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1 Introduction

Scattering amplitudes are one of the most fundamental observables in modern high-energy
physics. Significant strides have been made in both understanding the underlying structure
of amplitudes and developing new computation methods. Many techniques for computing
amplitudes are under active research, such as the double copy [2—4], positive geometry [5-7],
intersection theory [8-10] and much more [11-18]. In particular, a number of techniques
have emerged that leverage non-perturbative properties of the S-matrix, such as unitarity
and cluster decomposition. For example, cutting rules for integrands that hold at all orders
can be derived from unitarity [19-21], and bounds on couplings can be derived by testing
whether the theory allows for macroscopic superluminal signal transmission [22]. Recently,
significant focus in this program has been placed on studying the analytic structure of
amplitudes, which encode the causal dynamics of the underlying theory. Imposing that the
amplitude has the correct analytic structure imposes many nontrivial properties, such as
bounds on higher dimension operators [23-26] and Steinmann relations [27-29].

In this paper, we study what singularities and branch cuts can appear in integrated
Maximal Helicity Violating (MHV) amplitudes at all loop orders in A/ = 4 planar super
Yang-Mills (pSYM).! We restrict ourselves to MHV amplitudes due to their simplicity and
plethora of computational data. Remarkably, all evidence to date suggests that integrated
MHYV amplitudes do not have any singularities or branch cuts inside the positive kinematic
region [32]. Furthermore, by studying the boundary structure of the positive kinematic
region, one can make predictions for what branch points can appear at any loop order [33].
However, the boundary structure of the positive kinematic region is very difficult to study
due to the subtleties involved in choosing particular compactifications of the positive kine-
matic region. Cluster algebras provide a precise understanding of the boundary structure
of the positive kinematic region at 6-point and 7-point [33-35]. At 8-point and beyond
though, many new features appear that are still under active investigation and not well
understood from the cluster algebra perspective. Foremost among these features is the
appearance of algebraic letters in the symbol alphabet [36-38].

To approach these questions, we use scattering diagrams? [39-44], a natural general-
ization of the cluster algebra framework, to study different compactifications of the positive
kinematic region of the 8-point MHV amplitude. We show how the boundary structure of
the positive kinematic region can be systematically studied using scattering diagrams and
find that algebraic letters naturally emerge from the notion of asymptotic chambers in the
scattering diagram. We ultimately found a list of 72 multiplicatively independent letters,
of which at most 52 are algebraic, associated with the asymptotic chambers apparently
relevant for the 8-point MHV amplitude. We argue this alphabet includes all algebraic
letters that could appear in the 8-point MHV symbol alphabet. Furthermore, we also dis-
cuss how scattering diagrams provide a new approach to studying rational letters in the
symbol alphabet.

L¢Integrated amplitude” refers to the BDS-like normalized amplitude [30, 31].
2The term “scattering diagrams” in this context has nothing to do with Feynman diagrams.



1.1 N = 4 super Yang-Mills

Amplitudes in N’ = 4 pSYM are an ideal testing ground for exploring the analytic struc-
ture of planar scattering amplitudes. For instance, amplitudes in N' = 4 pSYM have
a finite number of branch points associated with solutions to the Landau equations and
are expected to have a finite radius of convergence in perturbation theory [45]. Significant
progress has been made in understanding the structure of N’ = 4 pSYM amplitudes beyond
Feynman diagrams. At weak coupling, deep geometric structures, such as the amplituhe-
dron, have emerged that provide both powerful computational techniques for computing
integrands at any loop order and a radically different perspective on the nature of locality
and unitarity [46-50]. At strong coupling, holographic calculations provide non-trivial pre-
dictions for the behavior of N' = 4 pSYM amplitudes in the form of the BDS-ansatz [51-53]
and its generalizations [30, 54]. Other formalisms motivated by the duality between Wilson
loops and scattering amplitudes have also emerged [55-62].

MHYV amplitudes in A/ = 4 pSYM are particularly simple and have been useful litmus
tests for conjectures. MHV n-point amplitudes are transcendental functions of fixed weight
at each loop order that can be expressed in terms of multi-polylogarithms (MPLs) at all
orders calculated to date [33, 49, 63-67].> These transcendental functions of weight W,
Fyy, are the generalizations of logarithms that obey extremely nice properties. Primarily,
the symbol provides a map from the amplitude to a sum of W-fold tensor products:

F o YR W log(g,) @ 10g(fas) © . . © log(duy ) (L1)

where Fy are rational numbers. Each factor in the tensor product behaves similarly to a
logarithm, leading to properties like

[...®log(p12) ®@...]=[...®log(p2) ®...]+[...®log(p1) @...]. (1.2)

The ¢; in eq. (1.1) are functions of external kinematic data and correspond to branch points
of Fyy. The set of all ¢ that can appear in eq. (1.1) is called the symbol alphabet of Fyy .

The symbol provides a very transparent understanding of the analytic structure of Fyy.
We will focus on finding a minimal symbol alphabet, a set of multiplicatively independent
letters that all letters in the original symbol alphabet can be written as monomials of.
For example, consider the initial symbol alphabet {¢1, ¢2, ¢1¢2}. One minimal symbol
alphabet is {¢1, ¢2} as ¢1¢2 factors into ¢ and ¢2. An alternative minimal symbol
alphabet is {¢pa, P12}, as ¢1 = (P1d2)/¢2. Given a minimal symbol alphabet, one can
use eq. (1.2) to construct a complete basis of possible tensors. Finding a minimal symbol
alphabet of the 8-point MHV amplitude would be a major achievement and open up the
possibility of bootstrapping 8-point MHV higher loop amplitudes. We take an important
step towards this goal by proposing a minimal symbol alphabet for algebraic letters.

3Using the Grassmannian form of N = 4 pSYM loop integrands, one can directly show all integrals in
the MHV (and NMHYV) sector can be written as iterated integrals of dlog-forms [49]. Unfortunately, this
does not necessarily mean they integrate to a function that can be written in terms of MPLs [68].



1.2 The positive kinematic region

Scattering amplitudes are functions on kinematic space. The positive kinematic region is a
region of kinematic space where planar gauge theory amplitudes are conjectured to have no
poles or branch cuts. More precisely, in all examples studied to date, the Landau equations
admit no solutions when the external data is taken to be in the positive kinematic region.
The positive kinematic region for a given ordering of externals, o € Perm[1,2,...,n], is
associated with the region where all planar variables are positive definite,

2
j—1
Xi,j = Zpoc(a) >0, (13)
a=i

along with additional constraints [32, 33, 47]. Although not well understood, the positive
kinematic region implicitly appears in many computations. For example, the integrands
that appear in open superstring scattering amplitudes are generically divergent unless
evaluated in the positive kinematic region [7, 69]. Therefore, when evaluating superstring
integrands without using string field theory techniques or taking sophisticated Pochhammer
contours in the string moduli space [70], one must implicitly work in the positive kinematic
region, only taking an analytic continuation to generic momentum configurations at the
end of the calculation. Again, we emphasize that the physical significance of the positive
kinematic region remains mysterious and its importance has been found through direct
computation.

Since we are studying the positive kinematic region of massless planar gauge theory
amplitudes in 4 dimensions, we parameterize our external kinematic data using momentum
twistors [33]; Z# is the momentum twistor of state i and the A index transforms in the
fundamental representation of the dual conformal algebra, SU(2,2). Individual momentum

twistors are projective:
ZA ~ 7280 (1.4)

Therefore, the kinematic space of the n-point amplitude can be interpreted as a quotient
of the Grassmannian, Gr(4,n)/T, where T acts on columns by a re-scaling. The positive
kinematic region is then a quotient of the positive Grassmannian, Gr4(4,n)/T, cut out by
the inequalities

0<(i,j,k,0) wheni < j<k<l, (1.5)

where (...) corresponds to a minor of columns “..."4

We are particularly interested in the boundary structure of the positive kinematic
region since the boundary is where planar gauge theory amplitudes can have singulari-
ties [32, 45]. This is most easily seen at tree level, where poles of the form X;; — 0
manifestly correspond to boundaries of the region defined by eq. (1.3). Remarkably, not
only singularities, but also possible branch cuts are encoded in the boundary structure
of the positive kinematic region. However, the problem of finding distinct boundaries is
more subtle than one might naively expect. Instead of investigating Gry(4,n)/T, let us

4This is only true in the MHV sector. Beyond MHV, the kinematic region is most naturally interpreted
as bundles over Gr(4,n)/T [32, 47].



/ 00.0.
SrRATHT
TS
LAY

Z2

Figure 1. Different parameterizations of Gry(2,5)/T. In the z-variable parameterization, only
three boundaries are manifest. However, the u-variable parameterization makes all five boundaries
manifest.

consider a simpler version of the problem by studying the boundaries of Gry(2,5)/T. A

naive parameterization of this space is

oo~ (1 11 10) | 16

0z 2911

where 0 < z1 < z3 < 1 defines the positive region. We graph the positive region explicitly
in figure 1, where 3 boundaries are clearly manifest. However, let us now consider an
alternative parameterization of the space with u-variables [5, 71, 72]

<i7j - 1><Z B 1a]>
<7fa]><l - 17j - 1> 7

(1.7)

quJ =

where (a,b) denotes a minor of Cf*. These u; ; variables obey the non-linear relations:
ur3 =1—wugquss, (Cyclic permutations), (1.8)

and the bounds, 0 < u; ; < 1, in the positive region. The second plot of the positive region
in figure 1 using u-variables shows that there are 5 boundaries, not 3. The underlying
problem with eq. (1.6) is that a single set of coordinates, unless chosen very carefully, will
not manifest all possible boundaries of the positive region. In other words, to study the
boundary structure of the positive kinematic region, we need to study the compactified
positive kinematic region, Gr(4,n)/T.

1.3 Critically positive coordinates and cluster algebras

Previous research into the connection between the positive kinematic region and N = 4
pSYM amplitudes has generally focused on the cluster algebra structure of the positive



kinematic region [33-35, 73-83].> More concretely, the positive kinematic region of MHV
N =4 pSYM amplitudes corresponds to a X-type cluster algebra® which associates to the
positive kinematic region a set of critically positive coordinates called g-variables. A coor-
dinate that is critically positive vanishes on at least one boundary of the positive region.
Although each cluster parameterization makes only a sub-set of boundaries manifest, con-
sidering all cluster parameterizations together allows one to study all the possible bound-
aries. At 6-point and 7-point, the symbol alphabet, the ¢; in eq. (1.1), consists solely of the
g-variables, implying that g-variables correspond to logarithmic branch cuts! Calculations
are further simplified by considering a minimal multiplicative basis of g-variables instead of
the set of g-variables themselves. Given an initial cluster, one minimal multiplicative basis
consists of the g-variables of an initial cluster, §;, along with some non-factorable Laurent
polynomials of ;. We denote this set of non-factorable Laurent polynomials as O(X).

Starting at 8-point, two problematic features appear in the cluster algebra approach:
e There are an infinite number of §-variables in the cluster algebra.
o Algebraic letters start to appear in the symbol alphabet.

Several approaches to tackling these problems have appeared in the literature and signifi-
cant progress has been made.

The first problem is troublesome because a key restriction for calculations at 6-point
and 7-point is that the symbol alphabet is finite. Upon finding that the cluster algebra is
infinite at 8-point, one might be tempted to assume that the symbol alphabet at 8-point is
also infinite. However, it has been proven that the n-point amplitude in N’ = 4 pSYM has
a finite number of branch points associated with solutions to the Landau equations [45],
implying that the symbol alphabet could also be finite. Following this train of thought, sev-
eral truncation procedures have been proposed, motivated by connections between stringy
canonical forms and compactifications of configuration spaces [32, 72, 90, 91].

The second problem has proven a major obstacle for interpreting letters as cluster
variables because cluster variables are rational by construction. Multiple methods have
been developed to extract algebraic functions from cluster algebras and then match these
functions with algebraic letters that appear in direct calculations [1, 32, 86, 87, 92]. We
use the term cluster algebraic letters as an umbrella term for all such cluster-like variables
that are algebraic.” However, no unified picture has emerged that provides a systematic
understanding of these cluster algebraic functions.

®Note that alternate approaches have also been very successful without directly referencing the cluster
algebra structure of the positive kinematic region. The Q approach in particular has been extremely useful
in probing n > 8 higher loop amplitudes [36, 84, 85]. Computations with irrational Yangian invariants
provide a very clever probe of the algebraic letters [86—-88]. Finally, studying branch points using Landau-
equations and the amplitudhedron have allowed direct computations of the singularity structure at high
loop order [37, 38, 89].

SA quick introduction to cluster algebras is provided in appendix A.

"Notably, the initial definition of cluster algebraic functions in ref. [32] only included 2 algebraic letters
for each limiting ray in the Gr(4,8)/T g-vector fan. However, at least 18 algebraic letters seem to appear
in the NMHYV 2-loop amplitude at 8-point [36].



Figure 2. Pictures of the scattering diagrams corresponding to Gr(2,5)/T (left) and Gr(2,6)/T
(right).

1.4 Scattering diagrams and asymptotic chambers

In this paper, we propose wall crossing, and scattering diagrams more specifically, as a
useful framework to address these issues [39-44]. Wall crossing has found applications in a
number of research areas, such as the moduli spaces of N' = 2 gauge theories and black hole
entropy formulas [93-98]. However, we are not studying any kind of entropy formula or
moduli space, but instead compactifications of the positive kinematic region, Gr(4,n)/T.
The application of wall crossing and scattering diagrams to partial compactifications is
best understood in the context of mirror symmetry [39, 44, 99], but such a discussion is
unfortunately beyond the scope of this paper.® Instead, we take a more practical approach,
giving a computational definition of a scattering diagram with examples and then making
the connection to cluster algebras. We argue that scattering diagrams, which represent a
more general mathematical framework than cluster algebras, are useful for studying cluster
algebraic functions that appear in the symbol alphabet of N' =4 pSYM.

The scattering diagram of a rank N cluster algebra corresponds to a fan in Z", where
each cone in the fan corresponds to a different coordinate system for X. Cones of the
scattering diagram correspond to clusters of the cluster algebra. In the case of finite cluster
algebras, crossing between adjacent cones in the scattering diagram always corresponds to

a cluster mutation. For example, the scattering diagrams of Gr(2,5)/T and Gr(2,6)/T are
provided in figure 2. Crucially, the scattering diagram perspective motivates an alternate
set of coordinates for X', denoted as §,-variables. For a given cone/cluster, the g,-variables

8The schematic connection between mirror symmetry and cluster algebras is as follows. We can interpret
X as the blow-up of an associated toric geometry. Cluster transformations correspond to changing the blow
up description by an elementary transformation. Scattering diagrams provide a framework to systematically
“sew” these different parameterizations together using a fan defined by tropical points of the dual mirror
manifold, AY. This framework is famous for giving a geometric interpretation of the connection between
tropical points of A" and regular functions on X using mirror symmetry.



can be written as monomials of the g-variables and vice-versa. Therefore, the §.-variables
and g-variables have the same multiplicative basis.

In the finite case, the walls corresponding to cluster mutations define a complete scat-
tering diagram. In some sense, the finite scattering diagram is simply a rewriting of the
cluster algebra and contains no new information. In the infinite case, where there are an
infinite number of cones, scattering diagrams are a genuine generalization of the cluster
algebra framework. In particular, infinite sequences of cones appear in the scattering dia-
grams that asymptotically approach limiting rays, as schematically drawn in figure 3. We
use these infinite sequences of cones to define the notion of asymptotic chambers: cones
that are asymptotically close to the limiting ray. Although there are always an infinite
number of walls as you approach the limiting ray, we argue that walls not intersecting
the limiting ray can be ignored when calculating relations between the {,-variables in this
asymptotic limit. For example, there are 6 asymptotic chambers in figure 3 as only three
walls intersect the limiting ray. We can calculate relations between the g,-variables of
distinct asymptotic chambers using the wall crossing framework.

The initial motivation for asymptotic chambers actually came from N = 2 super-
symmetric gauge theories. For specific N' = 2 gauge theories on R? x S, the moduli space
corresponds to a X-type cluster algebra [93]. This connection between cluster algebras
and N' = 2 gauge theories led to a number of interesting results, such as a connection
between canonical bases of the cluster algebra and the set of simple line defects in the
theory [96]. The concept of an asymptotic chamber was proposed in ref. [93], although
initial calculations were first performed in section 5.9 of ref. [94] using different terminology.
Later generalizations made connections between asymptotic chambers and Fenchel-Nielsen
coordinates of (higher) Teichmuller spaces [100-102]. However, to our knowledge, the
notion of asymptotic chambers in the context of higher dimension scattering diagrams has
been largely unstudied for general X spaces.

Crucially, although the g-variables often diverge in the asymptotic limit, the g,-
variables themselves remain finite. These “asymptotic” g,-variables correspond to the
algebraic letters that appear in the 8-point symbol alphabet! Using scattering diagrams
and the notion of asymptotic chambers, we conjecture a complete multiplicative basis for
all algebraic letters that could appear in the N' = 4 pSYM symbol alphabet at 8-point.
Remarkably, we found at most 52 multiplicatively independent algebraic letters associated
with the asymptotic chambers. This result systematizes the techniques in refs. [1, 92],
which effectively analyzed a particular subset of asymptotic chambers and did not study
the relations between the algebraic letters of different asymptotic chambers.

The scattering diagram approach also offers a new perspective on proposed truncation
procedures for g-variables. We take a similar philosophy to refs. [1, 32, 92|, arguing that
the positive kinematic region is not maximally compactified, so not all boundaries appear.
However, in contrast to refs. [1, 32, 92|, which argue for a truncation of the z-variables,
we instead argue for a truncation of clusters in the cluster algebra, or equivalently cones
in the scattering diagram. We further argue that such a truncation naturally leads to the
notion of asymptotic chambers and algebraic critical coordinates.
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Figure 3. A schematic representation of the cone structure near the limiting ray in some 3-
dimensional scattering diagram. We are looking down on the limiting ray, which corresponds to the
green dot.

1.5 Outline of this paper

The paper is structured as follows:

e Section 2: we first introduce the notion of scattering diagrams and wall crossing for
finite cluster algebras before defining the notion of an asymptotic chamber. We show
that the cluster algebraic functions follow naturally from the notion of asymptotic
chambers. The core result of this section is the conjectured bound in eq. (2.35), which
is a necessary condition for asymptotic chambers to be well defined.

e Section 3: we study asymptotic chambers in several examples, eventually studying
the asymptotic chambers associated with Gr(4,8)/T. The core results of this section
are eqs. (3.17), (3.19), (3.21) and (3.25), which together give an explicit alphabet for
the algebraic letters at 8-point in terms of momentum twistors. We conclude with
some comments about possible obstructions to applying the same techniques beyond
8-point.

e Section 4: we introduce the notion of degenerate scattering diagrams, motivating their
construction using tropicalization and the dual cluster algebra. We then motivate
asymptotic chambers using degenerate scattering diagrams.

e Section 5: we conclude the paper with a summary and a list of future directions.

A short introduction to cluster algebras is provided in appendix A. We restrict our-
selves to cluster algebras whose exchange matrices are skew-symmetric, not just skew-
symmetrizable. The techniques in this paper can be generalized to cluster algebras with
non-skew-symmetric exchange matrices, but the formulas in this paper would require ad-
ditional tweaking.

Notation. We denote the cluster variables associated with A and X as x and § respec-
tively. This notation differs from refs. [32, 92|, which denote cluster variables associated
with A and X as a and x respectively. Furthermore, we denote mutations of the kth node
as ug. For example, x; = ugx; if i # k. Finally, we often denote cluster algebras using the
notation Ay, p, . p,., because these cluster algebras correspond to the Teichmuller space of



bordered Riemann surfaces. The cluster algebra Ay, 5, .. p, corresponds to the Teichmuller
space of a Riemann surface with n borders and p; punctures on border 7. For those unfamil-
iar with the connection between cluster algebra and surfaces, this notation is unimportant
for our applications to N =4 pSYM but is nice for organizational purposes.

2 Wall crossing, cluster algebras, and asymptotic chambers

In this section, we develop the notion of scattering diagrams and asymptotic chambers.
We begin with a short introduction to g-vectors before giving a relation between the scat-
tering diagram and the g-vector fan of the cluster algebra. We then develop the notion of
asymptotic chambers, using the A; ; cluster algebra as our guide.

2.1 Principal quivers and the g-vector fan

Our goal is to find a minimal multiplicative basis of the {-variables that parameterize the
positive region of X'. Unfortunately, the set of g-variables is very difficult to study for a
cluster algebra with generic frozen variables. For example, g-variables will not always be
independent. To see the problem, consider the initial quiver,

I T2 T3
SO 1 1
0 =—, fp=m123, f3=—. (2.1)
T2 z2

Without any frozen nodes, we trivially see that §; = j3. However, suppose we include the

frozen node
Y1

|

T T2 €3,

so g1 = yi/x2 and g1 # ¥3. From this example, it is clear that the frozen nodes play
a crucial role in distinguishing g-variables. One approach to this problem is to simply
add frozen nodes until the §-variables are maximally disambiguated [103, 104]. Ouly a
finite, albeit large, number of frozen nodes are necessary to maximally disambiguate the
y-variables.

However, we are not interested in the set of all §-variables but instead finding a multi-
plicatively independent basis. Given that any g-variable can be written as a monomial of
x-variables, we only need to maximally disambiguate x-variables of the cluster algebra, not
the g-variables. We are therefore motivated to consider a cluster algebra with a principal
quiver [103]. To construct a principal quiver, consider an initial quiver without any frozen
nodes. Then add a frozen node, y;, to each non-frozen node, z;, with an edge pointing
from the frozen node to the mutable node. For example, the quiver

1 Y2

l l (2.2)

Ty — X2



x F; 9i

T 1 (1,0)
To 1 (0,1)
T3 1+ (—-1,1)
T4 1+91+3192 | (—1,0)
x5 1+ (0,-1)

Table 1. The F(§;) polynomials and g-vectors of the Ay cluster algebra.

is a principle quiver of the Ay cluster algebra. Remarkably, the frozen nodes of a principal
quiver are enough to maximally disambiguate all x-variables! Details of this statement are
provided in appendix B. We subsequently study cluster algebras with principle quivers to
study the multiplicative basis of §j-variables of cluster algebras with arbitrary frozen nodes.
Furthermore, we can choose any quiver of our cluster algebra to be the principal quiver.

We now turn to the problem of understanding the relation between g-variables and
x-variables for a cluster algebra with a principal quiver. Although we cannot write a direct
map from § to x, attempting to do so allows us to associate a canonical vector to each x-
variable. Suppose we start with the principal quiver. Any z-variable in the cluster algebra
can be written as a Laurent polynomial of the z-variables and y-variables of the principle
quiver. It is not generally possible to re-write this Laurent polynomial entirely in terms
of g-variables. However, it can be written as a polynomial of g-variables of the principle
quiver up to a monomial of x-variables of the principle quiver:

v =aTF (), o = [[a% (23

where F'(;) is a Laurent polynomial in g-variables of the principal quiver, which we denote
as ;. No two z-variables share the same g-vector, allowing us to associate a canonical g-
vector to each element of the cluster algebra. As an illustrative example, again consider
the As cluster algebra. The g-variables of (2.2) are

D=y, G2 = yor1. (2.4)

Upon mutating x1, we find

+x T R
_u 2 _ 72(1 )
1 1 (2.5)

_>§:(_171)7 F(ﬂl)zl"i_gl

L3

Mutating through all clusters yields all F'(§;) polynomials and g-vectors of the As cluster
algebra, which are provided in table 1. Each cluster defines a cone bounded by the g-vectors
of the x-variables in the cluster. Remarkably, the cones associated with distinct clusters
are nonoverlapping, which is not at all obvious from the above definition. The collection
of these cones defines a (sometimes incomplete) fan.

~10 -



In summary, we reduced the problem of finding a multiplicative basis of the g-variables
of a cluster algebra with generic frozen variables to finding a multiplicative basis of the
g-variables of a cluster algebra with a principal quiver. We then used the g-variables of
the principle quiver to find a map from z-variables to g-vectors.

2.2 Scattering diagrams and wall crossing

In this section, we introduce the notion of scattering diagrams and wall crossing, following
the review in ref. [105]. We then show how cluster algebras fit into the wall crossing
framework, using the A, cluster algebra as our primary example.

A scattering diagram is defined on a lattice, Z". We denote vectors as v and basis
vectors as ;.Y A scattering diagram requires three pieces of input data:

e A collection of cones bounded by co-dimension 1 walls. Each wall in the scattering
diagram is associated with a scalar function, f(y).

e N coordinates on &X', denoted as §,,. Each coordinate corresponds to a basis vector. 10

0

;.;» that defines a skew-symmetric!! product for the 7,

o A skew-symmetric matrix, B
(isvy) =i - B% -5 (2.6)

Each cone in the fan is associated with a particular parameterization of X similar to how
the g-variables of a cluster correspond to a particular parameterization of X. Crossing a
wall between two cones corresponds to a coordinate transformation.

We now describe the coordinate transformation. Each co-dimension one wall is asso-
ciated with a vector, 4+, perpendicular to the wall,

’yJ‘ = Q57 - (27)

The sign of 4+ is chosen so v points opposite the direction one is mutating across the
wall. Furthermore, the magnitude of 4 is chosen so that all of its components, the a; in
eq. (2.7), are integers whose least common denominator is 1. Finally, we associate a unique
monomial, §,1, to each Ayt

. . Sign('yL-N)
g0 = (TTo5) : (2:8)
N=(1,1,...,1). (2.9)
For example, for a wall with the perpendicular vector v~ = (0, 1, 1), the associated
monomial is
Q(O, 1, 1) — g’m?j’yg . (210)

For example, if N =3, then v1 = (1, 0, 0), v2 = (0, 1, 0) and v3 = (0, 0, 1).

We use the notation §,,, instead of §j;, to distinguish them from §-variables.

HThe scattering diagram framework can also be applied when the product is skew-symmetrizable instead
of just skew-symmetric, but the following formulas requires modifications. See ref. [93].

- 11 -
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(a) Inconsistent scattering diagram. (b) Self-consistent scattering diagram.

Figure 4. Two examples of scattering diagrams. The scattering diagram on the left is inconsistent
if Bg ; equals eq. (2.13). The relations between g, is not path independent, as shown in eq. (2.15).
The scattering diagram on the right is path-independent and can be identified with the Ay clus-
ter algebra.

Due to the Sign(y=*- ]\7) exponent, the perpendicular vector v+ = (0, —1, —1) is associated

with the same monomial,

Q(O, -1, -1) — g’yz@’y;a : (211)

This makes sense as (0, —1, —1) and (0, 1, 1) correspond to the same wall and should
therefore be associated with the same monomial. Although ~* flips sign depending on
the direction you are mutating across the wall, g,. is the same due to the Sign(y* - N )
exponent. The mutation relation for f,, across a wall is

~ N ~ AL
Gy = Gy (9,0) 0770 (2.12)

which gives the §,, of the new cone in terms of §,, of the initial cone. To see eq. (2.12) in
an explicit example, suppose we are crossing from cone C to cone Cs in figure 4a, where
we fix,
01
0 _

B;; = [_1 O] ) (2.13)
and f(y) = 1+y for all walls. The perpendicular vector for the relevant wall is v+ = (0, 1),
80 §,1 = Uy,. Applying eq. (2.12), the §,, of chamber Cy are then

~ N ~T 1(1,0)-B°-(0,1 AT A1
y'Yl = y71(1+y72)( ' ) ( ’ ) = y’yl(]‘ +y’y2)?

(0,1)-BY-(0,1) _ I

1 ; (2.14)
Oyo = 0, (1 + 75,) = Ty, »

where -@Im corresponds to the ¢, of cone Cj.
For a scattering diagram to be self-consistent, the relations between the ¢, of any two
cones should be path independent. To see why self-consistency is non-trivial, again consider
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the scattering diagram in figure 4a with the same Bg ; and f(y). Applying eq. (2.12) to
each path in figure 4a, we find

Al
N Al Y7o
N| - +1
() ()™ (1))
2
Y

1
— Y.
P+ i,
~1 ~1
~T NI N +1
<y'1y1> N (y’Yl (y’Y2 + 1)> N Y (Z’IYQ ) (2 15)
0 Al 72 ’ :
Y Y %, (1)1

where Q& again corresponds to the §,, of the initial cone, C. The scattering diagram in
figure 4a is inconsistent as the 7, associated with C3 are not path independent. To make
the scattering diagram self-consistent, we must include the additional wall v+ = (1,1),
leading to the scattering diagram in figure 4b. Including this second wall, the first line in
eq. (2.15) becomes

NEPS|
~T AT Y51 Yo N A1
A Y U\t t1 Y (yvz + 1)
Y 9
R e B s " — il : (2.16)
@%,2 ;T 1 S E— ;L AIW2
Yt 9, (@%2+1)+1 Yy (yvz"‘l)""l

which now matches the second line of eq. (2.15).

We now describe the connection between cluster algebras and scattering diagrams. The
relation between scattering diagrams and cluster algebras is that the g-vector fan defines a
scattering diagram where each cluster is dual to a cone in the scattering diagram. The Bg j
matrix that defines the skew-symmetric product in eq. (2.6) corresponds to the exchange
matrix of the principal quiver. For a cluster algebra with a finite number of cones, each
wall corresponds to a cluster mutation and we fix

flyy=1+y (2.17)

for all walls. We call the walls that correspond to cluster mutations, cluster walls. The
g-variables of a given cone are the .1 associated with each wall that bounds the cone:

J .
g =19, ~ =dalv, (2.18)

where ;- is the 4+ associated with §;. Note that WJJ- points inward from the cone in this
convention. Furthermore, the exchange matrix of the quiver associated with a cone is

Bij = (%7 (2.19)

For example, for the cone associated with the principle quiver, the principle cone, we have

'YiJ_|Principle Cone = i (220)

SO
0ry | Princi = 9i,  Bij|princi —~..BY.~, = BY. (2.21)
Y~; | Principle Cone = Yi, 1,7 |Principle Cone = 7 Vi = 2,5 ° .
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The cluster mutation in eq. (A.11) corresponds to both a wall crossing transform, eq. (2.12),
and a mutation in the %L_ To see this, again consider the cluster algebra associated with

the quiver
Y1 Y2

I

rKG —— 9.
The explicit computation of the g-vectors in table 1 reveals that it is the same as figure 4b.

Consider a mutation from cone C; to Cy. The §,, mutation is given by eq. (2.14) and the
’yiL mutate as

/Vf_ = (170) _>’7f_ = (170)’

% =(0,1) =5 = (0,-1). (2.22)

Combining egs. (2.14) and (2.22), the mutation relation for g, is

<y1> N (gl(lfg2)> , (2.23)
Y2 ey

which exactly matches the mutation relation for f-variables. Again, note that it was
a combination of mutating ;- and U, that gave the cluster mutation relation for the
y-variables.

We can also consider the scattering diagrams of more complex cluster algebras, such
as the As cluster algebra

n Y2 Y3
T Z2 €3,

which is associated with Gr(2,6)/T. Since the cluster algebra is rank 3, the associated
scattering diagram is 3 dimensional. From direct calculation, we found the scattering
diagram given in figure 2 in the Introduction. The walls are now 2 dimensional and defined
by the span of two g-vectors. To find the wall associated with the g-variable of a specific
quiver, consider all the g-vectors bounding the dual cone except the g-vector of the z
variable associated with the same node as the g-variable. The span of these two g-vectors
defines the wall associated with the g-variable.

In summary, scattering diagrams are a useful framework that provide a nice way to
study canonical coordinate transformations on X. Finding self-consistent scattering dia-
grams is naively quite hard since you need to check that the relations between the ¢, of
any two cones are path independent. The g-vector fans of finite cluster algebras provide
a class of self-consistent scattering diagrams where cluster mutations correspond to a very
specific type of wall crossing.

2.3 Asymptotic chambers and limiting walls

We now turn to infinite cluster algebras. We will show how the scattering diagram frame-
work provides a systematic way to study the multiplicative basis of §; even when the g;
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Figure 5. g-vector fan associated with the A;; cluster algebra. There are an infinite number of
cluster variables whose g-vectors approach a limiting ray, gim = (—1,1). The explicit form of the
g-vectors is provided in eq. (2.26).

themselves go to infinity. Although |’yf| — 00 in certain limits, so §; — {oo,0}, the
{Jy-variables remain finite.

We first show that the g-vector fans of infinite cluster algebras need to include addi-
tional walls that do not correspond to cluster mutations. Furthermore, we will find the
functions attached to these walls are not elements of the cluster algebra and can be iden-
tified with the mysterious cluster algebraic functions of ref. [32]. We will study the cluster
algebra defined by the principal quiver

Yy-1 Yo

L

r-1 — To,

as our motivating example. A review of relevant derivations and formulas for this cluster
algebra are provided in appendix C. The key results are a closed form solution for x;
with ¢ > 0,

vi = g (@ + Bav/B) P+ VB 4 (2o — Ba/BY(P — VB

P — Y-1 4 Lo 4 Sﬂflyflyo’
L—1To L1 o (2.24)
B, 2x9g —x_1P
+ = A 9

A= PQ - 4?/—190 )
and an equation for §s,_1 and s, in terms of x-variables after 2n mutations,

Jon—1 = Y0y an2, o = yo Py a3, (2.25)

The g-vectors, denoted by black arrows in figure 5, are

; (—ii+1) i>-1
i = . 2.26
g {(2+i,—i—3)i§—2 (2:26)
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We will now show that the self-consistency of the scattering diagram requires the existence
of a new wall associated with the limiting ray that does not correspond to a standard
cluster mutation.

Consider cones that are asymptotically close to the limiting ray. Importantly, the ;
variables go to 0 or co as we approach the limiting ray, which can be seen from eqs. (2.24)
and (2.25). To calculate ¢,, in this limit, we first express ¢,, in terms of monomials of
g-variables. From the scattering diagram in figure 5, the ’yf associated with the ¢; in
eq. (2.25) are

) = (14 2n,2n), ()2 = (-2n,1—2n), (2.27)

21 is the perpendicular vector to the wall associated with node x; after 2n

where [v;"]
mutations. We subsequently found that

= (1 - 2n)y5 ™

2n| (2.28)
2 =20y + (2n + 1)]

W™,
%™

Combining egs. (2.18) and (2.28) gives a formula for g, in the asymptotic limit, denoted

ot
as 97,
iy = nhjgo(lhnfl)l 2 (f2n) 7" = 16y_1(z—1 + B4/ A) AP+ /D)2
2.29)
i NN N Yo (
i, = nlggo(y?”*l)%(yw)%ﬂ = Z(x,l + ByV/A)?

We used the explicit formulas for g; in egs. (2.24) and (2.25) to write the final expressions
for g, and ¥, in terms of our initial cluster variables: y_1, yo, -1 and zo. The final
expressions in eq. (2.29) are finite and provide a multiplicative basis for the g-variables
asymptotically close to the limiting wall if one approaches from the right. A visualization
of the path is given by the green line in figure 6. We then repeated the same calculation,
but following the blue line in figure 6. If one approaches from the left, the asymptotic
limits of §,, denoted as g, are

4
e P+ VP —4y_1yo

4
e P+ VP? = dy_1yo

The fact that egs. (2.29) and (2.30) are not equal indicates that the scattering diagram

(2.30)

must include another wall to be self-consistent. However, eq. (2.30) can be re-written into
the suggestive form

~ ~ ~ — 2~y L ~ At A~ A A
Yyi = 95,(1 = g1) 2 Yyt = yjlyjr_z = Yy Yres =11, (2.31)
which can be matched to eq. (2.12) by requiring f(§) = (1 — §)~2. Eq. (2.31) shows

that we must include a limiting wall with v+ = (1,1) for the scattering diagram to be
self-consistent. The ¢, . associated with the limiting wall,

_ ot
Yyt = ywyw )

P P2 = 4y_1yo (2.32)
77 + VP2 —dy_1yo
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Figure 6. g-vector fan associated with the A;; cluster algebra. There are two paths to cones
asymptotically close to the limiting ray (red), which are green and blue respectively. The green
path leads to the g):t expressions while taking the blue path leads to the g expressions.

takes exactly the right form for eq. (2.31) to be matched with eq. (2.12). The limiting wall
corresponds to the red line in figures 5 and 6. Performing a mutation across this limiting
wall cannot be identified with a cluster mutation in the A;; scattering diagram. From
the perspective of the cluster algebra, these cones are separated by an infinite number of
cluster mutations. Finally, the g, . of the limiting wall obeys the bound 0 < g,. <1 in
contrast to normal g-variables which are just positive definite.

We now briefly compare our result to previous computations in the literature. Notably,
one multiplicative basis of yjﬂfl is the three algebraic functions identified in ref. [1] for a given
Ay cluster algebra. Furthermore, due to the bound 0 < .. < 1, the cluster algebraic
function attached to the limiting walls seem more like the u-variables identified in refs. [71,
72], which obey similar bounds, than standard g-variables. Finally, note that the (/o
attached to the limiting wall is a ratio of the cluster algebraic functions defined in ref. [32].

Moving beyond A; i, we now turn to a more general discussion. We define asymptotic
chambers as cones asymptotically close to the limiting ray that are separated by walls
intersecting the limiting ray. For higher dimension scattering diagrams, both limiting
walls and cluster walls intersect the limiting ray. Furthermore, there are always cluster
walls asymptotically close to the limiting ray which do not intersect the limiting ray and
become more parallel to the limiting walls as one approaches the limiting ray. These
walls are asymptotic walls. An example is sketched in figure 7 [106]. For our definition of
asymptotic chambers to be self-consistent, we must be able to ignore asymptotic walls if we
are infinitesimally close to the limiting ray. If the 7, associated with asymptotic chambers
transformed non-trivially when crossing an asymptotic wall, the 9, of asymptotic chambers
would not be well defined. For example, consider the asymptotic chambers Cy and C5 in
figure 7. If §j,, transformed non-trivially across the asymptotic walls, it would be ambiguous
which §,, was associated with the asymptotic chamber.
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Figure 7. A schematic representation of the cone structure near the limiting ray of Ay, a rank
3 cluster algebra. The full scattering diagram is 3 dimensional and we are looking down on the
limiting ray, which is indicated by the green dot. The red line corresponds to the limiting wall. The
black lines correspond to cluster walls that intersect the limiting ray. The blue lines correspond
to asymptotic walls, cluster walls that do not intersect the limiting wall and become more parallel
with a limiting wall as one approaches the limiting ray. There are 6 asymptotic chambers, each
labeled by C;.

To see whether asymptotic walls are relevant when infinitesimally close to the limiting
ray, let us consider crossing one of these asymptotic walls. From the definition of asymptotic
walls, the 4 of the asymptotic wall asymptotes to

1 : 1
v = mon X iy, (2.33)

where 'yﬁ-m is the v+ of the limiting wall that the asymptotic wall approaches. Therefore,
the wall crossing formula for the asymptotic wall reduces to

MYy J‘
n ) <7 ’yhm> 7 (234)

By = lim 9 (148
which naively diverges. However, in the previous example, we found that 0 < gj# < 1 for
Aj,1. If this bound holds for general ., L then eq. (2.34) becomes trivial and the asymptotic
walls can be ignored when asymptotically close to the limiting ray. We therefore conjecture
the bound

0<g. <1, (2.35)

lim
in X for all asymptotic chambers, not just those adjacent to the limiting wall. Eq. (2.35)

is a very remarkable bound and a key conjecture of this paper. We explicitly checked that
eq. (2.35) held for all examples studied in section 3.

~ 18 —



In summary, the key insight is that the ¢, associated with asymptotic chambers are
finite and can be algebraic functions of our initial coordinates. Furthermore, these g,
obey the wall crossing formula as we mutate around the limiting ray. To find all the ¢,
associated with a limiting ray, we simply need to find all the walls in the g-vector fan that
intersect the limiting ray and then use the wall crossing formula in eq. (2.12). The primary
difficulty is finding all the walls that intersect the limiting ray.

3 Explicit calculations of asymptotic chambers

Our goal is to compute a minimal multiplicative basis for §,, asymptotically close to lim-
iting rays, the asymptotic symbol alphabet. We now describe an algorithm for finding the
asymptotic symbol alphabet associated with a limiting ray. A brute force search algorithm
for finding asymptotic chambers is given in appendix D. Once we found all the asymptotic
chambers associated with a given limiting ray, the calculation for finding the associated
symbol alphabet proceeded as follows:

1. Starting from the initial quiver, we performed mutations until we found a quiver with
an A subalgebra. We chose the quiver with the A;; subalgebra as the principal
quiver for the purposes of defining the scattering diagram and g-vectors.

2. Repeating the computation in section 2.3 for the A;; subalgebra, we computed the
, of an initial asymptotic chamber in terms of the §; of the principal quiver. We
denote the ¢, of the initial asymptotic chamber as yj?ﬁ_.

3. We computed the §,, of all other asymptotic chambers in terms of the Qgi using wall
crossing.

4. We found a complete multiplicative basis of the asymptotic chambers’ §,, in terms
of @9/1-'

The multiplicative basis calculated in the final step is the asymptotic symbol alphabet
associated with the limiting ray. Although each element of the multiplicative basis will be
a rational function of ng the gjgi will themselves often be algebraic functions of g;.

For the remainder of this section, we study a variety of cluster algebras using the
above algorithm. We first dissect some lower rank cluster algebras, discussing a variety of
phenomena that appear. We then move onto Gr(4,8)/T, conjecturing a complete algebraic
symbol alphabet for the 8-point MHV amplitude. We conclude this section by commenting
on how we may need to modify the above algorithm when faced with more general types
of limiting rays.

3.1 Lower rank cluster algebras

We now consider the asymptotic chambers of some lower rank cluster algebras, finding
several interesting phenomena:

e Ajq: both cluster walls and limiting walls can intersect the limiting ray, leading to
more non-trivial cluster algebraic functions.
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o Ajo: the scattering diagram associated with the limiting ray is not simple. A simple
fan is an N-dimensional fan for which all cones are bound by N walls.?

e Aj1,: there can be multiple limiting rays and each limiting ray is associated with
its own discriminant.

3.1.1 Example: Aj;

We will examine the As; cluster algebra in detail, so the algorithm is clear. The A
cluster algebra corresponds to the initial quiver,

b
TN
zZ1 —— 20,

where b, z_1 and zg are z-variables and frozen variables have been suppressed. To find the
limiting ray, we performed a mutation on b, finding the new quiver

x1: b

™

T 21 :; T3 : 20,
which we chose to be the principal quiver. The “z; :” denotes which basis vector each
x-variable of the principle quiver corresponds to. The corresponding exchange matrix is

0 1 —1
Bli=|-10 2. (3.1)
1 -2 0

Identifying the Ay 1 subalgebra, we performed repeated mutations on the x5 and x3 nodes,
just as in section 2.3, to approach the limiting ray. After repeatedly mutating the zo
and x3 nodes, the g-vectors of the z-variables associated with these nodes asymptotically
approached

Gim = (0,—1,1), (3.2)

which we identified as the limiting ray. Using the algorithm in appendix D, we found all
the walls that intersect the limiting ray:

v+ = (1,0,0),
b =(1,1,1), (3.3)
v+ =(0,1,1),

where 7. corresponds to a limiting wall. A visualization of these walls is provided in figure 8,
where we have taken a projection of the scattering diagram onto the plane perpendicular
to the limiting ray. This projection of the scattering diagram is the asymptotic scattering
diagram.

12 Alternatively, a simple fan is a fan whose dual polytope is simple.
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1

Cy C,

Figure 8. The scattering diagram of asymptotic chambers near the limiting ray in the A, ; cluster
algebra. We projected down onto the plane perpendicular to the limiting ray, gim = (0,—1,0), and
labeled the walls.

The §,, of the initial asymptotic chamber, @gi, were then calculated using the same
techniques as those in section 2.3. The *yf- of the cone associated with the 2n-th quiver in
the sequence,

b b b b
2 R— 21 T 2, 21 T 2o, 23 I 29, cee
are
[VIL]Qn = (13 0, 0) )
[ 1?" = (0,2n+1,2n), (3.4)
3 ]*" = (0,—2n,1—2n).
[7}]2” is the perpendicular vector of the wall associated with the node z; after 2n mutations
and the limit n — oo corresponds to our initial asymptotic chamber. Eq. (3.4) implies
"= [’Y:LL ]2n
12 = (1= 2n) [y " — 2n[rz ], (3.5)
s = 20 " + 20+ D",

i

SO
90, = lim (]2 = 515 (14 Gage + G2 + VD)
m n—oot?1 1 9 3Y2 2 ,
. _ _ 4@2&’
70 A 12n\1—2n /7~ 12n\—2n
Ur, = lim (|92 73 = - - :
e = () (1 — G302 + G2 + VA) 2 (3.6)
] im ([ y L. L — 92 (g3 +1)
G = Jim ([5)*" ([95]")*" " = 9 (1 e a )
A = (3d2 + G2 + 1) % — 42053 ,
where [§;]?" is the j-variable associated with the x; node after 2n mutations. Eq. (3.6)

relates the ¢, of our initial asymptotic chamber to the g; of our principal quiver. The

- 21 —



formulas for ﬁgQ and @9/3 are exactly the same as eq. (2.29), except that we wrote the
expression in terms of g-variables of the principle quiver instead of x-variables. The formula
for @21 was derived using the closed form solution for the x-variables of the A1 ; subalgebra
in appendix C and noting that ¥ never mutates.

With the asymptotic chambers and eq. (3.6), we can mutate around the asymptotic
scattering diagram to find all cluster algebraic functions associated with the limiting ray.
For example, going along the path given in figure 8, the §,, mutate as

~0

~0 ~0 1
~0 1 Yy I
ygl @,8; 95, (?)31 9, @9,3+1) 9, (ygl y224y23+1)
Yo | =7 90, +1 - 90, +1 = (-9%,8%,)' @40 | - (3.7)
~0 R N 09 ;0 50 _40 40 Y450
Yis (y% + 1) ygg 7A(oy”}o+{gy”31 (99, +1) (1-93,95,) 95,

Vbt (Qgﬂ QQ/Q 7)23 +1)

Again, the jump across the limiting wall corresponds to a generalized cluster mutation.
Calculating the ., of all asymptotic chambers, we found the multiplicative basis

:0’317 g’?@? y’?@? (1 +§’?/1)7 (1 - g’yzg’?{;)? (1 +g’(})/1g’ygg’?/3) ° (38)

Eq. (3.8) corresponds to all the algebraic functions associated with the limiting ray in the
Ay 1 cluster algebra. Although the expressions in eq. (3.8) look rational, remember that the
gjgi are algebraic functions of §j;. They are all algebraic in terms of §j; due to the presence
of the quadratic root, /A

3.1.2 Example: A3

We now continue to the As o cluster algebra. The Ag o cluster algebra includes a cluster

AN

which was chosen as our principal quiver. The asymptotic scattering diagram is slightly

with the quiver

4,

more complex than the Ay cluster algebra, but the algorithm is the same. The limiting
ray is
gim = (—1,1,0,0). (3.9)
The scattering walls are
v+ € {(0,0,1,0), (0,0,0,1), (1,1,1,0), (3.10)
(1,1,0,1), (1,1,0,0)}, |

where the last element corresponds to the limiting wall. To visualize this scattering dia-
gram, we project down to 3 dimensions using the basis,

& =(1,1,0,0),
&, =(0,0,1,0), (3.11)
é5 = (0,0,0,1),
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Figure 9. The scattering diagram associated with the asymptotic chambers of the Aj > cluster
algebra.

giving the asymptotic scattering diagram in figure 9. Note that the asymptotic scatter-
ing diagram associated with Aso is not simple as there are cones bounded by 4 walls
instead of 3.

We then calculated the Qgi variables of the initial asymptotic chamber in terms of the
y-variables of the principle quiver. The derivation is almost exactly as in section 3.1.1, so
we will not write it out here. The final result is,

ie (3,4} %=L (1+pm+n+V2a),

2
@O g VAN
= Y1 ~ A ~ )
T (= G2+ G+ VD)2 (3.12)
0 _ D2 1+1—Q1(Z72+1) 2
Yy = 4 N ’

A= (a1 + 91+ 1) — 49192 .
Due to the number of cones, we will not show the g, of each cone. A complete multiplicative
basis in terms of the g}gi is

“0 A0 A0 A0 20 A0 A0 20 0 A0 ~0 0 A0 40
Uys Uyor Uy Yo (y%ywyy;rl), (y%ywwarl), <y73+1), (y%ﬁrl), (1—y71y72)-
(3.13)
Again, g)gi are the §,, associated with the initial asymptotic chamber approached by re-
peated mutations on the z1 and x2 nodes in the initial quiver.

3.1.3 Example: A; 1,

Our final example before moving onto Gr(4,8)/T is A11,1. The A1, cluster algebra
includes a cluster with the quiver

) €6
Mo 3 T4 x5
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which was chosen as our principle quiver. Unlike the previous examples, there are actually
two limiting rays:

gllim = (_17 1)O>O707 0) )

3.14
QIQim = (0,0,0,0,—1,1)- ( )

First consider the limiting ray gllim, which is approached by performing repeated mu-
tations on the x; and xo nodes. The formulas for gjf)ﬁ are then:

i€{4,5,6}: 99 =,
B, =2 (1+dm + 0+ VD)
4N
1—2322314-@14-\/@)27
@22_332<1+1—Q1(@2+1))27
4 VA
A= (Gof1 + 91+ 1)% — 49192 .

95, = @1( (3.15)

However, upon applying the algorithm in appendix D, we found that there are actually
an infinite number of asymptotic chambers. Rather, an infinite number of cluster walls
intersect the limiting ray. It is unsurprising that this phenomenon eventually occurs as an
infinite number of walls intersect a single ray even in the Ay cluster algebra. We ignored
this phenomenon in section 3.1.1 because none of the rays in As; with infinitely many
intersecting walls are limiting rays.

Now consider the second limiting ray in eq. (3.14), which we approached by performing
repeated mutations on the x5 and xg nodes. As we approach the second limiting ray, the
limits of §,,, denoted as @2;, are

ie{1,2,3}: 9% =4y,

o Ua PN
y24=§<1+y6y5+y5+\/ﬁ’),
/\0/7A 4A,

P =T gogs + 95 + VA2
o _ U 1+1—3?5(?36+1) 2
y’Ye_ 4 N )
(9605 + 95 + 1) * — 49576 -

(3.16)

A,

We again found an infinite number of asymptotic chambers. Note that the discriminant,
A, of the ggj variables is different than that of the @gi variables. Rather, the discriminant
of the algebraic letters associated with a given set of asymptotic chambers seems to be
determined by the associated limiting ray.

It is not particularly interesting for us to further study the cluster algebraic functions
associated with A1 as the asymptotic scattering diagrams contain an infinite number
of asymptotic chambers. However, one could take a doubly asymptotic limit to find a 4
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dimensional scattering diagram that could be finite. More concretely, one could first find
the 5 dimensional asymptotic scattering diagram associated with the limiting ray gllim and
then find the 4 dimensional asymptotic scattering diagram associated with the limiting
ray of this 5 dimensional asymptotic scattering diagram. The resulting 4 dimensional
asymptotic scattering diagram could be finite. We leave studying such doubly asymptotic

limits to future work.

3.2 Gr(4,8)/T and algebraic letters

We now consider the algebraic letters associated with the 8-point MHV amplitude in A = 4
pSYM. Two classes of known algebraic letters are known to emerge in the N' = 4 pSYM
symbol alphabet at 8-point and they are related by a cyclic shift: (i, j, k, 1) — (i + 1,5 +
1,k + 1,1+ 1) [36, 85]. Notably, each class of algebraic letters is associated with a unique
discriminant. Since each limiting ray seems to be associated with a unique discriminant,
A, a reasonable conjecture is that the asymptotic chambers of only two limiting rays
are relevant for the 8-point MHV amplitude. Furthermore, we only need to analyze the
asymptotic chambers of one of these limiting rays since we can derive the algebraic letters
associated with the other limiting ray by applying a cyclic shift.'3

We first briefly review the positive kinematic region before summarizing the computa-
tion of the algebraic letters. We parameterize kinematic space using momentum twistors,
ZiA. Due to dual conformal symmetry, we can identify ZiA € Gr(4,n). Furthermore,
since the ZZ-A are projective under a “little group” transform, ZZA — tiZZA, we can identify
ZA € Gr(4,n)/T. The positive kinematic region corresponds to a compactification of the
positive Grassmannian, Gr(4,n)/T. The cluster algebra structure of Gr(k,n)/T is well
known. In particular, there is a famous initial parameterization that corresponds to the
quiver in figure 10 at 8-point, where boxed elements in the quiver correspond to frozen
variables. The g-variables associated with the quiver are

o (1234)(1256)  _ (1235)(1267) L (1236)(1278)

L7 136y (1245) 2T (1237)(1256) Y37 11238)(1267)

L (1235)(1456) . (1236)(1245)(1567)  ;  (1237)(1256)(1678)

YT 056y (1345) U5 T (1235)(1456Y(1267) Y6 T (1236)(1567)(1278)

o (1245)(3456) L (1256)(1345)(4567)  ; _ (1267)(1456)(5678) . .
= Amey i) BT (1o45) (3456 (1567) U0 T (1256) (4567 (1678) o)

where the “I” super-script denotes how these g-variables are associated with the initial
quiver. Note that the quiver in figure 10 was not chosen as the principal quiver for our

13Refs. [1, 32, 92] have pointed out that additional types of limiting rays might be relevant for studying
the symbol alphabet at higher loop. However, ref. [32] also pointed out at least some of these additional
limiting rays are related by a braid group [107] to the limiting rays we study in this section. Therefore,
even if the algebraic letters associated with these other limiting rays appear in the 8-point MHV symbol
alphabet, it seems plausible they could be derived through braid transformations of the symbol alphabet
derived in this section.
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scattering diagram. Instead, we mutated to the quiver

Yo

7T\

g3 — Jo — Js 95 D6 —— G4 —— 07, (3.18)

n

which was chosen to be the principal quiver, by mutating the nodes {1,2,4,1,6,8} of the
initial quiver from left to right. As argued in section 2.1, no information is lost or gained
by choosing different principle quivers. An explicit map from the g-variables of our initial
quiver to those of the chosen principal quiver is

(ot (o) (B +1)ab+1)+1)

o 7o
x (g + 9t (9 +1) (9 +1) gk +1) +1)
5o = yi@é
g5 +01 (0 +1) (@i +1) 98 +1)+1
ot (@ +1)+1°
b= D535
g+ 3 @i +1) (@ +1) a5 +1)+17
NPNPNPN|
b5 = — ?/1?/2?/4?/5 (3.19)

g @ +1) (@ +1)+
A ot (94 + )+
(91 (@ +1) (1 +1) +1) 5§
o 0
g +1)+1
A gt (s +1)+1
PTG )G+

(4 (y2+ 1) (95 +1) +1) *kakad
(96 + 91 (03 + 1) (@ + 1) g5 +1) +1)

1

S (@)
Combining eqs. (3.17) and (3.19) gives explicit expressions of the principal quivers’ §-
variables in terms of external kinematic data.

o =

We now analyze the initial asymptotic chamber using the A; ; subalgebra of the prin-
cipal quiver. After performing an infinite number of mutations on the z1 and xg nodes,
the g-vectors of the 1 and 9 nodes approached

9lim = (_1707070707070707 1) ) (320)
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(1234)

™~

21 1 (1235) —— a5 ¢ (1236) — a5 1, (1237) — | (1235)

I N N

x4 : (1245) —— x5 : (1256) —— g : (1267) ——— | (1278)

I N N

x7 @ (1345) —— xg: (1456) —— g : (1567) ——— | (1678)

[(6678) .

Figure 10. The initial quiver for the Gr(4,8) cluster algebra [108].

which we identified as the limiting ray. We then found expressions for the gjgi in terms of
the @Z

i€{2,3,4,7} 95 =i,
i€{5,6,8}: 99, =9 f (1, o) ,
P, = — 4Q1fx, —, (3.21)
(I =99t + 1+ VA) 2
-0 :@53(14_1—@1@94‘1))2’

Y =7y VA

where
R 1 o N
f(@1,99) = 3 (1+y9y1 + 41+ VA’) ,

A= (Goin + 11+ 1)% — dindo .

(3.22)

Unlike the As; and Az cluster algebras, not all the gj% are algebraic function of the
9;. Although difficult to see immediately, one can show that the discriminant, A, is

proportional to

VA x VA2 — 4B,
A = (1256)(3478) — (1278)(3456) — (1234)(5678) | (3.23)

B = (1234)(3456) (5678) (1278) ,

which corresponds to the limiting ray g; in ref. [32]. The limiting ray in eq. (3.20) looks
different than the limiting ray in ref. [32] because we chose a different principal quiver to
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define the g-vector fan. While we chose the quiver in (3.18) as our principal quiver, the

authors of ref. [32] chose the initial quiver in figure 10 as their principal quiver.

We employed the algorithm in appendix D to find all the walls that intersect the

limiting ray. Performing a large number of mutations asymptotically close to the limiting

ray, we eventually found 26 cluster walls and a single limiting wall:

v+ €{(0,1,0,0,0,0,0, 0, 0),

( )
(0,0,0,1,0,0,0,0,0),
(0,0,0,0,0,1,0,0,0),
(0,1,0,0,0,0,0,1,0),
(0,0,0,0,0,0,0,1, 0),
(0,0,0,1,0,0,1,0,0),
(0,0,0,1,0,1,1,0,0),
(1,0,0,0,0,1,0,0, 1),
(1,1,0,0,0,0,0,1, 1),
(1,1,1,0,0,0,0,1, 1),
(1,0,0,1,0,1,1,0,1),
(1,2,1,0,0,0,0,2,1),
(1,0,0,1,0,2,1,0, 1),
( )

(0,0,1,0,0,0,0,0,0),
(0,0,0,0,1,0,0,0,0),
(0,0,0,0,0,0,1,0,0),
(0,1, 1,0,0,0,0,0, 0),
(0,0,0,1,0,1,0,0,0),
(0,1,1,0,0,0,0,1,0),
(1,0,0,0,1,0,0,0,1),
(1,0,0,0,0,0,0,1, 1),
(1,0,0,1,0,1,0,0,1),
(1,1,0,0,0,0,0,2,1),
(1,0,0,1,0,2,0,0, 1),
(1,1,1,0,0,0,0,2,1)
(1,0,0,2,0,2,1,0, 1)

)

Y

170707070’070’071}7

(3.24)

where the last element corresponds to the limiting wall. An extensive computer search

found a complete multiplicative basis of the §,, consists of 27 non-trivial polynomials of @%7

=99, +1,
fo=99,+1,
fs=99,+1,
fa=99, +1,
fs =99 +1,
fo=199,+1,
fr=90+1,

fo=95,9% + 99, +1,
fo=1599, + 99, +1,
fio=99,99, + 99, +1,
fuo= 90,05, + 95, + 1,

0 0 ~0

fi2 = 33222333 + Yy Yng Yrys + @9/3 +1,
fiz = 99,99, + 95,9595, + 9% +1,

fa= gg1ggog39 +1,
fis = 95,8585 + 1,
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fie = 99,0505, + 1,
fiz = 85,8555 95, + 85, + 1,
fis = 05,09,95,95, + 99, + 1,
2
_ 20 20 ~0 (0 A0 A0 A0 ~0 ~0 ~0 ~0
ho = Yy Yyu Y9 (y’m) + Y74Y6 + Y1 Y7aYv9Ys + Yy, +1,
2
_ 50 850 ~0 (0 ~0 ~0 ~0 ~0 ~0 ~0 ~0
f20 - y’Yl y’ygy'yg (y'yg) + y’ygy'yg + y71 y’ygy'ygy’yS + y’yg + 17

~0 ~0 A0 A0 A0 A0 ~0 ~0
f21 = 07,05, + 95,07, 07 07 s + 55 + 1,

for =30, (30,) + 20,00, (%) + 00,08, (8,)° 5, (42,)°

99, 9%,0%3% (%) + 200,89, + 99,8083, + 9% 8% %9585, + 9%, + 9% + 1.
Fo = §,00,89,9%, (89,)" + 99,80,99, -+ 9,80, 8%,99, 30, + 9%, + 9 + 1.
an = 8,08 (.)° + 9% (8.)° + 9%, (%) o0t (82.)°

90, 0,809, (85,) "+ 0,869, + 209,95, + 95, 90,826, + 5, + 9%, + 1.
fas = 99,05, + 05,85,95,9% 95, + 85, + 1,
oo = 09,60, 8%, (80,)" + 99,9289, + 99, 99,00, 90,80, + 02,68, + %, +1,
for =1-9945

and the 9 @%, giving a symbol alphabet of 36 independent letters. When computing
egs. (3.24) and (3.25), we found 7348 asymptotic chambers, in comparison to the 64 asymp-
totic chambers studied in ref. [1] using slightly different methods.!* Although we are con-
fident we found all asymptotic chambers, we were not able to rigorously prove it as we
did for A7 and Aso. A complete search of all asymptotic chambers is very computation-
ally challenging for Gr(4,8)/T for reasons beyond its high rank.'> However, any missing
asymptotic chambers should not change eqs. (3.24) or (3.25). Interestingly, only a subset
of less than 1000 asymptotic chambers was required to find both a complete multiplicative
basis for the ¢,, and all the relevant walls in the asymptotic scattering diagrams.

Combining egs. (3.17), (3.19), (3.21) and (3.25) gives explicit expressions for the alge-
braic letters in terms of momentum twistors. We have explicitly checked that the algebraic
letters of ref. [85] are monomials of gjgi and f;. Interestingly, note that many of the letters
are obviously not algebraic. From eq. (3.21), @22, ;QSS, gjg ,» and @,97 are rational, so any f;
that is solely a function of these variables will also be rational. From this criterion alone,
the algebraic alphabet is reduced from 36 to 26 letters. Additional numerical checks show
that some of these algebraic letters can further simplify to rational functions for certain
momentum configurations.

These results are remarkable. There is no reason to expect that there are a finite
number of asymptotic chambers associated with any limiting ray of the Gr(4,8)/T cluster

MEBach origin cluster corresponds to two asymptotic chambers. Further discussion on the techniques in
ref. [1] is given in appendix E.
15See appendix D for a detailed discussion.
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algebra. In section 3.1.3, we saw an explicit example of a limiting ray with an infinite num-
ber of asymptotic chambers. Furthermore, although the number of asymptotic chambers
is extremely large, the multiplicative basis has rank 36 for the relevant limiting rays! We
can further discard letters that are clearly not algebraic, reducing the rank of the algebraic
alphabet from 72 to 52. We can now conjecture that we have found ALL algebraic let-
ters that could appear in the N' = 4 pSYM 8-point amplitude. Our Qgi coordinates show
how the relations between the algebraic letters associated with the same limiting ray are
inherently rational, even though the @gi are generically algebraic functions of our initial
coordinates, Qg . Finally, in all examples studied in this paper, the rank of the asymptotic
symbol alphabet has been equal to the number of cluster walls plus the rank of the cluster
algebra. More precisely, there seems to be a correspondence between walls in the asymp-
totic scattering diagram, y* in eq. (3.24), and polynomial letters in the asymptotic symbol
alphabet, f; in eq. (3.25). At present, it is unclear to us whether this relation holds for
more general cluster algebras or is a red herring.

3.3 Beyond A;; subalgebras

Although this paper focuses on limiting rays associated with quadratic cluster algebraic
functions, we expect that cubic cluster algebraic functions will also be relevant for studying
the symbol alphabet of N' = 4 pSYM beyond 8-point. Quadratic (cubic) algebraic functions
are algebraic functions that are products of roots of quadratic (cubic) polynomials. To see
why cubic letters should appear, note that algebraic letters can at least partially be derived
from irrational Yangian invariants, as shown in refs. [86, 87]. Using the duality between
on-shell super-space variables and differentials on kinematic space,

nt < dz3, (3.26)

where 7! are the on-shell superspace variable associated with state i [17, 47], Yangian
invariants in A/ = 4 pSYM can be written in a manifestly dlog form:

Yangian Invariant — H dlog(ay), (3.27)

)

where «; correspond to functions of external data, Z;A, that are not necessarily ratio-
nal. The «; can be interpreted as “letters” of the Yangian invariant and correspond to
singularities. Since we expect the branch points of N*MHV amplitudes to match onto
branch points of MHV amplitudes, we can therefore probe the symbol alphabet of MHV
amplitudes by studying the «; that appear in Yangian invariants associated with N*MHV
amplitudes. Starting at 11-point, we start to see irrational Yangian invariants that include
cubic algebraic letters. Therefore, we expect to find cluster algebraic functions that are
cubic at 11-point.

The problem with cubic cluster algebraic functions is that it may not be possible to
probe their associated asymptotic chambers using an A; ; subalgebra as in section 3.1. If at
least one asymptotic chamber of a limiting ray can be approached by repeated mutations
on an Aj; subalgebra, then the asymptotic symbol alphabet must consist of quadratic
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cluster algebraic letters. To see this, note that the generating function for cluster variables
in an Ay subalgebra always takes the form

G (t)fmfixtn (3.28)
n>0 SioprrFe 2 :
where F is some product of cluster variables outside the A; ; subalgebra. Taking limits of
x; generated by the above relation, such as

hm :L'i/l‘z;l, (329)
1—>00

will always generate a function that is either rational or quadratic, but not cubic. Since wall
crossing mutations around limiting rays are always rational transformations, this means
all ¢, must be either rational or quadratic.'® Therefore, we must identify more general
mutation sequences in order to approach asymptotic chambers associated with cubic alge-
braic functions. Such mutation sequences could correspond to generating functions with
higher-order polynomials in their denominators, such that specific limits of x; generate
cubic cluster algebraic functions. We expect the methods and results in ref. [109] may be
useful for pursuing this direction.

4 Degenerate scattering diagrams and tropicalization

We now study speculative truncations of g-variables from the perspective of scattering
diagrams. We will first motivate and define the notion of a degenerate scattering diagram,
commenting on the specific connection to N' = 4 pSYM. Although we did not find a
definite algorithm for truncating g-variables, we did find that the notion of asymptotic
chambers naturally emerges from degenerate scattering diagrams.

4.1 Scattering diagrams from tropicalization of the dual cluster algebra

In this section, we relate the g-vector fan to tropicalization of the dual cluster algebra. We
then motivate degenerate fans using tropicalization arguments.

We now give a brief review of tropicalization. Since all elements of O(X') are positive
Laurent polynomials where the minus operation never appears, we can consider the tropi-
calization of such functions. Tropicalization naturally emerges from studying the behavior
of geometric spaces at small (or large) values of their coordinates. For example, given a

function f(a1,asz,...,ay), the tropical function is defined as
_1; -1 —eay ,—eas —ean
Trop[f(ai,az,,...,a,)] —elgélojlog[f(e e 92 e )] - (4.1)

The tropicalization of a function effectively amounts to the replacements
axb—a+b,
a+ b — min(a,b), (4.2)
1—0,

8There is a small loophole in this argument. If the asymptotic scattering diagram itself contains a
limiting ray, one could take a doubly asymptotic limit as suggested at the end of section 3.1.3. However, it
seems unlikely to us that such doubly asymptotic limits could generate cubic algebraic letters.
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where a and b now take values on a semifield. For example,

Trop[l + z] = min(0, ),

(4.3)
Trop[l 4+ = + zy] = min(0,z,z + y) .

Tropicalization has many applications, ranging from mirror symmetry to intersection the-
ory. We will now review one aspect of the connection with cluster algebras.

In our tropicalization arguments, we do not consider the O(X) associated with our
initial principal quiver. Instead, we consider the dual principal quiver and the associated
dual cluster algebra, XV. The dual principal quiver is given by the initial quiver except
that we flip all arrows between mutable nodes. As an example, given the initial quiver

Y1 Y2

I

r]p — T2,

the dual quiver is

yi ys

We now study O(XV). For example, in the case of the As cluster algebra, O(XV) consists of

fi=1+79,
fo=1+195, (4.4)
fa=1+095 +939) .
Any g-variable in XV can be written as a product of functions in eq. (4.4) and g,’.
The tropicalization of each f € O(X") defines a fan that splits Z" into regions where
Trop[f(y)] is constant. We simply state without proof that all such fans together give the

scattering diagram in the finite case [42, 43, 72]. For example, again consider the Ay cluster
algebra and the tropicalization of functions in eq. (4.4):

fi=149 —  Trop[f1] = min(0, §y),
fo=1+7y —  Trop|fo] = min(0, 75 ), (4.5)
fs=1495 +9/9  —  Troplfs] = min(0, gy, 9 + 35 ).

The tropicalization of each f; defines a fan in Z2, which are given in figure 11. In this
example, one can immediately see that the combination of all fans defined by tropicalization
of f; € O(XV) is equivalent to the scattering diagram for X'.17

We now motivate degenerate scattering diagrams. Suppose we do not tropicalize all
regular functions in O(X), but only a subset. For example, suppose we only considered

'"The relation between the scattering diagram of X and O(X") is easier to understand from a mirror
symmetry perspective. A" is dual to X under mirror symmetry [44].
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oY 0

Mt g3

NV,
Y

(a) Trop[1 + 91] (b) Trop[1 + 93] (c) Trop[l + 93 + 97 93]

Figure 11. The fan associated with the tropicalization of functions in eq. (4.5).

w3 wa w3 + w2
W4 w1 W4 w1
Ws Wws
(a) Non-degenerate scattering diagram (b) A degenerate scattering diagram

corresponding to As.

Figure 12. A demonstration of how to derive a degenerate scattering diagram from the non-
degenerate scattering diagram for the As cluster algebra.

the tropicalization of fo and f3 in eq. (4.5). We would find only 4 walls in the scattering
diagram. Naively, this does not correspond to a well-defined scattering diagram if we
assume the walls are single cluster walls. However, one might conjecture that it corresponds
to a degenerate scattering diagram, where certain walls are combined so certain chambers
are inaccessible.

4.2 Degenerate scattering diagrams

We now introduce the notion of degenerate scattering diagrams to motivate this truncation.
Suppose that we want to truncate some cones from the scattering diagram while keeping
others. Rather we want to enforce certain conditions of the form: “If you cross wall A, you
must also cross wall B and vice-versa.” This is a well-defined procedure if we combine walls
in the scattering diagram. For example, again consider the scattering diagram associated
with As. Suppose we consider the fan derived by only tropicalizing f3 and f2 in eq. (4.5),
leading to the degenerate fan in figure 12b. We can derive this fan from a wall combination
procedure by combining walls wy and ws in the full scattering diagram in figure 12a. We
can view this procedure as a “wall combination procedure” or “cone truncation” procedure.
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However, by combining walls, we lose several nice properties associated with the original
scattering diagram. First, multiple functions are associated with a single degenerate wall,
so wall crossing across a degenerate wall takes the form:

Pt By, = y%Hfa Yo, (4.6)

Second, the functions f, in eq. (4.6) change depending on whether you are mutating forward
or backward across a degenerate wall. For instance, the functions associated with the
degenerate wall in figure 12b take the form:

Ao (visy2)
YnYy . o _
wh —q, 1)y =0y, (1 + “/1;72> (143, + y’}’ly’m)(%ﬁﬂ ’

7t 1+ 9, (4.7)

M;L:(1,1)?3% =Gy (1 + ?371@72)_<%m) (1+ 9y, + @712372)_%’%) ;
where the +(—) indicates if you going counter-clockwise (clockwise) around the scattering
diagram.

Although the degenerate walls are useful for motivating asymptotic chambers, there
is significant ambiguity in their construction. Primarily, given an arbitrary fan, we do not
have a procedure for associating a unique degenerate scattering diagram to this fan. For
example, again consider the fan in figure 12. We could construct this fan by combining
wall we with walls wsg or wy. Given only the fan, there is no canonical choice without
additional input.

4.3 Asymptotic chambers from degenerate scattering diagrams

We now consider the above procedure when the number of cones is infinite. We work
with the degenerate cluster polytope instead of the degenerate scattering diagram.'® Note
that if one only tropicalizes a finite subset of O(X"V), one often finds that the associated
degenerate cluster polytope includes a facet corresponding to a limiting ray.'® For example,
consider the following principle quiver:

Yy — 21

[\

Y2 1) x3 Ys,

which corresponds to the As; cluster algebra, and its dual quiver,

y! —— af

l\

Vv Vv
2 Ys -

Y

8Working with the degenerate cluster polytope is purely for visualization purposes and contains equiv-
alent combinatorial information to the degenerate scattering diagram. A review of the map is provided in
appendix F.

19Tn some sense, this facet would not appear if we tropicalized all functions in O(X") as the facet would
be pushed to infinity.
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Figure 13. A degenerate cluster polytope of Ay ; corresponding to the tropicalization of polyno-
mials in eq. (4.8). The red facet corresponds to the limiting ray.

Figure 14. The dual polytope of the asymptotic scattering diagram in figure 8. Each asymptotic
chamber corresponds to a vertex and walls between asymptotic chambers correspond to 1-dim edges.

Now consider the tropicalization of the following subset of regular functions of Ag;:

flzg}/+17
f2:g2 +1)
fs=10+1,

fo=959¢ +95 +1,

fs=939¢ + 91 +1,

fo=19395 + 935 +1.

The corresponding polytope is given in figure 13, where the facet corresponding to the

limiting ray is highlighted in red. We argue that the vertices containing this facet corre-

spond to asymptotic chambers in the degenerate scattering diagram. Such a conjecture

naturally explains the appearance of algebraic letters found at 8-point. Note that the facet

associated with the limiting ray is not dual to the asymptotic scattering diagram given in

section 3.1.1, whose associated cluster polytope is given in figure 14. This is because even
the asymptotic scattering diagram is degenerate.?’

There have been several proposals for deriving degenerate scattering diagrams. Such

proposals amount to choosing finite subsets of O(X") to tropicalize. For example, the

authors of ref. [32] proposed that the desirable subset of O(X") corresponds to the smallest

20Tt seems that the facet associated with the limiting ray will always be degenerate unless you include
F-polynomials associated with points on the limiting ray. These polynomials are not elements of O(X") as
they are not critically positive [32]. In our example, you need to include the F-polynomial associated with
the generalization of P in appendix C, even though P is not an z-variable of the dual cluster algebra.
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subset of minors closed under parity: (i,i+1,7,j+1) and (i, j—1, j,j+1). These functions
can be identified with some subset of O(X") using the “web-variables” originally given in
ref. [110]. Several alternate subsets have been proposed [1, 32, 92, 111]. However, in
contrast to our conjecture, which motivates a truncation of the clusters, these proposals
argue for a truncation of the z-variables. In the finite case, the authors identify a subset of
x-variables whose g-vectors are in bijection with facets of the degenerate cluster polytope
and conjecture that this subset acts as a complete multiplicative basis for the desired g-
variables. In the infinite case, where facets corresponding to limiting rays appear, they
conjecture the limiting rays correspond to cluster algebraic functions. It may turn out
these conjectures are equivalent to our proposal. To make any definite conclusion, one
would have to find a more precise procedure for isolating the correct degenerate scattering
diagram, as the procedure provided here is still ambiguous.

5 Conclusion

The structure of scattering amplitudes beyond Feynman diagrams has undergone intense
study in several contexts over the past 60 years. This program has been very successful at
tree level, where numerous bottom-up approaches have almost completely circumvented the
Lagrangian approach [12, 13, 15, 112-117]. However, a systematic understanding of how
locality, causality and unitarity are precisely encoded at all orders in scattering amplitudes
remains surprisingly elusive. Many approaches, ranging from topological strings on twistor
space [118] to flat space holography [119-121], have given partial answers to this problem.
For example, the infrared structure of scattering amplitudes is famously connected to the
vacuum structure of the theory and asymptotic symmetries [122-125]. Recent research
suggests that the underlying structure of scattering amplitudes is deeply connected to
geometric and combinatorial notions such as total positivity and motives [5, 7, 33, 47, 49,
73]. The amplituhedron provides a precise geometric description of integrands in N = 4
pPSYM at all-loop orders. However, although the amplituhedron has led to many interesting
results in the study of scattering amplitudes, it is a fundamentally perturbative description
of the underlying physics. The ultimate goal of this program is a geometric description
of the integrated all-loop amplitude independent of the chosen perturbation method, a
“non-perturbative geometry” [32].

One possible manifestation of this non-perturbative geometry is the connection between
boundaries of the positive kinematic region and logarithmic branch points of integrated
MHYV amplitudes in N/ = 4 pSYM. This conjecture is more subtle than it initially appears
due to ambiguities in the precise definition of the positive kinematic region, such as the
chosen compactification. In this paper, we focused on studying the positive kinematic
region of the MHV sector and proposed that scattering diagrams are a useful mathematical
framework to study the boundary structure of the positive kinematic region. Furthermore,
we developed the notion of asymptotic chambers to explain the appearance of algebraic
letters in the symbol alphabet of MHV amplitudes. Interestingly, the asymptotic diagram
approach provides manifestly rational relations for the asymptotic §,-variables associated
with the same limiting ray.
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As a proof of concept, we used scattering diagrams to study the branch point structure
of the 8-point MHV amplitude. Using the scattering diagram framework, we made a con-
jecture for all possible algebraic letters that could appear in the 8-point symbol alphabet.
We confirmed that the algebraic letters found in explicit computations could be written as
monomials of letters in our alphabet. We also developed the notion of degenerate scatter-
ing diagrams and commented on a possible truncation procedure for g-variables, following
the philosophy of refs. [1, 32, 92].

Our results are especially interesting in the context of the Landau equations [126, 127].
The Landau equations provide a direct link between the structure of the integrand and the
branch points of the integrated amplitude. In particular, the branch points of amplitudes
at high multiplicity and loop order have been calculated by applying the Landau equations
to the amplituhedron [37, 38, 89]. However, although the Landau equations provide a non-
trivial probe of the integrated amplitudes’ branch points, knowledge of the branch points
is not enough to uniquely determine the symbol alphabet (see section 7 of ref. [37]). For
example, although some letters in the alphabet may take the schematic form

=V
F+ VD

where f and A’ are rational functions of external kinematic data, the Landau equations

¢ (5.1)

only predict branch points of the form A’ = 0. This mismatch results from how the
solution to the Landau equations corresponds to the algebraic branch cut from the square-
root in ¢; instead of the full logarithmic branch point. A related mismatch also occurs for
rational branch points. Similar to how cluster algebras provide the missing link between
Landau singularities and the symbol alphabet at 6-point and 7-point, asymptotic chambers
provide the missing link between the algebraic symbol alphabet and specific solutions to
the Landau equations at 8-point. It has been argued that the branch points of N' = 4
pSYM associated with solutions to Landau equations are universal to all gauge theories. It
would be interesting to understand whether the logarithmic branch points studied in this
paper, which contain more information than the solutions to the Landau equations, retain
any degree of universality.

The notion of degenerate scattering diagrams has applications beyond planar gauge
theories, specifically higher loop integrands of ¢3. However, it is instead the cluster poly-
tope picture that is more interesting for studying higher loop integrands of ¢3 [128, 129]
and generalized scattering amplitudes [130-136]. Both the higher loop integrands of ¢3
and generalized scattering amplitudes can be identified with the canonical rational func-
tion of the (degenerate) cluster polytopes discussed in section 4 [111]. Each vertex in
the cluster polytope can be mapped to a specific Feynman diagram. However, multiple
vertices correspond to the same Feynman diagram, and considering all vertices in the full
cluster polytope generically overcounts certain Feynman diagrams. Therefore, it is instead
more natural to consider degenerate cluster polytopes, where redundant vertices have been
truncated. For example, the degenerate cluster polytope associated with A i, figure 15, is
associated with the multi-trace, 1-loop 3-point integrand of ¢? theory [129]. This degen-
erate polytope can be derived from the tropicalization of f5 and fg in eq. (4.8) along with
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Figure 15. A degenerate cluster polytope of As; corresponding to the tropicalization of f; and
f5 in eq. (4.8) along with eq. (5.2).

the polynomial

fp=1+05 +9'930; (5.2)
which is the F-polynomial of the generalization of P in appendix C to A ;. Although the
motivation for truncating the unwanted vertices is very different, the notion of truncating
undesirable vertices (cones) from the degenerate cluster polytope (scattering diagram) is
the same as section 4.

Finally, the notion of asymptotic chambers has applications outside of scattering am-
plitudes, such as studying coordinate systems of (higher) Teichmuller spaces. Specifically,
when the cluster algebra corresponds to the (higher) Teichmuller space of a Riemann
surface, one can identify cluster algebraic functions with Fenchel-Nielsen coordinates [100].
Non-trivial relations obeyed by Fenchel-Nielsen coordinates, and their generalizations, have
been studied in the context of spectral networks [101, 102]. However, to our knowledge, no
one has systematically studied relations between Fenchel-Nielsen coordinates in the context
of scattering diagrams and cluster mutations.

Since our core result is a general framework for approaching these questions rather
than individual results, there are several future directions.

5.1 Future directions

Gaining a more systematic understanding of limiting walls. The most obvious
direction for future work is developing a more systematic understanding of limiting walls
and their connection to algebraic letters. For example, proving the bound

0< @Wﬁm <1, (5.3)
holds in any asymptotic chamber would certainly be very interesting. However, even with
eq. (5.3), it is unclear the notion of asymptotic chambers is always well defined. Alter-
natively, another interesting problem could be proving, or disproving, that the number of
multiplicatively independent asymptotic letters associated with a limiting ray always is the
number of intersecting walls plus the rank of the cluster algebra.
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Algorithm for finding all asymptotic chambers. A very practical direction for future
work is the development of new algorithms for finding the §,, of more general asymptotic
chambers. For instance, if one cannot identify an A; ; subalgebra, one would instead need
to generalize the generating function method of appendix C to more general sequences
of quivers. In addition to finding explicit expressions for gjgi, one also needs to find all
the walls that intersect the limiting ray. The algorithm in appendix D becomes highly
inefficient for limiting rays in higher rank cluster algebras. Some possible approaches are:
(1) calculating the walls using the tropicalization procedure in section 4.1, (2) developing
some generalization of eq. (D.1) for asymptotic chambers, or (3) generalizing the causal
diamond picture of refs. [128, 129].

Degenerate scattering diagrams. The discussion regarding degenerate scattering dia-
grams and truncated cones in section 4.3 was largely qualitative. Although the construction
naturally motivated the notion of asymptotic chambers, it did not provide a concrete pro-
cedure for identifying the exact degenerate scattering diagram given the corresponding
fan. A primary goal of future work would be developing the notion of canonical degenerate
scattering diagrams, perhaps modifying the somewhat ad-hoc construction in section 4.2.
Motivated by related results in refs. [130, 137], we note that understanding f; € O(XV),
and not just their tropicalization, could be important for developing such a notion. One
path is investigating the explicit calculations in ref. [90] that connect boundary points of
Gr(k,n)/T to f; using generalized scattering equations.

Finding critically positive coordinates for Gry(4,n)/T. We focus on the positive
kinematic region defined by Gr4(4,n)/T due to its connection to logarithmic branch cuts
of MHV amplitudes. However, the amplituhedron story naturally suggests the existence
of alternate positive kinematic regions, Gry(4,n), that are relevant for N*MHV ampli-
tudes [47]. These positive spaces are much more non-trivial than Gry(4,n) and could be
tied to the appearance of more general functions beyond the MHV sector, such as ellip-
tic polylogarithms [49, 138-142]. It seems highly plausible that some notion of critically
positive coordinates does generalize to these positive kinematic regions.

Positive kinematic region of more general theories. One could also attempt to un-
derstand the significance of the positive kinematic region for more general theories. A prime
target would be understanding the positive kinematic region associated with A/ = 4 pSYM
amplitudes on the Coulomb branch [143, 144], or more general massive theories [15, 145].
The kinematic space of these theories does not correspond to Gr(4,n)/T since external
states are massive. Alternatively, one could try to understand the positive kinematic re-
gion of more general scalar theories, such as bi-fundamental ¢® theory [146, 147] and ¢?
theory [148-150].

The positive kinematic region and (2,2) signature. Although the positive kine-
matic region exhibits remarkable properties and is intimately connected with the analytic
structure of amplitudes, there is currently no physical explanation of its importance. How-
ever, instead of directly addressing the importance of the positive kinematic region, perhaps
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an easier preliminary question is the importance of (2,2) signature. Using (2, 2) signature
has often been viewed as a trick for removing ambiguities in certain computations due to the
plethora of subtleties that emerge from trying to actually understand field theory dynamics
in (2,2) signature. However, there has been a recent revival in trying to systematically
understand the behavior of theories in (3, 1) signature, most notably the development of
light ray operators, which has led to several non-trivial results [151-157]. It would be
interesting if such an analysis in (2,2) signature could lead to similarly novel results.
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A Introduction to cluster algebras

In this appendix, we give a brief introduction to cluster algebras [103, 158-160]. Thorough
introductions are refs. [161-164], while those looking for a review that focuses on the con-
nection with scattering amplitudes are referred to ref. [33]. Cluster algebras were initially
motivated by the notion of total positivity. For example, one major motivating question
was how much information is generically needed to prove that minors of a given matrix are
positive. Due to non-linear relations between minors, this question quickly becomes very
hard from a brute force approach of writing out all relations between minors and solving
these polynomials directly. The advent of cluster algebras gave a different approach.

Suppose you are given a 2 X n matrix and asked to find the minimal information
needed to determine whether all 2 x 2 minors are positive. The problem is non-trivial due
to quadratic relations between minors called plucker relations:

<¢,1k;> (i) ks 1) + DGR = (G i<j <k <l (A1)
A brute force approach would be to calculate all quadratic relations of the form eq. (A.1)
at once and find some minimal subset directly. This computation would be problematic for
even the best computers. We instead take a cluster algebra approach and find a preferred
set of coordinates on the space of minors. To do so, we note that eq. (A.1) can be visually
interpreted as a mutation on the triangulation of a 4-gon with edges, i, j, k, [, as visualized
in figure 16. Therefore, at n = 4, a natural set of preferred minors is

(1,2), (2,3), (3,4), (1,4), (1,3). (A.2)

We can calculate the remaining coordinate, (2,4), using eq. (A.1), interpreting eq. (A.1) as
a mutation on the 4-gon. Going beyond n = 4, it is natural to start with coordinates that
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Figure 16. A visual representation of the plucker relations for Gr(2,n).

3 3 3
| @ E @ - @ |
1 5 1 5 1 5
Figure 17. The first triangulation of the 5-gon corresponds to the parameterization in eq. (A.3).

Each minor in eq. (A.3) corresponds to an edge. The remaining triangulated 5-gons correspond to
the mutation pattern that leads to (2,5).

can be associated with the triangulation of an n-gon and interpret eq. (A.1) as a mutation
on this triangulated n-gon, just as we did for the triangulated 4-gon. For example, consider
n = 5 and the initial coordinates:

(1,2), (2,3), (3,4), (4,5), (1,5), (1,3), (1,4) (A.3)

which are associated with the first triangulation in figure 17. Suppose we want to write
(2,5) in terms of our initial coordinates. We first perform a “mutation” on (1,4), finding

(3,5) = <1’14> ((1,3)(4,5) + (3,4)(1,5)) (A.4)

and a new triangulation where (1,4) is replaced with (3,5). We then perform a mutation
n (1,3), finding

(2,5) = ((3,5)(1,2) + (2,3)(1,5)) (A.5)

(1,3)
Therefore, assuming that all our initial minors in eq. (A.3) are positive, then (2,5) must
be positive as well. One can repeat the above calculation for any minor not in eq. (A.3),
showing that all minors are positive if our initial minors in eq. (A.3) are positive. Note
that we never mutate the edges that define the boundary of the n-gon. These are called
frozen variables as they appear in the Plucker relations but do not themselves mutate.
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The above discussion focuses on the positivity of a Gr(2,n) matrix. However, we will
ultimately be interested in Gr(4,n)/T, where T acts on individual columns by a re-scaling:

ZA = 24 (A.6)

where i and A index the columns and rows respectively. Therefore, it is natural to con-
sider the same question as above, except now for Gr(2,n)/T. Our minors, (i,j), are no
longer suitable coordinates as they are not invariant under 7. Instead, we must develop
a new set of coordinates, {j-variables, for a given triangulation that are invariant under 7'
transformations. Again consider the coordinates in eq. (A.3). Two natural combinations
of minors invariant under 7T are

(3,4)(1,5)

n=Toea 2T waas) (A7)

1
4,5) "
These variables form a natural set of coordinates on the compactified space Gr(2,n)/T.
To see their importance, lets interpret Gr(2,n)/T as the positive region of some mani-
fold. Each triangulation, with its own g; variables, corresponds to a different “corner” of
Gr(2,n)/T, as visualized for n =5 in figure 1.

The above strategy of finding an initial “cluster” of coordinates and developing a
sequence of coordinate transforms turns out to be very versatile. Generalizing beyond
Gr(2,n), one can systematically develop the notion of a cluster algebra. Instead of a
triangulation, we associate to each cluster a quiver with exchange matrix B; ;:

n if there are n arrows from i to j
B;j =4 —n if there are n arrows from j to 7 . (A.8)
0 if there are no arrows between j and ¢

Each triangulation of an n-gon for Gr(2,n) maps onto a triangulation in the following way

o Each edge in the n-gon triangulation corresponds to a node in the quiver. The edges
corresponding to the boundary of the n-gon are frozen nodes that never mutate

e For each triangle in the n-gon triangulation, we draw a clock-wise orientated cycle in
() connecting the vertices associated with the bounding edges.

For example, a visualization of the quiver associated with the first triangulation in figure 17
is given in figure 18. Given a mutation, the minors generalizes to cluster variables that
mutate as

If we perform a mutation on node k, the quiver, and corresponding exchange matrix,

Wi = {xli(nj_}i o e (A.9)

mutate according to the rules
e Reverse all arrows going in or out of k,
e For each sub-path of the form i — k — j, add the arrow i — j,

e Remove any two cycles that have formed.
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Figure 18. A triangulation of a 5-gon and its dual quiver representation. The boxed elements in
the quiver correspond to frozen nodes.

—~
—

(1,2)

One can explicitly check that eq. (A.9) and the preceding quiver mutation rules are a self
consistent generalization of those given for Gr(2,n). Finally, the § coordinates also have a
natural generalization as

e | Er (A.10)
j

and mutate as
15y 7 1
T laa g B i

We will denote the positive space parameterized by x; coordinates as A and the space

(A.11)

parameterized by §; coordinates as X. The relation between A and X is still under active
research and not completely understood.

Cluster algebras have many remarkable properties, such as the Laurent phenomenon.
The cluster variable of any quiver can be written as a Laurent polynomial of x; of some
initial cluster. For example, consider the cluster algebra associated with Gr(2,5). One can
show that any (7', ) can be written as a Laurent polynomial of (7, j) in eq. (A.3). To learn
about other amazing properties of cluster algebras, the reader is referred to refs. [161, 162].

B Differentiating x-variables with frozen nodes

Like g-variables, x-variables will also obey additional relations when there are fewer frozen
nodes. To see this, again consider the As cluster algebra with initial quiver:

1 i) x3.

43 —



Without any frozen nodes, all z-variables in the cluster algebra are

{1:17 €2, I3

zo+1  zims+ a3+ 2w +1

I T1X2X3 B.1
o +1  xixz+wo+1 (B.1)
T3 ’ 12
T1T3+ 20+ 1 x1x3+1}

T2T3 ' x2

The minimal multiplicative basis of the xz-variables is rank 7:
{r1, @2, a3
ro+1, xix3+ ﬂ:% + 2x9 + 1, (B.2)
zizs+1, xix3+xe+1}.
However, suppose we include the additional frozen node, z, so the initial quiver is now:

z

l \ (B.3)

1 T2 I3 .

All x-variables in the cluster algebra are now

{Z, xi, X2, X3

ro+z w3zt zwd 4+ (14 2220 + 2

z T1X2T3 (B.4)
2z +1  mix3z+ 12+ 2

I3 ’ Tr1T2
rix3 + 2202 + 1 $1$3+-1}

Tox3 ’ T2

so the multiplicative basis for z-variables is now rank 10:

{Zv X1, X2, xs3,
To+ 2z, x1x3%7+ zx% +(1+ 22)x2 + z, (B.5)
rixs+1, 1232+ 22+ 2,

xoz+ 1, x1x3+ 22+ 1}.

Comparing egs. (B.1) and (B.4), one can clearly see that adding the frozen node, z, removes
relations between the z-variables. Therefore, adding more frozen nodes disentangles the
x-variables.

Remarkably, the frozen nodes of a principle quiver are enough to ensure that all the
x-variables are maximally disentangled. To see this, note that the x-variables of a cluster
algebra with completely arbitrary frozen nodes can be always be written in the form,

x = 29F (§;) x (monomial of frozen variables) (B.6)
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where § and F(g;) are defined in eq. (2.3). The exact formula for computing the mono-
mial of frozen z-variables is unimportant for our purposes and the reader is referred to
appendix B of ref. [92] for details. From eq. (B.6), we see that the z-variable of a cluster
algebra with arbitrary frozen nodes is the same as the z-variable of cluster algebra with
a principal quiver up to a monomial of frozen z-variables. Therefore, one multiplicative
basis of the g-variables of a cluster algebra with arbitrary frozen nodes is the multiplicative
basis of §-variables of a cluster algebra with a principal quiver in addition to all the frozen
x-variables.

To see this result explicitly, again consider the As cluster algebra. We now consider a
cluster algebra with the principal quiver:

n Y2 Y3
1 T2 xs .

A complete basis of all F-polynomials is

fi=1+101,
fo=14 7,
f3=1+7s,
fa=1+01+ 0192, (B.7)

fs =1+ 93+ U392,
Jo =14 91+ 93+ 9391 + J39201 -
We can now apply the basis in eq. (B.7) to the quiver in (B.3), where

. z N . 1
g1=—, Ya=mT3, Ys=_—. (B.8)
€2 2I9

Substituting eq. (B.8) into eq. (B.7) and including the z-variables of the initial quiver
in (B.3) yields the multiplicative basis

{2:7 X1, T2, I3,

To + 2
fl = 5
€2
Jfo=ma3+1,
fy = zxo + 1
BT o (B.9)
r1x32 +x9 + 2
Ji=—"7T—"7—,
T2
r1x3 + 202 + 1
fo=—"T ",
ZX9
zx1z3 + 203 + (1 + 2220 + 2
Je = 5 :
225
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Eq. (B.9) corresponds to a complete multiplicative basis for the z-variables in eq. (B.4).
A complete multiplicative basis for the g-variables consists of the f; in eq. (B.9), the ¢; in
eq. (B.8) and z.

C Review: A;; cluster algebra

In this appendix, we consider the cluster algebra and scattering diagram associated with
the principal quiver,
Y-1 Yo

L]

r-1 — o,

reviewing the results in refs. [1, 32, 92]. We perform repeated mutations on the nodes
associated with z_; and xg, starting with the x_; node,

Yo Yo Yo Yo
l l e T A
2 2 3
e e ¥
r_1 —2— Xp Tl < 2— 2o Tl —2— X2 T3 < 2— I

T l A » e ! A

2 3 2 3 4
e I +
Y1 Y-1 Y-1 Y-1

After a sequence of 2n mutations where n > 0, the quiver takes the form

Yo
PPN
2n 2p—1
e I
Toap—1 —2— Top
~ e
2n+1 2n
|
Y-1

Using cluster mutations and the above representation of the quiver after 2n mutations, we
defined a recursive solution for z; in this model, finding:

Ton—1T2n—3 = (ygq—lygnd + xgn”) ’ (C.1)

2n, 2n—1 2
LoanTan—2 = (yflyo + x2n71> :

This form of the mutation relations is still too complicated to solve analytically due to
being inherently nonlinear. Instead, we identify a new variable,

_ x T_1Y_
p— Yt LTy 1y 13/07 (C.2)
T_120 Tr—_1 i)
such that
Ton—1 = Ton—2P — x2n—3F, F =y-1%0- (C.3)

‘P is not an element of the cluster algebra, but a cluster-like variable associated with the
limiting ray. For further discussion of P, the reader is referred to ref. [32]. Only eq. (C.3)
is important for our purposes, which one can explicitly check.
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We can solve eq. (C.3) by first writing down the associated generating function:

o0

o —x_1.Ft i
Gonl) = = py s = 2 (C4)

and then finding a closed-form expression for the derivatives of Gy,~o(t):

5= 2 [ + BeVEYP+ VY + (a1 — BVE)(P - VEFH]

_ 2x0— 2P
A=P*—4F.

Using our closed form expressions for z; in eq. (C.5), it is trivial to calculate closed form
expressions for §; after 2n mutations:

~ _ 2n,2n+1_—2 ~ _ 1-2n_—2n_2
Y2n-1=Yo Y-1 Ton, Y2n=Yo Y1 Top—1- (C.6)

D Algorithm for finding asymptotic chambers from A, ; subalgebra

We now outline a search algorithm we used to find the asymptotic chambers associated
with a limiting ray. In normal search algorithms for finite cluster algebras, one performs
sequences of mutations until one finds all the cones in the fan, defining a cone by its
associated g-vectors. This method does not work well for infinite cluster algebras where
there are an infinite number of cones, even asymptotically close to the limiting ray. We
partially circumvented this issue by defining a new equivalence class of cones arbitrarily
close to the limiting ray called pre-asymptotic chambers.

We first mutate the initial quiver until we find a quiver containing an A; ; subalgebra:

Ty —§ Tj,

which we define as the principal quiver. To calculate the g-vectors and walls of adjacent
cones, we use the g-vector mutation formula originally derived in ref. [103]:

Gi if i £k

— — 'l ep - 9 (Dl)
{_gi + Z%:l[Bm,k]—I—gm - Z%:l[BNer,k]—&-bm ifti =k

PkGi =

where [z]4 = max(z,0) and by, is column m of the initial B, ; matrix. This formula can
be derived by combining eq. (A.9) in appendix A,

1 .
sy +1ljcizy) i =k
MkfviZ{ - jx a ])iaék’ (D.2)

with eq. (2.3) in section 2.1:
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This allowed us to compute the g-vectors of adjacent cones in the g-vector fan very ef-
ficiently. Using eq. (D.1), we calculated the g-vectors of cones associated with repeated
mutations on nodes z; and x;. The g-vectors of the x; and z; nodes asymptotically ap-
proached a limiting ray, ¢iim. In principle, we could now perform a brute force search,
performing random mutations asymptotically close to the limiting ray until we found no
new walls intersecting the limiting ray. However, this approach would be highly inefficient
as there are always an infinite number of cones asymptotically close to the limiting ray.
Although we did perform a brute-force search, we partially streamlined the algorithm by
defining a new equivalence class of cones: pre-asymptotic chambers.

Consider the schematic scattering diagram in figure 7, which corresponds to the A1
cluster algebra. Suppose we mutate to one of the cones in the sequence that approaches
the asymptotic chamber C'y. Mutating across an asymptotic wall toward or away from the
limiting ray does not give us any new information. In some sense, the sequence of cones
approaching C7 are equivalent, and therefore redundant, for the purposes of trying to find
walls intersecting the limiting ray. We wish to find some criterion that allows us to avoid
mutating into these redundant cones. To see what this criterion should be, we first note
that the sequence of g-vectors along the black cluster wall generically obey the relation

G(zn) — §(@n-1) = Giim - (D.4)

Therefore, it is natural to consider the projection of the g-vectors onto the hyperplane
perpendicular to the limiting ray, such that

P (§(xn) — F(zn-1)) = PLgim = 0. (D.5)

If we define equivalence classes of cones by considering the projection of their g-vectors,
not the g-vectors themselves, the sequence of cones approaching C; correspond to the same
cone under this projection. This is true for the sequences of cones approaching Cs, Cy,
and Cg as well. For Cy and Cs, we find two classes of cone upon taking the projection. To
see why, let us focus on (5. Denoting the projection of the g-vectors on the two bordering
cluster walls as g, and g3, the two classes of cones are defined by the sets {ga, ga, g»} and
{94, 9v, g»}. Turning to more general cluster algebras, we define pre-asymptotic chambers as
the equivalence classes of cones defined by the projection of g-vectors onto the hyperplane
perpendicular to the limiting ray. Certain infinite sequences of cones approaching the same
asymptotic chamber correspond to the same equivalence class under this projection.
Using pre-asymptotic chambers does not completely remove undesirable redundancies,
because a single asymptotic chamber can correspond to multiple pre-asymptotic chambers.
This redundancy is not a problem for lower rank cluster algebras where the number of pre-
asymptotic chambers is small and finite. For the asymptotic scattering diagrams of As ; and
Ag 2, one can prove that the number of asymptotic chambers is finite simply by showing that
the number of pre-asymptotic chambers is finite. However, for Gr(4,8)/T, we found that
the number of pre-asymptotic chambers is infinite, or so large it is effectively infinite, while
the number of asymptotic chambers is finite. If the number of pre-asymptotic chambers is
infinite, brute force mutation procedures cannot prove that you have found all asymptotic
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Figure 19. Number of accessible asymptotic and pre-asymptotic chambers after a maximum of
X mutations from the initial pre-asymptotic chamber. Note that we are only considering (pre-
Jasymptotic chambers on one side on the limiting wall.

chambers. Instead, one must perform mutations on pre-asymptotic chambers until no new
asymptotic chambers appear after a large number of mutations. Specifically, we found
that all the discovered asymptotic chambers were within 18 mutations of our initial pre-
asymptotic chamber and checked all pre-asymptotic chambers within 23 mutations of our
initial pre-asymptotic chamber. Figure 19 is a plot of the number of asymptotic and
pre-asymptotic chambers, Y, accessible after a maximum of X mutations on the initial
pre-asymptotic chamber given in section 3.2.

The final subtlety to consider is that we found only a subset of the asymptotic chambers
when we performed our initial search of pre-asymptotic chambers asymptotically close to
the limiting ray. We could not find all pre-asymptotic chambers from a single search because
we cannot use the mutation rule in eq. (D.1) to mutate across limiting walls. Fortunately,
the asymptotic scattering diagram studied in section 3.2 has only one limiting wall. We
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can check how many limiting walls appear by studying the asymptotic walls that appear
in our brute force search. For a limiting wall to appear, asymptotic walls almost parallel
the limiting wall should appear during the brute force search of cones asymptotically close
to the limiting ray. However, all asymptotic walls that appeared in the Gr(4,8)/T search
were asymptotically parallel to the same limiting wall,

Yim = (1, 0, 0, 0, 0, 0, 0, 0, 1). (D.6)

We subsequently assumed that only one limiting wall appears in the asymptotic scatter-
ing diagram. Furthermore, we found that the limiting wall fully divides the asymptotic
scattering diagram. In other words, there is no “short-cut” around the limiting wall. There-
fore, we performed two searches of the pre-asymptotic chambers, one on each side of the
limiting wall.

E Comparison to the origin clusters of ref. [1]

In this appendix, we compare our techniques and results to those of ref. [1]. The general
computation strategy of ref. [1] revolved around studying clusters with quivers of the form

o] —= =

7T\

a2<7a1<7bl bQ bg%a3—>a4,

\/

[fu] = wo

where we have suppressed all frozen variables disconnected from the A ; subalgebra. Such
clusters were called origin clusters. The authors then used the generating function of the
Aj 1 subalgebra in eq. (C.5) to motivate three algebraic functions:

wo — By 20— B,\/A P —A

E.1
wo + BuvVA ' 2o+ BoNAT PAHVA (E.1)
where
b1babs — fu 22 bibabs — fow3
=, W=
wo 20
2w, — woP 221 — zoP
By="—7-—"", B, === E.2
N N (E.2)
Pzw, A =P Afuf..
0

The multiplicative functions in eq. (E.1) are simply an alternative multiplicative basis for
the g)i of the A;; subalgebra found in section 2.3. The authors ultimately studied 32
origin clusters for each limiting ray apparently relevant for N'= 4 pSYM.
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Including the rational x-variables associated with the origin cluster, this method ulti-
mately yields a multiplicative basis for the @22, of the two asymptotic chambers associated
with each origin cluster. Mutating wq (2¢) first leads to the first (second) asymptotic cham-
ber after an infinite number of mutations on the A;; subalgebra. Notably, this technique
only allows one to probe the Qgi of asymptotic chambers adjacent to a limiting wall. To
see this, note that the generalized mutation identified in section 2.3 applies to the Aj
subalgebra when asymptotically close to the limiting ray. Since a generalized mutation
corresponds to a limiting wall, the asymptotic chamber must be adjacent to a limiting
wall. However, many asymptotic chambers are not adjacent to a limiting wall. For exam-
ple, consider the asymptotic scattering diagram in figure 8, which is associated with the
limiting ray of the As; cluster algebra. There are two asymptotic chambers, Co and Cs,
that are not adjacent to the limiting wall. To probe the gjgi of such asymptotic chambers,
one must either find a generating function for the sequences of cones that do not explicitly
contain an A; 1 subalgebra or use the wall-crossing techniques developed in this paper. Ex-
cluding these asymptotic chambers when calculating the multiplicative basis for §,, leads
to a truncated asymptotic symbol alphabet. For example, excluding asymptotic chambers
Cy and Cs of As; leads to the truncated alphabet,

1440 99 o0

g’?’l’ ggw ff;gjy%’ 1- Qg2g237 (E.3)
in comparison to the full alphabet in eq. (3.8).

Interestingly, the 9, of asymptotic chambers adjacent to the limiting wall are enough to
derive the algebraic letters that have appeared in explicit computations. Rather, the known
18 algebraic letters that appear in the 8-point 2-loop NHMV amplitude are monomials of
algebraic variables in the form of eq. (E.1). However, there is no obvious reason why
additional algebraic letters could not appear at higher loop orders.

F Review: cluster polytopes

Instead of investigating the scattering diagram, much research has focused on a closely
related object, the cluster polytope. Every scattering diagram is dual to a polytope where
vertices correspond to cones, facets to g-vectors, and edges to walls. More concretely, one
can define a polytope using facet vectors:

{Yy e PVY -W; > 0 for all i}. (F.1)
For a cluster polytope, the facet vectors, W;, match onto the g-vectors
Wi = (ci, Gi) (F.2)

where the constants, ¢;, are chosen such that A has the correct vertex and facet structure.
As an example, figure 20 shows the cluster polytopes associated with Ay and As [111].
The fan and polytope interpretation are equivalent and simply correspond to different
visualizations of the same combinatorial data.
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Figure 20. Cluster polytopes corresponding to A, (left) and As (right).

Given a set of tropical functions, f;, an obvious question is how to derive the cluster
polytope associated with the corresponding fan without calculating all the ¢; in eq. (F.2).
The answer is remarkably simple. For each f;, we associate a corresponding polytope, F;,
by taking the convex hull of exponent vectors for each term. As an example, consider the
following Laurent polynomials,

f1:1+l‘ %{(0’0)7 (071)}

(F.3)
fo=1+2xz+2y — {(0,0), (0,1), (1,1)},

where we have listed the vertices of the corresponding polytopes. We then consider the
Minkowski sum of all such polytopes. Alternatively, we simply take the product of all such
fi and find the associated P using the same procedure

fifa = (A +2)(1+z+2y) = {(0,0), (1,0), (1,1), (2,0), (2,1)}. (F.4)
A proof of this procedure is provided in ref. [7].
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