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ERRATA TO REPORT 7456-1-F "SCATTERING BY HOLLOW FINITE
CYLINDERS AND INFINITE COATED CYLINDERS"

Corrections to: '"Scattering by Hollow Finite Cylinders and Infinite Coated

Cylinders, " J. J. Bowman, E. F. Knott and V. H, Weston, University of
Michigan Radiation Laboratory Report No, 7456-1-F,

In Section 2.3 concerning the case of two spaced absorbing 1ayers.,' and
in the following section concerning two resistance foils, an error has been
made in calculating the asymptotic approximations for large indices of re-
fraction. In i)articular, the quantities C(l) and C(3) have been erroneously

taken to be zero asymptotically, and since they are not zero, this leads to

the following set of corrections.

J. J. Bowman
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ABSTRACT

To assist in the design of computational programs for scattering
cross-sections, investigations of cylindrical objects are considered. In
particular, measurements are carried out to determine the surface cur-
rents induced in the vicinity of the leading end of finite, hollow conducting
cylinders, by an incident plane wave. Theoretical analysis is under-
taken to obtain the scattered and surface fields produced by a plane wave
incident obliquely to an infinite coated cylinder. The particular case of a
perfectly conducting cylinder surrounded by two resistive sheets (sepa-

rated by an air gap) is given.

ii



I

I

THE UNIVERSITY OF MICHIGAN
7456-1-F

TABLE OF CONTENTS

ABSTRACT
INTRODUCTION

SCATTERING FROM COATED CYLINDERS
AT OBLIQUE INCIDENCE

2.1 Introduction

2.2 Scattering by a Doubly-Coated Cylinder with Impedance
Boundary Condition at the Core

2.3 Scattering by Conducting Cylinder Surrounded by Two
Spaced Absorbing Layers

2.4 Simplification in the Case of Two Resistance Foils

CURRENT MEASUREMENTS ON FINITE HOLLOW CYLINDERS
FIGURES

REFERENCES

iii

ii

17

21

25

31

(i



THE UNIVERSITY OF MICHIGAN
7456-1-F

INTRODUCTION

In the determination of the radar cross-section or scattered field
produced by a plane electromagnetic wave incident upon a given obstacle of
complicated shape and material composition, the use of computer techniques
has recently come into practice. The computation involved is a two stage
process which first invelves solving a vector integral equation for the vari-
ous unknown q@tlties as a function of position, and then utilizing these re-
sults to compute the scattered field. For perfectly conducting obstacles, the
unknown quantities that are first determined are the induced surface currents
which are a function of position on the surface of the obstacle. As in the usual
practice of numerical analysis, the surface is approximated by a finite set of
mesh points. The integral equation is then approximated by a set of algebraic
equations, with the unknown quantities being the currents at the mesh points.

For general coated objects, the set of mesh points must approximate not only
the surfaces of the coating, but the interior region.

The accuracy of the numerical procedure depends upon the maximum
number of mesh points which can be handled, and the degree that the set of mesh
points approximate the surface or volume region, as the case may be.

Thus, for scattering from very large objects, the fundamental limita-
tion to accuracy is the limited number of mesh points that can be used due to
storage capacity. The best way to increase accuracy, in such a case, is to reduce
the valume or surface region for which the sought for quantities are unknown.
This can be achieved by using known theoretical results to determine the unknown
quantities over portions of the surface or volume beforehand. The unknown
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quantities then only have to be determined by numerical means over the re-
maining region. In regard to this approach, for perfectly conducting objects,
Norair Northrup has developed a computer program "S. D, T. ~Physical Optics",
which employs the physical optics approximatien for the surface current on the
illuminated portion of the surface. The accuracy of the physical physics ap-
proximation at a given point depends upon the local radii of curvature, the dis-
tance the point is from the shadow boundary, and from regiens of surface dis-
coatinuities, such as edges. With regard to the latter problem, a series of
measurements is carried out in Chapter HI to determine the surface currents
fn the vicinity of the edges of hellow finite perfectly. condueting cylinders, for
plane wave incidence. The results can then be used to determine when, and how
close to the edges, the physical eptice approximation is useful. No analysis is
presented in Chapter III.

At present, Norair is extending numerical procedures to determine the
scattered field from coated objects. As a check against such numerical proce-
dures, the exaet theoretical expression for the total field produced by a plane
wave ineident obliquely upon an infinite coated cylinder ia obtained in Chapter II
where the ceatings are compesed of homogeneous layers of different material.
The results are expressed in terms of modal series, which are useful for cal-
culations for frequencies around and below the resonance region of the cylinder.
Results are also given for the special cases where the coating consists of one or
two resistive sheets concentric with the inner perfectly conducting cylindrical

core.
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SCATTERING FROM COATED CYLINDERS AT OBLIQUE INCIDENCE

2.1 Introduction
It is desired to derive the solution for the problem of a plane wave

incident obliquely on an infinitely long circular cylinder coated with several
uniform layers of material. In considering this problem it is convenient to
confine attention to a cylindrical core on which an impedance boundary con-
dition is imposed and surrounding which are two layers with arbitrary com-
plex refractive indexes. The solution, whose form is the exact Mie series
solution for incident energy of both TE and TM polarizations, may be im-
mediately extended by inspection to include the case of an arbitrary number

of layers. Such a generalization will be employed to discuss the four layer
case of a perfectly conducting cylinder surrounded by twe impedance sheets,
the 1mpedénce sheets being separated from each other and from the inner core
by air spaces. These results are simplified in the case of two resistance foils
with air space separation.

The problem of scattering of plane waves obliquely incident on a solid
dielectric cylinder has been solved by Wait (1955), who presented the exact
Mie series solution and discussed some special cases. This solution is, of
course, encompassed by the present investigation and thus serves as a check
on the work. The scattering of plane waves incident perpendicularly on com-
posite infinite cylinders has been considered by many authors of which we men-
tion Kerker and Matijevié (1961), who solved the boundary value problem for an

arbitrary number of concentric cylinders.
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Simplification of the expressions can be achieved for thin absorbing
layers of materials with large complex indexes of refraction. In this case,
the asymptotic analysis carried out by Weston and Hemenger (1962) for the
absorber coated sphere may be applied to the coated cylinder to simplify the
scattering coefficients of the absorbing layer in question. When such a layer,
or impedance sheet, is backed by a perfect conductor, the total tangential
field components may be shown to satisfy an impedance boundary condition on
the outer surface of the layer. As a sufficiently general example, the scattered
field produced by a plane wave incident normally on a conducting cylinder coated
with two thin absorbing layers has been examined by Bowman and Weston (1965),
The present investigation differs from Bowman and Weston not only in the as-
sumption of oblique incidence, but in supposing the two impedance sheets to be
separated from each other and from the conducting core. The existence of a
transmitted field in the air spaces greatly complicates the expressions for the
scattered field. However, simplification results when the thin absorbing layers
are non-magnetic and have electric permittivities with predominately large
imaginary parts. Such layers are resistive layers. Scattering of normally in-
cident waves by a conducting cylinder surrounded by a single resistance foil has
been dlécuseed by Schmitt (1957).

2.2 Scattering by a Doubly-Coated Cylinder with Impedance Boundary Condition
at the Core

The inner cylindrical core will have radius ¢ and its axis will be the

g-axis of the cylindrical polar coordinate system (r, ¢, z). Numbering from the

outer layer inwards, let € and My be, respectively, the relative electric per-

1
mittivity and the relative magnetic permeability of the outer coating, while €

and Mo refer to the inner coating. The inner coating will be of thickness

2
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62= b-c, where b is the outer radius of the cylindrical surface formed by
this layer. The outer layer will be of thickness 61= a-b, where a is the
outer radius of this cylindrical shell.

The source of excitation will be a plane wave incident obliquely on
the coated cylinder. The field of the incident plane wave is taken in the form

where the polarization vectors a, /13 and the propagation vector Kk are given by

A A . A .
=X cosacos 3 +y sina+zcosa sinf,
A A A,
= xsina cosf -y cosa+zsine sinf, (2)

o> >

W eopo(;?sinﬁ -2 cosf).

The direction of the incident plane wave makes an angle 3 with the negative

z axis; the special case B =g— results in normal incidence. The angle o de-
termines the state of polarization of the wave: =0 corresponds to an incident
TM (transverse magnetic) mode while a=§- corresponds to an incident TE
(transverse electric) mode. Due to the presence of the dielectric coatings on
the cylinder, the total electromagnetic field must be expressed as a super-
position of both TE and TM modes, even though the incident wave may be a
pure TE or a pure TM mode. This coupling effect disappears in the case of

normal incidence (B=;—).
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Since €, 1 with appropriate subscripts 1 or 2 denote relative ma-

terial parameters, Maxwell's equations read
VAR= luuou ﬁ ,
VAH = -lwe €E

where eo, My refer to the free-space constants. In the region exterior to the
cylinder (r> a), the z components of the total electromagnetic field may be

represented in the form

®
E ge-ikz cosp Z it [:sinBcosa Jn(kr sinB)+anH:!1)(kr sinB)] ein¢ ,

z
n= -0

@
€
H;J_f—; o~ lkzcosh Zi“ [sinﬁ sinaJ (kr sin8)+§nﬁfl”(kr sinﬁ)] e .

nsz - (3)

Within the outer dielectric layer (a > r> b) these components are written in
the following manner B

®
E =e-1kzcosB Z . [afluﬂfll)(klr)+b(1)Hfl2)(k1r)] em¢ )

z n
ns -
€ © _
H s j—;_e-lkzcosﬁ E . [E(I)H(l)(k r)+B(1)H(2)(k r)} e1n¢ ,
z2 Yu n n 1 n n 1
0 ns - (4)
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while for the inner layer (b>r> c)

®
_— ikzcosf8 Zin [“:,2)“:,1)“‘2” +bf12) Hf)(kzr)] ein¢ ,

z
n=-m
- ®
o -ikzcosfB n[2(2) (1), . ~(2) (2) ing
H = J:;e Zi [an Hn (er)+bn H, ‘k2r):l ¢
° n= -0 (5)

The parameters kl’ k2 appearing in the arguments of the Hankel functions

Hu), H(z) are defined as follows:
1
2,.12
k =d K, hl=(€1u L C08 B) ,
2. Yy ©
k2=>‘2k' )\2=(62p2-cos B)
Analogously, it is convenient to define
1
k =x k, by =(1-c01323)/2 = ginf , (7
o o o

where ko is merely the x component of the free-space propagation vector -I';’
The total electrqmagnetic field is completely determined upon speci-

_ fying the ten unknown coefficients an. 'é'n, etc., which occur in the summations

above. These unknown coefficients are obtained, of course, by imposing the

boundary conditions on the general solution. In particular, the tangential fields

must be matched across the dielectric boundaries r=a and r=b. However, in
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addition to these usual continuity requirements, we shall impose an im-

pedance boundary condition at r=c, namely

(8)

where 7, represents a constant surface impedance. At each of the di-

electric fntarfaces, the continuity conditions give rise to four boundary
equations, making a total of eight equations, while the impédance condition
on the inner core contributes two more equations. There is, then, a set of
ten iinear, inhomogeneous equations for the ten unknown coefficients. The
equations are complicated'by the coupling between TE and TM modes.

In enumerating the ten boundary equations we shall drop the sum-
mation index n; no confusion should arise. Beginning with r=c and applying

the impedance condition (8), one obtains the two equations

€
200 S H‘(Z)(kzc}]

iy 2V 4P,

i’

ki __zg[m W 62 0] ©

2
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Dy it @) () iy ()
3 (kye)- — 2y LBl i 0)- === Bk, o))
g Xy 2%, 2
,--n-“k—ci"’—‘;-B-[a(z’ﬂm(kzc)+b(2)ﬂ‘2)(k2c)] , (10)
3
2

At r=b the continuity of the z components requires the following two equations

(Z)Hu)(kzbﬂb(z)ﬂ(z)(kzb) a(l)H(l)(k b)+b(1)

12 ), (11)
a0 E B ) < 85V 0 PP p) (12)

while continuity of the § components gives

€
i'l' el W b)+b(1)H'(2)(k1b)] N in:bosﬁ( L_ 1) [5(1)1{(1)(k1bH~B(1)H(2)(k1b)]
2 M
2 [3‘2) W+ 1] (13)

I .
i-l-['Ta'u)ﬂ'm(klb)+5(1)H"2)(k1b)] -mg“ﬁ ( 12 L) [a(l)ﬂm(klb)*b(l) @ )]
1 Y N

m
e 2[5 @ B p)] (14)
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At r=a one obtains from z component continuity

L)

(kla)+b

(I)H(z)(kla)" (1 )(k a)+sinBCOSCYJ(k a), (19

E(I)H(l)(kla)+"6(1)H(2)(k1;)zEnﬂ(l)(kaaH—sirﬁsimfJ(koa), (16)

and from § component continuity

€
i'l' fa (1)H'(1)(k Hb(er'(z)(kla)} (1 ____ ~(1) (1)(k apt Vg (2)“‘1”)]
= :t[anH'u)(koaHsmB cosaJ' (kc.afI , (17)

M
i_;_[.,(l)ﬂ,(l)(k Hb(l)H'(z)(k ) ﬁ(l ) ) (1) (1)(k Hb(l)H(z)k a)]
1

okl

= il_[a H'(l)(k a)+sinB sina J'(k a)] - (18)

A perusal of the boundary equations shows that in the case of normal in-
cidence (Bz% ) the ten equations decouple into two sets of five equations, one

set for the electric coefficients and one set for the magnetic coefficients.

10
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As might be expected, there are many ways to solve the boundary
equations; however, it is wise to look before leaping and to attempt to pre-
serve the natural dusality inherent both in Maxwell's equations and in the
boundary conditions. The method by which we proceed is the following.
From the first four Eqs. (9) to (12) we obtain the coefficients of the second
dielectric layer in terms of the first layer coefficients. The resultant ex-
pressions are then substituted into (13) and (14) to obtain two homogeneous
equations for the four coefficients of the first layer. Two inhomogeneous
equations for these coefficients are obtained from the last four boundary
Eqs. (15) to (18) upon eliminating 8 and ;'n . We now have four equations
for the four first layer coefficients; these yield expressions which, when
substituted into (15) and (16), give a and En explicitly.

The final solution in the case of TM incidence (@=0) may be written
in the form

J(k a)
S 2i 1 1 A(O)_B(l))‘

- = (19)
n oﬂ(l)(koa) rkoa [H(l)(koﬂﬂz D

~ 21 1 1 [incosB,/ 1 1 (1)
= — - - ; (
"a” 7k 8 [Hu)(koa)]z D [ ka ("02 x12> ¢ ] 20)

in the case of TE incidence (o =%) one obtains

2i 1 1 "mcosﬁ 1 1 (1)
a=- = | - -C , (21)
n tkoa [Hm(koaﬂz D. ka o2 l12> ]

11
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o kM L__ 1,0,
n (1)(k a)- tk a [Hu*k )]2 D (22)
where
(1)( (1)
H" 1k a) (ka 8inpB)
A(O)a 9 23)

on(l)(koa) sinBH( )(kasinﬁ)

D= -(A(O)-Am) (A(O)_B(l)) _[mkiosg (__13__15> _C(1)]2

N (24)

The remaining quantities A(l), B(l), Cm are related to the parameters of

tﬁe coatings by the following set of relationships

W, Sr,.@ef? &G Y 1r @) 4 o
ara "x [ d(k a) x ok a)d(kb)][ Y( A d(kb)]

€ 2 fD
At T O e

ki 1 a(kla)

12
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W M) i A e m G et
-L[ a(kla) A a(k a)d(k b)] [A Y ro( )]
m Y(1)
SamchH-OT ey o
(1) (1) $1%1 TncosB /_1 c(z)
A C Tz — , (27)
oS 5 <x1 v ]tz(ka)(kb)
( @) @1 4 oV
At - [ & nk é_(%T)][ - _la(kb)]
_[incosB( 1 1 )_C(Z)JZ’(Y(I))z , (28)
kb "12 X22

where similar expressions are obtained for the second layer, namely

(2),(2)_ ay‘z’ € 2y ik oY)
aAA xg[a(kzb) % W d(kzb)d(kzc)]( ng Ay augzc)]
2 -—-—ﬁ—- 2 o (29)

)‘2 (ke) KZ 8(k2b)

13
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ot eIf NI 2 ] & ot a1
x2 oliyb) g 1, a(kzb)a(k2 ) 3)7 Ak, c)
“ 2 nzcos B Y(2) dY(Z) (30)
"% ke fxz oiyb)
€
A(Z)C(2)= 2“42 mk(;“ﬁ - -16 , (31)
X, x (kzb)(kzc)
D, 2o 5t ’] (et oy
3&2 a(kzc) n )tz (kc)zkz )
In the above, Yu) and Y(Z) represent combinations of Hankel functions
given by
YW 1 oM o) - 100 e
(33)
Y(2)= H(z)(kzb)ﬁ(l)(kz o) - H(I)(kzb)ﬁ(?‘)(kz o).

This completes the specification of the scattered field. We note the identity

14
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290 ) 0 16

d(k 8)o(k, b)~ olk 2) d(k b) 1fz(k k5] (34)
1771

which derives from the Wronskians of the Hankel functions. Of course, an
analogous identity holds for Y( )

The z components of the total field on the outer surface (r=a) of the
cylindrical structure have a particularly compact form. In the case of TM
incidence (a = 0) one finds

® (0) (1)
gurt. o~ lkzcosd -2— em¢ ALBy
- ¢ — ] (35)
2 !k a® Hu)(k a) D
n o

n
n=-o

®
Haurf..[i_g_i__e'ikzcosﬁz ein¢ _L[mcosﬁ (__1_____}_)_0(1):‘
z M fkoa — H(l)(k a)Dn ka RZ )12 n
Bz-® n o o
(36)

and in the case of TE incidence (« =%)

;2L ik 08f 1 lincosB/1 1)
E:ur’ :ka - Zﬂ(x)(k a)D[ o 2) C( ]

n=-m n o 7«1 (37)
¢ A(O) (1)
l_ltaurf o 21 -ikzcosB n
1 . (38)
Ho ¥ H( )(k a) n
n=-o

15
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The other components of the field may be obtained by reverting to Maxwell's
equations which are, ewplieitly

LA
¢ 7& o € d(kor)

BE dH

A1
Er'-— cosBd(k r) kr € c)¢ ]

oH dE (39)
-2z |0

H = --i"[cosﬁ—'L+-l- -9-d¢z]

It is well to point out that the basic symmetry of the boundary
equations has indeed been retained in our solution. Thus, with the transfor-

mations

1
€—> u, M —> €, n——-—-);

one easily verifies that

T 5TE <™ TE
n n n n

16
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and this is a result of the natural duality of Maxwell's equations and the boundary
conditions. The form of the solution is also quite amenable to generalization.
In particular, it is clear that the solution for a larger number of layers is ob-

tained by generalizing the quantities A(z), B(z), C(z). A( 2) of the second layer

to the form of the first layer quantities Au), B(l), C(l), A( 1

and introducing
further such quantities to correspond to the added layers. Finally, we remark
that the solution has been checked in several special cases by comparing it to
solutions derived independently in these cases.

2.3 Scattering by Conducting Cylinder Surrounded by Two Spaced Absorbing
Layers.

A special scattering structure of interest consists of a perfectly con-

ducting cylindrical core surrounded by two absorbing layers, the core and the

layers each being separated by an air gap. The problem of scattering from

this structure is, in essence, a four layer problem: two thin absorbing layers

and two air spaces comprise the four layers. The scattered field may be ob-

tained as a straightforward generalization of the solution we have presented

above. We shall further suppose, however, that the indices of refraction of

the two absorbing layers are very large. The asymptotic analysis of Westonand

Hemenger (1962) may then be employed to simplify the expressions. A particular

instance of the general absorbing layer would be that of a thin resistance foil dis-

cussed by Schmitt{(1957). This case is ageily derived from the ensuing equations.
Consider first the outer absorbing layer of thickness 6 . a-b and

index of refraction N1=(€1u 1)1/2 . The procedure of Weston and Hemenger

is centered around the leading terms in the asymptotic approximations to the

17
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coefficients corresponding to A(l), Bm and C(l) in (25) to (27). For a

thin layer with very large index of refraction, the function Y(l) has the

following asymptotic form

ink 6
W _ 4 oK
Y~ ,ﬂklaﬂklb}‘ (40)

where k_~ N_k. With this approximatien, the coefficients A(l), B(l)

()1 1
and C ° take the form

2
(2) ’ tank 61] B' +|—cotk GJ [ g 2 +C‘2):]
(1) ’ J Kby
At |=—ocotk 6
* 11
[(2)’ ootk 5 (Z)l cotk 6:‘ m°° c‘z):]

kb)\
(41)

B(l)a (same thing with €1 «— My and A(z)e-—-) B(z)} ,(42)

[i—n@gﬁ + 0(2)] (1+ cotzklél)

2
kbA
C(1) ) 0
2
[A(2)+ — otklaJl: %)y ——cotklal ____ﬁmco; + @
* € kb
(43)

and the quantity D in (24) now has the form

2
De- <(0) (1 (A(o) (1)) [iigs@._cﬂ)] (44)

o

18
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In deriving the above equations, we have taken the index of refraction of
the second layer to be that of free space (N2= 1).

The next layer is the free-space layer b > r > c¢ with coefficients

2) @ @)

A given by

[(3) 1.0 (1 o¥> ][(3)_ 1 aznym] +‘:mcos@_ 0(3)]2

k 3(kc) d(kb) A okce) 2
(2) 1 al!éz) 0 o kclo
k 8(kb)
I_(S) 1aln‘}2 [B(s) 1 am? [ in cosf C(sqz
h a(kc) l d(k c) ke 2 -
0 (45)
B(z) z {same thing with A(3) — B(s)} , (46)
[incosB (3] [Y@)] -2
2
 § (k b)(k c) kc)t ,
¢, . (47)
[A(3) 1 8lnY“ ] \:(3) 1 amy‘ ] [mcosB (3)]
A, ok c) ok c) -C

kk

The third layer is another absorbing layer with thickness 6 3=c-d
and index of refraction Ng= (£3p3)1/2 . The coefficients of this layer are

19
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«»J"m;nfmﬂw}
(3) Fcotk&
H3

A , (48)
(4) f otk 6;‘ (4) f & 63] lMincos ]
B(s)- [ume thing with 63 > Mg and A“)(-—-) B“) ,  (49)
l:“;{”: 2:, (1 + cot? kyb)
(3) d
c' = (5@)

(4) 4,73 lnc ﬁ]
B '+
[ jﬂ 363 J—' kd)\ 2

Finally, the last layer is the free-space layer d > r > e, where
e is the radius of the perfectly conducting core. The coefficients of this

air space are

A(4) 1 angf“’

A ok d) !
4)
(41 __1 Y(
BNtk d [ " olk_e) (51)
.

2 4
In the equations conecerning the two air gaps, the functions Y( ) and Y( )

are given by

20
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2 5% 0Pk o - B Mk 0Pk o) |
(o] (o] 0 0]

(52)
(4) _(2) (1) (1) (2)
Y ‘=H (kod}ﬁ (koe) - H (kod)ﬂ (koe)

This completes the specification of the scattered field.

In view of the above results, we can immediately obtain the field
scattered hy a conducting cylinder surrounded by a single absorbing layer
which encloses an air space. In this case, the coefficients of the outer
absorbing layer are given by (41) to (43); however, the coefficients of the
inner free-space layer are identical in form to those in (51), namely

A(2)3 1 alnY(z)
A okb) °
0 0
- J(2)
(2) 1 _o oY -
B = ok Pkl (53)
0 0 (o]
.o,

and these are the only coefficients that appear since the problem is now a
two layer problem.

2.4 Simplification in the Case of Two Resistance Foils.

The equations pertaining to thin absorbing layers may be further
specialized to the case of thin resistive foils as considered by Schmitt(1957). To
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accomplish this, the absorbing layers are assumed to be non-magnetic and
to be characterized by a very large imaginary electric permittivity. Thus,
for the outer layer we take

w=l, g~ (54)

Og lv—;‘

where k. is the conductivity of this layer. In addition, the wall thickness

1
61 is allowed to vanish at the same time the conductivity Ky is increased
so that the product
1
xldl b (55)
*1

remains constant. We may then write

R «

7 € 1
itanké ~i2 -1-eotk 5~ 8! , (56)
“1 11 Rs “1 11 k
1

’u '
where Z0 is the free-space impedance Zoz 29- = 377 ohms, and take the

limit xl-—-—-) @ in the expressions (41) thru (43) for Au), B(l), C(l). The

quantity Rs represents the surface resistance of the outer foil. The fol-
1
lowing results are obtained
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Mncosd , (2)7]°
w_ e % 0 .
il -IR“11+ g
@ 4
B '~i Z
o
g, 1 ,
L,
g2 Rs
. incosf , (2)
kbA2
C(l)z -1 Sl (o) 7
z (2) 8
B4 2l
° (0]

The expresesions for A(Z), B‘z), C(Z)
A3 8 {3)

are similarly given by

2
[1!1008@]
2
Z kdx
(3) |.(4 0 o
A g[A -inas]*' R53 ,
(4 3
B -iz
(o]
(3) 1
B s -—-——---—-—Zo )
— i
B“) Rg13
incos@
R 2
C(a)g 4 Sg kdA
. Zo RS
(4) , "3
B '+ 7

23

remain unchanged.

’ (57)

(58)

(59)

The coefficients

(60)

(61)

(62)
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A(4), B“) , 6‘4) remain unchanged. We note that

while the expressions for
duality has now been sacrificed, since the layers have been taken to be
non-magnetic. The specialization to a single-foil structure is accomplished,
as previously indicated, by employing (53) in place of (45) thru (47). The
scattering of a plane wave normally incident on such a single -foil structure
was derived by Schmitt (1957). Our results, when reduced to normal incidence

(B=§-), agree with his.
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I

CURRENT MEASUREMENTS ON FINITE HOLLOW CYLINDERS

A series of measurements have been carried out to determine the
currents induced on finite, hollow, conducting, cirocular cylinders by an
incident plane electromagnetic wave. The measurements were restricted
to obtaining the magnitude and phase of particular current components in the
vicinity of the leading end of the cylinders, both inside and outside, where
the term leading end is used to refer to the end of the cylinder directed
toward the transmitter. Two orientations of the cylinders and two different
cylinders were involved in the measurements which were performed at 3.03GHz.
The orientations correspond to end-on incidence (incident propagatien vector
along the axis) and 30° from end-on (where the propagation vector makes an
angle of 30° with the cylinder axis). The two cylinders, both the same di-
ameter, were distinguished from each other in' that one had both ends open,
whereas the other had its rear end capped or closed. The inner diameter,
outer diameter and length of the open cylinder were 4. 375", 4.5" and 33. 125",
respectively. The length of the closed-end cylinder was 33. 375",

The measurements were carried out in an anechoic chamber, with the
current measured by a small loop probe, which was suspended vertically from
the cefling. The incident fleld was horizontally polarized, thus minimizing a
any interference effects of the probe léad.

Slots were cut into the cylinders to permit insertion of the probe into
the cylinder, so that the internal currents may be probed. As shown in Fig. la,

the probe was inserted only far enough so that the measurements essentially
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were of the inside currents. Two kinds of slots were required: very short
circumferential slots and a long axial slot. These were oriented along the
expected direction of current flow in order to minimize radiation from the
slots. The internal circumferential and axial currents are measured only
at the appropriate slots, i.e., the axial currents are not probed through
the short slots. The external surface fields were measured with all slots
concealed by conducting tape.

For oblique incidence, the cylinders were tipped sideways, so that
the probe lead still remains perpendicular to the direction of incident polari-
zation. The axis of the cylinder thus lies in the plane of incident polarization.
This is shown in Fig. 1, where the axis of the cylinder is taken to be the z-axis
of a rectangular Cartesian coordinate system. The leading end of the cylinder
lies on the xy plane, with the xz plane being the plane of polarization. For
Fig. 1, the angle « is the angle of incidence, thus, for the end-on case, o is
zero, and for the other series of measurements o is 300. The longitudinal
current component (directed par#llel to the z-axis) will be denoted by jz, and
the circumferential component by j 9" In referring to a position on the cylin-
der, the parameter z and 9 will be used, with z referring to distance along a
generator measured from the leading end, and & referring to angular position
measured from the x-axis. The following series of measurements were per-

formed;
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Measurement Surface Angular Current Incident
Order Measured Position 6 Component Angle a
1 Outside 0 jz 0
2 Ingide 0 jz 0
3 Outside r/2 j6 0
4 Inside 72 jo 0
5 Outside 0 j, 30°
6 Inside 0 i, 30°
7 Inside T i, 30°
8 Outside 7/2 i, 30°
9 Inside /2 ‘ j, 30°
10 Outside /2 ie 30°
11 Inside /2 i 30°

Each measurement order consisted of measuring the indicated cur-
rent component, at discrete intervals along a generator of the cylinder
starting at the leading edge. This measurement was performed for both
the open and closed rear end cylinders. The angular position given
by § indicates that the measurements were either along the top of the cyl-

inders (6=%) or the sides (8= 0 or 7), see Fig. 1.
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Each measurement was calibrated by measurements upon a sphere of
known size. Different probes were required for measurements along the sides
and tops of the cylinders, see Fig. la. In order to have a meaningful cali-
bration, the same probe used for the cylinder measurement was used for the
sphere calibration. Since the pr;)be must be held normal to the surface of the
sphere, and the orientation of the plane of the probe with respect to the probe
lead cannot be changed once it is set, only certain points of the sphere can be
used for calibration. Using computed values for the currents on a sphere
(Ducmanis and Liepa, 1965), the current component jz along the sides of the
cylinder were calibrated with the measured current component in front of
the sphere. The current components on top of the cylinders were calibrated
against the measured current compdhent on the top of the sphere.

The resulting current meas@f;ements, both phase and amplitude, are
presented in Figs. 2 to 45. The maénitude of the current has been normalized
with respect to the incident field, which as calibrated as indicated above, for
each series of measurements descfibed by the pair of figures giving phase
and amplitude of the current along a specific generator of a particular cylinder.
An exception to this is the measurement of current magnitude given in Fig. 10.
Here it was normalized with respect to the calibrated incident field associated
with the measurement series given by Fig 12. In addition, it should be re-
called that the phases of the current components are relative.

A block diagram of the basic receiving system is shown in Fig 46. In
this arrangement, the probe signal is compared to a controllable reference
signal in a hybrid tee, after the reference signal has passed through a coaxial
switch. When the switch is closed, both signals are present and the operator
commences tuning both the attenuator and the phase shifter in the reference arm,

seeking a null indication (no signal) on the receiver. When he has obtained a
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null, signifying that reference and probe signals have the same amplitude but
opposite phase, he records the phase shifter setting. The switch is then thrown
open, permitting only the probe signal to enter the receiver circuits; the sig-
nal level is then displayed at the receiver output and the operator records the
amplitude. Thus, the phase measurement is performed with the switch closed
and the amplitude is measured with the switch open. During the measurement,
of course, the probe is held at the desired point on the surface to be probed,

it is moved to the next position of interest only when the above sequence is
completed.

This scheme is the one adapted in lieu of a more conventional system in
which both phase and attenuation values are read from the dial settings of the
respective devices. Here, the recelver linearity over a 40 db range is utilized
in the place of the attenuator. All the phase angles determined this way are
relative.

The phase shifter settings are directly proportional to the relative phase
angle measured. The relative phase is obtained by multiplying the phase shifter
settings by the frequency used (in GHz). A phase shifter setting of 32.0 at
3.00 GHz, therefore, implies a phase angle of 96.0 degrees.

As the measured phase progressively advances, the require‘d phase
shifter setting for the nulling process approaches the limit of its capability.
Then a new setting must be sought which is electrically 360° from this limit and
the raw data shows a sudden shift in the dial settings. When this occurs, the oper-
ator records both values so that the remainder of the readings may be related to
those previously obtained. These two values, when multiplied by the frequency in

GHz, are usually very nearly 360o apart.
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During the course of a measurement run, the range operator plots the
amplitude values as they are recorded, showing the trend of the measurements.
This technique helps him spot any anomalous behavior due to recording or
positioning errors at or near the time they occur, permitting him to go back

and re-examine the datum point in question.

30



THE UNIVERSITY OF MICHIGAN

7456-1-F

uorysBedoxd juspIou] Jo UOIOSIIIQ

'8&LOTS THL HOHNOYHL
SNOILISOd A3dOdd ‘eY 'Old

o

"HIANITAD FHL HOd WALSAS ILVNIQHOOO

L e K §

81



THE UNIVERSITY OF MICHIGAN

7456-1-F

PT

(0= ‘0=0)

Z1

z
*HIANITAO NIJO 40 IAISLNO [ INANOdAWOO ILNAYHND A0 IANLINDVIN :Z ‘OId

0} 8 z 9 i4 (4 0

-

T+

ot

£+

P+

QP ‘AANLINOVIN

32



MICHIGAN

THE UNIVERSITY OF

7456-1-F

¥4
(0=0 ‘0=6) "HAANITXD NAJO 40 AAISLNO [ LINANOdWOD LNIHHNO A0 ISVHdA ‘¢ 'DId

0] 8 z 9 14 4 0

00S

00071

0s2T

00ST

ASVHA

33



THE UNIVERSITY OF MICHIGAN

T456-1-F

VI

(0=° ‘0=6) "HAANITXD AISOTO J0 3AISLNO u” LNANOJdINOD LNIHY1D 40 AANLINDVIN % 'DIA

T+

¢+

€+

¥+

® ‘FANLINDVIN

34



OF MICHIGAN

7456-1-F

THE UNIVERSITY

¥1

‘ . N
(0=0 ‘0=0) "HAANITXO AISOTO A0 IASLNO [ LNINOAWOO LNIAYYND A0 ISVHd S 'OId

(A} o1

00€

009

0021

00ST

ISVHd

35



THE UNIVERSITY OF MICHIGAN

7456-1-F

. ‘
(0= ‘0=6) "HAANITAD NAJO AJISNI [ LNANOdWOO LNIHHND A0 TANLINDVIN :9 "DIA

|
N
|
@ ‘IANLINDVIN

36



THE UNIVERSITY OF MICHIGAN

7456-1-F

z
(0=2 ‘0=0) "HAANITAD NAJO FAAISNI [ LNANOJWOO LNIYHND 40 ASVHd :L 'DId

00g¢

00S

009

0oL

dSVHd

37



MICHIGAN

THE UNIVERSITY OF

1456-1-F

zZ
(0= ‘0=0) "HAANITAD AASOTO AAISNI [ LNAINOJWOD LNAYEND 40 AANLINDVI 8 "DIA

I
=]
~{
1
@ ‘IANLINDVI

38



OF MICHIGAN
F

UNIVERSITY

THE

-

Sh-

(-

Z
(0= '0=6) "HAANITAD TISOTO HAISNI ( LNINOJdNOD LNIHYNOD A0 ISVHd 6 DIA

—00€

P02

JSVHd

-—00%

39



MICHIGAN

OF

THE UNIVERSITY

(4561 -F

i

(0o

wlcy

91

=9) "HAANITAD NAJO ATISLAO m.ﬁ LNIANOJdINOO LNHYYND J0O JAALINDVIA

4l Z 8 4

01

TO1A

0g-

G¢-

ap ‘AANLINDVI

40



MICHIGAN

Ot

RSITY

UNIVE

THE

T4Hn-

41

—

00S

dSVHd

-} 000T

—1 00ST

41



MICHIGAN

OF

THE UNIVERSITY

56-1-1

i~

(0=0 .M = 6) "HAANITAD dASOTO A0 ATISLAO m.m LINANOdNOD LNAHYND A0 AANLINDVIN 2T 5DII
a7 8 9 z i 4 0
! T T T -

ap “IANLINOVA

9

4



OF MICHIGAN

UNIVERSITY

THE

- F

EETR

01

. C
(-0 3

f) "HAANI'TAD QASOTO 40 JAISLOO m.ﬁ ININOdNOD LNIHHND 0 ASVHI *¢T OId

T
i

—

062

008

ISVHd

0GL

0noT

43



UNIVERSITY OF MICHIGAN

THE

(0=20 -

(4
z

-9

"THHANITAD NIJO HAISNI

@.m INANOJdINOD LNAHHND J0O AANLINDVIAN ¥T "OId

=
>
— &= m
—
—
(e
=)
=
&
— z-

44



MICHIGAN

OF

THE UNIVERSITY

T456-1-F

wic

=g) "HAANITAD NAJO HTUISNI m.m LNANOdNOD LNIHYND A0 ISVHd ST "OId

0ST

00¢

oSy

009

ISVHd

45



MICHIGAN

UNIVERSITY OF

THE

i-F

7450

(0=0 °

&l

6) "HIAANITAD AHFSOTD HUISNI @.ﬁ LNINOdINOD LNIYYHND 40 HAALINDVA

-

‘91

0¢-

0¢-

01~

o1+

K}

ap “JANLINDVA

46



MICHIGAN

OF

NIVERSITY

U

THE

k

74.'.)'3 ~] -

rlc

(n=0 °

= Q) "HIANITAD dIASOTO FAISNI

6

{ LNANOdAWOOD LNAFYHND A0 ASVHI

e

]

LT OIA
0
0sT o)
oy
>
wn
=
00¢g

47



MICHIGAN

OF

T4ai-]-F

UNIVERSITY

THE

Aoomnc ‘0= 6) "HAANITXD NAJO AO
N - .
FJAIS AALVYNINNTII A0 AAISLNO NO [ LNANOdWNOD LNAYHND 10 AANIINDVWN 81 "OIJ

O N
<
N
=)

01 8

qp ‘AAALINDVN
48



MICHIGAN

UNIVERSITY OF

THE

T8 -

i

(Al

Aoomnc ‘0= 0) "HAANITAD NIJO A0

Y4
AAIS AALVNIWNTT A0 FASLAO NO [ INANOdWOOD INIHYND 4O ASVHd 6T "OId

01

<

b 00¢

009

JSVHd

006

0021

49



MICHIGAN

OF

THE UNIVERSITY

ddIs AILVNINWATTII 40

(41 01

moomud ‘0=0) "HIANITAD dISOTO A0
V4
AAISLNO NO [ LNANOdWOOD LNAHYND A0 AANLINDVIN :0Z "DId

qp ‘AANLINOVIN

90



OF MICHIGAN

UNIVERSITY

THE

T456-1-F

[As

Aoomud ‘0=0) "YIANITAD dISOTO A0

Z
AAIS AALVNINATTI 40 IAISLNAO NO [ ININOdWOD INIHYND 40 ISVHA :1¢ "OIA

0T

i
_

00€

009

ASVHd

006

00ct

51



MICHIGAN

OF

THE UNIVERSITY

b-1-1

e

4

[~

,OCVU\C U=v) QAUNL 1A NAaAdw aw

NOLLHOd MO VHS JAISNI NO Nm LNAIANOdWOD LNHHYND A0 HANLINDVIN :22 "OId

—PI-

gp ‘HANLINDVI

52



MICHIGAN

OF

THE UNIVERSITY

7456-1-F

(,08=0 ‘=) "MAANITAD NAJO A0 NOILYOd MOUVHS IAISNI NO %t LNANOd'NOD LNAHHND 0 ASVHA

‘¢¢ OIA

—1 021

ISVHd

— 0S1

—] 08T

1 o1¢

oLe

53



MICHIGAN

UNIVERSITY OF

THE

T456-1- F

AOCMnC V=) HAUNL IAU UADU IV 1Y

z
NOILYOd MOdVHS AAISNI NO [ ININOdWOOD LNIHHYND 10 AANLINDVIN %Z “OId

P ‘AANLINOVH

94



OF MICHIGAN

UNIVERSITY

THE

14561~ F

-
i

(,08=2 "0=6)
Z
"HIAANITAD TISOTO 40 NOLLHOd MOUAVHS AAISNI NO [ LNANOdWOO LNIAHUND JO ISVHA G2 DI

z

[Sp]
[a\]
—

| a _ 00€

0S¢g

— 00%

ISVHd

95



MICHIGAN

THE UNIVERSITY OF

i456-1-F

(,08=0 "2=9)
¥AANITAD NEZJO 40 A0VA AALYNIWATT FAISNI NO ' INANOd WOO LNIHHNO JO AANLINDVN 92 *DId

qp ‘HANLINDOVI

56



OF MICHIGAN

UNIVERSITY

THE

7456-1-F

(,0e=2 ‘2= 6)

N ° o
*HAANITAD NIJO A0 ADVA AALVNIIWNTTI JAISNI NO ( LNANOJdNOD LNAHYND A0 ISVHd :LZ °OIA

— 012

_1 0LZ

—| 09¢€

ISVHd

57



THE UNIVERSITY OF MICHIGAN

Aoomuu ‘2= )
z
*HAANITAD AASOTO 4O FOVI AIALVYNINNTT AAISNI NO { ININOJdWOD LNAYHND A0 AANLINDVA 82 *DIJd

7456-1-F

0T~

o1

ap ‘AANLINDOVI

58



THE UNIVERSITY OF MICHIGAN

7456-1-F

(,06=0 ‘&= 9)

z
*HAANITAD AASOTO A0 FOVI AALVNINATTI AAISNI NO ( LNANOJNOD LNIHHND A0 ISVHA 62 "OId

oLe

00¢

oce

09¢€

o6€

oy

0144

ISVHd

59



AN

-
b |

THE UNIVERSITY OF MICHI(C

ot

L2 N -
. (,og=0 " 5=6)
"YHANI'TAD NIdO A0 AAISLAO 40 dOL NO [ LNINOdWOD LNIHYND 40 IANLINOVIN :0g *OIJ

8 9 z 14 4 0

7456-1-F

0¢-

I

ap ‘IANLINDYW

80



MICHIGAN

THE UNIVERSITY OF

ob-1-F

i

01

—p ¢ C-
] (,08=2 2 )
“HAANI'TAD NAJO 40 AAISLAO 40 JOL NO [ ININOdWOD LNAYHEND SO ASVHd :1¢ "OIA

8 9 z 14 4 0

| _ | ~ | _ | _

—] 00¢

ASVHd

61



THE UNIVERSITY OF MICHIGAN

.2
(0e=0 ‘5= 6)
Zz
“MAANITAD AASOTO A0 AAISLNAO A0 dOL NO [ LNANOJANOD LNIHHND 40 JANLINOVA :2¢

53)

01 8 9 z 74 4 0

_ ' | ' _ ' _ _ _ _
- — ONI
- — SI-
S —e O.ﬂl
| N Y
| o

| P 1 ] | l 1 | ]

QP ‘FANLINOVA

62



THE UNIVERSITY OF MICHIGAN

56-1-F

7 /

2
(,08=0 “5=6)

N . .
“HAANITAD AASOTD 40 AAISLNO A0 dOL NO [ LNANOdWOD ILNIHHEND 40 ASVHd :¢¢ "OId

009

ISVHd

006

63



THE UNIVERSITY OF MICHIGAN

56-1-F

7 /

¢ C_
] (,0e=0 "==6)
"HAANITAD NAJO A0 dOL FAISNI NO [ LNANOJINOD LNAHHEND A0 AANLINDOVIN HE OId

74 G'¢g € z G°2 4 S°'1 T ‘D 0

[ _ M [ | | _ 1
_10¢-
— mH)
—| ot1-
— G-

| | 1 | _

@ ‘AANLINDVN

64



THE UNIVERSITY OF MICHIGAN

T456-1-F

S

1

T G’

0

,

_

"HHANITAD N3JO 40 dOL JAAISNI NO N_. LNINOdNOOD LNIHHYND 40 ISVHA :G¢ "OIA

0SsT

00¢

osdy

ISYHd

65



THE UNIVERSITY OF MICHIGAN

14

S

€

€

z

S

K4

L <G
i Aoomu\c i 6)
"HAIANITAD AISOTO 10 dOL AJISNI NO [ INIANOJdNOD INIFYHND A0 AANLINOVIA

T

G-

‘9¢

"DOIAg

~

g

!

_

_

qp ‘JANLINDVI

66



THE UNIVERSITY OF MICHIGAN

H~1

(S}

I~

Aoomnd .|k..n 0)

z
HAANITAD AASOTO 40 JOL AAISNI NO [ LNINOAWOD LNIHHND A0 ASVHd :LE "DId

i4 G'e € zZ G'¢ 4 S'1 1 G-

0

_

o<t

081

012

oLe

00¢€

0ge

ASVHd

67



THE UNIVERSITY OF MICHIGAN

7456-1-F

41

o G
0 Aoom-c m-s
“HAANITAD NAJO 40 AAISLNO dOL NO [ ININOdWOO LNIHYND 40 IANLINDOVIN :8¢ "OIJ

ot 8 zZ 9 4 (4 0

I | T _4 T I T ﬁ T I T

1 |
0 =
0 o
@ ‘FANLINDVI

|
o
n

68



THE UNIVERSITY OF MICHIGAN

T456-1-F

(4}

-0 ‘8.
(,08=° ‘5=6)

"WAANITAD NAJO A0 IAISLNO dOL NO mﬁ LNANOdNWOD LNIHHND 40 ISVHdA :6¢ "OId

(4

0

!

00€

009

ISVHd

006

(sloxAl

69



THE UNIVERSITY OF MICHIGAN

-1-F

1456

o ‘8.
(,08=0 "£=0)
THAANITAD dASOTO 40 dOL HAISLAO NO m.ﬂ LNINOJdNOD LNIHHYND 40 ITNLINDVIA :0v "OIA

ot 8 9 z 14 4 0

ﬁ I d T ﬁ T _ T _ T

@ ‘FANLINDVIN

70



THE UNIVERSITY OF MICHIGAN

7456-1-F

o1

-0 8.
(,0e=2 "‘$=6)

(4

"HAANITAD @ASOTO 40 dOL HIAISLNO NO m.m ININOJNOD LNIHHYND 40 ISVHd Ty 'DId

0

00€
009 =
>
n
=
006
0021

71



MICHIGAN

THE UNIVERSITY OF

456-1-1

o <&
(,06=0 ‘$=6)

"HAANITAD NAJO 10 dOL JAAISNI NO Q_. ILNANOJINOD LNAHYNOD A0 AANLINDVIN 2% "OId

i 4 S'¢ € z G°¢ (4 ST T S’ 0

! .m ” T T T T T

ap ‘IANLINDVIN

2



THE UNIVERSITY OF MICHIGAN

7456-1-1

=0 ‘8.
. (,06=2 ‘£=6)
"HAANITAD NIJO 40 dOL HAISNI NO ~[ LNINOdWOD LNIHHUAD IO ASVHA ‘€% "DId

¥ G'g e z ¢°g z KR T G- 0
T T T T T T B T
—  ocrt
sl
jasf
>
[¢5]
| oog ¥
— osw
| | | | | |

73



THE UNIVERSITY OF MICHIGAN

7456-1-F

2.
(,08=0 £ =6)

"HIANITAD dHASOTO 40 dO.L JFAISNI NO mm. LNINOdINOD LNHYHYND 40 JAALINDVIN % "DIA

14

S

€

S

‘T

T

0

0

[

—

I

T

—

P ‘FANLINDYIN




56-1-F

~

{

THE UNIVERSITY OF MICHIGAN

¢ 6
. mcomnd Msmv
"THAANITAD dISOTO 40 dOL AAISNI NO [ LNANOANOD LNAYYND A0 ASVHd G¢ "OId

14 G'¢g € z S'¢ 4 ST T S 0
T I ] [ _ | _

— OST

ISVHd
5

—1 00€




THE UNIVERSITY OF MICHIGAN

6-1-F

[Eeet

4

r—

aqoxd

peo]
poyoIei

989,
PrIgiHg

yoIms
[erxso)

JOATO09Y

"WHLSAS ONIATFOHY JH.L JO SLNIWNIATH

Agids1a

pBoI
payoIBN

I133J14S
aseud

Indino

‘9% "DId

Ioyenuany

90anog JY woJj
ardweg teudrg

16



THE UNIVERSITY OF MICHIGAN
T456-1~F

REFERENCES

Bowman, J.J. and V.H. Weston (1965), '"The Effect of Curvature on the
Reflection Coefficient of Layered Absorber,” (Submitted for pub-
lication).

Ducmanis, J.A. and V.V. Liepa (1965), "Surface Field Components for a
Perfectly Conducting Sphere," The University of Michigan Radiation
Laboratory Report No. 5548-3-T.

Kerker, M. and E. Matijevic (1961), "Scattering of Electromagnetic Waves
from Concentric Infinite Cylinders," J. Opt. Soc. Amer., 31, 506-508.

Schmitt, H.J. (1957), "Back-Scattering Cross Section of Circular Metallic
Cylinders Surrounded by a Resistance Foil," Cruft Laboratory
Scientific Report No. 11, Harvard University, Cambridge. Mass.,
(ASTIA Document No. AD-133636).

Wait, J.R. (1955), "Scattering of a Plane Wave from a Circular Dielectric
Cylinder at Oblique Incidence," Can.J. Phys., 33, 189-195.

Weston, V.H. and R. Hemenger (1962), '"High-Frequency Scattering from
a Coated Sphere,'" J. Res. NBS, 66D, 613-619 (Sept. -Oct. ).




