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ABSTRACT

The problem chosen is "The Interastion of Elestromagnetic Waves
with a Plasma Surrounding an Infinitely Conducting Wedge". With a simple
modal of plasma, representing it as a sealar permittivity, preseat only on
one side of the wedge, this problem becomes esseatially a three region
preblem, with Dirihlet and Neumann boundary eemditions on the § -planes.
The wave equations in the two regions comtaining non-zere fields are
transformed in the v -plane by means of Koatorewich-Lebedev traasform.
This method has been found effeetive in the solution of wave equation with
boundary conditions on the § -planes. The boundary cemditiens arising frem
the requirement of matching non-zero ficids asress the surface of contast
of one pair of media, give rise to an integral oguation, which contains all
the information of the problem. The situstien in whish mere than one pair
of regions exist in which nen-sero fieids are reguired to be matched, has
to be described by a system of integral eqguatiens. The geometry censidered,
therefore, is a three region geometry, oms of the regiems being an infinitely
conducting medium, ia which the flelds are censidered sero. The seiuticn
of the integral equation has been considered ia four difforent ciasses,
characteristic of the integral equation. The integrebility cenditiens of

funetions tabulated in Tables H and IV give the ramges of the parameters,



for whieh a particular class of solution is cenvergent. Existence condition
for the lowest class, gives the locations of the seurce for which this lowest
class of solution holds. Comsideration of a three dimensienal wave propa-
gation is expected to yield a richer and mere praetical variatiea of
parameters. Intreduetion of simple dyadic permittivity does net involve
any new technique as long as two dimensional preblem is censidered.

A simple problem on the application of this methed reveals it as an
extension of methed ot images. ’I'horn(uoftlupanmcunek, o and

o, give all information regarding wave propagation.
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CHAPTER I

INTRODUCTION

Problems of electromagnetic wave prepagatien in a two region
geometry have been usually selved by expressing the fields in each of the
two regions as a sum of a complete set of orthegonal funetiens and matching
the fields at the boundary of the two regiens. The boumdary conditiens
thus give rise to a Dirichlet, Neumann, or Robth boundary value preblem.
This method becomes more and more difficult as the number of regiens
increases, especially when different kinds of beundary oonditions are
encountered; but seems to be very difficmit wimi the set of orthegoaal
fanctiens- for expanding. the fiolds in euch of i waghius is ast known.or
is incomplete.

The problem of diffrastion by a wedgs, essentiaily a two regiea
problem, has been tackied by carlier authors as a Divishiet boundury vaiue
problem by cemsidering the wedge to be made of an infiniiely cendusting
material. Senior (15]* has shown that the selujiosituiiiquebiie iof dittrac-
tion by & semi-infinite metallic sheot changes matewiully, if the finite con-
ductivity of the metal is talem into scocunt, evidimtly due to a change in the

*The numbered reforenses in brachsts portatn-4b the Bibliography.



impedance at the surface. The preponderate effect of the impedance at
two boundaries of a transmission line is very well: known in tramgmission
line theory. Senior [19] has also solved the problem of diffraction by an
imperfectly condweting wedge, by representing the surface impedanee as

a boundary oondition; and has shown that his selution coincides with that
of Sommerfeld for an infinitely cendueting wedge. Felsen [17] has con-
sidered a wedge and a cone with a linearly varying suriase impedance.
The solutions of Sommerfeld and Senior use the methods of funetions of
complex variable and are expressed as integrals over a complex param-
oter. Felsen's solutiens are obtained in terms of Greea's funetions using
orthogonal sets of functions. The author was mush interested ia reading
the article of Kontorowish and Lebedev [1]. who have shown that the
transform which they introdused in their artisie enables the solution of the
problem of diffraction by a haif plane to be seypasemied & either of the two
forms - a Sommerfeld integral er & snm of esthaganal functions.

Baker and Copaen 18] have intredused & sekubion to the diftrastion
by a black half-plane as a sum of twe parts, eme representing the effect
acoording to the laws of geemetrical opties amd the ether being a correstien
term which takes acoount of the diffrasiien. The diffraction term comnmists

of 'out' Hankel funetions, which lack terms mvelving negative powers of



the argument. These 'cut' Hankel functions cannet be formed from normal
orthogenal functions. Both the parts of the selution have discentinuities
across the geometrical shadow; the total selutien is, hewever, continuous.
Whipple (19] has observed similar phenomens in his werk ea diffractien by
a wedge.

The problem is set up as a three region boundary value problem in
Chapter II, by taking a simplified model of plasma representing it as a
scalar permittivity. This leads to the singular integral equatiom (2. 88).
The integral equation (2. 85) holds for any suitable three regien geometry
in the shape of wedges and an electric line souree excitation (3. 1), sitheugh
it has been set up from the consideration of one of the regions cemsisting of
plasma, describable by means of a seslar permittivity (3. 3). All the media
must be isotropic and linear, capable of being deseribed by means of scalar
parameters. The nen-linearity of the plasma regien has been considered
negligible due to lew intensity of waves. In the gesmetyy, there must be
present at least one of the regicns, the impedance at the surfases of
which must be known. This regiea is taken as sn infinfiely condueting
regiea, im order te simplify the integral equatien. The other two regiens
may have smy suitable parameters described by (7. 1) and (7.9). The

excitation seuree is lessted i the demser medium, so that the waves



originate in the denser medium and propagate into the rarer medium. If
there are more than one pair of regions, at the surface of oontact of whish
non-zero fields are required to be matched, the situation has to be described
in terms of a system of singular integral equations, rather than a single one.
The geometry has been further chesen extending to infinity in both the p and
Z directions, with no variation of either the parameters or the exsitation in
the Z-direction, in order to reduce the problem to a two dimensional ome.
The only approximate solution of the problem of a three region beundary
value problem in the shape of wedges that the author has seen, is that by
Karp and Sollfrey (20] of New York University. Besides their solution
being a good approximation for the case in which the difference in the
dielectric constants of the two media in centast is very small, the geometry
which they have considered has further restrietions of §, being equal to %,
and of the source of waves being in the rarer medium.

The solution of the integral equation (2. 88) has been chitined in
class h(1) in Chapter I, by redusing it to an equivalent Fredhelm equation
of the seeond type. The remaining three classes are diseussed in Chaptor
IV. Chapter V aims at summarizsing and making appreprists shesrvations
on the investigations of Chagters III and IV and thus help complution of the
solution to the problem set up in Chagter H. Chapler VI takes into con-

sideration the changes intreduced in the imtegral equation (2. 35) due to



simple anisotropy of medium 2. A simple problem has been werked out
in Chapter VII to indicate the physical significance of this method, from
the points of view of images and wave propagation. The ranges of the
parameters 6., o and o‘l for the four classes of solutioms give all the
information abeut the wave propagatien. Comclusiens of Chapter VIII
show the effectiveness of the methed used in the amalysis. Suggestions

for further work are also given in the same chapter.



CHAPTER II

SETTING UP THE INTEGRAL EQUATION
OF THE SIMPLIFIED PROBLEM
The problem chegen is to study the istersption of elestromagnetic

waves with a plasma surreunding an infinitely eondusting wedge.

Elsctric Cugpent) Lige'Seurce
35 s )4 65,

p

4-1,

prar-f, Condacter

gear-f, J_o °

Figere 1. The geemetry of the preblem.

The wedge is tahen having an angie 3§, serresndsd by 2 uatferm
plasma as shown. The system is assumed to entend te iafinity in both the
z and p directiens.. The rest of the medium i» vasuum.

The axes with epiindrical ccordinstes ane chessn sush that § = 0
binotsh_f*dh“‘. sad the pesliive 3-anis comes out at
right sngles 1o the plane of paper, and forms the edge of the wedge.

The plasma is tahen aniferm and homagemeous so that the param-
oters representing the plasma do net sry with the coordinates. Neo D.C.
applied magnetic fisld is assumed so that the representation of the plasma

osm be made with a sealar permililivity and net a dyadic one. The imtensity



of electromagnetic waves is taken low so that the nom-linear terms | - VI
and Ux} in the equations of metion of the partisles constituting the plasma
can be neglected.

The wedge is assumed te be made of a perfectly cendusting material
80 that the hlﬁ“ﬂtnﬁomum(-l.<'<ﬁ.).

An electric ourrent line searce extending te infinity and haviag no
variations in the s-direstion is assumed.

JS(‘-p.) S -4

{=1 - (2.1)

where J is the streagth of the elestris eurreat, and
2"'2 > '.) ’1 (’.2)

se that the exciting soures is in the regiea of vasuum.

The fields in the vasuum regien will be denignated by a subseript 1,
(27 -9,> §> §,); these in.the plasma regien at $he right of the wedge by
a subscript 2, (§1> §> ) sad these in the plasma regicn at the lef of
the wedge by a subssript 3, (87 - $,> #2 2 -fg). b e inikial ansiysis,
plasma will be assumed to be present only on the right of the cendusiing
wodge if, = §,) to aveid the possibility of simsliuncous imtegral eqnutions
instead ¢f & slmple ome.

The simple medi of piasma can bo reprosented as 2 medinm heving a
sealar permittivity ¢, given by,



'
v s By ) -
w
where N2
A - (2.4)
P em .

gives the plasma resemgmee frequency, w is the frequency of the exciting
source, N is the volume demsity of electreas, ¢ is the eleetronic charge,
m is the electronic mass, €, is the permiftivity of vacuum, and v, is the
effective collision frequenecy.

Since the medium and the ssures have no varistiea inthe x-direetion,

the preblem reduces to a twe dimensional ene, and

o =0 (2.5)

If ¢ is taken to represent the s-compensnt of the elesirie field, the
problem can be formulated in terms of partiel dilsvential equatioms to be

satisfied by the fanction ¥ in the twe regiens, snd heunduvy esndilions as

follews:

2 1 1 3 » Joip-pg)StP -$y)

B Vit s, “’1*;!“*"1 Vs o, : .
2 1 1

2 2
kl =W 50“0 (2.‘)



k2 =’ € p (2.9)

wt
in which a time dependence of oj is assumed.

The boundary conditions on wi (1=1,3) are,

Yy =0 (9 =2x - ’o) (2.10)
Yo =0 (§ = fy) (2.11)
vy W) (2.12)
a,“ﬁ = a,wz (-9, (2.13)

Both ¥y andwzmrequrodtogoto zero st p = 0, because of the
presence of the conducter at p = 0.
Mnluplying(z.l)md(l.ﬂthroﬁhy"nhouhmbam

suitable form to which the Kontarewieh Lebedsv transform (1] can be applied.

2
o3 8:¢«14» POV, + 8' 2 04,’*1 =y S(p-py) P -4y). (2.14)
P20, a0y + B iy oy, r0 a.18)
" a0
Multiplying (8. 14) through by ——————— sad integrating frem 0

p
to o gives,
® ” ,

Ll

2 y &

.g[p!:wlnt,w,ﬂ;w;n:u’&l] —— .-

® 5
f‘juuopJS(p-p') s-A) —-'1——"-)-— & (2.16)
0 ,
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Integrating by parts,

@© 00
f pazw B i) do = p 18 tkyp) 8,0, ' ;
0

(00)
L 3p¢/l (klﬁ)"’P ) Hv (klp)] do (2.17)
§ (klp)+p 0 H (klp):] dp =

0

00
= - wl &{(:)(klp) +p 3p H(:)(klp)]
0

. ® 5 (’)k (3)
& b3, e v, 0 8 1, Kip) | G (2.18)

Substituting (2. 18) into (3. 17) gives,
2 (?)
p ap wl Hv (klp) dp =

(2)
= [pH (k;p) 3 “’1 pw an (klp) wn()(klpﬂ r +

0
+ fwl [ap H (klp)+3 p a H (klp)]dp (2.19)
0
Integrating by parts,
@ . PR ol A
fap 1 B, (klp) d =y H, (llﬁ) l -SO Wl Oplly (kyp) dp. (2.20)
0
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® p H(:)(klp) e i oow H:(/’)(klp) -
Y, ———— dp = — 4. .21
&0 , 1 p p go 1 p

Define the transform of Y, (p, f as

_ ® ”(k p)
5 (v.9) = S vy 6, 9)

0

do (2.22)

Substituting (2. 22) into (2. 21) gives,
H(’) k

(1P) —_
3’ azwl—"——— do = azwl (2.23)
) p p §

Substituting (2. 19), (2.20) and (2. 23) into the L.H.8. of (2. 16) gives,

®
H (k1p)

[Btnmnsiuna] So s,

[ H (klp)a Yy - ”’1 ) H( )(klp)] +
@ 0
Swl 8p8 H (klp)+k1pH (klp)] d + O'Tl (2.24)
0
In the brackets on the R. H. 8. of (2. 24),
‘lkIP
B —s (2.25)
pr® J—P—

@) 'Jk1P
2 H, (kp) [ + L ] (2.26)
P 1# p-)oo klp
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Thus,

p>®

-ik1p Y
° l} &m ik, + - }] — 0 (2.27)
{p—‘ 2p

if it is assumed that ¢/1 satisfies the Sommerfeld's radiation condition. In

[pH( 0) 8,91 - py, 9, B )(klp)]

a similar way the brackets may be assumed to tend to zero as p = 0 for a
suitable behavior of the function wl.
The brackets inside the integral on the R. H.8. of (2. 24) is simplified

by using,

(a (3)

) 2 3 v2
2,3, Hy (kip) +j o n: Niyp) = — 1, (k) (2.28)

Using the definition of transform of wl (2.22) and (2. 27) and (2. 28)

simplifies the R. H. 8. of (2. 24) to,

W p)
S[ 82¢1+P8 "fl ’w1+k PZW] kl =
- agyy +v2y (2.29)

The integral on the R. H. 8. of (2. 16) evaluates to,
S Jupgy p J S(p—p.)S(’-’.)—L— de =D §(§ -8,) (2.30)
p
0
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where
D = J Hm(k ) (2.31)
= jwpo v IP. .
Substituting (2. 29) and (2. 30) into (2.16) gives the differential equation
for t_p_l
d2¢71 -
.;?_ + 2 Yy =D 3(p-4,) (2.32)

For solution of the inhomogeneous equation (2. 32), the procedure

indicated by Collin [2] is followed. Two independent solutions,

“’11 =cos v § (2. 33)
and
1//12 = giny § (2. 34)

of the homogeneous equation obtained from (2. 33) by petting the R. H. 8. equal

to zero are chosen. The Wronskian of these two fumctions is equal to,

-— —-—

w =¢/11¢ 2 -¢'12 Wu 4 (2. 35)

The particular integral of the inhomegensens differential equation is

then given by,

- T f ;.llf - J 712'

“’1, =¥, 5 —;—- dy -9y T dg (2. 36)
where f is the forcing funotien,

f=D§ (P -py) (2.37)
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Substituting (2. 33) through (2. 35) and (2. 37) into (2. 36) and choosing

appropriate lower limits gives for the particular integral,

Ilp=§- Lunv’ cosv§, -cosvf sinv,'] (? >4,)
and
E’lp=-_:l Einvﬁcosvﬁ.-colvﬁlmvﬁq (ﬁ(ﬁl)

The complete solution of (2. 32) is given by,

= D -
¥ Alcosv¢+B1|1nvﬁt l/linv 9 -4y

the positive sign being used for § > §, and the negative for § < fiy.

Using the boundary condition (2. 10) into (2. 40),

Ajcosv(2r-§,)+ B sinv(2r - p°)+ D sinv(zt-ﬁo -fy) =0
v

cos v(2x - §,) p MavQ@r-§ -4
By =-A -2
! ! sinv (3 - §,) V. o stav(ir-§)

Substituting (2. 42) tate (3. 40), gives,

sinv(3r-§_-§) . sia vf st (Se -4 -§,)

Yy (v, 9 =A ,
' ! siav(@r-f,) VY sinv(3r-§,)

+ D
Ty

sinv (§ - '.).

Taking the inverse trubm[l] ofﬂ (v.,pP), gives,

(2.38)

(2.39)

(2. 40)

(2.41)

(2. 42)

(3.43)
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joo

1 -
2 (o, M) =~ 3 S wv (u ) J“a:.fw (2. 44)
-j o
or joo
1 — - ]
b=\ w0 o T atnur B (k) o (2.45)

-jw

The two forms of inversien are written down, since it will help to
visualize the poles of the integrand better, and thus the behavior of the
function. The two forms also lead to different forms of representatiea of
the function. In (2. 43) if the function Al(v) is knewn, the inversien (2. 44)
or (2. 45) will give the field function wl in vacuum. Use of the boundary
conditions (2. 12) and (2.13), leads to an integral equation fer a similar
function A 5 (v) appearing in the expression fer the field functien 272 in the
plasma region, It is the purpose of this chapter te set up this integral

equation. The following quantities required in (2. 12) and (2. 13) are caleu-

lated below.
Sl LM p skt
1 f=  sinviar-§) v siny(2r - §)
T ehh ' (2. 48)
v s 1 .
where

fo22r -9 -4 (2.47)
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is the angular secter occupied by vacuum regien.

v cos v(2x -p.-p) D cosvf sinv(3r -ﬂ.-")

a¢$l A - +
sin ¥(2x - ﬁ.) siav(2r -!.)
* D cosv(f-§) (2. 48)
_ Ay veosv i Dcoovlllinv(k-l.-ﬁ.)
8 U |gq - - -
gl ,1 siay (3r - § ) sinv (37 - § )
- Dcocv(,. -4) (2. 49)

The f\mctionwz in region 2, obeys the equation,

2.2 2 22, .
P 9pw2+papw2+8, Vg +kgp" ¥, = 0. (2.50)

A el
Muitiplying (2. 56) threugh by ——————— snd integreting from 0 te

’
®, and following similar arguments giving (2. 16) through (3. 29), gives the

’

equation for ¥y ,
dz ;2 g
__;.'.,.__.n: &’-0 (8.51)
where
®
Yy (v.9) = & et % (3.52)
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General solution of (2.51) is,
Yy = Ay cosvf +Bysinvy. (3.53)

The boundary condition on 72 from (2.11) is,

Yy =0 (§=4) (2.54)

Ajcosvf +Bysinv =0 (2.55)
cosv §

Bz S - Az ......_.._.---..° (2. 56)
sinv §,

- A, sinv(f-§)

Vg (v.9)=- (2.57)

sinv

Takiag the inverse transform of ;, gives,
joo

1 -
¢2(h¢)=-;— S qu(ﬁ.,)J“(kzp)dy (2.58)

.’.

joo

Wz(p.’) = -‘1’- & J, (u.9) el siaus l:",) du (2.50)
.jm

Now ia order to maks use of the beundary cenditicns (2.13) and (2.13)
which relate the fanstions ¥ sad ¥y sad their newwmal dortvatives st § =,
nummwoMnhmmﬁm;l nd;,wﬂ

respect to the same wave number.
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From the boundary cendition,

4, 6.9) I -0, (0. 9) (2.12)
f- ’1 , y- ’1
l‘l‘(:)(klﬁ)

Multiplying both sides by ————— and integrating from 0 to o,
P

gives,

u"’ )
vy (0 9) ————do I . Si’z(ﬁ.l) y 11 dpL . (2.60)
p g4 p -§,

0 0

j’m 5@ (kip)

The L.H.8. of (2.60) is ¥, (v, ) as defined by (3.23), and substituting

for ¢, (p, #) in the R.H.8. of (2. 60) from (3. 58) gives,

o0 joo
- 1 Hlf')(klp) -
Wl(VJ)’ iy —'—’——dﬁ uﬁ(u.')J“M‘ﬂL
g - .
" ) ’ "
(2.61)
Interchanging the order of integration ever p and 4,
je®
- - J W‘I& )
wl(VJ)L “-:- S u*,(u.”iu £ y #L(z-ﬂ)
% ' 4
-j® 0
ja®
Wl(v,n, -3 S ¥ (. 9) du iy ‘ (2.63)
f=h 'y

.’ o



19

where

03 e E )
S p? 1

p

I dp - (2. 64)
0

llcanbebrehl.hmmm(nh,

(0 3] @
. & 3, (k)3 (kyp) o) g 3, 0ep) ¥, (k;)

dp =1, -jl4 (2. 88)

[ p
0
where
R T (p)d, (kep)
S Ko,y dp (2. 86)
[
0
and
(0 4]
J (kop) Y, (K p)
1=g wiof dp. (3.67)
3
p
0

mvaluooflz is tsken from Watsen, @,

ptv
]2= h‘ r,( ) r(ﬂ L-_!-“ﬁ'l' .2

E)<k2<k1;Re(p+v+l)>-ﬂ (2.68)



a0

I order to evaluate I’. use is made of another formala in Watsom, [4]

which reads,
(0]
1 1 pdp
0 3, (kgp) [couz (w-vird Oup)+ oia 3 - v):-yv(xl,):j T
1

1, TW-ur) @), 1
3 ;1]0 J“(kzr) Hv (k,r) =1

Exlzk2> 0 Re(u)> |Rey) | -z] (2.69)

’I‘ocomparoléwitln:lumto(rnllIz-«ll3 required in this develop-
ment, limit of I;utakonur-r 0.

1 1 1
Lim Iy =cos ~(u -Wr.- h+sn Z(u-Wr- [ =
x'--)OIa 2 2 13

1
5 W-u)ry
= Lim -;—1] ez J“&:r) *hﬂ. (2.70)

r-0
New,

Lim J, (kqr) l!:“hﬂ') -
r=0

r
(-’-f‘} { (-.-s—)' josmev ¥
* Lim (1+jcesve -

r-+0 (Mu+1) ((ve1) (.E}f.ﬂ'u_,g}

=0 [meu > |mey|] (2.71)

Substituting (2. 71) ia R.H.8. of (3. T0) gives,



2
lye oot T (u-v)T Y (2.72)
Substituting (3. 72) inte (2. 65) gives,

1
-_(“-y)ﬂ
jo 2

1 . : (2.73)
z 1 (u- ):}
177 [ﬂm}-“ g mé'(u-v)t 2

Substituting the value of L, from (2. 68) into (2.73) gives,

i W +v

jo z(“ v)s) ‘2“ r'(“z ) )
I = -
1 Zin -t kf [a-£2 M+

3
BTV OBV e 2.74)
F (—-—l J“+1l ) {‘.“ > ‘.vl] (

X925 1'7 2 2 kil |

submtmmnhvuuuoﬁl(v,!)‘, ’uwz(v,ﬂ)L'ﬁm-(z.«)
*h

and (2.57), into (2.63) gives,

Aysinvhy Dsinv §ysinv(dr-fo-fy) D

+ — sivify-$) =

sinv(3r-g,) velay (-9 v
joo
1 Ag(ulusinuf, " (2.75)
2 sipf,
“jo
where

2§, - (2.76)
I
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is the angular sector occupied by the plasma region on the right of the

conducting wedge.

In the boundary condition,

3, ¥1(p, §) , =9 Vslp, ) (2.13)
y g9, I g9,
the expression (2.58) for y,(p, §) is substituted on the R.H.S. giving,
joo
- 1 - .
a’w (p, ') '=’1 = 3’ ~3 S u Wz(ﬂa,)J“ %’)d‘ﬂ , (2.77)
.jm ,"1
B @y p)
Multiplying beth sides of (2.77) by —————— and integrating from
»
0 to @ gives,
® "
U Vit B o) ]
8' dp =
0 4 "‘1
® ) jo
! i, (k) -
=z 8’ [— -z- . dp M **o ”“M “] l (2.78)
0 - ’.h |

Substituting (2.22) on the L.H.S. and isterchanging the order of

integration over p and u in the R.H.8. of (3.78) gives,



a3

3’;1 (V:’) =
-4,
joo ®
1 _ 3 (gp) By k)
-3 " a’w,(u.ﬁ) du £ dp (2.79)
P ,"1
...jm
From (2. 57),
- Ag(v)v oosv §
25Uy (v, 9 .- P (2.80)
p=4, sinvf,

Substituting (2. 48) and (2. 30) and (2. 64) into (3. 79) gives,

Ajvoosv i Deosv §, siav (37 -§, -§,)
- - - Decav (f, -$,) -
sinv (3¢ -§,) siav(3e-4,)

joo 9
1 u" Aglw) cosu sy,

== I du . (2.81)
2 simu f,

-jw

From (3. T8),
Dsinv §, sinv (37 -, - ;) Detav (f -fy) sinv (32 -4,)
+

A = -
velmv f, valn » f;

1 13’ Aq(ulusinufly - simvite - )
+= I . (2.82)
2 sinuf, simvh

-jm
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Alvcolvﬁv Dsinvhninv(zt-jo—’.) cot v i,

sinv(2r -§;) sinv (3% - §,)

joo

1 S Ag(plu vninulpcotvﬁv

- Dsinv (fg -f) cotv f + = I1ds  (2.83)
sinuf,

-jm
Allusolu'v

E the values of obtained from (2.81) and
uaing siny (3¢ - fy)

(2. 83) gives the integral eqaation for Az ()

joo

Ag(u)
g 23:“:0 Il[uzoow’p+uninu'peotv¢,] dy

-joo
= Dsin v (fig-§;) cot v - Deos v (f, - )

Dsinv (27 -, - f)

- ces v § +siav ) oot v (2.84)
:

sin v (2r - §,)

This equation can be further simplified to,

Aqlp)
20inyf,

I l:uz cosy ﬂpsm v " + uv ey ’pcoe v %J du

.jm

=-2Dllnv(k-ﬂ°-,.), (2.85)



CHAPTER Il

SOLUTION OF THE INTEGRAL EQUATION

In this chapter, the integral equation obtained in (2. 85) will be

solved. The integral equstien for Ag(u ) is repested here with all the necessary

details.
jo Ay 9

_—] [y cowﬂp lintj,ﬂ;nhuﬁmvﬁvj du =

2siny §

-joo
= -2D sinv (2x - §, - §) (3.1)
h=t%-% (3.2)
’v_-_g‘_¢o-¢l (3.3)
D = jup, JH,(:)(klpa) (3.4)
- é— W-vhnj

: r(—r-)
= X
' e Fuev ) # l"u- r' wtl)

x ,F, (“ﬂ’ 17'—,,4»1 -;lr—) [Re s> Rev ) (3.5)

The integral equation in (3.1) is a singular integral equation hecause
of the pole at

TER (3.6)

hlluhwe!mn. No cther peles of the integrand lis on the

25
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contour of integration. This type of singular imtegral equation is usually
solved by reducing it to an equivalent Fredhelm equatien. But before
reducing it, it is necessary to put (3.1) into the standard singular operster

form. For this purpese, (3.1) is rewritten as follows,

joo R
e
5 Asw) T™V.u) B, uMdy =-10) (3.7)
-jo lh%-(p-v)t
where

M +v 2
k () utv  u-v. K

™4 - oF, (5=, S utt; )
K oLy ©1 2 %
2
u cosuf sin tuveimyufp ocesv
Hv,u) = by ity b a (3.9)
2 linu,e
') = 2D sin v (27 - §, - ) (3.10)

In ordsr to capress (3. 7) ia stendard epevater form used by

Muskhelishvili (8], the fellewing transfermations are ased,

“jur
T=e (3.11)
and
-jve

7,7 e (3.12)
u=4 4n 7 (3.13)

T
v-'l Int,. (3.14)
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“2 =—;1r([n'r)2 (8, 15)
v = - —fi' futh T, (3.16)
=1
urv = 12 k4 z,) (3.17)
2 g T
w-v = : Eu(,[.) (3.18)
a7 o &

= (3.19)
T-T, hm_, jhr

Multiplying the numerater and deneminater of R. H. 8. of (3. 18) by
i(“ﬂ') T
e gives

";'(u-v)tl ";-(u-v)tl
a7 iz @ du e

lll%' (u-vir

T, 1, *
Z'-Z’o . ¥ u V)"_.]'(ﬂ 12, 3]

sl

du (3.20)

Substitating (3. 11) threingh (3. 18) and (3. 89) inte (3. 7) gives,

® (T, T) M, 7)

g AT 2 L (1 art =-NT) (3.21)
T 7 - °

0 T

where Lga

TW,u) = T(to. 7)=

t.
. _:::— ) ["&- fa(rz)

2 ﬁx- * h('a (1+£- fa M) ’

2
x ,F, (-%; ta(t7), 4—1la (-%.-); L g+, —3—) (3.22)



a8

1
Hv, W > (7 ,7) =-
° 202 sinh [-!3- In@)

[(omz cosh [é Qa’c] sinh -{:—lnT’] + (hz)«.z;)m[-:l In d

%
atnt |2t z] (3.23)

a-4,-9,

fry) = f'(t°)= 2) D7) sinh [(—-—-'-—-—)lnf.] (3. 24)
where

D) =jup JH (k,p ) = NI (3.25)

o v 1s o :
Using the integral represeatation for lm(k p).
. ‘@ vy 18
v ~jk,p_cosh n-wn

Bk, p ) = 2 X . én (3.20)

-@

and substituting (3. 12), gives,

wi F g

D(v) = D('Z;) == 7— (] ‘U dn (3.27)
L

-@

Now in order to ehimia finite Mmit of integration in (3. 21), the fellewing

transformations are used;
t

T = - (3. 28)
N

T," y (3.29)

dT = —2-5 (3. 30)
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d7 _ (l-tgdt (3.31)

T-1 -t X1 -
o (t to)(l t)

Substituting (3. 28), (3. 29) and (3. 31) into (3. 21) threugh (3. 24) and

(3.27), gives,
1

(1-t)
2 ()
A (t) — Tt ,¢t) B(t ,t)dt=-fI(t ) (3. 32)
So 2"z (t-t ) (1-9 ¢ ° o
°
where

o Nea¥e =)

1 (2
T 1) = T, 0 =3 ()

T ke ge s
| _ G
X9F) (zi Qn(lwﬂ 'z ngn- K 2)

k)

(3.33)

H(To Z)-—)H(to,t)h

t 2
[‘“ T

1
w’ un (B 5]

SNE. BN N .S

t
)| e

" e ]

P(z,) = (¢ ) =2) Dt ) sink [(—-——-—) I (3. 36)
(+]
and
e JJ(l-t ) ™ -jklp ocosh n ig'-
D) > DA ) = - —2 L o (-!5; dn.
", ‘o

(3.36)
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The equation (3. 32) can new be put inte the standard eperater ferm,

X § Kls, OA(8) &

=~ f .
T — (t) (3.37)
[
where
2(1-t)
K(t o’ t) = T(t'. t) B(t o t). (3. 38)
(1-t)

The fellewing methed 15 used by Muskhelisvili (5] fer redueing »
singular integral equatien of the first kind to an equivaleat Fredhelm equatien.

B(to) = x(to, to) = 2] Tt o t‘) n(to, to) (3. 39)
. 5 TR
Tty s () (3.40)
ZQnT:.E-
[}
t
Ht ,t) ﬁ " [ﬂ{"+ K H (3. 41)
’ 2 R
oo 2y ﬂ[i fa = -ty
t
% 12

jin e v’ 1=ty ,
e, p ¥ .t
l«.) =~ - -:hl ] (‘g—) l:slnh {(2--;’)& T—_—;}]

(3.43)
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K(t o’ t) - K(to, to)
t-t
0o

Kt ,t) = 3. Q)

In terms of B(t°) and k(to’ t), equatien (3. 37) can be expressed as,

1 1

Bty ( A0

o t—-—t;-— dt + ';3‘ Hto. t) Az(t) dt=- f'(to) (3.44)
0 0

Equatien (3. 44) is new reduced te an eguivaleat Fredhelm equatien.
By the equivalence of the given singular equatien te the reduced Fredholm
equation is meant that the selutions belonging te the class h are being
seught[ﬁ].

For a singular integral equation of the first type givea by (3. 37) er
equivalently by (3. 44), all the endsaf eurves of integratien are nen-epecial
ends. Thus the total number of nen-speeial ends for this eguation is,
2p =2. (3. 45)

Since the transfermations (3. 36) and (3. 30) intreduss aa extra
singularity at t = 1 in the equatien, it is desireble 49 seek the selutien belenging
to a class h (1) that will be bounded at t =1. Fer this class,
q=1. (3.46)

Thus the index of the problem is,

P-q=X=0 (3.47)

The fumdnmental funetion of the class h (1) eerrespunding te (3. 44) is
givea by
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e Jt-1

Z(t) = ———J:—— B(t) (3.48)
t
Define operaters
1
t -1 R UK
K¢z —>—— (3.49)
i ﬁ; {1 (-t )30
and
1

k= S kit ,t) Mt) dt . (3. 50)

) o

Then the Fredhelm equation eguivalent to (3. 4¢) is givea by,
Az(to) + K*kA2=-K'f' (3.51)

In (3.51), mm-vﬂnﬂmwk.kzmmh‘lu
follows: 1

fa | t ypwees [2fnt
- R =A(t ) =~ 2 [J_ 1"] dt (3.52)
xjft: . Jta1 t-¢) 90

where,
0=2r - Py - Py (3.58)

The integral,

| i e sk [L1a 7] b £ L
4 i

[
ﬂn-gl-(ﬁ)m;vn[( rf-;—i




appearing in (3.52) is more easily evaluated in the u - spaoce.
. ()

D(t) — D(u) J!-moJ H“ (klﬂl)

j stoh (2 fn ——) = sin w6

js el ue.

’0

j sinh (— ln—f_—;)# sin y f,

2r - 2§, ¢
j sinh [( - )in_t] — sinu(2r -2§)

k -j—ln--—-t—- k
A
K 1
 § t - %
an('l—_T)
-5 Ww-vrj
dt (1-t) dT (1 T e
- - 5 du
t-t, a-t) 7-r, -t} 3 ‘_}“_*
i 4. 23

Substituting (3. 58) threugh (3. 63) inte (3. 54) gives,

33

(3.55)

(3.56)

(3.57)

(3.58)

(3.58)

(3. 80)

(3.61)

(3.62)
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. TV j.
Y (@) Ko
dmuy,J e H“ (kypg) 8in u O 8in 4 ’. ) .
I KA
4 ¥ - -
1t -jeo u(;}) siny(3r zi,)-ai-(u vir(lve )
. (3.63)
J——
L-Ae 2 I (3.84)
where
arwy _J
P R (3. 86)
1-t,
and
i -
f H‘(:)(klp.) sin 0 sinyfye url ] 5. 66)
= 7 .
s -joo u(—:—}flhu(l-”.) lh*(u -vir(lee~) KT)
Using,
e (x,0.)
je 4 id_
g (kypg) = - ut1te p (3.67)
K sy siaur
the integral I can be breken up inde twe imtegrais,
L=Ig+L (8.68)
where,
i
jotmpu0 - smuf 3 Gua)
I - f by du (3.60)

-joo p(khl-flhu‘rﬁ “M l.* M -v)x (14 e~ Ium)



and
jao

/S jsinu@: inpl.J_u (k,pg)
b -i% “(T(;—i )Fsinpuinu(h-“.) lh*h-v)t(l*ﬁj“‘)

du  (3.70)

The integral I5 is evaluated in Appendix C.

Substituting (3. 54), (3.64) and (3. 65) inte (3. 52) gives,

LTV

2&)“‘]6 2

=

f(ty) = I (3.71)
This function can be in terms of the varisble ty, or mere convemiently
in terms of the varisble v, by means of transformations (3. 13) aad (3. 24).

Thus,

pr

ftg) = Hv) = Zop 1+ e ). | (3.72)

It is observed that there is a pole in v) st v = 0, but this car he
avoided by using the line of imtegration indented at v =0, as shown in
Appendix C. The selutiens for yy aad V, given by (8. 48) and (2.53), however
do net held fer v =0, and this point may be cemsidered a singular point of the
probiem. Mereover, v = @ generally indiestes no variation in the § domeis,
and with the geomstry of the probiem, no varistien in the § domain ir oot

admissible.
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Now the operator K¥k Ay is evaluated.

1
K¥k Ag = =— S Nit,, t) Aglt) a. (3.73)
Tj 0
where,
1
( Vo -1 S Jty kit t)
Nt ,t) = dt, (3.74)
° il 0] t,-1 (ty-ty) Blty)
K(ty, t) - Kit;, t,)
ity t) = — -1 (3.75)
t-t
K(tl’t]) = B‘tl) (3.76)
2j(1-ty)
K(t,,t) = T{ty, t) H(ty, t) (3.77)
1-t

Substituting (3. 76) and (3. T7) inte (3. 75) gives,

2j(1-t1) T(ty, ) Hity, 8) - (1-6)Bée,)
kity, t) = - ! (s.78)
(1-t) (t-ty)

Substituting (3. 78) inte (3. 74) gives,
\)t -1

o
ity (1-t) s

Nity, t) = (3.79)

where
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1
Jtr [201-t) T, DBy, 8 - (1-0)BG,)

0 Jty-1 (t)-to) (t-t,) BUt,)

This integral can be mere easily evaluated in the 1 plane by
defining transformatiens conneeting ty to 1, similar to those comnecting

t and to to u and v respectively.

Ti=—-=c¢ (3.81)
1-t,
--;f(n-v)tj
&, (1-t)  dT; (1-t)) , o
- > - - dn (3.82)
-ty () G0 (1-t) 2 em(n-v) 3
. 1+ D)+ T) (1+ e ¥ +e7™)
—_— - (3.83)
t-ty T-7 i L
SEY
—_— - - (3.84)
j(1-t) (-t (+T) -ty (+e”™
2]
2j(1-t))T(t,, t) Hity, t) > —r T(n, u) H(n, u) (3.85)
l+e

5y [T (432

T(nu) = & (
2 'k M- 20 Mysy

2
Kk
ptn  y-n .
R o |

(3.36)
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yzcos;ﬂp sin Tl,v*'unsinyﬂp cos nf,

H(nu) = (3.87)
2 sinuf,
1 1 n sia n(2r - 2¢
(1-t) B(t;)  ————o B(n)= - - - (k2 ) — o
1+¢7h 1+e ¥ k emng
(3.38)
Substituting (3. 82) through (3. 88) into (3. 80) gives,
. TV
jr o -jxn
Te S e
= X
8 -t -jo (o 1 -o°j"')lh(n-l')i-
(l+e~j“') T(n, u) H(n, 4)
{ + l} dn (3.99)
(1+¢7™) B(n) 2

Substituting (3. 89) imto (3. 79), gives,

B4
T
N(t ,t) = (3. 90)
e e o

where

j
= f (F| +F,) dn (3.91)

_jm
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(1+e"¥T) T(n, ) H(n, )
F, = - (3.92)
L v T - o ™) ainin-n § B

i e-jrn
F, = (3.93)
2 e ¢ 1) gin (n- v)g-

In order to evaluate I., the following cemtour is taken.

n"nr-ll

Figure 2. Codourtohdpwduﬁonoflg
oa the n=n.+jn plane

Set up a contour imtegral,

Lo: g (F1 + Fy) dn (3.94)

C

where C is the comdour shown in the Figure 2.
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On the horizontal portions of C,
n=n_+ JjR (3. 95)

where n is the real part of n, and the positive and negative signs refer to

the top and bottom portions of C respectively.

Consider the funetions F; and F, as R = ®. Using the asymptotic

2
behavior of T(n, x) given by (B-2), gives,

MG+ 48,70
C, e

F, o=
n.+iR (n,+jn)yz R(21-2f0 + 3E)

-R(2r-24,+ ‘321'+9k - % -2r+4,)

=0e asR = o (3.98)

where,
‘ 1 1, i
- o T Tty -
J—z- Lo T g Ty 2 3 usinuf,
C =j —
1 ¥

. Ly * X
sim
° &2 (3.97)

; { and o are defimed in (A-8); and, -

k

L

X being some funetien of n, and

5
O = Arg. — (3.98)
2
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R(Z +A,+8,+6)
e

C
2
F N
1l Y2 Rzr-2_+3K)
Mo IR (n.-jR) °
-R(2r-2§,+ -%'- -0y~ 3 - +hy)
z0e asR—> ® (3.99)
where,
-+ -;-)
Cz =z Cle (3. 100)

Although in (A-5), positive as well as negative values of o are
admitted, the geometry of the problem requires beth o and 6, to be
positive. This was taken into consideration while obtaining the asymptotic
behavior of F, in (3.96) and (3. 90).

Thus Fl will tend to sere oa the top and bettom portions of C,

as R — m, provided,

-21 roth > Yty (8. 101)

and n,. is finite.
The class of solution obtained in this ehapter is valid only for the

geometry for whieh (3. 101) helds.



-im{n.t jR)

]
2 +g=- WY _is(n.+jR) S( +jR-¥ -J*(n,ﬂn-@

nt (. e L% )(.3 netiR-¥_, .4
(s.102)
which tends to zero as R teads to .
Thus for,

0< <2 (3.1608)

the integrand of I, ; vanishes on the horizomtal portions of C, when (8.101)
holds, and I;, can be evaluated for only the vertical pertiomns of C.

On the left vertical side of C,
n=0+jn (3.104)

where 1 is the imaginary part of n.

On the right vertical side of C,
”‘2*'3'”1' (3.106)

Then, taking inte aseount that rlur,uuwuuunm

to infinity on the horizemtal pertions of C, l1° esn be written down as,
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L]

) -j®
Lio* KI [Fl + Fz] dn+ 5 [Fl + Fz] dn =
-jo n=0+jn, ® n=2+n

= 27j [:Sum of residues within C:] (3.108)

The numbers of peles of F1 within C, due to the factor of
sin n{20- 2§ ) in the denominator will vary with ;. For the sake of

concreteness, let,

L 4
- > > = (3.107)
2 ’o 4

in whieh case, thcumborofpohcofFldutothoMMorWNbcz.

The number of poles of Fl withia C are thus,

n=1 (3.108)
n=v (3.100)
n=nl(¢ =1,2) (8.110)
where
(X §
n2 = (3.111)
2r - 2’0

The pole of Fy within C is,

n=v, (3.112)



All these poles are simple poles, and the residues at these poles
are as follows:
T(1, u) H(1, )

j
Rl = - p— (3.113)
T cos - B(1)

1 [m«'i“')w.“m.u) -jvs
R = -~ . +je ] (3.114)
T L L (1+e7) B(v)
? “ur
2(-1)° (1+e *")T(n, W B(n,,u)sm P Kk
R ! L A0 (—l-)m(ﬂﬂ,z) (3. 115)

U frred eI YT i, - ) §

The first integral on the L. H. 8. of (3. 108) is equal to I, aad in
order to evaluate the second integral om the L.H.S. of (3.108), Fl and F2

are evaluated at (3. 105).

(e ¥T) T(n+2, 1) B(n+2, )
F =- - - = F (3.118)
Dloezain (1 (e ¥ - " sinin-v) L Binen)
je I
F = - = F (3. 117)

20 ¥ - ¢ 1™) gin(n -v) % 21
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Substituting (3. 113) through (3. 117) inte (3. 108) gives,

Ig = 21j [R1+RV +Rnl]+ql(v’“) (2£=1,2) (3.118)
where

joo
Ql(V.u)== -5«» [Fu+F21] dn. (3.119)

Substituting (3. 118) inte (3. 90) gives,
TV
)T

e
Nt 1) - [2tj R +R +R_}+Q, ,‘)J (3. 120)
N Pl el Bar g beqy

In terms of Nity, t) and f(t ) given by (3. 136) and (3. 71) respestively,
the Fredholm equatien equivalent to the original singular equatiea (3. 1), in
which a class of solutiemn thet remains bounded, subjeet et the eoadition

(3.101), is sought, is given by,
1

1
Az(to) + ; f N(to. t) Az(t) dt = f(to) . (3.121)
0

The solution of this equation is given by, [ﬂ
o 1

Alty) = it ) - Z S = [N.k.,t) &)J . (3.122)

=1 o0 M

where,
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N;(to, t) = Nitg, t) (3.123)

1

N_(tg.t) - §, Nylty ty) N _ f8,0) dty (3. 134)

It is more conveaient te use the (,4) variables instead of (t,, t)
variables by means of transfermatiens, (3. 11), (3.13), (3.28) and (3. 29).
The variable of imtegratien t, may alse be expressed in terms of the variable
n, by means of transfermation similar to (3.81). Thas, (3.122) expressed

in terms of @, u) variables, reads,

® j®
E 1

Aglv) = ) - S — N‘(v,u)xw] dy (3.125)
n=l -jo v

where Av) is given by (3. 73), and

Ny N0 ) = (e e [ {48, *a ) +ay )]
(3.126)
joo
N ) = S N 0L IN iy wd (3.127)

_jm



CHAPTER IV

INVESTIGATION OF DIFFERENT CLASSES OF SOLUTIONS

There are in general four classes of selutions to the siagular
integral equation (2.85). I Chapter III, the class of selution remaining
bounded, subject to the condition (3.101), has been obtained. This class
of solution has been obtained as class I{1) pertaining te (3. 44) thet is bounded
at the non-special end t = 1, and having an index given by (3. 47). The other
three classes of solutions are,

a) b(0, 1) which is obtained by comsidering solution that remeins
bounded at beth t = Oamd t = 1;

b) MO) which remains bounded at t = 0;

c¢) h, which is not necessarily required to be bounded at either

t =0ort =1; this is the highest class of solutions.

The class M0, 1) is the lowest class of solutions; its index is equal
to
X =p-q=*-1 (4.1)

gince for this class,
q=2 (4.3

and p is given by (3. 48).
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The fundamental function of class h(0, 1) is,

2(t) = Colt ft-1 BAv). (4.9)

The operators similar to these defined in (3. 48) and (3. 30) are new

defined for this class as fellews.

V 1 i P(t) ae

kef = — () ({t-1) } TR e (4.4)
1

kf = -;1'? & kity, t) $() . (4.5)

where B(t) and k(t,, t) are defined by (3. 42) and (3. 43) respectively.
The Fredholm equation, giving a solution beleaging to the alass

h(0, 1), equivalent to the singular integral equation (3. 44) is given by,
Aglty) + K¥k Ay = - Reft (4.86)

The existence of this class of solution is subject to the necessary and
sufficient condition [5],

1
) dt

0 {t -1 Biy) .

(4.7)



Transforming I); to the » space, by the use of (3.11) and (3.28),

gives,

jaB
H“ (klp.) sinyésing " k

L, *2lmwu,J —)
11 o dy (4.8)
-jo  usiny(3n-2,) ees 1’! Kz

Expressing lll 48 2 sum of twe integrals,

Ill = 2'““0 J [112 + IlaJ (4. 9)

where,

joo
S o KT sinufsiny ﬁ. JP (klp.) k;
ha - (

(4.10
“jo  u sinyw oo.y;-lhy(h-”.) v )
joo
Smud sinufy s (kpy) k
L= - - L (=¥ dy (4.11)
~joo  usim uweos KT sin 4 (2x- 3’0) k2

Mu“lnﬂlubythnlﬁdofmtduu using the conteurs
similar te these in Appendix C, gives,

g =~ mi Ee* ﬁﬁ* R;ff ! (4.12)
k=1

L, = 2x] i ﬁ +nﬁ: + nf:: +nf°’] (4.13)

k=1
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where,
(-1)%sin 204, (kipy) k
A1) L S (4.14)
2 2kr cos 2k,
(-1)“.’*'-1-,. Gsiny o & (Kyp) Kk
219 k00 il By 0 Ky (4.15)
M k:m“kroupkg-
k
(-1) sin 2k6J,, (k1p )
(13) _ k1 (?_)& (4.16)
-2k 2kr cos 3, 1
( 1)k iny 6°siny P, J (kip)
-1) s ‘8 1P K,
A9 L e~ e - Mt (2 (4.17)
Hx kr "‘“k'““‘kt ky
where ;;,_is defined by (C.13).
(1)k i3x-1)0J, .(k,p) Kk
- 8 - -
(12) _ -1 (1 -1 ['fu.-un-nu

2k-1 (21.@:-1)12 cos (3k-1) ’o z

3,4, p)l | 1
+ ¢Ocot(2k-1) | LA IA-’JI + log (—kl-)ce — -
Jay 1 10) k' =

- (25 -2§ ) cot 2(2k-1) poj (4.18)
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(13) _ ("1)k lin(2k-1)0 * J&_l(klp')

13k (ax-1)#3 conisk-1) f,

k
J)"“[auwnwfr

a J (kp k 1
k1 AT R (_Ei_) + = + (h.3Uka-1”°] (4.19)
Joe-1 (k1p,)

88y Jg (k1pg)
(13) "o o™il (4.20)

7 (In-24,)

(]

Swbstituting (4. 12) and (4. 13) inte (4.9) gives,

aa
o Z 13 ) 0% an _uy ua) us)]
P Roy “Ray Ry By "R

k:l -“k “k
(4.21)
The necessary and sufficient condition (4. 7) for the exigtemoe of this
class of solution yields the values of § and p, giving the losatien of the
exciting souree, necessary far the existense of this ciaas of selutien, by

equating separstely to sere, the real and imaginary parts of
[(13) (12) (13) R(12) . I‘(13) ) R(12)+ Rua)] -0 (4.22)
-Zk 2k-1 -y e ©

. Z [m) i R‘“’-é"laf,“’] PPN
k=1

2k-1 My by
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For the location of the exciting source given from 6 aad Py bY
(4. 22) and (4. 23), this class of solutien is given from the selution of
the Fredholm equation (4. 6) equivalent te the singular equation (3. 44),
pertaining to which the twe eperators X*§ and kff are defined in (4. 4)
and (4. 5) respectively.

Evaluating the funstion - K* f' in (4. 6) gives,

1
Kerem): Vto Jto-1 I, (4.24)

where

Sl 4 Dit)ainh [% —t—.m[!'!-ﬂn

0 Jih-1 (t-t.)ﬂn(ﬁ-;) -u[

I

k lﬁ-{t—
o1t
14 ('é’ @

(4.38)

Transforming I1 4 in the 4 -space just as in the case of I¢ gtves,

TV
e
where
® H(')(k )stm y0sia ,f
[ M [ k
Ii5 = b 1% T 2 (g;—)l" du (4.27)
-joo usinu(lt-”.)nna- w-vinr

and A is defined in (3. 65).



Expressing ;5 a8 the sum of two integrals gives,

Iis = Lig* I17

where

joo ;

S jewt.m“omn. Jy(klp.) (kl,ﬂ .
.= ) - —=) du
18 -joo  usihur linu(lt-ﬂo)lm%(u-v)t ks

joo ‘

jsinyu@sinpuf, J (klp) Kk

Il7= ° .“ s (‘lf‘ d“-

-jo  usinur sin (2 -24,) lh%@-v)l' ky
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(4.28)

(4.29)

(4. 30)

Using the method of Appendix C to evaluate Lg and I;,, except that

now all the poles are simple poles, gives,

Q0

g - - 2n] [R,(,ls)’f L1618 (8 (16)

+R +R
R TRt TRy T R
o o]
(17) (17, (7)) o (17)  (17)
= 2 + E +R +RY Y 4R
Lyp = 2 &o — e M Ty

in whieh (C. 10) is assumed to hold.

The various residues are given as fellows:

(4.31)

(4.32)



jve

2y e sinvesiavf,J (kjp)) k
8, 2 oV v L (4.39)
v T veinvysinv(de-24 ) K
k
i(-1) sim2e8J, (K p) k. g4
o wlhod b, s
2k7 cos 2uf sin &
it l)k-h(n 1)6d0, _, (kyp) %-1
- - ) k 2k-
O %x-1 1 (L (4.35)
k-1 (2k-1)7 con(2k-1)§ cos —= X
LY
R(“):— i(-1) e 'h“kolm“k,oJﬁ(kl’l k )“k €.36)
Yk kr sin by ¥ 'wk -v) E kz
jvx
25(-1)% &”" ain2ic+y 0 sinkax 1), J s) X%+
R(18) . S 2k+vk1 ] (ﬁ_) v (4.37)
2ty (2k+v)x sta v s sin(3k+v) (2 -34,) k2
(17 je'ﬁ‘o‘l‘l’
R (4.38)
ri2r-3§) sin 4¥
H1" ot 200 J 0,
17 s (};"‘ (4.39)
-2k hmﬂ.ﬁ{l
J-1)" stnil-104 (ku k-1
R4 . Al 2 (-E-) (4. 40)

1-% (2k-1)% uﬂ-&ﬂ. o



(17 j(-l)k sin pko sin pk! (klp. k2 )“k
R- 2 -
g k7 sinp 7 lm@k+ v I 3 kl

k
(17) j(-l) lu’k‘l’”lm(’k'l/)’oJu_v(kl") (:z‘)zk-y
ky

v-2k (2k -v)7 stn v ¥ sin{3k-v) (Ix - 26,)

Substituting (4. 31) and (4. 32) into (4. 28) gives,

. [(17) (16) Z an (18) (m (mﬂ(m
Il.') o) Ro -nv -..-1 -“k-

(1) , (17 _ (16
-n“k R‘v-zk & +y

in which the various residwes are givea by (4. 33) threugh (4. 43).

Substitating (4. 26) into (4. 34), gives,

z““o"f‘_.— j#
f(to)= —_— e Ly -

l-to

Expmc.fﬁ.)hthnrﬂh v,

flty) > 10) = Jupg J I 0.

Now the operster K* k A, in (4.6) is evalusted

K*kAg - -;1-1— 3: Wy, t) Ag ) dt
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(4. 41)

(4. 42)

(4. 43)

(4. 44)

(4. 45)

(4. 48)



where
ﬁ_o Jto' 1 k (tl’ t)
dt
‘l’j 0 J—t-]. ‘ltl-l (tl-t.)ml) 1

in which kit,, t) and B(ty) are defined in (3. 75) and (3. 76) respectively.

(4. 47)

N(to, t) =

Substituting (3. 78) inte (4. 47) gives,

{tdt,-1 |
Nt s ———— L, (4.48)
rj(1-t)

where

. dt, (4. 49)
0 Jt {171 (-t -t 8)

Iig

Transforming the variable of integration inte n by means of (3. 81),

gives,

12 e
re 2 o )
1182 [ pros x
1-t, - (o -o"'hh(n-v)*
(1+ ¢ %) T(n u) B(n )
{ h}} dn (4.50)
(1+ 74" n(n
Substituting (4. $0) inte (4. 48) gives,
RS
Nt t) = (4.51)

Rao



