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Procedures are described for obtaining mass predictions from the solutions of inhomogeneous
partial difference equations. The inhomogeneous contributions result from the variation with nucleon
number and neutron excess of the effective neutron-proton interaction. A simple liquid-drop-model
expression has been used for these contributions to obtain the present predictions. The most general
solutions of the difference equation have been subjected to a x2-minimization procedure (boundary
condition) based on the new atomic mass adjustment of Wapstra and Bos. The resulting solution can
be viewed as a many-parameter mass equation with about 220 parameters. About 5000 mass values
have been calculated for nuclei with 4 > 65. The standard deviation between calculated and experi-
mental mass-excess values is o, = 289 keV.
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INHOMOGENEOUS
PARTIAL DIFFERENCE EQUATIONS

Many mass equations M(N,Z) are obtained as
analytic expressions from nuclear-structure considera-
tions. While the underlying theory or model, such as the
liquid-drop model or the shell model, establishes the
analytic form of the equations, some of the parameters
contained in the equations are generally not, or only
poorly, predicted by the theory. These parameters are
subsequently determined by minimizing the differences
M(N,Z) — M, (N,Z) for all known masses.

A different approach by means of inhomogeneous
partial difference equations is described in the present
contribution (see Refs. 1-3 for details). If M, (N2)
represents the exact masses of all known and unknown
nuclei, the objective is to find a mass equation M(N,Z)
which satisfies

M(N.Z) = Mol N.2), M

for more realistically, of course, M(N,Z) = M_,,(N,Z)]
If D represents a partial difference operator, then

D M(N,Z) = [D M(N,Z) .y @

is also correct. We now invert the problem. If
[D M(N,Z)]y et 15 assumed to be known from nuclear-
structure theories and if the inhomogeneous partial dif-
ference Eq. (2) has a unique solution M(N,Z), then
M(NZ) = M, (N,Z). In order to obtain a unique so-
lution over a range of N and Z values, it must be re-
quired (boundary condition) to reproduce all precisely
known experimental masses M, (N, Z). It is concluded
that very limited information about M, .(N,Z) may be
sufficient to derive an exact mass equation.

Solutions M(N,Z) of the inhomogeneous partial
difference equation

D M(MZ) = [D M(MZ)]theor (3)

based on approximate theories or assumptions for
[D M(N,Z)}por Will describe the exact masses only
approximately, M(N,Z) = M_,,(N,Z). The earlier
boundary condition has to be replaced by a x2-minimi-
zation of the differences M(N.Z) — M, (N,Z), and the
range of validity is that for which Eq. (3) yields unique
solutions.

Furthermore, if two independent operators Dy
and D, can be found with theoretical predictions
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[Dp M(N,Z)}peor and [Dy, M(N,Z)}y,0r» then the resulting
solutions My (N,Z) and M;(N,Z) of the inhomogeneous
partial difference equations

DT M(MZ) = [DT M(N9Z)]theor (4)

and
Dy M(N.Z) = [Dy, M(N,Z) e, )

must satisfy M;(N,Z) — M{N,Z) = 0 for all values of N
and Z for which both solutions are unique. This is a
necessary condition, and the degree to which it is vio-
lated, particularly for neutron-rich and proton-rich nuclei,
makes it possible? to judge the reliability of the underly-
ing theoretical assumptions and with it the reliability of
mass predictions.

Another possible approach? for treating the two
Egs. (4) and (5) consists of finding those solutions which
satisfy both difference equations simultaneously with
the original boundary condition again replaced by the
X %-minimization.

The theoretical contributions on the right-hand
side of Egs. (4) and (5) generally contain small errors.
The solutions My(N,Z) and M;(N,Z) may therefore in-
clude systematic errors which will become important for
neutron-rich and proton-rich nuclei. Such systematic
errors can be reduced? if the solutions are subjected to
constraints which, for example, ensure that the solutions
satisfy charge symmetry of nuclear forces or ensure
reasonable predictions for the Coulomb energies.

Partial difference operators D, and D, have been
constructed from operators ™A defined by

maAf(NZ)=[(NZ) —f(N-m Z~n) (6

(this definition differs slightly from that used in Ref. 3).
The quantity

[,(NZ)=10AYAB(N,Z)= - OASIAM(N,Z) (T)

[B(N,Z) = binding energy] represents essentially the
effective neutron-proton interaction!™* /, . The effective
interaction I, is responsible for the symmetry energy
term in mass equations. Additional small contributions
to I, result from the neutron-proton pairing energy,
from the Coulomb energy (since the isotope-shift coef-
ficient of the nuclear-charge radius is generally different
from zero), and from collective effects. Partial difference
equations in accord with the above general considera-
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tions can now be obtained by considering the depend-
ence on the neutron excess N — Z = 27, and the nu-
cleon number N + Z = A4 of the quantity [, ,. We
therefore define the transverse and longitudinal partial
difference operators

Dy = —1L71ALOAGIA 8)
and
D, = —LIALOA%IA ©)

For the contributions which vary smoothly with Nand Z
{or 4 and T), Egs. (7), (8), and (9) can be written
approximately as

1,,(N.Z) ~WM(NZ)

= (ﬁi—l—a—)M(NZ) (10)
aAE 4312 :

D ~_(L_L)i_
= "\oN 02Z/anNozZ
=_‘L(i2__l_af_)’ (11

T, \aA® _ 4 7%
(8 . 8\ e
b= - (6N+ Z)aNau
3 {92 162)
=0 (2 _1 &)
aA(aA sarz) 1P

The inhomogeneous partial difference Eqgs. (4) and
(5) based on the operators of Eqs. (8) and (9) are sche-

I+ ( +=

Z[F F = {FE - Rt
T —F

z [ H= =

- 4] = < =+ — |[+]|— >
e = Jtheor

. - Z |4~
with Inp(N,Z) = —|F
N

Fig. 1. Schematic representation of the transverse and longitudinal
inhomogeneous partial difference Eqs. (4) and (5) based on the
operators [, and Dy of Eqgs. (8) and (9). The boxes represent
nuclei from the nuclidic chart with N horizontal and Z vertical.
The presence of a plus or 2 minus sign in a box indicates that the
mass value of the respective nucleus is to be added or subtracted
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matically represented in Fig. 1. Included in the figure is
the schematic representation of the definition for the
effective neutron-proton interaction I, from Eq. (7).
The connection with the Garvey-Kelson nuclidic mass
relations® becomes quite apparent in this notation. The
transverse and longitudinal Garvey-Kelson relations are
represented by the homogeneous partial difference
equations

D, M(N,Z) =0 (13)
and
D, M(NZ) = 0. (14)
Figure 2 shows about 500 values for /,, calculated
from Eq. (7) and the experimental masses of Ref. 6. The
data are plotted as a function of 4 separately for even-4
and odd-4 nuclei. The even-4-odd-A4 effect has been
explained by de-Shalit* who showed that 7, can be
written in the form

L, = I, + (=11 (15)

Here, I, represents an averaged interaction between a

keV - —
2000} K T T
1so0F ¢ - ]
. A’ *
\,.';- N even-A
|000" ;21..‘.\.«:; . . i
A 3;-.:-; o":. o ’ ! .t.:.
500} DR oy SRR O J
VORI
Inp * 3
0
1
K odd-A
soof N\ . .
TR S o,
', '."\:\’.t‘j -"’ é,f '..:_." et s,
N A A2
o . ;_:' ~".. N 'i,'.._ :g.:_%?__'!.;_'??.}.
- ' . Q. ] - .
-500}F ] L i
0 100 200

Fig. 2. Plot of the effective neutron-proton interaction L, derived
from the experimental masses as a function of 4 by means of Eq.
(7). The lines are calculated from the Bethe-Weizsicker liquid-
drop-model equation for nuclei along the line of B-stability (fig-
ure taken from the first article in Ref. 1; B-W parameters used are
listed there)
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neutron and a proton in the outermost shells of an
odd-odd nucleus while I’ accounts for the increased
binding (pairing energy) in the ground state. The overall
behavior is quite well described even by simple mass
equations. The two lines in Fig. 2 are calculated! for
nuclei along the line of p-stability from the Bethe-
Weizsicker liquid-drop-model mass equation. The ex-
perimental evidence for the dependence on the rwo
variables nucleon number and neutron excess is dis-
cussed in Ref. I

General solutions of the inhomogeneous third-
order transverse and longitudinal partial difference
equations

—L-IALOAOIAM(N, Z) = [1’_1A1np(1v:z)]theor (16)
and

—IIALOACIAM(NZ) = [V 1AL (N, D)oo (1)

[Egs. (4) and (5) with (8) and (9)] consist of a particular
solution of the inhomogeneous equation and the most
general solution of the homogeneous equation. Solu-
tions can easily be obtained if certain simple assump-
tions are made about the A- and T,-dependence of
1,,(NZ) = I (A, T,) which convert Egs. (16) and (17)
into homogeneous equations. If I is assumed to be
independent of T or independent of A4, then

M(NZ) = g(N) + go2) + gs(N + Z)  (18)

and
M(NZ) = fi(N) + fAZ) + f3(N — Z) (19)

are the most general solutions of the homogeneous
transverse and longitudinal Eqs. (16) and (17), respec-
tively. If [, is assumed to be independent of 7, and A
(separately for even-A and odd-A), then Egs. (18) and
(19) represent again the most general solutions, and the
most general simultaneous solution is

M(N.Z) = Iy(N) + hy(Z) + m(N — Z)?

+ 7]2800 + "738% + n48eo + nsgoe' (20)

Here, g,(k), f;(k), and h;(k) are arbitrary functions, and
the n; are arbitrary constants. The quantity 8, is unity
for N = odd, Z = odd and is zero otherwise. The quan-
tities §,,, 8,, and 3,, have similar meanings. The func-
tions h,(N) and hy(Z) must contain nuclear and Cou-
lomb energy contributions to satisfy charge symmetry of

nuclear forces. Thus,

hy(NY + ho Z) = Iy N) + Ppua(Z) + hoou(Z)  (21)
with
hpua(k) = hy(k), (22)

hCoul(k) = hz(k) - hl(k)
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The same is the case for the functions g,(k) and f,(k) as
well as for the functions G(k), Fitk), and H,(k) intro-
duced below. The functions g;(k), f;(k), and h,(k) can be
determined from a x?-minimization to the experimen-
tally known masses. Equations (18) and (19) represent, of
course, the transverse and longitudinal Garvey-Kelson
mass equations.’ Since the above assumptions are
strongly violated near T = 0, the solutions can be used
only for nuclei with N > Z (and N = Z = even).
Many theoretical expressions for the right-hand
sides of the inhomogeneous partial difference Eqs. (16)
and (17) are easily available. Any given mass equation
M,,(N,Z) contains terms which describe the dependence
on 7 and A of the effective interaction /, . These terms,
mostly contained in the expression for the symmetry
energy, can be obtained by calculating the required
differences. The underlying theoretical considerations
for these contributions are, of course, those used in the
derivation of the respective mass equation. The most
general solutions of Eqs. (16) and (17) then become

M(N,Z)

= M(N.Z) + G\(N) + GAZ) + G(N +Z) (23)
and
M(N,Z)

=M (NZ) + F(N) + Fy(2) + I{(N — Z). (24)
The most general simultaneous solution is
M(N,Z)

= M (NZ) + H(N) + H(Z) + ny(N — Z)*

+ M2855 + M38ee + M40ep + M50, (25)

Here, G,(k), F,(k), and H,(k) are arbitrary functions and
the n, are arbitrary constants. These can again be deter-
mined from a x?-minimization of the differences be-
tween experimental and calculated masses for those
regions of N, Z, N + Z, and N — Z for which experi-
mental masses are known. While the expression for
M, (N,Z) enters explicitly into the solutions (23), (24),
and (25), the only quantities which these solutions and
M, (N,Z) have in common are certain third-order par-
tial differences which are generally on the order of
10 keV (see Fig. 5 of Ref. 1).

CALCULATIONS AND COEFFICIENTS

Computer programs have been written by us
which make it possible to obtain the functions G;(k),
F;(k), and H,(k) as numerical values for each integer
argument from systems of a few hundred linear equa-
tions in a few hundred unknowns. Since use is made of
sparse matrix subroutines, the computing time is only
about ten seconds for a given equation on the University
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of Michigan AMDAHL 470V /6 computer and about
twice as long on the compatible IBM 370/168.

Preliminary results for the transverse and longitu-
dinal inhomogeneous equations according to Egs. (23)
and (24) have been obtained? for several shell-model
and liquid-drop-model expressions for /. The standard
deviations o, between calculated and experimental
mass-excess values are typically 110 keV and 200 keV,
respectively. The consistency test mentioned earlier has
been applied to a few cases.? Detailed results are availa-
ble for the simultaneous solutions according to Eq. (25).
Solutions have been obtained? for 16 different assump-
tions and theories about I, ,(N.Z) including shell-
model™® and liquid-drop-model®~'* expressions. The
standard deviations o,, between calculated and experi-
mental mass-excess values (N > 20 and Z > 20) are
typically 250 keV. However, it was found that the stan-
dard deviations o, for reproducing the experimental Cou-
lomb displacement energies were much bigger and
ranged from about 650 to 1750keV. The functions
H_ (k) and H, (k) display a divergent behavior. It
was further observed that there exist strong correlations
between the Coulomb energy and the symmetry energy
terms. A misrepresentation of the former is always ac-
companied by a misrepresentation of the latter thus
affecting mass predictions for very neutron-rich and
proton-rich nuclei.

A similar situation exists for the transverse Gar-
vey-Kelson mass-equation.” The standard deviation o,
for the differences between calculated and experimental
mass-excess values is about 120 keV, but the calculated
Coulomb displacement energies exhibit deviations with
o, =~ 2700 keV.

Additional constraints were introduced in order to
overcome this problem. Since the terms H(¥N) and
Hy(Z) of Eq. (25) contain nuclear and Coulomb energy
contributions, obvious constraints are H (k) = H,(k) or
n, = 0 which eliminate any modifications of the Cou-
lomb energy or symmetry energy terms of M, (N,Z).
Results were again obtained from x2-minimizations for
the various assumptions and theories about [, ,. The
functions A (k)= H (k) and H, (k)= Hy(k)— H (k)
are now well behaved. Figure 3 shows an example based
on the constraint 1, = 0. The dependence of H, ,(Z)
on Z is smooth, and H_, (N or Z) displays pronounced
shell and pairing effects as expected.

Of the many new mass equations obtained, one
was chosen for presentation in this contribution (refer-
red to as solution S-C in Ref. 2). It is the simultaneous
solution Eq. (25) of the inhomogeneous equations de-
rived under the constraint n, = 0 with the effective
neutron-proton interaction [, taken from the liquid-
drop-model expression of Seeger.!? It should be used
only for 4 > 65. The dependence of the effective neu-
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tron-proton interaction /,;, on shell-model configura-
tions becomes too important in light nuclei and cannot
be neglected. The selection of the above solution is
based on the standard deviations ¢,, and ¢, in conjunc-
tion with their variation under constraints (see Ref. 2 for
more details).

The functions H,(N) and H,(Z) were obtained
from a slightly modified x*-minimization procedure by
solving a system of about 220 linear equations in about
220 unknowns. The new experimental mass values of
Wapstra and Bos'? were used as input data. By quad-
ratically adding 100 keV to the experimental uncertain-
ties, values with uncertainties less than 100 keV are
thereby given essentially equal weight, and reduced
weight is given to those with larger uncertainties.

Mass excesses AM(N,Z) are calculated from
AM(N,Z)

=AM (NZ) + H\(N) + Hy(Z) + ny(N — Z)?
+ n2600 + n3888 + n46eo + n5606 (26)
(the §,, etc. are again Kronecker symbols) with

AM(N.Z) = NAM, + ZAMy, — B,(N.Z), (27)

N2y ) N — Z)2
Beq(]V,Z) = ad — B_(__A__ _ 'YA“/S + ,n( s )
Z2 0.76361 2.453
— 864 ryA1/3 {1 2 r02A2/3]
— 7
+ 7000 exp (_6L_L)
A
+ 14.33 x 107327239, (28)

With the exception of the pairing energy term
F(9600 keV)A~1/2 which is replaced by contributions to

2 10
= Heoul (k)
c
=
—g 0 W, —
T
g Hauer (k}
=
o 10
=]
L=
T
0 40 80 120 160
NorZ
Fig. 3. Plot of the functions H, (k)= H(k) and Hq (k) = Hy(k)

— H,(k) for the simultaneous solution, Eq. (26) with Egs. (27) and
(28). of the inhomogeneous partial difference Egs. (4) and (%)
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sion of Seeger.!* The small third-order differences in the
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inhomogeneous partial difference Eqgs. (16) and (17)
depend essentially only on the symmetry energy terms

with 8 and 5. All quantities are in units of keV.

Values of Coefficients

AM, = 8071.43 keV, mass excess of the neutron
AM, = 7289.03 keV, mass excess of hydrogen
a = 159713 keV, volume-energy coeflicient
B = 30047 keV, first symmetry-energy coefficient
y = 20806 keV, surface-energy coefficient
n = 45350 keV, second symmetry-energy coefficient
ry = 1.16552 fm, charge-radius constant
n = 0 keV, symmetry-energy parameter
n, = N3 = —108.0 keV, pairing-energy parameters
g = M5 = 0 keV, pairing-energy parameters

The functions H,(N) and H,(Z) are given in the table.
The functions H (k)= H,(k) and H, (k)= Hy(k)
—~ H,(k) are displayed in Fig. 3. The standard devia-
tion for the differences between calculated and ex-
perimental mass-excess values (N > 20 and Z > 20) is
0, = 289 keV, the standard deviation for the differences
between calculated and experimental Coulomb dis-
placement energies is o, = 432 keV. About 5000 pre-
dicted mass values for nuclei with 4 > 65 are included
in the tabulation.

It should be pointed out that multiparameter mass
equations like the present one must be considered with
some caution. It has been shown? that x? per degree of
freedom (which characterizes the goodness of fit) over
the domain of measured mass values generally decreases
inversely with the number of parameters. However, very
little can be inferred from a small value of o, alone
about the expected reliability outside and particularly
far away from the region of known masses. It is for this
reason that other criteria? including consistency tests®
are important.
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TABLE. Functions H(N) and HxZ) in keV

H\(N)
S0 rLn [ TLA S LA DLy Jed [AR 0.0 10
r, et T G0 Je deu [N} e (Y 1441, 2 29
Ti2.4 =%25.5 250,77 ~-1€876.1 -1146.7 =32.6,0 -2681,7 ~5041,3 - 3736.1 ~4389.6 39
2775, 0 ~353¢ .14 ~19%5 .4 -2818,12 ~583.3 -2127.0¢ -383,7 =1672.14 17.9 ~1378.7 40
137,k -~ 48 35,7 “~274.,5 ~20090 ¢ =1306 .1 ~2958,9 -2353.4 ~4658,3 ~ 4484 .3 ~6924.9 59
=5422,1 ~Su8u .y -3356.,1 -42t8,0 -2718.5 =3100.7 -1341,2 -1751.8 ~129.7 -968.3 60
£52,7 -314,1 1193.¢ 153.7 186¢ .1 4{ 8,06 17611 392.0 1353.¢9 -146.7 Y
63€ .3 -1(62.5 -283." ~2C57.2 =1671.1 ~33€3.4 ~2857.3 ~4711.93 ~4493.¢C =6351.0 80
~6259,7 -8723,3 -£186.,7 -£212,4 -4695 .4 =4508,7 ~3468,7 -3845,2 -2456,1 ~3626.9 20
=283 7 -u792,1 -3507,° “4597,.8 -3377.,5 -5021,0 -4u438,6 ~5525.9 -4988,3 -5304.,5 100
~S545F .6 ~£329.C -5828,7 ~€535,3 ~£%35,7 -6772,7 ~6279.4 ~7227.3 ~6560.4 ~7130,5 110
~FCUR 0 -7409 .1 =-6829,7 -8194,4 -7932.7 -3447.4 ~9127.5 =1C482.3 -~1043u.2 =-11887.8 12¢
<1192, ~13461,5  ~13882,7  -14981,5 15187 ,7  -15828.4  -13118.7  -13848.3 ~12015.9 ~-11973.7 130
«10450 4 -10298,4 =G776.4 -39511.3 -9510,2 =384, 0 ~9136,5 -5777.7 -9013.3 ~§766.8 140
~848E .9 177 NE,3 ~9485,~ =100 ZL,3 -3591.8 -9¢66,0 -9377.9 ~9803.4 ~9352.4 -9837.4 158
-5196,3 ~5799,5 =9a207,1 ~-§264,8 -8L20.4 ~3734,8 ) YD 0.C 3D 160

HoZ)
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 10
0.0 0.0 0.0 0.0 d.0 0.0 0.0 0.0 0.0 ~1441.2 20
750,% -£32.7 735,85 -8¢€2.5 83 .2 -1625,3 ~564.5 = 2Uu85,3 ~788.7 -1203.5 3¢
S1R,1 “238.1 16151 562.,7 2186.5 243,3 2299.3 8%0.2 1967 .4 657.2 40
2151.7 57 .4 1813.3 ~7.3 829,13 -1633.8 -263.¢ =-2174.3 - 1445 ,4 -3571.0 5C
=1771.,3 ~2223.% ~f2.,¢8 ~10%¢,0 Ta5 40 17¢.2 2125.3 1657.3 3264 .4 2515.1 60
1260,1 2997.,7 L1h8.% 3139.9 4232.56 328¢.8 4376.3 3€33.3 4633.5 3%€68.7 Tu
TR38,2 4675 .1 5286.3 4389, 5115.3 4330,5 5325.4 4079,7 4416.8 3024.8 80
31¢2.7 2789 .6 3856,7 4372,€ 624745 6323.1 7899.9 7711.4 8786.8 8198.0 9G
2723,3 7511 .5 79€2,3 66865.4 7096 .6 651€6,.8 6286.2 5216,3 5460.8 4502,9 100

The first line gives H,(1), H,(2), ..., H{(10); the second line gives H,(11), H,(12),. .., H.(20), etc.
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