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1 Introduction

One of the more interesting solutions to the Einstein equations is Taub-NUT spacetime,
a generalization of the Schwarzschild spacetime originally obtained by Taub in 1951 [1]
and later rediscovered by Newman, Tamburino, and Unti in 1963 [2]. This spacetime
is asymptotically locally flat: its Riemann tensor approaches zero at large distance, but
it is only locally isomorphic to Minkowski spacetime in this regime. Its (anti) de Sitter
((A)dS) version, Taub-NUT-(A)dS spacetime, is likewise asymptotically locally (A)dS: its
Riemann tensor

Rαβµν → ∓
1
l2

(
gαµgβν − gανgβµ

)
(1.1)

at large distance where l is the (A)dS4 length. These Taub-NUT(-(A)dS) spacetimes also
have a mass parameter (m) and a NUT charge (s), with horizons at gtt(r+) = 0. However
the Kretschmann scalar does not diverge at the origin r = 0 unless s = 0. Its extension
to the charged case is firstly studied in [3] for an asymptotically locally flat spacetime and
in [4, 5] for an asymptotically locally AdS spacetime.
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Interestingly, these spacetimes have peculiar properties when their horizon geometry is
a sphere due to the non-trivial fibration of time on S2, which induces a spurious singularity
in a given coordinate system. Known as a Misner string [6], this singularity is analogous
to the Dirac string of electromagnetism, and the NUT charge is a gravitomagnetic charge
analogous to a magnetic monopole. Hence any Taub-NUT solution with nonzero m and
s is a gravitational dyon. Like the Dirac string, the Misner string that appears along the
θ = π (or θ = 0) axis can be eliminated by introducing an additional time coordinate
in a neighbourhood θ = π (or θ = 0) that is regular there, and then gluing this region
to its complement; a similar construction can be made for a Misner string along any axis.
However this regularity condition automatically requires the time coordinate to be periodic
t ∼ t + 8πs, which yields closed timelike curves (CTCs) through every point. While this
is a benign situation in Euclidean space, it violates causality in Lorentzian spacetime, and
so the latter has generally been thought to be pathological.

Since the Taub-NUT-((A)dS) spacetime retains these peculiar features, understand-
ing their thermodynamic properties were challenging, mainly due to the violation of
Bekenstein-Hawking formula, but successfully studied in [7–9]. Moreover, as this solu-
tion can be inherited from M-theory or supergravity theory, its higher dimensional solu-
tions are studied in [10, 11] and its supersymmetric properties are found in [12]. Also
the asymptotically locally AdS spacetime can be considered as a natural extension of the
AdS/CFT correspondence and holographic matching with its boundary field theory was
studied in [13, 14].

Recently a new perspective on these spacetimes has emerged, based on studies [15]
showing that the Misner string in Lorentzian Taub-NUT spacetime is transparent for
geodesics, implying that the spacetime becomes geodesically complete. Thus imposing
time periodicity is not necessary and no causality problem occurs. Based on this ar-
gument, thermodynamic properties of Lorentzian Taub-NUT-AdS spacetime were subse-
quently studied [16–18], with the perspective that the first law has full cohomogeneity
by treating the NUT charge as an independent thermodynamic variable, a Misner charge
whose conjugate variable is called the Misner potential, with these new terms included in
the first law and free energy.

Here we consider Euclidean dyonic Taub-NUT-AdS4 spacetime and investigate its ther-
modynamic properties for all horizon geometries characterized by a parameter κ, where
κ = 1 corresponds to spherical geometries, κ = 0 to locally flat geometries, and κ < 0 to
hyperbolic geometries. We also consider the role played by the Misner string if κ = 1. This
extends previous studies [19–22]; our aim here is to understand how regularity conditions
of the gauge field affect the thermodynamic relations. For the dyonic RN black hole, the
first law of thermodynamics is not strongly affected by the regularity condition of the gauge
field, and an electric and magnetic charge are independently present in the thermodynamic
relations as illustrated in appendix A. However for the dyonic Taub-NUT-AdS solution,
we find that the regularity condition, which relates the electric and magnetic charges, is
essential for satisfying the first law of thermodynamics.

To start with, we perform the Wick-rotation t→ −iτ and s→ −iχ to Euclidean space
from the Lorentzian solution. The U(1) isometry group associated with the Killing vector
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ξ = ∂τ then has either a zero-dimensional fixed point set (the so-called nut solution, or
TN-AdS) or a two-dimensional fixed point set (the so-called bolt solution, or TB-AdS).
When the horizon geometry is that of a sphere (κ = 1) it is of special interest because of
the existence of the Misner string, which is removed by imposing the time periodicity as
stated above. The Hawking temperature is then constrained to be 1

8πχ , and the Misner
string contributes to the entropy. Thus the entropy is not just the area of the fixed point
set of ξ, which is the Bekenstein-Hawking entropy formula [8, 9]. With these considera-
tions, the thermodynamic properties of (a charged) Taub-NUT-AdS spacetime for κ = 1
have been studied [19–21]; for the uncharged TB-AdS case there is a maximum value of
the NUT charge. Each value of NUT charge has two branches [19], characterized by in-
creasing/decreasing horizon radius as the NUT charge increases to its maximum value. We
shall refer to them as small and large TB-AdS solutions. They respectively have negative
and positive heat capacities.

The TN-AdS solution demands that P = iQ, which in turn implies the norm of the
gauge field vanishes at the horizon. However for TB-AdS, the zero value of this norm must
be imposed (rather than having a finite value) to ensure the validity of the thermodynamic
relations. One way of satisfying this regularity condition for TB-AdS is to relate electric
and magnetic charges:

P = 2iQχr+
r2

+ + χ2 (1.2)

implying Q and P are no longer independent. This reduces the cohomogeneity of the
system. Removal of the Misner string if κ = 1 yields a condition that further reduces the
cohomogeneity in the thermodynamic relations. In this case the following thermodynamic
relations

dE = TdS + ΦEdQ, F = E − TS − ΦEQ (1.3)

are satisfied.
We also find that these thermodynamic arguments are valid in the zero temperature

limit and study the near horizon geometry, which is AdS2 ×Mκ. For κ = 1, it is possible
to make sense of the thermodynamics provided the temperature is not identified via Mis-
ner string periodicity arguments. We observe that, upon replacing the temperature with
the electric potential [23], the extremal TB-AdS solution exhibits similar thermodynamic
behaviour to that of the uncharged TB-AdS solution.

Our manuscript is organized as follows. In section 2, we review the thermodynamics
for the uncharged TN/TB-AdS. We shall work at fixed AdS length, not working in the
extended thermodynamic phase space [24]. We check the first law of black hole thermody-
namics and free energy and plotted the horizon of TB-AdS, entropy and heat capacity as
functions of the NUT charge χ, which by regularity requirements is the inverse of temper-
ature for κ = 1. In section 3, we revisit the thermodynamics of the charged TN-AdS and
TB-AdS. We recover some results obtained previously [21], but go beyond this by con-
sidering all values of κ, calculating the heat capacity and other relevant thermodynamic
quantities before imposing the regularity condition. We find that P and Q are related
by metric requirements for TN-AdS and by the regularity condition of the gauge field at
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the horizon of TB-AdS. We impose the regularity condition after obtaining the various
thermodynamic quantities to show that applying the regularity condition is necessary for
the thermodynamic relations to hold. In section 4, we then investigate the near horizon
geometry in the zero temperature limit, and study the resultant thermodynamic relations.
Then we summarize our results in section 5.

2 Recap of thermodynamics of Uncharged TN/TB-AdS

The Einstein-Hilbert action with cosmological constant and Gibbons-Hawking term in four
dimensional spacetime is

I = 1
16πG4

∫
M
d4x
√
−g
(
R+ 6

l2

)
+ 1

8πG4

∫
∂M

d3x
√
−hK− 1

8πG4

∫
∂M

d3x
√
−h
(2
l

+ l

2R3(h)
)

(2.1)

where l is the radius of AdS4 spacetime, K is the trace of extrinsic curvature on the
boundary at spatial infinity, and the last term is the boundary counterterm action Ict [9,
25, 26].

The variation of the action with respect to the metric yields the equations of motion

Rµν −
1
2gµνR−

3
l2
gµν = 0 (2.2)

with the solution

ds2 = −f(r)(dt+ 2sλ(θ)dφ)2 + dr2

f(r) + (r2 + s2)(dθ2 + Y (θ)2dφ2) (2.3)

where s is the NUT charge,

f(r) = l−2(r2 + s2)2 + (κ+ 4l−2s2)(r2 − s2)− 2Mr

r2 + s2 (2.4)

and

λ(θ) =


cos θ
−θ
− cosh θ

, Y (θ) =


sin θ for κ = 1
1 for κ = 0
sinh θ for κ = −1.

(2.5)

characterize the three possible geometries of the constant-curvature horizon, located at the
largest root of f(r) = 0.

To explore the thermodynamic properties of the spacetime (2.3), we shall compute
its free-energy under various circumstances. Performing the Wick-rotation t → −iτ and
s→ −iχ, the Euclidean action and associated metric are

IE = − 1
16πG4

∫
d4x
√
g

(
R+ 6

l2

)
− 1

8πG4

∫
d3x
√
h

(
K − 2

l
− l

2R3

)
(2.6)

ds2
E = fE(r)(dτ + 2χλ(θ)dφ)2 + dr2

fE(r) + (r2 − χ2)(dθ2 + Y (θ)2dφ2), (2.7)

fE = l−2(r2 − χ2)2 + (κ− 4l−2χ2)(r2 + χ2)− 2Mr

r2 − χ2 (2.8)
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This solution has an horizon at r = r+ from fE(r+) = 0. There are two qualitatively
distinct solutions that are characterized by the fixed point sets associated with the Killing
vector field ξ = ∂τ . If the radius is the same as the NUT charge (r+ = χ), the fixed
point set is zero-dimensional, and is referred to as the Taub-Nut-AdS (TN-AdS) solution.
Otherwise r+ > χ, in which case the fixed point sets is two-dimensional and is called the
Taub-Bolt-AdS(TB-AdS) solution.

2.1 Uncharged TN-AdS

The TN-AdS solution is obtained when fE(r) has a root at r = r+ = χ. The Euclidean
metric function then can be written as

fn(r) =(r − χ)
(
κl2 + r2 + 2rχ− 3χ2)
l2(r + χ) (2.9)

where in (2.8)

M = Mn = χκ− 4χ3

l2
(2.10)

since r+ = χ. The Hawking temperature is easily calculated as

Tn = 1
4πf

′
n(χ) = κ

8πχ (2.11)

and this automatically agrees with the condition for removal of the Misner string.When
κ = −1, fn becomes negative near the horizon limit r = χ+ε. This happens because r = χ

is not the outermost horizon, but instead is contained in a bolt solution whose horizon
is
√

4χ2 − κl2 − χ [27]. Thus there is no hyperbolic TN-AdS solution. We therefore
only consider the κ = 0 and κ = 1 cases for TN-AdS, noting that the former is a zero-
temperature extremal case.

The extrinsic curvature and the three dimensional Ricci scalar are calculated as

K = (r − χ)
(
3r2 + 9rχ+ 4χ2)+ l2(2r + χ)κ
l2(r + χ)2

√
fn(r)

, (2.12)

R3 = −2χ2 (κl2 + r2 + 2rχ− 3χ2)λ′(θ)2 + 2l2(r + χ)2Y (θ)Y ′′(θ)
l2(r − χ)(r + χ)3Y (θ)2 . (2.13)

From these we obtain

IE = βω

8πG

[
3Mn − 2κR− 2

(
R3 − 4Rχ2 − χ3)

l2
+O

( 1
R

)]
+ Ict, (2.14)

Ict = βω

8πGl

√
fn(R)

[
2(R2 − χ2) + κl2 − l2χ2fn(R)

(R2 − χ2)

]
, (2.15)

Iren. = lim
R→∞

IE = βω

8πG

(
Mn + 2χ3

l2

)
= βωχ

8πG

(
κ− 2χ2

l2

)
(2.16)

for the on-shell Euclidean action (2.6), where ω =
∫ 2π

0 dφ
∫ θmax(φ)
θmin(φ) dθY (θ) is the volume

element of the transverse space,1 and β is the imaginary time periodicity, which becomes
1For κ = 1, θmax(φ) = π and θmin(φ) = 0; for other values of κ these quantities depend on the

identifications made in the transverse space [28].
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the inverse of temperature. For non-compact transverse spaces, we shall rescale our ther-
modynamic quantities by ω.

The free energy is then given by definition

F = − 1
β

logZ ∼ Iren.
β

(2.17)

where Z is a partition function and we used a saddle point approximation in the second
expression. The thermodynamic entropy and energy are obtained from

S =
(
β
∂

∂β
− 1

)
Iren., E = ∂βIren. (2.18)

yielding

S = ωχ2

G

(
κ− 6χ2

l2

)
, E = χω

4πG

(
κ− 4χ2

l2

)
= ω

4πGMn. (2.19)

These quantities satisfy the first law and free energy

dE = TndS, F = E − TnS (2.20)

which is only valid for κ = 1 case since there is no hyperbolic TN-AdS. For κ = 0, the
temperature is zero, we cannot determine the entropy using (2.18). However since the
Misner string is not present, we expect that the entropy satisfies the Bekenstein-Hawking
entropy and so becomes the area of the TN-AdS, which is zero.

2.2 Uncharged TB-AdS

For TB-AdS, the horizon is at r = rb 6= χ and the mass parameter is

Mb = −6χ2r2
b + r4

b − 3χ4 + κ
(
r2
b + χ2) l2

2l2rb
(2.21)

from (2.8). The extrinsic curvature and the three dimensional Ricci scalar are

K = (−3r2 + χ2)Mb + 2κr3 + (3r5 − 14r3χ2 + 3rχ4)l−2

(r2 − χ2)2√fE(r)
, (2.22)

R3 = −2χ2 (−2Mbr + κ
(
r2 + χ2)+ (r4 − 6r2χ2 − 3χ4)l−2)λ′(θ)2

(r2 − χ2)3 Y (θ)2
− 2Y ′′(θ)

(r2 − χ2)Y (θ) .

(2.23)

yielding

IE = ωβ

8πG

[
3Mb −

(2R3 + r3
b − 3rbχ2)
l2

+
(8χ2

l2
− 2κ

)
R+O

( 1
R

)]
+ Ict (2.24)

Ict = βω

8πGl

√
fE(R)

[
2(R2 − χ2) + κl2 − l2χ2fE(R)

(R2 − χ2)

]
, (2.25)

Iren. = lim
R→∞

IE = ωβ

8πG

[
Mb −

r3
b − 3rbχ2

l2

]
, (2.26)

for the Euclidean action.
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Figure 1. The horizon radius rb (2.29) vs. NUT charge for uncharged TB-AdS for κ = 1 and
G = l = 1.

The Hawking temperature is

T = 1
4πf

′
E(rb) = Mb

(
r2
b + χ2)+ (9χ4rb − 2χ2r3

b + r5
b )l−2 − 2κrbχ2

2π
(
χ2 − r2

b

)2 (2.27)

where for κ = 1 we must also have

T = 1
4πf

′
E(χ) = 1

8πχ (2.28)

to remove the Misner string singularity. This constrains the thermodynamic phase space.
Inserting (2.21) into (2.27) and equating the result to (2.28), the horizon radius is

rb = 1
12χ

(
l2 ±

√
l4 + 144χ4 − 48l2χ2

)
(2.29)

which we depict in figure 1 in units with G = 1 and l = 1. The blue/orange solid lines
correspond to the negative/positive roots in (2.29). There is a maximum value of the NUT
charge at

χ = χmax = l

2

√
1
3(2−

√
3) (2.30)

which we denote as a red dot in figure 1. Thus the NUT charge lies in the range 0 ≤
χ ≤ χmax and has two branches that show increasing (the lower blue curve) and decreasing
(the upper orange curve) behaviour of the radius as the NUT charge increases. These two
branches have different characteristics in large l limit as follows

rb− ∼ 2χ, rb+ ∼
l2

6χ. (2.31)

The lower branch is smoothly connected TB in flat spacetime when l is taken to infinity,
whereas the upper branch does not smoothly go to TB in flat spacetime since rb diverges
in the l→∞ limit. Hence the upper branch only exists in AdS.
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Figure 2. Entropy vs. NUT charge χ for uncharged TB-AdS for κ = 1 and G = l = 1.

From the renormalized action (2.26), we calculate thermodynamic energy, entropy, and
specific heat using the definitions

E = ∂βIren., S =
(
β
∂

∂β
− 1

)
Iren., C = −β∂S

∂β
. (2.32)

For κ = 1, the energy and entropy become

E(κ=1) = ω

8πGl2rb

(
r4
b − 6r2

bχ
2 − 3χ4 + l2(r2

b + χ2)
)

= ω

4πGMb, (2.33)

S(κ=1) = ω

4Grb

(
r3
b − rbχ2 + 4κχ3 − 12χ3 (r2

b + χ2)
l2

)
= ωχ

G

(
Mb + r3

b − 3rbχ2

l2

)
(2.34)

where the entropy is not the area of the TB-AdS horizon due to the contribution of Misner
string. Inserting (2.29) into (2.34), we plot the entropy as a function of χ in figure 2. We
see that the entropy increases for the small TB-AdS (blue solid line) solution and decreases
for the large one (orange solid line) as the NUT charge χ increases to its maximum value.

For κ 6= 1, the energy and entropy are

E(κ 6=1) = ω

8πG

(
κ+ r3

b − 3rbχ2

l2

)
, (2.35)

S(κ 6=1) = ω

4G(r2
b − χ2) (2.36)

and the entropy agrees with the Bekenstein-Hawking formula. These quantities for all κ
satisfy the first law and free energy

dE = TdS, F = E − TS. (2.37)

Finally, the heat capacity

C = T
∂S

∂T
= T

(
∂T

∂M

∂M

∂rb

∂rb
∂S

)−1
(2.38)
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Figure 3. Heat Capacity (2.39) vs. NUT charge for uncharged TB-AdS for κ = 1 and G = l = 1.

is

C(κ=1) = ω

2G
rb(12χ3 − l2rb)
(−12rbχ+ l2) , (2.39)

C(κ 6=1) = ωr2
b

2G

(3r2
b − 3χ2 + κl2

3r2
b + 3χ2 − κl2

)
(2.40)

for the different values of κ. We plot the κ = 1 case as a function of χ (using (2.29))
in figure 3. Similar to small and large AdS black holes, the small (blue solid line) and
large (orange solid line) TB-AdS solutions exhibit negative and positive heat capacity
respectively.

3 Thermodynamics of dyonic TN/TB-AdS

To obtain dyonic Taub-NUT-AdS solutions, we add a gauge field to the action (2.1)

I = 1
16πG4

∫
d4x
√
−g
(
R+ 6

l2
− FµνFµν

)
+ 1

8πG4

∫
d3x
√
−h
(
K − 2

l
− l

2R3

)
(3.1)

which leads to the equations of motion

Rµν −
1
2gµνR = 3

l2
gµν + 2

(
F σ
µ Fνσ −

1
4gµνFρσF

ρσ
)
, (3.2)

DµF
µν = 0. (3.3)

The solution for the metric and gauge field are

ds2 = −f(r)(dt+ 2sλ(θ)dφ)2 + dr2

f(r) + (r2 + s2)(dθ2 + Y (θ)2dφ2), (3.4)

A = Aµdx
µ = 1

2sh(r)dt+ h(r)λ(θ)dφ (3.5)
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where

f(r) = l−2(r2 + s2)2 + (κ+ 4l−2s2)(r2 − s2)− 2Mr + P 2 +Q2

r2 + s2 , (3.6)

h(r) = −2Qsr + P (r2 − s2)
r2 + s2 . (3.7)

From the field strength of the gauge field (3.5) we obtain the electric and magnetic charges

Qe[ξt] ≡
1
ω

∫
∂Σκ
∗F = lim

r→∞
Q
(
r2 − s2)− 2Prs
r2 + s2 = Q, (3.8)

Qm[ξφ] ≡ 1
ω

∫
∂Σκ

F = lim
r→∞

P
(
r2 − s2)+ 2Qrs
r2 + s2 = P (3.9)

where Σκ is the spacelike hypersurface for each κ, ∂Σκ is the boundary of Σκ at r =constant,
and the conserved charge is taken at r =∞.

Once again, performing the Wick-rotation t→ −iτ and s→ −iχ, we find

Iren. = − 1
16πG4

∫
d4x
√
g

(
R+ 6

l2
− FµνFµν

)
− 1

8πG4

∫
d3x
√
h

(
K − 2

l
− l

2R3

)
(3.10)

for the Euclidean action. The metric and gauge field become

ds2
E = fE(r)(dτ + 2χλ(θ)dφ)2 + dr2

fE(r) + (r2 − χ2)(dθ2 + Y (θ)2dφ2) (3.11)

AE = 1
2χhE(r)dτ + hE(r)λ(θ)dφ, (3.12)

where

fE = l−2(r2 − χ2)2 + (κ− 4l−2χ2)(r2 + χ2)− 2Mr + P 2 +Q2

r2 − χ2 , (3.13)

hE = 2iQχr − P (r2 + χ2)
r2 − χ2 . (3.14)

As with the uncharged case, this Euclidean metric describes two distinct geometries, a
dyonic-TN-AdS and a dyonic-TB-AdS.

3.1 Dyonic TN-AdS solution and thermodynamics

The dyonic-TN-AdS solution is obtained when fE(r) has a root at r = r+ = χ. This
implies

M = Mn = 1
2χ

(
2χ2

(
κ− 4χ2

l2

)
+ P 2 +Q2

)
. (3.15)

and the Euclidean metric function is then given by

fn(r) = l−2(r − χ)2(r + 3χ)χ+ κ(r − χ)χ− (P 2 +Q2)
χ(r + χ) . (3.16)

It is clear that if fn(r = χ) = 0, then

P 2 +Q2 = 0 (3.17)
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We can satisfy this relation non-trivially if we take P = iQ so as to make the gauge field
vanish at the horizon, namely hE(r+) = h(χ) = 0. This implies

hE(r) = − iQ(r − χ)
r + χ

. (3.18)

Note that if (3.17) holds then the metric function becomes the same as the uncharged case,
and so only κ = 0 and 1 are allowed for dyonic TN-AdS. Imposing these conditions r+ = χ

and P = iQ, the mass parameter becomes

Mn = χκ− 4χ3

l2
. (3.19)

Since K and R3 are still given by (2.12) and (2.13) respectively, the on-shell Euclidean
action is now

IE = βω

8πG

[
3Mn − 2κR− 2

(
R3 − 4Rχ2 − χ3)

l2
− Q2

2χ +O
( 1
R

)]
+ Ict, (3.20)

Iren. = lim
R→∞

(IE) = βω

8πG

(
Mn + 2χ3

l2
− Q2

2χ

)
= βωχ

8πG

(
κ− 2χ2

l2
− Q2

2χ2

)
(3.21)

where β is the inverse of the Hawking temperature.
The thermodynamic energy, entropy, and specific heat are, for κ = 1,

S = ωχ2

G

(
1− 6χ2

l2
+ Q2

2χ2

)
= ωχ2

G

(
1 + 2g2 − 6χ2

l2

)
, (3.22)

E = ω

8πG

(
Mn + χκ− 4χ3

l2
+ Q2

χ

)
= ωχ

4πG

(
1 + 2g2 − 4χ2

l2

)
, (3.23)

Φ = iω

4πG
1

2χ

(
hE(∞)− hE(χ)

)
= − ω

4πGg. (3.24)

where we rescaled Q = −2gχ (and so P = −2igχ). The Hawking temperature is easily
calculated to be

T = 1
4πf

′
n(χ) = κ

8πχ (3.25)

and we can verify that the first law and free energy are satisfied

dE = TdS + ΦdQ, F = E − TS − ΦQ. (3.26)

where χ and g are the independent variables.
For κ = 0 the temperature vanishes and we have an extremal solution. From the gauge

potential, we expect the energy to be

E = ω

4πG

(
Q2

4χ −
χ3

l2

)
, Φ = Qω

8πGχ (3.27)

so as to satisfy the following relations

dE = ΦdQ, F = E − ΦQ. (3.28)

Since the temperature is zero, we cannot determine the entropy using (2.18). However the
horizon area is zero and the Misner string regularity condition does not apply, so we expect
that the entropy is zero.
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3.2 Dyonic TB-AdS

If we assume that the metric (3.13) is not factored by (r−χ), then it has a two dimensional
fixed point set and is called TB-AdS. The metric and gauge field are now

fE = l−2(r2 − χ2)2 + (κ− 4l−2χ2)(r2 + χ2)− 2Mr + P 2 +Q2

r2 − χ2 ,

hE = 2iQχr − P (r2 + χ2)
r2 − χ2 .

and the mass parameter is

M = Mb = l2
(
P 2 +Q2 + κ

(
r2
b + χ2))+ r4

b − 6r2
bχ

2 − 3χ4

2l2rb
(3.29)

where we denote the radius of the dyonic-TB-AdS as rb. Imposing the regularity condition
for the norm of a gauge field to vanish at the horizon of TB-AdS, we get

gabAEaAEb
∣∣
r=rb

= A2
E(rb) = 0 → P = 2iQχrb

r2
b + χ2 (3.30)

and so Q and P are related.
We next calculate all thermodynamic quantities, subsequently apply the regularity

condition, and then show the first law and free energy are satisfied. To calculate the electric
and magnetic potentials, we consider two definitions of the field potential as follows

Φ(1)
E = ∂E

∂Q

∣∣∣∣
rb,P

− T ∂S
∂Q

∣∣∣∣
rb,P

, Φ(1)
M = ∂E

∂P

∣∣∣∣
rb,Q

− T ∂S
∂P

∣∣∣∣
rb,Q

(3.31)

where Φ(1)
E and Φ(1)

M are conjugate variables for each charges Q and P respectively via the
first law of thermodynamics

dE = TdS + ΦEdQ+ ΦMdP (3.32)

with details about how to compute them given in appendix B. Alternatively, we can take

Φ(2)
E = iω

4πG(Aτ (∞)−Aτ (rb)), Φ(2)
M = ω

4πG(ΦM (∞)− ΦM (rb)) (3.33)

which are typically chosen for gauge potentials, and where

ΦM (r) =
∫ r

dr′B(r′), B(r) = 1
√
g
εtrθφFθφ . (3.34)

Then we can compute energy from the equation

E − ΦEQ− ΦMP = ∂βIren. (3.35)

for both cases.
Since we have a dyonic solution we naturally expect both types of charge to appear

in the first law, and usually they yield the same result for an electric potential, as shown
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in appendix A. Here, however, this turns out not to be the case: upon computing the
potentials respectively using (3.31) and (3.33) for each case and then imposing the regular-
ity condition (3.30), we find that thermodynamic quantities such as energy, temperature,
entropy, and electric potentials Φ(1)

E and Φ(2)
E become equivalent, whereas the magnetic

potentials Φ(1)
M and Φ(2)

M remain inequivalent. This is because the regularity condition is
equivalent to setting the magnetic potential Φ(1)

M = 0, a condition incompatible with Φ(2)
M

in (3.33). Thus the magnetic potential Φ(2)
M is not valid once the regularity condition (3.30)

is imposed. Then under this regularity condition (3.30) we expect the first law and free
energy to satisfy

dE = TdS + ΦEdQ, F = E − TS − ΦEQ (3.36)

and we shall illustrate this in specific cases in what follows. In general only Φ(1)
M can satisfy

the first law, as should be clear from its definition in (3.31).

3.2.1 Thermodynamics for κ 6= 1

The extrinsic curvature and three dimensional Ricci scalar are

K = −3Mbr
2 +Mbχ

2 + 2κr3 + r
(
P 2 +Q2)+ (3r5 − 14r3χ2 + 3rχ4)l−2

(r2 − χ2)2√fE(r)
, (3.37)

R3 = −2χ2 (−2Mbr + P 2 +Q2 + κ
(
r2 + χ2)+ (r4 − 6r2χ2 − 3χ4)l−2)λ′(θ)2

(r2 − χ2)3 Y (θ)2

− 2Y ′′(θ)
(r2 − χ2)Y (θ) (3.38)

and from this we obtain

IE = βω

8πG

[
3Mb − 2κR− (2R3 − 8Rχ2 + r3

b − 3rbχ2)
l2

−rb
((
Q2 − P 2) (r2

b + χ2)+ 4iPQrbχ
)(

r2
b − χ2)2 +O

( 1
R

)]
+ Ict (3.39)

Iren = lim
R→∞

(IE) = βω

8πG

(
Mb −

r3
b − 3rbχ2

l2
+
(
P 2 −Q2) (r2

b + χ2) rb − 4iPQr2
bχ(

r2
b − χ2)2

)
.

(3.40)

for the Euclidean action. Note from (3.30) that P ∝ −i2Qχ, ensuring the Euclidean
action (3.40) is real.

The Hawking temperature and entropy are

T = 1
4πf

′
E(rb)

= rbχ
2

π
(
r2
b − χ2)2

(
Mb

(
r2
b + χ2)

2rbχ2 + r4
b − 2r2

bχ
2 + 9χ4

2l2χ2 − (P 2 +Q2)
2χ2 − κ

)

= l2(κrb −Mb) + 2rb
(
r2
b − 3χ2)

2πl2
(
r2
b − χ2) (3.41)

S ≡
(
β
∂

∂β
− 1

)
Iren. = ω

(
r2
b − χ2)
4G , (3.42)
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where

β = 2πl2
(
r2
b − χ2)

l2 (κrb −Mb) + 2rb
(
r2
b − 3χ2) (3.43)

allows us to regard Mb as a function of β and the other parameters. The heat capacity for
fixed P and Q is

CP,Q = ωr2
b

(
r2
b − χ2) (3 (r2

b − χ2) 2 − l2
(
−κr2

b + κχ2 + P 2 +Q2))
2G

(
l2
(
(P 2 +Q2)

(
3r2
b − χ2)− κ (r2

b − χ2) 2)+ 3
(
r2
b − χ2) 2 (r2

b + χ2)) (3.44)

from (2.38). Now we obtain the electric, magnetic potentials and energy

Φ(1)
E = ω

4πG
Q
(
r2
b + χ2) rb + 2iPr2

bχ(
r2
b − χ2)2 , Φ(1)

M = ω

4πG
2iQr2

bχ− P
(
r2
b + χ2) rb(

r2
b − χ2)2 (3.45)

E(1) = rbω

8πG

(
κ+ r2

b − 3χ2

l2
+
(
Q2 − P 2) (r2

b + χ2)+ 4iPQrbχ(
r2
b − χ2)2

)
, (3.46)

where Φ(1)
E and Φ(1)

M are derived from (3.31) and the energy is from (3.35), and

Φ(2)
E = ω

4πG
Qrb + iPχ(
r2
b − χ2) , Φ(2)

M = ω

4πG
iQχ− Prb(
r2
b − χ2) . (3.47)

E(2) = ω

8πG

(
κrb + r3

b − 3rbχ2

l2
+ (P 2rb − 2iPQχ)

(
r2
b + χ2)+Q2rb

(
r2
b − 3χ2)(

r2
b − χ2)2

)
. (3.48)

where Φ(2)
E and Φ(2)

M are derived from (3.33) and the energy is computed from (3.35). These
quantities do not satisfy the first law of thermodynamics, but upon imposing the regularity
condition (3.30) these thermodynamic variables (3.45)–(3.48) become

E(1) = E(2) = E = ω

8πG

(
κrb + rb

(
r2
b − 3χ2)
l2

+ Q2rb
r2
b + χ2

)
, (3.49)

Φ(1)
E = Φ(2)

E = ΦE = ω

4πG
Qrb(

r2
b + χ2) Φ(1)

M = 0 6= Φ(2)
M = − ω

4πG
iQχ(

r2
b + χ2) (3.50)

and we see that the magnetic potentials are inequivalent. The first law and the free energy
become

dE = TdS + ΦEdQ, (3.51)
F = E − TS − ΦEQ (3.52)

upon using Φ(1)
M = ΦM = 0.

3.2.2 Thermodynamics for κ = 1

For κ = 1, the Hawking temperature is constrained to be 1/8πχ so that the Misner string
singularity is no longer present. Moreover, the entropy does not follow the Bekenstein-
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Hawking formula, but can be obtained from the thermodynamic relation (2.32). We find

T = 1
4πf

′
E(rb) (3.53)

= rbχ
2

π
(
r2
b − χ2)2

(
Mb

(
r2
b + χ2)

2rbχ2 + r4
b − 2r2

bχ
2 + 9χ4

2l2χ2 − (P 2 +Q2)
2χ2 − 1

)
= 1

8πχ, (3.54)

S ≡
(
β
∂

∂β
− 1

)
IE =

(
χ
∂

∂χ
− 1

)
IE (3.55)

= ω

2G

(
l2
(
r2
b+χ2)− 24rbχ3

2l2 + 4rbχ2 ((P 2−Q2) (3r2
bχ+χ3)− 2iPQrb

(
r2
b+3χ2))(

r2
b − χ2)3

)
.

(3.56)

without imposing (3.30). We shall first consider the behaviour of these quantities without
this constraint, and later see that it is required in order that the first law of thermody-
namics hold.

Inserting Mb from (3.29) into the temperature yields the constraint

Q2 + P 2 =
(
r2
b − χ2) (6χ (r2

b − χ2)− l2 (rb − 2κχ)
)

2l2χ . (3.57)

Replacing P = −2iχg, we can interpret this as a constraint on rb. Then (3.57) has 4
solutions denoted rb,1∓ and rb,2∓, each of which are functions of Q, g and χ. We write
these in appendix C, and plot each as a function of χ in figure 4 for fixed values of Q and g.

The quantities rb,1+ and rb,2+ are always positive, whereas the positivity of rb,1− and
rb,2− depends on the parameter values; all positive values of rb,1− yield negative entropy,
but some positive values of rb,2− can yield positive entropy. Hence we shall only consider
rb,1+, rb,2+, and rb,2− in this section.

In the uncharged case as shown in figure 1, rb in the small TB-AdS started at χ = 0;
upon turning on the electric charge Q with the magnetic parameter g = 0, the starting point
is at a positive value of χ, illustrated in the upper left plot in figure 4. As Q increases the
curve approaches an inflection point and retains the small/large branch shape for a while.
Further increasing Q, the range of rb of the small TB-AdS gets shorter and disappears at
around Q = 0.13. However another solution of rb,1+ at large values of χ emerges, extending
the end point of rb of the large TB-AdS; this solution is denoted with the orange dashed
line in the upper right plot in figure 4. All dashed lines in figure 4 correspond to negative
entropy, and so are not considered to be physical solutions. Thus as the electric charge Q
becomes larger than ∼ 0.13 (with g = 0) only the large (dyonic) TB-AdS solution exists.

Once the magnetic parameter g becomes nonzero, the bolt radius rb of the small
TB-AdS appears and again forms the small/large branches, shown in the lower left plot
in figure 4. Setting Q = 0, we recover the behaviour of the uncharged case; note that
P = −2igχ and so the pure magnetic case does not exhibit behaviour similar to the pure
electric case. If we increase Q the small branch disappears (from the upper left to the
upper right plot in figure 4, but if we increase g, then for g > Q the small branch emerges
again (the lower left plot becomes the lower right one).
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Figure 4. The horizon radius of TB-AdS for κ = 1 vs. χ for fixed values of Q and g with
G = l = 1. The dashed lines correspond to negative entropy, and are not regarded as corresponding
to physically admissible solutions.

In general we find that a maximum value of χ always exists. The dyonic TB-AdS
solution has two branches (large and small) for two cases: Q < 0.13 with g = 0, and
g > Q. Recall that a small (dyonic) TB-AdS is one whose radius increases as the NUT
charge increases, whereas the radius of a large (dyonic) TB-AdS decreases as the NUT
charge increases.

Inserting these values of rb into the entropy (3.56), we can express S in terms of Q, g
and χ. For fixed values of Q and g, the entropy as a function of χ is plotted in figure 5
where the dashed lines are ones calculated with the dashed lines of rb,1+ in figure 4. We see
that even for the rb,+ solutions, the parameter range must be restricted to ensure positive
entropy. We also observe that if Q is smaller than 0.13 with g = 0 or g is bigger than
Q, the behaviour of the entropy becomes similar to the uncharged TB-AdS case, shown in
figure 2, but as Q increases keeping g = 0 the only allowed solution is that of the large
(dyonic) TB-AdS.

From the definition (2.38), we also calculate the heat capacity

CP,Q =ωl2rbχ
2

2Ga1

((
r2
b − χ2)2 (l2rb − 12χ3)

l2χ2

+ 4χ
(
Q2 − P 2) (9r4

b + 14r2
bχ

2 + χ4)+ 16iPQrb
(
r4
b + 8r2

bχ
2 + 3χ4)(

r2
b − χ2)2

)
(3.58)
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Figure 5. Entropy (3.56) of TB-AdS for κ = 1 vs. χ for fixed values of Q and g with G = l = 1.

for fixed P and Q, where

a1 = 12χrb
(
r2
b − χ2

)2
+ l2

(
2χ2r2

b − r4
b − χ4 + 4χrb

(
P 2 +Q2

))
. (3.59)

Substituting rb,1+ and rb,2+, we plot the heat capacity (3.58) as a function of χ in figure 6.
If Q < 0.13 with g = 0 or as g becomes larger than Q, the heat capacity exhibits behaviour
similar to the uncharged TB-AdS case, shown in figure 3; the small (dyonic) TB-AdS has
negative heat capacity and the large (dyonic) TB-AdS has positive heat capacity. Other
cases, for which rb,1+ and rb,2+ are restricted to yield positive entropy, have only positive
heat capacity, shown in the upper right graph of figure 6.

From the Euclidean action, the energy, electric, and magnetic potentials are obtained
from (3.31) and (3.35)

Φ(1)
E = ω

4πG
rb
(
2iPχrb +Q(r2

b + χ2)
)(

χ2 − r2
b

)2 ,

Φ(1)
M = − ω

4πG
rb
(
P (r2

b + χ2)− 2iQχrb
)(

χ2 − r2
b

)2 . (3.60)

E(1) = ω

8πG

[
Mb + r2

b + χ2

4χ − 3χ2rb + r3
b

l2

+
(
Q2 − P 2) (−3χ4rb − 6χ2r3

b + r5
b

)(
r2
b − χ2)3 + 16iPQχ3r2

b(
χ2 − r2

b

)3 ], (3.61)
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Figure 6. Heat capacity (3.58) for TB-AdS for κ = 1 vs. χ for fixed Q and g with G = l = 1.

and by (3.33) and (3.35)

Φ(2)
E = ω

4πG
(Qrb + iPχ)(
r2
b − χ2) , Φ(2)

M = ω

4πG
(−Prb + iQχ)(

r2
b − χ2) . (3.62)

E(2) = ω

8πG

[
Mb + r2

b + χ2

4χ − rb
(
r2
b + 3χ2)
l2

+ 1
(r2
b − χ2)3

(
P 2rb(r4

b + 6r2
bχ

2 + χ4)

+ 2iPQχ(−3r4
b − 6r2

bχ
2 + χ4) +Q2rb(r4

b − 10r2
bχ

2 + χ4)
)]
. (3.63)

As stated above, we find that the first law cannot be satisfied unless the regularity
condition (3.30) is imposed. Upon doing this, we find that (3.61)–(3.62) and (3.56) become

E = ω

8πG

[
Mb + r2

b + χ2

4χ − rb
(
r2
b + 3χ2)
l2

+ Q2 (3χ2rb + r3
b

)(
r2
b + χ2)2

]
, (3.64)

S = ω

4G

[
r2
b + χ2 − 24χ3rb

l2
+ 8Q2χ3rb(

r2
b + χ2)2

]
, (3.65)

ΦE = ω

4πG
Qrb(

r2
b + χ2) , ΦM = 0 (3.66)

and that these quantities satisfy the first law

dE = TdS + ΦEdQ (3.67)
F = E − TS − ΦEQ (3.68)

with the free energy written as in (3.68). Note that g and Q are no longer independent.
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4 Zero temperature limit of dyonic TB-AdS

For vanishing Hawking temperature the TB-AdS metric (3.13) factorizes:

fE = 1
l2(r2 − χ2)(r + r0 + α)(r + r0 − α)(r − r0)2 (4.1)

where

r0 =
√
χ2 + 1

6 l
(√

κ2l2 + 12 (Q2 + P 2)− κl
)
, (4.2)

α =
√

4χ2 − 1
3 l
(√

κ2l2 + 12 (Q2 + P 2) + 2κl
)
. (4.3)

By writing

τ → τ̃

ε
, r → r0 + εr̃ (4.4)

the metric (3.11) with fE given by (4.1) becomes

ds2
ext ∼

r̃2fε,−
l2(r2

0 − x2)2 (dτ̃ + 2χλ(θ)εdφ)2 + l2r0fε,+

r̃2 (4r2
0 − α2)2dr̃2 + (r2

0 − χ2 + 2r̃r0ε)dΩκ, (4.5)

to leading order in ε. In the limit ε→ 0 we obtain the near-horizon metric

ds2
ext →

r̃2

l2
(4r2

0 − α2)
(r2

0 − χ2)
dτ̃2 + l2

r̃2
(r2

0 − χ2)
(4r2

0 − α2)
dr̃2 + (r2

0 − χ2)(dθ2 + Y (θ)2dφ2) (4.6)

which is AdS2 ×Mκ, where Mκ is a two dimensional manifold depending on κ as given
by (2.5), and where

4r2
0 − α2 = l

√
κ2l2 + 12(Q2 + P 2)

r2
0 − χ2 = l

6

√
κ2l2 + 12(Q2 + P 2)− κ

6 l
2 (4.7)

It is interesting to note that no NUT charge χ appears in the AdS2 section due to the
relations (4.7), and the metric (4.6) has no singularities at the horizon.

Thus for κ 6= 1 the extremal limit is given by taking the metric function to be (4.1)
and we can check if the thermodynamic relations hold in this limit. The Hawking temper-
ature (3.41) is

TH = 3(r2
b − χ2)2 + l2(−Q2 − P 2 + (r2

b − χ2)κ)
4πrbl2(r2

b − χ2)
(4.8)

upon substituting for the mass parameter. At zero temperature the following condition

Q2
ext + P 2

ext =
(
r2
b − χ2) (3r2

b − 3χ2 + κl2
)

l2
(4.9)
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must hold, implying that

M = Mext = rb
(
2r2
b − 6χ2 + κl2

)
l2

=

(
2κl2 − 12χ2 + l

√
κ2l2 + 12(Q2

ext + P 2
ext)

)√
6χ2 − l2κ+ l

√
κ2l2 + 12(Q2

ext + P 2
ext)

3
√

6l2
.

(4.10)

as well as
Q2

ext =
(
r2
b + χ2

)
2
(

κ

r2
b − χ2 + 3

l2

)
(4.11)

upon imposing the regularity condition.
The free energy and the energy (3.49) become

Fext = − ωrb
4πG

(
κχ2

r2
b − χ2 + r2

b + 3χ2

l2

)
, Eext = ωr3

b

4πG

(
κ

r2
b − χ2 + 2

l2

)
. (4.12)

This satisfies the following relation

Fext = Eext − ΦEQ|ext, (4.13)
dEext = ΦEdQ|ext (4.14)

where we used ΦE in (3.66) with Q = Qext

ΦE = ω

4πG
Qextrb(
r2
b + χ2) . (4.15)

As there is no Misner string, we expect that the entropy is still given by (3.42)

Sext =
ωl
(√

κ2l2 + 12(Q2 + P 2)− κl
)

24G (4.16)

which is the Bekenstein-Hawking entropy.
For κ = 1 the situation is more complicated. If the Hawking temperature (3.54) is

identified with the time periodicity 8πχ needed to eliminate the Misner string, then the
zero temperature limit is approached by taking χ → ∞, which would lead us to conclude
there is no zero temperature limit for the TB-AdS solution. The alternative is to abandon
this identification in the extremal case since the Misner string does not appear in the near-
horizon limit and imposing time periodicity cannot be done due to the long throat of AdS2;
the Bekenstein-Hawking entropy formula is then restored even for κ = 1 and we find the
above thermodynamic relations hold for κ = 1 as well.

Continuing with this latter assumption, we can observe new “finite temperature-like”
behaviour as follows. Inspired by the idea in [23], let us identify the electric potential as
a “temperature-like” quantity in this extremal limit TH → 0. Solving (4.15) for Qext and
inserting this into (4.11) yields

rb± =

√√√√√χ2

2 −
κl2

6 + 8π2G2l2

3Φ2
Eω

2 ∓
π

3ω

√√√√( ω2

4π2 (κl2 − 3χ2)− 4G2l2

Φ2
E

)2

− 12G2l2χ2ω2

π2Φ2
E

(4.17)
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Figure 7. Left: TB-AdS radius vs. ΦE
−1. Right: entropy vs. ΦE

−1 for the extremal TB-AdS for
a fixed value of χ and κ = 1 with G = l = 1.
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Figure 8. “Heat capacity-like” quantity vs. ΦE
−1 for the extremal TB-AdS with a fixed χ and

κ = 1.

as the physically acceptable values of rb in terms of ΦE
−1 and the other parameters. We plot

rb± as a function of ΦE
−1 in figure 7 where rb,1 = rb− and rb,2 = rb+. The resemblance to

the uncharged TB-AdS behaviour displayed in figure 1 and figure 2 is clear, with the notable
exception that the x-axis is the inverse of an electric potential and not of temperature.

We can calculate a “heat capacity-like” quantity

C = T
∂S

∂T

∣∣∣∣
Q,P

→ C̃ = ΦE
∂S

∂ΦE
(4.18)

replacing temperature with the inverse of the electric potential. We obtain

C̃ = ωr2
b

(
r2
b − χ2) (3r2

b + κl2 − 3χ2)
2G

(
−6χ2r2

b + 3r4
b − κl2χ2 + 3χ4) . (4.19)

and display in figure 8 the behaviour of C̃ as a function of ΦE
−1 . We observe that the

behaviour is similar to that of the uncharged TB-AdS case.

5 Conclusion

We have investigated thermodynamics for dyonic Euclidean Taub-NUT-AdS spacetime,
extending the previous studies [19–21].
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After reviewing the thermodynamics of the uncharged TN/TB-AdS black holes, we
investigated their dyonic charged counterparts. For the charged TN-AdS, the condition
P = iQ is always necessary and so there is no distinction between electric and magnetic
charges. For the dyonic TB-AdS, we found that the regularity condition (3.30) again made
the magnetic charge dependent on the electric charge. This condition was necessary in
order that the first law of thermodynamics hold. In this case, both the charged TN/TB-
AdS satisfy

dE = TdS + ΦEdQ, F = E − TS − ΦEQ

and where the entropy S is the Bekenstein-Hawking entropy for TB-AdS provided κ 6= 1;
in this case both rb and Q are independent parameters. For κ = 1 the entropy S does not
follow the Bekenstein-Hawking formula due to the additional contribution of the Misner
string, and because of requiring the time periodicity the phase space is reduced again.
Thus the variation in the first law is made by only one variable such as Q. Furthermore,
we explored the thermodynamic behaviours of entropy and heat capacity before imposing
the regularity condition for κ = 1 case. There is a maximum NUT charge, and small/large
TB-AdS phases, whose radii increase/decrease as the NUT charge increases, whose heat
capacity is negative/positive respectively. These characteristics appear either when the
magnetic parameter is turned off and the electric charge is smaller than 0.13 (l = 1 and
G = 1) or when the magnetic parameter becomes larger than twice the electric charge. For
other parameter ranges, the behaviour is like that of the large TB-AdS.

Under this configuration we studied the zero temperature limit of TB-AdS. We showed
that the near horizon geometry becomes AdS2 × Mκ, where Mκ is a two dimensional
manifold depending on κ. This indicates that the Misner string disappears at the horizon in
this limit. Retaining the standard 1/8πχ time periodicity employed at nonzero temperature
implies that χ→∞ in the zero temperature limit, in contradiction with (4.8) which would
force T → ∞. This contradiction indicates that there might not exist zero temperature
limit in this case. However as the near horizon geometry of the extremal case is AdS2×Mκ

(with no Misner string at the horizon), we note that time periodicity cannot be imposed
on AdS2 in this limit, suggesting we can relax this condition. So doing, we find that we
can make sense of the thermodynamics in the zero temperature limit and speculate the
Bekenstin-Hawking entropy formula holds even for κ = 1 case. Furthermore, we showed
that inverse of the electric potential can be regarded as a “temperature-like” quantity [23],
with the zero-temperature TB-AdS having entropy and a “heat capacity-like” quantity
exhibiting similar behaviour to the heat capacity of the uncharged TB-AdS solution at
finite temperature. The full implications of abandoning time periodicity in the extremal
case for κ = 1 remain to be understood.

Since Taub-NUT-AdS is asymptotically locally AdS spacetime, it has drawn attention
along with asymptotically AdS spacetime in AdS/CFT perspective [13, 14, 19]. The dual
field theory of TN/TB-AdS space is known to be a conformal theory on a squashed sphere.
It would be interesting if we find that entropy calculated at the boundary field theory
recovers the gravity results under both the regularity conditions of a gauge field.
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A Thermodynamics of the Dyonic RN black hole

Here we summarize thermodynamics of dyonic RN black hole [29] and show that Φ(1)
E and

Φ(2)
E yield equivalent results. The dyonic RN black hole metric has the form

ds2 = −f(r)dt2 + 1
f(r)dr

2 + dr2(dθ2 + sin(θ)2dφ2), (A.1)

with
f(r) = 1− 2M

r
+ q2 + p2

4r2 . (A.2)

The gauge field and its corresponding field strength become

A = 1
κ

(
q

r
− q

rh

)
dt− p

κ
cos θdφ, F = 1

κ

(
q

r2dt ∧ dr + pΩ2

)
(A.3)

where we fixed the gauge for A to be regular at the horizon and then its norm is written as

A2(rh) = 1
κ2
p2

r2
h

cot2(θ). (A.4)

The divergence that occurs at θ = 0 and π in A2 can be removed by defining the gauge
field differently in the coordinate patches covering θ = 0 and π so that it is regular on both.
The gauge fields can be matched up to a gauge transformation where the patches overlap.
All thermodynamic quantities can be calculated in a quasilocal frame [29], with the limit
R→∞ taken at the end. The free energy from the semi classical approximation is then

Iren = βF = −4π2rh
(
4Mrh + p2 − q2)
κ2 (M − rh) (A.5)

which is equivalent to
F = E − TS − ΦEQE (A.6)

and where the various thermodynamic quantities are

E = 16π
κ2 M, T = 4Mrh − q2 − p2

8πr3
h

, S = 16π2r2
h

κ2 , (A.7)

ΦE = 1
κ

q

rh
, ΦM = 1

κ

p

rh
, QE = 4π

κ
q, QM = 4π

κ
p (A.8)

and satisfy the first law of thermodynamics

dE = TdS + ΦEdQE + ΦMdQM (A.9)

where QE and QM are independent (i.e. not imposing the regularity condition on A). Here
ΦE is obtained by Φ(2)

E = At(rh)−At(∞).
Now we calculate ΦE using Φ(1)

E = ∂E
∂Q |rh,p as in (3.31). Taking the variation of Iren

with respect to β first and then QE , we obtain
∂Iren
∂β

= E − Φ(1)
E QE , (A.10)

∂2Iren
∂QE∂β

= ∂E

∂QE
− ∂Φ(1)

E
∂QE

QE − Φ(1)
E = −∂Φ(1)

E
∂QE

QE (A.11)
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where the first law is applied in the second line. This final expression will give us an electric
potential as follows

∂Iren
∂β

= ∂M

∂β

∂Iren
∂M

= (rh −M)2

2πr2
h

∂Iren
∂M

= 2π
(
4r2
h + p2 − q2)
κ2rh

, (A.12)

∂2Iren
∂QE∂β

= −1
κ

q

rh
= −∂Φ(1)

E
∂q

q, (A.13)

Φ(1)
E = 1

κ

q

rh
(A.14)

where the last expression yields the same value of Φ(2)
E in (A.8).

B Electric potential for dyonic Taub-NUT-AdS

We now apply the same logic in appendix A to calculate the electric potential for the
dyonic Taub-NUT-AdS solution. Firstly let us start with the same expression for free
energy in (A.6), which is equivalent to the renormalized action value with β, then we
finally obtain

∂2Iren
∂Q∂β

= T
∂S

∂Q
− ∂ΦE

∂Q
Q = − 1

2G
(Q(r2

b + χ2) + 2iPrbχ)rb
(r2
b − χ2)2 (B.1)

where the last expression have Q as a factor. This indicates that we need to start with free
energy or a renormalized action having both a magnetic potential and magnetic charge

Iren = βF = β(E − TS − ΦEQ− ΦMP ) (B.2)

from which the energy is calculated via

∂βIren = E − ΦEQ− ΦMP

as stated in (3.35). We then calculate the electric and magnetic potentials via the definition
of conjugate variables for charges in (3.31)

Φ(1)
E = ∂E

∂Q

∣∣∣∣
rb,P

− T ∂S
∂Q

∣∣∣∣
rb,P

, Φ(1)
M = ∂E

∂P

∣∣∣∣
rb,Q

− T ∂S
∂P

∣∣∣∣
rb,Q

.

Plugging energy in (3.35) into (3.31) and making a variation with respect to Q and P

separately, we obtain

∂QE = ∂2Iren
∂Q∂β

+ ∂Φ(1)
E

∂Q
Q+ Φ(1)

E + ∂Φ(1)
M

∂Q
P, (B.3)

∂PE = ∂2Iren
∂P∂β

+ ∂Φ(1)
E

∂P
Q+ Φ(1)

M + ∂Φ(1)
M

∂P
P. (B.4)

Since the first law is written

dQE = TdQS + Φ(1)
E dQQ+ Φ(1)

M dQP = TdQS + Φ(1)
E , (B.5)

dPE = TdPS + Φ(1)
E dPQ+ Φ(1)

M dPP = TdPS + Φ(1)
M , (B.6)
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Eqs. (B.3) and (B.4) can be changed to

TdQS = ∂2Iren
∂Q∂β

+ ∂Φ(1)
E

∂Q
Q+ ∂Φ(1)

M
∂Q

P, (B.7)

TdPS = ∂2Iren
∂P∂β

+ ∂Φ(1)
E

∂P
Q+ ∂Φ(1)

M
∂P

P. (B.8)

Since we know T , S, and Iren, we can compute Φ(1)
E and Φ(1)

M by solving two equations (B.7)
and (B.8).

C Solution for rb in terms of other parameters

From (3.7), we set f(rb) = 0, obtaining

rb,1∓ = 1−
√
t2χ∓

√
t1, rb,2∓ = 1 +

√
t2χ∓

√
t1, (C.1)

where

t1 = 48χ2 − 1√
t2χ3 + t3

(
√
t4 +

√
t5)1/3 + 4(

√
t4 +

√
t5)1/3

χ
+ 192χ2 + 1

χ2 − 32, (C.2)

t2 = − 2t3
(
√

4 +
√

5)1/3 −
8(
√

4 +
√

5)1/3

χ
− 96χ2 + 48

(
6χ2 − 1

)
+ 1
χ2 + 16, (C.3)

t3 = 4χ
(
192

(
3g2 − 1

)
χ2 − 144Q2 + 576χ4 + 7

)
, (C.4)

t4 = t52 − χ6
(
192

(
3g2 − 1

)
χ2 − 144Q2 + 576χ4 + 7

)3
, (C.5)

t5 = 27
(
192χ5 − 32χ3 + χ

) (
Q2 − 4g2χ2

)
− 2χ3

(
6912χ6 − 3456χ4 + 414χ2 − 5

)
(C.6)

D Gauge field strength

To obtain free energy, we need to calculate the gauge field strength square F 2 in the
action in Euclidean space. The indefinite r-integrals of each nonvanishing component of∫
dr
√
gF 2 are

∫
dr
√
gFτrF

τr =
[
r(4iPQrχ+ (Q2 − P 2)(r2 + χ2))

2(r2 − χ2)2

− (Q2 + P 2)
4χ log

(
r − χ
r + χ

)]√
Y (θ)2, (D.1)∫

dr
√
gFθφF

θφ =
[
r(4iPQrχ+ (Q2 − P 2)(r2 + χ2))

2(r2 − χ2)2

+ (Q2 + P 2)
4χ log

(
r − χ
r + χ

)]
λ′(θ)2√
Y (θ)2 (D.2)

where the range of r should be taken into account in calculation of the renormalized action.
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