn+p+m+1)K ,

where the sign “ ≺ ” indicates that the function on its left-hand side is bounded by a

positive constant times the function on its right-hand side.

Proof: Applying Lemma 2.5 and Corollary 2.6 in Van de Geer (2000), we can

complete the proof.

Lemma 2 Under conditions (A1)-(A5), Ĥn(y;θn) which is defined in Equation (15)

in the main paper satisfies satisfies

sup
θn∈Θn,y∈[y,ȳ]

|Ĥn(y;θn)−H(y;θn)| → 0,

where H(y;θn) satisfies

Ψ(H(y;θn);θn) = 0, (S.1)

for given y ∈ [y, ȳ] and θn ∈ Θn.
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Proof: It follows from the Law of Large Numbers and the monotonicity of H0(y)

that for given ζ ≥ 0, y ∈ [y, ȳ], θn ∈ Θn,

1

N

n∑
i=1

ni∑
j=1

[
I (Yij ≤ y)−

K∑
k=1

πkΦ

{
H0(y)−α′kBn(tij)−Xi(j)βk√

σkj
− ζ
}]

→ E

K∑
k=1

{
πk0Φ

(
H0(y)− gk0(tij)−Xi(j)βk0√

σkj0

)
−πkΦ

(
H0(y)−α′kBn(tij)−Xi(j)βk√

σkj
− ζ
)}

, (S.2)

almost surely as n→∞, where N =
∑n

i=1 ni.

Then, we show that Equation ((S.2) holds uniformly on y ∈ [y, ȳ] and θn ∈ Θn.

By Lemma 1 and Theorem 19.4 of Van der Varrt(1998), Θn are P-Glivenko-Cantelli

class. Since πkΦ
{
H0(y)−α′kBn(tij)−Xi(j)βk√

σkj
− ζ
}

is a continuous function on Θn and is

bounded by 1. Moreover the indicator function class {I (Yij ≤ y)} also belongs to the

VC class; thus, the uniform convergence of the result in Equation (S.2) follows from

Van de Geer (2000).

Furthermore, it also follows from Equation (S.2) that for large ζ,

1

N

n∑
i=1

ni∑
j=1

[
I (Yij ≤ y)−

K∑
k=1

πkΦ

{
H0(y)−α′kBn(tij)−Xi(j)βk√

σkj
− ζ
}]

> 0, (S.3)

1

N

n∑
i=1

ni∑
j=1

[
I (Yij ≤ y)−

K∑
k=1

πkΦ

{
H0(y)−α′kBn(tij)−Xi(j)βk√

σkj
+ ζ

}]
< 0. (S.4)

Together with the monotonicity and continuity of Φ, these results imply that there

exists a unique Ĥn(y;θn) such that

1

N

n∑
i=1

ni∑
j=1

[
I (Yij ≤ y)−

K∑
k=1

πkΦ

{
Ĥn(y;θn)−α′kBn(tij)−Xi(j)βk√

σkj

}]
= 0, (S.5)

for given y and θn. Similarly, there is a unique function H(y;θn) that satisfies Equa-

tion (S.1) for given y and θn. Note that

Ψn

(
Ĥn(y;θn);θn

)
= {Ψn

(
Ĥn(y;θn);θn

)
−Ψn

(
H(y;θn);θn

)
}+ Ψn

(
H(y;θn);θn

)
,
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and by Lemma 1 and the uniform strong law of large numbers, we have

Ψn

(
H(y;θn);θn

)
→ Ψ(H(y;θn);θn) = 0,

almost surely uniformly in y ∈ [y, ȳ] and θn ∈ Θn. Then it follows that

0 = ‖Ψn

(
Ĥn(y;θn);θn

)
‖ ≥ C‖Ĥn(y;θn)−H(y;θn)‖ − ξn, (S.6)

where C > 0 does not depend on y, and

ξn = sup
θn∈Θn,y∈[y,ȳ]

‖Ψn

(
H(y;θn);θn

)
‖ → 0.

Hence, Equation (S.6) implies that Ĥn(y;θn) converges to H(y;θn) uniformly in

y ∈ [y, ȳ] and θn ∈ Θn.

Lemma 3 Assume that Conditions (A1)-(A5) hold. Then the covering number of

the class Ln satisfies

N(ε,Ln, L1(Pn)) ≺ ε−(qn+p+m+1)K .

Proof: For any θ(1) = ∪Kk=1{β
(1)
k , π

(1)
k , γ

(1)
k , g

(1)
k } ∈ Θn, θ(2) = ∪Kk=1{β

(2)
k , π

(2)
k , γ

(2)
k , g

(2)
k } ∈

Θn, we have

Pn ˜̀
(
θ(1); Ĥn( · ;θ(1))

)
− Pn ˜̀

(
θ(2); Ĥn( · ;θ(2))

)
= Pn

{
˜̀
(
θ(1);H( · ;θ(1))

)
− ˜̀
(
θ(2);H( · ;θ(2))

)}
+Pn

{
˜̀
(
θ(1); Ĥn( · ;θ(1))

)
− ˜̀
(
θ(1);H( · ;θ(1))

)}
−Pn

{
˜̀
(
θ(2); Ĥn( · ;θ(2))

)
− ˜̀
(
θ(2);H( · ;θ(2))

)}
. (S.7)

By the uniform convergence of Ĥn(y;θn) to H(y;θn) described in Lemma 2, we have

Pn
{

˜̀
(
θ(1); Ĥn( · ;θ(1))

)
− ˜̀
(
θ(1);H( · ;θ(1))

)}
= op(1),

Pn
{

˜̀
(
θ(2); Ĥn( · ;θ(2))

)
− ˜̀
(
θ(2);H( · ;θ(2))

)}
= op(1). (S.8)
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Using a Taylor series expansion, under condition A(1) we obtain

|˜̀(θ(1);H( · ;θ(1)))− ˜̀(θ(2);H( · ;θ(2)))|

≤ c0

K∑
k=1

(‖β(1)
k − β

(2)
k ‖+ ‖π(1)

k − π
(2)
k ‖+ ‖γ(1)

k − γ
(2)
k ‖+ ‖g(1)

k − g
(2)
k ‖∞). (S.9)

Let α
(j)
k = (α

(j)
k1 , · · · , α

(j)
kqn

), j = 1, 2 be the spline coefficients of g
(j)
k , j = 1, 2, respec-

tively. We have

‖g(1)
k − g

(2)
k ‖∞ ≤ max

1≤i≤qn
|α(1)
ki − α

(2)
ki | := ‖α

(1)
k −α

(2)
k ‖∞. (S.10)

By Combining (S.9) and (S.10) we obtain

|˜̀(θ(1);H( · ;θ(1)))− ˜̀(θ(2);H( · ;θ(2)))|

≤ C
K∑
k=1

(‖β(1)
k − β

(2)
k ‖+ ‖π(1)

k − π
(2)
k ‖+ ‖γ(1)

k − γ
(2)
k ‖+ ‖α(1)

k −α
(2)
k ‖∞).(S.11)

Next, using Equations (S.7), (S.8), (S.11) together with Lemma 1, and mimicking the

calculation on page 94 of Van der Varrt & Weller(1996), we have N(ε,Ln, L1(Pn)) ≺

ε−(qn+p+m+1)K . This completes the proof.

Lemma 4 Assume that Conditions (A1)-(A5) hold. Then we have

sup
θn∈Θn

|Pn ˜̀
(
θn; Ĥn( · ;θn)

)
− P ˜̀

(
θn;H( · ;θn)

)
| → 0 almost surely.

Proof: By lemma 2, we have supθn∈Θn
|Pn{˜̀

(
θn; Ĥn( · ;θn)

)
−˜̀
(
θn;H( · ;θn)

)
}| →

0. And it is obvious that Pn ˜̀(θn;H( · ;θn))−P ˜̀(θn;H( · ;θn)) = Pn`(θn;H( · ;θn))−

P`(θn;H( · ;θn)). Then we need to prove

sup
θn∈Θn

|Pn`(θn;H( · ;θn))− P`(θn;H( · ;θn))| → 0

. Note that |`(θn;H( · ;θn))| is bounded under Conditions (A1)-(A4). So, without loss

of generality, we assume supθn∈Θn
|`(θn;H( · ;θn))| ≤ 1. Then P`2(θn;H( · ;θn)) ≤
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P (supθn∈Θn
|`(θn;H( · ;θn))|)2 ≤ 1. Let αn = n−1/2+φ1(log n)1/2 with ν/2 < φ1 <

1/2. Obviously {αn} is a non-increasing sequence of positive numbers. Also for a

given ε > 0, let εn = εαn. Then for sufficiently large n and any θn ∈ Θn, we have

var(Pn`(θn;H( · ;θn)))

(4εn)2
≤ (1/n)P`2(θn;H( · ;θn))

16ε2α2
n

≤ 1

16nε2α2
n

≤ 1

16ε2n2φ1 log n
≤ 1

2
.

Let P o
n denote the signed measure that places mass ± 1

n
at each of the observations

{O1, · · · , On}, with the plus and minus signs themselves independent of the Oi. Then

from page 31 of Pollard (1984) and var(Pn`(θn;H( · ;θn)))/(4εn)2 ≤ 1/2, the following

symmetrization inequality holds:

P ( sup
θn∈Θn

|Pn`(θn;H( · ;θn))− P`(θn;H( · ;θn))| > 8εn)

≤ 4P ( sup
θ∈Θn

|P o
n`(θn;H( · ;θn))| > 2εn). (S.12)

Let O = {O1, · · · , On} represent the observed data. Given O, select (θ(1)
n , · · · ,θ(κ)

n ),

where κ = N(εn/2,Ln, L1(Pn)), such that

min
j∈{1,··· ,κ}

Pn|`(θn;H( · ;θn))− `(θ(j)
n ;H(y;θ(j)

n ))| ≤ εn
2
,

for all θn ∈ Θn. For each θn ∈ Θn, let

θ∗n = arg min
θ
(j)
n

Pn|`(θn;H( · ;θn))− `(θ(j)
n ;H(y;θ(j)

n ))|.

Note that

|P o
n

(
`(θn;H( · ;θn))− `(θ∗n;H(y;θ∗n))

)
|

=
∣∣ 1
n

n∑
i=1

±(`i(θn;H( · ;θn))− `i(θ∗n;H(y;θ∗n)))
∣∣

≤ 1

n

n∑
i=1

∣∣(`i(θn;H( · ;θn))− `i(θ∗n;H(y;θ∗n)))
∣∣

= Pn
∣∣`(θn;H( · ;θn))− `(θ∗n;H(y;θ∗n))

∣∣. (S.13)
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Then by the definition of θ∗n and (S.13) we have

P ( sup
θn∈Θn

|P o
n`(θn;H( · ;θn))| > 2εn|O)

≤ P ( sup
θn∈Θn

[
|P o
n`(θ

∗
n;H(y;θ∗n))|+ P o

n |`(θn;H( · ;θn))− `(θ∗n;H(y;θ∗n))|
]
> 2εn|O)

≤ P (max
j
|P o
n`(θ

(j)
n ;H(y;θ(j)

n ))| > 3εn
2
|O)

≤ N(εn/2,Ln, L1(Pn)) max
j
P (|P o

n`(θ
(j)
n ;H(y;θ(j)

n ))| > 3εn
2
|O). (S.14)

According to the definition of the covering number N(εn/2,Ln, L1(Pn)), for each θ(j)
n ,

there exists θ̌
(j)

n such that Pn|`(θ̌
(j)

n ;H(y; θ̌
(j)

n ))− `(θ(j)
n ;H(y;θ(j)

n ))| ≤ εn
2

. Therefore

P (|P o
n`(θ

(j)
n ;H(y;θ(j)

n ))| > 3εn
2
|O)

≤ P ([|P o
n`(θ̌n

(j)
;H(y; θ̌

(j)

n ))|

+Pn|`(θ̌n
(j)

;H(y; θ̌
(j)

n ))− `(θ(j)
n ;H(y;θ(j)

n ))|] > 3εn
2
|O)

≤ P (|P o
n`(θ̌

(j)

n ;H(y; θ̌
(j)

n ))| > εn|O). (S.15)

By Hoeffding’s inequality, we have

P (|P o
n`(θ̌

(j)

n ;H(y; θ̌
(j)

n ))| > εn|O) = P (|
n∑
i=1

±`i(θ̌
(j)

n ;H(y; θ̌
(j)

n ))| > nεn|O)

≤ 2 exp

[
− 2(nεn)2/

n∑
i=1

(2`i(θ̌
(j)

n ;H(y; θ̌
(j)

n )))2

]
≤ 2 exp(−nε2n/2). (S.16)

The last inequality in Equation (S.16) holds because |`i(θ̌
(j)

n ;H(y; θ̌
(j)

n ))| ≤ 1.

Combining the the results found in Equations (S.14)-(S.16) and Lemma 3, we obtain

P ( sup
θn∈Θn

|P o
n`(θn;H( · ;θn))| > 2εn|O) ≤ 2N(εn/2,Ln, L1(Pn)) exp(−nε2n/2)

≤ C(εn/2)−(qn+p+m+1)K exp(−nε2n/2).

Note that the right-hand side does not depend on the observations O; then, by taking

expectations over O, we have

P ( sup
θn∈Θn

|P o
n`(θn;H( · ;θn))| > 2εn) ≤ C(εn/2)−(qn+p+m+1)K exp(−nε2n/2). (S.17)
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Combining Equations (S.12) and (S.17) we obtain

P ( sup
θn∈Θn

|Pn`(θn;H( · ;θn))− P`(θn;H( · ;θn))| > 8εn)

≤ 4P ( sup
θn∈Θn

|P o
n`(θn;H( · ;θn))| > 2εn)

≤ (εn/2)−(qn+p+m+1)K exp(−nε2n/2)

≤ C exp(−Cε2n2φ1 log n).

Hence
∑∞

n=1 P (supθn∈Θn
|Pn ˜̀(θn;H( · ;θn))− P ˜̀(θn;H( · ;θn))| > 8εn) <∞. By the

Borel-Cantelli lemma, we will have supθn∈Θn
|Pn ˜̀(θn;H( · ;θn))−P ˜̀(θn;H( · ;θn))| →

0 almost surely, which completes the proof of Lemma 4.

Proofs of Theorems 1–3

Proof of Theorem 1. Our proof of Theorem 1 relies on three steps. The first

step establishes the consistency of θ̂n and Ĥn(y; θ̂n). Next we determine the rate of

convergence of θ̂n. Finally, by utilizing the two previous steps we obtain the selection

consistency for the cluster number.

Step 1 (Consistency). Under condition (A2) and by Corollary 6.21 of Schu-

maker (1981), there exist gnk0 = α′k0Bn(t) such that

sup
t∈[0,1]

|gnk0(t)− gk0(t)| = O(q−rn ) = O(n−rυ),

where gk0(·) denotes the true function of gk(·), k = 1, · · · , K. Let θn0 = (β0,π0,γ0,gn0),

where gn0 = (g1n0, · · · , gKn0). Then,

d(θn0,θ0) = O(n−rυ). (S.18)

Let M(θn; Ĥn(y;θn)) = −˜̀(θn; Ĥn( · ;θn)), Kε = {θn : d(θn,θn0) ≥ ε,θn ∈ Θn} for
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ε > 0 and

ζ1n = sup
θn∈Θn

|PnM(θn; Ĥn( · ;θn))− PM(θn; Ĥn( · ;θn))|,

ζ2n = PnM(θn0; Ĥn( · ;θn0))− PM(θn0; Ĥn( · ;θn0)).

Then one can show that

inf
Kε
PM(θn; Ĥn( · ;θn))

= inf
Kε
{PM(θn; Ĥn( · ;θn))− PnM(θn; Ĥn( · ;θn)) + PnM(θn; Ĥn( · ;θn))}

≤ ζ1n + inf
Kε
PnM(θn; Ĥn( · ;θn)). (S.19)

If θ̂n ∈ Kε, then we have

inf
Kε
PnM(θn; Ĥn( · ;θn)) = PnM(θ̂n; Ĥn( · ;θn))

≤ PnM(θn0; Ĥn( · ;θn0)) = ζ2n + PM(θn0; Ĥn( · ;θn0)) .(S.20)

Let δε = infKε PM(θn; Ĥn( · ;θn))−PM(θn0; Ĥn( · ;θn0)). One can easily verify that

δε > 0 under the conditions specified in Theorem 1 when n is large enough. By

equations (S.19) and (S.20), we have

inf
Kε
PM(θn; Ĥn( · ;θn)) ≤ ζ1n + ζ2n + PM(θn0; Ĥn( · ;θn0))

= ζn + PM(θn0; Ĥn( · ;θn0)),

with ζn = ζ1n + ζ2n, and hence ζn ≥ δε by the definition of δε. Since {θ̂n ∈

Kε} ⊆ {ζn ≥ δε}, then
⋃∞
i=1

⋂∞
n=i{θ̂n ∈ Kε} ⊆

⋃∞
i=1

⋂∞
n=i{ζn ≥ δε}. By Lemma

2 and the strong law of large numbers, we have both ζ1n → 0 and ζ2n → 0 al-

most surely. Therefore,
⋃∞
i=1

⋂∞
n=i{ζn ≥ δε} is the null set when n is large enough,

which proves that d(θ̂n,θn0) → 0 almost surely as n → ∞. Combining this result

with Equation (S.18), we have d(θ̂n,θ0) → 0. Together with Lemma 2, we have

Ĥn(y) ≡ Ĥn(y; θ̂n)→ H(y;θ0) ≡ H0(y) uniformly in y ∈ [y, ȳ].
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Step 2 (Rate of convergence). We establish the convergence rate of θ̂n by

using Theorem 3.4.1 of Van der Varrt & Weller (1996). For any η > 0, define the

class of functions

Fη = {˜̀(θn; Ĥn( · ;θn))− ˜̀(θn0; Ĥn( · ;θn0)) : θn ∈ Θn, η/2 ≤ d(θn,θn0) ≤ η}.

For θ in the neighborhood of θ0, the compactness of the parameter spaces implies

that P{˜̀(θ0;H0)− ˜̀(θ; Ĥn( · ;θ))} � d2(θ,θ0). Hence

P (˜̀(θn0; Ĥn( · ;θn0))− ˜̀(θ0;H0)) � d2(θn0,θ0) ≤ Cn−2rυ. (S.21)

Hence, for large n, by equation (S.21) we have

P (˜̀(θn; Ĥn( · ;θn))− ˜̀(θn0; Ĥn( · ;θn0))) ≤ Cη2 + Cn−2rυ = Op(η
2),

for any ˜̀(θn; Ĥn( · ;θn))− ˜̀(θn0; Ĥn( · ;θn0)) ∈ Fη. Following the calculations found on

p.597 of Shen & Wong (1994), we can establish that for 0 < ε < η, logN[](ε,Fη, L2(P )) ≤

Cqn log(η/ε). Under Conditions (A1)-(A5), it is easy to see that Fη is uniformly

bounded. Therefore, by Lemma 3.4.2 of Van der Varrt & Weller (1996), we obtain

EP‖n1/2(Pn − P )‖Fη ≤ CJ[](η,Fη, L2(P ))

{
1 +

J[](η,Fη, L2(P ))

η2
√
n

}
,

where J[](η,Fη, L2(P )) =
∫ η

0
{1 + logN[](ε,Fη, L2(P ))} 1

2dε ≤ C
√
qnη. Let φn(η) =

√
qnη + qn/

√
n. It is easy to see that φn(η)/η is decreasing in η, and r2

nφn(1/rn) =

rn
√
qn + r2

nqn/n
1/2 ≤ Cn1/2,where rn = N−1/2n1/2 = n(1−v)/2. Noting that

Pn(˜̀(θn; Ĥn( · ;θn))−˜̀(θn0; Ĥn( · ;θn0))) ≥ 0 and d(θ̂n,θn0) ≤ d(θ̂n,θ0)+d(θ0,θn0)→

0 in probability, by applying Theorem 3.4.1 of Van der Varrt & Weller (1996), we

have n(1−v)/2d(θ̂n,θn0) = OP (1). This result, together with d(θ0,θn0) = O−rυ , shows

that d(θ̂n,θ0) = OP (n−(1−υ)/2 + n−rυ) = O(n−min( 1−υ
2
,rυ)) .

Step 3 (Selection consistency). In the final step, according to the proof of

Huang et al.(2017), we need only consider the maximizer of Qn(θn; Ĥn( · ;θn)) with
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d(θ̂n,θ0) ≤ C1/n
min( 1−υ

2
,rυ) and π̂k < 1/(

√
n log n) for k > s0. We use a Lagrange

multiplier λ1 to account for the constraint
∑K

k=1 π̂k = 1. Note Q∗n(θn; Ĥn( · ;θn)) =

Qn(θn; Ĥn( · ;θn))− λ1(
∑K

k=1 πk − 1). By Lemma 2, it is then sufficient to show that

∂Q∗n(θn;H( · ;θn))

∂πk

∣∣∣∣
π=π̂

< 0 for π̂k <
1√

n log n
, (S.22)

with probability tending to one. To show equation (S.22),

∂Q∗n(θn;H( · ;θn))

∂πk

∣∣∣∣
π=π̂

=
n∑
i=1

fnk∑K
k=1 π̂kfnk

− nλ 1

ε+ π̂k
− λ1 = 0. (S.23)

Obviously, the first term in the equation above is of order Op(n) by the law of large

numbers. Given k < s0, it is easy to establish that π̂k = πk0 + Op(1/n
min( 1−υ

2
,rυ)) >

1
2
· min{π10, π20, · · · , πs00}. Then the second term should be Op(nλ) = op(n), and

moreover λ1 = Op(n). Next, consider equation (S.23) when k > s0 and π̂k <
1√

n logn
.

It is obvious that the first and third terms in Equation (S.23) are each of order Op(n).

For the second term, because π̂k = Op(
1√

n logn
), λ
√
n log n → ∞ and ε = o( 1√

n logn
),

we have

nλ
1

ε+ π̂k
/n = λ

1

ε+ π̂k
= Op(λ

√
n log n) −→∞,

with probability tending to one. Hence the second term in Equation (S.23) dominates

the first and third terms. Therefore we have proved Equation (S.22), or equivalently

π̂k = 0 for k > s0 with probability tending to one when n→∞.

Proof of Theorem 2. The proof of Theorem 2 is completed by following by step

1 and step 2 in the proof of Theorem 1.

Proof of Theorem 3. Let Θ − θ0 to be Θ excluding θ0. Let Ω denote the

linear span of Θ − θ0 and define the Fisher inner product on the space Ω as <

v, v̌ >= P{ ˙̀̃(θ0;H( · ;θ0))[v] ˙̀̃(θ0;H( · ;θ0))[v̌]} for v, v̌ ∈ Ω and the Fisher norm

as ‖v‖ =< v, v >, where ˙̀̃(θ0;H( · ;θ0))[v] = d˜̀(θ0+sv;H( · ;θ0))
ds

∣∣∣∣
s=0

is the first order

directional derivative of `(θ0;H( · ;θ0)) at the direction v ∈ Ω (evaluated at θ0).

12



Also let Ω̄ be the closed linear span of Ω under the Fisher norm. Then (Ω̄, ‖ · ‖) is a

Hilbert space. For a vector of s0(p+m+1)-dimension b = (b′1, b
′
2, b
′
3)′ with ‖b‖ ≤ 1 and

for any v ∈ Ω, define a smooth functional of θ as h(θ) = b′Υ = b′1β + b′2γ + b′3π and

ḣ(θ0)[v] = dh(θ0+sv)
ds

∣∣∣∣
s=0

, where Υ = {βk,γk, πk, k = 1, · · · , s0}, whenever the limit on

the right-hand side is well-defined. According to the Riesz representation theorem,

there exists v∗ ∈ Ω̄ such that ḣ(θ0)[v] =< v, v∗ > for all v ∈ Ω̄ and ‖v∗‖ = ‖ḣ(θ0)‖.

Note that h(θ)− h(θ0) = ḣ(θ0)(θ − θ0). Thus according to Cramér-Wold device, in

order to prove Theorem 3, it suffices to show that

√
n < θ̂n − θ0, v

∗ >
d−→ N(0, b′I−1(Υ0)b), (S.24)

since b′{(θ̂
′
n, π̂

′
n, γ̂

′
n)′−(β′0, π

′
0, γ
′
0)′} = h(θ̂n)−h(θ0) = ḣ(θ0)(θ̂n−θ0) =< θ̂n−θ0, v

∗ >.

In fact, Equation (S.24) holds when
√
n < θ̂n − θ0, v

∗ >
d−→ N(0, ‖v∗‖2) and ‖v∗‖2 =

b′I−1(Υ0)b.

In the following, we Equation (S.24) holds, we prove
√
n < θ̂n − θ0, v

∗ >→d

N(0, ‖v∗‖2). According to the result of Corollary 6.21 in Schumaker (1981), there

exists Πnv
∗ ∈ Θn − θ0 such that ‖Πnv

∗ − v∗‖ = O(n−rυ). In addition, under the

assumptions r ≥ 2 and 1/2 > v > 1/4r, we have δn‖Πnv
∗ − v∗‖ = o(n−1/2) where

δn = n−min{(1−v)/2,rv}. For any θ ∈ {θ ∈ Θ : d(θ,θ0) = O(δn)}, define the first- and

second-order directional derivative in the directions v, v̌ to be

˙̀̃(θ;H( · ;θ))[v] =
d˜̀(θ + sv,O)

ds
|s=0,

῭̃(θ;H( · ;θ))[v, v̌] =
d2 ˜̀(θ + sv + šv̌, O)

dšds

∣∣∣∣
s=0,š=0

=
d ˙̀̃(θ + šv̌, O)[v̌]

dš

∣∣∣∣
š=0

.

Define r(θ−θ0;H( · ;θ0)) = ˜̀(θ;H( · ;θ))− ˜̀(θ0;H( · ;θ0))− ˙̀̃(θ0;H( · ;θ0))(θ−θ0)

and let εn = o(n−1/2). Then by the definition of θ̂n and P ˙̀̃(θ0;H( · ;θ0))[
∏

n v
∗] = 0,

13



we have

0 ≤ Pn{˜̀(θ̂n;H( · ; θ̂n))− ˜̀(θ̂n ± εnΠnv
∗;H( · ;θ))}

= Pn
{
r(θ̂n − θ0;H( · ;θ0)) + ˙̀̃(θ0;H( · ;θ0))(θ̂n − θ0)

− r(θ̂n + εnΠnv
∗ − θ0;H( · ;θ0))− ˙̀̃(θ0;H( · ;θ0))(θ̂n + εnΠnv

∗ − θ0)
}

= ∓εnPn ˙̀̃(θ0;H( · ;θ0))[Πnv
∗]

+(Pn − P )
{
r(θ̂n − θ0;H( · ;θ0))− r(θ̂n ± εnΠnv

∗ − θ0;H( · ;θ0))
}

+P
{
r(θ̂n − θ0;H( · ;θ0))− r(θ̂n ± εnΠnv

∗ − θ0;H( · ;θ0))
}

= ∓εnPn ˙̀̃(θ0;H( · ;θ0))[v∗]∓ εnPn ˙̀̃(θ0;H( · ;θ0))[Πnv
∗ − v∗]

+(Pn − P ){r(θ̂n − θ0;H( · ;θ0))− r(θ̂n ± εnΠnv
∗ − θ0;H( · ;θ0))}

+P{r(θ̂n − θ0;H( · ;θ0))− r(θ̂n ± εnΠnv
∗ − θ0;H( · ;θ0))}

= ∓εnPn ˙̀̃(θ0;H( · ;θ0))[v∗]∓ I1 + I2 + I3. (S.25)

We will investigate the asymptotic behavior of I1, I2, I3. For I1, it follows from Con-

ditions (A1)-(A5), the Chebyshev inequality and ‖Πnv
∗ − v∗‖ = o(1) that

I1 = εn × op(n−1/2). (S.26)

For I2, due to the mean value theorem, we obtain the result that

I2 = (Pn − P ){˜̀(θ̂n;H( · ;θn))

−˜̀(θ̂n ± εnΠnv
∗;H( · ;θn))± εn ˜̀(θ0;H( · ;θ0))[εnΠnv

∗]}

= ∓εn(Pn − P )
[
{ ˙̀̃(θ̃;H( · ;θ))− ˙̀̃(θ0;H( · ;θ0))}[Πnv

∗]
]
, (S.27)

where θ̃ lies between θ̂n and θ̂n ± εnΠnv
∗. By Theorem 2.8.3 of Van der Varrt &

Weller (1996), we know that { ˙̀(θ0;H( · ;θ0))[Πnv
∗] : ‖θ − θ0‖ = Op(δn)} belongs to

the Donsker class. Hence by Theorem 2.11.23 of Van der Varrt & Weller (1996), we

obtain I2 = εn × op(n−1/2).
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Since

P (r[θ − θ0;H( · ;θ0)])

= P{˜̀(θ;H( · ;θ))− ˜̀(θ0;H( · ;θ0))− ˙̀̃(θ0;H( · ;θ0))[θ − θ0]}

=
1

2
P{ ῭̃(θ̃;H( · ;θ))[θ − θ0,θ − θ0]− ῭̃(θ0;H( · ;θ0))[θ − θ0,θ − θ0]}

+
1

2
P ῭̃(θ0;H( · ;θ0))[θ − θ0,θ − θ0]

=
1

2
P ῭̃(θ0;H( · ;θ0))[θ − θ0,θ − θ0] + εn × op(n−1/2),

where θ̃ is between θ and θ0 and the last equation follows from a Taylor expansion,

conditions A(1)-A(5) and r ≥ 2, 1/2 > υ > 1/4r. Therefore

I3 = −1

2
{‖θ̂n − θ0‖2 − ‖θ̂n ± εnΠnv

∗ − θ0‖2}+ εn × op(n−1/2)

= ±εn < θ̂n − θ0,Πnv
∗ > +

1

2
‖εnΠnv

∗‖2 + εn × op(n−1/2)

= ±εn < θ̂n − θ0,Πnv
∗ − v∗ + v∗ > +

1

2
‖εnΠnv

∗‖2 + εn × op(n−1/2)

= ±εn < θ̂n − θ0, v
∗ > ±εn < θ̂n − θ0,Πnv

∗ − v∗ > +
1

2
‖εnΠnv

∗‖2 + εn × op(n−1/2)

= ±εn < θ̂n − θ0, v
∗ > +

1

2
‖εnΠnv

∗‖2 + εn × op(n−1/2)

= ±εn < θ̂n − θ0, v
∗ > +εn × op(n−1/2), (S.28)

where the last equality holds due to the fact that δn‖Πnv
∗ − v∗‖ = o(n−1/2), the

Cauchy-Schwartz inequality, and ‖Πnv
∗‖2 → ‖v∗‖. By (S.25), (S.26), (S.27), (S.28),

By the results specified in Equations (S.25)–(S.28), combined with P ῭(θ0;H)[v∗] = 0,

we can establish that

0 ≤ Pn{˜̀(θ̂n;H( · ;θn))− ˜̀(θ̂n ± εnΠnv
∗;H( · ;θ))}

= ∓εnPn ˙̀̃(θ0;H( · ;θ0))[v∗]± εn < θ̂n − θ0, v
∗ > +εn × op(n−1/2)

= ∓εn(Pn − P ) ˙̀̃(θ0;H( · ;θ0))[v∗]± εn < θ̂n − θ0, v
∗ > +εn × op(n−1/2).

Therefore, we obtain ∓
√
n(Pn−P ) ˙̀̃(θ0;H)[v∗]±

√
n < θ̂n−θ0, v

∗ > +op(1) ≥ 0. By

15



combining this result with the central limit theorem we have
√
n < θ̂n − θ0, v

∗ >=
√
n(Pn − P ) ˙̀̃(θ0;H)[v∗] + op(1)→ N(0, ‖v∗‖2) and ‖v∗‖2 = ‖ ˙̀̃(θ0;H)[v∗]‖2.

Now we calculate ‖v∗‖. Rewrite Υ = (β′, γ′, π′)′ = (Υ1, · · · ,Υ(p+m+1)s0). For

each component Υq, q = 1, 2, · · · , (p + m + 1)s0. Let ψ∗q = (b∗1q, b
∗
2q, · · · , b∗s0q) be the

minimizer of E{˜̀Υ · eq − ˜̀
b1 [b1q] − ˜̀

b2 [b2q] − · · · − ˜̀
bs0

[bs0q]}2 with respect to ψq =

(b1q, b2q, · · · , bs0q), where ˜̀
Υ = (˜̀′

β,
˜̀′
γ,

˜̀′
π)′, ˜̀

β = (˜̀′
β1
, · · · , ˜̀′

βs0
)′, ˜̀

π = (˜̀
π1 , · · · , ˜̀

πs0
)′,

˜̀
γ = (˜̀′

γ1
, · · · , ˜̀′

γs0
)′, ˜̀

βk = πkfk(H(y)|x)/
∑s0

k=1 πkfk(H(y)|x)x∆(γk)
−1 {H(y)− µk} ,

˜̀
πk = fk(H(y)|x)/

∑s0
k=1 πkfk(H(y)|x)− nλ

ε+πk
, ˜̀

γk = πk/
∑s0

k=1 πkfk(H(y)|x)
∂fk(H(y)|x)

∂γk
,

˜̀
bk = πkfk(H(y)|x)/

∑s0
k=1 πkfk(H(y)|x)∆(γk)

−1 {H(y)− µk} , and eq is a (p + m +

1)s0-dimensional vector of zeros except the q-th element equal to 1.

Define a vector SΥ of dimension (p+m+ 1)s0, with the q-th element as `Υ · eq −

`b1 [b
∗
1q] − `b2 [b∗2q] − · · · − `bs0 [b∗s0q], and I(Υ0) = E(SΥS

′
Υ). Furthermore, by following

calculations similar to those found in Chen et al.(2006), we obtain

‖v∗‖ = ‖ḣ(θ0)‖ = sup
v∈V̄ :‖v‖>0

|ḣ(θ0)|2

v2
= b′[E(SΥS

′
Υ)]−1b = b′I−1(Υ0)b.

This completes the proof of Theorem 3.
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