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ABSTRACT

The results of theoretical analysis of the radiation patterns produced by a
spherical antenna array are reported. Each antenna element is assumed to produce
elliptically polarized radiation having a maximum along its axial direction. The
case of circularly polarized antenna elements is considered in particular. The
results reported herein are kept general so that they can be used when different
parameters of the array are varied.

From the symmetry considerations of an icosahedron inscribed within a sphere,
a special type of element distribution on the spherical surface is developed. This
particular distribution is then used to compute numerically the pattern produced by
a number of point sources placed on the spherical surface.

Results of experimental studies of the log conical spiral antennas are reported.
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FOREWORD

This report was prepared by The University of Michigan Radiation Laboratory
of the Department of Electrical Engineering under United States Army Electronics
Command Contract No. DA 28-043-AMC-01499(E). This contract was initiated
under United States Army Project No. 5A6 79191 D902 01 04 ""Azimuth and Elevation
Direction Finder Study". The work is administered under the direction of the
Electronics Warfare Division, Advanced Techniques Branch at Fort Monmouth,

New Jersey. Mr. S. Stiber is the Project Manager and Mr. E.Ivone is the Contract
Monitor.

The material reported herein represents the results of the prelimination inves-
tigation into the study of the feasibility of designing a broadband circularly polarized
direction finder antenna with hemispherical coverage.
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I INTRODUCTION

This is the first report on a study to determine the possibility of developing a
broadband VHF azimuth and elevation direction finder. The system is to employ an
antenna array having circular polarization and hemispherical coverage. The de-
sired frequency range is from .3 to 3 GHz. The investigation during this report
period is divided into three broad parts: (1) theoretical analysis of the radiation
patterns produced by a spherical antenna array, (2) choice of the element distri-
bution and numerical computation procedure, and (3) experimental investigation of
the properties of a possible antenna element.

The physical symmetry of a spherical surface suggests the possibility of using
an antenna array where the individual elements are placed on the surface of a sphere
Theoretical analysis of the radiation pattern produced by such a spherical array is
discussed in Section II. At the present time very little information is available on
the radiation properties of a spherical antenna array. Harris and Shanks (1962)
discussed a method of synthesizing optimum directional patterns from non-planar
apertures. However, they dealt with only continuously illuminated apertures. Du
and Tai (1964) reported the radiation patterns for four symmetrically located
sources (dipoles or small apertures) on a perfectly conducting sphere. Our interest
is to investigate the radiation patterns produced by a spherical array which consists
of elliptically polarized (circularly polarized in particular) broadband antenna
elements.

The findings of the study reported in Section II should provide information
regarding the advantages and disadvantages of using a spherical structure for direc-
tional reception and/or transmission. The discussion of Section II is for an arbi-
trary distribution of antenna elements. The choice of a specific type of element
distribution on a spherical surface is discussed in Section III. The choice of a

definite type of element distribution should enable us to use the expressions
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developed in Section II for pattern calculations. The results of a preliminary num-
erical computation are also given in this section. Section IV gives the results of an
experimental study of the characteristics of the antenna elements. Conical helix
antennas are being studied for this purpose. The reasons for studying this parti-
cular type of antenna are that they are broadband and produce radiation patterns

with circular or nearly circular polarization.
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I SPHERICAL ARRAY ANALYSIS

This section reports the results of a preliminary theoretical analysis of the
radiation patterns produced by a spherical antenna array. The results reported
herein are kept general so that they may be used when different parameters of the
array are varied.

2.1 Model of the Array

A pictorial representation of the antenna array is shown in Fig. la . The
antenna elements are placed radially along the surface of a sphere of radius a .
The distribution of the elements is kept arbitrary and the spherical surface is
oriented with the z-axis of a rectangular coordinate system (x, y, z) as the polar
axis. Each element is assumed to produce an elliptically polarized radiation having
a maximum along its own axial direction. The antenna alements are phased such
that the pattern produced by the array has a maximum along the direction 6=6,, and
g=d o The feed system and the necessary phasing of the elements are not con-
sidered in the present discussion.

The position of a typical element at P' on the spherical surface is represented
by the coordinates a, o, and By, 2s shown in Fig. 1b. The coordinates of a far
field point P are Ro, 6 and ¢ . The parameters a, and Bm determine the distri-
bution of the elements.

The expression for the radiation pattern produced by the array is obtained
after combining the fields produced by the individual antenna elements at the far
field point P. Before we can do this the polarization of the field produced by each
element should be considered and expressed in such a form that all the fields may
be superposed at the point P, This is done in the next section.
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2.2 Element Pattern Considerations

The field produced by a typical element at P' is at first expressed in a local
coordinate system with origin at P' and the axis z' of the antenna element as the
polar axis as shown in Fig.2. The other two axes x',y' in this system are chosen
such that x', y' and z' form an orthogonal system of Cartesian coordinates. The
coordinates of the far field point P in the local system are R', 6' and g.

Assume that the far field of a single element is expressed as the field produced
by a point source placed at P'. Since we are dealing with a single element now we
shall represent the coordinates of P' as @, B instead of @, B, . Thus the total

electric field produced by a single element at the field point P can be written as

follows: i(wt-kR'-y 03)
T -8 E,6 +& E_ =[8'f(9'¢')e
1 1 4 1
af” 0" 0 e P Wag [0 R
i(ut-kR'-6~ o)
+ 810091 S0 :l , (1)
where

¢ ov 3¢, are the unit vectors in the 8' and §' directions,
k = 27 /X = propagation constant in the medium,
#6 is the phase difference between the two components of the field

w is the radian frequency of operation,

%/B is the phase delay introduced into the element for beam steering purpose,

£,(6', "), £5(6", §') are the pattern factors of the two components of the element

field.
In the above we have assumed that each antenna element does not produce any radial
component of field. The field given by (1) is elliptically polarized. For circularly
polarized field f; (6, §'") = £5(6',¢") and 6 =% 7/2.




THE UNIVERSITY OF MICHIGAN
7577-1-Q

P(R', ', ¢v)

FIG.2: LOCAL COORDINATE SYSTEM USED |
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After shifting the origin P' of the local coordinate system to the point O, eq. (1)

can be written as
> A i(wt-kR )
—ié] el(kp °r waﬁ) e °
R )
o

E o l:i‘ae,fl(e',¢')+8¢,f2(9',¢v)e (2)

where pis the vector OP' and gR is the unit vector in the direction of the far field
point expressed in the unprimed coordinate system. In obtaining (2) from (1) we
have made the usual far field approximation. Note that the quantity ('5'- QR) in (2) is
given by

A

ES
o ep

= sin @sin 6 cos(@-p)+cos a cos 6 . (3)

We now wish to express (2) in terms of the coordinates 6 and §. For this we need

the transformation relations given in the next section.

2.3 Coordinate Transformation Relations

The transformation relations for going from the primed to unprimed coordi-
nates can be obtained by using the general method of orthogonal transformation of

coordinates (Stratton, 1941). In general, 6', ' can be expressed as

Z
(8g- &) @
ot T :
R ~y!
where © o P " gz, are the unit vectors in the x', y' and z' directions, and
¥y
A A lad A
= > + . . +
en exs1necos¢ eys1n951n¢ e cosf, (5)

?:x, %y and gz are the unit vectors in the x,y, z directions respectively. The unit

vectors Qx e gz' and 'e\x, @y, QZ are related to each other by the following

1 y"
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matrix equation;

51 T8 ]

x! X

A nd A

e, | =A |e (6)
y y

A A

e, e

VA Z

- e = -

where K is a rotation matrix and is given by

cos acos f3 cos a sin f -sin a

~

A=]-sinB cos f 0 (7
sina cos 3 sin a sin B cos a

After using equations (4) - (7) the following two relations are obtained,

cos @' = sin esin 6 cos(§-p)+cos a cos 6, (8)
, _ cos asinf cos(f-p)-sin ecos 6
cot § sin 6 sin(¢-p) )
The transformations of the unit vectors €, and e , can be obtained now after equa-

6'
ting the respective gradients of cos 6' and cot @' in the two systems. It can be

shown that they are given by

_ 4 Cosfsine cos(f-p)-sinfcos @ 4 sin a sin(@-p)
6" 6 sin 6' g  sing'

e , (10)

s _ A sin asin(@-p) a cos sin acos(§-B)-sin6 cos e
e =-¢€ : -e _
g 6 siné ¢ sin 6'

(11)

2.4 Field Components Produced by Each Element

We can now write the 6 and ¢ components of the field produced at the point P
by an element placed at the source point P' (a, o, f). Using (10) and (11) we can write

the component fields as
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sin '

E - |cos 6 sin acos(p-P)-sinf cos & f1(9:'¢')+ smc.z81'n(g—B)f2(9',¢')e—16
OQ'B sinf

X ei(kacos 6'-1//03) ’ (12)

sin @' sin 6'

E¢ =[sinasin(Q-B) £, (01 ¢)- cos6 sin acos(J-P)-sin h cos a f2<6',¢')e'i{]
B

Xei(kacose'—z//aﬁ) . (13)

In (12) and (13) we have omitted the common factor ¢ (wt-KRo) /R,. Equations (12)
and (13) are very general. Let us now assume that the fields produced by the indi-
vidual elements are circularly polarized so that we have f;(6', §')=£;(6', §")=£(6", §")

and 6=7 /2. Thus we can rewrite (12) and (13) as

.7
£ = _Eose sin acos(-B)-sin 6 cos @ sin asin(g-p) e_l 2]
Oap

sin ' sin @'

i(kacos6'-y QB)

x £(0', g")e , (14)
s
B - sinasin(¢-p) cos6 sinacos(§-p)-sinf cos @ 2
o | smb' sin 0" ¢
x 16", ¢')ei(kacos e"waﬁ) ' (15)

2.5 Radiation Pattern of the Spherical Array

The radiation pattern produced by the spherical array can now be obtained by
superposing the similar component fields produced by the antenna elements. It is
assumed that all the elements are excited uniformly in amplitude. At this stage we
introduce the subscripts n and m to represent the position of an element, i.e. @

and Bm instead of @, 8 used in the previous section, Thus the complete pattern
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expressions for the 6- and @-components of the field produced by the array are

given as

E0.0) ) cos6 sin ancos(¢—Bm)—sin900s an+ sin ansi.n(¢-Bm) a_ig
4 sin 6' sin 6'

x£(0", ¢,)ei(ka.cos Ga_wnm) 1)

. oo . P T
c0.0 =Z smansm(¢ Bm) ) cosesmancos(¢ Bm) sinfcos @ i
g’ sin 6" sin 6"
m, n

x 16", Sz’,)ei(kacos 9'-¢/nm) L an

where
cos ' = sin arnsinecos(¢-Bm)+cos ,cos , (18)
sinf! = (l-cos2t9')l/2 , (19)
://nm= o Bm: phase delay introduced into the element at the point a, & -» Bm,.

2.6 Some Special Cases

The patterns given by (16) and (17) are very general. In this section we dis-
cuss the following two special cases.

(a) Let us consider a spherical array in which all the antenna elements are
oriented parallel to the z-axis. Thus the superposition of the fields can be done
directly by using eq. (2). For circularly polarized antenna elements the radiation
pattern can be shown to be given by

E - [%1‘“ -i%Jl(G, " Z’ eiﬁia[sin%sinecos(¢—3m)+cos ancosE)I —wnrr-x]

€. e .
¢ m,n (20)

In this case the principle of pattern multiplication can be applied directly and the

10
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last factor in eq. (20) may be looked upon as the space factor of the spherical array.
(b) Let the array consist of linearly polarized antenna elements, for example

radially directed dipole elements. In this case we have f2(6', ¢')=0 in eq. (2) and

£1(6", 8")=£,(6") say. Under these conditions the terms involving e'i in (16) and

(17) will drop out and the following expressions are obtained for the field patterns;

cosfsina cos(¢-B, )-sinfcos a, . '
E9(9:¢): E ) n m fl(6,)61(kacosf) ¥ nm) ’

sin '

m, n (21)
sina sin(§-B ) .
B n m . i(kacos 6'-ypnm)
E¢(9,¢)- é Sin o' f1(9 Je e (22)

2

11
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Il ELEMENT DISTRIBUTION AND NUMERICAL COMPUTATION

In this section we outline the considerations leading to the choice of a specific
type of element distribution and also give some results of preliminary numerical
pattern calculation,

3.1 Element Distribution

The choice of the antenna element distribution on the spherical surface is
governed by the criterion that in order to maintain a constant pattern during scan-
ning the element distribution should appear practically the same from any far field
observation point. A study of polyhedrons has led us to a better understanding of
the protlem. In particular we found the icosahedron to be advantageous for our
requirements. The icosahedron is a three dimensional figure which has twenty
faces, each face being an isosceles triangle . The antenna elements are placed at
equidistant positions on the surface of the icosahedron. A sphere is circumscribed
around the icosahedron and all the elements are brought tothe surface of the sphere.
By transferring the element positions from the icosahedron surface to the spherical
surface part of the original symmetry is lost.

From a study of the icosahedron symmetry, the parameters @, Bnm (note we
are using Bnrfl instead of B, to express the dependence of Bm on the choice of n) can
be approximated as:

@, = 90° - n 15°, (23)

_ 72%m
om = ol )

where
n is an integer ranging from -6 to +6,
m is an integer ranging from 0 to values as high as 25 depending on n.
The 90° s'hift in o, as shown in (23) is introduced to take advantage of the symmetry

which exists about the equator. In the computer program discussed later m is

12



THE UNIVERSITY OF MICHIGAN
7577-1-Q

terminated whenever B, > 360°. Whenn=0andn= X6, B takes on the special
nm

values,
BOm = Blm if n=0, (25)
B = © if|n|=6 . (26)

Figure 3 gives the spatial distribution of elements as obtained from (23) and (24).
It has 177 elements on the entire spherical surface.

It should be mentioned that the above is only one special type of element dis-
tribution, After studying other polyhedrons it may be found that a different distri-
bution may be more useful in achieving our goals.

3.2 Pattern Representation

Let us consider the following expression,

ika Ay, )
A(6, §)= el m "nm’ (27)
where
A = Sin @ sind cos(§-B, )+cosa cos6 . (28)

Equation (27) is the space factor of a number of point sources placed on the surface
of a sphere of radius a and excited equally in amplitude. It may be looked upon as
the space factor of an idealized spherical array as given in (20). In order that the
pattern has a maximum along the direction =6, and ¢=§ . the required phase delay

wnm should be given by

U = Sina sing, cos(f -B, )+ cos o cosb . (29)

The pattern may be represented in many ways. In the present case we repre-
sent them in two planes. One of the planes is represented by
- - 0
g=go 6=0,+p5 . (30)

13
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—=90% ——» X

FIG. 3;: ELEMENT DISTRIBUTION ON A HEMISPHERE
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In this plane the pattern is represented as a function of 6 at 5° intervals.
An oblique plane which is orthogonal to the previous one, given by (30), may

be represented by the following parameters.

n=p5°,p=0,1,... 72
0 = cos"lrcos 7 COS GO—J (31)
¢ = ¢ +sin~! {sin n/sin 6]

In eq.(31) nis the angle measured around the oblique great circle from the point

6 )

3.3 Sample Pattern Computation Procedure

For computational purposes we rewrite (27) in a slightly modified form;

_ A(G, ) _ ika(Anm'([/ )
S(, g= A@,, x) ; I nm (32)

where

(33)

:{1, if both wnm> 0 and Appy 20
nm

0 otherwise

The two conditions governing é,,,,, have important physical meanings. If
-1< wnm <1 then all the elements on the sphere wouldbe active. In the present
case wnm 20, i.e. only the hemispherical surface having 6, ¢0 as the polar axis
is active. The condition A ;| >0 prevents the elements from contributing to the
field when they are in the shadow region with respect to the far field point P
(RO, 6, ¢). In effect, we are assuming that the antenna elements are mounted on a
totally absorbing sphere.

Under these special conditions (32) has been computed in the plane ¢=0° for the

case when 60=0°, ¢O=0°, a= 1.5  and as given by (23) and (24). The total

Bnm
number of elements activated is 101. The power pattern is shown in Fig, 4. The

detailed behavior of the pattern shown is currently under investigation. More reali-
stic patterns will be computed by using the expressions given in Section II.

15
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IV EXPERIMENTAL STUDY OF CONICAL HELIX ANTENNAS

As mentioned in the introduction, conical helix antennas are chosen as ele-
ments for the spherical array. For this reason an experimental investigation has
been undertaken to evaluate the VSWR and radiation pattern characteristics of such
an antenna. The results of the investigation on one commercially available

antenna are reported below.

4.1 VSWR Characteristics

The VSWR produced by the antenna has been measured by standard techniques
over the frequency range of 0.25 to 3.0 GHz. The measured VSWR data are shown
in Fig. 5.

4.2 Radiation Pattern Characteristics

The radiation patterns produced by the conical helix have been measured in
the frequency range of 0.3 to 3.0 GHz in 200 MHz increments. The antenna was
oriented in a fixed position and both E- and H-plane patterns have been recorded.
Half-power beam widths for the two planes are shown as functions of frequency in
Fig.6. It can be seen from that figure that the half-power beam widths tend to
vary from 65° to 90° in the E-plane and from 80° to 125° in the H-plane. The
average half-power beam width for the E-plane is 80° and that for the H-plane is

100°.

The absolute gain of the antenna has been measured at frequencies of 1.5
and 3.0 GHz. For the measurement the method of substitution has been followed
using a half-wave dipole as the standard antenna. Figure 7 shows the E-plane pat-
tern of the unknown antenna and Fig. 8 shows that of the half-wave dipole at 1.5 GHz.
From a comparison of the two and taking into account the mismatch losses, the gain

of the conical helix at 1.5 GHz has been found to be approximately equal to the 8 db

17
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value reported by the manufacturer. Figures 9 and 10 show the E-plane patterns
of the antenna and the half-wave dipoles at 3.0 GHz. From a comparison of the

two, gain at 3.0 GHz was also found to be in agreement with the reported value.

18
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IO PUBLICATIONS, LECTURES, REPORTS AND CONFERENCES

A meeting was held at the Radiation Laboratory on 5 November 1965 with
representatives of the U.S. Army Electronics Command (S. Stiber, E. Ivone

and A. DiGiacomo). The purpose and objectives of the Direction Finder Study

were discussed from the standpoint of the interest and requirements of USAEC.
Topics considered were: antenna array configurations; the advantage of spherical
vs plane surfaces; the grating lobe problem; the possibility of determining direction
in the presence of grating lobes; and proposed experimental investigations were
briefly discussed.

II PROGRAM FOR NEXT INTERVAL
1. Theoretical

Radiation pattern expressions given in Section II of Quarterly Report No. 1
(7577-1-Q) will be investigated for a few special types of distribution of antenna
elements on the spherical surface. The characteristics of the grating lobes in
the patterns will be investigated for the case when the antenna elements are
widely spaced on a curved surface,

2. Numerical Calculations

Radiation patterns produced by a spherical array using circularly polarized
antenna elements will be computed numerically. Various kinds of element distri-
bution will be used.

On the basis of the above theoretical and numerical investigation, the radius of
the spherical array, the number and the required distribution of antenna elements
will be determined.

3. Experimental Investigation

The polarization characteristics of the conical helix antennas will be studied.
The mutual effects between the elements will be investigated. A prototype of
the spherical array will be built for laboratory test purposes.
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