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ABSTRACT

In the problem area of atmospheric absorption and scattering of electro-
magnetic waves in the visible and infrared ranges,the strong and weak absorption
bands associated with the various regular constituents of the atmosphere have
been evaluated from available data reported in the literature, Absorption coef-
ficients and abundance figures are tabulated in the report. The effects of rain,
clouds, fog, and haze have also been studied.

The communication theory of optical channels has been the subject of further
investigation, A receiver incorporating a laser preamplifier has been analyzed
and compared with a receiver that simply counts the number of photons received
in each sampling interval, A more specific discussion is presented for the case
of a binary channel,

Optical filters for elimination of interfering signals as well as background
noise radiation outside the channel frequency band constitute the third problem
area, During the reporting period a detailed analysis of the properties of a
Wernicke prismatic filter has been undertaken. The conclusions regarding the
prospect of achieving satisfactory performance for the above purpose are
negative, A corresponding investigation has been made of a polarization inter-
ference filter, As far as theoretical limitations are concerned, the conclusions
are more favorable, although the state-of-the-art does not appear ready for a
satisfactory practical solution for this application.
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INTRODUCTION
it

The introduction to the first Interim Report gave a brief survey and dis-
cussion of the problem areas With which this project is concerned and of the
objectives toward which it is directed, This material will not be repeated here;
we shall only give, as a guide to the main body of this second Interim Report,

a brief outline of the subject matter that has been given major attention during
the period July through September 1964,

The work in the problem area of atmospheric absorption and scattering
during the period has included a survey of strong and weak absorption bands
associated with the various constituents of the atmosphere, as well as a collection
of pertinent data from the available literature regarding their absorption coef-
ficient and abundance, The effects of haze, fog, clouds, and rain have also
been studied.

In the communication-theoretical problem area further critical attention
has been given to the theoretical limits for the rate of transmission of information
by means of photon beams, A receiver incorporating a laser preamplifier has
been analyzed and compared with a receiver that simply counts the number of
photons received in a sampling interval, A more specific discussion is presented
for the case of a binary channel,

In the third problem area, optical bandpass filters, two different filter
principles have been investigated, The transmissivity and bandwidth of a Wernicke
prismatic filter have been derived; the conclusions reached are that this principle
does not appear promising for the input end of a photon-counter receiver, Cor-
responding calculations for a polarization interference filter reveal fewer theoretical
limitations, even though,at the present, state-of-the-art considerations of bulk,

weight, absorption loss, etc., are very unfavorable,

+
Superscript numbers in this report refer to Reference Numbers - see Bibliography
and the end of this report,
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I, First Problem Area: Optical Communication. Under Adverse Meteorological

Conditions

1.1 Attenuation by Normal Constituents of the Atmosphere

1.1,1 Introduction
Attenuation by absorption may be described in terms of an absorption
cross section 4, with the fractional transmission Tg over the path s given by

-y

InTg= - Ny yi(f )ni(l")dl , (1,1)
1o
in which n, is the abundance of the ith molecular species, and the summation
extends over all species along the propagation paths,

This mechanism of attenuation is so strongly wavelength-dependent that
avoiding spectral regions in which strong absorption is manifest would be wise,
As will be found, there are, nevertheless, scattered weak absorption regions
which would be difficult to avoid, To facilitate the evaluation of the practical
significance of molecular avoidance, it will be neressary to present tables
of values of v and n for important species corresponding to both intrinsically
strong and weak absorption bands,

Attenuation by scattering and broad-band absorption such as by dielectric

loss, both of which may be present in fog, haze, rain, etc,, will be treated

in subsequent chapters,
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1, 1,2 Strong Absorption Bands

The strong absorption bands are listed in Table I below, and the corres-

ponding abundance at sea level appear in Table III. Table I isbhased on Ref,2 .

TABLE I: ABSORPTION BANDS OF SIGNIFICANT INTRINSIC STRENGTH

Band Center Approximate Absorption Cross
Wave Nr, Wavelength Section
cm'1 microns Species cm—lper cm NTP
3756 2.6 H, O vapor 180
1597 6.3 H, O vapor 300
5331 1.9 H, O vapor 30
7250 1.4 H, O vapor 20
667 15.0 CO, 173
2349 4,3 CO, 2480
3613 2.8 CO, 28
3714 2.7 CO, 25
1167 8.5 N,0 8.5
1285 7.8 N, O 245
2224 4,5 N,0 1033
1306 7.7 N,0O 150
3019 3.3 N,O 300
6005 1.7 N, O 1

1,1,3 Weak Absorption Bands

This section presents data on bands which would be difficult to avoid, so that
in contrast to the strong ones at which the atmosphere may simply be taken as
opaque, it is of interest to be able to compute the absorption associated with
these bands, Strengths of some weak bands appear in Table II. (Ref, 2),
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TABLE II: SOME WEAK ABSORPTION BANDS

Band Center Absorption Coefficient
Wave Nr, Wavelength
cm_1 microns Constituent cm_l per cm NTP
2130 4,5 CO, 0.0037
2093 4,6 CO, 0.007
1933 5.2 Co, 0.011
6228 1.6 Co, 0.0077
4260 2.3 CoO 1.80
1868 2.1 NO, 0. 40
6005 1.5 CH, 0.96

4

In addition to these, water vapor exhibits a number of weak bands at diverse
wavelengths, In the absence of reliable information on the abundance of water
vapor (which is in any case highly variable), it does not appear useful to list
these in Table IV, Abundances of other constituents have been cited in Refs, 3
and 4. They are presented both for the sea-level atmosphere (that table would
then pertain to low-altitude situations) and the total atmosphere (which is impor-
tant for communications with an extra-atmospheric vehicle),

As an indication that even weak bands at sea level can be significant, one
may compute the transmission over 1 Km in the 1933 cm~! band of CO, at sea
level:

- = - 1 = - 2
In Tle 0.011x32= -0,35

T =0.7
Thus, there is non-negligible attenuation for even this illustrative calculation,
It might be possible to communicate in spite of this loss, However, if transmission
through the entire atmospheric thickness were required, one would predict a
greater attenuation:

In TATM: -0,011x 320 = -3,52, and T = 0.3
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TABLE II: SEA LEVEL ABUNDANCES

Constituent Abundance at Sea Level
Atom-cm per Km Path
CO, 32.0
N, O 0,027
CH, 0.24
CO 0,11

TABLE IV: SOME TOTAL ABUNDANCES

Constituent Total Atmospheric
Abundance (atom-cm)
CO, 320.0
CH" 1,2
N,O 0.4
CO 0,06 - 0,15
H,0 103 - 104
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1. 1.4 Additional Considerations for Refining Absorption Calculations

Questions dealing with line shape (distribution of intensity within a
single band) have been ignored in this chapter. One place they might arise
is in the interpretation of the 'band-averaged' intensities cited by Ref, 1,
which have here been taken as representative for frequencies within the
band, Another point to which they pertain is the determination of the proper
statistical procedure for obtaining the intensity in the wings of overlapping
bands. In our opinion, it is justified to defer study of these questions

while performing preliminary calculations; we have accordingly done so,

Intensity will vary with altitude (through temperature and pressure)
as the line width varies, and so will the population of the originating levels

of the band, This refinement could be considered at some later time,

Not merely ranges of variation of abundances of atmospheric cons-
tituents, but probabilities of each value are significant as an indication of

whether extreme values are to be expected,

Absorption by water vapor, which exhibits very many infrared
bands, both strong and weak, has not been computed, More precise data
on the abundance of water should be obtained before such calculations can

be performed,
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1.2 Attenuation by Meteorological Conditions

1. 2.1 Introduction

In the first chapter of this report, attenuation associated with absorption
bands of atmospheric gases was considered. The present chapter is devoted
to extinction resulting mainly from scattering by rain, clouds, haze, fog and
such phenomena, Scattering by gas molecules and by the haze component

associated with glear standard atmosphere are also investigated here,

In general, it is found that satisfactory definitions of the weather
phenomena, with precisely specified size distributions of the suspended matter,
do not exist., As a result, it is difficult to select cases in which calculations
apply to situations identical to those for which experiments have been per-
formed so that comparison of theory and experiment has not proved fruitful
here, It is also difficult to establish whether the situations considered
separately by various investigators are in any respects typical, For
these reasons, a compilation of data without exhaustive correlation or preéise
conclusion is the only procedure justified by the state of research in this area,
Nevertheless, the few conclusions apparently permissible will appear in the

balance of this chapter,
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1,2,2 Rain
. 3 . 4 .

In a heavy rainstorm, a typical raindrop may have a radius of 1 mm,
and the abundance of such drops be only 1073 / cm3. For the frequencies of
interest, these drops are large enough that the appraximate value of the
total scattering cross section o is given by equation (1, 2) where ris the
radius,

o=2r 12 . (1.2)

It follows that the corresponding extinction coefficient «, is given by

o= 2N 7 12 (1.3)

or

27 per Km
where N is the abundance, This equation predicts that the frequencies of
interest, in traversing 1 Km through a heavy rainstorm, would exhibit a trans-

missivity of approximately exp(-27), or, in other words, be considerably attenuated.
It is known that absorption by the water droplets may be neglected in comparison with
scattering lossesG, and it has, therefore, not been treated here, A calculation

of o incorporating a more precise formulation is in process, and is‘ expected

to yield a somewhat lower value,

1.2.3 Clouds

These are mixtures of water droplets, ice crystals, and some water vapor,
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There is much variation between clouds, and indeed in the course of evolution
of any individual cloud. For this reason, it is felt that it is of more value

to cite here the results of experiments performed under a wide variety of
cloud: -cover conditions than to refer to calculations such as those of
Deirmendjan7.

The data presented in reference 7 were obtained in a spectral region lying
between 0. 1u and 15 u for transmission through a large variety of mixtures
of cirrus, cumulus, and nimbus cloud covers.

Near 0.5 u, the transmissivities varied between roughly 20 per cent and
95 per cent.

Above 10 u, they ranged from 30 per cent up.

The conclusion to be drawn here is that clouds may present significant
attenuation, but not total opacity.

1.2.4 Hazes, Fogs

The situation with regard to comparison of theory and experiment, or appli-
cability of experimental results as "typical",is as bad here as for clouds.
Therefore, it must suffice here to cite a few numbers obtained from the liter-

atureg’ 10.

A number of fogs in the Chesapeake Bay region yielded
attenuation coefficients (in the spectral region 0.30 i - 3 u) which were usually

-1 -1
between 0.02 km ~and 2 km ~. This wide a variation does not permit drawing
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a practical conclusion, Another series of measurements in Chicago on days of
fog and generally poor weather, during the course of formation of fog, for the
band 1 - 10 4 showed the optical density oL to be between 0,1 and 1,0 typically,
where the path L was 200 yards, In other words, the scattering attenuation coef-
ficient o varied between 1/2000 yard or roughly 0, 5Km™! and roughly 5Km L,
Again, no conclusion is possible, In both references, the curves reported do
exhibit better transmission for the large wavelength end of the band,  The latter
measurements do not exceed attenuations of 0, 4Km™1 for \ > 2 u , nor do the

former, It appears then, that this end of the band is preferable for transmissions

through fog and haze,

Reference 7 contains calculations based on integration of the exact Mie
solution over assumed droplet size distributions for fogs, incorporating the
frequency dependence of the dielctric constant, The computed attenuation coefficients

decrease from roughly 1 Km™1

near , 5 u to slightly smaller values near 10 u, in
agreement with the trend but not the precise values obtained by experiment,

Any conclusion which is to serve as afoundation for important decision must

await further experimental investigations which may clarify the situation.

1.2.5 Clear - Atmosphere Haze

The model of a Clear Standard Atmosphere contains a haze component, as

discussed by Reference 10,  Attenuation of infrared radiation by a given aerosol
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distribution is computed. The attenuation coefficient for wavelengths below 0.5 u

1

was computed to be 0,20 Km™ = at sea level, while for the band 0.5 u - 5 y,

an approximately linear decrease to a value of 0, 05 Km_1 was predicted,

1.2.6 Rayleigh Molecular Scattering

Yet another mechanism attenuating infrared radiation even in clear weather is
the scattering by molecules of the atmospheric gases, which,since the molecules
are much smaller than the wavelength, is referred to as Rayleigh scattering,
A calculation of this effect employing molecular abundances based on the U, S.
Standard Atmosphere appears in Ref, 10, The attenuation at 0, 55 u and sea level
is roughly 10'2Km-1, decreasing rapidly with altitude as abundance falls, For

larger wavelengths, the attenuation is orders of magnitude smaller,

II, Second Problem Area: Information Efficiency and Choice of Detection System

2.1. Some Comments on Quantum Communication Theory

The relations between the classical communication theory and its extensions
to frequencies and power levels where quantum phenomena governs the behavior
of physical systems offer a number of difficulties for the intuitive acceptance and
the synthesis of a consistent logical structure,

Consider the maximum wave entropy or 'informational wave capacity' intro-
duced by Gordon12 and reviewed in Section 2,1 of the first Interim Report on this
contractl. Adopting a system of harmonic oscillators as a model of a propagating

channel with given average signalling power, the equation (2,2) in Ref, 1, or in

10
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terms of a single pair of samples and the expected value  m of the number of

photons per sarﬁple pair:

Cg=log (14 Hl)+r7110g(1+-1— ) 2.1)
m

The first term has been compared to Shannon's entropy of a Gaussian
signal in Gaussian noise

C =log (+2) (2.2)

cl N ’

per sample pair, With the 'quantum uncertainty' or 'quantum noise power'
N=hf- Af and S,taken to be the average signal power S = m- hf-Af there appears
to be a striking analogy.

It should be noted, however, that in the classical limit m >> 1 the second
term does not approach zero but rather a limit value equal to log e,

In the opposite extreme m << 1, the approximate values of the two terms are

C,= e+ (log — +in). (2.3)
m

The second term predominates in this case,
The fact that the entropy breaks down into two terms that behave very
differently in the limits can be shown to be a consequence of the exponential form

of the maximum-entropy distribution ,

11
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As showninthe above references, the probability of therebeing exactly m photons

stored in a harmonic oscillator in equilibrium at temperature T°K may be

written m
hf 1 m

p(m)=C - exp -m - = =T T - (2.4)

This geometric progression of probabilities can be simply illustrated by
a lopsided 'tree' composed of an infinite number of subsequent identical random

binary choices (Fig.2-1). The two probabilities in the diagram are

- 5(0)= —L
p = p(0)= Tim (2.5)
m
q—l—p(O)— ﬁ (2. 6)
e
_ D
q ‘_P_’
—(I——)' 'l—"
__._—* '-—--—
q ! L
q '
oo = aae
]
FIG. 2-1;

The entropy composition theorem now gives
2
= + 2.7
H=H +qH +q“H_+..... (2.7

where

1 — m 1
HO——p logp-qlogq = 1T1_T110g(1+m)+ A log (HE) . (2.8)

The appropriate factoring and substitution then lead to the previous

expression (2. 1)

12
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H= log(1+)+m log(1+lﬁ) p(0)+p(L)4p(2)+ . .

(2.9)

Sl

- 1og(1+m)+m1og(1+%) = (1+T)log(1+)+ log

The second member shows directly that if there is no noise and if the detector
counts photons perfectly, a binary receiver may utilize the fraction p(0) of the
wave entropy, a ternary receiver the fraction of p(0)+p(1), etc. Thus a 50 0/0
utilization is possible with a binary receiver and an average of one photon per
sample pair. A higher 'efficiency' is obtained at smaller photon counts, but at
a considerably lower rate of transmission,

Figure 2-2 shows the variation of the utilization factor and rate of trans-

mission with frequency in terms of the frequency fo where
=1 (2. 10)

Here Es is the expected value of the energy per sample pair and TS is the equi-
valent equilibrium temperature, This unsophisticated discussion, of course,

omits the uncertainty and loss of information due to the probabilistic nature of

the detection process, which was taken into account in the optimization of the binary

12 and in Section 2, 3 of the first Interim Reportl. This

channel in Gordon's paper
omission serves the purpose of studying as simply as possible the consequences
of the structure of the 'tree' (Fig, 2-1).

In a classical description of an electromagnetic field, we may represent
the time variation as .

e(t)=E_(t)cos ut+ Eg(t)sinult)= 28(t) cos b+ (1) (2.11)
where E,, Eg, S and ¢ vary slowly compared to cos wt if the bandwidth is

assumed to be a small fraction of the channel frequency w. For a maximum-entropy

process, E c and ES are independent Gaussian random processes, S is a ?C-square

13
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process and ¢ is uniformly distributed over the 27 -interval,
Since the transformation

E,=2Scos (2.12)
E =28 sin (2.13)

has a Jacobian of unity, Shannon's evaluation of the continuous distributions
gives directly

H(E +H(E ) =H(SHH(@)=log(27ye) (2. 14)
where y is the variance of e(t).

The Y—square probability density with two degrees of freedom is simply
an exponential function

.

so that the entropy of S alone is very closely analogous to the entropy of the field
obtained above by quantum considerations, If the S-axis is subdivided into equal
infinitesimal intervals ASi , the probabilities of these intervals form a geometric
progression, generating a 'tree' as in Fig, 2-1, The entropy of this discrete

array, except for a small readjustment of the normalizing constant, is obtained

from
. AS
p=p(0) = i (2,16)
q=1-p(0)=1- —Aw—s (2.17)
1. €.
oo LY ¥
Hglog 2 - >log\1 . (2.18)

Here again, as AS approaches zero the first term grows logarithmically
towards infinity, while the second term approaches the limit log e,

The result is strictly analogous to the previous quantum result; it does
depend on the choice of a specific energy increment A S but is otherwise indepen-
dent of other laws of quantum physics.

It is clear that the description of the field in terms of Gaussian components

E c and ES does not possess such ‘analogous properties.

15
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2.2 Discussion. of the Laser Preamplifier

The basic quantum theoretical ideas pertaining to communications channels
were developed in Ref, 1. Some consideration was also given to an idealized optical
communications channel, Since the case of extremely weak signals is of particular
interest to us, a question naturally presents itself - - whether the use of a laser
amplifier at the input end of a receiver is desirable from the information efficiency
viewpoint, Some aspects of the question have been discussed by Gordonlz.
However, we shall show here that a more refined analysis is necessary before
one can reach a definite conclusion,

Ideally, a laser amplifier consists of an active atomic or molecular system
possessing two energy eigenstates /2 > and / 1> with energies Eq and E,, res-
pectively. It is assumed that E9>E,. If ny and n, are the populations of the res-
pective levels, the material is said to be active when ng>n,; . The frequency of
the transition / 2> —» [ 1>, which is given by(Ez-El)/h , is assumed to coincide
with the midband frequency f of the channel under consideration. The bandwidth
of the channel shall be denoted by Af consistent with the notation established in
Ref, 1, The amplifier is assumed to be linear,

Let Si be the power of the input signal and Ni the noise power that may
accompany it. The power output will then be

)
Doy

SO+N0=GSi+GNi+(G—1) hf Af | (2.19)

16
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where G is the gain of the amplifier. The gain is given by
a(nz—nl)L
G=e , (2.20)
where Lis the length of the active material travelled by the signal, and a is
a constant characteristic of the material. Typically, it is proportional to
the square of ‘<2/ d/ 1>‘ where d is the electric dipole moment operator of

the material system. For high gain, that is for G >> 1, equation (2. 19) becomes

S +N =GS, +GN, + GKhf Af, (2.21)
0 0 i i

where we have introduced the quantity

which characterizes the degree of population inversion. For an active mater-
ial yDy = 1y >0 and, therefore, K> 1. The minimum, K =1, is attained

under complete inversion, that is.when n, = 0.

The first part of the output (So) is to be identified with GSi and it constitutes
the amplified power of the input signal. The second part (No) is the sum of
two terms: GNi which results from the amplification of the noise that accom-
panies the signal; and GKhf Af which represents noise generated inside the
amplifier because of spontaneous emission from the upper level /2>, This

second term can be thought of as arising from the amplification of an effec-

tive input noise Khf Af. Since for an active material K > 1, the best amplifier

17
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corresponds to K=1:that is, to an active material with the lower level empty.
Such an amplifier will exhibit the lowest spontaneous emission noise and the
highest gain for a given number of atoms of the active material, Active materials
with populations completely inverted can be created for frequencies in the
microwave range, Although, to our knowledge, this has not been achieved in
the infrared or optical range, we shall nevertheless consider the case K=1.
since it provides an upper limit, Also it is very likely that future progress will
make it feasible, Thus, for the ideal amplifier, (2, 22) becomes
SO+NO=GSi+G(Ni+hf Af) (2.23)
In order to investigate the information capacity of the amplified signal,
recall that (equation (2.3) in Ref, 1) when the noise is much larger than hf Af,
Shannon's formula for the information capacity applies no matter how small
the signal may be. From (2,23) one recognizes that N can be made as large as
desired by making G large, Even if a single amplifier with high gain cannot be
constructed (e, g, for technical reasons), one can always use several amplifiers
successively so as to achieve high gain, Assuming that G is sufficiently large,
the information capacity after amplification will be

/S / S. >

- 1407 2 i1y L
C Af log 1+N0/ Aflogi 1+ Ni+thf4! (2, 24)

ampl

\

18
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The validity of this formula rests upon the assumption that the noise from
spontaneous emission and the amplified input noise are additive, This has been

13,14, 15, Under certain circumstances, it has been

discussed by several authors
shown that the noise is Gaussian and additive, We feel it is worthwhile to discuss
it from the point of view of the quantum formalism developed in Ref, 1 mainly in
order to clarify the validity of equation (2, 24).

That the noise is additive (or can be added voltage-wise as Gordon12 remarks)
implies that upon measurement of the voltage, or equivalently the field, we

encounter a variance which is the sum of the variances of the various noise

sources, In equation (2,29) of Ref, 1, we found that, quantum-mechanically, the

variance’ associated with a measurement of the field is
2 vy i i
Gq = M+ 5 h<Q >, (2.25)

where M is the number of photons involved, and <Q>the expectation value of the
measured field, In connection with the amplifier, M is the number of photons in
its output, M can be broken up into three parts as follows:
= M, +M_+
M = M +M+M, (2. 26)

where M ! is the number of photons in the amplified signal SO; M2 is the number

+Note that although g is used as a measure of the uncertainty associated with a

measurement of the field, it is dimensionless, In this respect, the term variance

differs from the term conventionally used in probability and statistics.

19



THE UNIVERSITY OF MICHIGAN

06515-2-T

of photons due to the amplified incident noise GNi; M3 is the number of photons
due to the internally generated spontaneous emission noise. Likewise <@Q>
can be split into three parts <Q1>, <Q2>, and <Q3>. The fields associated with
the noise sources are incoherent and average to zero. Thus, <Q2> = <Q3> =0.
Equation (2. 25) then becomes

Giz{M1'£-<Q1>2}L+M2+M3+’21" (2.27)
where <Q 1> is the field associated with the signal only. If the signal is ampli-
fied considerably so that <Q 1> corresponds to a classical wave, then the bracketed
term can be neg kected as being small compared to the remaining part. Note
that in writing the expectation value <Q1>, it is assumed there is a nonvanish-
ing field associated with the signal. The term % represents the zero-point
fluctuations and can be neglected as long as M2 + M3 is much larger than %
This is equivalent to the condition NO >> hf Af under which equation (2. 24) is
applicable. We see, therefore, that under these circumstances we encounter
noise equal to M2 + M3 which is equivalent to No' As long as the output signal
is at a classical level.it is immaterial how it will be detected. One could
think in terms of measuring either the field, or the energy itself. Both detec-
tion schemes will give practically the same result. Suppose now that the signal

after amplification is still at a quantum level. Then, the noise is not simply

NO. In fact, if the detection scheme is based on a field measurement, a noise

20
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~

equivalent to 4' M1 - % <Ql>2 . should be added. If an energy measurement
is made, a tefm accounting fbr the fluctuations of the number of quanta in
the signal ought to be taken into consideration. A first conclusion, therefore,
is that equation (2. 24) represents information capacity meaningfully only when
the gain is so large that the output is a classical wave. Otherwise, the detec-
tion scheme associated with the amplifier must be specified and the problem
reconsidered. The conclusion is important due to the fact that it is not a priori
obvious that one will want to use a very high-gain amplifier. It might turn out
that, for example, a relatively low-gain amplifier followed by a quantum counter
is desirable. Moreover, the input signal may be extremely low so that even
a high-gain amplifier yields an output at a quantum level.

Assuming for the moment that the conditions necessary for the validity
of equation (2. 24) are satisfied, we shall iterate Gordon’s12 conclusions con-
cerning the amplifier. He defines information efficiency as the ratio of the
amount of information after amplification over the information capacity of a
wave with maximum entropy under the constraint of constant average power.
Then, he finds that the efficiency approaches unity in the limit of large signal
to noise ratio. On the other hand, for a given signal power the efficiency
decreases rather rapidly after a certain frequency which depends on the power

level. This is because the spontaneous emission noise becomes dominant.
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Thus, as far as the spontaneous emission is concerned, one would wish to
operate at as low a frequency as possible. When incident noise is also included,
the results are altered quantitatively, but the general qualitative trend remains
the same. Moreover, the efficiency is found to decrease when the signal power
decreases.

Gordon has also compared the efficiency of the amplifier to the efficiency of
a binary channel with a quantum counter as detector. From this comparison
it follows that if the incident noise can be neglected, the efficiency of the ampli-
fier becomes very small for signal levels less than approximately hf Af.
On the other hand, the efficiency of the quantum counter increases as the signal
power decreases, and it approaches unity very slowly at small signal levels.
However, when incident noise is included, the efficiency of the quantum counter
presents a peak for a signal power of approximately one order of magnitude
larger than the incident noise, and then drops off to zero. Moreover, it is
found that when the number of incident noise photons is on the average greater
than 0.1, the amplifier has higher efficiency. Finally, if the average number
of incident signal photons is of the order of unity or larger, the efficiency of
the amplifier is higher than that of the quantum counter, according to Gordon's
analysis.

However, equation (2.24), upon which the foregoing analysis has been based,
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contains phase information as well. If the input signal is strong enough to

be considered a classical wave, then it is meaningful to consider phase informa-
tion at the output. But if the signal has suffered a large attenuation so that

on the average only a few quanta per period arrive at the input, then, allowing
for future developments, all that one can hope to know is the average number

of quanta and the corresponding probability distribution. Thus, it is customary,
and justified under certain conditions to assume that the probability distribution
of the number of photons involved in a weak signal is a Poisson distribution.
According to the formalism developed in Reference 1, this implies that we

know only the diagonal matrix elements of the density operator of the field

in the representation of the field. This is not a complete specification of the
field since we know nothing about the off-diagonal matrix elements of the density
operator, and it is those matrix elements that contain phase information.

Note that this is true independently of whether we have a Poisson distribution

or not, as long as all we specify is the probability distribution for the arriving
photons. With such a specification for the field at the input, we have rejected
phase information, and this must be taken into consideration when we examine
the amount of information at the output. Thus, for a weak input signal we must

invoke a more realistic description of the channel.
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In principle, the phase information is contained in the density operator.

If one wishes to study the effect of the amplification process on it, the off-
diagonal matrix elements must be considered and their transformation due
to the amplifier be found.

There is also an additional reason for which equation (2. 24) is potentially
unrealistic. Recall that equation (2. 24) is a special case of a more general
equation (see equation (2. 3), Reference 1) which was derived under the assump-
tion that the field is in a maximum entropy state. This might be true for the
noise at both the input and the output, in some cases. The signal, however,
is not likely to be in a maximum entropy state when it has suffered a large
attenuation and subsequent amplification. For example, Steran has studied
the statistics of the output of a maser amplifier, assuming that the input is
an exponential (maximum entropy) distribution. By using a probabilistic approach,
he finds that the output is not an exponential but a much more complicated dis-
tribution which, in fact, under certain conditions reduces to a Poisson distri-
bution. The situation will be even more involved in the case of a weak signal
where one does not even have an exponential input. Of course, equation (2.24)
might, presumably, still provide an upper bound but an unrealistically large
one in certain cases. If , in a comparison, this upper bound is smaller

than what it is compared to, the amplifier is excluded. Otherwise, a different
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approach is necessary.

The foregoing considerations point to the need for a more realistic analysis
of the amplification process and the information efficiency of a laser amplifier
used in a communication channel. Again, the whole difficulty stems basically
from the fact that, in dealing with quantum phenomena, one must know what
is to be measured. This in turn implies that one must specify how the ampli-
fier is going to be used in the channel. Subsequently, we develop the formalism
for the study of a specific communication channel which utilizes a laser ampli-
fier. Let it be noted in advance that if the incident noise were zero, the amplifier
could not improve the situation. It is because of the existence of incident
noise, that the amplifier might be expected to be useful. In addition, the laser
amplifier may serve simultaneously as a filter and reduce the total amount of
noise reaching the detector.

2..3. _Binary Channelwith Preamplifier

For a communication channel involving a weak signal in which the average
number of photons per sample is small, a binary channel appears to be a
rather natural choice. Such a channel with no background noise and with a
quantum counter as a detector - was analyzed in Ref, 1, Here, we con-
sider a binary channel with a weak signal accompanied by noise. This signal

constitutes the input of a laser amplifier whose output is detected by a threshold
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detector.

Let R be the threshold of the detector. If R or more photons are received,
a [1]is recorded, . Otherwise, a [0] is recorded.

SN

Let W (n) bethe probability that n photons arrive at the input of the ampli-
fier when [IJ is transmitted, and WN(n) the probability that n photons arrive
when [0] is transmitted. In the first case the photons are due to the signal and
the incident noise, while in the second case they are solely due to the incident

noise. If Ws’(n) is the probability that n signal photons arrive, we shall have

n
W=y Wom) W - m) (2.28)

m=0
Let WA(n; m) be the probability that m photons will appear in the output
of the amplifier, when it is known that exactly n photons entered the input.
. SNA . .
Then, the probability W~ (m) that m photons will arrive at the detector

when [1] is transmitted is
®

W m) =Y 7 W) whin; m), (2.29)
n=0

NA
Similarly, the probability W~ (m) that m photons will arrive at the detector

; +
when [OJ is transmitted is

(0 0]
WA (m) =y W(n) W n: m). (2. 30)

n=20

The superscripts S, N, and A correspond to signal, incident noise and ampli-
fier respectively.
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E xtending the summation in equations (2.29) and (2. 30) up to @ implies that

we assume that there is a finite probability for less photons to appear in the

output than entered the input of the amplifier. In principle, this is possible.

7
However, on physical grounds and according to the results of Shimoda, et 811 ,

at least for the case of an amplifier with high gain, we may assume that

WA(n; m)=0 for m<a.

Then, equations (2.29) and (2. 30) become

m
WSNA(m)= S WSN(n) WA(n; m),
A=
and
NA 2N
W (m)= » W (n) WA(n; m).
n=20

Let now VSNA(R) be the probability that less than R photons will arrive

at the detector when [1] is transmitted. Then we shall have

-1
g 5 S

= “ﬁ Z WSN(n) WA(n; m),

which by virtue of equation (2. 28) also reads
sva_, R om,om
VER= ST N T W oW @ - n) Wi m).
N -\ L.
m=0 n=0 r=0

The probability for R or more photons to arrive at the detector when

is transmitted is 1 - VSNA(R).
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Similarly, the probability that less than R photons will arrive at the detector
when 0' is transmitted is
R-l le m

VfA(R): o W (m)=

/
m=0 m=0 n=

W)W (n:m) (2. 36)

and the probability that R or more photons will arrive at the detector when

'0'is transmitted is

Following Ref, 1, let Q be the probability of a transmitted pulse, Moreover,
we introduce the symbols

p= 1—VSNA(R) , (2. 37)

_ A
q=1-VO®) (2. 38)
We also introduce the function F X defined by
FX=XlogX' . (2.39)

Then the probability matrix, (equation (2, 36), Ref. 1) is

'P(1,1) P(0,1)
ip(l, 0) P(0,0)

Qp (1-Qq
Q(1-p) (1-Q)(1-q)

(2. 40)

Furthermore, applying equation (2, 35) of Ref. 1, we find that the rate of trans-

mission of information per sample is

C=F QU-pH(-Q)-g) +F QpHI-Qg -Q(F |15 +F p !
-1-Q)| F'1-q +F q ! . (2.41)
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Note that equation (2. 35) of Reference 1 is recaptured as a special case of
equation (2.41) by setting q=0and R=1. Here, q is not zero because of the
presence of incident noise and spontaneous emission from the amplifier. To
calculate C, one. needs to know the probability distributions WN, WS and
WA which we discuss subsequently.

We are interested in signals which originate from some distant source
and have suffered a large attenuation. If the attenuation is a random process,
we may assume that the identity of the source has been washed out and take
the distribution Ws(n) to be a Poisson distribution, as long as the signal is weak.
Let S be the expected number of arriving photons per sample. Then

n -S
Woin) = 2

e
n!

(2.42)

Also, as long as the incident noise is not going to be very strong, we may
assume that the probability distribution WN(n) is a Poisson distribution.

Let its average be N. Then
n -N
N e

n!

wN(n) = (2.43)

Since the Poisson distribution is additive, we shall have
n -M

W (n) = Mn'e , (2. 44)

where

M=S+N, (2. 45)
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and it represents the average number of signal-plus-noise photons per sample.
17
Shimoda et al.  have shown that for an ideal amplifier (i.e. K= 1) with high

gain (i.e. G >> 1) the probability distribution WA(n; m) is
-m/G

A 1 mn e
. T — >
(n; m) G( G) = for m>n (2.46)

=0 for m<n
The above equation is valid under the assumption that G does not depend on frequency,
and that it does not fluctuate due, for example, to variations in pumping.

Introducing, for the sake of notational simplicity, the quantity

1
815 (2.47)
we have:
R-1 m
S M v -
VAR zge™ TN M (g, (2.48)
m=0 n=0 (n! )2
R-1 m
N - L Bera n -
VOA(R)=ge N > N (gm) e BT (2.49)
m=0 n=0 2
(n!)

NA

As already mentioned, V0 (R) accounts for the incident noise and the spon-
taneous emission noise. The case of zero incident noise is obtained for N = 0.
The case of nonvanishing incident noise without amplifier has been examined

12 .

by Gordon . The next step, therefore, will be to compare the rate of trans-
mission of information without amplifier, to the rate of transmission of infor-
mation with amplifier, on the basis of equation (2.41). Clearly, for the cases

in which Gordon's results predict that the amplifier's efficiency is lower than
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that of the noisy binary channel with a quantum counter, no further considera-
tion is necessary since the amplifier's efficiency is overestimated. Thus,
the amplifier is ruled out in those cases. Otherwise, a comparison based on
equation (2.41) and the probability distributions exhibited above is necessary,
before one can reach a final conclusion about the usefulness of the amplifier.
Such a comparison will be our objective in the next period.

III, Third Problem Area: Optical Bandpass Filters

3.1. The Wernicke Prismatic Filter

A prism-type filter was discussed in the first Interim Reportl. It was
suggested that this filter, which has the geometrical configuration of the
Wernicke prism, has some possible potential for tuning, This section of
the report discusses the transmission characteristics of this filter and the
practicality of tuning it,

3.2. Development of Filter Transmissivity and Calculations,

The filter configuration is shown in Fig, 3-1 with the dimensions and
other parameters indicated. The refractive indices of the two materials of
which the prism is made are ny and n,. In this development, we will assume
there is an entrance slit of height 2H through which passes a parallel beam of
light. Light which is reflected out of the primary beam within the prism will

be assumed to be absorbed at the walls so that no secondary beams are considered.

Absorption within the prism is neglected for simplicity; it will be discussed later.
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Diffraction effects at the entrance and exit slits are also neglected. The light
will be ussuiaed to be polarized with the electric vector parallel to the entrance

slit.  The Gaussian system of units is used.

Light which is normally incident on the first air-glass interface ;: '

will be partially reflected, and the amplitude E,, of the transmitted electric ' -

ti
vector will be, for unit incident amplitude,

2 nO ¥i
: 3.1 B
Etl ) n, +n (5.1) LR
At AB where the light fallg cbliquely on theInterfaee;- the trassmitted -
amplitude is given by
, . Etl an cos § 1 o) ™
t2 n, o8 91+n2c:cmﬂ1 | -
and from Snell's law we have
n sin 01 -n2 sin 82 | (3.3)

The amplitude of the transmitted electric vector at the remaining
interfaces is found in a similar manner, so that the electric vector of the

emerging wave is given by

4 2
2 nonl nzcoso cos 8 _ cos @

1 2 3
E, " r
to Rnlhxc)(n1 ?0591+n2cos¢lmcosoz+nlcos¢2)(nlwﬂ3+n°m?3ﬂ
(3. 4)
where § =sgin | — sin @ (3.5)
1 n, 1
82 .291—¢1 (3.6)

w
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n
-1 2 .,
¢2 = gin [;— sin (3.7
1
63.91- ¢2 (38)

§.=sm 1 8in 6 {3.9)"
3 no 3 , 3.9)

In order to obtain the intensity of the output light, we square the
amplitude of the electric vector as givenby (3.4)and multiply by the ratic:of the- * .
cosine . of the angle: of incidence:to the cosine of the angle of transmission .

and the ratioof the refractive indices at each interfacs to find the power flow through
the interfaces, and obtain

2
. E, cos ¢1 cos ¢zj°s_¢% . I
o cos 91 ccs‘ 62 cos 63 : A9 YY) -

R

The refractive index terms which appear in the pov;er flow expression have
cancelle;i out.

The light power passed by the exit slit will be furtﬁer decreased due
to the dispersive effect of the priem, If h is the total displacement of the

beam, then the total 1ight power passed by the exit slit will be

h )
P " 10( 'Eﬁ) A (3.1)

where we have assumed an exit slit of the same height as the entrance slit

and A is the area of both slits. The displacement of the output light beam

is found to be
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coe {8 -8 ) sin 26
L NS e 1],
h"smel [3 sin 91 o8 92 ]QBGS - (3.12)
sin 26l
+ ____...sin' 8. -6 l
cos 92 Tl 2

This ,displ‘acement is measured with respect to the point at which an
undeflected ray would emerge from the filter, and is taken to be positive .
in either direction from the undeflected position. If the exit slit is located

a distance L1 from the last glass-air interface, then an additional displacement

1
h results,
hl"thﬁv.n})3 (3.13)

Finally then if the ratio of the output to input power is formed, the

power transmission coefficient 7 is obtained, as

s l1- h+h’ : i
T % 2H (3.14)

where now I,is dimensionless, since we have divided by the power in the incident

field, When this expressionbecomes negative, the output is then, of course, zero,

Some calculations have been carried out for tne Wernicke filter as
nl 0 nl
a function of the ratio r » lor an angie @, of 60 and a ratio o of 1,5,
2 0
n
Figure 3-2 shows the quantity Io as -:-l-- is varied. The transmission abruptly
2
n

goes to zero when ;l- = 1,152 since then the light no longer is incident
2

35



1.0 I

06515-2-T

‘ nln2

+

52 06 1.0 1.04 1.08 1.12

FIG, 3-2; TRANSMITTED LIGHT INTENSITY, I,, AS FUNCTION OF n, /n2=1.5
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on the exit face of the prism, but strikes thf, hottom surface, Figs, 3-3 and
h h n
N o 0 . N
3-4 show the displacement ruticu- —Land -Zl as n—2 varies, By utilizing

the resuits of these graphs we cen fiad the power transmissien eocefficient of

B Y
hmmuumuao:;’l. We are primarily interested in howower, the

mhrmhuthn.thnrhd. n“nnﬁnu&j '
modsl fer the frequency dependence of B, snd n, oo f. For simplietty &
has beea assumed that _
" (3.15)
n“(ﬂ-ne[l'r A tan al’z] ,

where B, is the common refractive index of both parts of the filter at the
oeater frequency of the passband, and A is the fractional change in the -
frequency about the center frequency; i.e.,

- 1~ o
T8 (3.16) -
c g

Since
5 ow,
* 2 3 =tan @
c
it is apparent that tan @ is a measure of the sensitivity of n to
changes in f,
The bandwidth of the filter is now defined to be the frequency

separation of the half-pewer points with respect to the maximum transmission
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FIG, 3-3:

RATIO OF DISPLACEMENT h TO L AS FUNCTION

OF nl/n2 .
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and the normalized bandwidth NB is taken to be the bandwidth divided by the

center frequency, We can write the normalized bandwidth NB’ as

i () /ng)y~1 (n; /ng); -1

A S — (.17
c 1 1
’ca.noi—(n—)Uta.no:2 tanoz1~(ﬁ—)Ltan %
2 2

where fUand fL are the upper and lower frequencies of the pass bands, and
(n1 /n2)U and (n1 /nz) L are the ratios of (n1 /n2) when the transmitted power
has fallen to one-half at the frequencies fU and fL . It should be noted that

-1< &y < 0 and 0 < AU < @ so that 0 <N_ <, This presents an unrealistic

B
picture when N B~ 1 since the concept of a normalized bandwidth then becomes
somewhat meaningless, Actually, a normalized bandwidth greater than 1 is of
no interest here and we will devote our attention primarily to values of I\%< 1.

Since n, / n, is symmetric about 1,0 over the range of values used in the

calculations below, then (3,17) can be simplified to

26 2 | o
Np*® tanay tanalL(nl/n?)U 1; (. 18)
where tan % has been set zero for simplicity, and
(nl/n2)U=l.0+6; (nl/nz)L=1.0—6 . ' (3, 19)

The quantity (n; / n2)U can now be obtained from (3, 14), noting that 7 is
reduced to one-half its maximum value when

hth!

1
SH_ 2 (3.20)
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An approximate value for (n; /nz)U can then be calculated for the range

.995 <ny /m2 < 1,005 by noting that the expressions,

1 n
h_ oy M1
;7 Ib (-1, (3.21)

2

h 1(2_

_.|.
="
o

- 1) ;

Ll

1
are approximately true, where b and bl are the slopes of the h/Land h™/ ! curves,
the + sign applying for ny /ny > 1,0, and the - sign for ny/ny <1,0, As aresult of

(3.18) and (3. 21) we obtain then

! S N
Lb gr‘(nl/nz)U—lg +Lb b‘(nl/nZ)U—l =H . (3.22)
Thus .
H
(nl/n2) -l = ——— (3.23)
1
v Lb+L]b
and
2
N_= . (3.24)
? tan V-L—b+ @
TV HTH
This expression is valid when (3, 21) holds, or when NB tano<.01. In
L1
that case, since b~ 8 and bl ~ 5, 8 -}-1+5 T > 200 is required. It may be

seen from (3, 24) that NB decreases inversely proportional to L/ H and L} /H
so that the ability to achieve sharper filter characteristics by increasing
these parameters is limited by the largest practical L and L1 and smallest
practical H which could be used,

The normalized bandwidth for this filter is shown in Figs, 3-5 to 3-7

as a function of L/H, L' /H and tan o, obtained without approximation from

lJ
Figs. 3-3 and 3-4 and expression (3, 18). It should be noted that values of L/H
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less than tan 6 ] aTe not meaningful since then, as can be determined by
Fig, 3-1, the entrance and exit slits would extend below the apex of the
center prism and light could pass through the two slits without having encountered
it. Since 6, is 60° for these curves, then L/H >1.73

Recalling that the intended application for this filter would be in a laser
communication system with a frequency range from 1, 5x1013 to 7, 5xl0l4 cps
and a bandwidth of 109 cps, it is apparent that the Wernicke filter is unsuited
for this application, since the required value of NB is 6,6x10~5 to 1,33x1076,
This is 3 to 4 orders of magnitude less than what can be achieved with a
reasonable value for tan o and L/H, Actually, almost any value of Ny that
was desired could be obtained by choosing tan « large enough, but some data
on materials used in this frequency range given by Kruse? indicates that the
maximum value for tan o may be on the order of 0, 1, This value leads to
normalized bandwidths on the order of 1072, Usually, materials that are more
dispersive are also more lossy so that the insertion loss of the filter could be
intolerably large. It should be recalled that Fig, 3-2 shows the maximum trans-
missivity of the filter considered in these calculations is about 90 %/, , but
absorption has been neglected,

The normalized bandwidth could be decreased by increasing the angle 6.
In the idealized treatment made here, this would indicate an improved filter
performance, However, because the normalized bandwidth when 6, is 60° has
been found to be 3 to 4 orders of magnitude larger than what is required, and
losses in a real filter would further decrease its effectivness, there seems
to be no advantage to calculating the filter performance for other values of 6;.

Tuning of this filter could be achieved in principle if one of the materials

of which the filter is constructed were electro-optic in nature, However, the
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electro-optic coefficient for potassium dihydrogen phosphate (KDP), a
material with a relatively large electro-optic coefficient of
8.47x10712 meterfvolt (Peterslg), leads to a change in the refractive
index of only 25x10_12E, where E is the electric field in volts/meter .
Thus, even for very large field strengths, only a very small refractive
index change takes place, with negligible change in the center frequency of
the filter,

Actually, the requirement for tunability of the filter would then
be that the refractive indices of the two materials comprising the filter
have very nearly the same frequency dependence, so that the crossover
point could be changed greatly by a small change in either refractive
index. On the other hand, in order to achieve a narrow band pass the
frequency characteristics of the refractive indices of the two materials

should be very different, These two requirements are thus not compatible.

46



THE UNIVERSITY OF MICHIGAN

06515-2T

3.3 The Polarization Interference Filter

The polarization interference filter, or as it is also known, the
Lyot—(jhman filter and birefringent filter is a particularly attractive
one from the standpoint of the narrowness of the obtainable bandwidth
and the possibility of tuning it. This filter was designed by Lyot20
and first built by 6hman2.l In this report, the various features of this
filter are discussed and its applicability in a 1aser communication chan-

nel is considered.

3.4, . Bandwidth and Transmission Characteristics of the Polarization

Interference Filter

The polarization interference filter may take different forms.
22 o . : o
Evans considers several possibilities. The discussion here is limited
to the most basic of these forms which consists of sections of birefringent

plates cut with their optic axes parallel to the large faces of the plates and

placed between polarizers oriented at 450 to the optic axes. A diagram
of the filter is shown in Fig, 3-8,

The mechanism on which the filter operation depends is the differ-
ence in propagation velocity for ordinary and extraordinary waves in
the birefringent material. When a linearly polarized wave is incident
at 450 to theoptic: axis of the birefringent material, the beam is split

into two waves, the ordinary and the extraordinary wave. The beams
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emerge from the birefringent material polarized at right angles and
with a phase difference depending on the difference in velocity of propa-
gation. The amplitude of the wave transmitted by a second polarizer
depends on the relative retardation of the two beams. If the difference
in retardation is an integral number of half waves, the interference
between the waves is destructive, and no transmission occurs. For the
single birefringent plate of thickness d placed between parallel polarizers,
where absorption within the plate and reflection losses are neglected, the
transmission is given by Billings, et 3123 as
T1 = cos2 [ 7%“ ’ (3.25)

where u = ne - nO
and n, and n, are the‘extraordinary and ordinary indices of refraction
at wavelength A. When white light is incident on such a plate and polarizer
arrangement and the output is observed by a spectrograph, a series
of bright and dark bands,which is called a channel spectrum, is
obtained. This results from the argument of the cosine above taking

on integral values representing the higher order interference fringes.

If several sections of these plates are put together as shown in

Fig, 3-8, and the thicknesses of birefringent plates are adjusted in

the ratios 1, 2, 4, etc., the overall transmission characteristic

of such an arrangement exhibits pass bands whose widths are equal to
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the fringe widths of the thickest plate separated in wave length by the

distance between fringes of the thinnest plate. If the sections are numbered

i=1, ..., N, the ith section will have a thickness
i-1
=2
4 9
N-1
=2
N 94

where d.l is the thickness of section 1. The transmission of the whole

system can then be given, when the gbsorption is ignored, by

- 2
T= [cos 0 cos 26 cos 46 ... cos 2N 19} (3.26)
where 0= 7;—%

is 1/2 the angular retardation of section 1, The retardation is also
spoken of in waves, and is given by
n-4
e
Thus, in order for the whole array to have a common transmission peak,

the retardation of each section in waves must be an integer such that

with
Nnzn. [=
TR T
a1
n1—2 n1

There are also side band peaks centered about the main peak and separated
from it by the fringe width of the thickest section.

24
Billings showed that (3. 26) can be written as
sin2N6 2
T =LN } (3.27)

sin 6
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Figure 3-9 shows a plot of this function. It may be observed that this

. sin x.2 . .
curve resembles that of the familiar ( " X) function encountered in

diffraction theory. When the amount of light energy transmitted by the
filter between the pass bands is calculated, it is found to be 0.11 of that
contained in the pass band'Evansz? Thus if an auxillary wide-band filter
were to be used to remove the unwanted transmission bands on either
side of the desired one, the background light transmitted by the polari-
zation filter would be essentially confined to the main pass band.

The band width B of the filter is, as mentioned above, determined

3
by thickest plate in the filter, and is(Billings) , at the half power points

I

given by
0.5 )LZ 0.5 )L(z)
B =——2— = (3.28)
A N-1
R N
in terms of the wave length. Ao is the position of the pass band. The
normalized band width NB is defined to be the band width to center
wave length ratio, or
0.5 )\o 0.5 )LO
N_ = = (3.29)
B 2N -1 q
dllJ Nl-l

Thus for a given normalized band width, the filter dimension will be
proportional to the wave length. If,instead, it is desired that the band

width be given in terms of the frequency, then with c the velocity of light
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in free space

=O.BC
fd.Np ’

while the normalized band width from the frequency approach produces

B (3.30)

the same result as (3.29). Note that the frequency band width for the
polarization filter of a given length is independent of frequency, which
is desirable in the laser communications channel.

Quartz has been one of the birefringent materials used in commer-
cial polarization filters. The quantity u has a value of 0. 011 for quartz
so that for a band width of lO9 cps , dN must be 13. 6 meters. This
is clearly too great a thickness for a practical filter, quartz plates
would limit a filter to a band width of an order of magnitude or two
wider than 109 cps. Calcite, another maerial that has been used for the
polarization filter, has a u value of 0.172, so dN in this case must be 87,2 cm
which is a more realistic thickness but still impractically large, A
list of values of refractive indic es for some birefringent materials
is shown inTable V. It can be observed that the u value for calcite
is e xceeded by that of only two other materials, but the difference is
not enough to make the filter dimension less than 40 cm for a band
width of 109 cps. It seems then, in light of presently available materials,

9
that the band width requirement of 10 cps cannot be achieved in a prac-

tical polarization filter.
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TABLE V: VALUES OF REFRACTIVE INDICES (BILLING823)

Crystal Class Indices
ADP Tetragonal €= 1,4792
= 1,5246
KDP Tetragonal €= 1,4684
w= 1,5095
Rochelle Salt Orthorhombic a= 1,492
B= 1,493
v= 1,496
EDT Monoclinic a= 1,5086
B= 1,5893
v = 1.5930
Quartz Hexagonal €= 1,553
w= 1,544
Calcite Hexagonal €= 1,486
w= 1,658
NaNOg Hexagonal €= 1,3361
w= 1,5874
Rutile Tetragonal €= 2,903
w= 2,616
Mica Monoclinic a= 1,503 to 1,623
B= 1,545 to 1,685
v= 1,545 to 1, 704
€ extraordinary refractive index of uniaxial crystal
W ordinary refractive index of uniaxial crystal
a By smallest, intermediate and largest refractive indices of biaxial crystal.
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The absorption within the birefringent material of which the filter

is constructed has not been considered above. The attenuation of a
wave propagating through a lossy medium can be accounted for by
an attenuation constant « such that

I(x)=1 e &
0

where o can be a function of frequency. I(x) is the intensity at a point x

within the medium measured in the direction of propagation from the

(3.31)

reference point where the intensity is IO. In the filter whose Nth element

has a thickness dN = 2N - 1d_1 where d.1 is the thickness of the first ele-

ment, the total plate thickness is

dT=

r/]z

_oN
1di—(2 _1)d1’

-
i

Thus, the output from the last plate of the filter is decreased from that

given in (3. 26) by the additional factor

N N
Taze—ar(Z _l)dlﬁ, e-a/2 dl

3

since N> 1 for N>5. From expression (3.30), we can obtain then

T =e [a ¢/ Bf]
a

The transmission is seen to decrease exponentially with decreasing

bandwidth, so a further narrowing of the bandwidth is eventually
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(3.32)

(3.33)



THE UNIVERSITY OF MICHIGAN

06515-2-T

achieved, depending upon the magnitude of o, only through rapid reduction
of the peak transmission of the filter,

Another mechanism which decreases the peak filter transmission is the
reflection occurring at the various interfaces, This can be reduced in
practice by use of refractive index matching cements to join various
components of the filter, or by immersing thefilter in an oil whose refractive
index is near that of the filter components, Reflection losses will
generally be less important than absorption losses and will not be dealt

with here,

As a practical example, polarization interference filters have been
made commercially by Baird Associates ( Greenler29) using quartz plates
having a bandwidth of 1 A at 6563 A and with a peak transmission on the
order of 10 ©/,. Steel, et a126 describe a filter using quartz and calcite
plates with a bandwidth of 1/8 A at the same wavelength, having a peak

transmission of 12 0 ,

The aperture and field of view of the filter are also characteristics
which are of interest. The field of view is determined by the maximum
off-axis effects that can be tolerated in the filter, Evans22 considers

this problem in detail and and so it will not be discussed here,

3.5. Tuning of the Polarization Filter

The utility of the polarization interference filter can be greatly

enhanced by devising a means for tuning it, A slight amount of tuning
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can be obtained by varying the temperature of the filter,since the refrac-
tive index and thus the retardation of the birefringent plate is a function
of the temperature. The control which can be obtained in this manner
is, however, limited to a few angstroms and may actually become a
nuisance in a narrow band filter since then it must be very accurately
temperature regulated.

A

A second method suggested by Lyot™  for tuning the filter is the

obvious one of changing the plate thickness, He proposed the

scheme of making the individual plates in the form of two wedges which
could be slid across each other, thus varying the length of the light

path through the wedge combination. This results in the requirement
for very fine adjustments to be made in synchronism to each plate of the
filter and does not represent a truly variable filter.

A third and most practical method for tuning of the polarization
filter is the addition of a variable achromatic phase plate or retardation plate
to each fixed element so that one can vary the retardation of each section
of the filter. The achromatic phase shifter, which is, by definition
capable of producing a phase shift independent of the wave length, could
give results exactly comparable to those obtained by the
use of variable thickness plates mentioned above. The retardation
plate on the other hand, one example of which that is adjustable being

the Kerr cell, produces a retardation dependent on the wavelength
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and so does not give results as good as those obtainable with an achro-
matic phase shifter. Billingsz4 andEva.ns2 2consider this problem. The
discussion below follows Billings' treatment.

The tuning is accomplished by varying the retardation of each sec-
tion so that its nearest transmission peak is shifted to the place where
the overall filter transmission is to be a maximum. If, at the desired wave
length AX the retardation of the Nth plate is

N-1 N-1n
= + =
PNx x+2 nl 2 \1 ’

the argument of the cosine is given by

= + =
ON T (X 2 nl) 2 91 »

where n, is the number of waves retardation for the first plate's nearest

peak. The nearest peak of the Nth plate has as the argument of its cosine

N-1

= (nN +2 n1)7r

eNn
where Ny aninteger andis sochosenas to minimize \nN - xl.
It is convenient to number the peaks of each plate starting with zero
at the natural filter transmission peak.

The retardation plate is now used to shift 6 < to the value GNn

N
without changing the wave lengths AX by adding an additional retardation
6Nx such that

+ =
2 eNx 6NX 2 GNn (3.34)

Thus the transmission peak is shifted to the wave length AX. We can
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mention here that 6Nx will vary with

tion plate, but for the achromatic phase plate it does not. The rela-
tion above can be put into another form, the utility of which will be

apparent below. Thus, equivalent to (3. 34)

O%n ANk

so that 2N'1n .
a._ = N
NTN-T

When the Kth plate is considered, then |

2N'1n1+2N'KnK

a =
K 2N—lnl +x

The relation between er and 6. is determined, it should be noted,

Ix

_o,K-1 -
only by the fact thatd__ =2 dl’ so that GKX 2

K

the retardation of each filter section is given by a_, 6

1:2:4: etc., relation between the sections of the filter is no longer

true. Thus

J

: 2
TX= cosa 6 cosa.20 cosa.2 6

1 Ix 2" Ix 3

so that while the peak of the filter has been shifted to wavelength lx, the

side bands peaks may occur with different spacing and amplitudes than

wavelength for the retarda-

so that the

N_
..cos a, 2

(3.35)

(3.36)

(3.37)

(3.38)

for the unshifted peak, where T is given by (3. 26). Billings24points out,

however, that the various a, values may be the same for several of the filter
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sections, and with an n_ value of 2 or more, there is no significant

1
distortion in the filter characteristics or increase in residual light
transmission even when the filter is tuned far from a natural peak.

It is obvious that the larger the variation of the ais from 1, the greater
will be the effect on the filter characteristic. At its largest deviation

from 1, the value of aK is

a =1t (3. 39)

K 2Kn1+1

Thus the variation is relatively small for the thicker sections, and
this maximum deviation occurs when the maximum retardation, 1/2
wave, is required to be added to or subtracted from the Kth se ction.
The phase shift 6Kx may be expressed as
Sy = 2 LeKn ) er]

_ K [
"2 Glx LaK_l]

20 k]

where, it should be recalled, 6 < is 1/ 2 the retardation angle of section

1

1at kx. If aK is substituted for from (3. 37) and the formula

X = 2N_1 n -AO-AX) -
1 A
X
is used, where )\o is a reference wavelength, then
K-1 K-1
6 = )lx(nKﬂ'-2 nl)-2 0y ko 27 (3.40)
Kx
na
1o
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AO is the wave length at which the Kth section has a retardation angle of 29Kn,
and AX is the wave length at which the Kth section has a retardation angle of
29KX. Billings24 has plotted the retardation in waves which must be added to
the plates of a three element filter in order to shift its pass band continuously
from 0. 8 AC to 1.33 )tc, where the first plate has a retardation of 47 at )tc.

When the achromatic phase shifter is considered, then the retardation which
is added is independent of the wave length. As a result,the transmission peak
of each section is merely shifted along the wavelength scale to the desired point
of an overall peak without distorting the transmission characteristics of the
filter even when tuned far from a natural peak. As Evans22 points out, however,
tuning by the method of shifting the nearest peak of each filter section to the
desired transmission peak is a practical possibility whether the phase shifter
is achromatic or not, since the results obtained with the retardation plate and
achromatic phase shifter are comparable.

3.6, Comments and Conclusions

Based on the results of the preceding analysis and calculations, the pris-
matic or Wernicke type filter appears to be unsuited for application in a laser
communication channel due to the limitation on the narrowness of the passband.
In addition, the tuning of such a filter is impractical and is incompatible with

the requirement of a narrow passband.
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It has been shown above that the polarization interference filter is capable
of producing arbitrarily narrow passbands, at least theoretically, when the
absorption is ignored. However, when considered from a practical viewpoint,
the thickness of material required to produce a passband of 109 cps is prohi-
bitive when presently available materials are considered. Tuning of the polar-

ization interference filter is theoretically possible over a 2:1 band using electro-

optic techniques.

3.7. Future Work

Work will be continued during the next quarter on the transmissivity charac-

teristics of other types of optical filters and the possibility of tuning them.
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