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for the partial fulfillment of the requirements for the degree of Doctor
of Philosophy in the Department of Electrical Engineering, The Univer-
sity of Michigan.

i






ACKNOWLEDGMENT

The author wishes to express his appreciation to Prof, C.T. Tai, who
suggested the problem and has generously provided his continuing guidance
and encouragement, and to the other members of the committee for their help-
ful suggestions. He also wishes to acknowledge the cooperation of Professor
Ralph E. Hiatt and Claire White in the preparation of the manuscript, and to
Katherine McWilliams who carefully typed it.






II

I

v

TABLE OF CONTENTS

ACKNOWLEDGMENTS
LIST OF FIGURES
PRELIMINARY DISCUSSION

1.1
1.2

Introduction

-Maxwell's Equations for Moving Media

OHM'S LAW

2.1

The Forms of Ohm's Law

2.2 Formulation of Joule Heat

2.3

The Atomistic Model

SOURCE AND RESPONSE CHARGES AND CURRENTS

3.1

3.2

Decomposition of Charges and Currents

3.1.1 Case A: Charge Sources

3.1.2 Case B: Current Sources

Relationship of Response Charge Density to Source Charge
and Current Densities

3.2.1 Stationary Charge Sources

3.2.2 Case B: Current Sources

VECTOR AND SCALAR POTENTIALS; DEVELOPMENT OF THE
GREEN'S FUNCTIONS

4.1

4,2

Static Charge Source Distributions

4,1.1 Differential Equations for the Potentials
4,1,2 Green's Function Solution

4,1.3 Summary

Harmonic Current Source Distributions

4,2,1 Differential Equations for the Potentials
4,2,2 Green's Function Solution

4,2,3 Summary

SUMMARY AND CONCLUSIONS
REFERENCES
APPENDIX A

vii

Page

viii

(o2l =p) Dy —

12
12
14
17

19
22
27

30
31
31
42
61
62
62
67
79

82
83
85



3-3
4-1
4-2
4-3

LIST OF FIGURES

Contours in the h-Plane for Evaluating 8q (z).

Response Charge Density Along the z-Axis for a Point
Source Charge at the Origin.

Charges and Currents for a Thin-Wire Antenna.
Contours in the h-Plane for Evaluating H {G}
Contours in the A-Plane for Evaluating F {G} .
Coutours in the h-Plane for Evaluating G (R]0) .
Cerenkov Cone Geometry for High Velocities.

viii

Page

26

28
49

60



ELECTROMAGNETISM IN MOVING,; CONDUCTING MEDIA
By
Rudolph M. Kalafus

ABSTRACT

Based on Minkowski's theory of the electrodynamics of moving bodies,
the present work is concerned with the systematic solution of problems in-
volving sources placed in a uniformly moving, conducting medium. In order
to accomplish this it is first necessary to examine the two differing forms of
Ohm's law for moving media that are found in the literature. It is concluded
here that the two forms are equivalent and interchangeable, and that their apparent
difference arises out of different definitions of conduction and convection
currents,

Another difficulty which is encountered when dealing with conducting
media is related to the relaxation phenomenon. The total charge and current
densities cannot be independently specified, but must be consistent with the re-
laxation phenomenon; for non-conducting media only the equation of continuity must
be met. A scheme is developed here which involves a separation of currents
and charges into source and response terms. The source terms can be spe-
cified independently, but the total charge must be consistent with Maxwell's
equations,

Vector and scalar potentials are developed from the field quantities, and
partial differential equations for the potentials are derived for two classes of
problems: static charge sources, and harmonic current sources. For un-
bounded regions potential solutions are found by the method of Green's functions,
which satisfy the same differential equations, The differential equations are
solved by transform methods, and the Green's functions are found in closed
form,

The medium is assumed to have constant scalar parameters of permittivity,
permeability, and conductivity. The results are valid for all values of conductivity

and frequency, and for relativistic velocities.






I
PRELIMINARY DISCUSSION

1.1 Introduction

There have been several papers written in recent years on the subject
of moving media, most of which deal with lossless media. Nag and Sayied
(1956) applied Minkowski's theory of the electrodynamics of moving bodies
to the phenomenon of Cerenkov radiation, by considering the problem of a
static charge in a moving medium, Sayied (1958) later extended this to the
two-medium problem of a charge imbedded in a channel of moving dielectric.
Wave-motion in moving media has been discussed by Collier and Tai (1964
and 1965). The more involved problem of harmonic current source has re-
ceived appreciable attention, notably from Compton and Tai (1964 and 1965),
Lee and Papas (1964 and 1965), Tai (1965a and 1965b), and Daly, Lee, and
Papas (1965). Unlike the present work, the concern there was with loss-
less media.

The formulation of field problems involving charge and current distri-
butions as sources in a moving, conducting medium is delicate, and raises
certain questions which have not been clearly settled up to now; Pyati (1966)
notes this in his thesis. One of the questions raised regards the formulation
of Ohm's law for moving media, for which two different forms exist in the
literature. Another concerns the relaxation phenomenon and its expression
in moving media. In order to discuss the fields set up by charge distributions
moving in & medium it becomes necessary to either set up an initial-value
ballistic problem, where at a given instant of time the charges have a given
velocity, mass, and location, or to postulate impressed currents and charges
which maintain their velocity by some unspecified energy source. In order to
adequately treat the first problem one should consider the reaction forces and

collisions and find the resulting velocity as a function of time. This is an ex-



tremely difficult approach to use. The second approach is used in
altered form in antenna problems and, in fact, most problems involving the
calculation of fields due to a particular source configuration, The second
method will be employed here, treating the sources as stationary, and im-
bedded in a uniformly moving medium. The medium is assumed to have
constant permeability, permittivity and conductivity.

In the first chapter Maxwell's equations for moving media are reviewed,
and cast in dyadic form, The second chapter is devoted to the formulation of
Ohm's law, with a discussion on the two apparently different forms which exist
in the literature, Chapter III treats the decomposition of charges and currents
into source and response terms, thus making it possible to rigorously approach
problems in which sources are present, The relationship of the response
charges to the sources is derived. Finally, Chapter IV is devoted to the develop-
ment of the vector and scalar potentials and their differential equations. Green's
functions are found in closed form, allowing the complete solution of field pro-
blems in moving, conducting media. Throughout the work, attention is focussed
on two classes of problems: the first involves stationary charge distributions,
and the second treats harmonic, stationary current distributions. At no time
is any low- velocity approximation used; that is, the results are valid for rel-
ativistic velocities. Furthermore, it is not necessary to limit the values of

conductivity to either low or high values.

1.2 Maxwell's Equations for Moving Media

For the sake of completeness we shall now develop the constitutive relations
for an isotropic, linear medium in motion and introduce the dyadic symbolism
convenient to discussion of the theory. Minkowski's powerful theory will be
used throughout this work, as it provides an elegant framework for the dis-
cussion of electrodynamics.

As is well known, Minkowski postulated as his starting point that Maxwell's
equations in their indefinite form are to be treated as physical laws, and as
such have the same form in any coordinate system in uniform motion relative
to the medium, in accord with the postulates of special relativity, The ter-

minology "indefinite" and "definite'" forms of Maxwell's equations was explained



by Tai (1964). Maxwell's equations in their indefinite form are:

vxE=-32 M, v-D=p @),
t
VxH = aD+3(III), v:B=0 (IV) .

Bt
These along with the constitutive relations comprise the definite form.
Denoting the coordinate system of the medium by primes (i.e., that coordinate

system with respect to which the medium is stationary), we remark again that
the above equations hold for primed quantities ; in addition, for linear, iso-

tropic media the following constitutive relations hold:
B =pH' , D=€eE' . (1.1)

The corresponding constitutive relations in any other system of reference which
is moving with respect to the medium are not as simple. To find them, it is
first necessary to know the relations between the field quantities of the two
reference frames.

In particular, let us choose for the unprimed system one which moves in
the negative z-direction with a constant velocity v. This we may do with no
loss of generality. The medium then moves with velocity v in the positive
z-direction relative to the unprimed, or '"stationary", system. The transfor-
mation of electric field, for example, is given by

' =F =-+- B b5kl = -+ B
Ez Ez (E VXB)z‘Ex,y YE + ¥ x B)x,y’ (1.2a)

where v = (1 - v2/cz)-1/2

, and c is the speed of light in vacuo, The
development of the transformation of the field quantities is discussed by
Sommerfeld (1952), Section 34 ; the results will be used here. The above

transformation relation may be written in dyadic symbolism as

EE=-%" E+vx3B) , (1.2b)



where the elements of the dyadic 7 are given by the array

0

o O R

0
¥y O
o 1

The other field quantities transform in a similar manner:

B =F- 0O+ 5vxi ,
(o]
p=$-@+%vxm,
[¢]
and
H =F-@H-vxD . (1.3)

Substituting these relations into the constitutive relations above, we get

I')+—1§Vxﬁ=e'(ﬁ+?'xl-3)
c
and
- T
B-—évxE—u(H—vxD) . (1.4)
c

Combining these eliminates one field quantity, Thug eliminating B allows
D to be expressed interms of E and H, and eliminating D gives B
interms of E and H (Tai, (1965b)):

D=¢€ea.-E+Qx

=l

and (1.5)

(o]}
n
®
S]]
oo |
1
2l
»
=)



where

2 2,
= € = u'e €
n c u ue/uoo,

and the elements of the dyadic & are given by

a 0 O
0 a 0
0 0 1 ,
where
a=——-———1-82
1~n2/32

In the stationary system, then, D and E , B and ﬁ no longer are
related uniquely as in the case of stationary media. If, in addition, J

is a known independent function or is related to the field quantities in a
known manner, the indefinite form of Maxwell's equations along with the

constitutive relations comprise the definite form of Maxwell's equations.



II
OHM'S LAW

2.1 The Forms of Ohm's Law

Ohm's Law for moving media appears in two different forms in the litera-

ture: one is isotropic, given by Weyl (1922), p. 195:

.fg” -y EF (2.1)

where the superscript "(1)" indicates the first form of J o the conduction

current density, o' denotes the rest-frame conductivity,

and

The other form is anisotropic and is the one most widely used in the literature
(see especially Sommerfeld (1952) p. 283, and Cullwick (1959) 'p. 92):

=2) o' = = =x
JC = ,Y 'Y ‘Y E . (2.2)

The difference between them,

352 v - vHE, - B E, (2.3)

2
is of the order of B, and is negligible for velocities significantly less than
the speed of light c¢. It is important to know which, if
either, is correct. Before we treat this question, it will be instructive to note

how each form arises.



We first note the transformation relations between the current and charge
densities, which arise from the Lorentz transformation of special relativity, and
relate quantities in two systems in uniform relative motion (see Appendix A,

Eq. (A.9)):

- =-1 - - - -
Fr=aT -G -e7) Fexdh@ o+ o)
) or , (2.4)
v-Jd VeI
e vl - —5) p= vl +—)
c c
where the elements of the dyadic '-7-' -1 are given by
B
o 7o
0 o 1

The crux of the difference concerns the decomposition of current density

into convection and conduction terms. Convection current is associated with
free charge in motion, while conduction is associated with electric fields in
conducting media. Both formulations of Ohm's law procede from the assump-
tion that in the rest frame system of the medium (indicated by primed quantities)

the current is all conduction:

J' = ¢'E' = j'c (2.5)
Weyl, on the one hand, uses the relation J = ¥y 7-1- (J'+ p'V) to show
that

= =-1 = - - -

J =9Y +0'E'+yp'V =o' YE +4p' 7V , (2.6)

since the transformation of electric field is given by (see Eq. (1.2))



B =F.E" . (2.7)

Weyl then calls that part which depends explicitly on the conductivity "con-
duction current density'', denoted by the subscript c¢, and the remaining part

" convection current density", denoted by the subscript v:

(1) _ .
Jv = yp'¥ . (2.8)

Sommerfeld, on the other hand, uses the transformation relation

J' = 77-1- (J - p¥) to show that

- -— '_. -—
’J'=pv+%’7"7-E*. (2.9)

and calls the second term '""conduction current density' :

—(2) - o' = =, =X —(2) o =
Jc~7'y'yE,Jv—pv.~ (2.10)
. . =(1) =(2)
The difference between the two charge densities which appear. in Jv and JV ,
v . ! T -
p-vp' =7p'—7p'+o'7V2E= oty < ZE ) (2.11)
c c

is called the "apparent charge density" and arises from the relativistic trans-
formations, In pre-relativistic electrodynamics a moving charge resulted in
a current, but a moving current did not give rise to a charge. In relativistic
electrodynamics this is not the case, but intuition is of little help in attaching
a physical significance to the apparent charge density. Depending on whether
it is assigned to the convection term or the conduction term, one or the other
of the decompositions above is derived.

We shall show by elementary thermodynamical considerations that the

heat loss expression can be derived independently of the form of Ohm's law



used,‘ and thus that either form is adequate. Further, the fields arising from
charge distributions can also be equally well formulated in either form. While

Schlomka (1950) uses an electron-theoretic model to conclude that J (2) is

c
"correct", and Cullwick accepts his reasoning, we shall disagree with
his argument and conclude that the two forms are interchangeable, and

differ only in definitions of ""convection' and "conduction" terms.

2.2 Formulation of Joule Heat

The rate at which heat is developed per unit volume is given in the rest

frame of the medium by

FoE o= B2, (2.12)

(2.13)

by use of Eq. (1.2).
We must, of course, consider the same volume in each system, so that
relative to the unprimed system the volume is moving, and in accordance with

the results of special relativity, appears shortened, i.e.
dv' = ydVvV . (2.14)

Borrowing on the results of relativistic thermo-dynamics (Mgller (1952), p. 107),

the heat developed per unit time transforms as follows:

dQ' = vde , (2.15)

8o that the rate of heat per unit volume seen from the stationary system is given
by

’ (2.16)



or

(2.17)

Thus the Joule heat loss per unit volume per unit time can be readily expressed

by either formulation of Ohm's law.

2.3 The Atomistic Model

Schlomka (1950) uses an atomistic, or electron-theoretic model, much
like one described by Pauli (1958), p. 106, as a basis for claiming that 322)
is the correct formulation of Ohm's law in moving media. His argument is
briefly the following: conduction current is composed of a flow of electrons
which travel on the average with some velocity u' relative to the medium,

if.e.,

= A T
Py, (2.18)

where p; is the charge density of the electrons (p"a < 0). By conservation

of charge

= t !t = = 0 o 2.1
dq pedV pedV Pe 4V, (2.19)
where the superscript zero indicates that frame of reference with respect towhich the
charge is at rest, i.e, which has a velocity ' relative to the medium, Thus,

using (2. 14) and noting that here the relative velocities are u and u' rather

than v,
t
dq . 1-(5)2 = o\t - (9—)2 : (2. 20)

The transformation of velocities is given by Mgller (1952), p. 53. Inthe dyadic notation,

they can be condensed to one vector equation:

10



ACRAL (2.21)

Now the conduction current in the unprimed system is given by the product
of the charge density Pe and the relative velocity of the electrons and the

medium U -V as seen from the unprimed coordinate system, or

jc = Py @-v), (2.22)

which by using the relations above, gives

<Y

I

c_ o' = = =% <=2
= 2 — . . E =
JC Y Y vy JC

’ (2.23)

which is the expression used by Sommerfeld.

There are two considerations which cast some doubt on the generality
and validity of the reasoning. The first regards the concept of the relative
velocity of two bodies as seen by a third (moving) observer., This is an in-
tuitive carry-over from the Newtonian concept of addition of velocities.

This being so, it is doubtful whether such an argument can be used in a situation
where special relativity holds, to distinguish a second-order effect.

The second objection involves the phenomenological quality of Maxwell's and
Minkowski's equations, The model of a cloud of electrons each traveling with a
velocity u is an artificial one, especially since the possibility of fast conduction
electrons is ignored, i e. notions of Newtonian mechanics are againassumed. In
view of these objections and the fact that the Joule heat has a unique and consis-
tent expression in either formulation, the question is reduced to one of definition.
Schlomka asserts that new formulas would have to be derived in the first form-
ulation, a statement that is not born out by this work, In fact, it will prove more
convenient for our purposes to use the first form when discussing problems where

sources are present. This will be made clear in the next chapter,

11



I
SOURCE AND RESPONSE CHARGES AND CURRENTS

3.1 Decomposition of Charges and Currents

It is desirable to be able to treat problems that involve charge particles
which obtain their velocities through a medium by other than electrical means,
An example is the problem of a charged particle moving through a dielectric;
Nag and Sayied (1956) treat this by considering a stationary charge in a moving
dielectric, The charge is the source of the fields, and acts as a forcing function
in Maxwell's equations, In treating conducting media a peculiar problem arises,
that of the relaxation phenomenon: any charge placed in a conducting medium
tends to disappear, If the charge is moving, the situation is more complicated.
Suppose there is a convection current J 'v caused by charges moving through

the medium in addition to the conduction current:

<1
"

Ty + o! B!
JV o' E' (3.1)

Taking the divergence of (3.1) and using the relations V's D' = p' and
D' = ¢E! along with the equation of continuity, V'- Jt+ 9p'/at' =0, we
get

apl 0.' -
£ 4 2 - _pm. T .
at! e P v Jv ’ (3.2)

If we consider a constant charge moving along the z - axis with constant velocity u',

and attempt to identify this charge with the total charge, i.e.
Tt = At 7t
J v p'u

where

p' = p'(z'-u't') = constant |,

substitution into (3. 2) requires that p' = 0. Thus, we conclude that one cannot

12



arbitrérily assume a given convection current that is compatible with the re-
laxation condition. This leads us to separate the total charge density p' into a
source term p; and a response term p; , and identify the source term with the
moving charge:

o' =o', * o, and J = plU

then p;_ can be found by requiring that it be consistent with (3.2). Thus (3. 2)

becomes
8p' apr
I 9 o ot [t (o et “v] __ 8 ¢
ot' €' pr v [ps(z w't’)a at' €' ps
o.'
= - _€T p's ] (30 3)
since 3p; (z' -u't')

V(@) =@ V! e
8 8

Similarly if a current source such as an antenna is placed in a moving
medium and considered as an independent forcing function, the total current
in the primed system is comprised of conduction current and the source current

as seen from the rest frame of the medium:
Jt = 3'8 + o' E (3.4)

The problem that presents itself is the expression of charge and current den-
sities in the unprimed system.

In this work we shall usually define the stationary or unprimed system as
that coordinate system which transforms the source to rest. At this point it is
not necessary to restrict consideration only to harmonic current sources, al-
though later discussions will have that limitation. There are two classes of

problems that will be dealt with in this work: "static" charge sources and

13



harmonic current sources in conducting, moving media. We shall now discuss

the decomposition of currents and charges in the stationary system.

3.1.1 Case A: Charge Sources

First we will suspend the restriction that the stationary system be that with
respect to which the charges are at rest, in order to show the generality of the
formulation, Consider a set of charges moving through a conducting medium
with constant velocity u' relative to the medium, the motion being maintained
by an unspecified mechanical force. Suppose the medium moves with velocity
V = vZ relative to the stationary coordinate frame. An observer in the sta-
tionary frame sees the charge moving with velocity W, where @ and
are uniquely related. This relation involves the relativistic addition of velo-

cities, given by Eq. (2. 32):

="1 - —-— - - -
(R U 7 SR A 7 (3.5)
i-v .y '
1- 25 1+ 2
(¢ c

The source charge densities are related by

_9_2_ 1 _(E'_2=" 3.6
psvl (c "sdl c Pg (3.6)

where the double prime indicates that coordinate system which transforms the
charge to rest. This relation follows from the principle of the invariance of

charge:

. = p AV = prdve (3.7)
dqs pst Ps Py

and

dv

1-(3)

dv'u = dv" (3.8)
391 -(3)

14



(see Mgller (1952), p. 45), which combine to give the above relation of charge
densities.

As stated above, in the rest frame of the medium the total current consists
only of conduction current 5:3 = ¢' E' and convection current 3;’ = p U
due to the motion of the source charge:

I' = o' Q' + o' F! 1 = o' 4+ o
J pL U o'E' , »p Pyt Py (3.9)
In the stationary system, we add psﬁ to the current density expression of

the Ohm's law discussion which consists of conduction current and convection

current due to the motion of the medium;:

J=pW+J +3J_, p=p +op . (3.10)

It will now be shown that the quantity J o + jv does not explicitly depend
on Pyr and the decomposition into conduction and convection is similar to
that previously discussed in Section 2.1,
The transformation law for current density is given by Eq. (A.9) of Appendix

A:

- =-1 - -

J =y @ +p¥) , (3.11)
so that

T +7J =.-I-—pii='y:7-1-J'+'yp'v-pu

c v 8

R LIRS URSPTIE A UL PUPWAL S
8 8 r s

(3.12)
Since E' = ¥ - E*, and using Eq. (3.5),

15



-1

- et = - - =3
+ = p! @+ V) - + ' + vp'¥
Jc Jv PLYY @ + v) pUt YO E A
- 5)2
c =-1 - - =% -
= Py YY (@ +V)-u| + Yo'E +yp'rv

! G) (3.13)

From Eq. (3.5), it is a matter of simple vector algebra to show that the fol-
lowing identity holds:

. (3.14)

Using this relation along with Eq. (3.5), and substituting them into Eq. (3. 13), the

bracketed term vanishes, leaving

- - -k -
+ = o'YyE + ! . .

J c Jv a'y Yo,V (3.15)

Here as in the sourceless case, we are free to decompose the convection and

conduction terms in two ways:

‘(1) - 1 =% -(1) = 1
Jc = og'yE , Jv 7prv ,
or
R SIS APE SR R (3.16)
C Y v r

We will generally use the first form,

J=pi+o YEY + oLV . (3.17)

16



In the case where the charge is at rest in the stationary system,

U =0, leaving

T =0 7vE"+ ‘yp;V . (3.18)

Similarly the response charge density Py is related to p; in a manner
similar to Eq. (2,11):

V- 7.1 v-E
= - = LIS - = '+ LIS ' —— 4! -
pp = PPy = Y+ ——)-p, Yot YRt YPL oY 5= - p
C C C
o (1+E-V)_f§ v gty T E L (3.19)

Substituting Eqs. (3.6) and (3.14) into (3.19) the bracketedtermvanishes. Thus we
can write the charge density in the stationary frame as
vV -E
= + = + yp' + o . .2
p=p L= Pyt APt oty 3 (3.20)

Equations (3.18) and (3. 20) constitute the desired current-charge expressions

in the stationary system. Later on in Section 3, 2.1, the relationship between
the source and response terms will be derived. There it will be shown that

Y p;_ satisfies a first-order partial differential equation, with Py a8 the forcing

function,

3.1,2 Case B: Current Sources

Instead of a convection current psﬁ there is here an impressed current
density J s in this class of problems, having an associated charge Py
In the primed system the impressed current density moves, so that a con-

vection term appears in the transformation (Eq. (3.11)):

- =1 =
1 = — R - T .
Js Y Y (Js pSV) ; (3.21)

17



also, from the transformation law (Eq. (2.4)),

2¥]

= vl - —5) (3.22)
C

These quantities, being independent source quantities, do not depend on the

parameters of the medium. Equation (3,9) becomes

J' = 77-1°(3s - P V) + o' E' . (3.23)

Using the transformation relations, we have also

- =-1 - =-1 = - -
J'=vy (J-pV) =¥ 'J-‘Ypsv-‘yprv. (3.24)

Equating these two expressions yields the decomposition of the second form

7.5
Y

(o]
*

J=J +p7¥ +o
8 r

=J + 3(2) + 5(2)
8 \' (o]

(which is the equation given by Sommerfeld (1952) p. 283), or, equivalently, in
the first form

- - - #
J =7 +f(1)+3'(1)=J + 'V + Yo'E . (3. 25)
8 v c s r

As before, the charge density decompositions are given by

V-E
p=p +p =p + v + vo! . (3. 26)
r 8 r c2

The relationship of 'yp;_ to Py is discussed in Section 3.2, 2.

18



3.2 Relationship of Response Charge Density to Source Charge and Current
Densities

In this section we shall develop the differential equation for the response
charge density Y p;. in terms of the source terms in the unprimed system.
Thus the first form of the decompositionin (3. 16) of charge and current densities
will be used, even though it would be more satisfying to express everything in
terms of the unprimed system. The reason for this is that while the final
expression for vy p;‘ involves only charge and current terms, this does not
seem to be the case for Py since a term involving the electric field appears.

We shall develop the desired differential equation in its most general form
first, and then discuss the effects of assuming time - independent stationary
charges and time-harmonic current sources. The final results of the paper
are limited to these two classes of problems.

In order to develop the differential equation for ¥ p; , Eqs. (II) and (III)
of Maxwell's equations, the constitutive relation for D, and the expressions

for charge and current densities are needed:

V'D=p(), VxH = %%h? ()

D=c¢ca E+QxH (3.27)

I = —*+ 'y + T :

J oE yprv JS (3.28)
¥ E

= + '+

p=p, Pt o (3.29)
(¢}

o=0'Y (3.30)

and
E*=E+Vx§=3-ﬁ+u'a'€'xﬁ. (3.31)

Substituting (3. 27) and (3. 29) into (II) gives

19



= p
- . v'E
gt TPt 03 . (3.32)
c
First note that using (III) ,
=, 0D - O = = - -
. —_ 4 = 1 o o2 . .
Q (at J) = €'Q 51 + 0§ E+Qv‘yp;+9 Js,(3.33)
1+ Qv =a , (3.34)
and
=~ ¥ v 2
Q+ —2-— —2n a . (335)

o
o

Multiplying by o/€' and rearranging terms gives

oV'E-E-oﬁ-—g—?-ozu'aV-E

= g, (p +Q- T +avel) . (3.36)

Similarly, taking the divergence of (III) and combining this with (II) yields the

continuity equation
V'J=-8—t, (3.37)
which upon using (3. 28), (3.29), and (3.31) becomes

oV-a:-E + V'('Yp;V)+V'js-ou'aV'Vxﬁ

' —
. dp ) 9(vp)) ) .38)
ot at 2 ot '

o
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Note that

- 49D = _ - OE - = - =
v-(—ﬁ+J)—ev FTICAL E+V'.y.p;_+v Js' (3.
. 'Y = v - ]
Volye V) =V Ve, . (3.
%(an2—1)=ﬁ, (3
¢
M'G'Vz = n262 , (3
and
9p
= s
v JS =" %7 - (3
Combining (3. 38) through (3.43), and arranging terms, we get
oV'E'E-oﬁ-%%-czu'aV'E
2
= 0 oaf : Lo =
=-(V-V+ 5t e )'Ypr+cw av-J_ . (3.

Subtracting (3.36) from (3. 44) eliminates the field quantities, leaving the

desired differential equation

0 o (o] V'Js
—_— v - ' = o = -
(53 t7 v+ ' 2)‘Ypr o (P 5 ) (3.
€'y c
where it is noted that
2
1- B =1/y (3.
and
Q A B/
g—; -prav = -E'-c-é (3

from the definitions.
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The primary interest of this work is stationary charge sources and
time-harmonic current sources. In the former case the unprimed coordinate
system is that of the charge, so that in (3.17), @ =0, and thus J s =0. The
steady-state solution obtained by setting /0t = 0 is not trivially zero, which
is the case for stationary media. While it would be desirable to know the
transient behavior, the problem is not simple because by the continuity

Eq. (3.43) the source current density would have a singular behavinr in

time if one postulated a source charge which suddenly appeared. The steady-state

solution is physically interpretable, and will be discussed.

For time-harmonic current sources such as radiators, the steady-state
solution is found by setting 9/0t = -iw.

3.2.1 Stationary Charge Sources

In this case js =0, 9/dt =0, and Eq. (3.45) reduces to

a g ' = ...._(_’_..
S )Y e, pepell SO (3.48)
€'y v
which has the form
(> +bul) = U (@) , (3.49)
oz o
where
2
b=o0/€ev v
Uo(z) TPy s
and
= 1
u(z) e,

As a boundary condition we shall assume that u (o) vanishes. The solution is
well-known, but we shall include the solution by Fourier transforms. There will

be need to made use of the techniques later on in more complicated situations.
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Let the Fourier transform in z of a function f(z) be defined by

®
F {f} - L eihz f(z) dz (3. 50)

-00

©
where it is assumed that j. fi (z)|2 dz is bounded,that is, f(z) is L2
-w m
integrable in (-0, ). Then we know that the integral f F { f} dh con-
-0

verges to f(z) wherever f(z) is continuous (Morse and Feshbach (1953),

p. 458). We first note that

@ ) @
1 ihz 0 i i
— e z —E-dz = —1- elhzf ‘ -l—h- eihzf(z)dz
27T 0z 27 27
-00 - -0
- -inF{t} , (3.51)

since f(fz) must vanish as z approaches infinity for f(z) in the class
2 .
L~. Multiplying Eq. (3.38) by eihz /27 and integrating from - to +oo

gives
(<th + B)F fu] = -F {Uo} ,

or

el - —iF{Uo}

g T (3.52)

Taking the inverse transform by multiplying by e-1h 2 and integrating over

h from -o to o gives, at points where u(z) is continuous,
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-ihz

ul(z) = -i r i—ﬂ dh (3.53)
o h+ib ) ’

We now make use of a theorem related to the convolution integral, and described
in Morse and Feshbach (1953), p. 465, which states, for gl(z) and gz(z)
L2 integrable in (-0, o0):

zi ro gl(l:)gz(z -£)d¢ =Im F{gl} F{gz}eihz dh . (3.54)
Td-w -
» 00 e-ihz
Letting gl(z) = Uo(z) and gz(z) = -ij. T dh , we note that
-0

-
F{gz}_mib , and that

© ihg I
u(z) =I e F{UO}F{gz} dh = ﬂj‘ gz(z-t’)Uo(C)dC . (3.55)
-0 -0

In order to evaluate gz(z) we use the technique of contour integration.

Referring to Fig. 3-1, it is noted that for z <0, the exponential enlhZ

/- Origin

h =-ib
(Simple
Pole)

Large Semi-Circles
(|h|—> o)

(z >0)

FIG. 3-1: CONTOURS IN THE h-PLANE FOR EVALUATING gz(z).
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approaches zero uniformly in the upper half plane on the semi-circle as the
radius approaches infinity. Thus the contribution along the semi-circle con-

tour to the integral is negligible, and from the theory of residues,

(0] e-ihz
= - = e + s =
gz(z) iJ‘ - ibdh i 27i Z‘Remdue 0,z<0,
Semi-Circle

(3.56)
since e-lhz has no finite poles, and (h + ib)-1 has only one pole, not en-
closed by the contour., For z > 0, the contour can be closed in the lower

half-plane. Then the contribution to the integral along the infinite semi-circle

is again zero, and the residue at h = -ib is merely ie_b z‘ giving

gz(z) = —21re°bz, z>0 . (3.57)

Thus, combining (3.46) and (3.47),

0, z<0
g.(z) ={ } ) (3.58)
2 -27e bz , 22 O}

so that from Eq. (3.45)

Z
u(z) = f e'b‘z'“uo(c)dr , (3.59)
-0
or
[0 0]
u(z) = J e'bfuo(z-r)dr : (3.60)
o]

Written in the original terminology we can now state that the differential

Eq. (3.37) has the solution
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of
o @ €' 2v
vole)=- = | e 7 p(z-0)dE . (3.61)
0o

€'v

In the important case where Py is a point charge at the origin

£

P, = q6 (x)6 (y)é(z) , (3.62)
where 6 (x) has the properties that 6(x) =0 for x #0,

b b
J 6(x)dx =1 for a<0<b, andjr f(x)6(x)dx=£(0) for a<0<b . (3.63)

a a
Then here
0 , z<0
0% p;(z) = _ oz . (3.64)
2
o €e'yv
- -€'~V- qe Y 6 (X)(S(y) s Z >0

This is shown graphically in Fig. 3-2.

Motion of Medium
>

z=0 z—>

—

P, T Exponential Decay

ol = T
r e'v —£  Source Charge at z =0

FIG. 3-2: RESPONSE CHARGE DENSITY ALONG THE z-AXIS FOR A POINT
SOURCE CHARGE AT THE ORIGIN.
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Thus along the z-axis, trailing the source charge, is a wake of response
charge. The sign of the charge is opposite that of the source. The minimum
value of the response charge is proportional to the conductivity and inversely
proportional to the velocity, so that for small velocities the effect is significant.
In effect the response charge tends to cancel out the effects of the source. The
more closely the response charge is concentrated at the source, the more
significant this screening effect is.

3.2.2 Case B: Current Sources

In the case of current sources, it is assumed that J S is given, and that
d/0t = -iw . Then (3.45) becomes
v.J

d 1 o . , . O _ s
[3;*;‘ 2 ‘1“’] ey (gt ) (3.65)
€'y c

where the source charge density is determined by the continuity relation,

Ps = o . (3.66)

This also has the form of (3.49). The only difference is that the resulting pole
of Fig. 3-1 is shifted horizontally; this has no effect on the integration so that
the results of Section 3.2.1 follow directly. From (3.59) we can write the

solution as the superposition integral

liw - 02)(i;£) VT (¢
@ =- = e 7 [ps(r)— - ] d¢ . (3.67)

- C

As an example, consider a thin wire antenna of length 2{ oriented in the
x-direction, and having a triangular current distribution:
I (L —|x|)

- A O
J =x

. —— ), |x| <2 . (3.68)
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Then by the equation of continuity (3.43),

2

I
= —O—lé(y)é(Z)E%kp— , x| <2

or

I

p = '%1 5 (y) 6 (z) { (3.69)

1, -£<x<0
] i

1, 0<x<!

Then since V- J s - 0, the response charge density can be written, from

(3.67),

2 (iw-ofe v (25

1 = _.._O;_ v
P, pep e pS(C) ¢ ,
-
(- ——) =
O'Io €,,72 v 1,-1<x<0
Yp! = - 3 6(y)e S (z) - . (3.170)
r ie'vw! o q, 0<x <!

This example is indicated schematically in Fig. 3-3:

x* pJX)
Antenna \\\ I'YP'I.1 f © <:( <
? — =
///ﬂ Js(x) (-4 <x <0

FIG. 3-3 : CHARGES AND CURRENTS FOR A THIN-WIRE ANTENNA.
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It can now be demonstrated why it was necessary to decompose charges
as well as currents into source and response terms. For if, instead, we

had begun with the sourceless formulation of Sommerfeld,

- -
- - . - E
J = pv + o l—’—z——— ) (3.71)

and added an impressed current source J g and written

- - _*
M_E_ , (3.72
Y

5'=.Ts+pV+o'

the convection term pv would become meaningless, if p is taken as the

total charge density. For as the conductivity o' vanishes, we would then get

J = ES + oV . (3.73)

But we know that a lossless medium, in motion or not, with a stationary charge

and current distribution, gives rise to no convection term, that is,

T =7 , (3.74)
S .

and since in general, p # 0, this contradicts (3.72).

On the other hand, in the formulation of the present work, we have

- - —i¢
= 'Y + o ' . 3.75
J JS tYp YVt oo YE ( )

Now as the conductivity vanishes, ’Yp; vanishes by (3.67), and we are left

with
as is required.
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IV
VECTOR AND SCALAR POTENTIALS; DEVELOPMENT
OF THE GREEN'S FUNCTIONS

In this chapter we shall derive the vector and scalar potentials and the
differential equations they satisfy, for the two classes of problems of interest
tous. The Green's function approach will be used to find solutions to the
linear, inhomogeneous, partial differential equations. In this approach the
forcing function is replaced by a point function, or & -function, in space, and
the solution to the resulting differential equation is called a Green's function.
The solutions to the differential equations for the vector or scalar potentials
are then given by a superposition of Green's functions. The field quantities
then follow from the potentials.

The class of problems involving charge sources gives rise to a complicated differ-
ential equation in the general time-dependent case, one not readily solved.
If steady-state behavior is assumed, that is, 9/3t = 0, the equation is
greatly simplified, and is amenable to solution. We shall derive the differ-
ential equations and present them in their entirety, and find the Green's
function solution in closed form for the steady-state case.

The harmonic current source class of problems is treated in a modified
way, i.e., the potentials are defined differently than usual. The modified
approach gives rise to simpler differential equations. Steady-state behavior
is again assumed, and Green's function solutions are found in closed form.,

The discussion is limited to consideration of unbounded media. Thus
we are primarily interested in the particular solutions to the differential
equations., There is thus a unique correspondence between the solutions and
their transforms; we will use the method of Hankel transforms in the cylin-
2 y2)1/ 2

drical coordinate r = (x + , and Fourier transforms in the longi-

tudinal coordinate z. The solutions are valid for all values of conductivity

o, and all velocities v,
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4.1 Static Charge Source Distributions
4.1.1 Differential Equations for the Potentials

For a linear, uniformly moving, conducting medium, Maxwell's equations

are given by
VxE=-g—f’(1) , V+D=p (),
Vxﬁ=3+%l—t)(m) , V.B=0 () ,

where the constitutive relations are, using the definitions of Eq. (1.5)

=

B=pua-08-80x

»

€e'a-

]|
n

+ QOxH , (4.1)

]}

and charge and current densities are decomposed as follows:

J =cE+VxB) +vp'V =c@-E+u'avxH)+ ‘Yp;'V ,
r
v-E
= + !
P =pg YO + 0 c2 . (4.2)

Here we have used Egs. (3.29) and (3.31). The quantity 'yp; is determined
by the source density P this was discussed in Section 3.2.1, In finding
this relationship of response to source, it should be noted that only (II) and
(II1) of Maxwell's equations were used. In deriving the expressions for the
potentials, it is necessary touse (I) and (IV) as well.

For source charge problems, the vector potential A is defined in the

usual manner, using (IV):

B=vx A . (4.3)
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Note that this is only a partial definition, since A is not unique. Any other
vector potential A, which differs from A by the gradient of some scalar,

would also satisfy this relation. From (1),

VXE::--B—E-VXK:-VX-S-E'
or
= 9A
E" 8t V¢ ’ (404)

where @ is some scalar potential,

We are free to choose A to be in the z-direction without losing gener-
ality, Thus cross-products of A with ¥ or $ will vanish in the following
development., The equation V+ D = p has already been expanded in Eq. (3.36)

- p. t avyp
V-&-E-Q-%—f-ou'av-ﬁ=s——ér—£ . (4.5)

This becomes, using (4. 4),

P o) (o) (B o) D)
t

(4.6)
From (4,1)
p'H = sl.5+ %S—fo
= g-l (V x A) —lﬁx(%é+v¢>
t
=§v,{<x+5¢> , (4.7)
-1
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D=¢2-FE+QxH

From Eq. (4.2),

T =cE+7VxB)+ 'yp;V (4.9)

Thus (III) becomes

1 = 8D
T cm— —
VX,H n Vx Vx G+Q¢) J+ ot

=-o[a +V@- vx(VxK)] e'-———-e'ZY V—Q+r§x[Vx5%—(K+§¢)]

RN (4.10)

By choosing a gauge condition which is consistent with the well-known gauge con-
dition for stationary, conducting media, separate partial differential equations

may be obtained for A and @ . The development of the gauge condition is
given in Appendix A, It can be written:

-0 V¢—cua¢-—-—< 29 .

(4.11)

v.A -ou'av- A -

°’I>.
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Substituting this into (4.6) yields the differential equation for §:
2 2 2
(v~§-V)¢-ou'av-v¢-2§-v§ﬂ—~1— nf ) oy
ot 2 2.2 2
c 1-n ot

1
all (PS + a’YP;,) . (4.12)

To show this, we first note the following relation, which follows from (4.11):

=, 9A .9 o 7 .=
V"’(‘é?*“’)"é'{v A+ (V- & v)¢

- 2=~ 2 2\ 2
=(V-5-V)¢+ ou'a\-/-a—‘t+§--a—2--§-vgt-ou'agt-1 —l—l——%ﬁ—ﬁ i—g
ot c \l-n B3/ ot

(4.13)
Using this relation in (4. 6), it can be seen that the terms involving the vector
potential A drop out, leaving (4.12).
Turning our attention now to (4. 10), we first draw upon a vector identity
noted by Tai (1965a):
- — -— 1 —] - -— -
v (F wx@ P = 5 [ v - w-FarF].
a
(4.14)
When F 1s the vector potential A, and it is noted that A is in the z-

direction only, the left hand side becomes
=-1 =1 = =-1 - 1 -
Vx (a +(Vx(ad "+ A))) = V(@ -(VxA))=-a-VxVxA,

and thus

vxvxi=L1[E wv- 2 -(v-3-wi]. (4.15)

o |-

34



When this is substituted into Eq. (4.10), and the terms are regrouped, we get

90— -
(V-F VA -(B-V)(v-A)-weal 2B _ 51,284
2 5t

+an(an—) + ou' azv x (VxA)

=aVx Vx (§¢)+ ou'a2V¢+u'e 'a a- V—Q -aQx (Vx(Q —-Q))
2 -
-u'a vp;v . (4.16)
The fifth term on the left can be written as follows:

allx (Vx =) =av(0-A)-a(0- VA , (4.17)

where use is made of the vector identity
V(F*G) = Fx(VxG+Gx(VxF)+(F: V)G+ (G- V)F, (4.18)

and it is noted that derivatives of Q are zero since §I is assumed constant.

Similarly, the sixth term on the left becomes
L2 - 2_ - = 2,- -
ou'a’ V¥ x (VxA) = ou'a V(v - A) -op'a" ¥ V)A , (4.19)

and the third and fourth terms on the right combine to give

QII

. v ___,Q -aQx (Vx(ﬁg—?))

[\\]

_n" 2= _ 9 290 = =9
=—a @ Vgg——aV(‘Q at) + a( V)(Q—a'g)

Q
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2

=“_2a 7.9 .0 -T+a§('fz'-v)-—¢ . (4.20)

¢

-

The transverse component, denoted by the subscript T, can be written

22 2 2
na 2 o _ a n -8 3¢
a(cz Q) Vogr - 2 Q-nz QVT T (4.21a)

which follows from the definitions of € and a. Similarly the z-component
is merely that of the first term of (4.20), or

22 2
na 9¢
3 3z ot (4. 21b)
c
Also, the first term on the right of (4. 16) can be re-written:
aVx Vx(Q¢g) = avv. (§¢)-av2(§¢)
= 2
= av(Q-Vve)-allvg
= =_2
=ax (Vx V) + a@- v)vg-aQvg
- a@- V) Vg-aBVig , (4.22)

where use is made of the following vector identities, in addition to (4.18):

VxVxF =VV:F -VF , (4.23a)
Ve(Fy) =F-Vy+yvV-F , (4. 23b)
V2(-F- v) = i"vzw for T a constant vector, (4. 23¢c)
vV x (Vy) =0, (4. 23d)
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and it is noted that derivatives of Q vanish, since Q isa constant vector,
The second term on the left of (4.16) can be rewritten, using the gauge condition

of Eq. (4.11). This gives, for the transverse components,

[—('E-V)(V-K)] —-ou'azvv A-aQv E)-—A+aQV —8-9

T T ot T oz
2 2
2 a n -B a¢
+ O'u'a VT¢ + —2 —'—2—2 VT 3t ° (4.243)
1-np
For the z-component,
2 2
- oA 9 A o°¢
2 - ' —_— - —
[( (Vv A)] cmavaz Qazat+ﬂ 5
0z
2 2 2
) 1 [ n-B o' g
towag, 23] 5zot - (4-240)

Using (4.17), (4.19), and (4.24), the transverse part of the left hand side of
(4.16) reduces to

aqQv g—g+ouav ¢+ 2 (4. 25a)
lnB

Similarly the transverse part of the right side of (4.16) after using (4.21) and
(4. 22) becomes

2 2
a9 g2 2 (o-B ), 3¢
anT 5y T OH'a VT¢ + c2 _nsz Vo T (4. 25b)

which is the same as (4.25a). Thus the transverse components cancel, and

we are left with only longitudinal components. This means that the vector
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differential equation reduces to a single scalar differential equation, an im-

portant result.

Summing up the longitudinal components on each side, we get

- 2- 2 A2 2 2
= - oA A =030 . a 9_@ z(n—B)&Q
o . - ! — '
(V-a-v)A °“”az Qazat+Q 2+zouaa +.§ 2,20z ot
9z c (1-08")
.._..___nzaz 2—25 - u' az.a_é-
c2 atz ot
ﬂ 2 29 2 2 Bzg
= A= - a0 A ' A_[l-
az(Q V)az aQV¢+zaua8z+zcza 57 5t
2 -
-u'a 'yp;v . (4. 26)
82 2
Examining those terms involving -—% and V° @, we note that
oz
9 2 82¢ 2 82
2a@ v 2. aavlg - 528 - Lamvlg - 5ol
0z 2 T 2
oz 9z
= -V 2 V) . (4.217)

Since the quantities are parallel vectors, we can drop the vector notation, After

multiplication by €, Eq. (4.6) becomes

2 2
=, o 0A 28°4 dA
-Q(v-a-v)g —Qaz 5t Q 3 oM an——at
ot
_Qz_a_i ' Q?l+gf§+a9. ' (4. 28)
9z ot ouaviis, €' e'ypr ‘ *
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Using (4.27) and (4. 28), Eq. (4. 26) becomes

2
(v.-&- V)A-ou'av%f‘- 2938 gt-ou a(a- vﬂ)—{ >3A

2 2 22 2 by
- 8¢ |1 n”-B) o2 2} 0 '
=-gu'a(l-a+vQ) az-[-é(l_nzﬁz- cz +Q 57251 +Q—-(uav )ayp

(4.29)
It can be seen from the definitions of a and £ that the following relations
hold:

2
n2a2 92 1 n -B2
B 2 2.2
c ¢c 1-npB
and
Q 1 av
' . e—— T e 0
Hav - S = 7 (4.30)

so that (4. 29) becomes, finally,

2
= 0A 0 A 0 A
. . - 1 — -
(Vea *V)A-ou'av 5 298 3¢ OH <n2>

1 ay
= 6.624) “—Z"YPD . (4.31)
C

Written in scalar form, the corresponding expression (4. 12) for the scalar

potential @ becomes
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' 2 2 .2\ .2
= 3¢ g o 1 ( n"-p"\ 0%
. " - 1 — - 1 — e —
(V@ VI - ou'av o - 20 - on'a 5o - = (=5 ) =5
¢c \l-n B8/ at
=-—1-(p + ayp') (4.32)
€ s r ’

Comparison of (4.31) and (4.32) reveals that the two differential equations are
identical, except for the source terms.

Let ¢s be the solution to the differential equation when only the first
term appears on the right of (4.32), and ¢r the solution when only the

second term appears. Then
= +
g=g +9 . (4.33)

If Ks and Kr are similarly defined from Eq. (4.31), the particular solu-

tions are related by constant quantities:

As = ~Q¢s
and
- v
Ar = :E ¢r . (4.34)

From the transformation relations for A' and @' in the rest system of the

medium (see Appendix A, Eq. (A.8)),

v, v v v
'Y(A"-5) = 'Y(—Q¢S+ —2¢r-——2¢r- —2-¢s) ,
c c c c

u

AY

or

Al

n

—7u‘e'av¢s , (4.35)
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and thus A' depends only on the source term Py and not on the response

charge density p; . On the other hand,

¢

2
Y@ -vA) =y @ 44+ vag - T ),
C

or

' 1
¢ yag + ?¢r : (4. 36)

It is also of interest to express the fields in terms of the scalar potentials;

from (4. 3), (4.4), (4.7), and (4.8) we get

= - A - v
B =VxA = (V@ x 2) = QxV¢S-:2xV¢r ,

- 0A
E=-3¢g - V0
o@ - o¢
-9 8 _ .y _r.
=& t V¢s 2 9t V¢r'
c
ﬁ=-—1-—Vx(K+Q¢)
p'a
nza
= ' 2(V¢rxv)
pac

and

= |
n
]
m,
'
m,
] |

.V¢+u—1'5-§x [Vx(K+§¢)]
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8¢s ev 'r
= ! D e 5. Sy Lt _aF.
€' 57 € @ V¢s 5 5t €@ V¢r

-eQx (¥ x ve) . (4.37)

For this case it can be seen that for zero conductivity, ¥ p;‘ vanishes, and so
does ¢r and H. Thus for lossless moving media when A and § have
the same boundary conditions, H =0. Inthis case we have a static configura-
tion in space, so the resultthat E x H=0 is tobe expected, since there is

no radiation at all.

4.1,2 Green's Function Solution

The system of equations for the potentials given in equations (4. 31) and
(4.32) is quite complicated, involving, as it does,three variables. It was seen
in Section 3. 2,1 that there is a steady-state behavior for the currents and
charges for large t which is found either by letting t approach infinity
or setting 8/0t =0 from the start. If the assumption is made that 8/dt = 0,
the differential equations simplify to

= 0A 1 v
.z, —op'ay 24 - L ca Y N
(V-a-:V)A-ou'av 5 = (st a 2’Ypr)

and

(V-a- V)§ - op'av 3

1 ]
Y - (ps + a'ypr) . (4.38)

The Green's function method utilizes a function G(I—{ lﬁo) which is the solu-
tion to a given differential equation whenthe source term is a point source in

space at ﬁo ; that is, G(ﬁ‘ ﬁo) satisfies the equation

[(v-i- V)-ou'av 5"’-2-] G(§|§o) = -6 (R ﬁo) (4.39)
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where R is the vector from the origin to the field point, Eo is the vector
from the origin to the source point, and the derivatives operate on the field
coordinates. The symbol & (R ﬁo) denotes a quantity which vanishes for
R # ﬁo‘ and has the property that

g (@ E[R) av - ()
\'

where the volume V encloses the point ﬁo . In all of the problems in this
work we shall be dealing with unbounded media, so that for all fields, poten-
tials, and Green's functions, the boundary conditions will be the radiation con-
dition, namely that only functions which do not increase away from the source
are allowed; also, that for unbounded media, the homogeneous solutions vanish,
This means that no sources exist for the fields other than the given sources,
which are assumed to occupy a finite region.

It will now be shown that the vector and scalar potentials are related to

the Green's function in the following way:

AR) =- 5 m G(®[R) ﬁpsa'io)-f‘;w;(ﬁo)] av_
\% c
0

and

- 1 | =% - =
¢R) = ?SSS . G(RIRO)[pS(RO) +a7p;,(Ro)]dVo. (4.40)

(o]

where Vo indicates a volume enclosing the sources. To show this, we shall
define three-dimensional Fourier transforms and use the relation (3. 54), ex-

tended to three-dimensions. Let the Fourler transform ¥ of a function

F(R) be defined as follows:
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~ -3 IE. RO - 3
Fh) = (2m) X S e F(Ro)d R (4.41)

-0

3 -
where d R0 = dx0 dyo dzo. Then if F (Ro) is class L2 in each variable
X,y, and z_ for all real valuesof x , y, and 2z , the inverse trans-
o ‘o (] o’ Jo 0

form is given by
FR) = ﬁj B Remy (4.42)
-0

where d3h =dhx dhy dh.z. Taking the transform of both sides of (4. 38a) and
(4. 39) gives:

=l

(-h-& b +iopav-1)R =T ,

and

Q0
(h- &5+ topav - HEEE) =2 g g S s @R )" R a’r
[0 ]

=(27) e , (4.43)
where J represents the term on the right of (4. 38a). From these relations,

g -ih- ﬁo -
A®) =@2n)e IWGER) . (4.44)

The three-dimensional version of (3. 54) follows from Parseval's theorem:

(0.0} o0
S S g‘f'ﬁ‘* d3h =(21r)'3 g S SF(ﬁ yH R )d3R , (4.45)
0o (o) (o]

-0 =00
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where the asterisk (*) indicates the complex conjugate; this is subject to the
conditions stated above. Let F (ﬁo) =J (I-{o) sothat ¥@®) = T(h).
Similarly, let

@ =e °Cah &) - | (4.46a)

Then

)
i) =e ° T R )

and

H ('f'il)

"
|<-——-1

or
T B-E+E -F) 3
H*(ﬁl) = S SXe G(Hlﬁo)d h

= G(R + Ko - leR ) . (4.46b)

Noting that H (Ro) = G(ﬁlﬁo) and using (4.42), (4.44), (4.45), and
(4.46) to find A(R) ,

[0 0] (00] - - -
_ -. -~ _ —ih * (R+R )~-~
AR) = S gs e ih RA(h) d3h =(27) !‘S.“e ° J(h)G('ﬁlﬁo)d3h
(0 0] o0

(4.47)

"
Crmmmmst= oy,
€8
Coammmmy
[
obUl
Q
f=e ]|
o7
(=%
w
=
o
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which was to be proved. Substitution of the appropriate term for J yields
Eq. (4.40). Similar results hold for @(R). It should also be noted that this
discussion holds independently of the operator form; this will be useful later
on,

We turn our attention now to finding the Green's function that satisfies
Eq. (4.39) , which in cylindrical components can be written:

5 82 6(r-ro)6(z-zo)

G_ ! ?.§=- RIR = -
+ 322 ou'av P 6 (R Ro)-

(]

K
or

R E)
®
]

2wrr

(4.48)
The parameter "a" can be either positive or negative, depending on the value
of npf; for low velocities nB <1, and a>0. For velocities which are
very high, nf > 1, and a < 0; in this case the velocity v = Sc of the
medium is greater than the speed of light in the medium, c/n, and the
Cerenkov radiation condition is met. We shall treat both conditions in this
work,

The method of solving the differential equations is straightforward: by
taking appropriate transforms, the differential equation can be transformed
into an algebraic expression like (4.43). The transformed unknown can
then be expressed as a ratio of polynomials. Upon taking the inverse trans-
forms, the solution can be expressed as a multiple integral. If we are for-
tunate, the integrals may be reduced to a closed form. This will prove to
be the case in the present work,

2
Case A. Low Velocities: v <c/n, and a > 0. Herewelet o =a, and

b=ou' azv/ 2, and without loss of generality, we may choose ﬁo =0 tem-

porarily. Then (4.48) becomes

2
léa_rg__G+lza(;_2_g_g_g=-M (4.49)
Lor or %5y o °F 2rr @

The Hankel transform technique is well suited to this problem. Given a
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function f(r), the Hankel transform H{f} is defined by

®
H{f(r)}= I Jo(hr) f(r)rdr , (4.50)
0
i ®
for all functions f(r) of class L', i.e. such that |f(r)ldr 1is bounded.

0
From the well-known theory of Hankel transforms, the function f(r) is re-

lated to its transform by

(o8]
f(r) =J0 IO H {f} xdx . (4.51)

It follows from the definition (4. 50) that

1 0 of R 2
H{;'a—;ré—{}—-l H{f}. (4.52)

This can be shown as follows:

(0]
1 0 of \ _ 0 of
H{-r-g; r-Z)—f}- IOJO(Xr)‘a—r' (5-;) dr

® 0 J (Ar)

0

=J()Lr)r—£ I- réia—o———dr
o or 0 0 or 0

J (Ar) o ® J (Ar)

=0-fro—> ‘+ J‘ f(r)(—}—?-ra 2 )rdr
or or or
0 0

- 2%n {f} , (4.53)

where it is noted that from the definition of the Bessel function that
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9J (Ar) 5

0 +2°7 (r) =0 ,
or o

1 0
rarr

and it is assumed that f(r) has a behavior such that:

Lim  of _ Lim of
r—>0 3r S T 50 Tar 70
9J (\r) .
Lim 0 _ Lim 2., 2 Lim _2 -
r>p L@ T —5— = 5o TE@ (-Ax) = -1 ) r’(r)=0 ,
Lim Of le 1,'
r>wodr ¥ Jo® ) = F
and
9J (\r)
Lim _ Lim 2 _
re>ep T 1) L > 'g f'ofx) =0 . (4.54)
Taking the Hankel transform of Eq. (4.49) gives
2 1 82 2b 6(z)

N-s S 2 H{G = : (4.55)

2 2 2 2

a 0z a 2ra

Further, taking the Fourier transform in z gives

- Zibh 1
( ) F{H{G}} = — (4.56)
41 o

F{H {G}} = 214"22 — (4.57)

(h-ib) + a A + b
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The roots of the denominator are at

; (4. 58)

one is in the upper half-plane, one in the lower for all A, The inverse Fourier

Ihl > 0
AP R
= i
! ! (z > 0)
(Simple
Poles)

FIG. 4-1: CONTOURS IN THE h-PLANE FOR EVALUATING H {G} .

transform of (4,57) in h is given by

® -ihz
e dh
— —_— T . (4. 59)
2 J—oo (h-hl)(h—hz)

From the exponential it is evident that for z < 0 the contour can be closed in the

upper half plane, and for z > 0 closed in the lower half plane, and the theory
of residues applied. For z < 0, the residue is
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bz z 0212 + b2
e e y
21 ‘Va A" +b
and for z >0, itis
bz -z 1/012)\'2 + b2
e e
-21"Va212+b

Noting that the contour in the lower half-plane is counterclockwise, (4.59) be-

comes
2
bz -|z|{j« 22+ p2
1 e e
H{G} = — (271i)
47 2iA,02)\2+ b2
- |z azxz + b2
1 bz e
= — e (4.60)
i 1/ 32 2
a X +Db
The inverse Hankel transform, from Eq. (4.51), gives the integral
bz oo - | 2| 22+ bz/a‘2
e e Ada
G = J (xr) , (4.61)
4ra 0 o

)tz + bz/af2

2 2
This can be solved by a change of variables: let 52 =X + b /az; then
€d& = XdX, and the positive real axis-in A maps into the straight line

contour b/ < £ < o0 in £. Then Eq. (4.61) can be written

bz (o
G = 9_j o olz|E Gvgz—bz/f)d’é . (4.62)
4ma 0
b/a
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This is a tabulated Laplace transform given, for example, in Magnus and

Oberhettinger (1954), p. 132. Finally, the Green's function can be written

baf 2 2 2
- = + a z
bz o
e

c@®lo) = 2 ) (4.63)

47 ) 5 2
Vr + oz

Replacing R by R- ﬁo and substituting for « and b gives

as

ulay : #.31/2‘,
i e“T‘Z‘Zo’ o R
G(R|§ ) = , (4.64)
0 47ra1]2 R1

q! 2 2
where R1 = W(r - ro) + a(z - zo) . This is the form desired. Note
that as o —> 0, this becomes simply

G(—RII_{O) = ;_WT ) (4. 65)

Case B. High Velocities: v >c¢/n, and a <0, Here we let 012 =-a and

define b as before, i.e. b =0 u' 02 v/2. Again letting }-{0 =0 Eq. (4.48)

now becomes

) 2b 9G _ 6 (r) 6(2)
——--;2-3;——————— . (4.66)

27T «a

®
=
s}
]
lew
)

Taking the Fourier transform first this time gives

2
1 0 & _ h”+ 2ihb . _b()
(r or © Br | _—2“—’”> F{G}‘ 2 2 - (4.67)

o 4r ra
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Taking the Hankel transform and using (4. 52) yields the algebraic expression

2 .
[2_ h +221hb] H{F {G}} = ___.12._§ , (4.68)

a 47

or

{ {G} -I/M a (4. 69)

(h + 21hb>

The inverse Hankel transform of (4.69), using Eq. (4.51) is then

(o) J (Ar) xdx

1
F{G} - - . : (4.70)
41 0 2 (h + 21ht>
Yo\
o
Now JO(Ar) = —;-Hf)l)()tr) + —;-Hf)z)(kr). If R(Xz) denotes a rational

function in A, then

® -0
I 2 o) RO Aax - _[ 1 A RO (1) (-an)
0 0

0
j Hf) " ar) RO ndr
=00

1

0
J Hf)l) ar) RO Ndr (4.71)
-Q0

since
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from the circuit relations for the Hankel functions. (See, for example,

Sommerfeld (1949), p. 315, (11)). Thus (4. 70) can be written

F{c.}=- , [ Hf)l)()\r)kd)\

’ (4.72)
8ra® Jo .2 (h2+21ht>
N LI LLL
o

where the contour C is given in Fig. 4-2, and the branch cut must not be

taken in the upper half-plane. (Otherwise, the circuit relation above could
not hold).

c A= kl Large Semi-Circle
. r@L o N —> o
I
I

Branch Point
A= )LZ

fe—o
(Simple Poles) | Branch Cut

FIG. 4-2 CONTOURS IN THE A-PLANE FOR EVALUATING F {G} .

It is well known that the asymptotic behavior of the Hankel function is given by

H (1)()\r)~ 1, 2 ei)\r o /4
o TATY

for large amplitudes of X, and since r >0, the contour can be closed in the
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QI"“

upper half-plane, enclosing only the pole at Al

yh +2ihb , Bythe
theory of residues, (4.72) becomes
. Hf)l)[%’\,h2+ 2ihb ,
F{G}= - Cori - : A
2)\1

- .81_2 Hf)” [§'\ﬂg+ Zihb] . (4.73)
TQ

The inverse Fourier transform in h gives

. (04]
G ®l0) = - — ZJ e 1hz i”[ "h + 21hb]dh . (4.74)
8ta -0

The argument of the Hankel function vanishesat h = 0 and h =-2ib, the

Hankel function itself behaves logarithmically at these points, so that these
points are branch points, and the branch cuts must extend to infinity, Thus
it is appropriate to choose the branch cut so that it lies along the negative

imaginary axis, as in Fig. 4-3.

(az <71)

(ar>r)

X Branch Points
= == Branch Cut

FIG. 4-3: CONTOURS IN THE h -PLANE FOR EVALUATING G (R10) .
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For large amplitudes of h, the integrand behaves as

exp [—ih(z - %)] .

Thus for z < r/e, the contour can be closed in the upper-half plane, and
for z > r/a it can be closed in the lower half-plane.

For z < r/o the contour in the upper-half plane encloses no poles and
encounters no branch cuts; furthermore, since the Hankel function behaves
logarithmically near the branch points, the integral around the branch points

points vanishes,leaving
G(RI0) =0 for z <r/a . (4.175)

For z > r/e, the presence of the branch cut dictates that the imaginary axis

cannot be crossed, and since no poles are enclosed,

(o]
C

C
where the contours ;re indicated in Fig, 4-7.
It is necessary to examine the argument of the Hankel function with some
care. Assuming the radical is taken as positive, the arguments of the radical
can be obtained for the contour C, in the following manner: for argh = -1/2,

1
or h=-iA, where A=|h|,

NN 22 [ 2

argfh + 2ihb = arg Y(-i) A"+ 2Ab =(arg|¥2Ab-A | A<2Db
[ 42

arg|-iJA - 2Ab|, A>2b

0, A<2
= . (4.77)

-1/2, A > 2b
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Similarly for argh=37/2, or h = iSA,

arg vh2+ 2ihb

y 6 1
arg}\[i A2 + 2i4 Ab

2
= arg i Y2Ab +12A2

arng ‘\/zAb - Az), A<2b
arg@ WIA?' _ 2Ab') A > 2

T, A<

(4.78)

3r/2, A>2p

Comparing (4.77) with (4.78), it can be seen that for A < 2p, the argument

of the radical along the left side of the contour C. differs from that along the

1
right by 7, and for A > 2, this difference is 27,

Thus for z > r/e, (4.74) can be written
i -i2b i32b -io i3a)
G (I_{ |0) N 2 {S ) +j ) S 3
87a 0 0 -i2b i2b
: -i2b
= - — “ e'ihz[n(l)(f ’V;z+ 2ibh)
2 0 o \o

871a
N H(l)(i e”‘f;2+ 2ibh)]dh
0 a
_ia) .
. e-ihz[H(l)(_r_ Z, 2ibh>_ H‘”(ﬁ eiz’%% Zibh\) dn } .
-i2b o\ | o\

(4.79)
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Substituting u=i(h+1ib) in the first integral and v =1i(h+1ib) inthe

second, this becomes

G(ﬁ[O):_e'b; f_b [(1)<r—_‘} (1) r im T_‘)] .

8ra

Y L : 55
+j Ve H(l)(_;__r 1.2 _bi‘)_H(l)(_%r_eiznvvz _bz)dv

b 0 0
(4. 80)
From the circuit relations given, for example, in Sommerfeld, (1949) p. 314,
we have
(1), in _ (2)
H0 (e " 2z) Ho (z)
and
11 27 = 25@ @) -5V (4.81)
0 o 0

which when substituted into (4. 80) gives

-bz b foo
- - 1[2 21 vz [
G(R0)=-Z— g2 "5 (Z¥b°-u )du s o2 EAZ 0%
-b o\o b o\ a

871a
(4.82)
Since J o(-iz) =J O(i z) = Io(z), where I0 is the modified Bessel function,

this can be written

G('ﬁl0)=-—:-ﬂ:2— f <m I 2b2)dv

(4.83)

The right-hand integral is a tabulated Laplace transform given, for example, in

N

[\

Magnus and Oberhettinger (1954), p. 134:
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(4.84)

The finite integral of (4.83) is more involved. First of all, we note that J o

is an even function in u, so that

b b
1 e 17 J va - u2 du = 1 cosh(uz)J L b2-u2 du
2 " 0 2 o

-b a
b b
2
= coshuz J (E‘Vbz—uz)iu = cos(iuz) J EVb —u2> du
o 0\« ° o\a

miz b ral 2 2
= _2._..J,OJ~1/2(1uz) I 1z Vb -u o' du ,

since J (z) = —2— cosz . Let u=bsinf: then 'b2-u2 =b cos 6,
-1/2 TZ v

and this becomes

L]

R

. .3 /2
mizb J (ibzsinB) J E—b—cose sinl/zecosede .
2 o -1/2 o\ a

(4.85)
Now Sonine's second finite integral can be written (see Watson (1922), p. 376)

7/2
+ +
J JIJ (zlsine) Jv (Z cos 6) sinu 1 6 cosy 1 6 de

0
v 2 2
+
u y/ JIJ+ v+ 1< Z Zl)
+u+
1 (Z2+zf)1/2 v+u+1)

= Z

(4. 86)
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Thus by letting u=-1/2, v =0, z, =1ibz, Z= rb/a, (4.85) becomes

b

o
3 2

-z

mizh (ibz)-l/z 1/2 o i sin(ib VZZ -rz/az)
2 4

12 1,r_22 2 M{zz_rz_/_az'

a

) sinhGoW) (4.87)
— /02 . .

Thus, using (4.83), (4.84), and (4.87), we find that

2 2
= o P2 sinh(szz—rz/a >+ o vz il
GR[0) = - —
2ra 2 2, 2
Vz -r /a

o -bz cosh(% ‘yzz 02 - r2>
=-27m . (4.88)
szaz - r2

Letting R be replaced by Ro and noting the definitions of o and b, we

have the desired solution for the Green's function:
(0, -z )<(r-
. | a|(z zo) (r ro)

G(ﬁf%ﬁ u¥lalv
- (z-2z)
ﬁ . o ——- (z-z cosh[%oﬂ'lall/zsz]

172

J|az-z )>(r-r )

\ 27r]al R2

(4.89)

2 21
where R2 =A(z - zo) |a] - (r—ro) . The Cerenkov cone is defined by
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[all/z(z-zo) =r-r

or

(z - zo) =y ‘VnZBZ- (r-ro) . (4.90)

Cerenkov Cone or Shock Wave
Front:

Zero Fields
[a\(z -z)=r-r
o o

Motion of Medium

Point Charge —_—

Fields Decrease
—_—

FIG. 4-4: CERENKOV CONE GEOMETRY FOR HIGH VELOCITIES.,

In Fig. 4-4,
0 = cot (7 n B —1 = cos E— (4.91)
nB B

which for B small, while nf > 1, approaches the familiar shock wave

formula
~ -1
6 £ gin ~ (1/np) . (4.92)
From the solution (4.89) it can be seen that as z - zo increases, the solu-

tion decays exponentially, since the exponential dominates over the hyperbolic
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cosine function of large values of z- Z: For lossless media, this

approaches the well-known result

0, z < rfla| 1/2
G(R ﬁo) = (4.93)

"——'li/z— , z>r/|a|1/2
2m|a] R,

4,1,3 Summary
Let us now summarize the results for static charge distributions, where

d/dt = 0: given a static source charge distribution ps(ﬁo) in a moving

conducting medium, the fields are related to the vector and scalar potentials
by

o] ]
n
<
>
>l
=1
"

'
<
=8

T=-2vx @+ap ,

ol
"

m

RIl

vp = Bx[ox(® - nal (4.94)

and the potentials are related to the sources by
A@=-2 c@®IF)|Ge ®)- D yp &) av
€' v o s 0 c2 r o o’
()

- 1
€ Vo G(RIRO) ps(ﬁo) + aYpr(Ro)] dV0 , (4.95)

where the volume Vo encloses the sources; the response charge is related to

the source charge density by
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Z
oL R) = - f : exp[— f’zv ‘Zo"”] o, 8 48, (4.96)

€'y

and the Green's function is given by

1/2
1 !
o B2V (z-2z ) —ok2 v R
- o 2 o o 2 1
G(R]Ro) = 73 , np<1
4ra R
1
or
\
0, ,|a|(z-z0)<(r—ro)
=1 ) - '
G(R RO) -OEJSJX(Z_ZO) '611/2 }:
e COSh(O’u—l—zﬁvRQ)
- Jalz-2z )>(c-r )
27r|a\1/2R ° °
2
ng>1

where

2 2 2

R1 = (r—ro) + a(z—zo)
and

2 2 2

R2 = |a|(z-zo) ~(r-ro) .

4.2 Harmonic Current Source Distributions

4.2.1 Differential Equations for the Potentials

One way to approach the problem of harmonic current source distributions

would be to develop a differential equation of the form (4. 31) for current sources,

and make the substitution 9/9t = -iw . It turns out that there is another approach

which develops a Green's function equation that is considerably simpler, This
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development follows that of Tai (1965b) for lossless media, and involves the
introduction of a set of potentials differing from A and §.

For harmonically oscillating fields, Maxwell's equations can be written,

: -iwt
where all quantities have the time dependence e ,

VxE =iwB(h), V*D=p(lh),VxH=J -iwD (1ith), V- B=0(IVh),
The constitutive relations are given by
B=pwa-H-0x E ,

D=¢&-E+QOxH ,

and
3=3S+'yp'rv+o(3 E + u'a¥v x H) ,
where
v FE
= + '+ . 4,98
p=pgt Pt O ( )

Substituting the constitutive relations into Maxwell's equations (I) - (IV) and
eliminating B and D, we get for (Ih) and (IIlh) ,

(V+ iwh) x E = fwp'a-H ,

and

(V+ iwf-op'a¥) x H = -iwe' @- E + 3S+ TOLY . (4.99)

Let
p=ou'av
Equation (4. 99) can be simplified by introducing two auxiliary field vectors

'ETI and ﬁl defined as follows:
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= einzE-

1 ]
and
= fwQ- =
H - ol Pz (4.100)
Then
VxE=Vx (e-wQZEI) =g lwRzg El + V(e-inz) x'ﬁl
- "ib) QZ - - -
=e [VxEl-inxEl] . (4.101)
Similarly
= _ (-lwQ+ p) - - = . =
v = - +
xH =e [Vle iwQx H prl] . (4,102
Substituting these relations into (4. 99) gives
- . pz = —
vV x E1 = jpu' e T a H1 ) (4.103a)
and
VxH =(-iwe + o) e.pZ F-E. +(@ +vp' V)e(wQ_p)Z.
1 1 ] r
(4.103b)
By taking the divergence of the first relation (4.103a),
- . Pz= =
V‘VxE1 =0 =iwn' V- (e a'Hl) , (4.104)
so that we can partially define a vector potential Kl by
pz = = =-1 =
u'e a'H1=Vx(a/ -Al),
or
= pz =-1 =-1 =
u'Hl = e a  +|vx(a " - Al) . (4.105)

From Eq. (4.103), El is then related by
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(4.106)

where ¢ , lsa scalar potential,

Substituting the potentials into the second relation (4.103b), we get

Vx[e_pz 3—1- Vx(z_l' Kl)]]=u‘ (Hiwe'+ G)G-pz (iuu'i1 -2 V¢1)

+ (ES“"Yp;V)e(le—p)z . (4.107)

Using the vector identity

Vx@Wa) =y¢yvVvxat Vyxa

L

Eq. (4.107) can be written, after regrouping terms, as

Vv x [3'1- [v x@ 1 Kl)]]- % X [v x (&1 Kl)] - kz’A1

= (iwp'e -op)a- V¢1+u' (5s+vp;,V) ol 2 ) (4.108)

2 2
where k =w p'e' + iwopu'.

Similarly, using (IIh), another equation can be found:

A

V-I-).:EIV.

cE+v-(QxH)=e¢V'G-FE - Q-VvxH
=€'V-§'(e-wngl)—ﬁ'Vx(e—(in_p)zﬁl)
- (9 B E -i0@- E)
1 1
-e‘(iwg_p)zﬁ'[Vx-f{- -(iwl-p) xH
1 P 1]
-iwQz =
= e €

t ( . .~ -1 . w
(v-8& E, iwd El)
iwQ-p)z= [ - = = iwQ-p)z =
(i p)zQ. I-; PZive + 0)F- E1+e(1wQ p)z(Jer Yp;V)]
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-iwQz , = - - - - -
= \v4 - . -Q. - 1
[ o E1 oY) El] Q JS 'yper
V-El
et Ye, oo
c
V'E
1 -iwQz
= + Y+ ———
Py T YPL+ 0 02 e . (4.109)

Substituting the potentials through the relation (4,106), and grouping terms, we

obtain

1= = iwz
-—f + + Q r o+
e'[ Js 1+vQ)y o ps]e . (4.110)

\4
Since 1+vQ=a, and — +Q=p'€" av , thus can be written as

2
c
VTVl -5 VP =iwV- A -iwp-A -1[5-3 +p + a‘yp']eiwﬂz
1 1 1 1 € s ] r
(4.111)
Equations (4,108 and (4.111) are two coupled equations for Kl and ¢1. We

are free to further define the potentials by a gauge condition, which we choose to

be

VA -p*A

! = (iwe - o)’ a2 ¢1 . (4.112)

1
We have immediately then, from (4,111),
= 22 1= - iwQz
.= = + =T F +0 tavo . (4.113
V.a V¢1 P V¢1 k"a ¢1 €'[Q I+ pg a'ypr]e ( )

Turning our attention to Eq. (4.108), it can be seen that (4. 14) can be applied
directly to the first term. Noting the vector identity
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VEe-F) =ecx(vxFH + @-VF

for constant T, the second term of (4.108) becomes

1~ =1 = 1o = 1 —. =1, <
TP X [V x (@ Al)] = =V(p Al) " p°Va A1 .
(4.114)
Using (4. 14) and (4.114), Eq. (4.108) becomes
= - = - — - - =1 = 22«
(Vv.a- \7)A1 -(a@-. V)(V- A1)+aV(p . Al)—a(p' V)a A1+k a A1
=-(iwe' - o)u'azg- V¢1 —u'az(fs+'yp;x7)emgz . (4.115)

By breaking the terms up into components it can be shown that

aV(ﬁ'Kl)—a(ﬁ-V)(E'l-K )=-F VA +E-NE-E) .

1
(4.116)
By substituting (4.116) and the gauge condition (4.112) into (4.115), we have,

1

finally,

2

- -

(v & 0 - G- V)Kl+k2a z

Kl - -p'a? g+ 0, ) SV (4117

which involves no terms in ¢1 . Comparison with Eq. (4.113) shows that the

vector and scalar potentials satisfy the same differential equation, except for the source
terms, and thus can be found from the same Green's function, ignoring the
homogeneous solutions, Furthermore, by comparing this expression with

(4.31), it is evident that this formulation is considerably simpler,

4,2.2 Green's Function Solution

From an inspection of Eqs. (4.113) and (4.117), it is evident that the
appropriate Green's function for the problem satisfies the following differential
equation:

(v-59)G-F-va+Ka‘a = -5 ®E) . (4.118)
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It was remarked before that the discussion of Section 4. 1.2 does not depend
on the form of the operator, so that the results of that section may be applied

directly to this case. Thus

__'2 S--—— - = iwz
A®) =p'a SSV G(R'RO)[JS(RO)+ v ve! (Ro)]e 0 av_
(o]

and

_ 1 SSI e T - - _ inzo

LA B [B5m )+ 0 E) v @)le Cav

(0]
(4.119)

where V_ encloses the sources, and dV = d3R =dx dy dz .
) ) 0 0o "0 o

In cylindrical components, Eq. (4.118)

2

a 9 ) 0 d 2 2 - — -
— c— —_— et — - — :—6 . .
e 8z2 Ptk a)G(RlRO) (RIRO) (4.120)

As with the static charge distribution, there are two conditions which give rise
to different solutions: for low velocities such that v> c/n, and a>0, and
for high velocities such that v>c/n, or a >0.

Case A. Low Velocities: v <c/n. Let 012 =a, and b =p/2. Again without

loss of generality we may take ﬁo =0 for the time being. Then Eq. (4.120)

can be written as

2

0/2_8_ 8 +
r arrar 2
0z

2 4

—2b—aa—+k a G(§|0)=—M.
Z

5ot (4.121)

Taking the Hankel transform in r and the Fourier transform in z yields

the algebraic equation
0Ze? +h? - 2ihb - k%*) F {H {G}}= 1/ar2 | (4.122)
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or

1 1
F{H {G } = 5 (4.123)
} ax2 12 2inb + 2% - Kt

Taking the inverse Fourier transform in h, we obtain the integral

@ ~-ihz
e dh
I 5 5554 (4.124)

-0 h -2ihb+X a -k a

w{o} - =

47
It is necessary to carefully examine the location of the roots of the denominator
of the integrand. Expanded, the denominator is
224 2 4

2
(h-ib)2 + 22e° - 902, 2 jownae (4.125)

c e'c

By inspection, the roots are given by

)L2a/2 w2n2014 ownzoz41
h12=ibfib 1+ 55 - -i ) (4.126)

2
b b202 €'c

If the real part of the radical is greater than one, then there will be one root in
the upper-half plane, and one in the lower. We are thus interested in the range
of w for which this is true for all real X. The worst case is obviously for

A =0 ; thus we let X vanish and consider the radical

2237 23
u+iv =Af1 - = - 1 (4.127)

bc €'c

N =

where u and v are real., Substituting x =we€'/o, this simplifies to

-
u +iv = HLB ’ﬁl - 21x)2 -1 - nZBZ) . (4.128)

We first note that at x =0, u =1, and at large values of |x| ,
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(1-2ix)
nf

utivas
or

~1 > 1

u B . (4.129)

This suggests that u has a minimum value for some value or values of x.
Thus let us set du/dx = 0 and take the derivative of (4.128) with respect to

X, Then we obtain

| 577
L. __0-20ca) s 2002 1-0%%) s

Afl - Zix)2 - (1_n232; .'V(T+ 2ix)2-(1 —n2[?2)

.d_‘i
dx

i

or

dv _ 2 y(l -2ix)° [(1+2ix)2 - (1 —n252u
B e
o ’ //[(1 - 21x)2-(1 —nZBZ)] [(1+21x)2-(1 -H2B§)]‘

The denominator is real and non-negative, since it involves the product of a

(4.131)

quantity and its conjugate. In order for dv/dx to be real, it is necessary that

the imaginary part of the numerator be zero; i.e., that

Re {(1 ~2ix0? [(1+2ix0% - (1 —nzﬁz)]} >0

and
Im{(l—Zix)z[(1+2ix)2—(1—n282)]} -0 . (4.132)

The second conditions holds only if x =0, and this also satisfies the first con-
dition, Thus the minimum value of u is 1, and occursat x =0, or w=0,
and the roots of expression (4,125) lie one in the upper half plane, and one in the

lower, forall w> 0.
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Thus (4. 124) can be evaluated by closing the contour in the upper half-plane
for z < 0, and inthe lower half-plane for z >0, and applying the theory of

residues; then (4.124) becomes

e-ihlz
<
ori ) By7hg) <0
H{G}=_2" F)
47 e—ihzz
, z>0
~(hy-hy)

or

(4.133)

(4.134)

This can be written in closed form by making use of Sommerfeld's formula,
given, for example, by Magnus and Oberhettinger, (1954), p. 34. It is first

necessary to examine the argument of the radical. First of all the quantity

2
k20{2_b _ w2n202+,w0n202_ b
2~ T 2 T3 2

o c €'c o

[\

lies in the first or second quadrant, for w > 0, and thus

71



‘ 2
{22
0< arg\‘ka -P-z— < 72

o

Also, the quantity

2
-1/2 < arglfx - k2 +

az +r

bz
e

47 a

G (Rfo) =

2 2
@z + r

(4.135)

(4.136)

(4.137)

Replacing R by R - ﬁo’ and using the definitions of b and ¢, the final

solution is obtained:

pwav, 1/2
-I eo 5 (z zo)elkla R1
G([R|R) = )
° 47ra1[2R
1
where
9 21
R =Va(z-z ) +(r-r)
1 0 0
and

2we'a

2, 2 wn . 0 |2 o
=‘v - = X +
k1 k -b/a S V(l i 2w€') +

7

2

)

ol

(4.138)



For frequencies in the range w < o /2 €', it is more appropriate to write

this in ascending form in w; noting (4.135), Eq. (4.138) can be written

IJ'

)

av
5 (z - Zo)
e

1/2
-ozla/ Rl

GEIT)=2
o]

(4.139)

where

_on 1, . 2we' 2 17
T 2€'c (-1 o ) 2 2
ay

The Green's function does not increase indefinitely for large positive values

b
of z in spite of the presence of the term e % in (4.137). Consider the
numerator of the expression for large positive values of z; we have, approx-

imately, noting (4.135),

) Z] = exp [b (1 -‘Vl - k20/4/b2 z]. (4.140)

The radical is exactly (4.127), whose real part has a minimum value of unity
at w = 0. Thus the exponential has an argument which is not positive, and does
not increase indefinitely for large z.

Note that as the conductivity o vanishes, the Green's function becomes

that for the lossless case, reported by Tai (1965a):

ikal/zR1
=|=, _ €
G(RlRo) = m , (4.141)
1

where here k =wn/c.
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Note also that if we let w =0 in (4.138), we get the static charge source

Green's function of (4. 64):

uav
2

o

G [® R) = € (4.142)

47 al/le

(4.138) is probably the most useful Green's function obtained in this work,
since it can be readily applied to the problem of an antenna in a moving, conducting
medium,

2
Case B. High Velocities: v >c/n, a < 0. Let ¢ = -a and b= -p/2. As

before, we may take }—{o =0 temporarily without loss of generality., Then

Eq. (4.120) becomes

2

2
o O 0 d b 2 4 = _ 6(r)o(z)
I’—s-l_‘rg; —;2- - 2b8—Z -k Q’> G(RIO)—W . (4.143)

Taking the Hankel transform in r, followed by the Fourier transform in z,

yields the algebraic expression:
2 4 1
(Azaz—h - 2ibh +k2a) F{H {G}} =T (4.144)
47

or

F {H {G}} . ! . (4.145)

2 24
47r2 (h2+ Zibh—lza -k a’)

Taking the inverse Fourier transform in h gives the integral

} 00 -ihz
H{G} = —1—2 I 5 e d2h2 W (4.146)
47 (h"+ 2ibh-A"a -ka’)
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The roots of the denominator are given by

224 L
o+ 22 wnaoa . O 2
= -ip T + +i—) -
h1,2 ib V)\oz 5 (1 lwe‘) b
C
. >\22 22 4 !
= oqp Ah-2X R 432y (4.147)
2 2 2 we'
b b ¢

Since we anticipate a shock wave behavior as with static charge sources, we
ask the question, for what range of w are both poles in the lower half plane,
or equivalently, for what range of w is the real value of the radical less than
unity? It is evident that the worst case is for A = 0. Thus we want to examine

the expression

‘ w2n2 0/2 o
- 4+ —=
5y (1+i==), (4.148)

bec

which is identical to (4.127). The discussion that followed (4.127) applies here

as well, with one modification: since now nf > 1, relations (4.29) now become

quiVN(l—Zix) ,
np
or
ml o< (4.149)
u nB . .

and as before u=1 atx =0. Thus u is maximized rather than minimized, at
some finite value of x; as in (4,132), this turns outtobe at x =0, or w=0.
Thus for positive w, the roots of h are both in the lower half-plane, rather
than one in each half-plane as in Fig. 4-5.

For z < 0, the contour in (4.146) can be closed in the upper half-plane,

and since it encloses no poles of the integrand of (4, 146),
H{G}=o , 2<0 . (4.150)
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For z >0, the contour can be closed in the lower half-plane, and encloses

both poles of the integrand. Thus by the theory of residues,

-ih_ z —ihzz

27i e e
H{G} A (hl-h)+ (B, -1,)

w2n20z2 l?“
3 sinfaz )L + (1+1i we,)—-—-é
QL (4.151)

222 9

wnao o b

+ i —) - —
/VX (1+1w€') 02

2
c

Taking the inverse Hankel transform in A gives the integral

—sz‘oo J (A1) sin QZYA +k a - AdA
0
e
(4.152)

This can be reduced into closed form by means of the Sonine- Gegenbauer for-

G (®|o) =

mula (see Watson (1922), p. 414), which states:

) 00
j' 5 Or)J szxzuz) 02+ 1k2aAV/2 1t gy
7 v 1
0

0, aoz<r

V-u-1
ru s’ -1 J el -
VvV k. o v-u-1"1 z °r !
a z 1
@z >r (4.153)

for Rev > Reu > -1; @ z, rreal and non-negative, If wesubstitute u = 0, v= 1/2,

and k2 a/2 = k2 2 b2/ 2 and use the well-known relations

’
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/ (z) = ’V—z—‘sinz ,

and (4.154)

J_1/2(Z) = /f;%—'cos 7 ,

then the Sonine - Gegenbauer formula becomes

) ‘o Jo()\r) sin 621/;2+k202-b2/09 AdA
Rz '

Z |
0 1&2 + k2012 . bz/az
0, az<r
1 kll/2 01/2 cos kla 2202 -T

ﬁ (0222 _ r2)1/4 kl1/2a’1]2(a/2z2_r2)1f4

, az <r

cos(c aVozz )
'VZ 2 2
az -r

Thus the Green's function solution can be written, for z >0,

(4.155)

, az>7Tr

b 0,az<r

TQa
COSQ a wz 2 2)
V(x Z -r

Using (4.150), replacing R byR - ﬁo' and using the definitions of b and

G (R[0) = - 2 (4.156)

, @az>r

a, we have, finally,
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) 0, la|1/2(z-zo)<(r—ro)\
G(R|ﬁ°) =
u_lz_a_l_ (2-2) . @
e cos (kl‘el{1 Rz) 12
- 73 Ja| z-2 )>(-r)
arla] /*R ° o
2
(4.157)
where

1
R2 = *l (z--zo)2 - (r-ro)z
and

2 2!
ab2 .2,2° wn Y Y
ky = dk b’/a '—é—vgl+12we')+(2we'a7)

For large conductivity o or low frequencies such that ¢ > 2w €', itis

more appropriate to write this in terms of an attenuation factor o

0, |a](z-z0)<(r —ro)

-oﬂgj‘—’(z-z )

o 1/2
e cosh(allal R

GRIR) =
(o]

5

|a|z-z )>@-r )
27'|a|1/2 Rz o 0

where (4.158)

142 22 o 2iwer2 1)
“Ta b'ka"’ze'c/K a)'zz)
b a!Y

For lossless media o =0, and the Green's function reduces to:

0, a 1/2(z~z)<(r-r0)
G®[R) - ° ,  (4.159)

cos(k[a\ 1/2 Rz)

1/2
, a (z-z ) > (r-r)
2”'8\1/21{2 0 (o]
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where here k =wn/c. This agrees with the result obtained by Tai (1965a).
Furthermore, if w is allowed to vanish, the Green's function becomes that for

static charge sources, Eq. (4.89):

0,
G(R ﬁo) =
“’@X(z’zo) 1/2
e cos h& ou'|al VRZ]
1/2
21r|a| / R2

(4.160)
While the hyperbolic cosine term in (4. 158) involves a rising exponential, the
decaying exponential term dominates. This can be seen by considering the

numerator of (4. 158) for large values of positive (z - zo):

exp l:b (1- ‘I’l - k2a2/b2) (z -zo)] .

The radical is exactly (4.148). In the discussion of this quantity it was shown
that its real part is less than unity for all positive w. Thus for large values

of positive (z - zo), the solution decreases with increasing (z - zo).

4,2,3 Summarz

Summarizing the results of Section 4.2, we can say that for harmonically
varying current sources, the fields are related to the potentials Kl and ¢1
by

E = e-iwgz(lw-ﬁ‘l- A -vg) ,
1 1
N
M 1
B = e.iwQZ [(V—iw'ﬁ) x (3-1' Kl) + Qx V¢1] ,
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and

526'1UQZ['(1wA1-a V¢)+ x(Vx(a ‘A))]

(4.161)

where the time dependence of all field and charge-current quantities is under-

stood to be e-wt. The potentials are given by

Kl(ii, “ G(RlR)[J (R)+7 7! (R)] NQZ

and
= 1 -t = = = - Vs iwQz
¢1(R) rl “&, G(RIRO)[Q. Js(Ro)+ps(Ro)‘Hlypr(Ro]e 0dV
0

(4.162)
where the volume Vo encloses the sources. The response charge density is

related to the source currents and charges by

< >< §)>
z fw+ _ ¥ oo
”}(ﬁo) - ;v S;e €'y [bs(ro.r)-cg' Js(ro.t’)] g

(4.163)

and it is noted that iwp = V+:J, and F =R -Z .
8 8 0 o o

The Green's function necessary to find the potentials in (4, 162) is, for

v<ce/n, or a>0:

” av (z-2z ) iklal/le
- e
G(R|R) = ’ (4.164)
I 0 41ra1/2R
1
where
R "[a (-2 )% + (r-r )
1 (0] o
and
k, = kz-bz/a2 ;
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or for v>c/n, or a<0:

L 0, |a|1/2(z-zo)< (r~r°)
G(RIRO) =
e cos (k1|a| RQ 1/2
- i3 .|a] (z-z°)>(r-r°)
27r|al R2
(4.165)
where

21
R, =v|a| (-2 )% - -1 )
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\%
SUMMARY AND CONCLUSIONS

Two classes of problems have been solved in the area of moving, con-
ducting media: static and radiation fields of static charges, and radiation fields
of harmonic current sources. No limitation is put either on the range of con-
ductivities and frequencies, or on the velocities. For the limiting case of
vanishing conductivity, the solutions here reduce to already published solutions.

The results of the first class of problems find application to the fields of
particle beams permeating matter, including the Cerenkov radiation effect. The
second class can be applied to antenna problems involving radiating elements in
a moving, conducting fluid.

There are several areas and problems to which it would be interesting and
useful to extend the methods developed here, The two-dimensional counterpart
of both classes of problems can be readily solved, from the differential equa-
tions of the Green's functions. The fields of stationary currents as well as
stationary charges could be developed. Boundary value problems are also of
interest, for example, the fields in a filled circular waveguide excited by char-
ges of high velocities. The application of the methods to the problem of a short
dipole in a moving, conducting medium is an important application on which the

author is presently working.
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APPENDIX A
TRANSFORMATION RELATIONS FOR THE POTENTIALS
AND THE GAUGE CONDITION
Minkowski's theory of the electrodynamics of moving bodies is based on
the covariant formulation of electromagnetism with respect to coordinate sys-
tems in uniform relative motion. This in turn is based on the Lorentz trans-
formation of coordinates, where in addition to the space coordinates x, y, and
z, time is considered as a fourth coordinate ict, where c¢ is the velocity
of light in vacuo. This and the following discussion are taken from Sommerfeld,
"Electrodynamics", (1952) Section 27, If the primed system coordinates moves
with a velocity v in the positive z- direction with respect to the unprimed sys-

tem, they are related under the Lorentz transformation by

x' =x, y=y, z'=7 (z-vt) ,

to= - ) . (A.1)

(¢

In the dyadic symbolism, using the definition
R = x?( + y? + 22 ,

for primed and unprimed systems, (A.1) can be written as

R o=y 5l @®-71
and
t = v(t-%—g) ) (A.2)
(o]

These can be inverted straight forwardly to give

R = 7?'1 - (R' + ¥t
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and

V'R
t= o+ TN (A.3)
(¢

The "del" operator V' with the time derivative 8/8t' can be shown to

follow a similar set of relations:

9 A A
V'=§-a—;,+y—-—+z

0
ay' oz'

lm
>
®

N
X

9 d af0dz 0 ot o
x5t 95y ay”<—zvaz+7'a—t)'

by using (A. 3), giving

(s3]

=-1 vV 9
=yy (V+ —QW) . (A.4)
c
Similarly,

o 0t 8 bz 2

at' ~ ot' ot t' 9z
-7(..?. + 7.V (A.5)
- at L] .

Sometimes it is convenient to use what is sometimes called the total time

derivative, given by

D 0 -
B-E = -aT + vV . (A. 6)
Then (A. 4) and (A. 5) become

2

Dt)

v

o
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and

D

)
——— - 7
ot ' D (A.7)

o

Four-vectors are quantities having four components which obey the Lorentz
transformation, and are thus said to transform like the coordinates. In the co-
variant formulation of electromagnetism, there are two important four-vectors:
the four-potential (A, i@/c), and the four-current density (J, icp), where the
notation used here means that the vector corresponds to the space coordinate
R and the scalar corresponds to the time coordinate, ict, Thus since the

components of these four-vectors transform as the coordinates, from (A. 2)

we have
o=y - E-59)
°© 0, (A.8)
¢ = v@-v- A4
and
- =-1
J' = vy - (J-Vp)
. (A.9)

In this theory, then, a moving current produces a charge, although for small
velocities it is negligible.

Turning our attention now to the gauge condition, we note that if the primed
system is that coordinate system which transforms the medium to rest, then

the vector and scalar potentials in that system are related by the familiar gauge

condition

- 8!
V'-A'+u'e'—8—%+o'u'¢'=0 . (A.10)
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Noting that o= v o', using (A.4), (A.5), and (A, 8), we obtain

voRk-AE v L2 5T,
ot 2
c c
= 2‘7 =-1 K+i B_K_v.(fl)_ﬁfw
LN A 3" Bt 2" 2 %5t] ¢
c c c
2
ag' 2n , 9 -
I»l'f'a—?,= Y _—2(_8_t+ V-V)(@-7- A
c
2 n° 9A L)
n - - = -
=y ?[-V -a—t-“@ V)(V'A)+5E-+V V¢] ,

and
o'u @ = ou (§-V-A) .

Noting that V* (V) =v+ V@, and collecting terms, we get

=-1 = 229, 9 V 0A . =
Ve y A-nB—a—z——( -1)—2 57 O3V A

c Y

2 v 1 2 2 3¢ p'g
=--1) - v4-— ("B 3t 95 -

c c Y

2.2 . 2 2.2 11
After dividing throughby (1-n~ 8”) and noting that a =[7 (1-n"B )] and
Q=v (n2 - 1)/(02(1 -n2B2)) , this can be written as

V‘?-g-x-ﬁ'ﬁ-ou'av-z
2 2
=-Q- V@ -ou'ad 12 L '52) a_? . (A.11)
¢ (1-n"B7)

For A in the z-direction, the first term becomes V* K, and (A.11)is

exactly Eq. (4.11) of the text.
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