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Abstract

A new set of integral equations with reduced unknowns is derived for the model-
ing of two-dimensional composite scatterers. In accomplishing this reduction the
scatterer is first simulated with thin curvalinear layers of material. The traditional
integral equations corresponding to each inhomogeneous layer are then manipu-
lated in a manner allowing the identification of a new equivalent current component
to replace two of the traditional ones accross the layer. A major effort in this study
was devoted to a moment method implementation of the new compact set of in-
tegral equations with special attention given to the analytical evaluation of the
diagonal and near diagonal elements of the impedance matrix. Several scattering
patterns are presented as computed with the new compact set of integral equa-
tions. These are further compared with measured data and computations using

alternative analytical techniques.
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Chapter 1

Introduction

Conventional approaches for the numerical computation of the electromagnetic
scattered fields by inhomogeneous dieletric scatterers entail the formulation of a
system of integral equations for the determination of the induced polarization
current densities. These can then be used in the radiation integral for the compu-

e

tation of the scattered field. Assuming an e™** time convention, the electric (J)

-

and magnetic (J*) polarization current densities are traditionally defined [1] as

- —

T = —ikeYo(e, = 1)E , J* = —ikoZo(p, — 1) H (1.1)

where ¢, and p, are the relative permittivity and permeability, kq is the free space
wave number, Zy = 1/Y, is the free space intrinsic impedance and E and H denote
the electric and magnetic fields within the dieletric medium. For the general three
dimensional case, (1.1) involves six independent current components which must
be determined usually via a numerical solution of the pertinent integral equations.
However, when (1.1) are applied to a two dimensional composite scatterer, with TE
or TM plane wave incidence, only three unknown current components are required

for the complete characterization of the scatterer. Thus, in the numerical imple-



mentation of the pertinent integral equations 3N unknowns must be determined
if N denotes the number of cells comprising the discretized scatterer. As is well
known, the required computation time for the solution of a system via a matrix
inversion method is proportional to the cubic power of the number of unknowns.
Thus, any reduction in the unknowns translates into a substantial improvement in
the computational efficiency/economy of the solution algorithm.

In this report we derive a new set of integral equations as applied to two dimen-
sional composite scatterers involving a reduced number of unknowns. Particularly,
it is shown that the complete modeling of the scatterer can be accomplished with
two equivalent current components over its cross section versus the three current
components usually required with the traditional approach [3,4,5,6,7,8]. In accom-
plishing this reduction we first subdivide the scatterer into thin inhomogeneous
curved layers of material. The integral equations corresponding to each layer are
then manipulated through various integrations-by-parts, differentiations and rear-
rangements. This allows the identification of a new equivalent current component
to replace two of the traditional polarization currents accross the length of the
layer. Namely, the axial and one of the transverse components (to the cylinder) of
the polarization current are effectively replaced by a single mathematically equiva-
lent current component. The normal component of the polarization current at the
two terminations of the layer, though, cannot be eliminated. However, assuming
that the extent of each layer is long, the presence of these last components do not
add appreciably to the total system of unknowns. Thus, the presented modeling

formulation allows a reduction of the unknown current components from 3NV to es-
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sentially 2N. It will be seen, though, that this reduction in unknowns is achieved
at the expense of complexity in the resulting integral equations.

To demonstrate the validity and applicability of the derived integral equations
to cylindrical scatterers of arbitrary cross section and composition, we have con-
sidered the numerical implementation of these via the method of moments. In this
implementation we employed pulse basis expansion functions and point matching
primarily for the purpose of simplifying the derivation of the matrix elements. Spe-
cial attention is given in this report for the evaluation of the matrix elements and
particularly the diagonal (self cell) and near-diagonal ones. As usual, the integrals
defining these are associated with integrands involving the green’s function which
is singular at the self cell and must be evaluated via analytical means. This is
accomplished by employing the small argument expansion of the green’s function
to obtain an integral that can be evaluated analytically. By keeping sufficient
terms in this expansion we have attained an extremely accurate evaluation for the
diagonal and near diagonal matrix elements. As will be seen, such evaluations are
of particular importance in the case of vanishing thin adjacent layers. An example
of such a situation is a perfectly conducting surface on a dielectric layer.

Several scattering patterns are presented using the developed code, described
above, for a variety of composite structures. These are also compared with mea-

sured data and computations via alternate numerical and analytical methods.
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Chapter 2

Review of Standard Integral
Expressions

In this chapter, we derive the standard integral expressions for the fields gen-
erated by the presence of two dimensional electric and magnetic currents. From
Stratton [9], the most general expressions for the electric and magnetic fields are

(in terms of Hertz potentials)

5 - a2 - d

B =YV 1~ el - uV x =11 (2.1)
B =y — et 1 ev x L 2.2
= Hegm™ TEV X g (2.2)

In the above equations, € = €,€9, 4 = pi, o and the Hertz potentials II and II* are

given by
=12 T3d (= 0\ 7.1
II= - V,JG (7,7 dv', (2.3)
fi* = % [ () a, (2.4)

where J and J* denote the electric and magnetic currents, respectively. In addition,
G®Y(r,) is the three dimensional free space green’s function and V' is the volume

occupied by the currents. Employing the e~** time convention, (2.1) and (2.2)
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become:

E*=VV. 10+ ki +ikZV x II* (2.5)
H°=VV.-10* + KIi* - ikYV x 1T (2.6)

with k% = w?ue, kZ = wp, and kY = we.
If we are interested in the field scattered by a generalized volumetric material in

free space (see figure2.1), Maxwell’s equations within the material take the form:
VXE = iwpH = iwpo— J* (2.7)
VXH = —iweE = iweg+ J (2.8)

where J* = —iwpo (, — 1) B and J = —iweo (¢, — 1) H are the equivalent electric
and magnetic currents. Thus, the volumetric material can be replaced by equiva-
lent currents acting in free space. This allows the field expressions to be written

solely in terms of free space parameters,

E* = VV -1+ kMl + ko ZoV x II*

H* = VV-II*+ k0" — ikoYoV x I

~ YA

i = sz" JG¥ (7,) dv

B Y,

i = ’kof’ JGH(F, ) dv (2.9)

Expanding the above field terms we find that

d? d? d? d d .
dz? dzdy d dz dy dz

B = (k2H + =T+ T, + =11, + ik Zo—1I% — ikoZo——117 | &

a2 , a2 d? d d_\.
+ (ddﬂ—{-kﬂ +d2H ddH+2k0Z0—H —Zkong Hz)y

13
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+ (dj;ﬂx+ ddd I, + k210, +j211 +zkoZo;;l—H z‘kozod%ng)é
(2.10)
and
g = (kgH; dd2211;+ ddzyn ddd —Zkozojn +2k0Z0d )
+ (25—11* kQII*+%H; dj;zH:——ikOZojH +zk0Z0—Hz)
+ ( df;n;+ dj;yn;+kgn’;+§;nz ikoZo— ddH +szZOCZ/ )

(2.11)

Substituting the full expressions for the Hertz potentials, we further obtain

3——@ 2 d2 d2 d2 3d (= _ *i_ *d 13d (= !
E;= o / (Ja: [ko-l-d > +Jydxd +szwdz G (7, 7) dv' / J: ‘a Jydz G (7, ) dv
d
Ey= ZZ" (J [ + ddz] +J, d_dEl—) G¥ (7, 7) dv’ — /V ( ;2";_ J;a_g_c) G (7 ) dof
Z a2 . d d )

: 2o (dezdx yd d + J, [kz + 3—2]) Gad (7‘,1_"') dv' — /;”(Jy.; - Jz@ G (7,,7:4) dv’

Y d? d? . d d } ,
i (J [ ] gy T d:cdz) GH (R ' + w(%g —Jy7 | G ) do
s 2Y d2 * d2 - d d — - !
y 0 (J +J[k0 d 2}+sz d )Gad(r,f")dv’_*_/‘;l (Jxa';_c]zzl‘; Gad(r,r)dv
zY ) \ &2 } d d o
H:= 0 ( “dzdz +Jy dzd +J; [ko t dz 2]) G* (7, ) dv' + V,(Jy% Jz dy) G* (7,7 dv

(2.1

In order to specialize these equations to the two-dimensional case, all derivatives

with respect to z must be equated to zero since in the two dimensional case there
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is no field variation in the Z direction. After doing so, we obtain

.7 pE 4 »
E; = ;—;/V,(Jz[khd l+Jydd )G3d(r,r)dv'—

s _ 120 d? 2 d? 3d (= N\ 7.1 * 3d (= N\ 7.1
E, = i /x/'(Jdd + Jy [k +d2 G** (7, 7) dv +/V/J2de (7, ™) dv

3d (= o /
. zdyG (F,r") dv

d
E: = izok(,/w J.G¥ (7, 7) dv' — /V (J*— - Jr— d) G (7, 7) dv’

yd:l' :l,‘dy
s 21/0 * 2 d2 x d2 3d /= , i 3/ ,
H, = o /v (J lk +d 5 +Jyd 7 G* (7, 7") dv +/’Jz G (7,7 dv
s _ Yo L e & d i o
H, = E‘AI (J * dyda +J, lk d = | G (7,7) dv' — deG (7,7 dv’

. * — d d -
H: = Yok /V JGR(F ) dv' + /V , (Jy;l-; Iy dy) G (7, ™) dv'. (2.13)
Since J and J* are independent of z’, the integration over z’ can be carried out as

/ TG =

—00

/oo eiho/(e=a" 2+ (y=y' 2+ (z=2f
— 4y f(@ -2+ (y — )2 + (2 — 2/)?
/oo ethor/ PP +(z—2')?
- 47r\/p2 + (2 — 2/)?
1.
= = (ko)

?

dz'

= G¥(7 ) (2.14)

where H, él)(kop) denotes the Hankel function of the first kind and zeroth order and
G (r,7") is the two dimensional Green’s function. Substituting (2.13) into (2.14),

we obtain

12y d? d? d
Es — / i 2 2d (= A ! * 2d /= /
o T Ju (J [ko + _dm2] + Jy_da:dy) G* (F,7)dA" - Jz & —G* (7,7)dA

s _ lZO d2 2 d2 2d (= A ! * 2d (= !
E: = kO/AI(JT,M+J[k+d2 G¥ (7, 7 dA+/Jz G¥ (7,7) dA
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d . d
s 2d (= 1 *x & o2 2d (= !
E: = zZOkO/A,JzG (7,7)dA /A (Jydm dey)a (7,7)dA
Y d2 d2 — = d ond !
=3, ("; [’“‘“w] “ng) GH(,7) A+ [ 0,76 (77 dA
Y d2 d2 . d .
1y = 5o (v v [ g e eman | s geean

d

d
s _ *¥2d (o N ! 2d (=2 d I' )

We can now derive integral equations for the solution of J and J*. Tt will suffice
to consider development of the E, and E, integral equations, since the evolution
of the remaining integral equations parallels these two cases. Rewriting E? from

(2.15) in a slightly different manner, we have

, i , & & P BN\ ot
B = 4 /A (Jf [k°+dx2+dy2—dy2 T vy ) € ()4

[ 4G (7,7

dA. .
[ i (2.16)

We can subsequently employ the identity
(k{‘} + 7o + —2) G¥ (F,7) = —6(F — ) (2.17)

and assuming that the field is measured within the volumetric material, (2.16)

becomes
17, 17, d? d?
Es Sk Jxls-»_-wldAl ___/ —J,— el 2d (= !
. o L (F—7")dA + I A’( de2+Jyd:cdy G* (7,7)dA
*dG“(F,F’) ,
- A/Jz 2 dA'. (2.18)
It is now observed that
VA . 12y
- 22 [ (~LS(F-7)dA = B4 2,
i A’( (F—1))dA E; + koJ



= E°+ Eé( —ikoYy(e, — 1)(E™ + E2))
ko

= Ej+ (e —1)(E;*+ E))
= &(B*+ E;) - E;*

= ¢ E¥ - E™, (2.19)

Furthermore, recalling that J, = —ikoYo(e, — 1) EL*, we find

tot  __ 1Zo
Ex N (5 — 1)k0Jx

= RJ,, (2.20)

where R is usually referred to as the resistivity. Substituting (2.19) and (2.20) into

(2.16) we obtain

inc zZO d2 d2 2d (= ! * G2d( ) !
Ein = ¢, RJ, + kO/ (de—w—Jydxdy)G (7, 7) A + AlJTdA
(2.21)

The E,, H,, and H, equations are obtained in a similar manner. We note, however,

that for the £, and H, components, we must also make the substitutions:

E: = EY — E" = RJ, — EI™ (2.22)
H:=HP — H™ = R*J: — H™, (2.23)

Summarizing, we have
: 120 d d dG (7, )

Eime — / i 2d ] / * ) !
h &R+ — ke [J Iy yda:dy]G (7, 7)dA" + A,Jz————-—dy dA
nc  __ ZZO d2 d 2d (= ] *dG2d(F3'FI) !

E™ = ¢RJ,+ k‘o-/ [ T +Jy:i—2]a (7yda = [ ==

E" = RJ —ingo/ J.G* (7, ) dA'+ J* d - Jr— d G (,7) dA’

# ‘ A’ ’ Ydz Tdy ’

18



. ZYO d2 d2 2d /= ¥ ! dG2d (F, F’) !
inc _ * T . J* dA' — z—dA
H W R+ / lJz 77~ hrgar| G ) [ =

. Z)g d2 d 2d (= ! G2d(F’ ) !
mc * Tk — * — ' 7dA
H; p,RJ+k0/[ded+JydzlG(T, dA+/J T d

. d d
Hi" = R*J—ikoY, /A ,J;G“(F,F’)dA’— /A , [Jy% dy] G* (7, 7)dA". (2.24)

The above form a set of integral equations applicable to dielectric/magnetic
cylinders of arbitrary cross section and material composition. Their direct numer-
ical implementation, however, can become cumbersome for scatterers associated
with curvalinear surface material boundaries. Therefore, it is instructive to ob-
tain a set of integral equations suitable for modeling curvalinear layers of material.
Such a set must then utilize the local directions of the layer over the integration.
We denote these directions as §' and #/, where §' is tangent to the curvalinear layer
at (z',y'), the integration point and 7’ is the corresponding normal to the layer so
that 8’ x n . Furthermore, we may express the location of each integration
point in the new coordinate frame (3,7, %) by (s’,n’). Similar transformations
may be introduced for the observation point so that the directions (Z,3,%) are
transformed to ((3,7, 2) and the coordinates (z,y) to (s,n). We now proceed to
implement the above variable substitutions in the integral equations (2.24). Again,
attention will be confined to the E, integral equation with the understanding that
similar steps apply for the integral equations involving the other components.

Suppose we have some arbitrary cylindrical material configuration which has
been partitioned into thin layer where the observation point is within the material
and is defined by the coordinates (s,n). Since it is immaterial in which direction

A

we orient the x and y axes, it is to our advantage to orient them so that & = 3,

19



and § = n. From (2.24)

. 2 2
B = ¢, RJ 420 / [J d - ]G“ (7, ") ds'dn’+ [ J:
Al '

a dG* (7,7)
ko *dn? "dsdn

- ds'dn’.

(2.25)
The integrals in the above equation are over §' and @/, it is necessary that the
corresponding integrands be expressed solely in terms of these variables rather
than s and n. The second integrand in (2.25) is already in this form and it is

required to only consider the first integrand of (2.25). We have

d? d2 2o ; - - dgHél)(kop)
("%‘Jnm)G (77) = 7 (o8- + Iw(3-n) —o
L (T & oy CH (kop)
_Z (Js;(n 3)+Jn:(n n)) den
_ d —Zko . LA L. (1)
= %[ 1 (Js,(s S)-I-Jn:(s-nl)) (P'n)Hl (kop)l
d [=iko, . = - o
_%l ; (Jo(i- )+ Ju(h ) (5 3)Hf (kop)}
= d |ik hes (-8 5D / (1)
= %[TJS’ ((n 3)(,0 S)—(pn)(s 8))H (k‘ p)]
i @ A A[ A A A f (1)
+dn[4Jn'(<" n)(p-§) = (p-A)(3 - ) H (kop)
However,
(A-8(5-8) = (p-A)(&-8) = (Ax3)-(5xp)
= —2:(s'x))
= 2. (px9)
= p-(s'x %)
= —p-n’ (2.27)

20



and

Il
)
—~

S

X

N>
~—

I
>
m\

(2.28)

implying that

2 2
(J 4 _ ;-2 )G“(f',f') =

*dn?  “"dsdn

R0 (-8 = Ju(5 - 1) HP (o)
4

dG¥ (77) dG¥(7,7)
(Jn, = Jem— ) (2.29)

d

dn
d

dn

Thus, E"® may be written as

: iZg d dG¥ (7, dG¥ (7,7
mnc — — — 1 2 —_ ! ! d Id !
E, &R, + ko Jardn (J” ds’ : dn' san
2d (2
+ / s GLFR) (2.30)
A dn

As discussed earlier the integral equations for the other components follow in a
similar manner. Introducing the definitions J = Z,J, R = R/Z,, and R* = R* /Yo,

the complete set of integral equations in terms of localized variables is

in B . _ 2d (= N d (2
Es~ _ Js _ ? _ i " dG (7', r ) _ Jn’ dG (T’ r ) dsldnl
ErR kOE'rR 4 dn dn ds’
1 *dGM (7))
+erﬁ’ A I dn ds'dn
Eir . ; d (= dG*(F,7) - dG*(F,7)\ |, .,

21



?

!
- AL P ds'dn
_iko [ 7 6o (7 ) ds'dn
R Ja
1 L dG¥ (7, ) . dG¥ (7)) s
+'I=é' " ( s! dn’ - Jn’ ds’ ) dS dn
0 d dG¥ (7,7) , dG¥ (7, 7) ,
kopir R* /A' dn ( dn' T ds' ds'dn
1 - 2d (2
1 / sz (7,7 )ds'dn
NTR* A’ dn
1 LAG2 (7 ) , dGH (7 7) ,
kOﬂrﬁ* /A' ds ( dn' T ds' ) ds'dn
~ 2d = -*/
/ dG r,r AGT([0F) 4 g
MTR* [
sz *v2d — !
i ,JG (F,7)ds'dn

1 ~ dG¥ (7. ~ dG2 (7 7
. (Js, GLIN dg’r))ds’dn'. (2.31)
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Chapter 3

Development of Compact Set of
Integral Equations

The integral equations developed in the previous chapter involve a total of
six unknown current components which reduce to three provided we assume an
E.(H: = 0) or H,(E! = 0) incidence as is usually the case. In particular, for the

H, incidence case the three relevant integral equations are

Einc - : - 2d (= . 2 (=
- e B Y ) PUPY
A dn

STR ko&rR dn' ds'
2d (2
L J;Mds’dn'
e.RJa dn
Einc ~ 1 dG¥ (F,7) ~ dG¥ (7, ™)
- =J, J:—-’——Jn:—’— ds'dn’
R +k05,,R /A' ds ( dn' ds’ san
2d (=
L J: iG_(r__ldsldn
e R Ja ds

VA Hz'nc k
oy g Mo / J:GH (7, 7) ds'dn'

1 T dG2 ( T,T ) T dsz(FaFl) 1.1
—E " (J,l dn/ —Jnl ds’ ds dn'. (3.1)

As will be shown in this chapter, it is possible to reduce that number of unknowns

in the above equation set by introducing a known equivalence between electric and
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magnetic currents [2]. Before proceeding with the application of this equivalence it

is necessary to first introduce certain modifications in the integral equation (3.1).
Noting the identies

dG% (7, 7) _fi_ dG¥ (7, )
dn ds’ ds’ dn

ds (d_GTEFi)) - %(%@) (3.2)

and employing integration by parts in the integrals of (3.1) involving J,, we find

that
) ~ 2d (= . 2d =
) _ Jn;i dG (T,T) ds'dn! = ¢ J ,Mdnl |endpaints
koe, R J A dn ds’ ko&',-R c’ dn
L[ dTdGH G
koe,.R Al dS dn
—i o= d (dGEFER) 5 462 (7 )
R "ds , d = ""_— ' endpoints
koErR/ ! d8< ds’ )ds " T hek o T s lndpin
7 dJ dG* (7,7 .,
T ek ludy  dn e
dsz( ) ! ]- 2d /
_E_: A Jnl ds’ ds dn - R* c! Jan ( r,T )dn Iendpoz'nts
SN
- ), G dsdn. (33)

Substituting these expressions back into (3.1) and introducing the equivalence [2]

J =J; - i%ﬂi we obtain
Einc ~ 7 ~ d dsz(F )
8~ — Js_ — Jsl"— ] ! !
iy koe, B Ja dn’( in ) dsn
1 - 2d
J*Mds'dn/
e, RJa dn
? ~ dG*¥ (7, )
~ n’——,d endpoints
b B Jor ™ a4 lendoin
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B o G [ 5L (G gy
e.R " ke, RJa " dn! ds
2d
A j:———dG (77 )ds'dn'
&R Ja ds
i dG™ (7, 7)
— /_—‘——d ! endpoints
koe, R c'J ds " lendpoin
Zﬁg‘z — : ZkO/ J*GZd 7 7 dS,dTL
2d
Js M’—)-ds'dn'
R* Al d !
1
+R* IJanZd (F, 7_"’) dn, |endpo£nts . (34)

To remove the remaining component of J, in the E, integral equation we first
diffentiate that equation with respect to s, multiply by —i/ko and then add it to

the H, integral equation. The resulting equations are

Eine - i e d (dGE@FEM) .
5TE = Js - kog R /A' JSIEE; (——dn_ ds'dn
1 ~*dG2d( ) 11
+€rR J; ———-—dn ds'dn
dG?d i)
k0€r / dn |endpoints’
ZoHire 3 t dE,';"C B zE‘"c
R* koe, R ds ko ds
- [l L _1ld 4a__1 &
a7 dn' R k2 ds R ds k2, R ds?
1d d 1
_ kod* | = - _ | = _ 2d (= 131
/A,“’z[ gds( ds kgngs]G (7, 7) ds'dn
~ 1d d 1 d?
+ [ [ T Rds ( s~ ke, Rds?

(3.6)

Clearly these involve only two unknowns throughout the cross section of the

inhomogeneous cylinder, namely J, and the equivalent magnetic current j:. In
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addition, there remains a presence of the J,, components only over the outer surface
of the cylinder coincident with the 7t direction. When considering a layer simulation
of the structure, these J, components are in fact the currents at the two ends of
the inhomogeneous layer in the direction normal to the layer. It should be obvious
that since the bulk of the unknowns is certainly within the cross section of the
cylinder, the presence of the above J, do not add appreciably to the total system
unknowns. Thus, with the derivation of (3.6) we have in essence reduced the
system unknowns from 3N to 2N. Considering that the computer time required
for the numerical solution of a system is proportional to the cubic power of the
number of unknowns, equations (3.6) call for a tremendous increase in the efficiency
of the intended numerical solution in comparison with that required for a solution
of (3.1). However, it should be noted that we have achieved such an efficiency
by increasing the complexity of the resulting integral equations. As will be seen
in the next chapter, the numerical implementation of the higher order derivatives
appearing in (3.6) must be evaluated with extreme care especially at the self cell.

In the next chapter we consider in some detail the numerical implementation

of the compact set of equations (3.6).
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Chapter 4

Solution of the Compact System
of Integral Equations

4.1 Formal Solution

Although the compact set (3.6) may be solved as is, it proves more convenient
to utilize the E, integral equation in (3.4) as an additional auxilliary equation to
be enforced at the strip edges. This, of course, does not bring about an increase
in the number of unknowns.

Before proceeding with the details of the numerical implementation of (3.6)
the following definitions are made in an effort to simplify the discussion on the

subsequent operations. Namely, we define

= L0

") = R

Ao L) i dERR) B d 1
() Bx(r) ke (F)R(F)  ds ko ds («er(F)R(F))

i) — B

e-(FR(M)
1 dG*P(7,)

(VR dn

A =
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1 d) op, -
kods( )—s ke, (7 B(F) ds? G
177 = D (w1)
T aMR() ds

Furthermore, introducing the subscript ¢ = 1/2 to denote leading/trailing edges,

f(F ) = [

the new system augmented with the E, integral equation of (3.4) may be written

a() = T+ [ 7ol [ ’dfl(g;’" ldA'+ [ FOAG A [ Tl [i(‘;)q fl(F,F')] dn’
(42)

9:(f) = T2+ [ ol [‘—dfd—(—) A+ [ T2 (=iko) fal, VA [ TP (1) o) dr
(4.3)

05(7) = Tu(F) 4 Tl [’Odf?fl;,")_ A+ T )1dA'+/C;7nf(r*>[‘“,; ”qu(ﬁr*)] i
(4.4)

where (4.4) will be utilized only for generating the additional equations needed for
the determination of J,(7) at the terminations of the layers. Assuming that the
material has been partioned into thin layers, let each layer be further subdivided
into a discrete number of expansion cells (totalling N for the entire body), whose
area is denoted by A;,i = 1, N (see figd.1). The currents J, and f; may now be

expressed by a series of expansion functions with constant coeficients, viz.,

J(®) = Y [KuPH() + ATul(?)]

F)? TEA,'
ré¢ A,

Pi%(’?) =

%

L) = X [KEPHE + AT
Y
{ (4.5)
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termination surface elements
oflength Cnyq Cy,g

=

i" cell of area A |

5t cell of area A

termination surface elements

Figure 4.1: Discretization of the layers comprising the scatterer.
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where h24(7) is the basis function corresponding to the i** cell and AJ(7) with
AJ%(7) have been introduced only to make the equation exact. Let now N4
be the number of expansion cell edges which lie along layer edges, denoted by
Ci,i = 1,N®%¢, Note also that since in the solution of (4.2) to (4.4), we require
knowlege of J,(7) only along layer edges, we may replace J,(7) by Je%¢(F). The
current component J¢%¢(7) may subsequently be expressed as a series of expan-

sion functions with constant coefficients (over C;,7 = 1, N*%¢), augmented by a

difference term, viz.,

Nedge

Joe) = 8 [KuiP() + AT
1=1

{h}d(f’)’ reC;
0, F¢C;

It is clear that expressions (4.5) and (4.6) contain 2N+ N°%¢ unknowns. These can

Pild(f) = (4.6)

now be substituted into (4.2) - (4.4) and the resulting equations may be rearranged
so that the terms involving AJ are collected on the left hand side of each equation
while the remainder of terms are gathered on the right hand side. In the application
of the method of moments for their solution, it is then customary to multiply both
sides of the equation by some weighting function. The integral equations can be
subsequently integrated over the width of the weighting function which usually

spans the extent of a single cell. Appropriate weighting functions are

w?d(f') T E A;
Wi () = { (4.7)
0 7 ¢ A
for the case of (4.2) - (4.3) and
wi() e

W) = { (48)
0 7 ¢ C;
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for the case of (4.4), where w??, (w}?) is an arbitrary function corresponding to

the 1 cell(edge). When these are now employed in the procedure duscussed above

and the weighted integrals involving AJ are set to zero, we obtain

Gl=ulK,;+ YN FiK, + ¥ FIK: + zj-";f“ F,%K;;?ge i=1,2,...N

J=171457" 2)

G? = K+ YN FAK,; 4+ YN PSR+ N FSKEe ;i=1,2,...N

1 j=1"1j j=1" 145" 23 1o ng

GF = 'Kl + DI FIK + DIy FEKG + D05 FREGE i= 1,2, N*%

=175 137 25
(4.9)
where, upon definition of the operators L, L}¢, M jzd, and M }d as
L¥f) = [ wF@f(FiA
L) = [ wlif(Fdn
MED) = [ B
M) = [ B (4.10)

we have

G = L?d(gl)
G = L¥g)
G = Lgd(%)
W = IR

uld = LM(h}Y)

=i dfy(7, 1)
Fl — ppp2d | PEUNTLT)
: MJ (ko dn’ )

FL = LFMP(fi(F, 7))
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FE = LMY (1))

ry = o (2 ). (w11)
Equation (4.9) may be also written in matrix form as

G (Y] P [FY (K,

Gt =|[FY [F] [(F || K> (4.12)

G3 [ F7] [FS] [F9] K:idge

where F are the impedance matrix elements given in (4.11) and F’,’; are given by
I d
Fy = Fi+yiuf
Fj = Fj+yul?
Fj = Fj4yu® (4.13)

with v;; denoting the kronecker delta function. A solution for the current expansion
coefficients K,, K} and K&%° may now be found via standard matrix inversion
techniques. However, before this can be accomplished it is necessary that all
integrals in (4.11) be first evaluated numerically or analytically. Specifically an
analytic evaluation will be necessary for the self cells and a numerical one for most

of the other cells.
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4.2 Selection of Basis and Weighting Functions

To simplify the evaluation of the matrix elements we will employ a rather simple
form of basis and weighting functions. Specifically we will employ pulse basis for

the expansion of the current, implying
B =1, AH(7) =1 (4.14)
and the weighting functions will be set to
wi'() = §(F - 7), wi(7) = §(F - 7), (4.15)

where, as shown in Fig. 4.2, 7; denotes the centroid of the :* cell or the center
of the i** edge element. Using the above weighting and expansion functions, the

elements of the excitation vector become

Gl = gu(f) = Ei ET,'Z
| e () B(7)
2_ = ZoHZ"(73) i dEP(R) iEye() d 1
Gt zgz(r") = Dul/ = - =\ /= - A —+\ 7/ =
R*(7) koe,(7;)R(7)  ds ko ds \e.(7)R(7)
Einc *z
G =gs(F) = ) (4.16)

~ —i dfy(7,7)
FLo= A —tadnt)
Y 7J+-/Aj(k0 dn’ e
Fio= [ A7)

i_l)q -
B = [

—dfy(7, 1)
F: = / A S A
Y Aj ( dn’ P




By =yt [, (ikoh(7, )

s = [0

7

=, (—fs(ﬁ-,F’))

~ —-z -
Fi o= i+ / f3 (75 ) (4.17)

5
[«
]

Two different integration schemes will be considered for the evaluation of (4.17),
depending upon whether a rectangular or uniformly curved (circular) cell is as-
sumed. In the former case, the cell evaluations may be done with high degree
of accuracy for all values of p, where, as usual, p is the distance from the point
of observation to the point of integration. However for the latter case (uniform
curvature) the cell evaluations will be in certain cases more approximate depend-
ing upon the magnitude of p and the size of the arc subtended by the cell of
integration. Cells of non-uniform curvature (e.g. elliptical or parabolic) are not
considered in this report. The type of integration employed will vary according to

p as summarized in Table 4.1.
4.3 Definition of Coordinates

In the evaluation of the impedance elements requiring integration over rect-
angular cells, it is convenient to introduce the geometry shown in Fig. 4.2. The
coordinates/components of the labeled points/vectors are the ones which are re-
quired in the subsequent analysis. It is further necessary that some of these be

defined with respect to two coordinate frames in the case when a singular evalua-
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Regime Straight Edge(Rect. Cell) | Circular Cell

kop > ay (2-dim) 3pt. Simpson’s rule | 2-dim. 3pt. Simpson’s rule

a; > kop > a3 | (2-dim) 5pt. Simpson’s rule | 2-dim. 5pt. Simpson’s rule

az > kop analytical evaluation 2-dim. 5pt. Simpson’s rule/analytical

self cell analytical evaluation approx. analytical evaluation

Table 4.1: Criteria Used for Integration of Impedance Cells

Figure 4.2: Coordinate frame used in the evaluation of impedance elements which require
integration over a rectangular cell.
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Figure 4.3: Coordinate frame used in the evaluation of impedance elements which require
integration over a circular cell.
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tion of the element is required. One of these coordinate frames is associated with
directions (8',7/, 2) and has its origin at Op. With this coordinate frame as our ref-
erence, the following definitions will apply (the Z directed component is suppressed

because of the assumed two dimensional geometry):

Sobsy Mobs) : &' and n' components of the vector 7
s',n') : 8’ and n' components of the vector 7
iy M) : §' and 7' coordinates of P;
$jy1;) : 8" and 7' coordinates of P;

: §' and 7' coordinates of Pj;

8;—08;/2,n; 4+ 7;/2

(s

(

(

(

(5 —6;/2,n; — 7i/2)

( ) : § and & coordinates of P,
(sj+6;/2,n; 4+ 7;/2) : § and A’ coordinates of P;3
( )

8+ 6;/2,m; —71;/2

: § and 7’ coordinates of Pjq.

The other coordinate frame required in the analysis is that associated with same
directions (§',7n’,%) but with origin shifted to P;, With this coordinate frame as

our reference, we introduce the following additional definitions:

8;—6;/2—s;,n; —1;/2 —n; : 8" and 7'coordinates of Pj;

T,

T2,Y2) : 8’ and f'coordinates of Pj,

$j+6;/2 = si,n; +1;/2 —n;

( (@101
(sj = 6;/2 = siyn; +7/2 — n;) = (2, 92)

( (z3,ys) : §' and A'coordinates of Pj3
( (@40

)
)
)
)

8j+0;/2—s;,n;—71;/2—n; T4,Y4) : 8’ and fi'coordinates of Pjq

pr=1/(z1)* + (3)?
p2 = 1/(22)? + (y2)*
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p3=1/(z3)* + ()

pa=/(z4)* + (y4)*.
In the evaluation of the impedance elements requiring integration over circular
cells, we introduce the geometry shown in Fig. 4.3. In this situation, it proves
convenient to define a cylindrical coordinate system (p’ 0 %) with origin O’, the
local center of curvature of the j** cell, and axis 6 = 0, which contains the point

P;. The following definitions apply with this coordinate frame as our reference:

Dobs, Oobs) : p’ and g’ components of the vector 7
p',0") : 9 and 6’ components of the vector 7'
i, ;) : p' and 0" coordinates of P;

;,0) : p' and 0’ coordinates of P;

(
(
(
(
(p; — Ap;/2,—A6;/2): §' and §’ coordinates of P;
(p; + Ap;/2,—A0;/2): # and §' coordinates of Pj
(ps + Ap;/2,A6,/2) : §' and @’ coordinates of Pj3
(

pj — Ap;/2,A0;/2) : ' and @' coordinates of Pj4.

4.4 Explicit Forms of Impedance Elements for Numerical
Integration

To perform the numerical integrations, a 5x5 grid of sample points is generated
for each cell. The parameter p given in Table 4.1 above is taken to be the distance
from the point of observation to the closest point on the sample grid. Below we

derive the final expression for the elements F}; as employed in their numerical
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implementation:

4.4.1 Element F1
~1
P

4.4.2 Element F!

Yij

Vij

Yij

Yi;

Yij

Vi = /:Mm —41—* [((ﬁ ) H{(kop))

+
/ o R(7) (p '_iko(ﬁ'ﬁ)ﬂf‘)(kop)) ) ] do’
+]

Rectangular Cell:

zj’

df1 (7, T
= %ﬁ—/ k’ (7o) 4 4

dn’
/s,+5_,/2 ;475 /2 "del(rn )

———=ds'dn’
§i/2 Jnj—1;[2 ko dn’ "

8j+8;/2 —3 w47 /2
Vii +/s _fl( ) n’=n;—rj'§2dsl

;=85 /2
s ) - - n'=n;+7;/2
Vi t / T :Z~ S s } o ds’'
5—8;/2 ko€r(7'i)R(7'i) L dn =T n'=n;—7;[2
_ n'=nj+7;/2
s;+6;/2 —1 —1ky ) ) ’
o+ . - ) Hy (k ds'
i 8—6;/2 kOgr(ﬁ,)R('F’z) ( 4 (p ) ' ( Op) =7 ] .1 /2
L n =nj—'rj

n'=nj+7; /2
] ds'  (4.18)

-
=1'"

=82 4e, (7)) R()

n'=n;—7;[2

Circular Cell:

159

i+Api /2 A8;12 —i df. (7.
o [ T e gt
p

i—Ap;/2 J-06;/2 ko dp’

Ab;f2 g - p;+Ap;[2 A6;/2 4 .
[ e A >1”f-5”iﬁi’ﬁd9'+/,, L ()

-a6;/2 ko i—Ap; /2 J-A6,/2 ko
Ab;/2 —1 ,dG(7,7) p'=p;+4p;/2 ’

+/ ———— |p dé
—-A0;/2 ko&r(r,’)R(’f‘;) dn 7=F p'=p;—Ap;/2

( dG (7,7
F)RE) \ dn

pj+Ap; /2 /A()j/2 :

pi=Ap;/2 J-A6;/2 koe,

) ) da/dp/

i

p'=p;+Ap; /2

A8;/2 koe,(7;) )
=P~ J

pj+Ap; /2 A8 /2 ; —-iko o o
~ . H / ’
/ o koer(mﬁ(m( (W (kop) | do'dp

i —Ap; /2

o
=7

a6/ . ) '=pj+4p;/2
) HO(k ]
/ A8;/2 4e (T )R (™) [(p (bR p))EF p'=p;—Ap;/2
pi+Ap;[2 rA8;/2 1
e — i I ) H(l) k do'dn’ 4.19
/p pi/2 /Ao,/g de.(7)R() ((P JH( OP))Fz P ( )



4.4.3 Element F?

1]’

Rectangular Cell:

B o= [ B

sj+75/2  [nj+7; /2

= 1 (’Fﬁ F,)ds’dn,
8;—8;i/2 JInj—7i[2
_ si+6;/2 pnj+75/2 _ ]-~ - (dG(F’ F,)) dsldn,
—-&; nj—5 /2 er(ri) (T1) dn F=ry
1 .

/2
W Sy
sj+6;/2 pnj+7i/2 —iko

/s, +6;/2 pnjt1i/2
/,

_— A.AH(I)k dld ! 420
i—0i /2 Jnj—1; /2 461‘(7:;)}2(77‘;) [(p n) 1 (Op)] san ( )

4.4.4 Element F32, Circular Cell:

159
pi+Ap;[2 A6 /2
o= / / 7 ) ('de' dp’
1] pj—Ap; 2 —A01/2f1(r 'I‘)(p p)

'

pj+Ap;/2 AG;/2 =tko, . .\ 1r(1) ] '
= -n)H; ' (k df'dp’
/p /_Ae,-/?. e.(7)R(7) [ (P A)EL(kop) T

;=Ap; /2 Ti =7

pi+Ap;/2 A6 [2 —ikg )
- oy () H (R ‘dg'dp’ (421
/p,-—Ap,-/z /—Aaj/2 4e,.(7) R(F) [(/’ ) Hy”( oﬂ)]r,ﬁip 14 ( )

_ /pj+Apj/2 /A91/2 1 (dG( )) pdo'dy’
pi-8pi/2 J-06;/2 €,(T) ( i) dn F=F
1

4.4.5 Element F}:

3 ko
nj+7i/2 9(—1)9
_ / ITTg 1,( 1) fl(ﬁ,fv)dn,

-/ ”—E‘L (5 W) EO (kop)] __ dn’ (422
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4.4.6 Element F3

9

dfg(r, )
4 ) !
F,»j = /AJ ———dA

/SJ+5 /2/‘"J+TJ/2 df2 T,, )d 'dn!
— n

8;/2 =75 /2
3;+6;/2 it
= [0 DA, 'J+”2d'

n'=n,;—1;/2
5 =6; /2 5=l

5;46;/2 1 1 d =n;+7;/2
-1l = - =——— | G(7,7)=r, ds'
/s,--sm( )l(R*m) kaer<F~>R<md32) (7:7) ] ’

'=nj—71;/2

Rectangular Cell:

—_— — 0-3H k , 3Ty
N v/s_,'—ﬁj/2 kg ds (er(F) (f-;)) 4 ((p S) 1 ( OP)) "=:,"“ n'=n;—7; /2

Sl L d H{ (kop) 2
+/ Lk ((5-5)? = (p.n)?) 2L E0P) '=n; 75/
5=8i/2 ke, (7;)R(Fi) 4 $ (637~ -7 kp ) L e

s;+6;/2 1 7 . A =n;+7;/2
+/ s T B (—ké(p-sfHS”(kop))F: ds'[

6+5/2 —g (1 (h-3)is, ) (1) +73/2
= - ~ + : L H k d, ;:nJ "
/sj—%'/z 4 (R*(Fz') &-(75) R() (FoPlees s bymn, o
sj+6j/2 _Z d 1 A A (l) ! —'n,1+7',1 /2
+/s,--s,-/z tko ds (er(ﬁ-f(ﬁ)) (6 HHED (kop)) _, ds'[n 200270

sj+65/2 ) A " A H(l) k nn'=n;47;
2 (-0 298] sy

i=812 de, (%) R(7 koo ).
(4.23)
4.4.7 Element Fj, Circular Cell:
o= /”"“"”"’ ’ / S T g
Y pj—Ap;[2 J-A;/2 dp,
Ab; /2 , 1P =p; +Ap; /2 pi+Ap; /2 AG; /2
= —p' fo (7, 7|5, 2P T AP g 4 / / 7 #)do'dp'
/—ABJ/Z [ p f2( )] =pj—Ap;j /2 pj—Apj/2 -Ad; /2 f2(r A ) P

41



~5—

a8;/2 Jpj-Apj/2 4 (7 E(r,
a6,/ Api/2 §
+/ 10_;22 [ 1/22 e ;—(ﬁ ((6- ) HP (kop) ,_ by’
Lo s (- )y
42
4.4.8 Element Fj, Rectangular Cell:
Vij +/ (—iko) fo(7i, ) dA’
- *:/: : /"’+/:2 (=iko) fo(F, 7)ds'dn’
8;46;/2 nj+1/2 d
= i /31_1;22 nji: (—iko [(é*tf"z) - kge,(f'f)~(ﬁ)293) G(F,f"');o:ﬁ.] ds'dn’
si+8/2 it/
L L Kklj () &) o] v
~ /3,25;2 /n,+f;22 };zko) zH (l;op),e;, ds'dn
] =T
/ o n::;f Elgd% (&(*{)1}“2(,?‘)) _iko ((5-8)H{ )(koﬂ))~= ds'dn’
s nj+r ; (1)
o L b s (1 (297 ) Hlkff;“"))m
L e )
= % / 3]:6;2 / nj:f ]ZO ( () ’ 66?522)) H" (ko) ds'dn

-/

+80;/2 —j (p- 5)3.:;'. 1 1r(1) 1¥'=pj+Ap; /2
a2 ( T p'Hy’(kop)r=r,d0 Ip’=pj'—Ap;‘/2

A2 1 d L N s ag® 17 =pj+Ap; /2
- = -8)H{ ' (k do'|P, P oE
+[A9j/2 4k0 ds (6,’.(—‘) (-o)) (p (p S) 1 ( Op)) P=F | =p; —-Ap]/Z

+46,/2 7 . ..
+ ———_.~—(p'((p-s>2—<p-n>

kop ""P]—APJ/2

T=7rg

2) Hl(l)(kOP) dﬂ'p =p;j+Ap; /2
-a6;/2 4e,(75)R(T)) .

+46;/2 i+Api[2 4 5. 8)2 .
+Laars oa ( N ¢ ;)T 3))H(1’(kop)r~=ﬁd9'dp'
s .




+ A / mtnltl d (_——_e,(v?-l .)) (5 8)HP (kop)) _, ds'dn’

=65 /2 nj—Tj/Z 4 ds

sj+6;/2 prnj+7;/2 1)
I 7 ((‘5§)2— (pﬁ)2) 1 “(kop) ds'dn’  (4.25)
5;=6j/2 JInj—7;[2 461‘ 7', rt)

4.4.9 Element F, Circular Cell:

19

- pi+Ap; /2 rAb; /2 ) . ,
Fim g 4 [ 70 [0 (=iko) flf )0 d0 dp
p

j—Apj /2 J-Ab;/2

+06;/2 pi+bpi/2 kg 1 (p-3
Vi T+ / / y real
Ad;/2 Jpi-api/2 4 R*(T) r(Ti)R(Ti)

+A6;/2 rpj+8p;i/2 ] d 1 A Ay gr(1) 1t gt
/ (er(rt )((p 8)H; (kop)) . p'dd'dp

I

A6;/2 Jp;—-Api/2 4ds )R (f‘,)
g e oy HY K S
(((p R e I

+40;/2 rpj+Ap;/2
~a0;/2 Joj-ap;/2 4, () (7‘:)
(4.26)

4.4.10 Element F:

F = /C(—l)"fz(ﬁ,f')dn’

J

[ e,

nj—1; /2

nj+75/2 1 1d 1 d 1 d
_]-q ~ - Ta . D e ————— —— G_‘,-’-o:;_o'd,
[ B R (er(ﬁ)R(Fe)) & BeR7) 1) 96 it
S ik

o
)
R
1]
<
U

nJ+TJ/2 1 2
/nJ—‘r]/2 ( ) kggr(f-:)R(T‘.;)4 ( 0(p S) 0 ( Op)) 7 n
(1 S
= —— =5 ) B (kop) s dr
/’nj—’fj/2 4 R*(F) er(ﬁ)R(-;) 0 ( OP) n



4.4.11

4.4.12

i

iy

nj+7; /2 (_l)q d 1 R ,
A = -8)H; " (k d
+[Lj—Tj/2 4ko ds (gr(f‘i)R(,:;,)) ((/’ 8)H, (OP))* - an

nj+7 /2 —y q 1) 0
+/n 7l ( 1)( )(((ﬁ§)2—(ﬁﬁ)2) Hl (k P)) dn'

=75 /2 46,( )R T kOp P
Element F;, Rectangular Cell:
. = =y
Ldf3(rnr )dA/
Aj ko dn'
/SJ+6 /2 mit7il2 g df3 7',, )d Idnl
5j—6;/2 Jnj—1;[2 kO
i+65/2 4 '=nj+7/2
~/s]-—-61/2 k f3( )|'n, =n;—1; /2
/sj+6j/2 ) dG(F, ’f—'ﬂ) lnl:nj+Tj/2d !
— — S
5=8/2 koe (F)R() | ds 7= n'=n;—17;/2
) ~ . n':n'+‘1‘j/2
s;48;/2 2 —'Lko (1) ’
_ _ 5. O\ HY (k ds'
/sj_&j/2 R ( 7 (7 ) H (kop) .
i n'=n;—1;

B / L [((ﬁ - 8)H{ (ko)) ,

]n':nj+‘rj/2
j~6i/2 4e,(7;) R(7)

ds' (4.28)

Element F[, Circular Cell:

PitAp;[2 8612 dfs(7 ), ,
_ — 220 (' dl'dy’
/z; / (P P)

y Ap,/z a6;/2 ko dp'
Abd;f2 4 p'=pj+Ap; /2 pi+Ap;[2 rAG;[2 4
. 9 , d0' / / _ -'1 — 17 1
/Ao /2 ko ' folr )]P'—P:-Apaﬂ + pi—Ap; /2 J-46;/2 ko Jo(F 7)d0'dp
/Aé’J /2 ) [p,dG(f‘, ) ] P'=p;+4p;/2 "
-06;/2 koe,(7;) R(7%) ds  #=r] yp_api/2
+/pj+Apj/2/Aef/2 ':Z~ . dG(T‘,T) dgldpl
pi=Ap;/2 J-80;/2 koe, () R(T;) ds pei

~.

p'=p;+Ap; /2
} do’

- =

=Ty

—_— s
~46;/2 koe,(7;) R(7;) 4 g 1 " =p;—Ap;/2
=p;—Ap;

pj+Ap;[2 A )2 - _Z-ko .
], s | ; b §)H{(k do/'dy’
pi=8p;/2 J-86;/2 koe, (7;) R(7%) ( 4 (p- 8)H{ " (kop) ) P

o
T=T%
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p'=p;j+Ap; /2

_ /Aej/i’ __—'_1~__ [( . §)H()(k0p))r_r.]

-A6;/2 46,,(’[‘,‘)}2(7‘,‘) p'=p;—Ap; /2
pit+Ap;[2 A6;/2 -1 )

+/ / (6 ) B (kop) _, d0'dp 429
B Ny ((5- 8)H (kop)) __ d0'dp (4.29)

4.4.13 Element F2

179

Rectangular Cell:

FS = [ (DSl A
/SJ+TJ/2 nJ+TJ/2

r;,7)ds'dn’
_ = oy
dG(T‘, r ) dsldnl
1.) dS F=7

Ty -0 0an) asa

5 —65/2 "j'“"’J/2
/sJ+5 /2 pnjtT;/2
s

i =63/2 Inj=Ti/2 Er i
8j+6;/2 rnj+7i/2

\_/r___,v,__,

—8i/2 JInj—1;/2 6, f

J,
/sJ+5 2 pnj+75/2
s;

/ 2 [
=6;/2 JInj-1;[2 4k0€ ’f" E(d)

4.4.14 Element F2, Circular Cell:

179
pj+Ap; /2 A6;/2
FE o= / / —1) o7, ) (p'd0'd
1] - A01/2( )fg(’f' )( p)
/pj+Apj/2 Ab;[2
- pi=Ap;/2 =7}

L —dG(7,7)\
: do'dp'

/Aa /2 (T 1) ) ( ds ) *‘P 14

_ pj+Ap; /2 A6 /2 1 ik " .
- /PJ"APJ'/Z /Aoj/z &r(T Z) [ (5 - 8)H; " (kop) i *de dp

pi+Ap; /2 rAb;/2 R —,. .
- /p._Ap./2 )[(p-s)H1 (ko/’)]rzﬁpdadp (4.31)

i)

-80;/2 4e. ()R

4.4.15 Element F’%:

n _2.('-1)(1 = '
Figj: ’yu +/ ko fS(Ti,F,)dn
nJ+T/2 —1
= [ ( )fs(r,, 7)dn

i=75/2

- /nm/z _i(_’—1~)q* (dG(F,F’)) "
nj-1/2 koe(;) R(75) ds P
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O (5O kop)] . dn’ (4.32)
4.5 Evaluation of the Singular Impedance Elements

In the subsequent derivations, each of the impedance elements will be expressed

in terms of four generic integrals. These are defined as
Jofe,f) = lim / ’ / ? B (ko ) dtdu
Tef) = lim [ B (ko2 + )t
Hap) = lim = [ HO /T 5
J3(a, f) = ygédd—; / " H (kor/f22 + B2t

(4.33)
and their analytical evaluation is given in the appendix.
In the computations that follow, use will be made of the substitutions
§ = 8" — s (4.34)
= n' —ng,. (4.35)
These imply the identities
d§ = ds' (for integration over primed coordinates)
dii = dn’ (for integration over primed coordinates)
di{"  —dH)
dsobs B ds
di{”  —dH{ (4.36)
dnobs - dn ' .
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4.5.1 Element F}:

~ 3'+5j/2 1 o 1)
ij Yij 5;—6;/2 467(,:;)1{(7;}) {(P ) 1 (Op)} A

= Yij 85—6;/2 4]{?051-(7-"1)}}’(1?’)

Utilizing the expansion

(1) (1 JHY
dHO — (fl . §I)dHO f], . 'f),’) 0
dn dsobs dnobs
dHY dHM

= —(h-9) = + (- 7')

the above equation may be rewritten as

n'=nj+7; /2

. 5l s;+6;/2 d
Fl = 4+ —-E(nn—)/ T [{ ngl)(kO\/(sl—sobs)2+ (n'“"obs)2)} } d

=83 /2 dnobs

n'=nj—1; /2

,'=s,-+5j/2] n'=n;+7;/2
2 ]

s'=s;-6;/2 n'=n;—1, /2

Introducing the substitutions (4.34) and (4.35) we have

~ N . A’ 8'+5'/2—8°, d ;i:nj+1-j/2"nobs
Fj = m———(i%{ / T "[ H“)(kom)l d3

4’606,.(7-",)}?,(7-'; =85 /2= 30bs -d_ﬁ 0

(A
dkoe, (%) R(7%)

;;:nj—’rj/:)"nobs
[Hél)(kops) — H(kopz) — H" (kops) + Hél)(kopl)]

which may be rewritten in terms of the pre-defined generic integrals as
(7 n)

ke, (7)) R(F)

(ﬁ’ * ‘;l) F{(l) (1) (1) (1)
4ko€r(ﬁ)R(f}) [ 0 ( ops) 0 ( Opz) H, ( op4) 0 ( 0/’1)]

F’é = Yij [J2(333,y3) - J2($2,f‘/2) - Jz(%, y4) + J2(:c1,y1)]

(4.37)
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4.5.2 Element F:

s;+6;/2 pnjt;/2 —tko 1
F2 — /’ / _ A-’fL H()k dsldn’
T Juman Jenpe de(7)E(R) (- #)H (kop)}_,

/.9]-1-6]/2 nj+7;/2
s

8i/2 Inj—7i[2 45r Ty

8§12 JInj—;/2 45, T

Again, employing the expansion

dgY dg® dHW
HO — (ﬁ ) 0 + f], . 'ﬁ,l) 0
dn dsobs dnobs
dH(l) dH(l)

= —(a-§) ds’ — (A7) dn’

F? may be expressed as

Z(ﬁ 1’;') sj+85/2 1 =n;j+7;/2
i (f'-)iz'(;.)/ 512 [ ko5 =)+ (' = ] i
r\l i) V35=0; n'=n;—7;
(7 - 8! nj+7; /2 =3;+6; /2
- Z(’i f)_’ / 3T [ él)(ko\/(sl_st)2+(nl_nz 2] ’
ST(T{)R(T’,) n;—75/2 =8;-6;/2

- o 3'+6j/2—s,‘ z:n'+7"/2—’n,'
F.z.z_ﬂ_tf_)/f HO (ko /T 77|52 4
ey ey TN AN LU G CRS

Z(ﬁSA') /"J+Tj/2“"i (1) — '§=sj+5j/2—s.~ "

_— 7 H\WY (/32 2|~ d
4&(7:.{)}%(7.,1) ny 73 2 [ 0 (0 $“+n )]s=31‘—6j/2—s¢ n
i(f - n!
= —45 ((F)ﬁ()f') [Jl(xs,?la) - J1($2,y2) — Ji(zy, Ys) + Jl(ﬂvl,yl)]
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~

i(f-s

e, (7)) R(7)

~

[J1(y3, z3) — J1(y2, T2) — J1(Ya, T4) + J1(y1,21)] (4.38)

4.5.3 Element F}:

3 _ nj+7;/2 (—-l)q . (1) ’
f = Aj_f,/z e I )} do

1)et1 /n,+f,/2 dH() (kop)
4k06 —7'1/2 =7
( 1)q+1 nj+7;/2 N N ar d ) ,
— : — (A~ 7)== | HO(k d
ot IR oy ryrs W\, = (g ) Holhop) g e
(=) ™R-3) ritnil2 dHD (kop)
(7:; nj=7j/2 dsobs =75

M)_ [H(l (koﬂ)r_r,} n'=n;+7;/2

n'=n;—1;/2

_ (__l)_qj_(_N_._,)_ /nj+‘rj/2 { d H((,l)(ko\ﬂsj +(—1)96;/2 — Sobs)? + (0! — nobs)2)} dn’

dsobs

dn’

dn’

n'=nj+7/2

T L?’)) [k (554 (2198372 = 507 + (' = i)

n'=n;—1; /2

S= S; + (—1)q5/2 — Sobs

These allow F to be written as

N nj+75/2=Tobs
pp o= (ZD(R-8) {/’ e 4 g, mm}
T =

T 4kt (F)R(F ) nj=1i/2=ngps 03
( 1)4(# - [ ) ]"’=nj+fj/2
Hy'(k 1)ré/2 — ' —mn;)? :
4k05 oY ( 0\F+ /2 — 5%+ (n' —n;)?) I
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Thus for leading edges we may write
= [Ja(y2,22) =

[H( (kopz) — H

while for trailing edges the appropriate expression is

(7

4koe (7
(

3
ij

[Ja(y3, x3) —

)

S o

[H( )(k ps) =

4.5.4 Element F:

31‘*‘51/2 1

[{(R 7)) ke (7)R(7) ds?
i ) 2

ds
_ ) !=nj+7;/2
PN -H k =7
T ) ]

4
F;

s_, 51/2

s,+6 /2

_;

T'i

-

ES

s_., -6;/2
/sj+6]/2
sJ'-—SJ'/2

8j+6;/2 [
+]

)

ds'

n'=n;—1;/2

-

dH{"(kop)

d2H(1)(kop)
ds?

t

| ke, (7) R(7)

—-6;/2

=

5j+65/2 [ : d 1

-

Ja(y1, z1)]

él)(kopl)] )

']2(3/43 .’174)]

H (kops) - (4.39)

,nl_

l

n'=n;—7;/2

n'=nj+7;/2

ds'

n'=n;j—1;/2

n'=n;+7;/2

ds'

()

+ / 4k ds

Intl + Int2 + ]nt3

-8;/2 ds

)R(F)

1]
Il

-
’I‘.‘}

n'=nj-7;/2

By introducing the substitutions (4.34) and (4.35) we obtain

s5+65/2

n'=n;+7;/2

~3

4R ()

|

Intl

|

/s]' +8; /2=50bs
85=85/2=50bs

=/s,-

|

—6;/2

—1

——H{Y
4R*(T’,’)

(kov/52 1 Fﬂ)]

50

Bk [ =50+ (7= |
%=n1+7j/2‘"obs

nN=nj—Tj [2—Nops

ds’

n'=n;—7; /2

dis'}
=T

1



n=n;+7j/2-n;

sj+6;/2—s; —
= / ’ [ HS (k(,\/32+ﬁ2)] ds

1—51/2—8.- 4R*( 2

n=n;—1j[2-n;

4R*( ) [J1(z3,y3) — Ji(22,y2) — Ji(24,94) + J1(21,91)]-

In order to simplify Int,, we first rewrite d2H" /ds? as

2 ;7 (1)
H [(g-g') 4y ] [(g.g') LAt g

ds? dsobs dnobs dsobs dnobs
d2gW 2gY 2gg )
A AN2 0 T YAYZ Y 0 A A2 0
= 23 . L0
( ) ds,, +2(3-7)(8 S)dsobsdnobs ) dn?,,
d dH{! d dH) 2H{
— (3.2l Mo o ana 0 2. an29 1o
= ) Ty T MG g~ (A 5
Employing this expression in Int,, we obtain
Int i / wtsfs | H (kop) n:nﬁ,/zd ,
nty = = —_— s
2T 43, (F)R(F) Jo-si12 ds? s
L nl=n;—1;/2
(- &) /SJ+5J/2 B k) T
= = S
4k3e,(7;)R(7;) Jsi-5;/2 ds' dSobs =i, B
n'=n;j—7;
n'=n;41;/2
() s[4 dH (kop) S
2k85r(ﬁ)R(ﬁ) 85-8;/2 ds’ dnobs = |, /2
n'=n;—1;
n'=n;+7; /2
i(3 - A2 /s,»wz 2HD (kop) sl N
4k(2)€7‘(’r-‘;)R(F) 8j=6i/2 dngbs =
v nl=n;-7;/2
. I—p 1o o7 8" =846 /2
l(§ -§l)2 { . 1) n'=nj+7; /2 T 05
= oaNE o (p l)H (kO\/(s’ - sobs)2 + (nl - nobs)2)}
4koe,(7;) R(T;) H P ] s —
T ¢ dn'=n;—7; /2 s'=;—6;/2
; n'=n;+1, s'=s;+6;/2
2(§ fl,)(é .§I) { a Al 1) i+73/2 3T
+ >3 (p n )Hl (ko\/(sl - Sobs) + (n - nobs) )}
2k0€ (F)R(?'—") F= ] e
r\'1 t ' n=nJ—‘r]/2 8'=3j—5,‘/2
. n'=n;+7;/2
Z(.§ . ’ﬁ')2 /3j+51'/2 d? (1) !
—_— HO (ko /(8 — 54p,)? Y '
iR )R s |\ a0 V(s = S+ (¥ = o)) ) %
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In the last term of the above expression, we further make the substitutions (4.34)
and (4.35) to yield
(8- 8')? T T T T
Int, = —(..—)~ [_%H(l)(kops) - _2H1(1)(kop2) — = H{V(kops) + —lH{I)(kOPl)]
4koe,(7;) R(T3) P2 P4 P1
i(3-4')(3- &) [ys o) 0 Y4 (1) Y1 ) ]
+———T—— Hy7(kops) — H kops) — —H; ' (kops) + —H "' (k
Skoc, (75 (7)) 1 (kops) (kop2) Py 1 (kopa) o 1 (Kop1)
. n=nj4+7/2=Ngps
(8 ) /s,+61/2 sobs [ d2 (1) — l it -
+'———~— —H, ' (koV'52 + n2 ds
4k3€r('f;)R( ,) 8,‘—6 /2 Sobs dn2 0 ( 0 ) ;;=nj_7'j/2—noba 7

-,

=7‘.‘

T
)= ZHO(kop) - 2 kapy) + 2 f“(kom]
p3 P2 P1
[ o 11 hops) = SLH{ (kapa) — S H (kops) + 211 ><kopl)]
P3 P2 P1

m [J3(23,y3) — Ja(22,y2) — Ja(z4,¥4) + Ja(z1, 1)) -

Similarly, for Int; we have (with the usual definitions for 3 and )

si+6 2 ¢ d 1 d n'=n,+7; /2
Int :/ —_ _ .
" 85=65/2 [4’93 ds (e,(f'.) (,:;.)) ds H (kOP) ] ds

n'=n;—7;/2

=T"
n'=n;—7;/2

S LY ! (1) ' 24 (n! oy |MEmt/? o'=s;+6;/2
- 4k3 ds (er(ﬁ)ﬁ( :)) “HO (ko\/(s —Sobs) +(n _nObS) )F "]

3’=31-51'/2,
+Z(ik?/)§; (Er(ﬁ)l"(ﬁ)) /31"'5/':2 [{ﬁ:ﬂél)(ko\/(y - Sob3)2 + (n’ - nObS)Z)}-':;;. ds'J nl;njj
iiioél)js <5T(ﬁ)1~(ﬁ)) [H 1)(k0p3) H(g )(k0P2) H (kop4) +H0 (kopl)]
—i(3-7 55465 /2= 50bs n=n+7; /2=nops
(e (s,.m)lé(m) {[/:6/:“6 3 8 b/ )dsJ +/ } .
N _iz;’) (Zg (;ﬁf—)) [H (kops) — HE(kaps) — H (kopa) + Hg (kopy)|
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i d [ 1
=== - —J Jo(zs,v1)].
+ 4kg dS (67(7-';)1%(7:;)) [J2($3, y3) J2($21 yZ) 2(1:4, y4) + 2(3:1 yl)]

Hence, Fy; can be expressed as

Fil;' = [Jl($3a y3) Jl(mZ’ y2) - Jl(x‘h y4) + Jl(wl’ yl)]
AR ( ;)
+ i($ ﬁ'lZ [J3(z3,¥3) — J3(22,92) — Ja(24,94) + Ja(z1,91)]
ke, (7)R(T)

i an2 T T T Z
n Z(S S ) I:__s_Hl(l)(kopB) _ ;2_ 1(1)(k0p2) _ p_zHl(l)(kop4) + ;le(l)(kopl)}
2

dkoe, (7)) R(7) Lpa

R =H)"(kops) — =Hy"’(kopz) — —H; " (kops) + =—H; (K
koe, (F)R(7) [ps ' (kos) P (Kop2) P (kopa) e (kop1)
—i(3-8)

&) d 1
LY d—s('—f“—r) S (kops) — HE" (kapa) — Hi" (kopa) + Hg (kopy)]

B ) [J2(z3,y3) — Ja(22,y2) — Ja(24, y4) + Jo(21, y1)}4.40)

4.5.5 Element F}:

31+6/2 nJ+TJ/2 1 1 d
F5 1 / _- _ - G -o,-J[ } d ’d 1]
A A {( () kéer(F)R(ﬁ)ds?) (7,7)y  dedn

s;+68;/2 pnj+ri/2 g
/ i d ( 1 ) dG(7, ™) s dn’
(7 R(F) '

s,—s,/2 i=7/2 ko ds ) ds =
3;+6; /2 pnjt+;/2 )
= ii H k ;_,vds'dn
v /8-5;/2 n;=15/2 4R (73) ( op)eer
/w 2 iz -1 d2HV (kop) dodn
;=62 Jnj—7j/2 41‘705'1' rt R( z) ds? F=fi

5452 njte;)2 —1d( 1 )dH(
T etz Jnyeryp2 Tk ds &,(7) R(7)

= Yij +Int1 + Intg + Intg.

ds 7=,

The substitutions (4.34) and (4.35) allow Int; to be written as

s;+65/2 /'n1+‘rJ /2
n

(1) k §$—=3S + (0" = Nops)?) =i ds’dn’
4R* 1 85-6;/2 Inj-7;/2 0 ( Obs) ( obs) )T—Tt

Int1 =

93



_ ~k0 {/Sj+§j/2—soba /nj+7j/2”noba H(l)(k \/_—)dsdn}

4R*(7'-‘1) =85 /2—80bs I —Tj [2=nobs =7,
s;+8;/2—s;  pnj+75/2-n;
= o / / HO (koV/37 1 72)d3d
4R*(Ti) 8j—6;/2—8; Jnj—7;[2-n;
k
= Z}ﬁ)— [Jo(23,y3) — Jo(z2,y2) — Jo(4,Ya) + Jo(z1,31)] -
To simplify Int,, we first expand d2H{"/ds? as
2HY oo d o d s 4 e oan_d ] )
ds? B (S e )dsobs + (s o )dnobs (S ¢ )dsobs + (3 o )dnobs HO
A d2H0 A AINCA Al d2H(gl) Y 2d2H(gl)
= (3 ) FEN 2(5-7n')(8 Todn §-n) __dnibs

(1) O
= PR 26 () (o) Y - 6o

s/ dsobs

Substituting the above expansion into Int, yields

1 sj+6;/2 prnj+1i/2 dzH(l)
Int, = — " " kop) ds'dn’
4koe r,)R si—=6;/2 JInj-r;/2 =7
8 )2 /3J+51/2 /n1+"3/2 d dH(()l)(kop) ds'dn’
= san
4k0€,. 7",) (7:; 8;—6;/2 =75 /2 ds’ dsobs =

!

+

3 ﬁ 3 g si+8;/2 pnj+7if2 d
2k06r () R (75) /3—6,/2 /'—‘T]/Z ds' dn/

3 ﬂ)2 5i+6;/2 nj+7i/2 (] dH(l)(kop)
4k06 (7)) R(F) /s

(§ -8 )2 nj+7;/2 d
" ke (R)R(R) / —ni/2 | | dsop HE (koy/ (' = sa1s)? + (' = s )?)
LA i) YT obs -

il [ [ ko fis =+ )] "’]

s'=s;-8;/2

0 (kop)r_ .ds'dn/

ds'dn’

=65 /2 JInj—7;/2 dn dnobs F=F

T=Til g'=5;-6;/2

n'=n;+7;/2

n'=n;—7;/2

(5- A2 /s,-+5,-/2 d o
—_—_— —H k — Sobs T — -
+4k0€r(7-';)R(7-';) 8;—6;/2 dnobs 0 ( 0\/(3 Sob ) + (n Tob ) )
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s'=s;46;/2

J n
T n'=n;—7;/2

dn’



For the first and second terms, we use (4.34) and (4.35) to express Int, as
- AY
Int2 = _——(S )
dkoe, (7 R(r)

~(3- )3 8)
koe, (7) R(F)

nj+75[2=n0ps | ( 7 5=85+8; /2= 8085
L [_Hé”(kovwﬁ?) dr

N =T [2—Tobs ds ] ’;=3j"6j/2_9oba

1 s'=sj+6;/2] " =i +75/2
+

“Ho (ko (' = 5 + (n' = n2)?)

s'=8;-6;/2 n'=n;-7;/2

5+ 7 SjT05/4=3 — ;;="j+7]'/2—nos

+ (S n:2 /J+SJ/2 obs [i’v_H(l)(ko 32 + 52)] b. dg
4k05r(771)R(7-';) 85—6; /2—30bs d ,ﬁ,:nj_’rjlz_no‘n s
_(§ . §/)2

= 4koe (F)é(’f-") [J2(y3,:1:3) - J2(y2ax2) - JZ(y4,$4) + Jg(yl, :l:l)]

oCr\7s 1
—(8-n")(s-58

* 215 € F))(f?, 7"')) [H(l)(k0p3) HO (k0P2) Hél)(k0p4) + H(()l)(kopl)]

0cr\"¢ i

TN [J2(23,y3) — Ja(T2, y2) — Jo(T4, ¥4) + Jo(21,91)] -

Similarly, for Ints, we have (with the usual definitions for § and )

s = o (i) Lo Lo St
N (A S T g
= (§4k~§/)i (er(ri)lﬁ(ﬁ)) Lj’:;:z [H( )(ko\/(s — Sobs)? + (n’—nobs)z)f’zﬁ} :::t:/z dn’

M ) A R e e
S 1

i —=Tj [2=Tiops 5=8j~08;/2=30bs

A ALY

$§-n') d 1 8j+65/2~30bs n'=nj+7; [2=nsp,
+( )E( ( )) {/s: 3 b [Hél)(ko ’__§2+ﬁ2)] +7j /2=n0p &5

4k0 57-(7-':)R F =85 /2=80bs n'=n =75 [2—nops
_ (-8)d 1
T ke ds \e,(7)R(7) [J1(ys, 23) = J1(y2, 22) = Ji(ya, 24) + J1(y1, 21)]
§-n')d 1
+( 4k0 )ds ( r(ﬁ)é(f;)) [JI($3) y3) - J1($2, y2) - J1($4, y4) + J1($1, yl)] .
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Hence, the expression for Fé becomes
~s ko
Fij = % +T [Jo(z3,y3) — Jo(22,92) — Jo(z4,Y4) + Jo(z1,91)]

-8
—_— J 9 - J ’ — J s + J ,.’E
4koe, Fi)R(Fi)[ 2(y,23) = Ja(y2, 22) = Jo(y, 24) + Jo(ys, 1))

n

——:~_ J ’ - J. ) - J. y + J. ’
+ Do, (P iy 2A0088) = Ja(on32) = o ) £ o, )]
—(3-2)(8-%) 10 &) &) 0
* = [Ho" (kops) — Hy” (kopa) — Hy” (kops) + Hy (K
2koe,(7;) R(7) { o (kops) o ' (Kops) o (kops) o opl)]
(§-8) d 1 )
— = J 3 —J , — J , J ,
+ 1k ds (7)) R(7) [J1(y3, 23) 1(y2, z2) 1(ya, z4) + J1(1 1))
+(§ﬁ’)i( 1 )[J(CB )—J(x )_.J(m )+J(m )]
tko ds \e, (FyR(r)) 1 0¥ T Ep i T AlTe ) T AlzL )l

(4.41)

4.5.6 Element Fg:

nj+7;/2 1 1 d
F‘6' = / '_]. q ~ - ~ < A G -” -‘, d !
Y m—n/z( ) {(R*(ﬁ) kde, (%) R(7;) ds® ( T)}- .
nj+7/2 (—1)9H1 ¢ 1 g
+f ) _( “q)dG(r,r) i’
n;—7; /2 ks ds er(73) R(7) ‘
ni+7il2 (1) )
= - Hy ' (kop)r=r.dn'
Lj_fj/z 4R*(7) " (Fop)r=ridn
/n,-+n/2 i1 @2H (kop)

= dn'
i-ni/2 4kde,(M)R(7;)  ds® =

s /n,-+n/2 i(-1)7*! d ( 1 ) dH (kop) e
nj—175 /2 4k§  ds 5r(ﬁ)R(ﬁ) j
= I'fltl + I’I’Lt2 + Int3

Making the substitutions

s

i+ (=1)%6;/2 — sobs

—_ !
=N —Neps

N

56



for Int, yields

(—1)2  rnit7s/2
Ity = A 0 [ (DR 2= s+ (v — e
(—1)9 n;+75[2—Tobs
_ =D { [ g )dn}

5 =75 /2=Nobs

(—1)9  pnj+7i/2-n
G / HO (ko3 £ 72)di

nj—T7; [2—n;

w6

To simplify Int,, we first expand d2HS" /ds? as

&H" [

ds? dsobs dn obs

2p7(1)
§"? ddH" +2(5-7')(8- &)
S

obs
- oy

I
—~
»>

L2 HY
dsobs

When this is substituted in Int, we have

(=1 /nj+r,-/2 2H (kop)
4kZe, (7)) R(7)

_i(=1)(3- §)°

)

nj—Tj /2 d32 F=7

/ /2 2 HG (hop)

2
nj—75 /2 d‘sobs

i(=1)9(3 - A")(5 - &) /njm/z d i’

n;—7;/2 dn’ dnobs

(@87 + W] g

d'sobsdnobs

oo d dM
—2(s-n')(s-s')% ds(;,

/n]+n/2 d dHS (kop)

o )[Jl(y2,$2) Ji(y1,21)] ; leading edge
—t—[Jy(y3, z3) — J1(ys, 24)] ; trailing edge.

PHY

dn'

dn'

=7

(kOp) dn’

i=Ti/2 dn’ dsobs F=1

A

L
RTINS P LS



| P
n=n;+7,

+z‘(—1)"(§-7;e')(i~-§’>[{ LB kof(55 + (~1)78,/2 = s’ +(n’""°b’)2)} J

l=p. —
n'=n;-—T,

=n;+7;/2

{ anbsHél)(ko\/(s]+( 1)98;/2 = s0bs)* + (n —m)?)} }

—r |,
n'=n;—7; /2

nj+7; /A J?
. {d32 H(()l)(kO\/(SJ + ( )q5 /2 —_ Sobs) + (n/ _ noba)z)} dn/

obs P=F,

Z(—l)q(é'ﬁ')(é‘gl)[ 5. W s g -5 — Ny, )2 =n;+1
TERY-TEN [{(p VH (o (s + (=1)96;/2 = s0bs)2 + (1 = 1ips) )}T_z ]=
i(=1)7(3 - 4)?

-
=T

-3 HE oos + (C8 72 = s+ (= ) }'"’””2

n'=n;—7;/2

We now introduce the substitutions

8+ (=1)%6;/2 — sobs

I

s

— !
=N — Nyps.

N

These allow Int; to be expressed as

( )‘1+1( § ) n1'+‘rj/2—nob, d (1)
e i) U g2 (FoV S 4 )R
o+1(3

Int2 =

) Unj-1i/2-na, d3? F=r;
[ o/ ) ZZijZii‘ZZZ:},_n
S o)

= 4k§f(ﬁ§,~2(ﬁ) [J3(y2, @2) = Ja(y1, 21)]
;Eczsrrz;‘)l()%(i)) [%Hfl)(kop ) - _Hl (kopl)]
+#);ﬁ [%Hl(l)(kopz) - p—iﬂl(l)(kom)] ; leading edge
= ﬁ% [Ja(ys, z3) — J3(ya, z4)]
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—i(3-7')(3- %) [xs (1) T4 .(1) }
=~ | —H; " (kops) — —Hy"(k
ks, ()R Lpo \roPd) = o, i (ko)
—1 § . ﬁI)Z 1) l
+4ko€r(ﬁ)R(F’,) [ 3 (kops) 1 ( 0p4)| ; trailing edge

Similarly, for Int; we have (with the usual definitions for § and )

(—1)9+! nj+7;/2 d
Ints=" i(“‘“1—)/ ((é-s'> —(é-ﬁ')i) H§ (kop) s, dn’

dn’

4k ds \,(7)R(7}) Jnj-ri/2 dSobs
=i(—l)i;§(§ = dis(er(ﬁ)1~(ﬁ))/:i;:zdib,H(l)(ko\/(sj +(=1)96;/2 = Sos)? + (n' = 1bs) )=
+"( 121,55 U () [ G s ]
TP :.’::;:1’::5’;imomdﬁ}m
sz% L4 ) ol
= 'Eszgl)ds( 1)1 )[ (y2,®2) — Ja(y1,21)]
"Efk,z”)zs-( 1~(1)[ (kopz) — HE(kop1)| ; leading edge

/A At

(33
( ) 4 ( ) Jo(ys, z3) — Jo(y4, 24)]
€T Tt l

T 4k2
i3 ﬁ’) d o
+ 452 s (_(z)—é,—) [H (kops) — H, k‘op4] trailing edge.

Hence, the expression for FS becomes

F6 = — [Jl(y2,$2) - Jl(ylvwl)]

'*‘_'_T [J3(y2, z2) — Ja(y1,21)]
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(8- n')?
+—( ) [QH{I)(kol’z) - %Hl(l)(kopl)]
; 1

W ds (sr(mé(m) aluz, 22) = (s, 1)

—i(§-7') d 1 '
* (4k2 )d—s (Sr(f}) P ) [Hél)(kOM) - H(gl)(kom)] ; leading edge

= —=——[J1(y3,z3) — J1(y4, z4)]

4R*(7)

+W}5 [Ja(y3, z3) — Ja(ya, 74)]
R [ )=
i(5-8) d

+ 4k(2) de (€r(ﬁ;~(ﬁ)) [J2(y3,$3) - Jz(y4,x4)]
( -")1~(F-)) [Hél)(kOPB) - Hél)(kop4)] ; trailing edge.

(4.42)

4.5.7 Element F:

s;+6; /2 1 n'=n;+1;/2
F; = / ——T—[ 5- 8)HV(k ] ds’
! 5j=08;/2 45r(ﬁ)R(ﬁ) {(p ) ! ( Op)}'?='?‘ n'=n;-7; /2
s ] dHO(kop) |7 y
= r~ S.
w-siir Thoe ()R(R) | ds e
n'=n;—7;/2
Utilizing the expansion
dgW dg (1)
0 — (,§§/) 0 +(§ﬁ/)dH0
ds dsgps dn ps
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dnobs
we obtain
n'=n;+7;/2
3j+6;/2 d ’
FT = —-————-( ) /J { HS (ko /(5" = sops)? + n’—n032} ds'
Y 4]9067(7:') ( ) s;—6;/2 dnobs o ( 0\/( b) ( b)) =] ., /2
n:nj—'rj
: s'=s;+6;/2] " =" 173 /2
+——(-LH 1)k\/s—s n—ni)z)] J Jl
4k05r( )R z s'=3;=6;/2 n'=n;—7;/2
If we now introduce the substitutions (4.34) and (4.35) we obtain
§. ! 8546 /2= 50b, 7= 47 /2=nobs
F; = —(% /J e [iﬂél)(kovg“rm)] ds
4k0€r( ,')R(T,‘) 85=85/2—30bs dn A== [2=Nobs -
G 110 kaps) — B kop) — HP(kop) + H o).
4koe,(73) R(T;)
Finally, introducing the pre-defined generic integrals, F": becomes
t e ) = o) — o) + )
i 4k06r(7_'§)1~3( ) 2023, Y3 20\T2, Y2 2\ T4, Y4 2\T1, U1
(8-9) (1) ) 0 )
+ = Hy(kops) — Hy ' (kopa) — Hy ' (k Hy'(k .
Tz (i) Lo (kup) = Ho® (kops) = HE (kopa) + HE(kopy)|
(4.43)

4.5.8 Element F}:

F8 _ /sJ +6;/2 pnj+7i/2
1y
LR

=6i/2 JInj—7;/2 451. ('f‘;)

s;+8;/2 pnj+7;/2 d

= —H(k ds'dn’

=5,/ / /2 4e,(7)R (f}){ds 0 (0”)} san
d

2
sj+6; /2 'nJ+1']/2
- /s -5 /2 / ) {E;Hél)(ko\/(s’ — Sobs) + (n' — nobs)2)} ds'dn'.

i/2 Inj—1i/2 4e,(T) (F
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Recalling that

H(l) (1)

A _ o i +(§.A,)dH0

ds dsobs dnobs
ag{) dH

= (5.8 (s
= (%) ds’ (8- #) dn'’

F? may expressed as

§-n! 3;485/2 n'=n;+7/2
B = R oo (P8l ]
r\li 1) V85 ~Y n'=n;—7;
i(5-8) iz $'=sj+8;/2
f—_— / [H koy/(s' — s;)2 + n'—-nﬂ] dn'.
46, (7)) R(7;) Jnj-ri2 L° ( 0\/( I ”) s'=sj~6;/2 "

we obtain

(5 n' s5+8i/2-si n=n;+r ng
Fs. = —-ng_n)_/" ’ [H(l)(kom)] i+7i/2— d3

n=n;—1; [2-n;

Z.(S‘SA,) /n]'+'rj/2—n,~ 1) — s=sJ'+5j/2—s.‘ -
_— Hy' (koV'52 2)|. d
+46r(7-': R(7) Inj-i/2-n; [ o (kv 47 )]’=3j“‘5j/2—3i "
i(3 - n')
= ——=J ) —J ) —J ) J )
4€r(ﬁ~)R(Fi)[ 1(23,y3) — Ji(22,¥2) — J1(24,y4) + J1(1,91))]
i(5-8")
+ = J ) -J ) -J ’ J ) ’
4o ()R 1)[ 1(y3,23) = J1(y2, %2) — J1(ya, €4) + J1(y1,71))]

(4.44)

4.5.9 Element F3:

nj+7;/2 —1)t+?
B o=+ ) (G- 9nPn),_

ni=r/2 e, () R(F; =N
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(=1)° /nﬁv/? dH (kop)
) (7_';) nj—;/2 ds =7
)
)

3

IS

q n;+75/2 o o d o }
= Y5 ——— S+ Sobs + s - no s H k
b +4k05r(ﬁ' k() /”1'-71'/2 {(( : )dSObs ( ' )dnobs) o (ko) .

=T

. (=1 P et i) BW dn’
=% o re - 8)gm = (6 )2 | B g dn

i=75/2 dsobs 2

dn'

AT
1)t (5 7 ity
+Elkja)q(r() (;, 18 ko] 27
= 7i; +4L];él(;—;i%/;i;f{dibsHél)(ko (3j+(_1)q5/2_Sobs)2+(nl_nobs)2)}
+%T§ [ k(o5 + (1062 = s + (0= ) +ﬁ

Making the substitutions

+ (=1)%6;/2 — S0bs

5

n=n"—ng,

we obtain
~ ——1)‘1+1(§-§'){ nj+7j/2=nobs (1)
By o=y 40 / (koV/3 + ) di
] Vi 4k067.(7?,)R(7-“,) nj =75 [2=Nobs dS P
(=1 (3 -A) [ g n'=n;+7;/2
+A——— (koy/(sj + (—1)P8;/2 — s;)% + n'—n,-z]
4k067’(ﬁ)R(Fl) \/ ) J/ ) ( ) ) n’=nj—'r]‘/2

Thus for leading edges the appropriate expression for F o 1s

(3-3)
4k05r( )R(Fz)

9

F; =7 + [J2(y2, z2) — J2(y1,71)]
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~

Fig' = Yij +——-
) = e () e )~ e )
=B 00 n
4koér(ﬁ)~(ﬁ) 0 ( 0P3)—H0 (k0p4)]'
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Chapter 5

Far Field Computation

In this chapter we evaluate the scattered electric field produced by the equiva-
lent currents computed in the previous chapter.

Rewriting (2.18) in terms of (s, n,z) coordinates we have

. . - d2 - d2
s - / _ el 2d /= ’
B = ko T - 7)dA kO/ ( Jsdn2+Jndsdn)G (7,7) dA
dG¥ (7,7)
L2 BT gar, 1
A'J dn (5.1)

If the point of observation lies in the far zone, the first term of (5.1) is identically

zero. Furthermore, substituting (2.29) inton (5.1), we may write

. i fod (- dGE@F) - dGHEFM) |,
E k—(,/A,a (g = 3 an

AT g (5.2)

A J: dn

Using integration by parts to modify the J, term, (5.2) may be written as

. 202 (= 2 (7
E® = L/ JS,MdA, / Jn'Mdnllendpoints
kO ' ko !

y dndn’ dn
djn’ dGZd( rnr ) ' dG2d( ) '
+k_0 a ds' dn dA’ - dn dA
d2G¥ (7, ) dG“ (7, ) ' =, dG™ (7,
" ko /A T dndn/’ " ko /c J(=1) n LT
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where ¢ = 1/2 for leading/trailing edges and again J* = J* — 7:;%11 Expanding

z

(5.3) we have

) ~ [ 0 A A A N 1(1) 0 A N 1 /
B = é/}h(ﬁ)[mrﬂ@ww—@-mwwwﬁiiﬁﬂ+w«wnxpnﬂ%Kmmfm

4 p
L[ 7 —tko, . = —iky
i, D= ) B (hop)in' — [ = ) B (op)aA (5.4)

Since the point of observation is in the far zone, the term containing Hl(l)(kgp) /p

becomes negligible in comparison with the remaining ones and (5.4) may be sim-

plified to
By = — |, Jelo-#)(p- i) HS" (kop)dA'
1 [ T=12 o RV (g + 2 [ (- 7 B ko)t
(5.5)
Furthermore, (3,7) may be set to § = —qAS, n = 0, where (o, ¢) are the cylindrical

coordinates of the point of observation. Because this point is in the far zone, 5 ~

and we may thus write

T aa 1 = ik -,
By =2 [ Te@a)HY (kop)d '~ /C T2 HP (hop)dn'+ 2 /A TeHD (kop)dA'.
(5.6)
We now recall that the asymptotic expressions for the zeroth and first order Hankel

functions are given by

HP(kop) ~ eilkoe=n/4)giko(a' cos $+y' sing) (5.7)

3
S|
S

H (kop) ~

ei(kog—ﬂ/4—1r/2)e—iko(z’ cosdp+y’ sind))- (58)

R

7T'k0
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Substituting (5.8) (with p replaced by p) and the current expansions (4.5) and
(4.6) into (5.6) ,we find

k ~ ol -1 Z" COos sin
E} = ,87;- gilkoe—7/4) ZI{“/A' b-ne tko (o' cos p+y' sing) 7 4/

’8k e;(koe 7r/4)ZI{* / e—zko(x cos ¢+y’ sin¢) dA’
o

1 . Nedge ' , o
ei(k09+7f/4) K;dﬂe/ -1 qe—zko(:z: cos ¢+y sm¢)dnl. 5.9
871']00@ ]E=:1 J CJ'( ) ( )

Introducing the identity o = cos ¢z + sin ¢y , we further obtain

ko 0 )
E; = 1/87r gilkoe=/4) E K, / [cos #(Z - ) + sin B(7 - 7)) @ tho(z' cosgty'sing) 7 47
/ ko o -
el(kog w/4) * / —1ko (2’ cos ¢+’ sin ¢) I}
Srg E K, ‘e dA

1 chyc ) , .
L eitetnr Kl / _1)9e-iko(e coséy’ sing) g1 .
8rkop Z c,-( ) " (510)

If each cell of integration is now approximated by a rectangular cell, we may write
0-1' = cosd(z-n') +sind(y - 2') ~ cos §(& - 7;) + sin (- #;) and (5.10) can be

rewritten as

Fo
E} = |~ T "/4)21(3, [cos ¢(2 - 1s) + sin ¢(y - 7:)] / e ho(e" cos4/sing) g g1

=1

ko . .
et (koo—m/4) K / —iko(z' cos +y'sing) 7 4/
~\ == - Z € dA

1 Nedge ' ‘
(ko g+ /4) I(edge / -1 qe—1k0 (z' cos g+y'sing) 7,1
\/87% Z C‘( ) dn'. (5.11)

J
Employing the identities 2’ = §'(§'- &) +n/(7'- &) and y' = §'(3'-§) +n/(7'-§) along
with the rectangular cell approximation, the remaining integrals in (5.11) may be
evaluated as

5i+6/2 rnitr/2 @ik (e’ cosgty'sing) g o1 g0

5i—6/2 Jni—7/2
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e—iko {[s'(3'-&)+n' (7' -£)] cos p+[s' (3'-§)+n' (7' -§)] sin ¢}dsldnl

si+6/2 /n,+1'/2

si—6/2 -7/2

e—tko s'[(3'-2) cos ¢+(3'-§) sin ¢) etk n'[(A'-£) cos ¢+ (7'-§) sin ¢]

o'=si+6i/2 n::ni+7i/2
—tko [(8'- &) cosp+ (8- §)sing] S=si=bif2 ;L [(A"- %) cos ¢ + (A/- §)sin g ™ =ni—7/2
= @—tho{lsi(3-2)+ni(hi-2)] cos p+[si (3 §)+ni (7i-§)] sin 8} o

e——zko 8i/2[(3i-2) cos p+(5i-9) sin¢] _ eiko 8i /2[(3i-%) cos ¢+(3;-§) sin )
—iko[(8;i - &) cos ¢ + (8; - ) sin ¢]
e—iko 73 [2[(Ai &) cos ¢+ (i -§) sing] __ eikori /2[(7i-&) cos ¢+ (% -§) sin ¢)

—tko [(Ri + &) cos ¢ + (7 - §) sin @]

sin §; sin y;

& v

X

- & o e-—-zko (zi cos ¢+ sin qb) (512)

where

& = kobi/2((3;- &) cosd + (3; - §)sin g

vi = kori/2[(i-&)cosd+ (7 - §)sing]. (5.13)

Substituting (5.12) into (5.11) we obtain the far zone scattered field

ko
Ey = \ 870 o kog_ﬂ/4)2[ i(cos ¢(2 - ;) + sin §(§ - ;) — K| b7 Slné'SmV’e“"‘)(“C°5"5+y'sm¢’)

=1 & Vi
1 i(koot+m/4) Nezdge Ked.-qe(—l)qT"s—i'we_iko(xj cos p+y; sin ¢) (5 14)
8rkoo = Rz ' '

The echo width is now given by

lEscat|2

g = 27rggli-—1>noo |Einc|2

ko| & in¢; in v; : .
T S 03602 0) s (5 3) — K (T (22 eiotmmerning
1=1 1

€

2

. Nedge . , ,
_ Z I(edge( )qu (SIH I/J) e—lko(l‘j cos ¢+y; sin ¢) (515)
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Chapter 6

Description of the Computer
Code QRCOMB

A computer code was written to implement the numerical solution of equa-
tion (4.12) for the most general case of an inhomogeneous composite cylinder of
arbitrary cross section. Either principal polarization of incidence can be specified
with this code. The code, to be referred to as QRCOMB, provides the user with
the equivalent current distribution and the echowidth of the modeled structure.
The code is written in FORTRAN and is self-contained, requiring only the basic

system supplied functions. The sequence of steps executed by the code are:

. Reading of input file

. Geometry generation/discretization

)
)
). Compution of R parameters for each cell
). Computation of matrix elements

)

. Computation of input vector for the given observation angle
6). Equivalent current solution via matrix inversion

7). Application of current tapering
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(8). Computation of echo width for given observation angle
(9). Repetition of (5) through (8) if generation of the backscatter pattern was required
Repetition of (8) if bistatic pattern was requested

(10). Output echowidth data.

Currently, the code accepts inputs for rectangular and circular layers. The
input process is accomplished in the subroutine GEOQRC where each layer is first
subdivided into discrete cells of equal width. Subsequently a 5x5 sampling grid
of points is generated for each cell with the exterior sampling points outlining the
cell boundary.

GEOQRC also provides the geometrical and material specification of all layer
edges in addition to sorting the edges common to more than one layer.

The constitutive parameters of each cell are assigned in accordance with a set
of input data referred to as “tapering specifications”. These input specifications
allow an (e, u,) profile to be imposed over a particular portion of the scattering
body. This profile describes the manner in which ¢, and g, vary in the region
between two points on the structure which have specified values of ¢, and p,. A
directional derivative of the R parameter is also computed for each cell via a finite
difference approach.

The matrix element evaluations are carried out in the subroutine MTXQRC
via analytical or numerical means (see Table 4.1 for the pertinent regimes). To
perform the analytical evaluations, the coordinates of the of the integration cell

are first transformed to local coordinates as described in Chapter 4. The matrix
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elements are then expressed in terms of the generic integrals given in the Appendix.

The numerical integrations are carried out using the expressions of chapter 3.
Each integral over an area is evaluated via a two dimensional 5pt. or 3pt. Simpson’s
rule, depending on the distance between the point of integration and the point of
observation. In the same way, one dimensional integrals are evaluated utilizing
a one dimensional 5pt. or 3pt. Simpson’s rule, with the comments made above
pertaining here as well.

The remaining tasks are performed directly within the main program. The
current tapering is accomplished by multiplying each current element by a coeffi-
cient between zero and one. This feature is included to simulate two dimensional
structures that are infinite in one direction. This code also incorporates the ca-
pability to model a structure placed upon an infinite ground plane by adding the
contribution due to the image wave incident upon the structure at an angle of
360 — 0;,,.. Finally, the code provides an input option whereby an offset in decibels
to be added to each computed value of echo width to adust the output quantity to
a three dimensional cross section for comparison with other data. This adjustment
in the output data is particularly useful for comparisons with experimental data

corresponding to an elongated three dimensional target.
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Chapter 7

Code Validation

In this section we present a sequence of two-dimensional geometries modeled
by the compact integral equations and, where possible, contrasted with results
obtained via alternate formulations. The last include a traditional integral equation

formulation, a finite element method [10] and several high frequency techniques

[12], [11].

The modeled geometries include:
1. perfectly conducting half-planes (figs 7.1,7.2);
2. single strips of various constitutive parameters (figs 7.3,7.4,7.5);
3. Partially and fully coated perfectly conducting rectangular cylinders,
(figs 7.6,7.7,7.8,7.9,7.10,7.11,7.12);
4. perfectly conducting triangular cylinders with and without material coating (figs 7.13,7.14
5. Partially coated perfectly conducting circular cylinders (figs 7.15,7.16);

6. perfectly conducting wedge-circular cylinders with and without material coating

(figs 7.17,7.18).
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The specific geometrical details associated with each scattering plot are included
in the corresponding figure. As seen, the agreement between the compact integral
equation results and those obtained via alternative methods is always excellent,
thus demonstrating that the compact set of integral equations may be implemented

in a robust manner to handle a wide variety of scatterer configurations.
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Figure 7.1: Ez backscatter echowidth of a perfectly conducting half-plane; comparison
of results computed via the compact integral equations and a high frequency method for
various values of resistivity, R.
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Figure 7.2: Hz backscatter echowidth of a perfectly conducting half-plane; comparison

of results computed via the compact integral equations and a high frequency method for
various values of resistivity, R.
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frequency, moment method and measured results.
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indicated; comparison of results computed via the compact integral equations and a high
frequency method.
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79

90.00



20.00 30.00

0.00 10.00
T /" 1

Echo Width in Db

=-10.90

-20.00

-20.00

— Compact integral equations
— —6—  Finite element method =

L I 1 I 1 l 1 J 1 J 1

-90.00 -60.00 -30.00 0.00 30.00 60.00 90.00

Angle in Degrees

Figure 7.7: Ez backscatter echowidth of a .05X thick material (¢, = 5. + i.5,u, =

1.5+41.5) layer upon a 1. x 0.25) perfectly conducting rectangular cylinder; comparison
of compact integral equation solution with finite element method.
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Figur: 7.8: Ez backscatter echowidth of a 1.A x 0.25\ perfectly conducting cylinder

coated by a .05A material (¢, = 5. + i.5,p, = 1.5 + i0.5) layer; comparison of solutions
obtained via compact integral equations and the finite element method.
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Figure 7.9: Hz backscatter echowidth of a 1.\ x 0.25) perfectly conducting rectangular
cylinder; comparison of high frequency method and compact integral equation solutions.
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Figure 7.10: Hz backscatter echowidth of a .05\ thick material (e = 5. 4145

yHr =

1.541.5) layer upon a 1.A x 0.25) perfectly conducting rectangular cylinder; comparison

of compact integral equation solution with finite element method.
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Figure 7.11: Hz backscatter echowidth of a 1.\ x 0.25) perfectly conducting cylinder
coated with a .05 thick material (¢, = 5. 4 ¢.5,u, = 1.5 + i.5) layer; comparison of
solutions obtained via the compact integral equations and the finite element method.
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Figure 7.12: Backscatter echowidth of indicated microstrip geometry.
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Figure 7.13: Hz backscatter echowidth of a 1.A-per-side perfectly conducting equilateral

triangular cylinder; comparison of solutions via the traditional and compact integral
equations.
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Figure 7.14: Hz backscatter echowidth of a 1.\-per-side perfectly conducting equilateral
triangular cylinder coated with a .05X thick material (e, = 4) layer; comparison of
solutions via the traditional and compact integral equations.
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Figure 7.15: Ez backscatter echowidth of a partially coated circular perfectly conducting
circular cylinder of radius R = 1.0A. The coating is over half of the cylinder’s surface,
as shown, and its dielectric constants are ¢, = 5. + ¢.5& u, = 1.5 + i.5.
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Figure 7.16: Hz backscatter echowidth of a partially coated circular perfectly conducti:
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and its dielectric constants are €, = 5. + 1.5& p, = 1.5 + @.5.
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Figure 7.17: Ez backscatter echowidth of the shown coated and uncoated wedge-circular
geometry.
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Appendix A

The four singular expressions

Jo(e,f) = lim / / HO (ko2 + u?)dtdu
Ji(e, B) = hm H (l’cm/t2 p?)dt
Ta(e, B) = hmd—ﬁ- ] HO (ko /22 + B2)dt
Ty f) = y_gmg [ Pk + )

(A1)

may be evaluated analytically when the argument of the Hankel function is small.

Utilizing the small term expansion of H} to O(4) in the above expressions for J;,J,

and Js, we have

Ji(a, )

Io

: * @) 2 NIt — .
ll_{% i Hy'(koyt2+p0)dt =lo+ L+ L+ L+ 1y

Z—7rc—y[—i7r+2'y—-ln4],

1o 2 e
— [2lnkm/a2 +p2-2+ —ﬂarctan -ﬂ—] ,

o

Z: [2 +1-7+In 2] [(k"g‘)2+(k°2ﬂ)2},

i R
- N arctan-;- ,
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Combining these results, we obtain the following analytic expressions for Ji(a, B),

JZ(a,IB) a‘nd J3(a7 ﬁ)

J(e,f) = lim /“Hg”(km/t2+ 5)dt

2 2 4 2 2 :
_ % ['y _ % _ g + ln@ o? + ﬂg] [ (kO(;a) _ (kozﬁ) + (]iog)) n (koa)4ékoﬂ) + (kg{j
Yo% (koa)2 (184 (koa) 2(k0&)2(k0ﬂ)2 11(k0ﬁ)4
+3_7r[4_ 6 ]‘48%[10 Tt ]
B[, (kB (k)] . a
+? [2 - + 30 l arctanﬂ, (2
Jy(e, B) = hm:l-ﬂ- " HO (ko[22 + B7)dt
k2 T 3 1 | (koc)?
= g:ﬂ [7——2——1n2—§+lnk a2+,52] [L(?L+(koﬂ)2—8l
ik§ap (koa) (koB)* @
— l 3 + 5(ko ﬂ)l [ — (koB)* + T ]arctanﬂ, (A
J3(e, B) = ll_r,%dd—;z/ca H(gl)(km/t2 + (?)dt
- i’f{" [%+%—7+1n2 In koy/a? + 42 [ koa kgﬂ)]
—%%3% [(IC—O;X + ll(koﬂ)2] - % [ - k3 ) } arctan-g-
k2o 2
- 7? [(’COO‘)2 + (koﬂ)2] v

Finally, the expression for J, may be obtained by substituting the small term

expansion of Hy to O(2) and utilizing cylindrical coordinates to perform the inte-

gration. This gives
a B
Jo(e,B) = lim / / HO (koVT + u?)dtdu
B im [ (koa)? + (koB)*
= [7—-2——12——+1nk0 a2+ﬁ2][ 5
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i5? (koB)? a 1o’ (koax)?
+_7r— [1 - _T’Z_] a,rctanﬁ + T [1 - ] arctan -(-1-
+i<:rﬂ [(koa)2 12 (koﬂ)z] . (A.8)

Hence, although higher order terms for H} were retained in the evaluation of Ja,
Jo displays the same degree of approximation as J3, with terms to O(2) in & and

)
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