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E-Companion
In this Appendix, we present all the mising proofs in the mainbody of the paper. We also prove

the result discussed in Remark 7 of Section 3 for a more general definition of clusters.

EC.1 Proof of Theorem 1

First of all, we define ¢; := ", en; 4 38 the probability that a customer views a product from cluster
j. Then, define the events

6’]\f,t :{-/\A/’t - Mt}7

Epj e ={10;0 — ;]2 < By},

MAZ /gt
gV,t = >\min Z USU; > 107% )

8

56;7:]’,:,15

where \; = min(1,\¢)/(1+7p%) and gjyt is the estimated parameters using data from 7~},t, and

5 TR TT)
| Amin(‘A}j,t)

for some constant ¢ > 20/17 and ‘7“ =1+ usu). These events hold at least with the following

sGﬁyt

probabilities

2n _
HD((‘:Ni) 21_t72 fOI't>t,

1
[P(SBj,t)Zl—E for any j e [m|,teT,
7 _
P(Ey,) >1— Tn for ¢ > 2,
where ¢ is defined in (EC.13). The first inequality is from our analysis after Lemma EC.4; the
second inequality is from Corollary EC.1; the third inequality is from Lemma EC.5. We further
define &g, = Uje[m] Ep; 1, then it holds with probability at least 1 —m/t for any t € T. Now we
define the event & as the union of Ex ., €54, and £y, This event holds with probability at least
1 —10n/t obviously according to the probability of each event.
We split the regret by considering ¢ < 2t and t > 2t, i.e.,

T

Z Elr:(pr) —re(pe)] = Z Elr:(pr) —re(pe)] + Z Elr(p7) —re(pe)]-

t=1 t<2t t>2¢
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Obviously, the regret of the first summation can be bounded above by 2pt. We focus on the second
summation. For arbitrary ¢ > 2t,

Elri(p;) — 7e(pe)] =E[(r:(p) — e (pe) ) 1(E)] + E[(re(p}) — rt(pt))l(gt)]
10pn

<E[(p; u(c, ze + Bi,py) — pes( @ + B, pe) )1 (E)] + ——
=E[([26:, 1}, w0 + Bi,Pe) + L, pefi w0 + Bi,po) | (0 — Pt) (&) +

<E[(Fa(p} — u— A)P)L(EN] + 227

t
~ ~ ~ 10pn
2Ly LFE (|6, o1 — b FL(EN] +ALE[AZL(E)] + —

10pn

~ ~ ~ 10p
=2, LEE[|185,.0-1 — 03, L(E)] + 4LE[APL(E)] + ——

~ ~ ~ 10pn
2L, LZE(B?, \1(&)] +ALE[AML(E)] + —2
where the first inequality is from the probability of &, the second equality is by applying Taylor’s
theorem (where p; is some price between p; and p,) with Assumption A-1 and Assumption A-2,
the second inequality is from Assumption A-2 and L, is some constant depending on L, L, L, P,
and both the last equality and the last inequality are from the definition of & (i.e., events Ex; and

Ep.t). Therefore, we have

Elr(p?) — ru(p)] < 2E2LE (B oy L(ED] +ALLEINTL(E)] + — 00 (5C.1)

Summing over ¢, the sum of the last terms above obviously lead to the regret O(nlogT). For the

rest, we have

kdl T 1 kodlogT
DAY Agzﬁ[m} N ZZ[

t>2F 0 4sof t>2fj€[m

kgdlogT Z JiT< k:gdlogT\/—T

for some constant k,, where the first inequality is from &, (i.c., &) and the definition of B2 ,, the

Jt,t?
equality is by conditioning on j, = j for all j € [m], and the last inequality is because ) ; g; =1 and
apply Cauchy-Schwarz. Hence

k‘gdlogT

> EBZ, 1 Az 22 /mT. (EC.2)

t>2¢

On the other hand, because /\7} =N, for all t > 2t on &,

SEpnE) <Y E| Y \/i gAgZ[[\/ﬁqugm. (EC.3)

t>2¢ jelm] teTir gt J€lm]
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Putting (EC.1), (EC.2), and (EC.3) together, we have
> El(re(pp) = 7i(po))] < esdlog(T)VmT + esnlog T
t>2t

for some constant cs, and together with the regret for ¢t < 2¢, we are done with the regret upper
bound.

In the rest of this subsection, we prove the lemmas used in the proof of Theorem 1.

LemMA EC.1. For each j € [m] and t € T, with probability at least 1 — A, ’fj’t € [g;t — E(t),ijjt—i—

D(t)] for all j € [m], t € T, where D(t) = \/tlog(2/A).

Proof. Obviously FTVN is a binomial random variable with parameter ¢ and ¢;. Then we simply use
Hoeffding inequality applied on sequence of i.i.d. Bernoulli random variable and a simple union

bound on all j € [m] and t € 7. O

LEMMA EC.2. Foranyi€n] andt €T, let Vi, =1+ . usu, we have that

2¢/(d+2)log(1+T;,R2/(d+2)) +2log(1/A) + 2, L
L

16:.0 — 6

Vig =
with probability at least 1 — A.

Proof. We first fix some i € [n], and we drop the index dependency on 7 for convenience of notation.

At round s, the gradient of likelihood function Vi, (¢) is equal to

Vi,(6) = (u(u.¢) — d,)u,. (EC.4)

And its Hessian is
V() =fi(u,p)usu. (EC.5)

Applying Taylor’s theorem, we obtain

0> "1.(0,) — 1.(0)

H 1 s n (A 2 ll N 2 ll N 2 (ECG)
= Y LY 6= 0)+ 5 3 B~ ) + 10,015~ 115~ O]

where the first inequality is from the optimality of ét, and 6, is a point on line segment between 0,
and 6. Note that by our assumption and boundedness of u, and 8, we have fi(u’0,) > [,. Therefore,

we have

> (B0 (w0 — 0))° + 16 — 0115 > 1|10 — 0I5, (EC.7)
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where V; =1+ )" u,u. On the other hand, we have
Vis(0;) = — esus, (EC.8)

where €, is the zero-mean error, which is obviously sub-Gaussian with parameter 1 as it is bounded.

Now combining (EC.6), (EC.7), and (EC.8), we have

L . A
6= B11, <37 esuly (B — 6) + 2 L2 < 1B — 011w l| Zully, o + 2022, (EC.9)

where Z, := ) _€,u,, and the second inequality is from Cauchy-Schwarz and |16, — 0||5 < 2L. This
leads to [|6; — 0]y, < %HZt”Vt—l +2L.
To bound HZtHVtﬂ, according to Theorem 1 in Abbasi-Yadkori et al. (2011), we have

2

TR
12l <+ 2)tos(+ 2402 4 glog(1/a)

with probability at least 1 — A and we are done. [

CoRrOLLARY EC.1. For any j €[m] and t €T, let V;, =T+ usul, we have that

seﬂ,t

2/ (d+2)log(1+ T R/ (d +2)) +2log(1/A) + 2, L

1050 = b5lly,, < i

with probability at least 1 — A.
Next result is the minimum eigenvalue of the empirical Fisher’s information matrix.

LeMMA EC.3. Denote u, = (p; + Ay, z;). For any i € [n] and

1 DT\ [ A2\ 2
£ > max (SR og((d+2) >) () 2 |
AL A minie () g Co MIN;en) G

where R:=2+p* and A\ :=1/((1+p/co)* +1), we have

MA2q\/t 1
[P()\min( Z uéu’s> < 1%Q\[> < nE

Seﬂ’t

Proof. Define

and




ech

where

A ::Z [E[l(is = Z)@jsz + A§)|]:sfl]

s=1
t
B:=> E[1(iy = i)p.al| Fooi]
s=1
t
C:= (i, = i)z, 2| Foi]
s=1

According to Proposition 3 in Walton and Zhang (2020), we have

| Amin(C)?
Auin (M) 2 B (O T A

min{ A\ (A — BC™'B'), A\uin(C) }.
Now let us analyze each term individually. By Assumption A-3, ¢;t > Ain(C) > cogit. Tt is also not
difficult to get || Bl < pg;t. All we let to show is the lower bound of Ay, (A — BC~'B’), which is
summarized in the following claim.

Claim: A\, (A~ BC'B)=A—BC'B' > E[1(i,=1)A%F, 4]

To prove this claim, let us define

as = (ﬁsvxs) .

That is, u, is the same as u, except without price perturbation. Obviously, M = 2221 E[1(i, =
i)usul|Fs—1] satisfies M > 0. Moreover, by Schur complement, we have A — BC™'B’ > 0 where
A= E[1(iy = )p?| F._y]. Since A— BCT'B'= A— BC'B'+ ' E[1(i, =i)A2|F,_,], we are
done with the claim.

Above all, we are able to show that

Ajgiv/t
Amin M)> —  min{c it) ,LAQ\/% >0—l:)\ A2 Z\/175
(M) > (1+p/co)?+1 {eodit, qiho Vi) 2 A +p/co)2+1 170t
where the second inequality is because ¢ > (A3 /cy)?. Since
t
Z ugul, = Z 1(iy =1)ugul,
sETiyt s=1
then we have that
M A2GVE
P{ Ain D ) < ;‘M
SET; ¢
MAZGVE ; L
=P >\min( Z usu;) < %v)\min (ZIE[]I(ZS - Z)usuglfsfl] Z )\1A(2)QZ\/Z
Seﬁ,t s=1
A\ a2o Vi

<(d+2)e” " 1r
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where the last inequality is from Theorem 3.1 in Tropp (2011) with ¢ =1/2.
So for any i € [n] and

t>(8RbgTu+2D>i

A A mingep,) ¢;
we have the simple union bound over i € [n],t € T, (d +2) exp(—\ AZgiVt/(4R)) < 1/t%, and the
proof is complete. [
Clearly, if we combine Lemma EC.3 and Lemma EC.2, for any i € [n], t > t; where

— { <smog<<d+z>T>>{ (A) 2y } (EC10)

A A% minie[n] qi Co 7 minie[n] qi

we have that

2¢/(d+2)log(1+tR2/(d+2)) +2logt2 + 2, L

16:.0 = 03l]2 < (EC.11)
' ? ll \V )\min(‘/;',t)
- Ve(d+2)log(1+1) _p,
)\min(‘/;,t)
for some constant ¢ > 20/13, and
2 2)log(1
B;, < V2(d+2)log(1 +1) (EC.12)

AVRY /\1qi\/f
with probability at least 1 —2/¢2.
The next lemma states that when estimation errors are bounded, under certain conditions we

have A} =N,,.
LEMMA EC.4. Suppose for all i € [n] it holds that ||0;,_y — 0;||» < Biy_ and B;,_; <~y/4. Then
N =N,
Proof. First of all, for iy,45 € [n], if they belong to different clusters and B;, +—1 + By, +—1 < 7/2, we
must have Héil_’t_l — éi%t_ng > By, +—1+ B, +—1 because
Y <I0iy = Oinllo < N0iy — iy -1ll2 +110i),0-1 — Oig -1 l2 + 10,01 — O |2
<B; +1+ |‘é1‘,1,t—1 - éig,t—lHQ + B, -1 <7v/2+ Héil,t—l - éig,t—1||27
which 1mphes that ||9Ai17t_1 — éiz,t—1||2 > ’7/2 > Bil,t—l —+ Big,t—l-

On the other hand, if \|9Ai17t_1 — 9i2,t_1 |2 > Bi, +—1+ Bi, +—1, we must have iy, i, belongs to different

clusters because
B -1+ By <||éz‘17t71 - éig,t71||2 <16, — éil,t71||2 + ||0Ai1,t71 - éig,t71||2 + ||éz’2,t71 — 05,12
<Bj i1+ ||éi1,t71 - éig,t71||2 + B, -1,

which implies ||0;, ;1 — 0i,+_1]> > 0, i.e., they belong to different clusters.
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Therefore, if i € N, i.e., ||0Ait’t,1 — éz‘,HH < B, -1+ Bi_1, we must have that i € N, as well or
B, -1+ Bi ;-1 > /2 (which is impossible by our assumption that B;; 1 <~/4).

On the other hand, if i € V;,, then we must have |\éit7t,1 — ém,l || < Bi,+—1+ Bj +—1, which implies
that z'E/Vt as well.

Above all, we have shown that A;, =A;,. O

Note that given (EC.11) and (EC.12), we have that B;; 1 <~y/4 for all 7 if

ki((d+2)log(1+1T))?
74)‘%A3 minie[n] qu

t>1+

for some constant k;. Therefore, for each ¢ >t where

(EC.13)

{: max {4t1, 1 -+ kl((d+ 2) log(l +T))2 } 9

YA AG minep, g7
and t; is defined in (EC.10), N, =N, with probability at least 1 — 2n /2.
The next lemma shows that the clustered estimation will be quite accurate when most of the A

is actually equal to N;,.

LEMMA EC.5. For any t such that t > 2t, we have

MAZV/q;,t 7
B B R el

S€7~—jtvt
where t is defined in (EC.13).

Proof. The proof is analogous to Lemma EC.3. Let £y, be the event such that ./\7} =N,,, and 6~'j,t
be the event such that Tj,t < 3¢;t/2. From our previous analysis, we know that given t >, En,
holds with probability at least 1 —2n/t?. Also, according to Lemma EC.1, event g'j,t holds with
probability at least 1 —1/t* given ¢ > 8log(2T")/ min;c(,; ¢; (which is satisfied by taking ¢ > ).
On event gj,t and Ey ; for all s € [t/2,t] (which holds with probability at least 1 —6n/t), we have

t

t t
Min( DD ELG = st Fo]) =i (D2 ELG = justi Foa]) = D7 MATG(T;) 2

s=1 s=t/2 s=t/2

—
WA ALY

4

by definition of g; following a similar procedure as in Lemma EC.3.



ec8

Therefore, we have for any ¢ > 2t,

/ AlAg V gjtt
P )\min Z UsUy | < ?

seﬁt,t

MAZ /gt
:Z[P Amin Zusu; <10qutjt:j P(j:=17)

J€[m] Sei’jtat
MAZV/ @t |
=308 [ | 30w | < 22V g,
jeim] s€Tj ¢
For each j € [m], we have
MAZ, /gt
P Amin s /- < —v
2 st 8
S€7‘—j’t
A1A2\/a“7 ~ 6n
/ 0 J
<P | Auin Z Usthy | < ——g U (EniUEs) T
€Tt sEft/2,1]
MAZ/qit MAG/q;t 5
=P )\min Z usu; < 10Tq]7)\min Z [E[USU;LF.S_l] Z 1+%’ U (gN,t Ugj,t)
T €T s€ft/2,1]
4 6mn - ™m
t — ot

where the first inequality is from the probability of the complement of |J ;5 4(Ene U &.1), and
the last inequality is by Theorem 3.1 in Tropp (2011), and we take

)\1A(2) minje[m] q]~

. ( 8Rlog(2(d +2)T) )2.

Since t > (8Rlog(2(d+2)T) /(A A min; e \/E))Q by definition, we complete the proof. (]

EC.2 Different 0, for the Same Cluster

In this section we present the technical lemmas in proving the regret of the modified CSMP when
parameters ; within the same cluster are different. Note that we assume ||6;, —0;,||2 <o for any
i1,19 in any cluster N;.

The first result is a corollary of Lemma EC.4.

CorROLLARY EC.2. Suppose for all i € [n] it holds that ||éi,t_1 — bill2 < Biy—1 and B;;1 €
(Y0/2,7/6). Then (with v > 3v,) we have that N, =N,,. Moreover, if we only have B; 1 < /6,
we have N, C N, .
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Proof. For the first part of the corollary, the proof is almost identical to Lemma EC.4. First of
all, for iy,i5 € [n], if they belong to different clusters and B;, +—1 + B, —1 < /3, we must have
||éi1,t71 — éiQ,t71||2 > QBil,tfl + 2B2'2’t,1 because

Y SHGH - 0i2||2 < ||011 - éil,t*1||2 + ||éi1,t*1 - éiz,t*1||2 + ||éi2’t*1 - 6i2’|2

<Bj i1+ ||0Ai1,t71 - éig,t71||2 + B, -1 <7/3+ ||éz'1,t71 - éig,t71||21

which 1mphes that ||9A7;17t,1 - éi2,t71||2 > 2’}//3 > 2Bi1,t71 + 2B¢2’t,1.

On the other hand, if [|6;, ;1 — iys1]|2 > 2Bi, 41 + 2Biy4_1, we must have 4y,i, belongs to

different clusters because
2B, 41 +2B;, 11 <||éi1,t71 — éig,t71||2 <110, — éil,t71||2 + 110y t-1 = Oig 1|2 + ||éi2,t—1 — 0, ]2
<Bi, -1+ |0iy0-1 — iy t-1l|2 + Biy i1

which implies |0;, -1 — 0y 1—1l|2 > Bi4—1 + Biyt—1 > 70 (where the second inequality is because
Bii—1>%/2), i.e., they belong to different clusters.

Therefore, if i € N}, i.e., ||9A,-t7t,1 - éz—7t,1|| < 2B, -1+ 2B, -1, we must have that i € NV, as well
or B;,;—1+ Bit1>7/3 (which is impossible by our assumption that B;; ; <~/6).

On the other hand, if i € NV;,, then we must have ||0Ait7t,1 — éi’t,1|| <2B;,¢+-1+ 2B, 1, which
implies that i € AV as well. Summarizing, we have shown that ./\Z»t =N,,.

For the second part, suppose this is not true. That is, there is some 7 € N, with i & N,,, which
implies [|0;, — 6] >~ and Héil,t—l — éi%t_ng <2B,, +-1+2B;,;_1. Note that

v <||6;, — 0il]2 < |16:, — éit,t71||2 + ||éz‘t,t71 - éi,t71||2 + ||éi,t71 —0i|2

<Bj, -1+ ||éit,t71 - éi,t71||2 +Bii1<7/3+ Héil,tfl — éiQ,tlez;

A~

Thus we have ||0Ai17t,1 —0iy1-1]]2 > 27/3 and we have B;, ;1 + B;;—1 > 7/3, contradicting with
B 1 <7/6 for all i. O

Suppose in some time period ¢, product i; is in some neighborhood /\7} which satisfies ||6;, —
0i, |2 <70 with some constant 7, for any iy,i> € N,. Let @t,t denote the estimated parameter by
clustering all data in neighborhood M The next lemma measures the confidence bound of @m

compared with any true parameter 51 eN..

LEMMA EC.6. When T, > q;t/2 for all i € [N], we have for any i eN,,

N 2\/(d+2)log (1+%)+4logt L B0 t ol
t

10,0 = bil]2 < — + T
ll )\min(VNt) ll}‘min(VNt) Amin(VNt)

with probability at least 1 — O(1/t*), where Vy, =1+ ZteTN usuy and gy, = e x Gi-
t

it,t
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Proof. The proof is quite similar to Lemma EC.2. We drop the index i; for convenience. Note that

for an arbitrary parameter ¢ € ©, since 0, is the MLE, we have

0> 31,00~ Y 1(6) = S VL6 B~ 0) + 5 3 i) (w (B, — )
- o N R (EC.14)
+;M—d@—;@—w@zgkmwﬂ@—@+5wrme—%w%

where the first inequality is from the optimality of gt, and ¢, is a point on line segment between @
and ¢.
Now we consider Vi,(¢). By Taylor’s theorem, Vi ,(¢) = VI,(0,) + V1.(6,) (¢ — 0,), where 6, is

the true parameter at time s, and 6, is a point between ¢ and 6,. As a result,
Vi (¢) = —€sus + fu(ul 0 )usul (¢ — 0,). (EC.15)

Since ¢ € O is an arbitrary vector, we can let ¢ = 0; for any ¢ € N;. Combining (EC.14) and (EC.15),
we have that with probability at least 1 —1/¢2.

Iy, % 1N . ’ 1N
L= 1, <D e (B 0 — 30 A6.) (6, — 0, B — )+ 2,12

n (1] / n 2
<|| Zsjesusnvﬁuet —Oillv, + Z Vet s (6 = 0:) o1 161 = Bl vy, + 201

tR2 ~
g\/(d+2)1og <1+ d+2) +4logt]|6: = 0ilv,

3, (B yustil (6; = 05)[[]16: = 0s]lv,,
+ t
)\min(VNt)

+ 20, L2

L1R2%Z]V,\”/ttH§t —0illv,.

2, Min (Vi)

where the second inequality is from Theorem 1 in Abbasi-Yadkori et al. (2011) and the last inequal-

+2Z1L27

tR2 ~
g\/(d+2)1og <1 + M) +4logt[|6, —billv,. +

ity is because T} ; > ¢;t/2. By some simple algebra, above inequality implies that

2d21(1ﬁ)41t o
\/( +2)log (1+7355) +4log N LiR*oqy,t

16: = 6.llv,, < +2L.
M ll ll\/ )‘min(VNt)
This inequality further implies that
tR2
ra <2\/(d+2)log (1+@)+4logt LRt of
t— Yil|2 =
ll /\miﬂ(VN’t) ll)‘min(VNt) Amin(VNt)

and we are done. [
The previous lemma shows that the estimation error is basically dependent on the value of

Amin(Vy, ), which is described by the following lemma.
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LeMMA EC.7. The value of Auin(Vy,) satisfies the following.

(a) If t > Q(t) and t < k3/(max; ¢?7y;) for some constant k3 (so that k3/(max; ¢iv5) > Q(t) without
loss of generality), Amin(Vy,) > MA; \/@7/8 with probability at least 1 —O(n/t).

(b) If t > ks/(max; ¢775), Amin(Vi,) = MAG\/ A, /T A/, /8 with probability at least 1 —O(n/t).

Proof. For part (a), it follows from the same procedure as Lemma EC.5. The reason we want
t < O(1/(max; ¢2v3)) is to guarantee B; , > ~o/2 for s < t so that we will have A/, = N;, by Corollary
EC.2.

For part (b), with probability at least 1 —O(n/t), we have N, C N, for any s> ks/(max; ¢>v{)
according to Corollary EC.2. Thus Tm’s €T, s, fjs,s] and following the proof of Lemma EC.5, with
probability at least 1 —O(n/t), Amin(Vy,) > MAS/Qx, /T /O, /8- O

The implication of the previous lemmas is the following. When ¢ > Q(f) and t < k3/ max; g7,
we have most of the time N = N;,, and thus everything basically resembles the main setting of
this paper. However, as t keeps growing, we start to have only N, C N, according to Corollary
EC.2. That is, the n products are no longer clustered into the m clusters (with high probability)
as we want. Therefore, the regret after ¢t > ks3/max; g7y, has to be analyzed more carefully. Now

we provide the proof (sketch) of the theorem of regret of modified algorithm.

THEOREM EC.1. The expected regret of the modified algorithm of CSMP is

d?log”(dT) =
i€n] 4;

where m(T) and T'(T) are functions of T. In particular, when T < ks/ max; ¢?7;, we have m(T) =
m,T(T) =min{y$ Y. T, T}; as T — oo, m —n, T(T) =T where T is a constant depending on

the minimum gap between 0;,,0;, within any of the same neighborhood.

Sketch of the Proof. Note that in this proof, we will calculate everything on all nice events (e.g.,
||élt —0;]]2 < Bj ;- for all i € N) as in the proof of Theorem 1 which hold with high probability,
as the regret on their complement can be controlled to at most O(n). Now let the results in
Lemma EC.6 hold. If T < ks / max; ¢>v{, Corollary EC.2 shows that N; = A, for all t > Q(%). Thus,
combining part (a) of Lemma EC.7 and Lemma EC.6,

10, = 0j1.4]l2 < O(V/dlog T/ (d;,t)"/* + min{ro /T, 1}), (EC.16)

where the part min{~o/q;,t, 1} is because any estimated parameter is bounded. Thus, to bound the
regret when T < k3/ max; g2, the proof is almost identical to Theorem 1 so we neglect most part
of the proof. We want to bound 7,(p}) —r(p;) = O(r¢(p}) —r:(p;) + A?). Note that A? =0 (ff1/2>7

Nyt
T—1/2

thus for the part of regret > O (T

" ), it is bounded as in Theorem 1.
ts
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To bound r(p;) — r.(p;), note that we have r,(p;) — ri(p;) < O <||0it —Hjt7t||§>. Thus com-
bining (EC.16) and sum over ¢, we have this part of the regret is at most O(dlogTvVmT +
min{0d ¥, @7 T}).

If T > ks / max; ¢3¢, for any ¢ > ks / max; ¢2~¢, since Corollary EC.2 shows that N, C A;,. Thus at
any time ¢, we can take any subset of all estimated neighborhood of all i (i.e., {N;, : i € [n]}) whose
union is equal to A/. Without loss of generality, let m; denote the number of such neighborhoods
(denoted by {Nj, : k € [y]}) and 7, denote the maximum distance between any two parameters
within any /\A/[k],t (for instance, when all N, =N,,, we have m; =m, 7 =0). Obviously, we have
my € [m,n] and 7o < o. Then we basically follow the same procedure as earlier, and the regret in

each time ¢ > k3/ max; ¢?v; is at most

my my my
0 ([E dlog Ty \/qu[k] [, \/aﬁ[k]yt /t +min {%&t Ty b 1} D/, /t} >
=t (EC.17)

k=1
—O<E

’fﬁt mt
dlogT» /Ty, /t +min {%Z a’fv[k]’tt, 1} + ﬁzt/t] >
k=1 k=1

where jj) denote the index of the true neighborhood that J\A/’[k]yt C ./\/'j[k], and the expectation is taken

over the realization of all neighborhoods {A;, : i € [n]}. Thus, we can choose the 7, neighborhood
so that ZZL \/j, 18 minimized, and denote m as a number so that Vi > [E[ Zzl aj[k]] and
m > [E[m,] for all . Thus (EC.17) is bounded above as

my
) 22 ~
min {'70,1&2 q/(/[k]’tt, 1 }
k=1

and we are done with the expression of regret by summing over all . Note that as T — oo, it

0 (dlogT\/ﬁl/t—i— E

+\/ﬁT/t>,

is obvious that each ./\A/',-ﬁt becomes {i} itself when B, ; is sufficiently small compared with the
minimum gap between any two parameters within the same neighborhood. Thus ¥, becomes 0

(implying I'(T) is bounded) and m — n as m; — n. OJ

EC.3 Price Dependency of the Real Dataset

In this section, we conduct a data analysis of the real dataset in Section 4.2. The purpose is to show
that the demand of each product mainly depends on its own price. For illustration of the effect of
price, we exclude the features and adopt a simple logistic regression model for each product, which
is defined as, if we make the dependency on index 7 implicit,

1

Eld:(p)] = 1teoabp

where p is the price of interest, which can be the product’s own price or any other product’s price.
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Figure EC.1 P-value of own price versus other prices.
To test the significance of each price, we evaluate the p-value of the hypothesis test with
Hy:6=0 VS H,:5#0.

First, for each product i, we calculate the p-value of its own price and the average p-value of other
prices, and results are summarized in Figure EC.1, which is a histogram of the two p-values of
all products. From this histogram, we can clearly see that most products have significantly lower
p-value of its own price than other prices, showing that the demand is mainly dependent on its
own price.

Of course, this experiment mainly shows that overall other products’ prices do not have significant
impact on each product’s demand, but we still do not know how specifically price of product i
affects demand of product ¢’. Next, we will investigate one by one of each product’s price on other
products. For instance, fix product i, we calculate the p-value of price p;; on the demand of any
other product ¢’ # i, and then count how many products i’ # i that price of product i has significant
(i.e., p-value<0.05) impact on.

Table EC.1 summarize this result. On average, the price of each product only significantly affects
the demand of 9.44 other products, compared with the fact that number of products, whose demand
is significantly affected by its own price, is equal to 51. Note that it is not surprising some products’
demands are not significantly affected by their prices because of the data scarcity due to low sales
and popularity. For the purpose of simulation in Section 4.2, we will still fit the data of these 100

low-sale products as it is for illustrative purposes.



ecl4

Mean Standard Deviation Maximum Minimum

Number of significant p-value | 9.44  4.49 22 2

Table EC.1 Number of significant p-value on demand of other products.



