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1 Introduction

Physicists have recently made significant advances towards a microscopic understanding
of black hole entropy in AdS spacetimes [1–3]. Nearly all progress has relied heavily on
supersymmetry, such as using the supersymmetric index to count states or supersymmetric
localization to compute the effective action. These methods are powerful and quite rigorous,
but they also have obvious limitations. For example, some physical black hole properties
change discontinuously in the strict supersymmetric limit [4].
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In this paper we study nearly supersymmetric black holes in AdS. Such black holes are
important because they have many physical properties in common with generic black holes,
yet they inherit some of the technical advantages held by their strictly supersymmetric
relatives. More precisely, our specific goal is to develop properties of nearBPS black holes in
AdS4 and AdS7 and compare with analogous results previously established in AdS5 [5]. Some
details differ between these settings, of course, but several aspects are so similar that they
may be described by the same effective theory. This agrees nicely with the understanding
of universality emerging in the context of nearAdS2/nearCFT1 correspondence, another
research direction with rapid progress over the last few years [6–8].

1.1 SUSY or not?

Given the central importance of supersymmetry in nearly all current work in the area we
now address, before getting to further details, how any progress can be made at all. To do
so, recall the microstate counting of asymptotically flat black holes which has a long history
and is understood incomparably better. Many precision agreements were established, not
just at the leading order but also for higher derivative corrections, quantum corrections, and
far beyond [9–11]. Moreover, in most cases it has been understood why these agreements
hold with the precision they do. The reasons vary according to the setting and, although
they often involve supersymmetry, that is not always the case. In particular, it has proven
fruitful to study black holes that are solutions to theories with supersymmetry without
themselves preserving any supersymmetry.

Specifically, experience with asymptotically flat black holes suggests that small deforma-
tions away from the BPS limit are under good control. One avenue is revealed geometrically
by the near horizon AdS2 being enlarged to an AdS3. In this situation a combination of
anomaly arguments and modular invariance ensures agreements at leading and subleading
order, even when supersymmetry is broken [12, 13]. This success is not a feature of AdS3
alone, the entropy of extremal but non-BPS black holes can be accounted for correctly even
at four-derivative level, as shown by application of the entropy extremization formalism
in AdS2 [14]. Such successes for asymptotically flat black holes motivate studying nearly
supersymmetric black holes in AdS.

1.2 nAdS2/CFT1 correspondence

As we mentioned tangentially already, a somewhat complementary motivation for studying
near BPS black holes is presented by recent progress on their holographic description
through the nearAdS2/nearCFT1 correspondence [7, 15]. A central aspect of this duality
is a nontrivial symmetry breaking pattern which coincides between the two sides. It is
realized in melonic quantum theories such as the SYK model and its avatars [16–19], novel
settings that have justifiably generated much interest. Importantly, the symmetry breaking
pattern is also realized in gravitational theories such as the Jackiw-Teitelboim model and
its relatives [6–8]. This sets the scene for a holographic duality.

However, nearAdS2/nearCFT1 correspondence is not a straightforward equivalence, it
is an IR duality where the effective theory in the bulk and on the boundary are dual to one
another only at large distances. The significance of the near BPS AdS black holes we study
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is that they offer a UV completion of the description on both sides of the duality. Thus, for
each of the black holes, there is a specific dual theory that is well-defined in the UV.

The most precise studies of black holes focus on supersymmetric ground states and their
ability to describe the entropy of BPS black holes microscopically. This is very interesting,
of course, but BPS states are relatively inert ground states, unsuitable as proxies for physical
black holes. It is therefore important to explore the low lying excited states as well [5].
That is one of our motivations.

The low energy effective theory is usefully summarized as a theory of Schwarzian
type, characterized by one or more dimensionful coupling constants. These coefficients are
response parameters such as the specific heat of the black hole. They are arbitrary inputs
from the effective field theory point of view. However, in the context of a UV complete
theory the response parameters can be determined from microscopic principles [20–23]. One
goal of this article is to do so explicitly.

1.3 Black holes in AdS

The bosonic symmetry groups of AdS4 × S7, AdS5 × S5, and AdS7 × S4 all have rank 6.
Therefore, in each case the BPS condition derived from supersymmetry becomes a linear
relation between 6 conserved charges that arise as eigenvalues of their respective Cartan
generators. In other words, it expresses the mass M as a sum of 5 conserved charges as:

M =
∑
I

QI +
∑
i

Ji , (1.1)

with appropriate normalizations. Here the range of the indices I and i depend on the
spacetime dimension but in all cases they enumerate a total of 5 values.

However, it turns out that regular black holes in AdS only exist if, in addition, a
certain constraint is imposed on the 5 charges (QI , Ji). For example, BPS black holes in
gauged N = 8 supergravity in five dimensions are characterized by 5 charges that satisfy
the constraint

h=Q1Q2Q3+ 1
2N

2J1J2−
(1

2N
2+Q1+Q2+Q3

)(
Q1Q2+Q2Q3+Q3Q1−

1
2N

2(J1+J2)
)

= 0 , (1.2)

where N2 refers to the dual N = 4 SYM theory with SU(N) gauge group. This type
of constraint may at first appear novel and special to AdS but actually it is not, it is
just more complicated in AdS than in the more familiar settings with asymptotically flat
spacetime. For example, within the family of Kerr-Newman black holes in four-dimensional
Einstein-Maxwell theory (supersymmetrized as minimal ungauged N = 2 supergravity),
the BPS black holes have mass given in terms of charge as M = Q and they have
angular momentum J = 0. There are certainly regular extremal Kerr-Newman black
holes that rotate, including the extremal Kerr black hole that is neutral under the gauge
field. Alas, supersymmetry demands more than vanishing temperature, it imposes the
constraint that the angular momentum J = 0. We interpret (1.2) as a generalization of this
well-known requirement.
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The recognition of the constraint plays an important role in this article. We study
thermodynamics of near BPS black holes, i.e. parameter values that differ slightly from those
of a reference BPS black hole. Importantly, there is a two-dimensional space of deformations.
The most obvious is to increase the black hole mass beyond its BPS value while keeping
charges fixed. This is equivalent to increasing temperature to T > 0. The alternative is to
maintain extremality (T = 0) but modify charges so they violate the constraint.

The two directions away from the BPS surface both have a preferred sign: stability
imposes not only T ≥ 0 but also h ≥ 0. Thus the parameter space is a quadrant of the
plane with the BPS point at the origin. Moreover, the interplay between the two directions
is quite nontrivial. It is characterized by 3 response functions, each of which depend on all
the conserved charges (subject to the constraint). A successful microscopic theory of the
near BPS black holes must account for all these nontrivial functions.

1.4 Microscopic description of near BPS AdS black holes

In this article we do not attempt to derive a microscopic theory of the AdS black holes we
study ab initio but we explain how recent progress on the strict BPS limit can be leveraged
towards that goal.

The understanding of the AdS black hole entropy from microscopic principles has
admittedly proven quite subtle even in the BPS limit. However, even though significant
technical questions remain, the outline is now generally agreed upon. Accordingly, we take
it as a given that the entropy of BPS black holes in AdS can be interpreted in terms of
a dual field theory. We think of the required estimate of the asymptotic density of states
as a two step-process: enumeration of all states in a “large” Hilbert space, followed by
identifying physical states as those satisfying the constraint (1.2), or one of its analogues in
other dimensions,

Our strategy for addressing near BPS black holes is to take the “large” Hilbert space
established in the course of investigating BPS black holes as a given starting point. We then
identify physical states by imposing a constraint that has been relaxed to accommodate a
departure from the BPS limit. The less demanding constraint permits more physical states
and this allows computation of the excess entropy enjoyed by near BPS black holes. We
find that the entropy computed from this microscopic reasoning agrees with the one found
from gravitational thermodynamics.

Our prescription describing near BPS thermodynamics is intuitive and physically
reasonable but it goes against conventional wisdom on what quantities can be reliably
computed. It suggests that agreements are justified not by preserved supersymmetry alone
but also by broken supersymmetry and/or anomalies. We stress again that we do not claim
fully principled comparisons between nonsupersymmetric black holes in AdS and their
holographically dual boundary theory. It would in fact be premature to expect such results
since the BPS agreements themselves remain beset by questions. However, the agreements
we report are quite impressive as they involve many parameters and apply in each of the
dimensions we develop. This persuades us that they are accurate and we expect they will
ultimately acquire a solid justification.
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1.5 Organization of this article

This paper is divided into two parts: section 2 on AdS4 black holes and section 3 on AdS7
black holes. We have purposely written these sections on AdS4 and AdS7 so they are largely
independent and can be studied in any order.

Within each section, we first discuss black hole thermodynamics generally and then
consider the nature of the BPS limit. This sets up the development of several distinct near
BPS regions and their interplay, all from the gravitational point of view. Our discussion of
the microscopic description is collected in subsection 2.7 for AdS4 and subsections 3.6–3.8
for AdS7.

2 The Kerr-Newman-AdS4 black hole

In this section we study the thermodyamics of Kerr-Newman AdS4 black holes. We discuss
the constraint on charges or potentials that is required for supersymmetry and consider the
nearBPS black holes that have small temperature and/or fail to satisfy the constraint. We
show that the partition function that accounts for BPS black hole entropy microscopically
also describes the nearBPS regime.

2.1 The Kerr-Newman AdS4 black hole

The 6 quantum numbers of the maximally supersymmetric black holes in AdS4 are the mass
M , the angular momentum J , and four R-charges QI (I = 1, 2, 3, 4) that correspond to
the Cartan generators of the S7 isometry group SO(8). We specialize to the Kerr-Newman
AdS4 black holes where the four R-charges are identical so the solution depends on just
three quantum numbers: M , J , and Q. The only other parameters that enter are the
asymptotically AdS4 radius `4 (related to the coupling g = `−1

4 of gauged supergravity) and
the gravitational coupling G4.

The explicit solution (first presented in [24]) is fairly elaborate, as expected for a
rotating black hole, so we will not present the geometry and its associated matter here.
The only feature that is needed in our study is the radial function

∆r(r) = (r2 + a2)(1 + g2r2)− 2mr + q2 , (2.1)

that appears prominently in the metric. The event horizon of the black hole is located at
the coordinate r = r+ that is the largest real root of the quartic equation ∆r(r) = 0. The
parameters (m, a, q) in ∆r are related to the physical variables (M,J,Q) of the black hole
as [25–27]

M = 1
G4

m

Ξ2 ,

J = 1
G4

ma

Ξ2 ,

Q = 1
2G4

q

Ξ , (2.2)

where Ξ = 1− a2g2. The parameters m, q are positive while 0 ≤ ag < 1. The charges are
normalized so 2Q`4 and J are integral (for bosons) or half-integral (for fermions).
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In black hole thermodynamics a central role is played by the potentials that are
conjugate to the three quantum numbers (M,J,Q). They are:

T = r+
4π(r2

+ + a2)

(
1 + a2 + 3r2

+
`24

− a2 + q2

r2
+

)
,

Ω = a

r2
+ + a2

(
1 + g2r2

+

)
,

Φ = 2qr+
r2

+ + a2 . (2.3)

As usual, the size of the quantum configuration space is encoded in the black hole entropy

S = π

G4

r2
+ + a2

Ξ . (2.4)

We also record the on-shell Euclidean action of the black hole

I = 1
2G4

g2

ΞT

(
m`24 − r+(r2

+ + a2)− q2`24r+
r2

+ + a2

)
. (2.5)

It satisfies the quantum statistical relation

G ≡ TI = M − TS − ΩJ − ΦQ ,

as it should.

2.2 The BPS bound

The supersymmetry algebra realized by the theory demands that the black hole mass
satisfies the BPS bound1

M ≥M∗ = 2Q∗ + gJ∗ , (2.6)

with the inequality saturated (i.e. satisfied as an equality) precisely when the black hole
preserves a fraction of the supersymmetry. The * designates that variables refer to the BPS
black holes. In this subsection we take the view that the BPS bound is a hypothesis that
we seek to validate through explicit computation, by showing that it is satisfied by all the
aforementioned black hole solutions.

As a first step we rewrite the BPS bound (2.6) using our parametric formulae (2.2)

M − (2Q+ gJ) = 1
G4

1− ag
Ξ2 (m− q(1 + ag)) ≥ 0 . (2.7)

Thus the inequality on physical variables is equivalent to the bound on parameters

m ≥ (1 + ag)q , (2.8)

with BPS saturation corresponding to equality in both cases.
1In comparison with the schematic formula (1.1) each of the four Cartan generators are taken as

Qthere = 1
2Qhere. Also, here massM and charge Q have dimension of inverse length while J is a pure number.

– 6 –



J
H
E
P
1
0
(
2
0
2
1
)
1
9
8

To make further progress we differentiate the BPS equality M∗ = 2Q∗ + gJ∗ and
find the potentials Φ∗ = 2, Ω∗ = g for BPS configurations. We can invert the parametric
formulae (2.3) for these potentials to find the corresponding BPS relation between parameters

gq∗ = √ag (1 + ag) , (2.9)

and also find the coordinate position of the horizon

gr∗ = √ag . (2.10)

It is a consistency check that the temperature T = 0 for these values of parameters, as
expected in the BPS limit.

It follows from the facts established so far that the radial function ∆r(r) (2.1) must
vanish at r = r∗ for black hole parameters such that q = q∗ and m = m∗ = (1 + ag)q∗. We
can make this feature manifest by rewriting the general formula for the radial function as:

∆r = −2
[
m− q(1 + ag)

]
r + (r − r∗)2

(
1 + 6ag + a2g2

)
− 2(q − q∗)(r − r∗)(1 + ag)

+ (q − q∗)2 + 4√ag(r − r∗)3g + (r − r∗)4g2 . (2.11)

The location of the horizon r = r+ is the largest solution to ∆r(r) = 0 so, for any value of
black hole parameters, it satisfies the exact equation

2
[
m− q(1 + ag)

]
r+

= 1
1 + 6ag + a2g2

[
(r+ − r∗)

(
1 + 6ag + a2g2

)
− (q − q∗)(1 + ag) + 2√agg(r+ − r∗)2

]2
+ 1

1 + 6ag + a2g2

[
2√ag(q − q∗) + (1 + ag)g(r+ − r∗)2

]2
. (2.12)

The terms on the right hand side are manifestly positive so we conclude that the black hole
parameters must satisfy m− q(1 + ag) ≥ 0. This agrees with the parametric bound (2.8)
so we have established by explicit computation that the physical BPS bound M ≥M∗ is
satisfied for all the black holes solutions, as we wanted to show.

This result was expected from supersymmetry of the theory. However, there is a less
obvious corollary of the computation. The identity (2.12) shows that the BPS bound is
saturated if and only if both of the square brackets on its right hand side vanish. This is
clearly the case for “the” BPS black holes with q = q∗ and r+ = r∗ that we have already
identified but it is not difficult to check that this is the unique solution. In other words, we
have shown by explicit computation that the BPS bound on the black hole mass (2.6) is
saturated if and only if q = q∗ and r+ = r∗. We will see below that these conditions on
parameters correspond to vanishing temperature T = 0 and an additional constraint on the
physical potentials Φ− Ω`4 = 1 or on the charges Q, J .

2.3 Formulae for BPS black holes

We will discuss general black holes with frequent reference to the BPS limit. Therefore, we
collect formulae for this special case in this short subsection. We label the one-parameter
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family of BPS black holes by ag and express the other dimensionless parameters as

gq∗ = √ag (1 + ag) ,
gr∗ = √ag ,
gm∗ = √ag (1 + ag)2 . (2.13)

Inserting these values into (2.2) we find the electric charge

Q∗`4 = `24
2G4

√
ag

1− ag . (2.14)

This formula can be inverted as

ag =
[

`4
4G4Q∗

(√
1 + 16G2

4Q
∗2

`24
− 1

)]2

. (2.15)

We can use this equation to eliminate the parameter ag in favor of the charge when
considering any physical variable of a BPS black hole. As an important example, after
inserting the BPS parameters (2.13) into (2.2) for the angular momentum, we can eliminate
ag and find

J∗ = Q∗`4

[√
1 + 16G2

4Q
∗2

`24
− 1

]
. (2.16)

This relation between physical conserved charges is the constraint that must be satisfied for
all BPS black holes.

We can similarly find the BPS black hole entropy by substituting the parametric formu-
lae (2.13) in the general equation for the entropy (2.4) and then eliminate ag using (2.15).
However, because of the constraint (2.16) the dependence of the BPS entropy on the
conserved charges Q∗, J∗ is not unique, it can take many different forms. Our “preferred”
formula will be to eliminate the angular momentum entirely and express the black hole
entropy it in terms of charges alone

S∗ = π`24
2G4

(√
1 + 16G2

4Q
∗2

`24
− 1

)
= πk

(√
1 + 4k−2(Q∗`4)2 − 1

)
, (2.17)

where the omnipresent dimensionless ratio

k = `24
2G4

=
√

2
3 N

3
2 , (2.18)

is a large pure number that sets the scale for the conserved charges. It quantifies that the
black hole is much bigger than the Planck scale with a precise value that is characteristic of
the microscopic theory. The second equality applies when the AdS4 background arises from
N M2-branes, or from their dual description by ABJM theory.
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2.4 NearBPS thermodynamics

In this subsection we initiate our study of thermodynamics in the nearBPS regime. The
parametric representation of the BPS limit is q = q∗ and r+ = r∗ so we define nearBPS
black holes as those where

q − q∗ ∼ r+ − r∗ ∼ ε , (2.19)

are small. The identity (2.12) shows that this is possible only ifm is such thatm−q(1+ag) ∼
ε2.

The black hole temperature is

T = 1
2πa(1 + ag)

[
r+ − r∗
`4

(
1 + 6ag + a2g2

)
− q − q∗

`4
(1 + ag)

]
+O

(
ε2
)
, (2.20)

at linear order in the small parameter ε introduced in (2.19). The nearBPS potentials are

Φ− Φ∗ = 2(q − q∗)
q∗

− 2(1− ag)
q∗

(r+ − r∗) +O
(
ε2
)
, (2.21)

(Ω∗ − Ω)`4 = 2(1− ag)
q∗

(r+ − r∗) +O
(
ε2
)
, (2.22)

at the same order. It will prove advantageous to introduce a “nearBPS potential” ϕ defined
by the linear combination

ϕ ≡ (Φ− Φ∗) + (Ω∗ − Ω)`4 = 2(q − q∗)
q∗

. (2.23)

Then the conditions (2.19) on the parameters of nearBPS black holes are equivalent to
physical potentials of order

T ∼ ϕ ∼ ε .

When black holes depart from the supersymmetric limit, their mass exceeds the BPS
mass M∗. We showed earlier that the excitation energy M − M∗ is proportional to
m − q(1 + ag) and the identity (2.12) established that this quantity is positive definite,
by casting it as a sum of two squares. We now observe that the linear combination of
parameters that appear in those two squares coincide with the temperature T and the
nearBPS potential ϕ at linear order. Therefore, the nearBPS mass is given by the quadratic
mass formula

M −M∗ = CT
2T

[
T 2 +

(
ϕ

2π`4

)2
]
, (2.24)

where, after collecting various proportionality factors, we find the dimensionless coefficient

CT
T`4

= 4π2`24
G4

(ag)
3
2

(1− ag) (1 + 6ag + a2g2)

= 8π2(Q`4)3

k2 + 8(Q`4)2 . (2.25)

In the second form of the expression we used (2.15) and (2.18) to convert the gravitational
formula into a remarkably economical form that can later be compared with microscopic
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results. The notation CT in (2.24) refers to the specific heat of the nearBPS black hole. The
specific heat is proportional to the temperature T in the nearBPS regime so the coefficient
of interest is the ratio CT

T .
Recall that general perturbations away from the BPS locus are characterized by two

variables: the temperature T adds energy with charges kept fixed while the nearBPS
potential ϕ parametrizes deformations along the extremal surface T = 0 that violate the
constraint (2.16) on conserved charges. The specific heat refers to the first of these, the
addition of energy through the nearBPS potential ϕ is physically quite distinct. To the
extent ϕ can be identified with an electric potential the corresponding coefficient in the mass
excessM−M∗ is the black hole capacitance. Interestingly, our mass formula (2.24) indicates
that, for the black hole studied here, the capacitance is identical to the specific heat.2

An analogous equality between two physically distinct linear response coefficients was
previously noticed for nearBPS black holes in AdS5 [5] and in section 3 we will establish it
also in AdS7. The common feature of these settings is the supersymmetry breaking pattern.
The gravitational theory has (at least) N = 2 supersymmetry which is mildly broken by an
excess energy (conjugate to temperature) or R-charge (conjugate to the nearBPS potential).
The reasonable expectation that the corresponding symmetry breaking scales are themselves
related by supersymmetry is born out in the N = 2 version of the SYK model which realizes
the analogous symmetry breaking pattern in a nongravitational setting [28]. The nearBPS
black holes developed in this paper offer an appropriate setting for this physical mechanism
on the bulk side of the nAdS2/CFT1 correspondence. It would be interesting to further
study the supersymmetry breaking pattern in supergravity.

The constraint on conserved charges (2.16) can be presented as the vanishing of the
“height” function

h = 2k−2(Q`4)4 − 1
2J

2 − J(Q`4) . (2.26)

This form of the constraint makes it manifest that nonrotating (J = 0) and uncharged
(Q = 0) black holes are both inconsistent with supersymmetry in AdS4. In the nearBPS
region we can relax the condition h = 0. Any surface with constant height function h is
characterized by the vanishing of the differential

dh =
[
8k−2(Q`4)3 − J

]
d(Q`4)− (J +Q`4)dJ

=
k
√
ag

(1− ag)3

[
2ag(3 + ag)d(Q`4)− (1− a2g2)dJ

]
. (2.27)

The constraint h = 0 defines a line in the two-dimensional space of conserved charges
(Q`4, J) and we can interpret nonzero values of h as a coordinate along the normal to this
line, quantifying the departure from the BPS line. However, we have already introduced
the nearBPS potential ϕ such that ϕ = 0 on the constraint surface and ϕ is an equally
good measure of the distance from the BPS surface. Indeed, the geometry of embedded
surfaces guarantees that for small values these coordinates must be proportional. In the
following we calculate their constant of proportionality.

2They arguably differ by a factor of temperature. We highlight the parallel between the two response
functions by introducing capacitance as M −M∗ = Cϕ

2T
ϕ2. In this notation Cϕ = CT .
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In the nearBPS regime, the parameters m and q are proportional up to second order
in ε, as noted after (2.19). Therefore, at linear order the general physical charges Q, J
given in (2.2) are both proportional to q, with distinct proportionality factors depending a.
Rescaling of q with a fixed therefore changes Q and J by a common factor. It modifies the
height function as

dh =
[(

8k−2(Q`4)3 − J
)
Q`4 − (J +Q`4)J

] dq
q∗

= 4k−2(Q`4)4dq

q∗
, (2.28)

where we simplified using the constraint h = 0. However, the nearBPS potential ϕ (2.23)
essentially measures the scale of q via dϕ = 2q−1

∗ dq so this calculation determines the
constant of proportionality that we seek:

h = 2k−2(Q`4)4ϕ . (2.29)

2.5 The first law of thermodynamics

We can further illuminate the nearBPS regime by explicitly verifying the first law of
thermodynamics. We write it as

dM − Td(S − S∗) = TdS∗ + (Ω− Ω∗)dJ + (Φ− Φ∗)dQ , (2.30)

and consider the left and right hand sides in turn.
The quadratic formula for the nearBPS mass (2.24) gives

dM = CT
T

(
TdT + 1

4π`24
ϕdϕ

)
, (2.31)

with the coefficient CT
T given in (2.25). The entropy S − S∗ in excess of its BPS value will

turn out to involve a subtlety, as we discuss below. For now we compute the difference
between the general area law (2.4) evaluated at the respective horizon positions r+, r

∗, each
at the same value of a. This procedure gives

S − S∗ = π

G4

(r2
+ − r2∗)

1− a2g2

= π`24
G4

1
(1− ag) (1 + 6ag + a2g2)

(
(ag)

3
2 4π`4T + ag(1 + ag) ϕ

)
, (2.32)

in the nearBPS regime. The linear-in-T term has the correct coefficient to cancel the
analogous term in the mass formula (2.31) so the left hand side of (2.30) yields an expression
proportional to dϕ:

dM − Td(S − S∗) = 1
G4

a

(1− ag)(1 + 6ag + a2g2) [√agϕ− πT`4(1 + ag)] dϕ . (2.33)

The right hand side of the first law (2.30) involves the BPS entropy S∗. In our “preferred”
expression (2.17), it is a function of electric charge Q that gives

dS∗ = 8πG4 QdQ√
1 + 16G2

4Q
2

`24

= 4π
√
ag

1 + ag
d(Q`4) . (2.34)
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We also need the potentials (2.21)–(2.22) recast in terms of the temperature T (2.20) and
the nearBPS potential ϕ (2.23) as

(Ω∗ − Ω)`4 =
√
ag(1− ag)

1 + 6ag + a2g2 4πT`4 + 1− a2g2

1 + 6ag + a2g2 ϕ

= − 2k−1`4Q

1 + 8k−2(`4Q)2 2πT`4 −
√

1 + 4k−2(`4Q)2

1 + 8k−2(`4Q)2 ϕ , (2.35)

and

Φ− Φ∗ = −
√
ag(1− ag)

1 + 6ag + a2g2 4πT`4 + 2ag(3 + ag)
1 + 6ag + a2g2 ϕ

= − 2k−1`4Q

1 + 8k−2(`4Q)2 2πT`4 + 1 + 8k−2(`4Q)2 −
√

1 + 4k−2(`4Q)2

1 + 8k−2(`4Q)2 ϕ . (2.36)

These expressions quantify the linear changes as we move off the BPS line so the terms
on the right hand sides are equivalent to derivatives with respect to temperature T and
potential ϕ. In this subsection the formulae in terms of the intrinsic coordinate a are
sufficient but we record these results also in microscopic units for later reference.

Returning to our ongoing verification of the first law (2.30), we combine the poten-
tials (2.35)–(2.36) with the differential of the BPS entropy (2.34) and find

TdS∗+(Ω−Ω∗)dJ+(Φ−Φ∗)dQ=−
ϕ+ 4πT`4

1+ag
√
ag

1+6ag+a2g2

[
(1−a2g2)gdJ−2ag(3+ag)dQ

]
= 2G4

`34

(1−ag)3

1+6ag+a2g2

(
1
√
ga
ϕ+ 4πT`5

1+ag

)
dh . (2.37)

In the second line we took advantage of the fact that the particular linear combination of
dJ and dQ that appears is proportional to dh given in (2.27). Thus the relative change in
the conserved charges preserves the “height” function (2.26) h = constant, for example by
remaining within the constraint surface h = 0. Because of this property, we can invoke (2.29)
and rewrite the differential in terms of the nearBPS potential ϕ

TdS∗ + (Ω− Ω∗)dJ + (Φ− Φ∗)dQ = 1
G4

a2g

(1− ag)(1 + 6ag + a2g2)

(
1
√
ag
ϕ+ 4πT`5

1 + ag

)
dϕ .

(2.38)
The first law of thermodynamics (2.30) demands that this expression agrees with (2.33).
The fact that both are proportional to dϕ shows that temperature changes dT match, as
they should. The coefficients of ϕdϕ also coincide but the terms proportional to Tdϕ do
not agree. The reason, previously uncovered in the analogous 5D setting [5] (and alluded
to as a subtlety earlier in this subsection), is a dependence on the reference point on the
BPS surface.

The BPS entropy S∗ is defined only modulo the constraint h = 0 on the charges.
Therefore expressions that are equivalent when h = 0 is imposed may have differentials
that differ by dh. Indeed, the BPS entropy S∗ employed as reference when computing
S − S∗ in (2.32) is the general area law (2.4), evaluated at the BPS point. In contrast,
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the differential of S∗ was derived in (2.34) from the “preferred” form of the entropy (2.17),
expressed in terms of the physical charge Q. The former amounts to a formula depending
entirely on the coordinate ag along the BPS line, but the latter also takes into account that
Q is proportional to q. This amounts to an additional contribution:

δdS∗ = 4π
√
ag

1 + ag
(Q`4)d(q − q∗)

q∗
= π`4
G4

ag

1− a2g2dϕ .

Adding this expression to (2.38) we recover (2.33), as required by the first law.
The quantitative output of this subsection is the evaluation of the entropy due to the

violation of the constraint. Its value read off from (2.32) at T = 0

∂ϕS = π`24
G4

ag(1 + ag)
(1− ag) (1 + 6ag + a2g2) = 2πk2

√
k2 + 4(Q`4)2

k2 + 8(Q`4)2 , (2.39)

defines a third response coefficient, above and beyond the two implied by the quadratic
mass formula (2.24). In view of the ambiguity discussed above we must specify that the
differentiation in its definition is taken at fixed value of the intensive parameter a which,
as for Kerr-Newman black holes in asymptotically flat space, equals the ratio of physical
variables J/M .

2.6 Stability and physical conditions

The potential ϕ was introduced in (2.23) as a linear function of Φ and Ω that vanishes for
BPS black holes and measures the departures from the BPS line that preserve extremality
T = 0. We see from (2.32) that it was defined such that the entropy increases for ϕ ≥ 0.
This inequality suggests that the physical configuration space is restricted to ϕ ≥ 0. An
equivalent statement is that the constraint relating physical charges Q, J can be violated,
but only such that the height function introduced in (2.26) is positive h ≥ 0. Yet another
version of the inequality is that the charge parameter q ≥ q∗.

For a perspective on these conditions we analyze Gibbs’ free energy. Starting from the
on-shell action (2.5) we can write it as

G(T,Ω,Φ) = − 1
4G4

r2
+ + a2

Ξr3
+

[(
r4

+g
2 − a2

)
+ 1

4(Φ2 − Φ2
∗)
(
r2

+ − a2
)]

, (2.40)

where the horizon position r+ and the angular momentum to mass ratio a are interpreted
as functions of the potentials T,Ω. These functions are determined implicitly through

1− Ω2`24 =
(
r4

+ − a2`24
) (

1− a2g2)(
r2

+ + a2)2 ,

and

4πT = r+
r2

+ + a2

(r4
+g

2 − a2
) 1
r2

+

(
3 + a2

r2
+

)
− 1

4(Φ2 − Φ2
∗)
(

1 + a2

r2
+

)2
 .

We want to examine the range of parameters that corresponds to physical black holes.
We first demand that the extensive variables mass M , angular momentum J , charge Q,
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and entropy S are finite and non-negative. This restricts the parameters so 0 ≤ ag < 1.
The inequality a ≥ 0 (and so Ω ≥ 0) does not limit generality because a→ −a leaves all
thermodynamic formulae (and the entire geometry) invariant, except for a flip of parity. Our
second physical requirement is that Ω`4 ≤ 1, in order that the speed of light is not exceeded
in the dual boundary theory. Since we already took |ag| < 1 this condition amounts to

r2
+g

2 ≥ ag ≥ 0 . (2.41)

Interestingly, the first inequality in (2.41) can be recast as r+ ≥ r∗ so the nonBPS black
holes are all larger than their BPS relatives when measured in the conventional r coordinate.

Our goal is ultimately to describe nearBPS black holes as excitations of BPS black holes.
In the grand canonical ensemble considered here such states can be reached by deforming
the potentials (Φ,Ω) away from their BPS values (Φ∗,Ω∗) while staying at extremality
T = 0, followed by raising the temperature while keeping (Φ,Ω) fixed. This motivates our
third physical condition: the potentials (Φ,Ω) must be consistent with extremality T = 0.
Given the general restrictions (2.41) already imposed, vanishing temperature is possible
only for Φ2 ≥ Φ2

∗ = 4. This leaves a physical domain defined by

1 ≥ Ω`4 ≥ 0 ; Φ ≥ Φ∗ ; T ≥ 0 . (2.42)

The Gibbs’ free energy (2.40) is automatically negative semidefinite in this entire region. It
vanishes only for BPS black holes where Ω = Ω∗ = 1, Φ = Φ∗ = 2. Therefore the nonBPS
black holes in the entire region (2.42) are stable with the proviso that the BPS black holes
are only marginally stable, they can be in equilibrium with a gas of BPS particles.

The conditions we impose may be overly strict for some purposes and there can be
good reasons to relax them. On the other hand, the region (2.42) is natural for microscopic
studies. For fixed (Φ,Ω) the temperature T can be increased from zero (extremality) all
the way to the high temperature conformal regime without any phase transitions being
encountered. Specifically, the deconfined phase reigns in the entire domain, the entropy is
of O(k) throughout.

As an example that is widely studied in the literature consider the Gibbs’ free energy
for nonrotating black holes (Ω = 0). In this case it is elementary to solve the equations
above explicitly. This yields the formula:

G`4 =− k

27

(√
(2πT`4)2 + 3

4(Φ2−Φ2
∗)+2πT`4

)2(
2
√

(2πT`4)2 + 3
4(Φ2−Φ2

∗)−2πT`4
)
.

This function is manifestly smooth everywhere in the interior of the domain (2.42). For large
temperature (at fixed Φ) it takes the conformal form G ∼ −4k

27 (2πT`4)3 with the numerical
coefficient familiar from studies of large AdS-Schwarzchild black holes. In particular, it
appears in the hydrodynamic description that applies at large temperature [29–31]. The
opposite regime of small temperature is more delicate. For example, the dependence
G ∼ − k

4
√

27(Φ2 − Φ2
∗)

3
2 on the potential along the extremal surface T = 0 describes small

nonrotating black holes. The full dependence of G on both temperature T and potential
Φ2 − Φ2

∗ can be seen in figure 1.
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Figure 1. Gibbs’ free energy G of the non-rotating AdS4 black hole. The upper left corner is the
BPS limit where Φ2−Φ2

∗ = T = 0 and G = 0. The rest of the plot has positive potentials Φ2−Φ2
∗, T

and the free energy G < 0.

The BPS region can be reached by tuning the potentials so r2
+
a`4
→ 1+ while simultane-

ously taking Φ→ Φ+
∗ with the ratio (Φ− Φ∗)/(r2

+ − a`4) kept fixed. In this limit Gibbs’
free energy becomes

G

T
=− (ag)

1
2k

(
ag(1 + ag)
(1− ag)2

1− Ω`4
T`4

+ Φ− Φ∗
2T`4

)
, (2.43)

where the dimensionless parameter ag is defined implicitly by the equation

1 =(ag) 1
2 (3 + ag)

1− ag
1− Ω`4
2πT`4

− 1 + ag

(ag) 1
2

Φ− Φ∗
4πT`4

. (2.44)

This equation determines a as a homogeneous function of Φ− Φ∗, 1− Ω`4, and T . It is a
quartic in the variable

√
a and its general solution in terms of radicals is not illuminating.

We can “solve” (2.44) for 1− Ω`4, Φ− Φ∗ by expressing each of these quantities as a
linear combination of T and ϕ with coefficients that depend on a. Such equations were
already found in (2.35)–(2.36) using other thermodynamic arguments and we can verify
that they satisfy (2.44). This is a useful consistency check.

In the Cardy limit 1− ag � 1 we can solve the constraint (2.44) explicitly:

1− ag = 4(1− Ω`4)
g(Φ− Φ∗) + 2πT ,

and find the free energy

G = −1
8k

(g(Φ− Φ∗) + 2πT )2

g(1− Ω`4) .

Its derivatives with respect to T , Φ, Ω yield BPS values S∗, Q∗and J∗ that agree with
our previous results (2.17), (2.14), (2.16) in the Cardy limit. It is interesting that the free

– 15 –



J
H
E
P
1
0
(
2
0
2
1
)
1
9
8

energy approaches the BPS limit linearly in the temperature because this reflects a BPS
remnant of the familiar deconfinement transition [32–37].

The Gibbs’ free energy (2.43) with a given implicitly by (2.44) actually describes the
entire BPS surface, not just the Cardy limit. For example, we can determine the mass as

M = (1− T∂T − Φ∂Φ − Ω∂Ω)G = − (Φ∗∂Φ + Ω∗∂Ω)G = Φ∗Q+ Ω∗J .

This is the exact BPS equation without assumptions on the black hole parameters. This
computation is possible without knowing a in detail because G is homogeneous of degree one
in the variables (T,Φ−Φ∗,Ω−Ω∗) that the function a depends homogeneously on. Similarly,
the general derivatives of G with respect to T , Φ and Ω depend on the unknown derivatives
∂Ta, ∂Φa, ∂Ωa but only in combinations that follow from parametric differentiation of (2.44).
This procedure recovers the general expressions for S∗, Q∗and J∗ without imposing the
Cardy limit.

2.7 Microscopic and macroscopic black hole entropy

The comparison between microscopic and macroscopic thermodynamics of BPS black holes
in AdS4 can be implemented conveniently by considering the free energy3 [38, 39]

lnZBPS = 4ik
√

∆1∆2∆3∆4
ω

. (2.45)

On the microscopic side the partition function is identified with an index that can be found
by methods such as supersymmetric localization. These computations are comparatively
rigorous but the extraction of the black hole entropy from the free energy has some heuristic
aspects, as we review below. Additionally, it unclear why the index yields the black hole
entropy rather than just a lower bound.

The focus of our study is the macroscopic thermodynamics. In order to facilitate
comparisons with microscopic ideas, we will repackage our gravitational results into the
free energy (2.45). Importantly, we will do so not just for the BPS limit but for the entire
nearBPS regime. Therefore, any microscopic computation that yields (2.45) accounts for
the nearBPS entropy as well.

2.7.1 The entropy function

The free energy (2.45) refers to the BPS partition function

ZBPS = Tr
[
e−∆IQ

I−ωJ
]
. (2.46)

This expression applies only on the supersymmetric locus where the potentials are complex
and satisfy the constraint

(∆1 + ∆2 + ∆3 + ∆4)− ω = 2πi . (2.47)
3The dimensionless numerical constant k was introduced in (2.18). In this subsection we absorb the

length scale `4 into the charges Q which are, therefore, quantized as integers.
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We seek to compute the black hole entropy by Legendre transform of the free energy (2.45)
to the ensemble specified by conserved charges rather than potentials. In view of the
constraint (2.47), the entropy follows from extremization of the entropy function [40]

S(∆I , ω,Λ) = 4ik
√

∆1∆2∆3∆4
ω

−∆IQ
I − ωJ − Λ(

4∑
I=1

∆I − ω − 2πi) , (2.48)

where Λ is a Lagrange multiplier. The extremization conditions are

∂∆I
S = 2ik

∆I

√
∆1∆2∆3∆4

ω
− (QI + Λ) = 0 , (2.49)

∂ωS = −4ik
√

∆1∆2∆3∆4
ω2 − (J − Λ) = 0 , (2.50)

as well as the constraint (2.47), now enforced as the equation of motion for Λ.
Homogeneity of the free energy under rescaling of all potentials gives

S −∆I∂∆I
S − ω∂ωS = 2πiΛ ,

so the entropy at the extremum is
S = 2πiΛ . (2.51)

A combination of the extremization conditions (2.49) and (2.50) shows that Λ solves the
quartic equation

4∏
I=1

(QI + Λ) + k2(J − Λ)2 = 0 . (2.52)

The prescription for computing the BPS entropy demands that Λ must be purely imaginary.
This requirement is motivated by the saddle point approximation extremizing the entropy
function over complex parameters but the detailed reasoning is somewhat mysterious. As we
show shortly, it has a satisfactory implication: the relation between the conserved charges
it imposes is equivalent to the BPS constraint (2.16). Moreover, after this prescription
is enforced there is a unique solution with negative imaginary part, corresponding to
positive entropy.

2.7.2 BPS solution to the extremization conditions

In view of the prescription that Λ be purely imaginary, it is perfectly manageable to solve the
quartic equation (2.52) for general values of the conserved charges (QI , J) with I = 1, 2, 3, 4.
This computation yields expressions for BPS black holes that are so general that they have
yet to be constructed as solutions in supergravity. Interesting as genericity may be, for our
purposes there is some value in keeping expressions simple. We therefore focus on “pairwise
equal” charges such as Q1 = Q3, Q2 = Q4. This is more general than our gravitational
considerations which correspond to all charges equal.

We take the branch
√

∆2
1∆2

2 = ∆1∆2 for the simplified charges and simplify the
extremization conditions (2.49) and (2.50) as

∆1,2
ω

= Q2,1 + Λ
2ik ,
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and
∆1∆2
ω2 = −J − Λ

4ik .

Consistency between these conditions gives the quadratic equation

Λ2 + (Q1 +Q2 − ik)Λ +Q1Q2 + ikJ = 0 . (2.53)

Its imaginary part yields

S = 2πiΛ = 2πk J

Q1 +Q2 . (2.54)

We picked the overall sign of the free energy (2.45) so that this entropy would be positive
(for positive charges).

Recalling that Λ is purely imaginary, the real part of the quadratic equation (2.53)
gives

Λ2 − ikΛ +Q1Q2 = 0 ,

with the solution
S = 2πiΛ = πk

(√
1 + 4k−2Q1Q2 − 1

)
, (2.55)

where we chose the solution to the quadratic that gives positive entropy.
For comparison, we recall the gravitational BPS entropy (2.17), in the case where

Q1 = Q2 ≡ Q:

S = πk
J

Q
= πk

(√
1 + 4k−2Q2 − 1

)
. (2.56)

The equality between the two forms of this gravitational formula expresses the con-
straint (2.16) satisfied by the conserved charges. The gravitational results for the BPS
entropy and the constraint imposed by supersymmetry agree with (2.54)–(2.55) found from
the extremization principle, as advertized.

To the extent the free energy (2.45) was derived from microscopic principles this provides
the last step needed to arrive at the black hole entropy. Alternatively, the computation
in this subsection shows that the free energy provides a convenient packaging of the
gravitational results.

2.7.3 The potentials

The potentials ∆I and ω introduced via the free energy (2.46) and the BPS partition
function (2.46) are related to the gravitational potentials Φ and Ω. We now proceed to
compare them in detail.

Combining the result for Λ given in (2.55) with the constraint on the potentials (2.47)
we find (for pairwise equal charges):

2πi
ω

+ 1 = 2∆1 + ∆2
ω

= 2Q
1 +Q2 + 2Λ

2ik = −ik−1(Q1 +Q2)−
(√

1 + 4k−2Q1Q2 − 1
)
.

(2.57)
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This gives the real and imaginary parts of the potential conjugate to the angular momentum

Re ω
2π = − k−1(Q1 +Q2)

1 + k−2[(Q1 +Q2)2 + 4Q1Q2] , (2.58)

Im ω

2π = −
√

1 + 4k−2Q1Q2

1 + k−2[(Q1 +Q2)2 + 4Q1Q2] . (2.59)

We similarly find the real and imaginary parts of the potentials conjugate to the charges:

4Re ∆1,2
2π = −k

−1(Q1 +Q2)− k−1(Q1,2 −Q2,1)
√

1 + 4k−2Q1Q2

1 + k−2[(Q1 +Q2)2 + 4Q1Q2] , (2.60)

4Im ∆1,2
2π = 1− k−2[(Q1,2)2 − (Q2,1)2] +

√
1 + 4k−2Q1Q2

1 + k−2[(Q1 +Q2)2 + 4Q1Q2] . (2.61)

The potentials ∆I , Ω were introduced as the independent variables of the BPS partition
function (2.46) and determined here from extremization of the entropy function (2.48).
They can not be identified with their supergravity analogues which take the values Φ∗ = 2
and Ω∗ = 1 identically due to the BPS mass relation M = 2Q+ J . To make progress we
consider the general (non-BPS) partition function

Z = Tr
[
e−β(M−ΦIQ

I−ΩJ)
]

= Tr
[
e−β(ΦI−ΦI∗)QI−β(Ω−Ω∗)J)

]
.

Comparison with (2.46) suggests the identifications

ω
?= β(Ω− Ω∗) =

T→0
∂TΩ , (2.62)

∆I
?= β(ΦI − ΦI∗) =

T→0
∂TΦI , (2.63)

in the extremal limit T → 0. Comparison between the expressions for ω,∆I above and
their analogues in gravity, (2.35) and (2.36) establish that in fact

Re ω = ∂TΩ = − 4πk−1Q

1 + 8k−2Q2 = −
4π√ag(1− ag)
1 + 6ag + (ag)2 , (2.64)

4Re ∆ = ∂TΦ = − 4πk−1Q

1 + 8k−2Q2 = −
4π√ag(1− ag)
1 + 6ag + (ag)2 , (2.65)

at least when all charges QI are identical. This establishes a natural map between the
macroscopic (Φ,Ω) and microscopic (∆, ω) potentials.

However, this cannot be the entire story. Physical potentials in the gravitational
solution are real while the fugacities introduced in the microscopic partition function can
preserve supersymmetry only if they acquire an imaginary part. The missing ingredient is
the one we stress throughout this paper: the BPS surface is co-dimension two, it can be
approached from two distinct directions.

As discussed earlier, the real part of the microscopic potentials is related to increases
in temperature T . We expect that their imaginary parts correspond to violation of the
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constraint, expressed in terms of potentials as ϕ = 0. Indeed, comparison between the
expressions for ω,∆I above and their analogues in gravity (2.35)–(2.36) show that:

Im ω

2π = ∂ϕΩ = −

√
4Q2

k2 + 1
1 + 8k−2Q2 = − 1− a2g2

1 + 6ag + (ag)2 , (2.66)

4Im ∆
2π = ∂ϕΦ = 1−

√
4Q2

k2 + 1
1 + 8k−2Q2 = 2ag(3 + ag)

1 + 6ag + (ag)2 .

Note that while these expressions for ω and ∆, expressed as functions of a and g exactly
match the gravitational results (2.35)–(2.36), they are ambiguous as functions of Q and J ,
defined only modulo the constraint (2.56). This is equivalent to demanding that the height
above the BPS surface h = 0.

2.7.4 The nearBPS regime

The microscopic discussion of nearBPS black holes is necessarily less rigorous than for their
BPS relatives but some progress can be made nonetheless.

A good starting point is the relation between potentials (∆I , ω) in the microscopic
description and their gravitational analogues (ΦI ,Ω). Comparing the partition functions
(or the first law) at vanishing temperature gives the provisional identification (2.62)–(2.63)
but supersymmetry additionally imposes the boundary conditions (2.47) on the microscopic
potentials. A natural generalization is

(Φ1 − Φ∗1) + (Φ2 − Φ∗2) + (Φ3 − Φ∗3) + (Φ4 − Φ∗4)− (Ω− Ω∗) = ϕ+ 2πiT . (2.67)

For ϕ = 0 this boundary condition is equivalent to the BPS requirement (2.47) in the
extremal limit T → 0. However, for T and/or ϕ nonvanishing it breaks supersymmetry.
Motivated by the success in the BPS limit, we identify the real part of the potentials
(ΦI ,Ω) in (2.67) with their gravitational counterparts. As a practical matter, once the
physical parameter ϕ 6= 0, the full symmetry breaking pattern is easily implemented by the
substitution ϕ→ ϕ+ 2πiT .

The BPS free energy (2.47) is common to all recent discussions of microscopic entropy
for AdS4 black holes [41–43]. A minimal framework for nearBPS statistical physics applies
the modified boundary condition (2.67) to the BPS free energy. This proposal can be
presented efficiently as an extremization principle for the nearBPS entropy at linear order
away from the BPS surface:

TS(ΦI ,Ω,Λ) = 4ik

√∏
I(ΦI − Φ∗I)
Ω− Ω∗ −

∑
I

(ΦI − Φ∗I)QI − (Ω− Ω∗)J

− Λ
( 4∑
I=1

(ΦI − Φ∗I)− (Ω− Ω∗)− ϕ− 2πiT
)
. (2.68)

We do not derive our prescription ab initio, but it is arguably a corollary of previously
accepted microscopic considerations. It is thought that the BPS index can be continued
freely from weak to strong coupling and, additionally, that the index and the partition
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function have the same asymptotic behavior in the gravitational regime. Any agreement
in the strict BPS limit relies on these features and the only additional ingredient we
invoke is smoothness of gravitational thermodynamics as the nearBPS regime approaches
the BPS limit. An even more conservative view is that agreements we establish in the
following show that our nearBPS extremization principle provides an efficient packaging of
gravitational data.

It is straightforward to make our proposal explicit for four generic charges but, as in
subsection 2.7.2, we prioritize transparency over generality and focus on the case where
charges are equal in pairs and expressions are more illuminating. Then the values for the
potentials at the extremum differ from the BPS results (2.58)–(2.61) only by some simple
substitutions. We write them as

Ω− Ω∗
ϕ+ 2πiT = − 1√

1 + 4k−2Q1Q2 + ik−1(Q1 +Q2)
,

4
Φ1,2 − Φ∗1,2
ϕ+ 2πiT = 1− 1 + ik−1(Q1,2 −Q2,1)√

1 + 4k−2Q1Q2 + ik−1(Q1 +Q2))
.

After multiplication with ϕ + 2πiT on both sides of the equations, the real part of each
potential becomes a linear combination of ϕ and T . These expressions agree with the
analogous results computed from the black hole solutions (2.35)–(2.36). This result stream-
lines the identifications we already reported in (2.64)–(2.66) by incorporating them in a
systematic computation.

The nearBPS extremization conditions are identical to their BPS counterparts (2.49)–
(2.50), except for simple substitutions of variables. We do not need the details because
the quartic equation in the Lagrange multiplier Λ (2.52) with coefficients depending on
charges (QI , J) is not modified. The important new feature is that solutions to the quartic
where Λ is purely imaginary are insufficient. We insert the more general root in the on-shell
nearBPS entropy function

TS = Λ(ϕ+ 2πiT ) , (2.69)

and identify the resulting real part as the physical entropy. This gives a corrected value for
the entropy.

Since we consider charges that are equal in pairs the quartic equation satisfied by
Λ (2.52) reduces to the quadratic (2.53) which we recast as(

Λ + iJk

Q1 +Q2

)(
Λ− ik

( J

Q1 +Q2
+ 1

)
+Q1 +Q2

)
= − 2k2h

(Q1 +Q2)2 , (2.70)

where the “height” function

h = 1
8
(
1 + 4k−2Q1Q2

)
(Q1 +Q2)2 − 1

2

(
J + Q1 +Q2

2

)2
, (2.71)

generalizes h introduced in (2.26) to permit two distinct charges. This form of the equation
for Λ makes it manifest that, when the constraint on charges h = 0 is imposed, we have
purely imaginary Λ with the value given in (2.54) modulo any rewriting using h = 0.
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Conversely, when we allow violation of the constraint between charges by taking non-zero
h the Lagrange multiplier is shifted. At linear order we find

δΛ = 2kh
(Q1 +Q2)2

[
i
√

1 + 4k−2Q1Q2 − k−1(Q1 +Q2)
] . (2.72)

Since this result is already proportional to h we freely applied the constraint h = 0 to
eliminate J from the coefficient.

For comparison with gravity, we relate the height-function h to the potential ϕ through
the generalization of (2.29) to two independent charges

h = 1
2k
−2(Q1 +Q2)2Q1Q2ϕ .

The prescription ϕ→ ϕ+ 2πiT then gives

S − S∗ = Re [2πiδΛ]

= 2πkQ1Q2
√

1 + 4k−2Q1Q2 ϕ+ 2π(Q1 +Q2) T
1 + k−2[4Q1Q2 + (Q1 +Q2)2] . (2.73)

This agrees precisely with the gravitational result (2.32) after specialization to equal charges
Q = Q1 = Q2 and then trading Q for the gravitational parameter a via (2.14). The
two variables being compared are both linear response coefficients, related to the specific
heat (2.25) and the electric field (2.39), respectively. Thus our result relates parameters of
nonsupersymmetric black holes to microscopic concepts.

The agreement reported in this subsection goes against expectations from rigid versions
of indexology that demand strict adherence to supersymmetry. However, it is less surprising
from an effective quantum field theory point of view. It is expected that the UV theory
accounts for the supersymmetric ground state entropy, i.e. the size of the classical phase
space at very low energy. The leading excitations above the ground state are described by a
low energy effective field theory with gravitational/QFT aspects encoded in the nAdS2/CFT1
correspondence [15, 44]. It depends on just a few symmetry breaking parameters that
generally must be determined by matching to the UV theory. Although we have not
developed the effective theory systematically, it is not unreasonable that we can recover
these effective parameters quantitatively by studying collective modes on the agreed upon
classical phase space.

3 Asymptotically AdS7 black holes

In this section we study the near BPS thermodynamics of black holes in AdS7. The
maximally supersymmetric theory results from eleven-dimensional supergravity reduced on
S4. As a result, the quantum numbers of a generic black hole solution in this theory are
the mass M , three angular momenta (J1, J2, J3) that correspond to rotations in AdS7, and
two charges (Q1, Q2) that correspond to momenta along S4. A completely general solution
has not yet been constructed but a special case with three identical angular momenta
and two independent charges was first presented in [24]. In the gravitational part of our
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calculations we consider a further simplification to the Kerr-Newman AdS7 black hole,
i.e. the special case where the two charges are equal. This geometry is also a solution to
minimal supergravity in AdS7.

3.1 The black hole geometry

The conserved charges (M,J,Q) are encoded in a mass parameter m, an angular momentum
parameter a, and a charge parameter q (which we occasionally trade for the “boost”
parameter δ introduced through q = m sinh2 δ). The geometry presented in [24] is4

ds2
7 = (H)2/5

[
−Y dt

2

f1 Ξ2
+

+ ρ6 dρ2

Y
+ f1
ρ4H2 Ξ2

(
σ + 2f2

f1
dt

)2
+ ρ2

Ξ dΣ2
2

]
, (3.1)

where

H = 1 + 2 q
ρ4 , ρ2 = r2 + a2 ,

Ξ± ≡ 1± a g , Ξ ≡ 1− a2 g2 = Ξ− Ξ+ ,

and the functions f1, f2 and Y are given

f1 = Ξ
ρ2

(
ρ4 + 2q

)2
+ 2a3 g q (2− a g)− 4Ξ2

− a
2 q2

ρ4 + 2ma2 ,

f2 = gΞ−
2ρ2

(
ρ4 + 2q

)2
+ a(q +m) ,

Y = g2ρ8 + Ξρ6 + 4g2ρ4q − 2
(
m+ a2g2q

)
ρ2 + 4g2q2 + 2a3gq(2− ag) + 2ma2 . (3.2)

The dΣ2
2 is a metric on CP2 which together with the U(1) fibre σ forms a five-sphere within

AdS7. The omnipresent constant g is the coupling constant of gauged supergravity, related
to the radius of the asymptotically AdS7 spacetime as g = `−1

7 . For ag outside the range
(−1, 1), the coefficient of dΣ2

2 is nonpositive (or divergent) so the spacetime signature is
not Lorentzian.

The event horizon of the black holes is located at the coordinate r = r+ where the
function Y (r) has its largest root. The thermodynamic potentials characterizing the solution
are all evaluated at this value r = r+. They are:5

4G7
π2 S = π ρ2

+
√
f1(r+)

Ξ3 ,

T =
∂rY |r=r+

4π r+(r2
+ + a2)

√
f1(r+)

= 4g2ρ6
+ + 3Ξρ4

+ + 8g2ρ2
+q − 2a2g2q − 2m

2πρ2
+
√
f1(r+)

,

Ω = 2f2(r+) Ξ+
gf1(r+) − 1 = 2aρ

4
+
(
m+ q(1 + ag − 2a2g2 + a3g3)

)
+ 2agq2Ξ2

−
g ρ4

+f1(r+) ,

Φ = 2m sinh 2δ
(ρ4

+ + 2q) Ξ−

[
1− 2af2(r+)

f1(r+)

]
. (3.3)

4Note that we have used the redefinition a→ −a in comparison to [24]. As a result, our region of interest
will be 0 < ag < 1 as opposed to −1 < ag < 0 as it would have been in the conventions of [24].

5We believe there are misprints in the thermodynamic quantities given in [24] and [1, 38]. Our expressions
satisfy a number of consistency checks and agree with those given in [29].
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The conserved charges of the black holes are given in terms of the parameters (m, a, q =
m sinh2 δ) through

4G7
π2 M = 1

2Ξ4

[
m (6− Ξ)− q

(
3Ξ4
− − 7Ξ2

− + 2Ξ− − 6
)]

,

4G7
π2 J = 1

Ξ4a
[
m− q

(
Ξ3
− − Ξ2

− − 1
)]

,

4G7
π2 Q = 1

2Ξ3m sinh 2δ . (3.4)

The length dimensions of the variables in these formulae are [G7] = L5, [m] = [q] = L4, and
[a] = L. The physical variables therefore have dimensions [J ] = L0, [M ] = [Q] = L−1, in
agreement with expectations from supergravity.

In the context of the AdS/CFT-correspondence, the gravitational coupling constant G7
in units of the AdS7 radius `7 = g−1 is related to the integral M5-brane number N via

`57
G7

= 16
3π2N

3 . (3.5)

In the holographically dual CFT the dimensionless mass M`7 is the conformal dimension,
Q`7 is the quantized R-charge, and J is the angular momentum quantized in units of
~ = 1. These quantum numbers are all macroscopic O(N3) for a black hole with parameters
m, q, a4 of order O(`47).

3.2 Supersymmetric black holes

Extremal black holes have zero temperature. Referring to the expression for tempera-
ture (3.3), this is equivalent to the derivative ∂rY = 0 at the event horizon r = r+. Since
the polynomial Y (r) also vanishes there, it develops a double root. The extremality condition
∂rY (r+) = 0 gives a simple equation for the mass parameter m

m = 2g2ρ6
+ + 3

2Ξρ4
+ + 4g2qρ2

+ − a2g2q . (3.6)

Combining this with the horizon condition Y (r+) = 0 where Y is given in (3.2) yields an
equation for the location r+ of the horizon in terms of black hole parameters a and q. This
in turn yields the mass parameter m through (3.6). Thus the extremality condition T = 0
defines a relation between the physical black hole variables (M,J,Q). It can be interpreted
as giving the lowest possible mass M = Mext for given conserved charges J,Q.

While this procedure is straightforward in principle, in practice it is unwieldy and not
terribly illuminating. To make progress we therefore take supersymmetry into account. For
the theory to admit supersymmetric solutions, all physical configurations must satisfy the
BPS bound

M − 3gJ − 4Q ≥ 0 , (3.7)
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with equality for BPS black holes. The linear combination of conserved charges that appear
can be recast as

M − 3gJ − 4Q = −mπ2

32G7

3 Ξ−ag(2− a g) (1 + 3a g)
e2δΞ4

(
e2δ − 1− 2

3 a g

)
(3.8)

×
(
e2δ − 1 + 2 5− a g

(2− a g) (1 + 3a g)

)
.

The expression in the parenthesis on the second line is strictly positive in the entire physical
range 0 ≤ ag < 1 so the BPS bound amounts to:

1 + 2
3 a g ≥ e2δ . (3.9)

An alternative expression follows from the identity

(M − 3gJ)2 − (4Q)2 = π4Ξ2
−

64G2
7 Ξ8 (m− 3ag(2 + 3ag)q)

×
(
m(5− ag)2 + q(2− ag)(1 + 3ag)(8− 7ag + 3a2g2)

)
, (3.10)

which yields the parametric form of the BPS bound

m ≥ 3ag(2 + 3ag)q . (3.11)

The equivalence of this inequality and (3.9) is easily verified using the definition q = m sinh2 δ.
Both inequalities are saturated if and only if the black hole is supersymmetric.

BPS saturation is possible only for extremal black holes but it is a stronger condition,
it imposes a constraint on the black hole parameters in addition to vanishing temperature.
Some authors impose this “second” condition by demanding the absence of closed time-like
curves, a requirement that makes reference to detailed analysis of the geometry. Later in this
subsection we show that BPS saturation automatically gives both vanishing temperature
and the additional constraint on black hole parameters. Thus the latter does not require
appeal to an independent physical principle.

In preparation for this argument we temporarily impose the BPS formula for the mass
and independently set the temperature to zero. Accordingly, we assume that m and q

are related by equality in (3.11) and additionally require that m(r+) is the function given
in (3.6). In this situation the horizon equation Y (r+) = 0 becomes

Y (r+) =
4 g2ρ4

+(1 + 3ag)2
(
ρ2

+ −
4 a2Ξ+
1+3ag

)2 (
ρ2

+ + 3(3+5ag)Ξ−
16g2

)
(
2gρ2

+ − 3a− 5a2g
)2 = 0 . (3.12)

It is manifest that the largest root is a double root, as expected, and locates the event
horizon at

ρ∗+ = 2a
√

1 + ag

1 + 3ag . (3.13)
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Here and in the following we use the superscript ∗ to denote quantities that take on their
BPS values. The location of the event horizon (3.13) gives the BPS values

m∗ = 12a4(1 + ag)3(2 + 3ag)
(1 + 3ag)2 , (3.14)

q∗ = 4a3(1 + ag)3

g(1 + 3ag)2 . (3.15)

Our BPS values for these parameters agree with those found in [24].6 They correspond to
the physical quantum numbers:

`7M
∗ = N3 16a3g3 (4 + 11ag + 6a2g2 + 3a3g3)

3(1− ag)4(1 + 3ag)2 ,

J∗ = N3 16a4g4 (1 + 6ag + a2g2)
3(1− ag)4(1 + 3ag)2 ,

`7Q
∗ = N3 16a3g3

3(1− ag)3(1 + 3ag) , (3.16)

and the BPS black hole entropy becomes

S∗ = 2πN3 16a4g4

3(3 + ag)(1− ag)3

( 3 + ag

1 + 3ag

)3/2
(3.17)

= 2π
√

6(`7Q∗)3 − 3N3(J∗)2

6`7Q∗ −N3 . (3.18)

In these BPS formulae we have opted to express the overall normalization in microscopic
units via (3.5).

The physical variables satisfy the BPS mass formula M∗ = 3gJ∗ + 4Q∗, as they should.
In our conventions the first law of thermodynamics takes the form

dM − 2ΦdQ− 3ΩdJ = TdS , (3.19)

so on the extremal surface T ∗ = 0, the BPS mass formula gives

Ω∗ = g ,

Φ∗ = 2 .

The general thermodynamic potentials (3.3) do in fact simplify to these constants when they
are evaluated on the BPS surface. It is an additional consistency check on our formulae that
the first law (3.19) is satisfied after expressing each of the BPS quantities as functions of a.

The BPS expressions given above were all computed assuming both saturation of the
BPS bound (3.11) and vanishing temperature, as implemented through (3.6). However,
with the benefit of hindsight we can now do better. We begin with rewriting the exact

6However, our value for ρ+ in (3.13) differs from the one given in [45].
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metric function Y as a power series in ρ2 around the position of the BPS horizon:

Y (r) =−2r2 (m−3ag(2+3ag)q)+4g2 (q−q∗)2− 4ag(3+6ag+7a2g2)
1+3ag

(
ρ2−ρ∗2+

)
(q−q∗)

+ 4a2(1+ag)2(3+10ag+19a2g2)
(1+3ag)2

(
ρ2−ρ∗2+

)2
+4g2

(
ρ2−ρ∗2+

)2
(q−q∗)

+ (1+ag)(1+2ag+13a2g2)
1+3ag

(
ρ2−ρ∗2+

)3
+g2

(
ρ2−ρ∗2+

)4
. (3.20)

The horizon equation Y (r+) = 0 then gives

2r2
+ (m−3ag(2+3ag)q) = g2(3+ag)(1+3ag)3(q−q∗)2

(1+ag)2(3+10ag+19a2g2) (3.21)

+
√

3+10ag+19a2g2

[
2a(1+ag)

1+3ag
(
ρ2

+−ρ∗2+

)
− 3+6ag+7a2g2

(3+10ag+19a2g2)(1+ag)(q−q∗)g
]2

,

near the BPS limit.7 The left hand side of this expression is non-negative and vanishes
exactly when the BPS bound (3.11) on the mass is saturated. Since the right hand side
is manifestly the sum of two non-negative terms, we see that BPS saturation implies two
conditions on the black hole. Moreover, the large square bracket on the second line is
proportional to the temperature

T = g

2πa2
1

1+ag

√
1+3ag
3+ag

[
3+10ag+19a2g2

1+3ag
(
ρ2

+−ρ∗2+

)
− 3+6ag+7a2g2

2a(1+ag)2 (q−q∗)g
]
, (3.22)

at linear order. Therefore, one of the two conditions is extremality T ∗ = 0. The other
requirement is the constraint on potentials for conserved charges, identified here in the
form q = q∗.

In view of the two independent conditions on the black hole parameters that follow
from supersymmetry, BPS black holes form a co-dimension 2 “surface” within the space
of general black holes parameterized by (m, a, q). On any point along the resulting BPS
line, the quantum numbers J∗ and `7Q∗ are dependent variables: they are both expressed
in terms of a single dimensionless parameter which we take as ag. For this reason, the
expression of black hole entropy as a function of conserved charges (3.18) is not unique. For
example, the translation of the parameter ag to the physical variables J∗ and `7Q∗ may
equally well yield the alternate form

S∗ = 2π

√
N3J∗ + 3(`7Q∗)2 −

√
(N3J∗ + 3(`7Q∗)2)2 − 2

3N
3(J∗)3 − (`7Q∗)4 . (3.23)

7Our computations here are valid up to quadratic departures from the BPS limit. The analogous formulae
for AdS4 and AdS5 black holes can be made exact without much additional effort. We assume that the result
is exact in AdS7 as well but we have not worked out the details, as they are more elaborate in this case.
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In the statistical ensemble specified by the quantum numbers J∗ and `7Q∗ it is convenient
to characterize the BPS line as the vanishing locus of the “height” function

h =
((

6`7Q−N3
)2
(

(`7Q)4 + 2
3N

3J3
)

+
[
6(`7Q∗)3 − 3N3J2

]2
(3.24)

− 6
(
6`7Q−N3

) [
3(`7Q∗)2 +N3J

] (
2(`7Q)3 −N3J2

)) 1
3N3J2 − 6(`7Q∗)3 .

For example, the AdS-Reissner-Nordström geometries include an extremal black hole T = 0,
the lightest in the family that is regular. However, the extremal AdS-Reissner-Nordström
black hole is not supersymmetric because h 6= 0 for J = 0.

We conclude this subsection by noting an important corrolary of supersymmetry
imposing two conditions: it can be broken in two independent and complementary ways:

• Near-extremal BPS black holes have non-vanishing temperature but they satisfy the
constraint h = 0.

• NearBPS extremal black holes have vanishing temperature but they are not super-
symmetric because their charges violate the constraint.

In the following three subsections we first study each of these cases separately and then
examine their interplay.

3.3 Near-extremal thermodynamics

In this subsection we consider black holes that depart from BPS by having elevated
temperature. This perturbation necessarily increases the mass M from its BPS value
M∗(J∗, Q∗). However, it does not modify the conserved charges from their reference
values Q∗ and J∗ so they will still be related by the constraint (3.24) that is satisfied on
the BPS-line.

The specific heat CT = dQ
dT = T dS

dT is the response coefficient that characterizes the
increased temperature. At leading order away from extremality the specific heat is linear
in temperature so the derivative ∂TS = CT

T (taken with conserved charges held fixed) is
a constant.

We have so far analyzed physical variables as functions of the parameters (m, q, a)
but the explicit expressions for the entropy S and the potentials T , Φ, Ω (3.3) involve the
horizon location r+, defined as the largest solution to the horizon equation Y (r) = 0. This
amounts to an unappealing quartic equation that must be solved for r2

+ so it is preferable
to eliminate m, which appears linearly, in favor of r+. This yields expressions for S, T , Φ,
and Ω in terms of parameters r+, q and a,

S = π3 (ρ6
+ + 2q

(
r2

+ + a3g
))

4G7r+Ξ3 , (3.25)

T = 3g2ρ8
+ +

(
2− 6a2g2) ρ6

+ +
(
4g2q − 3a2Ξ

)
ρ4

+ − 8a2g2qρ2
+ − 4a3gqΞ− − 4g2q2

2πr+
(
ρ6

+ + 2q
(
r2

+ + a3g
)) , (3.26)
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Φ =
2r+

√
2q
(
ρ6

+
(
1 + g2r2

+
)

+ 2q
(
2g2ρ4 + Ξρ2

+ − a2Ξ2
−
)

+ 4g2q2)
ρ6

+ + 2q(r2
+ + a3g) , (3.27)

Ω = aρ4
+
(
1 + g2r2

+
)

+ 2agq
(
a+ gr2

+
)

gρ6
+ + 2gq

(
r2

+ + a3g
) . (3.28)

From this starting point it is straightforward to compute the inverse Jacobian(
∂ (T,Q, J)
∂ (a, q, r+)

)−1
= ∂ (a, q, r+)
∂ (T,Q, J) , (3.29)

as well as the derivatives of S(a, q, r+). Combining these ingredients, we find the specific heat
CT
T

=
(
∂S

∂a

)
q,r+

(
∂a

∂T

)
Q,J

+
(
∂S

∂q

)
a,r+

(
∂q

∂T

)
Q,J

+
(
∂S

∂r+

)
q,a

(
∂r+
∂T

)
Q,J

= N3 32π2a4g3(1 + 10ag − 3a2g2)
3(1− ag)3(1 + 3ag)(3 + 10ag + 19a2g2) . (3.30)

This result is positive in the physical regime 0 < ag < 1, as required for a stable system.
As a consistency check, we can instead derive the specific heat by considering (3.8) for

the mass M above its BPS value M∗. Inserting the parametric form of the mass excess at
the second order (3.21) and the temperature T (3.22), the expression becomes:

M −M∗ = CT
2T T 2 . (3.31)

This procedure again gives the expression (3.30) for CT
T , as demanded by the first law of

thermodynamics applied with charges kept fixed.
Yet another way to calculate the specific heat is via the nAttractor mechanism [46, 47].

In this simple and illuminating construction the elevated temperature is taken into account
geometrically through the outward displacement of the horizon, without ever deforming
away from the BPS geometry. This method yields the more concise expression,

CT
T

=
(
∂S

∂r+

)
q,a

(
∂T

∂r+

)−1

q,a

, (3.32)

which again evaluates to the result in (3.30).
We can exploit the nAttractor mechanism taking temperature into account via a

simple radial derivative also when analyzing other physical variables. By first specializing
the potentials Φ, Ω given in (3.3) to the BPS geometry, and only then taking the radial
derivative, we easily calculate(

∂Φ
∂T

)
Q,J

=
(
∂Φ
∂r+

)
q,a

(
∂T

∂r+

)−1

q,a

= − 12πa(1− ag)
3 + 10ag + 19a2g2

√
1 + 3ag
3 + ag

, (3.33)

(
∂Ω
∂T

)
Q,J

=
(
∂Ω
∂r+

)
q,a

(
∂T

∂r+

)−1

q,a

= − 8πag(1− ag)
3 + 10ag + 19a2g2

√
1 + 3ag
3 + ag

. (3.34)

Both of these quantities are negative. It is also noteworthy that they are nearly identical:

2g
(
∂Φ
∂T

)
Q,J

= 3
(
∂Ω
∂T

)
Q,J

. (3.35)

The physical interpretation of this relation will be discussed in section 3.6.
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3.4 Extremal near-BPS thermodynamics

In this subsection, we perturb a BPS configuration by changing charges J and Q so the
constraint (3.24) is no longer satisfied but extremality is maintained. Thus the temperature
remains zero: the mass is at its minimum possible value, albeit for the “new” charges.
This perturbation is complementary to the temperature/mass deformation studied in the
previous subsection.

The starting point is a BPS state characterized by rotation parameter a and the
BPS assignments ρ∗2+ (3.13) and q∗ (3.15) corresponding to that value of a. Variations
δr2

+ = r2
+−r∗2+ and δq = q−q∗ away from the BPS values generally modify the temperature T

to the value given in (3.22). It remains zero at linear order exactly when these perturbations
are correlated as

δr2
+ = −δq g(1 + 3ag)(3 + 6ag + 7a2g2)

2a(1 + ag)2(3 + 10ag + 19a2g2) . (3.36)

Furthermore, for variations correlated in precisely this manner (3.21) yields a greatly
simplified formula for the parametric mass

m = 3ag(2 + 3ag)q + g2(1 + 3ag)4

2a2(1 + ag)2(3 + 10ag + 19a2g2)δq
2 , (3.37)

which expresses the amount that the energy exceeds the BPS mass. The reason for this
excess is that the BPS bound cannot be saturated when the constraint is not satisfied.

A convenient measure of the distance from the BPS line along the extremal surface is
the combination of potentials

ϕ = 2(Φ− Φ∗) + 3`7(Ω∗ − Ω) , (3.38)

which manifestly vanishes on the BPS line where Φ = Φ∗ = 2 and Ω = Ω∗ = g = `−1
7 .

Using the formulae (3.27) and (3.28) for Φ and Ω we expand to linear order in δr2
+ and δq,

followed by simplification using the relation (3.36). This yields the simple expression:

ϕ = 2δq
q∗
. (3.39)

Thus the composite potential ϕ measures the relative change of q as it departs from q∗

along the extremal surface. Moreover, the physical parameters M,J,Q given in (3.4) are
all proportional to q at linear order, since (3.37) equates m and q up to terms of quadratic
order. We therefore interpret the potential ϕ as the generator of a scale transformation
that acts on the entire black hole geometry, as implemented through rescaling of M,J,Q

by a common factor. The numerical factor 2 in (3.39) shows that ϕ is 2 times the relative
rescaling of these physical parameters.

The change of the parameter q as we depart from the BPS line while maintaining zero
temperature inevitably changes both the electric potential Φ and the rotational velocity Ω.
We express this dependence through the derivatives

∂ϕΦ = 2ag(1 + 7ag)
3 + 10ag + 19a2g2 , (3.40)

∂ϕΩ = −(1− ag)(1 + 3ag)g
3 + 10ag + 19a2g2 . (3.41)
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These relations satisfy

2 ∂ϕΦ− 3 `7 ∂ϕΩ = 1 , (3.42)

as expected from (3.38). Scale transformations with ϕ > 0 are preferred because they
decrease the rotational velocity below Ω∗`7 = 1 which corresponds to the speed of light in
the dual boundary theory. They increase Φ above its critical value Φ∗ = 2.

As we have already stressed, the motion away from the BPS line with temperature
fixed necessarily increases the energy. In analogy with electrodynamics, the capacitance is
the response coefficient measuring energy as ϕ increases. We introduce a coefficient Cϕ that
is proportional to the temperature T (but evaluated as T → 0) through the mass formula

M −M∗ = Cϕ
2T

ϕ2

(2π)2 . (3.43)

The expression (3.37) for the parametric mass m gives

Cϕ
T

= N3 32π2a4g5(1 + 10ag − 3a2g2)
3(1− ag)3(1 + 3ag)(3 + 10ag + 19a2g2) . (3.44)

Alternatively, the changes in potentials (3.41) and the scaling transformations dQ = 1
2Qdϕ,

dJ = 1
2Jdϕ give

−Cϕ
T

ϕdϕ

(2π)2 = −2(Φ− Φ∗)dQ− 3(Ω− Ω∗)dJ , (3.45)

with the expression for the capacitance Cϕ the same as before, as demanded by the first
law of thermodynamics (3.19).

We have been careful to define the coefficient Cϕ entirely through properties within
the extremal surface T = 0. It is therefore interesting that numerically

Cϕ = `−2
7 CT , (3.46)

where CT is as given in (3.30) and the factors of `7 are introduced to account for the
different mass dimensions of [T ] = L−1 and [ϕ] = L0. This relation is expected from N = 2
supersymmetry [28].

3.5 Near-BPS thermodynamics

Having explored the two independent deformations of a BPS configuration, in this subsection
we put them together to explore the entire near BPS region of parameter space.

Taking advantage of (3.21) we expand the mass M around its BPS value and find

M −M∗ = CT
2T

[
T 2 + ϕ2

(2π`7)2

]
. (3.47)

This is simply a sum of the independent contributions from T (3.31) and ϕ (3.43), with no
interplay between the two deformations. We want to understand why the increase in mass
takes this form.
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We begin by introducing another thermodynamic coefficient, CE . Consider the amount
by which the black hole entropy S exceeds its BPS value S∗. At linear order, the difference
between the general form of the entropy S(q, r+, a) (3.25) and its BPS limit S∗(a) (3.17)
yields terms proportional to q − q∗ and r+ − r∗. These perturbations are equivalent to the
small physical potentials T and ϕ via (3.22) and (3.39). Therefore, the differential change
in entropy can be expanded as

d(S − S∗) = CT
T
dT + CE

T

dϕ

2π . (3.48)

Explicit computation shows that the coefficient CT introduced here agrees with its namesake
in (3.47), as demanded by the first law of thermodynamics. The coefficient of ϕ is a new
response coefficient that takes the value

CE
T

= 128π2a4g4N3(1 + ag)3

(1− ag)3√3 + ag(1 + 3ag)3/2 (3 + 10ag + 19a2g2)
. (3.49)

Now, we must be careful because CE is subject to an ambiguity. In the preceding
paragraph we specified for definiteness S∗ as the function of a given in (3.17). Its differential
dS∗ is proportional to da which is along the BPS surface. However, it may be more
appropriate to specify BPS entropy S∗ as a function of charges J,Q. The resulting
differentials dJ , dQ do not generally respect the constraint between charges h = 0. Therefore,
they may include a contribution normal to the BPS surface, in the direction of dϕ. Thus
the value of CE depends on the reference point S∗.

There is a simple method to take this dependence into account. In the nearBPS regime
the parameters m and q are proportional up to quadratic corrections (3.21). Therefore, in
this regime J and Q (3.4) are both functions of a, except for an overall factor of q. We
already noted that the differential da is entirely within the BPS surface. However, q and ϕ
are closely related (3.39) so the overall factor q yields simple additional terms

dQ = 1
2Q
∗dϕ+ . . . , dJ = 1

2J
∗dϕ+ . . . , (3.50)

where the dots refer to the differential da within the BPS surface. These formulae determine
the dependence of dS∗ on dϕ when S∗ is presented as a function of the charges Q, J rather
than just a.

The simplest formula for the BPS entropy we know is S∗(J,Q) given in (3.18). The
algorithm in the preceding paragraph easily computes the part of the differential dS∗ that
is not within the BPS surface. This contribution changes d(S − S∗) by a term that shifts
the initial result for CE given in (3.49). It becomes

CE = N3 32π2a4g4 (1 + 10ag − 3a2g2) (3 + 21ag + 54a2g2 + 66a3g3 − 9a4g4 − 7a5g5)
(1− ag)3√3 + ag(1 + 3ag)3/2 (3 + 10ag + 19a2g2) (1− 6a2g2 − 24a3g3 − 3a4g4)

.

(3.51)

As we have stressed, the charges Q∗ and J∗ are not independent, they satisfy the
constraint h = 0. Therefore, there is no unique way to define the BPS entropy S∗(J,Q)
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and the response coefficient CE is sensitive to this ambiguity. For example, for S∗(J,Q)
given in (3.23) we find

CE = N3

3 π2
(

27+387ag+2133a2g2+5877a3g3+6798a4g4−6338a5g5−21302a6g6

−5910a7g7+48615a8g8+7695a9g9−4527a10g10−687a11g11
)(

3+10ag+19a2g2
)−1

×
(

(1−ag)3
√

(1+3ag)(3+ag)
(
3+21ag+54a2g2+66a3g3−9a4g4−7a5g5

))−1
.

(3.52)

This coefficient is always positive in the entire regime 0 < ag < 1. This designation of
reference S∗ assigns positive entropy to all perturbations with ϕ ≥ 0.

The method for analyzing dS∗ can be applied to other functions of (J,Q) as well. An
important example is the height function h itself. Any surface h = constant is characterized
by the one-form dh and the value of the “constant” measures its distance from the BPS
surface h = 0. The potential ϕ is another such measure so, according to the general theory
of surfaces, h must be proportional to ϕ at linear order. The constant of proportionality
follows from the rule (3.50):

h = 1
9(J2N3 − 2(Q`7)3)

(
27J6N9 + 4J5N6

(
−2N6 + 21N3`7Q+ 27(`7Q)2

)
+ 27J4N6(`7Q)2

(
11`7Q− 2N3

)
+ 12J3N3(`7Q)3

(
3N6 − 34N3`7Q− 12(`7Q)2

)
+ 3J2N3(`7Q)4

(
N6 + 54N3`7Q− 432(`7Q)2

)
− 36JN3(`7Q)6

(
N3 − 12`7Q

)
− 3(`7Q)7

(
N6 + 48N3`7Q− 432(`7Q)2

))
ϕ (3.53)

= 128a4g4N9(1 + ag)8 (1 + 10ag − 3a2g2)
9(1− ag)9(3 + ag)(1 + 3ag)4 ϕ ≡ αϕ . (3.54)

The constant α is strictly positive in the entire regime 0 < ag < 1.
We are now in a position to better understand the first law of thermodynamics in the

near BPS region:

TdS = d(M −M∗)− 2(Φ− Φ∗)dQ− 3(Ω− Ω∗)dJ . (3.55)

The departures of the potentials Φ and Ω from their BPS values are given by the sum of
their extremal near-BPS (3.40)–(3.41) and BPS near-extremal (3.33)–(3.34) contributions.
Alternatively, Φ− Φ∗ and Ω− Ω∗ can be calculated from their general forms (3.27)–(3.28),
expanding to linear order in r+ − r∗ and q − q∗ and then trade these variables for T and ϕ.
We already presented a convenient rule (3.50) that relates the differentials dQ and dJ to
the potential dϕ so we can present the result as

TdS∗ + 2(Φ− Φ∗)dQ+ 3(Ω− Ω∗)dJ =
[
−CE
T
T + Cϕ

T
.
ϕ

2π

]
dϕ

2π . (3.56)
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The values of the linear response coefficients CE and Cϕ that follow from the computation
here agree with those given earlier. As we stressed previously, the precise value of CE
depends on the reference value for the BPS entropy S∗. We added the term TdS∗ so the
equality holds no matter the reference value S∗, as long as it is consistently applied.

Combining the partial result above with (3.48) we find

TdS = Td(S − S∗) + TdS∗

=
[
CT
T
TdT + CE

T
T
dϕ

(2π)

]
+
[
−CE
T
T + Cϕ

T

ϕ

(2π)

]
dϕ− 2(Φ− Φ∗)dQ

− 3(Ω− Ω∗)dJ . (3.57)

The terms with the coefficient CE cancel precisely and the remaining terms satisfy the first
law with the mass term

M −M∗ = CT
2T

[
T 2 + ϕ2

(2π`7)2

]
.

as expected.
The final physical variable we will study is Gibbs free energy

F = M − 2ΦQ− 3ΩJ − TS = M −M∗ − 2(Φ− Φ∗)Q− 3(Ω− Ω∗)J − TS ,

particularly its dependence on T and ϕ in the nearBPS limit. Since the excitation en-
ergy (3.47) is quadratic in T and ϕ, the first term is negligible. Moreover, since Φ−Φ∗ and
Ω− Ω∗ are first order in T and ϕ, we can replace Q, J and S by their BPS values when
computing the free energy at first order. The full expression then becomes

F =− 2(Φ− Φ∗)Q∗ − 3(Ω− Ω∗)J∗ − TS∗ (3.58)

=−N3 16a4g5(1 + 10ag − 3a2g2)
3(1− ag)3(1 + 3ag)(3 + 10ag + 19a2g2) ϕ

+N3 32πa4g4(3 + 3ag − 31a2g2 − 7a3g3)
3(1− ag)3√3 + ag(1 + 3ag)3/2(3 + 10ag + 19a2g2)

T . (3.59)

Here the coefficient of ϕ is always negative while the coefficient of T switches sign depending
on the value of a.

We will now proceed to study the free energy from a microscopic point of view.

3.6 BPS entropy extremization

The partition function Z of a black hole is defined in Euclidean quantum gravity as the on-
shell action. It depends on potentials that are specified as asymptotic boundary conditions
on spacetime. While it is a thermodynamic quantity in gravity, it is identified in the dual
microscopic description as a trace over quantum states that, in the context of AdS7, we
introduce as

Z = Tr e−β(M−2ΦQ−3ΩJ) = Tr e−β[(M−M∗)−2β(Φ−Φ∗)Q−3β(Ω−Ω∗)J) , (3.60)
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where the BPS mass is M∗ = 2Φ∗Q + 3ω∗J . Here and in all microscopic considerations
that follow in the following subsections we simplify units so M and Q are dimensionless.
This amounts to taking `7 = g−1 = 1.

In this subsection we want to compare our gravitational results with microscopic
ideas in the BPS limit which involves, in particular, the extremal limit β →∞ where the
gravitational potentials Φ, Ω approach Φ∗ = 2, Ω∗ = 1. It is therefore natural to introduce
dimensionless extremal potentials ∆ = β(Φ− Φ∗) = ∂TΦ and ω = β(Ω− Ω∗) = ∂TΩ that
are conjugates to the charges Q and J , respectively.

However, as we have stressed repeatedly, the BPS limit is stronger than extremality. In
the microscopic theory supersymmetry is conveniently implemented as an index that can
be defined as the complex locus

2∆− 3ω = 2πi . (3.61)

The BPS partition function therefore becomes a function of two complex potentials and
only their real parts can be identified with gravitational potentials through Re∆ = ∂TΦ
and Reω = ∂TΩ.

For the Kerr-Newman AdS7 black hole we study in this section, microscopic considera-
tions give the BPS partition function [39, 48–51]

lnZ(∆, ω) = 1
24N

3 ∆4

ω3 . (3.62)

The black hole entropy is defined in the microcanonical ensemble where conserved charges are
specified. The Legendre transform from the canonical ensemble is conveniently implemented
by the entropy function

S = 1
24N

3 ∆4

ω3 − 2∆Q− 3ωJ + Λ(2∆− 3ω − 2πi) , (3.63)

where Λ is a Lagrange multiplier that enforces the constraint (3.61) on the potential. The
extremization conditions of the entropy function are

∂∆S = 1
6N

3 ∆3

ω3 − 2Q+ 2Λ = 0 , (3.64)

∂ωS = −1
8N

3 ∆4

ω4 − 3J − 3Λ = 0 , (3.65)

∂ΛS = 2∆− 3ω − 2πi = 0 . (3.66)

These equations simplify the entropy function at its extremum so

S = −2πiΛ , (3.67)

and show that the Lagrange multiplier Λ satisfies the quartic equation

(Λ−Q)4 + 2
3N

3(J + Λ)3 = Λ4 +AΛ3 +BΛ2 + CΛ +D = 0 , (3.68)
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with the coefficients

A = 2
3N

3 − 4Q = 2
3N

3
(

1− 32a3g3

(1− ag)3(1 + 3ag)

)
, (3.69)

B = 6Q2 + 2N3J = 2
3N

6 (2ag)4(1 + ag)4

(1 + 3ag)2(1− ag)6 , (3.70)

C = 2N3J2 − 4Q3 = 2
27N

9 (2ag)8(3 + ag)
(
1− 6a2g2 − 24a3g3 − 3a4g4)

(1 + 3ag)4(1− ag)9 , (3.71)

D = 2
3N

3J3 −Q4 = 2
81N

12 (2ag)12 (3 + 21ag + 54a2g2 + 66a3g3 + 15a4g4 + a5g5)
(1 + 3ag)6(1− ag)12 .

(3.72)

For each coefficient the second expression introduces the dimensionless parameter ag by
rewriting the conserved charges using (3.16).

All the coefficients in the quartic equation (3.68) are real so, for the entropy (3.67) to
be real, the polynomial must have at least one pair of purely imaginary conjugate roots.
Therefore, it must take the form

(Λ + α) (Λ + β)
(
Λ2 + γ

)
= 0 . (3.73)

Comparing the coefficients in this quartic polynomial with those of (3.68) gives α+ β = A

and

Λ = iγ = i

√
C

A
, (3.74)

from the odd powers of Λ. The even powers similarly yield the product αβ and the
consistency condition

A(BC −AD) = C2 . (3.75)

These identifications determine the BPS entropy. The formula for γ gives the simplest
expression and the consistency condition (3.75) gives an interesting alternate form:

S∗ = 2π
√
C

A
= 2π

√
1
2
(
B −

√
B2 − 4D

)
. (3.76)

The coefficients A-D defined in (3.69)–(3.72) are such that the two expressions agree
precisely with (3.18) and (3.23). Moreover, the consistency condition (3.75) is exactly the
constraint on charges (3.24) that is required for supersymmetry.

The derivation of the intricate formulae for the entropy and the constraint from a
simple free energy is very suggestive but not entirely satisfying. The requirement that the
entropy be real is essential for reaching these results but there is no clear reason that the
Legendre transform cannot be dominated by a complex saddle-point. The reality condition
on the entropy is a prescription that is evidently correct but it still awaits a principled
physical explanation.
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3.7 NearBPS potentials

The entropy extremization principle for BPS black holes can be leveraged to describe
nearBPS physics as well. For example, in the following subsection, we will be able to derive
the specific heat CT and the linear response coefficient CE defined from gravity in (3.92).
These parameters pertain unambiguously to physical properties away from the BPS surface.

The extremization of the BPS entropy function in the preceding subsection determines
the potentials ∆ and ω at the extremum:

∆ = 4πi J + Λ
4J + 3Q+ Λ , (3.77)

ω = −2πi Q− Λ
4J + 3Q+ Λ . (3.78)

Here the purely imaginary value of the Lagrange multiplier Λ = i
√

C
A is understood.

The BPS potentials ∆, ω are genuinely complex, they have nontrivial real and imaginary
parts. As we discussed below (3.61) in the extremal (but not necessarily BPS) limit β →∞
we identify their real parts with the thermal derivatives ∂TΦ and ∂TΩ, respectively. A more
general departure from the BPS surface that allows temperature as well as violation of the
constraint is described by the complex variable ϕ + 2πiT . This suggests identifying the
complex potentials ∆, ω as derivatives of Φ and Ω with respect to ϕ + 2πiT . This rule
yields the real parts

Re ∆ = − 12πag(1− ag)
3 + 10ag + 19a2g2

√
1 + 3ag
3 + ag

= ∂TΦ , (3.79)

Re ω = − 8πag(1− ag)
3 + 10ag + 19a2g2

√
1 + 3ag
3 + ag

= ∂TΩ , (3.80)

which indeed match the gravitational results (3.33)–(3.34) exactly. The imaginary parts of
the potentials (3.77)–(3.78) similarly permit the complementary identification

Im ∆ = 4πag(1 + 7ag)
3 + 10ag + 19(ag)2 = 2π∂ϕΦ , (3.81)

Im ω = −2π(1 + 3ag)(1− ag)
3 + 10ag + 19(ag)2 = 2π∂ϕΩ , (3.82)

which agree precisely with the gravitational expressions (3.40)–(3.41).
The reasoning leading us to the real and imaginary parts of ∆, ω takes advantage of

the complex formulae (3.77)–(3.78) which are cast in terms of conserved charges Q and J .
We have refrained from employing the charges Q, J in those formulae, opting instead for
the coordinate ag on the BPS locus that facilitates comparisons with gravity. Conceptually,
it may seem preferable to retain conserved charges in all final results. This inclination is
equivalent to finding a function a(J,Q), with the understanding that the result is non-unique
due to the BPS constraint h = 0. It is not difficult to do so, at least in principle. For
example, we can rearrange (3.81) as a quadratic equation for ag with the solution

ag =
2π − 5 (Im∆)− 2

√
π2 + 16π (Im∆)− 8 (Im∆)2

28πg − 19 (Im∆) g , (3.83)
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where, from (3.77), we have

Im ∆ = 4πJ(4J + 3Q)− Λ2

(4J + 3Q)2 − Λ2 .

While this is a closed form for a which can in principle give us all BPS potentials and con-
served charges in terms of J and Q, the expressions are messy and do not seem illuminating.
We will arrive at a more concise expression below using the first law of thermodynamics.

3.8 NearBPS entropy

In this subsection we introduce a near AdS extremization principle that will account for the
entropy in the near BPS region. We follow the AdS4 discussion in subsection 2.7.4. Thus we
take the configuration space identified by BPS considerations for granted. However, noting
that the physical BPS states result from a larger phase space upon imposing a constraint,
we consider the additional states that result by relaxing the constraint from its strict BPS
version (3.61) to

2(Φ− Φ∗)− 3(Ω− Ω∗) = ϕ+ 2πiT . (3.84)

We implement this by extremizing the nearBPS free energy,

TS(ΦI ,Ω,Λ) = lnZ = 1
24N

3 (Φ− Φ∗)4

(Ω− Ω∗)3 − 2(Φ− Φ∗)Q− 3(Ω− Ω∗)J

+ Λ(2(Φ− Φ∗)− 3(Ω− Ω∗)− ϕ− 2πiT ) . (3.85)

The primary change from the BPS case is that now it is the boundary conditions (3.84)
that are imposed by the Lagrange multiplier Λ. Accordingly, the extremization equations
from the BPS considerations (3.64)–(3.65) are unchanged, except for the constraint (3.66)
that is modified to (3.84). The extremal value of the free energy is then

TS = −(ϕ+ 2πiT )Λ . (3.86)

The significant difference between the BPS and nearBPS cases is that the latter does
not guarantee a purely imaginary root of the quartic equation (3.68) so the factorized
form (3.73) does not apply in general. Without making any assumptions on coefficients, we
can rewrite the quartic equation (3.68) as(

Λ2 + C

A

)((
Λ + A

2

)2
− A3 − 4AB + 4C

4A

)
= −2

3
C h

A2 , (3.87)

where the height function

h = 2
3
A(AD −BC) + C2

C
, (3.88)

is generally non-vanishing. Upon inserting expressions for the coefficients A,B,C,D given
in (3.69)–(3.72), it can be verified that the height function here agrees with the one previously
introduced (3.24).
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In this form of the quartic equation it is manifest that when the constraint h = 0
is satisfied the quartic has a purely imaginary root which agree with the one we already
found from the entropy extremization in the BPS case (3.74). For small violations of the
constraint h = 0, we can perturb around the BPS solution and find the shift in the position
of the root

δΛ = C h

3A
(
i(AB − 2C)

√
C
A +AC

) . (3.89)

In the extremal case the height function h is related to the symmetry breaking parameter as
h = αϕ, where the proportionality constant α was previously defined in (3.53). Nonvanishing
temperature can be taken into account by the complexification ϕ→ ϕ+ 2πiT so the black
hole entropy above and beyond the BPS contribution becomes

S − S∗ = Re
[2πiδΛα

h
(ϕ+ 2πiT )

]
(3.90)

= 3S∗(J,Q)
(
3J2N3 − JN6 + 6JN3Q− 3N3Q2 + 12Q3)α

4d ϕ

− 3π2 (N3 − 6Q
) (
J2N3 − 2Q3)α
d

T (3.91)

= CE
T

ϕ

2π + CT
T
T , (3.92)

where the BPS entropy S∗ used for reference is (3.18) and we introduced the notation

d= 27J4N6−18J3
(
N9−6N6Q

)
+2J2N6

(
N3−9Q

)(
2N3−9Q

)
+18JN3Q2

(
N3−6Q

)(
N3−4Q

)
+Q3

(
−2N9+63N6Q−432N3Q2+864Q3

)
. (3.93)

The excess entropy S − S∗ we find here takes the same form as the gravitational for-
mula (3.48). Moreover, the linear response coefficients CE

T (3.51) and CT
T (3.30) agree

exactly. This match is between rather elaborate functions and involves physical variables
that break supersymmetry.

The extremization conditions on the potentials are the same as their BPS ana-
logues (3.64)–(3.65), after simple substitutions in the notation. Therefore, the solutions can
be adapted from (3.77)–(3.78) with minimal effort. The key step is that we now impose the
constraint (3.84) and then identify the physical potential as the real part of the result. For
the rotational velocity we find

Re (Ω− Ω∗) = −Re
[

Q− Λ
4J + 3Q+ Λ(ϕ+ 2πiT )

]
= − (1− ag)(1 + 3ag)

3 + 10ag + 19a2g2ϕ−
8πag(1− ag)

(3 + 10ag + 19a2g2)

√
1 + 3ag√
3 + ag

T , (3.94)

and the electric potential similarly yields

Re (Φ− Φ∗) = Re
[ 2(J + Λ)

4J + 3Q+ Λ(ϕ+ 2πiT )
]

(3.95)

= 2ag(1 + 7ag)
3 + 10ag + 19a2g2ϕ−

12πa(1− ag)
3 + 10ag + 19a2g2

√
1 + 3ag
3 + ag

T . (3.96)
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The thermal dependences in these formulae agree with the gravitational potentials (3.33)–
(3.34) and the constraint violations similarly reproduce (3.40)–(3.41). Thus the near BPS
extremization principle gives the correct physical potentials. Of course these agreements
are also closely related to the analogous results for BPS potentials (3.79)–(3.82).

Let us finally comment that the boundary conditions (3.84) on the complex poten-
tials give

2Re (Φ− Φ∗)− 3Re (Ω− Ω∗) = ϕ . (3.97)

Since we identify the gravitational potentials with these real parts we immediately find the
simple relations

2∂ϕΦ = 3∂ϕΩ + 1 , (3.98)
2∂TΦ = 3∂TΩ . (3.99)

These equations exactly match (3.35) and (3.42) that we found in the gravitational calcula-
tion.
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