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ABSTRACT

Approximate formulae for the bistatic cross section of a homogeneous,
stationary surface are derived. The formulae are based on physical optics.
These formulae give the estimates of the aspect and polarization dependence
of the cross section based on a single functionafthe incident and reflected
direction, This results from an integral involving the correlation function of

surface height.
It is suggested that a study of this "universal' function based on some

realistic choice of correlation function of surface height, should be carried
out for a reasonable estimate of the aspect dependence of the scattering from

a rough surface.

ii



1969-2-Q

TABLE OF CONTENTS

INTRODUCTION
THE SCATTERING MATRIX

II THE SCATTERING CROSS SECTION'

Iv

ASPECT DEPENDENCE OF CROSS SECTION
CONCLUSIONS AND RECOMMENDATIONS
REFERENCES

APPENDIX A; STATISTICAL DESCRIPTION OF ROUGH
SURFACE

APPENDIX B: EVALUATION OF STATISTICAL AVERAGES
DD FORM 1473

i1

12
16
17

18
22
29



1969-2-Q

I

INTRODUCTION

The investigation of the scattering properties of rough surfaces, par-
ticularly that of the sea is continued in this period. Based on the Kirchhoff
integral formula and tangent plane approximations, integral formulae for the
scattering matrices were given in the last quarterly report (1969-1-Q, Dec. 68).
In terms of these scattering matrices, the conventionally used bistatic cross
section b’ aw etc may be considered as the statistical average of some fune-
tional forms of the scattering matrix. The primary concern in estimating the
cross sections, therefore, is the choice of a reasonable statistical description
of the rough surface.

After an extensive survey of the experimental and theoretical works
concerning the spectrum of the sea surface, we limit ourselves to rough surfaces
that are described statistically as staionary and homogeneous, corresponding
to that of an aged open sea.

By assuming a height correlation function H(7y, 'ry) for the rough surface,
it is shown in Appendices A and B that the integral involved in calculating the
average bistatic cross sections can be expressed in relatively simple form.

In Chapter III, the explicit forms of the various components of the bistatic
cross section showing the aspect and polarization dependence of such rough
surfaces are given.

All these formal results depend on a "universal" function F which may
be expressed as an integral.of the height gorrelation of the surface. A realistic
choice of the correlation function is somewhat uncertain. It is suggested that
some simple models based on either measured results on the angular variation
of the sea spectrum, or conventional anisotropic Gaussian correlation might be
used. This phase of the study shall be continued in the next research period.
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In order to check the theoretical formulae derived, and/or to obtain the
constants that might be involved in the formulae, an experimental system has
been designed and constructed to study the bistatic scattering cross section of
surfaces including water surfaces. Preliminary measurements involving
flat surtaces of finite and infinite conductivity have been carried out to test the
transmitting, receiving and the recording system. It is felt that this system
functions very well. Experimental work involving the reflection from rough
surfaces of known characteristics (cerrugated surface), ground surface and
agitated salt water surface are currently under consideration.
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1§
THE SCATTERING MATRIX

The expressions for the components of the scattering matrix, specifying
the scattering properties of a rough surface, derived from the Kirchhoff in-
tegral formula and tangent plane appreximation for the boundary conditions, have
been given in the First Interim Repert (1969-1-Q, December 1968). The
essential results, expressed in forms that are more convenient for later use,
are summarized in this section.

Referring to Fig.2-1, a plane wave incident from direction 61 is scat-
tered by a rough surface. We are interested in finding the field scattered in the
direction ?"2 . To be specific, let the rough surface be described by the function
z(x, y) of which only some partial statistic behavior is known. The incident
direction is given by

Anf -[4 .«ame,loo-gllﬁsmolsmplé ooae] . 2.1)

The directions of polarisation associated with the incident field are given by the

following: i) the direction of horizontal polarizstion

X
A A

N A
ehl— it ﬁl' = Xsing) -y cosf, (2.2)

and, ii) the direction of vertical pdlarlntion

A A A A [
3.,.1 nlx ehl = -X coselooeﬂl-y ooselsinﬂlﬂ mel 2.3)
Similarly, any direction of reflection is given by
3, = X 8in6, cosd, +1 sind,_ sing, +1 cosd 2.4
£%,= X 81n0,008P, ¥y 81n9,Binf, % c089, '

The directions of polarization associated with the reflected field are, i) direction
of horizontal polarization,
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Axd
%:,m = Rsing,+{ cos ), (2.5)

and, il) vertical polarization,

A - A A - A A A
°”2 92"%2 xcosezcos¢2 yoosazsinﬁzﬂ sinf, . (2.6

If the incident field is represented in terms of polarized components by

tidh - ¢

E-[ammd Ele @
the far zone reflected field, in the direction ﬁz,ia also resolved into the two
directssms of polarization, and is expressed as

A A eikr
E—Q{.ehz Eb2+ evz Evz:l —_ . (2.8)

The relation between the components of the scattered field and those of the
incident field are related formally by a scattering matrix. This relation is

given by

Lo .
EVZ th Sm\ Evl . .
By using Kirchhoff's integral formulation and the tangent plane approxi-

mation for the boundary conditions, the elements of the scattering matrix may
be approximately represented by the integrals;

lu -ik(q_x'+q y'4q_2')
S ofdx'fdy'e LA g | (2.10)

lm— 4 n ‘1m'

where

qx=sineloos¢l+sm92cos¢2 , (2.11)

qyzsmelsmplnmezsmz , | (2.12)
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and

qz= cosel+c0502 . (2.13)
The functions g! , in the case of finite index of refraction (N), are complicated
m

functions involving the conventionally used reflection coefficients,

cos y- VNz-slnz'y

cos y+ '5‘12 -81n2;

R, = Nzcos Y -mz-sin2 (2. 15)
/7 # .
N2cos v+ N2-gin? ¥

where 7 is the angle of incident wave with the local unit normal and varies
with x, y, seserding to the relation

R, - 2. 14)

and

-8ing cos¢ -8inf sin¢1 5 1008 6,

008 ¥ = (2. 16)
+(az )2 + (E)T/

Anticipating that for most cases, when N <> @ , R_L-— -1, and R, -—-+1 one

may express g, . in the following form.,

The function, P, Q, and G depend on the direction of incidence , reflection

and the slope of the surface. For highly conducting surfaces, the dominant
contribution to the scattering matrix cemes from the faetors G,;,Wui-ih other
terms may be treated as a pertubbation. By straightforward algebraic mani-
pulation the explicit expressions of the dominant coefficients “m» in hrm c(
Y ¢1, 6,, ¢2, and the slope at the surface z = 0z/0x and 5 = 3z /0y are given

below:
Gy F zxsinelconﬂzﬂysmolﬁ%;&oi%-ﬁ) (2.17
Gy, = sitg, ;) (2.18)
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G,* zx_(coselsm9251n¢l—cosezsmalsm¢z)+zy(sinelcosezcosglz —sin92coselcos¢l)
+c08610086281n(¢2 -¢ l) (2. 19)
G = -z cos ﬂlsinez Z, sinﬂls m02+cosezcos(¢2 -4 ! . (2.20)

The coefficients Pl m and Qi!m‘ which have less effect on the scattering

matrix for surfaces of large index of refraction, may be expressed as

where

2 |
A<z Emelcoaozs;n¢lsm¢2-oosolsmazwsmelco-eloosploospﬂ

2
e (10,0086, cosp cosf, ~0086,8106, +81n9, 086, s inf inf, |

BE |:smelcosezsm(ﬂzﬁl)ﬂinslcosolsm(pzﬂl)]
-2, ,[sinolsinozcoaﬁl-coaelcosozcospzd-ooszaloosﬂzﬂmzaloosﬂlcos(ﬂz—¢1)]
..zyEainBlsmezsinpl-coselooaezsin¢2+ooszelsinﬂzﬂmzelsinﬂlcos(ﬂz-¢l)__]
+aing,cos(f,4) [oqsolme;l .
= 42 .
B= 22sing) smglooa¢2+oospl(oosolcos92sm¢2+-molsmezsm¢1)°_]

g
% sin6) [cos¢Isin¢2+sm’l(ooaoloosezcoaﬂzﬂmolsmezcos¢1)]

-zxzyslnel cos(¢2+,l)moloosezool(ﬂzﬂl)ﬂmolsmezooazﬂl
-smel(moeeloosez)sm(¢2-¢l):]
2
” [ain elcosozoosﬁlnn(ﬁz-ﬂl)~conel(sm¢2+oo§6100302nmﬂzﬂmalsinezsinﬂl)]
2

+2 [sin"0,0080,sinf) sin(f), -§)+c086, (cosfl, o088 0088, 008, 8106 8100 cosf) |
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C= -zxcoselcosﬁl
—zycoaelainﬂl
-inO1

D= -z‘sinﬂl
* cosf )

].’0/2
2.2 2 2 2 2 2, .2
A= [i+zx+zy [-zx(l-nin 6,008 ,l) +zy(1 sin 6 8in ’1)

2
-2zxzyam 81’*"1"""1*2":("“91"“91“’1

. 2
+2zysin91coselsm¢1+sin 01._‘ .
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oI

THE SCATTERING CROSS SECTION

In terms of the scattering matrix introduced in the previous chapter, the
conventional scattering cross section can easily be deduced. For example, if

the incident field is ho;;izontally polarized,
ikQ,°r
8 E e 3.1)
= ehl lh ’ .

then the component of the scattered field polarized in the horizontal direction
is given by

E, =[3thth111] — . (3.2)

If the scattering area is.demeted by A, then the scaitering cross section is

easily shown to be
*

S
ahh(al‘ 5922)= 4ix 00591 hﬁshh . ‘ (3.3)

In terms of the integral representation of sb.h' we have

Shhsbh*‘-—-ff fdx'f 'zhh(xy)shh(x' y)

-ikq (x-x') -ikq (y-y") -tkq (2-2')
" e lqu e " } (3.4
where for simplicity we denote
Tog ﬁ z(x',y') (3.5)

In mest rough surfaces, onl.ysomeputm-taumcal knowledge of the gyr-

o s il

1aces 15 mown, u“h”mm«m m\h (3.4) 8 not feasible.

From the sﬁatistical propertien of the surhoe however, one may find the
expected value, or statistical averages of these expressions.
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Denote x' = x + T and y' =y+~ry . The expected vallie of Eq. (3. 4) may be
expressed as

S —%f dxf dyf dT*f “y S
16% A

ilnqz(z'-z)
Gy = P 547, 747 Je ) (.8

For a homogeneous random surface, for which the statistical properties are
invariant under the translation of coordinates (i.e. the scattering area is
uniform), we infer that

(z'-2) A

<ghh(x, j)gzﬁ(xﬂx, y-+-ry)¢au‘qz } = Khh('r X 'ry) 3.7

which is independent of the coordinates, x,y . With this homogeneity assumption,
Eq. (3. 6) may be reduced approximately to

(s shh)-—— Afd-r dfeMxT kq"T xhh(f 'r) (3.8)

Thus, we have
A A K u«k‘rx lqu'ry
ohh(ﬂz, 91)—1-'— oonelf d‘rx d'ry e e Khh('rx, 'ry) . (3.9)

In general, therefore, for a rough surface that may be statistically rep-
resented by a stationary random variable, the scattering cross sections may
be estimated by evaluating the expected values

lqu(z'-z) >

- * ‘
K (T ) a® VB, &7, 147 Je (3. 10

The scattering oross section conventionally used can then be evaluated by the

10
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aexpression
kq‘-r lkq 'r
Oym (Qz Q) ™ oocelf f Klm(Tx' 'ry) . (3.11)

Due to the complicated integrals involved in the procedures in calculating
the cross section and the uncertainties in the statistical description of a rough
surface such as that of the sea, estimation of O 4m for a rough sur&ée presents
an extremely difficult task. In the present case, some simple models for the
rough surface were chosen, and approximate formulas for evaluating the
scattering cross sections based on these models are derived.

11
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ASPECT DEPENDENCE OF CROSS SECTION

In order to evalate the statistical averages of the scattering cross
sections given in Eq. (3. 3) of the last section, some partial statistical knowledge
of the surface must be kmown. Due to the complexity of physical processes in-
volved in causing the disturbanoe over a surface such as the sea, a single
analytical description for the rough surface is of course impossible. Kinsman
(1965) gives an emtensive review of the theoretical and experimental work on
the wind waves. For a fully aroused sea, it seems that the following two
statements concerning the sea waves might be approximately true:

f) The surface is spatially homogeneous and temporally stationary .

ii) The surface height is approximately Gaussian-distributed, although the
Gram-Charlier distribution fits the experimental data better ; the difference
between these two distributions are very small.

iii) Due to surface wind, the sea spectrum is anisotrppic; the directional
dependence of the sea spectrum has been measured experimentally.

Based on these approximate statements, we shall assume the rough
surface to be anisotropic, stationary, homogeneous random surface. The
surface is statistically specified by a correlation function

H(ry, 7)= < 2(x, y)2(x'-7,, y'~ry)> = H(r,a) (4.1)
where ‘

TS TCos (4.2)

-ry=7sina . (4.3)

If the x-direction i8 chosen as the direction of the wind, some of these
directional spectra have been experimentally determined. As illustrated in
Appendix A and B for such a model the statistical average of the scattering
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cross sections may be evaluated. In this section, the analytical expressions
for the scattering cross sections, knowing the function H(t

'ry) is developed.
To develop the formal expressions for the scattering cross section, we

shall follow the approximate procedure developed in Appendix B

First the coefficients g, defined in Ghaiter II are expanded into series
forms to the first order approximation in z_ and z
€tm

=a1m+blmzx+°1m v

(4.9
Explicitly, we have
ahh=—2cosolooa(¢2—¢1)+( 1+Ry )(cos6, +cosd )cos(¢2 ¢1
(4R))
b, , = 28in6 cos¢2 me [(1+cose cos6,,) coa, cos(f, - ¢ )
+cosplsin0 sinﬂz-cose (coc01+cos62)cos¢?]
(l-R )
oo 0] [:(1+coso cosf )sinjllsin(ﬂiz ¢1__]

(14+R))

"5 [(1+coselcosez)sm¢lcos(¢2-¢l)

c,y," cosd sin¢

+sin¢lsmelsm62-sin¢2cosel(cose +cosf )]
( 1-R ”)

smel (l-#cose cosf )cos¢ sin(¢ ¢l

a, =2 sin(p,f)- (‘(1-3,,‘)(lﬁselcbﬁeztgm(ﬁz'ﬂ)

(14R})

(1-R
ST (cosf +cos6 )sin¢lcos(¢2 ¢1)+

91 Ecosel+cos(92)cos¢lsin(¢2-¢l)
-00891( 1+cos6

1
(1+R )

Civ ) (cose +cosf,) cos¢lcos(¢2 ¢1

cosez)sin¢2—sinolcoselsin6 sin¢2 :]

om0, [(cose +cosf )sm¢lsin(¢2 ¢1

+cosf ( 1+coseloos(32) (oos¢2+ﬁin61coselsin9 cos¢]

13
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3= 2co80 1consév o8 m(¢2 —¢1) ~(1+R ) (1+co86,

cosez)sm(¢2—¢1)
b, =2 cos6 sinstin¢ st ¢os6 sin¢;

(1+R )
+

[(cose +cosf )cos¢ sm(¢2 ¢)-cose (1+coselcose ):sm¢2
(1-Ry)

—sinalcosolsinozsin¢1] (cosf +cosd )sm¢lcos(¢2 ¢ )

(1+R})

C 2 |sinf, cosb, cos¢ -cosf smBzcu’D-o-———-— (cosf, +cosf, )sinﬁlsinwz ¢)
v
1

+ .
cosel(l+cose 00892) cos¢2+sm6 coselsinezcos¢]

1 1

(1-Ryp)

smel

(ooma1

+cosez)cos¢lcos(¢2—¢1)

a = 2coselcoa(¢2-¢l)-(1-R”)(oosel+cosez)coa(¢2-¢l)

(14R ) (1-R,)
L (1+c0s6,cos6 )cmﬂllim(¢2-¢ b~ ”

c~31n61 1

mﬂlcos(ﬁz-;ﬁ )+sind siné oos¢2-cosa (oqbe +cos6 )cos¢2]

(1+R )

= -2 8inf_sinf +
Cov inf, 1n¢ ——

[(1+cose cosf ]

b = -28 m62006¢ .

(1+cosf, cosf )cos¢ sin(¢ -¢)

1 1

H1-R;)) [(1+c080,0086,)sing cos(f,-§, }+8in6 sind,sin,-

+cosoz)sin¢] .

—cosel(cos 91

Here, the approximate R/, and R L are evaluated through cos y = cos 61.
Then, following Appendix B, we choose correlation function H('rx, 'ry) and

compute the integral

14
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Q@ (0 0]

A
l(qx, qy’ qz) = f d'rx f d-ryexp {—kzqi [H(O, 0)-H(t X 'ry{] -ik [qxv'x-iqy'ry]
o

-0
(4. 5)

and then the integrals involving the evaluation of the cross sections may be
expressed in terms of F. From Eq. (3. 11) we immediately deduce

4r k2c059 9
Lm (QZ’QI) F(q*qy 4, ) [lqu lqu ¢ y] ) (4.6)
Z
It is evident that from any analysis carried out here the choice of the
correlation function H('rx, 'ry) and subsequent evaluation of F((&, %’, qz)
completely determines the aspect dependence of the average value of the
scattering cross sections.

The choice of some reasonable expressions for H('rx, 'ry) seems to be the
major problem confronting us at present, coupled by some approximate method
of carrying out the integration for F(qx' %‘ qz). We expect that, after careful
study of the experimental data as mentioned in Kinsman (1965), some
reasonable functional form of H('rx, 'ry) may be deduced. If this proves to be
impossible, then, perhaps, following the commonly used technique in dealing
with random variables, assuming scale lengths lx and Iy we will postulate

2
H(r T)H(Oo)exp[—"“!‘ : (4.7
y
This phase of work shall be continued in the next research period.

15
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\'
CONCLUSIONS AND RECOMMENDATIONS

A first order theory for the bistatic scattering cross section of a rough
surface inoorporating the effect of the dielectric constant of the surface, has
been developed. The results depend on the choice of a model of surface height
correlation. Due to the approximations involved in the derivation, and un-
certainty in the choice of a reasonable model of the height correlation, the
usefullness of the results derived eannot be certain, However, it extends the
present theories of rough surface scattering which are mainly limited to
backscattering, to arbitrayy direction, and within the same degree of approxi-
mation, Therefore, it seems to be worthwhile to choose some reasonable
form of héight correlation and investigate the implioaﬁons of the aspect
variations of scattering cross section as predicted by these first order
formula. If possible, the results of the theory should be checked against
the limited experimental data available in open literature.

An experimental system for the measurement of bistatic cross section
that is designed in conjunction with this work should also prove to be useful
in asserting the validity of the theoretical results and suggest possible
modifications,

16
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APPENDIX A
STATBTICAL DESCRIPTION OF ROUGH SURFACE

In carrying out the statistical average of S lmsl*m to obtain o '’ statistical
preperties of the surface are required. Descriptions of a random surface and
the approximate distribution functions involving the surface height and slopes
are given in this appendix.

We consider the surface height given by

z = 3(x, y) (A1)

as a random function. By proper choice of the reference height, we let the
average value of z be zero, i.e.
&x,y) =0 (A.2)
A statistical description of this random function is the correlation of the
height between two positions on the surface defined as

Hix,y; x',y) ={etx,y), 2'(x,y")) . (A.3)
For a homogeneous (spatial)surface, the correlation function should be
invariant with respect to any coordinate translation. Thus, if we denote

x'= x-v"x : (A. 9

yv=y.7y , (A.5)
then

Hx, yx',y)={z, 20 = Hir,7_) (A.6)
where, for simplicity, we denote

z'=xx', y')=2lx-7, y-'ry) . (A
If we let

T T co080 (A.8)

'ry= T 8ind , ' (A.9)
then

H(r © 'ry)=H('r, 0 . (A.10)

18
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In practical measurements involving sea surfaces, some knowledge of the
funetion H(r, 6) is known.
The mean square value of the surface height, from (A. 6), is given by

mf) - &2Y= H(0, 0) . (A.11)

For most physical problems, H(r » -ry) must be analytical functions of
the variables and is evidently even h,‘frxdd'ry.. Therséére, ,

oH A

5| =SHOO=0 (A.12)
X
Tx=0
Ty=0
and
H (0,00 = 0. (A.13)

Since, for this class ofrandomfunctiom theaponﬂcuotw

and taking the average commute (Moyal 1949 the correlation between slopes and
heights can be easily obtained. The results are, explicitly,

{5 ) - -H (1, -ry) (A.14)
{2, ’x>= 0 (A. 15)
G, D = Hx(T o fy) (A. 16)
(z » z"‘) = -Hn('r - -ry) (A.17)
@ty ~H_(0,0 (A.18)
<z, 25',) = -Hy('rx, T y} (A. 19)
¢ z? = 0 (A. 20)
ay,z')=l-l('r -r) (A.21)
z - A 22
m(ﬁy‘ ) H (‘T Y) ( )
= - . A.23

ay. z.> H yy(O, 0) (A.23)

In evaluating the aversage values of the scattering cross sections given in
Chapter III, we are interested in obtaining the average of quantities,

19
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« ~iqu(z-Z')
1 1
th(zx‘ zy)g lm(zx’ zy)e > :
For evaluation of these quantities, it is necessary to know the higher order

correlations such as
<zx, zy;:,", z)',; z,2'> .

Knowledge of these higher correlation functions for rough surfaces or sea surfaces
is practically uninown and too difficult to measure. By rrdlyiag heavily on the
physical reasoning that a random surface may be considered as a summation of
iafimitely many small perturbations, we may infer that the random surface is
approximately Gaussian so that the joint probability distributions of the
quantities L zy, z;, n)'l and (z-2') may be expressed from the correlation of each
pair of the variables.

To simplify notations, let us denote

u Qz-z' éz uez uéz' uéz'

1 v T I UgTEp U TR UEE

and the correlation ‘

pué (uiuj> .

For a random surface of given H ('rx, 'ry) , then it is easily seen that

Pl " ZEl(O. 0)-H(r o -rx-)]

Pog = Pygyq = “H(0,0)
-H (0, 0)
y

P33~ Pg5”
P127P14 Pa1™Pyy
P13™P157P31 P51 (T )
Py3P3p™Hy (0, 0)

Pay™P 42=-Hn('r,( 'ry)

P35 P52 P347P43”
Py5Psg™HplTe ™)
P4s™Ps 4=-Hyy(0, 0)

=—Hx('r © -ry)

20
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In terms of these correlations, the joint probability distribution can be
written approximately as

1l Y m
flu, up, ug,u,u )= exp z
R ¥z |ol I 2]dl
where |pl i8 the determinant formed by Py and my, are the cofactors of Py
in the determinant.
Therefore, for the average of any function of the five variables, we may
use the probability distribution and evaluate

® ® ® ® ®
Q) = f du, L du, f du3 f du, f d“sJ(“l' Uy, Ug, U, u5)
=@ - - -00

fluyig Uy vet)
Thus, in principle, using the Gaussian approximation, if we know the
correlation function H(r < -r}) of ths surface, the scattering matric can be
computed. The procedure is, however, extremely complicated and some
extra approximations may be introduced in order to obtain manageable
results.

21
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APPENDIX B
EVALUATION OF STATISTICAL AVERAGES

Based on the development of the approximate joint probability of
u Sz-7, U T E gk, U 2 and u = z;’ , the statistical averages involved
in the caloulations of scattering cross sections can be, in principle, carried out.
However, due to the complicated functional forms of g m as shown in Ch.1V,
exact evaluations of the cross sections seem to be very impractical. From
the expression

8y” “(WRP,  -(1-R)) Q, 426, ,

we see that G '’ the dominant term,is a linear combination of constant . and
zy. To simplify our computation, therefore, we shall approximate the other
terms also by a combination of constant term,zx and zy. This approximation
would give exact results for the case of a perfectly conducting surface and is
expected to give good results when the reflective surface if fairly smooth
(i. e. zx,zy is small),

With this approximation, we may write

~
8pm = 2yt blm u,+ %m Y | (B.1)
and »
1% o
im a1m+blm ute, U (B.2)
so that

* ~ 2
B im™ ¥’ BmPam g R 0y (Ugtug) o, 0 (wutugu )

2 2
+b 'm (uzu 4)+c Imﬁéus) . (B.3)
The statistical averages to be carried out, therefore, are basically

three types. These are evaluated below.
a) For the constant term, we use the distribution
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)= — axp[i (8.4
1 /{-',pu 2py
This yields
—ikqlul ©
(e >= 1 f du]exp I:iquul- ——] [ lkzqz pll]
/21pu' Vo
(B. 5)
b) For the terms linear in u,, we use the diltribution
u +p
thy, 0)- 1 w[ Hu'lel 'y ,LJ (5.6
2r /By )
where
1l pljl 2
A l = Py Pyy=Py (B.7
I 1py Py "y L
Therefére:,
(') ®
-k u
(uje%1)= 1 f ujduj f du,
2z /A
) -0 -Q0
p.u, =2p,.u u+p
Py "y 1 141 113
exp[lquul TA] 1 (B.8)

The above integral can be carried out analytically by re-arranging the exponential

term such as

2
-2 -
_lquu —Hill pljuluj“.pllul s - [Ful _pl U “%.{ A ]

2 Aj 2 Aj 3 ™

2p [ ﬂk"nqx] qtpu (B.9)
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Straightforward successive integration yields

—iquul kzqi P 11
(uje >= —lpljqu exp |- — . (B. 10)

¢) for the quadratic terms, we use the distribution

Zi' ; Mijuiuj
B 2 A

(B. 11)

1
f(u,, U ju )= exp
1 2’“3 21) 2 y[A-l

where

(B. 12)

and Mi i is the cofactor of the element Py in A. By rearranging terms it is

j

easy to verify that
Z M uu
' +
, 7 Z]: by MU, M, qu tikq A7) 2
-k ;- 3A *oa M T
My,
. 2
1 - p23“3+‘quM12]
. | P33 2
2.2
- u_ +k 2_ li-g?-—p-ll (B. 13)
Tp,; L3 9,P3) 2 '

Using this result, straightforward integration one at a time yields

(00} (0 0]

®
f du1 f uzdu2 f u3du3f(ul, U, u3)exp [—iquul-]

- - -0
22

=[ il ;Jm_qu"u
Po3™® 4, P1oPy 2 '
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In general, therefore, we have the relation

2 2
-ikq u k'q p
1 2 z 11 ,
(uiuje D= » quliplﬂm[_ 5 _J : (B.14)

With these results,we have the following approximate formula useful in

the evaluation of the average values of the scatterinﬁ cross sections;

2 2 2
<glmglm) exp ’Ekq "1;' lm-lqualmblm[plllmlg

_lqual mc!m [p 13*p 1;] +bl mcl m [p25+p34-_]

+b2 2 b ( )
zm"24 P35k qz tm®tm 12°15"P13P14

~2.2 , 2 ‘

. %Etm"lz"lfczmplspla] . (B.15)

Using these relations, we can deduce the following relation which is useful in

the evaluation of cross sections:

-ikq(z-2") 1.2 2 J
1 '
L zy)gl (2}, 2 )e D=exp|-5K'q o,
a2 42a b, (-ikq p.)+2a -tk p )b 6 1252
fm fm Im z 12 fm 13 24 12
222 2.2,
“’35 K QP20 0 PosK, 9, P1oP)3) } - (B.1§)

In evaluating the cross sections we anugt oarry eut the integral

[0 (0 4) : T~
,‘x_-ikqx'r —iqur
* -iq(z-z") . XX y
f d'fx f | d‘ry<z,m(zx zy)glm(z;‘. zj',)e ye bt e
~o Yo g

L

Now, from the following relations in Appendix A,
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pH=2 [H(O, 0) -H(Tx, Txa Plo” —HX(TX, 'ry)
Pi3” -Hy('rx, 'ry) Pgs= -Hyy(rx, 'ry)
Pos™ -ny('rx. 'ry) Py 4=-Hxxf'rx, 'ry)

we see that Eq. (B. 16) may be simplified completely. To deduce the simplified
relation, let us define a function
® 0!
A [ ikq 7 -i
F(qqu, qz) f dr, f d'ryexp 5 k quu]exp [ikq"'rx 1qu'r);] .
- =)

(B.17)

By Fourier inversion we have

2 2
exp {-k q, [H(O. 0) -H('rx. "x)]}
Q a
K2 .
et ) f da, o 4, exp [k ik r ]
-
(B. 18)

By differentiating (B. 18) with respect to T, We have

kzq:Hx('rx, ™) exPp { K q2 Ei(ﬂ 0)-H(r_, 7 )]}

‘ 2 "
| “?f [ oy rtaes ]

(B. 19)
Thus, we have
~ikq Py, P {
k ax
,_2___ f f da, (- - )Flay, 9y, dg)exp Ekqx'rxﬂquTyJ '
~Q *@®
(B.20
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Fourier inversion of (B. 20) yields

o) ® kzqi '
f x dry (-lkayp)g) exp - —= py,
=) )
= - Ez. F(qx’ qy,qz) _ (B.21)

Similarly, with Ty

f dr, i dry (-ikqgp)3) exp [:‘“‘—"' Pu:l (—le(qx,qy.qz)

(B. 22)

Twice differentiation of the above with respect to Tx and 'ry yields

( Hnﬂg qi Hi
g’ < nyﬂ?'qi HH {-kzqz [B(0, 0)-B(r 7,_)]}

2 2 2
\ H}’}’H( Z y
5 @ s ) -kzq’z‘
) f o0y Pl &y 0, [yl ] { g,
=) - _k2q3
(B. 23)

Identifying the respective values of terms, etc., §8.thé corresponding correlation
functions, the above relation may be expressed ag
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(22,2
Poy™ AzP19
2 2 (0] (0]
PP
q;12 13 expE—ZE‘- pl;.]-(zg)zf dq"f dq Flg,, 4. q,)

P35 K0y Pl o

% 1
exp qux'rxﬂqu'r;_] LYy ) 3 (B.24)

q

The Fourier inversion of the above becomes
h

22
P24‘k2qu12

(4 ()]
2 kg
dry d'ry -kzq 2P1oP13 } €xp -T! p11—1kqx-rx-iqu7y
- -

kzqz P13

2

%
L F(qx q'y qz) quy .(B. 25)

Substituting these relations in (B.16) and carrying outqv;tke integration,
we have a relatively simple relation for the calculation of the scattering cross
section.

¢ o]

f d‘l’x f d!’y@m(zx,zy)g;m(z":'z; ) e"iQ(Z-z')Bq Eik"xfx'm"fy]

1 _
=;2- Flay, Gy %) [a!mql-blqu-clmﬂz - (B.26)
z
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