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ABSTRACT

This thesis concerns two invariants of projective varieties in positive characteristic, namely,
the F-signature and a new invariant called the Frobenius-alpha invariant. For a projective
variety X and an ample divisor L on X, both invariants measure asymptotic properties of
Frobenius splittings of |mL|,,>1, i.e., the linear systems defined by multiples of L. In the
first part of the thesis, we present joint work with Seungsu Lee, where we prove that for a
fixed projective variety X, the F-signature of ample divisors on X extends to a continuous
function on the ample cone of X. Moreover, we show that this function has a continuous
extension to the non-zero part of the Nef cone of X. In the second part of this thesis, we
define and study the Frobenius-alpha invariant in analogy with Tian’s alpha-invariant from
complex algebraic geometry. In particular, we show that the Frobenius-alpha invariant of
Fano varieties is at most 1/2 and prove upper and lower bounds for the F-signature in terms
of the Frobenius-Alpha invariant. Finally, we study the behaviour of the Frobenius-alpha
invariant in geometric families, and prove that this invariant is lower semicontinuous in a

family of globally F-regular Q-Fano varieties.
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CHAPTER I

Introduction

1.1: Motivation

The topic of this thesis is the study of singularities of algebraic varieties. A singularity is a
point on an algebraic variety V' near which V' cannot be well-approximated by a vector space
(the tangent space). A point that is not a singularity is called a smooth point. This difference
between smooth points and singular points leads to deep differences in the behaviour of
smooth varieties (ones with no singularities) and singular varieties (ones with one or more
singular points).

Our focus will be on singularities in positive characteristics. It turns out that many tra-
ditional techniques used in the study of complex singularities are not suitable while working
in the positive characteristic setting. Indeed, key results like resolution of singularities and
vanishing theorems are either unknown or are known to fail. However, many different tech-
niques, mostly involving the Frobenius map, have been developed that act as a substitute.

We now briefly introduce some of these ideas.

The Frobenius Map: Let k be a field of prime characteristic p. Consider an affine
algebraic variety V over k, i.e., V = Spec(R) where R is a finitely generated algebra over k.

The Frobenius map of R is the natural self-map
F:R—R

defined by sending

r= k.

This is a ring homomorphism thanks to the identity (r 4+ s)? = 7P + sP which holds true
in every ring of characteristic p, but of course, has no analogue over the real or complex
numbers. Note that since F' is a ring homomorphism, we get a new R-module structure on

the target copy of R defined by restriction of scalars along F'. More explicitly, denote the



target copy of R by F.R and for any r € R, let F,r be the corresponding element in F,R.

Then F,R is a new R-module where an element r € R acts on an element F,s by the rule
rE.s = F.(rPs).

Similarly, we can define the module F¢R for any e > 1 by restricting scalars along the e*-
iterate of F'. Then, the key idea in this thesis is that the sequence of R-modules (FfR).>1
encodes the singularity properties of R in various ways. For example, the following theorem

of Kunz provides a characterization of regular (the algebraic version of smooth) points:

Theorem I.1.1. / | Assume that R is reduced. Then, R is reqular if and only if F¢R
is a flat R-module for some (equivalently, any) e > 1.

Therefore, the singularities of R are quantified by the non-flatness of F¢R. This idea is

made precise via the notion of strong F-regularity, a central topic of this thesis:

Definition I.1.2. Let R be a Noetherian local domain of positive characteristic p > 0.
Then, R is said to be strongly F'-regular if for every non-zero element c of R, there exists an
e > 0 such that the map

R — F{R

mapping
1~ Ffc

splits as a map of R-modules.

Strongly F-regular singularities were introduced in the work of Hochster and Huneke in
the celebrated tight closure theory | |. Such singularities satisfy many desirable proper-
ties; for instance, they are normal, Cohen-Macaulay and have pseudo-rational singularities in
the sense of Lipman and Tessier (see | ]). Though Kunz’s theorem implies that regular
rings are strongly F-regular, there are many strongly F-regular rings that fail to be regular.
Thus, strongly F-regular singularities form a large class of well-behaved, yet non-regular class
of singularities and have occupied a very important role in positive characteristic singularity
theory.

Singularities are also closely linked to the global geometry of projective varieties. For
instance, one way to produce singularities is to take a closed subvariety V' of P" and consider
the cone over V. The singularity of the vertex of the cone encodes the global geometry of
V. For example, the cone over V is smooth if and only if V is a linear subspace of P".
Thus, studying the singularities of cones over projective varieties leads to insights into their

geometry.



Overview: In this thesis, we will be interested in a singularity invariant called the F'-
signature in the context of cones over projective varieties. The F-signature, that we will
introduce in Section I.2, captures asymptotic properties of the Frobenius map in strongly
F-regular local rings. In Section 1.3, we will describe joint work with Seungsu Lee, that
establishes results about how the F-signature of the cone over a projective variety V varies
as we change the embedding of V' into various projective spaces. The proofs of these results
are contained in Chapter III of the thesis. In Section 1.4, we introduce a new invariant of
the singularity of a cone called the Frobenius-alpha invariant. This invariant turns out to
be closely related to the F-signature and helps us estimate the F-signature of a projective
variety. The detailed results and proofs regarding the Frobenius-alpha invariant are contained
in Chapter IV and Chapter V of the thesis.

I.2: F-regularity and the F-signature

In this section, we introduce the two central topics of this thesis: global F-regularity, and

the F-signature. Throughout, we fix a perfect field k of characteristic p > 0.

1.2.1: Global F-regularity

Globally F-regular varieties were introduced in | ] as the positive characteristic analogs

of log-Fano type varieties and the global versions of strongly F-regular singularities.

Definition 1.2.1. | , Definition 3.2] Let X be a normal variety over k£ and A > 0 be an
effective Q-divisor. The pair (X, A) is said to be globally F-regular (resp. locally F-regular)
if for any effective Weil divisor D on X, there exists an integer e > 0, such that, the natural

map

OX — FfOX(((pe — 1>A—‘ —|—D)

splits (resp. splits at every stalk) as a map of Oy-modules. A normal variety X is said to

globally (resp. locally) F-regular if the pair (X,0) is globally (resp. locally) F-regular.

It was proved in | ] that globally F-regular varieties are of log Fano type, i.e., if X
is globally F-regular, then there is a Q-divisor A > 0 such that (X, A) has kit singularities
and —Kx — A is ample. However, not all log Fano type varieites (or even Fano varieties)
are globally F-regular; indeed, globally F-regular varieties enjoy additional properties such
as satisfying a Kawamata-Viehweg vanishing theorem | ] that is known to fail in general

even for smooth Fano varities in positive characteristics | ):



Theorem 1.2.2 (| ], Theorem 6.8). Let (X, A) be a projective, globally F-regular pair
over k. Suppose L is a Cartier divisor such that L — Kx — A is big and nef. Then,

H'(X,0x(=L)) =0 foralli< dim(X).

Thus, globally F-regular varieties are log Fano varieties with additional favorable prop-
erties. They have found various applications, for instance, to the three dimensional mini-
mal model program in positive characteristic | | and in the study of Fano type com-

plex varieties | |. For other investigations regarding globally F-regular varieties, see
[ J, [GT19] and | J
1.2.2: The F-signature:

Building on the idea from Theorem 1.1.1 that we may measure the non-flatness of the modules
F¢R to quantify singularities of R, we now turn to an asymptotic invariant of these modules.

Let R be a local domain essentially of finite type over k.

Definition 1.2.3 (F-signature). For any e > 1, let a.(R) denote the free rank of FfR. In

other words, a.(R) is the maximum integer a such that we have an R-module decomposition
FCR~ R®** @ N

for some R-module N. Then the F'-signature of R is defined to be the limit:

o ae(R)
I(R) = elggo e
where d is an integer such that F,R has generic rank p? over R (in other words, p? is the
degree of the field extension Frac(R) C Frac(R)/?).

This invariant was first considered implicitly by Smith and Van den Bergh in | ],
and defined formally by Huneke and Leuschke | |. The fact that the limit in the definition
exists was proved only later by Tucker | |. Note that since R is local, a finitely generated
module over R is flat if and only if it is free. Thus, the F'-signature is an asymptotic
measurement of the flatness of F¢R. Indeed, Huneke and Leuschke proved the following
asymptotic version of Kunz’s theorem (Theorem 1.1.1): R is regular if and only 4(R) = 1.

The F-signature is most interesting in the case of strongly F-regular singularities (Defini-
tion 1.1.2); the positivity of the F-signature of a local F-finite domain R corresponds exactly
to R being strongly F-regular | ]. Furthermore, the F-signature has been fruitfully

applied to gain insights into the structure of strongly F-regular local rings as seen in the
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following theorem due to Carvajal-Rojas, Schwede and Tucker that bounds the size of the

local étale fundamental group:

Theorem 1.2.4. | | Let (R, m, k) be an F-finite strongly F'-regqular local ring of char-

acteristic p > 0 and dimension > 2. Assume that R is strictly henselian. Then, we have

é o 1
|71 (Spec®(R))| < 3R
where Spec®(R) denotes Spec(R) \ m, and 3(R) denotes the F-signature of R. In particular,

the size of the above fundamental group is finite.

Similar theorems for complex klt singularities have been established by completely dif-
ferent techniques; see | I, [ I, [ | and | ]. Other applications of the F-
signature include bounding the torsion subgroup of the divisor class group; see | ],

[CR17] and [Pol22].

1.3: Variation on the ample cone

In this section, we summarize the results contained in Chapter 111 of the thesis. These results
are part of joint work with Seungsu Lee. Chapter III is dedicated to studying how the F-
signature of a projective variety X varies with the embedding of X into various projective
spaces. This is made precise in terms of section rings and the F-signature function on the
ample cone. Throughout this section, we fix an algebraically closed field k of characteristic
p > 0.

Let X be a projective variety over £ and £ be an ample line bundle over X. Then, we

can construct a graded ring, the section ring S(X, L) of X with respect to £, defined by

S(X, L) = P H(X, &)

J20

with multiplication given by the tensor product of global sections. We call Y = Spec(S(X, L))
the cone over X with respect to L.

It was shown in | | that a projective variety X is globally F-regular (Definition 1.2.1)
if and only if the section ring S(X, L) is strongly F-regular for some (equivalently, every)
ample line bundle £. Since the F-signature is positive for all strongly F-regular rings, it is

natural to ask:

Question 1.3.1. Let X be a globally F-regular projective variety. How does the F-signature
of the section ring S(X, L) vary with £7



In Chapter III, we consider the following function:

Definition 1.3.2. The F-signature function sy is the assignment:
L 3(5(X, L)) = F-signature of S(X, L)

where £ is any ample line bundle over X.

Note that this function is non-zero for every ample line bundle £ since S(X, £) is strongly
F-regular. Building on the work in [ | and | ], our first theorem allows us to extend

the F-signature function to the rational ample cone of X as follows:

Theorem 1.3.3. (Theorem I11.1.3) Fix a positive dimensional globally F-regular projective
variety X over k. Then, the F-signature function 3x (Definition 1.3.2) naturally extends to

a unique, well-defined, real-valued function
dx : Ampg(X) = R
on the set of rational classes in the ample cone of X satisfying the identity:
3x(A\L) = %JX(L) for all ample Q-divisors L and all X € Qxo.

Recall that the rational ample cone of a projective variety is the set of numerical classes
of ample Q-divisors on X. Now that we have a well-defined function on the rational ample

cone, the next theorem describes the continuity properties of the F-signature function.

Theorem 1.3.4. Fix any globally F'-reqular projective variety X over k of positive dimension.

Then, the F-signature function of X satisfies the following properties:

1. (Theorem II1.2.1) The function 3x is continuous on the rational ample cone of X, with

respect to the usual topology on the Néron-Severi space.

2. (Corollary I11.2.3) The function 3x extends continuously to all real classes in the ample
cone of X.

Theorem 1.3.3 and Theorem 1.3.4 parallel the theory of the F-signature function on the
ample cone of a globally F-regular variety with the volume function on the big cone. This
perspective was first considered in | |, where Theorem 1.3.4 was proved in the special
case when X is a toric variety. Recall that on a projective variety X, to any Cartier divisor
D on X, we can associate a non-negative real number called the volume of D, measuring

the growth of the global sections of multiples of D. A foundational result in the theory of

6



volumes is that the volume of a big divisor D depends only on its numerical equivalence
class. Moreover, it extends suitably to all R-divisors and varies continuously as D varies on
the Néron-Severi space of X. See | , Section 2.2] and | | for the details. The study
of volumes of divisors has been important in birational geometry; for example, see | ,
Section 2.2], | ], [ 1, [ I, [ 1, [ |, and [I<06].

The ample cone is an open cone in the Néron-Severi space of a projective variety X, and
its closure is represented by the set of nef divisors on X. Hence, it is natural to ask if the
F-signature function sy from Theorem [.3.4 has a natural extension to the nef cone. We

show that this is indeed true:

Theorem 1.3.5 (Theorem I11.3.1). Suppose X is a globally F-reqular projective variety.
Then the F-signature function 3x extends continuously to all non-zero classes of the Nef

cone of X. Moreover, if L is a nef Cartier divisor which is not big, then 3x(L) = 0.

The proofs of Theorem 1.3.3 and Theorem 1.3.4 consist of several steps: First, we need
to verify that the F-signature function is well-defined on the rational ample cone of X. The
main result here is that on globally F-regular projective varieties, numerical equivalence,
and Q-linear equivalence coincide (Theorem II1.1.4). This is reminiscent of the same fact for
log-Fano type varieties over the complex numbers. Next, we analyze the Frobenius splittings
of linear systems |mL| for multiples of an ample divisor L. We also develop some techniques
to compare the Frobenius splittings of the linear systems |mL| and |m(L + H)|, where H
is some effective divisor. Along the way, we prove some uniform (with respect to the ample
divisors) upper bounds on the F-signature function for a fixed globally F-regular variety
X. For more details, we refer to Section I11.2. We further utilize these ideas to extend the
F-signature function to all non-zero nef divisors in Section II1.3. Lastly, in Section I11.4 we

also prove a local effective upper bound for the F-signature function.

I.4: The Frobenius-Alpha Invariant

The second part of this thesis is dedicated to the study of another invariant of cones over
projective varieties, called the ap-invariant (the “Frobenius-alpha” invariant), and its con-
nections to the F-signature (Definition 1.2.3). The ag-invariant is motivated by a connection
between singularities in characteristic zero with the F-singularities in positive characterstic

that we first recall .



1.4.1: Connections to singularities in characteristic zero

Strongly F-regular singularities (introduced in Definition 1.1.2) are the positive characteristic
analogs of Kawamata log terminal (klt) singularities, an important class of singularities that
arise in the minimal model program. KIt singularities are defined using a resolution of
singularities over the complex numbers (which is known to exist by the celebrated theorem
of Hironaka | ]), and thanks to the Kodaira and Kawamata-Viehweg vanishing theorems,
they are normal, Cohen-Macaulay, and rational singularities. Though defined by completely
different methods, klt singularities are related to strongly F-regular singularities in a precise
way by the following remarkable theorem established in the works of Smith, Hara, Mehta

and Srinivas:

Theorem 1.4.1 (| I, | I, | ). Let R be a finitely generated Z-algebra and
assume that R is a Gorenstein (i.e., the canonical module wg is free) domain. Then, the
ring R®zC has kit singularities if and only if R®z7Z/pZ has strongly F-reqular singularities
for all p > 0.

Note that for a Gorenstein domain R, having klt (and similarly, strongly F-regular when
R has characteristic p > 0) singularities is equivalent to having rational (and respectively, F-
rational) singularities. The correspondence between rational and F-rational singularities was
established in [ I, | 1, | |. For the correspondence between more general klt
and F-regular singularities, see | ] and | ]. Theorem I.4.1 has a global version that
relates Fano varieties (varieties with ample anti-canonical bundle) and globally F-regular

varieties.

Theorem 1.4.2. | | Let X be a Fano variety defined over Z. Then, Xc = X Xz Spec(C)
is a klt Fano variety (i.e., Xc has klt singularities) if and only if X, = X Xz Spec(Z/pZ) is
globally F'-regular for all p > 0.

1.4.2: The ap-invariant:

The a-invariant of a complex Fano variety X was introduced by Tian in | ] to provide a
sufficient criterion for K-stability of X, a condition that guarantees the existence of a Kahler-
Einstein metric on X. Though initially defined analytically, Demailly later reinterpreted the

a-invariant in terms of klt singularities | | as follows:

Definition 1.4.3. Let X be a smooth Fano variety over C. Then,

a(X) :=sup{t > 0| (X,tA)is kit Veffective Q-divisor A ~g —Kx}.



Understanding the a-invariant, and K-stability more generally, has led to many funda-
mental advances in our understanding of complex Fano varieties; see | ], 1 1 [ ].
Our focus will be to study a positive characteristic analog of the a-invariant. Fix k£ to be
a perfect field of positive characteristic p > 0. Following Theorem 1.4.1 and Theorem 1.4.2,
we may replace the klt singularities with global F-regularity (Definition 1.2.1) in Defini-
tion [.4.3 to obtain a positive characteristic analogue of Tian’s a-invariant, which we call the

ap-invariant as follows:

Definition 1.4.4. Let X be a smooth, globally F-regular Fano variety over a perfect field

of positive characteristic. Then, we define the ap-invariant of X as
ap(X) :=sup{t > 0] (X,tA)is globally F-regular Veffective Q-divisors A ~g —Kx}.

Since we intend for the ap-invariant to capture global properties of divisors on X, we
use global F-regularity instead of just local strong F-regularity (Definition 11.3.2). This is
justified by noting that simply replacing globally F-regular by klt in characterisitic zero, we
obtain the minimum value between the usual a-invariant of X and 1 (see Remark IV.3.11).
Thus, at least for Fano varieties with a(X) < 1, the ap-invariant is a “Frobenius-analog” of
Tian’s a-invariant.

Our first theorem proves some surprising properties of the ap-invariant in contrast to
the complex version, and establishes connections to the F-signature of (X, —Kx) (see Defi-
nition 1.2.3 and Definition 1.3.2):

Theorem 1.4.5. Let X be a globally F-reqular Fano variety over a perfect field of positive

characteristic. Then,
1. The ap-invariant of X (denoted by ap(X)) is at most 1/2 (Theorem IV.5.5).

2. Assume Xis geometrically connected over the (perfect) base field. We have ap(X) =
1/2 if and only if the F-signature of X (with respect to —Kx ) equals %, where
d is the dimension of X (Corollary IV.5.8).

3. More generally (and still assuming that X is geometrically connected), the F-signature

of X is at most V;;E;ﬁ)f!) (Corollary 1V.5.8).

4. In case X is a toric Fano variety corresponding to a fan F, then ap(X) is the same
as the complex a-invariant of Xc(F), the complex toric Fano variety corresponding to
F (Theorem IV.3.12).



Part (1) of Theorem [.4.5 is surprising since many complex Fano varieties have a-
invariants greater than 1/2 (and less than 1). Combined with Part (4), this recovers, and
provides a positive characteristic proof of the well-known fact that the a-invariant of toric
Fano varieties is at most 1/2 (see | , Corollary 3.6]).

Note that the F-signature has attracted attention as a candidate for the positive charac-
teristic analog of the normalized volume of a Kawamata log-terminal (klt) singularity, extend-
ing the established analogy between strongly F-regular and klt singularities; see | ],
[ I ]. The normalized volume has been successfully used in the stability theory
of complex klt singularities and the moduli theory of Fano varieties; see the recent survey
[ | for the details.

As in the case of the complex a-invariant, we may consider the ap-invariant much more
generally for arbitrary polarizations of projective varieties. In Section 1V.2, we develop
the theory of the ap-invariant in this more general setting. From this perspective, the ap-
invariant is an invariant of a section ring of a projective varieties that shares many properties

and relations with the F-signature. In this direction, we prove:

Theorem 1.4.6. Let S denote a section ring of a globally F-reqular projective variety (with

respect to some ample line bundle) over a perfect field k. Then,

1. (Theorem IV.2.8): The number ap(S) can be calculated as the following limit:

ap(S) = lim me(5)

e—00 pe

where m(S) denotes that mazimum integer m such that for each non-zero homogeneous

element f of degree m, the map S — FES sending 1 to F¢f splits.
2. Since S is strongly F-reqular, we have ap(S) is positive (Theorem IV.2.10).

3. Base-change (Corollary IV.2.16): Assume that Sy = k and K is any perfect field
extension of k. Then,
OéF(S> == OéF(S ®k K)

Our third set of results concern the semicontinuity properties of the ap-invariant, analo-

gus to the results of | | about the complex version. In this direction, we prove:

Theorem 1.4.7 (Theorem V.2.1). Let f : X — Y be family of globally F-regular Fano
varieties such that —Kyyy is Q-Cartier and f-ample. Assume that'Y is reqular. Then, the
map from'Y — Rs( given by

y > ap(Xy=)
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is lower semicontinuous, where Xy is the perfectified-fiber over y € Y (see Notation V.1.1).

We also prove a weaker version of Theorem 1.4.7 for any polarized family of globally
F-regular varieties. This is analogus to the corresponding result for the F-signature proved
in [ | and relies on uniform convergence for the ap-invariant (Theorem V.1.4) in a
family, which may be of independent interest.

Theorem [.4.5 and Theorem [.4.6 are proved in Chapter IV of this thesis. Chapter V is
dedicated to the proof of Theorem 1.4.7 and related results.
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CHAPTER I1
Frobenius splittings, F-regularity, and the F'-signature

of Projective Varieties

In this chapter, we present some background and prove preliminary results about Frobenius
splittings, F-regularity and the F-signature in the case of section rings of projective varieties.
First, we review the construction of section rings of projective varieties in Section I1.1. Next,
we discuss the F-signature of section rings in Section I1.2. Finally, we review the notion of

F-regularity and global F-regularity of projective varieties in Section II.3.

Notation I1.0.1. Throughout this thesis, all rings are assumed to be Noetherian and com-
mutative with a unit. Unless specified otherwise, k& will denote a perfect field of characteristic
p. A variety over k is an integral (in particular, connected), separated scheme of finite type
over k. For a point x on a scheme X, the residue field Ox,/m, will be denoted by x(x)

(where Ox . is the local ring at = and m, is the maximal ideal of the local ring).

Notation II.0.2 (Divisors and Pairs). A prime Weil-divisor on a scheme X is a reduced
and irreducible subscheme of X of codimension one. An integral Weil-divisor is a formal
Z-linear combination of prime Weil-divisors. A Q-divisor is a formal Q-linear combination
of prime Weil-divisors. By a pair (X, A), we mean that X is a Noetherian, normal scheme

and A is an effective Q-divisor over X.

I1.1: Section Rings and Modules

Definition I1.1.1. Let A be a Noetherian ring and X be a projective scheme over A. Given
an ample invertible sheaf £ on X and F a coherent sheaf on X, the N-graded ring S defined
by
S=S8(X,L):=EPH"X, L
n>0
is called the section ring of X with respect to £. The affine scheme Spec(.S) is called the

(affine) cone over X with respect to £. The section module of F with respect to £ is a

12



Z-graded S-module M defined by

M=MX,L):=PH X FaL".

nel

Similarly, the sheaf corresponding to M on Spec(S) is called the cone over F with respect
to L.

Let S be a Noetherian, N-graded domain, and 7" denote the set of positive degree homo-
geneous elements of S. For a finitely generated, torsion-free, Z-graded module M over S,
let M’ denote the localization M’ = T—1M. Note that M’ is naturally a Z-graded module
over T~1S. Since M is torsion-free, we can think of M naturally as a subset of M’. In this

setting, we define the saturation of M to be the Z-graded module
M* ={me M |p"m € M for some n > 0}

where p is the irrelevant ideal p = @ 095 We say M is saturated if M = M sat,

Lemma I1.1.2. Let A be a Noetherian domain, X be an integral, projective scheme over A

and L an ample invertible sheaf over X.

1. The section ring S of X with respect to £ is a finitely generated algebra over A and
hence, is Noetherian. If X is normal, and A = k, then the section ring is also char-
acterized as the unique normal N-graded ring S such that Proj(S) is isomorphic to X

and the corresponding Ox (1) is isomorphic to L.

2. The section module of any torsion-free coherent sheaf over X with respect to L is
finitely generated over S. It is also characterized as the unique saturated, torsion-free,
Z-graded S-module M (with respect to the irrelevant ideal I = €D S;) such that the

associated coherent sheaf M on X is isomorphic to F.

3. For two torsion-free coherent sheaves F and G, we have a natural isomorphism:
HOHI@X (9:7 9) = Homgr(M(?a L)a M(97 L))

where Hom{ (, ) denotes the set of grading preserving S-module maps between two
graded S-modules.
Proof. See [Sta, Tag 0BXF]. O

In the next lemma, we record some useful principles concerning direct summands of

sheaves on a proper variety.
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Lemma 11.1.3. On a proper variety X over k, let £, M be invertible sheaves, and F, G be

coherent sheaves over X. Then,

1. If £ is not a direct summand of F and G, then £ is also not a summand of F ® G.

2. IfFZ L B G and L is not a summand of G, then, n is the mazimum number of L

summands of F (in any decomposition).

3. Assume L 2 M, and both L and M are summands of F, then L &M is a summand of
F.

Proof. Note that giving an O y-summand (i.e., a summand isomorphic to Ox) of a coherent
sheaf JF is equivalent to giving a non-zero global section s € H°(X,J) and a map ¢ €
Homg, (F,Ox) such that ¢(s) # 0. This is because since I'(X, Ox) is a field, for any non-

lis an O x-module automorphism of Ox.

zero element u € I'(X, Ox)*, multiplication by u~
Thus, given s and ¢ as above with ¢(s) # 0, we may assume that ¢(s) = 1 by post-
multiplying by ¢(s)'. Then, ¢ defines a splitting of the map Ox — F defined by 1 — s.
Moreover, we may then write F = Ox @ ker(y), with the copy of Ox corresponding to the

O x-submodule of F generated by s.

1. By twisting by £, we may assume that £ = Ox. An Ox-summand of F @ G is given
by a global section

s=(s1,8) € H'(X, T2 G) = H(X,F) @ H(X,9)
and a map
¥ = (9017902) € HOHle(‘ffEB 97OX) = Homox<§> OX) ® Homox(ga OX)

such that ¢(s) # 0. However, ¢(s) = p1(s1) + p2(s2). So, if ¢(s) # 0, then ¢;(s;) # 0
for some i = 1, 2, giving an O x-summand of either F or G, which is a contradiction.

2. Again, twisting by £7!, we may reduce to the case when £ = Oy. Suppose that there
is another decomposition F = Og@(mm) ® G’ for some m > 0. Let ¢ : O_E,'?("er) Py —
0% @ G be an isomorphism. Now, consider the map 1 : H°(X, (‘)??(nm)) — HY(X,0%")

)

induced by the inclusion of ng?(mm into F, the isomorphism ¢ and the projection

onto OF". Since m is positive, there exists a non-zero section s € O??(Hm) such that
¥(s) = 0.
Now write ¢(s,0) = (0,g) for some g € H°(X,5). Note that (s,0) gives an Ox-

summand of F. Hence, g must be an Ox-summand of G, which is a contradiction,
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since § was assumed to have no O x-summands.

3. Since £ is a direct summand of &, there is some G such that ¥ = £ & G. Now, by part
(a), if M is a direct summand of £ @ G, then M is direct summand of either £ or G.
However, since M 22 £, M must be a direct summand of §. Hence, £L & M is a direct

summand of F. O

I1.2: The F-signature

Let R be any ring of prime characteristic p. Then for any e > 1, let F* : R — R sending
r = 17" be the e-iterate of the Frobenius morphism. Since R has characteristic p, ¢ defines
a ring homomorphism, allowing us to define a new R-modules for each e > 1 obtained via
restriction of scalars along F°. We denote this new R-module by FfR and its elements by
Fer (where r is an element of R). Concretely, F¢R is the same as R as an abelian group,

but the R-module action is given by:
r-F¢s:=F°(r?"s) forr € R and F's € F°R.

Now let (R, m) denote a normal local domain and X denote the normal scheme Spec(R).
Throughout, we will also assume that R is the localization of a finitely generated k-algebra
at a maximal ideal, which also makes it F-finite (i.e., FR is a finitely generated R-module
for any e > 1). Let A be an effective Q-divisor on X = Spec(R). Then, note that since
A is effective, for any e > 1, we have a natural inclusion R C R([(p® — 1)A]) of reflexive
R-modules. Here, R([(p®—1)A]) denotes the R-module corresponding to the reflexive sheaf
Ox([(p® —1)A]). Thus, applying Hompg(_, R) to the natural inclusion FFR C F¢(R([(p® —
1)AY)), we get

Homp (FSR([(p® — 1)A1), R) C Homp(F{R, R).

Thus, given any element ¢ € Hompg (FER([(p® — 1)A]), R), it can be naturally viewed as a
map from ¢ : FfR — R.

Definition I1.2.1 (Splitting Ideals). For any e > 1, we define the subset I> C R as
12 ={z € R| p(Ffx) € mfor every map ¢ € Homp (FfR([(p° — 1)AT),R) }.
We observe that 2 is an ideal of finite colength in R and we call

CLA = gR(R/[eA)

e
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the A-free rank of F?R, where i denotes the length as an R-module.

Definition I1.2.2. | , Theorem 3.11, Proposition 3.5] Let (R, A) be a pair as above,
and a2 (R) denote the A-free rank of FR (Definition 11.2.1). Then the F-signature of (R, A)
is defined to be the limit:

o2
(R, A) = elg?o]?ii

where d is the Krull dimension of R. This limit exists by [ .

Remark II.2.3. For a local domain R obtained as the localization of a finitely generated
k-algebra, the degree of the field extension Frac(R) C Frac(R)Y? is equal to p?, where d
is the transcendence degree of Frac(R) over k. Thus, if R was the localization of a finitely

generated k-algebra at a maximal ideal, we d is also the Krull dimension of R.

Remark I1.2.4. The F-signature of a local ring (R, m) as above is the F-signature 4(R,0).
By | , Proposition 4.5], the definition of the free-rank and the F-signature of R in
Definition I1.2.2 match the one given in Definition 1.2.3.

11.2.1: The F-signature of N-graded rings.

Though the definition of the F-signature is given for a local ring (R, m), we may also work
with N-graded rings (S, m, k) i.e. S is N-graded with Sy = k and m = S.o. We next relate

the local and graded situations.

Definition I1.2.5 (Graded free rank). Let (S, m, k) be an N-graded ring, finitely generated
over k, with Sy = k and M a finitely generated Z-graded module over S. Then we can

decompose M as a graded S-module as:
M=P®N

where P is a graded free S-module (i.e. a direct sum of S(j), the shifted rank 1 free modules,
for various j € Z) and N is a graded module with no graded free summands. Then the rank

of P is independent of the chosen decomposition and we define it to be the graded free rank
of M over S (denoted by ag(M)).

Lemma I1.2.6. Let (S,m,k) and M be as above. Then the free rank of My, over the local
ring Sy 1S the same as the graded free rank of M.

Proof. See | , Proposition 5.7]. O
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Now, we describe the F-signature of N-graded rings, relating it to the (local) F-signature
at the vertex. For similar discussions relating the local and global situations, see [ ,
Section 3], | , Section 4], and | , Section 2.2].
Let S be an N-graded ring. Then F?S is also naturally an #N—graded S-module by
taking
(F2S)i = F7S,.

€ *

This gives rise to the N-grading on F£S given by

(FeS)n= €D (FIS)isne.

0<i<pe—1

Thus, F¢S decomposes as

FiS= @ DF S

0<i<pe—1 j=0

as an N-graded S-module.

Definition I1.2.7 (F-signature of N-graded rings). Let (S,m, k) be an N-graded, finitely
generated k-algebra, with Sy = k. Then, we define the F-signature of S to be the limit:

i )
e—o0 e
where a, g (5) is the graded free rank of F*'S and d denotes the Krull dimension of S. We note
that by I1.2.6, the F-signature of S coincides with the F-signature of Sy, the localization

of S at the maximal ideal m.

I1.3: F-regularity:

Definition I1.3.1 (Sharp F-splitting). [ , Definition 3.1] Let X be a normal variety
over k and A > 0 be an effective Q-divisor. The pair (X, A) is said to be globally sharply
F-split (resp. locally sharply F-split) if there exists an integer e > 0, such that, the natural

map

Ox = FLOx([(p° = 1A])

splits (resp. splits locally) as a map of Ox-modules. A normal variety X is said to globally
F-split if the pair (X, 0) is globally sharply F-split.

Definition I1.3.2 (F-regularity). | , Definition 3.1] Let X be a normal variety over k
and A > 0 be an effective Q-divisor. The pair (X, A) is said to be globally F-reqular (resp.
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locally strongly F-regular) if for any effective Weil divisor D on X, there exists an integer

e > 0, such that, the natural map
Ox — F{Ox([(p° —1)A] + D)

splits (resp. splits locally) as a map of Ox-modules. A normal variety X is said to globally
F-regular if the pair (X,0) is globally F-regular.

Remark I1.3.3. When X = Spec(R) is an affine variety and A is an effective Q-divisor,
the pair (X, A) being globally F-regular (resp. globally sharply F-split) is equivalent to the
pair (R, A) being locally strongly F-regular (resp. locally sharply F-split) [ ].

Remark I1.3.4. A local ring R is strongly F-regular if and only if its F-signature 4(R)

is positive [ |. More generally, a pair (R, A) (where R is normal, local) is strongly F-
regular if and only if the F-signature s(R, A) (Definition I1.2.2) is positive | , Theorem
3.18).

Theorem I1.3.5. | , Theorem 3.10] Let X be a projective variety over k. Then, X

is globally F-regular if and only if the section ring S(X,L) ( I1.1.1) with respect to some

(equivalently, every) ample invertible sheaf L is strongly F-regular.

Remark I1.3.6. (Locally) Strongly F-regular varieties are normal and Cohen-Macaulay.

Similarly, globally F-regular varieties enjoy many of nice properties such as:

e As proved in | , Theorem 4.3], they are log-Fano type. More precisely, there exists
an effective divisor A > 0 such that the pair (X, A) is globally F-regular and —Kx — A
is ample.

e A version of the Kawamata-Viehweg vanishing theorem holds on all globally F-regular

varieties | , Theorem 6.8].

Theorem I1.3.7 ([ ], Corollary 4.3). Let X be a projective, globally F-regular variety

over k. Suppose L is a nef invertible sheaf over X. Then,
HY(X,L)=0 foralli>O0.

We need a slight variation of Theorem I1.3.7 for Q-ample divisors that we prove here for

completeness.

Proposition I1.3.8. Let X be a globally F'-split normal variety and L be a Q-ample Weil
divisor i.e., L is an integral Weil divisor such that rL is an ample Cartier divisor for some
integer r > 0. Then,

HY(X,0x(L)) =0 fori>D0.
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Proof. Let r be an integer such that rL is Cartier. Write r = p®s such that s is coprime to
p. Pick an e > 0 such that s divides p® — 1. Then, since p®(p"® — 1) is a multiple of r for all
n > 0, using Serre vanishing theorem, we have
(I1.3.1)

H'(X,0x(p"™L)) = H(X,Ox(p®L + (p™ — 1)p®L) =0 for all i > 0 and n > 0.

Since the map
Ox — Freteo0x

is split, twisting by Ox (L) and reflexifying, we get that
Ox (L) — Erreo0x (p"teL)

is split as well. Now the Proposition follows from the vanishing in (II.3.1). O

The next Proposition is a technical result that helps us to restrict Q-Cartier divisors to
normal, locally complete intersection subvarieties. This is very close to | , Corollary 3.3],

but we will need it in the form stated below.

Proposition I1.3.9. Let X = Spec(R), where (R, m) is an F-finite, strongly F-regular, local
ring and D be an integral Weil-divisor on X such that rD is Cartier for some integer r.
Then, for each m > 0,

1. There exists an € > 0 such that the module R(mD) = HY(X,Ox(mD)) is isomorphic
to an R-module summand of FER. In particular, R(mD) is a Cohen-Macaulay module

over R.

2. Suppose that xy, ...,z is a reqular sequence on R such that the ring R/(xq,...,x)R
is normal. Then, the sheaf Ox(mD) ®g Oy is reflexive on' Y = Spec(R/(x1,...,x4)R).
Furthermore, if we assume that the support of D does not contain the subscheme Y,

then natural map

is an isomorphism, where Dy denotes the restriction of D to'Y (see the description in
the proof below).

Proof. By adding a principal divisor if necessary (which leaves the module R(mD) isomor-

phic), we assume that D is effective.
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1. Since R is strongly F-regular, there exists an e > 0 such that the map Ox —
Fe(Ox(sD)) splits for each 0 < s < r. Once we have such an e, choose s < r
such that p® + s is divisible by r. Thus, we may assume that the map (got by twisting
by D and reflexifying):

Ox(D) = F(Ox((p° + 5)D))

is split. Since r divides p©+ s, Ox((p® + s)D) is isomorphic to Ox since R is local and

rD is Cartier. Therefore, taking global sections, we have that the map
(I1.3.3) R(mD) — F¢R

is split. Note that the e obtained is independent of m. The Cohen-Macaulayness of
R(mD) follows because FfR is a Cohen-Macaulay module over R, since R itself is

Cohen-Macaulay.

2. Firstly, we may assume m = 1 since the discussion holds for an arbitrary Weil divisor
and is compatible with addition of Weil-divisors. Now, since Y is a normal, complete
intersection subscheme of X, we may “restrict” the rank one reflexive sheaf F := O x (D)
on X to a reflexive sheaf Fy on Y as follows: Let U be the regular locus of Y. Then
there is an open subset V' C X, (Where X, denotes the regular locus of X') such that
V' NY = U. This is possible because Y is a complete intersection in X. Therefore,
we may restrict F to V' and then to an invertible sheaf on U, since JF|y is invertible.
Define Fy to be

Fy = .(Flv)

where i : U — Y is the inclusion. Then, Fy is a rank one reflexive sheaf on Y because
Y is normal and U contains all the codimension one points of Y. Thus, we can write
Fy as Oy (Dy) for some Weil-divisor Dy on Y. Furthermore, if Supp(D) does not
contain Y, then since Y is normal, hence integral, D naturally restricts to a Cartier
divisor Dy on U (given by restricting the equation for D) and we may take Dy to be
the closure of Dy. It is also clear from the description of restriction that it commutes
with addition of Weil-divisors (since the restriction of Cartier divisors on the regular

locus commutes with addition).

Now, since F|y is the restriction of the sheaf JF (i.e., isomorphic to F ®¢, Oy), there
is a natual map
F®oy, Oy = Ty

which is an isomorphism if and only if F ®¢, Oy is reflexive. Therefore, it is suf-
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ficient to show that the module R(D) ®g R/(x1,...,x:)R satisfies the Sy condition
on R/(xy,...,x¢)R (since R/(x1,...,2;)R is normal). But since R(mD) is Cohen-

Macaulay by Part (1) (and clearly full dimensional), and zi,...,z; is a regular se-
quence on R, we get that R(mD) ® R/(z1,...,x:)R is Cohen-Macaulay as well. This
completes the proof of the Proposition. O
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CHAPTER III
The F-signature Function on the Ample Cone

In this Chapter, we will study the variation of the F-signature of a fixed projective variety
X as we vary the embeddings of X. This is formalized by defining the F-signature function
on the (rational) ample cone of X in Section II.1. In Section III.2, we prove that the F-
signature function is continuous and extends to the real ample cone. We further prove that
it extends continuously to the Nef cone of X in Section III.3. Finally, in Section III.4, we
prove some effective local upper bounds for the F-signature function. The contents of this

Chapter are part of the joint work with Seungsu Lee | .

Notation III.0.1. Throughout this chapter, £ will denote an algebraically closed field of

positive characteristic p.

III.1: Definition of the F'-signature Function

In this section, we will define an F-signature function on the rational ample cone of a globally
F-regular projective variety. The rational ample cone, consisting of numerical equivalence
classes of ample Q-divisors on X will be denoted by Amp(X). Recall that in the Néron-
Severi space Ny (X), Ampg(X) is the set of rational points of the open cone Ampg (X) (which
consists of classes of ample R-divisors on X). Hence, Ampgy(X) has a natural topology,

inherited from any norm on Nk (X). We refer to | , Chapter 1] for the details.

Definition ITI.1.1. Let X be a globally F-regular projective variety over k (Definition I1.3.2).
Suppose that dim(X) > 0. The F-signature function

Jx : Ampg(X) = R

on the rational ample cone of X, is defined as follows:

L. If the class [L] € Ampg(X) is defined by an integral Cartier divisor L, then we define
3x([L]) to be the F-signature (Definition I1.2.2) of the section ring S(X, L) (Defini-
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tion I1.1.1) of L:
sx([L]) == 3(S(X, L)).

2. If the class [L] is defined by a rational multiple of an integral Cartier divisori.e. L = $D

where D is an integral Cartier divisor on X, then we define:

sx([L) = 2x([D)) = 23(S(X, D))

The rest of this section is devoted to checking that the function 4 is indeed well-defined.

Remark II1.1.2. If dim(X) = 0, we define the F-signature function as 4x (L) = 1 for any

ample divisor on X. Indeed, X is just a point and the only divisor on X is 0.

Theorem I11.1.3. Let X be a globally F-regular projective variety over k with dim(X)
positive. Then, Definition I11.1.1 gives a well-defined F'-signature function 3x on the rational
ample cone of X, satisfying the identity:

Ix <%L> = éaX(L)

a

for any two non-zero natural numbers a and b and any ample Q-divisor L.

Proof. To prove the theorem, we need to check that the function sx as defined in Defini-

tion I11.1.1 is well-defined. There are two issues:

1. The first arising from the choice of a QQ-divisor representing a numerical equivalence
class (Theorem I11.1.4).

2. Having chosen a Q-divisor L representing a numerical class, there is still ambiguity
in choosing a representation of L as a rational multiple of an integral Cartier divisor
(Theorem II1.1.6).

We address the first ambiguity by proving that on a globally F-regular variety, numer-
ical equivalence and linear equivalence are the same conditions. This is an analog of the
same result for log-Fano varieties over the complex numbers, a well-known consequence of
the Kawamata-Viehweg vanishing theorem. The following theorem may be well-known to

experts, but we do not know a reference.

Theorem II1.1.4. Let X be a projective, globally F-regular variety over k. Suppose L is a
numerically trivial invertible sheaf on X, i.e. deg(L|c) = 0 for all curves C' on X. Then, L

1s isomorphic to the trivial invertible sheaf Ox.
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Proof. First, we note that by | , Ch. 2, Section 2, Corollary 1], some power L™ of £
is algebraically equivalent to Oy i.e. L™ deforms to Ox. Since the Euler-characteristic (for

sheaf-cohomology) is invariant in flat families | , Ch. III, Theorem 9.9], we get that

(I11.1.1) x(0x) = x(£™)

for some natural number m. Now, by Theorem I1.3.7, since O x and £™ are both nef invertible

sheaves, we get that

(I11.1.2) H'(X,0x)=H'(X,L™) =0 foralli>D0.
Hence, we get

(II1.1.3) 1=h"(X,0x) =x(0x) = x(£L™) = R*(X, L™).

Hence, we have shown that £™ has a non-zero global section. But, since it is also numerically
trivial, it must indeed be trivial (since an effective divisor cannot be numerically trivial unless
it is the zero divisor). Therefore, L™ = O.

Now, by | , Ch. 1, Section 1], we have that the function x(£™) is a polynomial
function of n (as n varies over all integers). Since L™ = O, we must have that x(£") =1

for all n € Z. But, again, since £" is nef for all n > 0, by Theorem 11.3.7 we have
(I11.1.4) (X, L) = x(L) = 1.

Hence, £ = Ox as well because £ is numerically trivial and has a non-zero global section.
O

Remark IIT.1.5. It was proved in | ] that torsion divisors (i.e., L such that nL ~ 0
for some n) are themselves linearly equivalent to 0. Hence, the last part of the proof above

follows from this fact, but we include a proof for the convenience of readers.

Next, we address the second kind of ambiguity in Definition III.1.1. For this, we note the
following scaling property for F-signature of section rings under taking Veronese subrings,

first observed in | ].

Theorem II1.1.6. / , Theorem 2.6.2] Let X be a projective variety over k with dim(X)
positive and L an ample invertible sheaf on X. Let S(L) and S(L™) denote the section rings

with respect to L and L™ respectively, where n 1s any positive natural number. Then, we
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have the following relation between their F-signatures:
(II1.1.5) 3(S(L)) =na(S(LM)).

This concludes the proof of Theorem II1.1.3. O]

I11.2: Continuity of the F-signature Function

In this section, we prove that the F-signature function (Definition I11.1.1) varies continuously

on the ample cone. Throughout, we fix a globally F-regular projective variety X over k.

Theorem II1.2.1. The F'-signature function is continuous at each rational class in the

ample cone of X.

In fact, much more is true: the F-signature function is locally Lipschitz around any real
class in the ample cone Ampg(X), with respect to any norm chosen on the Néron-Severi

space. More precisely, we prove:

Theorem I11.2.2. Fiz any norm || || on the Néron-Severi space N (X) of a projective globally
F-regular variety X. Then for each real class D € Ampg(X), there exist positive real
numbers C(D) and r(D) (depending only on D and the norm | ||), such that for any two
ample Q-divisors L, L' contained in the ball B,py(D) := {D" € Ampg(X)|||D — D'| <
r(D)}, we have

(IIL.2.1) ax(L) = x(L)| < C(D)|L - L'||.

We will say that the F-signature function 4y is locally Lipschitz at a real class D with
Lipschitz constant C'(D) if the inequality (I11.2.1) is satisfied for all ample Q-divisors L, L’
that are sufficiently close to D.

As an immediate corollary of Theorem I11.2.2, we obtain:

Corollary I11.2.3. Let X be a projective variety over k with dim(X) positive. Then, the
F-signature function 3x extends to a well-defined, continuous, locally Lipschitz function on

the real ample cone Ampg(X) of X satisfying the identity:
1
Ix(AL) = X,ﬁX(L) for all A € Ry and all L € Ampg(X).

Proof. Let D € Ampg(X) be a real ample class on X. The Lipschitz inequality (II1.2.1)

implies that for any sequence of ample Q-divisors L,, converging to D, the sequence 4x(L,)
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is Cauchy, hence converges to a unique real number. This gives a well-defined extension of

dx to the real ample cone Ampg(X), that remains locally Lipschitz. Hence, 4 is continuous

on Ampg(X). Finally, the identity sx (ML) = +4x(L) follows by continuity, since it already
holds for all rational L and . O

I11.2.1: Informal sketch of the proof of Theorem II1.2.2:

The proof of Theorem II1.2.2 consists of several steps. We summarize the ideas in this

subsection.

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

First, in Lemma II1.2.6, we prove a formula for calculating the F-signature of an ample
Cartier divisor L, in terms of Frobenius splittings of the linear systems |mL| for m > 0.
This gives us a tool to compare 3x(L) and sx (L") whenever we have a non-zero map
Ox(mL) = Ox(mL') for m > 0 (Lemma I11.2.11).

Given two ample Q-divisors L and L', we first consider the case when L' — L is big.
Since L' — L is big, for m > 0, we have |mL' — mL| # () allowing us to compare
3x(L) and sx(L') (Lemma II1.2.11). Further, we may find a constant « such that
al — L' is big as well. This allows us a reverse comparison between Jx(al) and
dx(L'). (Lemma II1.2.12).

In this step, we estimate the difference in the F-signatures by comparing it to the
difference in volumes. Here, we encounter the key difficulty, which is that we don’t
know the sign of the difference between sx(L') and sx (L), even if L' — L is effective,
which we have already assumed. This is overcome by introducing the difference between
dx(L) and sx(aL) (where o is as in Step 2), along with comparisons to the volume
function to estimate the difference between sx (L) and 4x(L’). These estimates are the
contents of Lemma I11.2.13 and Lemma I11.2.14.

To control the difference in the volumes (from Step 4), we need an additional ingredient:
For any e > 1, we need effective bounds for the degrees m that contribute Frobenius
splittings to the e free-rank for S(X, L) and S(X, L) (Theorem I11.2.8).

The steps so far give us an inequality of the form
(111.2.2) ox(L) = x(L))| < C(L)|L— L]

for a fixed L and all L’ sufficiently close to L and for some constant C(L) depending
on L (Lemma II1.2.10). One result required here is the (Lipschitz) continuity of the

volume function on the ample cone (Lemma I11.2.16).
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Step 6: Though (I11.2.2) proves continuity of 4x at a fixed Q-divisor L, it does not prove that 4x
is locally Lipschitz, since the constant C'(L) depends on L. So, in Proposition I11.2.17
and Lemma II1.2.18, we track the constant C'(L) and examine the variation with L.

This involves carefully choosing the scalar a from Step 2.

Step 7: As a result, we see that we may pick the constants C'(L) such that C(L) = O(W)
as ||L|| — oo. Now, since sx(rL) = L3x(L) by Theorem IIL.1.3, we see that for a
Q-divisor L, we may pick C(L) = r?C(rL) for any r > 0. This shows that we may

pick uniform Lipschitz constants on compact subsets of the ample cone.

Step 8: Given two ample Q-divisors L and L', we may consider a small (and controlled) per-
turbation AL’ of L' (i.e. A & 1) so that AL’ — L is big (or even ample). Using the
transformation rule as in Theorem II1.1.3, we may replace L’ by AL’ and reduce to the

case when L' — L is big, concluding the proof.

I11.2.2: Proof of Theorem III1.2.2

The rest of this section is dedicated to a detailed proof of Theorem II1.2.2. Note that if X
is 0-dimensional, then the only ample divisor on X is Ox and the Theorem is trivially true.

Hence, we assume for the rest of this section that dim X is positive.

Notation III.2.4. For any Cartier divisor D, we use the notation H°(D) to denote the
space of global sections H(X, Ox(D)).

Definition III.2.5. For any Cartier divisor D on X, define the k-vector subspace I.(D) of
H°(D) as follows:

I.(D) :={f € H'(D) | (F¢f) =0 for all p € Homg, (FfOx(D),0x)}.

That is, I.(D) is the set of global sections f of Ox(D) such the map Ox — FfOx(D)
sending 1 — F¢f does not split. A section f € H°(D) that is not contained in I.(D) along
with a map ¢ : F¢Ox (D) — Ox sending F°f to 1 is called an e'"-Frobenius splitting of the

linear system |D].

Lemma II1.2.6. Let L be an ample Cartier divisor and S denote the section ring of X with
respect to L. Then, for any e > 1, if a.(L) denotes the free-rank of FS as an S-module,
then a.(L) is computed by the following formula:

= . H%mL)
(I11.2.3) ac(L) = mz_odlmk TmD)



Hence, the F-signature of L can be computed as

i dlmk HO(ml)

= I.(mL)
sx(L) = elggo pe(dm(X)+1)

Proof. Let £ denote the invertible sheaf Ox(L). We note that the S-module F¢S naturally

decomposes as an N-graded module as (see the discussion preceding Definition 11.2.7):
pe—1
FiS =P M.,
n=0

where M., := @,., H*(X, L' ® F£L™) is naturally an N-graded S-module. Note also that
since HO(X,L"HP';) =0fori < 0and 0 < n < p°—1, the module M., is the section
module of the sheaf FfL™ with respect to £. We recall that by Lemma I1.2.6, a.(L) can be
calculated as the graded free-rank of F£S i.e.

a.(L) = max{r| FiS = @ S(—Jt) @ N as graded S-modules
t=1
for some j; € Z and some graded S-module N}.

Since F¢S is N-graded, we note that each integer j; occurring in any decomposition of
F£S as above is non-negative. Sheaf theoretically, we have an equivalent description (see
[ , Theorem 3.10] and the proof):

ae(L) = max{r| FeS = @ FiLn = @L*jt @ N
(I11.2.4) 0<n<pe—1 t=1

as Ox-modules for some j; € N and some sheaf N}

Now, for any 0 < n < p®—1, and j > 0, the maximum number of £~/ summands of F¢L" is
the same as the maximum number of Ox-summands of F¢L"P". Writing FeL™ =2 0" @ §
such that G does not have any O x-summands, we see that the set I.(£™) can be identified with
the set HY(X,§). Hence, the maximum number of Oyx-summands of any F¢L™ is exactly
given by the dimension of H°(mL)/I.(mL) (see Lemma II.1.3, part (b)). Using Lemma I1.1.3
again, running over all 0 < n < p* — 1 and j > 0, we get the desired formula (IV.3.7) for
ae(L). O

Remark IT1.2.7. Since the free-rank of F¢S is bounded by its generic rank (which is exactly

peldimX)+D) “the sum in equation (IV.3.7) is indeed finite. Next, we will find uniform bounds
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for the number of terms in this sum.

Theorem II1.2.8. Let X be a globally F-regular projective variety over k. Fixz a norm || ||
on the Néron-Severi space N} (X). There exists a constant Cy := C1(X) (depending only on
X, and the norm ||||) such that, whenever L and H are any two effective Cartier divisors

on X, we have:

1.
I.(mL) = H°(mL) for m > ”C’Tl”pe, and,
2| H]|
2. For alln > 1zl
_ 70 Cyp*
I.(m(nL + H)) = H(m(nL + H)) for all m > Tk
n

Proof. Since X is normal, we can consider the canonical (Weil) divisor on X (denoted by
Kx), by extending the canonical divisor on the non-singular locus of X. Choosing an ample
divisor A such that A + Ky is effective, we may write A ~ —Kx + FE for some effective
(Weil) divisor E. Let [A] denote the class of A in the ample cone of X.

Let L be any effective Cartier divisor on X. By applying duality for the Frobenius map,

we have,
%OmOX(FfOX(mL)a OX) = FfOx(—(pe — 1>KX — mL)

See | , Section 4.1] for a detailed discussion regarding duality for the Frobenius map.

Hence, we have,
(I11.2.5) Homg, (F¢Ox(mL),0x) =2 FCHY(X,0x(—(p° — 1)Kx —mL)).

This shows that to prove that H°(mL) = I.(mL) for any given m, it suffices to show the
right hand side in Equation (II1.2.5) is zero.

Claim: There exists a positive constant C] (depending only on X, the choice of A and
the norm || ||), such that for any effective divisor D with || D|| > C}, we have —Kx — D is

not an effective divisor, i.e., —Kx — D is not R-linearly equivalent to any effective divisor.

Proof of the claim. Recall that the pseudoeffective cone (denoted by Eff(X)) is a closed
strongly convex cone (i.e. there is no non-zero class v € Eff(X) such that —v € Eff(X)), and

contains the class of every effective divisor on X | , Definition 2.2.25]. Thus, the set

w = Ef(X) [)([4] - EE(X))

29



is a compact subset of Eff(X). Since the norm function achieves a maximum on s, we may

choose C] to be bigger than the norm of any class in &:
¢} > max{[l¢]| € € r}.

Note that C] depends only on the choice of A and the norm || ||.

Since the class of every effective Cartier divisor on X is contained in the pseudoeffective
cone of X, if D is an effective divisor with ||D|| > C{, then D can not belong to x by the
definition of C]. Hence, we see that A — D is not effective. Since A = —Kx + E for an

effective divisor F, this means that —Ky — D is not effective. This proves the claim. O]

Continuation of the proof of Theorem II1.2.8: For any effective Cartier divisor L, if

m > %, we have o -L|| > Cf, hence, applying the claim above, we conclude that
—Kx — pe"i 7L is not effective. Therefore, the divisor

—(p°*—=1)Kx —mL

is not effective. By (II1.2.5), this gives us H°(mL) = I.(mL) as required. This proves part

(a).
For part (b), we use part (a) of the Theorem by replacing L by nL + H, which gives us

that H(m(nL+H)) = I.(m(nL+ H)) for m > %. Since by assumption ||H|| < 1||nL]|,

we have, ||nL + H|| > ||[nL|| — ||H|| > %||nL|. Therefore,

2C1p° S Cip°
n|L|| = [[nL + HJ’

using which we see that C; = 2C" works for both parts (a) and (b). This completes the
proof of Theorem III.2.8. O

Remark III.2.9. For a more effective, but less uniform version of Theorem II1.2.8, see
Lemma I11.4.2.

Next, we prove Theorem II1.2.2 in the special case when the divisor L is fixed and the
difference L' — L is big.

Lemma II1.2.10 (Key Lemma). Let L be an integral ample divisor on X. Then, there
exists a constant C(L) (depending only on L and the norm || ||) such that for any other
ample Q-divisor L' sufficiently close to L, and for which L' — L is big, we have:

3x(L) — sx (L) < C(L)|IL = L.
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Proof of Lemma I11.2.10. Throughout the proof, we fix the following set-up: Fixing the
ample, integral divisor L on X, we pick an arbitrary ample Q-divisor L’ such that L' — L
is big. Then, we may write L' = L + %H , for some n > 0 and an effective and big Cartier
divisor H.

Lemma II1.2.11. For effective divisors Dy and D, consider the natural inclusion:
¢ FiOx(Dy) C FSOx (D1 + D).

Then,

(111.2.6) ¢(I.(D1)) C I.(Dy + Dy).

Equivalently, viewing H°(X,Ox (D)) as a subset of H°(X,Ox(Dy + D)) through the map

¢, we have:
(111.2.7) ¢(I.(Dy)) C I.(D1 + Dy) N HY(Dy) = {x € H(D))|¢(z) € I.(Dy + Dy)}.

Proof. This follows from the definitions once we observe that for every map ¢ in Homg . (FfOx(D1+

D,),0x), we get a map ¢ in Homg, (FfOx(D;),Ox) by pre-composing with the map ¢.

FOX D1 —> FeOX D1+D2)

]

Lemma II1.2.12. With L an ample Cartier divisor and H an effective big divisor on X,
and any natural number n, suppose that we have a natural number b := b(n), such that
nL — bH is big. Consequently, by [ , Corollary 2.2.10], there is a Cy > 0 such that for
all m > Cy, we have

H°(m(nL — bH)) # 0.
Then, for m > Cy and all e > 1, there is a factorization of inclusions:

FeOx(mnbL) —2Z" ey (mb(nL + H))

X lFfd

FeOx(mn(b+1)L)
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given by a choice of a section d € H*(X, Ox(mnL — mbH)).

Proof. Given a section d € H*(X, Ox(mnL — mbH)), let D; be the corresponding effective
divisor. Then, we have Dy = mbH + Dy ~ mbH + mnL — mbH = mnL. Then, we get

inclusions
Ox(mnbLl) ——— Ox(mb(nL + H))

T~ |

Ox(mnbL + D)

since Dy was effective. We get the required factorization by applying F¢ to the above diagram

and taking ¢ to be the section corresponding to the divisor Ds. O]

Lemma II1.2.13. Let d = dim X and let C; = Cy(X) be the constant as obtained in
Theorem I11.2.8. Fiz an ample Cartier divisor L and an effective Cartier divisor H on X.
Let n and b := b(n) be positive integers such that n > 2||||5‘” and that nL. — bH is big. Then,
we have the following inequality:

1 Cil-!—l b+ 1 d_ pd
( ) |9x (L) — 3x(L + EH)l < L[ d 1 1) <2 vol(L) s b)d )
II1.2.8
+ (vol(L + %H) — VOI(L))> dbx—'(—[i)

Proof. First, fixing n and b, there is a Cy > 0 such that H°(m(nL — bH)) # 0 for all
m > (5. Using Lemma I11.2.6 and Theorem II1.2.8, we have the following formulas for the

F'-signatures:

C1p®
A
H°(mnbL)
(II1.2.9) 3x(nbL) = elglgop d+1) Zc dlmk I.(mnbL)
m==_C2
and similarly,
C1p©
TEln
H(mb(nL + H))
(111.2.10) ax(b(nL + H)) = lim —as D) Z dimy, = L(mb(nL + H))

Note that even though the formula from Lemma III.2.6 requires us to begin the sums
(I11.2.9) and (II1.2.10) at m = 0, we may begin the sums at Cy since changing finitely many

terms does not alter the limit.

32



According to formulas (I11.2.9) and (II1.2.10), to compare 3x(nbL) with sx(b(nL + H)),

we need to understand the difference

H°(mbnL)

I(mbnL) dim

We have an inclusion

H°(mbnlL)

H(mb(nL + H))

*T.(mb(nL + H))

H°(mb(nL + H))

(I11.2.11)

HO(mbnL) N I.(mb(nL + H))

I.(mb(nL + H))

coming from the inclusion of H®(mbnL) — H°(mb(nL + H)).

Let J.(mbnlL)

(I11.2.12)
H(mb(nL + H))
I.(mb(nL + H))

H°(mbnL)

- Je(mbnlL)

= H(mbnL) N I.(mb(nL + H)). Then using (I11.2.11), we have:

H°(mb(nL + H))
HO(mnbL) + I.(mb(nL + H))

dimy,

Then, using (I11.2.12) and the triangle inequality, we get

(111.2.13)
Clpe €
1L ]Inb HLHnb
H°(mbnL) H0 (mb(nL + H))
di di
m§2 T T (mbnL) Z T (mb(nL + H))
”61'11“1; HCBHI;E’J 0 0
Z dim H°(mbnlL) Z dim H°(mbnlL) + dim H°(mb(nL + H))
T L(mbnL) A " J.(mbnL) " HO(mnbL) + I.(mb(nL + H))
i H(mbnL) g H° man 2o H°(mb(nL + H))
<] dimy 7 (mbnL) D dimy Sy [+ 2 din HO(mnbL)
m=Cy m=C45 m=C5
i H(mbnL) i HO(m(b+ 1)nL)
< dimy ———— — 3" dj
= m; T T (mbn L) ; T (m(b+ 1)nL)
\ I s \C\p
|L\nb TZ]nb [Z[[nb
m(b+ 1)nL) . H°(mbnL) H(mb(nL + H))
dim -S4 di
* Z e 7 m(b+ )nl) m; e b ) +ch M T O (b L)

)

where in the last inequality, we use the triangle inequality again after adding and subtracting

C1p°
[IL[[nb

the term > dimy

m=C4

HO(m(b+1)nL)

Ie(m(b+1)nL) *
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To proceed, we need to understand the difference between the spaces % and

HO(mbnL)
Je(mbnL)

Lemma I11.2.14. Suppose, as in Lemma [11.2.12, b is such that nL. — bH s big and Cy is
such that for all m > Cy, we have H*(m(nL — bH)) # 0. Then, for m > Cy and all e > 1,

choosing a non-zero global section d € H°(mnL —mbH) and setting c = d @ h™, where h is

To this end, we prove the following:

the section of Ox(H) that corresponds to the rational function 1, we have the inclusions
(I11.2.14) I.(mnbL) C J,(mnbL) C {x € H*(mnbL) | cx € I.(mn(b+ 1)L)}.

Moreover, we have the following inequality (with Cy being the constant from Theorem I11.2.8):

(111.2.15)
C1p° Cqp®
IILIInb TL[nb
HO b+ 1)L H°(mnbL
E dim (mn(b+ 1)L) — g dimy —(mn )
=, I.(mn(b+1)L) Je(mnbL)
o] p€ Clpe p€
HLH"b [ LlInd ||L||"b
HO (mn(b+1)L) HO mnbL) HO mn(b+ 1)L)
< 2 dim di dim
Zc o cHO(mnbL) * ZC Mk T mnb L) e(mnbL) Z (mn(b+1)L)
m=Co m=_C2

Before proving Lemma I11.2.14, we note that putting (I11.2.15) together with (II11.2.13),

we obtain:

C1p® pe
TEI5 Tefs
HO(mbnL) HO b(nL + H
S dimy 2 U0L) -3 dm, (mb(nl + H))
= I.(mbnlL) I.(mb(nL + H))
C1p° 1p°
[IL]Inb HLHnb
H(mn(b+1 H(mb(nL + H))
< 2 di di
= z; S T mnbL Z T T O (mnb L)
m=02
Cq p€ p€
HLHnb HLHnb
HO mnbL) HO (mn(b+1)L)
2 di dim .
* Z M T b L) I.(mnbL) Z e(mn(b+1)L)
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Thus, we get

|sx (nbL) — sx(b(nL + H))| =

Clpe
Es T2
‘ . H° mb L H(mb(nL + H))
jg}}o pe@D) Z; dimy, =7 I( Z dlmk I.(mb(nL + H))
m=C_C2
Clpe
1 = . H%mn(b+1 iz HO(mb(nL + H))
< lim W( Z; 2 dimy 750 nbL Z; M 0 b L)
m=C> m=t2
Cyp e Cip €
i HO mnbL) TEs HO (mn(b+1)L)
2 di dim
- Z T b L) I.(mnbL) Z I.(mn(b+1)L)

Cd—i—l e(d+1)
< lim 2n?vol(L) ((b+1)* — b%)

e=o0 || L[ T indtLpdtipeld ) (d + 1)]
1
+ b'n? (vol(L + —H) — VOl(L))) + 2 |sx(nbL) — sx(n(b+1)L)|
n

CoHipdpd (b+ 1) — b !
= [ L[|+ T Tpd+1(d + 1)) 2V01(L)(T) + (vol(L + EH) — vol(L))

-+ |dx(nbL) — dx(n(b—F 1)L)’

Finally, using the scaling property for sx (Theorem II1.1.3), we get:

dx(L) — dx(L—F %H)‘

=nb |sx(nbL) — 3x(b(nL + H))|

Cdtl ((b +1)d— bd) ]
< L]+ (d + 1) (2 vol(L) X + (vol(L + EH) — VO](L)))

dX(L) dx<L)
+2nb > _n(b—i—l)’
_ Cle ((b + 1)d — bd) 1 sx(L)
- L] 1(d + 1)! (QVOI(L) b + (Vol(L + 5H> - vol(L))) ) Bt St b

This completes the proof of Lemma II1.2.13, pending the proof of Lemma I11.2.14, which we

prove next. ]

Notation ITI.2.15. Recall that I and H are fixed integral Cartier divisors, with L ample
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and H effective and n > 1 is any natural number. For any natural number k € N, we define:
I.(k):= I.(kL),

Jo(kn) := H(knL) N I, (k(nL + H)),

where we view H°(knL) as a subspace of H°(k(nL + H)) via the inclusion map Oy (nkL) C
OX (IWLL + ]{ZH)

Proof of Lemma II1.2.14. The first inclusion in (II1.2.14) follows from Lemma II1.2.11 by
taking D1 = mnbL and Dy = mnbH. The second inclusion follows from Lemma I11.2.12 and
the second part of Lemma I11.2.11, by taking D; = mb(nL + H) and D, to be the effective
divisor corresponding to d € H(mnL — mbH). Hence, we get

Cq p€ C1pe
HLHnb TLnb
mn(b+1)L) . H%(mnbL)
dlmk — dim;, ————
mzc2 I, mn(b +1)) m;@ Je(mnb)
ClpE (5} p€
IL[[nb HLHnb
. H°(mn(b+1)L (mn(b+ 1)) .
= ZC dimy, CHO(mmnbL) Z dim Q]—m (rearranging terms)
m=C3
Cq p€ Cy p°
HLHnb ||L||nb
H(mn(b+ 1)L I.(mn(b+ 1)) ) ) )
< ZC dimy, CHO(mmbL) Z dim cJ—mnb) (triangle inequality)
m=C3
C1p°
MLl 0
H°(mn(b+ 1)L)
<
Z dimy cHO(mnbL)
m=Cx
Cqp°
MLl
I b+1 :
+ m; dimy, % (since cl.(mnb) C cJ.(mnb) by (111.2.14))
Cqp® Cqp® Cqp®
'Z': diny, 00+ 1)L) IZI: tiry, HO(mn(b 4 DI) 'Z': diyy, HO( (b + 1)L)
= k 0 k - k
=, cHO(mnbL) = cI.(mnb) =, I.(mn(b+1))
C1p°
'i diy, HoGmn(b+ 1)L)
_ i .
= cH(mnbL)
Cqp©

K H(mn(b+1)L) . H(mabL) . H°(mn(b+1)L)
p> (dlmk HO(mnbL) T O L () )
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Cq1p¢ Cq1p€ C1p€
[IZ][nd I L{Inb I L{Inb

. H°(mn(b+1)L) . H°(mnbL) . H°(mn(b+1)L)
< Z 2 dimy, CHO(mnbL) + Z dlmke—— Z dimy, b1

m=Cy m=Cy

where in the second-last step, we rearrange the terms of the sum, and in the last step use

the triangle inequality again. This completes the proof of the lemma. O

To complete the proof of Lemma I11.2.10, we need the following lemma about the Lip-
schitz continuity of the volume function. We record a quick proof for ample classes that

works for any algebraically closed field, and in any characteristic:

Lemma II1.2.16. / , Theorem 2.2.44] Let X be a projective variety of dimension d
over k. Fiz a norm || || on the real Néron-Severi space. Then, there exists a positive constant

C > 0 such that for any two real ample classes & and &', we have:

[vol(¢) — vol(§")| < Cmax([l¢]l, 151N (ls — €'I]

Proof. Since the volume function coincides with the intersection form on the real Nef cone,
it is given by a polynomial P of degree d once we choose a basis for Ng(X). Hence, there

exists a constant C' (depending only on X), such that
1P/ (21, )| < Cll(ns oy ap) [

for any vector (z1,...,x,) € Nefg(X). With this observation, the Lemma follows from an
application of the mean-value theorem.

]

Completion of the proof of Lemma II1.2.10: Recall that L is a fixed ample divisor
on X (in particular, L is big). Suppose L’ is an ample Q-divisor such that L' — L is big.
Further assume that ||L'—L|| < @ Then, we may write L' = L+ L H for a suitable effective
Cartier divisor H and some natural number n > 1.

We would like to apply Lemma I11.2.13 to this choice of L, H and n. For this, we need
to choose a natural number b such that nL — bH is big. We note that we may choose b in
the following way: Since L is big, by openness of the big cone of X, there exists a constant
Cy > 0 (depending only on L) such that any Q-divisor D satisfying ||L — D|| < Cj is also
big. Since we need L — 2H to be big, it is sufficient that ||2H|| < Cy. So we may choose

b(n) = Lﬁ%‘ﬁj so that b(n) — oo as n — 0.
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Now, applying Lemma II1.2.13 to this choice of n and b, we get:

d+1 d_ 1d
ox(0) = ox(L+ L S ey (M(L) )=t
(IT1.2.16)
+ (vol(L + %H) — VOl(L))) +9 3ij(L[1)

Further, we have
(b+1)4 —p?
b

and by Lemma II1.2.16, there is a positive constant C3, depending only on X and the norm

2d
< —
— b

|| ||, such that for any two ample classes &, & € Né(X),

d—1
[vol(&1) — vol(&2)| < Cs (max([l&], [1&20D)" 16 — &ll-
Putting these together, along with (I11.2.16), and using that || H| = ||L — L[|, we get

d+1 d
C(1

|3x(L) — ax (L) < m (2 vol(L)%
(I11.2.17)

2
+ G| LI~ LII) +79x(L)

Next, using the fact b was chosen to be b(n) = L%J, we have b > ;ﬁ—f]‘*”, using which we

get

CiH_l 9d+1
2vol(L) —I||L — L'
A

4
+ C3 [ HIL - L/|I> + g2 (DI = L

jax(L) — ax(I)| <

(I11.2.18)

Lastly, since ||[L — L'|| < @ we have ||L'|| < 2||L||. Hence, we have

Cd-i-l 2d+1
L)— L) < ! 2vol(L) —||L — L'
|‘jX( ) dX( )| —= ||L||d+1(d+]_)' < VO( ) 04 || ||
(I11.2.19)

4
+ 270G | L L - L’II) + g 2x (DI =L
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Hence, we see that for any ample, integral divisor L, we have
[9x (L) = sx (L) < C(L)IL - L'|

for all ample Q-divisors L' such that L' — L is big and ||L — L'|| < @ where C'(L) is given
by

cit! 24+ d—1 d—1 4
o(L) = <1L— 2—0L—) — sx(L).
( ) ||L||d+1(d+]_)‘ VO( ) 04 + 3|| || + 04 X( )
This completes the proof of the Key Lemma I11.2.10. O

The proof of the Key Lemma I11.2.10 actually shows a stronger and more explicit state-

ment that will be useful to us. We record it in the following Proposition.

Proposition II1.2.17. For any ample, integral divisor L, we have
3x(L) — 3x(L)| < C(L)||L — L]

for all ample Q-divisors L' such that L' — L is big and ||[L — L'|| < %, where C(L) may be

chosen to be of the form

d+

2 ' d—1 d—1 4
((vollL) T + 2 LI ) + oL,

CiiJrl
~IL[H(d + 1)

C(L)

Here, Cy := C1(X) is the constant (depending only on X ) obtained in Theorem II1.2.8, Cs
depends only on X, and Cy := C4(L) is any constant (depending on L) with the property
that the closed ball B = {D € Ny(X) ||D — L|| < C4} is contained in the big cone of X.

Next, we examine how the constant C'(L) in Proposition II1.2.17 varies with L.

Lemma IT1.2.18. Let X be projective variety and € be a closed cone contained in the big

cone of X. Then, there exists a constant Cy (depending only on C) such that for any non-zero
class D € €, the closed ball

B(D) ={¢ € Np(X) |[l¢ = D|| < C4||DII}

is contained in Big(X).

Proof. Consider the set
k:={D" € C|||D| =1}.

Since € is a closed cone, k is a compact subset of €. Moreover, since € is contained in the

big cone of X and because Big(X) is an open subset of Ng(X), there exists a positive real
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number C; > 0 such that the ball Bg, (D) ={£]||D—¢| < C,} is contained in the big cone
for all D € k. Now the lemma follows by considering mD € k whenever D is a non-zero

class in C. [

Lemma II1.2.19. Given any two norms || || and || ||2 on the vector space RN, we have

positive constants pu; and iy such that for any vector v € RY,

palvlly < vl < poflvlls.

Proof. See | , Section 5.1, Ex. 6]. O

Lemma II1.2.20. Let ey,...,¢e, be a basis for the Néron-Severi space of X, where each
e; corresponds to a big divisor. Let C denote the closed cone generated by the e;’s and || ||
denote the sup-norm with respect to the basis {e;}. For any L in C, let \;(L) denote the
h

i™-coordinate of L with respect to the basis {e;}. Suppose we have two positive numbers

0 < Ay < Ay and a compact subset k of € defined by
r={cClA <[] < A}

In this situation, for every D in the interior of k, there exists a positive real number r(D)

such that the following three conditions are satisfied:

2. The closed ball
B,py = {D'|||D" - D| <r(D)}

s contained in the interior of k.

3. For any two Q-divisors L and L' in B,(py, setting A = maxi{%}, we have
A < ML) < Ay

and

A
AL — L|| < 71

Proof. First, pick any positive number r < % such that B,, the closed ball of radius r

around D is contained in x (this is possible since D is contained in the interior of k). Now,

there exists a positive number € such that for any L in B, 5, both (1 —¢)L and (1+¢)L are
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contained in B,. Finally pick 0 < r(D) < r/2 so small that for each i, we have

Ai(L)
n(L)

-

for all L, L' in B,py. This is possible due to the local uniform continuity of the function

Ai(L) as L varies. By construction, for any L, L' € B,(p), we have

Ni(L
1_€<)\:m?X{)\Z-((L/))}<1+E'

This ensures that AL’ is in B, and since r < %, also that

3 A
IAL' = LI < |AL = DIl + 1D = LIl < 5 < 5~

Finally, we can now prove Theorem II1.2.2.

Completion of the proof of Theorem III.2.2: Fix a real class D in the ample cone
Ampg(X). Then, to prove that sy is locally Lipschitz around D, by Lemma I11.2.19, we may
a pick a suitable norm depending on D. Since the ample cone Ampg(X) is an open subset of
Ng(X), given D in Ampg(X), we may pick a basis ey, ..., e, for Ng(X) such that each e; is
the class of an ample invertible sheaf and such that D in contained in the interior of the cone
generated by the e;’s (equivalently, D = > a;e; with each a; > 0). Let € = {a;e; |a; > 0}
denote the closed cone generated by the e;’s and || || denote the sup-norm with respect to
the basis {e;}.

Pick two positive real numbers A; and As such that 0 < A; < ||D|| < As. Let k = {D’ €
ClA; < ||D']| € Az}. We will first consider the case of any two Q-divisors L and L’ in s
such that L' — L is big and ||L'— L|| < H%” Choose an integer r > 0 such that rL is integral.
Then, we may apply Proposition I111.2.17 to rL and rL’, to get

(I11.2.20) ox(rL) — sx(rL))| < C(rL)|IrL — rL|
where
Cfl—H d+1 i1 il
(II1.2.21) C(rL) = HrL”dH(d_{_l)!(VOI(TL)O4(TL)+2 Cs|IrL| >—|—O4(TL).ﬁX(rL).
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Now, applying Lemma I11.2.18 to the cone €, we may pick Cy(rL) with the property that
Cu(rL) > Cy ||rL||

for some constant C; (depending only on the basis {e;}) and for all r and all L € €. Using
this in (I11.2.21), we get

(I11.2.22)
s d+1 - -
C(rL) < L1 < OI(TL)C'4H7’L|| + 27 Cs|r L] > + Gillr LHJX(TL)
citt d . A1 d—1) 7 ||d—1
= rivol(L)— + 297 Cyr ||| 3x(L)
(d+1)!HLHd+1rd+1( rCy||L| ) 204 \LH
1 C’d'H < 2d+1 4
- Ol(L) £ + 2 Gy L)1) + sx(L)
(<d+ DYIZ]J* il ’ Gl
Now, using the fact that vol(L) is a continuous function of L | |, we may find a

constant As (depending only on the compact set x) such that vol(L) < Aj for all L in k.
Using this together with the bounds A; < ||L|| < A in (I11.2.22), we get

1 d+1 9d+1 4
ety & (g Sl (e 200 ) )

r2\ (d+ DA [+ 1A CiAy

So setting

Cd+1 2d+1 4
C/ D) = 1 A 2d—10 Ad—l - ’
v ((d+ 1)!HAlHd+1( A o ) CuA,

and using it in (I11.2.20), we have

1
|9x(rL) — sx(rL)| < —20,<D)||7‘L —rL|.
r
Using the scaling property of 4y for Q-divisors (Theorem II1.1.3), this in turn implies,
(I11.2.23) |9x (L) — ax(L)| < C'(D)||L — L'||

for any two Q-divisors L, L’ in k such that L' — L is big and ||L — L'|| < HQL” Note that
C’(D) only depends on the set x and hence only on D.

To complete the proof of Theorem II1.2.2, we need to remove the assumption that L' — L
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is big from inequality (I11.2.23). For any L in €, let \;(L) denote the i*"-coordinate of L
with respect to the basis {e;} (for 1 <i < p). Now, since D is contained in the interior of

Kk, by Lemma I11.2.20 there exists a positive (D) satisfying the following three conditions:

1. (D) < 4L.

2. The closed ball
Bypy = {D'|||D" = D|| <r(D)}

is contained in the interior of k.

3. For any two Q-divisors L and L' in B,(p), setting A\ = max;{ /(\ ?((LL,))

}, we have

Ay < M|L|| < As

and 4
INL — L|| < =
2
Fix such an r(D). For any two Q-divisors L and L' in B,(py such that L’ is not a multiple
of L, setting A = max; %}, then AL/ — L is ample (hence, big). Indeed, recall that e;’s

are an ample basis for N(lX ) and the j-th coordinate of AL’ — L is

ML) = X0 =28 (A= 40 ) 20

The right hand side is non-negative since A is the maximum of \;(L)/\;(L’). Now, if A =
N (L)/Aj (L) for all j, then L' is a multiple of L. Therefore, if L’ is not a multiple of L, one
of the coefficients of AL — L is strictly positive, which implies AL’ — L is ample.

Furthermore, AL’ € k and ||A\L' — L|| < H%” (these are ensured by condition (c¢) on r(D)).
Hence, using (I11.2.23) we have

[9x(AL') = ax(L)] < C"(D)[IAL" = L]

for any two ample Q-divisors L and L’ contained in B, (p).
Pick a positive constant A4 (depending only on D and r(D)) such that we \;(L) > Ay for

any L in B,(p) and all . This is possible because x, hence the closed ball B, (p) is contained
Ai(L)
)\’L(L,) )

in the interior of the cone C. Since for some 72, we have \ = we have

AN _IL- D]
by - '

A—1] <
r-1< T
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Similarly, we have
_l-zy

1
Ay

A

To conclude the argument, we note that

_1‘

3x(L) = 9x(L)] <lax(L) = ax (AL +1ax (W) = ax ()
< (D)L~ AL + 15 — 1fox (L)
< COL Ll + D)L= A + |5 — 1sx (L)

A 1
< C(D)IL =L + C'(D)A—iHL = L+ - IE = L)

Lastly, if L’ were a multiple of L, then only the last term in the above inequality suffices.
Thus, we see that for our choice of (D), choosing C(D) = C'(D) + C’(D)j—z + A%; works for
the inequlaity (I11.2.1), hence proving Theorem I11.2.2. [J

I11.3: Extending the ['-signature Function to the Nef Cone.

In this section, we will prove that the F-signature function, originally defined in Section 3
only on the ample cone (Definition 11.2.2) extends continuously to the non-zero classes in

the nef cone.

Theorem II1.3.1. Suppose that X is a globally F-regular projective variety of dimension
d. Then the F-signature function 3x extends continuously to all non-zero classes of the Nef

cone Nefg(X). Moreover, if D is a nef Cartier divisor which is not big, then 3x(D) = 0.

We prove Theorem III.3.1 in two parts, depending on whether or not L is big. First, we

have the following comparison of the F-signature function with the volume function:

Lemma I11.3.2. Let X be a globally F-reqular projective variety of dimension d. Fix a
norm ||| on the Néron-Severi space of X. Let Cy be a constant such that for any non-zero
effective divisor L, we have (see Definition II1.2.5 for the notation),

I.(mL) = H°(mL) for all m > HCTIHpe.

The existence of such a constant is guaranteed by Theorem II1.2.8. Then, for any ample

Cartier divisor D on X, we have

Citvol(D)
3. < .
(111.3.1) sx(D) < D[ (d 1 11

44



Note that the right-hand side has the same order of decay as the F-signature function,
decaying in the order of 1/||D|| as the norm of divisor ||D|| — cc.

Proof. Using Lemma I11.2.6 to calculate the F-signature sx (D), we have

HO (mD)
3x(D) = elirglop ) Zdlmk mD)
C1p°
Nz
mD)
= GHOO = —@T Z dlmk mD)
Cyp°©
HDH

| /\

e%oop pe(d+1) Z dimy. H'(mD)

1 vol(D) (Cip=\™
< elLOO PRIy (\;O_i 1)) ( HllfH ) (using the Hilbert-polynomial of D)
_ Cft'vol(D)
Dl H(d + 1)!

O

Proof of Theorem I11.3.1. First suppose that D is a non-zero nef divisor that is not big.

Then, for any sequence {L;}; of ample Q-divisors approaching D, choose a positive integer

ry for each ¢ > 1 such that r,L; is integral Cartier. Then, we see that using Lemma I11.3.2,
Cvol(r Ly) CH ol (Ly)

L) =ry3x(rL = :
b =) S L+ 1~ T+ 1)

Since || D|| # 0, we have that || L;|| approaches a non-zero number (namely, | D||) and vol(L;)
approaches 0 as t — oo (since D is not big), this shows that sx(L;) — 0 as t — co. As the
sequence {L;} chosen was arbitrary, this shows that the F-signature function sx extends
continuously by zero to all non-zero nef divisors L that are not big.

Now suppose that D is a big and nef divisor. Following the proof of Theorem II1.2.2,
to prove that sy is locally Lipschitz for ample divisors around D, by Lemma II1.2.19, we
may a pick a suitable norm depending on D. Since the big cone Big(X) is an open subset
of Nx(X), given D in Big(X), we may pick a basis ey, ..., e, for Ng(X) such that each e; is
the class of a big invertible sheaf and such that D in contained in the interior of the cone
generated by the e;’s (equivalently, D = > a;e; with each a; > 0). Let € = {a;e; |a; > 0}
denote the closed cone generated by the e;’s and || || denote the sup-norm with respect to the

basis {e;}. Then, arguing verbatim as in the final step of the proof of Theorem II1.2.2 and
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applying the argument to all ample Q-divisors L, L’ contained in €, we get positive numbers
r(D) and C(D) such that

|9x(L) = ax (L) < C(D)|L = L]

for any two ample Q-divisors L and L’ contained in a ball of radius (D) around D. This
proves that sx is uniformly continuous in a neighbourhood of D, which gives us a unique

continuous extension of 4x to D. O

The F-signature function of the blow-up of P? at a point provides an instructive example
of the behavior of the function on the boundary. For a formula for general Hirzebruch

surfaces, see [[1517].

Example II1.3.3. Let X = Bl,(P?) be the blow-up of P> at z = [0: 0 : 1]. Let H denote
the pull-back of a line in P? passing through x and E be the exceptional divisor for the
blow-up. Then H and E form a basis for the Néron-Severi space and the nef cone of X is
given by the divisors aH — bF such that 0 < b < a. For L = aH — bE, we can compute the
F-signature of L using the formula described in [VI<{12], and it is given by

(

et if b<a<3b
2b— (3b—a)(2a—3b) (2a—3b)?2 -r 3
L) = 2a(a—ab) + 6b(a—b)2 + 2a(a—b)2’ lf §b S a S 2b
JX( ) )1 B+(a—2b)3 .
2 Gablab)Z if 2b < a <3b
1 CHa e S o) i gh < q

Figure IT1.1: The F-signature function of the blow up of P? at a point.

Note that along the line a = b, which corresponds to a nef but not big boundary face,

the F-signature extends to the zero function (as proved in Theorem I11.3.1). On the other
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hand, along b = 0, which is the big and nef boundary face, letting b — 0 yields 4x(L) =

1 a’+a’+a?
a 6a2

the pair (P?, m,) with respect to the divisor aL on P? (see [ , Theorem 4.20] for the

= % It turns out that this corresponds to the F-signature of the cone over

definition of the F-signature of pairs).

Remark III.3.4. Theorem III.3.1 gives us a unique extension of the F-signature function
to the non-zero classes in the nef cone of X. Further, we also know that for nef divisors that
are not big, the extension is 0. Thus, it is natural to ask what the extension to a big and
nef divisor is. In forthcoming work, we explore this question and provide some answers in

terms of F-signature of pairs, as indicated by Example I11.3.3.

In particular, we can ask if the extension of the F-signature function to all big and nef
divisors is positive. Motivated by this (and Lemma I11.3.2), we raise the following question

on lower bounds for the F-signature function:

Question IT1.3.5. Let X be a globally F-regular projective variety and || || be a fixed norm
on N'(X). Then, does there exist a constant C' > 0 (depending only on X) such that, we

have Cvol(L)
VO
x(L) 2

for all ample Q-divisors L?

I11.4: Local Upper Bounds for the F-signature Function

In this section, we prove effective local upper bounds for the F-signature function (Defini-
tion 11.2.2).

Theorem II1.4.1. Let X be a globally F-reqular projective variety. Let d = dim X be posi-
tive. Fiz a basis ey, ..., e, for the Néron-Severi space Ng(X) such that each e; corresponds
to the class of an ample and globally generated invertible sheaf. Let C denote the simplicial
cone generated by the e;’s, that is, C = {>_ a;e; | a; € Rso}. Let ||| denote the sup-norm on

N (X) with respect to the e;’s. Then, for any non-zero class L in €, we have

(d? + 2d)™vol(L)

(TT1.4.1) x(L) £ S

Lemma II1.4.2. Suppose L is a globally generated ample divisor and H any nef divisor on
X. Then, for all e > 1, we have:

1.
I.(mL) = H°(mL) for m > (d* + d)p°,
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Lm(nL + HY) = HO(m(nL + HY) for allm > {2200

Proof. Let S be the section ring of X with respect to L. And for any j > 0, let M7 be the
S-module @, Ox(jH +tL).

1. First, we claim that S is generated as a graded ring by homogeneous elements of degree
at most d. This follows from Mumford’s Theorem | , Theorem 1.8.5], if we show
that the trivial bundle Ox is d-regular with respect to L. Since X is globally F-regular
and L is ample, by Theorem I1.3.7, we have that

H'(X,0x((d—1i)L)) =0 forall i > 0.

This implies that Oy is d-regular with respect to L and hence that S is generated by

elements of degree at most d.

Since the section ring S is generated by elements of degree < d, the homogeneous

maximal ideal m = S5 is generated in degrees < d. By | , Proposition 8.3.8], there
exist elements zy, ..., x4 (not necessarily homogeneous), such that all terms of each z;
have degree at most d, and the integral closure (zo,...,x4) is equal to the maximal

ideal m. Now, by using the Briancon-Skoda theorem in the strongly F-regular ring S

[ , Theorem 5.4], we have

m(d+hr® — (zb, ... ,xse)d“ C (xge,...,:rfl ).

Therefore, if m > d(d + 1)p®, for any element x € S,, = H°(mL), by the pigeon-hole
principle, we have z € mt1?° and consequently, = € (a:ge, - ,xse). Hence, the map

Ox — FfOx(mL) sending 1 — Ffx cannot split.

2. Similarly as in part (a), we claim that for any j > 0, M7 is generated over S by
elements of degree at most d. For this, again by Mumford’s theorem, it is enough to
show that Ox(jH) is d-regular with respect to L. Since H is nef, by Theorem I1.3.7
we again have:

H'(X,0x(jH + (d—1i)L)) =0 for all i > 0.

Suppose f € H(m(nL + H) \ I.(m(nL + H)) and m > (d2++d)pe, then we may write
f=>rififorr; € Sand f; € M™ with degree of f; at most d. Then the degree of each
r; is at least (d® + d)p°. Now, since by assumption, the map Ox — F¢Ox(m(nL+ H))
sending 1 to F¢f splits, we must have that for some i, r; € H°(kL) \ I.(kL) for a
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suitable k& > (d* + d)p®, contradicting part (a) of the lemma. Hence, we must have
I.(m(nL + H)) = H°(m(nL + H)) for all m > (d2++d)pc. This completes the proof of

the lemma. N

Lemma II1.4.3. Fiz a basis eq, ..., e, of Ng(X) such that each e; corresponds to the class of
an ample and globally generated invertible sheaf. Let C denote the simplicial cone generated
by the e;’s, that is, C = {> ase;|a; € Rso}. Let ||| denote the sup-norm on Ng(X) with
respect to the e;’s. Then, for any invertible sheaf L such that its class L in the Néron-Sever:
space satisfies L € C and ||L|| > d (where d is the dimension of X ), we have

(a) L is ample and globally generated.

(b) Further,
d* + 2d)p°
I.(mL) = H°(mL) for all m > M
L]

Proof. 1. Ampleness of £ follows from the assumption that L lies in € and L is non-zero
since ||L|| # 0. It remains to show global generation of £. For this, we note that since
IIL|| > d, there is some i such that we may decompose the divisor L as L = dL; + H
where H is some nef Cartier divisor and L; is a Cartier divisor corresponding to the
class e;. This follows from the assumption that e;’s are integral, ample and globally

generated and the fact that the sup-norm is achieved by some coordinate of L. Hence,

applying Theorem I1.3.7, we have
H?(X,0x(L—pL;))=0 forall p>0.

Therefore, £ is O-regular with respect to the globally generated ample divisor L;.
Hence, £ is globally generated itself.

2. Since ||L]| > d, for some 0 < i < p, we may write L = |||L|||e; + H for some integral
and nef class H. Now, applying Part (b) of Lemma I11.4.2, we get

2 2 e
I.(mL) = H°(mL) for all m > %

]

Proof of Theorem II1.4.1: By Theorem II1.2.2, the F-signature function is continuous, hence
we may prove Theorem II1.4.1 only when L is an ample Q-divisor. Further, since both sides

of (I11.4.1) scale inverse-linearly, we may assume that L is a Cartier divisor and ||L|| > d.
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Then, applying Part (b) of Lemma I11.4.3, the Theorem follows from Lemma I11.3.2 by using

d>+2d - C1
T instead of R O]
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CHAPTER IV
The Frobenius-Alpha Invariant

In analogy with Tian’s a-invariant in complex geometry, we define the “Frobenius-alpha”
invariant (denoted by ap) for any pair (X, L) where X is a globally F-regular projective
variety (Definition 11.3.2) and L is an ample Cartier divisor on X (Section IV.2). In Sec-
tion IV.3, we will specialize to the case of Fano varieties polarized by their anti-canonical
divisors. Finally, in Section V.4, we discuss some examples of the ap-invariant and highlight
interesting behaviour in the process of reduction modulo p of a complex Fano variety. We
begin with some preliminaries on the geometric aspects of cones over projective varieties and
Frobenius splittings on the cones. These results allow us to apply global geometric tech-
niques to the study of the ag-invariant and the F-signature of section rings. Throughout

this chapter, unless specified otherwise, k will denote a perfect field of characteristic p > 0.

IV.1: Frobenius Splittings on Cones

IV.1.1: Affine and Projective cones

Given an integral, projective scheme X over a noetherian domain A, and an ample invertible
sheaf £ over X, let S be the corresponding section ring. Assume that Sy = A. Let X be the

projective A-scheme defined as
X = Proj(S[z])

where S|[z] is the N-graded ring obtained by adjoining a new variable z to S in degree 1. Then,
X is called the projective cone over X with respect to £. Denoting by m the homogeneous

irrelevant ideal @@._,S; of S, we have a map of graded A-algebras

>0
Szl = (S/m)[z] = Al7]
that induces the “zero-section” map

o : Spec(A) = X
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over A. We call this map the “zero-section of the cone X”. We also have natural maps of
graded rings
S C Slz] = Slz]/(2) =S

which, via the construction in | , 11, Exercise 2.14 (b)] induce maps
oot X > X
called the “section at infinity” and
7: X \ 0(Spec(A)) = X

where o is the zero-section described above. It follows from the Proj construction that 7 is
an Al-bundle over X. The affine cone Y = Spec(S) is isomorphic to X \ is(X), and the
zero section o actually maps into Y. Thus, 7 restricts to a map Y \ o(Spec(A4)) — X that is
a Spec(Alt, t7])-bundle over X. See | , Section 2] and | , Section 3.1] for details.

IV.1.2: Cones over Q-divisors

We follow the description of the cone over a Q-divisor as in | , Section 5], where it is
explained for a projective variety over a field. Essentially the same description holds in the
following more general relative setting: Let A be a normal domain of finite type over k,
and X be an integral, normal, projective scheme over A. Assume that X is flat over A
and of positive relative dimension. Fix an ample invertible sheaf £ over X and S be the
corresponding section ring. Assume further that Sy = A. Note that this guarantees that the
codimension of the zero section o is at least two in Y = Spec(S). Thus, it follows that S is
normal as well. In this situation, given any integral Weil-divisor D = 3" a;D; (for distinct
prime Weil divisors D;) on X, we can construct the corresponding Weil divisor DonY, the

“cone over D” | in three equivalent ways:

1. Let D; be the prime Weil divisor on Y corresponding to the height one prime p; C S
corresponding to D;. Then D = > a;D;.

2. Let Ox(D) be the reflexive sheaf on X corresponding to D. Then, D is the divisor

corresponding to the reflexive S-module defined by

M :=M(D,L) =P H(X,0x(D) @ L7).

jez
Note that the fact that M is reflexive can be seen by applying Part (3) of Lemma I1.1.2
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to each twist of the graded module M.

3. Let m : Y \ o(Spec(A)) — X be the A[t,t~!]-bundle map defined in the previous
paragraph. Then, we may define D to be the pull back of D to Y. More precisely,
near the generic point of a component of D, if D is given by an equation f, then is D
is defined by 7* f. We then take closures to obtain a Weil-divisor on Y. This defines a

unique divisor on Y since 7 is flat and codimy (o(Spec(A))) is at least 2.

Given a principal divisor D on X defined by the rational function f, the cone over D can
be seen to be the principal divisor defined by f again. The construction of the cone clearly
preserves addition of divisors. This implies that cone construction extends to Q-divisors
and preserves the linear equivalence of Weil-divisors. Furthermore, by taking closures, this
construction also extends to the projective cone X described in the previous paragraph.
Finally, using the third description of the cone, we see that the cone over the canonical

(Weil-)divisor Kx is the canonical divisor of Ky (recall that Y is also normal).

IV.1.3: F-signature of cones over projective varieties.

In this subsection, we collect some results about the F-signature of cones over projective
varieties (and pairs) using global splittings on X, extending the discussion from the previous
subsection. Note that some of the results stated here are proved in later chapters, but they
are collected here since they are used repeatedly.

We begin with a useful lemma that relates global Frobenius splitting of a divisor to
splitting “on the cone”. This is a slight generalization to the relative setting of | ,

Theorem 3.10], where it is proved over a field.

Lemma IV.1.1. Let A be a reqular ring of finite type over k and X be an integral, normal
projective scheme over A (with H°(X,0x) = A). Assume that X is flat over A and of
positive relative dimension. Fiz an ample invertible sheaf L and S be the corresponding
section Ting. Fiz an effective Weil divisor D over X and D be the cone over D with respect

to L. Then, for any e > 1, the natural map
Ox — F{(Ox(D))
splits as a map of O x-modules if and only if the map on the cones
S — FS(S(D))
splits as a map of S-modules.
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Proof. Using the second description of the cone over a Q-divisor in Section IV.1.2, and Part

(3) of Lemma I1.1.2, the proof is exactly the same as that in | , Proposition 5.3]. O

Returning to working over a perfect field k, we next recall a formula to compute the
F-signature of the section ring of a projective variety proved in Chapter III. Fix a normal

projective variety X over k and A be an effective Q-divisor over X.

Definition IV.1.2. For any Weil-divisor D on X and e > 1, define the k-vector subspace
I2(D) of H(X, D) as follows:

IA(D) = {f € H'(X, D) | o(Ff) = 0 for all ¢ € Homo, (F*Ox([(s — 1)A] + D), 0x) }.

Remark IV.1.3. Note that the subspace I*(D) only depends on the sheaf O (D) and not

on the specific divisor D in its linear equivalence class.

Remark IV.1.4. Let L be an ample divisor on X. Then, it follows from Lemma IV.1.1
that I2(mL) is the degree m component of the A-splitting ideal of the section ring of S with
respect to L (Definition I1.2.1).

Lemma IV.1.5. (Lemma I11.2.6) Let L be an ample Cartier divisor on X and S denote
the section ring of X with respect to L. Let Ag denote the cone over A with respect to L
(Section IV.1.2). Then, for any e > 1, if a®(L) denotes the Ag-free-rank of F¢S (Defini-
tion 11.2.1), then a2 (L) is computed by the following formula:

H°(X,mL)

IV.1.1 2
(IV.L1) ¢ TIA(mL)

o

where k' denotes the field H*(X,Ox). Hence, the F-signature of (X, A) with respect to L

can be computed as

Z dimy, HO(X,mL)

1 = TTA(mL)
J(X,A)(L) = d(S(X, L)? AS) = [k/ . k] eliglo pe e(dim(X)+1)

Proof. Using Lemma IV.1.1, we have that

12 =P 12(mL).

m>0
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See Definition 11.2.1 for the definition of I2s. Therefore, we have

. H%mL 1 < .. HYX,mL
ls(S/IAs) = Zdnnk/ IEA((mL)) = o ;dlmk¥

A
where /g denotes the length as an S-module. This completes the proof of the lemma. O

IV.1.4: Duality and the trace map

It will be convenient to think of the subspaces I2 (Definition IV.1.2) using a pairing arising
out of duality for the Frobenius map. Let (X, A) be a projective pair and D be any Weil
divisor on X. We continue to work over any perfect field k£ of characteristic p > 0. But in
this subsection, we assume that H°(X, Ox) = k.

Recall that by applying duality to the Frobenius map, we get an isomorphism of reflexive

sheaves:
(IV.1.2) Zomo, (FEOx([(p° — 1)A] + D), 0x) = FrOx (—(of — 1)Kx — [(of — 1)A] = D).

See | , Section 4.1] for a detailed discussion regarding duality for the Frobenius map.

Furthermore, when D = 0, this gives an isomorphism
(IV.1.3) Z omo, (FLOx([(p° = 1)A],0x) = FIOx(=(p" — )Kx — [(p° = DA]).

Composing this isomorphism (over the global sections) with the evaluation at Ff1 map, we

obtain the trace map:
(IV.1.4) v, : H° (X, Fe(0x((1 - p)Kx — [(p° — 1)A1))> k= H(X, Ox).

Lemma IV.1.6. The kernel of the trace map Tr\ in Equation (IV.1.4) is ezactly the subspace
FEIR((1—p°)Kx — [(p° — 1)A1) (Definition 1V.1.2).

Proof. A section f € H(X,0x((1—p°)Kx —[(p°—1)A])) is contained in the corresponding

I2-subspace if and only if for every
¢ € Homo, (F2(0x((1 — p°)Kx)), Ox) = H(X, F{Ox) = F(k,

we have o(F¢f) = 0. But, Homo, (Ff(Ox((1 —p®)Kx)),Ox) is a one dimensional k-vector
space, and is generated by the trace map Tr® (where A = 0). Now, the map Tr} is just the
restriction of the trace map Tr® to the subspace H° (X, Fe(Ox((1—p*)Kx —[(p®—1)A] ))) :
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Thus, the lemma follows. O

Lemma IV.1.7. Let (X, A) be a normal projective pair, and D be any Weil divisor on X.
Then, denoting D1 = (1 —p)Kx — [(p* — 1)A] =D and Dy = (1 —p°)Kx — [(p* — 1)A] for

any e > 1, we have a non-degenerate pairing

HYD) HY(D))  HD»)
I&(D) © IA(Dy)  IA(Do)

obtained from multiplication (and reflexifying) global sections. In particular,

H°(D)
I2(D)

H°(Dy)
I2(Dy)’

€

Proof. Using Equation (IV.1.2), the natural multiplication map
HY(D) x HY(Dy) — H°(D,)
can be identified with the evaluation map
HO <Ff(OX(D))) x Homo, (Ff(ox(((p€—1)m+D)), OX> s Homo, (FEOx([(p°—1)A]), Ox)

where we identify Home , (FfOx ([(p®—1)A]+ D), Ox) and Home, (FfOx([(p*—1)A]), Ox)
as subspaces of Homy, (FfOx(D),0x) and Homp, (FfOx, Ox) respectively, both via the
natural inclusion Ox — Ox([(p® — 1)A]). Therefore, a section f € H°(D) is contained
in I2(D) if and only if for all sections g € H°(D;), the multiplication f g is contained in
I2(D,). By symmetry, a section g € H°(Dy) is contained in I2(D,) if and only if for all
sections f € H(D), g f € I®(D,). This proves there is a well defined, and non-degenerate
pairing as needed.

Finally, we note that since by Lemma IV.1.6, I2(D,) is the kernel of the trace map
(Equation (IV.1.4)), the vector space H°(Dy)/I?(D,) is either one-dimensional over k, or

equal to 0. In either case, the equality of dimensions follows. O]

The next Proposition allows us to perturb by any divisor while computing the F-signature

of a section ring.

Proposition IV.1.8. Let X be a normal projective varitey over k and L an ample divisor
on X. Assume H°(X,0x) = k. Fiz a Weil divisor D on X. Then, there exists a constant
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C > 0 (depending only on D and L) such that

H°(mL)

H°(mL + D) < Opedm(x)-1)
I.(mL)

— dim, =)
T L+ D) | =

for allm >0 and e > 0.

Proof. First we prove the case when D is effective: For any m > 1, by using the natural map
Ox(mL) = Ox(mL+ D), we will view H°(mL) as a subspace of H°(mL + D). Let J.(mL)
denote the subspace H°(mL) N I.(mL + D). By Lemma II1.2.11, we see that I.(mL) C
Je(mL). Moreover, by Equation (II1.2.12) in the proof of Lemma II1.2.13, we have

H°(mL + D) . H°(mL)

H(mL + D)
= dimy ——2
L(mL + D) J.(mL)

di .
A D) + 1oL + D)

Using this and the triangle inequality, we obtain that

H°(mL)

H°(mL + D) ,
<
T.(mL) dimy,

H°(mL+ D) .. J.mL)
I(mL+D) |~ - dim

(IV.15)  |dimg HO(mL) “T(mL)

for all m,e > 0. Next, to compute the second term in the above inequality, fix an ¢ > 0

and set A, = pel,lD- Then, we observe that the subspace J.(mL) is exactly the same as

I2¢(mL) (Definition IV.1.2). Moreover, we also similarly have
(IV.1.6) I?<((1 —p*)Kx —mL — D) = H°((1—p°)Kx —mL — D)NL((1—p°)Kx —mL).

Thus, by Lemma IV.1.7, we have

H°(mL) H°((1—p°)Kx —mlL)
dimy, ) _ g
T mL) T T (1= po)Kx — mL)
and similarly,
0 0 _ e _ —
dim, H°(mL) _ dim H°((1 —=p°)Kx —mL — D)

Jo(mL) "15:((1=p)Kx —mL — D)’
By Equation (IV.1.6), we see the natural map from H°((1 — p®)Kx —mL — D) to H°((1 —

p°)Kx — mL) restricts to an injective map

H°((1 — p*)Kx —mL — D) . H°((1 — p*)Kx —mlL)
I2((1 —p*)Kx —mL — D) I.(1—p*)Kx —mL) "

e
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By considering the cokernel of this map, we get that

(IV.1.7)
Je(mL) . H%mL) . H°(mL)

dim =dimg ——— — anm

*I.(mL) " I(mL)

H°((1—p°)Kx —mL)
HO((1 —p¢)Kx —mL — D)’

Pick an M > 0 such that mL admits a global section that doesn’t vanish along D for all
m > M (this is possible since L is ample). Using the standard exact sequences to restrict to
D, we see that

H°((1 — p*)Kx —mlL) < vol(—Kx|p)

V1 di e(d—1) e(d—2)
and
. H°(mL+D) _vol(Llp) 44 d—2
IV.1.9 d < .
(IV.1.9) Moy S @t et

Finally, by Theorem I11.2.8, we may pick a constant Cy > 0 such that H°(mL) = I.(mL)
and H°(mL + D) = I.(mL + D) for m > Cyp°. Therefore, to prove the Proposition, it is
enough to consider the case when m < Cyp®. In this case, the Proposition now follows by
putting together inequalities in IV.1.5, IV.1.7, IV.1.8 and IV.1.9. This completes the proof
of the Proposition when D is effective.

More generally, we first pick an r > 0 such that rL and D +rL are both effective. Then,

for any e > 1 and m > r, we have

. H°mL) . H°(mL+ D) . H°(mL) . H((m—r)L)
dimy Ty e T Dy ‘ S |dime Ty~ Y T =) ‘
. H°((m—r)L) . H%mL+ D)
+ |dimy L{(m =)L) — dimy, —]e(mL D) ’ )

Now, we may apply the previous case of the Proposition (since both D + rL and rL are
effective) to each of the two terms in the above inequality. Since r was independent of e,

this completes the proof of the Proposition . O

IV.2: The ap-invariant of Section Rings.

Throughout this section, by a section ring S, we mean that S is the section ring S(X, L) of
some projective variety X (= Proj(S)) with respect to some ample line bundle L (=2 Ox (1))
on X (see Definition I1.1.1 for the definitions).
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IV.2.1: Definitions

Definition IV.2.1. Let (R, m) be an F-finite normal local ring. Assume that R is strongly
F-regular. Then, we define the F-pure threshold of an effective Q-divisor D > 0 to be:

fpt, (R, D) := sup{ A\ | (R, AD) is sharply F-split }.
Moreover, by | , Lemma 4.9], it follows that the F-pure threshold of (R, D) is equivalently

characterized as the supremum of the set { A\| (R, AD) is strongly F-regular}.

If D is the principal divisor corresponding to a function f € R, we write f instead of D

in the notation for the F-pure threshold.
Definition IV.2.2. Let (S,m) be a strongly F-regular section ring of a projective variety
X. Then, we define

ap(S) = inf{ fpt, (S, f) deg(f) |0 # f € S homogeneous element }.
If S is the section ring of a projective variety X with respect to an ample divisor L, we may
also use ap(X, L) to denote ap(S).

We have the following equivalent ways of characterizing the ag-invariant of a section

ring.

Lemma IV.2.3. Let X be a globally F-regular projective variety and L be an ample Cartier
divisor on X. Let S = S(X, L) be the section ring of X with respect to L. Then, ap(S)
from Definition IV.2.2 is equal to the supremum of any of the following sets:

1. The set of A > 0 such that the pair (S, %D) 1s sharply F'-split for every n € N and

every effective divisor D ~ nL.

2. The set of A > 0 such that the pair (S, %D) is strongly F-reqular for every n € N and

every effective divisor D ~ nL.

3. The set of A > 0 such that the pair (X, %D) 1s globally sharply F-split for every n € N

and every effective divisor D ~ nL.

4. The set of X\ > 0 such that the pair (X, %D) is globally F-regular for every n € N and

every effective divisor D ~ nL.

5. The set of A > 0 such that the pair (X,AD) is globally F-reqular for every effective
Q-divisor D ~q L.

59



Proof. Statements (1) and (2) follow immediately from the definition of the o p-invariant and
the definition of the F-pure threshold (Definition IV.2.1). Statements (3) and (4) follow from
(1) and (2) by using Lemma IV.1.1. Part (5) is just a reformulation of (4) since every effective

Q-divisor D ~g L is of the form 1nD for some effective Cartier divisor n.D ~ nL. O

Next, we explain a more precise connection between the ap-invariant and Frobenius

splittings in S.

Proposition IV.2.4. Let S be a strongly F-regular section ring and o/(S) denote the supre-

mum of the following set:
A (S) :={X € Rxq| for any integers e > 1 and m < A(p® — 1), we have I.(m) = 0}.

Then, o/(S) = ar(S). Moreover, ap(S) belongs to the set A (5).

Remark IV.2.5. Note that in the above Proposition, it is unclear if the set &/(S) contains
any non-zero element. This is equivalent to the positivity of ap(S5) and will be addressed in
Theorem IV.2.10.

The proof of the Proposition IV.2.4 is based on the following lemma which is a slight

generalization of a result of Hernandez:

Lemma IV.2.6. Let (S,m) be an F-finite, F'-reqular local ring. Fiz an effective Weil-divisor
D on X = Spec(S). Then, for any fized ey > 0, let 1., denote the natural map

weo : OX — F:O(Ox(D))

Then, the following are equivalent:

1. The map 1., splits as a map of Ox modules.

, 1
2. The pair (X, 5

€0 —1

D) is sharply F-split (Definition 11.5.1).
3. The F-pure threshold of (X, D) is at least zﬁ (Definition IV.2.1).

Proof. 1t follows immediately from the definitions that (1) implies (2), and (2) implies (3).

Hence, it remains to show that (3) implies (1).

Following [ , Thoerem 4.9], if fpt (X, D) > zﬁ’ we must must have that the pair
(X, p%OD) is sharply F-split. Thus, there is an e > 0 such that the natural map
e pe —1
(IV.2.1) Ye(D): Ox — FS(Ox([ o 1D)
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splits. Since the same holds for 1, (D) for any natural number n > 1 (see | , Proposition

3.3] for the proof), we get the map:

peeo -1

€0

Yeeo (D) : Ox = F(Ox ([ 1D)) = Fe(0x(p'“" VD))

splits. Note that 1., as defined in Equation (IV.2.1) matches with the map considered in
the statement of the Lemma.

Let U C X denote the regular locus of X. Since ¢, is a map between reflexive sheaves,
to show that it splits, it sufficient to show that its restriction of U splits. Over U, we may

construct the map .., as follows: First consider the map
(b(e—l)eo . OU(D) N F*(efl)eo OU(p(efl)eOD)

obtained by twisting the (e — 1)efl-iterate of the Frobenius map by the invertible sheaf
Ou (D). If f denotes the local equation of D, then ¢._1), is defined by sending

f— F(efl)eofp(“l)eo'
Then, after restricting to U, we have that

weeo = F50¢(6—1)€0 © (w60|U>

where the right hand side is the composition
FEP(e1)e © (Yeolv) 2 O = FL°Op(D) — Fo(Ox (p~ Y D)).

Therefore, if 1., splits then so does t,,. This proves that part (3) implies part (1), com-
pleting the proof of the lemma. n

Proof of Proposition IV.2.4. Set a = ap(S), and o/ = o/(S) (which is defined in the sate-
ment of the Proposition). First we will prove that a < «’. This is clear if a« = 0, so we
assume that « is positive. For any non-zero element f € S,,, by definition of «, we must
have fpt, (S, f) > <. So, if m < ap® — 1), we have

o 1
> -

32

Thus, by Lemma IV.2.6, the map R — F¢R sending 1 to FY f splits. Since f was an arbitrary

non-zero element of degree m, this shows that I.(m) = 0 whenever m < p® — 1. Therefore,
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a belongs to the set &/ (S), which proves that a > o/,

Next we prove that o > . Fix any A < . Then, whenever m < A\(p® — 1) and f € S,,
is any non-zero element, we know that f is not contained in I.(m). By Lemma IV.2.6, we
have fpt,, (S, f) > =% . In other words, if e is the smallest integer such that m < \(p® — 1),

pe—1 "~
(equivalently, e = [log,(5)]), then fpt, (S, f) > }%. Now combining this with the fact that
fpt, (S, f*) = M for any integer a to get:
(IV.2.2) fpt (S, ) > s > A
o Pl - aglf pﬂogp(%ﬂ —1 = m.

To see the right inequality, we make the following observations: Fixing m and A and for any

a, write
m m
[log, (a) + log, (<-)] = log, (a) +log, () + <(a)
for some non-negative real number £(a). Then, we have
log,,(a)+log, () +e(a) _
g P Vg M@ Ly p T c)
= —_ < _
it a A v

for each @ > 1. So it is sufficient to show that

inf pe@ —
A=t
This is true because given any real number v, the infimum of the set {[v + log,(a)] — v —
log,(a) |a € N} is zero. This proves the inequality in (IV.2.2) .
Since f was an arbitrary non-zero homogeneous element of degree m, it follows from
Equation (IV.2.2) that > A. Since A was an arbitrary number smaller than o/, we must

have oo > o’ as well. This completes the proof that o = o’. H

IV.2.2: Finite-degree approximations

Now we will define finite-degree approximations to the ag-invariant. This establishes a limit
formula for the ap-invariant that is analogus to the F-signature (see Definition 11.2.2 and

the classical definition in | 1.

Definition IV.2.7. Let S be an N-graded section ring over k. For each integer e > 1, we
define

me(S) := max{m > 0| I.(m) =0}
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and define

Theorem IV.2.8. Let S be a strongly F'-reqular N-graded section ring over k. Then, we

have
lim a.(S) = ap(9).

e— 00

In particular, the limit exists. See Definition 1V.2.2 for the definition of ap(S).

Lemma IV.2.9. Let S be a strongly F-regular N-graded section ring over k. For anye > 1,

we have

1 1
Oée(S) + E Z ae+1(S) + pe-&-l'

Proof. First note that since S is strongly F-regular, S is a normal domain. For any e > 1,
let 0 # f be an element of I.(m. + 1). Then, we have that f? is a non-zero element of
Ii1(p(me + 1)) (see | , Lemma 4.4]). This proves that

p(me + 1) Z Met1 + L

e+1

Dividing both sides by p°™*, we obtain the required inequality. O

Proof of Theorem IV.2.8. The sequence {ae+#}621 is decreasing, by Lemma IV.2.9. Since it

is a decreasing sequence of non-negative real numbers, the sequence converges to its infimum.

Moreover, since the sequence - converges to zero, the sequence {a,}.>; also converges and
) pe ) efe>

e— 00

. : 1
lim a, = g%{ae + E}

It remains to show that the limit is equal to ap(S). Using the definition of a,, we have that

e 1 me + 1
ep (a6+_e): e
pe—1 D pe—1

ap(S) <

for each e > 1. This is because we know that ar(S) belongs to the set o/ (S) from Proposi-

tion IV.2.4. Taking a limit over e, we obtain
ar(S) < lim a..

e—0o0

For the reverse inequality, setting o := lim a,, we note that
€ 1 € (&
a(p—1) < (046—1-1;)(? —1) < pae + 1.
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By the definition of m, = p°a, the subspace I.(m) is equal to zero for each m < a(p®—1) <
me. Thus, a belongs to the set &/(S) defined in Proposition IV.2.4. Since ap(S) is the
supremum of &/ (.5), we get that ar(S) > a. This completes the proof of Theorem IV.2.8. [

1V.2.3: Positivity and comparison to the F'-signature.

Next we will show that the ap-invariant is positive by comparing it to the F-signature
(Definition 11.2.2). Recall that for a section ring S of any globally F-regular projective
variety, there exists a positive constant C' such that for any e > 0 and any m < C'p®, we
have I.(m) = S,,. This follows from Theorem III1.2.8.

Theorem 1V.2.10. The ap-invariant of a strongly F'-reqular section ring is positive. More-
over, setting « = ap(S) and firing a constant C as discussed above (so that for any e > 0

and any m < C'p®, we have I.(m) = S,,), we have the following comparisons:

6(5) adim(S)
dim(95)!

< 4(9) < e(5)

(IV.2.3) < TS

(Cdim(S) - (C . a)dim(S))’

where e(S) denotes the Hilbert-Samuel multiplicity of S.

Lemma IV.2.11. Given a non-zero homogeneous element f in S of degree n, let A\ >
n fpt, (S, f) be a real number. Then,

(IV.2.4) 3(S) < e(5)

< dlm(5>' (C«dim(S) . (C . /\)dim(S))‘

Proof. Since we have assumed that A > nfpt, (S, f), there exist integers a, ¢y > 0 such that

a A
7

fpt, (S, f) < P <=

Replacing f by f¢, by Lemma IV.2.6 we may assume that the map S — F°S defined by
1 — Ff° f does not split (since fpt, (S, f*) < ﬁ) We may also assume that n < A (p®©—1).
Now, since f belongs to the ideal I, we have S, ,, - f C I.,(m) for any m > d yielding the

inequality
. S : .
(IV.2.5) dim;, ——— < dimy, S,, — dimy, Sy, .-
eo (M)
for all m > n. Further, setting v, = ’;T:OO__ll for any integer r, we have that fpt (S, f'r) <

ﬁ, and so f'r belongs to I, (nv,). Therefore, we similarly have

64



. S, . .
(IV.2.6) dimy, T (1) < dimg S, — dimg Sy,

for all m > nv,. Then, using the Lemma IV.1.5 we may compute the F-signature 3(S) as

follows:
1 20 dimy 727
3(S) = lim —= ,
[]g/ . k;] ro0o preo dim(S)
m=Cp"€0 m=Cp"€0
1 Z dlmk Sm Zd dlmk’ Sm—nvr
: m=0 m=dvr
= []{7, : ]{7] (rliglo p"”eo dim(S) o pTeo dim(S) ) ’

where £’ is the field Sy. Here we have used Equation (IV.2.6) and the defining property of

the constant C'. Finally, calculating the dimensions in the above inequality using the formula

e(5)

dim S—1
(dim s — 1)! i

dimy S,, = [k : k] dim 5=2)

o(m ,

we obtain

e(S)
5) = Fng)

The proof of the lemma is now complete by using the fact that A > zﬁ‘

. n .
(Cdlm(S) _ (C - . 1)d1m(S))'

]

Proof of Theorem 1V.2.10. We note that if ap(S) = 0, then the rightmost inequality of
Equation (IV.2.3) implies that the F-signature 3(.5) is zero. But this is a contradiction since
S was assumed to be strongly F-regular (see | , Theorem 0.2]). So the positivity of
ap(S) follows from Equation (IV.2.3), which we will now prove.

The rightmost inequality follows from Lemma IV.2.11 by taking a limit as A — ag(S5),
since the Lemma applies to each A such that A > fpt, (S, f) deg(f) for some non-zero f.

To prove the leftmost inequality, we use Lemma IV.1.5 again to compute the F-signature

of S and we observe that for any e > 1,

m=Cp® m=me
> dimg —IS(’;L) > dimy Sy,
T m=0 ¢ . m=0
(1v-2.7) 208) = lim == e 2 I

Recall that for any e > 1, m, is the largest m such that I.(m) = 0, which justifies Equa-
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tion (IV.2.7). But the right hand side is equal to

. e(S)  Me\ dim(s)
Jm dim(.9)! ( pe ) '

We conclude the proof by using Theorem IV.2.8, which says that lim,_,o, ™ = ap(S). This

pe
concludes the proof of Equation (IV.2.3) and thus of Theorem IV.2.10. O]
Remark IV.2.12. The positivity of the ap-invariant proved in Theorem 1V.2.10 can also

be deduced from the main theorem of | ].

IV.2.4: Behaviour under certain ring extensions.

In this subsection, we record some useful results on the behaviour of the ap-invariant under

suitably nice extensions of section rings.

Proposition IV.2.13. Let S and S’ be two N-graded section rings (of possibly different
varieties) and S C S’ be an inclusion such that for a fized integer n > 1 and any other m,
all degree m elements of S are mapped to degree nm elements of S’. Further, assume that

the inclusion S C S’ splits as a map of S-modules. Then, we have

CVF(S,) '

(IV.2.8) arp(S) > -

Moreover, equality holds in (IV.2.8) if S is the n'"-Veronese subring of S'.

Proof. The first part follows immediately from Theorem IV.2.8 and the fact that a homoge-

neous element f of S splits from F£S if it splits from F€S’. In other words, we have
1e(Sm) C 1e(Spn)

for any e and m. For the statement about Veronese subrings, the key observation is that

since S’ is a section ring (of (X, L), say), then
IG(S;nn) = [f:(Sm) = [e(X’ Lmn)-

Thus, the equality again follows from Theorem IV.2.8. [

Remark IV.2.14. The F'-signature of section rings also transforms in a similar manner
to the ap-invariant above. Indeed, see Theorem II1.1.6 and its generalization in | ,
Theorem 4.8]. A simple proof of this transformation rule for section rings can also be

obtained using Proposition IV.1.8.
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Proposition IV.2.15. Let (S,m) C (5, n) be a degree preserving map of N-graded, strongly
F-reqular section rings (of possibly different varieties and over possibly different perfect
fields). Assume that both S and S' are generated in degree one , S’ is flat over S, and
that the ring S’ /mS’ is reqular. Then, we have

OCF(S/) = Oép(S)

Proof. First note that since S and S” are generated in degree 1, the ap-invariant must be at
most 1 for both of them. Next, for any e > 1 and m < p® — 1, we may apply Claim 3.4 in
[ , Proof of Theorem 3.1] to get that

I.(S,m) S = LI.(S",m).
This implies that m.(S) = m.(5’) for any e > 1. Now, the Proposition follows immediately
by using Theorem IV.2.8. O
Recall that k was assumed to be a perfect field of characteristic p > 0.

Corollary IV.2.16. Let S be a strongly F'-reqular section ring over k and K be an arbitrary
perfect field extension of k. Then, the base-change S ®y K is isomorphic to a product of

strongly F-regqular section rings S* over finite extensions of K and for each i, we have

Proof. Firstly, we may assume that S is generated in degree one by using Proposition IV.2.13.

Set S" = S ®; K. Since k is perfect and S/m is a finite separable extension of k, we see that

S jmS' = S/me, K =[] L

is a finite product of perfect fields L;. Thus, if S was the section ring of X, then S’ =[], S
where S* is the section ring of X X g/ L;. Note that S* is isomorphic to S ®g/m L;, and hence
each S° is strongly F-regular by | , Theorem 3.6]. The corollary now follows from
Proposition IV.2.15 by applying it to each inclusion S C S m

Remark IV.2.17. In the setting of Corollary IV.2.16, the same results also holds for the
F-signature of S instead of the ap-invariant by using | , Theorem 5.6] in place of
Proposition IV.2.15. This allows to reduce computing both the F-signature and the ap-

invariant of a section ring to the geometrically connected case, i.e., when Sy = k.
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IV.3: The ap-invariant of Globally F-regular Fano Varieties.

In this section, we specialize the study of the ap-invariant to the case of globally F-regular
Fano varieties (and when the ample divisor is a multiple of —Kx). We begin by defining
what we mean by a Q-Fano variety in positive characteristic. Recall that k& denotes a perfect
field of characteristic p > 0.

IV.3.1: Q-Fano varieties and the main theorems.

Definition IV.3.1. A Q-Fano variety X is a projective variety over k such that
1. X is locally strongly F-regular (Definition I11.3.2).
2. Kx is a Q-Cartier divisor.
3. —Kx is ample.

Note that since X has only strongly F-regular singularities, X is automatically normal
and Cohen-Macaulay. In particular, we may define the canonical Weil-divisor Kx by ex-
tending a canonical divisor from the smooth locus. In fact, wx = Ox(Kx) is a dualizing

sheaf over X. In particular, in case H°(X,Ox) = k, we have
(IV.3.1) HY X, wx) =k

where d is the dimension of X. Moreover, the second and third conditions in Definition IV.3.1
guarantee that there is a positive integer r such that rKx is Cartier and —rKx is ample.

The smallest such r is called the index of K.

Definition IV.3.2. Let X be a globally F-regular Q-Fano variety over k£ and r be a positive
integer divisible by the index of Kx. Let

S:=8(X,—rKx) = @HO(X, Ox(—=mrKx))

m>0

denote the section ring of X with respect to —rKx. Then, the ap-invariant of X is defined
to be
ap(X) :=rap(S)

where ap(S) denotes the ap-invariant of the strongly F-regular ring S, as defined in Defin-
tion IV.2.2.
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By taking the affine cone over a QQ-Fano variety, we also define the global F-signature of

the a Q-Fano variety.

Definition IV.3.3 (F-signature of a Fano variety). Let X be a Q-Fano variety over k and

r denote a positive integer divisible by the index of Kx. Let

S:=5X,—rKy) = @HO(X, Ox(—mrKx))

m>0

denote the section ring of X with respect to —rKx. Then, the F-signature of X is defined
to be
3(X) :=rs(9)

where 4(.5) denotes the F-signature of S, as defined in Defintion 11.2.2.

Remark IV.3.4. Though the definitions of the ap-invariant and the F'-signature involve
making a choice of a multiple of the index of Kx, both invariants are well-defined thanks to

Proposition IV.2.13 (for the ap-invariant) and | , Theorem 2.6.2] (for the F-signature).

Theorem IV.3.5. Let X be a globally F-reqular Q-Fano variety of positive dimension.
Then, ap(X) is at most 1/2.

Proof of Theorem IV.3.5: Let d denote the dimension of X, and r > 0 be an integer divisible
by the index of Kx and such that H°(X,Ox(—mKx)) # 0 for all m > r. First, we claim
that there is an integer n > 0 such that

dimy H*(X, Ox(—mKx)) < dimy, H*(X, Ox(—(m +n)Kx))

for all m > 0. This is clear if —Kx is a Cartier divisor (and we may take n = 1 in this case),
since dimy, H°(X, Ox(—mKy)) is a polynomial in m of degree d > 0 and a positive leading
term (because —Kx is ample). More generally, by the asymptotic Riemann-Roch formula
([ , Example 1.2.19]), for each 0 < i < r — 1, there exists polynomials P; of degree d
such that for all m > 0

dimy, H°(X, Ox(—(i + mr)Kx)) = Pi(m).
Moreover, setting V = (—rKx)%, each P; has the form

Pi(m) = i+ Qi(m)
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for polynomials @); of degree at most d — 1. In this situation, the existence of an integer n
as required is guaranteed by Lemma IV.3.6 stated and proved below.

Assume, for the sake of contradiction, that ap(X) > % + ¢ for some small € > 0. Then,
note that by Proposition IV.2.4, for all e > 0, we have I.(—mrKx) = 0 for all m <
Pl 2(pt —1).

Now, for e > 0, we can find an integer m satisfying the following properties:
o mr < %,

o pf—1—mr+2r< ’%—i—a(pe—l), and,

o n<p°—1-—2mr.

This is equivalent to finding an integer m such that

pf—1
2r

+2-S(pf—1)<m<
;

which is possible since n is fixed and $(p® — 1) — 0o as e — oo. The third condition on m

guarantees that
(IV.3.2) dimy H*(X, —mrKyx) < dimy H*(X, —(p® — 1 — mr)Kx).

The second condition guarantees that there exists a non-zero effective Weil divisor £ > 0

that induces an injective map
Ox(—(p°—1—mr)Kx) = Ox(—m'rKx)

for some m < m’ < pez—;l—i—%(pe—l). Therefore, we know that [.(—mrKx) = [.(—m'rKx) =0

as noted above. By Lemma II1.2.11, this implies that [.(—(p® — 1 — mr)Kx) = 0 as well.
Finally, note that Lemma IV.1.7 applied to D = —mrKx tells us that

HO(X, Ox(=mrkx)) _ dim H(X,0x(—(p* =1 —mr)Kx))
I(—mrKx) ‘ I(—(p® =1 —mr)Kx)

But since both the I.-subspaces in the above equation are zero, this is in contradiction to
Equation (IV.3.2). This proves that ap(X) is at most 1/2. O
The following lemma was used in the proof of Theorem IV.3.5.

Lemma IV.3.6. For each 0 < i <, let P; be a polynomial with real coefficients. Moreover,

assume that all the P;’s have the same positive degree and the same positive leading term.
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In other words, for each 0 < i < r — 1, there exists a real polynomial Q; of degree at most
d — 1 such that
Pi(m) = agm® + Q;(m)

for some real number ay > 0 (independent of i). Then, there is an integer n > 0 such that

for all integers m > 0, and all pairs 0 < 1,7 <r — 1, we have
Py(m) < Pj(m +n).

Proof. Since each (); is a real polynomial of degree at most d — 1, we may find positive
constants C7, Cy such that

—Com®™! < Qi(m) < Cym™!
for each m > 0 and each 0 <7 <r — 1. Now, it is sufficient to find a constant n such that
(IV.3.3) agm® + Oymt < ag(m +n)* — Co(m +n)**

for all m > 0. For this, expanding (m + n)¢ using the binomial theorem, Equation (IV.3.3)

is equivalent to
Cym®™ < agldnm®™" 4 -+ dmn + n?) — Co(m +n)* .

First, we note that we may choose n > 0 such that % is larger than both C} and Cy. This

agdn
2

before, we have 24m=1 > Cy(m + n)®! for all m > 0. This proves the lemma. O

implies that md=1 > Oymd=! for all m > 0. Furthermore, having chosen the n > 0 as

For the rest of this section, we assume that H°(X,Ox) = k, i.e., that X is geometrically
connected. However, see Remark IV.2.17 for ways to extend the results to more general cases.
In the case of Fano varieties, we have a stronger version of comparison of the ap-invariant
to the F-signature than the formula in Theorem IV.2.10:

Theorem IV.3.7. Let X be a d-dimensional globally F-regular Q-Fano variety over k.
Assume that H°(X,0x) = k and that d is positive. Set a = ap(X). Then, we have the

following inequalities relating the F-signature and the ap-invariant:

2 adt vol(X) <
(d+1)!  —

(IV.3.4)
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Here, vol(X) denotes the volume of the Q-Cartier divisor —Kx.

Corollary IV.3.8. Let X be a globally F'-reqular Q-Fano variety of dimension d > 0. Then,

1. We have 1)
VO
X)) < ——m——.
W) < siae
2. Moreover, ap(X) is equal to 1/2 if and only if the value of the F-signature 3(X) is
equal to
vol(X)
24(d + 1)1

For Q-Fano varieties, the F-signature has a more refined formula than Lemma IV.1.5,

which we prove next.

Proposition IV.3.9. Let X be a globally F-reqular Q-Fano variety over k. Assume H°(X,0x) =
k and that X s positive dimensional. Let r be an integer such that rKx s Cartier. Then,

the F-signature of X can be computed as

125 O k)
. —mrnx
2r . dimy 55

) o (—mrKx)
I(X) = elggo pe(dim(X)+1)

Lemma IV.3.10. Let X be a globally F-reqular Q-Fano variety. Then, for any r > 0, we

have H*(—mrKy) = I.(—mrKx) whenever m > 2=,

Proof. We will prove this lemma in two different ways, since both ideas may be useful in

other situations.

Proof 1: Letm > 7%. By definition of the subspace I, (Definition 1V.1.2), it is sufficient

to show that there are no non-zero maps ¢ : FfOx(—mrKx) — Ox. We have
Homg, (FOx(—mrKx,O0x) = HY(X, (1 — p + mr)Kx).

By assumption, we have 1 — p®+mr > 0. Since —rKx is ample, this means that H°(X, (1 —
p° + mr)Kx) = 0. Hence, there are no non-zero maps ¢ : FfOx(—mrKx) — Ox, which

proves the lemma.

Proof 2: Letm > ’% and suppose that there is a non-zero global section f € H°(—mrKy)
that is not in I.(—mrKy). Then, by definition of I, we have a map

¢ € HOIIIOX(F*EOX(—WLTKX), OX)
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such that ¢(F¢f) = 1. Thus, we have the splitting
(IV35) OX %FfOX(—mTKx) —»OX

where the first map is got by sending 1 — F?f and the second map is ¢. Twisting equa-
tion IV.3.5 by Ox(Kx) and reflexifying, we obtain a splitting:

(IV36) Ox(Kx) — FfOX(—(mr —pe)Kx) —» OX(KX)

By assumption, mr — p® is non-negative. Hence, H*(X, FOx(—(mr — p°)Kx)) = 0 by
Proposition 11.3.8, in turn implying that H%(X,0x(Kx)) = 0 (using the splitting in equa-
tion 1V.3.6). This is a contradiction, since Ox(Kx) is the canonical sheaf of X. This
completes the proof of Lemma IV.3.10. O

Proof of Proposition 1V.53.9. Let S denote the section ring of X with respect to —rKx. Fix
an e > 0 and let a, denote the free rank of F£S as an S-module (Definition 11.2.1). Recall
that by Lemma IV.1.5, we have

- H(—mrKx)
IV.3.7 e = dimgy ————FF
( ) “ 7;) Hi I.(—mrKy)
so that
3(X)=r lim e

e—o0 p°© e(dim(X)+1)

Then, Lemma IV.3.10 shows that the terms of the sum in Equation (IV.3.7) are zero for

m > P—_ Furthermore, using Lemma IV.1.7, we have
—mrKx) - HO (—(p—1—mr)Kx)
di di
Z lmk mrKX Z Hik (—(pc—1=—mr)Kx)

Let a be an integer between 0 and r such that p* — 1 =a mod r. Hence, we have

. HO (p —1—m7“ KX —(a+ mr)Kx)
di di
Z HH Z lmk a—i—mr)KX)
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Thus, we have

Li
B . H°(—mrKx) . HY%—(a+mr)Kx)
B Z dime K Z dimy I(—(a+mr)Kx)

Moreover, using Proposition IV.1.8, we see that there is a constant C' > 0 such that

< Cpe(dim(X)fl) )

‘ H(—(a+mr)Ky) B H(—mrKx)
I.(—(a+mr)Kx) I.(—mrKy)

Thus, we have that

H(—mrKx) .
6_2 di 2N T O edlm(X).
¢ Z Hi I.(—mrKy) b

The proof is now complete since the right hand side limits to zero when divided by pe(dim(X)+1)

and as e — 0. OJ

Proof of Theorem IV.3.7. The proof of this Theorem is exactly the same proof as the proof
of Equation (IV.2.3) in Theorem IV.2.10 (see the proof of Lemma IV.2.11), once we replace
the formula from Lemma IV.1.5 with the formula from Proposition IV.3.9 to compute the
F-signature of S = S(X, —rKx). O

Proof of Corollary IV.3.8. Part (1) follows immediately from the right-hand inequality in
Theorem [V.3.7, since we know that ap(X) < % by Theorem IV.3.5. We also see that if

ap(X) < 3, we must have

vol(X)
I(X) < ————.
(X) 24(d +1)!
Thus, Part (2) also follows from Equation (IV.3.4) once we note that when ap(X) = 1, both
sides of the inequality in Equation (IV.3.4) are equal to %. O

Remark IV.3.11. Let X be a QQ-Fano variety over C. This means that X is a normal
variety, —Kx is Q-Cartier and ample and X has only klt singularities. Let r be such that
—rKx is Cartier, and S = S(X,—rKx). Then, for any effective Q-divisor A on X with

A ~g —rKx, we have
1
letn (S, Ag) = min { let(X, A), — }
,

where lct denotes the log canonical threshold and Ag denotes the cone over A. This follows
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from | , Lemma 3.1]. Thus, if we let
&(X) = r inf {let, (S, Ag) | A > 0is a Q-divisor on X such that A ~y —Kx },

then, we have that

&(X) = min{a(X), 1}.

Therefore, for any Q-Fano variety with a(X) < 1, the ap-invariant from Definition IV.3.2

is a “Frobenius analog” of the complex a-invariant.

IV.3.2: The ap-invariant of toric Fano varieties.

Let k denote an algebraically closed field of prime characteristic p > 0. Fix a lattice N = Z¢

and let M be the dual lattice (where d is some positive integer).

Theorem IV.3.12. Let X, be a Q-Fano toric variety over k defined by a fan F in N. Let
Xc be the corresponding complex toric variety (which is also automatically Q-Fano). Then,

we have
ar(Xp) = a(Xc).

Proof. Let vq,...,v, denote the primitive generators for the one dimensional cones in F and
write —Kx = ), b;v; for rational numbers b;.

First we choose an r > 0 such that rb; € Z for each i and the section ring S(X, —rKx) is
generated in degree one. Let P C M denote the polytope associated to —rKx, and defined
by:

P={ue Mp=M®&zR|(u,v;) > —b; for all 1 <i <n}.

Since we are assuming that S(X, —rKx) is generated in degree 1, the vertices of P are lattice

points of M. For any uw € PN M, let D, be the corresponding effective divisor in the linear

system | — rKx|. By | , Corollary 7.16], we have that
(IV.3.8) a(Xc) = i rlet(Xc, Dy)

where lct (X, —) denotes the log canonical threshold of a divisor on X¢. Note that since the
vertices of P are lattice points, just the vertices are sufficient to compute o (X¢).

Let P denote the polytope P x {1} € M x Z. Then, the section ring S(X, —rKy) is the
semigroup ring associated to the cone over P in (M x Z)®z;R. Note that S is Q-Gorenstein.
Therefore, by | , Theorem 3], we see that for any & € PN (M x Z), we have

(IV39) fptm(S(Xp, _KXP)’ Da) = ICtm(S(X((:, —KXC), Da)
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Next, note that since X is a normal toric variety, it is automatically globally F-regular.
Now we prove that the ap-invariant of X, can also be computed by only considering the
torus invariant divisors. To see this, let S = S(X,, —rKx,) and let f € S be a non-zero
homogeneous element. Then, following the discussion in | , Section 7.4] and | :
Theorem 15.17], there exists an integral weight vector p = (1, . . ., ptar1) with p; € Z~q such
that in.  (f) = in>(f). Here >, denotes the weight monomial order with respect to 1 and >
denotes the graded lexicographic monomial order on S. Then, we have a flat degeneration
of f to its initial term. In other words, if f =" f,x" for monomials x* € S, then setting
w = max{{u,u) | B, # 0}, the element

F=t") Bty e S[t]

satisfies the following properties:

e Viewing S[t] as a k[t]-algebra, the ring S[t]/(f) is a flat k[t]-module.

e The image of f modulo ¢ is equal to in. (f), the initial term of f with respect to the

graded lex monomial order on S.

e For any point 0 # X € k, the image f of f in S[t]/(t — \) satisfies
fpty (S, fx) = ot (S, f).

With this construction in place, we conclude the proof of the theorem with the following

lemma:

Lemma IV.3.13. For any non-zero homogeneous element f of S, we have

Assuming this lemma for a moment, we see that

ap(X,) = _inf  fpt, (S, Da).

acPN(MXZ)

Furthermore, by Equation (IV.3.9), we have

(IV.3.10) ap(X,) = _inf  letn(S(Xc, —7Kx.), Da).

@€ PN(MxZ)

Since by Theorem IV.3.5 we have ap(X,) < 1/2, we must have let(S(Xc, —rKx,), Da) < =

nr
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for some @& = (u,n) € PN (M x Z). Note that D, corresponds to a torus-invariant divisor

on X¢ linearly equivalent to —nrKx,.. Therefore, by Remark IV.3.11, we have
lCt(X((j, Du) = ICtm(S(X((j, —’T’KXC), Da)

for any @ = (u,n) such that let(S(Xc, —rKx,),Ds) < . Putting this together with
Equation (IV.3.10) and Equation (IV.3.8), we get that

ar(Xp) = a(Xc)

as required. N
Finally, it remains to prove Lemma [V.3.13.

Proof of Lemma IV.53.13. By Lemma IV.2.6, it is sufficient to show that for all rational

numbers of the form pea_l such that

pe -1 < fptm(87 in>(f))7

the map S — F£S sending 1 to F¢f* splits. Equivalently, for all such ﬁ, it suffices to
show that f* ¢ I.(S). Since the pair (S, in>(f)ﬁe%1) is strongly F-regular, in particular it is
sharply F-split. By Lemma IV.2.6 again, we know that in. (f*) = (in=(f))* ¢ L.(S). Now,
since S is a toric ring, I.(S) is a monomial ideal of S. Therefore, if in. (f*) ¢ I.(.5), we also

have f* ¢ I.(S) as required. O

Remark IV.3.14. Combining Theorem IV.3.12 with Theorem [V.3.5, we recover the well-
known fact that the a-invariant of a toric Fano variety is at most 1/2 (see | , Corol-

lary 3.6]).

IV.4: Examples

In this section, we compute some examples of the ap-invariant for non-toric varieties and

highlight some interesting features.

IV.4.1: Quadric hypersurfaces

Fix any algebraically closed field k of characteristic p # 2 and let Q; C P4*! be the d-
dimensional smooth quadric hypersurface over k. Note that by the adjunction formula,

—Kg, = dH where H denotes a hyperplane section.
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Example IV.4.1. Then, ap(Q,) = é. Equivalently, if S denotes the section ring
S = S(Qd, Ox(1> = k[l’o, Ce ,.’L’d+1]/(l’g —+ ... .’L’irl),

then ap(S) = 1. This follows from a description of the structure of the sheaves Ff(Og,(m))
proved in | ] and | ]. More precisely, for any e > 1 and 0 < m < p° —1, | ,
Theorem 2] tells us that F£(Og,(m)) is a direct sum of Og,(—t) and §(—t) for ¢ > 0, where

8 is an ACM bundle that sits in an exact sequence of the form
0 — Opas1(—=2)%" = Opasi (—1)* = 0,8 = 0

for suitable positive integers a and b. Here i : Qg — P4! is the inclusion. See [ ,
Section 1.3] for the details. Since H!(P*! Opa:1(—2)) = 0, we deduce from the exact
sequence above that 8(—t) has no global sections for any ¢ > 0. Therefore, all global sections
of F£(Og,(m)) appear in the trivial summands. In other words, I.(S(m)) = 0 for any e > 1
and any m < p® — 1. Moreover, since S; # 0, we know that m, = p® — 1. Therefore, by
Theorem IV.2.8, we have

ap(S) = lim 2

Remark IV.4.2. This example shows that the ag-invariant does not characterize regularity

of section rings, since the ap-invariant of a polynomial ring is also equal to 1.

Remark IV.4.3. Another interesting feature of this example is that the ap-invariant of
smooth quadrics is independent of the characteristic p (for p # 2). This is far from true in
general (as seen in the next example). Furthermore, for any d > 2, the F-signature of Qg is

known to depend on p in a rather complicated way (see [ D).

IV.4.2: Comparison to the complex a-invariant

Let k = F, for some prime number p > 5 and X, C P? be the diagonal cubic surface defined
by 23 + 3% + 23 + w? = 0 over k.

Example IV.4.4. For each p > 5, we have ap(X,) < 1. However,

. 1
;Lr{)lo ap(X,) = 5
To see this, we recall the following result proved by Shideler (see [Shi, Example 4.2.2 and

Section 5.1]), building on the techniques of Han and Monsky: Let 4, denote the F-signature

78



of X,, equivalently, of the ring F,[z,y, z, w]/(2* + y* + z* + w?). Then for any p > 5, we

have 4, < £ . Moreover,

lim 4, = -.
p—00 8

Using this, our claims about the ap-invariant of X, follow from Theorem IV.3.7 and Corol-
lary IV.3.8, once we observe that

vol(—Kx,) 1

231§
Remark IV.4.5. The complex a-invariant of the cubic surface defined by 22 4+ 3 + 22 4+ w?
is equal to 2/3 (see [ , Theorem 1.7]). Note that by | |, we know that for a fixed
divisor D on a variety X
lim fpt(X,, D,) = lct(X, D)

p—o0

where X, and D, denote the reduction to characteristic p of X and D respectively. Ex-
ample IV.4.4 points to limitations of approximating the log canonical threshold by F-pure

threshold for an unbounded family of divisors on X.
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CHAPTER V
Semicontinuity Properties of the Frobenius-Alpha

Invariant

In this chapter, we will examine the behaviour of the ap-invariant in geometric families. First
we prove a weak semicontinuity result for a family of globally F-regular varieties polarized
by an arbitrary family of ample divisors (Section V.1). This is analogous to the case of the
F-signature which was proved in | |. Next, we prove that the ap-invariant is lower
semicontinuous in a family of globally F-regular Fano varieties (Section V.2). The analogus
statement for the complex a-invariant is proved in | |. Throughout this chapter, k will

denote an algebraically closed field of characteristic p > 0.

V.1: Weak Semicontinuity of the ap-invariant.
First, we will prove a result for a family of arbitrary globally F-regular varieties.

Notation V.1.1. Recall that the perfection of a field K (of positive characteristic) is the

union

K> = G K
e=1

of all the p°-th roots of elements of K. For a map f : X — Y of varieties over k, and a point
y € Y (not necessarily closed), we denote the perfectified fiber over y as

Xyeo 1= X Xy Spec(k(y)™).

Similarly, if Y = Spec(A) and S is a finitely generated A-algebra, then for any y € Y, we
denote the perfectified fiber S ®4 k(y)> by Sye.
Notation V.1.2. By a family of globally F-regular varieties, we mean that

1. We have a flat and projective morphism f : X — Y where X is normal and Y is smooth

over k.
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2. We assume additionally that f has connected fibers (i.e., f,Ox = Oy).

3. For each point y € Y (not necessarily closed), the fiber X~ (Notation V.1.1) is globally
F-regular (Definition 11.3.2).

Recall that as in Definition IV.2.2, we can consider the ap-invariant of a pair (X, L)
where X is a globally F-regular projective variety (over a perfect field) and L is an ample

line bundle over X.

Theorem V.1.3. Let f: (X, L) = Y be a flat family of globally F-reqular varieties, where
L is an ample line bundle over X. Let K denote the fraction field of Y and aye, denote
the ap-invariant of (X e, L|x 00 ), the perfectified generic fiber. Then, for each real number

0 < & < Qugen, there exists a dense open subset U, CY such that
ap(Xye, Llx,) > a  for every point y in U,.

Recall that in Theorem IV.2.8, we defined the sequence (c.).>1 that converges to the
ap-invariant. To prove Theorem V.1.3, we need to understand the rate of convergence in

Theorem IV.2.8. For this we will use “degree-lowering operators” as below.

Theorem V.1.4. Let X be a projective globally F-reqular variety over k and L be an ample

invertible sheaf over X. Suppose we have positive integers N and e such that the sheaf
Homo ((F(L™), LY)

s generically globally generated for each 0 < m < p®—1. Then, if S denotes the section ring
S(X, L), we have

N
0 (5) — ac(S)] < ——.

Proof. Set d = dim(X). First, we claim that for each 0 < m < p® — 1, we can find an

injective map of O x-modules
(V.1.1) Lo @ FE(L™) < (LN)®,

To see this, let 7 denote the generic point of X and consider the following restriction map

to the generic stalk:

(V.1.2) Homy  (F¢(L™), L) = # omo, (F(L™), LY), = Homo, , (FE(L"), LY).
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The assumption that Z omy ( (Fe(L™), LN ) is generically globally generated means that the
image of the map in Equation (V.1.2) generates Homg,  (FS(L}"), L)) as an Ox ,-module.
Recall that Ox,, is just the fraction field of X. Since Fy(L;") is a free Ox ,-vector space of
rank p“, we can choose p* maps ¢, ..., ¢pea in Home, (FF(L™), L) such that their images
under the map in Equation (V.1.2) forms a basis of Home,  (F¢(L;'), L)) over Ox,,. Thus,
defining ¢ ,, to be the product map

Lo 7= P1 X - X Ppea s FE(L™) — (L)@

we see that ¢, is generically an isomorphism by construction. Furthermore, since Ff(L™) is
a torsion-free sheaf of rank p° over Oy, (e, is injective since it is generically an isomorphism.
This completes the proof of the claim that maps as in Equation (V.1.1) exist.

Now, fix a map ¢, for each 0 < m < p® — 1 as in Equation (V.1.1). Then, by taking
section modules with respect to L (Definition I1.1.1), we get a corresponding map of graded

S-modules
ed

Le,m.(FeS)mmOdp (—>S( )

and let
Lo s FCS — S(N)@ Y

denote the direct sum of the ¢.,,’s. Here, for any m € Z, (F£S)mm mod pe denotes the S-module

(FSmmodp = @FC m+]p

JEZ

and we naturally have an N-graded S-module decomposition

F:Sg @ (Fes)mmodp

0<m<pe—1

Note that ¢ is injective because the ¢ ,,’s were injective. Furthermore, the key property of
te that we will use is the following: for each non-zero homogeneous element f of degree m

in S, t.(Ff(f)) is a non-zero homogeneous element of degree

(V.1.3) LI+

Thus, we may use this map as a “degree-lowering operator”.

From Theorem IV.2.8, recall that a, := a(S) = 7;‘: where m, is defined to be the number

max{m | I.(m) = 0}. The condition that [.(m) = 0 means that for all non-zero elements
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f € Sy, there exists a splitting F7S — S that sends F¢f to 1.

Claim: For any £ > 1, let ¢’ = fe, and m be an integer such that m < (a, — S| 2)pte.
Then I..(m) = 0.

We will prove the claim by induction on ¢. If / = 1, note that the sum in the claim is
empty, and hence we have m < m, = «a.p°. In this case, I.(m) = 0 by the definition of m,.

Now let £ > 1 and f be any non-zero element of S,,. We need to show that F¢f splits
from F¢S. To see this, note that by Equation (V.1.3), t.(F¢(f)) is a non-zero element of

degree at most

/-1 (-2

N
E)pfej 4 N = mep(€—2)e . Np(f—Q)e . N+ N =
t=1 t

ﬁ(m

t.

('h

3

=1

Thus, the inductive hypothesis applies to ¢.(F¢(f)), implying that ¢.(F¢(f)) is not contained
in Iy_.. Let ¢ : F€~¢S — S denote a splitting of t.(F¢(f)). Then, we see that (forgetting
the degrees) @ o F€ =1, : FS — S defines a splitting of F¢ (f), as required. This completes
the proof of the claim.

To complete the proof of the Theorem, we note that the claim above implies that for any

(>1,
/-1

Mye N
Qe = > Qe — -
pﬂe ; pte
Letting £ — oo and using Theorem IV.2.8, we get
N
(V.1.4) a.(S) —ap(S) < T
Pe—

Lastly, note that by Lemma IV.2.9, we already have

1
OéF(S) — Oée(s> S )
pe
which, together with Equation (V.1.4) completes the proof of the theorem. [

Lemma V.1.5. Let X be a globally F-regular variety of dimension d and L be an ample
and globally generated invertible sheaf. Suppose ey > 0 is such that (1 — p®)Kx is linearly
equivalent to an effective Weil divisor for all e > ey. Then, for all e > ey, and each
0<m<p°—1, the sheaf

H ome (FE(L™), L)

1s generically globally generated.

Proof. First, by an application of Castelnuovo-Mumford regularity, we prove the following
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statement:

Claim: For all e > 1 and all 0 < n < p® — 1, the sheaf F¢(L"*%") is O-regular with
respect to L, and hence globally generated.

To see this, we check that

HY(X,FS(L™) @ L") = H(X, L") =0 for all i > 0.

Here, we have used the projection formula to see that F¢(L"T%") @ L= = Fe(Ln+(d=0r)

([d=0p° is nef for all

and the cohomology vanishing follows from (Theorem I1.3.7), since L"*
i < d. Thus, F¢(L""%") is O-regular with respect to L, and hence is globally generated (see
[ , Theorem 1.8.5] for the details regarding Castelnuovo-Mumford regularity).

Next, for any e > ey and n > 0, write (1 — p®)Kx ~ D, where D, is an effective Weil-
divisor. Note that it is always possible to find such an e, thanks to | , Theorem 4.3].
Let ¢(L"™) denote the map obtained by twisting the defining map for D, by L™ and pushing
forward under F°:

Ge(L") - FL(L") = F(Ox(De) © L")

Note that for any point x ¢ Supp(D.), ¢, restricts to an isomorphism in an open neighbour-
hood around z. For any sheaf F, let F, denote the stalk of F at x.
Applying duality for the Frobenius map (Equation (IV.1.2)), we have (for any m € Z):

%Om(‘)x (Ff(Lm), Ld—i—l) ~ F:(OX (De) ® Ldp@—i—pe_m)‘
Therefore, for any e > ey and 0 < m < p®—1, set n = dp®+ p® —m and consider the diagram

0 n
HO(X, Fe(L) ) go(x pe(0x (D) @ L))

| !

Fe(rn), — 2 pe(0x(D,) ® L),

~

where x is any point not contained in Supp(D,). Since the horizontal arrows are injective and
the bottom horizontal arrow is an isomorphism, any set of global sections generating F¢(L"),,
viewed as global sections of Ff(Ox(D.) ® L™), will also generate F¢(Ox(D.) ® L"),. Since
by the claim above F¢(L") is globally generated, we have that Zome, (F¢(L™), L41) =
Fe(Ox (D) ® L") is globally generated at any x ¢ Supp(D.) (and hence generically globally
generated). This completes the proof of the lemma. O

Lemma V.1.6. Let f : X — Y be a flat family of globally F-reqular varieties where Y 1is

reqular. Let D be an integral Weil-divisor such that £ = Ox(rD) is Cartier. We also assume
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that £ is ample.

1. Then, for any integer m > 0, the sheaf f.(L™) is locally free on'Y and for any point

y €Y (not necessarily closed), the natural map
fo(£™) ®oy K(y) = HY(Xy, £7|x,)

1s an 1somorphism. Moreover, for any y € Y, there exists an affine open neighbourood
Spec(B) =U CY of y such that fory is defined by a reqular sequence by, ...b, and for

any m > 0, the natural map
HY(f71(U),£™) @5 B/pB = H*(Xppp. £L7xy )

is an isomorphism where p is the ideal (by,...,b;).

2. Suppose, in addition that X is a locally strongly F-reqular variety. Then, for any
m >0, setting F := Ox(mD), we have

(a) F is flat over Y .
(b) For any y €Y, the restriction F, := F ®o, Oy, is reflevive.

(c) f.F is locally free on'Y and for any y € Y, the natural map
fo(F) @oy w(y) — H(X,, )

s an isomorphism.

(d) Assume that Supp(D) does not contain any fiber of f. Then,
f(Ox(mD)) @o, K(y) — H*(Xy, Ox,(mDlx,))

18 an isomorphism as well. Here, we restrict the Weil-divisor mD to 'Y as ex-

plained in Proposition I1.5.9.
Proof. Note that since £™ is an invertible sheaf on X, it is flat over Y for any m.

1. Since Ox(mL) is flat over Y, the claim follows from Grauert’s Theorem | , Chapter

III, Corollary 12.9] once we note that the function

y > dimy, ) H°(X,, £,)
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is constant on Y. But we have

dim,y) H(Xy, L) = x (L) = x(£7") = H (X, £7)
where 7 denotes the generic point of Y. Here, we are using the higher cohomology
vanishing (Theorem I1.3.7) for nef invertible sheaves on the fibers (which are globally F-
regular varieties by assumption), and the fact that the Euler-characteristic is constant
for all fibers of a flat map | , Chapter III, Theorem 9.9]. Since the restriction of
L™ to each fiber of f has vanishing higher cohomology, Grauert’s Theorem also implies
that R'f.(L™) is zero for any m > 0. Fix a y € Y and choose an open neighbourhood
Spec(B) = U C Y of y such that p is generated by a regular sequence (by,...,b;) and
B/pB is regular (where p is the prime ideal of B corresponding to y). Then, note that

the following exact sequence of sheaves on f~1(U):

by

0 > LM

\ m \ m
s L » L7 @0y Oxy, 5 — 0

remains exact after applying H°(f~*(U), —) since H*(f~1(U),£L™) = 0. This tells us
that
HO(f7Y(U),L™) @ B/b:B = H*(Xp/a,8, L™ 2, )

Now, since B/z1 B is also regular, we may proceed inductively to complete the proof

of Part (1).

. Fix any y € Y and let A be the local ring at y € Y and R be the local ring of any
point x € X mapping to y.

(a) Since R is strongly F-regular by assumption, we may apply Part (1) of Proposi-
tion I1.3.9 to conclude that R(mD) is isomorphic to a summand of FfR. Since A
is regular, we have FfA is flat over A and by assumption FFR is flat over FfA.

Thus, we see that F¢R is flat over A and consequently, R(mD) is flat over A.

(b) Fix aregular sequence by, . .., b; on A generating the maximal ideal (this is possible
because A is regular). Because R is flat over A, by, ..., b, is also a regular sequence
on R. Now, it is sufficient to show that R(mD) ®r R’ is reflexive over R’ =
R/(by,...,b)R. But this is guaranteed by Part (2) of Proposition I1.3.9 once we
note that by | , Theorem 23.9], since all fibers of f are normal, R’ is itself

normal.

(c) Using the vanishing theorem for Q-Cartier ample divisors proved in Proposi-
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tion I1.3.8 instead, we can repeat the argument from the first part using Grauert’s

Theorem, since JF is flat over Y by part (a).

(d) This is immediate by combining Part (c) with the last part of Proposition I1.3.9.
O

Proof of Theorem V.1.3. We divide the proof into several steps, since some of the steps will

be used again in the next subsection.

Step 1: By Proposition 1V.2.13, we may replace £ by a multiple of £ if necessary and
assume that £ is globally generated on X. In that case, the restriction of £ to each fiber of

f is also automatically globally generated.

Step 2: Putting together Lemma V.1.5 and Theorem V.1.4, we get that for each y € Y,
and each e > 1,
d+1

(V.L5) e (Sy) = ar(Sy=)| < =

Here, Sy~ denotes the section ring of the perfect fiber of f over y with respect to the
restriction of £, and d denotes the dimension of every fiber of f (which is well-defined
because f is flat).

Now, given any a < agen, let € = qgen — . Choose an e > 0 such that dpiel < /2. Then,

we have

(V.1.6) Qgen — €/2 < @e(SKeo).

We claim that there exists a dense open set U, C Y such that
Qe (Syee) = e(Skoe)

for each y € U,. Assuming the claim, Equation (V.1.5), and Equation (V.1.6) together
imply that
ap(Sye) > ae(Sye) —€/2 > te(Sko) —€/2 > Qgen — € =

for every y € U, as required.

Step 3: We now proceed to prove the claim used above, i.e., that there exists a dense

open set U, C Y such that ae(Sy~) > a.(Ske) for every y € U,. Working locally, we may
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assume that Y = Spec(A) and let S4 denote the section ring S(X, £). Set m, = m.(Ske).
By Lemma V.1.6, H°(X, £L™) if a locally free A-module for any m > 0. So by shrinking YV’
around any point if necessary, we may assume that H%(X, £™) is a free A-module with a basis
B, for each 0 < m < m,. By Lemma V.1.6 again, 9%,, restricts to a basis of HO(Xy,Ly)
for any y € Y. Let B = U,¢(%B,,. Note that m. < p® — 1 since for any non-zero section

f € H( X, Lx), which exists because £ is assumed to be globally generated, we have
0# 7 € L(p%).

Step 4: By definition of m,, for any m < m, and any non-zero f € H°(Xge, L), the
map Sk~ — F¢Ske sending 1 to F¢f splits. Thus, using Lemma I1.1.3 repeatedly on the
set B, we can construct a surjective map ¥y, : FS(Lw) — O?@‘fg such that if f € %, is
a basis element, then ,,(F¢f) = 1, where 1; is the standard basis element corresponding
to f of O?@fz . Taking induced map on the section modules and putting together the maps
U, for all 0 < m < m,, along with the zero map for m, < m < p® — 1, we get a surjective

Ske-module map
(V.1.7) Yoo : FCSpoo — STE

which satisfies the following property: if 0 # f € H%(X ko, L) and m < my, then ¢(F¢f)
is a basis element of S}‘?ﬁ. In other words, ¥k« simultaneously splits all the non-zero
sections of degree at most m, on Xge. By | , Lemma 4.8], there is an integer d, > 0,
a non-zero element g € A such that if B = A[g™'], we have a map

. ol/p® OB
wBl/pe"'de . SBl/pe+d€ — SBl/pe+d€

1/p*
SBI/P
“™¢_ Note also that after base-changing

which satisfies ¢, /petde @ g1jpetac K = ge. Here, .+q, denotes the eP-relative Frobe-
nius over the base change Sy /eta. 1= S4 ®4 B/P
to K>, we are identifying the relative and absolute Frobenius over K. Since every f € &
is mapped to a basis element of S}?f’fpe .4, after tensoring to K°°, we may assume that the
same is true for ¢, ,eta. after inverting another element of A if necessary. Finally, for any
y € Spec(B), base changing to k(y)>, we see that

l/pe+(ie

K/(y)oo —_= Bl/pe+d5 Bl/pe+de P 1/p€+de OO‘
(G (Q/’ ® K(y) ) Do) K(y)

simultaneously splits each non-zero element 0 # f € H O(Xyoo,L;”oo). Note that we are again
identifying the absolute and relative Frobenius over the perfect field x(y)*°. This shows that
Qe(Sye) > ae(Ske). This completes the proof of Theorem V.1.3. O
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V.2: Semicontinuity for a Family of Q-Fano Varieties

In this subsection, we will prove that the ap-invariant is lower semicontinuous in a family

of globally F-regular Q-Fano varieties:

Theorem V.2.1. Let f : X — Y be flat family of globally F-reqular Q-Fano varieties such
that —Kyjy 1s Q-Cartier and f-ample. Assume that Y is reqular. Then, the map from
Y — Ry given by

y = ap(Xy)

is lower semicontinuous, where Xy is the perfectified-fiber over y € Y.

See Definition IV.2.2 for the definition of the ap-invariant of a Q-Fano variety, and

Notation V.1.2 for the meaning of a family of globally F-regular varieties.

Remark V.2.2. For related semicontinuity results for the F-signature and the Hilbert-Kunz
multiplicity, see | | [ I [ ] and [ ]. Similarly, for the corresponding lower

semicontinuity result for the complex a-invariant, see | ).

Idea of the proof: Roughly, the proof of Theorem V.2.1 involves combining Theo-
rem V.1.3 with the inversion of adjunction for strong F-regularity as proved in | ].
The main technical difficulty arises when p divides the index of Kyjy. In this situation, we
use a standard perturbation trick similar to | , Lemma 3.15] and | , Lemma 2.13].
But to do this, we need to be able to restrict Q-Cartier, ample Weil-divisors in a family
to the fibers of the family. So we begin by observing that this can indeed be done in our

situation.

Setup and Notation: Let A be a regular k-algebra of finite type. Given a flat family
f:X =Y = Spec(A) of globally F-regular Fano varieties such that £ = Ox(—rKy)y) is

Cartier and ample for some integer r > 0, we can form the section ring
SA = S(DC, L)

Then, since X is normal and £ is ample, S4 is a normal, finitely generated , N-graded algebra
over A. For any A-algebra B, let Sp denote the section ring S(Xg, £|x,), where Xp denotes
the base change X x 4 Spec(B).

Lemma V.2.3. With notation as above, the construction of Sa satisfies the following prop-

erties:
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1. Sy is flat over A and for any prime ideal p C A we have that
Sa®a K(p) = Sp).-

2. For each prime p € Spec(A), there is an affine open neighbourhood Spec(B) =U C Y
containing p such that the restriction Ky to Spec(B/pB) (as explained in Proposi-
tion 11.3.9) is linearly equivalent to Ky, . In particular, for any p € Spec(A), —rKx,

1s Cartier. Moreover, X and Sy are both Q-Gorenstein.

3. For each p € Spec(A), there is an affine open neighbourhood Spec(B) = U C Y contain-
ing p and a reqular sequence by, ..., b, on B generating p such that Sg, and Sps,,..b,)B
1s strongly F'-reqular for each 1 < i <t. In particular, X and S4 are both globally F'-

reqular.

4. For any Weil-divisor D on X such that rD is Cartier and ample for some r > 0, the

section module

M4(D) = @ H(X,0x(D) @ L™)

m>0
is flat over A, and compatible with base change to fibers. In other words, for any
p € Spec(A), the natural map

M(D) @ £(p) = Mis(p) (Ox(D)x,)

is an isomorphism. Moreover, if Supp(D) does not contain any fiber of f then the

natural map

Ma(D) @ K(p) = M) (Dlp)
18 an isomorphism as well.

Proof. Since all parts of the lemma can be proved locally on Y, we may shrink Y if necessary

to assume that wy is a free A-module.

1. This is immediate from Part (1) of Lemma V.1.6.

2. By inverting an element g € A\ p, and setting B = A[g™!], we may assume that p is
generated by a regular sequence by,...,b, on B (this is possible since A, is regular).
Fix any 1 < i < ¢t and let B; = B/(by,...,b;)B. By | , Theorem 23.9], since
all fibers of f are normal, we in particular know that each Xp, (and hence, Sg,) is
normal. By shrinking U further if necessary, using Part (1) of Lemma V.1.6, we may

also assume Sp, = Sp ®p B;.
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Now we will show that Ky restricted to Xp, is linearly equivalent to the divisor Ky, .
Let V' C Xp, denote the smooth locus of Xp,, and V' C X, be an open set such
that V N Xp, = V'. This is possible because Xp, is a complete intersection in Xp.
Then, applying the adjunction formula for the complete intersection V' C V', we have
Ky ~ Ky|y:. Since V' C Xp, is the smooth locus and Xp, is normal, it contains all

the codimension one points of Xp,. Thus, taking closures we get that

—TKxchi = —TKx|V/ = —TK\/|V/ ~ —TKxBi.

This proves that £ restricted to Xp, is linearly equivalent to —r Ky, . In particular
—rKxy, 1s Cartier. Furthermore, it follows from the discussion in [ , Section 5.2])
that the canonical divisor Kg, is the cone over the canonical divisor Ky, (as Weil-
divisor). Thus, we get that Os, (—7Ks, ) = Og, (1) as a graded module over Sp,.
Also note that for any maximal ideal m C A, the fiber S,y is strongly F-regular. In
particular, all fibers over closed points of Spec(A) are Cohen-Macaulay, we see that Su

is Cohen-Macaulay as well. Therefore, S4 (and similarly Sp,) is Q-Gorenstein.

. From part (2), we may assume that p is generated by a regular sequence aq, . ..a; on
A and —rKy, Is Cartier for each 1 < ¢ < ¢, where A; = A/(ay,...,a;)A. Next,
note that by assumption (and Part (1)), we have Sy) is strongly F-regular. So,
there exists a non-zero element g € A \ p such that Sp, is strongly F-regular where
B; = A;[g™!]. Here, we are using the fact that the non-strongly F-regular locus of Sp,
is closed, compatible with localization and homogeneous with respect to the N-grading
on Sp,. Let B,y = A;_1[¢g7!]. Then, since — Ky, | 1s Q-Cartier and a, is a non-zero
divisor on B;_1, by [ , Theorem A], we conclude that Sp, , is strongly F-regular
in a neighbourhood of V(b;). Since the locus of points where Sp, , is not strongly
F-regular is defined by a homogeneous ideal (and is disjoint from V(a;)), we may pick
a non-zero element h € Alg~']\ (a1,...,a) such that if we set B{_| = By_1[h™"], Sp_|
is strongly F-regular. Replacing p with (aq,...,a;_1), we may proceed inductively to
get a localization B of A (at finitely many elements), and an open neighbourhood
U = Spec(B) C Spec(A) of p such that Sp and Sp/(a,,... )5 is strongly F-regular for
each 1 <i <t as required.

Applying this to maximal ideals in A, we see that S, is strongly F-regular. Hence, X
is globally F-regular.

. Using Part (3) above, X is in particular, locally strongly F-regular. Now the claim is

an immediate consequence of Part (2) of Lemma V.1.6. O
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Lemma V.2.4. Let f : X — Y = Spec(A) be as above and assume A is reqular. Suppose D

is a Q-divisor on X satisfying the following two properties:

1. there is some e > 0 for which (p® — 1)D is an integral Weil divisor linearly equivalent

to (1 —p°)Kxy as Weil divisors, and
2. Supp(D) does not contain any fiber of f.

Then, if yo € Y is a point such that the pair (Xyge, A Dyeo) is globally F-regular for some
A € Qxo, then there is an open neighbourhood U C'Y of yo such that (Xye, ADyeo) is also
globally F-reqular for all y € U.

Proof. The proof is divided into several steps, but the strategy is to apply | , Corollary
4.19] carefully. See Section IV.1.2 for a detailed discussion of the process of taking cones

over divisors in family.

Step 1: By shrinking Y to a neighbourhood of yy if necessary, we may also assume that
wy is isomorphic to A. Fix an r > 0 such that —r Ky is an ample Cartier divisor, and set
L= —rKy and Sy = S(X, L) be the corresponding section ring and Spec(S4) is the cone
over X. By Lemma V.1.6, taking the cone over X commutes with base change to fibers
of f. For any integral Weil divisor €, let Ma(€) = @B,,50 H*(X, 0x(€) ® £L™) denote the

corresponding section module over S4.

Step 2: For any e sufficiently divisible, let D, = (p®—1)D, which we may assume is an inte-
gral Weil-divisor. Since — Ky is Q-Cartier, so is D,.. Therefore, by Part (4) of Lemma V.2.3,
the section module M4(D,) is compatible with base change to fibers. Thus, we may consider
the cone over D, as a Weil-divisor on Spec(Sy4) defined by the reflexive sheaf M4(D,). The
compatibility with base changing to fibers guarantees that taking the cone over D, commutes
with restricting D, to the fibers of f.

Step 3: Since the pair (X, (o), tt Di(yo)) is globally F-regular for y = A, it remains so
for all 4 < A\ + ¢ for some small ¢ > 0. Now we set p := % to be a rational number such

that A < p < A+ ¢ for positive integers ¢; and ¢y with the following properties:

1. ¢y — ¢, is divisible by r (the Cartier index of Ky).
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2. l5 is not divisible by p.

Furthermore, choose ey > 0 such that ¢y divides p® — 1 and (p®® —1)D and —(p®® — 1)Ky are
both integral Weil-divisors. Such an ¢ exists by our assumptions on D. Lastly, set A = puD.

With this notation, we note that the following properties are satisfied:

o A = (peffll)& (p®® — 1)D, where (p*® — 1)D is a Weil-divisor and p does not divide

(p° = 1)s.
o (p® —1)?(Ky + A) is linearly equivalent to

(V21) - 0K+ )~ - 120 - s = DT

And since r divides ¢, — (1, we get that (p®® —1)?(Ky+A) is an integral Cartier divisor.
Also note that (p® — 1)? clearly divides (p® — 1)fy and is not divisible by p.

e The fibers of f are geometrically normal since the perfect fibers are globally F-regular.
They are also geometrically connected by assumption. Thus, our assumption that
Supp(D) does not contain any fibers of f guarantees that Supp(D) does not contain

any generic point of any geometric fiber of f.

Step 4: In this context, we may use | , Corollary 4.19] applied to the projective
cone of f with respect to £ to conclude the proof (see Section IV.1.1 for details about the

projective cone construction). More precisely, consider the map
f X := Proj(Salz]) — Spec(A)

where 2 is just another variable adjoined to S4 in degree 1. Note that —rK7 is Cartier on
X (since this is true at the zero-section by construction, and away from the zero section we
know that X is an A!-bundle over X.

The construction of the projective cone with respect to £ is compatible with base change

to fibers. In other words, for any y € Y, the fiber fy : X, — Spec(k(y)) is the map

7y : Ty = Proj (Sn(y) [2]) — Spec(k(y)).

Let A denote the Q-divisor obtained as the closure in X of the cone over A. For any
r > 0 such that rA is integral, the section module corresponding to rA is M4(rA)[z] by

construction. Thus, by Step 2,the construction of the projective cone over A is compatible
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with restricting to fibers. Thus, by Equation (V.2.1) and the fact that away from the zero-

section, X is an A'-bundle over X, we have that K+ A is Q-Cartier with index not divisible

by p.

Step 5: Finally, we observe that for any y € Y, the local strong F-regularity of the cone

(L)oo, Drgyy=)

is equivalent to the global F-regularity of (X, Ay ), since both correspond to the strong
F-regularity of the pair (S4,A) . With these observations in place, | , Corollary 4.19]
gives us an open neighbourhood U C Y of yy such that (X, Ayeo) is globally F-regular for
all y € U. Since, A = uD and A < p, the same is true for (X0, AD,o0) as required. n

Proof of Theorem V.2.1. Recall that to prove that the given map is lower semicontinuous,
we need to show that given any point yy € ¥ and a > 0 such that « F(xygo) > «, there exists
an open neighbourhood U(yp, &) C Y such that ap(X,~) > o for all y € U(yo, ). The idea
of the proof is similar to the proof of Theorem V.1.3, but we need a slight variation since we
need an open neighbourhood of y, instead of just any open subset of Y.

Firstly, by shrinking Y to a neighbourhood of yy, we assume Y = Spec(A) is affine and
wy is a free A-module. Next, using Proposition IV.2.13, it is sufficient to prove the lower

semicontinuity of the function
y = ap(S(Xye, —1Kx o))

for any r > 0. So we pick an r > 0 such that —r Ky is a globally generated ample divisor
on X. In particular, —rKy is Cartier. Therefore, Part (2) of Lemma V.2.3, we have that
—7r Ky, 1s a globally generated ample Cartier divisor on X, for any y € Y. Additionally,
fix an integer ¢ > 0 such that H°(X, Ox(—mKx)) # 0 for all m > t.

Let d be the relative dimension of f, let gy denote ap(Sye), and ¢ := ap — a. Recall
that for any A-algebra B, Sp denotes the section ring S(Xg, L|x,), where X5 denotes the
base change X x 4 Spec(B) and £ = Ox(—rKx). By the argument in Step 2 of the proof of
Theorem V.1.3 (replacing the generic point with ), it is sufficient to show that there exists

an e > 0 such that % < ¢/2 and an open neighbourhood U (yg, ) of 3y such that

€
Qe(Sys) > g — 3
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for all y € U(yo, ). To prove this, choose an e > 0 such that dptl < ¢e/2, and

(V.2.2) ap(p®—1) > p°(ag—e/2) +t.

Let n be an integer such that r(p®(ag —e/2) +t) < n < rag (p®—1) be an integer that is not
divisible by p. By Part 2¢ of Lemma V.1.6, we may assume (by shrinking Y if necessary)
that H°(X, Ox(—mKy)) is a free A-module for each 0 < m < n with a basis %,,. Let D be

any element of %, and e

— < A <7rap be any rational number. Since D is a basis element

using Part 2c of Lemma V.1.6 again, we see that D does not contain any fibers of f, since
D restricts to a non-zero global section on each fiber. Then, we apply Lemma V.2.4, to the
Q-divisor %@ to get an open neighbourhood U = U(yg, @) such that for each y € U, the pair

(Xyee, %D|xyoo) is globally F-regular. This is because since A < ray, the pair (X, 2D| 00 )

1
pe—1

tells us that for each y € Y, and each D in 3,,, the map

is globally F'-regular by the definition of ay. Since % >

by construction, Lemma IV.2.6

(V-Q'?’) Sy°° - F:(Sy""(@y“))

splits. Furthermore, we may pick an integer m < n satisfying: r divides m, n —m > ¢, and
m > rp° (ap — £/2). This is possible by our choice of n. Since n —m > ¢, we can pick a
non-zero & € B, _n, that restricts to a non-zero Weil-divisor on each fiber (by base-change).
Thus, for any element D in %,,, since the corresponding map for (D + &), splits for each
y € U by Equation (V.2.3), the corresponding map for D, also splits for each y € U.
Finally, we apply Lemma II.1.3 repeatedly to the basis &, to conclude that I.(m) = 0 for
Syee for each y € U and thus

m
(Syo) > — >ap—¢/2
a(Sy) 2 o> a0 =/

for all y € U as required. This completes the proof of Theorem V.2.1. O]
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