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ABSTRACT

SCATTERING BY DISTRIBUTIONS OF SMALL THIN PARTICLES

by

David Allen Ksienski

Chairman: Thomas B.A. Senior

The scattering of electromagnetic radiation by ¢istributions of
particles occurs in a variety of circumstances. At radio wave
frequencies the operation of radar units is affected by rain and ice
crystals suspended within clouds, while at higher, optical frequencies
the amount of solar radiation reaching the earth's surface can be
affected.by pollutants in the upper atmosphere. This study is
restricted to particles which are small compared to the wavelength of
the illuminating electromagnetic radiation. The particles are assumed
to be composed of a homogeneous lossy dielectric, with conductors
characterized by Targe permittivities and lossy materials described
by permittivities with relatively large imaginary components.

In the investigation of scattering by small particles, it is
often convenient and useful to solve for the scattered field in terms
of a Tow frequency expansion (a Taylor series in powers of the maximum
dimension of the particle over the wavelength of the incident electro-
magnetic field). Unfortunately, the usual techniques for computing the

Tow frequency expansion fail if the particle is collapsed to a plate



with vanishing thickness. The difficulty arises from an unanswered
problem in classical physics, the construction of a vector potential.
A solution to this problem is obtained and presented in the context
of Tow frequency scattering.

In many cases of low frequency scattering, only the first term
of the expansion is necessary to adequately characterize the scattered
field. This is obtained by solving a static field scattering problem.
Unfortunately, for particles which are very thin (but of finite
thickness), existing numerical codes become highly unstable. An
algorithm is developed expressly for the thin plate scattering problem
which appears accurate over a wide class of thin plates, permitting
arbitrarily shaped plates with complex permittivities. The solution
is obtained using a finite element method with Tinear basis functions
over triangular elements. The results of the program include the
calculation of the dipole moments associated with the plates, and the
manner in which these dipole moments affect the electrical properties

of the entire distribution is discussed.
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CHAPTER I. INTRODUCTION

The interaction of electromagnetic radiation with distributions
of particles is significant in many areas. For example, the manner in
which radio waves scatter from water droplets produced by clouds and
the ice crystals which may be suspended within these same clouds is
important for the operation of radar units as well as the reception
capabilities of radios and television sets. The interaction of
higher frequency electromagnetic radiation with particle distributions
is also important, and the scattering of visible 1light from
contaminants produced by factories is a phenomenon which is often all
too visible. For the purpose of analysis, the individual particles
may be considered as composed of a Tossy dielectric. Conductors are
then characterized by large permittivities while Tossy materials are
characterized by permittivities with relatively large imaginary
components. One class of interaction or scattering of electromagnetic
waves from particles is low frequency scattering. Despite the name,
a particular band of frequencies is not implied, but rather the ratio
of the size of the particle to the wavelength of the electromagnetic
radiation is restricted to be small. Although an exact range of ratios
is not dictated, the degree to which the ratio is small determines
the extent to which the low frequency approximations are valid.

When Tow frequency scattering is analyzed, the scattered

electromagnetic radiation from a particle may be modeled by expressing



the scattered field as a Taylor series expansion in powers of the
maximum dimension of the particle over the wavelength of the incident
electromagnetic field (Stevenson, 1954). In many cases, the ratio
is sufficiently small to permit characterization of the scattered field
by the first term in the series which is a zeroth order term and
corresponds to solving a static field problem (infinite wavelength).
The solution of the static field problem is invariably much easier than
the solution of the general dynamic problem, and when the size of the
particle is sufficiently small compared to the wavelength, it permits a
compact description of the scattered field. Particles which are
thin (one dimension smaller than the others) are important both as
approximations which permit various simplifications in the analysis
and as a region where existing numerical codes exhibit jnstabilities.
Thin particles are also a common constituent of aerosols, with the
relatively large surface area helping the particle remain suspended
in the atmosphere. The numerical solution of the static field problem
for bodies with axial symmetry has been presented in Senior and Willis
(1982), and involves the evaluation of an integral over the surface
of the body. Unfortunately, as the thickness of the body is decreased,
numerical inaccuracies increase (Willis, 1982). The reformulation of
this integral into a form which is extremely stable and accurate for
thin plates is one of the contributions of this investigation.

Thin plates have been studied by Harrington and Mautz (1975)
using the electric field integral equation and by Inspektorov (1982)
using the magnetic field integral equation. Harrington and Mautz

(1975) approximate the plates using a resistive sheet and thus ignore



any effects resulting from a normal polarization of the

sheet. Although Inspektorov (1982) considers finite thickness plates,
his formulation becomes increasingly unstable as the plate thickness
decreases. Both formulations consider the dynamic scattering problem
and require the solution of a pair of coupled integral equations.

For the problem of scattering by electrically small particles (i.e.,
the Rayleigh region), a simpler approach is possible. As shown by
Keller et al (1972), the scattered field may be characterized by a
polarization tensor. Further, if the object contains at least one

axis of symmetry, at most three of the tensor elements are independent,
corresponding to polarization along three perpendicular axes. The
calculation of the dipole moments necessitates the previous calculation
of the potential which may be obtained from a single scalar integral
equation. This generally requires the solution of a potential problem
(Senior, 1982), however this may be circumvented by using zero-degree
harmonics (Senior and Ksienski, 1984). Unfortunately, when the
scattering object is collapsed to a plate of infinitesimal thickness
both of the techniques fail. Further, for thin plates (small but
finite thickness), the solution of the potential problem develops
numerical difficulties (Willis, 1982).

Distributions of particles are important for examining
composite materials (e.g., Polder and Van Santen, 1946; and Bergman,
1978), as well as clouds of particles, and regular arrays of elements
designed to provide an artificial dielectric for the purpose of
microwave lenses (e.g., Kock, 1948). For particles and wavelengths
such that the particle interaction is far field and the particle size

and inter-particle distance are small compared to a wavelength, the



distribution may be analyzed using the Clausius-Mosotti-Lorentz-

Lorenz formulation (e.g., von Hippel, 1954). If the particles

are spherical, the Clausius-Mosotti-Lorentz-Lorenz formulation may

be reduced to a formulation due to Maxwell Garnett (1904), which has
been experimentally verified for sparse distributions of particles (for
which the formulation is rigorously correct) as well as for dense
distributions of particles (Bohren and Battan, 1980).

This investigation is concerned with Tow frequency scattering from
distributions of particles. The particles, as well as the inter-particle
distance, are assumed small relative to the wavelength of the exciting
field. Additionally, one dimension of the particle is assumed smaller
than the other two dimensions, and in Chapter II the particles considered
have zero thickness and are nothing more than a boundary condition on an
open surface.

Chapter II discusses the problem of low frequency scattering
from a single thin particle. Although Tow frequency scattering has
been previously discussed for a solid body, the problem of scattering
from an open surface defeats the standard techniques (e.g., Stevenson,
1954; Kleinman, 1965; and Senior, 1982). The solution of the problem
involves the construction of a vector potential F, given v x F = f which
is a problem from classical physics. Solving problems which involve
scattering from particles with zero thickness is not merely an
academic exercise. Particles which are very thin may be modeled by open
surfaces, and this generally permits some simplification in the analysis.
For example, scattering from resistive sheets was considered by
Harrington and Mautz (1975) and shown to be an effective model for

thin (finite thickness) dielectric shells.



Chapters III and IV consider the problem of static scattering
from a thin dielectric plate. The solution of this problem is of
course necessary in the Tow frequency expansion. In contrast to
Chapter II, the problem considered in Chapters III and IV is primarily
numerical. Previous studies in static scattering from dielectric
particles have encountered numerical difficulties when the objects
became thin (e.g., Senior, 1975; Herrick, 1976; and Willis, 1982).
This is believed to result from the singularity associated with the
surface integral formulation. In Chapter III the surface integral
formulation of the problem is recast using a volume integral which has
a less singular kernel. The integro-differential equation is solved
for the potential which is constrained to vary linearly along its
smallest dimension. The finite element method (e.g., Zienkowicz, 1982)
is employed using triangular elements with linear basis functions,
which guarantee C0 continuity. The result of the approach is a highly
efficient, very stable matrix problem with all of the matrix elements
evaluated accurately using an analytic evaluation of the volume
integral. The results are consistent with expectations and the program
is able to operate over a wide range of thicknesses. The dipole
moments for several shapes are presented and these are compared to the
results of a simple Tinear predictor model which is derived in
Chapter 1V.

Chapter V is concerned with sparse distributions of particles.
These distributions of particles are analyzed in terms of the density
and dipole moments of the constituent particles to arrive at an

artificial dielectric description of the distribution. The primary



focus of this chapter is the rigorous derivation of the Clausius-
Mosotti-Lorentz-Lorenz equation (e.g., von Hippel, 1954), which
describes the effective permittivity of the artificial dielectric.

The chapter concludes with a comment on distributions of plates. and
the accuracy of the method is verified for a dense cubical distribution
of thin plates.

Finally, it must be noted that this dissertation reflects the
author's preference of electric quantities over magnetic quantities.
Thus, the use of an electric exciting field, electric potentials,
dielectric constants, and electric dipole moments. In fact, exactly
analogous magnetic problems can be solved by merely reading magnetic
for electric, permeability for permittivity, etc., which in Chapter IV

would then result in the calculation of magnetic dipole moments.



CHAPTER II. LOW FREQUENCY SCATTERING

2.1 The Low Frequency Expansion

The Tow frequency expansion involves an expansion of the
scattered field in powers of the frequency. If the dimensions of the
particle are small compared to the wavelength of the illuminating
electromagnetic radiation then only a few terms of the expansion may
be necessary to accurately characterize the scattered field. The
numerical problems encountered with the Tow frequency expansion are
generally simpler than those associated with the general dynamic
problem. An additional benefit is that by expanding the solution
explicitly in powers of frequency the scattered field becomes known
for a range of frequencies, in contrast to the dynamic case where the
problem must be resolved for each frequency desired.

The method of the low frequency expansion has been developed
in Stevenson (1953), Kleinman (1965), and Senior (1982). However, if
the body is collapsed to a surface with zero thickness (perhaps as a
model of a thin metal sheet), mathematical difficulties are
encountered. There are several reasons for using the zero thickness
model, not the Teast of which is the fact that the mathematical
problems encountered are interesting. For solid bodies which are thin,
numerical difficulties often arise in attempting to evaluate the

associated integrals over the opposing surfaces which are close



together. Finally, by reducing the problem to a zero thickness plate
it is hoped that simplifications would result in the analysis.

In performing a low frequency expansion, the first step is to
expand all quantities in powers of frequency. Specifically, the
electric and magnetic fields, E and H, are expanded in powers of (ik),
where k is related to the circular frequency w by

k = w(UE)1/2 ;

v and ¢ are the permeability and permittivity of free space and the
time convention used is e '“t.  The field quantities E and H may be
expressed in terms of sources. Charge o and current J are sources
which, since they arise from the scattering problem, are assumed to be
constrained to the surface of the plate. These quantities are also

expanded in powers of frequency,
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where‘E = QH and D = eE, the following relation is obtained inter alia:
ZV X H = -E . (2.1)

The constant Zo is the free space impedance, Hl is the first order

magnetic field, and Eo is the zeroth order, or static, electric field.

Equation (2.1) also constitutes a problem which must be solved in the

low frequency expansion. The problem is to determine Hl given EO.
Since Eo is assumed known, it may be defined in terms of a scalar
potential, ¢, which is also assumed known. The precise context in
which (2.1) arises varies with the different treatments, and the problem

is not generally stated in terms of a first order magnetic field and a

zeroth order electric field. However, the formulation in (2.1) does

give the problem some physical significance. The body is assumed to have

zero net charge, which is mathematically stated by requiring

L[} « Vo ds = 0

B

The standard solution (Stevenson, 1954) for a solid body is then given
by
ZOH = -7 X b[}(¢ - 9)G ds'
B
where G is the free space static Green's function and ¢ is the solution

to the interior Neumann problem
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b0 ¢

3n an

The boundary value of 3¢/9n is known since Eo and hence V¢ is known
everywhere. The solution of the interior Neumann problem does

involve the solution of an integral equation, which from a numerical
perspective is time consuming. This problem may be circumvented
through the use of zero-degree harmonics, as shown in Senior and
Ksienski (1984). Unfortunately, both the standard solution via the
Neumann problem and the solution via zero-degree harmonics break down
if the body is collapsed to a zero thickness plate. The solution

via zero-degree harmonics breaks down if the volume of the body
vanishes because the evaluation of the kernel associated with the
integral becomes ambiguous. The method of solving the problem by
first solving the Neumann problem becomes impossible since the Neumann
problem is a three dimensional problem which must be solved in the
interior of the body which is only a two dimensional surface of
discontinuity. Further, the symmetry of the problem would appear to
indicate that both ¢ and ¢ are continuous across the surface of the
plate which forces Hl to be identically zero. As the solution of (2.1)
for Hl is necessary for the continued development of a low frequency
expansion, it is apparent that the expansion cannot be obtained for

a zero thickness plate. A solution which is valid for the case of a

zero thickness plate is the subject of the remainder of this chapter.

2.2 Scattering from a Plate

In obtaining an A which satisfies Eq. (2.1), an additional
1

constraint which is applied is that H must be physically reasonable.
1
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If Hl is expressed in terms of a current distribution, this requirement
may be stated precisely by constraining the current to the scattering
object and, in the case of the plate, by requiring that the current
does not flow off the edge of the plate (i.e., the normal component of

J on the edge of the plate must be zero). Obtaining a solution for
1

H in terms of the current may be facilitated by solving
1

Vs " Jl - G (2.2)
for J , where
1 +
1)
®o Ly 9z|_

and ¢ is the speed of light. Since the current 31 and charge b, are
both surface distributions, the divergence of 31 is specified with
the surface differential operator V- The plate is assumed to lie in
the x-y plane, and the notation a¢/az[f denotes the discontinuity of
3¢/0z across the surface of the plate. The solution of (2.2) for 31
produces a solution of (2.1) if H, is defined in terms of the current

distribution as

This may be shown by substituting this definition of H into (2.1) and
1

taking the field point away from the plate,
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Bringing the differential operator inside the integral and converting

the operator to the primed coordinate system yields

EO ZOV bfbl « V'G ds

n
1
N
o
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where ; is the outward normal to the plate on the edge of the plate
and lies in the plane of the plate and CB denotes the contour
surrounding the plate. The contribution of the second integral

is zero if © Jl is constrained to be zero as discussed above.

Finally, using equation (2.2) reduces the above equation to

= 1 :
EO—-EV ﬁpods R

B

which is the definition of Eo in terms of the charge distribution.

It should be noted that both the solution (2.1) for H; and
(2.2) for 31 allow considerable freedom. Since only the curl of Hl is
specified, Hl is only unique to within the gradient of a scalar.

Similarly, in (2.2), only the divergence of J, is specified and thus

J1 is known only to within the curl of a vector. As only a particular
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solution is required for (2.1) or (2.2), this ambiguity can be exploited
to yield a solution which is easy to implement. Three solutions are
proposed for (2.2), the first being the rather natural restriction of
representing 31 as the gradient of a scalar.

If J 1is represented as
1

then from (2.2)

ng - Cey
which is a two dimensional Poisson problem for y. Since the forcing
function is Co, and 05 tends to infinity near the edges of the plate,
the Poisson problem will in general be difficult to solve. However, if
the geometry of the plate is simple, for example a circular plate, then
the charge distribution resulting from a uniform incident electrostatic
field is known analytically. The Poisson problem may then be solved
analytically, and the solution for a circular plate is given in
Senior and Ksienski (1984). Unfortunately, for a general plate
geometry the solution of a Poisson problem with an unbounded forcing
function is not a problem which is well suited for numerical methods,
and an alternate solution is needed.

If 31 is now restricted to 31 = ;JX, assuming E;nc = -Vx,

then
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and
3 - Cfpodx

By choosing Jl to Tie in the same direction as the incident electric
field, a solution is obtained by simply integrating the charge
distribution. The integral specified above proceeds along the surface
of the plate in the x direction. If the plate is symmetric and
convex, then the normal component of 31 will vanish along the edge.
The requirement that the plate be symmetric and convex is a loose
description of a geometrical constraint which can be stated precisely.
Specifically, the plate must have two non-collinear axes of symmetry
such that the intersection of the plate with any line parallel to
either axis is simply connected. The satisfaction of this requirement
will then permit the determination of the field scattered by the plate
when it is illuminated by an arbitrary uniform electrostatic field.
However, if the plate is not symmetric and convex (in the sense defined
above), it is impossible to force the normal component of the current
to vanish along the edge, even with an arbitrary function of y which
may be added to the integral.

The third solution is intended as a correction to the preceding
solution when the plate is not both symmetric and complex. The current

is broken into two components,



-15-

(2)

with 3(1) chosen as above, and J represented as the gradient of a

scalar. Specifically,

3(1) = J(l);(

X
3(2) . vy
viy = 0

with ; . Jl = 0. The validity of 3(1) is thus preserved from the
(2)

preceding solution, while J as a homogeneous solution to (2.2) is
added to satisfy the boundary condition. The solution for 3(2) is
obtained by solving a two dimensional Neumann problem, with

boundary conditions which are finite since they arise from the normal

(1)

component of J'"‘along the edge of the plate. The normal component

of 3(1) along the edge of the plate is finite since it is defined as

1/2

and the singularities in P, are of the order x_ Finally, the two

dimensional Neumann problem does have a solution since

(cont.)
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by the zero net charge condition.

This last solution is valid for any flat plate, and thus the
low frequency expansion is now repaired. The solution which has been
obtained was intended to be complementary to a solution for solid
perfectly conducting bodies obtained by Senior (1982). This goal
has been achieved (Senior, 1983), and the solution has also proven
useful for the problem of scattering from a resistive plate (Senior
and Naor, 1984), as well as providing a solution for a problem from
classical physics, the construction of a vector potential (Senior and
Ksienski, 1984).

The above formulation is necessary in analyzing the scattering
by a thin plate via the low frequency expansion, and first and higher
order terms in the expansion may now be obtained through the methods
presented in this chapter. The low frequency expansion is valid when
the dimensions of the particle are small compared to the wavelength
of the illuminating radiation. To the extent that this requirement
is satisfied, only a few terms in the low frequency expansion may be
necessary to accurately characterize the scattered field. For a

sufficiently small particle only the zeroth order term is necessary
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to accurately characterize the scattered field, and this is considered

in the remainder of the dissertation.



CHAPTER III. STATIC SCATTERING FROM A DIELECTRIC PLATE

3.1 The Dipole Moment

In Chapter II, the problem considered was that of finding a first
order magnetic field given a zeroth order electric field. The zeroth
order fields are important not only as the first term in a lTow frequency
expansion upon which the higher order terms depend, but also in their
own right. The zeroth order fields determine the electric dipole
moment p (and magnetic dipole moment m), which often is all the
information that is needed. For example, in sparse distributions
of particles, discussed in Chapter V, the distribution will be
characterized by the density of the distribution and the dipole moments
of the individual particles. Although the zeroth order term and hence
the dipole moment are most easily visualized in a static field, the
concept of a Tow frequency analysis permits the use of a dielectric
with complex permittivity which has physical significance in a
dynamic field. Thus the dipole moment calculated for complex
permittivities can provide much information about the far field
scattered from a lossy dielectric particle, and for the analysis

contained in Chapter V it is all the information that is required.

3.2 Static Scéttering from a Thin Dielectric Plate

In the analysis of scattering from a thin flat dielectric

plate the usual surface integral formulation (Senior, 1976)

t 2 1 -1 t 3G .
L S R ‘ Jg$ ant (3.1)

-18-



-19-

which is valid for any solid dielectric body with permittivity
(permeability) t becomes highly unstable. This difficulty is believed
to arise from the highly singular kernel and the problem of correctly
evaluating contributions from the integration on the edge of the plate.
In a previous numerical investigation (Willis, 1982), the instability
was found to be worst for very thin plates and for Targe permittivities.
As the current investigation is directed at computing the scattered
fields specifically, though not exclusively, for the case of plate
thickness approaching zero, coupled with permittivities approaching

infinity, it was felt that an alternate formulation was needed.

An integral equation was sought which involves integration only
over a single flat surface. Although this was not obtained, an integro-
differential equation was found which involves integration and
differentiation over a single flat surface. The associated kernel
has a very mild singularity, and this new integro-differential equation
resulted in greater numerical stability than Eq. 3.1.

Without Toss in generality, the plate is assumed to lie centered
in the z = 0 plane. The plate is of thickness t, and the surface of the
plate comprises the edge and the two parallel walls, as shown in Fig. 3.1.
The general scattering problem may be solved by decomposing the incident
electric field into Q,Q, and z components and then superposing the

inc
associated scattered fields. If £ = X, then (3.1) becomes

t_ 2 - T taG tBG ]
A + 1 {‘j; ant 98 an }

where e represents the edge and w represents the two parallel walls.




length

-20-

TR
---------
e
''''''''
----

2
2%
R
R
......
2

......
o
.......

s
s
R
.......

n.'.

..ll

X
XA
%

&
o

#"thickness

width

Il e-



-21-

t/2
¢t=_]__§_Tx+ {ff ¢taG dz' ds'
c -t/2
t/2
ff (tBG)dz ds'}
-t/2

where ¢ is the intersection of the edge with the plane z = z' and s is

]

the intersection of the plate with the plane z = z'. The plate is

i

of thickness t, and extends from z = -t/2 to z = t/2.

t/2
_ , ) 2 o
R i nat Jf Jf Efs BORORS @t 5§7>} ds’ dz

-t/2 s
t/2
rerrtreee [ f{vs'q)t SRR
-t/2 S
t
3 9G t 926G Vo
+'a% 327 T ¢ W}ds dz

t/2
2 - D. D! 1 l
- 'TT?“HZI f{-&a(R-R)wscbt-vsG

-t/2 s

L 20" 26 | ds' dz’
3z' oz

where R is the field point and R' is the source point. Noting that R

is on the boundary of the volume of integration,
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t/2 .
t 2 1-t t,1-x Ctoa L 6t 36 |
A IO e A f{vs‘b‘vs“az' az'}ds 9
-t/27s
t/2 .
P+ T -1) = x4 (1= 1)2 fivs'qb'ivs'wiqz‘;. 2%} ds' dz'
-t/2s
t/2 .
¢t =-x+ (1 - 1) Q[’{v§¢t AL %%7- %gT} ds' dz'
-t/2s

(3.2)

Since no approximations have been made yet, Egs. (3.1) and (3.2) have
identical solutions. If ¢t is now expanded in powers of (z/t), it is

apparent from the symmetry of the problem that

oF = D b () (3.3)
i=0

i.e., odd powers of (z/t) are unneeded. To simplify Eq. (3.2) only
¢§ will be kept in which case the first equation to be solved is
t/2
¢t = -x+ (1 -1) v'¢t - 7'G ds' dz'. (3.4)
0 s O S ’ )
-t/27s
An alternate derivation of Eq. (3.4) can be obtained by using the

divergence theorem. Starting with Eq. (3.1)



-23-

t 2 ] - ] t ] 1
o = - TEC Xt TS i 2 ‘jﬁv - (¢v'G) dv
v

| Cean o

v

t/2
t]-T nt_n 1 1
ot TF . 2 Jr c]} ¢ +v'Gds' dz
-t/2°s

- - x -
T+

4+
A A

which may be reduced to Eq. (3.2).

For "¢ = 7, Eq. (3.1) becomes

t 2 - t o . t 3G .
Feorho b [ i8]

e w

and following the same procedure as before we obtain

t/2 £

t . v boorg 4 80 36 {4oi g

6 = -z + (1 -r)f f§v5¢ VSG+82' az.Eds dz (3.5)
-t/27s

without making any approximations. For E'nc - 2, ¢t may be expanded

in powers of (z/t),

t t 2141
HEIDIE D
i=0

and this time the even powers of (z/t) are unneeded. Keeping the
first term in the expansion, and neglecting the contribution of
: ¢t . VéG since it results in only quadrupole and higher order

terms
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t/2
t 2\ _ téG_ll
6 Gﬁ = -z + (1 -1) b ds' dz

-t/2's

t/2
= -z+(1-1) of %‘¢t G ds'
1
S -t/2

Restricting R to 1ie on the top surface of the plate (z = t/2)

'% ¢f = - %-+ ] ; = Q[,¢f [?(z = t/2]|z' = t/2)
S

- 6(z = t/2]2" =-t/2)] ds’ (3.6)

The static scattering problem has now been formulated for a thin
dielectric plate with the incident electric field either tangential
(Eq. 3.4) or normal (Eq. 3.6) to the plane of the plate. The numerical
solution of these integral equations occupies the remainder of this

chapter.

3.3 An Overview of Numerical Methods

Before discussing the numerical implementation of the integro-
differential equation developed in Section 3.2, a comment about
numerical methods as encountered in electromagnetic problems is
perhaps appropriate. First, the variable for which the solution is
sought often constrains the accuracy which can be obtained. If
solutions are expressed in terms of the variable p, the charge density,

then problems may be encountered near edges, where o tends to infinity.
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Many solutions are posited in terms of J, the current density, which as
the surface integral of o is somewhat better behaved. The accuracy that
a particular numerical method can achieve is dictated by the degree to
which any approximations made in the discretization are justified.

For example, in finite difference codes a derivative of a function is
often approximated by taking the difference of the value of the function
at two nearby points and normalizing by the distance between the two
points. This is a reasonable approximation for a derivative if the
function is nearly linear, however if the function is not well behaved,
such as a Green's function near the point of singularity, the
approximation degenerates. In finite element analysis, the domain of the
problem is divided into elements, upon which basis functions are then
individually imposed. The two most common basis functions are pulse
functions, which are constant over individual elements and generate
discontinuities between elements, and linear functions, which permit
linear variation over the individual elements and can guarantee CO
continuity over the entire domain. Thus, an integral equation which

can be expressed in terms of a variable which is approximately linearly
varying should be amenable to solutions using Tinear basis functions.
The use of pulse functions is not an indication of belief that the
answer contains step functions, but rather a concession to the numerical
difficulties of using more complicated basis functions. Higher order
basis functions exist (Zienkowicz, 1982), however only CO continuity may
be enforced in general, and numerical difficulties seem to have precluded
their popularity in electromagnetics. On the other hand, instead of

partitioning the object into separate domains, another technique is to
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define basis functions over the entire object. Although this technique
is useful (Harrington, 1982), it is predicated upon at Tleast some
a priori knowledge about the nature of the solution.

After the problem has been discretized, there often remain
problems of numerical integration, if an integral is involved, or
numerical differentiation if a derivative is needed. The numerical
differentiation is usually handled as part of the discretization, and
any attendant errors can be analyzed in terms of the discretization.
The numerical integration often involves a substantial amount of
additional computation time as the integrals over each element must
be evaluated individually. The program which was developed over the
course of this investigation analytically evaluates the integrals which
are defined over the individual elements so that no approximations are
required after discretization. The basis functions used are linear
and are defined over triangular elements. The variable which is solved
for is the potential, ¢, which is even more stable than the current, J
since J is the derivative of ¢. Additionally, in most cases 4 does
indeed appear to be effectively linear, thus justifying the use of
linear basis functions and permitting accurate solutions with a
minimal number of subdomain divisions. Further, this Jeads to a
simplified model of the program which can produce fairly accurate
predictions of the dipole moment associated with a particular particle
given gross parameters such as the height, length, width and
permittivity. The range of applicability of the model is any convex

plate, and the model and its results are discussed in Chapter IV.
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3.4 Functional Description of the Problem

The first operation required in the numerical solution of the
static scattering problem must be performed by the user. The plate
must be divided into a set of triangular elements. This process can
also be performed by automatic mesh generating programs, but this
refinement was not felt necessary for the present investigation. The
triangular elements are defined in terms of the vertices which
delimit the triangles, and the vertices are defined by their coordinates.
Figures 3.2(a), 3.3(a), and 3.4(a) show subdivisions of the circular,
square, and rectangular plates into triangles with the triangles and

points numbered. Figures 3.2(b), 3.3(b), and 3.4(b) are the associated
inputs to the program which then define these subdivided plates. The

1ines beginning with the Tetter "p" indicate the point number, followed

by the x and y coordinates. The Tines beginning with the Tetter "t'

indicate triangle number, followed by the numbers of the three points
which delimit the triangle. The s3 line at the bottom indicates that
the definition is only for the first quadrant and that the actual plate
consists of this definition mirrored about both the line x = 0 and the
line y = 0. Other options are s0, indicating no mirroring; sl,
indicating mirroring about the line x = 0; and s2, indicating mirroring
about y = 0. These options are used with Figs. 3.1 and 3.2 to

generate a half circle and a triangle which are used in the next
chapter. There are effectively only two restrictions about how the
plate can be defined. Point numbers and triangle numbers must be

given in increasing order starting with zero, but the actual numbering
of the plates and triangles is arbitrary. The plate need not be

simply connected, can be made up of any number of triangles and
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Fig. 3.2(a):

X

Definition of Elements for a Circular Plate.
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hl6 sided approximation to circle, using 12 point definition
0
1.5

307337 3.69551813

o]

NS
WWHHMDHOOOO
HOWUWWwN UMb w

plO 2.828427125 2.828427125
pll1 4 0

pl2 3.69551813 1.5307337

t0
t1
t2
t3
t4
t5
t6
t7
t8
t9
tl0 4 8 9
tll1 8 9 11
t12 9 11 12
t13 9 10 12
s3

PO WNDNHEHEHEOO
GO ONJOOND U b

Fig. 3.2(b): Input to Computer Program to Define a Circular Plate.
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t3
p8
t2
t6 t9
p7 pii
H t8
S5 tH tH3
p6 plO pi3
tO t7 t2
t4 tHo 4 tHS
pS p9 pi2 pi4

Definition of Elements for a Square Plate.
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hl4 point definition of square using 2 planes of symmetry

o]
NS
NHEHEHEMHPMHEOOO0OO0O0O
OWNHODWNRO

ct

(6,
NSO NVHOWNNHO
OO JO U wNR

t9 11
t10 5 9 10
tll 6 10 11
t12 9 10 13
t13 10 11 13
t14 9 12 13
t1l5 12 13 14
s3

Fig. 3.3(b): Input to Computer Program to Define a Square Plate.
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2 3 p7 pii piS plio
P 5 T o 17 1612
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02 p P pla| 422 pl8
13 19 ns /|21
12 18 Ha
4 13
ot p3 p pi3j/iz0)
1 17 w3 /|uo
t0 16 H2 |/us
O »o pd 08 pi2 pl6

Fig. 3.4(a):

X

Definition of Elements for a Rectangular Plate.
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h20 point definition of rectangle

p0 0O

pl 01

p2 0 1.66666666
p3 0 2

p4 1.66666666 O
pS 1.66666666 1
p6 1.66666666 1.66666666
p7 1.66666666 2
p8 3 0

p9 31

pl0 3 1.66666666
pll 3 2

pl2 3.66666666 O
pl3 3.66666666 1
pl4 3.66666666 1.66666666
plS 3.66666666 2
plé 4 0

pl7 41

pl8 4 1.66666666
pl9 4 2

t0 045

t1 015

t2 156
t3126

t4 26 7

t5 237

t6 4 89

t7 459

t8 59 10

t9 56 10

tl0 6 10 11

tll1 6 7 11

tlz 8 12 13

t13 8 9 13

tl4 9 13 14

tl5 9 10 14

tlé 10 14 15

tl7 10 11 15

tl8 12 16 17

tl19 12 13 17

t20 13 17 18

t21 13 14 18

t22 14 18 19

t23 14 15 19

s3

Fig. 3.4(b): Input to Computer Program to Define a Rectangular Plate.
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plates, and the triangles can be of any shape desired. Parameters such
as thickness, permittivity, and the direction of the incident field are
specified after the elements of the plate are defined to permit
respecification of these quantities while retaining the definition of
the elements. The program generates all 1inking information such as
which triangles have which points in common, which points are
connected to other points, as well as which points delimit the
perimeter of the plate, the last being needed in calculating the dipole
moment.

The static scattering problem can be solved assuming an
incident field in either the x or y directions (tangential to the
plane of the plate) or in the z direction (normal to the plane of
the plate).

The evaluation of Eq. (3.4) is facilitated by first breaking
S, the domain of integration, into triangular subdomains. In these
regions, ¢§ is restricted to be linearly varying, so that for

each element

t _
¢0 = Cxx + ny + Co

~ ~

Then define a u-v coordinate system, with u = c, where c = C X + cyy

Since the boundaries of Si are line segments, the integral in the

above equation can be evaluated as
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t/2 Yy
I = U[’ dz' 0[1 dv' {(av' + b - u)2 + (v' - v)2 + (z' - zfﬁ
-t/2 V1
t/,
= ch I; dz'
-t/2

First evaluate
V)

I, = cjn {%1 +a2)v'2 + 2(a(b - u) - v)v' + (b -u)?

Y

2 -1/2
tvZ+(z' -z) dv'

From Gradshteyn and Ryzhik (1980, Sec. 2.261)

-1/2

v
2 . . . ,
f{A + Bv' + Cv'2} dv
y
1

V
2

= 1 1n(2/R + 20v' + B)

/e

and

A=(b-u)2+vZ+(z'-2)2

lon)
1]

2(a(b -u) -v)

C= (1 + a?)
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I = ] Tn (2/1 + a2 {(1 + a2)v'2 + 2(a(b - u) - v)v'
1 YT + a2
1/2 v'=V,
t(b-u)?+v2+(z'-2)2" + 200 +a)v' +2(a(b -u) - V)| y
V=i

Take the field point on the top surface, z = t/2. To find I, let

n=2z"-t/2.
0
I = f 1 n(2/T +aZ {(1 +a?)v'2 + 2(a(b -uj - v)v'
"t /T + a2
1/2 V=V
+ (b -u)2+v2+n2} +2(1 +a2)v' + 2(a(b - u) -v)) y dn
v'= 1

then, change parameters

1/2
A= (1+a?) /
B=(1+a2)v'2+ 2(a(b-u) -v)v'+(b-u)2+v?2-= (av‘+b—u)2
+(v—v')2
C = 2(1 +a?)v' +2(a(b-u) -v)
0
1/2 vi=y
I=f ]K]n(ZA{B+n2}/+C) 2 dn
Vizy
-t 1
Then, integrating by parts
X V2 0
. 24 1/?
I na In(2A{B + n?} + C) (cont.)
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0 V2
- f 2 ] 2A%{B+n2}'1/2 2n dn
Jo " 2Ais ) Mo v
1
To evaluate the second term, call it I
2
v
(8 + n2)"/ 2
I = c[) 2n2 dn
o1/2
2 Lt 2A(B + n?) +C v,
V
t 2
- f ore (B ¥ n?) | dn
0 2A(B +n2)7 + ¢ y

V298 v
_ 1/¢ g
I = °/= 2(£2 - B) - dg
, M + € o
B /e- B v
e v
- /e? - B| 2
f 2o v
VB v

Let v = 2Ag + C, £ = (y - C)/2A, dg = 1/2A dy

2
2A/t"+B+C E%'/(Y T )7 - BAAZ :
I = 2 5T dy

Y 2

28/B+C v,
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2AVETTBAC v,
- 1 vys - 20y + C2- 4BAZ
I - 2A2 dY
2 Y
2AVB+C Vi

Changing parameters again,

z = 2AB+¢C a = C - 4BA
1
z = MEFBH+C b = -2C
2
Z, V2
[ = 1 Va+ by +y2 dv = 1 I
2 ZAZ Y W 3
Z; v
1
z, V2
I R
o= | WEbhEyt g,
3 Y
v
Z1 1

Then, from Gradshteyn and Ryzhik (1980, sec. 2.267.1) (with R = a+by+y2).

z v v V

2
+.2b.fﬂ
Vl R

2

I = R

3

Z
2
ZY/R_

1

v

2
v
1

2
Z
1 1

This may be further reduced by using Gradshteyn and Ryzhik

(1980, Secs. 2.266 and 2.261);
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z Vv V2 z2
2 | 2
I; = R +a {- 1 Zatby+2a /EE
/i Y
z |V V |z,
1 1
V 2z
|22
+ % fIn(2/R + 2y + b)}l
Vv 1z
1 1
Vv 0
n ) 1/2 2| 1
I = 71 + + - I
pIn (2A{B + n2} C) w L
V-t

For the electric field polarized parallel to the plane of the
plate the problem is described by Eq. (3.6). This equation, with
its integral over the surface of a triangle, can be evaluated with
the aid of the techniques described in Wilton et al (1984).

In the numerical solutions of Egs. (3.4) and (3.6) the
integrals occasionally degenerate into simpler forms depending on
the shape of the triangular subdomain and its position relative to
the field point. The program tests for these problems and uses
alternate expressions as appropriate. For x or z excitation the
contributions of the individual elements are determined analytically.
The problem associated with the electric field polarized in the y
direction is entirely analogous to the problem associated with the
electric field polarized in the x direction, which is discussed
above.

The matrix problem is then generated by relating the elemental

contributions to area coordinates (Zienkowicz, 1982) which are in turn
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defined by the vertices of the triangles. Thus, the problem is
formulated in terms of potentials at vertices. Further, the program
will set to zero the potentials of points lying on the axes, if
warranted by the symmetry of the plate and the direction of excitation.
The formulation yields a very stable matrix formulation for most values
of © (at least for Real t > 0), since the self cell terms of the matrix
formulation of the integro-differential equation are usually the Targest
elements of the matrix, resulting in extremely low condition numbers
for the matrix.

After the potentials are obtained, the dipole moment normalized
by the volume is obtained using the formulae for a symmetric
dielectric body given in Senior (1976). A sample output for the square
plate subjected to an incident electric field polarized in the x
direction is shown in Fig. 3.5 with v = 2 and Tength-to-height ratio
equal to ten. Figure 3.6 shows the output obtained from the same
problem but with t changed to 101.

In the solution of any complex numerical problem, it is
important to examine the extent to which the initial approximations
are justified. Since the basis functions are Tinear the solution
should be approximately linear for the solution to be considered
accurate. To determine this, perspective plots were generated showing
the variation of the potential across the top surface of the plate.
For the case of a square disk with Tength-to-height ratio of ten,
the potential has been plotted for t = 2 with x excitation in
Fig. 3.7, for t = 2 with z excitation in Fig. 3.8, for v = 101 with
x excitation in Fig. 3.9, and for t = 101 with z excitation in
Fig. 3.10. For the electric field in the x direction the computed

potential does indeed appear approximately linear. The electric
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field in the z direction produces some "buckling" near the edges,
particularly for ¢ = 101, which causes the elemental divisions to
become visible. This might indicate that perhaps another formulation
might be appropriate, although the solution is quite adequate for the
current investigation. The problem could be overcome by shrinking
the element size toward the edges, as was done for the rectangular
shape, or simply using more elements.

In Figs. 3.7 through 3.10, the middle structure shows the
variation of the potential across the top surface of the square plate.
The ¢ = 0 reference square is not part of the solution and is included
only to lend perspective. The structure is described by quadrilaterals,
and the variation in the shape and size of these quadrilaterals
illustrates the variation in the gradient of the potential. In Fig. 3.7
the potential is approximately linear and this should be contrasted
to Figs. 3.8 through 3.10 where the potential exhibits some

nonlinearities.
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ition number is 1.504066¢+00

oint defintion of square using 2 planes of symmetry
= 0.800000, tauv = 2.000000 + i 0.000000

tential has been computed assuming x excitation

ate has mirror symmetry about x=0 and y=0
e

i

=
o oa

dipole moment is 0.913873 + i 0.000000
int # 0 is located at x = 0.000000, y = 0.000000
and has potential 0.000000e+00
is associated with points and triangles (tri,P1,P2)

point
(0,1,6), (4,5,6),
point

Il is located at x = 0.000000, y = 1.000000

nd has potential 0.000000e+00 '
point is associated with points and triangles (tri,P1,P2)
(0,6,0), (1,2,7), (5,6,7),
point 2 is located at x = 0.000000, y = 2.000000

nd has potential 0.000000e+00
point is associated with points and triangles (tri,Pl,P2)
(1,7,1), (2,3,8), (6,7,8),
point 3 is located at x = 0.000000, y = 3.000000

nd has potential 0.000000e+00
is associated with points and triangles (tri,P1,P2)
(3,4,8),
4 is located at x = 0.000000, y = 4.000000
nd has potential 0.000000e+00
is associated with points and triangles (tri,P1,P2)

v~
o WwWo
.- bae
= 0=
- -
W

O =D I -I®O I =N I~ N® I DD - WO = N® I~ —® 3D
=

S is located at x = 1.000000, y = 0.000000
d has potential 9.372243e-01
point is associated with points and triangles (tri ,P1,P2)
(4,6,0), (7,6,10), (190,9,10),
point 6 is located at x = 1.000000, y = 1.000000
nd has potential 9.305898e¢-01
point is associated with points and triangles (tri,P1,P2)
(0,0,1), (4,0,5), (5,7,1), (7,10,5), (8,7,11), (11,109,
point 7 is located at x = 1.000000, y = 2.000000
nd has potential 9.083354e¢-01
point is associated with points and triangles (tri,P1,P2)
(1,1,2), (5,1,6), (6,8,2), (8,11,6), (9,8,11),
point 8 is located at x = 1.000000, y = 3.000000
nd has potential 8.580674e¢-01
point is associated with points and triangles (tri,P1,P2)
(2,2,3), (3,3,4), (6,2,7), (9,11,7),
point 9 is located at x = 2.000000, y = 0.000000
nd has potential 1.877970e+00
point is associated with _.ts and triangles (tri,P1,P2)
(10,10,5), (12,10,13), (14,12,13),
point # 10 is located at x = 2.000000, y = 1.000000
and has potential 1.856799e+00
point 10 is associated with points and triangles (tri,P1,P2)
(7,5,6), (19,5,9), (11,11,6), (12,13,9), (13,11,13),
point # 11 is located at x = 2.000000, y = 2.000000
and has potential 1.803127e+00
point 11 is associated with points and triangles (tri,P1,P2)
(8,6,7), (9,7,8), (11,6,10) , (13,13,10),
point # 12 is located at x = 3.000000, y = 0.000000
and has potential 2.805956e¢+00
point 12 is associated with points and triangles (tri,P1,P2)
(14,13,9), (15,13,14),
point # 13 is located at x = 3.000000, y = 1.000000
and has potential 2.767921e+00
point 13 is associated with points and triangles (tri,P1,P2)
(12,9,10), (13,10,11), (14,9,12), (15,14,12),
point # 14 is located at x = 4.000000, y = 0.000000
and has potential 3.763731e¢+00
point214 is associated with points and triangles (tri,Pl,P2)
(15,12,13),

Fig. 3.5: Dipole Moment and Calculated Potentials for the Square
Plate Defined in Fig. 3.3. Under x Excitation,

=2, 2/t =10.
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condition number is 9.026534e+00
14 point defintion of square using 2 planes of symmetry
t = 0.800000, tau = 101.000000 + | 0.000000
potential has been computed assuming x excitation
plate has mirror symmetry about x=0 and y=0
The dipole moment is 10.727467 + i 0.000000
point # O is located at x = 0.000000, y = 0.000000
and has potential 0.000000e+00

point O is associated with points and triangles (tri,P1,P2)
(0,1,6), (4,5,6),
point # 1 is located at x = 0.000000, y = 1.000000

and has potential 0.000000e+00
point 1 is associated with points and triangles (tri,P1,P2)
(0,6,0), 1,2,7), (5,6,7),
point # 2 is located at x = 0.000000, y = 2.000000

and has potential 0.000000e+00
point 2 is associated with points and triangles (tri,P1,P2)
1,7,1), (2,3,8), (6,7,8),
point # 3 is located at x = 0.000000, y = 3.000000

and has potential 0.000000e+00
point 3 is associated with points and triangles (tri,P1,P2)
(2,8,2), (3,4,8),
point # 4 is located at x = 0.000000, y = 4.000000

and has potential 0.000000e+00
point 4 is associated with points and triangles (tri,P1,P2)
(3,8,3),
point # § is located at x = 1.000000, y = 0.000000

and has potential 1.159421e-01
point § is associated with points and triangles (tri,P1,P2)
(4,6,0), (7,6,10), (10,9,10),
point # 6 is located at x = 1.000000, y = 1.000000

and has potential 1.106113e-01
point 6 is associated with points and triangles (tri,P1,P2)
(0,0,1), (4,0,5), (5,7,1), (7,10,5), (8,7,11), (11,10,11),
point # 7 is located at x = 1.000000, y = 2.000000

and has potential 9.526785e¢-02
point 7 is associated with points and triangles (tri,P1,P2)
1,1,2), (5,1,6), (6,8,2), (8,11,6), (9,8,11),
point # 8 is located at x = 1.000000, y = 3.000000

and has potential 6.743818e-02
point 8 is associated with points and triangles (tri,P1,P2)
(2,2,3), (3,3,4), (6,2,7), (9,11,7),
point # 9 is Iocated at x = 2.000000, y = 0.000000

and has potential 2.354477e-01
point 9 is associated with points and triangles (tri,P1,P2)
(10,10,5), (12,10,13), (14,12,13),
point # 10 is located at x = 2.000000, y = 1.000000

and has potential 2.238533e-01
point 10 is associated with points and triangles (tri,P1,P2)
(7,5,6), (10,5,9) 11,11,6), (12,13,9), (13,11,13),
point # 11 is located at x = 2.000000, y = 2.000000

and has potential 1.906126e-01
point Il is associated with points and triangles (tri,P1,P2)
(8,6,7), (9,7,8), (11,6,10) , (13,13,10),
point # 12 is located at x = 3.000000, y = 0.000000

and has potential 3.639483e¢-01
point 12 is associated with points and triangles (tri,P1,P2)
(14,13,9), 15,13,14),
point # 13 is looated at x = 3.000000, y = 1.000000

and has potential 3.383455e-01
point 13 is associated with points and triangles (tri,P1,P2)
(12,9,10), 13,10,11), (14,9,12), (15,14,12),
point # 14 is located at x = 4.000000, y = 0.000000

and has potential 5.236022e¢-01
point 14 is associated with points and triangles (tri,P1,P2)
(15,12,13),

Fig. 3.6: Dipole Moment and Calculated Potentials for the Square Plate

Defined in Fig. 3.3. Under x Excitation, r = 101, g/t =
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Fig. 3.7:
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Perspective Plot of Potential on Top Surface of Square

Plate Shown Partially Hidden by 4 = 0 Reference Square:

x Excitation, 2/t = 10, © = 2.
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Fig. 3.9: Perspective Plot of Potential on Top Surface of Square
Plate Shown Partially Hidden by ¢ = 0 Reference Square:

x Excitation, ¢/t = 10, v = 101.
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CHAPTER IV. THE DIPOLE MOMENT: NUMERICAL RESULTS

4.1 Accuracy of the Results

The formulations developed in Chapter III, Eqs. (3.4) and (3.6),
achieve the solution for scattering from a dielectric plate by

assuming that the plate is thin. The internal field is represented as

o = f(x,y)(a + bz) (4.1)

where a or b is zero depending on whether the excitation is parallel
or normal to the plane of the plate. The function f(x,y) is
approximated by a set of continuous and piecewise Tinear triangular
elements. The extent to which the function f(x,y) is indeed
approximately linear determines the number of elements needed to
accurately characterize f(x,y), which in turn determines the matrix
size and the amount of computation time needed to solve the problem.
It was felt that the approximation represented by Eq. (4.1) would
be valid for thickness-to-length ratios of 0.1 or smaller. This

was the region for which the thin plate formulation was developed,
since other solid body formulations develop numerical difficulties
in this region (e.g., Willis, 1982). As the program was

developed to work in a region where existing programs do not work,
there is no reliable data to which the results may be compared.

Verification of the program is thus limited to searching for
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inconsistencies in results for limiting cases (none were found),

and then comparing specific results with existing calculations (which
are of limited accuracy) for approximate agreement. Beyond indicating
approximate agreement, the reference data should not be considered

as a basis for determining the accuracy of the present program, since
in general the results of the present program are believed to be more
accurate than the reference data. Of the data available (thickness
to length ratios greater than 0.1), ratios of 0.1, 0.2, and 0.5

were selected for comparison with the program. The data are only
believed accurate to within a few percent, and are included as
reference merely to verify general trends in the dipole moment such
as variations with thickness and permittivity. The reference data
for the square cylinder was obtained from Herrick (1976) and the
reference data for the circular cylinder was obtained from Senior
(1975). The case of tangential excitation produced reasonable
agreement with the reference data. For both the circular and square
cylinders (Tables 4.1 and 4.2), the largest difference at the
thickness to length ratio of 0.1 was 16 percent which occurred

for the square at t = 105. The next largest error was only eight
percent. For thickness to length ratios of 0.5 and 0.2 the largest
error was 32 percent and occurred for a thickness to length ratio

of 0.5 and = = 106, The data for normal excitation was also in
reasonable agreement (Table 4.3). The fact that for the z excitation
the dipole moment was overestimated relative to the reference data
may be indicative of insufficiently fine elements. As shown in

Fig. 3.10, the z problem does produce "buckling" near the edges

which exhibits the elemental nature of the plate formulation and



-50-

Table 4.1

P11/V for Plates with Circular Cross-Section

thickness/Tength
T 0.5 0.2 0.1 1076
0 -1.418 -1.234 -1.150 T-1=-1
-1.233 -1.147 -1.094 -1.000004
2 0.796 0.867 0.911 t-1=1
0.8407 0.887 0.922 0.999996
5 2.012 2.525 2.924 T-1=14
2.275 2.657 3.005 3.999929
10 2.821 3.930 4,987 T-1=9
3.327 4.218 5.174 8.999640
106 4.187 7.131 11.578
5.280 7.960 12.301 228,223

Top line of each row is from Senior (1975). The quantity P  denotes
a diagonal element of the polarization tensor. 11



Table 4.2

P /V for Plates with Square Cross-Section
11

thickness/Tength
T 0.5 0.2 0.1 108
0 -1.470 -1.271 -1.190 T -1=-1
-1.226 -1.139 -1.088 -1.000004
2 0.805 0.871 0.908 T-1=1
0.850 0.896 0.929 0.999996
5 2.104 2.593 2.944 T-1=4
2.381 2.770 3.099 3.999936
10 3.029 4.146 5.125 t-1=9
3.608 4.566 5.514 8.999678
106 4.763 8.164 13.127
6.300 9.793 15.303 261,829

Top line of each row is from Herrick (1976). The quantity P  denotes
a diagonal element of the polarization tensor. 11
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Table 4.3

P /V for Plates with Square Cross-Section
33

thickness/length
T 0.5 0.2 0.] 10

0 -2.256 -3.872 -6.43% (t = 1)/t
-1.945 -3.141 -4.738 1,096,342

2 0.673 0.592 0.552 (t-1)/T = 0.5
0.682 0.612 0.582 0.554

5 1.402 1.086 0.951 (t-1)/t = 0.8
1.428 1.164 1.067 0.983

10 1.763 1.287 1.101 (t-1)/t = 0.9
1.825 1.423 1.282 1.161

10 2.258 1.524 1.262 (t-1)/t = 1
2.522 1.804 1.569 1.375

Top line of each row is from Herrick (1976). The quantity P  denotes
a diagonal element of the polarization tensor. 33
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indicates that the elements may not be sufficiently fine. This
hypothesis is supported by the results for the rectangle (presented
in the following section), which was generated using a graded mesh

which is most fine near the edges.

4.2 A Linear Predictor Model

A quick inspection of the data for the circular and square
cylinders presented in Tables 4.1 and 4.2 show that the dipole moment
appears to be largely determined by the permittivity, v, and the
thickness to Tength ratio. It was felt that a model based only on
gross parameters such as thickness, width, Tength, and t would be
able to generate a rough value for the dipole moment associated with
a particle. Such a model would be useful for design purposes to
get an approximate idea of the dipole moment associated with a
particular particle. The model would be restricted to convex shapes,
since an object consisting of needle like protrusions would obviously
have a much different dipole moment than a convex object with
similar thickness, length, width, and t parameterization. The model
was constructed by restricting f(x,y) in Eq. (4.1) to be Tinear.

For the z excitation this is equivalent to restricting f(x,y) to be
constant. For either tangential or normal excitation this then
permits the parameterization of the problem in terms of one unknown.
The problem solved is that of a rhombus symmetric about both axes.

The reduction of the problem to a Tinearly varying potential permits
much information to be obtained from recasting the problem as an
eigenvalue problem in t. After the eigenvalue is obtained, the dipole

moment is then known for a given shape for all values of t. For the x

excitation the problem is solved by first examining Eq. (3.4)
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t/,

t_ I‘t I 1 1
¢0--x+(]-r)f £v5¢0-vsﬁds dz

_tﬁ
and the particle is assumed to be a rhombus as shown in

Fig. 4.1. If ¢§ is then restricted to be linear, from symmetry

consideration ¢§ may be written as

¢§ = ax
and Eq. (3.4) reduces to
t/2
ax = -x+(1-r)f I ag—g.— ds' dz'. (4.2)
St/0 9

The choice of testing function now becomes more important than in
the previous multiple element formulation of the problem. For
simplicity and to accommodate the existing program the testing
function was chosen as a single delta function, centered at x = 2,

y =0, and z = t/2. Then Eq. (4.2) reduces to

t/,
aS&=-5L+(]-T)‘f7 fa%—ds'dz'_
s oax'

-t/g
Letting
t/2
I = §§T— ds' dz'
9X
-t/2s

yields
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Fig. 4.1: Diagram of a Plate Used by Linear Predictor.
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ag = -2+ (1 - 1) al
a(e + (¢ - 1)I) = -2

(-3 - -

and if the above equation is considered as an eigenvalue problem in 7,

- L
U I
(T-)\)a=-%
_ 2 1
a_-IT-)\
and since
¢§ = ax

the potential on the surface of the plate is known for all values of
T after 1 and I have been computed. For a z excitation, the

simplification begins with Eq. (3.5)

t/2

a¢t
t - 1 t . 1 0 aG ] 1
by = -zt (1 -1) f I (vsq;o V.G + 7 —az') ds' dz

-t/27s

Again restricting ¢§ to be linear and consistent with the symmetry

of the plate the equation yields
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so Eq. (3.5) becomes

This time the testing function is chosen as a delta function centered

at z = t/2, x =y = 0. Let

t/2
I = qu 0[, EQT- ds' dz'
Vi
-t/2 7s
then Eq. (4.3) becomes
a . _t,q_a
f__2+(] T)tI
and
1.1 i - t
a(§+€1'"f) =73
t .ot
a(('éT']) ”)‘ A
S0
S .t
Vo=l
2
a(T-k)=—§—I~
a.:_ﬁ -l
21 t - A
t

and the potential is known for all values of t after » and I have

been calculated.
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The Tinear predictor described above was implemented and tested
on particles with length to width ratios of one to one and two to one,
and with length to thickness ratios of 1, 10, and 100, for x, y and
z excitation. For length to width ratios of one to one, the particles
tested were the circular and square cylinders (shown in Table 4.4
and 4.5), and they were tested at t = 2, 11, and 101. For the two
to one Tength to width ratio the particles tested were cylinders with
cross sections of a triangle, semicircle, and rectangle. These shapes
were tested at v = 2, 11, and 101 (Tables 4.6, 4.7, and 4.8) and
T =2+ 1i2, 11 + 12, and 101 + i2 (Tables 4.9, 4.10, and 4.11). One
difference in notation between Tables 4.2 and 4.3 and Tables 4.4
and 4.5 must be noted. For Tables 4.2 and 4.3 the length (= width)
was measured along the edge of the square while for Tables 4.4 and
4.5 the length (= width) was measured along the diagonal. This
difference in notation was required to match the reference data
available for the square in Table 4.2 and 4.3, and to be consistent
with the Tinear predictor model presented in Tables 4.4 and 4.5.
Although the effect is a change in the thickness by a factor of /2,
this difference had a negligible effect on the resultant dipole
moments.

As can be seen, the results obtained from the linear predictor
are in fairly good agreement with those obtained from the multi-element
formulation of Chapter III. The results are particularly accurate
for dipole moments near t - 1 for the tangential excitations and
(t - 1)/t for the normal excitation. This is as expected and is

discussed in detail in the next section. The linear predictor
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Table 4.4

Pll/v for Several Convex Plates with Length/Width = 1

T = 2 11 101
-1 =1 -1 =10 -1 = 100

L/t =1
Linear predictor 0.858 3.77 5.72
14-pt square 0.817 3.21 4.65
12-pt circle 0.817 3.09 4.28
Sphere-Exact 0.750 2.31 2.91
e/t =10
Linear predictor 0.941 6.15 13.8
14 pt. square 0.913 5.33 10.7
12 pt circle 0.922 5.49 10.9
L/t =100
Linear predictor 0.988 8.97 46.7
14 pt square 0.982 8.54 39.9

12 pt circle 0.985 8.73 42.3
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Table 4.5

P33/V for Several Convex Plates with Length/Width = 1

T = 2 11 101

(-1)/1=1/2  (2-1)/t=0.909 (1-1)/7=0.990

o/t =1

Linear predictor 0.757 2.37 3.02

14-pt square 0.800 2.9 4.31

12-pt circle 0.771 2.59 3.59

Sphere-Exact 0.750 2.31 2.91

2/t =10

Linear predictor 0.533 1.02 1.13

14 pt. square 0.595 1.36 1.62

12 pt circle 0.577 1.25 1.45

2/t =100

Linear predictor 0.503 0.919 1.002
14 pt square 0.557 1.192 1.371

12 pt circle 0.544 1.121 1.267
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Table 4.6

P /V for Several Convex Plates with Length/Width = 2
11

T = 2 11 101
-1 =1 -1 =10 -1 = 100

L/t =1
Linear predictor 0.912 5.11 9.46
14 pt triangle 0.865 4.33 7.96
12 pt half-circle 0.866 4.06 6.59
20 pt rectangle 0.864 4.03 6.51
L/t =10
Linear predictor 0.963 7.24 20.8
14 pt triangle 0.930 6.21 16.3
12 pt half circle 0.939 6.26 15.0
20 pt rectangle 0.939 6.36 15.8
2/t =100
Linear predictor 0.992 9.33 58.8
14 pt triangle 0.984 8.78 48.6
12 pt half circle 0.987 8.95 49.5

20 pt rectangle 0.987 9.00 53.4
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Table 4.7

P /V for Several Convex Plates with Length/Width = 2
22

L/t =1

Linear predictor
14 pt triangle

12 pt half-circle

20 pt rectangle

L/t =10

Linear predictor
14 pt triangle

12 pt half circle

20 pt rectangle

2/t =100

Linear predictor
14 pt triangle

12 pt half circle

20 pt rectangle

0.79%
0.772
0.768
0.768

0.886
0.858
0.870
0.879

0.974
0.963
0.970
0.973

11 101
-1 =10 -1 =100
2.78 3.72
2.73 3.90
2.55 3.38
2.57 3.43
4.38 7.23
4.09 7.29
4.13 6.80
4.34 7.40
7.9 27.8
7.44 26.5
7.73 26.8
8.03 31.8
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Table 4.8

p /V for Several Convex Plates with Length/Width = 2
33

T = 2 11 101
(t-1)/7=1/2 (7-1)/7=0.909(t-1)/7=0.990

o/t =1

Linear predictor 0.809 2.98 4.07
14 pt triangle 0.851 3.74 6.15
12 pt half circle 0.826 3.29 5.01
20 pt rectangle 0.802 2.9 4.20
¢/t =10

Linear predictor 0.550 1.09 1.21
14 pt triangle 0.641 1.63 2.04
12 pt half circle 0.621 1.50 1.81
20 pt rectangle 0.582 1.26 1.46
g/t = 100

Linear predictor 0.504 0.925 1.01
14 pt triangle 0.5% 1.38 1.66
12 pt half circle 0.583 1.32 1.54

20 pt rectangle 0.526 1.02 1.13



P 1/V for Several Convex Plates with Length/Width = 2
1

-1
g/t =1
Linear predictor
14,14 pt triangle
12,12 pt half circle
20 pt rectangle
L/t =10
Linear predictor
14 pt triangle
12 pt half circle
20 pt rectangle
%/t =100
Linear predictor
14 pt triangle
12 pt half circle

20 pt rectangle
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Table 4.9

2+i2
1+i2

1.19+i1
1.19+i1
1.22+11
1.22+i1

1.09+i1
1.13+11
1.13+i1
1.13+i1

1.02+i1
1.04+11
1.03+11
1.03+i1

.61
A1
.40
.39

.84
.69
73
73

.97
.93
.94
.94

and Complex Permittivity

11+i2 101+i2

10+i2 100+i2
J16+1.517  9.46+i.017
37+41.413  7.96+1.015
J10+1.337  6.59+1.009
.07+1.333  6.51+i.009
.30+11.04  20.8+1.086
.26+1.820 16.3+1.063
J31+41.798  15.0+1.047
J42+1.833  15.8+1.053
.36+i1.71  58.5+1.686
.81+11.56  48.6+i.521
.98+i1.61  49.5+i.510
.03+i1.64  53.4+7.601



2

-1
L/t =1
Linear predictor
14 pt triangle
12 pt half circle
20 pt rectangle
2/t =10
Linear predictor
14 pt triangle
12 pt half circle
20 pt rectangle
2/t =100
Linear predictor
14 pt triangle
12 pt half circle

20 pt rectangle
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Table 4.10

and Complex Permittivity

2+i2
1+i2

1.23+11
1.18+11

.07
.00

1.20+1.977

1.20+17.982

1.22+11
1.21+11
1.22+i11
1.21+11

1.07+11
1.09+i1
1.07+i1

1.06+11

49
.37
42
.46

.89
.84
.87
.88

11412

10+i2

L81+1.152
.75+1167

57+1.133
.59+1.137

JA42+1.379
.13+1.368
J7+1.348
.29+1.386

.99+i1.26
J49+i1.13
.78+11.20
.08+i1.31

P /V for Several Convex Plates with Length/Width = 2
2

101+i2

3.72+41
3.90+i
3.38+i
3.43+i

7.23+i
7.29+i
6.80+i
7.40+i

27 .8+i
26.5+i
26.8+1
31.8+i

100+i2

.002
.004
.002
.002

.010
.014
.010
011

.155
170
153
.216
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Table 4.11
P33/V for Several Convex Plates with Length/Width = 2

and Complex Permittivity

length/width
T = 2+i2 11+i2 101+i2
(c-1)/7 = 0.75+i.25 0.912+i.016 0.990+i.0002
it =1
Linear predictor 1.24+i1.14 3.00+i.174 4.07+1.003
14 pt triangle 1.23+41.133 3.77+i.291 6.15+1.011
12 pt half circle 1.24+11.21 3.32+1.224 5.01+1.007
20 pt rectangle 1.23+i1.11 2.96+1.178 4.20+1.005
2/t =10
Linear predictor 0.852+7.335 1.09+i.023 1.21+1.000
14 pt triangle 1.009+1.571 1.64+1.063 2.04+1.001
12 pt half circle 0.978+i.517 1.51+1.052 1.81+1.001
20 pt rectangle 0.911+1.411 1.26+1.034 1.46+1.000
2/t = 100
Linear predictor 0.759+1.257 0.928+1.016 1.01+1.000
14 pt triangle 0.926+1.468 1.39+i.045 1.65+1.001
12 pt half circle 0.907+7.442 1.32+1.039 1.54+1.000

20 pt rectangle 0.801+17.303 1.02+1.021 1.13+1.000
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uniformly underestimates the dipole moment calculated for z excitation
(for Real t > 1). This is a result of choosing the testing function
as a delta function centered on the middle of the plate thus
eliminating any effects of the "buckling" near the edges of the plate.
This difference between the linear predictor and the multi-element
algorithm is in the opposite direction of the difference between the
multi-element algorithm and the reference data, thus the result of
the Tinear predictor for the z excitation might be better than Tables
4.5, 4.8, and 4.11 would indicate. Also, the dipole moments calculated
for the rectangle for z excitation are Tower than those calculated
for the triangle and semicircle with the same thickness and t. This
supports the idea that the multi-element formulation for the z
excitation might be using elements which are too coarse to accurately
represent the buckling near the edges.

Finally, it is interesting to examine the eigenvalues extracted
by the Tinear predictor algorithm, and these are shown in Table 4.12.
These seem to parallel the path of the eigenvalues associated with the
spheroid (e.g., Senior and Weil, 1982) and would seem to have physical
significance. Since there is only a single eigenvalue the inter-
pretation is simply as an estimate for the location of the resonance
region. The most striking result is that the eigenvalue for the z
excitation, though negative as expected, is extremely close to zero,
while the x and y components are much farther from zero. From the
perspective of designing particles with high absorption (operating
in the resonance region), the important part of the dipole moment

may be the z component. This is in contradistinction to the region



t/%
t/s
t/e

t/2
t/e
t/2

1.0
0.1
0.01

1.0
0.1
0.01
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Table 4.12

Eigenvalues Extracted by Linear Predictor

length/width = 1

X excitation
-5.07
-15.02
-86.62

Tength/width = 2

X excitation vy excitation
-9.45 -2.86
-25.32 -6.80

-140.44 -37.66

z excitation
a2
14
.01

excitation
-3.25
-0.22
-0.01
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of Real t > 0, where the normal component is usually negligible

compared to the tangential components.

4.3 Shape Effects

As may be seen from Tables 4.4 through 4.11, the shape of a
plate does have an effect on its associated dipole moments. Shape
is important when the product of thickness/length (t/:2) and t is
large. For (tt/2) small the tangential components of the dipole
moment may be approximated by t-1, and the normal component may
be approximated by (t-1)/t. The physical significance of these
approximations for the tangential excitation is a total electric

t which equals the incident electric field E'. For the

field E
normal excitation, the total electric field Dt is assumed to equal
the incident electric field D'. These results may be obtained by

examining the formulae for the dipole moment. From Senior (1976)

- AR
Xii = (1 -1) gfn X 0 ds (4.4)
B

starting with ii = ; for tangential excitation.

¢? = ¢: + ¢? = -x + ¢? (on the plate)
X11 = (t-1) b[’ﬁ cxds' + (1 - 1) Lj’ﬁ . X ¢? ds'
B B
=(r-1) gf’ Ve xdv'+ (1 - T)‘/° v - (§¢S) dv' (cont.)
U v :

B
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e
= (T-])VB"'(]-T) EX.—dv
Vg
So, for
S
qul
7 << 1
oX
X x - 1)V
11 (r - Y
For normal excitation, Xy =7
S
¢it =-% ¢]] + ¢1S =-—74+ ¢3 on the plate from (4.4)
T~ = aLa ¢s '
X33 = (1-1) Th ozds' + (1-1) nez % ds
B B
- _ ~ S
=-T?]~ V-zdv'+(T-T)fV'(z¢3)dv'
' Yy
a¢
_1-1 3 .
== VB + (.I—T) f 537" dv
v
S B
a%
So, for |1 —=,] << 1
0z
Xom ~ 1y
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Thus both approximations assume the scattered field on the plate is
negligible compared to the incident field. The motivation for the
Tinear predictor model was to account for small but non-zero scattered
fields. Since the incident field would still be the dominant component,
the total potential on the plate should still be effectively linear. The
Tinear predictor provides a next order approximation to the scattered
field. Instead of assuming the scattered field is negligible, it is
Tinear. This permits an increase in accuracy over the small scattered
field approximation and incorporates gross shape effects. However,

as the scattered field increases the importance of the non-linear
components of the scattered field also increases. An indication of

the size of the scattered field is the amount by which the computed
dipole moment (using the Tinear predictor model) differs from the

small scattered field model (i.e., t - 1 or (r-1)/t). The primary
benefits of the linear predictor model then are to give a rough
estimate of the dipole moment, and when such estimates differ

from the small field estimates of the dipole moment to indicate that
use of the multi-element formulation is appropriate.

The region where the use of the multi-element formulation is
appropriate constitutes a very important region, particularly in
regard to the analysis of aerosols. Particles which remain
suspended in the air generally have a Targe surface area relative
to their weight. Thin particles consitute a common realization of
this characteristic. 1In the case of aerosols which efficiently
absorb or reflect radio waves, the constituent particles must
either have a relatively large permittivity or a permittivity in

the resonance region of the particle. The dipole moments
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assocated with both of these cases are strongly influenced by the
shape of the particle, and this may be further investigated through

the use of the multi-element program developed in Chapter III.



CHAPTER V. SCATTERING BY DISTRIBUTIONS OF PARTICLES

5.1 The Clausius-Mosotti-Lorentz-Lorenz Equation

The problem of scattering by sparse distributions of particles
is now considered. Although the formulae used are classical (Mosotti,
1850), various modifications to the standard form have surfaced to
describe experimental results for distributions with high densities.
In this chapter the Clausius-Mosotti-Lorentz-Lorenz equation will be
derived, and it will be shown that although modifications to this
formula may approximately describe experimental results, such
extensions are not rigorous and hence should not be expected to work
in cases other than those for which they were developed. The final
section discusses scattering by plates as formulated in the two

preceding chapters, and the validity of a Timit case is shown.

Assume a uniform applied field, E, in a distribution of

particles. For each particle, a dipole moment u is generated, where

where o is the polarizability of the particle, and EQ is the local
electric field acting on the particle. E2 differs from E as a
result of near-field disturbances of nearby particles. As the

distribution of particles becomes sparse, Ez will converge to E.

-73-
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Now, if the density of particles is N per unit volume, then
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To find a relation between the polarizability per unit
volume, No, and the relative permittivity, €5 aSsume a capacitor
as shown in Fig. 5.1.

The distribution of particles is now located between a pair
of infinite parallel plates. The region between the plates is
uniformly filled by the distribution of particles. The voltage

between the plates is

V = d|E] , E = E(-2)
And,

where, EQ(A) is the Tocal electric field acting upon the particle

located at "A".

El(A) is the electric field resulting from the charges

lTocated on the metal plates.

Ez(A) is the electric field resulting from the polarized

particle distribution exterior to the sphere "S". The sphere "S"
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V=d|E]|

N>

x>
<>
Q.

Fig. 5.1: Parallel Plate Capacitor with Spherical Exclusion Volume.
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is taken large enough so that the near field effect of the
individual polarized particles is not apparent when viewed from "A".
E3(A) is the electric field resulting from the polarized
particle distribution interior to the sphere "S". In general, it
is not possible, or at Teast not easy, to calculate Es' For a
cubical array of particles (i.e., particles lying on the vertices of
adjoining cubes) E3 = 0, as shown in the following section. The
Mosotti (1850) approximation is to simply set E3 = 0.

The next step is to calculate E and E .
1 2

E. = %—-(-z) , o = charge density on top plate

E2 has two components. The first component is due to a bound charge
distribution in the vicinity of the plates. The second is the

bound charge distribution surrounding the sphere. Since the sphere
is large enough to hide individual particle effects, it is
permissible to consider the distribution of particles exterior to
the sphere as a dielectric continuum and use terms such as "bound

charge". So

‘-€>3

4ﬂ€ R2

Then, by linear superposition,
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% 1 2
. o . 0 -
S ) - s
€o 0 S 4ﬂeoR2
pto 5 0 -
. b (-2) + 9§ PN 4
0 S 4wsOR2

Since v « P = Opp and further, since the effects of the polarized
particles within the sphere are accounted for with E , the
dielectric representation of the polarized partic]esBexterna1 to
the sphere may be assumed to terminate on the surface of the sphere.
Hence, P = 0 within the sphere.

Now, despite the segmentation of the particle distribution

with the sphere, the distribution is, in fact, uniform. Therefore,

1P| (-2)

O
n

and

ol
.
=

= - |P| cos o

SO

€
0

_ pto n & _
E = bl (_Z) - § Jﬂwds
S

. 4ﬂ€OR2

But, by the symmetries of the problem, E‘2 has only a z component.

Therefore
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_ p t pb1 - ]ﬁ| cos? 6 ~
E,Q/ = — (—Z) - §““‘— — dS Z
. 4ﬂ€OR2

2t m
p + p ~ R 2
= b (-z) - J—J—4P f f €OS” B R2 sin ¢ do d¢
0 0

o R2
pto n ~ 1B m
= . b1 -z)-zi%l—(Zn)[-;—coszgl
0 E0 0
o top . ~ |P| 2
) € "z} -z 2¢ 3
0 0
~ P Y D
= - bl+%_P_I.
€o €0
and
pto _
bl = |E, ,
€
0
SO
ol l
Ez = BA 380
i, D - eOE i D - eOE + 3eoE
- 3e h 3¢
0 0
R N
- 3¢ =t 3¢
0 0
¢ € + 2
3
Thus
. _ _ee t 2
P = NoE = Ne E 3
2
but
P = D - EOE = E(eoer - eo) = Eeo(sr -1)
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So

-1) + Na r

and rearranging

which is the relation desired.

No  _ €
330 Ep + 2

is the standard form of writing the Clausius-Mosotti-Lorentz-Lorenz
equation,

Solving for Eps

(er +2) 3. T & T 1
0
No  _ _ o N
€r (360 ) 1-2 380
No
] 1+2 350
€ -
.
350
No.
3 §E;
:]+
No.
1- 3¢
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= 1+ No

_ No
) 390

5.2 Cubical Distributions of Particles

As noted in the previous section the exclusion volume is
a virtual cavity which has no physical significance, and is merely
a computational artifice. The exclusion volume must satisfy two
constraints. First, all particles outside the exclusion volume must
be far enough away to be accurately represented by an equivalent,
homogeneous, dielectric. Second, the combined effect of the
particles within the exclusion volume should not alter the
electric field at the point of computation. The first constraint
may be satisfied immediately by letting the exclusion volume be
arbitrarily large. The second constraint is not usually possible
to satisfy exactly for an arbitrary particle distribution, so that
an approximate solution is used which works reasonably well.

Since the task of determining the field contributions of an
arbitrary particle distribution is in general very difficult,
a highly symmetric particle distribution is used. The standard
reasoning is that if the field contribution of a symmetric particle
distribution is zero, then the field contribution of a random
distribution of particles should also be zero. The derivation
for a cubical distribution is given below and follows the approach

of Jackson (1975).
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The field resulting from a dipole is

T -3n(p-n-p
[x = %ol

0

where p = the dipole moment,
io = the Tocation of the dipole,
X = the point of field measurement and
n o=

points from X, to x.
Then the total E field due to a cubical array of dipoles, each

with identical p, is

= ML

E _ z 3(X.|3.y]’zk)[p (X'i"yj’zk)] p|X!
v|5

ijk x|

—
o
wn
=
o
=
m

>

]
m

]
m

i
[an)
=
-
—
(0]

z 3x1[P * (X.i:.yjazk)] = p'll)-(|2

ijk BB

The summation is taken over all vertices of the array within the

exclusion volume, and (xi,yj,z ) are the coordinates of each dipole.

k

2 312
. :gj 3x1.pX + 3x].yjpy + 3x1.zkpZ - px[xl ?

3K x|
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Since this equation must hold for all choices of px,py,pz, then

ijk |x]°

This represents a rather strong symmetry constraint, and is
satisfied by the sphere, the cube, and an infinity of
other symmetrical shapes. However, since the only purpose of
the exclusion volume is to yield the Clausius-Mosotti equation,
which is shape independent, there is no point in finding all the
acceptable shapes.

In the following section the computations are performed

using a cubical exclusion volume.

5.3 A Cubical Exclusion Volume

The standard derivation of the Clausius-Mosotti relation
used a spherical virtual cavity (see Section 5.1). However, the only
reason for using the sphere is a general symmetry argument, and
a cubical cavity should work equally well.

If the spherical cavity is replaced by the cubical cavity

in the Clausius-Mosotti derivation, two of the field components



-83-

may be affected. The first is the field due to the particles within
the cavity. However, due to symmetry considerations (see the
preceding section) this field component is zero forboth the spherical
cavity and the cubical cavity. The second field component is due

to the bound charge on the virtual cavity surface. For a sphere,

the resulting field was shown in Section 5.1 to be

where E is the uniform macroscopic field. It will now be shown that
the cube yields the same result. Assume a virtual cube in a uniform
electric field E = EO(—E) similar to Fig. 5.1. Then the bound

charge, py = <V - P, will accumulate on the top and bottom surfaces.

We wish to find the E field due to this charge distribution at the

center of the cube.

EQ = o[,- % _Rds ,
< 4neR?

where R is measured from the center of the cube.

4neR2
P .z, Pz .
= Jf + R ds + Jf - ; R ds
2
top 4reR bot tom 4reR

where Pm denotes a "macroscopic" P. Since P = 0 inside the

cube,
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= - ; ﬁ ds
top 2meR
Further, by symmetry
. . Pl . . P | .
P - _m - _'_m Z
ES& - EQZ z z f 2reR2 ds 2re z ﬁ?’—ds
top e top
e =1
= +-L E - L gs -
2 R3
top
For a sphere,
- EY‘ - ] -
E2 = 3 E
So, if
_2_TT_ = Z__ ds
3 R3
top

then the field in a cubical virtual cavity is the same as that in
a spherical virtual cavity.

Let the dimensions of the cube be 22 x 2% x 22. Then
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Then, from Gradshteyn and Ryzhik (1980, Sec. 2.271.5)

y

=%

dylz-z

z X
y2 + 22 KT+ y?+ 27

) )

=f % 1 dy =f 492 1 dy
QYR T Oy2+22/372+_2?

Let

w2 o= L2 u = %’ /yT + 282

22

y2 o= u2g2 - 202

Then
%, 2
Z ds = f 42 1o —
p R3 o ou2e? - 92 ART AT -2

/3

= du .
uz -1 Ju? =2
V2

Expanding in partial fractions yields

-1 + 1 :]dx
(x + 1)/XZ -2 (x-1)/xZ-2

S
1
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letu=x+Tandv=x-1

V3 + 1 /3 -1
= al du + 0/7 ] .}> dv .
S e uwZ - 2u - o VAT v -

Then, again from Gradshteyn and Ryzhik (1980, Sec. 2.266)

/341 /3 -1
- 5 _Sin-l(—Z - 2x + sin”! <-2 + zX)
X/8_ /z‘+ 1 x/g /2__ !
- 2 _51-,,—1(-2 - 2(/3 +1 ) + sin”! (-2 - 2(/Z + 1))
(V3 +1)/8 (V2 + 1)/8

+ gin~ (-2 +2(v/3 -1 ) i S].n-l(-z + 2(/2 - 1))
(V3-1)/8 (V2 -1)/8

Thus the spherical and cubical exclusion volumes yield the same

result.
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5.4 Restriction of the Clausijus-Mosotti Equation to Distribution

of Plates
The Clausius-Mosotti relation is valid for any sparse

distribution of particles. Thus

= ]+_ NOC o
r —_—
3
0 3

may be used with o obtained from the algorithms presented in

€

Chapters III and IV. The validity of the formula can be verified

for very thin plates in a dense cubical distribution.

a = (t-1)v = (1-1) te?

for excitation normal to the plate, where the particle is assumed
square with dimensions & x ¢ x t. The above formulae were

obtained in Chapter IV with a small scattered field approximation
which is satisfied as long as tt/# <<1. If the cubical distribution
of plates is now made dense so that the plates form a multiple
layer dielectric, then £p2S seen under tangential excitation

would be
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and for normal excitation

:]+§_(T—-]_M::]+(T_])t/l
r 3-(t -T)t/s

(1T - t/2) + 1(t/2)

as expected. For normal excitation

m
1
—_
+
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t -1t t t-1t) ,1-1¢
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( t) T 4 T
-2+
2

3+2.T_____
T

o |t

1 3t -3t +3+2(r-1)t/¢
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~
1
—
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<+
~
=

as expected.

Thus the effective permittivity of a dense cubical distribution
of thin plates as predicted by the Clausius-Mosotti theory is in
agreement with the exact average permittivity of a layered dielectric
when excited either normally or tangentially to the plane of the
layers. Further, the Clausius-Mosotti theory is entirely adequate
for describing scattering by distributions of particles as long as
the electrical interaction between the particles may be accurately
described with only the dipole term. The low frequency expansion

permits the Clausius-Mosotti formula to be used with dynamic
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electromagnetic radiation as well as for the electrostatic and
magnetostatic problems. For dynamic radiation, the dipole moment

may contain an imaginary component which then results in an imaginary
component in the effective permittivity. On a macroscopic level this
corresponds to a Tossy medium. Since these results can also be
applied to magnetic scattering, the entire distribution can then be
characterized by complex electric and magnetic polarization tensors.
Although the analysis of electromagnetic propagation through a complex
tensor medium is not particularly simple, it is trivial compared to
the problem of analyzing propagation through a distribution of particles
by computing the scattering of the electromagnetic wave from each

individual particle in the distribution.



CHAPTER VI. CONCLUSIONS

The problem of constructing the Tow frequency expansion which is
valid for scattering by an open surface has been solved with the
simultaneous solution of a problem from classical physics, find F
given v x F = f. A highly efficient and accurate numerical program
has been developed to solve the problem of static scattering from a
thin plate. The potential on flat plates with thickness to Tength
ratios less than 0.1 and arbitrary shape may be solved and the
resulting dipole moments computed, with the plate being described via
an arbitrary number of triangular elements with arbitrary shape and
size. This flexibility permits the description of an arbitrary plate
with a minimum number of elements. Varying the size of the elements
is important near the edges of a plate, primarily when computing the
dipole moments associated with normal excitation of the plate. The
range of operation of the program is very broad. The permittivity can
assume a wide range of values, real and complex, small and large. The
result is that the scattering from a particle composed of any
homogeneous material can be analyzed, including perfect conductors.
The thickness of the material can also assume a wide range of values,
and the program has been successfully tested for Tength to thickness
ratios ranging from 1:1 to in excess of 106:1.

Finally, distributions of particles have been discussed, and the

completeness of the Clausius-Mosotti-Lorentz-Lorenz formulation has been

-9]-
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shown. The validity of this formulation for a cubical dense
distribution of thin plates has also been shown. Although the
content of Chapter V was restricted to sparse (particle volume as a
percentage of total volume) distributions of particles, an area of
considerable interest is dense distributions of particles. The
primary difference between dense and non-dense scattering theories

is that sparse scattering theories assume the particle interaction

is limited to far-field interaction. In Section 5.4 the thin plate
approximation for the dipole moment guaranteed that the scattered
field was negligible and that only far field interactions were being
considered. There have been several attempts to modify the Clausius-
Mosotti-Lorentz-Lorenz formula to account for non-sparse distributions.
The theories are designed to account for experimental results on
dense distributions of particles and in general they may be
characterized as attempting to describe higher order interactions
(quadrupole, etc.) without specifically calculating these components.
Discussions of the relative merits of these methods are contained in
Granqvist and Hunderi (1977) and Bohren and Battan (1980).

Future work may use the program developed for this dissertation
to investigate the resonance region associated with thin plates. To
this end, the matrix problem solved might be decomposed into an
eigenfunction expansion. This would permit the simultaneous
calculation of the dipole moments associated with a particular shape
for all values of t. The linear predictor described in Chapter IV,
although quite satisfactory for the purpose of determining when to
use the full multi-element program, could perhaps be further refined

by modifying the testing function. Specifically, it might be desirable
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to use a Galerkin's method approach (e.g., Harrington, 1982).

Although the results presented in Chapter IV are believed accurate

and show qualitative agreement with the results of Senior (1975) and
Herrick (1976), it would be useful to verify some of the thin plate
calculations for which the program was developed (length to thickness
ratios greater than 10), either experimentally or numerically. Efforts
are currently underway to obtain verification of the results using a
version of the program developed by Senior and Willis (1982) specifically
modified to permit the accurate analysis of thin rotationally symmetric
plates (Weil, 1984).

It is hoped that the developed program (a listing of which is
provided in the Appendix will be incorporated into emerging theories
on Tow frequency scattering by distributions of particles. Since the
shape of a particle affects the dipole moments which are associated
with a particle which in turn determines parameters such as the
effective dielectric constant of the distribution, the developed
program should provide a valuable tool in determining the electrical
properties of particle distributions. As shape becomes extremely
important in the resonance region, the shape of the particle may aid
in the identification of different particles in cases where the
particles are illuminated with relatively low frequency electro-
magnetic radiation. This may be particularly useful in regions where
identification through high frequency electromagnetic radiation, which
relies primarily on shape effects which become apparent only when the
particle size is comparable to a wavelength, is either not possible

or inconvenient.
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