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ABSTRACT

Understanding the heterogeneous covariate-response relationship is central to mod-
ern data analysis. Beyond the usual descriptors such as the mean and variance, quan-
tile and superquantile (also known as the expected shortfall or conditional value-at-
risk) can capture the differential covariate effects on the upper or lower tails of the
response distribution. This dissertation studies some fundamental aspects of the sta-
tistical inference of quantile and superquantile regression.

In the first part of the dissertation, we propose a novel approach to estimating
the superquantile regression. Superquantile measures the average of a response given
that it exceeds a certain quantile, and is widely used as a risk measure in financial
and engineering applications to quantify the expected outcome in a given percentage
of the worst-case scenarios. Most existing approaches for superquantile regression
rely explicitly on the modeling of the conditional quantile functions. In this disser-
tation, we offer new insights into an optimization formulation for the superquantile
in the recent literature, based on which we provide and validate a direct approach
to superquantile regression estimation without relying on additional quantile regres-
sion modeling. Operationally, the approach can be well approximated by fitting a
linear quantile regression to an array of pre-estimated conditional superquantile pro-
cesses. With certain initial estimators based on binning of the covariate space, we
show that the proposed superquantile regression estimator is consistent and asymp-
totically normal. This approach achieves implicit weighting of the data, which is
found to be automatically adaptive to data heterogeneity and offers efficiency gain in

various scenarios. Via theoretical and numerical comparisons show that the proposed

x1



approach has competitive, and often superior, performance relative to other common
approaches in the literature.

In the second part of the dissertation, we study pseudo-Bayesian inference for
possibly sparse quantile regression models. We find that by coupling the asymmetric
Laplace working likelihood with appropriate shrinkage priors, we can deliver pseudo-
Bayesian inference that adapts automatically to the possible sparsity in quantile re-
gression analysis. After a suitable adjustment on the posterior variance, the proposed
method provides asymptotically valid inference under heterogeneity. Furthermore,
the proposed approach leads to oracle asymptotic efficiency for the active (nonzero)
quantile regression coefficients and super-efficiency for the non-active ones. We also
discuss the theoretical extension when the covariate dimension increases with the
sample size at a controlled rate. By avoiding the need to pursue dichotomous vari-
able selection as well as nuisance parameter estimation, the Bayesian computational

framework demonstrates desirable inferential stability.
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CHAPTER I

Introduction and Preliminaries

1.1 Superquantile, from one-sample to regression

Superquantile (SQ), also known as the conditional value-at-risk (CVaR), or the
expected shortfall (ES), measures the conditional mean of an outcome above certain
quantile level. Specifically, for a random variable Y, its 7-th (0 < 7 < 1) quantile

and SQ are defined as

q(7) = inf{u: Pr(Y <wu) > 7}, v(T)=E[Y | Y >q(7)], (1.1)

respectively. If the distribution of Y is continuous, then the SQ can be expressed as

the following alternative form:

o(T) = ! /q(a)da. (1.2)

C1l-7

In this dissertation, we focus on the case with continuous outcomes, hence we use
the definitions in (1.1) and (1.2) interchangeably. While we focus on the upper-
tail average, our discussion easily applies to the lower-superquantile, which is more
commonly used in the literature (Artzner et al., 1999; Acerbi and Tasche, 2002).

Superquantile plays an important role in a wide range of applications. In par-



ticular, SQ is a popular risk measure in financial applications to quantify the loss
in extreme cases. Replacing the quantile, Basel Committee on Banking Supervision
(2013) has made superquantile the official metric for market risk capital requirements.
Such transition has provoked the recent development of novel methods for estimating,
forecasting, and backtesting the SQ in the finance industry (Nolde and Ziegel, 2017;
Bercu et al., 2021; Deng and Qiu, 2021). Beyond financial applications, superquantile
is also useful in other disciplines such as supply chain management (Soleimani and
Govindan, 2014), treatment effect detection (He et al., 2010; Chen and Yen, 2021),
robust machine learning (Laguel et al., 2021a,b), as well as quality control engineering
(Rockafellar and Royset, 2010).

Compared to the quantile, the SQ has two distinct advantages (Emmer et al.,
2015; Yamai and Yoshiba, 2005). First, it provides a more informative summary of
the upper tail in a distribution. Focusing only on the 7-th quantile overlooks the
extreme loss that might occur beyond that quantile. On the other hand, the 7-th SQ
quantifies the expected loss in the worst 1007% scenarios; it also follows from (1.2)
that the SQ takes the entire tail distribution into account. Second, the superquantile
is a coherent measure of risk in the sense of Artzner et al. (1999), while the quantile
is not. Specifically, the SQ satisfies the celebrated sub-additivity property of (Acerbi
and Tasche, 2002), i.e., for two random variables X and Y with finite expectations,

we must have

UX+y(T) S Ux(T) + Uy(’/').

Such sub-additivity echoes the principle of diversification in financial portfolio man-
agement (Koumou, 2020). On the contrary, the lacking of sub-additivity makes the
quantile less suitable for financial risk management.

From a statistical perspective, the estimation and inference of SQ in one-sample
problems are well-understood. Following (1.1), a simple SQ estimator would be the

average of observed data that exceeds the sample quantile. The asymptotic properties



of this empirical estimator can be established via L-statistics theory (Van der Vaart,
2000, Chapter 22). In particular, Chen (2007) shows that the empirical SQ estimator
is asymptotically efficient among a class of kernel-smoothed approaches (Scaillet,
2004). More recently, Zwingmann and Holzmann (2016) gives a general asymptotic
analysis for the empirical SQ estimator under relaxed conditions. There are also
several other model-based estimation methods in the literature; See Nadarajah et al.
(2014) for a review. As for inference for the SQ, the bootstrap method in Sun and
Cheng (2018) can be helpful.

In this dissertation, we focus on regression modeling of the superquantile. When
auxiliary information is available, it is often valuable to study the conditional SQ of
Y given a set of predictors X. In parallel to (1.1), we formally define the conditional
SQ as:

1 1
vy|x(T,x) = F/ qv|x(o,z)da =E [Y Y > qyix(1,2), X = x} , (1.3)

where gy x(7,) is the 7th quantile of ¥ given X = z. We sometimes omit the
subscript Y | X in the notation for conditional SQ if there is no confusion. We

consider the following linear SQ regression model:
v(r,7) =27 B (1.4)

where [ is the SQ regression coefficient. Compared with quantile regression modeling,
the SQ regression model (1.4) can better capture the heterogeneous covariate effect
in the tail of the response distribution. The focus for the first part of this dissertation
is the estimation of § under Model (1.4).

While the formulation of the SQ regression is straightforward, valid estimation
under Model (1.4) is non-trivial. The key difficulty is that SQ is unelicitable (Gneit-

ing, 2011), in the sense that the SQ can not be formulated as the solution to an



M-estimation problem. Even in the one-sample case, Gneiting (2011) shows that

there does not exist a function ¢ such that
v(T) € arg mainEdJ(Y —0),

for a broad enough class of Y and a given 7. Many classic regression methods, e.g., the
least-squares or quantile regression, relies on such elicitability. Therefore, estimation
of Model (1.4) cannot be achieved via the M-estimation framework, and relatively
little has been available in the literature. We review some related methods in the
following.

Most approaches in the literature require more modeling assumptions beyond
Model (1.4), under which the estimation of SQ) regression is more tangible. Assuming
a homoscedastic linear model, Chun et al. (2012) uses a calibrated composite quantile
regression for SQ regression. When the conditional quantile functions are assumed
linear at all quantile levels, Peracchi and Tanase (2008) proposes to average the
estimated quantile regression over a range of quantile levels based on the formula
in (1.2) and (1.3). More recently, Fissler and Ziegel (2016) recognizes that quantile
and SQ are jointly elicitable as a pair; Therefore, when both the 7-th quantile and
SQ are linear, Dimitriadis and Bayer (2019) and Patton et al. (2019) develop a joint
regression framework that estimates the quantile and SQ regression simultaneously.
However, the resulting optimization problem is non-smooth and non-convex. Using
the same joint regression model, Barendse (2020) and Peng (2022) propose two-step
procedures that estimate the quantile and SQ) regression sequentially, which may
improve the computational stability. Importantly, all those approaches rely explicitly
on a parametric quantile regression model, in addition to the linear SQ model (1.4).

In the Operations Research literature, Rockafellar et al. (2014) and Rockafellar and

Royset (2018) propose a different superquantile-oriented regression approach (named



RRM hereafter) that does not require quantile regression modeling. However, we
demonstrate in the next section that their approach does not deliver the correct SQ
regression coefficient in general. Their approach is based on the minimization of a
new convex loss function, where the function cannot be written as the expectation of
a random function. Though the loss function is valid in the one-sample case without
covariates, their regression approach does not work as intended from the statistical
perspective. Even on the population level, we show that the minimizer of the RRM
loss function may not be the SQ regression coefficient. Therefore, while the RRM
approach provides a valuable framework, it requires further study to fully understand
its statistical validity.

We hasten to add that non-parametric estimation of the conditional SQ is widely
available in the literature. For example, Cai and Wang (2008) and Kato (2012)
consider kernel-based approaches that are generalizations from the one-sample case.
Xiao (2014) proposes another approach based on the connection between SQ and
the check-loss function in quantile regression; and Martins-Filho et al. (2018) uses
an approach based on the extreme value theory. More recently, Olma (2021) consid-
ers local-linear estimation based on Neyman-orthogonalized score functions. Another
line of work considers aggregating non-parametric quantile regression estimators over
a range of quantile levels (Peracchi and Tanase, 2008; Leorato et al., 2012). Nonethe-
less, all these non-parametric SQ regression methods can be less efficient and less
interpretable. In this dissertation, we focus on the parametric SQ modeling based on
Model (1.4).

Recently, Chetverikov et al. (2022) proposes a new approach for average quantile
regression estimation, which covers the SQ regression as an example. Their approach
is based on integrating non-parametric estimators of the conditional distribution func-
tion. By using the idea of debiased machine learning ( Chernozhukov et al., 2018), they

do not explicitly require a linear quantile regression model.



In this dissertation, we develop new approaches for estimating the linear SQ re-
gression model (1.4). In the remainder of this chapter, we give a more detailed review
of the RRM approach and demonstrate its inconsistency for the SQ regression prob-
lem. We further give a modified RRM loss function, which we name the m-Rock
loss function, that correctly identifies the SQ regression coefficients on the population
level. Such a modification is critical to its validity in SQ regression.

In Chapter 2, we explore new approaches for SQ regression under the simple
yet illustrative scenario with discrete covariates. In particular, we show how the m-
Rock loss function can lead to a practical method for SQ regression. We also study
two other intuitive methods in the case with discrete covariates. Via practical and
asymptotic comparisons, we find that the m-Rock approach is superior to the other
two approaches.

In Chapter 3, we focus on the m-Rock approach and seek its extension to the
case with general covariates. We give a theoretical analysis of the m-Rock approach
based on binning, thereby effectively discretizing the covariate space. Following our
analysis, we uncover the principle of the m-Rock approach: First, it needs a set of
non-parametric SQ estimators at different quantile levels; Second, it linearizes those
initial estimators in an efficient way. We also show that a Neyman-orthogonalized
local-linear estimator can be used as an example of the initial SQ estimator, and we
demonstrate the merit of the resulting estimator via asymptotic efficiency compar-
isons. Importantly, the m-Rock approach does not rely on a linear quantile regression
model.

In Chapter 4, we discuss the practical applicability of the m-Rock approach. We
give a prototype implementation of the m-Rock approach, followed by numerical
experiments to demonstrate its performance. We further illustrate the use of the

m-Rock approach in two empirical applications related to finance and public health.



1.2 RRM regression revisited

In this section, we review the RRM approach in Rockafellar et al. (2014), and
we use a toy example to demonstrate that it does not deliver the true SQ regression

coefficient in general. We present both analytical and numerical evidence.

1.2.1 Original formulation

Rockafellar et al. (2014) proposed a superquantile-oriented regression approach
that can be transformed into a convex optimization problem. Key to the approach
is a novel loss function induced by the following RRM formula. Denote by vjyj(c) as
the a-th superquantile function of Y, Theorem 1 of Rockafellar et al. (2014) shows

that

1 1
vy)(T) = argmin {C +— / max{0, vy —c1(@)} da}

arg mcin L. (C), (1.5)

lI>

and that £,(C) is a convex function of C'; we sometimes omit the index 7 and write
L(C). Equation (1.5) is a population level formula since it relies on the true yet
unknown superquantile function of Y, and direct calculation/optimization of L£L(C')
is infeasible. However, Rockafellar et al. (2014) and Rockafellar and Royset (2018)
show that the empirical RRM problem based on the observed data can be transformed
into an alternate form, which can then be solved without knowing the superquantile
of Y in advance. Therefore, in the one-sample case without covariates, the RRM
formula provides a valuable alternative to approximating the superquantile, and is
useful for applications that involve large-scale optimization of the SQ (Xu et al., 2016;
Rockafellar and Royset, 2018).

As a direct extension, Rockafellar et al. (2014, Section 3.1) proposes a regression

approach by exploiting the same loss function. Targeting the 7-th SQ of Y given X,



the RRM regression solves:

gllen{90+EXT01—|——/ max{0, vy _g,—x7a,] (@)} da} (1.6)
1,%0

where 6, is the slope and 6 is the intercept; Note 6, is generally a vector. It is impor-
tant that Equation (1.6) relies only on the marginal superquantile of Y — 6y — X7,
not the conditional superquantile. In parallel to (1.5), the RRM regression prob-
lem (1.6) can be solved via convex optimization algorithms (Rockafellar and Royset,
2018). Therefore, the RRM approach offers a computationally efficient regression
technique for superquantile-based modeling, and has been used in many applications
ever since (Xu et al., 2016; Laguel et al., 2021b).

To facilitate subsequent analysis, we review some additional results regarding the
optimization problem (1.6). Proposition 3 of Rockafellar et al. (2014) shows that

solving (1.6) is equivalent to the following two-step procedure:

1 1
9{ — arg H;}Il {EXT91 + E/ U[y,XTgl](Oé) dOé} s (17)

0o < Vy_x7e: (1), (1.8)

where 6 and 07 are the population-level minimizers, i.e., the estimands for the RRM
approach. In what follows, we shall work with Equations (1.7) and (1.8), instead of
the original formulation in (1.6). Note, we use the notations 6} and 67 to emphasize

that they may be different than the SQ regression coefficient in Model (1.4).

1.2.2 A counter-example

Here we illustrate that 6; and 67 from the RRM approach do not coincide with
the true SQ regression coefficients under Model (1.4). Consider the following data
generating model:

Y =1+X¢, (1.9)



where X ~ I'(2,1) with EX = 2, and the error term ¢ ~ U(—1, 1) independent of X.
We aim to estimate the 50% SQ regression, where the true SQ regression coefficients
are By =1, 5, = 0.5.

We find the minimizer to the population level RRM loss function (1.7) with 7 =
0.5, where we label the loss function as Ly (). To this end, we compute the analytical
expression for the marginal superquantile of Z(0;) = (Y — 6, X) for any #; and any
quantile level. For all 6, € (—1,1), Z(6;) follows tilted double exponential distribution

with density function:

(

1 z
§exp{1+9l}, z <0,

fZ(91)(z; 91) =

\ %exp{ﬁ}, z > 0.
Straightforward probabilistic calculation shows that the marginal super quantile of
Z(0,) =Y —0X is:

(

L (a4 00)(1—log |25 ])) —261), 0<a<5h,

vizen) (@) = (1.10)

1 (0 1) (tog [252] = 1), L0 g <1,

Substituting Equation (1.10) into the the RRM loss function (1.7), we can obtain an

analytical expression for the RRM loss function L;(#;). Moreover, we can compute



the first-order derivative to the loss function L;(6;) as:

0L, (61) 1 ! vy —xre,) ()
EX d
0, Uy /1/2 90, “
1~ log(1 - 0y), 1<6,<0

\ 2 {1 - Li(})+ LiQ(elT“) + (3 —log2)log(1+6:)}, 0<6 <1,

where Lis(z) = — [ log(1 — 2)/z dz.

Figure 1.1 below shows the RRM loss function in (1.7) and its derivative under
Model (1.9). Since the RRM loss function is convex and differentiable (Rockafellar
et al., 2008; Rockafellar and Uryasev, 2013), we can use a first-order method, e.g.,
the Newton-Raphson method, to solve the minimization problem (1.7). We use the
convex optimization toolbox in MATLAB and obtain the population-level minimizer
as 07 = 0.7041, marked by the red line in Figure 1.1; The true SQ regression coefficient
B1 = 0.5 is marked by the blue line. Note we focus on the population level loss
function, therefore the clear discrepancy between 07 and /3, shows the RRM approach

fails to give the targeted coefficients for the superquantile regression. !

-1 -0.5

1 1
0.5 1

<ot

-0.5

ot

Figure 1.1: The population level loss function L;(0;) (left panel) and its derivative
(right panel). The blue dashed line marks the true SQ regression coefficient 3, while
the red one marks the minimizer of L;(6;).

We further demonstrate the inconsistency of the RRM approach by a numerical

! Although the foregoing derivation for L(6;) is only valid for 8 € (0,1), it does not affect our
conclusion. This is due to the global convexity of the RRM loss function (Rockafellar et al., 2008):
A local minimizer within [—1, 1] must also be the global minimizer.
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experiment. We generate 200 Monte Carlo datasets from Model (1.9), and we con-
sider sample sizes at n = 100 or n = 1000. Setting 7 = 0.5, Figure 1.2 shows the
histogram of the estimated slope term 6, among the 200 Monte Carlo datasets. The
empirical RRM problem is solved by the numerical integration method in Section
5.2 of Rockafellar et al. (2014) with 100 grid points. We can see the histograms are
clearly concentrating toward 6] = 0.704, instead of the true SQ regression coefficient

Bi = 0.5,

L .

r T T 1 T T T T T 1
0.2 0.4 0.6 0.8 0.50 0.55 0.60 0.65 0.70 0.75 0.80

q
Frequency
15
L

Cy Cy

Figure 1.2: The empirical distribution of the RRM estimator é\l at sample size n = 100
(left) and n = 1000 (right). The blue line marks the true SQ regression coefficient
B1 = 0.5, while the red one marks the RRM estimand 67 = 0.704.

Although the RRM approach is not valid for superquantile regression, it can still
be valuable as a generalized regression technique. As shown in Rockafellar and Urya-
sev (2013), the RRM approach finds the best linear approximation to the response
Y using the covariates X, in the sense that the residuals minimize the superquantile-
oriented loss function (1.6). Furthermore, Rockafellar and Royset (2018) shows that
the RRM approach is consistent for the SQ regression in homoscedastic linear mod-
els; and Golodnikov et al. (2019) shows that the RRM approach is equivalent to a
composite quantile regression under certain scenarios. Therefore, the RRM approach

can be useful for risk tuning and optimization that incorporates covariate information

(Miranda, 2014).
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1.3 A modified loss function

In this section, we provide a corrected RRM loss function based on (1.5) and (1.6)
that can be used for superquantile regression. Here we stay on the population level,
where the modified loss function depends on unknown distributional quantities and
is not directly useful for empirical estimation; We shall discuss the implementation
and finite-sample properties of the modified loss function in Chapter 2. The proofs

of the results in this section are relegated to Section 2.5.3 in Chapter 2.

1.3.1 The one-sample RRM formula revisited

Before extending to the regression case, we first investigate the RRM formula (1.5)
in the one-sample case. The mathematical correctness of the formula follows from
Theorem 1 in Rockafellar et al. (2014). We provide some statistical insight behind

the RRM formula in the following Proposition.

Proposition 1. The loss function L, in (1.5) can be written as

1

1—71

| e (m(@) =€) da = == Belp- (at) — .

1—171
(1.11)

L-(C) —/0 vpyy(a) da =

where p;(u) = u(T — 1u < 0]) is the check-loss function, g(z) = vy|(2), and & follows

a uniform distribution on (0,1).

By recasting the original RRM loss function into an alternate form, it is now easier
to see why the one-sample RRM formula (1.5) is correct. By the property of the check-
loss function p,(-), minimizing £(C) finds the 7-th quantile of the random variable
g(&); See e.g., Koenker (2005, Section 2). Since the function g is monotonically
increasing, it is apparent that the 7-th quantile of g(¢), also the minimizer of £,(C),
is simply g(7) = vpy(7).

In fact, we can think of the RRM formula as finding the 7th quantile of the

12



superquantile process. For a sufficiently fine grid oy < ... < «y that spans the
interval (0, 1), finding the 7th sample quantile of the set {vy)(v), ..., vyj(ay)} would
approximately recover the targeted 7th SQ vjy|(7). Therefore, the one-sample RRM
formula works by leveraging the monotonicity of the superquantile process vyy)(c)

over a € (0,1).

1.3.2 A suitable loss function for the regression setting

While the RRM formula (1.5) is correct in the one-sample case, its direct extension
as in (1.6) is not valid for the SQ) regression setting. The main reason is as follows.
The loss function (1.6) involves only the marginal SQ of the residual, but not the
conditional SQ given the covariates. Moreover, the marginal SQ in the RRM loss
function cannot be directly connected with the conditional SQ since the law of total
expectation does not apply for (1.6).2 Therefore, the RRM loss function (1.6) is not
suitable for modeling the conditional SQ of Y given X.

To properly model the conditional SQ, we propose the following population-level
loss function in place of (1.6). In the following, we shall write viz x)(o, ) as the
conditional a-th SQ of Z given X = x. Given the covariate vector X (which includes

an intercept term) and the response Y, we define the modified RRM function as:

1
L(0) = EXT0 + / E max{0, vy xropx(c X)) day, (1.12)
0

-7

which simply substitutes the conditional SQ function for the marginal SQ in (1.6);
the expectation in (1.12) is for X only. We name (1.12) as the modified Rockafellar
(m-Rock) loss function hereafter. Though the modification from (1.6) to (1.12) seems
straightforward, it is a substantial step to ensure identification of the SQ) regression

coefficients.

2For a classic M-estimation problem with loss function ¢(-), it follows that E[((Y — X70)] =
E{E[(Y —276)] | X = z}. However the RRM loss function cannot be written as an expectation.
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Conditioning on X = x, the m-Rock loss function reduces to the one-sample RRM
loss function in (1.5); it is then intuitive that the m-Rock loss function is minimized
at the conditional SQ The result below formally establishes the validity of (1.12) in

SQ regression.
Theorem 1.1. There exists a constant Cy, such that the population level m-Rock loss
function L(0) can be written as:

L) = Co+ LEX [/0 pr (vyix)(a, X) — X76) da (1.13)

1—71

1
= Cy+ —E(X’g) [pT (g(X, 6) - XT@)] ’

1—7

where g(x, 2) = vy x)(2, x), and § follows a uniform distribution on (0, 1) independent
of X. Furthermore, suppose: (i) for some cq > 0, the function g(x, z) is differentiable
with respect to z for all x and |z — 7| < co, and the derivative is uniformly (in x)

bounded; and (ii) the matriz E[X XT] is positive definite. Then, we have:
B = arg mein L(0),

under Model (1.4), where (5 is the true SQ regression coefficient and the minimizer is

uniquely identified®.

In parallel to Proposition 1, the first part of Theorem I.1 translates the m-Rock
loss function into a more useful form (1.13). Minimizing L(€) solves the 7th linear
quantile regression problem of Z versus X, where Z is distributed as (conditional on
X =ux):

Z|X =z ~g(2,6), E~UO,1).

Similar to the arguments following Proposition 1, finding the conditional quantile of

3In the case where |L(6)| may not be finite, we can consider the minimization of L() — L(3),
which is guaranteed to take finite values under the conditions of Theorem I.1.
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Z is equivalent to finding the conditional SQ of Y. Thus, § from Model (1.4) is
identifiable from the m-Rock loss function L(#). The second part of Theorem II.1
provides some sufficient conditions for the uniqueness of the minimizer. In light of
Theorem 1.1, we shall use the expressions (1.12) and (1.13) interchangeably in the
remainder of this dissertation. We emphasize that our modification to the RRM loss
function is critical to its validity in SQ regression.

Here we provide some further comments about the m-Rock loss function. First,
the conditions for unique identifiability in Theorem 1.1 are relatively weak, and are
also required for quantile regression analysis (Koenker, 2005, Section 2). Second,
Theorem 1.1 is for population-level identifiability. The loss function L(€) involves the
unknown conditional SQ of Y given X, therefore Theorem I.1 is not directly useful
for SQ estimation in a finite sample. Third, the domain of integration in L(f) can be

shortened without jeopardizing the identification, as shown in the following Corollary.

Corollary 1. For any 0 < 0 < 1, define

T+6(1—7)
L(é)(e) = EX [/ Pr (U[y|X](Oé,X) — XTH) do| .
T—0T

Under the same conditions of Theorem I.1, the minimizer to L (6) is identical to

that of L(0).

The upper and lower end of the integral in L) matches in a suitable way, where
taking § = 1 recovers L(6). By taking a smaller §, Corollary 1 shows that only the
conditional SQ at levels near 7 are relevant for the m-Rock loss function. Corollary 1 is
beneficial when we discuss the practical implementation of the m-Rock SQ regression

approach in Chapter 4.
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CHAPTER II

Superquantile Regression with Discrete Covariates

In this chapter, we explore new approaches for superquantile regression in the
case with discrete covariates. In particular, we devote much of our focus to a new
approach based on the m-Rock loss function, which we name the m-Rock approach.
We show how the population-level formula can be used to obtain an empirical estima-
tor in a finite sample. As benchmarks, we also investigate two other methods for SQ
regression; Both of these methods are intuitive in the setting with discrete covariates,
yet they have not been thoroughly studied in the literature.

We begin with the simple setting with discrete covariates because it greatly sim-
plifies the theory and methodology. The main goal of this chapter is to provide some
understanding on the validity and applicability m-Rock approach, and to compare
it with other intuitive alternatives. We find that the m-Rock approach is the most
flexible and efficient among the three new approaches, which confirms its value and
potential. These results can be seen as a preliminary and a foundation before further
discussion with continuous covariates.

To further simplify the notations, in this section we shall assume a fixed design
where the covariates are equally distributed on a few distinct values. We suppose we
have M fixed covariate values (including the intercept term) {z1,..., 2}, where M

is a fixed number that does not depend on the sample size; And at each covariate
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value, we have the same number of 7.i.d. observations for the response. Therefore,

with a total of n samples, the observed data can be written as!

{(@m, Ymj): m=1,.... M;5=1...,n/M}.

At each m, the responses Y,,,; (j = 1...,n/M) are a random sample from the distribu-
tion Y,,. Note, our discussion in this section easily extends to the case with random
discrete design and/or unbalanced covariates, but at the cost of more complicated
notations.

We fix some other notations here. At each covariate value x,,, let ¢,(s) and
vm(s) as the sth (0 < s < 1) quantile and SQ for Y;,,, and the linear SQ model (1.4)
simplifies to

() =28, m=1,..., M,

in our setting. We use ¢, (s) and 9,,(s) for empirical estimators for the quantile and
SQ. When s varies within a range Z, we call {0,,(s) : s € Z} the empirical SQ process.
Let F,, and f,, be the distribution and density function for Y,,. For any vector a, let

|la]| be its 5 norm.

2.1 The m-Rock approach

2.1.1 A practical implementation

Here we introduce the new m-Rock approach. The population-level loss function
L(#) in Theorem 1.1 of Chapter 1 is not directly feasible for empirical estimation,
because it involves the unknown conditional SQ process of Y given X, which includes
the parameter of interest itself. To make it practical, we use an initial estimator for

the conditional SQ to obtain a plug-in version of L(#), which is relatively simple when

"'Without loss of generality, we assume n is divisible by M.
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the covariates are discrete. We give the details below.

With discrete covariates, it is natural to use the empirical SQ (Scaillet, 2004;
Chen, 2007) at each covariate value as an initial estimator. To be more specific, for
each m = 1,..., M and each quantile level s € (0, 1), we first find the sample quantile
of the response at x,,, denoted by §,,(s); then we simply average the response at x,,

that are above the estimated quantile:

n/M

N -1
U (s) = J ,

(1 —s)n/M

since there are (1 —s)n/M observations above the quantile at each x,,. The empirical

m-Rock loss function is then given by:

1%:1[/ (a) — 276) dal . 2.1)

which is an approximation for the population-level loss function (1.13).
Correspondingly, the m-Rock estimator is defined to be the minimizer of L, (0).
While direct optimization of (2.1) is possible, numerically it may be more convenient

to consider the following approximation:

g = argm@in L,(0)

M T
A~ arg mln (MT)™* Z Z pr ( —xz)0), (2.2)
m=1 t=1
where o, ..., ar is a fine enough equally-spaced grid over the interval (0, 1). There-

fore, computation of the m-Rock SQ regression can be reduced to a quantile regression
problem, for which efficient numerical algorithms exist (Koenker, 2005, Section 6).2

This computational trick is due to our Theorem II.1 in Chapter 1.

2Note the minimizer to (2.2) may not be unique, in that case B refers to any such minimizers.
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Several comments are in place for the implementation of the m-Rock approach.
First, the grid-based approximation for L, () in (2.2) is only for computational pur-
poses. In our theoretical analysis, we still focus on the loss function L,(#) in (2.1)
that involves integration. Since 0,,(«) is a piece-wise constant function in «, the
approximation of the integral can be made exact by choosing a sufficiently fine grid,
though it may not be necessary in practice. Second, on top of (2.1), we can further
exploit Corollary 1 and use a truncated range of integration. In this way, we can
avoid estimating the empirical SQ at extreme levels, which may help to stabilize the

numerical performance.

2.1.2 Statistical properties of the m-Rock estimator

Here we study the statistical properties of the m-Rock estimator. To this end, we
need several technical conditions on the data generating mechanism, which are also

needed for other methods later in this Chapter.
Condition R-X. The Gram matrix Dy = M x,,2T /M is positive definite.

Condition R-Y1. At each z,, (m = 1,..., M), the distribution of Y,, is continuous
with density function f,,(y). Furthermore, f,,(y) satisfies: (i) f.(y) is finite and

continuous at each y; (ii) fim(gn(7)) > 0.

Condition R-Y2. At each each z,,, (m =1,..., M), we have:
E[(Y,1)?] < oo,

where Y," = max{Y,,, 0}.

Condition R-X ensures the m different covariate values are non-degenerate. Con-
ditions R-Y1 and R-Y2 are relatively weak for the response distribution. In fact,
these conditions are even weaker than those required by quantile and least-squares

regression with fixed design. Under Conditions R-Y1 and R-Y2, the superquantile
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function v,,(«) is strictly increasing and continuously differentiable with respect to
a.

We begin by giving some finite-sample properties of the empirical m-Rock loss
function (2.1). We suppose that |L,,(8)| < 400 for all 8; otherwise we can restrict the

domain of interest to {6 : |L,(0)| < +o0}.

Proposition 2. Under Condition R-X, the following holds true for the empirical

m-Rock loss function L, (0):
1. L,(0) is convex and Lipshitz continuous.
2. The directional derivative of L,(0) ezists at any 0 and along any direction.

3. Suppose there are no ties among the response at each covariate value, then any

minimizer of L,(0), denoted by B\, satisfies:

M
HM‘1 >, [T - fbm(xfﬁ)] < C;M, (2.3)
m=1

for some universal constant Cy; > 0, where fALm(z) is the empirical inverse® of
the SQ function:
hon(2) = inf{s € [0,1] : B (s) > 2}.

Proposition 2 shows that the function L,(6) enjoys some desirable properties.
Therefore, theoretical and computational tools from convex optimization apply to
the analysis of the m-Rock approach. With convexity, (2.3) gives the necessary first-
order optimality condition for the m-Rock estimator. Though L, () is not everywhere
differentiable, optimality requires all the directional derivatives of L, (6) to be non-

negative at 3, which leads to (2.3).

3The inverse is well-defined as 9,,(«) is monotonically increasing in «; see Lemma 3 in Section
2.5.2.
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Remark 1. Proposition 2 is a general result that does not depend on Conditions R-
Y1 and R-Y2; nor does it depend on the choice of 0,,(a) in the loss function. The
conclusions take hold for any estimator ©,,(«) that is (i) monotonic in «, and (ii)
not flat over « for any interval of length M /n. However, our subsequent asymptotic

analysis may depend on the sampling properties of v, («).

Our subsequent theoretical analysis builds upon the generalized Z-estimation
framework® from Proposition 2. In particular, (2.3) suggests that the property of
the m-Rock estimator is closely tied to that of izm(), the inverse empirical SQ. The

following Lemma establishes a key asymptotic result for B, where we define

hm(2) = inf{s € [0,1] : v,,(s) > 2} = v, }(2),

since vy, (a) is strictly increasing with respect to a.

Lemma 1. Under a fixed discrete design and Conditions R-Y1 and R-Y?2, the inverse

empirical SQ satisfies:

(1= 7)o (7) > |

% (hm[vm(f)] — T) 4N (0, RO

foreachm =1,.... M, with (1—7)02,(7) = var[Y | Yin > (7)) +7[0m(T) — g (7)]?.

Lemma 1 establishes the asymptotic normality of the inverse SQ estimator. It
serves as an important technical tool to understand the m-Rock estimator via (2.21).
While the asymptotic properties of the SQ estimator v,,(7) has been well studied
in the literature (Chen, 2007; Nadarajah et al., 2014; Zwingmann and Holzmann,
2016), our Lemma 1 gives the first asymptotic analysis of hm. In fact, we obtain

more asymptotic results for both v,, and Bm that complement the literature, but we

4We use the word ‘generalized’ because the estimating equation (2.3) is not an empirical average
over each data point.
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relegate those discussions to Section 2.5.1; Lemma 1 here is a simple corollary from
Lemma 2 therein.
With the help of Proposition 2 and Lemma 1, we are now ready to state the main

result for the m-Rock estimator.

Theorem 11.1. Under a fized discrete design and suppose Conditions R-X, R-Y1
and R-Y2 hold. In addition, if the matriz

DlMZU

_Qm( )

is positive definite, then the m-Rock estimator B is consistent for 5 in Model (1.4),

and it holds that
. 1 X . 1
(1—7)D; (5 . 5) = mZ:lxm {T - hm[vm(r)]} +op (%) .
In particular,

Vi (B-8) 5N (0, Dr'D;Y).

where

=M { xmxi} ,
Z - qm( )
and o, is defined in Lemma 1.

Theorem II.1 uncovers the main statistical properties of the m-Rock estimator:
consistency and asymptotically normality. It also gives an explicit connection between
B and h,, in Lemma 1 via a Bahadur-type representation. While implementation of
the m-Rock approach only depends on 9, as in (2.2), the first-order asymptotic
property of B\ depends directly on ﬁm, the inverse function of v,),.

Our consistency result in Theorem II.1 is different from Theorem 3 of Rockafellar

et al. (2014). While they show the RRM estimator converges in probability, we
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find in Section 1.2 that their convergent limit is not the SQ regression coefficient.
Therefore, the modification in the m-Rock approach is necessary for estimating the

SQ regression.

2.2 Two other approaches

In this section, we introduce two other methods for linear SQ regression in the

case with discrete covariates.

2.2.1 The Linearization approach

The first approach is to linearize the initial SQ estimators. Similar to the m-Rock
approach, we start with the empirical SQ estimator v,,(7) at each covariate value;
however, in this method we only use the 7th SQ instead of the entire SQ process.
While the initial estimates 0,,,(7) (m = 1,..., M) are not linear in covariates, we
can enforce linearity by fitting a least-squares regression. Specifically, we define the

Linearization estimator as follows.

B\(L) = arg muin Z (ﬁm<7_) - $£U)2
; m—1 L (2.4)
_ (Z xm@ﬂ) [Z xm@mv)] -

The Linearization approach effectively starts with a non-parametric estimation of the
7th conditional SQ, then it uses those estimators, instead of the original data, to form
a parametric estimator under the linear SQ model (1.4). The following Theorem gives

the asymptotic properties of the Linearization estimator.

Theorem I1.2. Under a fized discrete design, and suppose Conditions R-X, R-Y1
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and R-Y2 hold. We have
Vi (B® = 8) <5 N (0, DD

where Dy = 2%21 mmmﬁ/M, Qy = ZM

o102 xnxl ) /M, and o2, is defined in Lemma

1.

Theorem I1.2 implies that the Linearization estimator is y/n-consistent for the SQ
regression model, which is typical for parametric estimation and the rate is indepen-
dent of M. On the contrary, each of the initial estimators 0,,(7) has a variance at
the order of M/n. By aggregating a series of non-parametric estimators, we may be
able to recover a parametric estimator with a y/n-convergence rate.

Moreover, the SQ regression model (1.4) can accommodate heterogeneity in data.
Motivated by the possible heteroscedasticity, we can use weighted least-squares (WLS)

as an alternative approach for the Linearization method in (2.4), which solves:
al 2
min Z Wy (O (T) — u) (2.5)
m=1

where w,, is the weight attached to each covariate value. When heteroscedasticity is
present, it is known that WLS with proper weights can achieve better efficiency than
OLS in general. For the Linearization method, the optimal (infeasible) weights are
given by

wr X —, m=1,..., M. (2.6)

However, those optimal weights are generally unknown and have to be estimated in
practice. Here we only provide a theoretical guideline for optimal weighting, yet do

not further pursue the empirical estimation of WLS Linearization in this chapter.
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2.2.2 The Two-Step approach

The next approach is a two-step method motivated by SQ estimation in the one-
sample case, where we average the response above the estimated quantile. In the
regression setting, we can use quantile regression to estimate the conditional quantile,
followed by least-squares regression using the data above the fitted quantile. For this
approach, we assume the linearity assumption holds for both the conditional SQ and

quantile, which involves the additional assumption that:

G (T) = 3,54, (2.7)

on top of the linear SQ model (1.4). With a joint quantile and SQ regression model,

the Two-Step procedure is given by

M n/M

Bq < arg Hluill Z Z pT(ij - égu),
m=1 j=1
M n/M

BTS) = arg min Z Z [(ij = 2,0)" WY > xﬁﬁq}] ’

m=1 j=1

(2.8)

where p.(-) is the check function; here BT is the SQ regression estimator of interest
and Bq is the intermediate quantile regression estimator.

The estimation procedure (2.8) falls into the standard framework of two-step M-
estimation; See, e.g., Section 12.4 of Wooldridge (2010). Accordingly, we can derive

the asymptotic property of B(TS) in the following result.

Theorem I1.3. Under a fized discrete design, and suppose Conditions R-X, R-Y1

and R-Y?2, In addition, suppose the matrix

M
Dy =M™ foulgm (7)) Tm,
m=1
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is positive definite. Under a joint model of (1.4) and (2.7), we have
Vi (BT9 —8) <5 N (0, D (V+GRG) DY),
where ¥ = 7(1 — 7)Dy ' DyD5 ', and

V=[M1-7)" Z {var[Ym | Y > Qm(T)]xmxﬁ} )

G=[MA=7]"Y {fnl@mD))wm(T) = gu(D)]zmal } -

In particular, the property of the Two-Step estimator depends on 3, which is the
asymptotic variance-covariance matrix for the classic quantile regression estimator Bq.
This is intuitive since we use the linear quantile regression as the first step in (2.8).

The Two-Step approach is connected to the Linearization approach as follows. In
the Two-Step estimation procedure (2.8), we rely on the linear quantile regression
model (2.7) to provide an estimator for ¢, (7). Without relying on the linearity of
conditional quantile, we may also choose to use the empirical estimator ¢,,(7) at each

Ty, Which would lead to another estimator:

We can show that the above formulation is exactly the same as the Linearization
estimator E(L). While B\(TS) uses Model (2.7) to assist quantile estimation, it is not
clear whether B (T'S) is more efficient than B\ (L) even when (2.7) takes hold. We relegate

more detailed comparisons to Section 2.3

Remark 2. One advantage of B(TS) is that both the estimation procedure and the
proof of Theorem I1.3 can be easily extended to the case with continuous covariates.

The two-step M-estimation framework does not rely on the discreteness of the covari-
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ates. On the other hand, both the m-Rock and the Two-Step approaches rely on the
empirical SQ estimator at each covariate value, the analysis of which becomes more

complicated with continuous covariates.

2.3 Connection and comparison

In this section, we compare the three proposed methods in the case of discrete
covariates. We begin with their operational differences, followed by an explicit com-
parison of the asymptotic efficiency under two families of models. The focus here is

to better understand the behaviour of the m-Rock approach.

2.3.1 Conceptual differences

Operationally, both the m-Rock and the Linearization approaches require initial
SQ estimators at each covariate value. Among those two methods, the Linearization
approach is conceptually simpler as it only involves the SQ at a single level 7, whereas
the m-Rock approach needs the SQ process at many other levels. Note, however, the
m-Rock approach does not require a parametric model beyond that for the 7th SQ
in (1.4).

On the other hand, the Two-Step approach is more straightforward and does not
depend on any initial estimator, yet it relies critically on the additional linear quan-
tile regression model in (2.7). With a joint quantile and SQ model, the Two-Step
method becomes remarkably easy to implement by fitting two standard regression
models. The method also applies seamlessly to cases with general covariate distribu-
tions and/or higher dimensions. Such a joint model is often used in recent works on
SQ regression (Dimitriadis and Bayer, 2019; Barendse, 2020).

We highlight several important differences between the three methods in Table
2.1. To summarize, the Two-Step method requires the most stringent assumption;

and the m-Rock approach requires the most computational effort.
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Table 2.1: Requirements of the three SQ) regression methods

Parametric quantile Initial estimator Initial SQ estimator
regression model?  for the 7th SQ?  beyond th level?

m-Rock X v e
Linearization X v X
Two-step v X X

2.3.2 Efficiency comparison I: homoscedastic models

In the following, we use two examples to compare the asymptotic variances for

the three estimators. In the first example, we consider a homoscedastic linear model:

Yoj = Thn+em; (m=1,...,M;j=1,... ng), (2.9)

where each z,, is a vector that includes the intercept term, and ¢,,;’s are i.i.d. from
the same distribution as €. Let qo(7) and vo(7) be the 7th quantile and SQ of ¢,
respectively. Under Model (2.9), both the 7th quantile and SQ regression model are

linear, and can be written as

Gn(T) = 20+ qo(7), V(7)) = 230 + Vo (7).

In the following, we consider a fixed 7 and hence omit the index 7 in go(7) and vy(7)
to simplify the notations.
We fix some notations before the comparison. Let Vj = var (e | € > ¢p), and let

fo(+) be the density function for e. Recalling f,,, from Condition R-Y1 and o, from
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Lemma 1, we can simplify the following conditional quantities under Model (2.9):

fm(@m(7)) = fo(qo),

var [Ymg | ij Z Qm(T)] = ‘/0, (2 10)
Um(T) = qm(T) = vo — qo,

A Vo + T<UO - QO)2
1—71 '

2 2
Om = Og

With a homoscedastic model, none of the above quantities depend on z,,. Further-
more, let AVar™®  AVar® and AVar™® be the re-scaled (by the sample size n)
asymptotic variance-covariance matrices for the m-Rock, Linearization, and Two-
Step methods, respectively.

Plugging in the quantities in (2.10) into Theorems II.1, I1.2 and II.3, straightfor-

ward calculations show that

AVar™®) = AvVar®?) = AVar™) = 52Dt

where o2 is also the sampling variance for the one-sample SQ (Chen, 2007). Under
Model (2.9), all three methods are asymptotically the same in efficiency. Without any
heteroscedasticity, the sandwich-form variance formulae collapse to a common one.
Moreover, even though the quantile function is linear-in-covariates, the Two-Step

method does not offer any efficiency improvement by exploiting this linearity.

2.3.3 Efficiency comparison II: location-scale shift models

Next we consider a heteroscedastic location-scale shift model. For simplicity,
we restrict to the case with only one (discrete) scalar covariate and even omit the

intercept term in the regression. With M (M > 2) covariate values 0 < z1 < ... < xp
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and a fixed v; > 0, we consider the model
Yij =mxm + (MTm) -€m; (m=1,...,M;j=1,...,n), (2.11)

where the error terms ¢,,; are 4.i.d. across both m and j. We consider the comparison
for a fixed 7, and we adopt the same notations that follow (2.9). The 7th quantile

and SQ regression under Model (2.11) are

qm(T) = (M + M%) Tm, U (T) = (1 + 7100) T,

and the true SQ regression coefficient is [ 4+ vy1vg since we have no intercept term.

Now we calculate the asymptotic variance for each estimator under Model (2.11).
Parallel to the calculations in (2.10), we can show that the quantity o,, is proportional
to (M1Zm), yet fi(qm (7)) is inversely-proportional to (v;2,,) under the location-scale
shift model (2.11). Moreover, let ji; = S @ /M for j = 1,...,4, and we define
Ry = po/(p?) and Ry = py/(p3). For the m-Rock estimator, we have from Theorem
II.1 that

AVar™® = priQ, Dt

- o] 5] ]

= (- a0 R
1—7 ’

since 02 = (1 — 7)7'[Vo + 7(vo — )?]. Similarly, for the Linerization estimator we
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have

AVar'®) = Dj'Q,Dy!

= (o) (viogpa) (p2) ™"

72
= 1 _17_[‘/0‘{'7'(1)0—@))2] 'Rz.

And for the Two-Step estimator,

AVar'™ = DY (V+GXG)D;t

1

= :(/@)71 (ViVo a + 77 (00 — qo) iy 23] (p2)~

2
= 17_17_ [VO'Rz—i‘T(UO—QO)Z'RJ-

1

Thus, all the asymptotic variances depend on two quantities under Model (2.11): Vj
and 7(vg — qo)?; And the difference between three methods originates from how those

two quantities are weighted, either by R; or Ry. We show in Section 2.5.4 that
Ry < Ry, (2.12)
and hence the comparison of the asymptotic efficiency follows as
AVar™® < AVar™) < Avar®)|

which suggests that the m-Rock method is the most efficient under Model (2.11).
We provide some heuristic explanations for the asymptotic relative efficiency. The
variance for ,/B\(L) uses the weight R, for both quantities V5 and 7(vg — qo)?. Next,
BTS) improves upon BE) by utilizing the linear quantile regression model: With more
accurate conditional quantile estimation, the variance of B(TS) uses a better weight

Ry, but only for one component 7(vy — qg)?.
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Furthermore, the variance for the m-Rock estimator uses the better weight R,
for both components Vy and 7(vg — qo)?. Surprisingly, the m-Rock approach achieves
better efficiency than the Two-Step method, even though the latter requires more
modeling assumptions. The key to this improvement is the implicit weighting induced
by the m-Rock loss function. In Theorem II.1, the middle part of the sandwich form

variance-covariance matrix involves a weight®:

1 1
Wy, X = , m=1,..., M,
Um(T) - qm(T) VM1 Tm

under Model (2.11). Although these weights w,, are not optimal as those in (2.6),
they are still beneficial for efficiency because w,, reflects the scale of Y;, on the right
tail: the data are down-weighted if the conditional variance of the response is larger.
With heterogeneity, such weighting is beneficial in general (Leamer, 2010), and we
conjecture that the m-Rock approach is competitive beyond the relatively simple
model (2.11).

To conclude the efficiency comparisons, the m-Rock approach is superior to other
two methods we considered in this section: it does the best in heteroscedastic models,
while it remains equally competitive in homoscedastic models. Therefore, the m-Rock

approach is partially adaptive to the underlying heterogeneity in data.

2.4 Discussion

In this chapter, we study new approaches for superquantile regression in the setting
with discrete covariates. Under this relatively simple but illustrative setting, we are
able to focus on the nature of the problem, and to think outside of the traditional
M-estimation framework. We consider three new approaches that complement the

literature on SQ regression, among which the m-Rock approach demonstrates the

5The weighting is implicit because we never have to estimate those weights in the implementation
of the m-Rock approach.
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most desirable statistical efficiency. Via two examples, we show that the m-Rock
approach is at least as efficient, if not more efficient, than the other two approaches,
yet it does not require any additional assumption beyond the 7-th SQ regression
model (1.4).

The m-Rock approach originates from a modified loss function in Chapter 1. When
the covariates are discrete, we compute the SQ regression using not the raw data, but
an array of empirical SQ estimators at each covariate value and at a range of quantile
levels. Operationally, the m-Rock approach fits a linear quantile regression to the
array of initial SQ estimators. The approach is intuitive following Proposition 1 in
Chapter 1, where we show the 7th SQ can be interpreted as the 7th quantile of the
SQ process.

Admittedly, the setting with discrete covariates is relatively restrictive in this
chapter; And our comparison does not include other SQ regression approaches in the
recent literature. The focus here is to understand and demonstrate the potential of
the novel m-Rock approach. We shall give more discussion and comparisons in the

next chapter.

2.5 Technical details

In this section, we give technical details that supplement the discussion in this

chapter, which include the proofs of all results.

2.5.1 Auxiliary results for the one-sample SQ process

We first present asymptotic results in the one-sample case without any covariate.
These results also apply to the empirical SQ estimators at each covariate value in our
regression setting of this chapter.

We fix some notations for the discussion of the one-sample problem. Suppose the

data Yy, ..., Y, are i.i.d. observations with a common distribution function F(y). For
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any 0 < s < 1, let ¢(s) be the sample quantile from the n observations, we define the

empirical SQ estimator as:

S Y MYz s}

o) = S T s ) (2.13)

While the parameter of interest is the 7th SQ, here we consider the empirical SQ
process, which is the stochastic process given by {0(s) : s € [, 7v]}, where 0 <
T, < T < 1y < 1. Let £>°[a, b] be the set of all uniformly bounded functions on the
interval [a,b]. To further simplify notations, in the remainder of this subsection, we
shall write vs = 0(s) and ¢s = 4(s), and we define g7, and gy as the 7-th and 7y-th
quantile, respectively. In the one-sample case, the notations here may be different
than those in the regression setting.

We need the following technical condition, which is the one-sample counterpart

for Conditions R-Y1 and R-Y2.

Condition U. The distribution function F(y) is continuously differentiable on the
interval [qr, — €, qu + €] for some € > 0; the density function f(y) is bounded away

from zero on the same interval. Furthermore, we have E[Y? - 1{Y > 0}] < +oc.

Now we present the first main result in the one-sample case, which concerns the
weak convergence of the empirical SQ as a stochastic process indexed by the quantile
level. Not only is the result an important technical tool for subsequent analysis, but

it also is of interest on its own.

Theorem I1.4. Suppose Condition U holds, then we have

o (Us - QS) +op (n71/2) )

~ _1 = (}/;_qs)'l{YiZQS}
Us Us—n;{ 1—s

uniformly in s € [1p, Ty]. Furthermore, the centered empirical SQ process converges
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weakly:

Vi [o() —v()] ~ G() in £2[7, 0],
where G(+) is a mean zero Gaussian Process.

Theorem I1.4 gives the uniform (weak) Bahadur representation for the empirical
SQ process. To the best of our knowledge, the uniformity of the result is new. Re-
stricting to a single quantile level 7, Chen (2007) and Zwingmann and Holzmann
(2016) study the asymptotic properties of the SQ estimator v(7) under more general
conditions; on the other hand we discuss process convergence. Practically, Theorem
I1.4 is a technical tool for simultaneous statistical inference for a range of superquan-
tiles.

As a simple corollary of Theorem II.4, we can obtain the asymptotic distribution
for the 7th empirical SQ, which is known from, e.g., Chen (2007) and Zwingmann
and Holzmann (2016). We omit the proof since it simply combines the Central Limit

Theorem with the Bahadur representation in Theorem II.4.

Corollary 2. Under Condition U, we have
V(o — vy) -5 N(0, 02),

with (1 —7)o2 =var(Y | Y > ¢;) + (v, — ¢;)%

The asymptotic variance o2 consists of two parts. The first part is the variance in
estimating v, when ¢, is known, whereas the second part is attributable to quantile
estimation (Zwingmann and Holzmann, 2016).

Next, we proceed to the study of the inverse SQ function, which we define below:
h(z) ={s:v, =2} and h(z) =inf{s €[0,1]: 9, > 2},

for any z € [v,,,v,,]. Note v, is strictly increasing in s € [z, 7], and we show in
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Lemma 3 that 0(z) is also non-decreasing in s € [r,7y]; therefore the definitions
above are well-defined. The following Lemma shows that iz(z), the empirical inverse

SQ, is also asymptotically Gaussian.

Lemma 2. Under Condition U, the inverse SQ) process satisfies:

s 1 i [(Yi —an) WY = g}

— h(z op (n~1/? ;
< = dn(z) = )>] i ( )

uniformly in z € (v, — &', v, +€'] for some & > 0. In particular, we have:

- 1—1)%?
o) —7) -5 N (0, LT
Vi (h(v) = 7) ( (UT_W),
with o2 defined in Corollary 2. Furthermore, the process n'/2[h(z)—h(z)] is asymptot-

ically equi-continuous over z € (v, —¢&', v, +¢€'] with respect to the Fuclidean distance.

The asymptotic property of iz(z) is an essential for the analysis of the m-Rock
regression approach. The proof of Lemma 2 builds upon the uniform representation
in Theorem I1.4, as well as the functional Delta method; See, e.g., Theorem 20.8 in
Van der Vaart (2000). Note, the asymptotic normality of o, at a single level (Chen,
2007; Zwingmann and Holzmann, 2016), is not sufficient to establish the result in

Lemma 2.

2.5.2 Proof for the one-sample case

The proofs in this subsection rely on standard empirical process tools in, e.g.,
Van Der Vaart and Wellner (1996), and we adopt the same notations therein. Let
Yi,...,Y, be i.i.d. observations from the same population. For a class of function
y > f(y;0) indexed by 0 € RY, let B,[f(Y*;0)] = Y1, f(Yis0)/n, E[f(Y*;0)] =
E[f(Yi;0)] and G, [f(Y*;0)] = n'/2{E,[f(Y*;0)] — E[f(Y*;0)]}. We sometimes use
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the subscript and write E,[fy] instead of E,[f(Y™*;8)] for further simplicity. For a
semi-metric space T, we use ¢>°(T) to denote the functional space that consists all
bounded functions of T — R. Moreover, we use the same notations in the previous
subsection.

We need the following technical lemmas, the proofs of which are at the end of this

subsection.

Lemma 3. Under Condition U, for any s,t such that 7, < s < t < 1y, we have
Vs < Uy and vg < vg. Furthermore, as a function of s, Uy is left continuous whose right

limit exists everywhere.

Lemma 4. Let ¥ (y;0,s) = (y —vs)1{y > 0}. Under the conditions of Theorem II.4,

and suppose that |Gs — qs| = op(1) uniformly over s € |11, Ty, then we have

sup |G [th(g,,5)] — Gnltg.0)]| = 0p(1).

SE[TL7TU]

Furthermore, the function class F = {y — ¥(y,0,s) : 0 € [qv,qu],s € [Tr,Tu]} is

Donsker.

Proof of Theorem 11.4

Proof. We first prove the Bahadur representation for a broader class of SQ estimator.

Consider any estimator v that solves the following estimating equation:

n

= (i — 5.)1{Y; > 4.}, (2.14)

=1

where ¢ is any estimator for the gs that satisfies (i) supye,, 7,1 135 — ¢s| = Op(n~1/%);
and (i) ¢s € €°°([rz, Tv]) as a stochastic process indexed by s. Choosing §s as the
sample quantile in (2.14) recovers the empirical SQ estimator.

Let ¥(y;0,s) = (y — vs)1{y > 0}. Given the quantile estimators s (s € 71, Tv]),
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the estimating equation (2.14) for v, solves E, [(Y*—0,)1{Y™* > ¢,}| = E,[(Y*; qs, $)]+

(vs — U5)E,[1{Y™* > Gs}] = 0. Hence the estimator o, satisfies:

VB, — vg)E,[1{Y* > G,}]

= VAR, [Y(Y*; 4, 5)] (215)
— VB G 5)] — B0V g, 8)]) (2.16)
+ Gu[t(Y"; G, 8)] = Gulth(Y™; g5, 9)]
Ry (s)

+ Gu[(Y"5 45, 8)]

_ IE[Y(Y™; gs, 8)] [\/ﬁ (Gs — qs)] + GL[w(Y™; g5, 8)] + Ri(s)

9qs
b i Bl o)] - Bl ) - PO )

R;Es)

= (0s = @)y (@) VN (G — )] + Ga[0 (Y5 g5, 8)] + R (s) + Ra(s),

where (2.16) holds since E[¢)(Y™*; g5, s)] = 0 for all s € [71, 7], and the last inequality
follows since OE[(Y*; 0, 5)]/00 = (vs — 8) fy ().

Now we show that both R;(s) and Rsy(s) are negligible uniformly in s. By Lemma
4, we immediately obtain R;(s) = op(1) uniformly over s € |1z, 7y]. For Rs, we first

re-write

E[p(Y™;0,5)] = /;OO yfy(y) dy — vs[1 — Fy(0)] = 11(0) + vy x Lr(0),

and hence by Taylor expansion with respect to € we have:

sup | Ra(s)]
s€[rr,mu]
< sup VA x  sup |[I{(0) = I{(0)] —vs x [I5(8") — I5(0)]|
s€[rL, vl OG[QTL#ITU]
[0—0"|<As
= Op(l),
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where A, = G, — s, the last equality follows since: (i) n'/?(g, — ¢,) is asymptotically
tight, (ii) v, is uniformly bounded over s € |1, 7], and (iii) both [;(0) and I5(0) are
continuously differentiable on 6 € [¢,, — €0, ¢, + €0] under Condition U.

Combining the results for R (s) and Rs(s) with Equation (2.15), we have

V(ls = v ) En[{Y™ > G} = (vs — ¢5) fy (¢5) [V (G5 — qo)] + G0 (Y™; g5, 5)] + 0p (1),

(2.17)
where the op(1) term is uniform in s € [r7,7y]. From here, we can deduce the
n'/2-uniform consistency of ¥, as follows. From the Lemma 4, the function class

{y = Y(y,0,s);s € [tr,v],0 € [q1,qu]} is Donsker, therefore

sup  [vnGu[Y(Y™;¢s,9)]| < sup  [VnGa[w(Y™;6,5)]] = Op(1);

SE[TL,TU] ;G%TL,TU%
€lar,qu

Furthermore, the assumptions on s at the beginning of the proof implies

sup Vnlgs — ¢s| = Op(1), and E,[1{y > G} =1—s+op(1).

s€lrL,mu)

Hence, it follows from (2.17) that

sup |vn(vs —vs)| = Op(1).

selrr, U]

From here, we can obtain the uniform Bahadur representation of v, — v,. Dividing
both sides of (2.17) by (1 — s), we obtain, since \/n(0s — vs) is asymptotically tight

in £>°([rp, v]), that

\/ﬁ(ﬁs_vs) - %—S {\/ﬁ(cjs - QS) (Us - QS)fY(QS) + Gn[(Y* - Us)l{y* Z QS}]}+OP(1)a
(2.18)

uniformly over s € [, 7y].
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In particular, if we choose s to be the sample quantile that satisfies E,[1{y <
Gs}| = s, then for sufficiently large n, the estimator obtained from (2.14) is asymptot-
ically equivalent to the empirical SQ estimator v, defined in (2.13). Since the sample

quantile satisfies
n

Vilds =) =3 i ?S(/q? 4

uniformly in s (see, e.g., Corollary 21.5 of Van der Vaart (2000)). Combining the

+0P(1),

above displayed equation with (2.18), we have

\/ﬁ(@s - US) = iGn[(y - QS)]‘{y Z QS}] + OP<1)7

uniformly over s € [1z, Ty].

Finally, we show that the empirical SQ process y/n(0s — vs) converges towards
a Gaussian Process in (*°[r;, 7y]. In view of the uniform Bahadur representation,
it suffices to consider the process G, [(Y* — ¢s)1{Y™ > ¢s}]. Since ¢s is uniformly
Lipschitz continuous in s € |1, 7y], it follows from Example 19.19 of Van der Vaart
(2000) that the function class {y — (y — q5)1[y > ¢s] : s € [rr, 7]} is Donsker.
Therefore G,[(Y* — ¢)1{Y* > ¢}] N G (s) as a function of s on the space
0>°([rp, Tv]); here Goo(s) is a zero-mean Gaussian process with continuous sample

path with respect to the semi-metric

pls,t) = (B{(Y* = g)1[Y* > q) = (Y* —g)1[Y* > ¢} st € [, 7).

Since p(s,t) < |gs — ¢| < |s — t|, the sample path of G () is also continuous with

~Y

respect to the Euclidean distance. This concludes the proof. O

Proof of Lemma 2

Proof. Let a = v; —¢p and b = v; + gy for some constant ¢y such that v;, — 2y >
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vy > v, + 2¢0. Define the function space ; as the space of all non-decreasing,
continuous function on |7z, 7y]. For any function F' € D;, we define the inverse
map ¢(-) : Dy — €>([a,b]) such that ¢(F)(z) = inf{s € [rp,7y| : F(s) > z} for
z € [a,b] 6. Note that v, as a function of s € [r7, 7] is continuously differentiable
with dvg/0s = (vs — ¢s)/(1 — s) > 0. Following Lemma 21.4 in Van der Vaart
(2000), the map ¢(-) is Hadamard-differentiable at v, € Dy, tangentially to the set
of all continuous (with respect to the Euclidean distance) functions on [y, 7y]. The
Hadamard-derivative of the inverse map ¢ at vy is ¢/ (h) = —h(v™1)/v'(v™!), for any
continuous function h.

Next we apply the functional Delta method. Note vg, 0, € Dy, and h(:) = ¢ o
vs(+) € €°°([a,b]); since v,, RN Uy, < @, Up, RN vy, > b, the inverse SQ) process
h(-) = ¢ o (-) with probability going to 1 7. Therefore, applying the functional
Delta method (Theorem 20.8 in Van der Vaart (2000)) towards the inverse map ¢

gives

+ op(1)

s=v~1(z)

Vilh(z) = h(z)] = _[M]

+ Op(l),

s=v—1(z)

_ {Gn[(Y* —g)H{Y" > qs}]l

Vs — (s

in (*[a, b], which shows the first part of the Lemma. Since n'/?(d, — v,) N Goo(s),
it follows that n/2[h(z) — h(z)] also converges towards a Gaussian process with con-
tinuous sample path (with respect to the Euclidean distance), since v, is continuously
differentiable with respect to s. Asymptotic equi-continuity of n'/2[h(z) — h(z)] is
then a consequence of its convergence towards a continuous stochastic process.

For the second part of the Lemma, taking z = v, in the above displayed equation,

and recalling /n(0, — v;) N N(0, ¢2) from Theorem I1.4 concludes the proof. [

SWe define ¢(F)(z) = 1y if SUDse[r, o] £(8) < 2, so that ¢(F) € £2°([a, b]).
"Since the infimum in the definition of ¢ is taken only within [rz, 7¢/].
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Proof for other auxiliary lemmas

Proof of Lemma 3. Under Condition U, the SQ process vy = E[Y | Y > ¢] is contin-

uous in s, and in particular

aUs Vs — (s
= >0 S ,TU |,

which indicates v, is strictly increasing in s.

Next we show that the sample SQ v, < vy for 71, < s < t < 7y. Without loss of
generality, we can assume ¢s; < ¢;, where ¢ is the sample quantile; otherwise 05 = v.
Let m; = > ¢ 1{Y; > ¢} and my = > 1{Y; > §,}; by the choice of sample

quantiles ¢s, we have ms > my; > 0. Hence

Oy — 0y = - m
o(ma—ma) X Y Y > @y —ma > Y Mg > Y > G}
myTmg
S Gi(me —my) D0 Y, > Gy — e yoi G > Yi > 4}
mims
> 0,

where the equality in the penultimate inequality holds if and only if m; = my. There-
fore, U, is non-decreasing with respect to s.

From its monotonicity, the one-sided limit of v, from either the left or right ex-
ists. To show the continuity from the left, note that the quantile function ¢, is

left-continuous over s € (0, 1), thus for any s € (77, 7v),

n n

i > G b = i > —e) = >
lim ;1 HY; > g} = lim ;1 {Y; > ¢ — ¢} ;1 1{Y; > ¢:} > 0,
i : S 4 - : > 6.1
lim ;:1 YVil{Y; > gs—} ;:1 Yi{Y; > ¢}

Since 0, is the ratio of the above displayed equations, we conclude that v is also
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continuous from the left. O

Proof of Lemma /. Define a class of functions F = {y — ¥(y,0,s) : 0 € [q1,qu],s €
(71, Tv]}. We shall show that F is a Donsker class of functions. First, note that

F=F xfgé{fg:fefl,géfg}, where
Fi={z—z—-vs:s€ [, |}, Fo={z—>1z>06]:0¢€ [q,qu]}

Since JF; contains only linear functions and F, contains only indicator functions of
half lines, it is clear that both /F; and F;, are VC classes of functions, and therefore
F also satisfy the uniform entropy condition. (See e.g. Example 19.19 of Van der
Vaart (2000).) Next, let F(y) = [|y| + |vo, | + v+, []1{y > qr}, we can easily verify
that sup;cr|f(2)| < F(z) and E[F?] < 400 under Condition U, i.e., F is a suqare-
integrable envelope function for F. Therefore, we conclude that F is Donsker, which
follows from Lemma 19.14 of Van der Vaart (2000).

Let T = [¢r,,¢r,] X |71, Tv] be the product space equipped with the semimetric
p((0,5),(6,5) = {E[0(Y*0,5) —(Y*;0,5)]>}/2. As a consequence of Donsker-
ness, the stochastic process G,[¥(Y™*;0,s)] indexed by (6, s) is stochastically equi-
continuous on (T, p), and that (T, p) is totally bounded.

Similar to Lemma 19.24 in Van der Vaart (2000), define the map

g: 02(T) x ([, v]) — R

250 xw() e SuPepy o [2(0(5), 8) — 2(gs, 8)]-

First, it is easy to verify that g(-,-) is continuous (with respect to the product metric
on (>°(T) x £>°([r1,7v])) at (20,v0), as long as zo(,-) is uniformly continuous over
(T, p). Second, by its Donskerness, G, (¥ (Y*;0,s)) BN Goo(,s) in £2°(T), where
almost all sample paths of the limit G, (0, s) is uniformly continuous on (T, p). Third,

by assumption we have ¢, i qs on (>°([ty,1r]), which implies that the bivariate
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process [G, (¥ (Y™*;0,5)), ¢s] also converges weakly. Hence by the continuous mapping

theorem,
e[sup } ‘Gn[¢(§s,s)] - an}(qs,s)H = go {Gn[¢(Y*7 87 S)]a st}
= go{G,[(Y*:0,5)],Gs} — g o {Gus[th(8, 5)], 45}
45 0,

since g{Guo[¥0(0,5)],qs} = 0. Weak convergence to a constant then implies conver-
gence in probability, which concludes the proof. O
2.5.3 Proof for the m-Rock approach

Here we give the proofs for the results in Section 2.1, as well as those in Chapter

1. For a matrix A, let A, (A) be the minimal eigenvalue of A.

For the results in Section 2.1

Proof of Proposition 2. Part 1 of the Proposition follows from the properties of the

check loss p.(-) function. Note that

Lo(up) + Lp(ug) = Z {/o pr (Om(a) — 2hur) + pr (Dm() — 2] us) da

> L, <“1 ;L“?) . (2.19)
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Moreover,

[ Ln(ur) = Ln(us)| =

mf:/l @) = Zpti1) = pr (Um(@) = 2p,us) da

1

S Z ‘,07' m )—$£U1)—PT( m( )—JZi’LLQ){d(I
o

S Z ’l’ u1_U/2‘dOé
m=1"0

<

M
Dzl - flun = ws.
m=1

Thus, the convexity and Lipschitz continuity of L, (6) follows.
For Part 2 of the Proposition, the previous Lipschitz continuity implies we can

exchange the order of integration and differentiability. Therefore

Vila(u) = lim L"(“”“;)_L"(“)

— i/lvwm(@m(a)—xgu)da
— —Zx w/ v ( ) — ahu, —xlw) de, (2.20)

where ¢* originates from the gradient condition of the check loss function, as in

Koenker (2005, page 33):

7 —1{u <0}, ifu#0,
Ur(u,v) =
T—1{v <0}, ifu=0.

= 7—1{u< 0} —1{u=0,v < 0}.

We now prove Part 3, i.e., the optimality condition for the m-Rock estimator.
By the convexity of L,, any minimizer 3 of L, must satisfy: VwLn(B) > 0, for all

w € RP, |Jw| = 1. Using the expression in (2.20), we can re-write the optimality
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condition as

3N

xz

o
[V
NE

*
w/z/)T
1 0
ZEU)(T
1

m(e) — ! 3, —xﬁw) da

3
I

<A
[ tonte) < 3hda— 15w = 0} [ 1in(@) = #fB}da ).

(2.21)

]
M:

3
Il

By the monotonicity of (), each of the set {a : 9, (c) < 2T 3} is an interval on

[0,1]. By relating the integration to Lebesgue measure, we have

/01 H{im(o) <alftda = 1- /01 {0 () > 2T B} da
= 1— Leb ({a € (0,1) : () > Iam)

where Leb(+) is the Lebesgue measure on R, and the last inequality follows from the

definition of /,,(-). Therefore, (2.21) implies that

whw (7~ (xm)]

vl wi{zlw > 0} - / {0 () = 2 5} da]

= sup
lelz1

2

ME ||M§

IN

sup
[[w][=1

m:

M

> Nzl - Leb{a € [0,1] = Go(m) = 25}

m=1

M2

s -, (2.22)
n

IN

almost surely since the covariates are bounded; the last inequality follows since there
are 1o ties among Yy, ..., Y,, and hence Leb{a € [0,1] : tp,(a) = 270} < M/n. The

proof is now complete.
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Proof of Theorem II.1. First we prove the consistency part. For any ¢, > 0, ||B —
Bl > 2¢o implies that V,,L,(8 + ow) < 0 for all |jw| = 1, which follows from the
convexity of the loss function. Using (2.20) and (2.22) in the proof of Proposition 2,

the negativity of the directional derivative further implies

Co
<=,
n

||1iUI||1£1 [Zx w{ 5+60w)]—7'}

with probability one for some universal constant Cy; Note that there are no ties in
the data under Condition R-Y1 with probability 1.

For small enough ¢, let

Ri(w) = hfy, (8 + ow)] — hunfary, (5 + eow)].

Lemma 2 shows that R;(w) = op(1) uniformly over ||w| = 1. Furthermore, since

hm(2) is continuously differentiable and h,,(zL 3) = 7, we have

hin(2) = 7 = (2 = 2, B) i, (2,,8) + (|2 — 27, 81).

Therefore, for sufficiently small g > 0,

P (113 - Bl 2 220)
T Co
< P(ﬁlfl{2$ w[ 5+50:Emw)—7}}§7>
< P(EO I’glllflw [mexTh' )]w—o(l)gsngl( )|—|—CO>
_ < ML= 7)) = o(1)] < sup | a(w)] + o(1) )
%

since ., (1 8) = (v — gm) 2 (1 — 7) and € is positive definite; this concludes the
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consistency of B .

Next we derive the asymptotic distribution of B . From Proposition 2, we have

on(+) - S [r = bl )]

= i/[: Tom [7’ — ilm(xﬁﬂ)] + i/[: Tm [hm(xfnﬁ) - hm(ernA)}

m=1 m=
>y e

—

+ 3w { (el 8) = hn(@h )] = (8, B) = hin(2h, B)] J2.23)

We consider the three terms R; through Rj3 separately in the following.
By Lemma 2, izm(z) is asymptotically Gaussian at z = v,,(7) = 2L 3 for each

covariate value x,,, therefore:

% [ﬁm(xﬁﬁ) - hm(xﬁﬁ)} =N (0’ %) '

Therefore, summing the above equation over m gives

%Rl L N0, (1-7)%Q],

where () is defined in Theorem II.1. For the term R, Taylor expansion of h,, gives

Ry 1

M
= —[(1 =)Dy +op(1)] (B - B),

=
[
1=

T | (B = B, (] 3) + o (1B - 8]

since h,,(+) is continuously differentiable. For Rg, the asymptotic equi-continuity in
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Lemma 2 shows that

=|&

m=1

3 [ ()] < (55).

since [ is consistent for .

Therefore, substituting Ry, Re and R3 back into (2.23) gives
V(L =m)Dy +o(L)] (B~ ) <= N[0, (1 -],

which implies

V(B —8) % N (0, D', DY)

The proof is now complete.

For the results in Chapter 1 Here we prove the results in Chapter 1, where we

use the same notations therein. For two matrices A and B, we write A = Bif A— B

is positive semi-definite.

Proof of Proposition 1. The second equality in Equation (1.11) of the Proposition is

straightforward; we only prove the first one. Note that vjy_¢j(a) = vy (o) = C. Hence

the loss function in (1.5) can be written as

1

L.(C)— /o vyy(a)da = /0 (1 —17)[C = vy(a)] + max{0, vy (a) — C} da

1—17
1 1
= / pr(vyy(@) = C) day,
0

1—7

which follows from standard algebra.
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Proof of Theorem I.1. Letting

1
Co=Ex {/ vy x] (o, ) da] :
0

Equation (1.13) then follows directly from Proposition 1 and the linearity of the
operator Ex(+). We prove the identification of 5 and the uniqueness of the minimizer
using (1.13).

We first show that the function g(z,u) is strictly increasing in all v € (0,1)
for each possible value of x. Note g(x,u) is continuous and (weakly) monotonic
by construction (1.3). Since the response distribution is continuous, it follows that

qv|x)(u, x) is strictly increasing in v and almost everywhere continuous; Therefore

Og(x,u) vy (@) — i (u, @) (2.24)
ou 1—u '

- ﬁ/u [qv1x1(s, %) = qpvix)(u, )] du

> 0,

almost everywhere in u. Hence the strict monotonicity of g(x,u) takes hold.
Now we prove the optimality of 5 for the function L(6). From the property of the
check-loss function, it follows that the function L(6) is convex and differentiable in 6;

See, e.g., Koenker (2005, Chapter 1.3). In fact, the derivative is

oL

a5 = TEx [Pr(e(X,9) = XT0| X) - X] = (1 - 7)Ex [Pr (9(X,€) < XT0[ X) - X]

= Ex{[t—Pr(g(X,§) <X"0| X)]-X}.

Note 278 = g(x,7) = vy |x)(7, z), hence the optimality of § follows from the first-

order condition

Pr (g(a:,f) <2TB| X = x) =Pr(g(z,¢) <g(z,7) | X =2)=Pr({ <71) =T,
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for all z, as g(z,u) is strictly increasing in all u € (0, 1).
Next we show the minimizer of L is unique. Let g~!(z, z) be the inverse of g, such
that g o (z,97%(z, z)) = 2. By the conditions in Theorem I.1, g(z, u) is differentiable

in u for all |u — 7| < ¢y, with derivative given by (2.24); Hence we have

IPr(g(z,§) < 2)
0z

-1
dy(z, s)
= | — >
[ s ] > 0 > 0,
z=g(z,T) S=T

for some constant §y uniformly in all z. Therefore, it follows that L(6) is twice

differentiable, and the derivative satisfies

O?L
0006T

OPr(g(X,¢) < 2)

= E
X 0z

6=p

CXXT| =6 -Ex [XXT].
z=XTp

Therefore, the Hessian matrix of L(-) evaluated at § is positive definite, establishing

the uniqueness of the minimizer 5.

2.5.4 Proof of other results
2.5.4.1 For the Linearization method

Proof of Theorem II.2. By the SQ regression model (1.4), we have v,,(7) = 2L 3 for

allm=1,..., M. Hence we can rewrite

Vi (B® - 8) = (% 3 g;mg;ﬁ) [\/ﬁﬁ > T {on(7) —vml(T)}] . (2.25)

Theorem II.4 implies that

\/%{67”(7) — o(1)} =5 N (0,02),
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and therefore

since 0y, (7) only involves the data at x,,, they are independent across m = 1,..., M.
The proof is complete by substituting the above displayed equation into Equation
(2.25). O]

2.5.4.2 For the Two-Step method

Proof of Theorem I1.3. The proof follows from standard M-estimation framework;
See, e.g., Van der Vaart (2000, Section 5). Here we give a more direct proof. Let
Gm = xﬁgq be the linear quantile regression estimator for ¢,, in (2.8). At each covari-

ate value x,,, we define an estimator for the SQ as

_ 2050 YUYy > G}

W

m

wher 0, = Z?;”l 1{Y,; > Gm}/nm and n,, =n/M.
From the estimating equation (2.8), B\(TS) is the solution to a weighted least sqau-

res equation, and hence we can express it in close form:

Jn (B(TS) _ 5) = (% i wma:ma:%> _ (% 3 Wy T [ O, — vm]>

m=1 m=1
1-7 < -
-7
— ( 7 > wmry, + op(1)> (2.26)
m=1

(2.27)

the last equality follows since G, = ¢, + op(1) and therefore w,, = (1 — 7) + op(1)
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for each m.

By (2.18) in the proof of Theorem I1.4, each ¥, has the following representation

U — U = {(gm = qm) (Um — @m) frm(qm) + ni i[ij - Um]l{ymj 2 Qm}}

. 1
op | — ).
v\ T
Substituting the above expansion into the second factor of (2.27), we have

~

VIl =7) s~
M mZZI xm[vm - Um] (6q - ﬁq)

g mzﬂ xmx?n(vm - Qm)fm(Qm)

M n
1 m
o= j=1

1L
= (1-7)G %DQ mzlxm ;(T —1{Y,,,; < qm})]
+ % mZ:1 Tm i[ymj - Um]l{ymj > (]m} + OP(l)

4 N{0,(1 - 7)2GBG + (1 - 7)?V},

where the first equality holds since ¢,, — ¢, = xﬁ(ég — B,), and the second equation
follows from the classic Bahadur representation of the quantile regression estimator
(see e.g., Chapter 4 of Koenker (2005)), and the weak convergence follows from the
Central Limit Theorem; Refer to the statement of Theorem I1.3 for the definition of

G, Y and V.

Combining the above displayed equation with (2.27), we obtain
2(TS) d 1 -1 -1
ﬁ(ﬁ —ﬂ>—>N 0,7—D; (GZG+V) Dy p.

which finishes the proof. O
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2.5.4.3 Proof for Equation (2.12)

Proof. Recall that 0 < z; < ... < xp and p; = Y2 &/ /M. The result is a direct

m=1 xm
application of the Holder’s inequality. Note
M M 1/p M 1/q
pe =MD fonl -] < (Ml 2 rxmvp/g) ~ (Ml 2 !xml2"/3)
m=1 m=1

m=1

for any 1/p+1/q = 1. Taking p = 3 and ¢ = 3/2 in the above shows that

py < pua X 3,

therefore
rR=2<®_p,
H1 H2
For our setting under Model (2.11), the above inequality is strict because za and
22/% cannot be proportional to each other across m =1,..., M.
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CHAPTER III

The m-Rock Approach with General Covariates

In this chapter, we extend the m-Rock approach to the case with general covariate
distributions. While the same principles of Chapter 2 apply, there are several signifi-
cant challenges, both practically and theoretically, for applying the m-Rock approach
with continuous covariates. We study the asymptotic properties of the m-Rock es-
timator based on binning of the covariate space. The main focus of this chapter is
the theoretical investigation of the m-Rock approach, and we demonstrate its benefits
over other common approaches in the literature via asymptotic efficiency comparisons.

Following from the general formula (1.13) in Chapter 1, the key challenge for the
m-Rock approach is to obtain an initial estimator for the unknown conditional SQ
process. When the covariates are discrete, taking the sample SQ at each covariate
value suffices in Chapter 2. With continuous covariates, we start with a general anal-
ysis that can incorporate a broad class of non-parametric initial SQ estimators; Under
appropriate technical conditions, we show that the m-Rock approach is asymptoti-
cally equivalent to a weighted linearization of those initial SQ estimators. Next, we
show that the local-linear estimator in the spirit of Olma (2021) can be used as an
example of the initial estimator, and we characterize the precise asymptotic distri-
bution for the resulting m-Rock estimator. To deal with continuous covariates, the

theoretical analysis in this chapter is much more involved than those in Chapter 2.
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For simplicity, we shall assume that all the covariates have a continuous distribu-
tion in our theoretical analysis. Our discussion in this chapter can be easily extended

to the setting where we have both discrete and continuous covariates.

3.1 The binning method

For theoretical analysis with continuous covariates, we rely on the idea of binning
to partition the continuous sample space into local sub-spaces, which we call bins.
Within each bin, we can obtain an initial estimator for the conditional SQ, based
on which we can implement the m-Rock approach in a way similar to Chapter 2.
Overall, the binning method effectively discretizes the sample space, which facilitates
our theoretical analysis.

In general, binning regression has been a popular practical tool to summarize
the data (Starr and Goldfarb, 2020), and recently Cattaneo et al. (2019) gives a
comprehensive theoretical analysis of its properties. However, the analysis in Cattaneo
et al. (2019) does not apply to our setting because (i) it is restricted to one-dimensional
covariates, and (ii) it does not cover the SQ process convergence. In the following, we
develop new asymptotic theories for the m-Rock approach under the binning method,
where we allow covariates of multiple dimensions.

We formally define the binning procedure as follows. Suppose the data {(X;,Y;) :
i=1,...,n} is a random sample from the distribution (X,Y’) ~ Pr, where X € Rr*!
includes p covariates and an intercept term. Let X C RP™! be the sample space of

the covariate, and we partition

(=

X = Am7
m=1
where Ay, ..., Ay are non-stochastic, disjoint bins, and the number M = M, may
depend on the sample size n. For each m =1,..., M, let Z,, € RP*! be the geometric

center of A,,, i.e., T,, = fxl{x € A,,}dz; Note Z,, is also non-stochastic. With
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M, — 400, the conditional SQ function v(7,z) can be approximated by the SQ in
each bin. In the following, we shall omit the index n in M,, for simplicity.

The m-Rock approach can be implemented with an initial SQ estimator in each
bin; in the following, we first give a general analysis that does not depend on a specific
choice of initial estimator. Within each bin A,,, let o(«, Z,,) be a binning estimator
of v(a, Z,,), for a range of a € (0, 1); the estimator should only use the data within
the bin A,,. Furthermore, let 4,, be a suitable weight for each bin A,, that only
depends on the covariates; we shall discuss the choice of 4, later. Parallel to the

implementation in Chapter 2, the m-Rock estimator can be obtained by:

ueRpt+1

M 1
f = arg min Z '?m/ pr (3(a, Zp) — Thu) dav. (3.1)
m=1 0

In terms of computation, we can approximate the integration in (3.1) by a fine grid
of quantile levels over a € (0,1), then solve the optimization problem via quantile
regression, similar to (2.2) in Chapter 2. We relegate more computational details in
Chapter 4.

There are several options when defining the m-Rock estimator (3.1) that we have
not yet specified. First, we do not focus on a specific estimator 0(a, Z,,). Our analysis
here works for a class of binning estimators that satisfy certain technical conditions
given in the next section. Second, our analysis do depend on the exact shape or
construction of the bins A,,; later we discuss some necessary conditions for the bin
size. Third, we do not specify the choice of 4,,. Intuitively, the purpose of those
weights is to adjust for the difference in sample sizes across the bins; In practice, 4,
may depend on the construction of initial estimators, and we give one example later

in Section 3.4.
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3.2 High-level technical conditions

Since the m-Rock approach builds upon a set of initial SQ estimators, its properties
would depend on that for those SQ estimators. Here we give some technical conditions
on both the data generating process and the initial SQ estimators. We set 7 to be
the fixed quantile level of interest. Let fy|x(y;x) be the conditional density function
of Y | X =z, and let ¢(s, ) and v(s, z) be the conditional quantile and SQ function
of Y | X = x, respectively.

We first give the following regularity conditions regarding the covariate and re-
sponse distributions, which are similar to those in Section 2.1.2 for the case with

discrete covariates.

Condition G-X. The covariates have bounded support X C RP*! and have a density
function fx(z) that is uniformly bounded away from 0 and +o0o. Furthermore, the

matrix D; is positive definite, where

XXT

Di=E v(r, X)—q(r, X) |

Condition G-Y1. At each z, fy|x(y; ) is continuous over y. Furthermore, there exist

constants f, £, and gy > 0, such that

0< f < inf  fyx(ye) < sup fyx(yz) < S
(z,y):zeX (z,y):xzeX
ly—a(7,2)|<eo ly—q(7,2)|<eo

Condition G-Y2. For each x, both ¢(s, ) and v(s, z) are strictly increasing and con-
tinuous over s € (0,1). Furthermore, both ¢(7, ) and v(7, ) are Lipschitz continuous

over r € X.

We briefly discuss the conditions above. First, we require the covariates to be
bounded in Condition G-X to simplify the technical derivations; the condition may

be relaxed at the cost of more complicated proofs. Second, Conditions G-Y1 and G-
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Y2 have several further implications on the data generating process; E.g., they imply
the differentiability of v(s, x) with respect to s, and that v(s, z) — ¢(s, ) is uniformly
bounded over both s and x. We give more details later in Lemma 6 of Section 3.7.1.

Next, we require the following high-level technical conditions for the binning SQ

estimators used in the m-Rock approach.

Condition G-V1. For any m = 1,..., M, the initial SQ estimator 0(s, Z,,) is left-
continuous and non-decreasing in s € (0,1). Furthermore, for any constant B > 0
and some sequence r,, = o(n~'/4), those estimators satisfy:

1. sup [0(S, Zp) — (8, Tn)| = Op(ry),

m=1,....M
s:[s—7|<B-(rp4+n—1/2)

o s ([0 ) — (s, 7)) — 607, 7) — 0(r,Tn)]| = on (n72)
m=1,....M
5:|S_T|§B'(7‘n+’n71/2)

Condition G-V2. The weighted aggregation of the initial SQ estimators satisfies:

Z |:U( _ YT — {@(T, im) — U(T, jm)} = Op (n—1/2) '

Condition G-V2 requires that the 7th initial SQ) estimators can be aggregated over
the bins, and that the resulting statistic enjoys a y/n-rate of convergence. Condition
G-V1 is more technical, and is about the uniform consistency and asymptotic equi-
continuity of the estimated SQ process. Similar conditions are commonly used in
the empirical process literature to ensure process convergence (Van Der Vaart and
Wellner, 1996, Section 3.3). Common to those assumptions is that they only concern
0(s,x) when s is in a local neighbourhood of 7. In fact, our analysis for the m-Rock
approach does not depend on the properties of v(s, Z,,) in the tails when s is close
to 0 or 1, as long as 0(s, ) is monotonic in s. In particular, (s, Z,,) does not need
to converge uniformly over s € (0,1). Later in Section 3.4, we show those conditions

can be satisfied with a practical estimator.
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Outside of the technical parts in Conditions G-V1 and G-V2, the other relatively
restrictive assumption is the monotonicity of (s, Z,,) over s € (0,1). For many typical
estimators, 0(s, Z,,) may not be smooth and monotonic in their usual finite-sample
constructions. Here we show how monotonicity can be reached in practice. In the
quantile regression literature, there are various approaches to enforce monotonicity
in the estimation of monotone functions, see, e.g., He (1997); Chernozhukov et al.
(2010); Dette and Volgushev (2008). In particular, we can use the re-arrangement
approach in Chernozhukov et al. (2010) to monotonize a given initial SQ estimator
without jeopardizing our theoretical analysis. Therefore, monotonicity of 0(s, Z,,) can
be safely assumed, and we do not explicitly discuss this condition in our subsequent

analysis.

Remark 3. In fact, we believe our main result does not rely on the monotonicity
of 0(s,Z,,); this assumption is more of a proof artifact to simplify the technical
derivations. Some further discussions on what can be done without monotonicity are
relegated to Section 3.7.6.1. In the following of our thesis, we keep the monotonicity

requirement to make the presentation concise.

Remark 4. Since Conditions G-V1 and G-V2 only concern the behaviour of 0(s, Z,,)
when s is near 7, there are two possible simplifications in the m-Rock estimation
procedure. First, we can use Winsorization ( Wilcoz, 2005) to construct the initial
estimator {0(s,z) : s € (0,1)}. Specifically, we calculate v(s,z) only for s near 7,
and then extrapolate with a constant into the upper and/or lower tails. Second,
parallel to Corollary 1 of Chapter 1, we can use a truncated range of integration in
the m-Rock loss function (3.1). These simplifications eliminate the need for initial SQ
estimation at extreme tails. We give more discussions on the practical implementation

in Chapter 4.
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3.3 Main result

Here we present the main theoretical result of this chapter, which characterizes
how 3 links to the initial SQ estimators. Recall from (3.1) that 4, is a weight
for each bin in the m-Rock approach, and that the number of bins M may depend
on the sample size. Let diam(-) be the diameter of a set in RP*' and let 7, =

n~t>"  1[X; € A,,] be the proportion of data that fall into the bin A,,.

Theorem II1.1. Suppose Conditions G-X, G-Y1 and G-Y2 hold. In addition, let the

binning mechanism satisfy

sup diam(A,,) = o(1), sup Jm 1‘ = op(1).
m=1,....M m=1,...M | Tm

Given any initial SQ) estimator that satisfies Conditions G-V1 and G-V2, the m-Rock

estimator in (3.1) would satisfy:

(B-8)=0pr f[ R ){ﬁ(Tﬁm)—v(ﬂi’m)}] +op(n™/?)

‘ (T, Tm) — q(T, T

where Dy is given in Condition G-X. In particular, 3 is \/n-consistent for [3.

Theoretically, Theorem II1.1 shows that B is asymptotically equivalent to a weighted
linearization of 0(r, Z,,) over each bin: it turns a set of non-parametric initial esti-
mators to a parametric estimator using the m-Rock loss function (3.1). To better
understand our asymptotic result, consider the following alternative way of lineariza-
tion:

= min Z VWi, (0(T, Tn) — f%u){ (3.2)

uERP'H

where wy, is a set of known weights. Simply put, (3.2) is a weighted least-squares

61



(WLS) of the initial 7th SQ estimator on the covariates, and 3 satisfies

\/ﬁ <§_ 5) = <i ﬁmwmxmx?n> _ i [&mwmim{ﬁ(ﬂ jm) - U(Ta fm)}] :

Theorem III.1 shows that the m-Rock estimator is asymptotically equivalent to (3.2)

with w,, = [v(7, Z) — q(7, )] 7L

Remark 5. 1t is important that the m-Rock approach is only effective with non-linear
initial estimators. To see this, consider the case when the initial SQQ estimators are
linear-in-covariates, i.c., d(7, Zp) = TLE for some €. Noting that v(r, Z,,) = ZL 3, it

then follows from Theorem III.1 that:

M ~

B = DY S s Tt | €= B) +op ()

m=1

= g—ﬁ'f'OP(n_l/Q),

since the summation in the bracket converges towards D;. Asymptotically, the m-

Rock approach would make no change to the initial linear SQ estimator é )

3.3.1 Benefits of m-Rock: semi-efficient weight

A simpler way to linearize the initial SQ estimators is to use (3.2) with w,, = 1; this
is the Linearization method of Chapter 2 when the covariates are discrete. Specifically,
the Linearization method only involves the 7th SQ, while the m-Rock approach relies
on the initial SQ estimator 0(s, Z,,) for a range of s. In the following, we explain how
the m-Rock approach uses the initial SQ process to achieve better efficiency over the
Linearization method.

For the sake of theoretical illustration, it suffices to compare two different weights

-1

in (3.2): using w,, = [v(7,Zy) — ¢(7,Zm)] " corresponds to the m-Rock approach,

and w,, = 1 for the Linearization method. Among the class of estimators (3.2),
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the optimal weight should reflect the heterogeneity of the initial estimators, i.e.,
wr, o< var [o(T, T,)]; See, e.g., (Wooldridge, 2010, Section 7). Even though the
effective weights for the m-Rock approach are not optimal in general, we show that
they tend to be closely related to the optimal weights wy,.

For general non-parametric SQ estimation, Olma (2021) shows that many SQ

estimators has asymptotic variance in the form of:

anvar[o(7, Tm) | X = Tn] =pvarly | X = Z,,, Y > q(7, Tp,)] (3.3)
3.3

+ 102[’0(7-7 jm) - q(Tv jm)]Q + OP(l)v

where a,, is the scaling factor, and p;, py are two constants depending on the construc-
tion of 9(7,x). Therefore, the m-Rock weight w,, = [v(7, Z,n) — q(T, T,)] " captures
part of the variance in (3.3), and hence can be similar to the optimal weight w?,. In
fact, we shall demonstrate in Section 3.5 that the two additive components in (3.3) are

often proportional to each other across z,,; In those situations, the m-Rock weights

*

m)l/ 2 and hence are partially adaptive to heterogeneity. Therefore,

satisfy w,, o (w
the m-Rock approach can often be more efficient than the simple Linearization ap-
proach, since the latter ignores any heterogeneity in the data. We relegate more

detailed asymptotic efficiency comparisons to Section 3.5.

3.3.2 Benefits of m-Rock: automatic weighting

Motivated from the m-Rock weights, one may also consider a direct weighted
Linearization in (3.2) using w,, = [v(7, Zm) — ¢(7, Z,,)]"'. However, the weights wy,
are unknown and therefore the WLS approach is infeasible. Using some estimated
weights w,, for (3.2), the resulting feasible WLS estimator may be unstable if the
weights are not estimated well; See, e.g., Section 3.4.1 of Angrist and Pischke (2010).
We also provide numerical evidence in Section 4.2.2 of Chapter 4. On the contrary, the

m-Rock approach does not require estimating any weight, yet its asymptotic property
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is the same as if the weight was known. The theoretical weighting is implicit and
achieved automatically, which is another important feature of our method.

Central to the understanding of our approach is how those weights come into play.
Recall from (3.1) that we require 0(s,Z,,) for a range of s in the m-Rock approach.
The key is that we borrow information from nearby quantile levels. The m-Rock

weights can be written as:

wr_n1 o v(T, Tm) — (7, Tm) = u(s, Tm) , m=1,..., M.
1—71 0s

Heuristically, by invoking the initial SQ estimators at levels near 7, the m-Rock
approach can implicitly approximate the derivative of o(s, Z,,), which leads to the

automatic weighting in the m-Rock approach.

3.4 An example of initial estimator

In this section, we provide one concrete example of constructing the initial SQ
estimator, and we show that it satisfies the technical conditions of Theorem III.1.
Using this initial estimator, we can characterize the asymptotic normality of the

resulting m-Rock estimator.

3.4.1 Neyman-orthogonalized local-linear estimation

Our construction is a bin-wise linear SQ) estimator that uses a Neyman-orthogonalized
score function. Operationally, we fit a linear SQ regression using the data within each
bin, and those estimator can be viewed as an example of local-linear estimation (Fan,
1992; Fan and Gijbels, 2018) with rectangular kernels. For the SQ regression in each
bin, we use the Neyman-orthogonalized least-squares regression as in Barendse (2020)
and Olma (2021).

We fix some notations first. In this section, we separate the intercept term from
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the covariates and write X = (1, X™)T and Z,, = (1,#%)T. Let (s, z) be an estimator
for the conditional quantile function of Y | X = x, and we define

(Y — 0)1[Y; > 0]

ZZ'(S,0> = 1—s

+0. (3.4)

For notational simplicity, in the following we shall write Z;(s) = Z;(s, q(s, X;)) and
Zi(s) = Zi(s,q(s, X;)). For each bin A,,, we define

(Xl - ‘%m)T
X, = |1, : e R W, = diag{wim, .. ., Wem} € R,
(Xn - jm)T
where w;,, = 1[X; € A,,,] and the first column of X, is a vector of ones. We further
define the following partition:
S()m Sle

n [ XIW X, = : (3.5)
Slm SZm

where So, = n 7ty " 1{X; € A} = T, and Say, is a p-by-p sample Gram matrix
for the covariates without the intercept.

Now we give the explicit construction of our initial SQ estimator. For each z,,

and each quantile level s € (0, 1), we fit the following bin-wise linear regression:

n

. . 2
min [Zi(s) —cy — cip(Xi —Tm)|
CQER 1
c1 €ERP XZG_Am

and we use the estimated intercept term ¢, as the initial SQ estimator at z,,. The
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solution can be given in closed form as:':

~

Ll ShiwnZis)
0(s,Tm) = €1 [ X W X0 , (3.6)
Sy (KXo = E)win Zi(s)
where e; = (1,0,...,0) is a unit vector in RPT!.

Our binning SQ estimator is similar to the the non-parametric estimator in Olma
(2021), with a key difference being that we do not require a specific form of (s, x).
Given a quantile level s € (0,1), we create an auxiliary variable Z;(s), which is
approximated by ZZ(S> using estimated quantile functions. Then we obtain the initial
SQ estimator by fitting an OLS using Zl(s) as the response variable. The validity
of the approach can be seen from standard local-linear regression theory (Fan and
Gigbels, 2018) since E[Z;(s) | X; = z] = v(s,x).

The motivation to consider our construction is to better control the bias in 0(s, z)
in two ways. First, we use local-linear estimation to alleviate the binning bias since
v(7, ) is linear-in-covariates; See, e.g., (Fan and Gijbels, 2018) for discussions in
general non-parametric regression settings. Second, recall in (3.6) that we use Z;(s)
as a proxy for Z;(s), which leads to another source of bias since E[Z;(s) | X = x] #
v(s,z). In our construction (3.6), we use Neyman-orthogonalization to alleviate the

bias attributable to quantile estimation. We relegate more discussions to Section

3.7.6.2.

Remark 6. The initial SQ estimator we provide here is only one possible example
that fits into Theorem III.1. While the estimators need to satisfy Conditions G-V1
and G-V2, we believe there are many other possibilities and we do not claim that
our construction is optimal. The focus here is to demonstrate that the technical

conditions of Theorem III.1 can be satisfied under general conditions.

'If a square matrix A is not invertible, A~! is defined as the Moore-Penrose pseudo-inverse.
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3.4.2 Theoretical properties

Here we investigate the properties of our initial estimator constructed in (3.6).
To this end, we need to have a few more detailed technical conditions, as well as to
strengthen Condition G-Y1 in Section 3.2. To fix notations, recall fy|x(y;z) is the

conditional density of Y given X = x. For each bin A,,, let

Bm = sup H$ - jm”27 ]lm = inf ||.13 - jm”%
TE€AMm ¢ Am

where h,, is the radius of the bin, and h,, is the separation between bins. We further
define h = max,,{h,,} and h = min,,{h,,}; both of these quantities depend on the

sample size n. For a matrix G, let ||G||2 be its operator norm.

Condition G-Y1’. All requirements in Condition G-Y1 hold; in addition, we have:

1. For some constant L, > 0,
sup [frix (i) = frix (wz @)| < Lafys — 1ol
e

2. For some ¢y > 0,

sup E [(Y+)2+50

rzeX

X = x} < 400,
where Y = max{Y, 0} is the positive part of Y.

Condition G-Al. There exists a constant £; > 0, such that

_ nmin{l/Z, 172/(2+50)f€1}bp

h — 0, — 00,
logn

where g is in Condition G-Y1’. Furthermore, for some constants 0 < m;, < M, <
+00,
my, < liminf(h™'h) < limsup(h™'h) < M,,.

n—oo n—o0
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Condition G-A2. At least one of the following takes hold:

1. The covariate-dimension p < 4 and h* = o(log™' n); furthermore, v(s, ) is
twice continuously differentiable with respect to z, and for some ¢; > 0 and

Ly >0,
9?v(s, ) B 0*v(t, )

< _
OxoxT 0xoxT < Lofs =,

2

sup
reX

for all |s — 7| < ;.

2. For all sufficiently large n, there exists Bflm)(s) such that
vn(s,2) =278 (s), |s—7| <emn Mz € A,

for each m = 1,..., M, where €5 > 0 is a universal constant.

We comment on these conditions. First, Condition G-Y1’ implies that v(s,x) is

finite for each s and z, and that

sup var[Y | X =z, Y > ¢(7,2)] < +o0.
zeX

Second, Condition G-A1 ensures each bin is of appropriate size, which is in line to the
general bandwidth conditions for kernel SQ estimation (Olma, 2021); it also implies
that the number of bins M = M, is upper bounded by y/n. Moreover, Condition
G-A1 ensures that h,, and h,, are at the same order, which holds if e.g., all the bins
are hyperspheres or hypercubes. Third, Condition G-A2 is more technical; it requires
either a low-dimensional model with smooth SQ functions over x € X', or a piece-wise
linear SQ regression model. Note the bandwidth condition in item 1 of Condition G-
A2 is compatible with Condition G-A1 since p < 4. The motivation behind Condition
G-A2 is to control the non-parametric binning bias in the initial SQ estimator 0(s, ).

In addition to these conditions, we also require the following technical conditions

on ¢(s, r) used in our initial SQ estimator (3.6). Condition G-Q is relatively weak, and
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therefore we can use a wide range of conditional quantile estimators. In particular,
G(s,z) does not necessarily have to be based (i) a parametric quantile regression

model, or (ii) the same binning mechanism as 0(s, z).

Condition G-Q. For some sequence g1, and go, with n'/%gy,, — 0 and n'/2g,, — 0,
the conditional quantile estimator (s, x) satisfies:
1L osup  [d(s,x) = q(s, )| = Op(gin)-

TEX
s:|s—7|<n—1/4

2. For each 7 =0,1,

n 5 . 7d
Xi—Tm ~
> [h] 4(s, X) = (s, X0)][s = 1{Y; < q(s, X)}]
=1 m
s:|?—_r|;}{*1/4 Z 1{X; € A}
=1

Under these new conditions, now we are ready to give the main result of this
section, which is tailored for our specific implementation as follows. We consider the
m-Rock estimator 3 in (3.1), where we use the initial estimator 0(s, x) given in (3.6),

and use the associated weights
?m = (SOm - S;IijQ_Trllem% (37)

where the quantities S;,, are defined in (3.5).

Theorem II1.2. Suppose Conditions G-X, G-Y1’ and G-Y2 hold under Model (1.4);
Furthermore, suppose the binning mechanism satisfies Condition G-A1 and G-A2, and
that §(s, x) satisfies Condition G-Q. Then the conclusion of Theorem II1.1 takes hold

under our implementation; In particular, the resulting m-Rock estimator satisfies:
= d _ _
Vi (B-8) <5 N, Dr'ouDrY),
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where

and (1 —7)o%(z) = var(Y | X =2, Y > q(7,2)) + 7[v(1, ) — q(7, 2)]?.

T

Theorem II1.2 shows that our Neyman-orthogonalized local-linear estimator (3.6)
satisfies Conditions G-V1 and G-V2 required by Theorem III.1, and therefore can
be used as an initial estimator for the m-Rock approach. Furthermore, the resulting
asymptotic variance-covariance matrix in Theorem III.2 is the same as that in Theo-
rem II.1 for discrete covariates. In general, however, the asymptotic distribution may
depend on the construction of initial SQ) estimators.

Note the m-Rock approach based on Theorem III.2 does not require a parametric
quantile regression model, hence is more flexible than many other approaches in
the literature (Dimitriadis and Bayer, 2019; Barendse, 2020; Patton et al., 2019).
Moreover, the first-order asymptotic property of ¢(s, z) does not affect the asymptotic
variance of B\, thanks to the Neyman-orthogonality in our initial estimator in (3.6).
Asymptotically, there is no additional benefit for the m-Rock approach even if a linear
quantile regression model is correct.

Compared to the case with discrete covariates, the main technical challenges be-
hind Theorem III.2 can be summarized as follows. First, the number of bins M = M,,
increases with the sample size. Therefore the uniform convergence rate of the initial
estimators over the bins needs to be carefully investigated. Second, we need to es-
tablish the process convergence of (s, Z,,) for a continuum of s. Standard empirical
process tools do not directly apply to the binned data. Moreover, we also need to
explicitly analyze the bias in 0(s, Z,,) attributable to binning and quantile estimation.
In our proof of Theorem III.2, we develop new asymptotic results for the estimated

superquantile process.
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3.5 Theoretical comparison of SQ regression approaches

In this section, we give a selective comparison between several SQ regression meth-
ods, where we compute the asymptotic relative efficiency under different scenarios.

For two estimators 31 and Eg, the asymptotic relative efficiency (ARE) of Bl relative

~

to P is defined as

~

e Bl
[[var(By)]]
where ||| is certain matrix norm given in the comparison later; a larger ARE indi-

cates that El is more efficient. Note the discussions in this section are not based on
numerical simulations, but on the asymptotic analysis in Section 3.4; our discussions
are more general and more extensive than those in Chapter 2.

All of our comparisons operate under the following joint linear model for quantile

and SQ regression:

q(t,z) = 2lne(7), v(r,z) =27 Bo(7), (3.8)

where only [y(7) is the parameter of interest and the index 7 is often omitted. From
the modeling perspective, the m-Rock approach does not rely on the linear quantile
regression model. However, most other competing approaches require such a joint
model. Hence we consider the stronger model (3.8) in this section for the sake of

theoretical comparison.

3.5.1 Competing approaches

We consider three other approaches for estimating the superquantile regression.
These approaches are by no means exhaustive, but we find them to be the most similar
to our proposed approach in terms of underlying assumptions and applicability.

The first approach is the ‘oracle’ approach given in Remark 2.9 of Dimitriadis

and Bayer (2019), where we assume the true conditional quantile function is known.
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Note that this approach is infeasible in practice, and we include this approach only
as a benchmark. Given the true conditional 7th quantile function of Y given X = x

as q(7,x), the approach solves
B minz (li — = 811y > q(7,2)]) -
i=1

This approach estimates the SQ regression as a truncated conditional mean.
Second, we consider the Neyman-orthogonalized truncated Least-Squares (No-LS)
in Barendse (2020). They consider the following two-step estimation procedure where

we fit a quantile regression followed least-squares:

i min Y pr(yi — 27n),
=1

§emind [2iali) — 1) g

where Z; is defined in (3.4). The validity of the second stage least-squares can be seen
from E[Z;(zI'no) | X = ;] = 21 By. Therefore we achieve estimation of superquantile
regression via least-squares.

The third approach is the joint quantile and expected-shortfall approach (Dimi-
triadis and Bayer, 2019; Patton et al., 2019). Given a non-decreasing function G(-)

and a concave increasing function Gy(+), the approach minimizes a joint loss function

2

(i, B) 4= min D _ 4, 5; G, Ga),
=1

2We reverse the direction of the loss function from lower tail to upper tail to match with our
context

72



where

Ci(n, B; G, Ga) = pr (Gr(yi) — Ga(xi ) + Go(ai B) [Zi(xn) — xi B] + Gala] B),
(3.9)
and Z; is defined in (3.4). See Fissler and Ziegel (2016) and Dimitriadis and Bayer
(2019) for more discussion on the bivariate loss function.

The joint approach depends on the so-called ‘specification functions’ G; and Go,
both numerically and theoretically. Dimitriadis and Bayer (2019) demonstrated that
the choice of Gy is central to the estimation efficiency of B However, there is no
universal recommendation of which G5 would be the most beneficial. To make a solid

argument, we focus on the following two options advocated by Dimitriadis and Bayer

(2019) and Patton et al. (2019):

Gy(u) =log(u), and Go(u) = /u.

We shall name the two versions of the Joint approaches Joint-1 (J1) and Joint-2 (J2),
respectively.
Here we compute the asymptotic variance-covariance matrices for the competing

approaches under Model (3.8). Let
m1<$> = V&I‘(Y ’ Y > Q(Ta LC),X = x)a m2(.§L’) = [U(Ta .CL’) - Q(Tv .CL’)]

We write A < B if the matrix B — A is positive definite, and A < (BAC') means both
B — A and C' — A are positive semi-definite. Next we collect some results from the
literature. From Remark 2.9 in Dimitriadis and Bayer (2019), the Oracle approach

has an asymptotic variance-covariance matrix:

1
Voror = 1—E[XXT]*1E (XX Ty (X)] E[X X)L
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The result for NO-LS approach is given by Theorem 1 of Barendse (2020):

VioLs = LE[XXT]*E [(XXT{m1(X) +mm3(X)}] EXXT]L

1—17

From Theorem 2.4 of Dimitriadis and Bayer (2019), we have for the Joint approach

e P [ oo o o)

11—~ UQ(T,X;) - vi(7, X) 2 Uz(T»X)T B
S T

for Ga(u) = logu and Gy(u) = /u, respectively. Finally, recalling from Theorem

II1.2 that the m-Rock approach has an asymptotic variance-covariance matrix:

e~ o[ oo (38 35

The matrices Vyors, Vi1, Vie, and Vrock all involve the weighted expectations of
my(X) +7m3(X). The key difference between these approaches lies in the weighting
scheme. For Vyors, Vi1, Ve and Vgocr the weights are proportional to 1, [v(7, x)] 72,
[v(7, 2)]73/%, and [my(z)] ! respectively. We shall examine their effect in the following

examples.

3.5.2 Efficiency comparison I: homoscedastic models

First, we consider the following homoscedastic linear model with covariate X € R?:

Y:P}/O_'_,ygﬂX_Fga

where ¢ is independent of X and has a density function fy(-). For a fixed 7, let
qo(7) and vo(7) be the Tth quantile and superquantile of e, and we further define

Vo(r) = varle | € > qo(7)]; in the following we shall omit the index 7 in these
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quantities. The 7th quantile and superquantile regression are:

q(7_7 $) = (70 + QO) + fL"TWl, U(T7 'T) = (’VO + UO) + .[L'T’yl.

In addition, we have

my(z) = Vo, ma(x) =19 — qo,

and neither of which depend on .

With simple algebra, we can show that

Vorer < Vvors = Vrocrk = (Vi A Vi),

where the equality takes hold if and only if 277, is constant almost surely. We see
both the NO-LS and the m-Rock approach are more efficient than the two Joint
approaches. Specifically, the Joint-1 and Joint-2 approaches loses efficiency by incor-
porating non-constant weighting in homoscedastic models. On the other hand, the
m-Rock approach remains efficient as the weight ms(x) is constant in homoscedastic
models.

To better visualize the difference in asymptotic efficiency, we numerically compute
the asymptotic variance-covariance matrix for each method below. For concreteness,
we focus on 7 = 0.9 and consider the following setting: let p = 3 and X be uni-
formly distributed on the cube [0, 3]%; furthermore, let ¢ follow the standard normal
distribution. We fix 7y = 1 and we randomly sample 200 values of v; from the cube
0,5]3. Figure 3.1 summarizes the results under the sampled 7; values; it shows the
determinant and Frobenius norm of the asymptotic variance-covariance matrix for
the Joint-1 and Joint-2 approaches, relative to the m-Rock (or NO-LS) approach.
We see the Joint approaches are always less efficient than the m-Rock (or NOLS)

approach. Remarkably, the asymptotic variance for the J1 approach can be 2 — 3
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Asymptotic relative efficiency of the Joint approach
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Figure 3.1: The violin plot of ARE relative to the m-Rock approach in the ho-
moscedastic model; the plot is under 200 random values of 7;. The left panel com-
pares the efficiency by the Frobenius norm of the variance-covariance matrix ¥3; the
right panel compares by the normalized determinant |3|'/7.
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times as large as the m-Rock approach under a simple linear model. Heuristically,

the Joint approaches perform worse under larger values of ||y, |].

3.5.3 Efficiency comparison II: heteroscedastic models

Next we consider the heteroscedastic model

YV = (1 X)+ (12 X)e.

where X = (1, X3,..., X)) contains an intercept term and ¢ is independent of X. Let
the covariates (excluding the intercept) be uniformly distributed on the unit cube
[0, 1]7. We shall write v = (v10,77;) where v;; € RP; similar notation applies to vs.
Let g, vg and Vj be the same quantity as in the last subsection. For identifiability,
we consider the case with vyp = 0 and Vi = 1, and that the true parameters satisfy
X >0 and 74 X > 0 almost surely. This linear location-scale shift model satisfies

the joint model (3.8), with

q(r,2) =z +qlrnz), v(r,z)="2+v0(7s2) =1z

Under this more complicated model, it is difficult to give an analytical comparison
between the asymptotic variance-covariance matrices. Instead, we shall calculate
the asymptotic relative efficiency (ARE) under different values of model parameters,
similar to how we obtain Figure 3.1. We focus on 7 = 0.9 and suppose ¢ follows a
(scaled) normal distribution with vy = 0 and V5 = 1. In the following, we give the
comparisons under three different model specifications.

First, we examine the ARE relative to the NO-LS approach when p = 3; we fix
Y10 = Y20 = 3 and sample 200 different values of v, and v9; independently and uni-
formly in [—1, 3]®. Figure 3.2 summarizes the ARE under the 200 sampled parameter

values. The m-Rock approach is consistently more efficient than the NO-LS approach
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Asymptotic relative efficiency to NO-LS
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Figure 3.2: The violin plot of ARE relative to the NO-LS approach in the linear
location-scale shift model with p = 3; the plot is under 200 random values of +; and
9. We omit the result for the Oracle approach in the plot, whose ARE is about 2.16.
Other attributes of the plots are the same as Figure 3.1.
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because the weight ms(z) is always proportional to the direction of heteroscedasticity
under the location-scale model. On the other hand, the performance of the Joint
approach varies heavily with +; and . Depending on the model coefficients, both
J1 and J2 can be up to 20% more or less efficient than the NO-LS approach.

Next, we further examine the ARE of the Joint approaches relative to the m-
Rock approach. To this end, we set p = 1 to simplify the setting, and let ||y||s =
|72ll2 = 1; note 71 and 72 are 2-dimensional vectors with an intercept term. For a
two-dimensional vector 7, we define 0(vy) to be its angular coordinate. Figure 3.3
shows the ARE when the angular coordinate of v; and 7, varies between —m/4 and
/2 on the Polar system. We can see that the contour is roughly characterized by
the angular difference 6(y;) — 6(72). Only when 7, is approximately parallel to s,
the Joint approaches can be more efficient than the m-Rock approach. In general,
however, either J1 or J2 can be up to 30% less efficient than the m-Rock approach.

There is a clear intuition behind the comparison. Note the Joint approaches
has a weight proportional to v(7,z) = x77; in the sandwich variance-covariance
matrix, yet the m-Rock approach involves the weight of mq(z) = v(7,2) — q(1, ) =
(vo — qo)(xT72). Under the linear location-scale model, it is 7o that governs the
degree of heteroscedasticity and hence should be used as weights. Therefore, the
Joint approach is only competitive when v, is similar to 79, i.e., the location shift is
in the same direction as the scale shift.

Finally, we point out that even the Oracle approach may not be the most efficient.
To this end, we consider the following example with p = 1; we set v; = (1,4),
72 = (0.5,791) and we vary 7o;. Figure 3.4 shows the ARE relative to the Oracle
approach when 7,1 grows. Both J1 and m-Rock can be more efficient than the Oracle,
and when 7,5, > 12, i.e., with strong heteroscedasticity, the m-Rock approach is
the most efficient. While the Oracle approach uses the true conditional quantile, it

does not apply any weight to the data. With strong heteroscedasticity, the implicit
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Figure 3.3: The heatmap of ARE of the Joint approaches relative to the m-Rock
approach in the linear location-scale shift model with p = 1, and for each value of
~v1 and 9 on the unit circle; the x and y axis represent the angular coordinate of v,
and v in the Polar coordinate system, respectively. The ARE is measured by the
Frobenius norm of the asymptotic variance-covariance matrix.

weighting in the m-Rock approach can lead to better efficiency.

To conclude the asymptotic efficiency comparisons, we find that none of the ap-
proaches can be universally the most efficient. Though not optimal, the implicit
weighting of the m-Rock approach is more adaptive to data heterogeneity. Hence it

can often be beneficial for statistical efficiency.

3.6 Discussion

In this chapter, we study the theoretical properties of the m-Rock approach with
general covariate distributions. Our analysis specializes to binning of the covari-
ate space with certain initial SQ estimates. We show that the m-Rock approach is
asymptotically equivalent to a weighted linearization of those initial SQ estimator.
Via theoretical efficiency comparisons, we demonstrate that those weights are often
adaptive to the heterogeneity in data; Hence, the m-Rock approach achieves desir-
able, if not superior, statistical efficiency compared to other common approaches in

the literature.
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Figure 3.4: The ARE relative to the Oracle approach in the linear location-scale shift
model with p = 1, where we fix 73 = (1,4), 72 = (0.5,791) and vary 79, from 0 to
30. The ARE measured by the Frobenius norm of the asymptotic variance-covariance
matrix.
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As one concrete example, we show that a Neyman-orthogonalized local-linear SQ
estimator can be used for the m-Rock approach. The resulting m-Rock estimator is
asymptotically normal under relatively weak conditions, and the asymptotic variance
does not depend on the choice of conditional quantile estimators.

The m-Rock approach is significantly different from other existing approaches
for SQ regression. Operationally, it uses a set of non-parametric SQ estimators for
a more efficient estimation of the linear SQ regression model. From the modeling
perspective, the m-Rock approach is one of the most flexible approaches since it
does not explicitly require a joint quantile and SQ regression model (Dimitriadis and
Bayer, 2019; Barendse, 2020), nor does it require a parametric model for the SQ
process (Peracchi and Tanase, 2008; Leorato et al., 2012).

There are several limitations to our theoretical analysis of the m-Rock approach.
First, we rely on binning of the covariate space, where the bins have to be disjoint
and cannot depend on the data. Second, our analysis builds on a set of local non-
parametric SQ estimators, hence our theoretical results may not generalize to settings

with high dimensions.

3.7 Technical details

3.7.1 Some technical lemmas

Here we collect some technical lemmas that are useful for our proofs later. These
lemmas do not depend on the specific construction of an initial SQ estimator, and
hence are applicable for te results in both Sections 3.3 and 3.4. The proof of these
lemmas can be found in Sections 3.7.5.1 and 3.7.5.2.

We fix some notations here. Recall Ay,..., Ay are the bins. For each bin, Z,,
is its geometric center, and 4, is a weight (that only depends on the covariates) in

the m-Rock estimation procedure (3.1). Let 0(s,z) and (s, x) be the initial binning
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SQ and quantile estimators, respectively. The lemmas below do not depend on any
particular choice of 4,,, v or §. The total number of bins M is allowed to increase

with the sample size. For the binning mechanism, let w;,, = 1{X; € A,,}, and let

n

~ -1

TTm =N Wim,,
i=1

be the proportion of data that falls into bin A,,. For each bin, we write diam(A,,) =
P = supyea || — | and hy, = infoga, o — T We further define the inverse

SQ function as®:

(3.10)

In the Operations Research literature, these functions are called the ‘superdistribu-
tion” functions, in duality to the superquantile functions (Rockafellar and Royset,
2013; Rockafellar and Uryasev, 2013).

We also use the following set of notations. For a vector v, let ||v|| be its ¢5 norm;
for a matrix A, let ||A]| be its operator norm. For two deterministic sequences a,, and
by, we write a,, < b, if a, = o(b,) and a,, < b, if there exists a universal constant
C* > 0 such that a, < C*b,; we define a,, < b, if both a, = O(b,) and b, = O(a,)

hold. For stochastic sequences A, and B,, we use the notations A, <p B, and

A, <p B, to denote A, = op(B,,) and A,, = Op(B,), respectively.

Lemma 5. Suppose the bins A,, and the associated weights 7, satisfy:

~

Tm

Tm

. P*
sup diam(A,;,) — 0, sup
m=1,....M m=1,....M

P*
— 0.

Let g(+) : X — R™ be a bounded and Lipschitz continuous function over X, then we

3Without loss of generality, we assume (s, ) and v(s,z) are (weakly) increasing in s.
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have

M
N P
m=1
In addition, if h(-) : X — R is a function such that E[|h(X)|] < oo, then we have
M
E Zl{XeAm}g(fm)h(X) — E[h(X)g(X)],
m=1

as n — 0.

Lemma 6. Under Conditions G-X, G-Y1 and G-Y2, there is a constant ¢; > 0 such

that the following results hold:

1. For some constants 0 < m; < m; < 400, we have

my < i Jo(s,w) —gls,2)| < sup o(s,7) — qls,2) < T
reX TEX
si|s—7|<ex si|s—T|<c1

2. Both q(s,z) and v(s,z) are differentiable with respect to s when |s — 7| < ¢,

and there exist constants 0 < my < My < +00 such that

. q dq _
< f | = < - <
m, < inf|52(s,2) Sup 5g (5 0)| S T,
s:|s—7|<c1 sils—71|<er
ov ov
m, < inf |[—(s,2)] < su —(s,2)| < mo.
2 = ex 83( ) IEE 83( )| < ™
s:{s—7|<c1 s:|s—7|<c1
3. There exists a constant L > 0 such that
ov ov
sup |—(81,2) — —(s2,2)| < L|sy — sa,
xeg 85(1 ) 5’8<2 )| = s 2
Ov ! v -
sup || = (s1,2)| — |=(s2,2) < Lisy — s2f,
TeX a a

for all sy,89 € [T —c1, 7+ ¢1].
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Lemma 7. Suppose the initial estimators (s, Z,,) satisfy Condition G-V1, and the

binning weights %, satisfy

11111

The following results hold, where r, is the same as in Condition G-V1.

t 2 swp () = b8}~ ()~ b5} | = or <w€> |

|2/ —z|<(rnVn—1/2)

Lemma 8. Recall So,, Sim, and Say, given in (3.5). Under Conditions G-A1 and
G-X, the following results hold:

m

1. sup ‘So_nlb (Som — S1,,851S1,m) — 1| = op(1).
M

.....

-----

where Cs is a constant that may depend on c5.

3. For some g5 > 0,

- 1
ot s <) <
m=1,....M n

=1,...,

Lemma 9. Suppose Condition G-Y1’ holds. For any two sequences a,,b, — 0, if the

quantile estimator §(s,x) satisfies

sup  |g(s, z) — q(s, )] = Op(bn),
8'|sgi€7'T(<a

85



then we have

Zwimmm[Yi —q(s, X)) [1{Y: = (s, Xi)]} — 1{Yi = q(s, Xi)}]

m=1,....M i
1. [s—7|<an Zwlm
=1
= Op(ay +b},);
Zwimﬁim (q(s, X;) — q(s, X;)) [1{Y; = 4(s, X;) } — 1{Y; > q(s, X;)}]
sup | =L _
m=1,....M
2 [s—7|<an szm
=1

= Op(al + b2);
where Wi, = 1{X; € Ap} and Ky = [1 — ST S5 (X — %)) Sim, Som are given in

(3.5).

We comment on these lemmas. Lemmas 5 and 8 are about the covariate properties
with the binning mechanism. Lemma 6 gives some more technical implications on
the data generating process derived from the conditions in Section 3.2. In addition,
Lemma 7 and 9 are more technical. In particular, the results in 7 are similar to,
but stronger than the examples given by standard functional delta method [Chapter
20]( Van der Vaart, 2000). For a fixed quantile level 7, Lemma 9 is the same as Lemma
A4 in Olma (2021) and Lemma A.3 in Kato (2012). Our result is stronger in the

uniformity over s.

3.7.2 Proof of Theorem III.1

Now we give the proof to our first main result Theorem III.1. To simplify the
notations, in the following proof we define v, (o) = v(«, Z,,,), and U, () = V(a, Ty );
correspondingly we write Ay, (2) = h(z, Zn) and hy,(2) = h(z, Z,,) for the inverse SQ

function. When there is no confusion, we shall write v, = v(7, Z,,) without the index
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to refer to the targeting 7th SQ. In our proof, the number of bins M = M,, increases

with the sample size, though we often omit the subscript.

Proof of Theorem III.1. In this proof, we work with the following shifted m-Rock

objective function:

M
L®) =3 3m [ o (0n(0) = val) = 200 V) = p- (o) = v (7)]

" (3.11)
It follows that 0 = n'/2(3 — 8) minimizes L, (), where 3 is the m-Rock estimator in
(3.1). Therefore, it suffices to study the asymptotic properties of 5. To this end, we
first show that the function L, (d) in (3.11) converges (pointwise) in probability to a
quadratic function of §. Then we apply the convexity argument in Pollard (1991) to
derive the asymptotic properties of . We define A, (8) = O (1) — vy (1) — /227 65,

By Knight’s identity (Knight, 1998),
pr(w —v) = pr(w) = —v(T — Hw < 0}) +/ (Hw <t} = {w < 0}) dt,
0
for any w and v, therefore

prlw —v1) = prlw = v3) = [, (w—v1) = p,(w)] = [pr(w = v3) = pr(w)]

— (- w)(r- e 20D+ [ Q<) - 1w <o

v2

Taking w = Uy (a) — 0 (7), v1 = —A,(9), and vy = v, (7) — U, (7) in the above
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displayed equation, we obtain:
1 1
/ Or (@m(a) — V(7)) — fﬁé/\/ﬁ) da — / pr (U (@) — vy (7)) da
0 0

12T /0 (1 — 1{im(a) < i (7)})da

1 p—Am(d)
+ /0 /vm_@m (1H{Om () < O (1) +t} — L{0p () < 0p(7)}) dt dav

R _Am((s) N ~
= = 2T = hy ()] + / o (O ) = (0] 2,

Um—0m

where the last equality follows from the definition of hin (3.10), and by exchanging the
order of integration. Therefore, summing over m = 1,..., M in the above equation

gives the following decomposition for L, (d) (defined in (3.11)):

M . M —Am(6) . .
La(d) = =02 4,20 00r — (i) + > &m/ (O 1) = Fo(80)]
m=1 m=1 Um —Um
A:&)
M —Am(6)
= An(5)+z m/ [P (O + 1) = B (0m)]
m=1 Um —Um
B ()

£ A,(8) + Ba(8) + C,.(6).

For any fixed 6 = O(1), we shall show that both A, (d) and C,(d) are op(n™1).

For A, (), note £1 § is uniformly bounded over m, hence

n A.(0)] S vn (Z Y| T — iLm@?ﬂ)’) = op(1),
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from Lemma 7. For C,,(0), we first define

R,= su max{‘xﬁ(s, | (T) — (T)|}
n m:]_,.li)’M \/ﬁ Y m m Y

and it follows from Condition G-V1 that R,, = Op(r, V n~'/?). By taking the supre-

mum within each the integration in C,,(9), we have

n Ca(0)|
< Vi DD dmlehdl x 2 sup \{hmwms)—h(vm+s>}—{ﬁm<vm>—hmwm)}D

where the last inequality follows from Lemma 7.
Next we turn to the convergence of B,,(9), where we first give a linear approxima-
tion for hy, (0 +t) — Ay (0y,) in (3.12). Note the derivative for the inverse function

him(2) = h(2,Zm,) in (3.10) is:

-1

B (2) = a“g(s) - ! )_ fim(2) . (3.13)

s=hm/(z)

By using the first order Taylor-expansion and the mean value theorem, there exists

a &, between v,, and v,, + t such that

[ (O 4 8) = T (Om) = tha (Um)| = [£[Pa, (§m) — P, (V)|
<t < (Llm = Bl + [0m = vinl)

< L4 O — vl X [t (3.14)

since |&,,, — 0| < |t], where L is the Lipschitz constant in Lemma 6. Therefore, B,,(9)
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can be approximated as follows:

2
m=1
M —Am(9)
- 34 / o (1) — B (612) — th (w0 it
m=1 Vi —0m

N
[]=
3)
C\I
>
L
)
=
no
+
sy
3
|
4
il
X
=~
o,
~

AN

1_ M 1 M 1
L ~ o 2 - ~ N -
\/’E § m|vm Uml + n mE:1 f}/m’Um Um| + op (n>

where the second inequality follows from (3.14), and the last equality holds from
Lemma 7. Therefore, B, (d) can be approximated by a function of A2 (§).
We now show that the loss function L, is approximately a quadratic function in

6. Let

1 [ N
o 2 : ~ / - =T _ E 2 / T 7
Dln - 1— 1 [ vmhm(vm)xmxm] ) and Up = 1— 1 o ’}/mhm@)m)l’m(vm - Um>‘

Collecting the results for A,(d), B,(0) and C,,(9) into (3.12), we have shown that for

any fixed § € RPHL,

n-La(8) = 53 Ay (0m){A%(8) = [0 — v} + 0p(1)

—

:2ﬂmm—ﬂw+@m, (3.15)

where the last equality follows by expanding A,,(0) = 0, (7) — vp(7) — n~ 22146,
Since the m-Rock loss function L, (d) is convex, standard convexity argument (see
e.g., Hjort and Pollard (2011) and Pollard (1991)) shows that the convergence in

(3.15) is uniform in § over any compact subset of R?™!. Furthermore, the calculation

90



of A/, in (3.13) and Lemma 5 shows

XXt

P*
Dy, — D, =E ,
' ' (7, X) — (1, X)

since v(7, x) — q(, z) is bounded by Lemma 6. Therefore, (3.15) implies that for any

compact set B C RP*!,

n-sup | Ln(6) — Qn(0)] = op(1), (3.16)

where Q,,(6) = 367 D16—6"u,. This shows that L,(d) can be uniformly approximated
by a quadratic function in 4.
Finally, we show the convergence of B} , which establishes the asymptotic properties

of the m-Rock estimator. As a function of 0, Q,(-) in (3.16) has a unique minimizer

0= D,

since D; is positive definite. Given Condition G-V2 and (3.16), we apply the Basic
Corollary in Hjort and Pollard (2011) to conclude that the minimizers of L, (d) and

Q. (0) are asymptotically equivalent, i.e.,

=5+ onl(1) = D |V 32— [ () = ()] + on(1)

The proof is now complete by noting that § = nl/Q(g— B).

3.7.3 Proof of Theorem III.2

To prove Theorem III.2, it entails to show that all conditions of Theorem III.1

apply to our specific construction of the initial estimator in (3.6). We break the main
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technical requirements into three Propositions below, the proof of which can be found
later in this subsection. In our proofs here, 0(s, Z,,) refers specifically to the estimator
constructed in (3.6), and the weight 4,, refers to the one in (3.7). Furthermore, we
fix the sequence r, to be the one defined in Proposition 4 below; We shall verify later

in the proof of Theorem III.2 that r, indeed satisfies the requirements in Theorem

I11.2.

Proposition 3. Under the conditions of Theorem III.2, we have

\/ﬁé L( I (2 = ol zm)}] N0, ),

T, jm) - Q(Ta jm

where €1 is defined in Theorem III.2.

_ logn
n n}_Lp .

Under the condition of Theorem III.2, we have

Proposition 4. Let

sup  |0(T, Zm) — (T, Tpm)| = Op (ry) .
Proposition 5. Under the condition of Theorem III.2, we have for any fixred B > 0,

sup [6(7 + ¢, ) — (T + 1, Z)] — [0(7,Zpn) — v(7,T)]| = 0p (n7?)
‘t|§B'?Tn+Tl71/2)

where 1, is given in Proposition 4.

The proof of Theorem III.2 is relatively straightforward with these Propositions,

and we now give the details.

Proof of Theorem II1.2. Under the conditions of Theorem III.2, the binning mecha-
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nism satisfies:

sup diam(A4,,) <h=o0(1), and sup :Ym — 1‘ = op(1),
m=1,....M m=1,...M | Tm

which follows from Lemma 8. It then suffices to check Conditions G-V2 and G-V1.
Proposition 3 directly implies Condition G-V2. From Condition G-A1l, we have
logn y

~-1/2 _
n Lr,=—<Kn ,
nh?

therefore the sequence r,, constructed in Proposition 4 can be used in Condition G-V1.
Next we check Condition G-V1.
The second requirement in Condition G-V1 follows from Proposition 5. Moreover,

from Proposition 4 and 5 we have

m=1,....M

+  sup |[O(T + 1, %) — (T + 1, Tm)] — [0(T, Tp) — (T, T)]|
m=1,....M
[t|<B-rp

Hence the first requirement in Condition G-V1 also holds. Since the monotonicity of
0(s,z) (with respect to s) is assumed, we have checked all requirements of Theorem

IT1.1. The proof is now complete.

3.7.4 Proof of Propositions 3, 4 and 5

Here we prove the three Propositions used in the proof Theorem III.2. We fix

some notations used in the proof. Recall Sy, Si, and Sy, from (3.5); and note
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Som =n"1Y 0 Wiy, = 7. For the weight of each bin in (3.1), we set
’?m - SOm - S,irmSQ_n}LSIm7

as in (3.7). Using the block matrix inverse, our estimator (s, Z,,) in (3.6) can be

further simplified as:

n

(8, Zm) = (NYm)~ [Z Wi 2, 1l ST S (X; — im)wlmZAz(s)

=1

. (3.17)

where Z;(s) is defined in (3.4). Furthermore, let @(s,Z,,) be the oracle estimator

where we know ¢(s, z) and Z;(s), i.e.,

n

(8, Tm) = (NYm)~ [Zw,m i ST S’ (X — T) Wi Zi(8) (3.18)

=1

In the proofs of this section, we write X as the covariate vector that does not contain

the intercept for simplicity.

3.7.4.1 Proof of Proposition 3

Proof. We rely on the decomposition that

[0(T, Zp) — 0(T, Z)] = [0(7, Tm) — O(T, Zn)] + [0(7, Tn) — (T, Ty

where the last equality follows from standard local-linear calculation (Fan and Gijbels,

2018) since v(T, z) is linear in z.
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It suffices to consider the aggregation of the three terms in the decomposition
above. First, we give two claims below; and we verify them one by one at the end of

this proof. In what follows, we define (,,, = v(7, Z,,) — q(T, Tpn).

Claim 1:

vy {es

v\r|<>

=1

[Z ;Uvm St Sam(Xi = T)[Zi(T) = v(T, Xi)]] } —op(1).  (3.20)
Claim 2:

V_Z { (7, Zm) — 0(7, i’m)]} = Op (Vngi, + Vngan) = op(1),  (3.21)

J\|\2>

where g1, and go, are given in Condition G-Q.

Claims 1 and 2 together show the first two terms in Equation (3.19) are asymptot-
ically negligible when aggregated over the bins. In particular, they show that using
our initial estimator is asymptotically equivalent to using the oracle estimators. In
what follows, the proof is given in three steps. In the first step, we give our main
argument, which establishes a Central Limit Theorem type result; This step shows
the desired asymptotic normality in Proposition 3. In the next steps, we verify Claims

1 and 2 separately.

Step 1: A CLT-type result We give the asymptotic analysis for the aggregation

of the last term in (3.19) over the bins, given by

L
\/ﬁm: i=1
1 « N Wi _
= % ; [ZZ(T) U(T, Xl)] o C_mxm] )
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which holds by exchanging the order of summation. Since (,, and z,, are deter-
ministic, the term Z%Zl(cm)_lwimfm in each Oy, only depends on the bin that X;
falls into. For fixed n and M, the random vectors O;, are i.i.d. with mean 0 across
1 =1,...,n; and we apply the multivariate Lindeberg-Feller Central Limit Theorem
for triangular arrays (E.g., Theorem 2.27 of Van der Vaart (2000)) in our proof below.

We check the first Lindeberg conditions here. In our setting it suffices to show:
E[|05m|*1{[|Onll = ev/n} — 0, (3.22)
for all fixed ¢ > 0 as n — oo. Since Z,, is uniformly bounded, we have that
E[| O[> S E|Zi(7) — v(7, X)) P** S Eflg(7, X)**] + E [[Y T[] < o,

which follows from Condition G-Y1'. Furthermore note |z|?1{|z| > a} < a=0|z|>*9,
the Lindeberg condition (3.22) then follows from the Markov inequality.
Next we calculate the variance of each O;,. Parallel to the one-sample case in

Corollary 2 of Chapter 2, we have that

var(Y | X =2,Y > g(7,2)) + 7[v(7,2) — g(7,2)]°
1—17

o2 (). (3.23)

var[Z;(7) — (7, X3) | Xi =] =

(1>
no

Therefore from O;, in the beginning of Step 1, we have

var(O;,) = Ex { [Z ugg”;z-mj ] Eyx [Zi(T) — v(T, XZ.)]Q}

fenlg )

oo { o(r, X?EE)ZET, X)PXXT} /
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as n — 0o, which follows from Lemma 5. Hence, it follows that

1 < d
— Y O0i = N(0, @),
\/ﬁizl

by the Lindeberg CLT, where €2; is given in Theorem III.2.

Together with Claims 1 and 2, we have proved that

1 Ym . pa - ~
— Z {Lxm [0(T, Zp) — v(T, xm)]} N 0, @),
from the decomposition in (3.19). Therefore Proposition 3 holds.

Step 2: Verification of Claim 1 Now we check Claim 1. The left hand side of

(3.20) can be written as:

% Z [Zi(7) — v(7, Xi)] Z w: T ST St (Xi — Zm) | ¢, (3.24)
> L,

by re-arranging the summation.
We use Markov inequality to bound (3.24); To this end, we calculate the variance
for each term of (3.24). Note that V},, depends on the covariates but not the response,

by conditioning on X first we have:

) —o(1, X)) Vin

1 n
= _E (ZU va||2) S HZEHVmHZv
=1

since o2(x) in (3.23) is bounded. Following the above displayed equation, we can
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further expand the variance of V;,, as:

1 Win|[m .
LS e = e [ZZ vl 7, <Xi—xm>||2]
=1

i=1 m=1

M n
S Z St Som |77 szn’L(Xz — &) (X; = )" | S50 S1m
m=1 i=1
Sam
M
_ g [Z ST slm] (3.25)
m=1

= o(1),

where the definition of Sy, is in (3.5), and the convergence to the o(1) term in the
end follows from the Dominated Convergence theorem as outlined below. First, the

term inside the expectation of (3.25) is bounded by

S

M M n
>SS Sim < Som =0 Y X € A} =1
m=1 m=1

m=1 i=1

since Yy, = Som — ST 851 S1m > 0. Second, we have from Lemma 8 that

r S;éslm

The convergence in expectation of (3.25) then follows.

Therefore, Claim 1 holds by applying Markov inequality for (3.24).

Step 3: Verification of Claim 2 By the construction of v and ¢ in (3.17) and
(3.18), we have

>

D7, Zm) — 0(T, Zn) = (NAm) ™ Z Wim|1 SN X — )| Zi(7) — Zi(7)]

98



Similar to the proof of Lemma 1 in Olma (2021), we consider the following decom-

position of Z;(7) — Zi(1):

(1—7)[Zi(7) = Zi(1)] = [Yi—a(r, X)]{1[Y; > 4(r, X;)] — 1[Y; > q(7, X,)]}
+ (q(7, Xi) — 4(7, X)) - (7 = 1[Y; < q(7, Xi)])
+(¢(7, X3) — 4(7, X3)) - {1)Y; > q(7, X;)] — 11Y; > q(7, X3)]}

£ Uli(T) + Uo; (T) + Us; (T), . (326>

where we sometimes omit the index 7 in this proof. Using the above two displayed

equations, and by re-arranging the order of summation in (3.21) of Claim 2, we have

=1 K m=1 Cm |
1 n n n
= N) <; Uik + ; Uik + ; U3z‘/’€i)
= Uln + UQn + U3n> (327)

where Uj, = [v/n(1 —7)]71 37 wjik; and wj; is defined in (3.26). To check Claim 2,
it suffices to consider the three terms in (3.27) separately.

We consider Us, first. Separating k; into two sums for the terms 1 and S{ S5 ! (X;—
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Zm), we have

1(1 = 7)v/nUs|
S D ikl
=1

M n " M n W
< x> mm) ns [ ST S (X, — 7,) m}
m=1 i=1 ( Cm m=1 i=1
M
Z WimW2; n7rm||me
< Sup Lwi=l TUm A
..... nﬂ-m mzzl ‘Cm|
> [X e
m | T 7 24 _
h Mo - T Q-1
i=1 m N7 | Zonl| - [[Fom - S10Samll
+ sup — .
m=1,...M N, mz::l |Gon
M M
S Op(g2n) Z(nﬂm) + Op(920) Z [nftmop(1)]
m=1 m=1

where we have used the fact that ||Z,,]|/|¢n| is bounded; in the last inequality, the
Op(gon) terms follow from Condition G-Q, and the op(1) term uses the bound of
|7 - ST S5:L|| in Lemma 8. Noting that "M #,, = 1, we conclude that Uy, =
Op(n'2gy,,).

Next we consider Uy, and Us,. Noting that w;,|1 — ST Sy (X;—7,,)| = 1+o0p(1)

uniformly as in Lemma 8, we have from (3.27) that

11 = 7)Valul =

I
i[5
M=
g
3
E
=
3
=
_|._
&)
=

i=1 m=1 ‘C |
M
S [Elamelul] S5,
m=1,....M NTm 1
m=
~ e p [Dhatimlua]
m=1,....M nﬁ—m 7

100



since Z%zl 7, = 1. Similarly

I(1 = 7)vV/nUsall <p n- sup

Therefore, it follows directly from Lemma 9 that Uy, = Op(nl/ 2g2 ) and Us, =

1n

Op(n'/2¢?), hence Claim 3 holds. The proof of Proposition 3 is now complete.

O
3.7.4.2 Proof of Proposition 4
We define some additional notations. Let
Kim = [1 — ST S5 (X; — )], (3.28)
and let
Aom = sup |WimKim|, Aim = z”: Wim|Kim|,  Aam = 2”: Wi K- (3.29)
i=1,.m i1 i=1

Proof. Following the same calculation in (3.19), for each bin A,, we have:

007, n) = v, En)] = (007, ) = D7, )]
A S0m o Wi Zi(T) — v(T, i(z)][l — ST SV (X, — &)
Zi:l Wim
- ?ijVM+C“mW (3.30)

where B, (T,m) = Sg, Ym[0(T, T) — 9(T, T )] corresponds to the bias term that origi-

nates from using the estimated quantile in Z;(7), and C(r, m) has mean zero. Under
the conditions of Theorem II1.2, we give the following claims, which we verify at the

end of the proof.
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Claim 1:

sup [By(r,m)| = Or (g, + gan),

where gy, and go, are in Condition G-Q.

Claim 2:

1
Pr ( sSup AOm Z 2) S 3 Alm S nSOma and AQm S nSOn"w
m=1,....M n

where the quantities A;,, (j = 1,2,3) are defined in (3.29).
Claim 1 shows that the bias in the initial SQ estimator is asymptotically negligible,
Claim 2 is also useful but more technical. Following Claims 1 and 2, the proof proceeds

in 5 steps. In steps 1 through 3, we establish the main argument that:

sup |C(7,m)| = Op(rn);

m=1,....M

In step 1, we give a truncation argument similar to Mack and Silverman (1982); In
step 2, we derive exponential inequalities for the truncated process; Step 3 gives some
auxiliary calculations that completes the proof. In the final two steps we verify Claims

1 and 2.

Step 1: Truncation For any sequence b, > 0 that satisfies: (i) > 0o b,27% < 400

for dp in Condition G-Y1’; (ii) b,, is monotonically increasing; and (iii) b, — +o00, we

define the truncated variable:

1—71

+ Q(T7 Xl),
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and the corresponding truncated process:

n

CB) (r,m) = (nSom) Y {wim [Z§B>(T) —o(r, Xi)] 1- ST Sl (X, — :zm)]} .

i=1
We shall give the precise choice of b, in step 2 below. For sufficiently large n, in the
following we show that C®)(r,m) is equivalent to C'(7,m) with probability one.

Comparing C®)(7,m) with C(7,m) in (3.30), we see that C®)(1,m) # C(r,m)
only when Y; — ¢(1, X;) > b, for some i = 1,...,n; and we can calculate this proba-
bility:

ED/’L - q(Ta Xi)]2+501[}/; Z Q(Ta XZ)]
b%—kéo

Pr([Y; —q(7, X;)] > b,) < < b;%ao’

from Chebyshev’s inequality and Condition G-Y1’. Following Proposition 1 of Mack

and Silverman (1982), under our choice of b, we have

Pr (liminf{ sup |C(B)(7', m) — C(r,m)| = O}) =1,

n—oo

where lim inf,_,., denotes the limit infimum for a sequence of events.

Step 2: Exponential inequality Here we derive exponential tail bounds for the
centered truncated sequence C®)(r,m) — E[CP)(r,m)]. Note C®)(r,m) does not

have mean zero after truncation. With x;,, in (3.28), we write

B (1,m) = (nSom) i {wimﬁim [Zi(B) (1) — v(r, Xz)} } .

For a small enough €3 > 0, let the truncation threshold satisfy

by = 070t (3.31)
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where dg is in Condition G-Y1’; it is easy to check that this choice of b,, satisfies the
requirements in Step 1 of the proof.
We apply Bernstein inequality on the truncated and centered process; to this end,

we compute some key quantities below. Conditional on the covariates X, we have

sup var Zi(B)(T) —o(1, X;) | Xs=2| < Cy < +o0,

zeX

for some constant C', which follows from Condition G-Y1’; hence

< C1Agy, < nCiSom.

n
E var
=1

Wimkim [ 2 (1) = 0(7, X)) ‘ X

Furthermore, each of summands in C®)(7,m) can be bounded by
e (g By | <
WimKim[Z; 7 (T) — (7, X3)]| < Aombn.

Refer to Claim 2 for the properties of Ag,, and As,,.

Now, a direct application of the (conditional on X) Bernstein inequality (e.g.,

Y

Z Ml : nSOm'rn

Theorem 2.8.4 of Vershynin (2018)) and a union bound gives

Pr ( sup ‘C(B)(T, m) — E[CP)(r, m)]| > Myr,

-----

< yor

m=1

Z Wim Kim [ZZ‘(B)(T) - E[Zz‘(B)(T)]]

i=1
(M?nr2/2) - inf,, Som
Cy + (Myb,r,/3) - sup,, Aom }
(M}nr?/2) - inf,, Som
C1(1 4+ sup,, Aom) }

Y

< 2exp {logn —

< 2exp {logn - (3.32)

for sufficiently large n, where the logn factor comes from M < h™P < n under

104



Condition G-A1; the last inequality follows since

logn
burn = \/nl—Q/(Q—(So)—?E?, hP — 0,

under Condition G-A1l, with b, in (3.31) and r,, in Proposition 4

Here we give the unconditional tail bound from the conditional one in (3.32). Let
I' denote the event that sup,, A, < 2 and inf,, |h;PSom| > €2 for some g5 > 0; With
Lemma 8 and Claim 2, we have Pr(I'°) < n~>. With the law of total expectation

applied to (3.32), the unconditional tail bound is:

pe( sup 0% (rm) — EC*(rm)]| 2 Mir, )

Cl(l + Sup,, A0m>

logn - Mieq/2
2exp{ logn — ogn - Myes/ + nPr (')
3Ch

: (3.33)

yexp {1ogn . } ~ 1{r}] + Efexp{logn} - 1{T*)]

IA
=
b

A
SRS

for sufficiently large M; since C and &5 are fixed.

Step 3: Final calculations Noting that

}C’(T, m) — O(B)(T, m)| = (nSom) " Zme|f€zm‘ { [¥i — a(7, Xo)[1{bn < Vi — o[, XZ)}} ,

1—7

105



the expectation of C®) can be bounded by

E [|C(T, m) — C’(B)(T,m)| | X = m]

= ()Y el (g Xy - gtr.X) 2 1)

1—17

X = :1:}
i=1

_ Wi |Kim| Y; — q(1, X;)]2T1[Y; > (7, X;)
< (mSom)™ ) E{[ ]b”‘s‘)[ ]‘X:x
i=1 n

(’I’LSOm>_1A1m . b;l_(so

N

IN

—1-4
b, %,

where the second inequality follows from Chebyshev’s inequality, the third inequality
follows from the moment bound in Condition G-Y1’ and the last inequality from

Claim 2. Taking expectation again with expect to X we obtain:
sup  E[|CW)(r,m) — C(r,m)|] S b, <y

from the choice of b, in (3.31) and r, in Proposition 4.
Combining the above expectation bounds with the results of steps 1 and 2, we

have

sup |C(r,m)| = Op ().
M

Together with Claim 1, we’ve proved that
sSup ‘3(1(7—7 m) + C<T> m)' = OP(g%n + 9on + rn) = OP(rn),

since gfn + gon K n? < r, in Proposition 4. Furthermore, note from Lemma 8 we
have 4,.1Sy,, = 1+0p(1) uniformly over m = 1, ..., M. The conclusion of Proposition

4 then holds from the decomposition (3.30).
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Step 4: Verification of Claim 1 We follow the same decomposition of Z;(7) —
Z;(1) as in (3.26) in the proof of Proposition 3. From the definition of B, in (3.30)

we have

Bq(T, m) = {(nSOm)_l [Uli(’f) -+ UQi(T) + Usz; (T)]wzm/ﬂlm}

i=1

1>
—

[Uln(Ta m) + UQn(Ta m) + U3n(7_7 m)] , (334)

where u;;(7) is defined in (3.26). We consider the three terms separately.

We consider Us, (7, m) first. By separating k;,, in (3.28) into two parts, we have:

‘ Do) Winn [T, Som (X — ) Jugi (1)
M

m=1,..., m=1,..., nSom
+ sup 'Z?:l Wi U2q (T)
m=1,....M nSom
iwim [Xih jm} un(7)
S T 5 Wi S|
+ Op(920)
= Op(g2n),

which follows from Condition G-Q and Lemma 8.

For Uy, we have

D i1 Wi i |11 (7) |

m=1,....M m=1,....M nSOm

= Op(g,),
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which follows from Claim 2 and Lemma 9. Similarly,

Combining the results with Us, (7, m), we have verified

Bq(Ta m) = OP(g%n + an)a
hence Claim 1 holds. The proof is now complete.

Step 5: Verification of Claim 2 We check the conditions for Ay,,, A1,,, and As,,

separately. For As,,, standard algebra gives

Ao =3 Wi + ST S50 | S Wi (X = #) (X — #)" | S5 St
=1 =1
— 287,850 > " Wi (X — &)
=1

T -1

S nSOma

similar to how we obtain (3.25). For A;,,, Cauchy—Schwartz inequality gives
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For Aqg,,, note

Pr ( sup Ay, > 2) < Pr sup ’wimsfmSQI(Xi - JEm)| >1
m=1,....M n

m
i=1,...,
m=1,....M
< Pr( sup Hhm-SfmSQ‘éHzl)
m=1,..., M
1
< e

which follows from Lemma 8. We have verified Claim 2, and hence the proof of

Proposition 4 is complete.

O
3.7.4.3 Proof of Proposition 5
Proof. For each s € (0, 1), the decomposition in (3.30) gives
~ ~ ~ SOm
[0(s,Zm) —v(s,Zm)] = —= [By(s,m) + C(s,m)]
+ &;Lls()m Z?:l wim’%im[a(sa Xl) - U(S’ jm)]
D i1 Wim
Som
= ; [By(s,m) + C(s,m) + Bpy(s,m)], (3.35)

where the additional term B,,,(s, m) corresponds to the non-parametric binning bias;
In (3.30), this bias does not exist because v(7,x) is linear in z. Following the above

three-term decomposition,

Recall that
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from Proposition 4. We give two claims below, the verification of which is at the end

of the proof.

Claim 1:

sup | By(s,m)| = Op(gin + gon + 7).
m=1,...,
|s—7|<B-rp

for any fixed B > 0, where where ¢;,, and go,, are in Condition G-Q.

Claim 2:

sup  |Bpy(s,m)| = op (n71/2) )

|s—7|<Bwry,
for any fixed B > 0, if any one of the requirements in Condition G-A2 holds.
Claims 1 and 2 show that the bias terms are uniformly (over s) negligible; They
are stronger than those in the proof of Proposition 4. Following Claims 1 and 2, the

proof proceeds in 5 steps. In steps 1 to 3, we establish the main argument:

sup |C(s,m)— C(1,m)| = op (n_1/2) :

|s—7|<B-rn

In steps 4 and 5 we verify Claims 1 and 2.
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Step 1: Decomposition We use the following decomposition of Z;(s) defined in
(3.4):

(1= 8)[Zi(s) = v(s, Xi)] = (1 = 7)[Zi(7) — (7, Xi)]

= (q(s.X:) — y)1g (T Xi) < yi < qls,X3)]
U4z( )

= {0 =9)lvls, Xi) —g(s, Xi)] = (1 = Do(r, Xi) — q(s, Xi)]}

Eifui(5)]
+ @(7, Xi) — Q(S7Xi)]{j — 1y < q(7, X3)]}

Usi(s)

tgi(8) — Eiluai(s)] + usi(s),

(1>

where we define E;[-] as the conditional expectation given X = X;; and note E;[us;(7, s)] =

0. Therefore from the definition of C(s,m) in (3.30) and K, in (3.28), we have

(1=5)C(s,m)— (1 —7)C(1,m) = (nSom)~ Z WimKim{ i (8) — Ei[ug (s)] }
Yantom) (3.36)
nSOm Z wzml‘izmu&
Um:(;m)

Furthermore, we separate k;,, into:
Kim = Kim1[Fim > 0] + Kim 1[Rim < 0] = /1(+) lig;b),
and correspondingly we define Uy, (s, m) = UL (s,m) + UL (s,m)

Uiy (5.m) = (nSom)” Zwmnm {tai(s) = Biluai(s)]},

U4n (s,m) = (nSom)~ Zwmfﬁ,m {uai(s) — Eifua(s)]}-
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In the following we consider Ug)(s, m), Ui;)(s, m) and Us, (s, m) separately.

Step 2: Bound for U,, Let s, =1+ Br,, it suffices to consider the convergence
of Ui:f)(s, m) over the over s € [r, sy]. The result for s < 7 and/or Ui;)(s, m) follows
analogously.

We use a monotonicity argument to show the uniformity over s. Since uy;(s) is

monotonically increasing in s, we have the sandwich-type bound for U, i:f );

szmmm {ugi(7) — Bilui(s1)]} > " Wikt {ui(s1) — Biluai(7)]}

< UL (s,m) < =

nSOm nS()m

which holds for all s € [r,s;]. Noting that ug(7) = 0, using the monotonicity

argument in Van der Vaart (2000, Theorem 19.1) gives

supM\Ui:)(s,mﬂg supM|UiZ)(s+, )|+ sup (nSom)”~ szm’f@m i[uai (s2)]| -
LM m=l,

s€[r,s4]

(3.37)
Next we bound the two terms separately.
For the first term in (3.37), note each of the summand in UL’: )(s,,m) is bounded

from (3.36), and

n n
0 <> Jwimkl uai(s )2 < (f7H7 = 5212 wimk,, < Ay f B2,
i=1

=1

where Agy, is in (3.29) and f from Condition G-Y1. For any €4 > 0, application of

the (conditional on X') Hoeffding’s inequality and the union bound gives

2 .
< Z 9 exp 2nej - inf,, Som, ‘
2327"2 sup,,, Aom

Since 7, ' > log(n) under Condition G-Al, we can obtain the unconditional tail

=1,.,M

" ( sup |US (s4,m)| > em?|X
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bound, which implies

sup UL (54, m)] = op (n717%)

similar to how we obtain (3.33).
Next we consider the conditional expectation on the right hand side of (3.37).

From (3.36), each E;[u4;(s4)] is bounded as

|Eilwai(s0)]l $ lai(s) — ai(7)* < f72Bry;

Hence

nSOm Z wzm"izm u41(5+)] S, 7/LSOm Z w1m|/€lm‘32 2

S (nSOm) Almrn

where Ay, and its property are in Claim 2 of Proposition 4.

We now conclude from (3.37) that

sup Uy, (s,m)] = op (n717%)

|s—7|<B-ry

since 72 = o(n~'/2) under Condition G-Al.
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Step 3: Bound for Us, Forany s,s" € (0, 1), from the decomposition in (3.36) we

have

(nSom) ™ max{r,1 = 7} > wim|kiml|a(s, Xi) — qi(s', X;))|

=1

|Usn(s,m) — Us,(s',m)|

A

S o ls— o]
nSOm

< Is—4,

since ¢(s, X;) is Lipschitz continuous in s, and we use the bound for Ay, in Claim 2
of Proposition 4.

We use a discretization argument to show the uniform convergence over s. Define

T—Br,=s0<s1<...,85 =7+ Br,,

as an equally-spaced grid, such that s;1; — s; < n~!; therefore there are J < n

J

sub-intervals. Similar to (3.37), we have

sup  |Usu(s,m)| < sup  |Usn(sj,m)|+ sup |Usp(s,m) — Usp(sj, m)]

m=1,....M m=1,....M m=1,....M
|s—7|<B-ry 7=0,....,J §=0,....J
SG[j
1m
< sup |U5n(5j7 m)‘ + sup YR
m=1,....M m=1,...M | T SOm
7=0,....,J

where the last term is from the beginning of step 3.
Next we apply Bernstein inequality for the discretized Us,(s;,m). For each |s —

7| < Bry, from (3.36) and the Lipschitz continuity of ¢(s, X;) (over s):
Efusi(s) | X] =0, (Wi Kimtsi(5)| < Cs1Agm Bra,

ZVar[wimfiz‘mUm(S) | X] < Csa(Bry)? Aoy,

=1
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where C5; and Cje are two constants, and Ay, and A, are in (3.29). For small

enough e5 > 0, we apply the (conditional on X) Bernstein inequality as in (3.32),

X>
5 i/[: Z ox ne?sSg
P C5QBzT2A2m n1/2550m051A0mB7’n/3

=1 5=0
55 . mfm SOm
< 2exp {21ogn ~ B2r2+n"'2Br, -sup,, Aom } '

which shows that:

(sup |Usp(s5,m)| > esn 12

IA

Similar to how we obtain (3.33), we can show that the corresponding unconditional

probability is o(1), which implies that:

sup  Usn(s,m) = op (nil/Z) :

|s— T|<B Tn

Therefore, with the decomposition in (3.36), we have established that

sup |C(s,m) — C(r,m)| = op (n’l/Q) ,
m=1,....M
|sz|1§B-rn

from steps 1 through 3. Using Claims 1, 2 and Equation (3.35), we would complete

the proof of Proposition 5.

Step 4: Verification of Claim 1 We check Claim 1 under two scenarios separately.
First, consider the case where the second requirement in Condition G-A2 holds. Then
v(s, ) is piece-wise linear in all the bins, for all s < n~%* < r,. Therefore the same

calculations in (3.30) apply, and the non-parametric bias does not exist, i.e.,

sup | Byp(s,m)| =0,
m=1,....M
|s—T|<B-ryn
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which follows from the nature of local-linear estimation (Fan and Gijbels, 2018).

In the following, we consider the case when only the first requirement in Condition
G-A2 holds. For notational simplicity, let v/, denote the p-dimensional gradient vector
with respect to covariates z, and v be the p by p Hessian matrix. With Taylor
expansion at each z,,,

1 0*v(s, Tim)
v(s, X;) —0(8, Zm) = (Xi — ) VS, Tm) + =(X; — )] | —— 2 | (X — Tm),
(5. X = 0(s, ) = (Xi = ) 5, ) + 5 (X = )" | 52| (6, — 3,)
for some 2, in between z,, and X;.

Note B,,, is the linear combination of v(s, X;) — v(s, Z,,) as in (3.35); We plug

in the two terms in the above displayed equation into (3.35) separately. First, the

first-order terms sum up to exactly 0:
> wim (X = ) 05, &) [1 = ST, S (X — )] = 0,

due to standard local-linear calculation (Fan and Gijbels, 2018).
Second, note that v (7,z) = 0 for all = due to the linearity of 7-th SQ, therefore

the first item in Condition G-A2 implies ||vY, (s, x)||2 < La|s — 7| uniformly for all z.

Hence
1 - ~ 7 . ~ - ~
onS szm(Xz — T) [0, (5, Zam) | (Xs = Tn) [1 = 51,, S50 (X — T
om i—1
L2|S Tl 2 -
< [ M50, Z Wi || X3 — T | |1_ (Xl_xm)}
ZTL wz‘m||Xz‘—
< — =1 1 1
S e [CRES)
< s =7k (14 0p(1)),

where the first inequality owns to the operator norm bound for v/, and the op(1)

xx)

terms are uniform in m and independent of s due to Lemma 8.
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Combining the previous two displayed equations, we obtain

Sup |Bnp(57m)| = Op (Tn;LQ) = op (n_l/Q) ,
m=1,....M
IS_T|§B'7‘n

since

under the first requirement of Condition G-A2.

Therefore, Claim 1 holds under either requirements of Condition G-A2.

Step 5: Verification of Claim 2 With Condition G-Q and Lemma 9, the proof

here is a simple extension of step 4 in the proof of Proposition 4. We only give an

outline here. Using same decomposition used in (3.34), we have

B,(s,m) = [Uin(s,m) + Us,(s,m) + Usy (s,

(1—s)

m)].

For Us,, similar to step 4 in the proof of Proposition 4, we have:

> i | S 0l
sup  |Usp(s,m)| < sup =1 - sup  ||hmSE So Ll
m=1,....M m=1,....M nSOm m=1,....M
|s—7|<B'rn |s—7|<B'rn
b p |Ehrtmrat
m= 1, M nSom
|s—7|<B-ry,
= OP(QQn)a
which follows from Condition G-Q.
For Uy, (s, m), it follows verbatim to part 4 of Proposition 4 that:
sup  |[Una(7,m)| = Op(g?,),  sup _ |Usa(m,m)| = Op(9i,,),
m=1,....M m=1,....M
|s—T|<B-rn |s—T|<B-ryn
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from the uniform convergence (over s) in Lemma 9.

Noting that g2, + ga, < n~Y/2, we have verified Claim 2.

3.7.5 Proof of the technical lemmas
3.7.5.1 Proof of Lemmas 5, 6 and 7

In this section, we use the same notations as in the proof of Theorem III.1 in

Section 3.7.2.

Proof of Lemma 5. First we prove the second claim. By the Lipschitz continuity of

g(+), we have
E|> 1{xe Am}g<xm>h<x>] - E[g(X)h(X)]H
< E [Z H{X € Ant-lg(@n) — g(X)] - |h(X)|]
S mfﬁpMdiam(Am) -E{[A(X)]]
= 0p<1),

where the last equality follows from the binning conditions in Lemma 5 as well as the
absolute integrability of h.
For the first claim, we first show the convergence when 4,, is replaced by 7,,,

where 7, is given in Lemma 5. By re-arranging the summation we have

= 3310 € Aol Z SN, € A o)

m=1 i=1 zlml

1=
>

3
I

-~

U.(VL)

where Ui(n) depends on the sample size through binning. For each fixed n, Ui(") are

1.9.d. across ¢ = 1,...,n, and E[|Ui(n)]] < 400 since ¢g(+) is bounded. The Law of Large
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Numbers gives

M
> #ng(@m) — E[UM] = 0.
m=1

Furthermore, using the second claim of the lemma, we have E[Ui(n)] — E[g(X)], thus

M b
3 Fugn) £ Blg(X)]. (3.38)
m=1

Next, we show the first claim of the lemma holds with 4,,. Under the conditions

on 4,, in Lemma 5, we have

m=1 m=1 m=1 m

since |g(-)| is bounded. The proof is now complete by combining the above displayed

equation with (3.38).

Proof of Lemma 6. We prove the three items separately.

For claim 1, note that |v(s,z) — ¢(s, )| is a continuous function in s and = under
Condition G-Y2; therefore the upper bound holds since continuous functions are
always bounded on compact intervals. We consider the lower bound. By the uniform
continuity of ¢(s, ) on compact intervals, there is a constant ¢; > 0 such that [s—7| <
2¢y implies |q(s,z) — q(7,x)| < o for all x, where ¢y is defined in Condition G-Y1.

Without loss of generality we assume ¢; < €0/2. For each |s — 7| < ¢1, we have

[ gl 2) — (s, 2) da
1—s
T+2c1
- 1—s
1 3

sup fY|X(y;x> 2(1—s)

,ly—q(rx)|<eo

v(s,x) —q(s,z) =

v

119



The lower bound in the first claim hence follows follows from Condition G-Y1.
For claim 2, the derivative of ¢(s, z) is bounded because fy|x(y;x) is bounded in

Condition G-Y1. For the derivative of v(s, x), note

du(s,x) wv(s,xz)—q(s,z)
ds 1—s ’ (3:39)

the boundedness of the above derivative then follows from item 1 of Lemma 6.
Finally we prove claim 3. Since claim 2 of Lemma 6 implies both v(s,z) and
q(s,x) are uniformly (in x) Lipschitz continuous in s € [T — ¢1, 7 + ¢1]. Therefore, the
derivative 0v(s,x)/0s is also uniformly (over both z and s € [T — ¢;, 7 + ¢1]) Lips-
chitz continuous from (3.39). Furthermore, the Lipschitz continuity of [Juv(s, z)/ds]~*

follows since Jv(s, x)/ds is uniformly bounded away from 0 and +o0. O

Proof of Lemma 7. We need to check items 1, 2 and 3 in the lemma separately. As a

preliminary result, note that

M M

<D fm
m

=1

Am - 7A"-m
gk = OP(1)7
Tm

('S/m - 7Arm)
1

m=

under the conditions of the lemma. Therefore Z%zl Am = Op(1).

To check item 2, it follows that

VY o [Bn(7) = v (D)) < Op(v/mr2),

which is a direct consequence of Condition G-V1.

Next we check item 3 in Lemma 7. From the monotonicity and (left-)continuity of
0(8, Zpn) We have 7 < hyn [0 (7)] < T+, for any g, > 0 satisfying o, (7-+gn) > 0m (7).
Therefore it suffices to show that there exists a sequence 0 < ¢, < n~2, such that

inf M[@m(T + gn) — O (7)] > 0,

m=1,...,
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with high probability; the above displayed inequality means the functions v,,(-) are

—-1/2

not flat near 7. Note for any 0 < g, < n™"/%, we shall have

inf o (T + gn) = 0m(7)] = i0fvn (7 + gn) = vm(7)]

= sup  |[0(s) = vm(s)] = [0m(T) = vm(7)]]
m=1,....M
s \s—T\gn’lm
Op?an>

.....

where G,, < n~%? as in the second requirement of Condition G-V1. By Lemma
6, v/, (s) is uniformly bounded from below; therefore by choosing any g, such that
G, < g, < n~ Y2, the last displayed inequality is positive with probability tending
to 1. Item 3 in Lemma 7 thus takes hold.

Finally we check item 1 in Lemma 7. Our proof follows the classical treatment in
Bahadur (1966). We first show that h,,(z) converge uniformly at a rate of r,,, which
is given in Lemma 7. For each s in a shrinking neighbourhood of 7, and for any fixed

Cy > 0, it follows from the definition of A in (3.10) that

flm[vm(s)] <s—=Ciry = vp(s) < Op(s — Ciry),

B [Um (5)] > 54 Chry = U (8) > (s + Chn),

which shows that

sup  |Om(s +u) —vp(s+u)| > Cir, inf v (s +u).
m=1,...,M [u|<Cirn
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Note v/,(-) is uniformly bounded in Lemma 6, hence for sufficiently large Ci, the
probability of the right hand side of the above displayed equation converges to zero

by Condition G-V1. Adding uniformity with respect to s, we have that

SupM |ﬁm(z) - hm(z)| = OP(Tn) = OP(1)7 (340)
m=1,...,
|z=vm (7)|<C2 (rp+n~1/2)

for some Cy > 0; we can use the range |z — v,,(7)| < Cy (1, + n~'/?) since h,, is
uniformly (over m) Lipschitz continuous by Lemma 6.

Next we consider the asymptotic equi-continuity of Bu. Let 2z, = v (7), and fix a

~

2! such that |2/, — 2| < Co(n™2 +r,). Define &y, = b (2m), €, = hn(2,). Fixing

m

n, from the monotonicity and (left-)continuity of v,, we have:
O (Em) < Zm < Om(Em + 60), Om(EL) < 2 < 0+ €),

for any €,, > 0; See Van der Vaart (2000, Chapter 19). Letting A, (+) = 05 () —vm(+),

the first set of inequalities above on the left implies

~ ~

Am(fm) < [Zm - Um(gm)] < Am(ém + 5n) + Um(ém + €n) - Um(ém)

Re-arranging the above displayed inequalities gives

~

A(&m) = A&+ n) = mi(z) < [2m = 20a] = [om(Em) = vm(&,)]

< Am(ém +en) = Ap( A:n) + nk(Z;n)v
(3.41)

where

e(21,) = max { [0 (& + 0) = V(&) [0 (&5 + 20) = 05,1} -

We derive the desired asymptotic equi-continuity of A, from (3.41). To this end,
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we bound its left and right hand sides separately. An application of the results in
(3.40) shows that both ém and é;n converges in probability towards 7 uniformly over

m. It then follows from the Lipschitz continuity of v,, in Lemma 6 that

sup [N (25)] = Op(€n).
m=1,....M
|2t —vm (T)|<C2(n™ /2410

In addition, from (3.40) we have

sup |ém — 7| = Op(ry), sup \éjn — 7| = Op(r, + n*1/2)’
m=1,....M m=1,...M
|2t —vm (7)|<Ca(n=/24ry)

Then, by choosing ¢, = o(n~"/? Ar,) we have

~

_SIUPM | A (&m) — Am(é/n +éen)| = op (nilﬂ) ;
‘Z;n_'urn(7—)|§52.7(n71/2+7’n)

from the second claim of Condition G-V1. The right hand side of Equation (3.41)

can be bounded with the same argument, hence we have
m=1,....M
|20 —vm ()| <C1(n ™1/ 2 4r0)

by our choice of ¢,.
Finally, we connect Equation (3.42) with the desired asymptotic equi-continuity

of T Let &y = hn(2m), €. = hm(2.), and therefore z, — 2z, = U (Em) — Um(E).

123



By the first-order Taylor expansion of v,,(-) we have

2m = 2l = Pm(ém) = om(@]| = [0 (G0)lEm — En] = v (52)[Er — &
> 0, (51) |[6m — €nl — 61, — €]
— sup [0 () — e (8] (6 — €]
— Op(Hy) ’
> ot |[n(zm) = ()] = hon(2h) = (2]
.

for some §; in between &, and &, and some §, in between ¢ and é;n, the last
inequality follows by expanding &, and Z,,, and that v/, is bounded in Lemma 6.
Since both h,, and v/, is Lipschitz continuous, it follows from (3.40) that we can take

H, = (r, + n~%2)2. We conclude from the above displayed equation and (3.42) that

Zm=vm (T)
‘Z;n—vm(T)KCl'(Tn“‘nl/Q)

= op (n_l/2) + Op ((Tn + n_1/2)2) ,

which proves item 1 of Lemma 7. The proof is now complete.

3.7.5.2 Proof of Lemmas 8 and 9

In this section, we use the same notations as in the proof of Theorem III.2 in

Section 3.7.3.

Proof of Lemma 8. We first prove the first claim; By definition

i [|Xi — T H{XG € Ay}
E?:l 1{Xi € Am}

1551 | < & <
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for all m =1,..., M. Therefore

'1 = | | S5EST 8381 < S5t Simll

Sbm

and hence the first claim follows from the second claim. It suffices to show
SUp i S Stoll = 00 (1).

For Claim 2, we first give a uniform probability order bound for ||S1,,||2, where
neSim =Y (Xi— Em)1{X; € Ay} € RP.

=1

We apply the covering argument to show the convergence of the 5 norm. For any

a € RP) with ||a|| = 1, we have

[E(a"S1m)| =

o / eAm(Z — ) fx(2)dz

T —z,)d
a /ZEAm(z Tp)dz
ol [ 1ie) = S -l = s
z€EA,
= 0+0 (h2F?), (3.43)

< fX(jm) ’

uniformly over m, where the last inequality owns to z,, being the geometric center
of A,,, as well as the Lipschitz continuity of fx. Similarly, we have the following

uniform bound for variance

var (a”'Sin) < E[(a(X; — Z) 1{X; € A })?]

— o).

Furthermore, note the boundedness of || X; — #,,|| < h,, when X; € A,,. Application

125



of the Bernstein’s inequality ( Vershynin, 2018, Theorem 2.8.4) gives for any ¢ > 0,

Pr (n-|a”Sin| > nhte)

IN

Pr (|B(a”Sim)| > Rie) + Pr (n- a7 S1n — B(a” S1n)| > nhi )
n2}32p+2€2/2
2 exp {— — = }
nO(hh") + nhhe/3
2 exp {—C’lnﬁfnaSQ} ,

IN

for some constant C; > 0 whenever n is sufficiently large. With the standard covering

argument, see e.g., Vershynin (2018, Chapter 4), we have

|Sim = supa’ Si, <2 sup of Sim,
@ j=1,...,J

where {o;} forms a 1/2-net in the unit p-dimensional sphere and the covering number

J < 2P, Using a union bound over m and t gives

Mo
n-Slm _
Pr su —— || >2] = 2 exp{—Cnh® &2
(ml,.P.,M nhE | T ) mZZI; pi=Cinhy,")
< 2exp {logM—l—logJ—CmeQ-igfﬁfn}
< L
~ n37

for sufficiently large n under Condition G-A1, which implies

= Oop (1)

Next, we prove an analogous result for the operator norm of S,!. Basic matrix
algebra gives

—1
1S5 llop = (52@ aTSama) : (3.44)

and hence it suffices to bound the right hand side. For any fixed « in the p-dimensional
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unit sphere, we have, using similar to the derivation in (3.43):

E (n . ozTngOz) > my - n}_lana

var (n - a’ Sana) = O (nhbH),

for some constant C; the expectation is lower bounded since the A,, covers a ball
with radius h,,. With Bernstein’s inequality, similar to that used for Si,,, we have

for any € > 0:
Pr(n - |a" Sona — E(" Sopa)| > nh?i?e) < 2exp {—Conh? e’}

and hence for any sufficiently large My > 0,

hp+2
Pr <n—m > Mz)

n-alSs,,a

1 -
Pr <n al'Sy,a < Enh&”)
Pr <

1 -
< n - |a’ Syna — E(a’ Sopa)| > n - E[a!'Sy,,a] — Mnhﬁf)
2
< Pr(n-la’Sona — E(a’ Sopa)| > minhb?/2)
< 2exp{—Conftm?/4),

since h,, /hp, is uniformly bounded and the expectation is bounded from below.
Next, applying the same covering argument again, and note the relationship from

(3.44), we have that

implying

sup HB%FQS;%HOI; = Op(1).
M

.....
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Therefore Claim 2 follows by combining the norm bounds for S, and S,!.

particular,

Pr <sup\|13ms%;51m|y > %)
< Pr <sup H(ngl)—lslm\\ > 2—;42) + Pr (sup HEIT’,LHSQ_WILHOP > Mg)
< 1

For Claim 3, we give a bound for

S()m = ?”Lil 1[X1 € Am],

i=1

similar to what we did in Claim 2. Note that

E[Som]| = Pr(X € A,,) 2 kP var[Som| < Pr(X € A,,) S hP

~ =m? m?

In

since the density of X is bounded. Therefore for small enough ¢y > 0, an application

of Bernstein’s inequality gives

Pr (Som < eohf)) < Pr(Som — E[Som] < —eoh?,/2)

< exp {-Csnhb i},

for some constant C'5 > 0. Taking a union bound with all m = 1,..., M shows

m

. Som -~ _ 1
Pr (%f }_le < 50) < Z exp {—C3nhfne(2)} < 5
m=1

for sufficiently large n with the bandwidth in Condition G-A1. The proof is now

complete.
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Proof of Lemma 9. We only give detailed proof for item 1; the conclusion for item
2 holds similarly and we only give an outline. We prove the conclusion specifically
for a,, = r, in Proposition 4 and b, = ¢;, as in Condition G-Q. We use the same

notations in (3.26) and define

uii(s) = [Y; — q(s, Xo)] [1{Y; > (s, Xi)] = 1{Yi > q(s, X))},

usi(s) = (q(s, Xi) — q(s, Xy)) - [1{Y: > q(s, X3)} — H{Y; > q(s, Xi) };

Correspondingly the left hand sides in Lemma 9 can be written as

Z?:l wz‘m/ﬂmulz‘(s)

D it Wim 7

2?21 wim/ﬂmusi(s)

Uln(87 m) = Zn W
i=1 "rm

Usn(s,m) =

Moreover, let

R,= sup 14(s, X;) — q(s, X;)| = Op(g1n),

[s— T\<B rn
as in Condition G-Q.

We consider the decomposition:

Uin(s,m)] Sp (nSom)” Zwm yi — q(s, X)|1{q(s, X;) < yi < 4(s, X,)}
+(nSom) " Zwim[Q(SaXi> —ui|1{a(s, Xi) < i < q(s, X5)}
< (nSom)” Zwm vi — q(s, X3)]1{q(s, Xi) <y < q(s, X;) + Ry}

+(nSom) ™ Zwm (s, X;) — vi1{q(s, Xs) — Ry < i < q(s, X,)}

2 U (s,m)+ U (s,m),

where we use a constant to upper bound |£;,| (see Claim 2 in the proof of Proposition

4); and the second inequality holds by monotonicity of the indicator functions. By
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symmetry, hereafter we focus on the term U\ (s, m).

Let s =7 — Bry, s; =7+ Br,. For any s € [s_, s;| we have

0 S Ul(»:)(sam) S nSOm szm Yi — q S, )]1{(](3—7 ) < Y < q(s+7Xi) + Rq}

lI>

Uln (k)u

Therefore we can drop the supremum over s by relying on Ul(: )(k:), we bound its
expectation and centered process separately. In what follows we bound the centered
empirical process and the expectation of Ul(: )(k) separately.

We give a tail bound for E[Ul(:{ )(k:)] — Ul(:f )(k:) using Hoeffding’s inequality (con-
ditional on X') and a union bound. By Condition G-Y1, each summand in Ul(; )(k:) is

bounded by [y; — q(s_, 2)]1{q(s_,2) < y; < q(s4,7) + Ry} < (54 —5-) + R, for all

)

where the d; comes from the probability that R, > M;g,. Similar to how we ob-

x. For any d; > 0, there exists a large enough M; > 0 that

1n

Pr ( sup ‘U - E[U(Jr)(k)]‘ > Mi(gin +70)

.....

< 2exp {logn — 2nM12 - inf SOm} + 01,

tain (3.33), the following unconditional tail bound holds from the above displayed

conditional bound:

.....
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Here we bound the expectation E[Ul(:f)(k)] By Condition G-Y1’ we have

EIY; — q(s-, X1 {g(s_. X)) < ¥ < qs.. X,) + R,}
= BIY — qls_ X)IL{0 < [Y; — g5, X0)] < By + f Vs — s}

= 0 ((gln + Tn>2) )

since s, —s_ S, and R, = Op(g1,,). Therefore
sup BT (k)] = Op (g1 + 70)?) -

Combining the bounds for the expectation and the centered empirical process, we

arrive at

sup U(+)(s,m) <p sup U(H(l{:) =Op ((g1n +10)%) -
M

|s—7|<B-ry

Repeating the same procedure for Ul(; )(3, m) would complete the proof for the first
item of the Lemma.

For Us, (s, m), note
|U3n<s7m>| SP qu(ns(]m)i1 szm]—[Q(S7Xz) - Rq S Yi S Q(Ssz) + Rq]7
i=1
therefore we can follow the same line of reasoning and establish

sup Usn(s,m)| = Op ((gin + 7)) -
(st Bore

The proof is now complete.
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3.7.6 Auxiliary discussions
3.7.6.1 On the monotonicity of the initial SQ estimator

In Condition G-V1, we require the initial SQ estimator v(s,Z,,) to be mono-
tonically increasing in s € (0,1). In our discussions below Condition G-V1, we
demonstrate that monotonicity can be achieved by re-arrangement of a given estima-
tor (Chernozhukov et al., 2009, 2010). Here we provide a technical perspective that
suggests monotonicity may not be necessary for Theorem III.1.

Even when the initial SQ estimators are not monotone, the m-Rock approach still
has a clear interpretation as finding the 7th ‘re-arranged’ SQ (Chernozhukov et al.,
2009). To see this, consider the univariate case with no covariate as an illustrative

example. Following (2.2), the m-Rock approach solves:
' 1
min / pr (5(s) — C)ds ~ S min' S ps (8(s;) — C)., (3.45)
c Jo J c

where we discretize the integral above as a grid s;,...,s; € (0,1). The solu-
tion to (3.45) is approximately the 7-th quantile of the (possible unordered) set
{0(s1),...,0(ss)}. Operationally, the m-Rock approach gives exactly the 7-th mono-
tonically re-arranged superquantile in Chernozhukov et al. (2009).

Following this insight, we now demonstrate that the proof of Theorem III.1 may
adapt to situations where 0(s, Z,,) is not monotonic. As we’ve demonstrated in the
proof of Theorem III.1, central to the main result is the asymptotic properties of

~

h(-, Z); Without monotonicity, h(-, Z,,) is defined by

h(z, z) = /0 1{0(s,x) < z}ds = sup{s € [0,1] : 0(s,z) < z}.

The functional ﬁ(-,fm) is the monotonized inverse operator in Chernozhukov et al.

(2010); note when @(-, Z,,) is indeed monotonic, h(-, Z,,) reduces to the classic inverse
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operator defined in (3.10). Corollary 3 of Chernozhukov et al. (2010) establishes
the Hadamard differentiability of fz(~,f:m), and shows that its asymptotic property
does not rely on the (finite-sample) monotonicity of o(-, Z,,). With some technical
modification, we expect that their proof can be adapted to our setting, therefore
our main result, i.e., Lemma 7 and Theorem III.1, can be established without the

monotonicity requirement in Condition G-V1.

Remark 7. As yet another technical solution, one may pursue the following strategy:
first find J equally-spaced grid points 0 < 74 < ... < 7; < 1 that spans the interval
[0,1]. Then we can estimate the initial SQ on the grid with linear interpolations
in between the grid points. The monotonicity follows with probability going to 1

provided that r, < (1j.1 — 7;) < n~ Y4, where r, is in Condition G-V1.

3.7.6.2 On the bias in the initial SQ estimator

Here we illustrate the importance to control the bias in the initial SQ) estimator.
Consider the following example with fixed design in a unit cube [0, 1]? (excluding
intercept); and we define the bins as hypercubes with edge length h and therefore we
have M < [h™P] total bins. Suppose we use a standard Nadaraya-Watson type esti-
mator for the initial SQ in each bin m, and the 7-th SQ estimator can be represented
as Uy (7) — U (7) = B + Up, where E[U,,] = 0 and B,, is the bias.

We consider the plausibility of Condition G-V2. From the results in (Kato, 2012),
B,, = Op(h?) and U,, = Op((nh?)~'/?). Because each ©,, are based on local observa-
tions in disjoint bins, (B,,, U,,) is independent across m = 1,..., M. Therefore, the

aggregation for U, gives

ﬁéUm:W-op (A=) = 0rta)

by the Central Limit Theorem, provided that /nh? — 0. On the other hand, for the
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bias terms we have

VY By =/nM - Op(h*) = Op (Vih*? ) ;

the order of the above sum goes to infinity if p > 1, hence the bias dominates in the
aggregation of 0, in Condition G-V2. Therefore, it is critical to reduce the bias when

constructing the initial SQ estimator.
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CHAPTER IV

Numerical and Empirical Investigations

In this chapter, we demonstrate the practical applicability of the m-Rock approach
via numerical and empirical examples. Inspired by our theoretical framework in
Chapter 3, we first discuss the computational aspects of the m-Rock approach and
give a prototype implementation of the approach. Then we demonstrate the numerical
stability and statistical efficiency of our approach via simulation studies. We also

apply the m-Rock approach to two empirical examples related to finance and public

health.

4.1 Implementation

Our theoretical analysis in Chapter 3 relies on finding disjoint bins that parti-
tion the sample space. However, it is often more practical to consider overlapping
and possibly data-dependent bins. Specifically, we use subsampling and k-Nearest
Neighbours (kNN) to find those overlapping bins. Suppose the observed covari-
ates are Xi,...,X,. For each X;, we find its K nearest neighbours in the data
as B; = {Xy, : j=1,...,K}. We then choose a subsample of size m out of those
n sets as B(y, ..., Ba); those sets form m effective bins that discretize the sample
space and may overlap with each other. The purpose of subsampling is to reduce the

computational cost and we set m = [20n/K | in our experiments. On the other hand,
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the value of K can be regarded as a tuning parameter of the m-Rock approach.
Based on those selected bins, the m-Rock approach can then be implemented from
the discussions in Chapter 3. We give the detailed implementation in Algorithm 1.
We review some notations here. Let X € RP*! be the covariate vector including an
intercept term. The number K is the tuning parameter we described above, and §

(0 €10,1)), J and m are three user-specified parameters that we explain below.

Algorithm 1 Estimation of the 7th SQ regression via the m-Rock approach.

1: Form an equally-spaced grid over the interval [ — 07, 7 + 0(1 — 7)] as

T—0T=8<$<...<s;=17+0(1—71).

2: Subsample m out of n covariate vectors Xy, ..., X(n).

3: for i =1 tom do

4:  Find the K nearest neighbours of X(;) in the full data, collected in bin B;.
5  for j =0to J do

6: Obtain the conditional quantile estimator at level s;:

Cj(i)(S]‘,I)7 T &€ BZ

7 Obtain the initial SQ) estimator at level s; from (3.6) in Chapter 3:
0y 4= (55, Xi)) »

8: end for
9: end for
10: Solve the (approximate) optimization problem via quantile regression

74+0(1—7)
< min nym/ Pr (17 (s,X(,-)) — X({)e) ds.

feRp+1
m

J
~ Z f)/mpT Uz] (7;) 6) )
7=0

GERPH —

where 4,, is given in (3.7) in Chapter 3.

We explain several aspects of Algorithm 1. First, the choice of J in Step 1 may

have to increase with more sample size, so that the approximation error is negligible.
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Second, in Step 10 we use a J-truncated interval in the m-Rock loss function, in
accordance with Corollary 1; Moreover, we may use a left-winsorized estimator (for
the lower quantile levels) for 0(s,z) in Step 7; see also Remark 4 in Chapter 3. The
truncation and winsorization can reduce the computational cost. Third, in Step 2 we
can use the k-medoids algorithm (Schubert and Rousseeuw, 2019) for subsampling,
so that the selected bins are more representative. In our experience, choosing m =
[20n/K1], J = [\/nlog(n)], § = 0.8, and using 50% left-winsorization gives relatively
stable performances; therefore we fix those parameters in our subsequent experiments.

Another important ingredient to Algorithm 1 is the quantile estimator in Step
6. While there are many possibilities, in our experiments we restrict to two types of
estimators: local or global estimation. For local estimation, we use the data within
each bin to fit a bin-wise linear quantile regression; and we name this approach m-
Rock with kNN quantile. For global estimation, we use all available data to fit either

(i) linear quantile regression, or (ii) B-splines quantile regression.

Remark 8. Instead of specifying the size (volume) for each bin, in Algorithm 1 we
specify the number (K) of observations within each bin. This is in parallel to using a
variable bandwidth for kernel-based estimation (Muller and Stadtmuller, 1987; Fan
and Gijbels, 1992). By ensuring each bin has sufficient data, our implementation

based on kNN helps with the numerical stability in the initial SQ estimation.

Remark 9. In the scenario with only one covariate, we have conducted extensive
numerical experiments to compare our Algorithm 1 with the implementation using
non-overlapping bins. With only one covariate, it is relatively simple to find non-
overlapping bins based on the sample quantiles, which are consistent with our theo-
retical framework in Chapter 3. We find that our Algorithm 1 is more stable with

respect to the bin sizes.
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4.2 Numerical experiments

4.2.1 The effect of tuning K

In this section, we use Monte Carlo simulations to investigate the effect of K in
the m-Rock approach. Effectively, K is the bandwidth parameter for the initial non-
parametric SQ estimation in Chapter 3; and the choice of K reflects the bias-variance
trade-off in the m-Rock approach. Here we use two models to study the practical
effect of selecting K when the m-Rock approach is implemented as in Algorithm 1.
For each simulation setting, we generate 1,000 Monte Carlo datasets and report the
average estimation accuracy.

Theoretically, we can derive some theoretical requirements for K. For each bin,
K = nh? under the notations in Section 3.4, where h is the radius of the bin and p is
the dimension of covariates. Condition G-A1 in Chapter 3 then implies that K needs
to satisfy:

Vnlogn < K < n.

In the subsequent simulations, we shall examine the performance of the m-Rock

approach when K varies within the above range.

4.2.1.1 A one-dimensional model

We first consider a heteroscedastic model with one continuous covariate X ~
U0,4):
Y =—1+2X+ (2(X —2)* + 1)(e — vp), (4.1)

where ¢ is independent of X and follows the standardized skewed-¢5 distribution with
skewness set to 2, see Hansen (1994); vy is chosen to be the 90% SQ of €. Figure
4.1 shows the density function of ¢, as well as a scatterplot of data generated from

Model (4.1) with sample size n = 2000. Under Model (4.1), the 90% conditional SQ
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is linear in X, yet the 90% conditional quantile is highly non-linear. Therefore many
other approaches in the literature (e.g., those we compare with in Section 3.5) are

not directly applicable.

Standardized t vs skewed-t distribution Scatterplot of one generated dataset
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Figure 4.1: Illustration of the skewed-t error distribution. Left: The density func-
tions of the standardized ts-distribution and skewed t5-distribution with the skewness
parameter equals to 2. Right: The scatterplot of one dataset generated from Model
(4.1).

We consider three different sample sizes n = 500, n = 2000 and n = 5000 under
Model (4.1), and we focus on 7 = 0.9. For initial estimation of the conditional
quantile function in Step 6, we consider two options: (i) kNN quantile regression;
and (ii) B-splines quantile regression with 5 degrees of freedom. In this setting, we
find that the B-splines quantile regression provides an accurate approximation for the
conditional quantile function, and it does not depend on the tuning of K. We consider
the performance of these two m-Rock implementations when the tuning parameter
K varies within [n%® n%%],

Figure 4.2 shows the scaled RMSE (Root Mean Squared Error) of the m-Rock
approach for a wide range of K. Note the z-axis is on a log-scale; and the RMSE
is multiplied by /n so that the results under different sample sizes are comparable.
We observe that both versions of the m-Rock approach can achieve a desirable bias-
variance trade-off for a wide range of K near \/nlogn/2, marked with a vertical line.
When using a proper K, the two m-Rock implementations are similar.

We explain the effect of K in more details. First, choosing too large a K will
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(b) For the slope term [y

Figure 4.2: The scaled (by v/n) RMSE for each coefficients under Model (4.1). The
x-axis is displayed on the log scale, and the vertical line marks our recommended
value of K = \/nlogn/2.

lead to a worse performance. This phenomenon is persistent in both implementations
of the m-Rock approach and is due to the binning bias: the local structure of the
covariate space cannot be well-approximated by the bins if they are too large in size.
Second, using a smaller K in Figure 4.2 also drives up the RMSE for the approach
with kNN quantile; This is particularly notable for the estimation of the slope term
B1. With kNN quantile, the tuning of K affects both the m-Rock approach itself
and the initial quantile estimation. The results in Figure 4.2 suggest that the kNN
quantile regression can be unstable with a small K, which impairs the performance
of the m-Rock approach. On the other hand, the m-Rock approach with B-splines

quantile (which does not depend on K) stays relatively stable with smaller values of
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K.

To conclude, we find that when K is in a suitable range, both implementations of
the m-Rock approach can achieve relatively stable performance. In our subsequent
experiments, we shall fix K = /nlog(n)/2, which is marked with a vertical line in
Figure 4.2. Furthermore, if we have a good conditional quantile estimator that does
not depend on K, the performance of the m-Rock approach can be even more stable,

and smaller values of K may be preferred.

4.2.1.2 A three-dimensional model

Here we consider a model with three continuous covariates to examine the effect

of dimensionality in the selection of K. Specifically, we consider the following model:

where (X, X5, X3) is uniformly distributed on the 3-dimensional cube [0,4]3; the
error term ¢ follows a standard normal distribution independent of the covariates.
While heterogeneity is present in Model (4.2), both the conditional quantile and SQ
of Y are linear in covariates at all quantile levels.

We generate Monte Carlo datasets under Model (4.2) with four difference sample
sizes n = 500; 2,000; 5,000 and 10, 000; for each generated data, we estimate the SQ
regression at three quantile levels 7 = 0.8, 0.9 and 0.95. For the m-Rock approach,
we consider two implementations based on (i) kNN quantile; or (ii) linear quantile
We also include the Two-Step approach in (2.8) of Chapter 2 as a relatively simple
benchmark: we first fit the 7-th linear quantile regression, followed by least-squares
regression using the data above the fitted 7-th quantile; We name this approach TS-
LS. The TSLS approach is similar to the m-Rock implementation (ii) as they both

rely on the linearity of the conditional quantile function. On the other hand, the m-
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Rock implementation (i) does not rely on a linear quantile regression model a priori,

even though it takes hold under Model (4.2).

We first examine the average RMSE over the four estimated SQ regression coeffi-

cients under Model (4.2). Figure 4.3 gives a matrix of plots that shows the rescaled

(by 4/n) RMSE at different (n,7) combinations; In each plot, we vary K within the

ran

ge [n0.55’ n0.85]

for the m-Rock approach. We observe that the m-Rock approaches

are consistently more efficient than the benchmark approach with almost all choices

of K; and the performances are relatively steady when K is close to our recommended

value \/nlogn/2, marked by a vertical line in Figure 4.3.
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Figure 4.3: The scaled (by \/n) average RMSE across four coefficients under Model
(4.2); each row represents a fixed quantile level, and each column shares a fixed
sample size. The x-axis is displayed on the log scale, and the vertical line marks our
recommended value of K = y/nlogn/2.

With multiple continuous covariates, it becomes even more challenging for the m-

Rock with kNN quantile regression. This becomes more evident in the bias-variance
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decomposition in Figure 4.4, where we focus on one of the coefficient [5; and one
quantile level 7 = 0.9. For the m-Rock Implementation with kNN quantile, there is
a significant bias for most values of K; the magnitude of the bias is comparable to
that of the standard deviation. From Figure 4.4, using a smaller K quickly increases
the bias, while using a larger K leads to inflated variance. Therefore, it may be
difficult for the m-Rock Implementation (i) to achieve desired bias-variance balance
by tuning K. On the other hand, the m-Rock approach with linear quantile is much
more stable when K is small, though it is less robust because it hinges on a linear

quantile regression model.
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Figure 4.4: The scaled (by /n) absolute bias and standard deviation for /3; with
7 = 0.9 under Model (4.2); other attributes of the figure are the same as Figure 4.3.

In summary, the m-Rock approach is still applicable with multiple covariates; and

the choice K = y/nlogn/2 is still suitable under Model (4.2). Nonetheless, the kNN
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quantile regression can be less stable in this setting with respect to the tuning of K.
it is desirable to have a joint quantile and SQ regression model to assist the initial
quantile estimation, though it is not necessary for our theoretical analysis in Chapter
3. Moreover, due to the use of non-parametric initial SQ estimators, the m-Rock

approach requires a much larger sample size when the covariate dimension increases.

4.2.2 More comparisons with a fixed K

In this section, we present more numerical results to compare the m-Rock approach
with other approaches in the literature. We shall fix the value of K in Algorithm 1 to
be K = y/nlog(n)/2. We find the comparisons would not be qualitatively different
when we use a different K at the same magnitude.

We compare with a limited number of approaches in the literature, including
those in Section 3.5. The approaches can be categorized into three classes. The first
class involves two-stage estimation of the quantile and SQ regression, which includes
the Neyman-Orthogonalized Least-Squares (NO-LS) approach in Barendse (2020);
and the simple Two-Step (TS-LS) approach described in (2.8) of Chapter 2. The
second class is based on the joint estimation of Dimitriadis et al. (2020), where we
consider two different specification functions Ga(z) = log(z) and Ga(z) = /= as
in Section 3.5 of Chapter 3, which we name Joint-1 and Joint-2 respectively. We
rely on the R package esreg (Dimitriadis and Bayer, 2022) for computation of the
Joint approaches. For the third class of method, we consider the Original Rockafellar
(O-Rock) approach in Rockafellar et al. (2014), which is implemented based on the
duality theory in Miranda (2014) and Rockafellar and Royset (2018). We only include
the third method in limited scenarios, since it is theoretically biased and hence invalid

in general; see our discussions in Chapter 1.
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4.2.2.1 The quadratic-scale model revisited

Here we examine the one-dimensional Model (4.1) in more detail; we focus on
the same Monte Carlo settings but with more competing methods. For the m-Rock
approach, we include the same two implementations used in Section 4.2.1.1, where
mRock-1 refers to using kNN quantile and mRock-2 refers to B-splines quantile.

Since the 90% conditional quantile of Y given X is not linear, the first two classes
of methods are not directly applicable. We present the bias of those approaches in
Figure 4.5. Except for the m-Rock approaches, all other methods are highly biased,
especially for the intercept term fy; this is because the bias from quantile regression
carries over to the targeted SQ regression. On the other hand, the m-Rock approaches

have no visible bias when the sample size is sufficiently large.

Bo B
1.0 1.0
0.5- -05
Method
(2]
< I mRock-1
% 0.0»j rrrrrr S e el F B L A -0.0 B mRock-2
2 B No-Ls
g 05- 05 [ Ts-Ls
L . Joint-1
I Joint-2
~1.0- --1.0
-15- 15
n=500 n=2000 n=5000 n=500 n=2000 n=5000
Sample size Sample size

Figure 4.5: The bias for various SQ regression approaches under Model (4.1); the error
bars show two times the estimated standard errors. For details on abbreviations of
the methods’ names; see the beginning of Section 4.2.2.

For a fair comparison, we now use the same B-splines quantile regression with 5
degrees of freedom for all the competing approaches, therefore alleviating the bias

from quantile modeling. Operationally, we simply use the B-splines basis matrix
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generated by the observed covariate data as the predictors for quantile regression
modeling, which is straightforward to implement for all approaches in Classes 1 and
2!, For the m-Rock approach, we also focus on the implementation with B-splines
quantile regression. The estimation accuracies are presented in Table 4.1.

Since the modeling of conditional quantile is the same, all approaches in Table
4.1 are comparable. We highlight several findings. First, the m-Rock approach is
consistently more efficient than all competing methods in this example with het-
erogeneity, with around 30% reduction in RMSE and MAE. Second, all the other
approaches share similar performance. While Barendse (2020) shows that choosing
Go(z) = log(z) is semi-parametric efficient under certain forms of heterogeneity, in
the current Model (4.1) the Joint approaches do not offer any significant efficiency
gain. Therefore, the m-Rock approach can help under broader forms of heterogeneity.

Furthermore, we include one further comparison with the weighted linearization
method described in Equation (3.2). In practice, we can use an estimated weight and

solve the feasible weighted least-squares (WLS) problem:

T 2
— XY

II1111 , (4.3)
Z (7, X(a —4(7, X))

where both 0(7, X(;)) and §(7, X(;)) are available from Steps 6 and 7 in Algorithm
1. Parallel to the m-Rock implementations, we consider two linearization methods,
labeled by Linearize-1 and Linearize-2; the former uses kNN quantile regression and
the latter uses B-splines quantile regression to estimate the weights. We also include
the oracle linearization method (Linearize-OR) as if the weights v(7,z) — ¢(7,z) in
(4.3) were known.

Figure 4.6 compares the estimation accuracy of the linearization and the m-Rock

approaches. We observe that the m-Rock approaches are similar to the (infeasible)

!'Though the theoretical results for those approaches may not apply.
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Linearize-OR approach, thereby agreeing with the asymptotic theory in Theorem
II1.1. On the other hand, the linearization approaches using estimated weights do
not achieve the same estimation accuracy with limited sample sizes. Therefore, the
m-Rock approach achieves implicit oracle weighting? without having to estimate the

weights, which may not be consistently reliable in practice with limited sample size.

Po B+
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15
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1.5 o I mRock-2
S 1.0 . )
o . Linearize-1
1.0- . Linearize-2
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Figure 4.6: The RMSE of m-Rock and linearization approaches under Model (4.1).
The error bars show two times the estimated standard errors. For details on abbre-
viations of the methods’ names; see Section 4.2.2.

2Such ‘oracle’ weighting does not refer to the semi-parametric efficient weights, but the true
weight in (4.3).
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Table 4.1: The estimation accuracy for 90% SQ regression under Model (4.1); the
conditional quantiles are modeled by B-splines regression with 5 degrees of freedom
for all methods. RMSE is the root-mean-squared error, and MAE is the mean absolute
error. The numbers in parentheses are the estimated standard errors.

Bias (x10) | RMSE (x10) | MAE (x10)

Method
Bo B Bo B Bo B
n = 500
m-Rock  ¢;(z) by B-splines 095 -0.78 | 13.64 882 | 10.74  6.96
(0.42)  (0.27) (0.29) (0.19) | (0.25) (0.16)
Two-stage NO-LS 0.69 -1.31]19.13 12.88 | 14.67 9.99
(0.56)  (0.38) | (0.43) (0.28) (0.34) (0.23)
TS-LS 0.74 -1.521]19.66 13.23 | 15.14 10.33
(0.57)  (0.38) | (0.43) (0.28) (0.35) (0.23)
Joint Ga(z) = log(z) 0.76 -1.36 | 17.88 11.97 | 13.96 9.39
(0.53)  (0.35) | (0.39) (0.25) (0.32) (0.21)
Ga(z) = /2 0.54 -1.26 | 18.08 12.13 | 14.04 9.46
(0.53)  (0.36) | (0.40) (0.25) (0.33) (0.21)
n = 2000
m-Rock G-(z) by B-splines  0.21 -0.24| 659 429 | 521 3.40
(0.22)  (0.14) (0.15) (0.10) (0.13) (0.08)
Two-stage NO-LS 0.06 -0.30| 948 642 | 7.41 5.04
(0.30)  (0.20) (0.25) (0.18) (0.19) (0.13)
TS-L.S 0.02 -0.35| 953 646 | 7.45 5.08
(0.30)  (0.20) (0.26) (0.19) (0.19) (0.13)
Joint Ga(z) = log(z) 0.05 -0.32| 892 6.02| 698 4.74
(0.28)  (0.19) (0.22) (0.16) (0.18) (0.12)
Ga(z) =z 0.02 -0.30| 9.03 6.11| 7.04 4.79
(0.29)  (0.19) (0.22) (0.16) (0.18) (0.12)

n = 5000

m-Rock  ¢;(z) by B-splines  0.00 -0.04 | 421 274| 335 219
(0.14)  (0.09) (0.09) (0.06) (0.08)  (0.05)

Two-stage NO-LS 0.06 -0.07| 595 4.02| 4.74 3.21
(0.19)  (0.13) (0.13) (0.09) (0.11) (0.08)

TS-LS 0.03 -0.07| 596 4.03| 4.74 21

(0.19)  (0.13) (0.13) (0.09) (0.11) (0.08)

Joint Go(z) = log(z) 0.01 -0.07| 5.67 381 | 452 3.04
(0.18)  (0.12) (0.13) (0.08) (0.11) (0.07)

Ga(z) = /2 -0.03 -0.06| 568 384 | 453 3.0

(0.18)  (0.12) (0.13) (0.09) | (0.11)  (0.07)
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4.2.2.2 The linear location-scale shift models

Here we consider the linear model:

Y =-242X+ (1+~X)e, (4.4)

where X is uniformly distributed on [0,4], v > 0 controls the heterogeneity and &
is the error term independent of X. Depending on the heterogeneity parameter
and the error term e, Equation (4.4) represents a class of linear location-scale shift
models. Here we consider four different specifications, where e follows either (i) a
standard normal distribution, or (ii) a standardized skewed-t; distribution in (4.1)
with skewness 2; and v is set to be (i) v = 2 or (ii) v = 0. Therefore, we cover both
homogeneous and heterogeneous cases with different error distributions.

For each model specification, we consider three sample sizes n = 500; n = 2,000
and n = 5,000. For each Monte Carlo dataset, we estimate the SQ regression coeffi-
cients at four different quantile levels 7 = 0.8, 7 = 0.9, 7 = 0.95 and 7 = 0.975. For
the m-Rock approaches, we consider two implementations with (i) kNN quantile, and
(ii) linear quantile. We also include all three classes of competing methods described
in Section 4.2.2.

Tables 4.2 and 4.3 show the average RMSE across the two SQ regression coef-
ficients 5y and B; under Model (4.4); each one of the tables is for a fixed 7 value,
representing a scenario with homogeneous or heterogeneous model. For each sample
size n and quantile level 7, we report the maximum of estimated standard errors
among all methods, since the standard errors for different methods are comparable
in this example.

With sufficiently large sample sizes and/or less extreme quantile levels, both im-
plementations of the m-Rock approach are among the most efficient in all scenarios.

With homogeneous models (v = 0), Table 4.2 shows the m-Rock approaches and the
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Table 4.2: The average RMSE (multiplied by 10) for the SQ regression coefficients
under Model (4.4) in homogeneous settings with 4 = 0. The numbers in the paren-
theses show the maximum estimated standard error across all methods for each (n, 7).
For abbreviations of methods’ names, see Section 4.2.2.

Normal error Skewed-t error
Quantile levels (%) Quantile levels (%)
Method 80 90 95 975 99 80 90 95 975 99
n = 500

Rock kNN ¢ 1.02 126 164 212 283 1.80 277 422 640 10.97
m-Roe linear ¢ 1.02 127 166 224 3.35 183 285 457 7.53 14.66
Rock Original  1.06 1.32 167 217 3.13 1.68 260 4.16 6.54 14.68
— NO-LS 101 125 160 203 2.89 1.80 2.81 446 7.06 12.57
wo-stage  pq1s 101 1.27 161 204 3.02 1.80 2.84 447 7.10 13.03
Joint Joint-1 117 144 180 228  3.16 215 318 484 742 13.04
om Joint-2 111 136 1.71 218  3.05 1.99 301 465 7.21 12.66
max. s.e. (0.02) (0.03) (0.04) (0.05) (0.08) (0.05)  (0.07) (0.15) (0.25)  (0.99)

n = 2000
Rock kNN ¢ 050 0.64 083 111 1.61 0.95 146 227 351  6.16
m-Hoce linear ¢ 050 0.64 081 105 158 0.94 145 225 356  6.65
Rock Original 052 0.65 083 1.06 154 0.88 1.33 206 320 5.80
Twonst NO-LS 050 0.63 080 1.02 1.45 094 144 224 352 6.35
wo-stage  1grs 050 0.63 079 1.02 145 093 144 223 350 6.37
Joint Joint-1 057 071 089 1.13 1.60 1.09 1.62 244 373 6.5
om Joint-2 054 0.67 085 1.09 1.54 1.03 154 235 362 641
max.s.e.  (0.01) (0.01) (0.02) (0.02) (0.03) (0.02)  (0.03) (0.05) (0.08) (0.16)

n = 5000
Rock kNN ¢ 031 040 052 0.70 1.07 058 090 1.41 225 411
- linear ¢ 0.31 040 051 065 0.99 058 0.90 1.40 220 4.03
Rock Original 032 041 052  0.66 0.96 054 083 1.28 199 3.68
Twoust NO-LS 031 039 050 064 0.92 058 090 1.41 224 418
Wo-stage  1qrs 031 039 050 064 0.93 058 0.90 1.41 224 423
Joint Joint-1 035 044 055 071 1.01 0.66 1.00 1.53 2.39  4.36
om Joint-2 0.33 042 053 068 0.98 062 095 1.48 232 427
max. s.e. (0.01) (0.01) (0.01) (0.01) (0.02) (0.02) (0.02) (0.04) (0.07) (0.19)
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Table 4.3: The average RMSE (multiplied by 10) for the SQ regression coefficients
under Model (4.4) in heterogeneous settings with v = 2. Other attributes of the table
are the same as Table 4.2.

Normal error

Quantile levels (%)

Skewed-t error

Quantile levels (%)

Method 80 90 95 975 99 80 90 95 975 99

n = 500
Rock kNN ¢ 323 419 544 7.06 9.74 578 880 13.46 21.17 41.74
o linear ¢  3.26 427 566 8.11 13.11 580 9.13 14.69 25.15 55.99
Rock Original  3.76  4.62 580 7.36 12.00 925 11.96 16.46 23.69 49.07
Twonst NO-LS 427 544  7.05 910 12.99 798 1210 18.89 29.99 55.43
wo-stage  1qrs 3.68 460 6.11 7.94 13.42 700 10.70 16.94 27.32 51.06
Joint Joint-1 320 399 511 6.61 9.33 537 800 1231 19.14 33.19
om Joint-2 3.40 425 546 7.04 10.06 575 855 13.14 20.50 36.35
max. s.e. (0.09) (0.12) (0.16) (0.24)  (1.11) (0.18)  (0.29) (0.57) (1.83)  (4.13)

n = 2000
Rock kNN ¢ 1.60  2.04 267 351 501 292 444 677 10.61 19.22
m-Roe linear ¢  1.60 2.05 267 348 534 2.94 448 6.86 11.11 21.70
Rock Original 241 284 3.32 392 524 794 965 1178 1516 23.30
— NO-LS 223 282 360 4.60 647 4.04 615 943 1477 26.94
wo-stage  1qrs 191 238 3.02 390 551 3.61 543 841 13.08 24.12
Joint Joint-1 172 212 267 336  4.69 290 429 641 984 17.62
om Joint-2 1.82 226 284 358  5.02 310 460 6.87 10.55 18.88
max. s.e. (0.05) (0.06) (0.08) (0.10) (0.15) (0.08) (0.13) (0.20) (0.34)  (0.70)

n = 5000
Rock kNN ¢ 095 122 1.62 218 3.26 183  2.82 435 680 12.50
m-Roce linear ¢ 0.95 123 162 213 3.19 1.83 282 434 6.78 12.87
Rock Original  1.92 221 249 285 3.59 751 9.03 10.77 13.13 18.03
Twonst NO-LS 134 171 221 285  4.06 257 396 618 969 17.83
Wo-stage  1qrs 113 145 188 243 348 227 355 555 859 15.71
Joint Joint-1 1.04 131 168 216 3.05 1.86 279 421  6.38 11.40
om Joint-2 110 1.39  1.78 228  3.23 1.99 299 453 6.87 12.28
max. s.e. (0.03) (0.04) (0.05) (0.06) (0.08) (0.06) (0.09) (0.14) (0.23)  (0.50)
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two-stage approaches are more efficient than the Joint approaches. When hetero-
geneity is present (v = 2), however, the Joint approach with G5(z) = log(z) and the
m-Rock approaches are similar and consistently the most efficient®. These efficiency
comparisons are in line with our theoretical findings in Chapter 3; and the differences
between methods are more evident with heavy-tailed errors. To conclude, the esti-
mation accuracy of the m-Rock approach remains competitive in either homogeneous
or heterogeneous scenarios.

We note that SQ regression can be less stable with limited sample sizes and/or
at extreme quantile levels. The m-Rock approach can be especially sensitive due to
its need for an initial estimator at a range of quantile levels, e.g., when targeting the
99% SQ regression, we often need to estimate up to the 99.9% initial SQ for the m-
Rock approach, which can be unstable with limited sample sizes. Therefore in Tables
4.2 and 4.3, we sometimes observe the m-Rock approach can be less competitive at
extreme quantile levels (e.g., 7 = 0.975 or 7 = 0.99).

We further zoom in to the case of n = 2000, 7 = 0.9 with skewed-t5 error in Figure
4.7, which shows a more detailed bias-variance decomposition of the results in Tables
4.2 and 4.3. We highlight two findings from Figure 4.7. First, Figure 4.7 visualizes the
adaptivity of the m-Rock approach: the variances are among the smallest in either
homoscedastic or heteroscedastic cases. Note, however, that the m-Rock approach
with kNN quantile can introduce some more bias with limited sample sizes.

Second, Figure 4.7 informs us that the Original Rock approach can be highly
biased in heterogeneous scenarios, though it can be valid and even more efficient than
others in homogeneous settings with heavy-tailed errors. In Figure 4.8, we further
compare the bias for the Original Rock approach with the m-Rock approach. The

bias for the O-Rock approach is persistent, while the bias for our m-Rock approach

3We note that the R package esreg for the Joint approach will shift the response variable before
fitting, therefore the numerical performance may differ from the theoretical discussions in Section
3.5.
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vanishes as the sample size increases; Therefore, our modification is critical for a
consistent SQ regression. These results agree with our findings in Chapter 1.
Overall, we conclude that the m-Rock approach demonstrates desirable estimation
accuracy that is automatically adaptive to the heterogeneity in data. The m-Rock
approach can also incorporate either parametric or non-parametric quantile regression
estimators; and when the sample size is large, its performance does not change much
with the quantile estimation. Those empirical findings corroborate our theoretical

discussions in Chapter 3.

4.3 Empirical data applications

In this section, we use two empirical applications to illustrate the use of the m-
Rock approach in practice. In our examples, the standard errors for all involved

statistical procedures are from B = 500 bootstrap samples.

4.3.1 Financial data

We first study an example related to financial risk analysis. In financial appli-
cations, superquantile is often used to quantify the risk in an investment portfolio,
which reflects the potential losses in adverse situations. In this example, we use the
proposed m-Rock approach to study the risk exposures of some investment portfolios
to the Fama-French (F-F) three factors model (Fama and French, 1993, 1995). Our
settings are similar to those in Chetverikov et al. (2022) and Barendse (2020).

We investigate the superquantile risk of 6 different investment strategies based
on the the company’s size and operating profitability (OP) (Novy-Marz, 2013). The
first four portfolios are the double-sorted portfolios based on small/large market cap-
italization (i.e., size) and low/high OP. The other two portfolios are of a long-short
type that takes a long position in high OP stocks and a short position in low OP

stocks; each of those two portfolios focuses only on stocks with big (or small) market
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Figure 4.7: The absolute bias and standard deviation when 7 = 0.9 and n = 2000
under Model (4.4) with skewed-t error. The error bars show two times the estimated
standard errors. For abbreviations of methods’ names, see Section 4.2.2.
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Figure 4.8: The bias for each coefficient at different quantile levels 7 under Model
(4.4) with heterogeneity (v = 2) and skewed-t error.

capitalization. For the covariates, we use the Fama-French three factors, which in-
clude the market factor (MktRF), the size factor (SMB), and the value factor (HML).
Those factors are standard in the financial literature as systematic macro-economic
risk factors. We refer to Fama and French (1993) for more detailed discussions of
factor models; and Fama and French (2015) for the portfolio construction based on
profitability. We focus on the U.S. stock market in this example; all data for the
investment portfolios and the F-F factors are publicly available from the data library
of Professor Ken French (https://mba.tuck.dartmouth.edu/pages/faculty/ken.
french/data_library.html).

In our analysis, we use the daily loss percentage (negative return) of the six

portfolios as different response variables. The sampling period is from July 1963 to
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April 2022, which consists of n = 14,810 daily observations. Table 4.4 presents the
result for 7 = 95% superquantile regression using the m-Rock approach, where we
fix the nearest-neighbour parameter K = 584 in Algorithm 1. To properly capture
the serial correlation, the reported standard errors are from the block bootstrap in
Kunsch (1989) using a fixed block length of one year. We use the name ‘Small/hi’
to represent the portfolio with small size and high profitability, and ‘Small/LS’ for
the portfolio with small size and takes a long-short position based on profitability;
the names of other portfolios follow the same convention. Each row in Table 4.4
represents one regression model with the corresponding portfolio as the response. In
what follows, we refer to the estimated coefficient for each factor as factor loadings.

In Table 4.4, the factor loadings represent the risk exposures of the targeting
portfolio on the Fama-French factor returns; In particular, a negative loading indicates
that risk decreases, i.e., a smaller loss, when the corresponding factor return is high.
The left and right panels in Table 4.4 display similar results for the factor loadings;
yet the approach with kNN quantile consistently under-estimates the intercept term
«. This observation is in line with our result in Section 4.2.2 that kNN quantile
may be more biased. Therefore, we focus on the linear quantile in our subsequent
discussion.

In general, the factor loadings are quite heterogeneous across the six portfolios.
For the first four long-only portfolios, the risk exposures to the market factor are all
approximately —1, which is consistent with the traditional CAPM model; since we
focus on the loss (negative return) distribution, these exposures are negative. The
portfolios of smaller market caps also have significant negative risk exposures to the
size factor; this means that smaller-sized companies have lower risk when the size
premium is high. This is intuitive as the size premium is driven by the excess return
of smaller-sized companies. Except for the Small/hi portfolio, the long-only portfolios

have relatively little risk exposure to the value factor.
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Table 4.4: The 95% SQ regression using the m-Rock approach for the six investment
portfolios. Left/right panels reflects two m-Rock implementations using different
conditional quantile estimators. The term « is the estimated intercept. The numbers
in the parentheses show the block bootstrap standard errors.

linear quantile kNN quantile
Portfolios F-F factors F-F factors
a (%) MktRF SMB HML a (%) MktRF SMB HML
Small/low 0.578 -1.069 -1.034 -0.090 0.509 -1.074 -1.027 -0.098
(0.064) (0.020)  (0.047)  (0.049) (0.047) (0.016)  (0.034)  (0.038)
Small/hi 0.717 -1.015 -0.866 -0.433 0.603 -1.027 -0.853 -0.406
(0.107) (0.023)  (0.051)  (0.076) (0.071) 0.021)  (0.044)  (0.065)
Big/low 0.914 -1.146 -0.223  0.009 0.793 -1.133 -0.206 -0.035
(0.126) (0.039)  (0.068) (0.087) (0.089) 0.031)  (0.053)  (0.072)
Big/hi 0.450 -0.938 0.186 0.087 0.404 -0.946 0.183 0.099
(0.066) (0.024) (0.034)  (0.043) (0.047) (0.021) (0.029)  (0.039)
Small/LS 1.007 0.075 0.214 -0.323 0.879 0.065 0.202 -0.303
(0.126) (0.030)  (0.077)  (0.101) (0.087) (0.029)  (0.066)  (0.091)
Big/LS 1.246 0.226 0.286 0.126 1.108 0.208 0.306 0.158
(0.167) (0.058)  (0.078)  (0.110) (0.123) (0.047)  (0.069)  (0.098)

For the two long-short type portfolios, the risk exposures to all three factors are
relatively small. In particular, the exposures to the market factor are now approx-
imately zero, or even positive; By taking long-short positions, the market risk is
hedged away in these portfolios. Moreover, those long-short type portfolios have the
largest estimated o among the six portfolios. Note a quantifies the potential loss
that is not captured by the F-F factors (Barendse, 2020). As in Table 4.4, both the
long-short portfolio has an unexplained average daily loss of over 1% in the worst
5% situations. Following the reasoning in Fama and French (2015), these long-short
portfolios are more focused on the profitability effect yet have less exposure to other
systematic risks, comparing with the long-only portfolios. Our results corroborate
the findings in Novy-Marz (2013) that the F-F three factors model is insufficient to

explain variations in the stock market related to profitability.
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We also give the results for the Original Rock approach in Table 4.5. While the
Original Rock approach is not valid in general, in this example it gives similar results
to the m-Rock approach. The reason is the lack of strong heterogeneity in this dataset.
Nonetheless, when comparing with the m-Rock approach using linear quantile, the

Original Rock approach seems to consistently under-estimate «.

Table 4.5: The 95% SQ regression from the Original Rockafellar’s approach for the
six investment portfolios; the setting is the same as Table 4.4.

F-F factors
a (%) MktRF SMB HML

Small/low  (0.508 -1.081 -1.012 -0.110
(0.041) (0.014)  (0.034)  (0.039)

Portfolios

Small/hi 0.588  -1.034 -0.864 -0.407

(0.057) (0.018)  (0.052)  (0.055)
Big/low 0.793 -1.128 -0.214 -0.046
(0.078) (0.031) (0.042) (0.076)
Big/hi 0.399  -0.952 0.190 0.092
(0.043) (0.019) (0.024) (0.046)

Small/LS 0.875 0.064 0.160 -0.270

(0.070) (0.025)  (0.075)  (0.086)
Big/LS 1.088 0.200 0.313 0.166
(0.120) (0.045)  (0.076)  (0.118)

Furthermore, we compare our results with those obtained using the NO-LS ap-
proach and the Joint approach with G5(z) = log(z). For our m-Rock approach, we
focus on the one with linear quantile. Figure 4.9 shows the point estimates and the
standard error bars for the six investment portfolios. While all methods give qualita-
tively similar point estimates, the estimated standard errors of our m-Rock approach
are consistently among the smallest. These results indicate that our m-Rock ap-
proach may offer improved estimation efficiency compared to other approaches in the

literature.
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4.3.2 Birth-weight data

Here we study another example related to birth weight. A low birth weight (<
2500g) is long-known to be associated with increased infant mortality risk and long-
term health issues; See Hughes et al. (2017) for a recent review. Since low birth
weights are considered at risk, in this example we focus on the lower-superquantile
of the birth weight distribution, which is the average birth weight below a certain
quantile level. The method developed in the dissertation is still applicable for the
problem by reversing the direction of both the covariate and response .

We focus on the effect of parity on the birth weight distribution. Parity is defined
as the number of live births a mother has given, e.g., a parity of 1 indicates the first
live birth of a mother. In our analysis, we consider the difference in birth weight
between two groups: (i) parity = 1 and (ii) parity > 1; therefore, the variable of
interest is a binary indicator, where parity of 1 is the reference level. This reference
group is commonly referred to as nulliparous in the public health setting. Many
previous studies (Shah, 2010; Duong et al., 2012; Hinkle et al., 2014; Lin et al., 2021)
have shown that nulliparous mothers are exposed to higher risk of low birth weight
and/or birth defect. In this example, we use the m-Rock approach to study the
superquantile effect of parity on the birth weight distribution.

The data we use is the 2020 U.S. birth-weight dataset, which is available on-
line at the National Center for Health Statistics (https://www.cdc.gov/nchs/data_
access/vitalstatsonline.htm). In our analysis, we focus on the cases of male sin-
gleton births only; and we restrict to the subpopulation of black or white mothers
that are recorded to be married, college-educated, non-smokers, and at least 36 years
old. This subpopulation focuses on the mothers that are relatively older but in good

conditions otherwise; therefore, taking the subpopulation eliminates some possible

4The lower Tth superquantile of Y given X is equivalent to the upper (1 — 7)th superquantile of
—Y given —X.
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confounders in our analysis of parity (Yang et al., 2006; Muula et al., 2011). We
include three other maternal factors in our SQ regression model: mother’s race, age,
and weight gain during pregnancy; We also include a quadratic term for the mother’s
weight gain after centering the variable. Any record with missing data is removed.
We retain n = 79,336 birth records from the 2020 U.S. birth-weight dataset. Some

summary statistics are presented in Table 4.6.

Table 4.6: Average values of the variables used in the birth weight example, strati-
fied by parity groups. For continuous variables, the numbers in parentheses are the
interquartile range.

Parity = 1 Parity > 1
Birth weight (g) 3301 (3005 — 3657) 3482 (3185 — 3820)
Maternal age 38.0 (36.0 - 39.0)  38.1 (36.0 — 39.0)
Gestational weight gain (Ib) 30.4 (21.0 - 38.0)  30.2 (22.0 - 38.0)
Race = Black (%) 10.2 10.7

Table 4.7 presents the result using m-Rock SQ regression at two quantile levels
7 =0.05 and 7 = 0.2, where we fix K = 787 and use linear quantile in the m-Rock
approach. The unit for the reported birth weight effect is in grams. We observe
that the nulliparous group (i.e., parity = 1) has an adverse effect on the lower end of
the birth weight distribution; Moreover, the effect is heterogeneous and not a simple
location shift. For those with the 5% lowest birth weight, babies born to nulliparous
mothers are, on average, over 300 grams lighter than those born to multiparous
mothers. This effect may be interpreted as that mothers giving their first birth may
be inexperienced in pregnancy and giving births (Bisai et al., 2006; Muula et al.,
2011).

In addition, we observe in Table 4.7 that race is another significant risk factor.
The difference in birth weight between white and black mothers is over half a kilogram
at the 5% superquantile. Coupling this effect with the estimated intercept term, we

obtain that the 20% SQ for the birth weight distribution for black mothers at the age
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of 38 years old and had a weight gain of 30 pounds® is less than 2,500 grams; such a
low birth weight is considered to at risk in the public health context (Hughes et al.,
2017).

Table 4.7: The lower-SQ regression using the m-Rock approach for the birth weight
example. White mothers with parity 1 are the baseline groups; The other continuous

covariates are centered prior to the regression. The numbers in the parenthesis show
the bootstrap standard errors.

Quantile levels

Covariates 0.05 02

(Intercept) 2006.83  2580.32
(21.53) (9.62)

Parity > 1 325.93 241.22
(23.35) (10.64)

Race = Black -505.92  -297.43
(39.09) (16.62)

Mom age -34.03 -22.20
(5.33) (2.48)

Mom weight gain 21.39 12.67
(0.92) (0.43)

Mom weight gain? -0.41 -0.22
(0.04) (0.02)

Furthermore, we compare the mean, quantile, and superquantile effects of parity
and race in Figure 4.10. The effects of parity and race are differential, in the sense
that the effects at lower tail of the birth weight distribution are different than the
average effect. Figure 4.10 suggests that our superquantile-based approach can better
capture those differential effects, whereas the quantile effect at 20% or 25% does not
show a significant difference from the mean-effect. Furthermore, the SQ effect curves
are smoother than the quantile regression curves, because the SQ is an average over
the entire tail distribution.

As a comparison to the results of the m-Rock approach, we also give the results

SThese are the average age and weight gain in the sample from Table 4.6.
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using the NO-LS approach and the O-Rock approach in Table 4.8%; see the beginning
of Section 4.2.2 for abbreviations of methods’ names. Comparing with Table 4.7, the
NO-LS approach give similar results to our m-Rock approach; the O-Rock approach
often underestimates the SQ effects by a magnitude of one standard error. This
suggests that the O-Rock approach may implicitly shrink the coefficients towards 0.
These findings echo our simulation findings in Section 4.2.2 that the O-Rock approach

can be biased but has reduced variance.

4.4 Discussion

In this chapter, we use simulations and empirical applications to demonstrate
the performance of the m-Rock approach. Our m-Rock implementation depends
on a tuning parameter K, and a set of quantile regression estimators ¢(s,z). We
demonstrate via numerical experiments that the m-Rock approach is relatively stable

under a wide range of K, and several different choices of (s, x). In practice, we

6The Joint approach is excluded because the algorithm in the esreg package has convergence
issues in our example
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Table 4.8: The lower-SQ regression using the O-Rock and NO-LS approaches for the
birth weight data. Other attributes in the table are the same as Table 4.7

0O-Rock NO-LS

: Quantile levels Quantile levels
Covariates 0.05 0.2 0.05 0.2
(Intercept) 2002.53  2570.77 1996.39  2569.08
(19.79) (9.08) (21.69) (9.62)
Parity > 1 327.33  239.08 341.10  247.71
(21.56 ) (9.64) (23.85) (10.63)
Race = Black -507.97  -286.75 -497.74  -289.97
(43.49) (18.44) (40.49) (17.77)
Mom age -29.04 -18.95 -28.89 -20.09
(4.38) (2.07) (4.67) (2.04)

Mom weight gain 21.46 13.11 21.26 12.65
(0.82) (0.44) (0.82) (0.39)

Mom weight gain? -0.40 -0.21 -0.37 -0.19
(0.03) (0.02) (0.03) (0.02)

find that it is often the best to use a parametric quantile regression estimator for the
m-Rock approach, especially with limited sample sizes and/or multiple continuous
covariates; even though our theoretical analysis in Section 3.3 does not rely on a
linear quantile regression model.

In our simulations, the m-Rock approach demonstrates desirable estimation effi-
ciency in a wide range of models. Parallel to our discussions in Section 3.5, we confirm
numerically that the m-Rock approach is adaptive to a broad form of heterogeneity.
Our empirical studies further illustrate how the m-Rock approach can be useful for
data analysis in financial and public health applications.

We hasten to add that our Algorithm 1 is only a prototype implementation for the
m-Rock approach, and our empirical applications are relatively simple. Importantly,
we have restricted examples with only a few continuous covariates because the kNN
binning strategy can be unstable otherwise. Furthermore, it is not yet clear how to

select the tuning parameter in a data-driven way. Therefore, we would need to develop
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a more general implementation of better applicability of the m-Rock approach.
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CHAPTER V

Posterior Inference for Quantile Regression with

Shrinkage Priors

5.1 Introduction

Quantile regression, since its first debut in Koenker and Bassett Jr (1978), has
become a popular data analysis tool in a wide range of applications, from economics
(Fitzenberger et al., 2013) to public health (Wei et al., 2019). Importantly, quantile
regression allows researchers to go beyond the conditional mean analysis: it examines
the effect of the covariates at different conditional quantile levels, thus providing
more comprehensive information on the relationship between the response and the
covariates. Another celebrated virtue of quantile regression is its robustness. In the
presence of heavy tails or extreme outliers, the median regression, also known as the
Least Absolute Deviation regression, serves as an attractive alternative to the least-
squares regression (Narula and Wellington, 1982; Wilson, 1978). The asymptotic
theory and related inferential methods have been well explored for quantile regression.
We refer the readers to Koenker (2005) and Koenker et al. (2017) for a comprehensive
discussion on quantile regression.

In this chapter, we consider a pseudo-Bayesian framework for quantile regression,

where the quantile level of interest is fixed at a pre-specified value. Following Yu and
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Moyeed (2001), we adopt the asymmetric Laplace working likelihood, which permits
efficient posterior computations with MCMC algorithms ( T'sionas, 2003; Kozumi and
Kobayashi, 2011). However, direct posterior inference is invalid since the asymmetric
Laplace working likelihood is generally mis-specified (Sriram, 2015; Yang et al., 2016).
Since the quantile regression model allows a broad form of heteroscedasticity, there
is little reason to believe our working likelihood is close to the true one. Therefore,
posterior inference is not justified by Bayes’ Theorem, not even in the asymptotic
sense (Kleijn and Van der Vaart, 2012). Specifically, the posterior credible intervals
do not provide valid coverage probabilities, either in the frequentist or Bayesian sense.

Despite the likelihood mis-specification, the pseudo-Bayesian method offers a valu-
able computational tool for frequentist inference. Yang et al. (2016) and Sriram
(2015) recognize that we can provide valid frequentist inference after a sandwich-
form adjustment on the posterior variance. Using the adjusted posterior variance,
the Wald-type interval can have valid frequentist coverage asymptotically. This idea
of adjusted-posterior inference dates back to Chernozhukov and Hong (2003). Because
the sampling distributions of the quantile regression estimators involve the conditional
density functions as nonparametric nuisance parameters, inferential methods have to
approximate those quantities directly or indirectly; see (Koenker, 2005, Section 3).
The Bayesian computational approach trades optimization and nuisance parameter
estimation for posterior sampling, and therefore provides a convenient framework for
inference. The posterior-based method further stands out in more complex settings,
such as censored regression (Powell, 1986) or missing covariates (Sherwood et al.,
2013), where the computational burden worsens for frequentist inferential procedures;
See also Yang et al. (2016).

In this chapter, we extend the pseudo-Bayesian framework by considering shrink-
age priors under a possibly sparse quantile regression model. In the big data era,

datasets with a large amount of variables are becoming more and more common.
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Given a large number of potential covariates, it is not unreasonable to believe that
only a small portion of them affects the conditional quantile function. Under this spar-
sity regime, it is recognized that a shrinkage approach greatly improves estimation
accuracy and statistical efficiency (Tibshirani, 1996). In this chapter, we use shrink-
age priors in the Bayesian computational framework to capture possible sparsity in
the model. Our goal is to provide valid, and more importantly, efficient inference for
the quantile regression coefficients under sparsity.

In the Bayesian literature, using shrinkage priors is empirically shown to give im-
proved performance when the model is sparse. Some examples of the priors include
the Bayesian Lasso (Park and Casella, 2008), the horseshoe (Carvalho et al., 2010),
and the Dirichlet-Laplace prior (Bhattacharya et al., 2015). There are also compu-
tational developments that adapt the shrinkage priors to quantile regression settings
(Li et al., 2010; Alhamzawi et al., 2012; Adlouni et al., 2018; Kohns and Szendrei,
2020). From a theoretical perspective, however, most results in the literature focus on
the Gaussian mean regression and related settings, where the likelihood specification
is approximately correct (Bai and Ghosh, 2021; Gao et al., 2020; Zhang et al., 2022);
see also Bhadra et al. (2019) for a recent review. In the context of quantile regression,
there is so far no theoretical understanding of how shrinkage priors can be used for
valid and efficient inference.

In this chapter, we bring together the strength of the pseudo-Bayesian frame-
work and shrinkage priors. We first establish two contributions when the covariate-
dimension is fixed. On the theoretical side, we provide an asymptotic characterization
of the posterior distribution. With a suitable prior, we show the posterior is consis-
tent at the root-n rate regardless of the likelihood mis-specification, and we show
the posterior is adaptive to model sparsity. Asymptotically, the posterior factors into
two independent components: One for the non-zero (active) coefficients that achieves

oracle efficiency as if we knew the true model; The other component for the inactive
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components will concentrate toward 0 at a second-order rate. Based on these theoret-
ical results, we present a unified approach for adaptive posterior inference in quantile
regression. With an appropriate adjustment of the posterior variance, we can con-
struct automatically adaptive confidence intervals in the frequentist sense: For the
active coefficients, the interval achieves oracle efficiency; For the inactive coefficients,
the interval is super-efficient and centers at 0. The confidence interval is adaptive in
the sense that it automatically distinguishes active and inactive components without
an additional variable selection step.

Then we extend our theoretical results to an increasing dimensional regime. That
is, the covariate-dimension can grow with, but not exceed, the sample size. We find
that the adaptivity result of the posterior distribution still applies, provided that
the dimension grows at a controlled rate. The regime with increasing dimension
is relevant when we approximate a non-parametric conditional quantile function by
series expansion, e.g., splines, wavelets or local-polynomials. The number of effective
regressors is typically chosen to increase with the sample size at a certain rate (He
and Shi, 1994; Belloni et al., 2019a). In empirical studies, it is also common to
incorporate a large number of dummy variables, with possible interactions among
them. In econometrics, this is referred to as the ‘many regressors’ regime (Cattaneo
et al., 2018).

Our setting of possibly sparse quantile regression is different from the high-dimensional
regime where the regression coefficients are not identifiable without stringent sparsity
constraints (Belloni and Chernozhukov, 2011; Belloni et al., 2019b). Direct estima-
tion and inference are feasible in our setup with increasing dimensions, though it may
be inefficient if the true model is sparse. In another related regime with increasing
dimension, Belloni et al. (2019a); Pan and Zhou (2021) considers bootstrap inference
for the quantile regression. However, these bootstrap methods cannot incorporate

the model sparsity, and specialized bootstrap procedures are needed for penalized
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quantile regression; see Wang et al. (2018) for such an approach when the covariate
dimensions are fixed.

Key to the pseudo-Bayesian framework is the choice of likelihood and prior. Since
the quantile regression model does not assume any parametric likelihood function, it is
common to rely on a working likelihood to pursue pseudo-Bayesian inference. Exam-
ples of other working likelihoods include the empirical likelihood ( Yang and He, 2012;
Xi et al., 2016), the score likelihood (Wu and Narisetty, 2021), or the approximate
likelihood (Feng et al., 2015). The use of different shrinkage priors is also prevalent in
practice for more efficient estimation (Li et al., 2010; Chen et al., 2013; Adlouni et al.,
2018; Kohns and Szendrei, 2020). This paper adopts the asymmetric Laplace working
likelihood and focuses on two easy-to-understand examples of continuous shrinkage
priors for their interpretability and computational attractiveness.

We hasten to add that our focus is not variable selection consistency or estima-
tion accuracy, but the understanding of what can be accomplished with inference in
the pseudo-Bayesian framework. In the recent literature, many have discussed the
Bayesian variable selection performances under slab-and-spike type priors (Ishwaran
and Rao, 2005; Narisetty and He, 2014; Roc¢kovd and George, 2018), and the posterior
contraction rates under continuous shrinkage priors (Song and Liang, 2017; Jiang and
Sun, 2019; Gao et al., 2020). However, the literature is relatively sparse for adaptive
pseudo-Bayesian inference in quantile regression, where the likelihood is mis-specified.

The rest of this chapter is organized as follows. In Section 5.2, we discuss the
quantile regression problem and our pseudo-Bayesian framework. In Section 5.3,
we present our main theoretical results under a fixed dimension. We discuss the
posterior inference procedure in Section 5.4. The extension to increasing dimensions is
considered in Section 5.5. We provide the computational details of posterior sampling
in Section 5.6, followed by simulation studies in Section 5.7. We conclude in Section

5.8. All proofs are relegated to Section 5.9.
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5.2 Modeling framework

5.2.1 Quantile regression model and working likelihood

We consider the linear quantile regression model. Let Q. (Y | X = x) be the 7-th
conditional quantile of a continuous response Y given covariates X = @ € RP, which
includes an intercept term. Here the dimension p is fixed; later in Section 5.5, we
extend our discussion to allow p to increase with the sample size. For a pre-specified

quantile level 7 € (0, 1), we consider the model
Q.Y | X =x)=2"8). (5.1)

In the rest of the paper, we shall suppress the index 7 whenever there is no confusion.

Furthermore, we consider the case where the model (5.1) is possibly sparse, i.e.,

S={je{l,....p}: B]#0}, [S|=s<p,

for some integer s > 0. This possible sparsity implies that some of the covariates may
be irrelevant for modeling the 7-th conditional quantile of Y.

Let D, = {(z;,y;) : i = 1,...,n} be a random sample of size n from (X,Y)
that satisfies model (5.1). The classical quantile regression estimator (Koenker and

Bassett Jr, 1978) minimizes the following check-loss function
B = argmin L,(u) = arg min Z pr(yi — xlu), (5.2)
i=1

where p.(+) is the check function p,(u) = u[r — I(u < 0)]. It is well known that
L,(u) is convex, and (5.2) is equivalent to a linear programming problem. Under
mild conditions, ,@ consistently estimates the true quantile regression coefficients in

(5.1). See Koenker (2005) and Koenker et al. (2017) for more discussion on quantile
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regression.
In the pseudo-Bayesian framework of quantile regression, we consider the asym-

metric Laplace working likelihood popularized by Yu and Moyeed (2001):

£<Dn | /8) _ Tn(lo-; T)n exp { — Z?:l p‘r(% - szIB) } ’ (53)

g

where ¢ is a fixed scale parameter. The asymmetric Laplace likelihood (5.3) exponen-
tiates the check-loss objective function L,, in (5.2); equivalently, (5.3) coincides with
the likelihood function of an asymmetric Laplace distribution. We call (5.3) a work-
ing likelihood because it does not correspond to the true data-generating mechanism
of D, given B. The model (5.1) does not impose any distributional assumption of
the data, except for the 7-th conditional quantile. Therefore, the true likelihood may
well be different from (5.3). Nonetheless, the maximum likelihood estimator under
(5.3) coincides with the classic quantile regression estimator in (5.2). Furthermore,
we consider the scale parameter o to be fixed at 1 throughout this chapter. Alterna-
tively, Choi and Hobert (2013) and Yu and Moyeed (2001) consider a full Bayesian

approach with a prior on o.

5.2.2 Penalization and shrinkage priors

Since the model (5.1) is possible sparse, we use shrinkage priors in our pseudo-
Bayesian framework. In this chapter, we focus on two choices that are motivated
by the frequentist penalized regression procedures. When there are a relatively large
number of covariates, it is common to consider the following penalized quantile regres-

sion problem, which can improve efficiency and interpretability (Tibshirani, 1996).

min 3" p (g — 27w) + Qx(u),
=1
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for some non-negative penalty function Q,(w). Among others, the Smoothly Clipped
Absolute Deviation (SCAD) in Fan and Li (2001) and the adaptive Lasso in Zou
(2006) are known to enjoy ‘oracle’ properties for quantile regression Wu and Liu
(2009).

In this chapter, we consider priors that are motivated from the SCAD and adaptive

Lasso penalty functions as below:

Tar(B) “exp{—\/ﬁZ%WH}a (5.4)
Tca(B) o exp {—n pr(ﬁj)} , (5.5)

where the choice of w; and the function p,(-) will be given shortly. The prior (5.4)
corresponds to the Adaptive Lasso (AL) penalty (Zou, 2006), where w; = | ;| for j €
{1,...,p} as in Wu and Liu (2009) and Bj is the j-th component of B; Similar prior
has been studied in Alhamzawi et al. (2012) and Li et al. (2010) via a full Bayesian
approach. In the Clipped Absolute (CA) prior (5.5) we define py(u) = A(Ju| A N),
which is motivated from the Smoothly Clipped Absolute Deviation (SCAD) penalty
of Fan and Li (2001). However, we remove the smoothing component to simplify
the theoretical derivation; See Figure 5.1 for a visual comparison. Our choices of
priors are relatively simple examples from the broader class of shrinkage priors Griffin
and Brown (2010); Carvalho et al. (2010); Bhattacharya et al. (2015); Zhang et al.
(2022). We stick to the choices (5.4) and (5.5) to fix ideas and simplify the technical
derivations.

Given the choice of a prior 7(3), the working posterior density is then

p(B | Dn) o< LD, | B) - =(B)- (5.6)

Here o means equal up to some constants that does not depend on /5 (but could
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Figure 5.1: Comparison between the prior m¢4(u) and the prior induced by the SCAD
penalty in Fan and Li (2001); a is a tuning parameter in the SCAD penalty and we
set @ = 2 in the plot. Both priors are flat when |u| > aA.

depend on the data D). Note each of the prior functions (5.4) and (5.5) is uniformly
upper bounded by 1. Thus they give rise to a proper posterior, in the sense that the
above posterior leads to a valid probability distribution on 3 ( Yu and Moyeed, 2001,
Tsionas, 2003). Thus, various MCMC techniques readily applies to the model (5.6).

Below we provide some additional comments to our prior choices. Both classes of
priors involve an additional scalar parameter A. We regard this A = ), as a tuning
parameter that depends on n, though suppressing any subscript to simplify notation.
This dependency is the essence of the family of ‘shrinkage priors’, which aims to
shrink the irrelevant coefficients to 0 in the posterior. See for example Armagan
et al. (2013a) and Song and Liang (2017). For any fixed prior that does not depend
on n, the impact of the prior will eventually get washed away as the sample size
grows (Van der Vaart, 2000; Bontemps, 2011). In our setting, as A grows with n, the

priors (5.4) and (5.5) will show a sharper peak at the origin, flatter tail, and places
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more mass in the neighbourhood of 0. these properties make our priors adaptive in
a possibly sparse model, which are in line with other commonly used priors in the

Bayesian framework (Song and Liang, 2017).

5.3 Asymptotic properties of the posterior distribution

In this section, we present the main theoretical results under either choices of the
shrinkage prior (5.5) or (5.4). Specifically, we study the large-sample properties of

the posterior distribution under the repeated sampling perspective.

5.3.1 Regularity conditions

We fix some notations first. Let D, = {(z1,v1),...,(®n,yn)} be i.i.d. samples
from (X,Y) ~ P* that satisfies model (5.1), where each x; € R? and each y; is a
scalar for ¢ = 1,...,n. Note P* does not necessarily satisfy the asymmetric Laplace
working likelihood (5.3). We denote convergence in P*-probability by i>; we denote
the expectation under P* by E*(-). Given the data D,,, let p(8 | D,,) be the working
posterior density for B as in (5.6); we define the corresponding posterior probability

measure as

H<A|Dn>=/Ap<ﬁan>dﬁ,

for any measurable set A C RP. Note both p(8 | D,) and II(A | D,,) are random
variables under P*-probability.

Let 3° = (B1,...,53,)" be the true values of regression coefficients in model (5.1);
let ,@ = (Bl, o Bp)T be the classic quantile regression estimator from (5.2). For a
vector v, let ||v|| be its Ly norm and ||v||« be its Lo norm. For probability density
functions f(x) and g(x), we denote their total variation distance by ||f — g|lrv =
[ |f —g|dz. For non-stochastic sequences a,, and b, we write a,, < by, if a,, /b, = o(1);

we write a,, < b, if there is a universal constant Cy such that a, < Cy-b,. For

~
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stochastic sequences A,, and B, we define A,, <p- B, (or A, <p- B,) if A, < B,
(or A, < B,,) holds with P*-probability tending to unity. Recall S = {1,..., s} is the
index set for active covariates, for any vector v we write v = (v!, vl) with v, € R*.

For any matrix A € RP*P| we partition
A Ap
A= ,
Az Ag
where Ay € RS for 4,5 € {0,...,p}, we shall write A(i,j) as the (i, 7)th entry of
A.
Now we introduce some technical assumptions, most of which are standard in

quantile regression (Koenker, 2005; Belloni and Chernozhukov, 2011) and variable
selection literature (Wu and Liu, 2009; Zhao and Yu, 2006).

Assumption E.1 (Identification). For any 6 > 0, there exists € > 0, such that

limsup P* { sup l(Ln(,ﬁ) — La(8%) > 5)} =1.

n—00 18—Boll>6 T

Assumption E.2 (Smooth and bounded conditional densities). (i) The conditional
distribution of Y given X has a density function fy|x—g(u). (i) There exist 0 < f < f,
such that

/< ir;f [fyix=a(x"B%)] <sup [frix—s(u)] < f.

ueR
xTr

(iii) fy|x==(u) is uniformly (over ) Lipschitz continous (in u).

Assumption E.3 (Eigenvalue condition). The matrix D = E [@;&]] is positive

definite; its eigenvalues are all bounded away from 0 and +o0.
Assumption E.4 (Bounded covariates). The covariates X has bounded support.

Assumption E.5 (Sparsity). For a constant by > 0, the true regression coefficients
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satisfy:

: 0
jmin 1351 > bo,

0 0
S—‘rl::Bp:O

Here we briefly discuss the assumptions. Assumptions E.1-E.4 are standard in
pseudo-Bayesian modeling with a working likelihood ( Chernozhukov and Hong, 2003;
Yang et al., 2016) and the quantile regression literature (Knight, 1998; Pan and Zhou,
2021); see also Koenker (2005, Section 4). In particular, Assumption E.4 is to simplify
the technical treatment in our theoretical development. When the dimension is fixed,
it implies the boundedness of || X;||. Assumption E.5 requires the non-zero coefficients
to be well separated from others. This so called beta-min condition is necessary for a
consistent model selection in either frequentist or Bayesian literature (Wu and Liu,
2009; Belloni and Chernozhukov, 2011; Castillo et al., 2015). Although our target is

not variable selection, these conditions are necessary for adaptive inference.

5.3.2 Main results

Before bringing in the shrinkage prior, we first present a Proposition regarding the
rate of consistency for the posterior (5.6) under a flat prior and without concerning
the model sparsity. Here flat means a improper uniform prior on the entire space
RP, which induces a posterior proportional to the likelihood (5.3) itself. Nonetheless,
the asymptotic result here also applies to any fixed prior that does not depend on
the sample size. The Proposition below is not only a useful lemma for the remaining

asymptotic results, but also of independent interest itself.

Proposition 6. Given Assumptions E.1 - E.4 hold, and consider the flat prior () o
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1. The posterior is consistent at a \/n-rate, that is,

(vn- |18 - Boll > M, | D,) =0,

for any sequence M, — +o0.

The above result gives a /n-rate of posterior contraction, which is the Bayesian
counterpart to the frequentist result of 8 — B° = O,(n~Y?). This is intuitive as
the posterior mode coincides exactly with the classic quantile regression estimator B
Note the sequence M,, can tend to infinity arbitrarily slow, yet it can not be replaced
by any fixed constant M.

Such +/n-rate is necessary for the adjusted posterior inference in quantile regres-
sion. For example, the validity of inference scheme in Yang et al. (2016) and Sriram
(2015) depends on a y/n-rate. However, this result has not been thoroughly studied
yet. It is hinted in Theorem 1 of Chernozhukov and Hong (2003), yet no rigorous
derivation is present. Our Proposition 6 provides a general treatment specifically for
quantile regression. The results in Kleijn and Van der Vaart (2012) does not apply
with the absence of distributional assumption in Model (5.1). Specific for quantile
regression, Sriram et al. (2013) claims the same /n consistency result as ours, but
a later correction by Sriram and Ramamoorthi (2017) voids their contribution. Re-
cently, a manuscript of Sriram and Ramamoorthi (2018, Theorem 2) gives the same
conclusion. Their result is only valid for a proper prior, whereas ours is valid for
the improper flat prior. In terms of technical treatment, they rely on the piece-wise
nature of the check function p.(-), while we provide a more general treatment via
empirical process theory.

Now we are ready to introduce shrinking priors to incorporate model sparsity. In
particular, we present consistency result similar to Proposition 6 and a Bernstein-von-

Mises (BvM) type theorem about the distributional approximation of the posterior,
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under both priors (5.4) or (5.5). In smooth parametric models, the usual BvM theo-
rem (Van der Vaart, 2000; Kleijn and Van der Vaart, 2012) asserts that the posterior

can be approximated by a normal distribution in total variation distance. That is

Ip(- | D) = 67w = 0,

where ¢(-) is the density function for the limiting Gaussian distribution. For Bayesian
quantile regression with no sparsity, Sriram and Ramamoorthi (2017) concludes that
the posterior is indeed asymptotically normal, despite that the working likelihood is
mis-specified. Here we show that shrinkage priors can make the posterior adaptive to
model sparsity, in correspondence with the frequentist penalized quantile regression
(Wu and Liu, 2009; Li and Zhu, 2008). We first consider the CA shrinkage prior
(5.5). We define

G =E[zx]  frix=a(z{B")].
Further, we denote the upper-left s-by-s sub-matrix of G by Gy;.

Theorem V.1 (CA shrinkage). Consider the improper CA prior (5.5). Suppose
Assumptions E.1 through E.5 hold, and the tuning parameter \ satisfies 1/\/n <

A < 1. We have the following:

1. Posterior consistency:
P*
I(vn- |8 =6° > M, | D,) — 0,

for any sequence M, — +00.

2. Distributional approximation:

- G L nA
81D, -6 (Bupn S o [T Ses (o

n .
Jj=s+1

P*
— 0.

TV
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Here ¢(-; u, ) represents a Gaussian density function with mean vector pu and

covariance matriz Y, and Bl is the oracle QR estimator using the true model.

Part 1 of the above Theorem states that the rate of contraction is the same as in
the un-penalized case. By choosing a proper value of A\, the CA shrinkage prior does
not cast any bias or performance loss on the first order. Further, part 2 of Theorem
V.1 shows that there is actually some efficiency gain. The limiting distribution breaks
down into two independent components, corresponding to the active coefficients 3;
and those inactive ones 35, respectively. For non-zero coefficients 31, the posterior
achieves oracle efficiency. In particular, the limiting distribution is the same as if we
know the true model (Sriram, 2015). On the other hand, the posterior for inactive
coefficients (3, is highly concentrated toward 0 at a faster-than-first-order rate, since
1/(n)\) < 1/4/n. Consequently, the posterior is automatically adaptive to the model
sparsity, and the efficiency for both components 3; and 3 can be improved under
sparsity.

Theorem V.1 shares the same spirit of Theorem 2.1 in Song and Liang (2017),
where the name ‘near-oracle property’ is adopted. The main difference between them
is the model mis-specification in our setting, and that the working likelihood is non-
smooth, therefore our results require more delicate technical treatment. On the con-
trary, Theorem V.1 is in sharp contrast with those under discrete spike-and-slab priors
(Ishwaran and Rao, 2005; Castillo et al., 2015), where the posterior gives sparse solu-
tion automatically. Our shrinkage priors are not tailored for variable selection, there-
fore the posterior distribution is continuous. As we illustrate later, such smoothness

is beneficial for more stable posterior inference.

Remark 10. The posterior variance for the active component, G7!, does not match the
sampling variance of the (oracle) QR estimator, as recognized by Yang et al. (2016).
This is a consequence of using the mis-specified asymmetric Laplace likelihood (5.3).

Nonetheless, Theorem V.1 leads to an convenient tool for constructing the Wald
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interval, particularly so in quantile regression. As the MCMC samples from the
posterior provide an efficient estimation of Gy} (Chernozhukov and Hong, 2003),
which is an essential piece for quantile regression inference. In the next section we

develop an easy-to-implement inferential procedure that targets sparse model.

Remark 11. The convergence in total variation in Theorem V.1 does not immediately
imply convergence of moment. Later in Proposition 7, we show that the posterior

moments converges toward the moments in the limiting distribution.

Next we present the result for Adaptive Lasso shrinkage. The results are similar
to Theorem V.1. However the different natures of the two kinds of priors requires

different treatment in the proof.

Theorem V.2 (Adaptive Lasso shrinkage). Consider the Adaptive Lasso prior (5.4).
Suppose assumptions E.1 through E.5 hold and the tuning parameter satisfies 1/y/n <

A 1. Then we have

1. Posterior consistency:
P*
I(vn- 18 = 8" = My | D) — 0,

for any sequence M, — +00.

2. Distributional approximation:

p810,) -0 (B S ) o TT Y e {25

2W; W;
j=s+1 J J

P*

— 0.

TV

Here ¢(-; u, X) represents a Gaussian density function with mean vector yu and
covariance matrix X3, Bl 1s the oracle QR estimator under the true model, and

wj is defined in (5.4).
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Theorem V.2 is in the same spirit as Theorem V.1, though the limiting distribution
is in slightly different forms. For the inactive coefficients 3,, the posterior share the
same order at O,-(n)) since w; = |B;| = Op(1/y/n) for j = s+ 1,...,p. Such an
order matches with Theorem V.1. In fact, the posterior limit is the same as the
Adaptive Lasso prior (5.4). This coincidence is in line with Song and Liang (2017),
in the sense that the posterior for the inactive coefficients is asymptotically driven by
the prior.

We further provide an heuristic explanation of the technical results in Theorem
V.1 and V.2, through which we hope to shed some light on the subtle difference
between the two kinds of priors. The CA prior is the same for each coordinate of 3,
and its adaptivity is driven by its flat tail and sharp peak. For the zero coefficients,
the prior dominates the likelihood using the sharp peak around zero; while for the
non-zero coefficients the prior is washed out by the likelihood. On the other hand, the
Adaptive Lasso prior achieves the adaptation via the choice of weights w; = | B\]| For
those active coefficients, the scale for prior shrinkage in (5.4) is of order Opx(y/n\) =
op«(y/n). For an inactive coefficient it would be in an order of Op«(nA) > Op:(y/n).
Since the likelihood itself has a y/n-scale by Proposition 6, it can dominate the prior
for the active coefficients, yet not the the inactive ones. From the above reasoning, it

should also be clear that any y/n-consistent estimator can be used in w; as in (Zou,

2006).

Remark 12. We emphasize that the adaptivity of the posterior shrinkage in Theorems
V.1 and V.2 is not shared under all popular Bayesian priors. For example, Castillo
et al. (2015) shows that the traditional Bayesian-lasso (Park and Casella, 2008) can
not achieve the adaptation in the Gaussian mean regression setting, in the sense that
the posterior either over-shrinks the active coefficients or under-shrinks the inactive

coeflicients.
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5.4 Adaptive posterior inference

In this section we develop an asymptotically valid inferential procedure based on
the posterior moments. It is known since Yang et al. (2016) that the posterior variance
matches the sampling variance of B after a feasible correction. We extend their ap-
proach to target possibly sparse models, which we show to be automatically adaptive
to sparsity. It is important that our inferential procedures are valid in the frequentist
sense. Though adopting a pseudo-Bayesian framework, the posterior only serves as
an computational tool to construct the confidence intervals. See Chernozhukov and

Hong (2003) for a in-depth discussion of this idea.

5.4.1 Inferential procedure using posterior moments

We construct interval estimates that achieves frequentist validity based on the
posterior moments. We focus on the CA prior (5.5) for simplicity. We introduce
some additional notations. Denote by 3 the (finite sample) posterior mean and
> the posterior variance-covariance matrix in (5.6). Let D = S @il /n and
D = E[XXT]. In Theorem V.1, the limiting posterior has mean (8;,0) and variance
.

Recall 51 is the oracle QR estimator, and

16y 0

0 2

n2x2 Lp—s

where I,,_, is the identity matrix of dimension p — s.
In accordance with Yang et al. (2016), we define the adjusted variance-covariance
matrix

Yagj = n7(1 — 7)8 DY, (5.8)

using all p covariates. We propose an weighted Wald-interval using 3 as the center,

and f]adj as the standard error. In particular, for any one-dimensional component /3;,
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we construct the 1 — « confidence interval as

Bj + Za/2 sy \/ Eadj(jnj)a (59)

with weights 7; = max{1, \/|3;|}, and Za/2 Above we have used the upper a/2 quan-
tile for the standard normal distribution, and the j-th diagonal element of the adjusted
variance-covariance matrix. Note that Bj in the weight is the un-penalized quantile
regression estimator.

To study the property of our interval estimate in (5.9), we need the following
result regarding the convergence of posterior moments. The key is the adaptive rate
of convergence: For active component, the convergence occur at y/n-rate, while for
inactive components, the moments converge at a faster nA-rate. Such an adaptive

rate is necessary for technical derivations hereafter.

Proposition 7 (Posterior moments). Under the conditions of Theorem V.1, we have

V(B - B1) P
} — 0
nA(Bs —0)
niu n1'5)\212 G;ll 0 pP*
} § — — 0
n1‘5)\221 n2)\2222 0 2Ip,5

Based on Proposition 7, we now show the interval estimate (5.9) is valid in the
frequentist sense, and adaptive to sparsity. We first consider an active component
j € S, and we show that the interval achieves oracle efficiency. Proposition 7 implies
for an active component j € S, the posterior mean Bj enjoys the same first-order
asymptotic behavior with the oracle QR estimator ,31. The results in Wu and Liu

(2009) then applies to the posterior mean 3y,

Vn (Bl - 5?) i> N (OaT(l - T)G1_11D1101_11) .
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For the standard error in (5.9), Proposition 7 implies that the posterior variance %
converges to Y defined in (5.7). We can rewrite the adjusted variance-covariance

matrix as

n- Xv]adj = n*7(1 = 7)[Z +op-(1/n)] - [D + 0p<(1)] - [Z 4 0p+(1/n)]

= 7(1=7)(nX) - D-(nX)+op(1)

L= )G DG FERG D | "
pr— P*
27'7(11)\;7) D21GI11 4‘;(31);7’) D22
(1 —7)G7 DG 0
_ ( )G DGy ope(1). (5.10)
0 0

The last identity is due to 1/y/n < A < 1 in Theorem V.1. For an active 1 < j <'s,
this implies our adjusted variance (5.8) consistently estimates the sampling variance
of Bj. For j € S we have also the weight 7; i 1, concluding (5.9) attains 1 — «
coverage asymptotically.

Next we consider the case when j ¢ S. We show the interval is super-efficient,
in the sense that the coverage achieves 100%, while the length vanishes faster than
a rate of 1/y/n. Denote by &; the j-th row of 3. Proposition 2 shows the posterior
mean By = op-(1/n)), and

L €; T1 T2
J n2\2 nls\ ' n2)2])’

where e; is the unit vector with 1 on its j-th entry and r; = op+(1). From (5.8), the

adjusted variance for 3; becomes

2Vjobdj(jaj) = TLT(l - T)é-jTé-J
= Al e + el
Top2a2 n3xt 7
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where A < B means that A = Op«(B) and B = Op«(A). Together with the weight
n; = M|B;] = v/nA for j ¢ S, we have

,_O *
i 0,

Za/? c1y Zadj(jvj)

. .. P
\/ﬁ'nj : \/ Zadj(]v]) — 0.

The first line shows the width of the interval (5.9) dominates the magnitude of the
center, implying the interval will cover ﬁ? = 0 with probability attaining one; The
second line shows the length of the interval is of order op«(1/4/n), achieving super-
efficiency.

We summarize the behaviour of the interval estimate (5.9), denoted as CI;(«).

Combining the above arguments, we have:

P* () € CLj(a)) — 1—a, ifjes,

P*(8) € CLj(a)) — 1, ifj¢S8S.

For j € S, CI;(«) achieves ‘oracle efficiency’ as in (Wu and Liu, 2009; Zou, 2006).
For j ¢ S, CI;(a) is super-efficient, and its width is narrower than the usual 1/y/n or-
der. This reveals an important feature of our inferential procedure: The constructed
confidence interval (5.9) can automatically distinguish the active and inactive coeffi-
cients. Given the MCMC samples from the posterior, a unified variance-adjustment
step serves any coefficient 8;. Our discussion also applies to constructing confidence

intervals for any linear combination of the coefficients.

Remark 13. The weight 7, in (5.9) is necessary to achieve desired coverage for inactive
components. For j ¢ S, denote by ¢, as the width of (5.9). Our weighting scheme
induced by 7; inflates the standard error such that the width of the interval is at the

correct order 1/(n)\) < ¢, < 1/4/n. Such an order ensures that the interval is super-
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efficient, yet has guaranteed coverage probability in theory. Without the weighting

adjustment, the interval length would be too narrow to have valid coverage.

Remark 14. Under the same conditions, the SCAD quantile regression estimator
enjoys the oracle property asymptotically (Wu and Liu, 2009). One may use the
SCAD-penalized estimator as the center in our interval (5.9). Our interval based
on the posterior mean, however, has the following two advantages. First, all pieces
used to form (5.9) are readily available from MCMC computation. Second, numerical
evidences in Section 5.7 show the inferential procedure is less sensitive to the choice

of A when using the posterior mean.

5.4.2 Comparison with the frequentist approach

Another common approach for inference in sparse models is the following two-
step procedure: we first conduct variable selection, then apply frequentist inferential
methods on the selected model. Here we compare this two-step procedure with our
method. First, the two-step approach is valid only when the variable selection is
correct. In finite samples, however, variable selection procedures often fail to give
oracle selection 100% of the time (Wang et al., 2020). As we show in the simulation
studies of Section 5.7, our pseudo-Bayesian approach does not depend on the binary
variable selection, and therefore is often more stable in practice.

Second, the classical Wald-type interval in quantile regression requires estimat-
ing G171, which involves a weighted average of the conditional densities of Y given
X = x;. While many non-parametric approaches are available for estimating those
density functions (Koenker, 2005), those methods rely critically on other additional
assumption and/or the proper selection of a bandwidth parameter. E.g., Powell
(1991) propose a kernel-based weighted density estimator; Hendricks and Koenker
(1992) develop a method based on a differentiation formula, assuming the conditional

quantile remains linear in = for a range of quantile level close to 7. In practice, the
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performance of the resulting Wald interval are often unstable, even when the sample
size is moderately large (Yang et al., 2016, Section 4). Our posterior-based method
provides a versatile inferential method that can approximate G1; using MCMC ( Cher-

nozhukov and Hong, 2003).

5.5 Theoretical investigation with increasing dimensions

In this section, we present some theoretical results when the dimension p,, diverges
with, while is still of smaller order than, the sample size n; We also allow the size of
the true model, s, to depend on the sample size. Sometimes we shall omit the index
n if there is no confusion. We show similar asymptotic behaviours to that in Section
5.3 hold true under some additional conditions. We first investigate the asymptotic
behaviour of the posterior distribution under the flat prior, where no model sparsity
is assumed. Then, we incorporate shrinkage priors to deal with sparse models. For
technical simplicity, we shall only focus on the CA prior (5.5) in this section.

We discuss some extensions of the regularity conditions in Section 5.3. When
p = pn, — +00, some of those conditions may not be practical anymore. We still need
Assumptions E.1 and E.2, which are standard in the quantile regression literature
(Belloni et al., 2019a; Pan and Zhou, 2021). As for Assumption E.3 through E.5, we

replace them by the following;:

Assumption E.3’' (Relaxed eigenvalue condition). The maximal/minimal eigenval-
ues of the p-by-p matrix D satisfy p7! < 0pnin(D) < Opax(D) < p. Further, the
minimal eigenvalue of the s-by-s matrix Dy satisfy Onin(D11) > 617 > 0 for some

constant 6.

Assumption E.4' (Regular covariates). E*[z;;] = 0 and E*[z},] = 1. Furthermore,
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1/2

the standardized covariate D~"/“z; is sub-exponential, i.e., for some constant o; > 0,

p* (|uTD_1/2xi| > oqt) <27, (5.11)

for all |jul| =1 and ¢t > 0.

Assumption E.5' (Sparsity). We assume 7, = ... = ) = 0, and there exists a

sequence b, > 0 such that min;—; 87| > b, > 0.

Here we discuss the above generalizations. Assumption E.3' relaxes the bounded-
eigenvalue condition in Assumption E.3 by allowing the matrix D to have vanish-
ing/diverging eigenvalues. That is, our analysis can tolerate some degree of co-
linearity among the covariates. Nonetheless, we assume that the eigenvalues of Dy,
the active covariates, are bounded from below; so that the asymptotic results for quan-
tile regression (He and Shao, 2000; Belloni et al., 2019a) apply to the s-dimensional
oracle estimator. In our setting, the same eigenvalue conditions in Assumption E.3'
also applies to the matrix G defined above Assumption E.3. For Assumption E.4’, it
is implied by the original Assumption E.4 when the dimensions are fixed. In high-
dimensions, however, Assumption E.4’ is stronger than the boundedness of z;;. We
refer the readers to the recent book Vershynin (2018, Section 3.3) for examples of
sub-exponential distributions in high-dimensions. Finally, Assumption E.5 requires
all non-zero coefficients to be sufficiently-separated from zero by a margin of b,. So
far we do not specify any requirement for s and b,;; We discuss them in our main

results below.

5.5.1 Posterior consistency with a dense model

We first consider the case without model sparsity, and we focus on the flat prior,
i.e., p(B) x 1. The following Proposition is a natural extension of Proposition 6 that

allows a diverging number of predictors. The proof relies on two auxiliary Lemmas
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IB.1 and IB.3 in the Appendix. The remaining proof is identical to that of Proposition

6 and Sriram (2015, Theorem 1), hence we omit it in this dissertation.

Proposition 8. Suppose that Assumptions E.1, E.2, E.3 and E.J hold. Suppose in
addition we have Oy (D) > co > 0 for some universal constant co. Then under the

flat prior, if the dimension p satisfy p® = o(n), we have

e Posterior Consistency:

H(\/gnﬁ—ﬂon zMnmn) LN

for any non-random sequence M, — oc.

e Berstein-von-Mises Theorem:

P*
— 0,

n TV

pr D) — ¢ (ﬁ; 3, G—_)

where B 18 the classic quantile regression estimator, G and ¢ are the same in Theorem

V.1.

Part 1 of the above Proposition characterizes the \/n_/p—rate of convergence, which
coincides with the convergence rate for the frequentist estimator in increasing dimen-
sions (He and Shao, 2000). Our result strengthens Sriram and Ramamoorthi (2018)
by providing the exact rate of contraction. Along with most literature for Bayesian
estimation, the convergence is measured in terms of the ¢y error for the entire p-
dimensional vector. Part 2 of Proposition 8 asserts the joint posterior distribution
approaches a multivariate Gaussian distribution. Since the convergence is in Total
Variation norm, the proposition guarantees that the posterior distribution for the
entire p-dimensional vector is uniformly close to its limit, even though the dimension

of the distribution may increase with the sample size. Without model sparsity and
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shrinkage prior, our result suggests that the adjusted posterior inference for quantile
regression in Yang et al. (2016) applies to the case with p — +o0.

The growth rate of p in Proposition 8 is much stronger than that in frequentist
analysis of quantile regression (He and Shao, 2000). This is certainly not the best
possible rate. However, note the Bayesian and frequentist results are different in
nature: Our result considers the distributional approximation for the p-dimensional
regression vector as a whole, whereas the frequentist results consider the asymptotic
normality for a low-dimensional linear combination of all parameters. Even though He
and Shao (2000) establishes a Bahadur-type representation for the regression vector,
the joint Gaussian approximation does not necessarily apply in diverging dimensions.
This is because the conditions for CLT in high dimensions is not known until recently
(Chernozhukov et al., 2013, 2017). Using the idea of coupling, Belloni et al. (2019a)
establishes the distributional approximation for the entire quantile regression vector
under comparable conditions to our Proposition 8.

Here we make some connections with the literature on Bernstein-von-Mises (BvM)
theorems for general regression models, which corresponds to part 2 of Proposition
8. With increasing dimensions, the literature is relatively sparse. For general smooth
parametric models; Ghosal (1999) and Panov and Spokoiny (2015) derive the BvM
theorem for the posterior distribution under the condition p* = o(n). Here smooth
means the likelihood is second-order differentiable with respect to the parameter.
Further, Spokoiny (2013) shows that the condition p* = o(n) is necessary for the
BvM theorem to hold in an one-sample Poisson model. Even for those smooth models,
this necessary condition is stronger than the known rate for the frequentist analysis
of general M-estimators, which is p*logp = o(n) (He and Shao, 2000). We refer
the readers to Panov and Spokoiny (2015) for a detailed discussion on the differences.
Turning to Bayesian quantile regression, less is known about its asymptotic behaviour

since our working likelihood (5.3) is neither smooth nor correctly specified. Therefore
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in our asymptotic analysis we require a more stringent condition of p® = o(n).

5.5.2 Posterior asymptotics under the CA prior

Now we incorporate shrinkage priors and model sparsity into the pseudo-Bayesian
framework. Our theoretical results apply to both sparse (s, < p,) and dense (s, =
pn) models. For technical simplicity, we only consider the CA prior (5.5).

Let Omin(+) be the minimal eigenvalue of a matrix, and recall b, from Assumption
E.5, as well as the matrix D = E*[z;z]]. The following result generalizes Theorem

V.1 to the case with increasing dimensions, under a few more technical conditions.

Theorem V.3 (CA shrinkage for increasing dimension). Consider the improper
CA prior (5.5). Suppose Assumptions E.1, E.2, and E.3 through E.5 hold. If

s*p?log*n = o(n), and the tuning parameter X\, is chosen such that

1
\/gi)/i)gp <L\ K mln{ , b,/ Omin ( }
n

then we have the following results:

1. Posterior consistency:

s slo x

for any sequence M, — +o0.

2. Distributional approximation:

P*
— 0.

o810 - o (B, ) [T ™2 exp {-nnalssl

j=s+1

TV

Here ¢(-) and G are the same as in Theorem V.1, and B3y is the oracle estimator

using the true model.
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To cover a wide range of scenarios, the range for the tuning parameter is entangled
with many other factors; We shall provide comments on the conditions later via a few
examples. Part 1 of the above Theorem states that with the CA prior, the pseudo-
Bayesian quantile regression achieves adaptive and near-oracle performance in terms
of estimation accuracy. For those active coefficients, the posterior achieves the oracle
\/n_/s-rate of contraction around the true parameter. The rate is the same as if we
knew the true model in advance. On the other hand, the convergence rate for inactive
coefficients is (n)\,)/(slogp) > +/p®n/s, per the conditions on \,. Therefore, the
posterior for inactive coefficients will be highly concentrated around 0, explaining the
name ‘adaptive’. Since the measure is the £, norm, this rate of contraction holds
simultaneously for every single component of the inactive coefficients, even when
there is a large number of inactive coefficients. Such an adaptive contraction rate is
comparable with Theorem 2.3 of Song and Liang (2017), where they focus on the
Gaussian linear model. Our result is more general, as we work with the mis-specified
likelihood (5.3).

Part 2 of Theorem V.3 provides the distributional approximation for the posterior,
similar to Theorem V.1. In the diverging dimension case, nonetheless, it is sometimes
more realistic to consider a linear combination of the p-dimensional parameters o’ 3,
where ||| = 1 (Fan and Peng, 2004; He and Shao, 2000). Proposition V.3 then
implies that the marginal posterior distribution for a’3 is asymptotically normal,
provided that ay # 0.

Here we comment on the condition in Theorem V.3. The involved conditions
depend on: (i) the dimension, (ii) the minimal eigenvalue of D = E*[z;z7], and
(iii) the minimal signal strength b,. We shall provide a few examples later to make
the requirement for the theorem explicit and visible. The difficulty behind such
complicated requirements is twofold. First, we allow both the dimension p, and s,

to diverge with sample size at a reasonable rate, and we do not explicitly require the
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model to be sparse; see Example 2 below. Second, our Assumption E.3’ does not
restrict the gram matrix D to have uniformly bounded eigenvalues as n and p grows;
see Example 3 below Therefore, our setting is more general than many other existing
results on shrinkage estimation and variable selection, either in the frequentist (Kim
et al., 2008; Huang et al., 2008) or the Bayesian framework (Armagan et al., 2013b;
Song and Liang, 2017).

We give a few representative examples to explain Theorem V.3 under different
scenarios. For each of those specific cases, we are able to derive more explicit and

intuitive conditions under which Theorem V.3 holds.

Example 1. Consider a sparse model where s, stays a constant yet p, — co. In
addition to Assumption E.3', suppose the minimal eigenvalue for D is uniformly
bounded from below O, (D) > ¢y > 0. Suppose all other assumptions required by
Theorem V.3 hold.

In this simple case, our conclusions in Theorem V.3 hold as long as p? log® p = o(n)
and b,, > ’%. The growth rate condition for the dimension p is considerably relaxed
compared with Proposition 8. In addition, the range for the tuning parameter in

Theorem V.3 reduces to
plogp

vn

This rate for the tuning parameter is more intuitive and matches with that in the

<\ KD,

literature (Fan and Peng, 2004).

Example 2. Consider a dense model where s, = p, — o0o0. Suppose in this case
18°]] = ¢o stays fixed, and b, < 1/,/p. This example holds if the magnitudes of all
regression coefficient are the same. Again, suppose all other assumptions required by
Theorem V.3 hold. Note Assumption E.3" implies 0,,;,(D) > #1; > 0 uniformly in a
dense model.

Under this type of dense models, Theorem V.3 still holds as long as p®log®n =
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o(n). This dimensionality constraint is roughly equivalent to that of Proposition 8.
Using a shrinkage prior, the conclusions in Theorem V.3 reduce to those in Proposition
8 under a flat prior. This suggest that a properly-tuned shrinkage prior does not hurt
the performance, even when the model is not sparse.

Now, the proper range for the tuning parameter in Theorem V.3 becomes

1.5 10 1
PSP e, < —. (5.12)

Vi vp

However, this range for the tuning parameter (5.12) is not the best possible. If we
know the model is dense, we can simply choose A\, = 0, i.e., use the flat prior. The

asymptotic results in Theorem V.3 would still hold.

Example 3. Consider a quantile regression model with one active predictor Z:

QY | Z=2)= P+ piz,

with a large enough ;. Beyond Z, suppose we have a sequence of other predictors

X4, X5, ... that is irrelevant to Y, yet predictive for Z. To be more precise, we assume

Z=Y Xy, and X NN(0,1), k=1,2,...,
k=1
where ay < 1/k. Note the infinite sum on the right hand side converges in the Ly
sense.
For each p, there is collinearity among the covariates when fitting the model using

all of Z and Xj, ..., X,. The population covariance matrix of (Z, Xy, ..., X,) can be
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written as:

D et OF
k=1 |01

651

1y

@p
We show in Lemma IA.4 in Section 5.9.6 that O, (D,) < 1/p, which satisfies As-

sumption E.3'. Therefore Theorem V.3 holds when p?log® p = o(n), and

lo 1
p gp<<)\n<<_7

Vi P

given the other assumptions on the data generating process. Note the condition on p
is more stringent than the explicit requirement in Theorem V.3, i.e., p*log®p = o(n).
This is due to the range of the tuning parameter has to be non-empty. Hence, we

show that Theorem V.3 covers certain situations with collinearity.

5.5.3 Practical posterior inference in higher dimensions

The results in this section do not apply to the high-dimensional regime where
p > n. Under such a scenario, the asymmetric Laplace working likelihood (5.3)
degenerates, and Bayesian inference for quantile regression is much less understood in
the literature. Furthermore, the variance adjustment in Section 5.4 is not applicable
when n < p, since it relies on estimation of the full covariance matrix E*[X X7].
Therefore, direct application of the pseudo-Bayesian approach becomes problematic.

Nonetheless, the pseudo-Bayesian approach can be useful when combined with the
idea of marginal screening (Fan and Lv, 2008). For high-dimensional sparse problems
with s < n < p, it is often practically useful to employ a fast screening step to reduce
the dimension to a manageable scale, prior to further statistical analysis (Fan and

Lv, 2010; Liu et al., 2015; Barut et al., 2016). Such screening is routinely applied in
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many real-world applications (Bermingham et al., 2015; Tamba et al., 2017).

For inference in high dimensional quantile regression, we suggest using our pseudo-
Bayesian framework after applying a quantile sure screening procedure such as those
proposed by He et al. (2013), Wu and Yin (2015), Shao and Zhang (2014) and
Ma et al. (2017). Under appropriate conditions, those screening procedures keep all
relevant covariates with probability approaching one, while at the same time the total
number of retained covariates is d,, = O(n") for some r < 1. Our Theorem V.3 then

applies to the d,-dimensional posterior distribution post-screening.

5.6 Computational details

In this section, we present the Bayesian hierarchical model for quantile regression
under shrinkage prior, and derive the induced posterior sampling techniques. Though
theoretical properties under CA (5.5) and AL (5.4) priors are similar, the AL prior
is computational more efficient (Alhamzawi et al., 2012; Benoit and Van den Poel,
2017). For the CA prior, we also propose a feasible Gibbs sampling device based on

the piece-wise interpretation of the Bayesian Lasso (Hans, 2009).

5.6.1 Bayesian hierarchy under the AL prior

We first provide a review of the Bayesian Adaptive Lasso quantile regression. See
Alhamzawi et al. (2012) and Li et al. (2010) for a more detailed discussion. Following

Kozumi and Kobayashi (2011), denote

1—-27 2
H—W and P = m

The Asymmetric Laplace distribution with skewness 7 in (5.3) can be succinctly

formulated as 6v + p\/vz, where v; ~ Exp(l) and z; ~ N(0,1). By Andrews and
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Mallows (1974), the double-exponential prior can be represented as follows:

@ o /°° 1 ( z2> ( a2$> d
—e " = exp | —= | -exp [ —— | ds.
2 o Vams P\ T ) P

This is a scale mixture of Normal distribution, where the mixing distribution is Ex-

ponential. When A and the scale parameter ¢ = 1 in (5.3) are fixed, the Bayesian

hierarchy of the Adaptive Lasso quantile regression is

1 i — By — 2l B_y — Ov;)?
Likelihood: p(y; | vi, 8) o /%p%i,eXp (_(y Bo 2:?2 f 0 — Ouv;) )

p(vi | B) o exp(—wvi),

Prior: p(Bo) ox 1,

1 2 .
p(Bj | s5) IGXP(——j), i=1,....p,

nA?%s;
p(s;) o« exp|———2|.
’ ( 2|le2>

The full posterior distribution of 5, v, s is

- 1 yz—ﬁ —mZT,B_ —9112- 2
p(ﬁo:ﬂ—()vvas | Dn) (0.8 H A/ 27Tp21)~ - eXp (—( 0 2p2UA 0 ) —v;
=1 ¢ i
1

p

" H B7 nX’s;
exp|—z———=1.
, 27s; P 2s; 2|52

Jj=1

The above expression yields the following list of conditional distributions.

1. The conditional distribution of s; | -is (j =1,...,p)

1 1 (B2 n)\is;
p(s; | B,v,D,) o | —exp —= | L + ——2 )
’ 5j 2\s;  |BP2

This is a generalized Inverse Gaussian distribution GIG(1/2,n)2/|3;2, B7) (Jor-

gensen, 2012). A generalized Inverse Gaussian distribution GIG(p,a,b) is

198



parametrized as

f(x;p,a,b) oc aP~ e (atb/a)/2,

. The conditional distribution of v; | - is (i = 1,...,n)

- —_pT 2
sl B 00) o [ ek (WmBm sl g ) )

2 _ _ T 2
~ G_[G (1 6_ + 2’ [y 50 Z; B*O] )
1%

2

This is again a generalized Inverse Gaussian distribution.

. The conditional distribution of fy | - is

p(ﬁo‘ﬁfoa'vasaDn) X eXp{_

i (Bo —yi +xl B_o + Ov;)?
20%v;

i=1

~ wp{—%(ﬁi{pmy%—QEZ{ xﬁ”‘ﬂ”}%>}

~ N(ﬂ07 58)7

where 1/62 = p~23°" o7 ' and

Yi — afﬂo (91}@

. The conditional distribution of the vector B_g | - follows from a similar strategy.

Let §; = y; — Bo — Ov;, W = diag{p*v;} and S = diag{s;}

p(B-

0 | 507 s, v, Dn)

(-2l B)? =
eXp{_Z 2020; _223-
) j=1 J

=1
exp {—%5? o XTWIX + S M8 + YW‘lXﬂ_O}
exp {—%(50 — B)B(B-o — ﬁ)}

N (@, B, (5.13)
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where

B=X"Wlx+S8'  gp=B'XTWly.

In the above algorithm, step (5.13) can be implemented in a sequential way as in Li
et al. (2010). That is, sample one component §; from its full conditional distribution
p(B; | B—j,v,s,D,) at a time for j = 1,...,p. The block update (5.13) offers a faster
mixing behaviour in the Gibbs sampler, at a cost of computing the inverse of a p by

p matrix in each iteration.

5.6.2 Bayesian hierarchy under the CA prior

While Metropolis-Hastings algorithms for Bayesian quantile regression under the
smooth SCAD prior are available (Adlouni et al., 2018), here we derive a direct
Gibbs sampling device based on our modified CA prior. Our method adapts from
the Gibbs sampler for Bayesian Lasso (Hans, 2009). With the same characterization
of Asymmetric Laplace likelihood, the Bayesian hierarchy follows similarly from the

previous section.

1 i — By — I By — Ov;)?
Likelihood: p(y; | vi, 8) o /27rp2v@-'eXp (_(y Bo 2:?2 f 0 — Ouv;) )

p(vi| B) o exp(—wvi),

Prior: p(Bo) o 1,

p(ﬁj) X eXp(_n/\min{’Bj‘v)‘})v jzl,...,p.

Note the prior on (3;) is improper, in the sense that the integration over f; diverges.
Nonetheless, the following full posterior is a proper distribution that can be normal-

ized. Thus the validity of using the posterior distribution (5.6) is still well justified
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(Gelman et al., 2013).

" 1 Yi — ﬁ — a:;[,B, — HUZ' 2
p(ﬁOaIB—Ovva | Dn) X H\/ 27Tp21)- - eXp <—< 0 2p2v' 0 ) —
i=1 ¢ i

p

x [ [ exp (—nAmin{|8;],A}) .
j=1

The above posterior yields the following full conditional distributions.

1. The conditional distribution of v; | - is the same Generalized Inverse Gaussian

as the previous section (i =1,...,n)

16 [y—ﬁo—%’Tﬁ—oP

2. The conditional distribution of 3y | - is the same Normal distribution as the

previous section
p(ﬁo ‘ /6*07U7Dn> ~ N(/_L(], 5'3)

3. Now we derive the conditional distribution of 3; | - for each j = 1,...,p. We

start by noting the prior p(3;) can be written in a piece-wise fashion.

;

nAB;, 0 < B <A
p(Bi) =4 —nAg,, if =A< B, <0,

nX2if B > A

\

Following Hans (2009), we write the conditional distribution of g; | - as a
mixture of truncated Normal. Let ¢; = vy; — 6v; — By — Zk# TPk Denote by
N*(u,0?) as a generic truncated Normal distribution on 0 < z < X\, N~ (u, 0?)

as the truncated Normal on —\ < z < 0, and N°(u,0?) as the one truncated
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on |z| > A\

p(ﬁ] | 5—j7’07Dn) (514)
> expd — - @z‘—%jﬁj)Q _ : .
p Z BEET nAmin{|G;|, A\}
i=1 '
n 2 n ~
~ exp{—Q—; (Z EEENEd Bj) —nAmin{w,A}}
i=1 i=1

[ exp(—nA?)

= T 0 52 if 18] >
T I R

1 + 2 :
- - . T 52 <\
e ) oS
- gb(ﬁ-;f 02.) it —A<p;,<0
\QS(O;M;’UZ) g0 Tg)0 J
~ RENT (i 02) + N (5 0) + RN (40, 0%) (515

where ¢(x; p, 0?) is the density function for a generic Normal distribution N (u, o).

Let W = diag{p?*v;} The parameters in (5.15) are given by

_ Z?:l xzz/vz _
0'j2:—p2] = (XTW 1X)j,j7
0_ 032‘ Z?zl l"ijﬂi/vi
/’L] - p2 ]

+ _ ,,0 2
Ky = [y _n)\aj7

Hy = ,u? + n/\ajz,

G ] . O S
KT = — )
J _(b(O;/JJ;r,O'JQ»)_ i ¢(0,M97%2) Qb(oa/% 70-]2') ¢(O’Mj’a?)_
[ ] / ep(-n) P P
R, = — — )
J _gb(o,/JJ] ,O'JQ»)_ | ¢(07M970j2) ¢(0;M] 70-]2‘) ¢(0’M;r70-12)_
/{? =1- /i;'_ — Hj_.
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Note the variances for the three mixing components are the same, and are equal

to the j-th diagonal element of X*W~'X. The corresponding constants P;',

P and PjO normalizes the truncated distributions N*, N~ and N° respectively.
Let ®(-) denote the cdf for a standard normal distribution, the constants can

be calculated explicitly as

[ I A Y S
’ 7j oj )

The Gibbs Sampling under CA prior requires a component-wise update for each
B, in step (5.15). In one Gibbs iteration, we sample each §; from a different mixture
representation (5.15). The simultaneous block update of the entire p-dimensional
vector B is not tractable as in the Adaptive Lasso case (5.13). This is due to the
piece-wise nature of the prior py(5;), leading to a posterior of mixture-form. Though
the mixture weights x; are explicitly tractable in the univariate case, the multivariate
mixture weights are not.

Though the posterior sampling under the CA prior are easy to implement, its
mixing properties hinges on the correlation structure of the predictors. Compared
with the block-update (5.13), Hans (2009) points out that a component-wise update
as in (5.15) may increase the auto-correlation in the MCMC chain. The phenomena
exacerbate when the features X; are highly correlated. An orthogonalized Gibbs
sampling step may replace (5.15) to improve the mixing behaviour of the Gibbs

sampler.
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5.6.3 The role of the tuning parameter

The remaining practical issue is selecting a hyper-parameter A. We first comment
on the role of A\. A large A helps improve the efficiency for those zero coefficients, as
their posterior variances are of the order 1/(nA)?. A small \ ensures that the posterior
is unbiased for those non-zero coefficients. A reasonable choice of A\ should strike a
balance in between. In theory, as Theorems V.1 V.2 show, the posterior inference
remains valid and improves over no shrinkage as long as A falls in a certain range.
In our numerical experience, we have confirmed that the performance of the interval
estimates is not much affected by A within a proper range. The choice of A does,
however, affect the amount of efficiency gain of the posterior inference.

Unfortunately, there has not been a systematic approach for automatic tuning
parameter selection in our context. For a Bayesian treatment, one practical method is
the Empirical Bayes approach in Casella (2001), which finds the marginal maximum-
likelihood estimator of A in the joint likelihood function of A and 3. However, since
our working-likelihood may be seriously mis-specified, such a model-based approach is
not well-justified. From a frequentist perspective, cross-validation (CV) is prevalent
for tuning parameter selection (Wu and Liu, 2009; Zou, 2006). Since CV aims to
minimize the prediction error, it may not work for posterior inference. Through
numerical evidence, we find that CV sometimes chooses a A that is too large. We
suggest using a smaller A than that chosen from CV, to ensure the posterior inference

is valid under the shrinkage prior.

5.7 Simulation

In this section, we present our findings from simulation studies. We verify that
the adjusted posterior inference provides adaptive confidence intervals for quantile

regressions, under a wide range of settings. By adaptive, we mean the method (i)
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achieves oracle efficiency for active coefficients and (ii) achieves super-efficiency for
inactive coefficients, as discussed in Section 5.4. We also compare the results with
some standard frequentist approaches. In what follows, we introduce the methods
and the simulation scenarios that we consider in this section.

Throughout this section, we may use four different methods to construct confi-
dence intervals for quantile regression coefficients. We first introduce some useful

abbreviations for those methods, which are highlighted in bold below.

e Full — Fit the classic quantile regression using all available covariates, then
apply the rank-score approach ( Gutenbrunner and Jureckovd, 1992) to construct

confidence intervals.

e Refit — First apply the Adaptive Lasso (Wu and Liu, 2009) for variable selec-
tion, and refit the quantile regression with the selected covariates. Then apply
the rank-score approach on the refitted model. For a coefficient that is not se-

lected by the Adaptive Lasso, we report its confidence interval as a single point

{0}.

e BayesM — The adjusted posterior inference in Section 5.4, under the Adaptive

Lasso prior (5.4). The confidence intervals are centered at the posterior means.

e BayesF — The same adjusted posterior inference as BayesM, but we use the
Adaptive Lasso estimators as the center. Asin Remark 14, we do not implement

the weighting adjustment.

A few comments are in place for those methods. First, we comment on the choice
of the frequentist inferential procedure. Among the variety of inferential methods
for quantile regression (See e.g., Koenker (2005, Chapter 3)), we only consider the
rank-score method in this section. In the quantile regression literature, it is known

that the rank-score method enjoys robust and competitive performances. We do not
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consider those resampling methods as they usually have similar performances to the
rank-score method, yet with an increased computational cost. Second, we comment
on the choice of the prior in the posterior-based methods. We do not consider the
CA prior (5.5) due to the long mixing time of the Gibbs sampler, as mentioned in
Section 5.6.2. Instead, the Adaptive Lasso prior (5.4) offers easy computation and
satisfactory performance. Third, the methods Refit, BayesM and BayesF all need
a tuning parameter A\. To make a fair comparison, we shall always use the same A\
when comparing the performances of those shrinkage methods.

Now we provide a summary of different data generating processes in this section.
Let @ = (x1,...,x,) be the covariates, y be the response, and u be the error terms
independent of @. Define @), (u) as the marginal 7-th quantile of u. In what follows,
we shall fix p = 6 unless stated otherwise. Note the values of 3 and sample sizes will
be given in each specific example later. In this section, we consider the following four

data generating models.

(A). An i.i.d. error model:

y=1+z"Bs+u,

where & ~ N(0, ) with 3;; = 0.5/°77l; We consider two possible error distribu-
tions: (i) u ~ N(0,1) and (ii) v ~ Exp(1). In this model, the conditional 7-th

quantile of y given x is [1 + Q. (u)] + T B4, which is linear in = at any 7.

(B). A linear location-scale model:

y=14+x"B8p +[3.5+ 2x6] 1,

where xg is generated from the uniform distribution on the interval [—1.5,1.5];
Conditioning on xg, we generate x1,...,25 ~ N(z5/3, 1) independently; The
error term u ~ (I'(3,2) — ¢p), where the constant ¢y is chosen such that the

first quartile of u is 0. In this model, the conditional quantile of y given x is
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(14 3.5Q.(u)] + 2" B + [2Q, (u)]z¢, which is linear in @ at any 7.

(C). A global conditional quantile model:

Q:(y | x) =307 (1) +x"Bc(r), Vre(0,1),

where x; ~ Unif(—1,1), j = 1,...,6; ®7!(7) is the quantile function of the
standard Normal distribution. Note the displayed conditional quantile function
uniquely determines the conditional distribution of y given . We can simulate

the observation y from

y =30 (u) + x” Be(u),

with u ~ Unif(0, 1).

(D). An i.i.d. error model when the dimension p may increase with the sample size
n:

y:1+:1:TBD+u,

where & ~ N(0, X)) with ;; = 0.85/"79; « ~ ¢(2). In this model, the conditional

7-th quantile of y given x is [1 + Q. (u)] + 7 Bp, which is linear in x at any 7.

Here we give some details about our upcoming simulation results. For each simula-
tion setting, we generate 1000 Monte Carlo data-sets independently, and we evaluate
the methods based on their performances on those 1000 realizations. We use the R
package ‘quantreg’ (Koenker, 2018) to compute the frequentist approaches. For the
posterior-based method, we run the Gibbs sampler in Section 5.6.1 of length 20000
with a burn-in period of 3000 iterations. We find the posterior chain achieves sufficient

mixing for our simulations.
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5.7.1 The effect of the tuning parameter

While Theorem V.2 informs us that a wide range of A provides asymptotically
valid inference, the finite-sample effect of A remains unclear. In this first part, we
explore how the methods BayesF, BayesM and Refit depend on A. To this end,
we evaluate all candidate methods’ performances at a range of different A\ values. To
keep the presentation concise, we only include two simulation scenarios here: model

(A) with a small coefficient, and model (B).

5.7.1.1 In models with small coefficients

Our first example examines the effect of A when the true model has a small

coefficient. We consider model (A) with

/BA = (1/107 37 07 _57 07 0)7

and the error term u ~ N(0,1); We fix the sample size at n = 80. Here we focus
on the case with 7 = 0.5, i.e., the median regression. The active covariates include
x1, o and x4, despite that the regression coefficient for z; is relatively small. Such
a small coefficient makes it difficult for shrinkage methods to deliver valid inference
(Leeb and Pétscher, 2005). Figure 5.2 presents how different methods perform under
a range of different A\; We shall only focus on 3, f> and 3 for simplicity. Note in
this particular example, the interval lengths for BayesF and BayesM are identical.
The weighting adjustment in Remark 13 does not affect the performance with limited
sample sizes.

As we can see in Figure 5.2, while Full delivers valid inference for all coefficients,
the performance of other shrinkage methods depend heavily on A. With a small
enough A, all the shrinkage methods deliver satisfactory performances: Their empir-

ical coverage probabilities are all around 90% for the presented coefficients. With a
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limited sample size, there seem to be some size distortions for all methods: In general,
Refit is more liberal while BayesF and BayesM are more conservative.

When X increases, the inference for 5y, o and (3 shows different trends. For
the inactive coefficient (3, the shrinkage methods keep to provide valid inference:
Increased A\ only reduces the length of the interval, without jeopardizing the cov-
erage probability too much. For the active coefficient (5, the performance remains
acceptable, as long as A is not too large; This is because the true coefficient 35 = 3
is relatively large. However, the inference for the small coefficient, 3, breaks down
rapidly as A grows, which is a well-recognized limitation of shrinkage methods (Leeb
and Pdotscher, 2005). To be more specific, the coverage probabilities for all shrinkage
methods are below 50% when A\ ~ 2e-01 = 0.2.

Among the three shrinkage methods, the posterior-based methods, BayesM and
BayesF, are more robust to the change of A\, provided that A is not too large. In
Figure 5.2a for f;, at A = 1e-02 = 0.01, the empirical coverage probabilities of
BayesM and BayesF are still close to 90%, while the coverage for Refit is even
below 70%. This is not simply because the method BayesM is conservative. When
looking at the shape of the coverage curve, the one for Refit drops much more sharply
than BayesM and BayesF. We can observe the same behaviour in the plot for g,
as well.

The reason behind this robustness is that, Refit relies on a dichotomous vari-
able selection step. If the true coefficient is small yet non-zero, the variable selection
method will often select that coefficient as exactly 0, therefore providing no uncer-
tainty estimation (Pdtscher and Leeb, 2009); The corresponding interval will then be
a singleton {0}. This issue is known as the non-uniformity for shrinkage methods,
as pointed out in Leeb and Pdtscher (2005). On the other hand, the posterior-based
methods will always provide a non-empty confidence interval for each coefficient, even

when the true coefficient is close to 0. Thus, BayesM and BayesF mitigates the
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Figure 5.2: Inference using different A\ under model (A) at 7 = 0.5 and with normal

error. The x-axis is on the log scale. The true regression coefficients are 59 = 0.10,
B9 =3, and 89 = 0. Nominal level is 90%, marked with a black dashed line.
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non-uniformity issue by providing a small margin of error for those small yet non-zero
coefficients.

Here we conclude our findings in this example. When the true regression coef-
ficients are relatively small, it is difficult for shrinkage methods to achieve adaptive
inference. To guarantee the coverage probability for the coefficient 5, we have to
choose a small \; In turn, this choice limits the efficiency gain for the inactive coef-
ficients. Comparing with the classic Refit method, the posterior-based methods are

more robust to poor choices of .

5.7.1.2 In models with heteroscedasticity

Our second example demonstrates the effect of A\ in heteroscedastic models. We
consider model (B) with

/BB = (07 37 07 _57 07 0)7

and we fix the sample size at n = 500. We focus on two different quantile levels 7 =
0.25 and 7 = 0.75. At those quantile levels, the true quantile regression coefficients

are

B, =(0,3,0,-50,0), and B =(0,3,0, =5, 0,2.19),

respectively. At level 7 = 0.25, only 25 and z4 are active; Whereas xg becomes active
at 7 = 0.75. In this example, we also include the results where we choose \ adaptively
by 10-fold cross validation (CV). Note the CV approach is data-dependent, that is,
the value of A will be different from each simulated dataset.

Since the heteroscedasticity issue is severe in this example, we shall use the mod-

ified frequentist approaches, Full-nid and Refit-nid, in place of Full and Refit.

e Full-nid — The same as Full, but we do not use the original rank-score method
for inference. Instead, we use the modified rank-score approach in Koenker and

Machado (1999) that is robust to heteroscedasticity.
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e Refit-nid — The same as Refit, the only difference is that we use the modified

rank-score approach as above, after refitting the model.

The modified rank-score approch can adapt to heteroscedasiticity with large enough
sample sizes; See Koenker (2005, Chapter 3). Correspondingly, its performance is
less stable than the original rank-score method when the sample size is small. The
‘nid” approaches are also implemented in the R package ‘quantreg’ (Koenker, 2018).

Figure 5.3 and 5.4 show the results for Sy and g, respectively for 7 = 0.25 and
7 = 0.75. As we can see, Full-nid provides valid inference for all presented coefficients;
Hence, we shall use Full-nid as a benchmark to compare other methods. The original
Full method, however, fails drastically for the inference of Js.

First we focus on the performance of Refit-nid, BayesM and BayesF for inactive
coefficients. To this end, we examine the inference for g at 7 = 0.25 in Figure 5.3.
With smaller values of A, all shrinkage methods provide valid inference. As A\ grows,
we can see that the coverage probability for BayesM approaches 100% much faster
than all other methods. The coverage probabilities for BayesF and Refit-nid are
similar, which stay below 95% for most values of A in our range. When A\ is large
enough, nonetheless, all methods achieve near 100% coverage probability. For the
lengths of the intervals, all shrinkage methods are similar, and they provide narrower
interval than Full-nid for a wide range of A\. As A grows, the efficiency gain is even
more significant. In this example, we observe the same behaviour for other inactive
coefficients as well. Thus, we conclude for inactive coefficients: (i) The posterior-based
method provides efficient inference, where a larger A leads to better performance; (ii)
BayesM gives higher coverage for a wide range of \, compared among the shrinkage
methods.

For active coefficients, the posterior-based methods are sometimes sensitive to the
choice of A\. For example, at 7 = 0.75, the coefficient (g is active in the quantile

regression model. As in Figure 5.4, we can see that BayesM and BayesF are both
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Figure 5.3: Inference using different A under model (B) at 7 = 0.25. The x-axis is on
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sensitive to the choice of \: They have satisfactory coverage probability for smaller A,
yet the inference for B¢ breaks down for larger \. Among the posterior-based methods,
BayesM seems to be more affected by large A. For some other active coefficients,
however, the posterior-based methods are less sensitive to A\: The inference for s
is valid for a wide range of A, for both quantile levels 7 = 0.25 and 7 = 0.75. We
think the reason may be the following: The covariate xz¢ is associated with the het-
eroscedasticity in model (B), whereas z5 is not. Through more extensive simulations,
we observe the same phenomenon that the heteroscedasticity-related coefficients are
more sensitive to the choice of A.

To get a better picture of why the posterior-based inference deteriorates for G4 at
7 = 0.75, we compare the centers of the intervals from BayesM and BayesF. Note
BayesM uses the posterior mean, while BayesF uses the Adaptive Lasso estimator.
As Figure 5.5 shows, the centers from both methods suffer from non-negligible bias
as A increases; Yet the refitted estimator of Refit does not suffer from any variable
selection nor penalization bias. Furthermore, we observe the posterior mean is more
susceptible to the penalization bias, compared with the Adaptive Lasso estimator.
Those penalization bias explains why BayesM and BayesF are sensitive to \.

Here we comment on the CV approach for choosing A. When 7 = 0.25, the cross-
validated \ seems to deliver satisfactory performances for BayesM and BayesF, but
the chosen A may not the best. From Figure 5.3, we can see that the CV should have
chosen a larger A\: The length of the interval for S5 can be further reduced; At the
same time the inference for [, remains valid. When 7 = 0.75, the CV fails to select
a proper \: The coverage probabilities for the cross-validated BayesM and BayesF
are both below 85%. This coverage is somewhat disappointing, considering that we
have a relatively large sample size n = 500. We find the failure of CV persists even
when (i) we have larger sample sizes, or (ii) we use more refined CV schemes like

the leave-one-out cross validation. Thus, we conclude that CV may not be the best
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approach for tuning A, if we want to achieve valid and efficient inference.

As a summary, we find that BayesM provides better coverage for inactive coef-
ficients; Whereas BayesF is slightly more robust to A for active coefficients. With
suitable values of A, both BayesM and BayesF provide adaptive inference under
sparse heteroscedastic models, confirming their asymptotic properties in Section 5.4.
In the meantime, choosing a proper A for inference is difficult; The CV is not capable
of finding the best A\. For \’s that are too small, the inference is generally valid but
inefficient; Larger \’s provide more efficient confidence intervals, but some of those
intervals may be invalid. The desired value of A should strike a balance between

efficiency and validity.

5.7.2 When the tuning parameter is fixed

In this section, we further examine the performance of the posterior-based methods

in a wide range of settings. For the presentation to be more concise, we shall fix a
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single value of A in each simulation setting below. The particular value of A is chosen
as follows: We run the CV on 100 preliminary datasets generated under the same
scenario, which gives 100 cross-validated \’s; Then we fix A at the 40% quantile of
those 100 values. Admittedly, CV is not designed to select the best A for posterior
inference; But here we use that value for simplicity. In general, we find that the

selected A delivers valid inference for shrinkage methods.

5.7.2.1 A sparse homoscedastic model

Here we consider model (A) with

/BA:(Oa37O7_570’O)T'

Besides the intercept, only (3, and (3, are active in the quantile regression model. Un-
like the example in Section 5.7.1.1, all non-zero coefficients are sufficiently separated
from 0 here. Here we target three different quantile levels 7 = 0.3,0.5,0.9; At each
7, we consider two different sample sizes n = 80 and n = 500. We also present the
results with both error distributions as described in model (A): N(0,1) and Exp(1).
Tables 5.1 and 5.2 summarize the results. Here we omit the results of BayesF to
keep the table concise.

We can see that Full delivers consistent coverage probability across all scenarios.
For the shrinkage methods, we discuss the inference for active and inactive coefficients
separately. For the active coefficients, we observe that BayesM is always on the con-
servative side, especially when the sample size is small. The BayesM confidence
intervals are sometimes even wider than the Full intervals, e.g., in Table 5.2 with
n = 80 and 7 = 0.3. Nonetheless, BayesM still provides robust and valid coverage
probability. When the sample size increases, BayesM delivers more satisfactory per-

formance: The coverage probabilities are closer to 90%, while the average lengths are
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Table 5.1: Empirical coverage and average length for 90% confidence intervals under
model (A) with N(0, 1) error. The numbers in the parentheses are the empirical stan-
dard errors. The row named [;,qive Shows the average over all inactive coefficients

b1, B3, B and [g.

‘ Empirical Coverage ‘

Average Length (s.e.)

n = 80
T ‘ Full Refit BayesM ‘ Full Refit BayesM
7=0.3 Ba 0.88 0.83 0.93 | 0.65 (0.21) 0.51 (0.18) 0.58 (0.12)
= Ba 0.89 0.84 0.94 | 0.65 (0.20) 0.51 (0.17) 0.58 (0.12)
0.140 Binactive | 0.88  0.87 0.97 | 0.62 (0.20) 0.16 (0.26) 0.17 (0.15)
T7=0.5 Ba 0.89 0.83 0.94 | 0.61 (0.19) 0.48 (0.15) 0.54 (0.10)
= B4 0.89 0.84 0.94 | 0.61 (0.19) 0.48 (0.15) 0.54 (0.11)
0.140 Binactive | 0.90  0.88 0.98 | 0.58 (0.17) 0.16 (0.25) 0.16 (0.14)
7=0.9 Ba 0.90 0.82 0.97 | 0.90 (0.38) 0.67 (0.30) 0.88 (0.22)
= B4 0.89 0.81 0.97 | 0.91 (0.37) 0.67 (0.30) 0.88 (0.22)
0.089 Binactive | 0.90  0.87 0.99 | 0.85 (0.35) 0.24 (0.37) 0.31 (0.24)
n = 500
T ‘ Full Refit BayesM ‘ Full Refit BayesM
T=0.3 Ba 0.90 0.86 0.92 | 0.25 (0.05) 0.20 (0.05) 0.21 (0.03)
= Ba 0.90 0.84 0.90 | 0.25 (0.05) 0.20 (0.05) 0.21 (0.03)
0.067 Binactive | 0.90  0.89 0.97 | 0.23 (0.05) 0.06 (0.10) 0.05 (0.06)
7=0.5 Ba 0.90 0.87 0.92 | 0.24 (0.05) 0.20 (0.04) 0.20 (0.03)
= B4 0.90 0.84 0.90 | 0.24 (0.05) 0.20 (0.04) 0.20 (0.03)
0.071 Binactive | 0.90  0.89 0.96 | 0.23 (0.04) 0.05 (0.09) 0.05 (0.05)
7=0.9 Ba 0.89 0.84 0.93 | 0.33 (0.09) 0.26 (0.08) 0.28 (0.05)
A= B4 0.90 0.84 0.94 | 0.32 (0.08) 0.27 (0.07) 0.28 (0.05)
0.051 Binactive | 0.90  0.88 0.97 | 0.31 (0.08) 0.08 (0.13) 0.08 (0.07)
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Table 5.2: Empirical coverage and average length for 90% confidence intervals under
model (A) with Exp(1) error. Other attributes in the table are the same as Table 5.1.

Empirical Coverage Average Length
n = 80
T Full Refit BayesM |  Full Refit BayesM
7=0.3 Ba 0.90 0.85 0.99 | 0.32 (0.12) 0.25 (0.09) 0.35 (0.07)
= Ba 0.89 0.83 0.98 | 0.32 (0.12) 0.25 (0.09) 0.35 (0.07)
0.062 Binactive 0.89  0.88 0.99 | 0.30 (0.11) 0.08 (0.14) 0.12 (0.09)
T=0.5 Ba 0.89 0.84 0.95 | 0.46 (0.14) 0.36 (0.13) 0.42 (0.09)
= B4 0.89 0.85 0.96 | 0.46 (0.14) 0.36 (0.12) 0.42 (0.08)
0.102 Binactive 0.89  0.88 0.98 | 0.43 (0.14) 0.12 (0.19) 0.14 (0.11)
7=0.9 Ba 0.90 0.83 0.95 | 1.34 (0.54) 1.01 (0.46) 1.19 (0.34)
A= Ba 0.90 0.82 0.95 | 1.36 (0.55) 1.06 (0.47) 1.23 (0.37)
0.132 Binactive 0.89  0.87 0.99 | 1.26 (0.52) 0.39 (0.58) 0.41 (0.35)
n = 500
T Full Refit BayesM ‘ Full Refit BayesM
7=0.3 Ba 091 0.87 0.94 | 0.12 (0.03) 0.10 (0.02) 0.10 (0.01)
A= Ba 0.88 0.85 0.92 | 0.12 (0.03) 0.10 (0.02) 0.10 (0.01)
0.039 Binactive 0.90  0.89 0.95 | 0.11 (0.02) 0.02 (0.04) 0.03 (0.02)
7=0.5 Ba 0.89 0.85 0.91 | 0.19 (0.04) 0.15 (0.03) 0.16 (0.02)
= B4 0.90 0.85 0.91 | 0.19 (0.04) 0.15 (0.03) 0.16 (0.02)
0.058 Binactive  0.90  0.89 0.96 | 0.18 (0.04) 0.04 (0.07) 0.04 (0.04)
7=0.9 B2 0.90 0.85 0.91 | 0.56 (0.15) 0.44 (0.12) 0.47 (0.10)
A= B4 0.90 0.86 0.91 | 0.56 (0.14) 0.45 (0.13) 0.47 (0.10)
0.093 Binactive 0.90  0.89 0.98 | 0.53 (0.14) 0.12 (0.21) 0.11 (0.11)
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more similar to Refit. Note, however, Refit is usually more liberal with insufficient
coverage probability.

For the inactive coefficients, BayesM seems to stand out. While the method Full
is valid, the lengths of the confidence intervals are much wider, compared with Refit
and BayesM. On average, the two shrinkage methods give intervals of similar length,
yet BayesM has a much higher coverage probability. Note Refit never exceeds the
nominal 90% coverage for inactive coefficients, although it is claimed to be asymp-
totically oracle (Wu and Liu, 2009). In the meantime, the performance of BayesM
is also more stable; Because the lengths of BayesM intervals have smaller standard
errors.

To get a clearer picture of how Refit and BayesM differ, we zoom in on 3; and (3
in Table 5.3; For each coefficient, we compute the average lengths of the interval in two
different cases: Depending on whether the Adaptive Lasso selects that coefficient as 0
or not. We only focus on the scenario with n = 500 and 7 = 0.5. When the Adaptive
Lasso identifies 8 as 0, Refit gives perfect inference: Its ‘confidence interval’ is a
singleton for 3;, which coincides with the true coefficient. In the other case when the
Adaptive Lasso fails to select 81 as 0, Refit will refit the quantile regression model
that includes xy, with no shrinkage imposed on ;. Therefore, the intervals will be
wider in the latter case, similar to that in Full. On the other hand, BayesM is more
stable in terms of the interval lengths: we get much narrower intervals than Full in
either of the cases.

To conclude, BayesM achieves adaptive inference in this example. By paying
the price of being a little conservative, BayesM provides robust coverage for the
active coefficients. Furthermore, BayesM achieves super-efficiency for the inactive

coefficients, providing consistently narrower interval than Full.
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Table 5.3: The average interval lengths for 8; and (3, separately for two cases: (i) the
Adaptive Lasso (AL) selection is correct for that coefficient; and (ii) the AL selection
is incorrect. The column ‘Prop. zeros’ shows the empirical probability that the AL
is correct. The results are for n = 500 and 7 = 0.5.

AL correct AL incorrect
Prop. zeros
Refit BayesM Refit BayesM
U~ b1 73.8% 0 0.026  0.200 0.110
N(0,1) B3 76.7% 0 0.031 0.228 0.123
U~ b1 74.6% 0 0.023  0.157  0.088
Exp(1) B3 74.4% 0 0.026  0.173  0.095

5.7.2.2 A dense homoscedastic model

In this section, we consider model (A) with

/BA = <+37 +37 _'_37 _37 _37 _3)T

In this example, all coefficients are active and sufficiently-separated from 0. For
simplicity, we only present the results under N(0, 1) errors; We focus on the median
regression 7 = 0.5 at three different sample sizes n = 80, n = 200 and n = 500. Table
5.4 compares the results for Full, BayesM and BayesF. Here we omit the results
for Refit, as the Adaptive Lasso always selects the full model. We only compare the
results for 5y, 1, f2 and Ss.

Even when the model is dense, the shrinkage methods BayesM and BayesF still
provide valid coverage probabilities for the A values we choose, though they may be
more conservative. The conservative nature of posterior-based methods is consistent
with our findings in the previous example. Notably, we can see that BayesM is
always more conservative than BayesF. With n = 500, BayesF provides coverage
very close to 90%, whereas BayesM is still conservative.

Since the two methods BayesM and BayesF provide intervals of identical lengths,

the difference between their coverage lies in the choice of centers: Recall that BayesM
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Table 5.4: Empirical coverage and average length for 90% confidence intervals under
model (A) with dense coefficients and normal errors. The numbers in the parenthesis
are the empirical standard errors. These results are for 7 = 0.5.

Empirical Coverage Average Length (s.e.)
Sample Size Full BayesF BayesM Full BayesF BayesM
= 80 Bo | 0.89  0.93 0.96 0.46 (0.12) 0.54 (0.07) 0.54 (0.07)
\ £ 1088 0.93 0.96 0.55 (0.17) 0.64 (0.12) 0.64 (0.12)
0.9266 B3] 0.89  0.93 0.94 0.61 (0.18) 0.72 (0.13) 0.72 (0.13)
' Bs | 0.90  0.92 0.96 0.61 (0.18) 0.71 (0.13) 0.71 (0.13)
" — 200 Bo | 0.88  0.91 0.94 0.29 (0.06) 0.31 (0.03) 0.31 (0.03)
B £y ] 0.89  0.92 0.94 0.33 (0.08) 0.36 (0.05) 0.36 (0.05)
0 2_37 B3 1 0.89  0.90 0.92 0.38 (0.09) 0.41 (0.06) 0.41 (0.06)
' Bs | 0.88 091 0.94 0.37 (0.09) 0.41 (0.06) 0.41 (0.06)
" — 500 Bo | 0.88  0.90 0.93 0.18 (0.03) 0.19 (0.02) 0.19 (0.02)
N £ ]1091 091 0.93 0.21 (0.04) 0.22 (0.03) 0.22 (0.03)
0.174 B3 1091  0.92 0.93 0.24 (0.05) 0.25 (0.03) 0.25 (0.03)
' Bs 1 0.90  0.90 0.92 0.23 (0.05) 0.25 (0.03) 0.25 (0.03)

uses the posterior mean, while BayesF uses the Adaptive Lasso estimator. Those
point estimators have different finite sample properties. Figure 5.6 shows the bias
and standard error for the two standardized point estimators. We can see that,
the posterior mean and the Adaptive Lasso estimator are both unbiased, but the
former has a smaller standard error. The difference in standard error seems to be
more obvious when n = 80. Therefore, BayesM gives more conservative confidence

intervals, especially with limited sample sizes.

5.7.2.3 A global conditional quantile model

In this section, we consider model (C) with

3 T
Be(T) = (5-min{7'—1,0},3+7', 0, =5, 0, 0) , T€(0,1),

which is similar to the that in Reich and Smith (2013). With this choice of B¢ (7),

the conditional distribution of y given @ is complicated and heteroscedastic; See
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Figure 5.6: The scaled (by \/n) empirical bias for the two point estimators By "

and Bg avesM. The error bars show =+ 1 estimated standard error for the scaled bias.
The true coefficient is 39 = 3.

Rodrigues et al. (2019, Figure 4) for an illustration. We target two different quantile
levels 7 = 0.25, and 7 = 0.75; At those quantile levels, the true quantile regression

coeflicients are
Bc(0.25) = (—2.5,3.25, 0, =5, 0, 0), and Bc(0.75) = (0, 3.75, 0, —5, 0, 0),

respectively. Note (3, is active when 7 = 0.25, yet it is inactive when 7 = 0.75. We
consider two different sample sizes n = 200 and n = 500 for each of the quantile level.
Table 5.5 presents the results.

In this heteroscedastic example, BayesM continues to provide adaptive inference:
It gives valid coverage for active coefficients, though the intervals are sometimes wider
than the Full intervals; It gives near-100% coverage for inactive coefficients, with
much shorter intervals than Full. On the other hand, Refit often fails to provide
sufficient coverage probability, especially for the coefficient 5. The performance of
Refit does not seem to improve when the sample size grows.

Notably, the BayesM intervals for inactive coefficients are even shorter than the
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Table 5.5: Empirical coverage and average length for 90% confidence intervals under
model (C). The numbers in the parentheses are the empirical standard errors. The
row named Sinqctive Shows the average over all inactive coefficients 83, 55 and .

Empirical Coverage

Average Length

n = 200
T Full Refit BayesM ‘ Full Refit BayesM
095 B 0.88 0.86 0.88 | 1.53 (0.39) 1.45 (0.39) 1.67 (0.39)
A\ 7 B2 0.90 0.87 0.90 | 1.51 (0.38) 1.42 (0.38) 1.58 (0.35)
0 1_62 B4 0.90 0.88 0.92 | 1.52 (0.39) 1.44 (0.37) 1.59 (0.34)
' Binactive 0.89  0.88 0.98 | 1.50 (0.38) 0.54 (0.73) 0.45 (0.46)
075 b1 0.87 0.85 0.98 | 1.57 (0.43) 0.59 (0.79) 0.47 (0.51)
T 7 Ba 0.89 0.87 0.90 | 1.59 (0.41) 1.46 (0.39) 1.59 (0.35)
0 1_92 Ba 0.90 0.88 0.91 | 1.55 (0.39) 1.44 (0.37) 1.58 (0.35)
' Binactive 0.90  0.89 0.98 | 1.57 (0.41) 0.50 (0.72) 0.40 (0.43)
n = 500
T Full Refit BayesM ‘ Full Refit BayesM
095 b1 0.86 0.85 0.89 | 0.95 (0.20) 0.92 (0.19) 1.03 (0.20)
i 7 Ba 0.90 0.88 0.91 | 0.92 (0.19) 0.89 (0.19) 0.96 (0.19)
0 1_25 Ba 0.90 0.89 0.91 | 0.93 (0.18) 0.89 (0.18) 0.96 (0.17)
' Binactive 0.88  0.87 0.98 | 0.92 (0.18) 0.32 (0.44) 0.24 (0.25)
- OTE b1 0.87 0.85 0.99 | 0.99 (0.21) 0.29 (0.46) 0.22 (0.28)
7 Ba 0.90 0.88 0.89 | 0.98 (0.20) 0.92 (0.19) 0.98 (0.17)
0 1_70 Ba 0.91 0.89 0.91 | 0.99 (0.20) 0.93 (0.19) 0.99 (0.18)
' Binactive 0.89  0.88 0.99 | 0.98 (0.20) 0.26 (0.42) 0.19 (0.23)
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Refit intervals on average. Figure 5.7 shows the average interval length for 3, at
7 = 0.75, separately in two cases. When the Adaptive Lasso correctly identifies
By as 0, Refit gives perfect inference with the ‘confidence interval’ as a singleton.
In the meantime, for more than one-third of the simulated datasets, the Adaptive
Lasso does not select 5 as 0. In those cases, Refit provides intervals that are of
similar length to that from Full; While BayesM intervals are still much narrower
than the Full intervals, on average. In practice, perfect variable selection is rare
for the Adaptive Lasso; See Wang et al. (2020), Bihlmann and Van De Geer (2011,
Chapter 7). Therefore, BayesM can often help to improve the efficiency for inactive

coefficients, even when Refit cannot.

o n =200 o n =500
[qV] ® AL correct (61%) [qV] m AL correct (67%)
® AL incorrect (39%) ® AL incorrect (33%)
| o _
e e
0 | 0 _
o o
e Q
o 61% 39% o 67% 33%

BayesM Refit Full BayesM Refit Full

Figure 5.7: The average interval lengths for 51 separately in two cases: (i) the Adap-
tive Lasso (AL) selection is correct for 31, shown in red; and (ii) the AL selection is
incorrect, shown in blue. The results are for 7 = 0.75, where [3; is inactive.

5.7.2.4 A sparse model with increasing dimensions

This section considers model (D) in a series of experiments where the dimension
p grows with the sample size n. We choose three different combinations of the pair

(n,p): (140,10), (350,20) and (700,30), following the growth rate n = 0.7p? + 70.
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For a given dimension p, we set

Bp=(150,...,0,3 —520,...,0)".

— —_

lp/2] -2 [p/2]—-2
Besides the intercept, there are 4 active coefficients in the quantile regression model,
with all others being inactive. Note in this example, there is a relatively high corre-
lation among all covariates, with corr(x;, z;) = 0.8579l. Table 5.6 summarizes the
results. We only present: (i) the result for the intercept, (ii) the average result over
the 4 active coefficients, and (iii) the average result over all inactive coefficients.

We can see that BayesM continues to provide valid and adaptive inference, similar
to what we see in previous examples. Two comments are in place to explain some
new observations in this example. First, the performance of Refit is consistently
poor throughout Table 5.6. When there are many covariates, the Adaptive Lasso
rarely achieve consistent variable selection in finite sample, which leads to invalid
inference (Leeb and Pdtscher, 2005). BayesM seems to be a safer alternative than
Refit: For active coefficients, BayesM achieves nominal coverage, at the cost of
wider intervals; For inactive coefficients, BayesM provides near-100% coverage with
narrower intervals on average, compared with Refit.

Second, BayesM offers narrower intervals for the active coefficients, compared
with Full. We do not observe such an obvious improvement in previous examples,
where there is a small number of covariates. In this example, there are many highly
correlated covariates; Therefore, Full becomes inefficient when it uses all the covari-
ates. BayesM, on the other hand, implicitly uses a smaller number of covariates, as
BayesM shrinks some inactive coefficients toward zero. Thus, BayesM is close to
the ‘oracle efficiency’ (Zou, 2006) for the active coefficients, as if we knew the true
model in advance.

In summary, if we have enough samples, BayesM can deliver valid inference for
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Table 5.6: Empirical coverage and average length for 90% confidence intervals under
model (D). The numbers in the parenthesis are the empirical standard errors. The
row named Betive and Binactive Shows the average over all active or inactice coefficients
in the slope, respectively.

‘ Empirical Coverage ‘ Average Length (s.e.)
n =140, p =10
T ‘ Full Refit BayesM ‘ Full Refit BayesM

7=03 Bo 0.89 0.85 0.92 | 0.50 (0.13) 0.44 (0.12) 0.53 (0.09)
A= Bactive | 0.89  0.83 0.92 | 1.14 (0.33) 0.94 (0.30) 1.06 (0.22)
0.100 Binactive | 0.89  0.85 0.97 | 1.17 (0.34) 0.36 (0.48) 0.35 (0.28)
7=0.5 Bo 091 0.87 0.94 | 0.41 (0.10) 0.37 (0.08) 0.43 (0.05)
= Bactive | 0.89  0.84 0.92 | 0.98 (0.26) 0.81 (0.24) 0.90 (0.16)
0.101 Binactive | 0.90  0.86 0.97 | 1.00 (0.27) 0.29 (0.40) 0.28 (0.23)
7=09 Bo 0.86 0.79 0.89 | 1.32 (0.57) 1.15(0.52) 1.40 (0.43)
= Bactive | 0.90  0.83 0.89 | 2.46 (0.93) 1.96 (0.86) 2.21 (0.68)
0.090 Binactive | 0.90  0.85 0.97 | 2.50 (0.94) 0.96 (1.15) 0.93 (0.72)

n =350, p =20
7=0.3 Bo 0.87 0.84 0.92 | 0.31 (0.07) 0.27 (0.06) 0.32 (0.04)
A= Bactive | 0.90  0.83 0.92 | 0.73 (0.17) 0.56 (0.15) 0.62 (0.10)
0.106  Binactive | 0.89  0.86 0.97 | 0.76 (0.18) 0.14 (0.24) 0.14 (0.12)
T=0.5 Bo 0.89 0.84 0.93 | 0.26 (0.05) 0.23 (0.04) 0.27 (0.03)
= Bactive | 0.89  0.82 0.91 | 0.62 (0.13) 0.48 (0.12) 0.53 (0.08)
0.102 Binactive | 0.89  0.86 0.97 | 0.65 (0.14) 0.12 (0.20) 0.11 (0.10)
7=09 Bo 0.85 0.79 0.88 | 0.80 (0.25) 0.66 (0.21) 0.83 (0.18)
= Bactive | 0.90  0.80 0.89 | 1.58 (0.46) 1.18 (0.40) 1.40 (0.32)
0.089 Binactive | 0.90  0.83 0.98 | 1.65 (0.49) 0.43 (0.58) 0.42 (0.34)

n =700, p =30
7=03 Bo 0.90 0.87 0.93 | 0.22 (0.04) 0.19 (0.03) 0.22 (0.02)
A= Bactive | 0.90  0.83 0.91 | 0.51 (0.10) 0.39 (0.09) 0.42 (0.06)
0.090 Binactive | 0.90  0.87 0.97 | 0.54 (0.11) 0.08 (0.15) 0.08 (0.07)
T7=0.5 Bo 0.88 0.84 0.92 | 0.18 (0.03) 0.16 (0.02) 0.18 (0.01)
= Bactive | 0.90  0.83 0.91 | 0.43 (0.08) 0.34 (0.07) 0.36 (0.04)
0.084 Binactive | 0.90  0.88 0.97 | 0.45 (0.09) 0.07 (0.13) 0.07 (0.06)
7=09 Bo 0.84 0.79 0.88 | 0.56 (0.14) 0.45 (0.11) 0.54 (0.09)
_ Buetive | 0.91  0.81 0.90 | 1.12 (0.28) 0.82 (0.23) 0.96 (0.18)
0.091 Binactive | 0.91  0.85 0.98 | 1.18 (0.30) 0.23 (0.36) 0.21 (0.19)
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models with many covariates, whereas Refit oftentimes can not; With many highly-
correlated covariates, BayesM offers efficiency gain for both the active and inactive

coefficients, compared with Full.

5.7.3 A summary of the simulation studies

Here we summarize our findings from all those simulation studies. Overall, we
confirm that BayesM provides valid and adaptive inference in a wide range of set-
tings. With a suitable A, BayesM achieves nominal coverage probability for active
coefficients, though it is sometimes conservative; BayesM also gives near-100% cov-
erage for inactive coefficients, with much shorter intervals than the analysis using the
full model.

First, we compare two posterior-based methods BayesM and BayesF'. For inac-
tive coefficients, BayesM has much higher coverage for a wide range of A, whereas the
coverage for BayesF is often insufficient. For active coefficients, BayesF is slightly
more robust to the penalization bias when A is too large.

Second, BayesM is more stable than Refit, especially for the inactive coefficients.
Furthermore, Refit often fails to provide sufficient coverage.

Third, we comment on the role of the tuning parameter \. Often, there is a wide
range of A that can achieve a balance between (i) valid coverage probability for active
coefficients, and (ii) better efficiency than Full for inactive coefficients. When A is
too large, however, the inference may be incorrect.

Finally, for tuning A, CV sometimes chooses a A that is too large to deliver valid

inference for active coefficients. We suggest using a smaller A than that chosen from

CV.
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5.8 Discussion

In this Chapter, we show that the Bayesian computational framework can be useful
for constructing frequentist confidence intervals in possibly sparse quantile regression
analysis. By employing appropriate shrinkage priors, we show the posterior inference
can adapt automatically to model sparsity. Asymptotically, the proposed confidence
intervals are oracle efficient for the active coefficients, and are super-efficient for the
inactive coefficients. Our work helps to uncloak the value of Bayesian computational
methods in frequentist inference with a mis-specified likelihood.

The proposed pseudo-Bayesian inference enjoys two distinct advantages over other
commonly-used frequentist approaches based on variable selection: (i) it avoids the
need to pursue dichotomous variable selection which is often non-oracle in finite-
sample problems; (ii) it avoids direct (non-parametric) estimation of the nuisance-
parameter needed for frequentist inference. These two properties often lead to more
stable results for quantile regression inference. In addition, the Bayesian computa-
tional framework can be especially valuable in other complex settings, e.g., censored
quantile regression problems (Yang et al., 2016; Wu and Narisetty, 2021) where the
objective function can be highly non-convex (Powell, 1986). Our pseudo-Bayesian
approach can be used to produce statistical inference without direct optimization of
the objective function while incorporating possible model sparsity.

There are several limitations of our work on the pseudo-Bayesian framework. First,
we focus on problems with fixed or moderately increasing dimensions. Second, we
use two relatively simple shrinkage priors as examples, which do not easily generalize
to high-dimensional settings. It remains an interesting problem, however, to study
what the pseudo-Bayesian approach can offer in higher dimensions when coupled with

other hierarchical shrinkage priors.
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5.9 Technical details

We first review some common notations, which shall appear throughout the ap-
pendix. Let P* be the true data generating probability measure, and let E* be the ex-
pectation under P*. The posterior probability is I1(-|D,, ), where D,, = {(x1,v1), ..., (Tn, yn)}-
Conversely, we shall use Pr for generic probability calculations.

For a vector a, let ||a|| be its Ly norm, and ||a||, be its L, norm for 1 < ¢ < oco.

For any symmetric matrix A, we define 0,ax(A) and 0in(A) as the maximal /minimal
eigenvalue of A; and let |A| be its determinant. For p-by-p symmetric matrices A
and B, we write A < B if a” Aa < a” Ba for all a € RP. For two probability density
functions f and g, we define || f — g||7v as their total variation distance. For two real
numbers a and b, let a A b = min{a, b}, and a V b = max{a, b}. For two sequences a,,

< b,, if there is a universal constant

~

and b,,, we define a,, < b, if a,/b, — 0; and a,
Co > 0, such that a, < Cj - b,. We define a,, <p« b, if the inequality holds with
P*-probability tending to 1.

5.9.1 Some preliminary lemmas

Let x%(v) represent the chi-square distribution with d degrees of freedom and non-
centrality parameter v; let Laplace(b) represent the Laplace distribution with density

function

and let IN(u, ) represent the multivariate normal distribution. We first present

Lemma TA.1 — Lemma TA.3 regarding the properties for those distributions.

Lemma TA.1. Let X ~ x3(v), then for all x > 4(d + 2v), we have

P(X >x) <exp(—z/4).

230



Furthermore, let Z ~ N(u,Y) € R?, then if 22 > 4014 (3) - (d + 227 ), we have

P(1Z]) > #) < exp (—m) |

Proof. The first inequality follows from Lemma 8.1 of Birgé (2001). To show the
second inequality, note that ZTX7'Z ~ 2 (v), where v = p’S~'u; therefore if

220min (371) > 4(d + 2v), we have
Pr(||Z|| > x) < Pr (ZTEle > x29min(2*1)) < exp{—xz/(él@max(E))}.

]

Lemma TA.2. Given aq,...,a0,, > amin > 0, let X4, ..., X,, be independent random

variables with

1
X ~ Laplace <—) , 7=1,...m,
a;

Then, for all x > 0, we have
Pr <jrq?}<m X1 = m) < m - exp{—amin - T};
furthermore, if amin/b > 1/2, then
P (s 12 2) < m-exp{-a/2).
Proof. The first inequality follows from a standard union bound, since

Pr(|X;| > z) = 2/ %exp{—ajhﬂ}du < exp{—amin - }.
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The second inequality follows similarly, since

Pr(|X;| > 2/b) = exp{—amina/b}.

Lemma IA.3. Let w = (wy,...,w,)T, and let X € R® be distributed as

2
X ~N (p,, @IS) .
n

For any positive integer k and any 0 < e < 1/2, if

then we have

V2 1
||w|| Sf‘:'mil’l _nv— )
koo " Kl ]

|Ex (exp{—k-w"X}) — 1| < 4e.

Furthermore, if a constant K satisfy K > 30 and K?s > 16n|u|*, we have

s K?s
Ex (exp{—k: cw'X} 1 {HXH > K\/;}) < exp (—Q) .

Proof. By leveraging the moment generating function of the normal distribution, and

using the upper bound for ||w||,

kol
E (exp{—k w'X}) = exp{k;pTw+2—T?||w||2}

for 0 < ¢ < 1/2.

VAN

exp {2¢}

< 1+44e,

In a similar manner, we can establish the lower bound for
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E (exp{—k - w" X }), which shows the first result.

For the second inequality, using Cauchy-Schwartz inequality gives

E? (exp{—k ~w' XY 1 [||X|| > K\/gD

< B(exp{-2k-w'X}) Pr (HXH - K\/g)

K2s
< oo fi)-on{ -2,
403

where the tail probability is bounded by Lemma IA.1. Taking the square root of the

above inequality gives the desired result. O
Furthermore, the following result is needed for Example 3 in Section 5.5.
Lemma TA.4. Let ap, < 1/k, and
D1 Oh |y - a,
o
D, = '
]p
Qp
Then the eigenvalues of D, satisfy:
pil S emin(Dp) S emax(Dp) S D,
as p — oo.
Proof of Lemma IA.4. Let A, =>"1_ai, A=> 7" a2 and b= (ay,...,q,)". Any

eigenpair of D, denoted by (), u), satisfies:

Aug 4+ b uy = \ug

upbh + u; = Auy.

233



From simple linear algebra, we have either A = ug = 1, or uy = [ug/(A —1)] - b
It suffices to consider the case where A # 1. From the first line of the above

displayed equations we have

since uy = [ug/(A — 1)] - b and uy # 0. Therefore it follows from simple algebra that

A+ 12— 4A - 4) SA—(A+ D) S /(A+ 1) —4(A - 4,).

Noting that A — A, < 1/p, the above displayed inequality shows that all eigenvalues
of D, are upper bounded by a constant, and lower bounded by a multiple of p~*

Hence the proof is now complete [

The following lemma is simple but useful; we will implicitly use the lemma in the

upcoming proofs.

Lemma TA.5. Let f(2;0) be a probability density function indexed by 0 € © C R*.
We write Z ~ f(z;60) and define Pro(Z > x) f> (z;0)dz, where Z is independent

of the data. Let g(-,-) be a bivariate function of © x R — R; suppose we have

sup Pro(X >z) <a
0: g(0,2)<B

for some real numbers a, x, and B. For any statistic 0, that satisfies g(0,,,x) <p~ B,
it holds that

Pro, (X > ) <p« a.

We need the following variants of the Bernstein inequality. They are Theorem

2.10 of Boucheron et al. (2013) and Theorem 2.8.2 of Vershynin (2018), respectively.

Lemma TA.6. Let Xq,..., X, be independent random variables. Suppose there exist
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positive constants c,v > 0 such that ;" | E(X?) < v, and

- !
Z E[(X]):] < %ch_2 for all integers q > 3.
=1

Then
P X, —EX)|>t] <2 —— .
(Z[ (X)) ) exp ( Z(Hd))
Lemma TA.7. Let Xq,..., X, be independent, mean zero random variables that sat-
1sfy

sup Pr(|X;| > x) <exp(—z/0y),

1=1,....n
for some constant og. Then there is a universal constant Cy, such that for everyt > 0
and a = (ay,...,a,),

pr( 3

n
E a; X;
=1

t? t
>t| <2exp (—Cg-min{ IR })
apllalls” oollalle

We also need the following lemma, which is from Lemma 4 of Belloni and Cher-

nozhukov (2011).

Lemma IA.8 (Expectation of log-likelihood). Let L,(8) = >_i", p-(y; — I 3) and
6 = B — B° Suppose Assumptions E.2 and E.3 hold, then there exists a constant qq

such that

1G24

L [L,(8°+8) ~ L,(8)] 2 min{ wl6s1}.

In particular, when ||GY28| > 4qo, the left-hand-side of the displayed equation is
lower bounded by qo|G*/?6]].
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5.9.2 Technical lemmas with increasing dimensions

In this subsection, we state and prove two key results, Lemma IB.1 and IB.2,
which controls the uniform variation of the empirical quantile-loss function. When
the dimension p grows with the sample size n, the results are new; they are not
implied by generic combinatoric arguments (Belloni et al., 2019a) under our current
conditions. When p is fixed, those lemmas are standard from the empirical process
literature; see e.g., Knight (1998), Pollard (1985) and Andrews (1994).

Before stating the lemmas, we first review some notations. We shall continue to
use the notations in the beginning of the appendix. In addition, recall z;, y; and
B° from the quantile regression model (5.1); and recall the quantile-loss function
p-(-) and L,(-) from (5.2). Let X = [z1,...,7,])" be the design matrix. We define
é-(u) =7 — 1[u < 0], and we shall write ¢ = [¢,(y; — 27 B°)]"_; as a vector. Recall
from Assumption E.3 that G = E*[z;2] f,. (2] B°)], D = E*[z;z]], as well as the

block-partition

G — Gll G12 7

G21 G22

where (17 is an s-by-s matrix corresponding to the active coefficients under Assump-
tion E.5’. Furthermore, for any vector a € RP, we shall write a = (af,al)?, where
a; € R? corresponds to the active components.

Now we give the key lemmas and their proofs.

Lemma IB.1 (Stochastic Differentiability). Let 6 = 8 — 3° and
r(8) = Ln(8° + 8) — Ln(8°) +Z¢T (g — ) B%)x8.

Suppose Assumptions E.1, E.2, E.3 and E.J hold and p*log®p = o(n). Then we

have that
n(0) — E*[r,(9)]
nHD1/26|| +1

pP*

sup
ScRP
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Proof. First, it is easy to see |r,,(8)| < >_1, |7 8|. Therefore, for large enough a > 0,

we have that

sup 7n(6) — E*[r,(d)] < sup Z?:l |sz5| + Z?:l E* UI?‘SH
|p2/25]zne | 1| D8] + 1 T IDY23||2ne n-||DY25 ]2
_ DRy B (D
+
- nl-‘ra noe
o,

where the last inequality follows since Cov*(D~'/2z;) = I,,. Therefore, it suffices to

show

v |P@-ERG)]
5D 2s|<ne | n||DV2S|| + 1

for any constant a > 0.
Let v} = (p*log®n)/n — 0. In the following steps, we apply a generic chaining

argument to show that the above display is of order Op+(,). To simplify notations,

we define f,(8) = r,(8)/(n| DY28]> +1).

Step I: Main chaining First, we define the following concentric ‘cubes’:
Crh={0 €RP:|DY?§||o < di}, k=0,...,K,,

where dj, is the edge length of each cube. For 0 < 7,, < 1, we take the lengths to be

dy = (k+1)en, with .= k=0,...,K,.

np

a+1

Letting K, = [E2

+—1] — 1, it is easy to check {|D'?8|| < n®} C Ck,. It then suffices

to show the uniform convergence in Cg,, .
For each of C;\Cr_1, we further partition it into smaller cubes of length at most

gn. That is, Cy builds upon Cy_; by one layer of such small cubes with edge ¢,. For
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each k > 1, there are By, = (2k)? — (2(k — 1))? such smaller cubes, which are denoted

as C,z, j=1,..., Bg. Letting 6% be the center of Ci, we have

sup [ fu(8) — E*(fu())|

5:D1 /28| <ne
< sup |fu(8) —E*(fu(8))[ + sup  sup [fu(8) — E*(fn(9))]
€Co k=l K sec]
J=L k

IN

(Sup | fu(8) — E*(fn(é))!)

6€Co

+ _SUP SUP'Ufh(a)'_ fﬁ(éi)|+'EY1fh(6)'_ fn(ai)”

+ sup | fu(61) — E*[fu(0])]]

k=1,... Ky,
]:1 7777 Bk

A

= Ri+ Ry + Rs.

In the next step, we shall compute the stochastic order of Ry, R, and R3 separately.

Step II: Auxiliary chaining Let v(d) = || D/2§]?; for any &, 8" # 0, define

|rn(0)]
nl[DV28[2 + 17
_ |ra(d') —a(8)]

Ai(8:8) = s (IB.1)

Ao(8) = [fu(d)| =

1 1
n||DV28|2+1 n|DV2E|2+1|

AQ((S, 5') -

Tn(é)

In step IV below, we show separately that for any d < 1/4/n,

E*[ sup  Ag(6)| < npd?,

| D1/28]|<d
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and

E* sup AL(8,0") | < nypd,
6,6'CCr,,
| D/2(8'—6)||<d
foru=1,2.
Now, we show that we can control Ry and R, using A, through A, defined in

(IB.1). Recall dy = g9 = 7n/(np). For Ry, note when § € Cy we have ||DV2§| <

VDIIDY?8||oo < \/pdy < 1/4/n, therefore

B[R] <2B*|  sup  Ay(8)| < np’el <
IDY/25]|</Pen
For Ry, note for any 8,48’ # 0, we have
[70(8") — ra(0)] 1 1

+

’fn<5/) - fn((s)’ < n||D1/26,||2 +1 Tn((s)

= A(6,8") + Ax(8,0");

n|DV28|2+1  n| D28+ 1

furthermore, in each of the small cubes Cf, we have || DV2(8 — 81)|| < \/pen < 1//n.

Therefore

2
B[R <2) | E* _sup A (8,8 | < npen <.
u= ’ ,C n
' 1DV2(57—8) < P

Hence, Chebyshev’s inequality implies

Ry = Op+(n), Ry = Op+(7n).

Now we bound Rs. In step III below, we show that for any fixed d, the following
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inequality holds for all ¢,, > 0:

P (r(8) — E*[rn(8)]] = 1) < 2expd — Ly . (IB2)

2 (cln[v(5)]3/2 + czmtn>

where v(8) = ||DY/268]|* and c1,co > 0 are two constants. Recall there are at most
(2K,)P < (4pn® /~,)P small cubes with edge-length ¢,; therefore, for large enough
M >0,

P*(RS > M’Yn)

K. B
u - E* [rn(éj)}
< > M-,
N ;; ( nI|D1/26||2+1 =
at+1\ P 2,2 2
< <4pn ) cexpd it M=~ (nv(8) + 1)
Tn

7k 2 (emfo(8)72 + e2v/0(8) - Mau(nu(8) + 1))

IN

exp {(a + 2)plogn —

— 0,

when M is large enough, since \/ny? = plogn; to compute the infimum in the
penultimate inequality, we define z = (ny/v(8) + 1/4/v(8), which gives

(nv(8) + 1) S 22 >

eanfv(8)P? + 3 /v(8) - My (nv(d) +1) — (a1 + My, - c2)2

2[5

Collecting the results for R;, Ry and Rs and recalling that 72 = (p*log®n)/n, we

have

J[p?log®n

sup [ fu(8) — E*(fu(d))| = Op-

— Op+* (1),
8:||D1/28| <ne n

since p?log?n < n. Thus, we have shown the asserted claim of the Lemma.
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Step I1I: Exponential inequality Here we show the exponential inequality (IB.2)
holds. Without loss of generality, we assume the scale-parameter oy = 1 in Assump-

tion E.4’; therefore, standard calculation leads to
E* [Jaf D 2ul] < gl - [|ull? (IB.3)

by Assumption E.4".

Note for fixed §, r,,(d) can be written as

n T n T
r(8) = Z/ ’ (Uys — 27 B° < 5] = 1[ys — 2/ B° < 0]) ds = Z/ ’ hi(s) ds,

= = (IB.4)

which follows directly from Knight’s identity (Knight, 1998); note the above sum-

mands [ h;(s)ds are non-negative. To apply Lemma IA.6, we check the condition in
the next paragraph.

Let Fi(y) and f;(y) denote the conditional cumulative distribution function and

conditional density function of (y — 273°) | © = a;, respectively. Letting A, =

n|| D283, we first have

= Z Ex [ /0 " /0 . Ej s (hi(w)hi(s)} ds du]

zT's  pal's
= n-E% [/ / Fi(u/\s)+ﬂ(0)—E(u/\O)—E(s/\O)dsdu]
0

0
zTé s

< 2n-E% / ds/ |u| fi(@) du
0 0

< n-E[lz7 6]

S ATH
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where the first inequality owns to the mean value theorem; the penultimate inequality
follows since f; is bounded from above in Assumption E.2; the last inequality follows
from (IB.3). Next, it is easy to see from induction that for all integers ¢ > 3,

ZZZ; o [ /0 e hi(s) ds]

q

IN

> E (|“’iT5|q : 1[os|yi—x$ﬁ0|g\x$an)
=1

n-EY (|miT5|q+1)

A

A

n-(q+1)!-[|DY2g]

IN

CJ' : An : ng_Qa

where B,, = 2||D'/2§||, and the last inequality follows from (IB.3).

Now we can readily apply Lemma IA.6, which gives

n miTé 2
t2

2 (nq [v(8)]3/2 :— 202\/@%)

< exp{ — )
which is precisely the one-sided version of (IB.2). The inequality for the opposite

direction follows in a similar manner since [ h;(s)ds > 0.

Step IV: Control of the supremum Here we compute the expectation of the
supremum of Ag, Ay and A, defined in (IB.1).

For Ay, from the proof of Theorem 1 in Pollard (1991), we deduce,

E* sup [r(8) —ra(8)] < ETsup (Z |z (8"~ 8)] - 1[|yiziTgO|g|ziT¢sv|ziT5'|}>
5,6/€CKn 575/ n
|ID1/2(8'8)||<d

< E sup (ZH%TD_UQH | D28 - 5)||)
, i=1
nd+/p,

IN
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since E*[||zf D=2} < /E*[||l2T D-1/2|?] = \/p. Observing the denominator of f,,(d)

is no less than 1, we obtain for d < 1,

E* sup A1(6',0) < ndy/p.
5,5/€CKn
|IDY/2(6'-8)||<d

For Ay, observe that for any ||DY?(§ — §")|| < d, we have |[v(&') — v(8)| < d® +

2d\/v(d), which further implies

1 - 1 _ @) — o) _ nd+2nd\/o(3)
nl|[DV2S|1P+1 nf|[DV2E(P+1| T (nv(6) +1)(nv(8) +1) T (nw(d) +1)

Therefore, we obtain for As:

i & + 2nd+/v(8
E* sup Ny(8,8") < E* sup rn(é)-n - 2ndy/v(9)
5,6'cCr, deCk, (nv(d) +1)
ID/2(8'~6)||<d )

d? + 2nd )
< B Y pTe M)

secr, |2 (nv(d) + 1)

< nyp(vad +2d).

with the second inequality owns to (IB.4), and the last inequality owns to E*[||z7 D=1/2||] <
/- Therefore, with d < 1/4/n, the above display is bounded by n,/pd.
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For Ay, we have from (IB.4)

E* sup  fu(0) < E° sup  [r,(9)]
8:||D1/28||<d 8:||D1/26||<d

< E*su 2T -1y, — 278° < |21'8

< e (S i1l o7 < 7]

< E (Zd- &l D2 1|y — 27 B < d - |!wa1/2\|})
i=1

< nd*p.

where the last inequality follows by first taking conditional expectation over y | x. [

Lemma IB.2 (Restricted Quadratic Expansion). Suppose Assumptions E.1, E.2, and
E.8 through E.5 hold and s*p*log*n = o(n). Furthermore, if the tuning parameter

satisfies
Vsplogp
v

A>

then we have
Lu(B° +8) = Lu(8") = 567G8 — 3" aT 86, (y — a1 8) + 0p-(1),
i=1

uniformly on & € B, (K) for any constant K, where

log p
(K) = G268,y < Ko 2 (160 < K2
() = {1610 < Ky [25 16u) < KEELY

with § = (8F,61)T, where §; € R® corresponds to the active coefficients.

Proof. Recall the definition of r,,(d) in Lemma IB.1, it suffices to show

sup |7,(6) — UsTas| = op«(1).
S€B,, 2

Due to assumption E.2, we have 67 D8, < 67G116,/f. Therefore, when § €
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IDV28)> < 2(8,D118) + 65D205)

S
< 2K2_— +20max(D22) p||62||go
nf

2
oK% 1 op (K EVPIBP
n nA

N

S - (IB.5)

S
n

since 0,00 (Da2) < p from Assumption E.3', and that A > %. Lemma IB.1 then

T (6) —E*[rn(é)]‘ D p?log®p
nE* (|27 + 1 i T

Therefore, it follows that for any fixed K

implies that

<

~Y

8eB, (K)

rn(0) — E*[r, (0
op [0 B0
8B, (K) K*s+1

sup |1y (8) = E*[ra(8)]] = op-(1),
deBn(K)

if s*p?log®p = o(n).
Next we compute E*[r,,(8)]. Denote by F; as the conditional distribution function
for (y; — 27B°) | X = x;, and f; as the corresponding conditional density function.

By Knight’s identity (IB.4) we have

n a:zrﬁ
E*[r.(d)] = ZEX (/0 [Fi(s) — F3(0)] dS)

:vats 2
= Z E% </0 {sfi(O) + %f{(éz)} ds) (by the mean value-theorem)

540 (m* [iu{&ﬁ])

1 T 1* . T
= 55 E ;wz%fz(o)

i=1

= ga’fea +0 (n |DV26]? - sup E*[|uTD1/2$i’3]> :

flull=1
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with f, is the uniform upper bound for | f/| in Assumption E.2. Note when & € B,(K)
we have [|[DY25|]> < K3(s/n)*? as in (IB.5); and also supy, -, B*[|u” D™12z;|%] is

uniformly bounded from (IB.3). Therefore, when s* < n we have
E'[ra(8)] = 567G6,

which completes the proof. O]
The following results are simple corollaries from Lemma IB.1 and IB.2.

Lemma IB.3 (Unrestricted Quadratic Expansion). Suppose Assumptions E.1, E.2,
E.8 and E.J hold and p®log®n = o(n). In addition, suppose Oumin(G) > co > 0, then
for r,(8) defined in Lemma IB.1 we have

sup  |ra(8) — ngG(ﬂ = op+(1),
5eB, (K)

where B, (K) = {||GY?8]||, < K+/p/n}.
Proof. The proof is similar to that of Lemma IB.2 and is therefore omitted. ]

Corollary IB.1. Define

1
Bo(K,) = {HG%HQ@\f 18all < K ”gp}.

Under the condition of Lemma IB.2, there exists a sequence K, — oo such that the

conclusion therein holds uniformly when & € B,(K,). That is, for r,(8) defined in
Lemma [B.1,

sup |rn(d) — DsTas| = op«(1).
5B (Kn) 2

Proof. The desired result of the Corollary follows from a generic diagonalization ar-

gument. L]
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Corollary IB.2. Define

logp
K,) = 1/2 <K 2. < K,—— .
gn( n) {HGH 51”2 = n\/;a ”52”00 =T

Under the condition of Lemma IB.2, there exists a sequence K,, — oo such that

n
sup  |rn(d) — 551TG1151| = op~(1),
d€&n(Kp)

where r,(8) is define in Lemma IB.1.

Proof. We only need to verify nd” G — nd{ G116, = op+(1) on &,. Observe that

|TL5TG(S — TL(STGH(Sl‘ S n(ngQQ(SQ + 2n51TG1252
< Max(Ga2)pl| 822 + 20|67 G117 - |G, 2 G128
K,1 2 ]

< np* o8P + 2nK2\/E- V Omax (Ga2)p - o8P
n n n\

< ePlog’p L, \/splogp

~ BTN nT /A

— 0,

provided that K, diverges slow enough; the second to the last inequality holds due

t0 [|G71*G12||? < Omax(Ga2) < p as in Assumption E.3'. O
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5.9.3 Proof under the flat prior

Proof of Proposition 6. Denote A, = {8 € R? : ||B — B°|| > M,//n}. Let the

empirical check-loss function be

= Z p-(y
i=1

We prove that

/ neXp{ pr v }dﬂ / exp{Lu() — Lu(8)} 4B
[ exp{ St _ng}dﬂ [ e i) - 131} 48

P*
— 0.

Without loss of generality, we assume that all X; are bounded such that ||.X;|]s < 1.
Also, we consider the sequence M, such that M, /\/n — 0. Letting 6 =  — 3° and
5 = B — 8% The proof goes by three parts. We first lower bound the denominator.
Then we upper bound the numerator on two disjoint regions C,, and D,,, where the

constant k£ will be specified later.

M,
cnz{ﬁ:%snﬂ—aouszf}
D= {5 18- B2 H).

The proof completes by showing the upper bound converges to 0.

Lower bound the denominator. For any fixed constant K, we consider the in-

tegral on B,, = {||3 — B8°|| < K/+/n}. Letting the constant

log S, = n(B° — B)" D1 (8" — B)/2, (IB.6)
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which does not depend on . Recall Oax (Omin) is the maximal (minimal) eigenvalue of
the matrix D;. We proceed by translating into a non-central chi-square distribution.

By the uniform expansion in Lemma IB.3, we have

/ exp {Ln(Bo) — Lu(8)} dB

n

= 5, [ e {-5-ATDi5— A+ RB)} a8

> 5,0+ @) [ ow{ "5 575 5)} a9
> S,(1—op(1)) 45<K/\/ﬁexp {—”9;““ (6 — 5T - 8)} 46

2T

NOmax

p/2
_ Sn<1—0p<1>>( ) PO (90) < K 0a),

where the non-centrality parameter g, = nfmal|8 — 822 = 0,(1). Rn(8) = op(1)
uniformly on B,, from Lemma IB.3.
For any K large enough, on the event E,(K) = { K*0pax > 4(p+2g,) }N{R,(B) <

1/2}, Lemma TA.1 gives the following lower bound for the preceding display:

p/2
/ exp {L.(8°) — L.(B)} dB > %Sn (RZ” ) [1 =P (9n) > K?Omax)]
RP max
p/2
> %sn (n§” ) [1 = exp(— K 6pmax /4)]
/2
> %(n;:x)p . (IB.7)

Note for every ¢ > 0, we can choose a K such that lim,P(E,(K)) > 1 — ¢ by the
tightness of g,. Letting ¢ — 0 proves the above lower bound holds with probability

tending to 1.
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Bound the numerator on area C, Let ¢,(u) = 7—1[u < 0]. By Knight’s identity
(Knight, 1998), we have

Lo(B) = La(B) = Yl o:(yi—2/B°)- 6
i=1

n J:lTS
-y / (1ys — 278" < 5] — 1y — 27B° < 0]) ds
=1

>

>l o (yi -« B%)8 - B,
i=1

IN

i=1

To proceed further, we first provide a lower bound on E(B,), followed by a uniform

upper bound on E(B,) — B,.

1. Bound E(B,) Denote by F; as the cdf for (Y — 2! 8°%) | X = z;, where f; is

the conditional density.
n xiT(S
BB, X) = 3 / [Fi(s) — Fi(0)] ds
i=1
n :E;-FJ 82
— Z/ {sfi(O) + gf{(éz)} ds (by mean value-theorem)
i=1 Y0

Lo IS T 1) | 6= L0 S e
o [;xx fZ(O)lé 6f1;|xi6|.

v
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The last inequality is due the bound of the f’(s) in Assumption E.2. Taking expec-

tation again yields

B(B)) > 58"Di8— < fiElel o[
> 16"Di6+ ZdeE[a:z 116 — < i (B supla] 8]) - Bla] 6P
> LoTDs+ (zi 3T suplis - BOH2> 087 i)
ﬁecn
>

géTDld.

The second identity uses the fact that |ul?> < sup|u|- |u|?. In the last identity resides
the choice of k, such that |8 — 8% <k < 6f/4f, on C,.

2. Bound |E(B,) — B,| For any fixed 0 < g9 < A\pin/8, Lemma IB.1 implies

that there’s a constant k£ such that

B, — E(B,)
n9nnnH5H2

B, — E(B,)

€0
< 1/8,
néTDl(s /

min

sup
BECH

BeCn

with probability approaching unity.

Combining the two steps above, (IB.8) shows with probability going to 1,
n
Ly (5" ) < Z Or(y: — 2] Bo)u (B - B") — S(B—B°)"Di(B - ), (1BY)
uniformly on 8 € C,,. Define

log(C, le@ )" Dyt szng ei)]/n and ,uf—D le@ e;).

(IB.10)
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And e; = y; — 27 8°. We arrive at the following bound on the integral on C,

" ! i=1
:Cn _E(S_NTD (S—~ d(S
ASIIEM”/\/ﬁeXp{ 8( f1)" D ( M)}
0.
/||5||2Mn/\/ﬁe p{ 8 (6 —p) (0 —f)

st \P/? NOpmin
Cor () | (M) = ]

Classic Central Limit Theorem shows the non-centrality parameter v,, = “mix || fi[|> =

IN

IN

O,(1). Such tightness implies O, M?2/4 > v, with probability going to 1. Applying

Lemma TA.1 yields the following bound

81

p/2
) - exp(—OminM?2/16),  (IB.11)

/ exp { Ln(8") — La(B)} dB < Ciy - (

n

with probability approaching unity.

Bound the numerator on area D,. From Assumption E.1 and the convexity of

the objective function (5.2), there exists a constant ¢y such that on D,

neo neo

P8 =8l (1B.12)

Ln(B) = La(8°) = =118 = B°ll =
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with probability going to unity. Note the inequality holds uniformly in 5 € D,,. Thus,

[ ew{n®) -ty as < [ ew{-ia-a} as

/nzsl>k o {_:—\6/% jil|5j|} v
)
(2%5)]7 - exp {—%}, (IB.13)

where we have used the fact that sum of independent exponential distribution forms

IN

a Gamma distribution. The last inequality follows from the tail bound for Gamma
distribution (Boucheron et al., 2013, Section 2.4)

From the Bahadur representation of the QR estimator (Koenker, 2005, Section
4.1), we have that logC,, = 4log S, + op(1), who are defined separately in (IB.6)
and (IB.10). Collecting the results in (IB.7), (IB.11) and (IB.13), the proof is now

complete. O
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5.9.4 Proof under the CA prior

In this subsection, we prove Theorem V.3 in Section 5.5, where the dimension p
grows with the sample size. The result when p is fixed, i.e., Theorem V.1, follows as
a simple corollary.

Here we review some of the notations, most of which are defined in the beginning
of the previous subsection. Recall 8° = (8?,39) as the true quantile regression
coefficients, with 39 = 0 under Assumption E.5’. The quantile-loss function p, ()
and L,(-) are defined in (5.2). We shall write ¢ = [¢,(y; — 7 8°)]", as a vector.
Recall from Assumption E.3 that G = E*[z;a] f,.(zf 8°)], D = E*[z;2]], as well
as the sub-matrices Gy, for £ = 1,2. By Assumption E.3', define the constant 6;;
such that 0 < 017 < Omin(G11). Furthermore, for any vector a € RP, we shall write

a = (at,al)T, where a; € R® corresponds to the active components. In particular,

we shall write X = [X, X,]. Finally, we define A, = G1XT¢ and A, = G XT ¢.
Under the CA prior (5.5), the posterior density with respect to § = 3 — 3" is (up

to a normalization constant)

pn(0) = mca(8 + B°) - exp {La(B") = Ln (6 + 8°) } .

The posterior probability that 6 € A under p,, is then

/ pn(0) dé
(6 c AD,) =242~
/R p(@)ds

To better organize the proofs, we prove the two parts of Theorem V.3 separately

in the following subsections.

5.9.4.1 Part 1 of Theorem V.3: Adaptive rate of posterior consistency

Here we prove Part 1 of Theorem V.3, which we re-phrase as the following theorem.
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Theorem IC.1. Consider the CA prior (5.5). Suppose Assumptions E.1, E.2, and
E.3 through E.5 hold. In addition, suppose s*p?log®n = o(n), and the tuning pa-

rameter \, satisfies

Vsplogp . 1
At e =0 4 - (D) ¢ .
7 < A\, € ming b, N b, \/ Omin (D)

For any sequence M,, — oo, we define

S slo
B, = {6 612 < Mn\/j, 16200 < M, gp}. (IC.1)
n nA
Then, we have
H(éeBS ]Dn> 0,

To facilitate the proof of Theorem IC.1, we need the following four lemmas, the

proof of which are deferred to Section 5.9.6.

Lemma IC.1 (Lower bounding the integration — CA prior). Under the conditions of

Theorem IC.1, we have

/ pa(6)d6 > (%)W ( 2 )H oxp (—onA” + nALGA2)
n ~P* - : .
RP

n nA V]Gl

Lemma IC.2 (Preliminary contraction region of the CA prior). Suppose the condi-

tions of Theorem IC.1 hold. Let

geeey =8+1,...,

then we have

H(éeAn

]D)n> 0.

Lemma IC.3. Recall ¢ = (¢1, ..., ¢n) from the beginning of this subsection. Suppose
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Assumptions E.2, E.5, and E.J hold. For any matriz A € R™P such that all diagonal

elements of ADAT are bounded from above by Cy > 0, we have

= Op+(y/nlogq).

o0

i ¢iAx;
i=1

Lemma IC.4. Recall from the beginning of this subsection that
Ay =Gl Y wide(yi — 2 B%)/n, and A, =G wid(y; — x) B°)/n.
i=1 i=1
Suppose Assumption E.2 holds, then we have

AZGHAS = Op* (s/n),

ATGA, = Op-(p/n).

Now we are ready to prove Theorem IC.1.

Proof of Theorem IC.1. For the constant gy in Lemma [A.8, we define
C,={8: G238 < 4q0} .

Recalling that A, from (IC.2), Lemma IC.2 shows the posterior probability of A,
converges to zero. Therefore, to show that II(BS | D,) converges to zero, it suffices

to show the posterior probabilities of the following areas are all op«(1):
1. C,NBYN A
2. CSNAY,
where B,, is defined in (IC.1).
We divide our proof into five parts. In step I, we first give upper bounds for

the posterior density p,(d); in steps II - III below, we obtain upper bounds for the

posterior integral [ p,(d)dé on the two areas C, N BS NAY and CS N AS separately;
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then in step IV, we show the posterior probabilities of those two areas are both op«(1);
step V contains some auxiliary calculations to supplement the proof.

Since both areas C,,NBS NAS and C¢ N.AS are in A, the CA prior for § becomes
moa(6 + B°) = exp {—sn)\2 —n\- H52||1} ,

throughout the proof, as defined in (5.5).

Step I: Bounding the posterior density p,(d) We give two different upper
bounds for p,(8), one for & € C,, N .AS and the other for § € C N .AS.
Here we consider the case on C¢ N AY; and we first provide upper bounds for

L,(B°) — L,(6 + B°). By the convexity of L,, we have

1/2 0y 0
e < MOPL L, (L)L)
A0 o126z 4a n
TL€()||G1/26||
_neolle ol 1C.3
< v (IC.3)

uniformly in & € CY; here gy is the constant due to Assumption E.1. Therefore,

combining with the formula of the CA prior, we have

1/25
Pa(8) <p- xp{—w—sw—mn@ul}
0
1/2
< exp{_M_mz}
qo

£ exp{—sn)\2} ﬁln(6)7

uniformly in & € CS N AS.

Next we consider the case on C, N A,. First we bound the function r,(d) =
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L,(6+ 8% — L,(8° + ¢ X6 using Lemma IB.1:

) < _E*[TH(J)H(SUP 7a(8) — B [ra(8)]

- (n||DY28)% + 1
sec, n||DV2S|2 +1 ) (nl| D701 1)

o) 1
Sp* —M +§z(n||D1/26H2+1)
< —géTGé + éi, (IC.4)

uniformly on C,, where f is a constant introduced in Assumption E.2; the second
inequality uses Lemma IB.1 to bound the centered empirical process r,,(8) —E*[r,(d)],
and Lemma [A.8 to bound E*[r,,(d)]; (IC.4) follows since f-D =< G. Using (IC.4) and
the relationship between r, and L,, we can upper bound the quantile-loss function

as

L)~ L6+ ) <o @'X6 - 257C8 4

IA

1
T X6 — 2 (81 + As8) G (81 + Aab) + o f

IA

—g(a1 + Asdy — 4A)T G (81 + Asdy — 4A,)
+ [|¢" X2 — " X1 Azl - [|62]]1

1

where Ay = G G1a; the second inequality relies on 67 G > (8; + A28:) G 11(; +
Ayd5) by using the Schur-decomposition of G; and the last inequality follows by
completing the squares with respect to d; and Holder’s inequality.

Let a,, = || Xy — ¢ X1 Az and [i(82) = 4A, — As8,. Combining (IC.5) with

the CA prior, we have

pu(8) Spe exp{—snA2 + 2nATGH ALY - exp {—%(51 —i(8:))7 G (8 — ,7(52))}
rexp {—(nA — ap) - [|02]1}

exp {—sn)\Q + QnASTGUAS} - Do (01, 02),

(1>
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uniformly on C, N AY.

Step I1: Bounding the posterior integral on C, N BS N.A¢  Here we bound the
posterior integral of p,(8) on C, N BS N .AS. Using the upper bound of p,, (81, d2)
in step I, we relate its integration to probabilistic tail bounds. Let Z € R® and

€= (&,...,&—s) be distributed as

iid. 1
51, ce ,fp_s ~ Laplace (m) s

z1¢ ~ N (i, 26i).

where o, and f are defined at the end of Step I. In what follows, we shall write Pr(-)
as the probability with respect to (Z,&), while holding A and «,, fixed. Given any
fixed Ag and «a,, < nA, the function p,,(d1,d2) is proportional to the joint density
function of the vector (Z,&). Therefore, the integration of ps,, (81, d2) can be related

to the probabilistic statements about (Z, £), which gives

| n@as
CnNBENAS
Sp* exp{—sn)\2+2nAsTG11As}~ ﬁ%(&l,ég) d(51 d62
BENAS
2 b=s 1 8\ */?
= exp{—sn\? +2nATG A} - (—) — =
n\ — o, V|G| n
s M,slogp
Pr (1Z], > Moy /> > Mnslogp 1C.6
(120 2 00y 2 o el = A 1c.6)

where we insert the normalizing constants of Laplace and Gaussian distributions in the
second equality; note the displayed equation holds on the event Ey(y) = {pa,, < v-nA}
for small enough constant v > 0.

To compute the tail probability in (IC.6), we break it into two parts. First, we
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have

M, s1
momuz—if%)gpwmkmm%m%3wmkmm%MQ,
n

on the event Fi(7), which follows from Lemma IA.2. Second, using standard condi-

tional probability formula, we can show

M, slogp
meww/_mm_ )
sup <||ZH2 > M, \f ‘ €= 52)
|62l oo <Mnslogp/(nA)

01, M?
S e}(p{_ll—ns}7

IA

16

where the last inequality holds on the event

102]|cc <Mnslogp/(nA)

E, = {Sn- sup [11(82)" G1iju(8)] < MELQHS} ;

by Lemma IA.1; since Z | £ = &5 follows a Gaussian distribution with mean 7i(ds).

Thus, combining the two tail bounds above, we have

S M,slogp
P (1121, 2 by [2 or fel, > 225D

n

0y, M?
< exp{—nl—(jns} + exp{—M,slogp/4}
< 2exp{—co- M,s}, (IC.7)

for some constant ¢y > 0.

To further simplify (IC.6), note on the event Ej(y) = {pa, < v -nA}, we have

rrw) = () (maem)

2\"° 1
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which follows since (1 —z)? > 1 —pzx for all 0 < x < 1. Therefore, substituting (IC.7)

and (IC.8) into (IC.6), we have

/ po(8)do
CnNBENAS

1 sT\*? /2 \"*
<pe exp{—snA\? +2nATG A} —— - (—) (—) ~exp{—co - Mps},

V|G| n nA

on the events E;(v) and Es.

Step III: Bounding the posterior integral on C¢N.AY When § € C¢NAY, we
first bound the posterior density p,,(8) with the upper bound p,,,(d) in step 1. Then,

by letting w = G'/26, the posterior integral is bounded by

| s
ceNAS
Spe exp {—snA*} - D1n(0) dO
CENAS
neol[ull2
< exp{—sn\?} / exp{ du
- \/IG [ 4o
1 neo|ul|
< exp{—sn\? -—-/ex {Hn- wlly — 4q) — —2 2L Qo
< exp{ }\/@ P (lwfl2 — 4q0) 100
neo [ulls
< exp{—sn)\? — 40,4 exp{— (——9n>-— du
t o} \/y? 4go NGz

p
=  exp{—sn\’+p—ne}- . (@> : (IC.9)

VIGT \vp

where 0,, = (neg — p)/(4q0) > 0; the second inequality uses the Cramér-Chernoff
method (Boucheron et al., 2013, Section 2.2); the penultimate inequality follows from
VP|lzll2 > ||z||1 for x € RP; the last inequality follows by the normalizing constant of

the Laplace distribution.

Step IV: Final bounds on the posterior probability Recall the events F;(7)
and E, in Step II; and we further define a event E3(y) = {nAzGHAS <7- Mns}.
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In step V later, we shall verify that all three events have P*-probability going to 1,
which, by Lemma IA.5, implies that the upper bounds for posterior integrals in steps
IT and IIT hold with P*-probability going to 1.

Finally, we close the proof by showing the posterior probability of C, N BS N A¢

and C¢ N A¢ are both op+(1). Since Lemma IC.1 implies that

*/2 e ATGHA 2 — sn)?) , ~
[ @z () (5) o (n-ATGHA2 = 5nX) 4 5
Rp

n nA V|G|

it suffices to verify that

/ Pu(8)d + / Pn(8)dS = op- (ﬁn> .
CnNBENAS CENAS

For the first area C, N B¢ N AY, we compare ﬁn with the bound displayed at the

end of step II. After cancellation, we have

/ pn(0) dd
CnNBSNAS

I

Y

3
<p« 2°-exp {EnASTGHAS —Cp- Mns}

= op«(1),

which follows since the event Fs3(v) = { nATG A, < ’yMns} has P*-probability tend-
ing to 1.
For the second area C¢ N AY, we compare P, with the bound in step III. To

n

facilitate the comparison, note that

_ P
P, > exp (—sn\?) - (l> 1

n VIGul
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for all sufficiently large n since A < 1. Therefore, we obtain:

n(0)do
~P* ’

— 7 \/@ ~exp{p — nep}

b,

4dng D 1=
< exp {plog ( \/ﬁo) ) log[0i, (Ga2)] +p — n€0}
<  exp{cy-plogn+cs-plogp —neg}
= op(1), (IC.10)
for some constants ¢y, c3 > 0, where we use |G| = |Gy - |Gas| in the first inequal-

ity, with égz = Gy — G21G1'G12 being the Schur-complement of G1;; the second
inequality bounds the determinant with eigenvalues; the penultimate equality follows
since gmin(égg) > Omin(G) 2 p~! in Assumption E.3'; and the last equation owns to
plog(nVp) < n.

Therefore, the proof is now complete.

Step V: Auxiliary calculations Now we show that each of the events
Ei(y) =A{pan <7v-n\}, Es(y) = {nAlGuA, < yM,s},

[|62]|c0 <Mrslogp/(nA)

and Eg = {STL . sup [ﬁ(ég)TGnﬁ((SQ)] S MEQHS} s

holds with P*-probability tending to 1, for all small enough v > 0.
We consider the event Fj(v) first. Let A = [—A2 I, (] and v; = Ax; € RP5,
then a, = [|3°1 ¢iv] |oo. We first show that e] ADA"e; is uniformly bounded for

all j = 1,...,p — s, where ¢; be the j-unit vector in RP~*; and then apply Lemma
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IC.3. Note G/f < D = G/f in Assumption E.2, multiplying by block gives

e;fFADATej < . G?AGATGJ'

[~ =~

. 6?(G22 — GglGl_llGlg)ej

IA
S

uniformly for all j = 1,...,p — s, where ¢ = f/ f; we have used the fact that
Goo — GglGﬁlGlg =< Gy =X 7D22, and that Dj; = 1 for all j = 1,...,p, as in

Assumption E.3'. Then, Lemma IC.3 implies that

P* (Ef (7)) = P* (

o0

since A > plogp//n.

For the event Es5(7), Lemma IC.4 directly implies that P*(E5(y)) — 1 as n — oo.

Finally, we consider the event Fy. Note that ||z — y|[* < 2(||z||* + ||y||?), we have

n- ﬁ(éQ)TGH,D:((sQ) 5 n- ASGHAS +n- (SgAgGllAQ(sQ, (ICll)

with Ay = G1'!G12. We consider the two terms in (IC.11) separately.
For the first term in (IC.11), Lemma IC.4 implies that n - ATG; A, = Op«(s).
For the second term, note ATG1;AsGay < GﬁlGlQ < (99 by the properties of Schur-

complements; therefore, uniformly when ||ds]|o < M,slogp/(n\)

n- (52TA§G11A252

IN

n- 5;G22(52

VAN

N+ Omax (Ga2)pl| 82 |2
log p 2
M2 S
nP < nA )

Mys - o(1),

A
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where the penultimate inequality holds as €. (Ga22) < Onax(G) < p in Assumption
E.3’; the last equation holds since A > /splogp/+/n.
Thus, plugging the bounds for ATG; A, and 627 ATG 11 Ay6, into (IC.11), we have

sup [n . ﬁ(ég)TGllﬁ(ég)] = op-(M?s),
[02]lcc <Mpslogp/(nA)

which conclude that P*(E;) — 1. O

5.9.4.2 Part 2 of Theorem V.3: Distributional Approximation

We first introduce some additional notations. Let B = (Bl, e ,Bp) be the classic
quantile regression estimator from minimizing (5.2); and let ,[;1 be the oracle estimator
using the true model. Furthermore, let logT,, = nATG;A,/2 and logS, =

nAZGAp /2; we define the following functions with respect to § = 3 — 3%

ha(8) = S, - exp {—9(5 ~A)TG(6 — A)) — snA? — n)\H(ngl}
2 R i (IC.12)
fn(8) =T, - exp {—5(61 —8)7G11(8, — 8y) — snA\? — n/\||62|\1} ;

where 51 = Bl — ,8[1)

Using the notations above, we re-phrase part 2 of Theorem V.3 below.

Theorem IC.2. Suppose the conditions of Theorem IC.1 hold, and in addition

S 10 1.5
S Vsplog"p

An
Vvn

Recalling that p,(8) is the posterior density function for & = 3 — 3°; we have

pP*

Pn Jn P

Forpn(8)d8 [, £u(8)d8 |,

where f, is defined in (IC.12).
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To prove Theorem IC.2, we need the following lemma, the proof of which is de-

ferred to Section 5.9.6.

Lemma IC.5 (Normal likelihood with CA prior). Under the conditions of Theorem

1C.2, we have the following:

LO) m@) | ey

n(0)do h,(6)dé
[ 10 / @)ds)

where f, and h,, are defined in (1C.12).
Now we are ready to prove Theorem 1C.2.

Proof of Theorem IC.2. In what follows, we shall write | f,,(§)dd for integrating a
function f, on RP. In view of Lemma IC.5, we only need to show that p, converges

to hy,,

[0 N ) M N

/ pn(8) A6 / hn(8) 48|

Note Lemma IC.1 implies that

5/2 p—s . _ 2 "
/ pa(8)dS Zp. <2—”) (i) Tacexp(snd) 4 5
n n V|G|

Therefore, following the proof of Theorem 1 of Chernozhukov and Hong (2003), it

suffices to show

[ p(6) ~ (0] a0

P
— — 0.
an/pn(é) dd

Fix a diverging sequence K,, — +oo that satisfies the condition in Corollary IB.1,
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we define

1
B, — {5 ERP: ||8y]]s < Kn\/E, and [|8s]|o < K> ng}.
n n

In the following, we upper bound the integral of |p, — h,| on B, and its complement,

separately in steps I and II.

Step I: Bounding [ |p,—h,|dd on B,, First, we analyze the CA prior when 8 € B,,.
For the active coefficients we have [0; 4+ 87| > A for 1 < j < s, since |3)] > b > \/s/n
from Assumption E.5'; and for the inactive coefficients |d; + 57| < A for s < j < p,

since log p/(n\) < A. Therefore, the CA prior for d then becomes
Toa(6 4+ B°) = exp {—snA\” — nA[| 81 }, (IC.13)

when 6 € B,,.
Since h,, contains the same factor as the above CA prior, Corollary IB.1 shows

that

sup
seB,

ox (57)| = g

= OP*(l)v

Lo(8°) — Ln(8 + 8°) + gaTea —n-ATGS

which further implies |h,,(8)/pn(d) — 1| = op+(1) uniformly when § € B,,. Therefore,

we have:

fvo s - [ ol (55)]

— ope ( / Pu(8) dé) .
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Step II: Bounding [ |p,—h,|dé on BS Here we control the integration of |p, —h.|
on BY by showing that that both [, p,(8)dd, and [, h,(8)dd are op-(B,).

For p,,, Theorem IC.1 directly implies that

/8 : Pu(8)dd = 0p- (ﬁn) .

Let Ay = G1'G12, and we further define ji(ds) = A, — A8y and a,, = [T X, —

@' X1 As||s. For h,(8), we first upper bound it by

hn(8) = exp {—géTG(S +nATGE — sn\? — n/\||(52||1}
< T,-exp {—871)\2 - 5(51 — 11(82)) "G (01 — f11(82)) — (nA — ) - ||52||1}

é Tn . exp{—Sn)\Z} . En(617 62)7

where T, is defined before (IC.12); we use the decomposition of TG that is similar
to the one in (IC.5).

Similar to step II in the proof of Theorem IC.1, we can relate the integration of
hn(81,82) to Gaussian and Laplace tail bounds. Let Z € R® and € = (&,...,&, )

be distributed as

ST SR Laplace(n)\_an>,

z1¢ ~ N(ie). 26it).

Following (IC.6), the function h,,(d;, 8,) is proportional to the joint density of (Z, &).

Recalling the definition of P, in the beginning of the proof, the integral of h, can
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then be bounded by:

/ ha(8)ds < T, - exp{—snAZ} ( 2 )ps ! (2”)8/2
n ~ n-eX —Sn . . . —_—
BC P n\ — o, V|G| n

n

S K,slogp
-P Z|, > K,/ — > 2=
(121 2 Koy [ or el > B22E2)
nA "~
< N - P, -exp{—coK,s}
< P, -exp{—coKps}, (IC.14)

for some constant ¢y > 0; in the second inequality we bound the tail probability with

(IC.7), which holds on the events

Ei(y) ={p-an <7y-n)},

E, = {Sn : | sup [/1(82)" G11j1(82)] < Knsemin(Gll)} ;

82|00 <K7slog p/(nA)

for a small enough constant v > 0; the last inequality follows from (IC.8).
Similar to the proof of Theorem IC.1 (Step V), we can show that both the events

E; and Es(v) have P*-probability tending to 1; therefore, we have proved

/B hn(8)d8 = op- (ﬁn) ,

as K, — oo.
Combining steps I and II, we obtain

Pn(8) — hn(9)] O

RP

P,V / Pn(8)d

— 0,

which concludes the proof by Theorem 1 of Chernozhukov and Hong (2003).
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5.9.4.3 Proposition 7: Posterior Moments

We focus on the scenario where the dimension p is fixed. We show the posterior
moments converge to the moments of the limiting distribution in Theorem V.1 at a
(v/n,n))-rate. Besides the convergence in total variation in Theorem V.1, it remains
to verify a uniform integrability condition ( Van der Vaart, 2000). Under the CA prior

(5.5), recall that p,(d) is the posterior density, and recall from (IC.12)
n ST 5 2
£u(8) = T - exp { =581 = 8)7 G (61— &) = snd? — |8l }

Proof of Proposition 7. Define A -8 = (y/ndf,n\d1)7, it suffices to show

In(9) PO |45 70
/fn (8)d /pn(a) a5

for « = 1,2. For a fixed M that will be given below, define the partition A, = {d :

U

V6] < M, nA||ds]] < M}. On A, Theorem V.1 implies

NEUG 10 P |45
/fn (6)d /pn(é) dé
< oM ||A5Ha n 5 pn(é) dé
/ Ju(8)d / pa(6) A&
o0 (IC.15)

On A°

n’

we show that the moments of f,, and p, are both negligible. First, the

result for f, follows from (ID.13) in the proof of Lemma IC.5. Let Z € R® and
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€= (&,...,&—s) be distributed as

nA

~ 1
Z ~ N6, =G
(lan 11)7

ii.d. 1
1,5 Eps & Laplace (—) ,

and & is independent of Z. Since f,, proportional to the joint density function of

(Z,€), we have

pstnigas < (20)7(2)7 - (vETeE + ez
P UIED = M/@N) + P (1 Z]l2 = M/v/n)

s/2 p—s
< 2Qn( 27r> (%) -exp(—M?011/8),

nbh

A,

with probability at least 1 — v, where the last inequality follows from computing the

moments of Normal and Laplace distributions, and

IPRNE
@n=[8<p—s>1a/2+(n||61u+ 2 ) — 0p(1).

Hmin

Note also

2\ 1 2 \"*
W(0)dd = | — | — )
RP f ( ) ( n ) vV |G11| (’Il)\)

Comparing the above two displayed inequalities gives

Jug I14811° fa(8) a6 _
Jor fa(@)ds = °

(IC.16)

with probability at least 1 — ~.

For p,(d), using an argument similar to (IC.16) above, it follows from Lemma

271



IC.2 that for any ¢, ~, there is a constant M such that

A6, () 8
< &g,
pr pn(é) do N

Jag

with probability at least 1 — ~.

The proof is complete by combining (IC.15) through (IC.17).
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5.9.5 Proof under the AL prior

In this subsection, we prove Theorem V.2 in Section 5.3, where the dimension p
is kept fixed.

Here we review some of the notations, most of which are carried from the proof of
Theorem V.3 in the previous subsection. Recall 3° = (37, 39) as the true quantile re-
gression coefficients, with 39 = 0 under Assumption E.5. We shall write ¢ = [¢, (y; —
I B°)]", as a vector. Recall from Assumption E.3 that G = E*[z;z] f,.(z] 8%)],
D = E*[x;2T], as well as the sub-matrices Gy, for k = 1,2. By Assumption E.3, we de-
fine two constants 6,, = 0pin(G) and 0 = Oyax(G). Finally, we define A, = G X7 ¢
and A, = G X7 ¢, where X is the design matrix of the active covariates.

In addition, let B = (ﬂAl, e ,Bp) be the classic quantile regression estimator, and

let w = (wy,...,w,) with w; = \/nA/|B;|. The adaptive Lasso prior (5.4) is then

TaL(B) = exp {— ijWj’} :

We shall partition w = (wq, ws), where w; € R* corresponds to the active coefficients.
Furthermore, let wyin = min{w; : j = s+ 1,....p} and Wy = max{w; : j =
s+1,...,p} = ||lwa]ls. Under the adaptive Lasso prior (5.4), the posterior density

(up to a normalization constant) with respect to 6 = 3 — 3% is

Pn(8) = Tar(6 + B°) - exp {L,(8%) — L, (6 + 8°) } .

Similar to the proof of Theorem V.3, we prove the two parts of Theorem V.2

separately in the following subsections.

5.9.5.1 Part 1 of Theorem V.2: Adaptive rate of posterior consistency

Here we prove Part 1 of Theorem V.2, which we re-phrase as the following theorem.
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Theorem ID.1. Consider the adaptive Lasso prior (5.4). Suppose Assumptions E.1

through E.5 hold, and the tuning parameter X\, satisfies

1
— <\ KL L

NG

For any sequence M,, — oo, we define

M, M,
=40: < —= oS — -
B, = {o: ol < 22 ol < 2}

Then, we have

H(aeBS

]D>n> 40,

To facilitate the proof of Theorem ID.1, we need the following two lemmas, the

proof of which are deferred to Section 5.9.6.

Lemma ID.1 (Lower bounding the denominator — adaptive Lasso prior). Under the

conditions of Theorem ID.1, and suppose 3Y > 0 holds element-wise. Then we have

P9 o \*/? n
> ). - . o Ta0 | AT
/Rppn((S)d(SNP [] (w]) (neM) exp{ w1,81+2ASG11A5},

Jj=s+1
where 0y is the maxzimum eigenvalue of G.

Lemma ID.2 (Sign consistency of the adaptive Lasso prior). Under the conditions

of Theorem ID.1, we have

11 (sgn(B1) = sgn(8Y) | D) 2> 1,

where the equality of sign functions holds element-wise.
Now we are ready to prove Theorem ID.1.

Proof of Theorem ID.1. The proof is similar to, but simpler than, the proof of The-
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orem [C.1; because we only consider the regime where p is fixed. Without loss of
generality, we assume that the true values of the active coefficients are all positive,
i.e., B3 > 0. The results under other scenarios holds by symmetry.

For the constant gy in Lemma IA.8, we define the following regions for 4:

An={8=B-8":s9n(B1) = sgn(B7) },

Co={8:[|GY2(8 — 8°)I| < 4o},

where sgn(3?) is the signs for true values of active coefficients. In view of Lemma
ID.2, the posterior probability of A¢ converges to 0 in P*-probability; therefore, it

suffices to show the posterior probability are op:(1) for each of the areas below:
1. C,NB,NA,.
2. CENA,.

In step I below, we give upper bounds for the posterior density; in step II and
ITI, we bound the posterior integrals of p, on each of the two areas above; then
we compute the posterior probabilities in step IV; step V contains some auxiliary
calculations that supplement the proof.

Since we only consider § € A, throughout the proof, the adaptive Lasso prior

becomes
p
man(8+B%) = exp {—w?w? +6) = ) wjr(m} :
Jj=s+1
where w; = (wl, e ,ws); since we assume the true values for active coefficients are

all positive.

Step I: Bounding the posterior density p,(d) We give two different upper
bounds for p,(8), one for § € C,, N A, and the other for 6 € C¢ N A,.

When § € C¢ N A,, we rely on (IC.3) to upper bound the working likelihood, as
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in the proof of Theorem V.3; since the adaptive Lasso prior is upper bounded by 1,

we have

neol|GY28 s }
qo

pn(6) <ps exp{—

é 1_91”(5);

uniformly when & € A,,.
When 6 € C, N A,, we rely on (IC.4) to bound the working likelihood; since

61Gé > 0,,618,, we have

0,, 1
Lo(B) = Ly(B' +8) <pr —="818i+¢ X6+ of
né 4 29
< _m _ T T 1112
1
+[ X3 Pl - |02]1 + 5L (ID.1)

which followed by completing the squares for §;. Combining the above equation with

the adaptive Lasso prior on A,,, we have

2 N,
Pn(6) Spe exp {W”de’“z - w{ﬁ?} - €Xp {—T |61 — ll1||2 - w?&}

: eXp{— > (wy —@n)|5j|}

Jj=s+1

2
= o { 2 IXTol ~ Bt} 7 (0) (D.2)
uniformly on & € C, N A, where a,, = ||¢” Xy ||oo and py = 4XT @/ (nb,,).

Step II: Bound on C, N B¢ N A, Here we bound the posterior integral of p,(8)
by using its upper bound p,,(d). Let v > 0 be a small enough constant, we define
the event E1(y) = {an <7 Wnin}, where a, is defined in the end of step 1.

Similar to the proof of Theorem IC.1, we relate the integration to probabilistic
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calculations. Let Z € R® and & = ({441, . .., &p) be distributed as

)7 j:8+17"'7p’
_an

)

where Z and & are independent. On the event Ej, the function p,,(d) can be related

f’j - Laplace(
4
0

Z ~ N(l""lv

with the moments of (Z, £); using a similar argument to (IC.6), we have:

/ po(8)do
CnNBENAL,

< 2 T 1112 T 20 st \"* 2
~P* €xXp ne ||X1 ¢|| - wl ﬁl ’ ne ) H W: —
m m j n

Jj=s+1

B (eXp{ wlZ} 1 {yzu > \MT or [|€]lc > %D

2 8 ) &
< eo{ Zixter —uist} - (2)7 0T (24)

Jj=s+1

J«m{mzn (1202 Sz or el ). @03y

where the last inequality follows from Cauchy-Schwarz inequality. Next we bound
the expectation and probability terms in (ID.3) separately.

For the expectation term with respect to Z, we have by Lemma IA.3 that
E (exp {—2w{ Z}) < (1+4y),

which holds on the event Es(v) = {[jw:|| <7 - (vV2nb, Allm| ™) } -

For the probability term in (ID.3), we break it into two parts. First, Lemma [A.1

Pr ()12 = Mo ) < exp {— Malm
i) S e e

gives
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which holds on the event F3(v) = {n cpi g <y M;f} ; second, Lemma TA.2 gives

M,
P (el 2 22) < Pr (el 2 V3

2

W)

which holds on the event Ey(v) = {\/ M, - (Wpin — ) >y n)\} . Therefore, the tail
probability in (ID.3) is bounded by

. (ID.4)

M, M,
Pr (1212 22 or el 2 22 ) Sew {-

since p is constant and M,, — oo; the equation holds on the events E5(y) and Ey(7).

Similar to (IC.8), we can further simplify (ID.3) by showing that

G20 w

on the event F)(v). Therefore, from (ID.3), the posterior integral on C, N BS N A, is

bounded from above by

[ n@ae s exp{%muﬁ—wm?}
CnNBENA, 8

(i) I () oo d 8

Jj=s+1

on the events E;(v) through E4(vy), where p; is defined in step I.
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Step II1: Bound on C¢NA, OnCY, we use the upper bound p,,, in step I. Similar

to (IC.9), the posterior integral on C$ N A, is bounded from above by

/ Pa(6)d6 <p. / P1(6) do
CCNA, cg

)

< exp{—neo/4}, (ID.6)

IN

where the last inequality follows since p is constant, and that |G| > Oumin(G)? is

bounded away from 0.

Step IV: Bounding posterior probabilities Here we close the proof by showing
the posterior probability of both C,, NBS NA, and CS N A, are op+(1). From Lemma

ID.1, we have

P9 o \*/? n
> . &\ [ em ‘ o Ta0 , AT
/Rppn(é)dé > ] (wj> (neM) exp( w1ﬁ1+2A8G11A5>

Jj=s+1

£ P

Similar to the proof of Theorem IC.1, it suffices to show that the integral of p,(d) on
both C, N B¢ N A, and CS N A, are are OP*(]Bn)

Let E5(y) = {wWmax < 7 -n}. In step V later, we shall show that the events E(7)
through Es5(v) holds with P*-probability tending to 1, for small enough ~. Therefore
the bounds derived in steps II and III holds with P*-probability tending to 1.

For the area C, N BS N A, we use the upper bound displayed at the end of step
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IT; comparing it with ﬁn gives

pn(0) dé s
/C"HB’?Mj < <4QM> 8 - exp {%HMHQ - —Mn}

P, ~ O 8 4

S exp{— ,

8

since s and 6, are both bounded; the last inequality holds on the event Fs(v) for
small enough ~.

To bound the posterior probability of the area CS' N A, we first simplify P,. Since
the events E5(7y) and Fs(7) both have P*-probability going to 1, we have ||wq|| < v/n
and w; <y -nforall j =s+1,...,p; therefore,

p—s 5/2
Pz (2)(50) " exp =l 1801)

> <%)pexp{—cm},

for some constant Cy, Cy > 0, since ||8?|| = O(1). Comparing P, with the posterior

integral in step III, we have

/cc A pn(é) d(s ne
n N n < « — _0
5 Spe exp {p logn 4 Cyv/n }

4
S oexp {—%}, (ID.7)

for large enough n.

Therefore, the proof is now complete.
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Step V: Auxiliary calculations Now we show that each of the events

Bi0) = (on <7 v Ba) = {lwall <9+ (VE0da A ) b,

Es(y)={n-plpm <~v- M}, Eily)= {\/Mn - (Winin — ) > - M} ,

and ES(’Y) = {wmax <7 n}7

holds with P*-probability going to 1, where p; = 4X{¢/(nb,,) and «,, = || X I @]
are defined in step I. From standard asymptotic results for quantile regression (Koenker,

2005, Section 4.2), we have

(it max {1817} = 0p(1),

s+1<j<p

VB2 = Bl = Op-(1), (ID.8)

(S-S - orw

since s and p are both fixed.

First we consider the event Fi(7y). For wy, we have

L VlB =Bl (L)

Wnin nA nA

from (ID.8). Furthermore, Lemma IC.3 implies that a,, = Op«(y/n). Since \/nA —
00, it follows that a,, /wmin = op«(1), which further implies P*(E;(7y)) — 1.

Next we consider the event Es(y). Since py = 43" | x1;¢;/(nby,), the Central
Limit Theorem gives py = Op+(1/4/n). Therefore P*(E3(vy)) — 1 follows.

For the event Fs(7), again from (ID.8), we have

lwy]|> = nX* Y " |3;17% = Op (nA?).
j=1
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Furthermore, since ||| = Op+(1/4/n), it follows that P*(Ey(y)) — 1, as A — 0.
Now we consider the event E,(y). Given that the event E)(y) holds with P*-

probability tending to 1, it suffices to show

P*(\/Mn.wmingfy.n)\>:f)*( Lo ‘/M") =0,

Wiin 7Y - 1A

for any small enough v > 0; the desired result is then implied by the event E; (7).

Finally, for the event E5(7), we have from (ID.8) that

Winax = VN - OP*(\/E) = op«(n),

which implies P*(E5(y)) — 1, as A — 0.

5.9.5.2 Part 2 of Theorem V.2: Distributional Approximation

We first introduce some additional notations. We shall continue to use the no-
tations in the previous subsection, i.e., the proof of Theorem ID.1. Let 51 be the
oracle estimator using the true model, and let 5 = El — BY. Furthermore, let
log Ty, = ndlG1d1/2 — Y5 w;|AY] and log S, = nATGA,/2— 37 w;|B9]. We

define the following functions

n p
hn(8) = S, - exp {—5(5 —A)GE-A) - Y wj|5j|}
Jj=s+1

, (ID.9)
fn(é) = Tn - exp {—2(51 - gl)TGu(él - gl) — Z wj\5j|} .
Jj=s+1

Using the notations above, we re-phrase part 2 of Theorem V.2 below.

Theorem ID.2. Suppose the conditions of Theorem ID.1 hold. Recalling that p,(d)
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is the posterior density function for § = 3 — B°; we have

Pn o fn
pr pn((S) do fRP f"<6) do TV

where f, is defined in (ID.9).

To prove Theorem ID.2, we need the following lemma, the proof of which is

deferred to Section 5.9.6.

Lemma ID.3 (Normal likelihood with adaptive Lasso shrinkage). Under the condi-

tions of Theorem ID.2, we have the following:

LO) @ | e
/ f£u(8)d5 / h,(8) d6

where f, and h, are defined in (ID.9).

Now we are ready to prove Theorem ID.2.

Proof of Theorem ID.2. Without loss of generality, we assume 39 > 0, i.e., the true
values of the active coefficients are all positive. In what follows, we shall write
[ f2(8)dd for integrating a function f,, on RP. In view of Lemma ID.3, we only

need to show that p, converges to h,,

p®) @ | e
/ pn(8)do / I (8) d&
TV

Similar to the proof of Theorem IC.2, it suffices to show

|Pn(0) = hn(d)] A6

RP pP*




where
p

s/2
~ 2 2
=11 () (o) oo {wfer jaiauas),

as in Lemma ID.1.

Fix a diverging sequence K, — 400, we define

9

K, K
Bn:{ée]Rp: ||(51||2§ }

— d |85l < —
75 and 8l < 05

we shall specify K, later. In the following, we upper bound the integral of |p, — h,,|

on B, and its complement, separately in steps I and II.

Step I: Bounding [ |p, — h,|dd on B, When § = 3 — 3° € B,, the adaptive

Lasso prior becomes

WSCAD((S + ,30) = exXp {—wf(él + ,8?) - Z w]|5]|} s

Jj=s+1

which holds since §; + 3) > 0 on B,,. Similar to the proof of Theorem IC.2, we have

sup |log (h”<5)) ‘ = sup |Ln(B°) — Ln(6 + %) + 26TGS —n - Agaa‘
5B n(9) 5B, 2
+ sup "wipél‘
5B,
= OP*(l),

the first supremum is op«(1) if we choose K, that satisfies Corollary IB.1; and the
second supremum is op:(1) if K,, < 1/A, as w; = Op«(y/nA) in (ID.8). Thus, we

have |h,(8)/pn(8) — 1| = op+(1) uniformly when § € B,,, which further implies

[ -miras — [ ))i- (28] as

— o ( / pu(5) d6> |

284




Step II: Bounding [ |p,—h,|dé on BS Here we control the integration of |p, —h.|
on BY by showing that that both [, p,(8)dd, and [, h,(8)dd are op-(B,).

For p,,, Theorem ID.1 directly implies that

/8 : Pu(8)dd = 0p- (ﬁn) .

For h,,, we first provide an upper bound before computing the integral. Note that

07Gé > 0,,678,, and G- A, = XT¢p/n; similar to (ID.2), we have

nb,, nb,, i
ha(8) < exp {T”Hle —wi B - 7(51 — p1)" (61 — 1) — Z (w; — an)|5j|}

Jj=s+1

nb,, -
A exp{Tumw—w{ﬁ?} Tn(81,6).

where ,, = | X7 ¢l and py = X{ @/(nb,,).
Now we can relate the integration of En(61,52> to Gaussian and Laplace tail

bounds. Let Z € R® and & = (&41, ..., &,) be distributed as

& g Laplace( ), j=s+1,...,p

w; — Qi
1
Z ~ N (”’1) _Is> )
nb,,

and Z is independent of £; the function h,(d;,d5) is then proportional to the joint

density of (Z,&). Following the arguments in (ID.3), we have

/ hn(é)da p —s 5/2
BC 1 NGy, 5 T 0 2 b 2
n — < — p— . . _—
< Lo (e -wia) 11 (20) (5

n j=s+1
K, K,
o (12,2 52 or el > 7 )]

nb,,
< o { "l - VE |, (1D.10)
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where we bound the tail probability by (ID.4) and bound the product of (w; — ) by
(ID.5); the displayed equations hold on the events Fi(v) = {a, < v wWmin}, Fa2(y) =
{n ufp, <~- Ki} , and Es(y) = {\/En - (Wnin — Q) > 7y - n/\} , as required by
(ID.4) and (ID.5).

As in the proof of Theorem ID.1 (Step V), we can show that all the events E(7)
through F3(v) have P*-probability tending to 1; therefore, the bounds in this step

holds with P*-probability going to 1, which implies

/ hn(8)d8 = op- (ﬁn) ,

n

as K,, — oo.

Combining steps I and 1I, we obtain

[ pu(6) ~ ()] a0

P,V / pn(8)dé

— 0,

which concludes the proof by Theorem 1 of Chernozhukov and Hong (2003).

5.9.6 Proof of some auxiliary results
5.9.6.1 Proof of Lemmas IC.3 and 1C.4

Proof of Lemma IC.3. First note that ¢; and x; are independent, as the conditional
distribution is

P (pi=71|a) =P (y; <z/B" | z;) =1—,

which does not depend on x;.
Foreach k = 1,...,q, let e be the k-th unit vector in R? and v, = D'/2A%e;. Un-

der the conditions of the Lemma, it holds that ||vg||* = ef ADAT e, < Cy. Therefore
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for each i = 1,...,n, we have

Pr(|(Az)k| > 2) < Pr (|UZD_1/2:L‘i| > z)

by Assumption E.4’. Therefore, we have verified that each component of Az; is sub-

exponential.

Finally, by applying a union bound and conditioning on ¢;’s,

P* ( Z@Ami > M nlogq> < ZEZ} [P* (Z |0i(Ax;)k| > My/nlogq ’ q{))]
i=1 o k=1 i=1
. M2n1
< 08 o { - |
< exp {log(q) — CyM?log q}
< exp{—(C2/2)- MPlog(g)}

where the second inequality holds for some constant Co > 0 by Lemma IA.7, as
||l < 1; and the penultimate inequality holds since ||@||> < n. The displayed
probability is then arbitrarily small by making M large. The proof is now complete.

O

Proof of Lemma IC.4. We only prove the result for ATG;A,, the conclusion for
ATGA, follows in a similar fashion. Let ¢; = ¢,(y; — 2/ 8°), and define ¢ =
[61,...,¢n]. First note that x; and ¢; are independent, as proved in Lemma IC.3.

Therefore,

E* [¢¢T | 1, ... ,xn} =7(1—71)I,,

where I, is the n by n identity matrix.
Let X; = [z1,,...,2] )" and Dy, = E*[xy2d)) = E* [ X{ X,]/n . We can re-write

ATGLA, = ¢TX1Gf11X1T¢/n2 > 0 since G, is positive definite. By Chebyshev’s
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inequality and switching the expectation with trace, we have

E* ¢ X,G1' X{ ¢)/n’

p* <ASTG11AS > M%) <

- M- s/n

(B X 6" X))
M - sn

- nT(l — '7') -tr (Gfll . Dll)

N M - sn

< nt(l—7)- s/i

~ M - sn

< 1

~Y M?

where the third equality holds by conditioning on X, first; and the penultimate
inequality holds as D1 <X G11/ z as in Assumption E.2. The proof is now complete.
O

5.9.6.2 Proof of Lemmas IC.1, IC.2 and IC.5 under the CA prior

Proof of Lemma IC.1. We provide a lower bound of the integral by restricting to the

area

B, = {8 € R”: [|:]| < Knv/s/n; [|02]l00 < Ky logp/(nA)},

where the sequence K,, — oo satisfies the requirement in Corollary 1B.2. We define

~ (27?)5/2 ( 2 )ps exp (—sn\? + nATG A, /2)

P, = — .
n nA V|G|

In step I, we provide a lower bound for the posterior density

Pa(8) = mca(d + B°) - exp {Ln(B°) — Lu(B” + )},

on the area 6 € B,,, which is denoted by % and in step II we integrate p, on B, to

conclude the proof.
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Step I: Lower bounding the posterior density First we analyze the quantile

loss function. By Corollary IB.2, we have

Lo(B%) — L6+ 8% = ¢TX5— gafanal +op+(1)

v

—%(61 —A)TGH (8 — A)

+ gASTGnAS — |7 X[ - 18s]ls + op- (1)(ID.11)

uniformly on B,,, which follows by completing the squares for §; and Holder’s inequal-

ity. Next we analyze the CA prior. As in (IC.13), the CA prior for § is
moa(6 + BY) = exp{—sn\® — nA||62]1 },

when & € B,,.
Combining (ID.11) with the CA prior above, the posterior density on B, is

bounded from below by

pn(é) zp* exp {—sn)\2 + gAZGHAS} - exXp {—g(él — AS)TGH(él — As)}
-exp {— (nA + an) [|62]|1}

£ exp {—sn)\2 + EAZGHAS} -p (9),
2 -n
where a,, = |7 Xs||oo and A, = G X T ¢

Step II: Bounding the posterior integration Now, we relate the integration of

the lower bound p (d) to probabilistic calculations. Let Z € R* and § = (&1, ..., §p—s)
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be distributed as

ii.d. 1
15, &ps & Laplace(n)\+an),

1
Z ~ N[(A,, =G,
(7n11)

and Z is independent of €. Similar to the arguments that leads to (IC.6), we have

2 P 1 2\ */2
W(8)dS >p- s\ 4 CATGLAL L L
/Rpp() ~P exp{ sn +2 s U1 } n\+ o, /\Gu! n
s K, logp
-P Zl, < Kpy/—|-P <
(121 < 5 [2 ) P (Jel < B282)
1 P
P

(rasm) "

S K, logp
Jr-re (12,2 K2 o el 2 )]
n nA

Py,

Vv

where we rely on two techniques: (i) we bound the tail probabilities as in (IC.14);
(ii) we bound the leading factor by (1+x)~' > exp(—z); therefore the last inequality

holds on the events
Ei(y) = A{pan < 71X},  Esx(y) ={nAlGnA, <~ K.s}.

for small enough v > 0, as required in (IC.14).
Similar to the proof of Theorem IC.1 (Step V), we can show that the events F;(7)

and FEs(vy) have P*-probability going to 1. Therefore, the proof is now complete that

/ Toa(6 4+ B°) - exp {L,(B8°) — L,(B° +8)} dé Zp- B,
RP
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Proof of Lemma IC.2. Let § = 3 — 3% recall p,,(d) is the posterior density under the
CA prior (5.5), and

geeey =8+1,...,

In the following steps I — III, we shall upper bound the posterior integral of p,(d) on
A, NC, and C¢ separately, where C, = {||G'/28|| < 4qo}, as defined in the proof of
Theorem IC.1; and in step IV we verify their posterior probabilities are op«(1).
First we provide a decomposition of A,,. Let Q(d) ={j=1,...,s: \@—l—ﬁ?! < A},
and R(0) ={j = s+1,...,p:|0;| > A} be two index sets; then A, can be decomposed

into

AcJ {8:1Q0) =g |RG)| =1}

=4 =0, VI >

q+r>0

U Egre (ID.12)

=4 =0, VI >

q+r>0

[l

Therefore, to provide an upper bound for integrating p, on A, NC,, we first bound

the integral on each of &,, N C,, which is in step I below.

Step I: Bounding the posterior integral on &,,NC,,. We first give upper bounds

for p,,(d) on each of &, NC,. For the CA prior, on each of § € &,,, we have

mea(d+B°) = exp {—”Zm(ﬁﬁ) + 5»} < exp{—(s — ¢ +7)n\?},

i=1
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as py(z) = exp(—snA?) for |z| > A in (5.5). To upper bound the working likelihood,

we rely on the same bound in (IC.4), which, together with the CA prior, implies

() Sp: exp {—g&TGd + " X5 — (s —q+ r)n)\Q}
= ep {znAgc;A,, - gw —AA)TG(S —AA,) — (s — g + r)nv}

£ exp {ZnAZGAp — (S —q-+ T)n/\2} ’1_971(5)7

uniformly on é € &, NC,, which followed by completing the squares for d; recall that
Ap =G Y0 i (Y — i B°).
Next, note when 6 € &, ,, we have
qg-b% _ 32¢-\?

2> O 22> 21 = >
18P = > (18} = 2?2 = = g=
JEQ(I)

1827 > Y (NP =7 A%

JER(J)

since A < b+ (1 A Opin(G)) as stated in the lemma; hence, we have [|§]|> > \?(r +

329/ Omin(G)).
Finally, we upper bound the integral of p,(d) by relying on Gaussian tail bounds,

similar to (IC.6). Let Z € RP follow

Z ~N (4Ap, éG—l) ;
n
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as in (IC.6), we have for r 4+ ¢ > 0:

8 1

p/2
/ pn(6)dd Spe exp{2nAlGA, — sn)?} - (—) —
£q.rNCn n Gl

cexp{(q — r)nA2} - Pr(‘ZH > 22 {H 32¢ D

IN
‘H

8w\ "/
exp{QnAZGAp — snA?}. (—) :

n

ER
cexp {—(r + ¢)n\*},

where the last inequality holds on the events

Ei(y) = {n-AIGA, <~ -0\ (0nin(G) A1)},

= {nA*(0min(G) A 1) > p}
for small enough v > 0 by Lemma IA.1.

Step II: Bounding the posterior integral on A, NC,, Motivated the decompo-

sition (ID.12), the posterior integral on 4,, N C, is bounded by the following:

[oorow < X5 [ o

qg=0 r=0 anC
r+g>0

n

: li:piexp {—(r+qnr} - 1]

q=0 r=0

p/2
1
Spe exp{2nATGA, — snX?} - (S—W) C—

p/2
= exp{2nAlGA, — sn)?} - (87T> L

n

' [(1 - eXlDl{—TW})2 - 1] ’
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where the second inequality holds on the event F;(v) and E,, given by step I; and
the last inequality uses the property of geometric series.

Since Opin(G) 2 1/p and A > p/y/n, the deterministic event E, always holds;
furthermore, Lemma IC.4 implies that E;(y) has P*-probability tending to 1. Thus,

the previous displayed equation holds with P*-probability tending to 1.

Step III: Bounding the posterior integral on C¢ . On & € CY, note that

n

mca(d + B°) < 1; using a similar argument that leads to (IC.9), we have

p
/ pn(0)dd  <p- L . (4@) exp{p — neo},
ce - Gl \vP

by invoking a Cramér-Chernoft device.

Step IV: Final bound for posterior probability Finally we verify the posterior
probability for A, NC, and C¢ are both op-(1).

First, Lemma IC.1 gives

2\ 2 / 2 \P™* exp (ATGHAS — sn)\2)
as >o. [ ZF 2 . s
[z () (5)

nA V|G|
2 (l)p cexp (—snA?) - !
ToAn VIGu|

A
= Pm

since A < 1. Therefore, following the proof of Theorem IC.1 (step IV), it suffices to

show that both

/ pn(0)déd, and /pn(é)dé,
AnNCn cg

are ops(P,).

On A, NC,, we bound the integral of p,(d) as in step II; comparing it with P,
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gives

/ pu(8) d6
AnNCyp, <

= ~SP ( 871'71)1) :

1
P, \/@

exp {c; - plogn + caplogp + 2nATGA,} - 8exp {—nA*}

cexp {2nAJGA,} - [(1 - exp{—n)\2})_2 - 1}

IN

<p+ exp {—n)\2/4} ,

where ¢y, ¢y are some positive constants, and 622 is the Schur complement of GGoo; the
second inequality follows from (IC.10) and that (1—2z)2—1 < 8z forall0 < z < 1/2;
and the last inequality holds by Lemma IC.4, since plog(p V n) < nA?.

On C¢, we bound the integral of p,(8) as in step III; comparaing it with P, gives

———= Zp- exp{03 -plogn + ¢4 - plogp + sn\? —nsg}

< exp{—n€0/4} )

which followed exactly as (IC.10) for some constant cg, ¢4 > 0; since plog(pVn) < n
and \? < 1/s.
Finally, note that both of the above two displayed equations are op«(1), the proof

is now complete. O

Proof of Lemma IC.5. We introduce some notations first. Recall h,(d) and f,()
from (IC.12), we further define

Ful8) =T, - exp {—g(él — AT G (81 — Ay) — snA? — n/\|]52||1} ;

where A, and T}, are defined before (IC.12). Let F, = ff;(é) dd. Fix a diverging
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sequence K, — 400 to be specified later, we define

|
B, = {5 ERP: |16y < Kn\/g, and |02 < K, ng} .

n

Following the proof of Theorem IC.2, we first show that
L.

which implies h,, converges to f; in total variation; to achieve this, in the following

ha(8) = J.(8)| s
= — 0,
Iy

steps I - II we bound the integral of ]fn — hy| on B, and its complement separately;
finally in step III, we show that fn converges to f, in total variation, which concludes
the proof.

First, the normalizing constant of ]A”;L((D, i.e., F,,, can be explicitly computed; using

the normalizing constant of Gaussian and Laplace distributions:

E, = fo(8)dé

RP
s/2 p—s
1 2 2
= T, -exp{—sn)\?}- . <—) . <—> .
p{ } e\ -

Step I: Bounding [ |f, — h,|dd on B,. Recall A, = G XT¢, A, = G1'XT¢.

First we observe that G- A, = [(G11 - Ay)T, ¢? Xo/n]", which implies

‘log (%) ' = g |61 G116, — 26{ G A, — 6TGH + 267 GA,|

IN

g 167G — 6T G116 | + |97 Xadl

R1(0) + R»(9).
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In what follows, we shall prove that R;(d) and Ry(d) are all op+(1), uniformly when

d € B,,. For Ri(d), Corollary IB.2 directly implies that

sup Ry1(9) = o(1).
(sEBn

For Ry(6), by Holder’s inequality and Lemma IC.3,

sup Ry(6) < p-

- sup [[82 |
oeBy, deB,

Z@‘I%

i=1 oo
lo

= p-Op:(y/nlogp) - K, ngAp

= op:(1),

if we choose K, < (y/n))/(plog®?p), provided that A > (plog®?p)//n as required
in the theorem.

Combining the results for R, and Ry, we have shown

ha(6)
lo — =op«(1),
g(ﬂﬁ))‘ (1)

which further implies |, (8)/fn(8) — 1| = op«(1) uniformly when & € B,. Therefore,

sup
échBy

we have:

).

m(@) - L@ s = [ 7

= op- ( 5 fa(8) d6) .

Step II: Bounding [ |f, — h,|dd on BS. Here we show that both S hn(8) d0,

and [ o Fo(8)d8 are op-(F},).

For ﬁ, an argument similar to (IC.6) applies. Note that F,, normalizes f;(é) as
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a probability density function, we have,

fo(6)dé o
BC S n 10Z D
o — > K,/ — >
= pr (1202 )2 ol > 22 L)
K2
< (p.exp{—Kn logp} + exp {—9114 ”S}> , (ID.13)

by Lemma IA.1 and TA.2, similar to (IC.6); #; is the minimal eigenvalue of G11; the
above equations hold on the event £, = {8nATG 1A, < 6, K2s}.

For h,(d), by relating the integral with probabilistic tail bounds as in (IC.14), we
have

/B n(6)d6

n

AN

A b
O P Y e takitonton)

nA — oy,
S exp{—cK,},

for some constant ¢y > 0, where the last inequality follows from (IC.8). The displayed

equations hold provided that both of the events

E2(7> - {p co, <y n/\}7

Es = {8n~ sup [ﬂ(52)TG11/:6(52)] < Knsemin<Gll>} )

[102]|co <Kn log p/(nA)

are true for a small enough constant v > 0, where fi(dy) = Ay — A8, and «,, =
" X2 — " X1 Az |-
Similar to proof of Theorem IC.1, we can show the events E; through E3 happens

with P*-probability tending to 1. Therefore, we have

[ (8) = ()48 = o0-(F,).

n

298



Combining steps I and 1I, we obtain

I

h(8) — fo(8)] dO

= =op«(1),
3 p(1)

which further implies

/8 /6 P*
/nﬂw JRGE

by Theorem 1 of Chernozhukov and Hong (2003).

Step III: Convergence of ]?;L to f,. Here we show that ]?;L converges to f,, in total
variation by bounding their KL divergence.

First note that

RP Rp

by using the normalizing constants for Gaussian and Laplace distributions. Further-

7.(0)
o8 (fm))

Recall that f,(d1,8,)/F, coincides with the joint density of (Z, &), as defined in

wrﬁwbmm—ﬁ—g@—AyCmm—&>

NS o3

(As — 6)TG1(A, — 81) — n(A, — 8)TCGi1 (8, — A,).

step II. Now, by Pinsker’s inequality (Tsybakov, 2008, Lemma 2.5), we can bound
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the total variation distance by their KL divergence,

1/2
5 _ fa(6) < (EZ logM])
n . ~ N1/2
= <§(A8—51) G11<As_51))
S VallAs =4
= op(1),

where the first equality holds since Ez(Z — Ay) = 0; the penultimate inequality holds
by Assumption E.3’; and the last inequality follows from the Bahadur representation
of the quantile regression estimators (He and Shao, 2000).

Thus, the proof is now complete. O

5.9.6.3 Proof of Lemmas ID.1, ID.2 and ID.3 under the AL prior

Proof of Lemma ID.1. Recall that the posterior density for 6 = 8 — 3° is

Pa(8) = war(B” +8) - exp {Ln(8°) — Lu(d + B8°) } ,

under the Adaptive Lasso prior (5.4). We provide a lower bound of the integral

[ pn(8) dd by restricting to the area
B, ={6 € R : ||01| < Ku/v1; [[82]|o0 < K/ (nA)},

for a sequence K, such that Corollary IB.1 holds. We define

~ n o \** & (2
P, =exp {§AZG11AS — wi”/@?} : <m> . H (_) .

w
j=s+1 J
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In step I, we first lower bound the posterior density by Qn(é) on B,, and in step II

we compute the integration of p (d) to conclude the proof.

Step I: Lower bounding the posterior density p,(d) We first analyze the
adaptive Lasso prior when & € B,,. By Assumption E.5, we have &; + 3} > 0 for any

0 € B,,. Recalling 0 = (0541, . ..,0,), the adaptive Lasso prior becomes

mar(6 + B°) = exp {—’w1T(51 +07) - Z wj|5j|} ;

j=s+1

for all & € B,,. Second, the likelihood is lower bounded by (ID.11) as in the proof of

Lemma IC.1. Therefore, we have the following lower bound of the posterior density:

n no
P(8) Zpe exp {§ASTGHAS _ wlTﬁ‘l’} . exp {—TMHdl AP - wlT(Sl}

: eXP{— > (Oén+wj)|5j|}

Jj=s+1

n
2 exp {§ASTGHAS . wlTB;)} p (81,62).
where 0y = Onax(G11), an = |07 X300 and A, = G XT .

Step II: Lower bounding the integral Similar to the proof of Lemma IC.1,
we relate the integral of p (&) to probabilistic calculations. Let Z € R® and £ =
(€541, - - -, &) be distributed as

ind. .
.~ Laplace , =s+1,...,p,
£ p <wj+an> J p

Z ~ N (AS, LIS>,
n9M
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where Z and £ are independent; the function Qn(él, d2) can be related to the moment

of (Z,&). Similar to (ID.3) in the proof of Theorem ID.1, we have

n P 2 21 s/2
>, nr . Ta0 )
/Rppn((s)dé >p exp{2ASG11AS wlﬁl} [] (wj+an) (neM)

B (e {0l 2} 1012] < K, /v - o (el < 27 ).
(ID.14)

by inserting the normalizing constants for Gaussian and Laplace distributions.
Next we show that both the expectation and probability terms in (ID.14) are
bounded from below by a constant. First, for the expectation with respect to Z, we

have

<exp{ ij } ||Z\|<Kn/ﬂ>

K20,
8

Vv

1—47—5exp{—

1

Vv

Y

which holds for large enough n on the events

1
Bi0) = {lwoil <0 (VEI A i) b and B = g < K2},

by Lemma [A.3. Second, for the probability with respect to &, using an argument

similar to the proof of Theorem ID.1 (Step II) gives

Pr(HﬁHOO_K ) >1—p- exp{ \/M}ZL

n 2

>/

which holds on the event E3(vy) = {\/ M, - (Wyin + ) > 7y - n)\} .
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Combining the above lower bounds, the integration (ID.14) becomes

~ £ 1
W(0)dd Zp- P, - —_—
/Rpp (9) <P j:111<1+an/wj>

~ . a’I’L
P, -exp {_p }
Wmnin

Z D,

v

where the second inequality owns to (1 + x)~! > exp{—=z}; and the last inequality

holds on the event Ey(v) = {pa, < - Wmin}-
As in the proof of Theorem ID.1, the events Ej(vy) through FE4(v) holds with

P*-probability going to 1; Therefore, the proof is now complete. O

Proof of Lemma ID.2. Let 6 = 3 — (3°, the posterior density is

Pa(8) o war (8 + B°) - exp {Ln(B8°) — Ln (6 + 8%) },

Let

An={8=p-8":s9n(B1) = sgn(B) }.

In the following steps I - II, we shall upper bound the posterior integral of p,,(8) on
ACNC, and AS NCS separately, where C, = {||G'/28|| < 4¢o} as defined in the proof

of Theorem V.2; in step III we show the desired posterior probabilities are op«(1).

Step I: Bounding the posterior integral on A NC, We first provide an upper
bound of the posterior density p,(d). The working likelihood can be bounded by

(ID.1) when é € C,. Furthermore, the adaptive Lasso prior is

map(6+B°) < eXP{— > wj|5j|}»

j=s+1
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as 39 = 0. Therefore, similar to (ID.1), we have

2 O
@) S o { 2o IXToI}exp {0 15—l

: eXp{— > (wj—an)|5j|}

j=s+1

nbm _
2o { "l 7 0),

when 8 € C,, where a,, = ||¢? X} |0 and py = 4 X7 ¢/ (nb,,).
Now we bound the integral of p,(d) by using its upper bound p,,(d). Similar to
(ID.3), we can relate the integration to probabilistic tail bounds Note when § € A,

we have ||| > b,, as in Assumption E.5. Therefore, the posterior integral on ASNC,

is bounded by

/ pn(6)dd  Spe exp %HMHZ (2 8/2‘ ﬁ &
CanAC ~ 8 Ny, . w; — ay,

Jj=s+1
Pr (|| Z]| = by)

nb,, nb,,b? st \*? L 2
SP* eXp{ 8 ||l’l’1H2_ 16 0} ) (ne ) ) l l <w) )
m J

Jj=s+1

where we rely on two techniques: (i) we bound the tail probability with Lemma TA.1,
which holds on the event Es(v) = {n - pf py < - M2}; (ii) we bound the normalizing
constant 2/(w; — «,) similar to (IC.8), which holds on the event E;(y). Since both
events F1(v) and Ey(y) have P*-probability tending to 1 as in the proof of Theorem

V.2 (Step V), the last inequality takes hold.

Step II: Bounding the posterior integral on AS NCY In this step, we use the

exact same argument as in (ID.6), since m41(8 + B°) < 1 on AY, which gives

/O ;. Pn(0) dd Spr exp{—neo/4}.
CCNAC
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Step II1: Bounding the posterior probabilities Here we show that the posterior

probabilities of both AS NC, and AS NCY are op-(1). Let

p

~ 2 2T s/2 T 20 NG
nell (w_> | (@) exp (] + ATGHA,);

Jj=s+1

following the proof of Theorem V.2, it then suffices to show that both

[ n@as ad [ p@)as
ASNCy, ASNcS

are op=(P,).
For the first integral on A N C,, we use its upper bound derived in step I; com-

paring it with b, gives

/ pTL((s) dé 2 s/2
AGNCr nem nemb 4:GM
- ﬁn SP* exXp {w?ﬁo—i_TH#’lHQ o TO} ) (K)

= op«(1),

which holds since ||w; || = Op-(y/n) and p; = Op+(1/4/n), as in the proof of Theorem
V.2 (Step V).

For the second integral on AS N CY, we have the exact same result as in (ID.7),

n’

implying
/ pn(0)dd
ASnCs
3 p+(1)
Therefore, the proof is now complete. O

Proof of Lemma ID.3. Fix a diverging sequence K, — 400 to be specified later, we
define
B,

K, K,
{5 € RP : H51H2 S ﬁ s and H(sg”oo S ﬁ} .
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Let F, = Jg» fn(0) dd. Following the proof of Theorem V.2, we ought to show that
L

In the following steps I - II, we bound the integral of | f,, —h,,| on B,, and its complement

h(8) = fu(8)] a8
— — 0.
F,

separately.

First, similar to the proof of Lemma IC.5, F,, can be explicitly computed as

E, = fn(8)dé
RP

e (7))
" |G11| n j=s+1 w] '

Step I: Bounding [ |f, — h,|dd on B,. First we observe that G - A, = [(Gy; -

AT, @7 Xy /n]T, which implies

s (31| = 3

5167G8 — 87 Cud| +

6T G116, — 207 G118y — 87GE + 287G A, + 267 XT p/n

IA

51TG11(51 —A,)| + 165 X5

lI>

R1(0) + R2(0) + R3(6).

As in the proof of Lemma IC.5, R;(d) and R3(8) are both op«(1), uniformly when § €
B,. For Ry(d), it follows from the Bahadur representation of the quantile regression

estimators (Koenker, 2005, Section 4.2) that

sup Ry(8) < sup|[di] -G8y — A
Gn

eB,
K, 1
_.O * —
Vi U \n

= Opx (1)7

IN
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if we choose a sequence K, that grows slow enough. Therefore, we have shown

o (o )| om0

sup
6€Bn

which further implies |, (8)/fu(8) — 1| = op+(1) uniformly when & € B,. Thus,

hn(8) = fa(8)] d6 = /an"(‘”‘l_<}}:g))>‘d6

— op ( [ 10) da) .

Step IL: Bounding [ |f, — h,|dd on BS. Here we show that both [,c h,(d)dd,

Br,

and [zo fn(0)dd are op-(F,).
Let py = X{¢p/n and a,, = || XJ @||o- For hy,(8), similar to (ID.10), we can show

that

/hn(é)dé )
c nb,,
B < ool - V)

Fy

by relating the integral with probabilistic tail bounds; provided that all of the events

E(7) ={an <7 wain}, B2(7) = {n-pfp <~- K2}, and
Es(v) = {\/En (Wi — ) > 7 - n/\}

holds
For f,, note that F,, normalizes fn(9); therefore, using a similar argument to

(ID.4), we have

fn(6)do

BS Kn Kn
B~ ezl x 22 o ez 22)

< oo VE).
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which holds on the events E3(y) and E4(vy) = {n 6TGL, < - KEL} , by Lemma
[A.1 and TA.2.

As in the proof of Theorem ID.1 (Step V), the events Fy () through E5(y) happens
with P*-probability tending to 1. For E4(7), standard asymptotic results on quantile

regression (Koenker, 2005, Section 4.2) shows that
’I’LgTGHgl S QM H\/ﬁng = Op*(].),
which implies P*(FE4(y)) — 1. Therefore, we have shown

[ 11a(8) = 5,(8)]d8 = or- (),
BS
Combining steps I and II, we obtain

[ 1h.(6) - 1.(0) a0

—~ :O*l,
3 p<(1)

which completes the proof by Theorem 1 of Chernozhukov and Hong (2003). O
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