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A system is conceived of as being slowly varying if it changes slowly enough
to permit identification to within a specified error. A generic model is developed
to study the identifiability and identification of slowly varying systems. The
model is suitable for a large variety of nonlinear, time-varying, causal, bounded
memory systems; it has finitely many parameters and is linear in its parameters.
Results are obtained with the use of this general model that give guaranteed
accuracy of identification as a function of the prior knowledge of the unknown
system, the maximum rate of time variation of the system, and the characteristics
of output observation noise. T'o derive these results, a recursive estimation
procedure is developed for time-discrete linear dynamical system structures in
which the observation noise is statistical but the dynamic equation noise is
nonstatistical and is known only to be bounded.

1. INTRODUCTION

Our purpose in this paper is to investigate the identifiability of systems
that are changing slowly with time in an unpredictable way. Except in
trivial situations, if a system is not time-invariant, a finite-time record of
input and output data cannot by itself yield a precise identification of the
system, even as it existed during the period the data were taken. The response
to the one particular input or sequence of inputs used will be known, but
what the response would have been to other inputs cannot be found in
general. Even less can be known about the future behavior of the system,
unless there is auxiliary information. However, it is reasonable and it is
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common practice to try to identify the unknown systems that are slowly
time-varying as if they were time-invariant, updating the identification
from time to time in order to track the changes. Such an approach is valid
if the system is changing slowly enough to permit sufficiently good approxi-
mate identification for the purpose at hand. The problem we address is:
How fast can the system change and still permit satisfactory identification
from input-output data? The answer to this question depends of course
on the criterion of satisfactory identifiability. It also depends on the extent
of prior knowledge of the system (e.g., is the system known to be linear?)
and on the characteristics and state of prior knowledge of observation noise.

Identifiability can be studied in terms of any system model that is capable
of providing a sufficiently faithful representation of the unknown system
in question. We choose a particular kind of generic model (i.e., a model
with various undetermined parameters) that has the properties of being
extremely flexible and of being linear in the parameters. The flexibility
of the model makes it applicable to a wide class of systems, nonlinear as
well as linear. The linearity in the parameters means that the identification
is always a linear estimation problem, which is advantageous when general
error formulas are desired that will show the interplay among the factors
that control the identifiability. The essential restrictions on generality
imposed by the model structure we use are: (1) Input observations must
be noise-free, and (2) the unknown system must have finite memory less
than or equal to some known bound. Since the theory is an approximation
theory, it is not critical in the final interpretation that these conditions be
exactly satisfied; however, the mathematical analysis is based on these
assumptions.

The generic model is developed in the next two sections. It is based
on the notions of classes of systems and their e-representations. In Section 3
a theorem is stated about the identifiability of time-varying systems with
noise-free observations of output. This is a relatively simple result which is
preparatory to the main identifiability theorem, Theorem 5 of Section 5.

A recursive statistical estimation procedure is developed in Section 4,
which is also preparatory to Theorem 5. This procedure applies to a mixed
linear model with both stochastic and unknown-but-bounded terms, and
is new as far as we are aware. Since the estimation problem is perhaps of
some interest in itself, we have treated it a little more generally than is
necessary for the application in Section 5.

Some of the results of this paper were presented in the conference papers
(Fiske and Root, 1974; Fiske, 1975a); see also Fiske, (1975b), where there
is further related material.
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2. PRELIMINARIES CONCERNING e¢-REPRESENTATIONS

The concept of e-representation is introduced and developed somewhat
by Root (1971, 19752); the use of e-representations in identification is
discussed abstractly by Root (1973). For the convenience of the reader
a summary of those definitions and results concerning e-representations
which are needed is provided here,

A class of bounded systems is the 4-tuple & = (¥, f, 00, Z), where ¥ is a
Banach space, (¥ and & are metric spaces, and f is a continuous map from
the topological product & X Z into %, bounded on Z. ¥, (Z, and & are
called the output space, system parameter space, and input space, respectively.
If xed, s =(%,f, o, %) is a system belonging to &. The equation y =
f(o, x), x € X, describes the transformation of inputs to outputs for the
system s.

A class of systems % is prelinear if (7 is a subset of a linear space and

fleroq + e, &) = €1 f(0q 5 %) + €of (a5 %)

for all x € Z whenever the scalars ¢; , ¢, and the parameters «; , o, are such
that all three terms are defined. Note that the systems in a prelinear class
need not have any linearity properties.

Let # = Z(%, %) denote the set of all bounded continuous maps from
Z into % made into a Banach space in the standard way (see, e.g., Dieudonné,
1960); i.e., if Fe Z, || F|| is defined by [| F'|| = supg || F(x)||, where the norm
on the right is the norm in #. Define g: & X & — ¥ by g(F, x) = F(x).
Then g is continuous on & X Z and actually linear in &#. Thus & =
(¥, g, F,%) is a linear class of bounded systems.

Note that f(«, ') defines an element, call it H,, of #(%,%). Let 4 be
the map from ¢ into F(Z', %) defined by (o) = H,, and put S =2 ().
Then S = (¥, g, #, %) is a class of systems, and is a subclass of S .
S, 1s called the natural representation of & = (%, f, 0, ¥) and i the natural
mapping for the class &.  is always a prelinear class, whether & is or not.
If & is itself a prelinear class then it follows that i is a restriction of a linear
map from the linear span of &7 into &. If ¢ is injective and ¥ and & are
compact metric spaces, then % is equivalent to its natural representation
H, (see Root, 1975a, for definition and details) and nothing is lost by con-
sidering 7 directly.

Let S = (¥,f,, 04, %) be another class of bounded systems with
natural mapping i, . If there exists a map ¢, from 5 into (7, such that
| H — i ody(H)| < eforall He o, (¥, ¢,) is said to be an e-representation
of # (and also to be an e-representation of any class for which % is the
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natural representation). The definition does not require that iy o ¢(H)
necessarily belong to 2. It does require that & and & have the same
input and output spaces. An e-representation (%, ¢;) of & is hnear if S
is a prelinear class and ¢, is a restriction of a linear mapping; it is finite-
dimensional if (¥, is a subset of a finite-dimensional Euclidean space; it is
continuous if both ¢, and o, are continuous; it is determined by &, Xy C %,
if the map ¢; depends only on the functions H, H e 3£, restricted to & .
The basic existence theorem is the following.

TueoreM (Root (1975a)). Let % be a Banach space and (U and X be
compact metric spaces. Let S = (¥, f, O, &) be a class of bounded systems.
Given ¢ > 0, there exists a continuous, finite-dimensional e-representation
(%1, ¢1) of F that is determined by a finite subset Zy C %. S, is a prelinear
class. If % is a Hilbert space, then in addition ¢, can always be a linear map
50 that (F , ¢,) is a linear e-representation.t

The proof of this theorem is by construction and the formulas given
by the construction are needed here; so some further discussion is necessary.
It is shown that one can find a finite-dimensional subspace &’ of % that
has a subset arbitrarily close to the total image set (%) C #. A continuous
map  from & into ¥ is devised that carries points in (%) into sufficiently
nearby points of %', In case % is a Hilbert space, 7 can be taken to be the
orthogonal projection on %, and this is the only case we consider. Letting
y = my, 3" is expressed in terms of an arbitrary basis {e, ,..., &,,} of %’

M
¥ =) &) e, (2.1)
i=1
where the ¢;* are continuous linear functionals. Now if the determining set
o = {#; ,..., Xy}, the parameter space (%, of the e-representation is a subset
of R¥M, 'The map ¢,: 3 — ; is defined as follows. ¢,(H) = k, where
/ is that point in RM with coordinates, with respect to an arbitrary ortho-
normal basis, given by

Ay = €5, * 0 0 H(xy,), m=1,..., M; n=1,..,N. (2.2)

A set of continuous interpolation functionals {y,(%),..., ya(®)}, x€ X%, is
constructed. These functionals depend on the set {xy,..., %y}, and have
the properties

L It can happen that ¢, is linear when % is only a Banach space, but it is not known
to us whether this can be guaranteed.
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(1) yalx) =0, n=1.,N, xeZ,
@ Siavd®) =1, e,
() vale) = Onr» nk=1,.,N.
Finally, the map f; is defined by
M N
10 = [ 3 7200) ] - 23)
m=1 n=1

An e-representation of the form just described is called a standard e-repre-
sentation. It depends on the set {x, ,..., #y}, and that set is called its determining
set.

The integers M and N depend on &, 5# (or (%) and ¢, but are not uniquely
defined simply by the condition that (%] , ¢;) is a standard e-representation.
However, given &, 5, and e there is a smallest NV such that there exists
a standard e-representation with a determining set with N elements (we
are not concerned with the size of M), With fixed Z" and 5# this minimum
N is nondecreasing as e is made smaller; with fixed ¢ the minimal I is
nondecreasing as either Z or S is made larger in the sense of set inclusion.

Two simple preparatory lemmas are needed that are not given in the
references.

Levma 1. For a standard e-vepreseniation with % a Hilbert space and
{e,}, m = 1,..., M, an orthonormal set, ¢ is a restriction of a linear map from
F(Z, %) — R M gith linear operator norm < N/2,

Proof. Let R,M be M-dimensional Euclidean space with basis {e, ,..., ey},
and let the image of 5 given x, under the mapping defined by (2.2) lie in
RM. Let RMN = RM @ -+ @ RyM, and assign the basis {¢,,,,}, m = 1,..., M;
1 = 1,...,, N, where e, is the element of RMN corresponding to e, in R,M.
Then with respect to this basis, let & = ¢,(H), &' = ¢,(H’) have coordinates
{@mnts {@rgny in RVM, respectively. From (2.2),

2

|5 s ) o

< H(xn) — H' ()

<IH—H?, n=1,..N.

Hence,
lh—HP<N[H—H |

from which the assertion follows, [
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Lemma 2. With the same hypotheses as for Lemma 1, b, is a restriction
of a linear map from RNM — F(Z, %) with linear operator norm bounded
by one.

Proof. Because of the proliferation of norms in different spaces which
appear, subscripts are used with the norms initially, except for the linear
operator norm of ¢, which is denoted | ; |. Then,

I‘ﬁll = sup “ll‘l(h)“

RNM [| 7 || grvaa

= sup ; TR U 1l )l

1 M [N ];
=i d PAPECES
1 M1 2\1/2
AT S;P(m‘él _gln(x)laml}) g
< su ! su (il _z (%) - max | [}2)1/2%
= w\¥) * MAX | Gy
SUD UTRTT S9P \ & | &, 7o) -
— 1 M . 1 2§
et ||hn'(mz= m,;ﬂlaml)

because Z:=1 yo(x) = 1 for all x € Z. Then

M
Dy MaX,, | @, |2 112
| < sup | g e BTy g
RNM Zm=1 Zn::l mn

3. A MobeL rorR TIME-VARYING SYSTEMS

Some further notations, conventions, and definitions are useful. In what
follows we deal with spaces of functions (or equivalence classes of functions)
on R! or subsets of R%; in each case the functions take values in a finite-
dimensional Euclidean space. L*(a, b) denotes the L2-space formed from
functions defined on (a, b) and square integrable Lebesgue. We shall identify
the spaces L3(a, b) and L3 + a, t + b), £ any real number, without further
comment. The symbol 4 will sometimes be used as a generic symbol for
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an interval in R' (of the form (a, ], if the endpoints matter). The linear
operators L, , P, and P, are defined on functions x on R! by

(La2)(t) = (¢ + a),
(Pax)(t) = x(t)’ t<a

=0, t > a,
(Pax)(t) = x(2), ted,
=0, tg A,

The symbol &, denotes a set of functions x on R that satisfies the conditions

(i) (shift invariance) x € Z', = Lx € &, for all a € RY;

(i) (projection property) xe€Z, = Pxe%,, (I — P)xe#, and
Pixe &, for all a and A.

To avoid confusion between different uses of the word system, we introduce
the term extended system to represent the kind of ongoing, in general time-
varying, system that is to be identified. Precisely, an extended system is a
triple (%, , H*, Z,) where &, is as just defined, %, is a linear function space
on R! that also satisfies

(iii) shift invariance, and
(iv) projection property.

He is a map® from %', into %, . The extended system is causal if P H(x) =
P.H*(P,x) for all x € Z, and all a. It has bounded memory m if (I — P,) H o(x) =
(I — P,) H{(I — P,_,)(#)] for all x € &, and all a. These can be combined:
An extended system is causal with bounded memory m if and only if for
every T > 0

(v) (Peer — Py) H(%) = (Pyur — Py) H[(Pyyr — i-m)(%)] for all ¢
and all x € Z, (see Root, 1975b).

The idea we follow in modeling a natural system operating for an indefinite
time period is first to represent it as an extended system with certain addi-
tional restrictions on &, , %, and H*, and then to regard the extended system
as corresponding to a trajectory in some fixed class of systems, as defined
in Section 1. We choose to set up the problem so that the topological function

?In Root (1975b), spaces satisfying the conditions for &, and %, are topologized;
the H* are taken to be continuous maps, and classes of what are here called extended
systems are formed. A much more elaborate structure is developed than is necessary
for our purposes here.
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spaces that appear (this does not include &, and %,) are L2-spaces. This
is not necessary, but it seems sufficiently general and it facilitates the statistical
estimation discussed in the next section.

Let T and m be fixed positive numbers. T" will be the duration of each
observation interval; m will be a bound on the memory duration. The
number m is chosen to fit the problem; either the natural systems in question
have bounded memory 7, or they can be approximated sufficiently well by
having the memory truncated to m. T is arbitrary. Let & = (&, f, I, ¥)
be a class of systems satisfying the conditions

(2) % is a compact subset of L(—m, T),
(by % is L0, T),
(¢) ¥ is compact.
We deal with the natural representation of &, S = (¥, 8, #, %). It
follows, (c’), that 5 is a compact subset of F (%, %).
Now let (#,, He, Z,) be an extended system that satisfies the following
additional conditions. The input space &', satisfies
(vi) P,%¥,CL*A) for any 4,
i) PymnZe =L_Z.
Note that, by virtue of (i), it is sufficient that (vi) hold for some 4 and that
(vii) hold for some ¢. The output space %, satisfies
(viii) P.¥,CL*A4) for any 4.
Given any ¢, the map H®induces a map H; from P_,, 1. %, into L2(¢, £ 4 T')
defined by
Hi(x;) = P s.n)H (P, 141)%), xeZ,,

%y = P, p1m)%-

In fact, because of (v) the first equation can be written Hy(x;) = P ¢.ryH ().
Since by (vii) all ¥ € & are translates of such x,, H; can be regarded as a
map from & into @ = L*0, T). It is required that H* be such that

(ix) H,e.

With %, as given it is clear that any extended system that satisfies the
additional conditions (v),..., (ix) generates a trajectory {H,}, t€ R%, in the
subset # of F(Z,%). We regard an extended system satisfying these
conditions as “identifiable” if it is possible to determine H for any f, on
the basis of input—output data taken over a finite time interval terminating
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at time f, -+ 7. We regard the extended system as ‘“‘approximately iden-
tifiable” if it is possible to determine H; to within a prescribed tolerance,
in a prescribed sense, under the same conditions. As indicated in the
Introduction, we are concerned with approximate identifiability.

To make a measurement on the extended system at ¢ will mean to apply
an input signal during the time interval (¢ — m, £ + T'] and observe the
output during the time interval (Z, £ 4 7']. Measurements may be made
for overlapping time intervals, but if they are, the successive inputs are
necessarily related. To allow a completely arbitrary choice of successive
inputs, we suppose that measurements are made at the times #; =0,
ta=m+ T\..., b3 = k(m + T),.... The maps ka , denoted H,,, describe
a discrete trajectory in . Setting W, = H,, — H, gives the equations

Hk+1 = Hk + Wk)

(3.1)
Ve — Hk(‘fk)! k = l, 2,...,

to describe the successive measurements, where %, is the input signal applied
during the interval (¢, — m, ¢;, + T'] and y, is the output observed during
the interval (¢, £, + T1.

It is to be noted that even though we are defining a system to be an input—
output map, there are no serious restrictions on the “state’” of the extended
system at any time during the measurement process. In particular, since
the duration of the input interval is equal to that of the output interval
plus a bound on the duration of the system memory, the “output” for each
measurement depends only on the “input” for that measurement, and is
independent of the state of the system at the beginning of the measurement.
This holds true even in the case where measurements are made for over-
lapping time intervals.

To get a finite-parameter model for the H), we employ e-representations.
Let € > 0 be fixed at an arbitrary value; then by virtue of conditions (a),
(b), (c) on & there exists a standard e-representation (%] ,¢;) as given
by Egs. (2.2) and (2.3), with determining set {x, ,..., xy}. As before ¥ =
¥, 11,0 , %), and the parameter set (%, C RVM, Also, = is the orthogonal
projection from % onto %, which is an M-dimensional subspace; {e, ,..., €,}
is an orthogonal basis for %', and the orthogonal basis for R¥™ is chosen
as in Lemma 1.

The fundamental identification problem is to find Hy, & = 1, 2,...; we
are satisfied if we can find a suitably close estimate of %, = ¢, H;, the
corresponding vector parameter for the standard e-representation.
Suppose, temporarily, that the extended system is time-invariant so that
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H, = H, for all k. Let &, , & = 1,..., N, be chosen to be the N elements of
the determining set, thus &, = x;,, & = 1,..., N. Then, from (2.2)

Vi = () = 7o Hy(xy)

M M
= 3 (moHy(%), €n) € = Y. @i, k=1.,N. (32)
m=1 m=1

Let £, be represented by the column vector

by =gy e Gpy 5 Gyg ey Bagz 5003 iy 5enes Ayn]'s
then (3.2) can be written as a matrix equation
v = X,h, n=1,.., N, (3.3)

where y,; is now interpreted as a column vector of length M, and X, is an
M x MN matrix which in partitioned formis X, =[0:--:0:71:0:---:0],
each block being M X M and the identity matrix appearing in the nth
block. Setting

N
o
and combining Eqgs. (3.3) yields
yt=Xh, = by,
since
Xy
. .
X,

Thus, in this case of noise-free identification of a time-invariant extended
system, an identification to within e is obtained by making measurements
with each input signal in the determining set. The parameter values a,,,
are actually the coordinates of the projections of the outputs on an appropriate
M-dimensional subspace with a certain orthonormal basis.
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Now suppose that the extended system is continually changing so that
each measurement is performed on a (slightly) different system. From (3.1)
and the argument leading to (3.3) we have

by = My +wy,
v = Xyl , k=12,.,N,

(3.5)

as the equations describing the situation at the kth measurement in terms
of the standard e-representation. Since ¢, is linear, wy, = ;W . We want
to consider blocks of N measurements, and for the purposes of the next
section, successive blocks of N measurements, each with the same successive
inputs from the determining set {%,..., ¥y}. Equations (3.5) are then
meaningful for all £ =1,2,... if X; = X;, j =k — [k/N]N, where [a]
denotes the integer part of a. Put

y (’n—l) N+1

o= hNN! y'ﬂ — y(n-:l)N+2 , (3-6)

’
YunN

— X Wpaynt1 T Da-pne T 0+ Wpna)
—Xo(®WenNt2 + 7 Wnnoa)

— X N WnN—1

0

and
(n+1) N—1
wr = Z Wy «
k=nN

Then the successive blocks of N equations given by (3.5) can be written

hrtl = pn + w”,
(3.7)
yr =Xk g =k ey, n=1,2,.,

since X is the NM x NM identity matrix. With the =, , and hence the w™
and 7, unknown, it is now impossible to find any of the A" precisely from
observations of the y7; however, if each w® is small one would expect
A = y to be a pretty good approximation to A”. We have the following
simple result.
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Lemma 3. In the model (3.7) we let w,, satisfy only the condition || w, || < 7,
where || w, || & the Euclidean norm of w, in RVM. Then h* = y* satisfies
VAr — b || (N — 1)y, and no estimate of h* formed from y" can have
guaranteed error less than (N — 1)n.

Proof. 1t is sufficient to consider only y* in (3.7), that is, to consider
k = 1,..., N, in (3.5). Given the same %, , the two following sets of values
for the w, yield the same observations y,'. (1) w, = wy = -+ = wy_,,
eyl =, wy€ A4(X,) (the orthogonal complement of the null space
of X1); (2) ¥y = @y = ** = @y_y = —w,. In fact, in either case y,’ =
Xy, k= 1,..., N, since all the w, and %, belong to A(X,) for & > 1.
The values of A" for the two different cases differ by an element of norm
2(N — 1)y. This proves the second assertion. It is easy to see that the choice
of @y ,..., wy_y just given defines a worst case for /%, and the first assertion
follows immediately. |}

The following theorem summarizes the discussion of the model (3.7)
by stating to what extent identifiability of a time-varying system, meeting
certain conditions, can be guaranteed. This 1s, of course, a statement of
the situation when noise-free observations of the output are possible. It is
preliminary to a corresponding result in the final section that takes account
of noisy observations of output.

TueoREM 1. Let (%, , H*, Z,) be an extended system satisfying (i),..., (viii)
Jor some m > 0. Suppose there is a class of systems & satisfying (a), (b), (c)
with the same m and arbitrary T > 0 and such that the extended system satisfies
(ix) with respect to . Finally let it be required that the changes in the extended
system during one measurement interval are always such that || H, ., — H, || < 8
Sfor all k.

Fix € > 0 and let N be the minimum number of elements in the determining
set of a standard e-representation of F. Then there exists an estimate H,, of
H, , for any k, formed from a preceding block of N measurements such that

| Hy — Hy || < e+ (N — 1) N2,

Proof. Consider the model (3.7) based on the standard e-representation
of &. From Lemma 1 and the condition that || H,,;, — H;| < 8 for all &,

el < by [l Weell < N2

Then from Lemma 3 the estimate A" =y satisfies || A" — A" <
(N — 1) N12§, Put H® == ,(h*); then from Lemma 2,

| H — () < (N — 1) N3,
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Since k" = ¢,(H,y), and (S , ¢,) is an e-representation, putting H,, = H”
yields
HHnN - HnN” < e+ (N - 1) N/,

from the triangle inequality. However, since a block of measurements may
be started anywhere, nN may actually take on any integer value, which
proves the result. [

Remarks. (1) Conditions (i), (ii), (vi) on %, , together with the com-
pactness of %, are compatible and not even very restrictive (see Proposi-
tion 2.4 of Root, 1975b). The compactness condition of input spaces may
seem confining to one used to dealing with linear system theory, but in a
practical situation it can often be argued that potential inputs must indeed
belong to a compact set because of very real physical constraints (see com-
mexnts in Root, 1971).

(2) It is evident that even in the case of noise-free observations the
identifiability of a time-varying system depends on a trade-off between
actual rate of system variation on the one hand and the state of prior
knowledge (specification of (%) and size of the class of admissible inputs
(specification of &) on the other. This is indicated in Theorem 1 in the
dependence of N on ¢, (% and &. It would be highly desirable to estimate
the dependence of N on e for simple examples of Z and (%, but no attempt
is made to do this here. The problem is akin to estimating the e-entropy
of a set, but is more complicated because of the sense in which the ux, are
required to cover Z.

(3) In many situations some simple ad hoc construction can be used
to obtain a linear-in-the-parameters model of the form of Eq. (3.7) (but
usually not with X = I), and the statistical estimation theory of the next
section will apply to such models.

We now suppose that the observations of the output of the extended

system are contaminated by additive noise. Then Eqgs. (3.1) are replaced by

Hk+1 = Hk + Wk ’
(3.9)
2, = Hy(%,) + Vi,

where V7 is a random variable® taking values in L%(0, 7). Assume

2 That is, we take I}, to be a strongly measurable map from a complete probability
space into L0, T) (see, e.g., Barucha-Reid, 1972).
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(x) E(V}) exists and is equal to zero.

() V; has a covariance operator I' (which will necessarily be self-
adjoint and of trace class).

(y) Vi and V; are uncorrelated for & # j; i.e., the cross-covariance
operator is zero.

The development leading to (3.7) can now be repeated with the only change
being that in each observation equation there is an additive noise term. Let
&, be defined to be 7(2;). Then, since = is linear, Eqs. (3.5) are replaced by

Py = hy 4wy,

(3.10)
2, = Xphy, + v

where v, = =V} is represented as a column vector with respect to the basis
{ey s... €73 The random vectors v, have mean zero, are uncorrelated and
have covariance operator I, which will be represented by the covariance
matrix R. Using the same convention as before as regards superscripts
versus subscripts leads to

| L

(3.11)
P =h”-—|—-e”—]—1}",

where 9" is a random vector with mean zero and covariance matrix B =
N-block diagonal [R: R : --- ¢ R]. Furthermore, o* and o™ are uncorrelated
for n £ m.

Equations (3.11) describe the model we consider for identification of a
time-varying system in the presence of output noise. In the noise-free case
one can compute A® = A" 4 " as an estimate of A%} in the noisy case one
can make a statistical estimate " of 4* 4 ¢, which is again regarded as an
estimate of 4”. In both cases there is nonremovable error due to the presence
of €. In the noise-free case one block of N measurements suffices; in the
noisy case continuing measurements allow for a reduction of statistical
error, as usual. In the next section the statistical estimation problem is
treated.

4. PARAMETER ESTIMATION IN THE TIME-VARYING SySTEM MODEL
The estimation problem posed by (3.11) is a ‘““mixed” problem which

is somewhat unconventional; the terms w” and ¢* are nonstochastic dis-
turbances while the term 9" is stochastic. Even if the ¢* were zero, the
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usual Kalman recursive linear least-mean-squared (LMS) error estimation
theory would not apply because of the nature of w®. Since such an estimation
problem is at least of some academic interest,® we generalize it a little,
considering however only the case " = 0, before constructing an estimate.
This more general version also is of use for some time-varying system
models formulated on an ad hoc basis with no reference to standard e-repre-
sentations, as mentioned above. When the solution we obtain for the estima-
tion problem with ¢* = 0 is applied to (3.11) an adjustment has to be made
to account for the presence of ¢® and the extra error it causes, and this is
done in the next section.

The criterion used for the quality of estimates is, as usual, mean-squared
error. However, in the model used the mean-squared error depends on
the values of the unknown, bounded, but nonstochastic quantities. What
we would like to do is minimize the maximum mean-squared error. However,
the recursive linear estimate constructed only minimizes an upper bound
on the maximum mean-squared error, so a comparison lower bound is
obtained to provide a guarantee that the estimation procedure is not far
from optimum. No linear estimation procedure can yield an estimate with
mean-squared error less than the number given by the lower bound for
all possible values of the parameters.

We consider

hn+1 — hn + wn,
4.1)
3" = Xh" 4 o7, n=1,2,..,
where again A" is the vector parameter to be estimated, but where the as-
sumptions are now: A® is a p-dimensional vector; 2* is an 7-dimensional
vector, ¥ > p; X is arbitrary except that 47(X) = 0;5 ¢” is a random vector
with first and second moments satisfying

Eor =0,
4.2)
Ev(v™) = Roym

4 Recursive estimation for models where the noise is unknown-but-bounded has
been studied by Schweppe, Schlaepfer, Bertsekas and Rhodes, and others (see
Schweppe, 1974, and other references given there). The estimator developed here is
different from any previously discussed as far as we know.

5 That part of & that lies in the null space of X is not estimable anyway, so there is

no real loss in generality in cutting down the parameter space, if necessary, to coincide
with A (X).

643/32/3-2
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with the covariance matrix R strictly positive definite, and =* is bounded
componentwise, as will be specified. Let {4}, ¢ = 1,..., p, be a set of ortho-
normal eigenvectors belonging to (XTR-1X), i.e.,

(XTRXY Yy, = o;, i=1,..,p. (4.3)
Then it is required that®
Pl | = (@™ )l <m, 2= L..,p;alln (4.4)

Note that since A(X) == 0 and R is strictly definite, (X"R-2X)-1 exists
and the eigenvalues {c,?} are real and positive.

A recursive estimator for A" is now developed. It is suggested by the
nonrecursive modified linear unbiased minimum-variance (modified LUMY)
estimator described by Root (1973); there is also a vague resemblance to
the standard Kalman recursive estimator. To start, let /% be the ordinary
LUMYV estimate of 4! using the observation 2%, i.e.,

it = (XTRX)- XTR-15' = C#, 4.5)

where the matrix C is defined implicitly by (4.5). As is well known (Albert,
1972), the mean-squared error in this estimate satisfies

E| I — A = E| C(XH -+ ot) — |
= E|| Co' | = TH[(XTR1X)

=Y o, (4.6)

i=1

Here and in the rest of this section the norm is the Euclidean norm in R?,
It is convenient to introduce the notation b% = o2, i = 1,..., p, so that

D
ENR—r>P=Y 8. 4.7)
i=1
Now consider the second observation
22 = Xh? + v? = Xt + Xot 4 o2,
and rewrite this as
22— X = X[(» — 711) + o] + 2% (4.8)

6 We occasionally use inner-product space notation instead of vector—matrix
notation in this section.
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Define 02 £ 52 — XA and & < (Bt — k) + o' = h? — k' so that (4.8)
becomes

02 = X ¢ - o2, (4.9)
The LUMYV estimate of £l is

Co?2 = & - Co2. 4.10)

Equation (4.10) can be interpreted as describing a linear model for estimation
in which the linear transformation is the identity, the “observation’ is C§?
and the ‘“‘noise” is C7? Since the LUMYV estimate of &' in (4.10) is just
the observation itself, there is no conflict in thinking of (4.10) this way.
We now wish to use the a priori information that we have about &, i.e.,
the information in (4.4) and (4.7), to modify the LUMYV estimate of &
s0 as to obtain a new estimate with smaller mean-squared error.

Consider a completely arbitrary linear estimate £l of ¢! in (4.10) and
expand it in terms of the {i;}. Thus,

D

Z a;,(CO% ) s » (4.11)

where the {a;,} are real numbers. The error in this estimate is

pop=y [(au-—lxgl W+ S a ¢J>+z au(Co*, %)] b

=1 g=1
(g44) (4 12)
Then, from (4.2) and (4.3), and using the facts that £ is uncorrelated with
2% and that CRCT = (XTR-1X)™, it follows that

El&—ap=YE [(an— IE, o) + z ais(®, sbg)] =Y adol

=1 =]

e 4.13)
We should like to choose the {a;} so as to minimize the supremum of
E|| & — &2 for all  and all @ satisfying (4.4). However this minimization
problem appears to be extremely complicated, and perhaps not even worth-
while in view of what follows, so we content ourselves with minimizing
the obvious upper bound to (4.13) given by

EIE =81 <23 (o @ W25 B[ 3 au(eha]
(J;%)

+ Z d?j"jz- (4.14)

2,i=1
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To minimize the right side of (4.14), one should obviously set @;, = 0 for
7 5~ j. Making this assignment reduces (4.13) to

E|&—&12= i (@ — 1) E[(¢", $.)]* + i aiol.  (4.15)

=1

Now

E[(&, $)]? = E[(B — k" + o, ;)]
= E[(Cv', )] — 2(w", 4;) E[(CVY, )] + E[(w', ;)] (4.16)
<ol + 2n0, + 12 = (b + 105
S0

k4
E| & — < Y [(as — 1) (by + )" + alio]. (4.17)
=1
Obviously the bound in (4.16) could be improved to 43; + 5,2, since the
unbiasedness of /! causes the cross term to vanish. However, this calculation
is used all over again in an inductive proof, and in general the preceding
estimate /" is biased so the use of the Schwarz inequality is necessary.
The upper bound in (4.17) is minimized by putting

(b A
(byi + )2 - 02’

We let €' denote the estimate of £ given by (4.11) with a;; as given by
(4.18) and a,, = 0, 7 =~ j. Since /2 = B+ £ we take as our estimate of 42,

i= 1y, p. (4.18)

Ay

B Lja g g (4.19)

It is perhaps interesting to note that the definition of A2 in (4.19) is analogous
to a key step in a standard derivation of the Kalman recursive least-mean-
squared error estimate; the difference is that there the step is shown to
lead to an optimum estimate by a projection argument, whereas here there
is no such structure available. With the use of (4.17) a short calculation
shows that the error in /2 satisfies the following inequality,

B\ — 1|2 = B (i -+ &) — (I + &)

=E|&— &P

< (b +m)o2 & (ot m)ol

A Gyt te G (o) tod
=34, (4.20)

i=1
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where
B2 L (bu + 771')2 o
N (PN

Repetition of the procedure just described leads to the recursive estimate
Jn = fjn—1 -+ én—l

S B G/ ok D A
n—1 — Cagn — jhn-1 . )
: Z& btu-ps +m)* + 02 (Cz s ) s

Biag); + 10)? 02 :
B, = Qo tmdol oy 421
Oe-p. + 1) + 0 ' ? (*-21)

with initial conditions given by

= Czt,
2

b, = 0% i=lu.,p. (4.22)

THEOREM 2. Given the statistical model defined by Egs. (4.1) and subject
to the conditions of (4.2) and (4.4) and to A (X) = 0. The recursive estimates
defined by Eqs. (4.21) and (4.22) satisfy the error bound

Elh =P <Y 8, (4.23)
g1

Proof. At the kth stage the model (4.1) gives the observation equation
8P = Xh*F + o* = X + Xwh 1t 4o,
which can be rewritten as
0F = X1 4 ok
where 0% = g# — XA and
g1 L (g1 fe-1) Lo gkl = pF — L,

From these relations Eqs. (4.21) follow for n = k exactly as they did for
n = 2 and the calculation of the accompanying error bound (4.23) also
goes the same way. The assertion follows by induction. §

The behavior of the error bound in (4.23) as # — o0 is of concern. Before
presenting a result for this limiting case we state without proof a simple
preparatory lemma (see Fiske, 1975b).
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Lemma 4. If f is a real-valued C? function defined on the positive half-line
and satisfies

() Timgugr /() > O,
(i) lim,., f(x) = constant < oo,
@) f'(x) >0, x>0,
(iv) f'(x) <0, x>0,
then,
(2) f(x) = x has a unique solution x* for x > 0,

(b) the sequence x, = f(%,_y), %y > 0, converges to x*,

Tueorem 3.  The equation

(612 + n;)? 0
7 F e o7

= X, x>0, (4.24)

with n;, o; >0, has a unique solution x;*. For the recursive estimates of
Theorem 2, lim,,_, b2, = x;*.

Proof. Follows from Lemma 4 and (4.21). |}

A graph of x,;* is shown for certain values of 7, and ¢, in Fig. 1.

Upper Bound (Recursive)

0.6
0.5+
lim B?H
0.4’—
e
Sosl B2
% Lower Bound
o2l (X=I, R Diagonal)
0.1H
(o] f 1 I ! |
0 ol 02 03 04 05

7 /9

Fic. 1. Upper and lower bounds on MSE (fith component).
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ExamprLe. For a system with input-output relation characterizable by a
linear integral operator, or more generally by a polynomial integral operator
(Volterra polynomial), there is an easy and obvious way to get a linear-
in-the-parameters model of the form of (4.1) to which Theorem 2 applies.
We indicate how this goes for a second-degree polynomial, and then consider
details in a simple special case. It will be clear how this procedure generalizes
to higher degree polynomials. T'wo comments should be made, even though
they are obvious, First, some approximation is necessary to reduce the
model to a finite-dimensional one; second, this is an example of an ad hoc
system model and has nothing to do directly with e-representations.

Suppose the system is described by

7+T (r+T)
Y0 = [ ey 5) a(s) ds o [l sy, 50) 5(50) alee) sy s

T

r<t<Lt+T, re R, (4.25)
2(2) = y(2) + 0(2), (4.26)

where the kernels %; and %, are square-integrable in all their arguments
over any bounded set; where x is square integrable on any finite interval;
where m > 0, T > 0 are arbitrary but fixed, and where o(z) is a wide-sense
stationary stochastic process with mean zero. 'The pair (%, , A,) represent
the system, x is the input, v is noise, and 2 is the observed output. T is the
duration of an observation interval and m is the maximum duration of the
finite memory.

Let = be temporarily set equal to zero; let {¢;} and {n;} be complete
orthonormal systems (c.o.n.s.) for L3(—m, T') and L¥0, T), respectively.
Expansion of both sides of (4.25) with respect to these c.o.n.s. yields

Cp = z bya; -+ z bkilizailaiz s kR=1,2,.., (4.27)
where ‘
an = (%, bn),
Cp = (y, nn)’

b= [ [ e, )6 mle) ds

T T T
iy, = fo _[_m J;m ha(2, 514 o) i (1) biy(52) M(E) ds, ds, dt.
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Since it may be assumed without loss of generality that 4, is symmetric in
s; and s,, it may be assumed that bmlfg = bkizﬁ' Under rather obvious
compactness conditions on the class of systems and class of inputs in
question (e.g., if &, &, , and x are required to belong to compact subsets
of the appropriate L? spaces) Eqs. (4.27) can be approximated uniformly
in an L? sense by a finite system of equations in finitely many unknowns:

M M
=Y bua;+ Y byuaa, k=1,.,K. (4.28)
=1 tgitg=1
These equations can be written in the form of the linear vector-matrix
equation y = Xk, where % is the vector of the &’s, y is the vector of the ¢’s,
and X is determined by the a’s.

Equations (4.28) correspond to one measurement, as the term is defined
above, at r = #; = 0. Successive measurements can be made independently
at ty=m+ T, ty =2(m + T), etc. With the c.o.n.s. translated appro-
priately, each measurement will correspond to a system of equations (4.28)
with the input for that measurement determining the a’s and the condition
of the system during that measurement determining the 5’s. If the &’s do
not change for a sufficient number of measurements, input signals can
always be chosen so that the &’s can be uniquely determined (see Fiske,
1975b).

Now we suppose that the system in question is causal, and we temporarily
also assume it to be time-invariant. The ¢; and 5, can then be chosen to
take advantage of these conditions. In particular, define ¢, ,..., ¢, by

M \1/2  — 1T (T
N
=0, for all other t € [—m, T7.

The completion of the system {¢,} is irrelevant. There is no harm done
if m is increased if necessary so that it is exactly divisible by 8 == (T 4 m)/M.
The 5; can now be defined to be functions consisting of a simple step of
length 8, just as are the ¢;. However, because of the causality, bounded
memory and time-invarjance there is nothing lost by stopping the observation
interval at § and defining only v, as a step of height (1/8)*/2 on [0, &].

Thus, T'=38, K =1, M = (m/8) + 1, and Eqs. (4.28) reduce to the
single equation

M M
¢ = Z b,a; 1 z b;a,a;, (4.29)

g=1 2,7=1
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where

1

L d
¢ = £) dt,
5172 foy()

By — = | e [ "W, s) d ds,

8 ~m4-(i—1)6 Y0

—m418 —m+38 8
Biy = | f f h(t, sy , 55) di ds, ds, .

3372 ~m+(i—1)8 Y—m+(i—1)6 Yo

It will be observed that, since b;; = b,;, there are N = 1M(M + 3) un-
known b’s in (4.29). We therefore consider a block of N successive measure-
ments with NV different inputs (i.e., IV different sets of the a;) chosen so that
the &’s are uniquely determined. Using a superscript to denote the number
of the measurement, we then have from (4.29)

M M
€ == 21 bar + > byara, n=1,..,N. (4.30)
1= 2,f=1

Equations (4.30) can be rewritten in vector—matrix form,

y = Xh, (4.31)

where

y = [, &,..., N7,

ho=1[b, by 58y, bossess bary bagag s 2005, 2b15 4oy 2B14g 5 2895 ,00s 2bp_y, 17,

and
al, (”11)2> ay, (a")?.. (aMl)Z, a'ay,..., digqast
X f— ors
alN$ (‘ZIN)2 PR ] alNazN Iceey aﬁ\vl—laxf—l

From (4.26) and (4.31), there follows the equation
z = Xh + v, (4.32)

where v == [v,..., 9,]%, and v, is equal to §-1/2 times the integral of the
noise over the observation interval of the #th measurement. Ey, = 0,
E(v;)? = constant = o2, say; and we shall assume E(vz;) = 0 for ¢ # j.
Thus, E(vo") = o2l

If it is now presumed that % (and hence the #’s) changes somewhat from
one block of N measurements to the next, and if the same cycle of inputs
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is used for each block of measurements, we recover Egs. (4.1), where the
superscript # denotes the number of the block of measurements. Theorem 2
applies with R = o3I and

C = (XTRX) 1 XTR = X,

As an illustration, consider the simplest nontrivial case with M = 2.
Then N == 5 so that five measurements to a block are necessary. The inputs
may be chosen so that

1 1 06 0 0

-1 1 0 0 0

X=]0 0 1 1 0O

0 0 -1 1 o0

1 1 1 1 1

Then,

2 -2 0 0 0
2 2 0 0 o0
C=X1=}10 0 2 20
0o 0 2 2 0
—4 0 —4 0 4

The eigenvalues and corresponding eigenvectors of (XTR1X )1 = g2(X7 X)L
are

o2 = 3330623, ¢y =[0.166, 0.166, 0.166, 0.166, —0.944]7,

o =30, gy = (1/243)[—1,1,0,0,0],

(732 = %0'2, ’7[‘3 = (1/21/2)[0’ 0,-1,1, O]T’

o = §o?, $y = 31, 1, =1, —1,0],

o2 = 0.150%, i, = [0.474, 0.474, 0.474, 0.474, 0.331].

The 5; remain to be chosen. If limits on the possible variation of (b, , b,
by, byy , 2b,,) between blocks are taken to be (6, , 8, , 0, , 6, , 65), then the 7,
should be

e = l{}}laéej[% » %5 0g 5 oy, os]T ]
In any given situation the choice of the #; will probably be something of a
guess. If they are chosen conservatively (too large), then the estimates
will not be quite as good as they might be; if they are chosen too small
the error bounds will be incorrect. Suppose in this example the ratio 7,/ =
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0.5. Then n,/o; = 0.28, and from Fig. 1 one sees that the upper bound
on the final mean-squared error in the #y-component is approximately
0.50,> = 1.70%, as contrasted with o2 = 3.33¢%, the error given by the
LUMY estimator.,

Lower Bound on Maximum Estimation Error

As previously mentioned, since the error bound just derived is presumably
not the best possible, it is important to establish a lower bound on upper
bounds to mean-squared error, for comparison. This is done by a contradic-
tion argument using standard results from the Kalman linear least-mean-
squared error estimation theory. The result is for linear estimators only.

Suppose that all the conditions for Theorem 2 are satisfied, and in addition
each =™ is a stochastic vector satisfying the conditions

Pl@", ;) = mi] = 1/2 = P[@", ;) = —n4],
E[(@", $:) (@™ 5) = 15838mm » (4.33)
E[(w", f)(@", )] =0,
fori,j = 1,..., p, all m and n, and all f and g € R? in the last equation. Note

that these additional conditions in no way violate the original ones. Then
Ew® = 0 and %" has covariance Q satisfying

(Otbi s hs) = 120 - (4.34)

The equations (4.1) can now be interpreted as representing a controllable,
observable linear dynamical system model with uncorrelated state and
observation noise. To apply the linear LMS recursive estimation theory to
(4.1) it is necessary to assume that A! is a stochastic vector with known
mean and covariance. It is convenient to take

ERt = C# = I,
cov(it — EbY) & P, = (XTR1X)L (4.35)

The error covariance matrix for the LMS estimate 4" of A given the observa-
tions 22,..., 2 and initial data as in (4.35) satisfies the recurrence equation

Py, = (Ppy + ONI — XT[X(Pyy + Q) XT - R - X(Pyy -+ O},
n=273,.. (436)

(See, e.g., Astrom, 1970, with P; given by (4.35).)

Levmma 5. The sequence {Tt P}, n = 1,2,..., with P, given by (4.35)
and (4.36) is monotonically nonincreasing.
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Proof. We note first that Tr P, < Tr P;. In fact, given the data
{22 B, P}, Tr P, is the mean-squared error of the LMS estimate 42. But
the LUMV estimate of 4% has mean-squared error Tr[(XTR1X)Y] =
Tr P; . Since this is another linear estimate based on (some of) the same
data it cannot have smaller mean-squared error than the LMS estimate.
Hence Tr P, < Tr P, .

Now observe that because of the stationarity of the statistics in the model,
the LMS estimate of A" given {22,..., 2"; /!, P} has the same error covariance
matrix, P, , as does the LMS estimate of A7+1 given {25,..., 27+1; A2 = C22, P;}.
Thus, given {z2,...,2"; i1, P}, one can form a (nonoptimum) linear
estimate of A"+ by first computing the LUMYV estimate /2 = Cz2, which
has error covariance matrix P;, and then replacing A% in the recursive
LMS algorithm by /42, This is equivalent to finding the LMS estimate of
k1 given {23,..., 2n+1; k2, P;}. By the remark just made, the mean-squared
error of this estimate is T'r P, , which must then be greater than or equal
to the minimum mean-squared error Tr P, ;. |

Let e = lim,_,, Tr P,,,, then e is a lower bound on uniform upper
bounds on mean-squared error. More precisely, we have:

TuroreM 4. Let the conditions of Theorem 2 be satisfied. Then for any
linear estimator of the sysiem parameters h* and for any m > 1 there extsts
an admissible sequence {h*}, n = 1,2,..., m such that the mean-squared error
in the estimation of the h™ is greater than or equal to e.

Proof. We are free to suppose that /1 is a stochastic vector with covariance
P, and that the @™ are stochastic vectors satisfying (4.33) and bounded as
required. Denote an arbitrary linear estimate of 4* by /. Suppose that for
some m > 1

E{| e — hm |21 B, ..., oY) < e,

for every A' and every sequence {w',..., w™ 1} meeting the conditions just
imposed. Then

E| b — pm |2 = E[E{| hm — b7 2] B o, w7 1],

But by Lemma 5 the LMS estimates of the 4" for the given conditions all
have mean-squared error Tr(P,) = e. Thus, by the minimum mean-squared
error property of the LIMS estimates there is a contradiction. J

For the very special case that X is the identity this lower upper bound
can easily be computed. We compute it here because it gives an immediate
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comparison with the upper bound of Theorem 2, and also because, simple
as it is, it is the case of interest in the general theorem of the last section.

With X =1 the ;, i = 1,...,p, are orthonormal eigenvectors of R,
Thus, if they are chosen as a basis for a vector—matrix formulation, R is the
matrix diagla,?,..., 0,2, and from (4.34) Q is the matrix diag[n%..., 9,%].
Furthermore, (4.36) then becomes, after a small amount of manipulation,

P, =Pyt O)Pusy+O-+RR n=23... (437

Since P; = Ris diagonal, each P, as given by (4.37) is diagonal. In particular,

lf P'n—l = diag[ﬁ?fn—l)l ) B(2n~1)2 ey B(2n~1)p]? then Pn = dlag[ﬂ:l 3 ﬁ:z EARA] Igrsz]a
where

2
2 (B, + 7h'2) 01'2
A ’
nt B(Zn_l)i +77i2 __]_ 0722

i= 1y, p. (4.38)

It follows from Lemma 4 that the 82, converge monotonically to the fixed
point of the function

f(x) — (x + 7]i2) 0'2-2

Py el x>0,
which is
0.2 \1/2
B = —dnet o dnet (1 +4-25) (4.39)
Thus,
p
¢ = lim TH(P,) = ¥ B (4.40)

=1

See Fig. 1 for a comparison with the upper error bound for the recursive
estimator,

5. IDENTIFICATION OF A SLOWLY VARYING SYSTEM
wrt Noisy OBSERVATIONS OF OuUTpUT

As previously indicated, there is really no way to distinguish between
h* and ¢® in (3.11) in estimates based on 2". So, in analogy to what was
done in the noise-free case, we estimate A” -+ " and simply allow for the
error possibly introduced by €* when the estimate obtained is used as an
estimate of #”. From (3.7) y* = k» - €*, so (3.11) can be rewritten in the
form

y'n+1 — yn + ,yn,
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Since |[p" || = l[(y*t1 — Ao + (A — b)) 4+ (B* — y?)|| it follows from
Lemma 3 that if {[ e, || << n then

Iyl 2N — 1)y + Nn = 4, (5:2)

where d is defined by (5.2). We define an estimate for A* of A in (3.11) to
be the estimate §” of y* in (5.1) specified as in Theorem 2. The following
theorem is an extension of Theorem 1 that accounts for the statistical errors
in the system parameter estimates when the output observations are noisy.

Tueorem 5. Let (%,, H®, %Z,) be an extended system satisfying all the
conditions of Theovem 1. Suppose that the output for each measurement is
observed in the presence of additive noise V;,, as in (3.9), and that the Hilberi-
space-valued random variables V, satisfy the conditions («), (B), (v) following
(3.9). Fix € > 0 arbitrarily and let N be as in Theorem 1. Then, given any
¢ >0, there exists an estimate H, of Hy, for any k, formed from a finite
sequence of blocks of N measurements such that

[Hy, — H, || < e+ (N —1)N*25 1 ¢, (5.3)

where { is a nonnegative random variable satisfying
MN

EZ<Y B2+«
i=1

The length of the sequence of blocks depends on &'. Each constant B; is the
unique nonnegative solution of
(B;:l/2 + d)Z O,iz
B T ay T o7

= B;, i = 1,..., MN, 6.4

where the 62, i = 1,..., MN, are the eigenvectors of wl'm (each a2 is rvepeated
N times), and where

d = 2(N — 1) N'/25 4 N3/%. (5.5
Proof. We maintain the convention that superscripts refer to blocks of
measurements. Put A" = (A7) = ¢(#7). From Theorem 1 it follows

that if the estimate of 7 is perfect, A" == H», where H" satisfies (3.8).
From Lemma 2 it follows that if || A* — yn || < {, then

| A® — Hn|| < || H* — Ho ||+ | H* — H?|
< L4+ (N — 1) N33,
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since i, (A» — y) = H» — H". This much is true no matter what estimate
is used for A"; however, consider A* as defined above. From Theorem 2

Elln— it <Y B,

i=1

where now p = MN, and where the b,; are defined recursively by (4.21)
and (4.22). Since X = I, the ¢2 in these equations are now simply the
eigenvalues of the covariance operator R = «I'm. Since (5.2) is to hold,
each 7;, ¢ = 1,..., p, is replaced by d, which, in terms of 3 is as in (5.5).
The assertion then follows from Theorem 3 for H”, which corresponds to
the nNth measurement. The conclusion also follows for any H,, ; one can
simply delay the beginning of the first block of measurements by the
appropriate amount so that # = RN for some k. ||

Recervep: May 30, 1975; REVISED: January 19, 1976
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