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ABSTRACT

Thin-walled origami-inspired tubes can be used as lightweight systems for various functional ap-
plications in engineering. Folding motions can allow for deployment, reconfiguration, and compact
storage of the systems, while buckling of the thin walls can be used to tune the system properties
or achieve secondary functions such as energy absorption. This thesis aims to explore the stability
of morphing tubes and harness buckling for functional applications.

The dissertation first explores a deployable design where origami tubes extend, lock, and absorb
energy through crushing (buckling and plasticity). Numerical and experimental studies investigate
the tunable stiffness and energy absorption behaviors of these systems under static and dynamic
scenarios. The stiffness, peak crushing force, and total energy absorption of these origami tubes can
be changed through reconfiguration. These deployable systems can increase the crushing distance
between impacting bodies and can allow for on-demand energy absorption characteristics.

Next, the bending stability that allows for morphing in corrugated tubes is explored (bending
in drinking straws). Finite element models and a reduced-order elastic simulation package can
capture the nonlinear multi-stable behaviors. Modified cross-sections for the corrugated tubes
are introduced and explored to identify how geometry affects bending stability, energy barriers,
and stable configurations. Results show that thinner shells, steeper cones, and weaker creases are
required to achieve bending bi-stability.

A bar and hinge simulation model is then used to identify and capture a unique pop-up mech-
anism in Kresling origami that enables shape-morphing and stiffness tuning. By buckling the
valley creases, the conical Kresling will pop into a dome-like shape and the crease network will
be distorted. As a result, the flexible twisting motion via crease folding is prohibited, and the cone
stiffness can be increased by up-to-four orders of magnitude. Parametric studies revealed that a
shallower and more twisted Kresling unit will have more significant stiffness tuning. Experimental
tests were used to verify the numerical predictions of tunable stiffness.

This thesis explores how buckling in thin-walled origami tubes can be harnessed for functional
purposes. The mechanics of three different tubular designs are explored to give insight on how
geometry, sheet thickness, and material properties affect the buckling and multi-stable behaviors.
These findings can inform future designs of tubular origami for shape-morphing and other func-
tional uses.

xiv



CHAPTER 1

Introduction

Origami, the ancient art of folding thin sheets, provides an efficient method to build 3D systems
from planar sheets with predefined patterns of creases. People may have adopted the idea from na-
ture, as some flying animals [1] are equipped with folding mechanisms to pack their wings when
relaxing, and to deploy them when flying. These natural instances are unlikely to be deliberately
designed, but they reveal the core functionality brought by creases. Through concentrated local ro-
tations around crease lines, the origami systems can undergo substantial change of shape, enabling
deployable and reconfigurable designs with properties that are otherwise not achievable through
conventional structures.

Recently, origami principles have gone far beyond artwork and have stepped into various engi-
neering fields, including structures that can be deployed to achieve complex functions [2,3,4,5,6,7],
metamaterials that are benefitted by the morphing potentials [8,9,10,11,12,13], and new fabrication
techniques [14, 15, 16, 17, 18]. Many applications come from the morphing potential of origami,
and in particular, origami-inspired tubular structures have gained increasing interests [2,19,20,21].
Tubular structures with creases can either be deployed through kinematic foldings, or by snap-
through instabilities that involve panel deformations. Those deployable tubes have been utilized
for versatile applications, such as tunable stiffness [8], achieving gripping motions [21], recon-
figurable robotic arms [22], and energy absorptions [20]. Our work in this thesis focuses on the
tubular origami structures, exploring associated tunable properties and applications, as well as the
geometric influences.

The following sections of this chapter are organized as follows. Section 1.1 will give a brief
overview of multi-scale morphable structures in different disciplines. Section 1.2 narrows the
scope from general morphing structures to a specific category: deployable tubes. In this section,
we will review the common designs of origami tubes, their novel properties and associated appli-
cations, and the perspectives from which buckling can be utilized. Section 1.3 summarizes the
highlights of the thesis work that will be presented in the following chapters.
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1.1 A brief overview of origami-inspired morphable structures

Origami principles have been applied in various engineering disciplines by utilizing their mor-
phing potential. The morphable structures can be deployed and compactly stowed to save storage
space, without sacrificing the complexity of functionalities. Moreover, deployability and recon-
figurability enable designs of meta-systems, in which geometries and properties can be adaptable
and programmable. These designs and systems can be found in drastically different scales from
micrometer to infrastructure scale, and some of the representative applications are shown in Fig.
1.1.

(A) (B)

(C) (D)

(F)

(E)

(G)

Figure 1.1: Origami-inspired morphable structures at multiple scales and in different disciplines.
(A) Deployable sandwich surfaces [23]. (B) Origami solar panel in its folded state (on the top)
and deployed state (on the bottom) [24]. (C) An accordion shelter [25]. (D) Interlocking cellular
assemblages of origami tubes [3]. (E) Rotorcraft protector based on modified Miura-ori pattern
[26]. (F) and (G) Micrometer-scale active origami structures [27, 28].

At structural-engineering scales, origami-inspired structures provide deployable solutions for
creating building components such as canopies (Fig. 1.1A). The smooth functional surfaces main-
tain a high out-of-plane stiffness during and after deployment. At human scales, origami pat-
terns can be designed into thin-shell structures to create deployable surface systems, which can be
rapidly deployed to enable optimal solar insulation (Fig. 1.1B). A similar strategy has also been
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used to manufacture accordion shelters that are easy to transport when stowed and adaptable to
various environments when deployed (Fig. 1.1C).

At decimeter scales, origami morphable structures offer efficient methods for creating structures
of which the mechanical properties can be tuned. Cellular assemblages of pre-folded thin sheets
can be deployed and interlocked into a stiff conforming shape during the deployment (Fig. 1.1D).
The popular Miura-ori pattern is employed to develop a free-to-spin protector for rotorcraft to
reduce the impact forces of collision (Fig. 1.1E). At micro scales, origami patterns can be cut
into planar systems to create 3D active structures, which are otherwise difficult to build through
traditional methods. Photolitography-based methods have been used to create micro-origami that
are suitable for creating medical devices and micro-robots (Fig. 1.1F, G).

1.2 Origami-inspired tubular structures

1.2.1 Origami-inspired tube applications

Among various forms of morphable structures, the deployable tubular structure is a specific
group that shares a similar shape to thin-walled tubes, yet can deform via concentrated deforma-
tions of crease lines. Based on the morphing potential and tubular form, there are three main
benefits from engineering perspective:

The first benefit is inherited from morphable structures: these tubes are deployable and recon-

figurable. As a specific category of deployable structures, they can be compactly stowed to save
space, and rapidly deployed to certain functional shapes (Fig. 1.2A, B). Typically, these tubes have
only one flexible mode (longitudinal deployment) through which they can deform without bend-
ing or stretching of panels. The limitation of deployment motion could be a drawback in some
situations, but it also facilitates the tubular system advantages for suitable applications. With the
simple actuation only on one end, the zipper-coupled tube can be deployed along its longitudinal
direction while maintaining stiffness for other directional loads [3]. There also exist some tubu-
lar designs that can be reconfigured along other directions. For instance, the Yoshimura tube can
be transformed from the load-bearing mode to a flexible mode by reconfiguring the cross-section
(Fig. 1.2C). Moreover, origami tubes can be further assembled into deployable metamaterials (Fig.
1.2D).

The second benefit comes from the continuity of the structure envelope. By carefully sealing
both ends, the deployable tubes are airtight, and thus can be pneumatically actuated to achieve
complex tasks, and acquire distinct mechanical properties. Based on the corrugated tubes, du
Pasquier et al. proposed a pneumatic toolkit that can achieve bending and extending motions (Fig.
1.2E). Internal pressure can also change the energy landscape of deployable tubes and enable more
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stable states [19].

(A) (C) (D) (E)

(B)

(F) (G) (I) (J)

(H)

(K)

Figure 1.2: Properties and applications of origami tubes. (A) A deployable traffic cone and (B)
vase [29]. (C) Switching between two modes by reconfiguring the Yoshimura tube cross-section
[30]. (D) A deployable metamaterial based on the Miura-ori pattern [31]. (E) A corrugated tube
becomes curved after pressurization [21]. (F) Programmable stiffness of the Kresling tower [8].
(G) Axial energy-absorbing test of an origami tube [32]. (H) A crawler [33] and (I) a robotic arm
based on the Kresling origami [22]. (J) An inflatable arch in its flat and deployed stable states [34].
(K) A transformable wheel [35].

The third benefit is the programmability facilitated by the large design space. The programma-
bility is reflected in the way that mechanical properties can be drastically tailored by changing the
design parameters. Stiffness of the Kresling origami tube, for example, can be differed by sev-
eral orders of magnitude via changing the design angles (Fig. 1.2F). In the following chapters of
main results, I will present parametric studies that reveal how the design parameter can change the
energy-absorbing performance, the multi-stability, and the stiffness tuning.

As empowered by these benefits, origami tubes have inspired numerous applications, in which
they can either improve the performance of conventional devices or create novel functions, such as
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improved energy-absorbing performance (Fig. 1.2G), complex motions of crawling and gripping
(Fig. 1.2H, I), pneumatic deployment of a meter-scale arch (Fig. 1.2J), and the transformable
wheel that can adapt to different terrains (Fig. 1.2K).

1.2.2 Buckling in origami tubes

Structural buckling, once regarded as an undesired phenomenon that causes catastrophic fail-
ures, has now emerged as a new route to create functionalities in structures and artificial materials.
In nature, the doubly curved leaves of the Venus flytrap can rapidly snap to a closed state to capture
insects (Fig. 1.3A). A similar snap-through process often causes a sudden release of stored elastic
energy that can generate powerful motions, e.g., jumping of an inflated soft shell (Fig. 1.3B). From
the static perspective, buckling of structural elements opens a route for assembling 3D structures
from planar 2D surfaces, which is crucial in the field of photolithography-based fabrication (Fig.
1.3C).

In this work, I aim to create functionality in origami tubes with strategically-triggered buckling
from three perspectives. For tubular energy absorbers that dissipate energy through the buckling
and plastic yielding of thin shells, an ideal design should have both low peak force Pmax and
high mean crushing force Pm (Fig. 1.3D). The peak force, defined as the largest reaction force
during the axial crushing, needs to be low to reduce the possible damage that is transmitted to
the protected object [36]. The mean crushing force, is the total energy absorption divided by the
crushing distance δ, needs to be high to absorb more impact energy (Fig. 1.3D). As compared to the
prismatic counterpart, stamping origami patterns onto the tube surfaces will introduce geometric
imperfections, which can reduce the peak force and trigger a buckling mode that is equally or more
efficient in terms of energy absorption, i.e., lower Pmax and similar Pm (Fig. 1.3D).

Besides the improvement of plastic energy absorption, the instability can also be utilized in
designing a reusable elastic mechanism that traps impact energy (Fig. 1.3E). For a bi-stable mech-
anism, the reaction force is first positive then negative. The difference between the energy input
and output, Ein − Eout, is the amount of energy that is locked into the system.

5



0

Displacement

ForceForce

Displacement

0

(i)

(iii)

(ii)

(iv)

Pop-up

Vacuum

~ 20 [g]

>1500 [g]

(A) (C)(B)

(D)

(F) (G) (H)

(E)

Figure 1.3: Buckling-induced mechanics and applications. (A) A Venus flytrap in its open and
closed states [37]. (B) An inflatable jumper by shell snapping [38]. (C) A planar origami pattern is
snapped into a 3D soccer shape [39]. (D) Typical load-displacement curves of axially compressing
prismatic tubes and origami tubes. (E) The load-displacement curve of a bi-stable origami tube.
(F) A corrugated origami tube in its two stable states: deployed and bent. (G) The Kresling module
can be popped up into a much stiffer, dome-like shape. (H) A Kresling module will typically be
elongated due to inflation. By buckling a single valley crease, a Kresling module can bend after
inflation [40].

For the thin-walled origami tubes, another benefit of elastic buckling is multiple stable states.
The bendy straw, for example, can morph and lock with both longitudinal and rotational defor-
mations [41]. From the geometry perspective, a bendy straw is a corrugated tube consisting of
frusta that are serially connected by creases (Fig. 1.3F). Each frustum can experience either a full
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shell inversion that shortens the tube length, or a partial inversion that enables global rotation (Fig.
1.3F). Those functions allow the corrugated tube to conform to different shapes [42], and transport
fluids and gases [43, 44]. The shape-morphing and multi-stable features then lead to the tunable
mechanics. As an example, the Kresling cone is flexible in its original configuration, which can
collapse under a plastic plate that weighs only ∼ 20 g (Fig. 1.4G, i to ii). Once it is popped up into
a dome-like shape (i to iii), it can support more than 1500 g of weight, without showing visible
deformations (iii to iv). Moreover, the crease buckling can break up the topological arrangement
of crease lines, opening up different deformation modes for tubes that will otherwise only elongate
or shorten under pressurization (Fig. 1.3H).

1.2.3 Origami-inspired tube geometries

Figure 1.4: Some common designs of origami tubes. From left to right: zipper-coupled origami
tube [45], bendy straw [46], conical Kresling tube, cylindrical Kresling tower [8], Yoshimura tube
[5], and waterbomb tube [47].

Three different testbeds are selected for exploring the benefits of buckling in origami tubes,
ranging from the well-known Miura origami to modified conical origami patterns. For the energy-
absorbing improvement, I proposed a deployable energy absorber based on the zipper-coupled
origami tubes (Fig. 1.4). The zipper-coupled tube is a rigid-foldable tubular mechanism that
shows high bending stiffness when deployed [3]. It can be assembled to form a foldable cellular
metamaterial [31] or a deployable canopy with high out-of-plane stiffness [23]. With a self-locking
mechanism, the tube can be deployed to and locked at various configurations. As a result, the
energy performance can be tuned for different application scenarios.

I then use the bendy straw to explore how geometry affects the local snap-through of frustum
shells and the associated multi-stability of corrugated tubes. The corrugated flexible drinking straw
has been used in daily life for decades [48]. Recently, it has drawn research attention for its axial
and bending multi-stability, such as a reusable energy absorber [20] and a wire-like structure that

7



can fit arbitrary 3D shapes [42]. In this thesis, I use an elasticity-based bar and hinge model to
simulate its multi-stable bending behavior. Since the model can predict accurate elastic response
rapidly, I also run extensive parametric studies to explore the geometric influences.

The next tubular design investigated in this thesis is the conical Kresling tube, a generalization
of the traditional Kresling tower. Typically, the Kresling tube family can transition between two
axial stable configurations via a twisting motion [49]. Such axial bi-stability can be employed to
build a mechanical memory device [50], or be used to design a meta-structure with tunable band
frequency [51]. Recently, the Kresling tube has also received research attention for its bending
properties, such a magneto robotic arm [22] and an articulated robotic arm with tunable bending
stiffness [52]. In Chapter 4, I identify a new stable configuration of the Kresling tube. By buckling
the valley creases outwards, a unit cell of the Kresling tube can be converted to a dome-like shape
which will be substantially stiffer than the initial configuration.

Besides the above tubular designs that will be presented in the following chapters, there are
other tubular designs that have received increasing research attention, such as the Yoshimura tube
and the Waterbomb tube (Fig. 1.4). As comparing to the conventional energy absorbers, origami
crashboxes based on the Yoshimura pattern show superior performance [53]. By squeezing the
sides, the Yoshimura tube can be reconfigured to show drastically different stiffness [30]. The
waterbomb tube, as a reconfigurable structure, can be used to build a transformable wheel [35], or
be assembled to an earthworm-like robot [54].

1.3 Scope of the thesis

The main objective of this thesis is to explore the aforementioned buckling-induced functions
of origami tubes. The global mechanical properties are investigated using a reduced-order bar and
hinge model, the finite-element method, and with experiments. Based on the zipper-coupled tubes,
I explore a deployable design concept that can be extended and locked at various lengths to tune
the energy-absorbing performance. I next explore the bending stability of curved-crease origami
tubes, showing the influence of geometry and tube cross-section on the system stability. Finally, I
explore the conical Kresling origami tube, where the valley creases can be buckled to increase the
stiffness in both the axial and bending directions. A detailed discussion of the thesis organization
is as follows.

Chapter 2 presents a deployable energy absorber that can extend, lock, and is intended to
absorb energy through crushing (buckling and plasticity). Energy absorption devices are widely
used to mitigate damage from collisions and impact loads. Due to the inherent uncertainty of
possible impact characteristics, passive energy absorbers with fixed mechanical properties are not
capable of serving in versatile application scenarios. The proposed system concept is unique be-
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cause origami deployment can increase the crushing distance between two impacting bodies and
can tune the energy absorption characteristics. I show that the stiffness, peak crushing force, and
total energy absorption of the origami tubes all increase with the deployed state. I present nu-
merical and experimental studies that investigate these tunable behaviors under both static and
dynamic scenarios. The energy-absorbing performance of the deployed origami tubes is slightly
better than conventional prismatic tubes in terms of total absorbed energy and peak force. When
the origami tubes are only partially deployed, they exhibit a nearly-elastic collapse behavior, how-
ever, when they are locked in a more deployed configuration they can experience non-recoverable
crushing with higher energy absorption. Parametric studies reveal that the geometric design of the
tube can control the nonlinear relationship between energy absorption and deployment. A phys-
ical model shows the potential of the self-locking after deployment. This concept for deployable
energy-absorbing origami tubes can enable future protective systems with on-demand properties
for different impact scenarios.

Chapter 3 investigates the geometric influence on the bending stability of corrugated tubes
with curved creases. Thin-walled corrugated tubes that have a bending multistability, such as the
bendy straw, allow for variable orientations over the tube length. Compared to the long history
of corrugated tubes in practical applications, the mechanics of the bending stability and how it
is affected by the cross-sections and other geometric parameters remain unknown. To explore
the geometry-driven bending stabilities, I used several tools, including a reduced-order simulation
package, a simplified linkage model, and physical prototypes. I found the bending stability of a
circular two-unit corrugated tube is dependent on the longitudinal geometry and the stiffness of
the crease lines that connect separate frusta. Thinner shells, steeper cones, and weaker creases
are required to achieve bending bi-stability. I then explored how the bending stability changes as
the cross-section becomes elongated or distorted with concavity. I found the bending bi-stability
is favored by deep and convex cross-sections, while wider cross-sections with a large concavity
remain mono-stable. The different geometries influence the amounts of stretching and bending
energy associated with bending the tube. The stretching energy has a bi-stable profile and can
allow for a stable bent configuration, but it is counteracted by the bending energy which increases
monotonically. The findings from this work can enable informed design of corrugated tube systems
with desired bending stability behavior.

In Chapter 4, I study the tunable stiffness and the multi-stability of corrugated tubes consisting
of serially interconnected polygonal frusta based on Kresling origami pattern. Under appropriate
geometric designs, the origami corrugated tube either has straw-like multi-stability with axial in-
version and bending, or has multiple axial stable states via a twisting motion. I focus on the latter
category and reveal another stable ”pop-up” configuration via local buckling of the valley creases.
By switching among the three types of stable configurations, the corrugated tube can exhibit dras-
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tically different axial and bending stiffness. Moreover, the deformation mode can switch from
twisting to inversion after the pop-up. To quantify the tunable mechanical properties, I employ an
elasticity-based bar and hinge model and perform parametric studies to discover the relationship
between the geometry and the mechanics. The results suggest that a higher initial twisting and a
lower initial slope will provide more significant stiffness and shape tuning, and the frustum stiff-
ness can be increased by four orders of magnitude. To validate the numerical results, I fabricate
proof-of-concept origami frusta and corrugated tubes. These prototypes demonstrate the desired
multi-stable behavior, the tunable stiffness, and the deformation mode switching. This design of
corrugated tubes has potential applications including tunable energy absorbers, deployable traffic
cones, and reconfigurable robotic arms.

Chapter 5 summarizes the main findings and conclusions from the thesis. I also present out-
looks into future studies that can push the origami tubes with structural instability towards real-
world applications.
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CHAPTER 2

Locking Zipper-coupled Origami Tubes for
Deployable Energy Absorption

Origami principles can be beneficial to tubular energy absorbers from three aspects. First, an
origami tubular energy absorber can be deployed to increase the crushing distance. Second, it
can be reconfigured to tune its performance. Third, as compared to prismatic tubes, a tube with
origami pattern will crush in a mode that is more efficient in terms of absorbing impact energy.
In this chapter, we propose a deployable energy absorber based on the zipper-coupled origami
tube. With zip-tie mechanisms, the system can be deployed and locked at various configurations to
provide tunable energy absorption. Here, we use finite-element simulations and quasi-static tests
to quantify the tunability, and we perform parametric studies to find out the optimal design under
different application scenarios. This work has been published as: Wo, Z., Raneses, J.M., and
Filipov, E. T., Locking Zipper-coupled Origami Tubes for Deployable Energy Absorption, ASME.

J. Mech. Rob. 14(4): 041007. doi:10.1115/1.4054363.

2.1 Introduction

Conventional energy absorption systems serve as passive sacrificial structures that absorb the
kinetic energy of an impact through buckling, crumpling, and plastic deformation. Thin walled
prismatic tubes and cellular structures are effective in this role because they can provide a large
amount of energy absorption for their small overall mass [55]. The energy absorption charac-
teristics of such structures are typically evaluated from quasi-static compressive tests where the
crushing distance (δ), mean crushing force (Pm), and peak crushing force (Pmax), are of primary
interest (Fig. 2.1A). The total energy that can be absorbed by the system is δ · Pm, while the peak
crushing force is of interest as it correlates with the forces and accelerations translated to the object
that is to be protected.

One recent innovation for energy-absorbing tubes has been to use origami inspired patterns in
the design and fabrication of the thin-walled structures [36]. The pre-patterned geometry triggers
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controlled buckling modes during crushing, which in turn can reduce the peak forces and increase
the total amount of energy absorbed (Fig. 2.1B). Origami can also offer a variety of geometric de-
sign options and can have the benefit of easy fabrication from a flat developable surface [53,56,57].
For example, a thin-walled tube with pre-folded Yoshimura pattern [32] and a sandwich-like struc-
ture with Kresling pattern [58] can both provide favorable energy-absorbing behaviors. However,
all of these previous origami systems are passive, and the entire energy absorption performance is
determined by the design geometry and material properties.

In this chapter, we present a concept that takes further advantage of the origami principles and
uses the folding kinematics of zipper-coupled tubes [3] to enable deployment and tuning of the
energy absorber. By deploying the origami, it becomes possible to initiate earlier contact between
colliding objects and to increase the crushing distance (δ) of the system. The longer crushing
distance allows for an increase in the amount of absorbed energy if we assume that forces would
be in the same range (Fig. 2.1C). Additionally, a deployable energy absorber could be stowed
compactly prior to impact in order to save onboard space or improve the aerodynamics in vehicle
applications.

Deployment of the origami tubes also enables tunable performance of the energy absorber as
shown conceptually in Fig. 2.1D. The proposed structures have the potential to deploy, lock, and
crush at different geometric states where each state offers drastically different force-displacement
characteristics. Our results, presented later in the chapter, show that the crushing distance (δ),
mean crushing force (Pm), and peak crushing force (Pmax), can all be increased by elongating the
origami tubes. Depending on the mass and velocity of an impacting object, the energy absorber
could be deployed to minimize the peak force and absorb only the desired amount of kinetic energy
(Fig. 2.1D).
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Figure 2.1: Conceptual force-displacement curves of different energy-absorbing tubes. (A) A
prismatic tube has a high peak force for crushing (Pmax) with the total absorbed energy represented
by the area underneath the curve (≈ δ · Pm). (B) Introducing origami patterns in the design can
reduce the peak force while increasing the total energy absorbed [36]. (C) The proposed origami
tubes here could deploy to increase the crushing distance δ while remaining stowed prior to use.
The increased crushing distance could allow for more energy absorption than a passive system with
comparable peak forces. (D) Deployment of the proposed tubes can tune the initial stiffness, the
peak forces and the total absorbed energy.

The deployable origami structures explored in this chapter share similarities with other energy-
absorber designs in the emerging field of mechanical metamaterials [59, 60, 61]. Similar to the
proposed origami structures, the programmable behavior of these metamaterials is a function of
their design and geometric architecture. However, the proposed systems are also fundamentally
different. In contrast to designs that store and dissipate energy through elastic behaviors [61], the
proposed origami tubes are non-recoverable and energy is absorbed through crushing, buckling,
and plasticity in the thin sheets (non-recoverable, but a lighter and more efficient method for energy
absorption). The potential capability for deployment is also different because the origami tubes
could increase the crushing distance, and enable on-demand tuning of the system behavior.

This work serves as an initial demonstration and a proof of concept for the deployable origami
tube energy absorbers. To present their capabilities, this chapter is structured as follows: First, the
geometry, material properties, and fabrication of the origami tubes are discussed with an emphasis
on locking the tubes into a specific state. Next, a finite element (FE) model is introduced to study
the energy absorption behavior. The experimental setup for quasi-static and dynamic drop tests
are then described. A series of quasi-static experiments are performed to quantify the energy
absorption behavior of the tubes at different states of deployment. The effect of tube locking on
the energy performance is explored by simulating tube crushing with only one or both ends of the
tube restrained. Analytical simulations of the systems allow for a comprehensive parametric study,
which explores the performance, and tunable designs offered by various geometries of the tube. A
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series of dynamic drop tests are used to demonstrate the tunable stiffness and its influence on the
initial impact. Next, a prototype of the zip-tie mechanism is integrated into a physical model to
enable self-locking. Finally, the concluding remarks summarize the results, present limitations of
the current study, and emphasize topics for further research including the deployment mechanisms,
and the physical fabrication of the proposed energy absorbers. An earlier version of this study was
presented by the authors in a conference publication [62], while the work presented here contains
a more extensive numerical and experimental exploration of the energy absorbing tubes.

2.2 System and methods

2.2.1 Geometry, fabrication, and locking of origami tubes

The geometry of the proposed deployable energy-absorbing tubes originates from the popular
Miura-ori origami pattern. This pattern was first explored as a way to package large membranes
and deploy them in outer space [63]. The Miura-ori has been applied in various engineering disci-
plines, such as the self-locking metamaterials [31] and the deployable canopies [64]. The Miura-ori
pattern is developable making it easy to fold directly from a flat sheet. It is flat foldable so it can be
stowed compactly and is rigid foldable which allows for fabrication with rigid panel components
connected by flexible hinges. The structure also has one-Degree-of-Freedom (DOF) origami kine-
matics which allows for a prescriptive longitudinal deployment where only the hinges (or folds)
deform. Finally, the zipper-coupling concept for Miura-ori tubes adds stiffness to the origami
structure [3], which makes it possible to lock the system and crush it as will be discussed further.
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Figure 2.2: Geometry, fabrication, and locking. (A) A unit cell of the Miura-ori pattern is defined
by: side lengths a, c, vertex angle α, and folding angle θ. (B) Zipper-tubes at 30% and 90%
extension with one segment indicated. (C) Fabrication process of locked zipper tubes. Paper tubes
are shown on the left for visual clarity, and a final tube made from polyester sheets is shown on
the right. (D) Comparison of load bearing capacity between unlocked (left) and locked (right)
zipper tubes. Locking restricts the kinematic motion and makes the structure significantly stiffer.
(E) Axial loading response in quasi-static experiments for locked and unlocked tubes. The locked
structure ultimately crushes resulting in the nonlinear response.

The geometric definition of the Miura-ori pattern and zipper tubes begins by prescribing the
dimensions of the unit cell (Fig. 2.2A). The unit cell is formed by four identical panels connected
at a vertex, with each panel defined by a height a, width c, and vertex angle α (the acute angle of
the parallelogram). This unit cell can be folded into a three-dimensional shape where the current
geometric configuration is governed by the dihedral folding angle θ ∈ [0, π].
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nections between adjacent panels. Finite element model of the locked zipper tubes on the bottom
is only representative and a finer mesh is used for the analyses. (B) Axial force-displacement
simulation for locked zipper tube with different length scale parameters L∗.

The zipper-coupled tube system (Fig. 2.2B) is constructed by repeating and connecting sym-
metric Miura-ori cells. Instead of the dihedral angle, it is more intuitive to use a percentage of
extension to define the longitudinal configuration of the tubes. The percentage equals to the ratio
of current length to the maximum extended length, which is the product of the number of segments
(N) and the panel width (c). The tube is thus fully deployed when the extension is 100% (θ = π)

and packed into a compact size when the extension is 0% (θ = 0). This structure has only one
flexible deformation mode through which it can be deployed with bending around the fold lines.
Other deformation modes require engagement of panel bending and stretching, which significantly
increases the stiffness of the system [3].

The zipper tubes were manually folded and glued from laser-cut polyester Mylar® sheets with
a thickness of 0.127 mm. Based on a prior work [65], the tubes for all experimental tests consist
of six segments, with their planar geometry set to be a = c = 25 mm, and α = 55o. The systems
were locked by constraining both ends with significantly thicker 5 mm acrylic plates.

Fabrication of the locked zipper tubes consists of four major steps (Fig. 2.2C). First, two Miura-
ori patterns with three units (six segments) are perforated by a Universal Laser System (VLS 6)
and folded into a 3D shape. These two Miura-ori sheets are then flattened again and glued in the
zipper orientation (Step 1). This assembly is folded into a 3D shape and two additional Miura-ori
sheets are glued to form the complete unlocked zipper tubes (Step 2). Specifically, one sheet is
rotated and glued to the other in a zig-zag manner, and a prior work [3] illustrated the connection
in its second figure. This system can fold and unfold freely to different states (Step 3). The zipper
tubes are designed with tabs on both ends that are glued to two square acrylic plates to lock the
tubes (Step 4). The connections between zipper tubes and acrylic plates were made by gluing the
two parts together with a LOCTITE® bonding system. The tabs are continuous with the base sheet
and are perforated to fold orthogonally against the acrylic plate. Therefore, the relative translation
between the zipper tubes and the acrylic plate is restrained, while the edges of the tube are free to
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rotate relative to the plate. When this connection with the endplates is complete the structure is
locked and can no longer fold without crushing.

We explored zipper tube systems locked at three different levels of extension, ∼ 50%, ∼ 75%
and ∼ 95%. These extensions are chosen to represent a half, three quarters and near fully deployed
systems. A 100% deployed structure is not feasible because it is completely flat (θ = π). Seven
tubes were fabricated for each of the three desired extension ranges. Due to manufacturing error
the tubes aimed at half extension (∼ 50%) averaged at 52%, those at the three-quarters extension
averaged at 72%, and those at the high extension averaged at 95%. In the subsequent text, we use
these averaged extensions to represent the systems folded at the three different extensions.

To demonstrate the importance of locking on the axial stiffness, in Fig. 2.2D we present two
identical zipper tubes made with construction paper. The locked structure weights 8.6 grams and
can support a mass of 500 g without a visible deformation (58 times its own weight), while the
unlocked structure collapses into a flat state by following the one DOF folding kinematics. We also
make a quantitative comparison of the axial loading response between locked and unlocked tubes
(Fig. 2.2E), where the tests are conducted on polyester prototypes. For the locked tube system,
the ends are constrained with acrylic plates. The initial stiffness of the two cases is drastically
different. The locked tube has an initial stiffness of 1.8 N/mm, while the unrestrained tube has a
stiffness of 0.2 N/mm. The unrestrained tube does not have a zero stiffness and has a generally
elastic response because the folds of the system remain elastic, and fabrication imperfections (e.g.
adhesive at fold vertices) restrict the perfect kinematic motion of the Miura-ori pattern. These
preliminary tests show the large difference that can be obtained by locking the ends of the tubes.
We then explore the nonlinear axial crushing of these systems in the subsequent sections.

2.2.2 Finite element model

In this chapter, we use a finite element model (ABAQUS/Explicit [66]) that consists of shells el-
ements and rotational hinges as the basis for numerical simulation. The origami panels are meshed
with S4 general purpose shell elements (Fig. 2.3A). Adjacent panels are connected via connec-
tor elements (hinges) with prescribed rotational stiffness to simulate the bending behavior of fold
lines. Each end of the thin tube system is connected to a plate with significantly higher stiffness to
restrain translational movements.

17



Figure 2.4: Experimental methods. (A) A locked zipper tube in a quasi-static test. (B) The drop
test frame. (C) Two laser pointers at the tops of the tubes allow for accurate tracking of the position
with a high-speed camera.

In the simulation, the crushing of locked zipper tubes is modeled as axial compression between
two rigid plates. One of the rigid plates is set to be completely fixed by restraining all six DOFs,
while the moving plate is constrained to only translate along the axial direction of the zipper
tubes. The crushing process is controlled by assigning a prescribed downward displacement to the
moving plate, in which the moving rate is applied by using a smooth amplitude definition. Self-
contact (surface to surface) is applied to model contact between different parts of the zipper tubes
and rigid plates. Friction resulting from contact is considered in the model with a coefficient of
friction of µ = 0.25. The reaction force in the axial direction is monitored in each simulation step
and is recorded with respect to the position of the top plate. The force-displacement data is then
used to calculate absorbed energy, mean force and maximum force. Convergence with respect to
the mesh size is examined, and a mesh size of 2.5× 2.5 mm is chosen because it is able to provide
a strain energy solution that is within 2% of a mesh with 1× 1 mm elements. The simulation time
is set to be 20 ms to keep the ratio of kinetic energy to strain energy under 5% so the dynamic
effects can be considered as negligible to the global response.

Material properties for the polyester films are assumed to isotropic. Young‘s modulus is set to
be E = 4.4 GPa based on the material tests, and Poissons ratio is assumed to be ν = 0.33. The
model dimensions and thickness are set to be the same as the physical models that were fabricated.
The rotational stiffness (Kl) of the folds can vary dramatically due to the variation in materials,
fabrication, and folding history. Previous research [67, 68] reveals that (Kl) is expected to be
proportional to the length of fold lines and the bending stiffness of the thin-sheet material. The
equation to calculate rotational stiffness is empirically written as

Kl =
LF

L∗ · Et3

12(1− ν3)
(2.1)
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where E, ν are the Youngs modulus and Poissons ratio of material, and t is the thickness of panels.
L∗ is the length scale parameter which relates the bending of fold lines to the bending of initially
flat sheets.

The stiffness Kl is then dependent on L∗ and there is no theoretical basis for determining the
exact value of L∗. Therefore, a sensitivity analysis is performed (Fig. 2.3B) by compressing
tubes of 52%, 72%, and 95% extension with different length scales, L∗ = 8, 50, 500, 1000 mm.
As the response curves are relatively close to each other for substantially different length scales,
we determine that the global crushing behavior is not sensitive to the local fold stiffness. This
phenomenon occurs because the axial crushing is mainly influenced by the constrained geometry
from the rigid end plates rather than the local bending stiffness.

Based on the material tests, the elastoplastic constitutive relationship for the polyester material
used in the numerical simulation can be modeled as the following

σ (Mpa) =


4400ε ε < εy = 0.0227

153.86(ε− εy) + 100 εy ⩽ ε ⩽ 0.15

120 0.15 ⩽ ε

(2.2)

2.2.3 Experimental methods

Quasi-static uniaxial compression tests of locked zipper tubes are used to explore the nonlinear
force-displacement behavior of these systems. First, a set of tensile coupon tests were performed
to verify the elastic modulus of the polyester sheets and to test the strength of the adhesive con-
nections. The stress-strain relationships of the coupons are used for the numerical simulations and
provide background on the validity and limitations of the experimental tests.

A specialized grip (Fig. 2.4A) is fabricated to connect the locked zipper tubes to the test ma-
chine, where the tube endplates fit within voids of the grips and are adhered with plastic tape to
stay in place. This configuration allows the test machine to apply a compressive force to the locked
zipper tubes without restricting rotation at the top. An Instron 5969 dual column axial testing frame
is used for the testing with a 1000N load cell attached to the top grip to record the reaction force.
The displacement of the load cell is controlled and recorded by the machine. A testing rate of
25.4 mm/min is used for all experimental tests in this study. Through the numerical simulation we
showed that even at fast loading rates (completing the analysis in 20 ms) the internal dynamics are
insignificant when compared to the nonlinear crushing behaviors.

Drop tests are carried out to explore the dynamic properties of locked zipper tubes under a low-
energy scenario. The displacement is recorded by tracking a laser pointer attached to the top of
the constrained zipper tubes using a high-speed camera. The setup for the dynamic experiments
is shown in Fig. 2.4B, C. The tests are built into a vertical track with T-slot parts (80/20 Inc.).

19



A slider which can move vertically along the track was used to hold the zipper tubes. Horizontal
movement at the top of the tubes was restricted by additional sliders while still allowing for vertical
movement of the tube (Fig. 2.4B). Two tubes can be accommodated on the slider and tested under
the same conditions. They are dropped simultaneously and the sliders for horizontal restriction
are the same for both tubes. A lighting system is provided to illuminate the devices in order to
capture high-quality images with a high-speed camera (Photron INC., FASTCAM SA5). Videos
are recorded at a frame rate of 2000 frames per second. For the quantitative results, displacement
is tracked using the high-speed images. Tracking of the objects was most precise when measured
from two laser pointers attached to the top of the zipper tubes (Fig. 2.4C). These laser pointers
provided precise point-based locations for the tube tops through the duration of the drop test.

2.2.3.1 Preliminary experimental tests

The experimental study in this work explored the energy absorption through a series of quasi-
static compression tests and dynamic drop tests. We performed a series of component tests to verify
the overall suitability of the fabricated prototypes and identify limitations in the experimental study.
First, the stress-strain relationship of the polyester sheet was tested with different loading rates as
shown in Fig. 2.5(A). As the strain rate is doubled, the elastic modulus is not affected, and the
yield stress is reduced only by several percent. Thus, when considering the quasi-static tests that
we perform in this research (loading rate of 25.4 mm/min), the behavior of the polyester can be
considered rate independent. Within the dynamic drop tests, we did not observe yielding and
failures, and can assume that the materials remained in the rate-independent elastic region.

Next, we performed tests on the bonding strength of the adhesive system. We tested several
types of fabrication and adhesive types and found the LOCTITE® bonding system to be the only
one suitable for connecting the polyester sheets. Fig. 2.5(B) shows ten component tests where
a 2 cm by 10 cm strip of polyester (0.127 mm thick) is adhered to an acrylic plate of the same
surface dimensions (5 mm thick). The adhered region is 5 mm by 2 cm. A tensile test on this
connection shows that most samples reach the yield strength of the polyester with some samples
failing at 90% of the yield strength. The polyester to acrylic connection is representative of how
the tubes are connected to the base plates which is important for achieving the locked behavior. We
conduct a similar test to investigate the connection strength between two polyester sheets (same
dimensions and adhered region as above). These tests are representative of the regions of tubes
that are adhered together. In this set of ten tests (Fig. 2.5(C)) only four tests reach the fully yield
strength of the polyester, and two samples fail at a strength as low as 30% of the yield strength. In
the axial tests of the zipper tubes, we did sometimes observe adhesion failures at the connections
between tubes. The majority of these failures occurred during the densification phase of the testing
(Fig. 2.7-point No. 3). The uncertainty associated with the adhesive failures is likely the reason for
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the larger spread in experimental results recoded for the tubes at a 95% deployment (Fig. 2.5(C)).
Despite this variability, the overall trends between extension and axial performance match between
the experimental and analytical results.
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Figure 2.5: Preliminary tests. (A) Stress-strain relationship of polyester under different loading
rates. (B) Force-displacement response of polyester sheet connected with adhesive to an acrylic
plate. (C) Force-displacement response of two polyester sheets connected by adhesive.

2.2.3.2 Laser tracking and error analysis

Considering that the falling displacements are measured with images, a possible source of er-
ror in the measurement may come from the transformation between real distances and camera-
recorded distances. The camera-recorded distance is the field angle corresponding to the real dis-
tance, and an equal distance in different positions could induce different field angles. A sketch of
the side view of the test setup is shown in Fig. 2.6(A) to illustrate this error and to provide a guide
for displacement calculation. The high-speed camera is set to be on the same horizontal plane of
the collision point, and the side view can be simplified into the diagram shown in Fig. 2.6(A).

The distance between the track and camera is L, the falling distance is dF , two identical in-
finitesimal displacements near the starting point and the end point are denoted with dx. The field
angles corresponding to dF , dx are φ, dθ1, dθ2. The following relationships can be derived using
the basic trigonometry:

φ = tan−1

(
dF
L

)
(2.3)

dθ1 ≈
dx · cosφ
L/ cos(φ)

=
dx

L
· cos2 φ (2.4)
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dθ2 =
dx

L
(2.5)

Substituting dF = 15cm,L = 105cm into Eq. (2.4), (2.5), the relative error of field angles is

error =
dθ1 − dθ2

dθ2
≈ 0.02 = 2% (2.6)

Therefore, the largest relative error of the camera-recorded distances in different positions is no
more than 2%. In the next section, we show how the pixel distances (see the next section) can be
used to calculate the time history of displacement.

The acceleration is measured by twice differentiating the displacement time history during the
drop test. Displacement of the laser pointer is recorded at intervals of ∆t = 0.5 ms. Calculation of
the time history of acceleration was conducted using three steps: i) calculate the pixel coordinates
of the laser pointers in the images; ii) convert pixel coordinates to physical distance; iii) twice
differentiate the displacement time history to obtain the acceleration time history.

Pixel coordinates of the laser pointer in every frame were obtained by translating the images into
black and white. A representative frame of the falling process (Fig. 2.6(C)) has two white spots
corresponding to two laser pointers on different zipper tubes. As the falling is guided by the slide
track to follow the x-direction, only the x-coordinate of the pixels is calculated. A tracking point,
which is the centroid point of the white spot (Fig. 2.6(C)), is selected to represent the location at
the top of the tube (centroid of light). The x-coordinate of the tracking point in the kth frame can
be calculated as:

xk =
1

N

N∑
i=1

xki (2.7)

where N is the number of pixels in the white spot, xki is the pixel-coordinate of the ith pixel (see
Fig. 2.6(D) for the illustration). Then the displacement (in terms of the number of pixels) in the
kth frame can be calculated as following

Dk = xk − x1 (2.8)

This pixel-displacement can be converted to displacement in meters by dividing by a constant

dk =
Dk

λ
(2.9)

where λ = 5837 m−1 is the obtained by taking a benchmark image. The displacement time history
of the tracking point is then obtained as dk ∼ tk, where tk = k ·∆t.

The time history of the acceleration is calculated by differentiating the displacement time his-
tory. Considering that high frequency noise in the original data can deviate the results from the
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actual value, post-processing is needed to smooth the data. The displacement is downsampled by
12 and then smoothed using the moving average filter. The filter can be expressed as

d̃k =
k+2∑

i=k−2

di

5
, d̃1 = d1, d̃2 =

d1 + d2 + d3

3
(2.10)

where di is the un-smoothed data and d̃i is the smoothed data. A comparison between the raw
data and the processed data is shown in Fig. 2.6(E) for one drop test from 15 cm. The difference
brought by the process as shown can be neglected and the smoothed displacement data is used to
calculate acceleration by twice differentiation.
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Figure 2.6: Laser tracking process. (A) Sketch of the side view of the test setup and diagram of
the error analysis of the distance measurement. (B) A representative frame shot by the high-speed
camera during the drop test. The two white spots corresponding to two laser pointers attached to
the top of zipper tubes and tracking points are selected as the centroids of the spots. (C) Illustration
of pixel coordinates: the pixel x coordinate of the ith grid shown in the figure is five, the j th grid
is eight. (D) Time history of displacement: raw data and processed data for zipper tubes at 95%
extension and 52% extension.
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2.3 Results

2.3.1 Quasi-static axial tests
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Figure 2.7: Quasi-static axial loading response of locked tubes. (A) Load-unload cycle response of
tubes extended to 52%, 72%, and 95% (top) and corresponding experimental photos for the 95%
and 52% extensions (bottom). The shaded area is the dissipated energy during a load-unload cycle.
(B) Mean value of loading responses from seven experiments for each extension. (C) Mean value
of energy absorption from seven experiments for each extension. (D) Comparison of mean force
between experimental testing and numerical FEM simulation (for a crushing distance δ/lc = 50%).
(E) Comparison of absorbed energy between experimental testing and numerical FEM simulation
(for a crushing distance δ/lc = 50%).

Zipper tubes locked at three different states of extension, 52%, 72% and 95%, are tested with a
load-unload cycle (Fig. 2.7A, Movie S1), where the shaded area denote the dissipated energy dur-
ing a load-unload cycle. The initial stiffness increases with the extension of the tubes (i.e. 1N/mm
for the 52%, 1.8N/mm for the 72%, and 6.5N/mm for the 95%). The tubes at 52% extension show
a nearly elastic response and recovery; and thus, little energy is dissipated. During loading there
is some elastic buckling and minor yielding (point No. I), followed by a plateau (point No. II),
and finally some densification of the tube (point No. III). Upon recovery, the force-displacement
response is nearly identical with the buckled locations recovering to the initial configuration. For
the tubes with 52% extension, most of the deformations occur as recoverable buckling and local
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bending around fold lines which follows the one DOF kinematics of the origami. The tubes locked
at higher extensions have a more nonlinear force-displacement response because more panel de-
flection, buckling, and local yielding occur. The force-displacement results for the zipper tubes
at 95% extension show three peaks during the loading process. Before the first peak, the zipper
tubes have a linear elastic response to the axial loading. Due to the buckling and local crack-
ing in the adhesive around fold lines, the force drops sharply at point No. 1. As the loading is
continued, localized contact occurs at the central segments, which leads to another peak in the
force-displacement curve (point No. 2). More buckling around end-segments of the tube brings
the force down until the whole structure becomes densified (point No. 3). As the system is un-
loaded, it has a low stiffness and recovers near linearly (from 80 to 0 mm displacement). The
response of the tube with 72% extension is between the two other cases. Buckling, yielding and
local bending around fold lines are affecting the global responses simultaneously in the tube with
72% extension. Buckling and yielding induce a drastic change in the forces and non-recoverable
deformations, whereas the local bending will increase the forces and recover after unloading. A
combination of these opposing effects distinguishes the loading response from the nearly elastic
behavior of the tube with 52% extension, or the fluctuating forces of the tube with 95% extension.

To verify the overall behavior with respect to extension, seven individual tests are performed
for each of the three cases. The overall force-displacement for the three sets of tests are similar
to those shown in Fig. 2.7A. The systems with low extension (52%) have a nearly recoverable
response, those at a high extension (95%) have three peaks, and the third set (72%) again fall in the
middle. The load-displacement response for each set of tubes are averaged and presented in Fig.
2.7B. The overall behavior is again influenced by the extensions. The tubes with larger extension
exhibit a larger axial stiffness, a higher peak force for crushing, and are able to provide a longer
crushing distance before densification.

As illustrated in the Fig. 2.1A, the absorbed energy for each test is characterized as the area
underneath the force-displacement curve. Fig. 2.7C shows the absorbed energy versus the crush-
ing distance for the three sets of experimental tests (each set is averaged). This plot shows another
tunable behavior benefited from the deployable property of these systems. The tubes with larger
extensions have higher levels of energy-absorbing capability even for the same crushing distance
(slopes of lines in Fig. 2.7C). From the quantitative comparison of mean values of energy absorp-
tion, the locked zipper tubes extended to 95% can absorb 2.3J while those at 52% absorb less than
0.4J. However, the mean forces and peak forces also increase with the extension. In summary,
the behavior obtained from quasi-static tests show that the axial response including stiffness, peak
force for crushing, and total energy absorption can be changed dramatically for the same tube de-
sign. By deploying and locking the tubes at different extensions, it is possible to tune the behavior
without changing the system design.

26



Finite element numerical simulations are performed for the same range of tube extensions,
and the results are compared with experimental results in terms of the mean reaction force and
absorbed energy (Fig. 2.7D, E). The large variation of experimental results comes from the limited
specimens. For each deployment ratio, we made seven samples for the quasi-static compressions.
The variation can be narrowed by testing more samples.

These results are obtained when we compare the systems over a crushing distance of δ/Lc =

60% of the total length of locked zipper tubes (see schematic in Fig. 2.7D). Comparing over only
a portion of the crushing distance (50-80%) provides a more reasonable comparison, because the
finite element models substantially overestimate forces and energy absorption in the densification
regime. For the limited range, the mean forces and total energies are in reasonable agreement with
those obtained from the compression experiments. Additionally, the overall trends are similar and
show that the extension can be used to increase the forces and the total amount of energy absorbed.
Finally, the increase of energy absorption from extending the tubes is substantially faster than a
linear growth (dashed line in Fig. 2.7E). In other words, if the tube is already deployed past 50%
extension, a small additional extension will result in much higher forces and energy absorption.

2.3.2 Benchmark comparison
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Figure 2.8: Comparison of the energy absorption behavior between prismatic tubes and locked
zipper tubes of the same length. (A) Experimental photos of prismatic square tubes, the numbering
corresponds to part (B). (B) Mean value of loading responses from seven experiments for prismatic
tubes and locked zipper tubes at 95% extension.

Seven conventional square tubes of the same length and cross-sectional area are tested to set
a benchmark for evaluating the relative energy-absorbing behavior of the locked zipper tubes.
The square tube is selected as a representative of the conventional thin-walled prismatic energy
absorbers, because those devices have similar loading responses where the critical buckling causes
a high initial peak force and subsequent sharp decrease. These square tubes are fabricated with
the same polyester sheets as the locked zipper tubes, where the total amount of material used
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and the axial length of the squared-tube are equal to the locked zipper tubes at 95% extension.
Both ends of the prismatic tube are glued to two square acrylic plates to restrain the translational
movement (Fig. 2.8A). These prismatic tubes are tested using the same loading procedure as the
locked zipper tubes and the mean loading responses are plotted in Fig. 2.8B for the prismatic tubes
and the locked zipper tubes at 95% extension. The energy-absorbing characteristics are compared
over the whole crushing distance of 0.5Lc = 72.5 mm, where Lc is the initial length of both tubes.
The comparison shows that initial peak force of the locked zipper tubes (40.7N) is 23.6% lower
than the initial peak force of the prismatic tubes (53.3N), whereas mean crushing force of the
locked zipper tubes (24.9N) is slightly higher than the mean crushing force of the prismatic tubes
(23.9N). These results show that the zipper coupled origami pattern offers similar advantages for
energy absorption as those presented with other origami inspired designs [36], and can provide an
overall comparable response to prismatic tubular systems. Notice that if the comparison is carried
out over a shorter crushing distance (e.g., 0.14Lc ≈ 20 mm), the mean crushing force of the square
tube (29.5N) will be greater than that of the zipper tube (28.8N). However, to absorb more impact
energy, an thin-walled tube is typically crushed over a longer portion of the initial length (e.g., half
of the initial length or more).

2.3.3 Influence of the end constraints

Figure 2.2D shows that a zipper tube that is locked on both ends can offer significantly more
stiffness than an unrestrained tube, and is thus suitable for energy absorption. The numerical study
of energy characteristics is now extended to zipper tubes that are only restrained on the bottom, and
the locking at the top plate is released. The FE model of the bottom-restrained zipper tube is built
with same geometry as the fully-locked tube, while the top plate now only serves as a moving plate
to compress the tube. Finite element simulations are performed for the same range of extensions
from 52% to 95%, and the mean crushing forces are compared with those of fully-locked tubes
(Fig. 2.9A). The results compare the tubes over a crushing distance of δ/Lc = 50% of the total
length. Both trends show that the mean forces (Pm) increases with the axial extension, while the
fully-locked tubes have a higher Pm over the whole range of extensions. The fully-locked zipper
tube can absorb more energy because the restraint from the top plate results in more panel crushing
within the segments that are close to the top.
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Figure 2.9: Comparison of the energy absorption behavior between zipper tubes that are locked on
both ends and zipper tubes that are restrained only on the bottom end. Comparison of mean force
for (A) different extensions, and (B) different number of segments, while the extension is set to be
82%. The crushing distance δ/Lc = 50%. Plastic deformation for (C) the bottom-restrained and
(D) the fully-locked tubes with different number of segments deployed to 82% extension (PEEQ
is plotted on the undeformed shape).

For zipper tubes with different number of segments, the top restraint has a different level of
influence on the overall energy behavior. Keeping the panel geometry to be the same, zipper tubes
with different number of segments are compressed from 82% extension, and their mean forces
are shown in Fig. 2.9B. With more segments in the tube, the mean force decreases for both the
fully-locked and the bottom-restrained tube, because with more segments there is more kinematic
deformation and less crushing. However, the difference between the mean forces, quantified as
the ratio of the fully-locked Pm to the bottom-restrained Pm, varies with the number of segments
(insert in Fig. 2.9B). The ratio first increases then decreases with the number of section, and it
reached the peak for six segments. The trend of this ratio is related to the distribution of crushing
in the two different locked cases, which can be explored by through the equivalent plastic strain,
PEEQ, in the systems (Fig. 2.9C, D). With only two segments, the case with only the bottom
restraint still provides substantial constraint to the kinematics of the tube, inducing similar panel
crushing and plastic strain to those of the fully-locked tube. Thus, the fully-locked Pm is only
1.6 times as high as the bottom-restrained Pm. For the bottom-restrained tube with six segments,
the top panels are much less restrained and do not experience crushing, while the fully-locked
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tube can provide restraints and cause more panel crushing. Thus the ratio of Pm increases to 3.
Furthermore, with ten segments in the tube, the majority of the panels in both tubes will follow the
kinematic folding motions of the creases, regardless of the existence of the top restraint. The ratio
of Pm drops back to 1.6, which implies that the energy absorption is not significantly improved by
adding the top restraint.

2.3.4 Parametric study

The finite element simulations are extended to conduct a parametric study where the geometry
of locked zipper tubes is varied. From the parameters used in the geometric design of zipper
tubes, the number of segments N , the vertex angle α, and the aspect ratio a/c (Fig 2.2. A, B)
result in differences in the system performance. To enable a fair comparison within the parametric
study, the total material cost and the shell thickness of the zipper tubes is kept the same for all
cases. As the number of segments is changed, the size of panels (variables a and c) changes such
that the material cost remains the same. The crushing percentage (δ/Lc) is set to be 80% for
all simulations. Changing the number of segments does not change the overall kinematics of the
tubes. The vertex angle and the aspect ratio characterize the planar geometry of the Miura-ori
pattern, which affects the global shape of the system. Changing the vertex angle or the aspect
ratio does not affect the size of the panels (variables a and c). The vertex angle does affect the
folding kinematics of the system where tubes with higher α change their shapes to essentially
square-like tubes when fully deployed. The aspect ratio also alters the folding kinematics, where
a larger aspect ratio defines a shorter and more dense zipper tube. The crushing characteristics of
the different parametric cases are compared in terms of the energy absorption and the maximum
force Pmax (Fig. 2.10).
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Figure 2.10: Parametric variation of tube geometry. (A) Energy absorption and (B) maximum force
for tubes with different number of segments. (C) Plastic deformation for two tubes with a different
number of segments (PEEQ is plotted on the undeformed shape). Distributed panel plastification is
observed for tubes with only two segments, whereas most plastic deformation occurs around fold
lines for tubes with ten segments. (D) Energy absorption and (E) maximum force for tubes with
different vertex angles. (F) Plastic deformation for tubes with different vertex angles deployed to
95% extension (PEEQ is plotted on the undeformed shape). Distributed panel plastification is ob-
served for tubes with a vertex angle of α = 75o, whereas most plastic deformation happens around
fold lines for tubes with a vertex angle of α = 35o. (G) Energy absorption and (H) maximum force
for tubes with different aspect ratios. (I) Plastic deformation for tubes with different aspect ratios
deployed to 95% extension (PEEQ is plotted on the undeformed shape). Distributed panel plasti-
fication is observed for tubes with an aspect ratio of a/c = 2, whereas most plastic deformation
happens around fold lines for tubes with an aspect ratio of a/c = 0.5.

2.3.4.1 The number of segments

When increasing the number of segments in a tube, both the absorbed energy and the max-
imum force decrease (Fig. 2.10A, B). The general trends are similar to those observed in the
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experiments, and the force/energy characteristics with respect to deployment remain aligned for
the different number of segments (lines do not overlap). To compare the efficacy of these systems
as energy absorbers we compare the ratio of the amount of energy absorbed at 95% extension to
the corresponding peak force (δ · Pm/Pmax, summarized in Table 2.1.). All these systems use the
same amount of material, so if more energy absorption is desired, then the design with the fewest
segments should be used (Fig. 2.10A). However, if it is also desirable to mitigate the peak crushing
forces, then tubes with six segments provide the maximum energy absorbed for the lowest relative
peak force (Table 2.1). These trends are a result of the strain distribution and crushing behavior of
the origami tubes (see Fig. 2.10C where the PEEQ represents the equivalent plastic strain status).
For the most part, we see the high strains to be happening around diagonals. Additionally, we see
the high strains happening at the vertices. The only case where we see islands of high strains is
when there are only two segments in the zipper tube. All the tube panels are subjected to con-
straints from the rigid plates. The local rotations are restrained, leading to crushing and higher
strains. For the zipper tube with more segments, portions in the middle of the tube have less re-
striction and can experience a more controlled buckling that also involves kinematic deformation
of the system. These buckling characteristics and the plasticity distributions could allow for more
advanced designs of the structures, where the number of segments could be used to design the
mean to maximum force ratio in the system.

Number of Segments 2 4 6 8 10

δ · Pm/Pmax (10−1J/N) 0.55 0.83 1 0.84 0.76

Aspect Ratio a/c 0.5 0.8 1.0 1.5 2.0

δ · Pm/Pmax (10−1J/N) 1 1.5 1 0.83 0.83

Table 2.1: The ratio of the amount of energy absorbed at 95% extension to the corresponding peak
force (δ · Pm/Pmax).

2.3.4.2 The planar geometry

Both the vertex angle α and the aspect ratio a/c can change the planar geometry of the Miura-
ori pattern. When varying the vertex angles the energy absorption properties with respect to the
system extension show different nonlinear trends (Fig. 2.10D, E). For a tube with a vertex angle of
α = 75o the energy absorption increases from 0.24J at 50% extension to 6.76J for a 95% extension
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(28 times increase). On the other hand, the trend for a smaller vertex angle is smoother without
such a drastic variability. For example, the tube with α = 35o has an energy absorption of 0.37J
at 50% extension and only increases to about 1.82J at 95% extension (only a 4.9 times increase).
The maximum forces follow these same general trends where higher vertex angles result in higher
variability with extension. These results show that the vertex angle can be used to control how

tunable the system is. The change in the energy absorption trends relate to the kinematics of the
systems. When the tubes are deployed to a smaller extension (e.g. 50%) the crushing of all tubes
follows the fold kinematics and little energy is absorbed. When deployed to higher extensions
(above 90%) crushing the tubes with large vertex angles engages local panel deformations and
distributes plasticity throughout the system, while crushing tubes with small vertex angles still
follows the fold kinematics (Fig. 2.10F).

When increasing the aspect ratio a/c of the tube panels, both the absorbed energy and the
maximum force increase (Fig. 2.10G, H). The ratio of the energy absorption at 95% extension to
the corresponding peak force (δ · Pm/Pmax) is compared to show the efficacy (Table 2.1), and the
tubes with aspect ratio around 1.0 offer the highest efficacy. The change of the energy absorption
and the max force is related to the global shape difference (Fig. 2.10I). The tubes with large
aspect ratio are shorter and more dense (Fig. 2.10I), i.e., have more amount of material in a unit
longitudinal length. When the tubes are compressed, the same crushing distance results in more
material deformation in the tubes with large aspect ratio. Furthermore, for the zipper tubes with
large aspect ratio, the tube panels also have more restriction from the rigid plate due to the smaller
longitudinal length, causing higher strains within the tube panels (Fig. 2.10I). Thus, the energy
absorption and the max force both increase with the aspect ratio based on the above two effects.
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2.3.5 Drop tests and dynamic analyses
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Figure 2.11: Drop tests demonstrating peak accelerations in a low-energy impact scenario. (A)
Time history of acceleration for tubes with an extension of 52% and (B) tubes with an extension of
95%. (C) The peak accelerations after collision versus drop heights. The 90% confidence intervals
are indicated with vertical bars and are derived from four repeated tests.

Mechanical properties such as axial stiffness and yielding forces can be extracted from the
quasi-static loading response, whereas the ability of the absorber to provide buffering during im-
pact can be characterized by exploring the acceleration time history after a free drop and collision.
A small mass is attached to the top of a locked tube to provide enough impact, and the drop
frame (Fig. 2.4B) is used to test the buffering capabilities. The tests are performed at three dif-
ferent heights and the peak acceleration versus drop height are calculated (Fig. 2.11A-C). The
acceleration time history is calculated by twice differentiating the displacement data. The longer
constrained zipper tubes (95% extension) result in a larger peak acceleration after the collision
when compared to tubes with the same geometry but shorter extension. For the drop test from
a height of h = 5 cm, the peak acceleration for a zipper tube at 52% extension averages at 3.5
m/s2, whereas the peak acceleration for tubes at 95% can reach 10 m/s2. Similar relations can
also be observed with different drop heights. The peak acceleration during a collision is correlated
to the damage that can be transmitted to protected objects. A lower peak acceleration (52% ex-
tension) corresponds to better protection, and a higher peak acceleration (95% extension) means
more serious damage. Although the friction in the system is not negligible, it does not affect the
comparison between the tubes, as they are dropped simultaneously with the same setup (discussed
in the experimental methods).

Dynamic buffering capability is also demonstrated qualitatively using drop tests with: i) two
measuring cylinders containing 2 cm of colored water which are placed on locked zipper tubes
with extensions of 52% and 95% (Movie S2); ii) eggs on top of a 52% locked zipper tube and the
slider (Movie S3).
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In this low-energy scenario, these structures with extension of 95% do not crush during the
test, and their high stiffness causes the higher accelerations. On the other hand, the tubes with a
52% extension, have a substantially lower stiffness, and remain nearly elastic (even when slight
crushing and nonlinearity occurs (Fig. 2.7A).

2.4 Locking mechanism

In this subsection, we show a locking mechanism inspired by zip ties that allows the deployment
and subsequent self-locking of the zipper-coupled tubes (Fig. 2.12). On each end of the zipper-
coupled tube, there is one edge that is glued to the end plate, and a parallel edge that is able to move
and engage with the locking mechanism (Fig. 2.12A). As the zipper tube deploys in the x direction,
the tube dimension in the y direction shrinks, and the two parallel edges move closer together. The
deployment and self-locking can then be realized by allowing the two edges to approach each other,
but creating locking components that prevent them from moving apart again. The zip-tie inspired
mechanism can fulfill this function. Two racks of inclined ridges are bonded onto each rigid plate,
and the ridges are set to be inclined toward the direction along which the parallel pair will get
closer. (Fig. 2.12A). The glued edge is bonded to the rigid plate to restrain relative translations,
and the lock edge serves as a ratchet. As the tube extends, the lock edge travels past each ridge
without much resistance. If the lock edge moves back in the opposite direction, it will go under
the ridges, and its motion will be prohibited by the inclined ridge. Thus if the tube is compressed,
the locking mechanism will prevent it from folding back to a flat state.

A physical self-locking example is shown in Fig. 2.12B and Movie S4. With two built-in
racks of inclined ridges on the plastic plates, the zipper-coupled tube can deploy and stay at ∼70%
extension (Fig. 2.12B, part 2) and ∼ 90% extension (Fig. 2.12B, part 3). A mass of 500 g can
be supported by the self-locking tube (Fig. 2.12B, part 3), demonstrating the strength of the zip-
tie locking mechanism. Finally, by rotating the plastic plates about the glued edge, the racks of
inclined ridges will detach from the tube, and the tube can come back to its initial state (Fig. 2.12B,
part 4).
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Figure 2.12: Self-locking of the zipper-coupled tube. (A) A tube at 72% extension is deployed to
95% extension by squeezing the sides. Panels on the ends are locked into one-way inclined ridges
that are bonded onto the rigid plates. The lock edge is parallel to the glued edge. (B) Corresponding
experimental photos of the deployment and locking. The tube is: 1) at the initial state; 2) deployed
and locked at around 70% extension; 3) deployed and locked at around 90% extension, and a mass
of 500g is supported on the top; 4) retracted to the initial state by releasing the locking ridges from
the tube edge. The inserts show the locking ridges at the initial state (1) and a deployed state (3).
See Movie S4.

36



2.5 Concluding remarks

This chapter introduces a concept for using origami tubes as deployable and adaptable energy-
absorbing devices. Experimental and numerical studies of the deployable tubes demonstrate the
tunable characteristics. Locking the tubes changes the system from being elastically deployable,
to becoming stiff structures that require crushing to compress longitudinally (9 times stiffer for
a tube at 72% extension). Axial quasi-static experiments of the tubular structures made from
polyester sheets demonstrate that the stiffness, system forces, and energy absorption all increase as
the system is deployed. The quantitative increase of these properties is non-linear with respect to
extension of the system. Numerical simulations of the crushing are in reasonable agreement with
the experimental results. Both studies show similar values for the force-displacement character-
istics and the overall system trends with respect to the extension. The improvement of using the
locked zipper tubes as energy absorbers is verified by comparing the crashworthy behavior with
that of prismatic tubes. A numerical parametric study indicates that tubes with fewer segments
(fewer panels and folds) will result in more plasticity throughout the structure resulting in higher
energy absorption and peak forces. These results demonstrate the importance of effectively locking
the thin sheet structure to absorb energy through crushing. Structures with six segments have an
optimal balance when comparing the total energy absorption to the peak force. For these systems
it is important to lock both ends of the tube, while locking only one will provide only about a third
of the energy absorption. A parametric study on the design of the planar tube geometry showed
that the vertex angle can control the nonlinearity of the relationship between energy absorption and
extension, or in other words how tunable the system is. Another parametric study on the planar
geometry suggests that the energy absorption increases with the panel aspect ratio, where a short
and dense tube will crush with more plasticity. Given a low-energy impact, a set of experimen-
tal dynamic drop test show that the tubes can offer different levels of buffering when locked at
different extensions. Finally, a physical model based on the zip-tie mechanism is introduced to
demonstrate self-locking of the tube after deployment.

In comparison with the conventional thin-walled tube of identical material cost, the proposed
zipper tube shares similar loading responses as those of other origami energy absorbers [32, 36]:
lower peak force and more energy absorption. Moreover, the zipper tube also owns the potential to
tune the energy-absorbing behavior by deploying to different extensions. For vehicle applications,
we expect the deployable energy absorbers can work with speed sensors that detect the incoming
collision. Generally, the absorbers should be deployed to a longer extension for a higher speed,
to absorb as much impact energy as possible. For a relatively lower speed, the absorbers should
be deployed to a shorter extension to reduce the peak force. A set of sensors, decision making
methods, and control algorithms will be required to effectively implement and use the active energy
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absorption.
The work presented here is a proof-of-concept for the deployable and adaptable energy-

absorbing systems and is thus limited in nature. First, innovation and improvement is needed
in the materials, design, and scalable fabrication of the deployable origami tubes [17]. Next, it
is important to resolve methods for rapid deployment mechanism to allow real time responsive
behavior. An inflatable bladder within the origami tubes [19] driven by a chemical reaction similar
to an airbag could be suitable for rapid deployment and tuning. Using fabric-polyester for fab-
rication can increase the life-span robustness [69]. Calculation of the energy absorption per unit
volume versus density would enable the comparison to other materials, using the standard Ashby
map [70]. We are hoping that we can create a mechanism in the future, enabling the tunable locking
and deployment of the system.

The following videos can be found in https://shorturl.at/cfsY5

Movie S1. Cyclic quasi-static test of a zipper tube with 95% extension. The video is shown 16
times faster than the actual speed.

Movie S2. Drop test of cylinders containing water shown at 40 times slower than the actual
speed. The left tube has an extension of 52% and the right has an extension of 95%. The tube with
less deployment has lower stiffness and results in almost no splash back of the water, whereas the
tubes with larger deployment results in 1.5cm splash back

Movie S3. Drop test of raw eggs shown at 40 times slower than the actual speed. The left tube
has an extension of 52% and the egg on the right sits directly on the vertical slider. The tube can
protect the egg from this drop.

Movie S4. Self-locking of a zipper-coupled tube with the zip-tie mechanism. The tube is de-
ployed and self locked to multiple extensions. It supports a mass of 500 g when locked at around
90% extension.
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CHAPTER 3

Bending Stability of Corrugated Tubes with
Anisotropic Frustum Shells

The flexible drinking straw, or bendy straw, can change its orientation over the tube length via
local snap-throughs. While it has been mass produced for decades, the geometric influences on
the bending multi-stability have not thoroughly investigated. In this chapter, to explore how the
bending stability is affected by geometry, we extend and verify a elasticity-based bar and hinge
model for curved-crease origami. We discuss the geometric influences from both the longitudinal
and the cross-sectional aspects, and find out the energy behaviors behind the global stability. This
work has been published as: Wo, Z. and Filipov, E. T., Bending Stability of Corrugated Tubes
With Anisotropic Frustum Shells, ASME. J. Appl. Mech. 89(4): 041005. doi:10.1115/1.4053267.

3.1 Introduction

Snap-through instabilities of elastic shells offer a novel method to create reconfigurable struc-
tures and geometrically adaptable systems. Recent studies have explored the underlying mechanics
of different elastic shell geometries [37, 71, 72, 73], and research has also harnessed their instabil-
ities for different morphological applications [74, 75]. Among common geometries, the open-top
conical frustum shell can be inverted to generate non-trivial stable configurations [76]. In their
most popular implementation, open-top frusta are arranged in an opposing fashion to create a func-
tional corrugated tube commonly known as the bendy or flexible drinking straw (Fig. 3.1). This
corrugated system allows for morph-and-lock features with both axial and rotational deformations.
A full inversion of the frustum can axially shorten the corrugated tube while a partial inversion
can allow for global rotation. The separate frusta can undergo different inversions, allowing for
versatile shape morphing over the length of the corrugated tube.

Corrugated tubes made of open-top frusta have found practical applications beyond the simple
drinking straw. The same principles are used to create bain circuits [77,78], hoses for transporting
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liquids and gases [43,44], and covers for moving equipment [79]. The ability to elongate, shorten,
and adaptively bend allows this subset of corrugated tubes to conform to different shapes, move
into new configurations, and to connect points in otherwise hard to navigate environments (e.g.
within the human body or a car engine). Furthermore, the corrugations increase the stiffness of the
tubes for external out-of-plane loads and increase the capacity for the tubes to resist orthogonal
flattening or crushing. Recently, these corrugated tubes of open-top frusta have also been investi-
gated for novel applications in engineering. The axial bi-stability of the multiple successive frusta
in the tube has been used to create energy absorbing and adaptable metamaterials [20, 80], and the
bending adaptivity has been proposed for use in creating versatile origami-inspired finger grippers
and crawling robots [21]. Bending bi-stability of the frusta allow the tube to be reconfigured to
arbitrary 3D space curves, which opens the door for transdimensional deformations [42].

Despite the long history of practical applications with bending straws [48], the underlying me-
chanics of these systems have not been explored in much detail, especially with respect to the
bending stability. The work by Zhang explored partial inversions of single open- and closed-top
frusta under lateral point loads [76]. The work evaluated critical forces and the bi-stable transitions
through experiments and a series of parametric studies on the geometry of the frusta. A different
study by Bende et al., explored the bending stability of two opposing frusta (a unit cell of a corru-
gated tube) under a downward load placed non-axially at the edge of the frusta [41]. For a limited
set of geometries, the work showed that internal pre-stress or overcurvature is necessary to achieve
a stable bent state. Furthermore, their work showed that cones with higher slope and/or height
are needed to achieve bi-stable bending. The previous studies, however, have had several limita-
tions. They have only explored a limited set of geometries and have not evaluated the influence
of the “crease” which connects two separate conical frusta. From the experimental perspective an
extensive parametric study has not been feasible for the large number of geometric parameters, as
it would require a large number of samples and testing time. In the previous studies, the partial
inversions were activated by non-axial point loads, to investigate the stability behavior of a single
frustum rather than of a corrugated tube consisting of multiple frusta. While this loading mode was
easy to achieve experimentally, it differs from the practical use of flexible bending straws which
would typically experience bending moments. Finally, while the properties of circular frusta have
been partially explored, cross-sectional influences on the bending stability have not been studied
in previous work. Our work in this paper will give insight to these additional topics of interest.

The chapter is organized as follows. Section 3.2 describes the geometry of the corrugated tubes,
the adapted bar-and-hinge method used for simulations, and the four-point bending set-up used to
explore bending bi-stability. In Section 3.3, the bending stabilities of circular cross-sections are
explored, and a simple mechanism is used to explain the underlying mechanics of the system.
Section 3.4 evaluates the bending stability of modified cross-sections and gives insight to how
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cross-section anisotropy, concavity, and non-symmetry can influence the stable configurations and
energy landscape. Physical models with orthotropic bending stabilities are presented in Section
3.5. A discussion and conclusion addressing the findings, limitations, and potential extensions is
presented in Section 3.6.

3.2 Geometry and model

3.2.1 Geometric parameters and cross-sections
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Figure 3.1: Geometry and cross-sections of the corrugated straw. (A) A straw with ten unit cells.
(B) A unit cell in three configurations: extended, collapsed, and bent. (C) The longitudinal section
can be defined by five independent parameters. (D) Circular cross-section. (E) The track shape
with d/r = 1.1 (F) The dumbbell shape with d/r = 1.1, λφ = 1.8. (G) The three-leaf clover
shape with λφ = 1.8.
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A typical instance of the bendy straw is composed of repeating units, where each unit cell
consists of two different frusta that are connected by a crease line (Fig. 3.1A). In certain instances,
the unit cell can snap between two axial stable states (Fig. 3.1B), extended and retracted, through
a full inversion of the top frustum [20, 41]. This type of axial bi-stability allows a straw to deploy,
and to maintain configurations at multiple lengths [20]. Another type of possible bi-stable behavior
is through a partial inversion of the top frustum, which can provide continuously-varied bending
configurations for the straw, and here is referred to as bending stability [41].

The shape of the straw will depend on the longitudinal geometry of the unit cell (Fig. 3.1C) and
the shape of the tube cross-section. The longitudinal shape can be defined by the following five
parameters: slant angles of (1) the top (θ1) and (2) the bottom (θ2) frusta, the radius of (3) the outer
(R) and (4) the inner (r) edge, and (5) the shell thickness (t). The slope of the bottom frustum
θ2 is greater than θ1 to avoid self-intersection during full inversion of the top frustum in axial
compression [41]. Futhermore, r must be identical for all units in a multi-cell straw (Fig. 3.1A)
because each unit must be connected to its adjacent unit via the inner edge. While in principle the
other four parameters can be varied independently for each unit cell, we assume they are constant
for the entire corrugated tube. To constrain our study to classical straw structures similar to those
studied in [20, 41, 76], we set the ratio of the outer to inner radius to be R/r = 1.15, and the angle
of the bottom frustum to be θ2 = 70o. The outer radius is set to 31 mm. We then normalize the
thickness with the outer radius as t/R. The normalized thickness (t/R) and the slant angle of the
top frustum are systematically varied to explore the geometric influence on stability.

In addition to the longitudinal unit-cell parameters, the shape of the cross-sections can also af-
fect the bending stability. The circular cross-section allows for a consistent mechanical behavior
in all bending directions, but does not allow for a geometrically programmable response in dif-
ferent directions. Therefore, the additional cross-section variations are introduced to expand the
parameter space for exploring and programming bending behaviors. Top views of all four types
of cross-sections are shown in Fig. 3.1D-G. From the cross-sectional perspective, a conventional
circular unit cell is defined with only two radiuses R, r (Fig. 3.1D). A direct modification can
be proposed by moving two semi-circles away from the origin horizontally by a distance d, and
connecting them with straight lines of length 2d (Fig. 3.1E). Mathematically, the equation for the
upper part of the inner edge can be written as the following:

y =


√
r2 − (x+ d)2 x ∈ [−d− r,−d]

r x ∈ [−d, d]√
r2 − (x− d)2 x ∈ [d, d+ r]

(3.1)

The bottom half is the reflection of the top half over the X axis. The equation for the outer edge is
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formulated by replacing r withR in the above definition, thus a gap ofR−r is created consistently
around the entire cross-section and the angles θ1 and θ2 remain uniform as well. This cross-section
variant is named as the track shape for its overall similarity to the running track (Fig. 3.1E). The
circular and the track shape cross-sections share a common feature where both are enclosed by
curves on the side and there are no negative curvatures along the cross-section.

Next, to explore a cross-section with a negative curvature, we modify the track shape by squeez-
ing the central part of the track shape. A sketch of the modified shape is shown in Fig. 3.1F, and
the upper half of the cross-section is described by the following equation:

y =



√
r2 − (x+ d)2 x ∈ [−d− r,−d+ r · sinφ]

d · cotφ+√
(d · cscφ− r)2 − x2

x ∈ [−d+ r · sinφ, d− r · sinφ]

√
r2 − (x− d)2 x ∈ [d− r · sinφ, d+ r]

(3.2)

where φ is the angle of the negative curved region. The bottom half of the cross-section is the
reflection of the top half over the X axis. Here, the size of the negatively-curved arc is defined by
introducing a variable λφ. This variable then defines the angle φ of the negatively-curved region
as shown in Eq. 3.3

φ =

 arcsin

(
d

r

)
/λφ d < r

π

2
/λφ d ⩾ r

(3.3)

The parameter λφ serves a similar role to “a radius of curvature” in defining the negatively
curved region in the dumbbell shape. The shape becomes a track shape when λφ → ∞, and the
curvature of the negatively-curved region increases as λφ decreases. The equation for the outer
edge is formulated by replacing r with R in Eq. (3.2), and a consistent gap of R − r is created.
The definitions in Eq. 3.2 and Eq. 3.3 are chosen such that we obtain a smooth transition from
the negatively curved region to the adjacent semi-circles. This shape is named as dumbbell shape

because of its similarity to a physical dumbbell.
The dumbbell shape has a unique negatively-curved part as compared to circular and track

shape, but all three of these cross-sections share a common property: symmetric bending axes, i.e.,
bending along opposing directions yield identical responses when the bending axis is determined.
Many variations can break up the symmetry and one of them is inspired by three-leaf clovers. The
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

x = d+ r · cosα, y = r · sinα α ∈ [0, π/3 + φ]

x = d+

(√
3

2
d · csc β

)
· cos

(
φ+

π

3

)
+

(√
3

2
d · csc β − r

)
· cos β

y =

(√
3

2
d · csc β

)
· sin

(
φ+

π

3

)
+

(√
3

2
d · csc β − r

)
· sin β

β ∈ [4π/3− φ, 4π/3 + φ]

x = −d
2
+ r · cos γ, y =

√
3d

2
+ r · sin γ γ ∈ [π/3− φ, 2π/3]

(3.4)

clover-like shape (Fig. 3.1G) has the rotational symmetry of order 3 and the angle of rotation is
120o. The shape is constructed by rotating a 120o segment two times, and the base segment is
expressed by the parametric equation 3.4, where φ is calculated using Eq. (3.3). The outer edge
is then defined by substituting R into Eq. (3.4), and the gap remains R − r. This cross-section
requires negative curvature such that there is a continuous curved transition between the three
separate segments.

Parameter Meaning

R Radius of the outer edge of the circular cross-section
r Radius of the inner edge of the circular cross-section
θ1 Slant angle of the top frustum in a unit cell
θ2 Slant angle of the bottom frustum in a unit cell
t The frustum shell thickness
d Distance between each semi circle and the centroid in the track shape
φ Half of the opening angle of each negatively-curved region in the dumbbell shape

and the clover shape
λφ The controlling coefficient for φ

Table 3.1: Geometric parameters of the corrugated tube

44



3.2.2 The numerical method

The bar and hinge model is a reduced-order simulation tool that has been used to approxi-
mate the loading response of thin-sheet structures, based on their global geometry and material
properties [67, 81]. The model can provide a rapid approximation of nonlinear mechanical be-
haviors with much less convergence issues than with conventional finite element models (dis-
cussed later in this section). The model was originally developed for analysis of straight-crease
origami structures [82], and has been recently modified to simulate arbitrary sheets and origami
with curved creases [83, 84]. The bar and hinge model was carefully examined under various
loading modes, and the predictions are in good agreement with those of theory, FE simulation,
and experiments [83, 84]. Curved crease origami is geometrically and physically similar to the
open top frusta explored in this work. In the bar and hinge model, the thin-sheet structure is
discretized into nodes, bars, and hinges (Fig. 3.2A). There are three different elements for the
main deformation behaviors: (1) straight bars that capture in-plane stretching and shearing, (2)
bending hinges that capture out-of-plane bending of the sheet, and (3) folding hinges that capture
rotations of the creases that connect separate sheets. The stiffness of each of the above three el-
ements are derived based on linear-elastic material properties and mesh geometry [84]. Here we
use Y = 1300 MPa, ν = 0.45 for Young’s modulus and Poisson’s ratio, based on typical prop-
erties of isotropic and homogeneous polypropylene (PP) [76]. The straw geometry is discretized
into triangular segments based on a metric called the aspect ratio, α, which describes the length
to width ratio of the segments and thus controls the density of the mesh [84]. For each triangular
segment, the aspect ratio α is defined as the ratio of the side length perpendicular to the fold, H ,
to the side length roughly parallel to the fold, W (Fig. 3.2A). A larger aspect ratio α results in a
finer mesh discretization. As compared to the finite element method, it takes much less time to run
simulations with the bar and hinge model, due to the fewer degrees of freedom. Prior work using
the bar and hinge model to simulate thin sheet structures has successful approximated the stiffness
and deformation behaviors of different corrugated sheet structures [83, 84].

The folding hinges that connect the separate frusta shown in Fig. 3.2A will experience a bending
during the deformation, but a precise description of their stiffness is not available yet. Thus, for a
crease line of length Lf , the stiffness is approximated by the following equation based on previous
works [67, 84, 85]:

kf =
Lf

L∗ · Y t3

12(1− ν2)
(3.5)

Complicated behaviors affecting the folding stiffness are simplified into a single, case-specific
parameter, called the length scale factor L∗. This factor is found to be a linear function of the
sheet thickness [68]. Given that the thickness t is normalized by R for a scalable analysis without
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Figure 3.2: The bar and hinge model and calibration. (A) Decomposition of the bar and hinge
model, where the aspect ratio α = H/W defines the density of the mesh. (B) One triangular panel
with bars (top), and the isometric view of a typical bending hinge that is connected to two triangular
panels. (C) Four-point bending setup and a typical deformed state. (D) The finite element (FE)
model consists of shell elements and connector elements. (E) A typical bi-stable energy profile
when the energy of the crease folding is not considered. The energy barrier is denoted by Eb,
and the stable rotation is ϕb. (F) Comparison of energy barriers and (G) the stable rotation states
between the FE model and the calibrated bar and hinge model. (H) Stability predictions for twenty
five combinations of θ1 and t/R. The FE predictions are slightly different from the predictions
with bar and hinge model, but both models show the same trends.

consideration of the folds, L∗ is also normalized as L∗/R for a fully scalable analysis with respect
to folding stiffness. Unless mentioned specifically, in this work we define the folding hinges to
have a stiffness of zero (L∗/R = ∞) to focus the research on the geometrical influence on the
stability behaviors of the thin-shell frusta.

In the bar and hinge model, panel stretching and shearing are represented by straight bars. For
a typical triangular panel (Fig. 3.2B), the stiffness of each bar is defined by

ks =
Y Aeff

L
(3.6)

where L is the length of the bar. The effective cross-sectional area of the bar, Aeff , represents the
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cross-sectional area that is proportional to the panel dimension and the sheet thickness. Based on
prior work [84] and calibration shown below, the following stiffness expressions give predictions
for the frustum stretching and shearing that match finite element results:

Aeff =


(
0.27α2 + 0.34

)
· AT t

L
Diagonal bars

0.27 · AT t

L
Non-diagonal bars

(3.7)

The out-of-plane bending stiffness of sheets are lumped into discrete bending hinges. After
meshing the structure with bars and hinges, a typical bending hinge is located at the interface of
two triangular segments with areas A1 and A2 (Fig. 3.2C). The calibrated bending stiffness is

kb = 0.043Y t · L2

A1 + A2

(3.8)

where L is the hinge length.
We use a four-point bending test to investigate the bending response of the corrugated tube,

and a two-unit straw is chosen because it is the simplest system that allows interactions within
units. The potential boundary effect with respect to the number of the units will be discussed
in the next subsection. Two stiffer hollow sections are connected to the ends of the straw via
creases (Fig. 3.2C, dark area). These sections provide a span between the loading points and
the supports. These end sections are set to be 106 stiffer than the straw so their deformations are
negligible in comparison. The two nodes on the left end of the tube that lie on the x− z plane are
restrained in all translational directions (Fig. 3.2C), while the two nodes on the right end (also on
the x− z plane) are only restrained in x and y to allow global longitudinal movement of the tube.
A displacement controlled simulation is performed by prescribing a downward y−displacement to
the four nodes that connect the frusta to the hollow sections and also intersect the x− z plane (Fig.
3.2C). Bending about a different axis is realized by rotating the structure about the z-axis, without
changing the criterion of assigning boundary and loading conditions. Total energy is calculated
for every increment of the displacement controlled simulation by summing the strain energy in the
bars and the hinges. The rotational angle ϕ is computed for every increment.

With the bar and hinge model, the structural stiffness can be overestimated for cases where
torsional deformations are present [84]. Because torsion is involved in the bending of the straw
corrugation (Fig. 3.2C), a calibration of the model is necessary to obtain reliable results. A finite
element (FE) model (ABAQUS/Standard [66]) of the two-unit circular straw is built using shell
elements and rotational hinges to provide high-fidelity simulation results for the calibration (Fig.
3.2D). Shells are meshed with S4 general purpose elements, where adjacent frusta are connected
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via connector elements with prescribed rotational stiffness to simulate crease rotations (the same
stiffness as defined in Eq. 3.5). Each end of the corrugated portion is connected to a cylindrical
tube with 106 higher Young’s modulus. In the FE simulation, the bending is simulated by applying
the same four-point bending setup and the loading scheme is controlled by the modified Riks
method [86]. Linear-elastic material properties are set to be the same as the bar and hinge model.
The rotational angle ϕ and the strain energy are computed in every iterations. Convergence with
respect to the mesh density is examined, and a mesh size of roughly 0.03R × 0.03R is chosen
because it provides a strain energy prediction that is within 0.2% of a mesh with 0.015R× 0.015R

elements.
Because torsional deformations are expected in the simulations (Fig. 3.2C), an aspect ratio

α ≈ 1 is used in the mesh of the bar and hinge model as is recommended in [84]. To calibrate
the bar and hinge model, the energy profile (Fig. 3.2E) is compared to the FE results to quantify
the difference. In order to be consistent with the scalable analysis, the strain energy E is non-
dimensionalized as Ē = 106 · E/(Y · V 3), where Y is the Young’s modulus and V denotes the
material cost of the corrugated part. The factor of 106 is included to make the figures that display
non-dimensionalized energy more clear. For a bi-stable bending process, the energy profile has
an energy barrier Ēb and the valley point that corresponds to the stable rotation ϕb. Setting the
discrepancy of energy barriers Ēb and the secondary stable state ϕb as the minimizing objectives,
the calibration returns stretching and bending stiffness as shown in Eq. (3.7) and (3.8).

With the calibration, a close match of energy barriers Ēb (Fig. 3.2F) and the second stable
state ϕb (Fig. 3.2G) are achieved for θ1’s in the range from 15o to 27.5o and thicknesses t/R =

0.013, 0.0145, 0.016, 0.0175. The largest relative error of the bar and hinge model for predicting
energy barriers when compared to the FE results is 3.8%. The second stable state ϕb shows a
nearly-linear relationship versus θ1, where the largest error is reported as 3.3%. The energy barrier
Ēb increases with the θ1 (Fig. 3.2F), since more energy input is required for partially inverting a
larger frustum. A corrugation with larger θ1 achieves the second stable state at a larger magnitude
of rotation. The top frustum gets taller and a larger rotation is required to trigger buckling and
inversion.

In order to examine the bar and hinge model’s accuracy for predicting bending stability of sys-
tems with different geometries, twenty five cases with various θ1 and t/R are simulated and com-
pared with the FE results. The stability results are presented in Fig. 3.2H, where the color in each
grid shows the stability type of the structure (i.e. mono-stable or bi-stable). Bending stabilities of
92% of the different geometric cases are predicted to be the same with the bar and hinge model and
the FE models. Although two cases near the transition boundary between mono- and bi-stability
are characterized differently with the two models, the global trends for the stability behavior is
the same. This stability map will be discussed in the next section, regarding the stability trends
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with respect to θ1 and shell thickness. Simulating the twenty five cases with FE took ∼18 hours,
while the same simulations with the bar and hinge model took only 84 minutes. This improved
computational efficiency with the bar and hinge model is necessary for the parametric variations
in the following sections where we perform hundreds of variations varying the geometries of the
systems. The model is still capable of accurately estimating the global behavior of the systems.

3.2.3 Boundary effects of the end constraints

In the four-point bending simulation, each end of the corrugated tube is connected to a much
stiffer hollow cylinder to provide a span between the loading points and the supports. Although the
deformations and strain energies of these hollow sections are negligible as shown in later figures,
they introduce stiff constraints on the conical frusta that may alter the loading response. There-
fore, corrugated tubes with more unit cells are tested (Fig. 3.3A), and a convergence study on
number of units is employed to explore the boundary effect. Here, a force-controlled simulation
is implemented using the Modified Generalized Displacement Control Method (MGDCM) [87].
This algorithm is constructed based on the arc length method, and it can accurately follow the
equilibrium path after the tangent stiffness becomes negative.

For the four-point bending test with a force control, there will be a nearly flat moment stage
between the loading points, with the center moment value denoted by M (Fig. 3.3B). When the
tube deforms, the frusta will snap and the moment value will fluctuate. The relationship between
M and the tube rotation ϕ is illustrated in (Fig. 3.3C) where mono-stable systems will only have
positive moments. The moment value of first limit point Mp is selected to compare the behavior
of tubes with different numbers of units. Comparing the energy would be misleading as tubes with
more units will experience more deformations and will contain more energy.

To study the convergence behavior, Mp is found for systems with different number of units, and
a relative error of Mp is computed with respect to a system with N = 10 units. The results show a
downward trend in error with respect to the number of units N (Fig. 3.3D, note the logarithmic y-
scale). When there is only one unit in the tube (N = 1), one of the nearly-rigid cylinders is directly
connected to the inverting frustum, and it undergoes non-negligible deformation when the frustum
snaps. The substantial deformation due to the constraint will magnify the bending moment, and
the relative error is near 100% for four combinations of different θ1 and t/R. When there are two
or more units in the tube, the relative error of Mp under various geometries is less than 3% (Fig.
3.3D, see insert). Therefore, the boundary effect from the stiff constraints will substantially change
the bending response when N = 1, but it can be reasonably neglected for N ⩾ 2. In other sections
of this work, the stability of the system is explored using corrugated tubes with N = 2, based on
the balance of accuracy and computational complexity.
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Finally, the stability predictions for the same twenty five cases as in Fig. 3.2H, are shown
for tube with N = 10 in Fig. 3.3E. For all but two cases on the boundary, the stability type is
consistently predicted, regardless of the number of units.
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Figure 3.3: Boundary effects of the four-point bending simulation. (A) Four-point bending setup
of a corrugated tube with N = 4 unit cells. (B) A typical deformed state and the corresponding
moment diagram. The corrugated part is strained by a nearly flat moment stage, where the center
moment is of magnitude M . (C) As the tube rotates, the moment M will fluctuate to the negative
region only for bi/multi-stable cases. The first peak Mp is selected to explore convergence of the
behavior with respect to the number of units. (D) Relative errors ofMp between tubes withN units
and a tube with ten units. For four tube geometries with N = 2, the relative errors are less than 3%
(the insert). (E) Stability predictions for corrugated tubes of N = 10 unit cells. The predictions is
nearly identical to those with N = 2 unit cells, and both show the same trends.

3.3 Bending stability of circular cross-sections

3.3.1 Influences of thickness, frusta angle, and crease stiffness

This section focuses on how the bending stability of a corrugation with a circular cross-section
can be affected by geometric parameters defining the tube and the stiffness of the crease connect-
ing separate frusta. Figure 3.2C shows that partial inversion of the frustum of a unit cell can be
triggered with a certain magnitude of prescribed displacement. The top frustum is heavily de-
formed, whereas the shape of the bottom frustum stays relatively unchanged, suggest that bending
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responses can be affected by the geometry of the top frustum (see Fig. 3.1B, C), i.e., the slant
angle θ1. Given a two-unit structure with a circular cross-section (θ1 = 22.5o, t/R = 0.0175),
the second stable state is achieved when the tube is rotated by ϕb ≈ 3.6o (Fig. 3.4A, part 1). The
total energy decreases after it reaches the energy barrier Ēb, indicating the existence of a second
stable state. The bending energy (local bending of the frusta) increases monotonically through the
process, while the stretching energy shows a “snap-through” profile, suggesting that some stretch-
ing energy is released during the partial inversion. Thus, the stretching of the frusta is essential
in having a bi-stable system. The secondary stable state disappears for a smaller θ1 (Fig. 3.4A,
part 2). In this case, the release of stretching energy becomes smaller than the increase in bending
energy, and there is no longer a snap-through.
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Figure 3.4: Effects of frustum slant angle θ1, shell thickness, and crease stiffness on the bending
stability. (A) Energy profiles with different combinations of the above three parameters. The first
three cases have zero crease stiffness, while the crease stiffness of case 4 is defined by L∗/R = 30.
(B) Energy redistributions from the peak point to the valley point of the stretching energy curve.
The redistribution is presented by plotting the change of energy in bars and bending hinges. The
sheet thicknesses are t/R = 0.0175. The color scale indicates the magnitude of energy change, and
the compressive side of the straw is shown. (C) The stability map for twenty five cases of varied
thicknesses and slant angles, with zero-stiffness folding hinges. Each grid shows the stability type
with different colors for the corresponding case. (D) An expanded stability map with various crease
stiffness defined by Eq. 3.5, where the transition boundaries of tubes with L∗/R = ∞, 30, 3 are
marked with dashed lines.

The effects of θ1 can be better understood by exploring how energy is redistributed during the
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partial inversion process. For case 1 and case 2 in Fig. 3.4A, the change of energy between the
peak point to the valley point of the stretching energy curve are shown in Fig. 3.4B. The side
shown in Fig. 3.4B is the compression side of the corrugated straw. A straw with a larger θ1 has a
longer and steeper conical frustum when other parameters are fixed. Compared to the frustum with
smaller θ1, such a frustum is heavily deformed, and the panels are stretched to a greater extent.
Therefore, the case with θ1 = 22.5o releases much more stretching energy (-2.53 mJ) around the
partially-inverted frustum, compared to the case with θ1 = 15o (only -0.44 mJ). In both cases, the
redistributions show global increase of bending energy. While the larger θ1 induces more gain of
bending energy (Fig. 3.4B), the difference of the bending energy gain (2.27 mJ versus 0.86 mJ) is
not big enough to counteract the release of stretching energy, so the case with larger θ1 is bi-stable.

Another parameter that can affect bending stability is the shell thickness. The ratio of stretching
to bending energy decreases as we increase the sheet thickness, because the bending energy scales
with t3, while the stretching energy is proportional to t. Furthermore, stretching and bending
have counteracting effects on the stability, where only stretching energy contributes to the bi-
stable behavior. Thus, when we increase the thickness from t/R = 0.0175 to 0.0205, the total
energy becomes monotonically increasing (Fig. 3.4A, part 3 versus part 1). The stability of straws
with other combinations of angle and thickness are shown in (Fig. 3.4C) and are characterized
as bi-stable and mono-stable. Twenty five cases of straws were investigated, where the frustum
angle ranges as θ1 ∈ {15o, 17.5o, 20o, 22.5o, 25o}, and the non-dimensionalized thickness ranges
as t/R ∈ {0.0145, 0.016, 0.0175, 0.019, 0.0205}. The sheet thickness is normalized by the outer
radius R, to make the analysis scalable. The bi-stable domain grows with an increase of θ1 and
shrinks with an increase of t, implying that a thinner corrugation with larger slant angle θ1 favors
bi-stable bending.

The stiffness of the crease lines which connect separate frusta can also affect the bending sta-
bility of the system. In part 4 of Fig. 3.4A, a normalized crease stiffness of L∗/R = 30 is added to
the structure with θ1 = 22.5o, and t/R = 0.0175 (equivalent geometry to structure with no folding
stiffness in Fig. 3.4A, part 1). The energy associated with folding of the crease increases mono-
tonically during the partial inversion process, and makes the system mono-stable. The effect of
different crease stiffness on the bending stability of structures with different geometries is shown
in Fig. 3.4D. These expanded stability maps show one hundred combinations of θ1 and t/R with
three different length scale factors that define the folding stiffness in Eq. 3.5: L∗/R = ∞, 30, 3.
The folding stiffness is zero when L∗/R = ∞, and the corresponding bi-stable domain reaches the
maximum size. The bi-stable domain shrinks as L∗/R decreases to 30 (meaning a finite folding
stiffness). Moreover, only four cases are bi-stable when L∗/R = 3 (a larger folding stiffness).
Thus, for a corrugation with a reasonable folding stiffness, bending can only be bi-stable with
significantly thinner shells and larger slant angles θ1. In other words, crease stiffness in the cor-
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rugation resists bi-stable bending. These results also support the findings on limited geometries
in [41]. Those systems had a finite crease stiffness, and only obtained bending stability due to
pre-stress. Here we show that with sufficient low folding crease stiffness, bending bi-stability is
still possible by tuning the geometry.

3.3.2 Verifying geometric and stiffness effects with a simple mechanism
model
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Figure 3.5: Four-bar linkage model that can capture key geometric influences on bending stability.
(A) The linkage model in its original configuration, and the bent state via partial inversion of
cranks. (B) A typical bi-stable energy profile, where the slant angle is θ1 = 30o and t/R = 0.0145.
(C) Stability map that captures the trend that bi-stable bending is possible with lower thickness
or higher slant angle. (D) Energy during the inversion of the left (or compressive) side of the
mechanism dominates the total strain energy. S indicates the stretching of the translational springs
while B indicates bending of the rotational springs. (E) Bi-stable configurations ψb and (F) Energy
barriers Ēb both increase with θ1, and only experience a minor influence from the thickness. These
trends are consistent with those of the bar and hinge, and FE models.

In this section, we will verify the bending stability behaviors with a simplified mechanism
model. The bar and hinge and FE model found that the following features affect bending stability.
Bending bi-stability is only possible with partial inversion of the top frustum. The top frustum
occupies a larger portion of the entire structure when θ1 increases, and there is a higher percentage
of released energy. Stretching energy is the driving component for a bi-stable strain energy profile,
and it is proportional to the shell thickness t. In contrast, bending energy increases monotonically
during the partial inversion, detracting form possible bi-stability, and the bending energy scales
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with t3. Therefore, decreasing the thickness t results in a second stable configuration to be possible
for bending. Finally, the contribution of the creases is similar to that of the sheet bending, and
creases with higher stiffness will result in less bi-stable structures.

Figure 3.5A shows the simplified planar four-bar linkage model at its initial state. The model
consists of a horizontal rigid bar of length 2r, and two crank links with initial angles of α1 = θ1

and α2 = π − θ1. This frustum bending is modeled with two torsional springs (stiffness k1) at
the left and right ground supports (Fig. 3.5A). The springs are at a strain-free angle at the initial
state, and their stiffness will be formulated to scale with t3, to represent relative scaling of bending
of the thin sheet. Ground supports are distanced from each other by 2R, corresponding to the
span of the outer edge (Fig.3.1C). Our model is inspired by that shown in [41], however in our
implementation, two translational springs are introduced to capture the stretching energy during
the inversion. These springs are grounded via roller supports, and their top ends are connected to
the top bar and cranks together. Stiffness of the translational spring is denoted by k2 that will be
formulated as a linear function of the shell thickness. The translational springs are strain-free at the
length given by the initial configuration of the linkage model. As the mechanism approaches the
inversion, the lengths of the springs go to zero (maximum strain energy), and after inversion, the
length of the springs increase again (releasing strain energy). The initial state of the full mechanism
is a stress-free stable configuration, corresponding to the extended state of a unit cell (Fig. 3.1B).
A bent state through partial inversion of the crank links (Fig. 3.5A), refers to the bent state of the
straw structure in Fig. 3.1B. However, in the bent state, the springs will contain some strain energy,
thus the stability needs to be confirmed.

To search for a bent stable state, the slope ψ of the top bar is incrementally increased to study
the energy of the mechanism. The slope ψ is smaller than the rotational angle ϕ of the bar and
hinge model because ϕ summarizes deformations from all frusta in the two-units structure. For a
given ψ, the model configuration can be calculated by the following geometric constraints:

2R +W · cosα2 = W · cosα1 + 2r · cosψ

W · sinα1 + 2r · sinψ = W · sinα2

(3.9)

where the W = (R − r)/ cos θ1 is the crank length. The corresponding strain energy in the
mechanism is:

E =
1

2
k1 ·

[
(α1 − θ1)

2 + (π − θ1 − α2)
2]+

1

2
k2 ·

[
(W · | sinα1| −W · sin θ1)2 +

(W · | sinα2| −W · sin θ1)2
] (3.10)
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The relationship of E versus ψ can thus be plotted to investigate the stability of the system, as
well as characteristic values including energy barriers Ēb and the stable state ψb (Fig. 3.5B). The
parameter space of the linkage model is {R, r, k1, k2}, and θ1 as the initial value of α1. The ratio
for R/r are the same as with the other analyses, and θ1 is varied in a broader range, from 15o to
55o. The stiffness of the translational springs is set to be k2 = kt as a linear function of the shell
thickness, where k takes into account the material property and the frustum dimensions that are
irrelevant to t. While the choice of k affects the energy magnitude, it does not affect the stability
prediction, the bi-stable configuration, nor the trend of the energy barrier, thus k can be arbitrary
number for our formulation. The torsional stiffness k1 is determined by k2 = k1/(ξ · t2), where
the t2 compliments dimensional difference between bending energy and stretching energy. The
coefficient ξ determines the relative stiffness of stretching to bending.

The energy is non-dimensionalized as Ē = E/(kt3), so the stiffness parameter k can be elimi-
nated from the energy expression. A typical bi-stable energy profile with tuned stiffness coefficient
is shown in Fig. 3.5B. The energy barrier Eb and the stable configuration ψb are obtained accord-
ingly. The coefficient ξ is chosen to be 75 to match the transition boundary in the stability map
(Fig. 3.5C) to that of the bar and hinge model. While the stability map does not match Fig. 3.4C
exactly, the trends of stability with respect to θ1 and t are captured consistently. The second stable
state is possible with a higher slant angle θ1 or a lower shell thickness t.

On the side where the top bar moves down (the left side in Fig. 3.5A), the crank is inverted
during the bending process. The translational spring is firstly compressed to zero length, and then
released to a longer length afterwards. Correspondingly, the energy in the translational spring
first increases then decreases, undergoing a bi-stable transition (Fig. 3.5D). On the same side, the
torsional spring is rotated as the slope ψ increases, resulting in a monotonic increase in the bending
energy within the system. The other translational and torsional springs gain and release a minor
amount of energy compared to those on the inversion side (Fig. 3.5D). Therefore, the total bending
energy is monotonically increasing, and stretching is the driving factor behind the bi-stable profile.
Furthermore, these results shown that the compression side of the frustum dominates the behavior
and determines whether the structure will be bistable. The resulting behavior matches that observed
from the FE and bar and hinge simulations, and the findings are further backed up in section 3.4.1.

The influence of θ1 can also be better investigated with the simplified model. The length of
the translational springs is W · sin θ1 = (R − r) · tan θ1, which increases faster than the traveling
range of the torsional springs (proportional to the θ1). Therefore, with larger θ1, there is a larger
contribution from the translational springs, which increase the relative amount of stretching energy
and help achieve the bent stable state. The effect that a lower thickness increases bending bi-
stability can also be observed with the simple mechanism model. As the thickness t is reduced the
stretching energy (which is bi-stable) has a larger relative contribution to the total energy than the
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bending energy (which increases monotonically). The effect of thickness is also evident from Eq.
(3.10), since k1/k2 grows quadratically with the thickness (k1/(k2 · t2) is set to be a constant).

The energy barrier Ēb and stable state ψb both increase with θ1 (Fig. 3.5E, F), matching the
observation from the bar and hinge model (Fig. 3.2F, G). The linkage becomes taller when θ1
increases while the width of the top bar is fixed, requiring a larger rotation to reach the stable
configuration (Fig. 3.5E). Furthermore, the taller linkage generates longer translational springs,
pushing up the energy barriers Eb (Fig. 3.5F). However, these changes are negligible compared to
the effect of θ1. The stable state ψb is smaller than those reported for the bar and hinge model (Fig.
3.5E), because the linkage only represents a single inverted frustum from the two-units corrugation
(Fig. 3.2C). The energy barrier cannot be directly compared with the bar and hinge model because
the arbitrary parameter k includes geometric effects not captured by the linkage, and the non-
diminsionalization also needs to be different for the two models. Nonetheless, the energy and
stable equilibria trends for θ1 and t are captured consistently by the linkage model.

3.4 Cross-sectional influence on the bending stability

3.4.1 From a circular to an orthotropic cross-section

In order to analyze the effect of the corrugation cross-section on the bending stability, three
different variations of cross-sectional shapes are proposed in Sect. 3.2.1. These include a track
shape where the circular cross-section is elongated, a further modification to include sides with
negative curvature, and an asymmetric cross-section resembling a three-leaf clover. The first cross-
section variation that we investigated is the track shape, created by pulling two semi-circles away
from the centroid and re-connecting them with straight lines. The parameter d is the distance
between each semi-circle and the centroid. Starting with d = 0 (a circular cross-section), an
orthotropic cross-section can be formed by adopting d > 0. The structure can then be bent about
the two perpendicular axes to give different stability characteristics. For the orthotropic case,
bending about the Y axis is referred to as “strong axis bending”, while bending about the X axis
is “weak axis bending” (Fig. 3.6A). While the circular straw can be bi-stable when bent about any
axis, in Section 3.4.4 we will show that for orthotropic shapes, only the strong and weak axes have
bi-stable states.

We investigate the bending stability as we increase d and change the cross-section from isotropic
to more orthotropic. Here, two different values of d are chosen to represent track shapes of different
properties: d/r = 0.18 corresponds to a close-to-isotropic shape, while d/r = 0.75 is a cross-
section with clear orthotropy. The stability map consisting of 25 models with diverse combinations
of t and θ1 show how the bending stability changes with orthotropy. For the strong-axis bending
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Figure 3.6: Orthotropic bending stabilities of the track shape. (A) Isotropic bending with circular
cross-sections turns into orthotropic bending about the strong and weak axis with the track shape.
(B) The stability map of the track shape with d/r = 0.18 and (C) d/r = 0.75. The top row
corresponds to the strong-axis bending, and the bottom row corresponds to the weak-axis bending.
Transition boundary of the circular cross-section from mono-stable domain to the bi-stable domain
is marked with dashed lines. (D) As the distance d increases, the energy barrier Eb decreases in
both bending directions; the second stable state ϕb of the weak-axis bending stays roughly the
same, whereas that of the strong-axis bending is decreased.

of the track shape with d/r = 0.18, the transition boundary from mono-stability to bi-stability
moves towards the left and top corner (Fig. 3.6B, top). Compared to circular cross-sections,
more combinations of t and θ1 acquire the second stable state by bending about the strong-axis
of track shapes. However, bending about the weak axis is bi-stable with less combinations of
θ1 and t (Fig. 3.6B, the bottom plot). Those trends are reinforced by increasing the orthotropy
with d/r = 0.75 (Fig. 3.6C), where strong-axis bending offers more bi-stable configurations
while weak-axis bending offers less. For instance, the model of t/R = 0.0175, θ1 = 20o is
bi-stable in the strong-axis bending process and mono-stable in weak-axis bending. In summary,
when morphing circular cross-sections to the track shape, strong-axis bending will possess a larger
domain of bi-stable parameters t and θ1, whereas the bi-stable domain of the weak-axis bending
will decrease.

In addition to the orthotropic stabilities, the energy barriers Eb and the second stable state ϕb

also change as the cross-section becomes more orthotropic (Fig. 3.6D). We study the model of
t/R = 0.0145, θ1 = 25o which remains bi-stable in both bending directions. The energy barrier is
the highest at d = 0 (a circular cross-section), and gradually decreases with the distance d in both
bending directions. Compared to the circular cross-section, the strong-axis bending (d/r = 1.1)
requires less energy input to trigger the second stable state. Energy input to activate bending bi-

57



stability in the weak-axis direction is about 7% higher as compared to the strong-axis direction.
As the cross-section becomes more orthotropic (d/r rises from 0 to 1.1), the second stable state
drops from 4.3o to 1.9o for the strong-axis bending, whereas the weak-axis bending increases only
slightly from 4.3o to 4.45o. The decrease in the strong-axis stable state is intuitive. The partial
inversion shortens the compressed side of the tube by a finite amount, and this shortening results
in smaller rotations for deeper cross-sections (increased d/r).

3.4.2 Cross-sections with negative curvature
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Figure 3.7: Bending stabilities for cross-sections that have negative curvature. (A) The strong-axis
and weak-axis bending with the dumbbell shape. (B) The stability map of the dumbbell shape with
λφ = 2.5 and (C) λφ = 1.5. Transition boundary of the track shape of the same distance d is
marked with dashed lines. (D) The dumbbell shape morphs to the track shape as the controlling
parameter λφ increases towards ∞. For both bending directions, energy barriers Eb decrease
during the process, and the stable rotation ϕb stays at the same level.

In Section 3.4.1, we showed that by changing the cross-section into the track shape, the struc-
ture can achieve stable rotations with less energy input. The track shape brings orthotropy to the
bending of the structure, but the curvature of the cross-section stays non-negative everywhere.
Therefore, to explore the influence of cross-section negative curvature, we study the dumbbell
shape (Fig. 3.1F) in bending about both X and Y axes (Fig. 3.7A). The negative curvature region
is configured by the parameter λφ. Starting from λφ → ∞ (the track shape), the shape does not
change linearly with the λφ. When λφ = 2.5, the shape has only a small negatively-curved region,
but the stability behavior changes substantially with a large portion of the bi-stable domain flipping
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into mono-stable for both bending directions (Fig. 3.7B). The transition boundary of both bending
axes moves towards the right and bottom corner as λφ further decreases, and the mono-stable pa-
rameter domain is increased when λφ = 1.5 (Fig. 3.7C). Thus, introducing negative curvature into
the cross-section prevents the structure from bi-stable bending in both directions. The structure
with larger negative curvature region (smaller λφ) requires smaller shell thicknesses or larger slant
angle θ1 to be bi-stable. The stability trend for simple orthotropic shapes observed in Section 3.4.1
remains valid, where the strong axis bending has a larger bi-stable domain.

Energy barriers also increase with the negative curvature in the cross-section, i.e., decrease
with the controlling parameter λφ (Fig. 3.7D). For the strong-axis bending, the track shape of
d/r = 0.75 only needs Ēb = 1.11 to activate the second stable state, whereas the dumbbell shape
with λφ = 1.5 requires Ēb = 1.65, showing a 50% increase. The weak-axis bending also needs
more energy input for the same comparison. The higher energy requirement is due to increased
bending in the negatively-curved region as will be discussed in Section 3.4.3. While the energy
requirement for bi-stable bending is higher, models with the dumbbell shape achieve the bent
stable state at a similar rotational angle ϕb as the track shape. For the strong-axis bending, the
stable rotation stays at the same level when the cross-section transitions from the track shape to the
dumbbell shape. Stable rotation of the weak-axis bending drops slightly from 4.4o to 4o.

3.4.3 Cross-sectional effects on the energy distributions

The cross-sectional influence on the bending stability can be explained by examining the energy
redistribution within the structure, as it undergoes a bi-stable transition. In Fig. 3.4B, we showed
that a corrugation with larger θ1 can release much more stretching energy during the partial inver-
sion, making the total energy to be bi-stable. Both the simulation and the linkage model suggest
that the compression side dominates the energy behaviors. Figure 3.8 shows the energy redistribu-
tions around the compression side, from the peak point to the valley point of the stretching energy
curve. The redistributions of stretching and bending energy are plotted for three different cases:
the strong-axis bending of the track shape (A and D); the weak-axis bending of the track shape
(B and E); and the strong-axis bending of the dumbbell shape (C and F). Among all three cases,
only the strong-axis bending of the track shape is bi-stable. When comparing strong- to weak-axis
bending (Fig. 3.8A to B), there is a much larger release of stretching energy in the strong-axis case
(-1.84 mJ versus -0.87 mJ). In the strong-axis bending, material on the compression side has a high
confinement within the curved region, which leads to the much higher energy change (Fig. 3.8A).
In the weak-axis bending, there is less confinement, and stretching energy is only released near
the curved region. The amount of bending energy redistribution does not change much between
the strong and weak directions (1.68 mJ versus 1.43 mJ), and thus the weak direction becomes
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Figure 3.8: Redistributions of stretching (top row) and bending energy (bottom row) from the
peak point to the valley point of the stretching energy curve. From the left to the right: strong-
axis bending of the track shape, weak-axis bending of the track shape, and strong-axis bending
of the dumbbell shape. The outer radius R is fixed to be 31 mm, and the other parameters are:
d/r = 0.75, θ1 = 20o, t/R = 0.019, and λφ = 1.5. The color scale indicates the magnitude of
the energy change. The limits of the color scale of the bending energy are trimmed to be the same
as the stretching energy, and any magnitude that exceeds the range is plotted using the threshold
color. The energy is shown for exaggerated bar and hinge elements, with elements near zero energy
staying hidden.

mono-stable.
As shown in Fig. 3.7, negative curvature in the cross-sections resists bi-stable bending. For

cross-sections with negative curvature, while the bars on the positively-curved region have con-
finement and release energy, the bars around the concave area (middle of the cross-section) will
gain some stretching energy during the partial inversion (Fig. 3.8C). Thus the release of stretch-
ing energy in the cross-section with negative curvature gets slightly lower (-1.74 mJ) due to the
gain near the concave area. The concave area also shows a higher increase in bending energy, as
compared to the track shape (Fig. 3.8F versus D). Because there is less stretching energy released
and more bending energy gained (2.3 mJ), negatively-curved cross-sections are more likely to be
mono-stable.
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3.4.4 Energy landscapes for the orthotropic shapes

For a specific bending axis, the directional valley point of the energy profile (Fig. 3.4A) is iden-
tified as the second stable configuration ϕb. Unlike the circular cross-section, the two orthotropic
shapes exhibit non-uniform energy profiles for different bending directions. The valley point (Fig.
3.4A) of a specific direction can be unconditionally stable only if the valley energy is the local min-
ima among those of the neighboring directions, and such a direction is the so called stable bending

direction. Therefore, stable bending directions can be identified by locating local minima of the
energy function for bending directions and rotations ϕ. Models with the track shape and dumbbell
shape are bent along all directions that are denoted by polar axes (Fig. 3.9A, B), and bending
axes are perpendicular to the associated directions. The cross-sections with d/r = 0.9, θ1 = 30o

and t/R = 0.01 are selected so that all directional energy landscapes are bi-stable. The negative
curvature controlling coefficient for the dumbbell shape is set to be λφ = 1.8.
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Figure 3.9: Energy behavior of bending the orthotropic cross-sections in different directions. (A)
The track-shape cross-section and (B) the dumbbell-shape cross-section are bent along all the
directions in the XY-plane. (C) Energy landscapes of the track shape and (D) the dumbbell shape,
where the distance from the centroid represents rotation ϕ. Four local minima of energy are marked
with pentagrams, and the rotations at which the peak energy is achieved are denoted with the green
dashed lines. (E) Strain energy magnitude for the track shape and (F) the dumbbell shape at specific
rotations: ϕ = 1o, 1.5o, and the peak and valley of the directional energy profiles. The peak energy
is nearly-identical for all directions, while valley energies show four local minima.

For both shapes, strain energies for all bending directions are plotted in a polar coordinate
system (Fig. 3.9C, D). The distance from the centroid represents the rotation ϕ in degrees, and
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the magnitude of energy is distinguished by colors. Among all the bending directions, valley
points of the strong-axis (0o or 180o) and the weak-axis (90o or 270o) possess the smallest strain
energy in their neighborhood. Therefore, the structure is unconditionally stable in these four bent
configurations. If the structure is bent about one of the non-primary directions (e.g., 45o), it will
still pass over a peak load, and will ultimately settle in one of the four bent stable states (Fig. 3.9
C, D).

The four stable configurations can also be found by plotting the energy magnitude for the differ-
ent directions at specific rotational angles (Fig. 3.9E,F). Distance from the centroid in Fig. 3.9E,
F represents the magnitude of energy, and different lines represent different levels of rotation. For
rotational angles of ϕ = 1o, 1.5o which are before the peak point, the strong axis gives the largest
strain energy for the rotation, corresponding to the highest bending rigidity. At valley points, the
strain energies of the strong axis and of the weak axis are lower than those of their nearby axes,
suggesting again that these two axes give the unconditionally stable states. The peak energy (en-
ergy barrier Ēb) for all directions is plotted with a green dashed line, and the overall shapes are
close to circular. For the track shape, the shortest distance from points on the peak energy curve
to the centroid is Ēb = 1.89, and the largest distance is Ēb = 2.0, only 5.8% different. For the
dumbbell shape, the largest difference among all energy barriers is only 1.3%. The computed cir-
cularities of both peak-energy distribution curves are greater than 0.99 (1 for a circle), implying
a high isotropy of the peak energies, despite the orthotropic bending behaviors. This means that
roughly the same amount energy input is needed to activate bi-stable bending in all directions,
regardless of the direction in which the system is loaded.

3.4.5 Non-symmetric bending

Orthotropic bending is possible with the track shape, and dumbbell shape cross-sections, where
bending along opposing directions returns identical responses. Therefore, a clover-like shape
is introduced as a cross-sectional geometry to explore non-symmetric bending (Fig. 3.1G). To
identify stable bending directions, a two-unit corrugation with the clover cross-sections is ex-
amined by bending along all directions (Fig. 3.10A). The structure is defined by choosing
θ1 = 40o, t/R = 0.01 and d/r = 1.5, λφ = 1.5 to ensure all directional energies have bi-stable
profiles. A tube with the clover shape cross-section is expected to exhibit different behaviors when
bending along the 0o or the 180o directions, while the behavior of bending along 90o and 270o

directions should be identical.
Strain energies for all bending directions are plotted against rotational angles ϕ (Fig. 3.10B).

The distance from the centroid represents the rotation ϕ in degrees, and the energy magnitude is
differentiated by the different colors. The strain energy contours shows a rotational symmetry of
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Figure 3.10: Energy behaviors and stabilities of the clover cross-section. (A) The two-units struc-
ture with cross-sections of the clover shape is bent along all directions in the XY-plane. (B) Energy
landscape has six local minima and they are marked with pentagrams. Peak-energy rotations are
denoted with the dashed line. (C) Strain energy magnitude at specific rotations: ϕ = 1.2o, 1.8o,
and the peak and the valley of directional energy profiles. (D) Stability map for the clover shape
with λφ = 1.5 and different d/r ratios, when bending along two unique stable directions 0o, (E)
180o, and (F) the unstable direction 90o.

order 3, inherited from the symmetry of the clover shape. Bending along 0o and 180o direction are
both bi-stable, but the 0o-bending has a higher energy barrier and valley energy (Fig. 3.10B). Valley
points of the above two bending directions are also local minima of the strain energy function,
suggesting that these are unconditional stable states. Thus the 0o and 180o directions are two
stable bending directions, and rotational symmetry gives additional groups of stable directions:
120o, 300o and 60o, 240o. The other bending directions, for example 90o or 270o, do not have a
local minima, and unrestricted bending in those directions would lead the structure to settle into
one of the two nearby unconditionally stable states (e.g., 60o or 120o for the 90o bending).

The stabilities and symmetry of the bending directions can also be recognized by plotting the
strain energies at specific deformation states (Fig. 3.10C). For specific rotations of ϕ = 1.2o, 1.8o
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which are before the peak energy, directional strain energy grows with the bending depth. Bending
along the stable directions of 60o, 180o, 300o, one has to overcome the smallest peak energy of
Ēb = 9.4. The opposite directions have the largest peak energy of Ēb = 14.4, which is 53%
larger. Comparing to the nearly-isotropic energy barriers of the track and dumbbell variants, the
clover shape shows a bigger difference among directional energy barriers. Strain energy of stable
directions 60o, 180o, 300o slightly decrease to Ēb = 7.85 (only a 16.5% decrease) at the valley,
while these of their opposite directions drop by 30% to Ēb = 9.36. The valley energy curve in Fig.
3.10C also confirms that there are six stable directions, where the valley energies are local minima
within their neighborhood.

Following the identification of stable bending directions, we explore the effects of the clover
cross-section on the bending bi-stability with respect to geometric parameters: slant angle θ1 and
shell thickness t/R. We define the clover cross-section with a controlling coefficient λφ = 1.5,
and we evaluated two values of the d/r ratio. We then explore the behavior for three directions of
bending including: the 0o (Fig. 3.10D) and the 60o (Fig. 3.10E) directions which we know provide
unconditionally stable states, and the 90o (Fig. 3.10F) direction which can have a bi-stable energy
curve, but not an unconditional stable state. For the range of θ1 ∈ {20o, 25o, 30o, 35o, 40o} and
thicknesses t/R ∈ {0.01, 0.0115, 0.013, 0.0145, 0.016}, all cases are bi-stable for bending in the
0o direction when d/r = 0.75. When the ratio d/r is increased to 1.5, there are a few less bi-stable
bending cases for this direction (Fig. 3.10D). Bending in the direction of 180o, however, shows
smaller domains of bi-stable parameters for both d/r ratios (Fig. 3.10E). These results show that,
without switching the bending axis, some structures can be bi-stable in one direction of bending,
and mono-stable if the bending direction is reversed (e.g. θ1 = 25o and t/r = 0.13). Bending
in the perpendicular direction (90o), which is unstable based on the directional energy analysis,
is more sensitive to the distance ratio d/r (Fig. 3.10F). Among all twenty five combinations of
θ1, t, almost all cases have a bi-stable energy curve with a smaller distance ratio d/r = 0.75.
However, the number of bi-stable combinations drops significantly as the distance ratio increases
to d/r = 1.5. For all three directions, increasing d/r ratios is a negative factor on the bending
bi-stability, and the bi-stable domain shrinks with an increase in the d/r ratio. The result here is
similar to that of the orthotropic shape with negative curvature. While the distance of the clover
leafs increases, the shape with d/r = 1.5 has more negative curvature in the cross-section which
leads to less bi-stability.

3.5 Physical models with folding stiffness

This section describes physical models with the conventional circular and the track cross-
sectional shapes made from paper sheets that serve as proof of concepts for some of the bending
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Figure 3.11: Physical models with non-zero folding stiffness and simulated results of the bar and
hinge model with L∗/R = 3. (A) The paper model with circular cross-sections can stay at the
bent state. (B) The model with the track-shape cross-sections bent about the weak-axis and (C)
the strong-axis. The weak-axis bending is mono-stable while the strong-axis bending stays at
the second stable configuration. Their stabilities are predicted correctly using the same stiffness
parameter as the circular case.

bi-stability behaviors (Fig. 3.11). Each of the specimens is created to have two unit cells to capture
the interactions between cells (Fig. 3.2C). For each frustum, the planar projection is input into a
CAD software and a paper sheet is cut using a laser cutter (Universal Laser VLS6.60). Each planar
cut of the frustum has extra tabs for connecting them to the adjacent frustum to form a single unit
cell. The same R/r ratio is used as in Sect. 3.2.1, where R = 31 mm and r = 27 mm are used for
the paper models. The top frustum angle θ1 is chosen as 30o, and d/r = 0.9 is selected for the track
shape. The paper sheets are 0.25 mm (0.01 in) thick, and the normalized thickness is t/R = 0.008.
The bar and hinge model is employed to investigate strain energy profiles.

The folding stiffness of the creases connecting frusta cannot be treated as zero, since the connec-
tion tabs have a finite value of crease stiffness. After calibration with respect to bending stabilities,
L∗/R = 3 is chosen to generate consistent predictions for all three bending cases in Fig. 3.11.

Here, three bending cases are studied: 1) circular cross-section; 2) the weak-axis bending of
the track shape, and 3) the strong-axis bending the track shape. Starting from the initial state at
which all unit cells are extended, these models are deformed by applying compression on one side
of the system by hand (Fig. 3.11). After releasing the applied pressure, the model with circular
cross-sections can stay at the deformed state, implying a bi-stable bending behavior (Fig, 3.11A).
The weak-axis bending of the track shape of d/r = 0.9 returns to the initial configuration and is
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mono-stable (Fig. 3.11B), whereas the strong-axis bending can maintain the bi-stable deformed
configuration (Fig. 3.11C). The corresponding energy profiles for the three bending cases simu-
lated with the bar and hinge model predict the stability consistently, using a L∗/R = 3 to model
folding stiffness (Fig. 3.11). These results confirm that for certain track shape geometries strong-
axis bending can retain bending bi-stability, while the system becomes mono-stable for weak-axis
bending.

Fabrication using paper models can introduce secondary effects that influence the bending sta-
bility and which are currently not explored with the bar and hinge simulation. Bending flat sheets
to curved surfaces will introduce pre-stress that was previously found to be relevant to the bending
stability [41]. The fabrication of the paper models may also introduce local defects, or introduce
plasticity within the system. While our physical models demonstrate the effect of the geometry,
we have not been able to investigate the influence of these secondary effects. We expect future
research can give more insight to how such physical properties of the frusta effect the bending
stability.

3.6 Concluding remarks

Thin-walled corrugated tubes made from open top frusta can allow for multi-stable global bend-
ing through partial inversions of their constituent cells. The capability to bend adaptively allows
the tubes to conform into different configurations and to connect points in harsh environments.
However, the bending bi-stability is not guaranteed for all corrugated tube designs. In this work,
we investigate how the bending stability is affected by the cross-sectional geometry of the tubes
and the different parameters that define the frusta.

We introduce and use a simplified bar and hinge model to capture the global behavior of dif-
ferent corrugated tubes. This model provides rapid and reasonably accurate predictions of the
behavior with few convergence issues, which makes it well suited for the extensive parametric
studies performed in this work. The bar and hinge model is calibrated and verified with respect
to a more detailed, but much slower FE model. To understand and verify the most notable bend-
ing stability behaviors, we also explore representing the frusta using a simple four-bar linkage
model where the sheet stretching and bending are represented intuitively. Finally, a physical paper
model demonstrates how the bending stability of the corrugated tubes can be programmed by the
cross-sectional geometry.

For tubes with a circular cross-section, we find that a stable bending state can be achieved with
higher conical angles of the top frustum, thinner shells, and a lower stiffness of the creases that
connect separate frusta. All three measures increase the relative amount of stretching energy to
bending and folding energy. Stretching energy is the only one that has a bi-stable profile, and is
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the driving component for achieving stable bent states of the tube.
Next, we investigate how the cross-sectional shape affects the bending stability. We first mod-

ify the circular cross-section by moving two semicircles away to create a track shape, and then
we create a dumbbell shape by squeezing the sides of the track shape. These doubly symmetric
shapes can only achieve bent stable states in the two orthogonal directions. We show that bending
bi-stability becomes more common for the strong axis bending as we increase the depth of the
cross-sections. When the track shapes are bent about the strong axis, the inverted region is curved
and more confined so more stretching energy is released to cause a bistable bending. In contrast,
for weak axis bending the inverted region is elongated with less stretching and reduced bi-stability.
This anisotropic behavior of the track shape is confirmed with simple paper prototypes. Increas-
ing the concavity of the cross-section in the dumbbell shape leads to more mono-stable behavior
for both directions of bending. The bending energy which increases monotonically becomes con-
centrated around the negatively-curved region, and counteracts the release of stretching energy to
make the strain energy profile mono-stable. To further explore anisotropic bending, we evaluate a
clover cross-section that can have six stable bending directions with different stability behaviors
when bending in opposing directions.

This chapter gives an understanding to the geometry driven bending stability of thin-walled cor-
rugated tubes and can inform future design of these systems to achieve desired multi-stable behav-
iors. We have characterized the stable bending angles which can be used to design reconfiguring
multi-unit corrugated tubes that bend into desired complex shapes. The orthotropic cross-sections
have distinct directional stabilities, which allow for programmable bending with potentially two,
three, four, or six stable bending directions that depend on the cross-section design. These systems
can be used for tubes with predictable bending paths or robotic components that bend and re-orient
in a desired fashion. The geometric design also influences the energy barriers for bi-stable bend-
ing, which can be used to design systems that only snap into a bent configuration after a specific
force or moment is applied. Corrugated tubes with anisotropic cross-sections offer numerous areas
for further research. For example, appropriate fabrication methods for such systems should be ex-
plored, and the strength of these tubes for orthogonal loads should be characterized. Given that the
corrugated tubes can store fluids, it would also be interesting to investigate how internal pressure
changes the stability behavior. The models and concepts introduced in this chapter can be of use
to this future research.

67



CHAPTER 4

Tunable Mechanics of the Multi-stable Corrugated
Tube with Conical Kresling Pattern

In this chapter, we identify and investigate a unique mechanism based on the buckling of val-
ley creases. This local instability leads to global shape-morphing (referred as ”pop-upas well as
stiffness tuning, Using a calibrated bar and hinge model, we characterize the bi-stable pop-up
deformation and quantify the subsequent stiffness increase.

4.1 Introduction

Structural stiffness is of great importance in many engineering applications, and the capability
to manipulate the stiffness through a non-destructive way can offer tunable stiffness for novel appli-
cation in mechanical metamaterials and adaptable structures [88]. Already, stiffness manipulation
has been used for applications which are otherwise not achievable through conventional struc-
tures, such as the tunable robotic fish that can swim significantly faster [89], a tunable vibration
isolator [51], the precise movement of octopus arms based on the localized stiffness tuning [90],
minimally invasive surgery using a jamming mechanism with tunable stiffness [91], and a quad-
copter frame that can soften during accidental collisions [92]. Among various means of creating
tunable stiffness, multi-stable structures naturally offer different stiffness associated with the dif-
ferent stable configurations [19, 93, 94, 95]. The recoverable deformation between stable states
is often enabled by elastic buckling of confined beams and thin shells [61, 96, 97, 98, 99]. Such
local buckling behaviors help the multi-stable structures to find valuable applications, including
reusable energy absorber [61, 100], fast-encapsulating mechanism of flytraps [98], and reversible
planar-to-3D transformation [101].

In addition to conceptual designs that have not been mass produced, there is a simple yet effec-
tive multi-stable mechanism that has been used in everyday life for decades: the flexible drinking

straw [48, 102]. The functional portion of the bendy straw is a corrugated cylindrical shell, which
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is composed of identical unit cells that are serially interconnected [20, 46]. Each unit cell con-
sists of two opposing frusta that are connected by a crease line (Fig. 4.1A, the insert). In their
most common realization, the bendy straw can morph and lock in both axial and bending defor-
mations (Fig. 4.1(A)), allowing for continuous and variable change of orientations over the tube
length. Those functions allow the corrugated tube to conform to different shapes [42], and trans-
port fluids and gases [43, 44]. By utilizing their unique shape-morphing and multi-stable features,
researchers have deliberately created programmable and reusable energy absorbers [20, 80] and a
reconfigurable wire that can fit arbitrary 3D paths [42]. Owing to the wide spectrum of suitable
applications, various research has been performed to better understand the underlying mechan-
ics, including the influences of geometry [46], the effects of pre-stress on the multi-stability [41],
critical force of the constituent frustum [76, 102], and the dynamics of pneumatic straws [103].
However, the curved surface makes it difficult to fabricate the exact shape as desired, and the con-
ventional molding process for straw-like tubes introduces an uncertain amount of pre-stress [41].
Bernardes and Viollet thus introduced an origami design of the bendy straw that can be constructed
without the casting process [104].

Origami, the ancient art of folding paper sheets into complex 3D geometries, has emerged
as a predictable and programmable way to create multi-stable structures with tunable proper-
ties [1,11,30,105,106,107,108]. The Kresling origami [109] and its derivatives, have been exten-
sively applied into the design of tubular mechanisms for the multi-stability, shape-morphing, and
tunable stiffness. Multiple axial stable states allow the Kresling module to be a mechanical memory
storage device [50], and the adjustable stiffness can create a tunable vibration isolator [51]. By syn-
thesizing the above three features, the Kresling origami demonstrated its use in achieving complex
robotic motions with simple actuation sources, such as the multi-directional deformations [22,40],
crawling robots [33,110,111], and a reconfigurable robotic arm with joint-link duality [52]. How-
ever, while Kresling-based designs can easily switch between different stable states via twisting
motions, typically these tubes cannot bear axial loads. From the mechanics perspective, topology
of the panels and creases are determined by the geometry and cannot be changed by deforming
among different axial states. The deployment and retraction are guided by antisymmetric twisting
motions with identical energy barriers, which implies that the deploying force will simultaneously
increase with the load-bearing capacity. Zhai et al. [8] created a Kresling-inspired truss that can
bear much higher uniaxial load, while the deployment is flexible. However, such design requires
bar members with asymmetric tension/compression behavior and it can only be realized in the form
of truss structures rather than origami.

In this chapter, we propose a versatile origami design of corrugated tubes consisting of coni-
cal Kresling units that shows drastically different multi-stability with different geometries. More
importantly, these systems can be reconfigured into shapes with high load-bearing capacity. The
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corrugated tube is inspired by the bendy straw, but instead, the circular frusta are replaced by
conical Kresling units to allow for easy fabrication to expand the space of programmable param-
eters. By tuning the geometry, the tube can behave either like a straw with axial and bending
multi-stability, or as a tube that can switch among multiple stable states via a twisting motion. Fur-
thermore, for the latter category, we revealed that another stable state, the pop-up, can be achieved
through local snap-through buckling of valley creases. When the valley creases are buckled, the
Kresling module is turned into a pop-up dome shape with a topologically different arrangement of
the panels and creases. As a result, crease folding and the twisting motion both become prohib-
ited. The Kresling module gains high stiffness because the in-plane deformations of panels will
be substantially involved in global deformations. Thus, axial and Bending rigidity of the origami
corrugated tube are both significantly increased by triggering the pop-up stable state of the Kres-
ling units. This chapter introduces and investigates the properties of the pop-up stability and is
organized as follows: In Section 4.2, we introduce the geometric parameters of the Kresling cor-
rugated tube and show different stability behaviors. Using a reduced-order numerical model, we
capture and predict the multi-stability of inversion and twisting, as well as the pop-up (Section
4.3). We then present the underlying energy behaviors to understand why the pop-up process can
be bi-stable. The shape change is quantified, and the subsequent tuning of the deformation mode
is predicted and demonstrated. Section 4.4 investigates the influence of pop-up on the axial and
bending stiffness. The pop-up and stiffness tuning are directly related to the origami pattern, and
we perform parametric studies to explore how these behaviors are affected by geometric design.
The pop-up multi-stability and the tunable stiffness are both demonstrated by paper prototypes.
Finally, Section 4.5 provides a discussion on the main findings from this work and presents three
conceptual applications based on the tunable properties.

4.2 Geometry, global multi-stability, and numerical model

The origami corrugated tube is inspired by the flexible drinking straw (Fig. 4.1A) and the
Kresling origami pattern. A typical bendy straw is composed of identical units, where each unit
(Fig. 4.1A, the insert) consists of two frusta that are connected by a curved crease. A full inversion
of the frustum can axially shorten the corrugated tube (Fig. 4.1A, the right photo), while a partial
inversion enables global rotation (Fig. 4.1A, the middle photo). Our design started by mimicking
the constituent circular frustum with a origami frustum (Fig. 4.1B), which is constructed using the
conical Kresling pattern [29, 112, 113, 114]. By eliminating the need to achieve a curved surface,
the complicated molding process and associated pre-stress can be avoided. Here, we do not focus
on realizing the straw-like behavior using the origami design, although it can be replicated with
appropriate geometries (Fig. 4.1C). Instead, for another set of geometries, we find a ”pop-up”
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stable state which offers tunable stiffness in both the axial and bending directions. This feature, to
the best extent of our knowledge, has not been identified and analyzed in the existing literatures.

4.2.1 Geometry definition

The basic unit of the corrugated system presented in this chapter is a single cell that is com-
posed of two origami frusta (Fig. 4.1B). The circular cross-sections are approximated by regular
polygons, and the curved shells are broken into flat panels connected by creases. For a single
frustum (Fig. 4.1B), the crease pattern is inspired by a triangulated cone pattern that is reported to
have multi-stability via twisting motions [29]. The frustum geometry is defined by five indepen-
dent parameters: the radius of the circumscribed circle of the outer (R) and the inner (r) edges,
the number of sides of the polygon (N ), the relative twisting angle between the inner and outer
polygons (τ ), and the slant angle of the frustum (θ1). In this chapter, we choose the number of
sides to be N = 6 (hexagons), and the ratio R/r to be fixed at 1.55. The two angles θ1 and τ ,
will be systematically varied to explore the geometric influences on the pop-up stability and the
subsequent stiffness change.

4.2.2 Different types of multi-stability

Two origami frusta are connected by creases to form a single unit cell, and a corrugated tube
can be created by serially interconnecting several identical unit cells. With different frustum ge-
ometries, the origami tubes show different categories of multi-stable behavior. When the frustum
is shallow and less twisted, i.e., θ1 and τ are small, the tube can undergo a bi-stable inversion (Fig.
4.1B). We fabricate a prototype of a five-unit tube, using θ1 = 30o, τ = 0o and θ1 = 70o, τ = 0o

for the top and bottom frusta in the unit cell, respectively. Those values are adapted from the mea-
surements of commercial bendy straw [20], and the resulting corrugated tube can bend and shorten
like a straw (Fig. 4.1C, the bottom row). This multi-stable axial inversion and bending can be
predicted (Fig. 4.1C, the top row), using the reduced-order simulation tool that will be introduced
in the following subsection.

On the other hand, when the frustum is steeper and more twisted, i.e., θ1 and τ are greater,
the origami frustum can collapse through a bi-stable twisting motion. As shown by the left part
of Fig. 4.1D, a frustum with θ1 = 65o, τ = 50o is collapsed to a more compact state via a
twisting motion. Notice that, for a frustum in a corrugated tube, there exist two unique effects that
cannot be captured by a single stand-alone frustum: i) the confinement from neighboring frusta
and ii) the folding of creases that connect separate frusta. Therefore, extra strips of the same
material are connected to the edges of the origami frustum to supplement those mechanical effects
(photograph in Fig. 4.1D). During the twisting collapse, the folding of creases contributes to the
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axial displacement, while the in-plane deformations of the panels generate an energy barrier that
separates two stable states [49]. The bi-stable twisting motion can be captured and predicted using
an elastic truss model, in which the bars are arranged in the same manner as the crease network.

In addition to the crease folding and the in-plane panel deformations, another mechanism of
deformable origami could be considered: the out-of-plane panel bending [67]. For instance, the
panel bending is involved in the pop-through defects that create tunable stiffness in the Miura-ori
tessellation [11]. Here we adopt a similar strategy to trigger a pop-up state that gains high stiffness.
By applying forces and popping the valley creases (Fig. 4.1D), the frustum pops into a different
mechanically stable state, which is referred as the pop-up state in the following discussions. The
localized snap-through buckling of valley creases is reversible because it does not involve plastic
deformations of the panels (Section 4.3). After the pop-up, the frustum becomes stiffer by several
orders of magnitude (Section 4.4), as the flexible twisting motion is prohibited in the topologically
different crease network. The tunable stiffness, combining with the shape-morphing capability,
make the corrugated system a suitable candidate for several applications in different areas (Section
4.5).
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Figure 4.1: Geometry of the Kresling cone and the corrugated tube. (A) A multi-stable straw in
its three stable states. (B) An origami unit can be decomposed into Kresling frusta, for which the
geometry can be described by the planar views. (C) A Kresling corrugated tube in its extended,
bent, and collapsed states, illustrated by computer models (top row) and paper prototypes (bottom
row). The two angles are θ1 = 30o, τ = 0o (top frusta) and θ1 = 70o, τ = 0o (bottom frusta)
(D) Three stable states of the Kresling frustum (θ1 = 65o, τ = 50o) shown by computer models
(top row) and paper prototypes (bottom row). (E) Three components of the bar and hinge model
shown on the single frustum. (F) The numerical predictions of stability for different geometry of
the Kresling tube. (G) A ten-frusta corrugated tube showing three types of stable states (θ1 =
65o, τ = 50o).
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4.2.3 Numerical model and predictions

We use a bar and hinge model (Fig. 4.1E) to simulate the pop-up process, quantify the shape
change, and to investigate the intrinsic tunable properties. The model treats deformable origami
structures as pin-jointed truss structures with hinges. Recent advancements allow the model to
simulate in-plane deformations and out-of-plane bending, as well as the crease folding, in both
straight-crease origami [67, 81, 82] and curved-crease origami [84]. Based on elasticity, the sim-
ulation tool is capable of approximating nonlinear large-displacement responses rapidly and reli-
ably, with much less convergence issues than the finite-element (FE) model. It has been carefully
verified for various structures, and the predictions are in good agreement with those of analytical
formulation, FE simulation, and experiments [46, 84, 115].

In the bar and hinge model, the folding of creases is represented by torsional springs defined
along the crease lines, as illustrated in Fig. 4.1E. The out-of-plane bending of panels is also
represented using torsional springs that span across the panels, where the exact location will be
discussed in Section 4.3. For this triangulated frustum (Fig. 4.1B), the in-plane deformations are
captured by bars that outline the perimeter and along the same direction as the bending hinges. For
a more in-depth discussion of the formulation and the usage of the model, please refer to [67, 82].

The stiffness matrix of the system is comprised of contributions of the above three components,
as well as a penalty term for preventing the contact between adjacent panels [82]. The stiffness
of each of the three components is derived based on linear elasticity and the geometry. Here, we
use a representative material with Young’s modulus E = 1.3× 109, Poisson’s ratio ν = 0.3, and a
normalized thickness t/R = 4 × 10−3. We use arbitrary units and parameters of realistic relative
magnitudes to discover the fundamental pop-up stability and the stiffness change. More details
regarding the stiffness formulation, as well as the calibration with respect to finite-element results,
can be found in Section 4.2.4.

In order to understand the relationship between the geometry and the category of the multi-
stable behaviors, we perform a parametric study with respect to the slant angle θ1 and the twisting
angle τ . In other words, under a specific geometry, we explore whether a tube will exhibit the
straw-like multi-stability of bending and inversion, or the twisting multi-stability. As compared
to the finite-element method, the running time of the bar and hinge model is several orders of
magnitude lower, making it an efficient yet sufficiently precise tool for exploring the parameters
in a wide range. Here, we show the stability predictions for evenly-distributed θ1 ∈ [20o, 65o] and
τ ∈ [0o, 60o], with a gap of five degrees (Fig. 4.1F). The numerical results match the conceptual
observations of the paper prototypes, in which a combination of small τ and θ1 can provide a bi-
stable inversion. Under an axial load, the origami frustum will be inverted to a nearly-mirrored
configuration (Fig. 4.1B, bottom left) when τ is small (Fig. 4.1F, bottom). More realistically, this
inversion can only be observed with paper prototypes when θ1 is also small because the strains
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increase with θ1. To demonstrate a realistic range where the paper prototypes only experience
minor damage, i.e., the peak strain is less than 5% (the dark blue region). Regarding the bending
simulation, we fix θ1 = 70o and τ = 0o for the bottom frustum of a unit, and only vary the two
angles for the top frustum. We use a four-point bending test to check the bending stability of
the corrugated tube [46], and a multi-stable bending can only occur with small θ1 and τ as well
(Fig. 4.1F). The parameters of the bottom frustum can also have limited influence on the bending
stability, but it will not change the trend with respect to the parameters of the top frustum [42, 46].

As θ1 and τ increase, the axial response will change from inversion to twisting, and a combi-
nation of large θ1 and τ generate bi-stability (Fig. 4.1F, top right). All other cases in-between will
undergo a mono-stable twisting deformation, and the adjacent panels will come into contact before
the strain energy reaches a local minimum.

A corrugated tube is constructed when the origami frusta shown in Fig. 4.1D are serially in-
terconnected (Fig. 4.1G). Let m denote the number of frusta, there are up to 3m different states
of the tube since each frustum has three stable states. However, we focus on three representative
stable states of the tube as shown in Fig. 4.1G: from left to right: when all frusta stay at the twisted
state, the initial state, and the pop-up state. Those states have different bending stiffness that will
discussed in Section 4.4.

4.2.4 Stiffness of the bar and hinge model

4.2.4.1 Definition of stiffness parameters in the bar and hinge model

In this work, we use a bar and hinge model to simulate the pop-up deformation and the subse-
quent behaviors. Mechanical stiffness and deformations of the origami structure are represented
using a combination of three elements (Fig. 4.2). The in-plane stiffness for stretching and shearing
deformations are represented by space bar elements (Fig. 4.2B). The out-of-plane bending stiffness
of the sheet is lumped into discrete hinges that are placed along the diagonal of the quadrilateral
(Fig. 4.2C). Another type of hinge element, called the folding hinge, is placed along the crease
to the capture stiffness related to folding the crease (Fig. 4.2D). Each of those elements is as-
signed a stiffness that has been calibrated to the elastic material properties (Young’s modulus E
and Poisson’s ratio ν), the sheet thickness t, as well as the panel geometries [67, 82, 84, 116].

The in-plane stretching stiffness is represented by the space bar stiffnessKS = EA/L, whereA
is the bar cross-sectional area and L is the bar length. Formulations of bar cross-sectional areas for
different polygonal panels have been established in the literature [67,116]. Our modeling strategy,
however, involves subdivision of triangular panels in the conical Kresling, which require new bar
area definitions for accuracy. Based on previous work, we modified the bar area definition such that
the local (in-plane stretching and shearing) and global (axial compression of a conical Kresling)
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behavior matches the result of finite-element simulation (Section 4.2.4.2). For a triangular panel of
thickness t and polygonal area S, we assign an area Ai for bar No. i belonging to this panel (Fig.
4.2B):

Ai =
0.36St

(1− ν)
∑
wi

·
(
hi
wi

)1/3

(4.1)

where wi, hi is the length and height corresponding to bar i. For a bar that intersects two triangles,
its area is calculated by adding up the above values come from involved triangular panels.

The panel bending stiffness KB depends on the material properties as well as the panel geome-
try. For a bending hinge of length LB, the stiffness definition is modified from previous work [67]
in an effort to match the finite-element result of axial compression:

KB = 0.23 · Et3

12 (1− ν2)
·
(
LB

t

)1/3

(4.2)

The folding stiffness can be affected by case-specific factors and a precise description has not
been established yet. As shown in Fig. 4.2D, for a crease line of length LF , the stiffness is
approximated by the following equation based on previous work [67, 68]:

KF =
LF

L∗ · Et3

12 (1− ν2)
(4.3)

Complicated and localized effects such as the material anisotropy, fabrication process, and
bending history, are simplified and reduced into a single parameter, called the length scale fac-
tor L∗. This factor is typically believed to be proportional to the sheet thickness [68]. Given that
in our work the thickness t is normalized by the radius R to enable a scalable analysis, L∗ is also
normalized as L∗/R for a fully scalable analysis. In this work, we set L∗/R = 3 unless specifically
mentioned. Using a sensitivity analysis in the next section, we show that the value of L∗ does not
affect the qualitative results of the pop-up stability and the stiffness tuning.
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Figure 4.2: Stiffness definition of the bar and hinge model. (A) A frustum is discretized into
bars and hinges. (B) The in-plane bars and the area definition. (C) The hinges for capturing the
out-of-plane bending of the panels. (D) The hinges for representing the folding of the creases.

4.2.4.2 Finite-element verifications

We perform finite-element simulations (ABAQUS/Standard [66]) on triangular panels and the
origami frusta to verify the bar and hinge model. To examine the in-plane performance of the bar
and hinge model, different triangular panels are stretched and sheared and compared to a similar
simulation with a discretized FE model (Fig. 4.3A, B, D, and E). By varying the aspect ratio and
the skew angle β (Fig. 4.3A), the comparison can be made for triangular panels of various shapes.
Figure 4.3C and F show the comparison, where the stiffness are normalized by the maximum value
within each parametric range. For both of the characteristic deformation modes, the truss stiffness
qualitatively match with the FE stiffness, while the error varies with the triangular shape. For less
skewed triangles the bar and hinge model tends to underestimate the axial stiffness but overestimate
the shear stiffness. For more skewed triangles (∼ β > 90o), the bar and hinge model is reasonably
accurate for both stretching and shear deformations.

While the accuracy of the truss model for in-plane deformations does vary, typically the global
response of most origami structures is determined by the geometry-dominated competition of kine-
matics and stiffness, not the localized material strains [81]. Thus, the global stiffness and the ge-
ometric influences could be predicted with reasonable accuracy even if the in-plane stiffness is
only crudely approximated. In order to demonstrate this feature, we build a finite-element model
of the origami frustum to provide a high-fidelity benchmark for the results (Fig. 4.3G). Panels
are meshed with S3 general purpose elements, where adjacent panels are connected via connector
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elements with prescribed stiffness to simulate crease rotations (the same stiffness as defined in Eq.
(4.3)). Linear-elastic material properties are set to be the same as the bar and hinge model. Conver-
gence with respect to the mesh density is examined, and a mesh size of roughly 0.03R×0.03R can
provide a stiffness estimation that is within 0.5% of a mesh with 0.01R× 0.01R elements. Aiming
to minimize the discrepancy of the global axial stiffness, the calibration of the model returns the
stretching and bending stiffness definitions as shown in Eq. (4.1)(4.2).

With the calibration, a close match of the axial stiffness is achieved for various geometries. In
Fig. 4.3H, we show the comparison for three categories of frusta. From left to right are frusta that
would undergo twisting collapse, large-strain inversion, and small-strain inversion if the prescribed
displacement is big enough. In each category, we vary either the twisting angle τ or the slant angle
θ1 to enable a parametric comparison. The axial stiffness of the bar and hinge models are in
good agreement with those of the FE models. Furthermore, we compare the large-displacement
response between the bar and hinge model and the FE model. Specifically, the critical force and the
associated axial displacement (Fig. 4.3I), are computed using both numerical models. The results
are listed in Fig. 4.3J, and a good agreement is also achieved for the representative case from each
of the above categories.
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Figure 4.3: Comparison of the numerical predictions between the finite-element (FE) model and
the bar and hinge model. In-plane deformations of triangular panels are simulated as stretching
and shearing using the bar and hinge model (A, D) and the FE model (B, E), respectively. The
normalized stiffness of stretching and shearing are shown in (C) and (F) for triangles of various
shapes. (G) Finite-element model of the Kresling frustum shown with a representative sketch of
the meshing scheme, while a finer mesh is used for the actual analyses. The zoom-in plot shows
the details of the connections between adjacent panels. (H) Predictions of the axial stiffness of
the frustum with the bar and hinge model and the FE model. (I) A sample bi-stable axial loading
response of the frustum, where the critical force and the corresponding axial displacement are
denoted by Pcr and ∆cr, respectively. (J) Predictions of Pcr and ∆cr with the bar and hinge model
and the FE model.
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4.3 The pop-up deformation

In paper prototypes, we observe that the origami frustum can deform into and stay at a pop-
up state (Fig. 4.1D). Using the bar and hinge model described in Section 4.2, we capture this
bi-stability of the pop-up and understand the underlying energy behaviors, We then vary the two
angles θ1 and τ to investigate the geometric influences on the stability and the shape change. A
mode tuning of deformation, as well as a global bending deformation due to partial pop-up, will
be discussed in Section 4.3.2.

4.3.1 Pop-up and the resulting shape change

For modeling the pop-up with the bar and hinge model, we need to determine the location of
the bending hinges. Due to restriction of bending by adjacent panels, a parallelogram panel in an
origami will bend along the short diagonal [117, 118, 119, 120], especially in large deformations.
Here, we observe a similar phenomenon for the triangular panels during the pop-up deformation
(Fig. 4.4A). For the two adjacent triangular panels that are connected by a valley crease, there are
two vertices that are not located on the connecting crease. After the pop-up (from (i) to (ii)), we
draw a dashed line that connects those two vertices (Fig. 4.4A, part (ii)). The two triangular panels
bend with a single curvature over the dashed line (part (iii)), and such bending can be simplified
and represented by the concentrated torsion of a hinge, within the bar and hinge model.

The simulation of the pop-up deformation with the bar and hinge model is shown in Fig. 4.4B
for a frustum with θ1 = 50o, τ = 35o. In the planar pattern (Fig. 4.1B), each side of the frustum
corresponds to a quadrilateral ABCD (Fig. 4.4B), in which one diagonal corresponds to the valley
crease. We define bending hinges along the other diagonal to be able to capture the pop-up (Fig.
4.4B, process (1)). The quadrilateral is thus divided into four triangles that intersect at a node E,
and these intersecting nodes will be loaded with outward concentrated forces to trigger the snap-
through buckling (Fig. 4.4B, process (2)). Under an appropriate loading magnitude, the frustum
will pop into a dome-like shape (Fig. 4.4B, process (3)).

The pop-up state is a stable state, which indicates that the strain energy reaches a local mini-
mum. This underlying energy behavior is captured in the bar and hinge simulation (Fig. 4.4C).
There are three sources of strain energy that correspond to different mechanical deformations. The
stretching strain energy first increases then decreases, while the bending and folding strain energies
show monotonically increasing trends during the pop-up (Fig. 4.4C). Effectively, the total energy
has a valley point that corresponds to the pop-up state. This bi-stable energy behavior is similar to
the bi-stable bending of corrugated straws [46], where the in-plane strain energy is the only driving
factor for bi-stability.

The pop-up deformation occurs without significant panel stretching as shown by the simulation
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results in Fig. 4.4D, where the peak bar strains remain less than 1.5% during the pop-up. Because
of these low strains, our physical prototypes do not experience visible damage after undergoing
multiple cycles of the pop-up, i.e., remaining within the linear regime for construction paper [121].
Given that the deformation mode is axially symmetric, we only show the bar strains of one par-
allelogram, using the naming conventions of Fig. 4.4B. The bar strains are plotted versus the
normalized displacement ∆E/R of the intersecting node. At the pop-up state, the in-plane strain
energy is negligible, as compared to the crease folding and sheet bending energies (Fig. 4.4C, E).

From these analyses, we know that a pop-up deformation is bi-stable when the stretching energy
dominates the process. Based on classical plate theory, the stretching energy is a linear function of
the shell thickness t, while the bending energy is proportional to t3. In the bar and hinge model,
the folding energy and sheet bending energy are also both modeled as cubic functions of t (see
4.2.4.1). Therefore, for the same geometry, the pop-up of frustum can be bi-stable with thinner
sheets and mono-stable with thicker sheets. This relationship is confirmed by the parametric study
shown in Fig. 4.4F. Using a normalized thickness t/R = 4× 10−3, the pop-up process is bi-stable
for most geometries (the light pink and dark pink region). When the sheet thickness is roughly
quadrupled, the bi-stable region shrinks to the top right corner (the dark pink region). Fig. 4.4F
(part i) shows the energy behavior and bar strains for the frustum as in Fig. 4.4B, C, D, but with
higher thickness. During this mono-stable deformation, the bar strains show similar profiles as
those of the thinner counterpart. However, the folding and bending energies occupy a greater
portion, and there is no valley point in the total energy. A pop-up process can still be mono-stable
with thin sheets (t/R = 4 × 10−3), and part ii of Fig. 4.4F shows an example where the frustum
geometry is θ1 = 25o, τ = 20o. With the new geometry, the initial state is less twisted. The change
in bar strains is similar, whereas the strain magnitude is significantly decreased from ∼ 1.4% to
∼ 0.3%. The stretching energy becomes less important and cannot counteract the increasing trends
of the bending and folding energy. Therefore, the pop-up process is mono-stable.

The pop-up deformation converts a twisted Kresling frustum to a dome-like shape that has
a different slant angle θ1, twisting angle τ , and enclosed volume (Fig. 4.1D). These geometric
changes are quantified using the simulation results (Fig. 4.4G). The frustum becomes a convex
shape as the valley creases pop out, thus the enclosed volume is always increased. For most cases,
the volume is elevated only slightly, while an extremely shallow and twisted frusta will see an
sharp increase in enclosed volume by around seven times (Fig. 4.4G, the top-left corner of the first
contour plot). After the pop-up, the frustum will become less twisted, as compared to the initial
state. In other words, the relative twisting angle between the two polygons become smaller. As the
initial τ increases, the difference becomes more significant (Fig. 4.4G, the second contour plot).
On the other hand, the slant angle, will become larger after the pop-up, i.e., the frustum becomes
steeper (Fig. 4.4G, the third contour plot). Thus, a shallower and more twisted frustum gains a
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larger increase of the slant angle. As a summary, frusta with smaller θ1 and τ angles can result in
more tunable systems that experience larger geometric shape change from the pop-up deformation.
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Figure 4.4: Pop-through of valley creases converts the cone to a dome-like shape. (A) A paper
cone in its initial state (i) and pop-up state (ii). The zoom-in photo (iii) shows the panel curvature
after pop-up. (B) By placing a node on the valley crease, the pop-up process can be simulated by
the bar and hinge model. (C) The energy landscape of a bi-stable pop-up process. (D) The bar
strains experienced during the pop-up process. (E) The energy distribution at the pop-up state. The
folding, stretching, and bending energy plots are counterclockwise arranged. (F) Left: Numerical
predictions of the pop-up stability with respect to the geometric parameters and the sheet thickness;
Right: underlying energy behaviors of two mono-stable cases. (G) Shape change from the initial
state to the pop-up state, including the enclosed volume (Left), the twisting angle (Middle), and
the slant angle (Right).
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4.3.2 Tunable deformation

We observe two phenomena that connect the pop-up with the multi-stable inversion and bending
behaviors in Section 4.2. As we showed in Fig. 4.1E, under an axial load, shallow and less
twisted frusta can be inverted to a flipped configuration, while those that are steep and more twisted
frustum experience a bi-stable twisting deformation. Those frusta in-between will undergo a mono-
stable twisting deformation, and the adjacent panels will come into contact to prevent further axial
displacement. Here, we set θ1 = 35o, τ = 35o, and while such a geometry does not have the
classified twisting and inversion bi-stabilities, it can experience a bi-stable pop-up deformation.
The mono-stable twisting deformation and the bi-stable pop-up deformation can be captured by
both the bar and hinge model (Fig. 4.5A) and the paper prototype (Fig. 4.5B). After pop-up,
when an axial load is applied to the top edge, the frustum can now also be inverted to a flipped
configuration (Fig. 4.5A, B, bottom row). Therefore, with certain geometries, a frustum can have
two deformation modes under axial load: a mono-stable twisting or a bi-stable inversion after
pop-up.
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Figure 4.5: Pop-through of valley creases enables the switching of deformation modes. (A) Under
vertical loading, many Kresling frusta geometries are mono-stable and collapse via a twisting
motion from their initial states. However, they can also be axially inverted after experiencing
a pop-up deformation. (B) The axial mode switch demonstrated with a paper prototype. (C)
By pop-through of only one crease, the Kresling frustum reaches a tilted state, which allows for
continuously-changing orientations and bending-like multi-stability over the tube length, as shown
in (D).

Besides the axial deformation, the bending stability can also be tuned by the pop-up. When we
apply forces to all valley creases, a frustum is popped into a dome-like shape, where the top edge
is still parallel to the bottom edge (Fig. 4.1D). However, the top edge becomes tilted with respect
to the bottom edge when only one valley crease is popped (Fig. 4.5C). A relative rotation is thus
created within a frustum, and a corrugated tube consisting of multiple tilted frusta will result in a
globally rotated configuration. Here, we set θ1 = 65o, τ = 50o so this corrugated tube typically
remains mono-stable for bending and cannot snap into different bent states like a bendy straw (Fig.
4.1C, E). However, we simulate a corrugated tube consisting of sixty interconnected frusta, where
each frustum is tilted by popping only one valley crease (Fig. 4.5D). This tube, which otherwise
has no stable state under a bending moment, now turns into and stays at a knot-like shape.
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4.4 Tunable stiffness

The pop-up deformation not only provides the change of shape and stability, but it also allows
for the stiffness tuning in the axial and bending directions. We observe the tunable stiffness with
the paper prototypes, then quantify the stiffness tuning using the bar and hinge model. The fol-
lowing subsections describe the multi-step analysis used to explore stiffness tuning, as well as the
underlying mechanics and geometric influence on these tunable behaviors.

4.4.1 Tunable axial stiffness

The conical Kresling allows for tunable stiffness where the pop-up state is significantly stiffer
than the initial state. A frustum with a large twisting angle τ is flexible in its initial state that allows
motion and deployment, but is stiff after reaching the pop-up state. Figure 4.6A shows that, under
the axial load from a plastic panel that weighs ∼ 20 g, a frustum (∼ 2.8 g) collapses to a nearly-flat
configuration via a twisting motion (from (i) to (ii)). However, after the pop-up (from (i) to (iii)),
it support a masses of more than 1.5 kg without any visible deformation (iv).

This tunable axial stiffness can be captured using the bar and hinge model, and Fig. 4.6B
illustrates the multi-step analysis for computing the axial stiffness. During pop-up step (step (1)),
all the bottom nodes are fully restrained, and the valley creases are popped out by forces applied
at the intersecting nodes (defined in Section 4.3.1). Next, the bottom nodes are released to slide
(step (2)), and the pop-up frustum will settle into a slightly different configuration. Finally, using
displacement control, the pop-up frustum is axially loaded to compute the stiffness (step (3)).
Let ∆ denotes the axial displacement, then both the initial and pop-up states are compressed by
∆ = 1.3 × 10−3R. This displacement is small compared to the frustum dimensions so nonlinear
behaviors can be neglected.

After the pop-up, the axial stiffness is increased by more than four orders of magnitude
(KP/KO ≈ 1.2 × 104) for the geometry of θ1 = 50o, τ = 60o, as shown in Fig. 4.6C. The
rationale behind this drastic increase can be understood from the perspective of the fundamental
mechanisms of the Kresling origami. The change of the energy distribution is plotted in Fig. 4.6D
and E for the axial compression of the initial state and the pop-up state, respectively. For the initial
state, the change of bending energy and in-plane energy in the panels are negligible, as compared
to the crease folding energy (Fig. 4.6D). During axial compression in this initial state, the stiffness
may vary due to the materials and fabrication process [68, 122, 123, 124], but will remain flexible
because on crease folding occurs. When popping the frustum into the pop-up state, the crease
network is rearranged to be topologically different. As a consequence, the axial deformation mode
requires stretching and shearing of the thin panels and thus a significantly higher amount of energy

change (Fig. 4.6E). Here, the crease folding and the panel bending energies are barely changed
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during the axial compression, while the in-plane energy of the panels increases substantially. Thus,
the pop-up state is substantially stiffer than the initial state. Using a sensitivity analysis in Section
4.4.3.1, we show that the value of the folding stiffness does not affect this conclusion.

The stiffness tunability strongly depends on the geometry of conical Kresling, specifically, the
slant angle θ1 and twisting angle τ . The ratio of the pop-up stiffness to the initial stiffness is
computed for those geometries that show bi-stable pop-up deformation (Fig. 4.6F). The parametric
results indicate that, increasing the initial twisting angle τ , or decreasing the slant angle θ1, can
lead to a higher stiffness ratio. In other words, a shallower and more twisted frustum offers more
prominent stiffness tuning. This finding is correlated to the shape change in the pop-up (Fig. 4.4G),
i.e., the stiffness sees a higher increase as the shape changes more.
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Figure 4.6: The conical Kresling has a tunable axial stiffness. (A) The paper frustum can be
collapsed by a thin plastic panel when it is in the initial state, but can support three calibration
weights of 1.5 kg when in a pop-up state. (B) The simulation setup using the bar and hinge model.
(C) Numerical predictions of the axial force-displacement (∆) curves of the initial frustum and the
pop-up frustum show that the structure stiffer by more than ten thousand times. (D) The change
of energy in different bending, folding, and stretching elements during the vertical loading for
the initial frustum and (E) the pop-up frustum. (F) The ratio of the pop-up stiffness to the initial
stiffness for different geometric parameters.
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4.4.1.1 Experimental proof-of-concept verification

Sample fabrication In this work, we fabricated physical models with different construction pa-
pers, and the normalized thickness is fixed at t/R = 4× 10−3. For the axial compression tests, the
specimens are fabricated from paper sheets with a thickness of 0.25 mm, and the outer radius R
is set to be 62 mm. For illustrating the multi-stable behaviors, however, we fabricate larger paper
prototypes (R = 93 mm) using thicker paper sheets (0.37 mm). For each frustum, the planar crease
pattern is input into a CAD software and then cut into a paper sheet using a laser cutter (Universal
Laser VLS6.60). The patterned sheet is then manually folded into the frustum shape. Each planar
cut of the frustum has extra tabs for connecting them to neighboring units. For a stand-alone frus-
tum, strips are attached to a hexagonal top and bottom edge that offers a similar confinement as
that provided by an adjacent frustum.

We recognize that these physical models are made of paper and as such embody complexity
that is not captured in our models, e.g., anisotropy [125]. However, the physical specimens are
used primarily as a proof-of-concept verification to show that the types of multi-stable behavior
observed in the simulations also occur in physical models with the same geometric parameters.

Axial compression test The stiffness tuning is experimentally quantified using axial compres-
sion tests, and the frusta are loaded using a Mark-10 testing stand (ESM1500G) and a force gauge
(M5-50). As shown in Fig. 4.6, the global compression strain (compression/frustum height) is
controlled below 1% to avoid nonlinear effects. Each specimen is compressed at a strain rate of 1
mm/min. We observe that the axial compression response stabilizes after 20 load-unload cycles,
thus every specimen is compressed 20 times prior to data collection.

Here, we fabricate origami frusta of four geometries (θ1 ∈ {50o, 65o}, τ ∈ {35o, 50o}), and
compress each specimen from the initial state and the pop-up state (Fig. 4.7A). We run seven
tests for each of the specimens, and Fig. 4.7B shows the average and the range of the loading
responses. The compression distance is set to be small as compared to the frustum dimension,
thus the loading responses are approximately linear. Based on linear regression of the experimen-
tal data, we compute the initial and pop-up stiffness, as well as the stiffness ratio (Fig. 4.6C).
The experimentally-derived stiffness ratios are in good agreement with those of the bar and hinge
model, and the largest relative error among the four geometries is 8.8%.
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Figure 4.7: The tunable axial stiffness is verified by experimental tests. (A) A paper frustum
being quasi-statically compressed in its initial state (top) and pop-up state (bottom). (B) The axial
loading responses of paper frusta with four geometries. The solid lines are the averaged responses,
and the shaded region denote the range of experimental data. The dashed lines denote the bar and
hinge predictions when the Young’s modulus equals to 3.5 GPa. (C) Comparison of the stiffness
ratio between the bar and hinge model and the experimental results. The bars show one standard
error for seven tests.

4.4.2 Tunable bending stiffness

A corrugated tube made of conical Kresling frusta will be multi-stable, where the number of
stable states grow exponentially with the number of frusta. As shown in Fig. 4.1G, we focus on
three representative state: where all frusta are configured to the twisted, initial, or pop-up states.
In this section, we use eigenvalue analyses to compare the global bending stiffness, and cantilever
tests to explore the bending isotropy.

To compare the tube bending stiffness at the three representative state, we perform an eigen
analysis, where each eigenmode represents a unique deformation mode of the structure, and the
associated eigenvalue is proportional to the total energy (kinetic and strain energy). A higher
eigenvalue indicates a higher excitation energy and thus a higher stiffness for the corresponding
mode. No boundary constraints are applied on the structure so the first six eigenmodes represent
rigid body motions. We omit these modes and start the numbering at the seventh mode, i.e., λ3
would be λ9 if those rigid-body modes are counted.

We set the tube geometry as θ1 = 65o, and τ = 50o, and the global bending eigenmodes for
each state are shown in Fig. 4.8A. We select the first global bending mode, which effectively repre-
sents the most flexible way to bend the tube. By varying the initial twisting angle τ , the eigenvalue
corresponding to global bending is plotted for all three states (Fig. 4.8B). All eigenvalues are nor-
malized by the maximum within the range of τ ∈ [35o, 55o]. Frusta on the ends are reinforced
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to the limit the localized eigenmodes, and as shown in Section 4.4.3.2, these end reinforcements
do not affect the global bending characteristics. Figure 4.8B shows that the eigenvalue for global
bending is highest for the pop-up state, it is intermediate for the initial state, and is lowest for the
twisted state.

The bending eigenvalues of both the initial state and the pop-up state decrease when the twisting
angle τ increases. On the other hand, the bending eigenvalues for the twisted state shows an
increasing trend versus τ . These opposing trends allow for designs where the bending stiffness can
be highly tuned. For example, a tube with τ = 40o will have normalized eigenvalues of 0.97, 0.30,
0.01 for the pop-up, initial, and twisted states respectively, while a tube with τ = 55o will have
normalized eigenvalues of 0.86, 0.19, 0.14 for the same three states.

We next use a cantilever test to explore the bending isotropy of the corrugated Kresling tube.
The corrugated tube can find a suitable application as a reconfigurable cantilever with tunable
stiffness. At the supported end, all nodes are fully fixed, whereas a total force of 1 is distributed
on the other end of the tube (Fig. 4.8C). The cantilever stiffness is calculated as K = 1/δ, where
δ is the maximum tip displacement. Based on the cantilever stiffness, we compute an equivalent
section modulus (the second moment of area, I) for different directions orthogonal to the Z axis
(Fig. 4.8D). Here, we use a fixed radius R of 31 mm. Using the section modulus for the bending
comparison eliminates the effects of the tube length, thus giving a fair comparison among all three
states. A convergence study shows that a tube with twelve frusta provides the equivalent section
modulus that is within 0.1% of a tube with twenty frusta (see Section 4.4.3.3). By deploying and
popping a tube from the twisted state, the section modulus can be increased by around fifty times.

Interestingly and beneficially, the section modulus is highly isotropic (Fig. 4.8D). Although
the frusta are hexagonal, there are relative twists between the adjacent frusta that makes the cross-
sections of the tube look like a circular shape, as depicted by the Y-Z plane view (Fig. 4.8C). As a
consequence, the tube is nearly-isotropic when used as a cantilever, meaning the loading response
is consistent for all directions.
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Figure 4.8: Multi-stability of twisting and pop-up leads to tunable bending stiffness of the Kresling
corrugated tube. (A) Deformation eigenmodes that correspond to the global bending of the twelve-
frustum tube at its twisted state (top), initial state (middle), and pop-up state (bottom). (B) The
normalized bending eigenvalue (λ̄) vs. the initial twisting angle for the three stable states. (C)
Deformation of the corrugated tube when used as cantilevers at different stable configurations.
The left end is fixed, and a uniform load is applied on the right end. The deformed shapes are
scaled so the maximum displacement for each case is equal to the difference of the inner and the
outer radius. (D) The equivalent section modulus (mm4) based on the cantilever test for loads in
the X-Y plane represented as a polar plot at the three stable states, respectively. Here, the outer
radius R is set to be 31 mm, and the section modulus is shown as distance from origin.

4.4.3 Sensitivity of the analyses

4.4.3.1 Sensitivity of the stiffness tuning

In Section 4.4.1 of the main text, we show the axial stiffness of the frustum can be increased
after the pop-up, with the magnitude increase primarily affected by the twisting angle τ . A more
twisted frustum will provide more significant stiffness tuning. Those results are collected with a
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user-defined crease stiffness L∗/R = 3, where in reality the actual L∗ can vary depending on the
type of origami structures. To investigate the effects of the case-specific L∗ on the stiffness tuning,
we perform a parametric study for three levels of crease stiffness (Fig. 4.9). With stiffer creases,
the bi-stable region shrinks, and the axial stiffness becomes less tunable (i.e., the stiffness ratios
are smaller). This behavior is expected because folding energy has a negative impact on achieving
bi-stable pop-up (Fig. 4.4C). Moreover, the axial stiffness of the initial state is mainly affected by
the crease folding, whereas the stiffness of the pop-up state is dominated by panels stretching and
shearing. Therefore, stiffer creases only stiffen the initial state while have little effect on the pop-up
state. The overall stiffness ratios thus become smaller. On the other hand, with softer creases, the
bi-stable region expands and the stiffness ratios are greater. However, the value of crease stiffness
does not change the trend of stiffness tuning of the overall findings reported earlier. A more twisted
frustum still causes a more significant stiffness change, no matter what the crease stiffness is.
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Figure 4.9: Sensitivity of the axial stiffness tuning with respect to the crease stiffness.

4.4.3.2 Reinforcement of the tube ends

In Section 4.4.2, we study the global bending stiffness of tubes made of the Kresling frusta.
In our study, we reinforce the end frusta of the tube to avoid eigenmodes that only involve local
deformations. Specifically, we reinforce and stiffen the creases within the end frustum by 104

times to restrict the local deformations. This subsection verifies that this reinforcement does not
substantially alter the global bending stiffness. Figure 4.10 shows the global bending eigenmodes
and the normalized eigenvalues for both reinforced and unreinforced tubes at the three stable states.
The eigenvalues are normalized by the maximum value within the range of τ ∈ [35o, 55o] (see Fig.
4.8). Due to the reinforcement, the end frusta will not be popped or compressed when simulating
the global bending of the pop-up tube and the twisted tube, respectively. With the reinforcement,
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the global bending is always mode # 3 for the twisted tube, # 2 for the initial tube, and # 1 for
the pop-up tube (Fig. 4.10A). The modes before the global bending correspond to flexible axial
deformations.

In Fig. 4.10B, we present the global bending eigenmodes for the corresponding tubes with-
out the reinforcement. Notice that, now the global bending modes are 3, 5, 4 for the three states.
Without the ends reinforcement, there exist some low-energy eigenmodes that only involve local
deformations at the ends. In fact, the mode number of the global bending can vary for different ge-
ometries because of these local deformations. One must visually identify the bending eigenmode
case by case, and manually collect the associated eigenvalue for the parametric analysis. The re-
inforcement at the ends allow us to automate this process, without bringing substantial differences
into the eigenvalues. The relative error for the initial tube is lower than 0.5%, while the other states
observe errors between 5% and 8%. For the reinforced tube, the twisted state is longer than the un-
reinforced counterpart because the end frusta are not compressed. As a consequence, the bending
eigenvalue is smaller. On the other hand, for the pop-up state, the reinforced tube is shorter, and
the bending eigenvalue is slightly greater than that of the unreinforced pop-up tube.

(A) (B)

Figure 4.10: Reinforcing the ends of the tube prevents localized deformation modes but does
not lead to a significant change in the bending eigenvalues. The deformation modes of global
bending, as well as the normalized eigenvalues, are shown for tubes with (A) reinforced ends
and (B) unreinforced ends. For the reinforced cases, the end frusta will not be popped or axially
compressed. All eigenvalues are normalized by the maximum eigenvalue of the reinforced tube
within the range of τ ∈ [35o, 55o].

4.4.3.3 Convergence of the equivalent section modulus with respect to the number of frusta
used

In Section 4.4.2, the corrugated tubes are loaded as cantilevers at the three stable states. We
calculate the equivalent section modulus based on this cantilever loading scenario, using a tube
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consisting of twelve identical frusta. Here, we show that, in the cantilever test, the twelve-frustum
tube provides estimates of the section modulus that are within 1% of a twenty-frustum tube (Fig.
4.11). This claim holds for all three stable states.
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Figure 4.11: The estimated equivalent section modulus converges with the number of frusta. A
tube with twenty frusta is used as a point of comparison to find the relative error. For the cantilever
tests that are presented in Fig. 4.8, the relative errors are below 1%.

4.5 Discussion

4.5.1 Findings

Using the reduced-order model and paper prototypes, we explored and demonstrated the ro-
bust shape-morphing and stiffness tuning. In particular, the paper has demonstrated the following
characteristics of the system.
Geometrically governed multi-stability. Each unit frustum of the Kresling tube can have a dif-
ferent multi-stable behavior that is governed by the pattern geometry, namely the twisting angle τ
and the slant angle θ1. Kresling tubes with a high twisting angle and a high slant angle possesses a
twisting type bi-stability, while tubes with low twisting and slant angles can experience an inver-
sion type bi-stability. A subset of Kresling geometries that collapse via a twisting motions can also
bend into a partially inverted state similar to the bending of a flexible drinking straw.
Pop-up bi-stability. The pop-up bi-stability occurs when the valley folds on the side of the Kres-
ling frustum are pushed out, and the two panels become bent across a diagonal roughly perpen-
dicular to the valley fold. An exploration on the geometric properties reveals that a more twisted
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frustum and one that is made of thinner sheets is likely to be bi-stable for the pop-up deforma-
tion. When a Kresling frustum has pop-up deformations around the full perimeter, it can be axially
inverted to a mirrored stable state. When only a single side of the frustum is popped out, the sys-
tem undergoes a global bending-type deformation similar to a bent straw. As such, the pop-up
bi-stability further enhances the range of deformed multi-stable configurations.
Pop-up for stiffness tuning. The pop-up bi-stability allows for tuning of both the axial and bend-
ing stiffness of the tube. As the pop-up distorts the frustum, the crease network is rearranged, and
the flexible twisting motion becomes prohibited. The axial compression of a pop-up frustum thus
primarily engages panel stretching rather than the crease folding, leading to a stiffness increase by
up-to-four orders of magnitude. By varying the frustum geometry, we find that a shallower and
more twisted frustum provides a more significant change in stiffness due to the pop-up. For certain
geometries, the bending stiffness can be further tuned as the frustum can enter a twisted stable state
that is more flexible than the initial state.

The advanced tunability allows the system to serve as an adaptable component in more compli-
cated scenarios. Next, we propose three conceptual applications of the system, corresponding to
its tunable axial stiffness, shape-morphing, and the tunable bending stiffness.

4.5.2 Conceptual applications

Tunable energy absorber. When popped into the dome-like shape, the origami frustum gains a
substantial higher resistance to axial compression. As compared to the initial state, the pop-up
frustum is expected to generate significantly higher reaction forces during the quasi-static crush-
ing and dissipates much more energy. A tunable energy absorber can be created, without using
additional mechanisms to lock the system into a stiff and functional state [45]. We employ a finite-
element model (ABAQUS/Explicit [66]) to simulate the crushing response, using the elastoplastic
properties of a mild steel [36] and a twisting geometry (θ1 = 55o, τ = 60o). We also set the outer
radius R = 31 mm.

Under an axial compression, the initial frustum crushes to a nearly-flat configuration via a
twisting motion that is guided by the crease pattern (Fig. 4.12A). The panels are barely stretched,
sheared, or bent, and the majority of the axial resistance comes from the flexible folding at the
creases. The reaction force curve increase linearly with the crushing distance and remains relatively
low. The pop-up frustum, however, crushes similar to a conventional prismatic crash-box type
energy absorber [36] and generates substantial higher reaction forces. When the pop-up frustum is
compressed, the crushing results in more panel deformations and material yielding (the inserts of
Fig. 4.12A). The pop-up crushes with a substantially higher force plateau and absorbs significantly
more impact energy (for this tube design, a roughly tenfold increase).
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Deployable traffic cone. Given the conical shape and large geometric reconfigurability, the Kres-
ling frustum can be used to construct practical structures such as a traffic cone that allows for
compact storage. As shown in Fig. 4.12B, three frusta with shrinking radii are axially stacked to
mimic a cone. The frustum geometry is set to be θ1 = 65o, τ = 40o such that the twisted state
is nearly-flat when collapsed. By pulling up, the cone deploys and all frusta switch back to their
initial state. In this state, the structure remains flexible and can be readily collapsed back. As an
alternative, the valley creases can be pushed into the pop-up state which increases the axial load-
bearing capacity and ensures that the structure will not collapse back to a stowed state. The traffic
cone is reusable since the deployment and the pop-up will not engage plastic deformations.
Reconfigurable robotic arm. Another potential application of the system is to create robotic
arms with localized tuning of bending stiffness. Soft robotic arms can maneuver effectively in
complicated environments because they can undergo large bending deformations without failure
[126]. However, continuum system made of soft material have infinite degrees of freedom (DOFs),
causing overly flexible systems and increased complexity of achieving accurate motion control
[52]. On the other hand, traditional robotic arms made of rigid links and flexible joints allow
for precise movement but poor conformability. Utilizing the pop-up deformation which tunes the
bending stiffness, one can build a reconfigurable robotic arm that switches between a compliant
mode and a joint-link mode [52]. Here we illustrate the idea using a tube of twenty four frusta (Fig.
4.12C). When every frustum is configured to be in a twisted state, the tube is flexible allowing for
compliant deformations that can conform to a circular shape. The structure can then be transformed
into a joint-link mechanism where some frusta stay in the twisted state to serve as a flexible joint,
while others are popped up to form rigid links. This concept for a reconfigurable robotic arm can
allow for versatile maneuverability and transformation into a more controllable joint-link system.
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Figure 4.12: Conceptual applications of Kresling corrugated tubes. (A) Tunable and deployable
energy absorption system. The axial loading response is shown for the initial and pop-up frustum
states, with the corresponding Von Mises stresses at the final crushed states. (B) Kresling frusta
with decreasing radii are axially stacked to construct a deployable traffic cone that allows compact
storage. (C) The different frusta of a reconfigurable robotic arm, can deform between the compliant
mode and the stiff joint-link mode.

4.6 Concluding remarks

In this chapter, we explored corrugated tubes made of conical Kresling origami. These offer a
wide range of multi-stable deformations and tunable stiffness characteristics. By applying concen-
trated forces to buckle the valley creases outward, an initially twisted unit can be “popped into” a
unique dome-like state. We use an elasticity-based model to investigate the pop-up behavior, its
shape-morphing characteristics, and the stiffness tuning that it offers. Proof-of-concept prototypes
were fabricated from construction paper and are used to demonstrate the predicted bi-stability, as
well as the subsequent stiffness change. Finally, we propose and discuss three potential applica-
tions, corresponding to the axial tunable response, the shape-morphing, and the tunable bending
stiffness.

This work focuses on the identification of stability, understanding of the underlying mechanics,
and quantification of the associated stiffness tuning. Future work on the system could explore
the practical realization and usage of the tunability. For example, the tube could be appropriately
sealed and pneumatically actuated to achieve state transitions. Moreover, studies could explore
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modifications to the design where panels on one side of the polygonal frustum are made of thinner
sheets such that they pop out at a lower pressure threshold. As shown in Fig. 4.5, the single-side
pop out enables multi-stable rotation of the tube. By strategically placing the thinner side along the
tube length, the tube can rotate towards various directions at different pressure levels. Additional
studies could explore realization of these origami at a large scale where the thickness of panels
would need to be accommodated, and creases would need to undergo large strains without failure.
Finally, the pop-up stable state is likely not limited to the Kresling origami. A statistical model
from a topological perspective would explore the relationship between different crease patterns
and this type of pop-up behavior.
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CHAPTER 5

Conclusion

The goal of this thesis is to harness buckling in origami tubes for beneficial properties. To ex-
plore the novel mechanical functionalities, I investigate three origami tube designs that experience
different improvements brought by buckling. This thesis discusses three representative application
of the buckling phenomenon in tubular origami structures. In this work, I propose a deployable
tubular energy absorber with a self-locking mechanism. Through finite element simulations and
experimental tests, I evaluate the tunable energy-absorbing performance and find out the optimal
design for various scenarios. I extend, verify, and utilize the bar and hinge model for curved-crease
origami to model of thin-walled corrugated tubes. Based on the reduced-order model, I systemat-
ically explore the geometric influences on the bending multi-stability. I identify the unique mech-
anism of buckling valley creases and quantify the subsequent stiffness tuning. I use multi-step
structural analyses and eigenvalues to characterize the tunable mechanics of the conical Kresling
tube. The findings presented in the thesis are a starting point to bridge the buckling phenomenon
and practical applications of origami tubes, by providing demonstration of buckling benefits, un-
derstanding the underlying energy behaviors, and pointing out directions of potential applications.
Future developments on fabrication, sensing, and actuation techniques can allow researchers to
create practical applications that can actively tune their behaviors. In this chapter, Section 5.1
summarizes the main findings and key contributions of the thesis, and Section 5.2 outlines poten-
tial routes to further conduct research.

5.1 Contributions and impacts

The motivation of the thesis is to explore benefits brought by structural instability to origami
tubes. In Chapter 1, I first discuss a wide spectrum of potential applications of origami structures,
focusing on the recent advancements on uncovering the unique mechanics and creating novel appli-
cations of origami tubes. As a subcategory of thin-walled structures, their surfaces can experience
structural instabilities that unlock numerous features, such as improved energy-absorbing perfor-

99



mance, multi-stability, and tunable mechanics.
Chapter 2 introduces a deployable energy absorber based on the zipper-coupled origami tube

that can be deployed to and locked at various configurations without involving panel deforma-
tions. By locking both ends of the tube, the system will behave drastically different at different
deployment ratios. When it is half-deployed, the tube can be elastically compressed as the locking
barely constraints the kinematic folding motion. When it is deployed to a longer extension, the
tube become a stiff structure that requires buckling and plastic yielding to compress longitudinally.
Therefore, more impact energy can be absorbed, while the peak reaction force is also increased. In
comparison with the conventional tube, the proposed zipper tube shows lower peak force and more
energy absorption. Through a series of parametric studies, I find that a tube with fewer segments
and greater panel aspect ratios can crush with more plasticity and absorb more energy, and the
vertex angle controls how tunable the system is. Finally, I demonstrate the self-locking of the tube
with a zip-tie mechanism.

In Chapter 3, I focus the understanding of geometric influences on the multi-stability of thin-
walled corrugated tubes with curved creases. To explore the geometry-driven bending stabilities, I
extend and verify a reduced-order bar and hinge model that was designed for capturing the elastic
response of curved-crease origami structures [84]. The model provides rapid and accurate predic-
tions with less convergence issues , and it is calibrated with respect to a high-fidelity FE model. I
find that, for a corrugated tube with circular cross-sections, a stable bending state requires thinner
shells, steeper cones, and a lower stiffness of the connecting creases. By varying the cross-sections,
I find the bending bi-stability is favored by deep and convex cross sections. All these measures
increase the relative amount of stretching energy to bending and folding energy.

Chapter 4 presents an origami design of corrugated tubes that shows tunable stiffness via a
unique pop-up mechanism. By buckling the valley creases, a twisted Kresling unit can be popped
into a dome-like stable shape, which can be stiffer than the initial state by several orders of mag-
nitude. I use an elasticity-based bar and hinge model to quantify the shape-morphing and the
subsequent stiffness tuning. After the pop-up, the crease network is distorted, and the flexible
twisting motion will be prohibited. As a result, the global deformation will require more panel
stretching rather than the crease folding, leading to a substantial increase of stiffness. A paramet-
ric study shows that a shallower and more twisted Kresling unit offers more significant stiffness
tuning. Based on the shape-morphing and tunable stiffness, I propose three potential applications,
including a tunable energy absorber, a deployable traffic cone, and an adaptable robotic arm.
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5.2 Suggestions for future work

The multi-stability and tunable properties that are presented in previous chapters, although com-
plete, inspire research directions that can be either pursued in the near future, or envisioned in the
long term.

5.2.1 Continuing work from the thesis

There are several research aims that can be immediately pursued to expand the application scope
and to deepen our understanding of the buckling mechanics of origami tubes.

5.2.1.1 The influence of imperfection on the buckling-induced functions

While numerical simulation is a powerful tool to understand the underlying mechanics, experi-
mental tests are still crucial for validating the results and demonstrating the practical use. From the
geometry perspective, the physical parameters of the testing sample can deviate from the desired
values due to unavoidable errors of the fabrications process. Such imperfections may change the
mechanical properties of the fabricated samples, e.g., the foldability and stiffness of the Miura-ori
sheet [127]. However, only few previous studies have been performed regarding the influences
of imperfection on the buckling-induced behaviors in origami tubes. In other words, how robust
are the multi-stability and the associated tunable properties? It would be worthwhile to introduce
random geometric imperfections in the numerical model to explore the change of the mechanics.
For instance, if the panel dimension or the vertex angle varies in the zipper-coupled tube, how
much would the energy absorption be different? Additionally, if there is a small fracture around
the crease lines of the Kresling cone (which is likely to be true for a paper prototype), how differ-
ent would the pop-up stability map be? Systematic answers to these questions would help us to
understand the practical performance of origami tubes with buckling.

5.2.1.2 Crease buckling for other origami patterns

In Chapter 4, I identify and investigate the bi-stable pop-up mechanism in the Kresling cone.
By buckling the valley creases outwards, the Kresling cone will be converted into a dome-like
shape and gain a substantial increase in stiffness. Such pop-up mechanism is unlikely to be limited
to the conical Kresling geometry. One can extend the research on bi-stable pop-up of creases to
other origami structures to explore: i) the existence of multi-stability, ii) the shape-morphing, and
iii) the property change.
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5.2.1.3 Tunable properties beyond the mechanical stage

With the shape-morphing and stiffness tuning of the pop-up mechanism, I propose three con-
ceptual applications that focus on the mechanical properties. The shape-morphing would also
enable tunable properties in other engineering disciplines. For instance, origami-based antennas
can adapt their electromagnetic behaviors by morphing their shapes [128]. Future work along such
direction could push multidisciplinary origami applications.

5.2.2 Long-term future work

In the previous chapters, I demonstrated the multi-stability and tunable properties through nu-
merical simulations and experimental prototypes. In practical applications, origami-inspired smart
systems are expected to actively change their properties in response to external stimuli. Several
research directions can thus be inspired by the need of filling the gap between experimental demon-
stration and commercial implementation.

5.2.2.1 Fluidic actuation and tuning

Origami-inspired structures can often be reconfigured to change their shapes and to realize var-
ious functions, and I have investigated the tunable properties in Chapter 2 and 4. Those prototypes
are manually actuated to demonstrate the tunability, while practical applications require advanced
actuation methods to actively changes their shapes and associated functions. As inspired by the
continuity benefit of origami tubes, one can use fluidic pressure to initiate a prescribed global shape
change and the subsequent property tuning. Unlike a cable-driven system that is composed of ex-
ternal motors and wires, the actuating fluids can be consolidated into the system so that there is no
distinction between actuators and structures. As a result, pneumatic actuation will perform func-
tions beyond the scope of forcing shape changes and be able to tune the system behavior. Here, I
list three research topics for exploiting the great potential brought by pressurization in origami.

Tailoring multi-stability Since the actuating fluid is an integrated component of the system and
the work done by pressure is conservative, the potential energy of pressure is now included in the
system energy. Let P denotes the pressure difference (internal - external), V denotes the enclosed
volume, then the system energy can be written as the summation of strain energy and potential
energy of pressure

Π = ΠS +ΠP (P, V ) (5.1)
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The multi-stability, which is characterized by the system energy landscape, thus can be altered
by both the structural design and the fluid pressure. Based on the nonlinear relationship between
the volume and folding kinematics, Li et al. have successfully manipulated the stability type and
stable configurations for a rigid origami tube based on the Miura-ori pattern [19]. Nonetheless, the
deformation of origami panels has not been considered, while our results indicate that the panel
stretching and bending can substantially affect the multi-stable behavior. In order to explore the
pressurized influences of panel-deformable origami, it would first be needed to extend the bar
and hinge model to capture the pressurized response rapidly yet accurately. Then the reduced-
order model could explore three potential changes brought by fluidic pressure: i) a mono-stable
origami can be bi/multi-stable when pressurized at certain levels; ii) a multi-stable origami (e.g.
the Kresling cone) can lose the multi-stability after being pressurized; iii) changes of the stable
configurations. Those effects would then be verified by fabricating and testing origami prototypes.

Tune the tunability By pressurizing reconfigurable origami structures, the tunable property can
be further programmed by the pressure level. For example, stiffness tuning of the Kresling cone
is determined by the initial geometry and material properties. In other words, once the origami
cone is fabricated, the stiffness ratio λK = KP/KO cannot be changed (Fig. 5.1A). In pressurized
origami, such property ratio is a function of the pressure difference P , thus it can be altered by
manipulating the pressure level. The same idea can also be extended to rigid-foldable origami
structures. For the deployable energy absorber presented in Chapter 2, the energy ratio can be
tuned by changing the pressure level (Fig. 5.1B).

F

F

Displacement Displacement

F
o
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e

Reversible pop-up

(A) (B)

Figure 5.1: Program the tunability in (A) multi-stable origami and (B) rigid-foldable origami with
internal pressure.
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5.2.2.2 Fabrication techniques

Numerical analyses and experimental investigations have revealed numerous benefits brought
by origami. However, in order to realize those great potentials in commercial applications, it is
still necessary to figure out how to mass produce origami-inspired structures, while preserving
their unique properties. Suitable fabrication techniques will need to be explored and developed to
overcome the current limitations listed below.

Paper-based origami At meso-scales, origami structures can be easily fabricated by manually
folding paper sheets with perforated patterns. Paper-based origami shows more modes beyond
rigid kinematics, e.g., the crease buckling presented in Chapter 4 and the vertex pop-through [11].
Therefore, paper sheets are often selected for prototyping experimental samples that will be used
to verify numerical predictions. Nonetheless, during the folding process, paper fibers near creases
and vertices are yielded and permanently damaged, and the origami structures are prone to tears
and breaks. As a result, paper is not a suitable material when the airtightness is required in making
pneumatic origami structures. Paper is also not an ideal choice for manufacturing meter-scale
origami structures. When scaling up, panels need to be thickened to provide enough bending
stiffness, whereas folding thicker paper sheets will lead to significantly more damage of local
material near creases.

Large-scale origami with mechanical hinges Due to the scaling limitation of paper creases,
mechanical hinges have been involved in the fabrication of large-scale origami. Figure 5.2 shows
the creases and vertices of a meter-scale origami tube made of corrugated plastic panels and piano
hinges. These panels are 6 mm thick to limit the out-of-plane flexibility. To accommodate the
panel thickness, spacers are placed between the edges of adjacent panels. Thus, the structure is not
air-tight, and the creases cannot be buckled to achieve the pop-up deformation.

As a summary, it is worthwhile to explore different materials for fabricating origami structures,
such as fiber-reinforced composites with large tolerance for large strains. Design methods to make
thick but air-tight origami should also be studied.
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Figure 5.2: The zoom-in view of a meter-scale origami tube assembled by connecting corrugated
panels with piano hinges (tube courtesy: Anna Jia and Yi Zhu).
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