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I
INTRODUCTION

This is the third Interim Report on Contract No. DOT-FA72WA-2882,
"Application of the Large Gradient VOR Antenna, ' and covers the period 1 Decem-
ber 1972 to 28 February 1973.

The present report discusses the theory of course scalloping amplitude in
standard VOR bearing indications. Wherever there exists a multipath between a
VOR station and a flying aircraft, the multipath signal combines with the desired
direct signal to produce various types of siting errors in the VOR indications at
the aircraft [1] , [2] Here we discuss only those siting errors which appear
as course scalloping in the VOR bearing indications.

Detailed discussions on scalloping amplitude and frequency for a standard
VOR system in the presence of various types of multipath signals are given in [2],
[4]. The references cited give a considerable amount of observed course scalloping
amplitude values produced by different types of scattering objects. Approximate
theory of scalloping amplitude has been developed [4] for idealized situations. The
theory developed, at its best, is able to explain qualitatively some of the general
behavior of the scalloping effects [2] [4] Howeve;', because of the basic
approximations made, in many instances [2], [5] the existing theory is unable to
explain qualitatively the observed behavior of the course scalloping amplitudes in
the various VOR indications.

In the following sections we at first develop a rigorous theory for the course
scalloping amplitudes observed in standard VOR indications in the presence of multi-
path signals, The antenna characteristics, the scattering properties of the multi-
path sources, and the ground effects are all built into the theory so that their effects
on the scalloping may be investigated quantitatively. The analysis assumes that
the VOR receiver characteristics are ideal. If is hoped that the theory discussed

here may be found useful to analyze the large amount of experimental data on
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course scalloping amplitude collected by the FAA over many years [2] s [4] . The
analytical results discussed below are based on an earlier work by one of the
authors [5] . The various approximations involved in the theory are then critically
examined. Finally numerical results obtained for a few idealized cases are dis~

cussed.
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II
FREE SPACE COURSE SCALLOPING AMPLITUDE

2.1 Basic Analysis

In this section theoretical expressions are developed for the course scalloping
amplitudes in the standard VOR bearing indications caused by multipath signals when
both the VOR station and the scatterer are located in free space. Although this is a
very idealized case, the results may be found useful in studying some of the general
behavior of the scalloping phenomena.

Let us assume that the VOR station is located at the origin O of a rectangular

coordinate system x, y, z (Fig. 1). A stationary aircraft is located at the far field
4 z

P(r, 6, §) STATIONARY
AIRCRAFT

8(d;, 6,, ¢1) SCATTERING
OBJECT

——
y

VOR STATION

Fig. 1: Coordinate system used.
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point P whose coordinates are (r, 6, ) expressed in spherical polar coordinates
with origin at O. A scattering object is located at S which is represented by the
coordinates (dl’ 61, ¢1). It is assumed that the distance of the scatterer from the
VOR station is sufficiently large (kd1 >>1) so that the usual geometrical optics
approximation may be used in obtaining the field incident at S. We assume here
that the field radiated by the VOR antenna system is horizontally polarized and
that the scattering object does not produce any depolarization of the field.

The direct signal at P coming from the VOR station may be written as:

e-i (wt -kr)
Ed(P) = K—r_— [SO(G) + SS(O) cos (wmt-¢a , (1)

where,

K is a constant,

w is the carrier frequency in radians,

k= Z"A is the propagation constant in free space,

W is the modulating frequency in radians,

sc(e) is the free space elevation plane complex far field pattern of
the VOR antenna in the carrier mode,

SS( 6) is the free space elevation plane complex far field pattern of

the VOR antenna in the side-band mode.

Notice that in Eq, (1) the modulation index 'm' of the space amplitude modulated
wave is not explicitly stated. However, this can be assumed to be included as an
appropriate multiplying factor in SS(G). Observe that, as indicated by Eq. (1),
the side-band and carrier signals are not in general r.f. phase with each other.
The implications of the r.f. phase relationship between the carrier and side-band
signals will be discussed later in more detail. Explicit expressions for the stan-
dard VOR antenna complex pattern functions have been discussed elsewhere [6:] .

[7] . It will be assumed that sc(e) and SS(G) are known in the present problem,
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For later reference we write the pattern functions in the following way:

iozc( 6)

S(6)={S (0)| e (2)
c c

iozs(e)
SS(G) = SS(G) e . (3)

In the absence of any other signal, the VOR receiver at P detects the
envelope of Eq. (1) and observes the phase § of the detected signal which gives
the azimuth of the field point P with respect to the VOR station. However, in
the presence of multipath signals, the phase relationship between the carrier and
side-band signals are disturbed thereby producing errors in the azimuth informa-
tion indicated by the receiver.

The field incident at the scattering object S, located sufficiently far from
the VOR station, may be written as follows:

-i (wt-kdl)
e

= K» —m—— + -
Ei(S) K g [Sc(el) SS(GI) cos (wmt ¢1)] , (4)
where the various notations are as explained before., The multipath signals at P
will be that portion of field, given by Eq. (4), scattered by the scattering object S
in the direction of P. For a finite object the scattered field at P will appear as

a spherical wave originating from S. It can be shown that the multipath signal at

P may be expressed [5] as follows:

-ilzot-k(r1+d1)]
S - ) _ is
ES(P)-K- - A(Gl, ¢1, d;; 6, § ¢1)e X

X [Sc(61)+ SS(Gl) cos(wmt-¢la ) (5)
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where,

r is the distance betwe?n the scattering object and the aircraft at P,
A6, ¢1, d;; 6, ¢-¢1) eld may be identified with the scattering or
reflecting properties of the scatterer. The dependence of the incident
and scattering angles as well as the distance d1 of the scatterer from
the VOR antenna are explicitly written in A to emphasize the fact that
in many cases of practical interest the scattered field from the object
depends strongly on these parameters For convenience we shall, from

now on, suppress the variables 6, ¢1, dl’ 6, § from A.

In Eq. (5) A and 6 may be identified respectively with the amplitude and phase of
the scattering coefficient of the object. By definition both A and 6 are real quan-
tities.

Since P is located in the far zones of both the VOR antenna and the multipath
object S, we can make the usual far field approximations and can rewrite Eq. (5)

in the following form:

-i(wt-kr)
E(P)= K&E—— Ael® &
S r
X [SC(GI) + SS(GI) cos (wmt—¢1-):| , (6)
where,
E=kd1(1-cos v)+ 6 (7)

cos v = sin@ sin@ cos(¢-¢1) + cos 6 cos O (8)

1 1
The total field received at P is obtained by adding Egs. (1) and (6) and is given by:

-i (wt -kr) .. S(6.)

e i€ ¢l
E(P) = K—r SC(O) 1+Ae —'——Sc(e)
ss(e) £ sc(el)
+ qe) cos (wmt-¢) +Ae Sc(") cos(wmt-¢1) . (9)
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After some algebraic manipulations, Eq. (9) may be written in the following form:

X [fc+fs] s (10)
s (6.)| 2 S (6,)

2_ 2| c1 c 1
fc—1+A Sc(e) +2A Sc(e) cosE+ac(61)-ac(6)’}, (11)

-i[ut-kr-a (6)-¢]

E(P)= K- £ - lsc(e)

where,

Sc(el) B
A —sc(—e)— sin lzg‘+ac(01)-ac(01
tan { = Sc(el) a (12)
1+A Sc“” cos[§+ac(01)-ac(01
S (6) . S (6,) .
_ s = -it _ s 1 i(§-%) _
fS— Sc(e)e cos(wmt #) + A Sc(e) e cos(wmt ¢1) . (13)

In Eq. (10) fc may be identified with the combined carrier signals at P and it
contains no azimuth information. Similarly fS may be identified with the combined
side-band signals at P which contain the azimuth information of the VOR and the
scattering object. The detector output at the ideal VOR receiver at P is propor-
tional to the real part of fs. Let us denote f = Real part of fs given by Eq. (13).

It can be shown that f can be written as:

f=Ncos(w t-0+a) (14)
m

2
where,

2
N =

S (6) 2
s 2\ (8)-a (6)-¢
Sc(e) cos ey e

s (6.2

2] s 1 2
+A ——-—Sc(e) cos Ezs(el)-ac(e)*'g-f] +
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s(e) s(e)
cos a(G) a(@) §]

S (9) S (e)
X C€O8 Ezs(el)-ac(el) +&- C] cos (¢-¢1), (15)

Ss(el)
—S-c-(w‘ cos Ezs(el) - arc(G) +E—§] sin(¢-¢1)

38(9) Ss(el)
Sc(e)‘ o Ers(e) -ac(e)-§+A 8 (6) oos E‘fs(el) ma O+ _% cos (f-§,)

(16)

A

tan a =

The bearing indication in the VOR receiver is given by the phase of Eq. (14). Thus

we can write the bearing indication B as given by:

B=0-a . (17)
The true bearing of the aircraft with respect to the VOR station is ). Note that in
the absence of multipath signals, A =0 and Eq. (14) takes the following form:

ss(e)
f= |——| cos ES(O) - ac(G)] cos (wmt— g . (18)

sc(e)
Equation (18) indicates that the detected signal amplitude depends quite strongly on
the r.f. phase relationship between the carrier and side-band signals. From the
point of view of detection maximum efficiency will occur if ac(e) = as(e), i.e., the
carrier and side-band signals are in phase at all angles 6, In general, as(e) 7 ac(e).
It is possible to adjust the phase relationship such that as(eo)—ac(eo) =0 in a certain
direction 6 = 60. However, since‘ as(G)-ac(B) changes with 6, the phase adjust-
ments made at 0 = 60, will be disturbed at angles 6 ¥ 90. As we shall see later,
this aspect of the phase relationship will have considerable effects on the scalloping

amplitudes in the presence of multipath signals.
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Thus the second term in Eq. (17) may be considered as the bearing error.

Let us write the bearing indication of the VOR receiver at the aircraft as:
B=p+Ap , (19)

where Af is the error introduced due to the multipath signal. Complete expression
for the error A§ is given by:

sc(el)

A S—c@)— [i:os as(el)-ac(e) +&- C] sin (¢-¢1)

Af= -a= -tan

S(6) i
5,(0) cos fs(e)-ac(e) 'C’} *

(20)

S

(6,)
d 1
+ A Sc(") cos Ers(el)—ac(GHS—{l cos(¢-—¢1) .

Note that in the absence of multipath signal A = 0 and hence from Eq. (20) it follows
that A@ =0. For convenience of reference and later discussion, we rewrite below

the explicit expressions for £ and ¢ given earlier:

E= kdlE-sinesinelcos(¢—¢l)-cosecos(‘)]]+6 , (21)
sc<91)
. A W sm[%’ + ac(Gl)—ac(O;]
¢= tan 5.(6)) ' )
1+A Sc(e) cos {zg“+ac(61)-ac(6—)J

2.2 Free Space Course Scalloping Amplitude

In the presence of multipafh signal the bearing error in the VOR indications
of a stationary aircraft located at (r, 6, #) with respect to the VOR station is given
by Eq. (20) As the aircraft flies AP will change due to the variation of the para-
meters 6 and . For a radial flight with respect to the VOR station 6 is variable
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and @ is constant. Whereas for an orbital flight at constant height 6 is constant
but @ is variable. In both cases AP changes above and below the true value of @
with variation of the coordinates 6 and § of the flying aircraft.
Before investigating the nature of variation of A@ it is instructive to study
the variations of the parameters £ and ¢ (in Eq. (20)) with the aircraft motion, If
S (6.)

c 1
S ()
(¢}

A <<1, which is a reasonable approximation, Eq. (22) indicates that § is a

small quantity ({<<1) and the effects of its variation with the aircraft motion on the
final results may be assumed negligible. The parameter £, given by Eq. (21), is
large and its variation with @ is also large. As a result, the terms involving £ in
Eq. (20) oscillates between +1 and -1 as the aircraft moves. Thus the variation of
AP with the aircraft motion will be a slow variation with § (or 6 as the case may
be), determined by the terms sin (@ - ¢1) and cos(¢-¢1) in Eq. (20) mounted on
top an oscillatory variation determined mainly by the parameter £. It is evident
that AP fluctuates between positive and negative values with the motion of the
aircraft. The amplitudes of these positive and negative swings of the error Af

are termed as course scalloping amplitudes. We write the bearing indications of

the VOR receiver at the flying aircraft as:

B=¢-s12 , (23)

2

where,

S1 is the value of A@ obtained from Eq. (20) when cos Ers(el)—ac(eHE -el=1,

82 is the value of Af obtained from Eq. (23) when cos Ezs(el) -ac(6)+ E-¢l=-1.

Sl’ SZ

the scalloping errors as the aircraft moves. Note that S1 and 82 are of opposite

may be called the course scalloping amplitudes which give the two bounds of

signs and in general ‘ SI'# |82| .
By definition,

10



011218-3-T

8,= AP evaluated at £ = EOl s E=L0

where,

ozs(Gl)- ac(G) + 801 - §01= 2nw

sc(el)

A _S-F sin E‘;’Ol+ arg((-)l)- arc(e‘)J

n is a positive integer

tan {, = S (6.)
¢ 1

S (9)
C

1+A

Equation (26) can be solved for §01 and we obtain:

S (6.)
C

S ()
C

-1
COI— -sin " | A

After using Eqgs. (20), (24)-(27) the following is obtained:

cos Eé’01+ arc(el) - ac(O‘)}

sin_1 %S(Ol) - ac(elﬁ

ss(el) .
; Al s ($-9)
S, = ~tan 5 (@) | 5 (6)
w cos &8(9)- ac(e)- EOJ +A sc(e)

Similarly, S, is obtained from Eq. (20) for values §=§ 02° ¢

2

a (8))-a 0)+ &=L =0,

cos (f - ¢1)

=§0

n is a positive odd

number

sc(e )
5 (6) sin Eof a (6,)- “c(eﬂ

tan § = ——r—
02 S (6.)
c 1

1+A Sc(e) cos [502+ac(01)—ac(9;}
11

A

9 given by

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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Equation (30) has the solution:

REREACH
§‘02= sin " | A Sc(e) sin as(el)-ac(el) . (31)
Proceeding as before we obtain:
SS(G )
. A Sc(‘” sin (f - ¢1)
Sp=tan TS50 5(6.) (32)

8 s 1
Sc“’) cos %S(O)— ozc(B)- §’02] -A Sc(e) cos (f- ¢1)

2.3 Discussion of Free Space Course Scalloping Amplitude

Approximate course scalloping amplitude expressions are given in VOR
Handbook [2] . In this section we discuss in the light of the theory discussed in
the previous sections, the scalloping amplitude expression given in [2] for the
case of a non~directional multipath source. In particular we discuss Eq. (4~1) on
page 22 of [:2] . The physical arrangement of the VOR station, the multipath source

and the aircraft considered in [2] implies in our present notation:

6:91=7r/2 s

A is a constant,
6§=0.

Thus we obtain the following from Egs. (28) and (29):

) A sin (¢-¢1)
8, = -tan — (33)
Ezos as(”/g) - (") +sin {A sin (as(”/z)-ac("/z)D] +Acos(f- ¢1)
1 A sin (¢-¢l)
8, = tan (34)

Eos as(”/z) -ozc("/g) ~sin {A sin (as(”/z) -ac(”/z)D] ~Acos(f-§,)

12
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If it is now assumed that as(”/z) = ac(%) which implies that the side~band and
carrier mode fields are in phase in the direction of 0 = 7'/2 , Eq. (33) and (34) reduce

to the following:

-1 Asin(¢-¢1)

§)= ~tan 1+A cos (- ¢1) (35)
_, Asin (¢-¢1)

S, tan 1-A cos(¢-¢1) (36)

Under the assumption of A << 1, Eqgs. (35) and (36) reduce to Eq. (4-1) given in
[2-_] which is:
S, + tan-1 A sin (¢-¢l)

9 (37)
2 4+ Asin (¢—¢1), for A<< 1.

If as# @, which is most certainly possible in a real case, Eq. (37) will
give values which are too low for scalloping amplitudes even under the assumption

of A <<1, To show this we assume

olT-a,04) >

(38)
ALKl .,
Under the conditions (38) it can be shown that S1 , 82 as given by Eqs, (33) and (34)
are given by:
9 Asin (§- ¢l)
= Ftan - - . (39)
0 cos [:as( /9) - ozc( /2):] + A cos (¢-¢1)

Hence unless ars(”/z)- ac(”/z) =+ nr, the neglect of A cos (f -¢1) and the assumption

of cos as(”/z)- ac(”/z) = 1 in the denominator of Eq. (39) are not justified. Thus

in general the values predicted by Egs. (35)-(37) will be lower than those predicted

13
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by Eq. (39).

On the basis of the free space theory developed and the discussion given
here, it appears that the side-band and carrier mode elevation plane complex
patterns (in particular, their phases) should be considered in evaluating the

course scalloping amplitudes.

14
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m
COURSE SCALLOPING AMPLITUDE IN THE PRESENCE OF A GROUND

In this section we generalize the theory of VOR course scalloping amplitude
to the case when the VOR station and the source of multipath signal are located above
a perfectly conducting infinite planar ground. This is a more realistic case and is
of considerable practical interest. Figure 2 represents geometrically the arrange-
ment of the problem to be studied. The VOR antenna is located at ( Zo’ 0, 0), the
scatterer at (dl’ 61, le) and the ground plane is at z=0. The free space theory is
generalized to the present case by taking into account the image fields produced at

P by the perfectly conducting ground.

lz
P(r, 6, ) STATIONARY
AIRCRAFT
VOR STATION
(z,0,0)0 9
(0]
SCATTERING
S(dl, ol, ¢1) OBJECT

—

y
GROUND AT z=0

Fig. 2: VOR system and scatterer above ground.

15
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The field at P due to the VOR station alone may be written as:

e-i(wt-kr) T T
= e — + -
E d(P) K " [sc(e) ss(e) cos (wmt Qﬂ , (40)
where,

T -ikZOcos 7] ikZocos 6

ST()=8 (0) e -S(r-0)e , (41)

c c c

T ikZocos 6 ikZocos 6
SS(G) = SS(O) e - SS(7r -0)e , (42)

where Sc( 0), SS(G) are the free space elevation plane complex far field patterns
of the VOR antenna in carrier and side-band modes respectively.
The derivation of the multipath signal at P is more complicated and is

discussed in more detail in the following section.

3.1 Multipath Signal at P

At first we need the field incident at S from the VOR antenna. If S is in

the far zone of the antenna then it can be obtained from Eq. (40). We assume here
that S is not in the far zone but it is sufficiently far away from the VOR station so
that kdl >>1. Under this condition usual geometrical optics approximations can
be used To obtain the incident field Ei(S) we consider the direct and reflected

waves originating from the VOR and reaching the scatterer S (Fig. 3). The inci-

dent field at S can be written as:

-1 (t - kd}) -1 (wt - kd}')
€ ! - e - A
E,(S) = K- _d'l_ i, #,) - K T f(r-6y,0), (43)
where,
£(0, @) = Sc(G) + SS(G) cos (wmt—¢) . (44)

From Fig. 3 it can be shown that

16
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S(dl. 6, ¢1)

<

Fig. 3: Direct and reflected rays that reach S.

Z0 N
d' =2d. (1-—-cosb,)
1 1 d1 1 7
$ for d—o «1 (45)
Zo 1
d''=~d, (1+—cos89,)
1 1 d1 1 )
and,
sinf
sinQ' =~ 1 W
1 Zo
1+ d_ cos 91
1 7
for 2«1 . (46)
. d
sin6 1
sinQ'' = 1
1 Zo
1+ d_ cos 61

1

17
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If the scatterer S is located at a distance D from the z-axis and at a height H

above the ground plane then it can be shown that:

W

tan91=

d;cos6 = H > (47)

==l [w)

dlcos 01 =D

7

After using Eqs. (45) and (46), Eq. (43) can be written as follows:

Z
: Zo
1kd1(1- dl cosGl)
_ -iwt e . _
Ei(S) K.e Zo f(e', ¢1)
dl(l—-a-cosol)
1
Zo
1kd1(1+d—1 cos61)
_KroWte ~ f(r-07,8) . (48)
0
dl(1+ d1 cosGl)

As before we assume that the scattered field at P is related to Ei(S) by:
ikr
i e !

r, (49)

! = .
E!(P)= E(S)A(6,,0,; 6,0 e
In obtaining the scattered field at P we must take into account the effect of the
ground. In this case we can assume that P is located in the far zone of S and
the usual far zone approximations may be made. The total scattered or multipath

signal at P is then obtained as in the following:

18
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e"i (0t - kr) e—1kZocos 01
=K. !
ES(P) K " A Zo f(el, ¢1)
1=~ -d— cos 61
L 1
ikZ 6 ]
1k cos 0, i{kd (1-cosy)+5)
- 9———-—f(1r-6" ) e 1
Z0 1’71
1+ -d—l cos 61

i {kd, (1-cos v')+5)
e s (50)

where,

cosy = sinfsinf, cos (¢-¢1) + cos OB cos O

1 1 (51)
cos?y'= sin6sinf, cos (p- ¢1) -cosfcos

After some algebraic manipulations Eq. (50) can be rearranged in the following form:

e-i(wt-kr) i
ES(P)= K- — 2A sin(kHcos ) e ° sin(kHcos 6) x
— ) 'j
ikZ cos6 ikZ cos 6
e o 1 e © 1
R 1 — —— -
X 7 £(6}, ¢1) Z f(r=-0'", ¢1) , (52)
I-E(lcose1 1+-d—cos(91
L 1 1 _,
where,
§'= kd, E—sino sinf, cos(¢-¢la +6-"h . (53)
In many practical situationé d_o <<'1 and we can neglect the terms ?0 cos 61
1 1

in the denominators of the terms within parenthesis in Eq. (12) and also can write

6'1’-‘-" 6'1' & 61 . Under these conditions Eq. (52) simplifies to the following:
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=i (wt -kr) {8
ES(P)= K. e___r__ 2A e " sin(kHcos0) x
T
X Ec (61) + S:‘(Gl) cos (wmt—¢lﬂ , (54)

where sZ(e) and s:(e) are as defined by Egs. (41) and (42).
We shall use the simplified expression given by Eq. (54) for the scattered
field at P instead of the more accurate expression given by Eq. (52) which is given

here in case it is needed for more accurate results.

3.2 Total Field at the Far Field Point and the Bearing Error

The total field at P is obtained by combining Eqs (40) and (54) and is
given by:
ol (wt-kr)
E(P)= K- /™ S (0) x
r c

.. SX6.)
i&' "¢ .
X |142A e+ T sin (kH cos 0)
S7(6)
c
sT(e)
+ cos (6_t-0)
sT(0) m
s
i1 sT(e )
+ 2Ae" T sin (kHcos ) cos(w_t-0.)]. (58)
m 1
sc(e)

After some algebraic manipulations Eq. (55) may be rearranged as follows:

X [f'+f'] s (56)
¢ s

—i(wt-kr-ar:‘(e)-t'
e

E(P)= K-

sT(e)
r (¢
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where, T 2
5 9 S7(6.)
(f')" =1+4A T sin” (kHcos9) +
¢ S~ (6)
c
sT(e ) T T
+4A sin (kH cos 0) cos {E'+a (91)-ar (0)} , (57)
sT(e) c c
c
sT(6.) .
2A T sin (kH cos 0) sin {£'+o (6.) - & (9)}
c 1 c
SC(B)
tan §'= T , (58)
S~(6.) T T
1+2A sin (kH cos 0) cos { &'+« (61)-01 (9&
sT(0) c c
c
T
s (e ..
fr= ,SI’, o 1% cos(wmt—¢) +
S (6)
c
T
S°(6.) crE1
+ 2A L sin (kH cos 0) el(S 7§)cos(w t-9.) , (59)
T m 1
S™(8)
c
~
T T iaz(e)
S (9)=IS (6)] e
c c
). (60)
- T m:(e)
S (6)=IS @) e
s s )

As before, let f'=Real part of fs' . From Eq. (59) we obtain the following expres-

sion for f':
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T

ss(e) T T
fr= T cosEz (6)-a (0)-¢" | cos(w t-@)t
sT(0) S c m
c
sT(e.) . .
+ 2A sin (kH cos 0) cos [:a 6,)-a (9)+§"-§'] cos(w_t-.)
s 1" "¢ m 1
S~(6)
¢ (61)
We now express f' in the following term:
f'=N'cos(wmt-¢+ a') (62)
where,
2
T
S7(0)
(N')2 = ; cos2 [EIT(G)- afT(G)- C’::l +
sT(e) S c
c
2
2 2 S:(Gl) 2| T T
+ 4A sin (kH cos 6) cos [a (6,)-a (0)+ & - |+
T s 1" "¢
S (0)
c
S'sr(e)- Sg“’l)' T, . T
+ 4A T T sin (kH cos ) cosEf (8)-a (6)- §'] X
sTe)| |s (e > ¢
c c
X COS Er:‘(el)-az(eng'-C:] , (63)
5.(0,) . .
2A T sin(kH cos 6) cos [ar (91)-ar (9)+ S'—ﬂsin(ﬂ-&é )
sT(6) S c 1
c
tana'=
ROl 52(0,) ot
T | cos Ezs(o)-ac(e)-t;' +2A T sin (kH cos 6) Ezs(el)-ac(e}rs*- f]cos(¢-¢1).
sc(e) Sc(e)

(64)
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The bearing indication in the VOR receiver is
B=0-a'=0+Ap . (65)

The bearing error AP in Eq. (65) is then given by:

—

T
S°(6,) T T
2A sin(kH cos 6)cosl:a (91)-a (6)+S'—§'-}sin(¢-¢l)
ST(G) S c
A¢=—tan_1 T ¢
Ss(e) T T ‘]
cos [oz (0)=a (6)=-¢'| +
T s c
| sc(e)
sT(e.) . .
+ 2A sin(kHcosG)cosEx (6,)-a (B)+&'= §1cos(¢-¢ ) |.
T s 1 c 1
S ()
c
(66) -
where,
§' = kd, ﬁ—sinesinel cos(¢-¢l;} +6-Th (67)
s¥(6. ) . .
2A sin(kH cos 0) sin {£'+a (61)—01 (6}
P EXA ¢ ¢
€' =tan ' (68)
T
S (e,) T T
1+2A sin(kHcos8)cos { &'+ a (6.)-a (9)}
RO c b e
c

3.3 Course Scalloping Amplitude

Proceedings in a manner discussed in Section 2.2, we obtain the following

expressions for the course scalloping amplitudes:
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sT(e )
S

sT(e)
C

2A sin (kH cos 9) sin(¢-¢1)

S, = -tan

sT(e)

S T T
cos {a (0) -a (6)-§']+
SZ(G) [s c 01

sT(e )

sT(6)
(]

+2A sin (kH cos 6) cos (f-§,) (69)

sT(6.)

T
S, (6)

¢, -sin = |2A sin (kH cos 8) sin (a:(el) - 03(91)> (70)

and,
sT(6.)

sT(6)
(¢}

2A sin (kH cos 6) sin(¢-¢1)

-1
S_=tan
2m ST(O)

S T T
cos @ (B)-a (B)-¢' ]~
sf(e) [s ¢ 02

sT(e )
S

sT(e)
C

-2A sin (kH cos 6) cos(¢-¢l) , (71)

s7(6.)
L=l c 17 . . T T
Cb =sin = |2A sin(kH cos ) sin{o (0.)-a (6.) . (72)
2 ST(G) s 1 c 1
c

If a:(e) = aZ(O), i.e., if the phase of the carrier mode complex elevation
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plane pattern is equal to the phase of the side-band complex elevation plane

pattern, then §'01= 62= 0 and Eq. (69) and (71) reduce to the following:
T . .
2A lS (6,)| sin(kHcos 0)sin(@-0.)
-1 s 1 1
Sl= -tan ] T ) (73)
ss(e) +2A‘SS (91) sin (kH cos e)cos(¢-¢1)
T . .
2A IS (6,)| sin(kHcos#) sin (f=0.)
-1 s 1 1
8, = tan § (74)

ls%)] P IsT(e )
S s 1

sin (kH cos 6) cos (§ - ¢1)

Equations (73) and (74) indicate that for orbital flights

S. evaluated at 7+ (¢-¢1) =S

. evaluated at (¢-—¢1) ,

2

S., evaluated at 7r+(¢—¢1)= S

5 evaluated at (§ - (bl) .

1
The above relations imply that it is sufficient to calculate Sl and 82 in the range
0< (¢ ~¢1) < w in order to study the course scalloping amplitude variations during
an orbital flight.

It is also interesting to observe from Eqs. (73) and (74) that the course

scalloping amplitude reduces to zero whenever the following relation holds:

Hcos6 = n>t/2 , n=1,2,3,... (75)

3.4 Discussion

The general expressions for the course scalloping amplitudes in the stan=
dard VOR receiver bearing indications are given by Egs. (69) and (71). The theory
clearly indicates that the course scalloping amplitudes depend on the following para-
meters: (a) the amplitude A(Gl, ¢1, d;; 6, @) of the scattering coefficient of the
multipath source located at (dl’ 61, ¢1), (b) the amplitude and phase of the carrier
and side-band mode elevation plane complex patterns of the standard VOR antenna,

(c) the location of the multipath source with respect to the VOR station.
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After studying the scalloping amplitude expressions, the following observa-
tions can be made with regard to the general behavior of the course scalloping ampli-
tudes in the VOR bearing indications observed by an aircraft in orbital flight around
the VOR station:

(i) The scalloping amplitude is zero in directions @ = ¢1 and =7+ ¢1.

If the multipath source scatters energy isotropically (i.e., A =constant) then
the amplitude of scattering assumes maximum value in directions § = 7+ ¢1 and
P =37/2 + ¢1 , only if A <<1,

(ii) The two envelopes of the bearing error (Sl’ 82) are opposite in sign
but in general are not equal in amplitude.

(iii) In the case of a non~isotropic scattering behavior of the multipath
source, the directions of the scalloping amplitude maxima will be determined
mainly by the parameter A,

(iv) The side-band mode pattern

S:‘(G)l is quite critical in determining
the scalloping amplitudes. The scalloping amplitude increases in the directions
of minima in the pattern S:‘(G) . sZ(e) does not seem to have strong influence

and

onl S1 Sz. However, the relative phase difference between the side~band and

carrier mode fields (as (6) - ac(e) influences considerably the amount of scalloping

and

amplitudes.
(v) S, | decreases with increase of d, where (dl’ 0., ¢1) are
the coordinates of the multipath source.
(vi) | 8,

source when the aircraft is flying at low elevation angle from the horizon.

51

and l S2 increases with increase of height H of the multipath

All of the above observations are in qualitative agreement with the observed

course scalloping amplitude data discussed in [2] and [4]
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v
RF PHASE RELATIONSHIP BETWEEN CARRIER AND SIDE-BAND SIGNALS

It was mentioned earlier that the r.f. phase relationship between the received
side-band and carrier signals plays an important role in the detection efficiency of
the VOR receiver at the aircraft, From the scalloping expressions developed in
the previous sections it is also found that the same phase relationship has con-
siderable effects on the observed course scalloping amplitudes. For an antenna
located in free space this phase difference may be represented by as( 6) - arc(G)
where aS(G) and ac(e) are the phase angles of the side-band and carrier complex
patterns respectively, as defined by Eqs. (3) and (2). For an antenna located above
1nf1n1te planar ground the phase difference is represented by o (6) -a, (6) where
a (0) and a, (9) are as defined by Eq. (60).

The results discussed in the previous sections indicate that in general if
ac(e) = arS(O) or a’i‘(e) = a:(e) for all 6, then the detection efficiency is maxi-
mum and also the observed course scalloping would be minimum, It is therefore
important to study the variation of the r.f. phase difference between the two
signals as a function of 6 for a given antenna. Complete expressions for the carrier
and side-band mode complex patterns of various standard VOR antennas have been
given in [6]- [8] Here we discuss only the variations of the phases of the complex
patterns as functions of 6.

Figure 4 shows the variations of ac(e), as(e) and as(e) - ac(e) as functions
of 6 for a standard VOR antenna located in free space. The corresponding results
for a standard VOR antenna located 15' above an infinite planar ground are shown
in Fig. 5. Figures 6 and 7 show the corresponding results for a large gradient
parasitic loop counterpoise antenna under similar conditions. For the standard
VOR antenna it is found that the phase difference is almost constant for all 6 in
both cases. For the parasitic antenna case the phase difference is found to be
reasonably constant in the range 55° <6< 95° for the free space case; the phase

difference fluctuates with an average value near 100° for 50° <6< 85° for the
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same antenna located above ground.

On the basis of the results given here it can be concluded that it is sufficient
to adjust the r.f. phase between the carrier and side=band signals radiated by a
standard VOR antenna at a certain convenient angle (say, at the monitor), With a
parasitic loop counterpoise antenna it appears that the r.f. phase difference
between the two signals cannot be maintained at zero for all angles by such simple

adjustment.
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Vv
NUMERICAL RESULTS FOR COURSE SCALLOPING AMPLITUDES

In this section we discuss the numerical results obtained for the observed
course scalloping amplitudes in a standard VOR indications for some selected
cases. The results have been obtained numerically by using the expressions
developed in sections 2 and 3.

In the free space case the observed course scalloping amplitudes are given

by Egs. (35) and (36). For convenience we rewrite them in the following form:

Asin (¢-¢l)
1+Acos (f-9) | °

Sl= Ftan (75)

2
where the upper and the lower sign on the ﬁght hand side corresponds respectively
to the subscripts 1 and 2 on the left hand side. The various approximations involved
in obtaining Eq. (75) have been discussed earlier. In reference [2], further approxi-

mation A << 1 is made in order to obtain the following from Eq. (71)

Approx

1
2

S =Ttan® A sin(f-9,) . (76)
Figure 8 shows1 Sll and ls.llxpproxl vs. (¢-¢1) in tlie range 0 < ¢~¢1_<_ 180° for
two values of A. It is evident from Fig. 8 that for A <0, 1 the use of the approxi=
mate expressions give by Eq. (76) is quite justified. For A > 0.1 the use of Eq.
(76) will produce erroneous results., For example, Fig. 8 indicates that with
A = 0.2 the maximum scalloping amplitude does not occur at ¢-¢1= Mo . In fact
for large values of A the symmetry of the scalloping amplitude curves around
f- ¢1= T, are lost and the maxima appear at angles larger than 7 .

In the following sections we discuss the numerical results obtained for the
observed course scalloping amplitudes for a standard VOR system located above an

infinite planar ground. The scalloping amplitudes have been obtained numerically
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from Eqgs. (73) and (74) which we write below in the following form:

,2A| s:(el) sin (i cos 6)sin (§ -,

Sl= + tan-

2

(77)

’S':‘(G)l izA[S’Sr(Gl) sin (kH cos 6) cos (@~ ¢1)

Notice that Eq. (77) indicates explicitly the dependence of the scalloping amplitude
on the side-band mode pattern of the antenna and the height of the scatterer above
ground. In obtaining Eq. (77) it has been assumed that the r.f. phase of the carrier
mode complex pattern is equal to that of the side-band mode complex pattern. For
the present discussion we consider the cases when the standard VOR system uses

a standard VOR antenna and a large gradient ( 23dB/ 6° gradient) parasitic loop
counterpoise antenna. In both cases the antenna is assumed to be located 15' above
the ground and the operating frequency is 109 MHz.

In our first quarterly report [9] it has been shown that the side-band mode
pattern s’sr(e) for a standard VOR antenna located 15' above ground contains a local
minimum at 6 = emin ~76° and a loc;l maximum at 6 = Gmax~ 83°. For the large
gradient antenna at the same height SS (6) does not have any appreciable maximum
of minimum in this region. We compare the observed scalloping amplitudes with
both antennas for orbital flights at these two angles. "It is assumed that the scattering
source is isotropic and that A =0, 1.

Figures 9 (a) and 9(b) show |Sl‘ and

S, | as functions of (@~ ¢1) for the
standard VOR antenna located 15' above ground for the scatterer located at different
heights above ground. These results apply to an orbital flight around the station at
0= eminN 76°. Corresponding results for the same antenna for an orbital flight at
0= emax~ 83° are shown in Figs. 10(a)and 10(b). In general it is found that the
scalloping amplitudes are less for 6 =0 .
max
Corresponding results for the large gradient parasitic loop counterpoise

antenna are shown in Figs 11(a) and 11 (b) for orbital flights at 6 = 0min' In com-

paring Figs. 11 and 9 it is found that the large gradient system produces smaller
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course scalloping amplitudes. This is attributed to the large gradient possessed
by the vertical plane side-band mode pattern of the parasitic antenna.

Figure 12 shows l S2

vs. (¢-¢1) for standard VOR and large gradient
antennas located 15' above ground and for orbital flights at 6 = Gmax~ 83%, In
both cases the scatterer is located 100' above ground. Observe that in this case
the difference between the two scalloping amplitudes may be assumed to be negli-

gible except near the maxima where it is about 0. 50.
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vil
CONCLUSIONS

A rigorous theory has been developed for the course scalloping amplitudes
in the bearing indications of a standard VOR receiver located at a flying aircraft.
The receiver characteristics have been assumed to be ideal. The general behavior
of the available observed scalloping amplitude amplitude results appears to be in
agreement with the theory. Numerical results have been obtained for the idealized
case of an isotropic scatterer located at various heights above ground. The results
indicate that in general the use of a large gradient antenna reduces the observed
scalloping amplitudes.

During the coming period numerical results will be obtained for various
heights of the VOR antennas and the scattering object above ground. Thoughts
also will be given to the case of more realistic scatterers, i.e., non-isotropic
multipath sources and also to the influence of the detailed scattering properties

of the multipath source on the scalloping amplitudes.
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