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1 | LEMMAS

Summary

This is the supplementary material for “Semiparametric analysis of a generalized
linear model with multiple covariates subject to detection limits”, including the proof

of Theorem 1, and additional Tables and Figures.

To derive the asymptotic properties of @ for arbitrary p from p = 1, we require five technical lemmas (Lemmas 1-5), followed
by two important lemmas about the general Z-estimation theory (Lemmas 6-7). For the simplicity of notation and the ease of
proofs for lemmas, we present the case p = 2 and sketch the extension to arbitrary p in each lemma.

Let @y = (a0, ay)" be the true coefficients for AFT models, #,(t;,1,) be the true cumulative joint distribution for the error
term in AFT models, and (6, ¢,. @y, 11y) be the true value of (8, ¢, &, 7). Denote (0, ¢, @, ) as a deterministic function, which

is defined by

Y. ¢,a,n) = E{w(Y,X,V,A;0,¢,a,n)}.

Let p* be the “in outer probability” and P* be the outer probability where P*(B) = inf{ P(A) : A D B, A € A} for any subset
B of Q in a probability space {Q, A, P}. For a vector u, define u®> = uu” and |u| as its Euclidean norm. Let || n — 5, ||=

supy [n(t) — ny(H)| and v{(, &, n), (g, ag. M)} =l = | + | a—ay |+ || n =1y |l
Lemma 1. If b(-) is a bounded Lipschitz function, then

{A| DAY = b{0" Dy ()} Dix )] 1 0 €Ot =(1,,1,)" €T C R}
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is Donsker.

Proof. Under Condition C8 where the b(-) is bounded, the b(-) is then a Lipschitiz function. With the indicator functions A
and A, and Theorem 2.10.6 in van der Vaart and Wellner,! we have that D, and b{HTD(X,t)} are Donsker. Therefore, the
class {AA,[Y — b{t‘)TD(XJ)}D(X’t)] : 0 €0,t=(t,1,) €T C R?}is Donsker. We can extend Lemmato arbitrary p by
modifying A A, to AjA, - A jand t = (1),1,)" tot = (t},....,1,)" CRP.

Lemma2. Let X and .A be the bounded covariate and parameter spaces, and H be a collection of distribution functions satisfying

Conditions 3 and 4. We have F = {5(t; —al x,t; —a) x) : (1;,1;) € T* CR* x € X, (a;,a;) € A, 5 € H} is Donsker.

Proof. Let F| = {n(t),t = (t,,1,)}. From Corollary 2.7.2 in van der Vaart and Wellner,” let the number of brackets [L;, U,]
such that L;(t) < n(t) < U,(t) for any nontrivial e, with 0 < e < 1 and f f |U(t,ty) — L;(t,,t)|dn(t,,t,) < €°, satisfies
log Nyy(e, Fy, L1 (P)) < K, /e* with some constants K; < co and 0 < s < 1. Let a; and a, be one-dimensional for the brevity of
notation. Since the parameter space A is bounded, A can be partitioned by a set of rectangular regions [/, ,u; ) X [I; ,u; ) such
that [u, — 1, | < €*/? and g, = I, | < €*/2. Thus, the number of rectangular regions is bounded by K, /e® with some constants
K, <ooand0 < s < 1.

We now consider F = {5(t; — a] x,7, — a] x)} and find the bracketing number for 7. Let

O (t), 1y, x) = min{ L;(t; — I} x, 1, — I}, %), L;(t) —wy X, 15 — uy, X),
L(t; - lklx, 1, — ukzx), Lt — U X, 1y — lkzx)},
and
Si(t1, 15, x) = max{U(t) — [ x, 1, = 1} ), U;(t; —uy X, 1, — uy, x),
Uity = L, x, 1y —u, %), Uty — g x, 15 — I, %)}
We have
Oy (11,15, X)
< min{n(t; = Iy x, 15 = L X), (8 — wy X, 1, — Uy, x),
n(ty — lk]x, Iy = ukzx)’ ity — Uy, X, 1) — lkzx)}

T

<n(ty — alTx, I —a,

X)

< max{n(t) — I X, 1) — 1 x), m;(t; — wy X, 1) — wy X),
ni(ty = L, X, 1) —uye, X), () — wye X, 1, — I x)}

< St 1, x).
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Therefore,

PISik(tp 1, x) — O;k(tp 1, x)|

/ / Uity = L x, 1y = L x) = Li(ty = I X, 1) = L, )l dng(t) + agpx, 15 + ayx)d Fy (x) .1
+ / / / |Ui(t) = wye X, 1) =y, x) = Li(t; —uye X, 1) —uy X)|dng(t) + ayx, 1, + appx)d Fx (x) (S.2)
+ / / / |U,(t; — lklx, ty — lkzx) - Lt — U X, 1y — lk2x)|dr]0(tl + ayoX, 1y + aypx)d Fy(X) (S.3)
+ / / / |U,(t; — lklx, 1, — lkzx) - L(t; - lklx, t, — ukzx)|dl10(t1 + ayoX, 1y + Aypx)d Fy (X) (S.4)
+ / / / Uity = L x, 1y = L, x) = Lty — wy X, 1y — wy, X)|dno(ty + ayox, 1, + appx)d Fy (x). (S.5)
+ / / / Uity = wye, X, ty = wy, x) — Lty = [ X, 15 = L, )[dno(t) + ayx, 1, + appx)d Fy (x). (S.6)

—00 —00 —00
The above calculation involves 16 integral equations, which can be grouped to three different types. Let U,(s;;,s;,) and
L,(sy,,55), and define: Type 1. s;; = s,; and 5}, = 54, i.e. equations (S.I)) and (S.2); Type 2. either s,; # 5,; OF 515 # 55, i.€.
equations (S.3) and (S.4); Type 3. s5;; # s,, and s, # 54, i.e. equations (S.3) and (S.6). In this calculation, there are 4, 8 and
4 equations for Types 1-3 integral. We calculated the equations by considering their types. For Type 1. integral, since [L;, U;]
are brackets for 7|, we have those integrals < e*. Now we calculate Type 2. integral using equation (S.3) as an example. Under
Condition C4 for 7, 5 Where 7jy 5 < ¢ and some calculations, we have that
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(S.3) :'///)Ui(t1 =l x,ty =L X) =ty — 1 Xt = L x) + 0ty — I x, 1, — 1) X)

—n(t) — Uy X, 1) — lkzx) +n(t, — U X, 1y — lkzx) - Lt — Uy X, 1) = lkzx)

X dno(t) + a10X, 1, + aypx)d Fy(x)

[n(ty — 1, x, 1) = L, x) =ty — L X, 15 — wy, X)|dng(t) + ayox, 1, + axx)d Fy (x)

IA
:}iﬂ
—
—
~—3

|
8
I
8
I
8

{n(t, — I x, 1 = L, x) = n(t; — 1 x, 1, — wy, ) }dng(t) + agpx, 15 + apyx)d Fy (X)

I

_Tf
—
—,
~—

|
8

I
8

8

\8

{n(t, — lklx, ty — ukzx) —n(t) — lklx, ty — lka)}an(tl + ayoX, 1y + Aypx)d Fy(X)

+
\aoo

|
8
8 |
8
8 |

~—;°®

{no(t) + ayox + I X, 15 + ayX + 1y, x)

I
[\}
2
+

o —

I
8

I
8

— ot + opox + lklx, Iy + GppX + lkzx)}dr/(tl, t,)d Fy(x)

0 o0 o
+///{T’]0(t1 +(X10X+lk1x,t2+a20x+lk2x)
—00 —00 —O0

— Moty + ayox + 1 X, 15 + appx +u, x) Ydn(ty, 1,)d Fy (x)

00 00 © 0 o0 o
§2€S+///cl(ukz—lkz)xdn(tl,tz)dFX(x)—///cl(ukz—lkz)xdr/(tl,t2)dFX(x)
0 —o0—00 —00 —00 —00

<26+ cE|X|e’? = K;e’,

where K3 = 2+ ¢, E|X|e? < oo and 0 < s < 1. Therefore, those equations, which belong to Type 2. integral, have an upper
bound K;e®. Finally, we show that Type 3. integral also has an upper bound using equation (]'SE[) as an example, where
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0 o0 o

(S.5) =///|Ui(t1 =l Xty = 1 X) =ty = L x, 1, = [, x) + 0ty — [ x, 1, =1} x)

—00 —00 —00

=0ty —wy x, 1y —up, X) + 0ty —wy X, 15 —up, x) = Lty —uy X, 1) —wy x)|dng(t) + ayoX, t, + ayx)d Fy(x)
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o0 —00
=2€S+///|rl(t1_lklx,tz_lkzx)_r](tl_lk]x,tz_ukzx)'i‘r](tl_lk]x,tz_ukzx)
=0ty —w X, 1y — up, )| dng(t) + aypx, 15 + ayx)d Fy (x)

o o
// In(ty = x 1y = L, x) =ty = L x, 1y — wy, X)|dng(ty + ayx, 1y + ayx)d Fy (x)

0 0 X
+ / // [n(t, — L Xty = g, x) = n(ty —wy X, 1, — uk2x)|dr/0(t1 + ayoX, 1y + aypx)d Fy(X)
—00 —00 —00

<26 +2¢,E|X|e/? = K€,

and K, = 2+2¢, E| X |€? < c0. Hence, Npyle,F, Li(P)} < exp{K|(4+8K;+4K,)/e*}{ Kr(4+8K;+4K,)/e’} < exp{(K, +
K,)(4 +8K; +4K,)/e'}, i.e. log Nyle, F, L(P)} < Ks/e€*, where K5 = (K| + K,)(4 + 8K; +4K,) <ocoand 0 <s < 1. We
obtain that F is P-Donsker.

Lemma [2|can be extended to arbitrary p using n(t, — alTx, O aZx), and can be proved by considering all combinations
of pairs for a in L; and U;. We demonstrate that there are 16 equations for p = 2. For p > 2, it is still doable but requires more
steps. In addition, Corollary 2.7.2 in van der Vaart and Wellner is for arbitrary p, and the follow-up discussion after Corollary
2.7.2 on Page 157 in van der Vaart and Wellner!' details the conditions for showing P-Donsker in an arbitrary p.

Lemma 3. Suppose Conditions 1-3 and 6-10 hold, we have that

7

{ /Cl—arx fy(y|t1 + C(;rx, T2, X) [y - b{HTD(x,tlﬂl;rx,Tz)}] D(x,tl+a']rx,T2)’7(dtl’ dlz = T2 - a;x)

Jor-ar SO+ alx Ty, 0n(dty dty = T = a5 x)

0 €0,|1/a(p)| <1, (a1, @) € A, v{(, & fig). ($o, @ 11p)} < 8, x EX,y € y}, (CX))

Cz—a;rx

{ /Tz Fy0lt, + %Tx’ Ty, x) [y - b{eTD(x,Tl,zz+a2Tx)}]D(x,T, ,t2+a2Tx)’7(d’1 =T, - alTx, dt,)
/sz_arx F,00 + aZTx, Ty, x)m(dt, =T, — alTx, dty) '
27%
9 E ®s |1/a(¢)| < la (a19a2) E A,V{(é, &9 ﬁ&)a (¢O» a()’ 7]0)} < 52’x e va e y}, (SS)

and
T

)
{ < / / £l + ol x, 1y + 0y X, ) [y = DO Do sar ciyvar o]

C—al'x Cy—alx
7 %
D(x’tlmlrx,tzwzrx)r](dtl,dt2)> / / / [0l + af x.t, + a) x, x)n(dt,, dty)
Cl—a;rx Cz—(tZTx
9 E ®9 |]/a(¢)| < l» (als az) e A, V{((ﬁa &’ ﬁ&)? (¢09 a()» ’70)} < 63,X E Xsy e y} (Sg)

are Donsker.
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Proof: This lemma is an extension of Lemma 6 in Kong and Nan'? for p = 1. Since the ﬁrst two classes 7) and (S.8)) are for
the subset where the subjects have only one covariate censored among two covariates, (S.7) and (S.8)) can be shown as Donsker
using Lemma 6 in Kong and Nan.”? We here focus on showing the class is Donsker.

Under Condition10 where / / oTx 5,00t + a X, 1y + a X, x)n(dtl, dt,) is bounded away from 0, the proof can be
completed by showing the numerator and denommator in @]) are both Donsker via Theorem 2.10.6 and Example 2.10.8 in van
der Vaart and Wellner.!' Using the integration by parts, we have

7

)
/ / 5,00 +a1Tx,t2+a2Tx,x)11(dtl,d12)

Cl—a;"x Cz—a;_"x
~ T T T T
~ (T, ) f,0lT oy X, 7 + @y x, x) = n(Cy — ) x, 1) [,(0|Cy, 75 + @y X, X)
- 77(71, C2 - agx)fy(yh-l + a?xs C27 x) + n(C] - a{xs C2 - agx)fy(ylch C2’ x)

T T,

T T T T
- / I, 2 Cy —a; x, 1) 2 Gy, —ay )n(ty, 1) fL,(V]t) + a; x, 1 + X7y, X)
Ci—c3 Gy

X [ = B{O07 Dyt sty 1T i () + af 0)iy(ty + ) x) [a(@)d1 1.

Under Conditions 3 and 7-9, f,(y|7; + alTx, t, + xT a,, x) is Lipschitz function for (6, ¢, a), and h(t) is Lipschitz function for
t. By Section 2.6 in van der Vaart and Wellner,! the class for the indicator functions {I(t, > C, — a x,t, 2 C, —a Tx)}isa
Donsker. From Lemmal {n(C, - a x,C,—a, Tx)} is Donsker. Hence, by Section 2.10.1 and Theorem 2.10.3 of van der Vaart
and Wellner,X we have {I(¢, > C, — a X,t, > C2 a, Txm(t,, 1)1, +a X, t2+a x, x)[y—b{6T D, +a iy ol x)}]y hy(t,+
a Tx)h,(t, + a, Tx)/a($)} is a Donsker which 1mphes that the denommator of (S.9) is Donsker. Similarly, we use integration by
parts for the numerator in (S.9) and show that the numerator (S.9) is a Donsker class. The steps are similar to the above for the
denominator. This completes the proof.

The extension of Lemma 3| for arbitrary p will have 27 — 1 classes (i.e. 3 classes for p = 2). The proof for arbitraryp is quite
tedious because it requires more calculations for integration by parts for each class. Thus, we only show p = 2 but the results
work for any arbitrary p.

Lemma 4. Suppose Conditions 7-10 hold. When § — 6, and v{(, &, la): (g, @y, 1)} = 0, we have that E{|y (0, p,a,n) —
(8, do> ags 770)|2} -0

Proof: This lemma is similar to Lemma 7 in Kong and Nan” for p = 1. The proof is based on the Mean Value Theorem and
can be directly shown by simple calculations. We thus omit the details. Lemma ] for arbitrary p works.

Lemma 5. Suppose Conditions 3, 7-10 hold, we have E |y (6, ¢y, oo, p)|> < o0

Proof: Given Condition 3, 7-10, the proof follows a straightforward calculation. Thus, the details are omitted. This lemma
also works for arbitrary p and can be proved by direct calculation.

Lemma 6. (Consistency) Suppose 6, is the unique solution to ¥(6, ¢, e, #1,) = 0 in the parameter space © and (¢, @, flq) are
the estimators of (¢, &, 7y) such that v{(¢, &, 7j,), (¢,
@y, M)} = 0, (1). If
sup |V, (6, b, a,n) — YO, . &y, 1)) —o.()
b0 ((@.an.boapm)<s, 1 + ¥, (0. D, a.m| + 90, pg, ag. mo)l *

for every sequence {6, | 0}, then 0 satisfying lI‘n(@, b, a, fla) = 0,-(1) converges in outer probability to 6.

This lemma is proposed in Nan and Wellner? where they introduced a general asymptotic theory for semiparametric Z-
estimation with bundled parameters. We thus reformat their Lemma 2.1 as our Lemma [6] The details of proof and discussion
for this lemma can be found in Nan and Wellner.” This lemma works for arbitrary p by modifying a and 5. Hence, to prove the
consistency of 8, we only need to verify the condition in this lemma. We detail the proof of consistency in Section

Lemma 7. (Rate of convergence and asymptotic representation) Suppose that § satisfying ¥, (6, ¢, &, lg) = 0y (12 is a
consistent estimator of 6, that is the unique solution to ¥, (0, ¢, @, #,) in ©, and that (¢3, @, ;) are the estimators of (¢, a, 77)
such that v{(¢, @, fla)s (o Xo,1p)} = O, (n'/?). Suppose that the following four conditions are satisfied.
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i. (Stochastic equicontinuity)

~

In' /2P, =)0, b, &.715) — n' /> (¥, — V)0, do» X 1))
L+nl/2|¥, (0, b, &, fig)| +n' /2P0, b, &, i)

0,-(1)

ii. nl/z‘{’n(eo, o> Xy, Mp) = Op*(l);

iii. (Smoothness) there exists continuous matrices ¥, (6, Po» %o 1o)» P26, Po> Xs Mo)> P58y,
&0 A, 1) and a continuous linear functional ¥,(6,, ¢, &, 1) such that
[\P(é’ ()55 a,ng) — (0, do. g, 1p) — ?1(903 P, s ’10)(9 —0p) — \PZ(QO’ P, s ’Io)(d; — o)
- li‘3(90’ Py, Xy, No)(@ — a) — li14(907 bo» X, Mo)(Ag — 1p)]
= 0(10 = 6y]) + olv (. &. 7ia). (. g, 1p) .

where we assume that the matrix ‘I‘l (69, Py, g, 1p) is non-singular; and

iv. 11298y, by g oMb — by) = 0, (1), n'/2¥5(8y. by g 1p)(& — @) = O, (1) and
‘P4(00’ (.bo, g, ﬂo)(ﬁa - ’10) = Op*(l)'

Then 8 is n'/2—consistent and

\/;(é =6y :{—‘?1(00, o> Xy, ’70)}_1 \/;{(lpn =)0y, do, g, 1p) + ‘1’2(00, P, Ay, ’10)(‘1'3 - &)
+ li‘3(907 ¢07 a, '70)(& - ao) + li‘4(007 ¢o7 a, ”lo)(ﬁa - ”Io)} + Op*(]‘)’

This lemma is again studied in Nan and Wellner? for semiparametric Z-estimation with bundled parameters. Since our nui-
sance parameters are free of the parameter of interest 6, we rewrite their Corollary 2.1 as our Lemma[7] The detailed proof and
discussion for this lemma can also be found in Nan and Wellner.” This lemma can be extended to arbitrary p by modifying those
parts involving & and #. With this result, we can show the asymptotic normality of § by verifying four conditions i-iv in this
lemma in Section 3

2 | PROOF OF CONSISTENCY

To show the consistency of 9, we verify the condition for Lemma @ Firstly, 9 is the unique solution of ¥,(6,¢,a,n) = 0,
where W, is the derivative of log-likelihood with respect to . Under regularity conditions, since i, & and 7, are n'/?-consistent
estimates, we have v{(¢, &, fla)s (g, @y, My)} = 0,-(1). Hence, via Lemma@ the proof can be completed by showing that
sup |V, (0, p, a, ) — (O, g, &y, my)| = 0,-(1), (S.10)
0€0,v{(d.a.n).(¢g.0.1)) } <6,

for every sequence 6, = 0.
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We first define the form of ¥, for an arbitrary p. Specifically,

1 n
¥,0.b.m) = — 3w X, V. A 0. n)
i=1
n p
1 >
= 2 <HAJ" [Y; = b{6" Dx 1)} D,
i=1 N\ j=1

p “ -1

+ Y a-a,)]] A,[){ / frils; +al X, T, Xon(ds, ds, = T, — af X, VI # j)}

=1 1#]
C,—al'X

7

X / <fY(Yi|Sj + ajTXi, T—ji’ Xi) [Y, — b{GTD(X/.,sj+a/7.-Xi,T,ﬁ)}]D(Xi’sj-"a;thTfﬂ)

Cj—a/TXi
Xn(ds; ds; =T, —a X;,VI # j))

P P Y *
+ ) D =a0 -] Ali){ / / Syils; +al X5+ af X, T . X))

=1 k>j 1#j#k X o orx

T A G Ay

-1
X n(ds;,ds;,ds, =T, — a X, VI # {j,k})}
7 Ty

X / / {fY(Yi|sj + ajTXi, s + a,{X[,T_U’k)[,X,-)

G —ajTX, Ck—aZX,

i (0T
X [Yi - b{o D(X,,sj+ajTX,.,sk+aZX,,T_(/Yk),.})]

T .
X D(anﬁafxnsk+a,fX[,T_<jAk),)’7(dsj’dsk’ ds; =T, —a; X;,VI # {j, k})}

+ ..

7 ™

P
+[Ja- Aj,.){ /
j=1

Cl—a]TXi Cp—ll[X,

-1
fogpils) +a] X, .5, + a;Xi,Xi)n(dsl, ,dsp)}

7 T
X fosilsy +al X, s, +al X, X)[Y; = b{6" D T ]
0,.p\"il>1 1% 9p p N> [ i X5ty X5, +al X))

Cl—a']rX,- Cp—apTX,

X D(X,,s,+alTXI,---,sp+a[7;X,.)n(dsl’ LA dsp)> .

Since showing the equation (S.I0) for any arbitrary p dimension involves heavy notation which makes the details unreadable,
we demonstrate the steps using p = 2. Let E;(a) = C; — ajTX and S;(a) =T, - ajTX, for j = 1,2. Define
Aj(sj. 0.0 = fy(Yls; + af X. Ty ;. X)[Y = b{0" Dix vorxr, )y} Dixs, varxry. -
Bj(s;,0,¢,a) = fy(Y|s; + a] X, T5_;,X), forj = 1,2,
and
As(s1.50.0..) = fy(Y]s; + o] X, j = L2.X)[Y = b{0" Dix  arx jo1.2)}] Dixcsy arx j=1.2)
B3(Sla S2, 9’ d)» a) = fY(Ylsj + afxvj = 1’ 25 X)
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Next, we show that

sup |Tn(99 ¢7 a, ’1) - T(ev ¢()9 a()7 7’]0)|
00, {(($,an).(bo.0.10)} <6,
<sup |, - P)[AA,{Y = b(0" Dx 1) } Dix )] (S.11)
(S
2 fE(a)A (Sj,e ¢ a)n{dsjvdsji_j _S3—j(a)}
+ [ sup ADA,_; ’ (S.12)
21 Locoi@an.@papm)=<s J5 @ Bi(s)> 0. b ao{ds;. ds;_; = S;_y()}
/;f‘(a) A(s;, 0., 00n{ds; ds;_; = S;_(@))
+ sup (S.13)
0€O.v{ (. (ho,@o o))< fE w0 Bi(sj 0. 0. om{ds;.dsy ;=S5 ()}
J5 ap A5 0- b @o)olds dsy_; = Sy (@)} H
/£’<a | B (s;,0, ¢, apmolds,. ds;_; = S5 (@)}
/ / A3(s1, 52,0, 9, a)n(ds, ds,)
+ sup (P, — PY(1 = A (1 — Ay 2@ (S.14)
0€0.v (1), (o-t 1iy) ) <6, I @ E,(a) Bs(sy, 55,0, ¢, )n(ds,,ds,)
/ / 3(51,52»9 @, a)’l(dspdsz)
+ sup e (5.15)
0€0.v (b1, (bo-to tig) ) < fE @ z(a) B;(sy, 55,0, ¢, a)n(dsl,ds2)

7

E\(ay) Ez(“o) 3(S1»S299 d) ao)no(dsl,dsz)

T %)

El(ao) Ez(ao) B3(S1, S2’ 97 ¢9 a())rl()(dsls dsz)

The equation (S.T1)) is equal to 0,.(1) by Lemmal I} and equations (S.12) and (S.14) are equal to 0,.(1) by Lemma 3} Using
the Mean Value Theorem, we obtain that the equations and are equal to 0,.(1). Combining these results gives the
equation (S.10) which completes the proof of consistency. The extension of the proof to arbitrary p has similar steps but requires
more calculations to obtain equation (S.10).

3 | PROOF OF ASYMPTOTIC NORMALITY

We assume p = 2 for the brevity of notation. The proof of asymptotic normality is based on the result in Lemma[7] Thus, Con-
ditions i-iv for Lemma 7] are needed to be verified. Under the regularity conditions, using Lemmas [T} [3] and [ Condition i. in
Lemma (7} holds. By the central limit theorem for i.i.d. data with E|w (6, ¢y, @, ;10)|2 < oo in Lemma |5} we then have Con-
dition ii. Furthermore, we use Taylor expansion to show Condition iii. Let ‘Pl ©0,d,a,n) = E{ow(Y,X,V,A;0,¢p,a,n)/00},
W0, ¢, a.n) = E{oy(Y.X,V,A:0.¢,a.7)/0p}, and ¥,

0. ¢.a,n) = E{oy(Y.X,V,A:0,,a,1)/da}. Given that v{($, & fiz). (. &g, 1p)} = O

(n~1/?), we take Taylor expansion of ¥, for 6, ¢ and e to show that

~

(0, b, &, iiz) — Y0y, o> @gs 1) = V0, P, &, 71,)(0 — 0) — P50, ., &, iz )(b — o)
— W8, b, &, 75 ) (& — ag) — R(By, P &, fizs o)

where 0, ¢ and & are the line segments of (6, 0) (¢o, d)) and (ao, @), and R(GO, b0, @, 74, ) 1s the remainder term. We then can
ShOW that |\P1(99 d)a s a) IP (909 d)()s a()’ ’1())' - Op*(l)’ |\P2(99 ¢7 s a) \P2(007 ¢07 a()v ’70)' - Op*(l) and |T3(05 d)» a9 na)
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V.6, do» g, 10)| = 0,-(1) by direct calculations. Now, we focus on the remainder term which is written as
R(909 d)o’ a, ’19 ’70)
2 S A1 00: bo- {ds ds_y = S j(0))
= D Pl -2pas 3 —
j=1 fEJ(a) Bj(sjs 00> do> a)rl{dsj’ ds3_j = S3—j(a)}
fET;(a) A;(s;, 60, o, npids; ds;_; = S3_j(@)} }]
/& (@ Bi(5 00, bo @)l s dss_; = Ss_(@))}
fE () Ez(a) A3(S1» 52, 007 ¢07 a)r](dsls dsz)
/E (a) Eq(a) B3(s17 Sz, H[)? d)()» a)r](dsla ds2)
Efl(a) Ez(a) 3(S1, szs 90’ d)()s a)ﬂo(dspdsz) }]
/E () E2(a) B3(S1 ) 52, 90’ ¢09 a)”lo(dsp dsz)

P[(l —Apd = Az){

where E;(a) = C; — aTX and S;(a) =T, — ajTX, forj =1,2.
We further deﬁne
lP4(90a o> @y, 110) g — M) (S.16)

2 -/J;jj(ao) Aj(Sj, 90, ¢0, ao)[fl&{dsj’ ds?,_j = S3_j(&)} - ﬂo(de, dS3_j)]
=ZP (1-A)A,_ -
Jj=1 /E/(a(l) Bj(sjae()v ¢O,a0)’10(de,dS3_j)
/,;;(%) A,-(S,-,Ho,¢o,a0)no(dsj,s3_,-)/,;’(a0) B;(s;, 00, o, ap)lfiglds; dss_; = S5_ (@)} —ny(ds;, dss_;)] }]
- T; 2
{ fE;(ao) B (s, 09, o, o)p(d s 5 dss_j)}
7

El(ao) E‘L:Z(ao) A}(Sly 52’ 009 ¢03 a()){ﬁ&(dsh dsz) - rl()(dsh ds2)}

+ P[(l A= Az){
El(ao) sz(aO) B3(Sl, S5 9(), ¢(), ao)ﬂo(dsp ds,)

/ (‘10)/ Z(al)) A3(s],s2’ 005 d)()’ ao)”lo(dslydsz)/ (‘10)/ Z(al)) B3(S1,S2, 007 ¢O9 a()){ﬁ&(dsladsz) _ﬂo(dsl,dsz)} }]

T, 2
{ E(“O) Ezz(a()) B3(S1,S2, 9()7 (l)(]’ a())rlo(dsl’dSZ)}

and have that

|R(009 ¢09 ’1,1, 770) \P4(00’ ¢()5 a()s ”Io)(ﬁ& - 7]0)|
= [R(0y, ¢, @, g, My) — R(Oy, Py, &g, flg o) + R(By, Py, Xo, fig, o) — li’4(‘90, o> ag> Mo)(fig — 1o)l
< |R(90, ¢(), a, 775,, ’70) - R(eo, ¢0, a, ﬁa, ’70)| + |R(90, ¢0, a, ﬁa, '70) - l.P4(90, ¢0, g, ﬂo)(ﬁa - ”Io)|
After a straightforward and tedious calculation, it can be shown that |R(8, ¢, &, 74, 1g) — ROy, by, X, g, 1o)| and
| R(B> Bo» X iz o) — P4 (05 Po» Ag» M10) (g — )| both are o(|& — ety | + | |74 — | |) (see an example for the unvariate censoring
in Kong and Nan2). These results give Condition iii. in Lemma Finally, under Conditions i.-iii. and the result where ¥, & and
fi; are n'/?-consistent estimates, Condition iv. holds.
Having verifying Conditions i.-iv. in Lemma we obtain that 8 is n'/2—consistent estimate and
n'2(0 = 0) ={ =¥, (, g, @, 1)}~ 1 (P, = P)(By, Do @y, 1) + W10y, Py, g, 1) (D — )
+ li‘3(907 B> s Mp)(& — ) + li14(00, $o» Xy, o) (g — M)} + op*(]‘)7
where li11(90, (15(), ), ’10) = E{aW.(Ya X, V,A; 90, d’o, ), ’70)/090 1, ‘1‘2(90, d)o, ay, ’70) = E{dy( )
Y, X,V,A; 0y, g, @y, 19) /0 }, Y3(0y, g, g, 1g) = E{aV/(AY» X, V., A; 6y, ¢y, g, 19)/ 0y} and W4 (6,, dg, g, 1)1 — 1) is
given in (S.16). Since the asymptotic distribution for n'/2(¢ — ¢,) and n'/?(& — a) are known in the standard generalized

linear model and semiparametric AFT models, we can define that there exists functions m, and m; such that n'2($ — bo) =
G,m,(6y, o, Y, X, V,A) + 0,(1) and n'/2(a — ay) = G,m;(ay, X, V,A) + 0,(1). Thus, under regularity conditions, we have

n' (¥, = W)(0p, bo» @, 19) = G, {w (Y, X, V, A; 6, by, @, 1)}
nl/z{qlz(eo, ¢0, a, ’70)((13 - d’o)} = Gn{lyz(eo, ¢0, a, "I())mz(e(), ¢o, Y,X,V,A)},
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nl/z{q"a(eo, bo» @, )@ — @)} = G, {¥5(6y, by, &g 11)m3(y, X, V, A)},

and
n1/2{1p4(90’ d)()s g, ﬂo)(ﬁa - ”lo)} = Gn {lP4(a0a ﬂo)m1(ao, X,V,A)}.

Hence, by the central limit theorem, we obtain that the asymptotic distribution of n'/2(9 — 0,) is normally distributed with
mean-zero and the covariance matrix Q = J~'XJ~!, where J = =¥, (8,, ¢y, @, 1) and

z ={W(Y’ X,V,A; 90, d’o, @, ’70) + ‘1‘2(00, ¢0, @, ”lo)mz(eo, ¢0, Y,X,V,A)

. . ®
+ \P3(90, d)o, g, ﬂo)m3(a0, X,V,A) + lI14((103 ﬂo)m1(ao» X,V, A)} .

The proof for any arbitrary p can be shown by modifying the Taylor expansion where the remainder term R will involve 27 — 1
equations. The rest steps are similar to p = 2.

4 | ADDITIONAL SIMULATION RESULTS AND TABLES FOR DATA ANALYSIS

4.1 | Simulation results for p=2

Let X, ~ Ber(0.5) and X, ~ N(1,1) be two fully observed covariates, and X = (1, X, X,)T. We generated two covariates
subject to LOD, Z = (Z,, Z,) with Z, = h(T}), Z, = h(T,), where
T,=h"'(Z) = ajTX +&, forj=1,2

and ¢, = (=0.25,-0.5,-0.25)T, a, = (-0.25,-0.25, —-0.5)7 and the joint residuals (£, &,)" follows a bivariate distribution 7.
The outcome of interest Y was generated by Y = fy + X, + b Xo + 1 Z, + nZ, +e,where fy =, =p, =y, =, =1
and € ~ N(0, 1). We considered two transformation functions A(-) and two joint distributions : z = h(t) = —t (i.e. T; = =Z})
or z = h(r) = exp(—1) (i.e. T; = —log(Z))), and n = MVN{(0, 0)",%,} (multivariate normal) or 7 = 0.5SMVN{(0,0)",%,} +
0.5MVN{(0,0)7, %,} (a mixture of multivariate normals), where

1 1
2=1/42< ”) and z=1/82< p)
1 2

p1 p1

and p = 0.5. We generated samples with size 200 or 400, and repeated 1000 times at marginal censoring rate 25% or 50% for
Jj = 1,2. The results for T = —log(Z) and the multivariate normal as the error term distribution are given Table 1 (main paper).
The results for T = —Z and the multivariate normal or a mixture of multivariate normals as the error term distribution are given
in Tables [ST|and[S2] and the results for T = —log(Z) and a mixture of multivariate normals as the error term distribution are
given in Table[S3] We further explored the property of the proposed method with small sample sizes, 50 or 100. The results are
given in Table[S4]

4.2 | Simulation results for p=10 with A(T},) = exp(-T})

Considering two fully observed covariates X = (1, X, X,)T where X; ~ Ber(0.5) and X, ~ N(I,1), we generated ten
left-censored variables Z = (Z, ..., Z,,)! with Z; = h(T;) =exp(-T)), j = 1,..., 10, by

T=a"X+¢,
where T = (T}, ..., T})",
025 05 05 05 05 025 035 05 035 025
a=[a,...,00=] =05 —-0.25 -0.5 -0.25 —-0.5 -0.25 -0.25 —0.25 —0.25 —-0.25 |,
-0.25 -0.5 -0.25 -0.25 -0.25 -0.5 -0.25 -0.5 -0.5 -0.25
and (&, ..., &) ~n =MVN{(0, ...,0)”, £} with
R, 0 0
T=1/2l 0 R, 0
0 0 R,
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Here R, and R; are 3 X 3 correlation matrices with all off-diagonal entries as 0.25 and 0.75 respectively, and R, is a 4 x 4
correlation matrix with all off-diagonal entries as 0.5. We let Y = 7 X +yTZ+e, where all elements in § and y were set as 1 and
€ ~ N(0,1). The marginal censoring rate was set as 20% for all Z; with the overall censoring rate around 70%. We generated
data with sample size 400 and repeated the simulation 1000 times.

For each simulated dataset, we implemented six methods: analysis with the full data, complete-case approach, substitution
methods with three replacement values (LOD, LOD/ \/E, LOD/2), and our proposed two-stage approach with marginal approx-
imation. For our proposed two-stage approach with marginal approximation, the MC integration was applied to the estimation,
and the standard deviations were estimated using 200 bootstrap replicates each with sample size 100, and then adjusted by a
factor of 2. The results are shown in Table S5

4.3 | Simulation results to mimic real data example

To further explore the performance in the data example, we considered 17 metals and 7 fully observed covariates, including
baseline maternal age, race, education, insurance, pre-pregnancy BMI, and gestational age and specific gravity at the third
trimester visit. We bootstrapped the demographic covariates from the LIFECODES cohort with replacement (n=252), and
generated 17 metals based on the AFT models. The true regression coefficients in both the outcome regression and the AFT
models were set to be the estiamtes from the real data analysis. and the residual terms of the AFT models were from a multivariate
normal distribution whose mean and covariance matched the distribution of the AFT model residuals using complete-cases of
the LIFECODES data.

The censoring rates were set to be similar to the real data: three metals were fully observed, three metals had LOD rate <5%,
seven metals had LOD rate within 5-70%, and four metals had LOD rate >70%, where the LOD value for each metal was set to
have the similar percentage of values below LOD for the metal in the real data, by generating the corresponding metals with a
massive sample size and calculating the percentiles. We repeated the simulation 1000 times and the results were given in Table
[S6 Five methods were implemented including complete-case approach, substitution method with three substitution values:
LOD, LOD/ \/5, LOD/2, and the proposed two-stage approach with marginal approximation for p = 7 (2-stage(marg)-p7) where
we pre-processed the metals with less than 5% of values below LOD substituted with LOD/ \/5 and the metals with more than
70% below LOD as dichotomized variable. The estimates were consistent with the true parameters, except for the metals with
heavy censoring.This was expected because using binary indicator of above LOD or not led to a different interpretation of the
coefficients. However the directions of these effects were still the same. The two-stage marginal approach and the substitution
methods with LOD and LOD/ \/5 as substitution values had coverage rates close to the nominal level which confirmed our data
analysis result. In addition, the substitution method with LOD/2 as substitution value had slightly lower coverage rate in some
metals which implied that its performance was sensitive to the choice of substitution values. We further increased the sample
size to n=400 and the conclusions remained the same. Thus, using the proposed method only for variables with LOD rate within
5-70% showed satisfying performance while greatly reducing computational time.

4.4 | Simulation results for binary outcomes

We present one example for binary outcomes with p = 2. Let X| ~ Ber(0.5) and X, ~ N(1, 1) be two fully observed covariates
and X = (1, X, X,)T. We generated two covariates subject to LOD, Z = (Z,, Z,)T, by

—log(Z) =T, = ajTX +¢&, forj=1,2,
where @; = (0.15,-0.25,-0.45)", a, = (-0.25,0.55,-0.55)T and (¢,,&,)T follows a bivariate normal distribution with zero

means and covariance X, where
1 05
T =1/4 )
05 1

The outcome of interest Y was generated from a Bernoulli distribution with 4 = E(Y) = fy + X, + 5, Xo + 1 Z, + 1 Z,,
where fy = p, =y, = Ll and p; =y, = —1. The LOD; was chosen to have 25% or 50% marginal censoring rate for j = 1,2
with the overall censoring rate around 36% or 65%, respectively. We generated samples with size 400 and repeated 1000 times.
For each simulated dataset, we implemented eight methods: analysis with the full data, complete-case approach, substitution
methods with three replacement values (LOD, LOD/ \/5, LOD/2) and three versions of our proposed two-stage approach. The
results are shown in Table [S7]
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4.5 | Additional results for data analysis

A summary of each metal concentration with LOD value was given in Table[S8] and a summary of each demographic variable
was given in Table A heat map for the 13 log-transformed metal concentrations with 0-70% below LOD was provided in
Figure[ST] In addition, a heat map for the estimated pairwise correlations between the residuals in the 7 AFT models was shown

in Figure [S2]

4.6 | Computing time for two AFT methods

A summary of computing time using two AFT methods, rank-based approach and least-square approach, was given in Table
In this comparison, q=2, p=2, 3, 5 and 10, and n=100, 200, 400, 600 and 1000.
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TABLE S8 Summary of 17 urinary trace metals among 252 women who delivered full term in the LIFECODES cohort

Metal LOD(ppb) n<LOD %<LOD

As 0.3 0 0
Mo 0.3 0 0
Zn 0 0
Se 5 1 0.4
Ba 0.1 4 1.6
Mn 0.08 5 2.0
Sn 0.1 14 5.6
Cu 2.5 17 6.7
Hg 0.05 21 8.3
Ni 0.8 35 13.9
Tl 0.02 39 15.5
Pb 0.1 65 25.8
Cd 0.06 147 58.3
W 0.2 200 79.4
Cr 0.4 222 88.1
U 0.01 225 89.3

Be 0.04 227 90.1
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TABLE S9 Summary of demographc variables among 252 women who delivered full term in the LIFECODES cohort

Demographic variables n/Mean (S.D.)
Age <25 30
[25, 30) 51
[30, 35) 103
>35 68
Race White 154
Black 36
Other 62
Education High school degree or less 35
Technical college or some college 37
College graduate 78
Graduate school 102
Insurance Private 202
Public 50
BMI <25 143
[25, 30) 66
>30 43
Gestational age at the third trimester visit 26.14 (1.24)
Specific gravity at the third trimester visit 1.02 (0.01)
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TABLE S10 Computing time (second) of the rank-based and the least-square approaches under different p and n

rank-based approach

least-square approach

n

n

p 100 200 400 600 1000 100 200 400 600 1000
2 <1 <1 <1 258 9.19 <1 <l 332 8.08  21.66
3 <1 <1 126 293 978 148 250 114 1995 63.84
5 <1 <1 225482 1592 5.62 13.69 5822 130.78 400.24
10 <1 <1 4.02 996 31.39 45.02 180.54 661.67 1491.66 5068.79




24

Chen ET AL

FIGURE S1 The heat mat for pairwise correlation matrix of 13 log-transformed metal concentrations.
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FIGURE S2 The heat mat for the estimated pairwise correlation in the 7 AFT models.
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